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Introduction

This thesis consists of three parts. The first part is devoted to the quadratic Chabauty
method, the second part to automorphisms of modular curves of Cartan type and the
third to the discrete logarithm problem over finite fields whose characteristic is small
compared to the cardinality.

The first two chapters are the result of a joint work with Bas Edixhoven and describe
a method that, in certain cases, determines the set of rational points on a curve C/Q
of genus at least 2. The finiteness of the set C'(Q) is a special case of a theorem proved
by Faltings in [43], but computing this set for each curve C' is still an unsolved problem.
In [24], Chabauty proposed a method to solve this problem when C(Q) contains at least
one point b and the rank r of the Mordell-Weil group of the jacobian of C' is smaller
than the genus g of the curve. Denoting J the jacobian of C' and j,: C — J the map
sending a point z to [z—b], Chabauty’s method is based on the following diagram, which

is commutative for every choice of a prime p

C(Q) ——— J(Q)

L

C<Qp> # J(Qp)

The commutativity of the diagram implies that C'(Q), considered as a subset of J(Q,),
is contained in the intersection of C'(Q,) and the closure J(Q) of J(Q). Up to computing
generators for J(Q), both the sets C(Q,) and J(Q) can be computed with arbitrarily

large precision inside J(Qp) and their intersection is finite when r is smaller than g.

Chabauty’s method is to compute such an intersection, so to determine a finite subset of
C(Qp) containing C(Q). Such an intersection can be larger than C(Q) but in practice
the Mordell-Weil sieve is usually enough to get rid of the undesired points.

In [62] and [63], Minhyong Kim proposes a non-abelian generalization of the Chabauty
method, using the Galois cohomology of the Q,-pro-unipotent fundamental group of C'.

v



INTRODUCTION

The most interesting application of Kim’s method is the so-called “quadratic Chabauty
method”, which is explicit and works when the rank p of the group Pic(J)/Pic’(J)
is larger than r—g+1. In [I0] this method is applied to the so-called cursed curve
(r=g=23).

In chapter [1] we aim to make the quadratic Chabauty method small and geometric
again: our generalization of Chabauty’s method works by substituting J with a product
of Gy,-torsors over J and by extending the geometry over Z.

Let JV be the dual abelian variety of J and let P be the Poincaré bundle on J x JV,
the universal translational-invariant line bundle on J. After removing the zero-section
of P we get a Gy-torsor P* — J x JV, named Poincaré torsor of J, which is the main
actor in our method. For any Q-scheme S and any choice of points z, 21,22 € J(5) and
Y, Y1, Y2 € JV(S), the theorem of the cube implies the existence of canonical isomorphisms
(1,y)*P ® (z2,y)*P = (x1 + x2,y)* P and (z,y1)*P ® (x,y2)*P = (x,y1 + y2)*P. This
implies the existence of maps

+1: (21,Y) P* X (22,y)"P* — (x1+ x2,y) P,
to: (2,91)"P" Xg (2,y2)"P* — (z,y1 +y2)" P

These partial operations 41, +2 give the Poincaré torsor a structure of biextension.

Moreover, the group of line bundles on J that arise as (id, g)* P for some morphism
g: J — JVY is a subgroup of Pic(J) of finite index: all the elements of Pic’(J) can be
obtained with g constant and, for any class [£] € Pic(.J)/Pic’(J), the class 2[£] can be
obtained choosing g: = + tr: L& L1, where tr, is the translation by x on J. This implies
the existence of maps g1,...,9,-1: J — JV such that the line bundles £; := (id, g;)* P
are linearly independent in Pic(J) and, for every i € {1,..., p—1}, the line bundle j; (£;)
on C is the trivial. Let El?( be the Gy -torsor on J obtained removing the zero-section
from £; and let T be the G, !-torsor on J obtained as the product of all the £. Then
JiT is a trivial Gf !-torsor on C, implying that the map j,: C — J can be lifted to a
map

Jp: C — T.

This construction can be extended over Z. The abelian varieties J and JV admit Néron
models over Z and the Poincaré torsor uniquely extends, as a biextension, to a G,-torsor
over the product of the Néron model of J and the scheme JV°, defined as the fibrewise
connected component of 0 in the Néron model of JV. Up to composing g; with a certain
multiplication map on JV, we can suppose that the image of the Néron model of J under
g; is contained in JV°. This gives the extension of £; and T as torsors over the Néron
model of J. The curve C//Q can be extended to a regular proper curve C'/Z, but to apply
our method we need to restrict to certain open sub-schemes. Inside the smooth part of
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INTRODUCTION

C let U be an open sub-scheme obtained by removing, for each prime ¢ of bad reduction,
all but one irreducible component of the fibre at F,. The map j;, extends to the smooth
part of C and the line bundles j; L; are trivial on U. Hence there exists a lift Jo:U =T
of j, making the following diagram commutative for every prime p

U(z) —2—— 1(z)

.

U(Zy) —r T(Zy)

For simplicity we suppose p > 2. Since T(Z) is a Gy, (Z)P~ -torsor over J(Z) and since
Gm(Z)P~" is a finite group, we expect the closure T(Z) of T(Z) inside T(Z,) to be a
p-adic variety of dimension at most r. This is a consequence of Theorem the set
of points in ﬁ with a given reduction modulo p, when not empty, is the image of an
analytic map k: Z; — T(Zy), constructed using the biextension structure on P*. Since
U(Z,) is 1-dimensional and T'(Z,) has dimension g+p—1, we expect the set T(Z)NU(Z,)
to be finite when p is larger than r—g+1. This is proven in Section |1.9.2

The geometric quadratic Chabauty method is to compute T(Z) N U(Z,), so to de-
termine a finite subset of U(Z,) containing U(Z). Since C(Q) is the union of the sets
U(Z) for all possible U’s and since there are finitely many U’s, the method can be used
to prove that a certain list of points in C(Q) is complete. In Theorem we ex-
plain how, sometimes, computations in T'(Z/p*Z) imply a bound on the cardinality of
T(Z)NU(Z,). In Sections and we explain how to make the method explicit. In
Section [I.8 we apply our method to a specific example, with g = = p = 2. Chapter 2]
is devoted to an alternative proof of Theorem [1.4.10] using formal biextensions.

A motivation to study modular curves associated to Cartan and Cartan-plus sub-
groups of GLy(Z/nZ), as we do in chapter [3] comes from Serre’s uniformity conjecture.
This conjecture states that, for p prime big enough, the natural Galois representation
Go — GL(E[p]) is surjective for any elliptic curve E/Q. The conjecture would be
solved if we knew, for each prime p and each maximal subgroup H < GLy(F,) such that
det(H) = I\, the rational points on the modular curve associated with H. All the H’s
for which we do not know the answer are Cartan-plus subgroups, which are maximal for
p > 3. This also gives motivation to study the so-called cursed curve, which is a modular
curve associated to a Cartan-plus subgroup of GLy(F3).

Given a positive integer n, a Cartan subgroup of GLy(Z/nZ) is a subgroup arising
as A% C GL(A) & GL2(Z/nZ) for some étale Z/nZ-algebra A of rank 2. We call
Cartan-plus subgroup of GLo(Z/nZ) a subgroup generated by A* and the group of ring
automorphisms of A, for some étale Z/nZ-algebra A of rank 2. For example, if n is prime

there are two Cartan subgroups and two Cartan-plus subgroups up to conjugacy: the split

vii



INTRODUCTION

Cartan, respectively Cartan-plus, if A 2 F,, x F,, and the non-split Cartan, respectively
Cartan-plus, if A = F,2. We notice that the term Cartan-plus is not common in the
literature: the most studied cases are the ones where n > 3 is prime and in these cases
Cartan-plus subgroups are just normalizers of Cartan subgroups. We also deal with
composite level and studying Cartan-plus subgroups allows us to state certain results
with more uniformity than we could have done if we had studied normalizers of Cartan
subgroups.

When a modular curve X is geometrically connected, the set Y(C), made of its
complex non-cuspidal points, is the quotient of H = {z € C : Im(z) > 0} by the action of
a subgroup I' < PSLy(Z). Every matrix m € PSLa(R) defines a complex automorphism
of H, that descends to an automorphism of Y(C) if and only if the matrix m lies in the
normalizer of I'.  When this happens, the automorphism extends to the whole X (C).
We call modular automorphism of X¢ any such automorphism. We call Cartan curve
a modular curve associated to a Cartan or to a Cartan-plus subgroup of GL2(Z/nZ).

Using this terminology we state the main result of chapter

Theorem. Letn be either an integer larger than 10*°° or a prime power such thatn > 11
and n ¢ {33,2%,25,26}. Then, over C, all the automorphisms of a Cartan curve of level

n are modular.

For each Cartan or Cartan-plus subgroup H < GLo(Z/nZ), the group of modular
automorphisms of the modular curve associated to H is easy to compute: it is either
isomorphic to N'/H' x Z/27 or to N'/H', where N' < SLs(Z/nZ) is the normalizer
of H := H N SLy(Z/nZ). This is stated more precisely in Proposition Remark
gives N'/H' for each possible H.

In the proof of the main result of chapter [3] one of the steps is the following general-

ization of a result of Chen.

Theorem. Let n be a positive integer. Then the jacobian of a Cartan curve of level n

is a quotient of the jacobian of the modular curve Xo(n?).

Using the last theorem and a result of Shimura characterizing the CM sub-abelian
varieties of Jy(n?), we prove that, for all but finitely many n, a large part of the jacobian
of a Cartan curve does not contain any CM sub-abelian variety. This, using a result of
Ribet, implies that all the automorphisms of a Cartan curve of level n are defined over
a compositum of quadratic fields for all but finitely many n.

The main result of chapter [3] then follows from Abramovich’s lower bound of the

gonality of modular curves and the following criterion.

Lemma. Let n be a positive integer and let X be the base change to C of a modular

curve associated with a subgroup H < GLy(Z/nZ). Suppose that H contains the scalar
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INTRODUCTION

matrices, that det(H) is the whole (Z/nZ)* and that there are two primes {1 < €3 not
dividing n such that 5 < ly < %gon(X) — 1, with gon(X) the gonality of X. Then every
automorphism of X which is defined over a compositum of quadratic fields is modular.

For an automorphism u: X — X to be modular it is necessary and sufficient that u
preserves the set of cusps, so that u restricts to an automorphism of the non-cuspidal
locus Y, and preserves the set of elliptic points, namely the branch points of the map
H — Y(C).

In Section we see how to distinguish cusps, elliptic points and all the other points
on X by looking at the action of Hecke operators 1j,, 1;,. More precisely, we look for
multiple points in the divisors 7Tj, (z) for x € X(C): if = is a cusp, then Tj,(z) contains
a point of multiplicity at least I;; if = (E, ¢) is an elliptic point such that j(F) = 0,
then T}, (z) contains a point of multiplicity 3; if x = (F, ¢) is an elliptic point such that
J(E) = 1728, then T},(x) contains |(I; — 1)/2] points of multiplicity 2.

These characterizations help proving the Lemma because of the following commuta-

tion rule in the group of divisors of X

where 0; € Gg is a l;-th Frobenius and u: X — X is supposed to be defined over a
compositum of quadratic fields. The Eichler-Shimura relations imply the above equality
in PicO(X ) and the hypothesis on the gonality implies that the equality extends to the
group of divisors of X.

In the last chapter we describe an algorithm to solve the discrete logarithm problem.
Given a group G with a generator g € G, solving the discrete logarithm problem means,
for each element h € G, computing an integer z such that g*> = h. The security of certain
public-key cryptographic protocols depends on the hardness of this problem, depending
on the choice of G. We are concerned with the cases where G is the multiplicative group
of a finite field of small characteristic, which, for us, means a field of characteristic p and
cardinality p™ for some integer n > p. The main result of the last chapter states that
the discrete logarithm problem on finite fields of small characteristic is quasi-polynomial,

hence not too hard.

Theorem. There exists a probabilistic algorithm, described in Section[{.4), that solves the
discrete logarithm problem in K* for all finite fields K of small characteristic (namely
the fields Fyn with n > p) in expected time

(log #K)O(loglog #K) )

Our algorithm uses some ideas of the algorithm in [19], whose running time is only
heuristic, and adapts them to finite fields with a different type of presentation. Let I, be

ix



INTRODUCTION

a finite field with ¢ > 2 elements, let E/F, be an elliptic curve and let P; be a point on
E such that ¢(P,) — P, € E(F,), where ¢: E — E is the ¢-th Frobenius. If K =TF,(P;),
then the coordinates of P, are generators of the extension F, C K on which the g-th
Frobenius acts “simply”. If this happens and if, moreover [K : F,] > 2, the elliptic
curve E and the point P; give an elliptic presentation of K. Given the abundance of
elliptic curves over F,, for ¢ big enough, it is easy to prove that every finite field of small
characteristic can be embedded in a slightly larger field admitting an elliptic presentation
such that ¢ is small compared to #K. A more precise statement is given in Proposition

Given a finite field K with an elliptic presentation, we represent elements in K* as
f(P1) with f varying among the rational functions in F,(E) that are regular and non-
vanishing on P;. Hence, we extend the discrete logarithm to these rational functions
and, in a weak sense, to divisors on E. Notice that each divisor defined over F, is a
linear combination of irreducible divisors, namely those divisors that are the sum, with
multiplicity 1, of all the G, -conjugates of a point in E(F,).

Our algorithm is an index calculus using divisors: the idea is looking for linear re-
lations among the discrete logarithm of h and the “discrete logarithms” of irreducible
divisors of small degree; when many relations are found, we compute the discrete loga-
rithm of h by solving a linear system.

We find relations using a descent procedure, which, given an irreducible divisor D of
degree 4d > 320, computes irreducible divisors D; of degree dividing 2d such that the
“discrete logarithm” of D is a linear combination of the “discrete logarithms” of the D;’s.
Most of the last chapter is devoted to the description and the proof of the correctness of

this descent procedure. It mainly uses the following equalities

f(P) = fP(o(P) = fO(PL+ Py) = f®orp,(P1),

where f € F,(F) is a function regular and non vanishing in Py, the point Py € E(F,) is
equal to ¢(Py) — Pp, the map f — f? is the automorphism on F,(E) that acts as the g-th
Frobenius on E and sends z and y to themselves. In Section we see that, in order to
compute the divisors D;, it is sufficient to find a rational function f and a matrix (‘cl g)
satisfying certain conditions. After parametrizing the possible f’s, this problem boils
down to finding points in C(k), where k C F, is the extension of F, of degree d and C is
a variety of dimension at most 2 whose definition depends on D. We prove that C(k) is
large using Weil’s estimates. To prove that the geometrically irreducible components of
C are defined over k, we use a little bit of Galois theory, condensed in Proposition
and some tedious computations, mostly contained in Proposition and in the Claims




Chapter 1

Geometric quadratic Chabauty

This chapter is the result of a joint work with Bas Edixhoven. It will appear in Journal
de I'Institut de Mathematiques de Jussieu

Since Faltings proved Mordell’s conjecture (1983) we know that the sets of rational
points on curves of genus at least 2 are finite. Determining these sets, in individual
cases, is still an unsolved problem. Chabauty’s method (1941) is to intersect, for a prime
number p, in the p-adic Lie group of p-adic points of the jacobian, the closure of the
Mordell-Weil group with the p-adic points of the curve. If the Mordell-Weil rank is less
than the genus, and if one has generators for the Mordell-Weil group, and if one can
implement Chabauty’s method and the Mordell-Weil sieve, then, as far as we know, this
method has been applied successfully to determine all rational points in many cases.

Minhyong Kim’s non-abelian Chabauty programme aims to remove the condition on
the rank. The simplest case, called quadratic Chabauty, was developed by Balakrishnan,
Besser, Dogra, Miiller, Tuitman and Vonk, and applied in a tour de force to the so-called
cursed curve (rank and genus both 3).

This article aims to make the quadratic Chabauty method small and geometric again,
by describing it in terms of only ‘simple algebraic geometry’ (line bundles over the jaco-

bian and models over the integers).

1.1 Introduction

Faltings proved in 1983, see [43], that for every number field K and every curve C' over
K of genus at least 2, the set of K-rational points C'(K) is finite. However, determin-
ing C(K), in individual cases, is still an unsolved problem. For simplicity, we restrict

ourselves in this article to the case K = Q.



1. GEOMETRIC QUADRATIC CHABAUTY

Chabauty’s method (1941) for determining C(Q) is to intersect, for a prime number p,
in the p-adic Lie group of p-adic points of the jacobian, the closure of the Mordell-Weil
group with the p-adic points of the curve. If the Mordell-Weil rank r satisfies r < g, and
if one has generators for the Mordell-Weil group, and if one can implement Chabauty’s
method and (if » = g — 1) the Mordell-Weil sieve, then, as far as we know, this method
has never failed.

For a general introduction to Chabauty’s method and Coleman’s effective version of
it, we highly recommend [78], and, for an implementation of it that is ‘geometric’ in the
sense of this article, to [44], in which equations for the curve embedded in the Jacobian

are pulled back via local parametrisations of the closure of the Mordell-Weil group.

Minhyong Kim’s non-abelian Chabauty programme aims to remove the condition that
r < g. The ‘non-abelian’ refers to fundamental groups; the fundamental group of the
jacobian of a curve is the abelianised fundamental group of the curve. The most striking
result in this direction is the so-called quadratic Chabauty method, applied in [10], a
technical tour de force, to the so-called cursed curve (r = g = 3). For more details we

recommend the introduction of [I0].

This article aims to make the quadratic Chabauty method small and geometric again,
by describing it in terms of only ‘simple algebraic geometry’ (line bundles over the ja-
cobian, models over the integers, and biextension structures). The main result is Theo-
rem [1.4.12] It gives a criterion for a given list of rational points to be complete, in terms
of points with values in Z/p?Z only. Section 1.2 describes the geometric method in less
than 3 pages, Sections 1.3-1.5 give the necessary theory, Sections 1.6-1.7 give descrip-
tions that are suitable for computer calculations, and Section [I.§] treats an example with
r = g = 2 and 14 rational points. As explained in the remarks following Theorem [1.4.12)
we expect that this approach will make it possible to treat many more curves. Sec-
tion gives some remarks on the fundamental groups of the objects we use. They are
subgroups of higher dimensional Heisenberg groups, where the commutator pairing is the
intersection pairing of the first cohomology group of the curve. Section[I.9.2)reproves the
finiteness of C(Q), for C with r < g+ p—1, with p the rank of the Z-module of symmet-
ric endomorphisms of the jacobian of C. It also shows that a version of Theorem [1.4.12
that uses higher p-adic precision will always give a finite upper bound for C(Q). Sec-
tion [[.9.3] gives, through an appropriate choice of coordinates that split the Poincaré
biextension, the relation between our geometric approach and the p-adic heights used in

the cohomological approach.

Already for the case of classical Chabauty (working with J instead of T, and under the
assumption that r < g), where everything is linear, the criterion of Theorem [1.4.12| can
be useful; this has been worked out and implemented in [98]. We recommend this work as

2



1. GEOMETRIC QUADRATIC CHABAUTY

a gentle introduction into the geometric approach taken in this article. A generalisation
from Q to number fields is given in [29]. For a generalisation of the cohomological
approach, see [6] (quadratic Chabauty) and [34] (non-abelian Chabauty).

Although this article is about geometry, it contains no pictures. Fortunately, many

pictures can be found in [51], and some in [40].

1.2 Algebraic geometry

Let C be a scheme over Z, proper, flat, regular, with Ciy of dimension one and geometri-
cally connected. Let n be in Z>1 such that the restriction of C' to Z[1/n] is smooth. Let
g be the genus of Cy. We assume that g > 2 and that we have a rational point b € C(Q);
it extends uniquely to a b € C(Z). We let J be the Néron model over Z of the jacobian
Pic%Q/Q. We denote by JV the Néron model over Z of the dual Jy of Jg, and A: J — JY
the isomorphism extending the canonical principal polarisation of Jg. We let Py be the
Poincaré line bundle on Jg x Jg, trivialised on the union of {0} x Jy and Jg x {0}. Then

the Poincaré torsor is the Gy-torsor on Jg x Jg defined as
(121) P6 :IsomJ@XJ@v(OJQXJg,P@).

For every scheme S over Jy x Jg, Py (S) is the set of isomorphisms from Ogs to (Pg)s,
with a free and transitive action of Og(S)*. Locally on S for the Zariski topology, (P )s
is trivial, and P@ is represented by a scheme over Jg X J@{.

The theorem of the cube gives P@? the structure of a biextension of Jg and Jd by G,
a notion for the details of which we recommend Section 1.2.5 of [77], Grothendieck’s
Exposés VII and VIII [91], and references therein. This means the following. For S a
Q-scheme, 2 and 25 in Jo(S), and y in Jgy (5), the theorem of the cube gives a canonical

isomorphism of Og-modules

(1.2.2) (z1,y)" Po ®os (22,y)" Po = (21 + 22,y)" Py
This induces a morphism of schemes

(1.2.3) (21,9)" Py x5 (v2,9)" Py — (@1 +22,y)" Py -

as follows. For any S-scheme T', and z; in ((z1,y)*Pg )(T) and 22 in ((2,y)* Py )(T), we
view z; and 23 as nowhere vanishing sections of the invertible Op-modules (1, y)* Py and
(z2,y)* Py. The tensor product of these two then gives an element of ((x1+z2,y)* Py )(T).
This gives P@ — J@{ the structure of a commutative group scheme, which is an extension

3
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of Jg by Gy, over the base J(\){. We denote this group law, and the one on Jg X J(\I{, as

(21,22) ——————— 21 +1 22

(1.2.4) I I

(z1,9), (22,9)) —— (z1,y) +1 (22,y) == (21 + 22,9) .

In the same way, P(S — Jg has a group law 4+, that makes it an extension of Jd by
G over the base Jg. In this way, P6 is both the universal extension of Jg by G, and
the universal extension of J@f by Gu. The final ingredient of the notion of biextension
is that the two partial group laws are compatible in the following sense. For any Q-
scheme S, for 1 and x5 in Jg(S), y1 and yo in J(S), and, for all i and j in {1,2}, z; ;
in ((2i,y;)" Py )(S), we have

(211 +1 221) +2 (212 +1 222) == (21,1 +2 21,2) +1 (22,1 +2 22,2)
(1.2.5) I I
(x1 +22,91) +2 (21 + 22,92) == (z1, 51 +¥2) +1 (T2, 91 + ¥2)

with the equality in the upper line taking place in ((z1 + x2,y1 + y2)* Py )(S).

Now we extend the geometry above over Z. We denote by J the fibrewise connected
component of 0 in J, which is an open subgroup scheme of .J, and by ® the quotient .J/.J°,
which is an étale (not necessarily separated) group scheme over Z, with finite fibres,
supported on Z/nZ. Similarly, we let JV° be the fibrewise connected component of JV.

Theorem 7.1, in Exposé VIII of [91] gives that P@( extends uniquely to a G,-biextension

(1.2.6) P* — Jx JY°

(Grothendieck’s pairing on component groups is the obstruction to the existence of such
an extension). Note that in this case the existence and the uniqueness follow directly from
the requirement of extending the rigidification on Jg x {0}. For details see Section [1.6.7}

Our base point b € C(Z) gives an embedding j,: Cg — Jg, which sends, functori-
ally in Q-schemes S, an element ¢ € Cp(S) to the class of the invertible O¢g-module
Ocs(c—b). Then jj extends uniquely to a morphism

(1.2.7) o O — ]

where C®™ is the open subscheme of C' consisting of points at which C' is smooth over Z.
Note that Cp(Q) = C(Z) = C™(Z).
Our next step is to lift j,, at least on certain opens of C*™, to a morphism to a G#; 1-

torsor over J, where p is the rank of the free Z-module Hom(Jg, Jé)"’, the Z-module of

4
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self-dual morphisms from Jg to J@f . This torsor will be the product of pullbacks of P*

via morphisms
(1.2.8) (id,m-otroo f): J — J x JVO,

with f: J — JY a morphism of group schemes, ¢ € JY(Z), tr, the translation by ¢, m
the least common multiple of the exponents of all ®(F,) with p ranging over all primes,
and m- the multiplication by m map on JV. For such a map m-otr.o f, j,: Co — Jg can
be lifted to (id, m-otr. o f)* Py if and only if j; (id, m-otr. o f)* Py is trivial. The degree
of this Gy,-torsor on Cg is minus the trace of A™1 om-o (f + fV) acting on Hy (J(C), Z).
For example, for f = A the degree is —4mg. Note that j,: Cg — Jg induces

(1.2.9) ji =211 Jy = Jg,

(see [76], Propositions 2.7.9 and 2.7.10). This implies that for f such that this degree is
zero, there is a unique ¢ such that j; (id, tr. o f)*P(S is trivial on Cg, and hence also its
mth power j;(id,m- o tr. o f)* Py .

The map

(1.2.10) Hom(Jg, Jg) — Pic(Jg) — NS, /0(Q) = Hom(Jg, Jg)*

sending f to the class of (id, f)*Pg sends f to f+ fV, hence its kernel is Hom(Jg, Jg ),
the group of antisymmetric morphisms. But actually, for f antisymmetric, its image in
Pic(Jg) is already zero (see for example [16] and the references therein). Hence the image
of Hom(Jg, Jg) in Pic(Jg) is free of rank p, and its subgroup of classes with degree zero
on Cy is free of rank p—1. Let fi,..., f,—1 be elements of Hom(Jg, J@{) whose images in
Pic(Jg) form a basis of this subgroup, and let ¢y, .., c,—1 be the corresponding elements
of JY(Z).

By construction, for each ¢, the morphism ji: Cy — Jgp lifts to (id, m-otr, o fi)*Péf,
unique up to Q*. Now we spread this out over Z, to open subschemes U of C*™ obtained
by removing, for each ¢ dividing n, all but one irreducible components of C’]ﬁzﬂ, with the
remaining irreducible component geometrically irreducible. For such a U, the morphism
Pic(U) — Pic(Cyp) is an isomorphism, and O¢(U) = Z, thus, for each i, there is a lift

(id, m- o tr., o f;)*P*
(1.2.11) i l

v——2

unique up to 2> = {1,—1}.
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At this point we can explain the strategy of our approach to the quadratic Chabauty
method. Let T be the G2 !-torsor on J obtained by taking the product of all the
Gm-torsors T; := (id, m- o tre, o f;)*P*:

T proe-l
(1.2.12) y l l
g oy g Bt s (0yet

Then each ¢ € Cgp(Q) = C*™(Z) lies in one of the finitely many U(Z)’s. For each U,
we have a lift ij: U — T, and, for each prime number p, ij(U (Z)) is contained in the
intersection, in T'(Z,), ofﬁ,(U(Zp)) and the closure T'(Z) of T'(Z) in T(Z,) with the p-adic

topology. Of course, one expects this closure to be of dimension at most r := rank(J(Q)),

and therefore one expects this method to be successful if r < g + p — 1, the dimension
of T(Z,). The next two sections make this strategy precise, giving first the necessary

p-adic formal and analytic geometry, and then the description of T'(Z) as a finite disjoint

union of images of Z; under maps constructed from the biextension structure.

1.3 From algebraic geometry to formal geometry

Let p be a prime number. Given X a smooth scheme of relative dimension d over Z,
and x € X (F,) let us describe the set X (Z,), of elements of X(Z,) whose image in
X(F,) is #. The smoothness implies that the maximal ideal of Ox , is generated by
p together with d other elements ¢1,...,t4. In this case we call p,t1,...,t; parameters
at x; if moreover y € X(Z,), is a lift of = such that ¢, (y) = ... = t4(y) = 0 then we say
that the ¢;’s are parameters at y. The t; can be evaluated on all the points in X(Zj),,
inducing a bijection ¢ := (t1,...,ta): X(Zp)z — (pZ,)%. We get a bijection

(1.3.1) = (51,...,50,):(751,...,”) X (Zy)e — T
p p

This bijection can be geometrically interpreted as follows. Let 7: X, — X denote
the blow up of X in z. By shrinking X, X is affine and the t; are regular on X,
t: X — A%p is etale, and ¢t7*{0r,} = {z}. Then 7: X, — X is the pull back of the
blow up of A%p at the origin over IF,,. The affine open part )?f of )Zw where p generates
the image of the ideal m, of z is the pullback of the corresponding open part of the
blow up of A%p, which is the multiplication by p morphism A%p — A%p that corresponds
to Zylt1, ..., ta) — Zplt1, ..., ta] with ¢; — pt;. It follows that the p-adic completion
O(XE) of O(XP) is the p-adic completion Zy (1, ... Tq) of Zy[i1,...,14). Explicitly,

6
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we have

(1.3.2) Zy(hr,... Ta) =4 Y art’ € Zy[[fr,... L]} : Vn > 0, V"™ wp(ar) > n
IeNd

With these definitions, we have

X(Zp)e = XP(Zy) = Hom(Zy (1, ..., 14), Zp) = AYZ,),

(1.3.3) N L
(XP)r, = Spec(Fp[t1, ..., ta]).

The affine space (X’g)m

This construction is functorial. Let Y be a smooth Z,-scheme, f: X — Y a morphism

, is canonically a torsor under the tangent space of X, at z.
over Z,, and y := f(z) € Y(F,). Then the ideal in O)?i? generated by the image of m g,
is generated by p. That gives us a morphism X? — Y;’(w), and then a morphism from
VP
Oy,
the tangent map of f at x, up to a translation.

))’\P to O(XP)"». Reduction mod p then gives a morphism ()?:f)]lvp — (Y;’(w))]pp,

If this tangent map is injective, and d, and d, denote the dimensions of Xp, at x
and of Y, at y, then there are t,...,t4, in Oy,, such that p,{1,...,14, are parame-
ters at y, and such that ¢4, 41,... ,tq, generate the kernel of Oy, — Ox . Then the
images in Ox , of p,t1,...,t4, are parameters at z, and O(?f(z))% — O(XE)Y s
Zp(ty, ... ta,) = Zyp(ty, ... tq,), with kernel generated by tq, 41, .., %4,

1.4 Integral points, closure and finiteness

Let us now return to our original problem. The notation U, J, T, jp, ﬁh r, p is as at the end
of Section Let ¢ = (c1,...,¢pm1) € JVPHZ), let f = (f1,.. fom1): J = JVP7L
We assume moreover that p does not divide n (n as in the start of Section and that
p > 2 (for p = 2 everything that follows can probably be adapted by working with residue
polydiscs modulo 4).

Let u be in U(F,), and t := jp(u). We want a description of the closure T(Z);
of T(Z); in T(Z,);. Using the biextension structure of P>, we will produce, for each
element of J(Z);, (),
but we will then produce a subset of T'(Z); whose closure is T(Z);.

an element of T(Z) over it. Not all of these points are in T'(Z),

If T(Z); is empty then T(Z); is empty, too. So we assume that we have an element t
in T(Z); and we denote v € J(Z) the projection of t. We denote by P**~! the product
over J x (JV0)P~1 of the p—1 Gy,-torsors obtained by pullback of P* via the projections
to Jx JV; it is a biextension of J and (JV°)?~1 by G&1, and T = (id, m-otr.o f)* P>r~1,
We choose a basis z1,...,z, of the free Z-module J(Z)y, the kernel of J(Z) — J(F,).

7
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For each i,j € {1,...,7} we choose P, j, R, and Sy, in P*r=Y(Z) whose images in
(J x (JVO)P=1)(Z) are (z;, f(mz;)), (z;, (m-otre o (7)) and (x4 f(ma;)):
(1.4.1)

Py ; R~ S pxp-l

I 1 i |

(i, f(ma;)) (i, (m- o tre o f)(x7)) (25 f(ma;)) T x (JYO)Pt

For each such choice there are 2°~! possibilities.
For each v € Z" we use the biextension structure on P**~1 — J x (JV0)?~1 to define
the following points in P**~1(Z), with specified images in (J x (JV°)?=1)(Z):

AE(V) = ZQ Vj -2 S’Zj B’t“(l/) == Zl Vi1 Ri,?
j=1 i=1

(1.4.2) I I
<:z:ftv, 2’”: Vif(mxi)> (i vixi, (m-otr. o f)(%“))

=1

C(V) = Zl Vi1 ig Vj ] Pi,j
(1.4.3) I .
(Z ViZi , Z Vz‘f(mﬂﬂz‘))

where ), and -; denote iterations of the first partial group law +; as in (1.2.4), and
analogously for the second group law. We define, for all v € Z",

A4 D)= (CW) 42 B0) 41 (A0) +7) € PF(@),
which is mapped to
(1.4.5) (Iﬁ > vizi, (m-otreo f) <I;+ > uac)) € (Jx (7)) (2).

Hence D{(v) is in T(Z), and its image in J(F,) is jp(u). We do not know its image
in T(F,).

8
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We claim that for v in (p—1)Z7, Di{(v) is in T(Z);. Let v' be in Z" and let v = (p—1)v".

Then, in the trivial F)**~!-torsor P***~!(j,(u),0), on which 43 is the group law, we have:

(1.4.6) A{v) = (p—1)24:(0") =1 inF 1

Similarly, in P**=1(0, (m-otr.o f)(jp(u))) = IF;<7”_1, we have Bx(v) = 1, and, similarly,
in P**=1(0,0) = F*~!, we have C(v) = 1. So, with apologies for the mix of additive
and multiplicative notations, in P>**~!(F,) we have

(1.4.7) DAv) = (1421) 41 (14+28) =1,

mapping to the following element in (J x JY%*~1)(F,):
(1.4.8)
((0,0) 42 ((0, (m- o tre o f)(js(u))))) +1 ((Gb(w), 0) +2 (Go (), (m- o tre o f)(Gu(w))))

= (Jo(u), (m- o tre o f)(jn(w)))-
We have proved our claim that D{(v) € T(Z);.

So we now have the map
(1.4.9) kz: 2" —T(Z), v D{(p—1v).
The following theorem will be proved in Section [1.5

Theorem 1.4.10. Let wy,...,wy be in Oy, ) such that together with p they form a
system of parameters of Oy j, (), and let vi,...,v,-1 be in Oty such that p,wi, ..., wy,
Vi,...,V,—1 are parameters of Or . As in Section these parameters, divided by p,
give a bijection

(1.4.10.1) T(Zp)y — Z9TP71.

The composition of the map Kz with the map (1.4.10.1) is given by uniquely determined
Kl ooy Rgtp—1 N O(A%p)/\l’ =Zp(z1,...,2). The images in Fplz1,...,2;] of k1,...,Kq
are of degree at most 1, and the images of Kgq1,...,Kgp—1 are of degree at most 2. The

map Kz extends uniquely to the continuous map

(1.4.10.2) K= (K1, s Kgipo1): AT(Zy) = 2 — T(Zy): -

and the image of k is T(Z);.

Now the moment has come to confront U(Zy), with T(Z),. We have Jp: U = T,
whose tangent map (mod p) at u is injective (here we use that C, is smooth over [F,,).

9
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Then, as at the end of Section ﬂ: ﬁfj — ftp is, after reduction mod p, an affine
linear embedding of codimension g+p—2, j, : O(TF) — O(UP)"r is surjective and
its kernel is generated by elements F,..., Fy4, 2, whose images in F, ® (’)(ip) are of
degree at most 1, and such that Fy,..., Fy,_; are in O(.T;’b(u))AP. The pullbacks &* f; are
in Z,(z1,...,2-); let I be the ideal in Z,(z1, ..., z,) generated by them, and let

(1.4.11) A=Zy(z1,...,2r) /1.

Then the elements of Z; whose image is in U (Zp)y are zeros of I, hence morphisms of

rings from A to Z,, and hence from the reduced quotient A;eq to Zj,.

Theorem 1.4.12. Fori € {1,...,g+p—2}, let 6*F; be the image of k* f; inFplz1,. .., 2],
and let I be the ideal of Fplz1,...,2.] generated by them. Then k*Fi,...,k*F,_1 are
of degree at most 1, and H*E, .. .,/@*m are of degree at most 2. Assume that
A = A/pA = Fplz1,...,2]/I is finite. Then A is the product of its localisations A,
at its finitely many mazimal ideals m. The sum of the dimp, A, over the m such that
A/m =T, is an upper bound for the number of elements of Z,, whose image under k is
in U(Zyp)u, and also an upper bound for the number of elements of U(Z) with image u

in U(F,).

Proof. As every Fj is of degree at most 1 in wy,...,w,,v1,...,0,_1, every £*F; is an
F,-linear combination of k1,...,kg4,—1, hence of degree at most 2. For i < g, F;is a
linear combination of ws, ..., w,, and therefore x*F; is of degree at most 1.

We claim that A is p-adically complete. More generally, let R be a noetherian ring
that is J-adically complete for an ideal J, and let I be an ideal in R. The map from R/I
to its J-adic completion (R/I)" is injective ([3, Thm.10.17]). As J-adic completion is
exact on finitely generated R-modules (3, Prop.10.12]), it sends the surjection R — R/I
to a surjection R = R — (R/I)" (see |3 Prop.10.5] for the equality R = R"). It follows
that R/I — (R/I)" is surjective.

Now we assume that A is finite. As A is p-adically complete, A is the limit of the
system of its quotients by powers of p. These quotients are finite: for every m € Z>q,
A/p™+1A is, as abelian group, an extension of A/pA by a quotient of A/p™A. As Z,-
module, A is generated by any lift of an F,-basis of A. Hence A is finitely generated as
Z,-module.

The set of elements of Z; whose image under « is in U(Z,) is in bijection with the
set of Zy-algebra morphisms Hom(A, Z,). As A is the product of its localisations A,, at
its maximal ideals, Hom(A,Z,) is the disjoint union of the Hom(A4,,,Z,). For each m,
Hom(A,,,Z,) has at most rankz, (A,,) elements, and is empty if F, — A/m is not an
isomorphism. This establishes the upper bound for the number of elements of Z; whose

10
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image under « is in U(Z,). By Theorem [1.4.10] the elements of U(Z) with image u
in U(F,) are in T(Z), and therefore of the form x(z) with z € Zj such that r(x) is
in U(Z,),. This establishes the upper bound for the number of elements of U(Z) with

image u in U(F,). O

We include some remarks to explain how Theorem [1.4.12] can be used, and what we
hope that it can do.

Remark 1.4.13. The polynomials x*F; in Theorem can be computed from the
reduction F}, — T(Z/p*Z) of kz and (to get the F;) from gv: U(Z)p*Z)y — T(Z)p*Z),.
For this, one does not need to treat T' and J as schemes, one just computes with Z/p®Z-
valued points. Now assume that r < g + p — 2. If, for some prime p, the criterion in
Theorem fails (that is, A is not finite), then one can try the next prime. We hope
(but also expect) that one quickly finds a prime p such that A is finite for every U and
for every u in U(F,) such that j,(u) is in the image of T(Z) — T(F,). By the way, note
that our notation in Theorem does not show the dependence on U and u of j;,,
k7, k and the ;. Instead of varying p, one could also increase the p-adic precision, and
then the result of Section [I.9.2] proves that one gets an upper bound for the number of
elements of U(Z).

Remark 1.4.14. If r < g + p — 2 then we think that it is likely (when varying p), for
dimension reasons, unless something special happens as in [7] or Remark 8.9 of [g], that,
for all w € U(F)), the upper bound in Theoremfor the number of elements of U(Z)
with image u in U(F,) is sharp. For a precise conjecture in the context of Chabauty’s

method, see the “Strong Chabauty” Conjecture in [99].

Remark 1.4.15. Suppose that r = g+ p—2. Then we expect, for dimension reasons, that
it is likely (when varying p) that, for some v € U(IF, ), the upper bound in Theorem
for the number of elements of U(Z) with image v in U(F),) is not sharp. Then, as in
the classical Chabauty method, one must combine the information gotten from several
primes, analogous to ‘Mordell-Weil sieving’; see [79]. In our situation, this amounts to the
following. Suppose that we are given a subset B of U(Z) that we want to prove to be equal
to U(Z). Let B’ be the complement in U(Z) of B. For every prime p > 2 not dividing n,
Theorem gives, interpreting A as in the end of the proof of Theorem a
subset O, of J(Z), that is a union of cosets for the subgroup p-ker(J(Z) — J(F,)), that
contains j,(B’). Then one hopes that, taking a large enough finite set S of primes, the
intersection of the O, for p in S is empty.

11
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1.5 Parametrisation of integral points, and power se-
ries

In this section we give a proof of Theorem [[.4.10} The main tools here are the formal
logarithm and formal exponential of a commutative smooth group scheme over a Q-
algebra ([54], Theorem 1): they give us identities like n-g = exp(n-logg) that allow us
to extend the multiplication to elements n of Z,.

The evaluation map from Z,(z,...,z,) to the set of maps L, — Zyp is injective
(induction on n, non-zero elements of Z,(z) have only finitely many zeros in Z,).

We say that a map f: Zj — Z;' is given by integral convergent power series if its
coordinate functions are in Zy(z1,...,2,) = O(AQP)AP. This property is stable under

composition: composition of polynomials over Z/p*Z gives polynomials.

1.5.1 Logarithm and exponential

Let p be a prime number, and let G be a commutative group scheme, smooth of relative
dimension d over a scheme S smooth over Z,, with unit section e in G(S). For any
s in S(F,), G(Zp)e(s) is a group fibred over S(Zy,)s. The fibres have a natural Z,-
module structure: G(Zy)e(s) is the limit of the G(Z/p"Z)c(sy (n > 1), S(Zy)s is the limit
of the S(Z/p"Z)s, and for each n > 1, the fibres of G(Z/p"Z)esy — S(Z/p"7Z)s are
commutative groups annihilated by p"~!. Let T /s be the relative (geometric) tangent
bundle of G over S. Then its pullback T /s(e) by e is a vector bundle on S of rank d.

Lemma 1.5.1.1. In this situation, and with n the relative dimension of S over Zj, the

formal logarithm and exponential of G base changed to Q ® Og s converge to maps

lOgZ éz(s)(ZP> = G(Zp)e(s) — (TG/S(e))<ZP)O(5)
exp: TG/S(e)g(é)(Zp) = (TG/S(e))(ZP)O(S) - G(Zp)e(s)’

that are each other’s inverse and, after a choice of parameters for G — S at e(s) as
in m}, are given by n+d elements ofO(C:”Z(S))AP and n+d elements ofO(Tg/S(e)g(s))/\p.

For a in Z, and g in G(Zy)e(s) we have a-g = exp(a-logg), and, after a choice of
parameters for G — S at e(s), this map Zy X G(Zp)esy — G(Zp)e(s) is given by n+d ele-
ments of (’)(A%p Xz, éz(s))%. The induced morphism A]}p X (é’;(s))m — (éZ(s))Fw where
(éi(s))]pp is viewed as the product of Ts, (s) and Tgys(e(s)), is a morphism over T, (s),
bilinear in A%p and Te/s(e(s)).

Proof. Let t1,...,t, bein Og s such that p,%;,...,t, are parameters at s. Then we have

12
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a bijection
(1.5.1.2) t:S(Zy)s = 27, arp(ti(a), ... ta(a)).

Similarly, let z1,...,x4 be generators for the ideal I.(s) of e in Og ¢(5). Then p, the ¢;

and the x; together are parameters for Og (s, and give the bijection
(1.5.1.3) (t,2)": G(Zp)esy) — ZZJF”I, b p - (t1(b), ..., 24(D)).

The dz; form an Og ,-basis of Qé / s(e)s, and so give translation invariant differentials w;
on Gog . As G is commutative, for all i, dw; = 0 ([54], Proposition 1.3). We also have
the dual Og ,-basis 0; of T(;/s(e) and the bijection

(1.5.1.4)
(t,2)™: (Tays(e))(Zp)os) — Zy+e, sz i H(ti(a),- . tala),ves - va).
Then log is given by elements log; in (Q ® Ogs)[[x1,-..,zq4]] whose constant term is 0,

uniquely determined (Proposition 1.1 in [54]) by the equality
(1.5.1.5) dlog; =w;, in @; Og[[z1,...,x4]]-dz;.
Hence the formula from calculus, log;(z) — log,(0) = fol (t — tx)*w;, gives us that, with

(1.5.1.6) log, = Z log; ; z’  and log; ; € (Q® Os.),
J#0

we have, for all 4 and .J, with |.J| denoting the total degree of 7,
(1.5.1.7) ‘J|.10gi,J S OS,S'

The claim about convergence and definition of log: G(Zy)es) — (Tays(e))(Zp)ocs), is
now equivalent to having an analytic bijection Z7¢ — Z2+¢ given by

2

G(Zp)e(s) : (Teys(€))(Zp)ogs)
|t |
(1.5.1.8) Zn+d ’ Zn+d
(a,b) ———— (@ (X p0 log s (@) 00)) )

We have, for each 1,

[7]
(15.1.9) D log (@)D = 30 (1o, ) (@)

J#0 J#0

13
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For each i, this expression is an element of Z,(t1,. .., &y, &1,...,%4) = O(ég(s))/\P, even
when p = 2, because for each J, |J|log, ; is in Og,s, which is contained in Zy(t1, ..., ty),
and the function Z>; — Qp, r — p"~1/r has values in Z, and converges to 0. The
existence and analyticity of log is now proved (even for p = 2). As p > 2, the image of
inF,® O(éi(s))AP is #;, and on the first n coordinates, log is the identity, so,
by applying Hensel modulo powers of p, log is invertible, and the inverse is also given by
n + d elements of O(TG/S (e)g(s))AP.

The function Z, x G(Zp)es) = G(Zp)e(s), (a,g) — exp(a-logg) is a composition of
maps given by integral convergent power series, hence it is also of that form. O

1.5.2 Parametrisation by power series

The notation and assumptions are as in the beginning of Section [I.4] in particular, p > 2
and T is as defined in (L.2.12). We have a t in T(F,), with image jy(u) in J(F,), and
a t in T(Z) lifting t. For every @ in T(Z) mapping to jp(u) in J(F,) there are unique
e €2~  and v € Z" such that Q = &-Dy(v): the image of Q in J(Z) is in J(Z);,(w),
hence differs from the image z7 in J(Z) of £ by an element of J(Z)q (with here 0 € J(F,)),
>, viz; for a unique v € Z", hence D;(v) and @ are in T'(Z) and have the same image
in J(Z), and that gives the unique €. So we have a bijection

(1.5.2.1)

2PN X L — T (L)) ={Q € T(Z): Q = ju(u) € J(Fp)}, (g,v) — e-Di(v).

But a problem that we are facing is that the map Z" — T'(FF,);, () sending v to the
image of D;(v) depends on the (unknown) images of the P; ;, R, ; and S; ; from
in P**=1(F,), and so we do not know for which v and e the point e-D;(v) is in T(Z);.
Luckily we have the ZX*~'-action on T(Z,,). Using that Z = F) x (1 + pZ,) we have
IF‘;;”’*1 acting on T'(Zy);, (u), compatibly with the torsor structure on T'(FF});, ). So, for
every v in Z" there is a unique £(v) in F*~! such that £(v)-Dy(v) is in T(Zy);. We
define

(1.5.2.2) D'(v) :=&(v)-Di(v).
Then for all v in Z",
(1.5.2.3) r2(v) = Dyl(p — 1)) = D/((p — 1)),

because Di((p — 1)-v) maps to ¢ in T(F,). Moreover for every @ in T(Z), there is a
unique v € Z" and a unique € € Z**~1 such that Q = e-D;(v) = £(v)-Di(v) = D'(v).
Hence

(1.5.2.4) T(Z), C D'(Z").

14
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The following lemma proves the existence and uniqueness of the x; of Theorem [I.4.10]

and the claims on the degrees of the &;.

Lemma 1.5.2.5. After any choice of parameters of Ort as in Theorem|1.4.10, D' is
given by elements kY, ..., n’g+p71 of O(A%p)/\p; and then kz is given by K1,...,Kgyp—1
with, for all i € {1,...,9+p—1} and all a € Z;,,

ki(a) = ri((p—1)a).

/

For all i in {1,...,9+ p— 1} we let &} be the reduction mod p of k. Then &y, ..., &,

/

are of degree at most 1, and the remaining %, are of degree at most 2.

Proof. In order to get a formula for D’(v), we introduce variants of the P; ;, R, 3 and
Sy ; as follows. The images in (J x (JVO)P=1)(F,) of these points are of the form (O, %),
(0, %), and (x,0), respectively. Hence the fibers over them of P***~1 are rigidified, that
is, equal to F;»~'. We define their variants P/ ;, R;7~, and S~4 in P**=Y(Z,) to be
the unique elements in their orbits under F -~ I whose images 1n pxr- 1(IFp) are equal
to the element 1 in F*~'. Replacing, in (Il 4. 2[) and (]1 4. 3[) these P j, R, 7 and S;,
by P}, R' 7 and S' glves variants A’, B’ and C’, and using these in 1-| gives a
variant D’ ) of |1

Then, for all v in ZT, Di(v) and D'(v) (as in (1.5.2.2])) are equal, because both are
in PXW_I(Zp)t, and in the same F;’p_l-orbit. Hence we have, for all v in Z":

AWw)=3 v28,, BWw) =3 vi1Rz
Jj=1 ’ =1
(1.5.2.6) T r
C'(v)= Vi ZQ vio Pl |,
i=1 j=1

D'(v) = (C'(0) +2 B'(0)) +1 (A'(v) +27) .

This shows how the map v — D’(v) is built up from the two partial group laws +; and
+5 on P**~1 and the iterations -; and -3. Lemma gives that the iterations are
given by integral convergent power series. The functoriality in Section [I.3] gives that
the maps induced by +; and +5 on residue polydisks are given by integral convergent

power series. Stability under composition then gives that v — D’(v) is given by elements

Kl Kgppo1 Of Zp(z1, .oy 2r).
We call the x the coordinate functions of the extension D": Zj — T(Zy); = Zg*p’l,
and their images &/, . .. ,Efqﬂkl in Fp[21,..., 2] the mod p coordinate functions, viewed

I ~1
as a morphism Dy : Af — AgrPh
p

15
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The mod p coordinate functions of A’: ZI — P**~1(Z,) = Z£9+P~1 (after choosing

the necessary parameters) are all of degree at most 1. The same holds for B’. We define

s T
(1.5.27)  Ch: Z" x ' — P*P~Y(Z,), Chv,p) = Zl Vi1 Zzuj = P
j=1

i=1

Then the mod p coordinate functions of C%, elements of Fy[x1,..., 2, y1,...,Yr], are
linear in the x;, and in the y;. Hence of degree at most 2, and the same follows for the
mod p coordinate functions of C’. However, as the first pg parameters for P**~! come
from J x JYP~1, and the 1st and 2nd partial group laws there act on different factors,
the first pg mod p coordinate functions of C’ are in fact linear. As D’ is obtained by
summing, using the partial group laws, the results of A’, B’ and C’, we conclude that
Ry,..., R, are of degree at most 1, and the remaining %; are of degree at most 2. The

same holds then for all ;. O

1.5.3 The p-adic closure

We know from (1.5.2.3) that xz(Z") = D'((p — 1)Z"). From (1.4.9) we know that
kz(Z") C T(Z). From (1.5.2.4) we know that T'(Z), C D'(Z"). So together we have:

(1.5.3.1) D'((p—1)Z") = kz(Z") € T(Z), C D'(Z").

We have extended D’ to a continuous map Z; — T(Zp):. As Zj, is compact, D'(Z;)
is closed in T(Zp);. As Z" and (p — 1)Z" are dense in Zj, the closures of their images
under D’ are both equal to D'(Z;), and equal to x(Zy). This finishes the proof of
Theorem [L4I0

1.6 Explicit description of the Poincaré torsor

The aim of this section is to give explicit descriptions of the Poincaré torsor P* on
J x JV°0 and its partial group laws, to be used for doing computations when applying
Theorem [[.4.12] The main results are as follows. Proposition [I.6.3.2] describes the
fibre of P over a point of J x JV'¥, say with values in Z/p?Z with p not dividing n
or in Z[1/n], when the corresponding points of J and JV:¥ are given by a line bundle
on C (over Z/p?Z or Z[1/n], and rigidified at b) and an effective relative Cartier divisor
on C (over Z/p?Z or Z[1/n]). Tt also translates the partial group laws of P* in terms
of such data. Lemma shows how to deal with linear equivalence of divisors.

Lemma|l.6.5.4fmakes the symmetry of P* explicit. Lemma|l.6.6.8|gives parametrisations

16
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of residue polydisks of P*(Z/p?Z), and Lemma gives partial group laws on these
residue polydisks. Propositiondescribes the unique extension over .J x JY°0 of the
Poincaré torsor on (J x J V’O)Z[l /n]» in terms of line bundles and divisors on C. Finally,
Proposition describes the fibres of P over Z-points of J x JV:°.

In this article, we have chosen to use line bundles and divisors on curves for describing
the jacobian and the Poincaré torsor. Another option is to use line bundles on curves
and the determinant of coherent cohomology, as in Section 2 of [76]. We note that in
Section 2, only the restriction of P to J° x JY'V is treated, and moreover, under the
assumption that C'is nodal (that is, all fibres C, are reduced and have only the mildest
possible singularities). Another choice we have made is to develop the basic theory of
norms of Gy,-torsors under finite locally free morphisms in this article (Sections
and not to refer, for example, to EGA or SGA, because we think this is easier for
the reader, and because this way we could adapt the definition directly to our use of it.

1.6.1 Norms

Let S be a scheme, f: S’ — S be finite and locally free, say of rank n. Then Og: = f.Og/
(we view Og as a sheaf on S) is an Og-algebra, locally free as Og-module of rank n,
and OF, is a subsheaf of groups of the sheaf GLog(Og/) of Og-linear automorphisms of
Og/. Then the norm morphism is the composition

NormS//S

(1.6.1.1) 0% —— GLo,(0g) —2% O

For T an OF,-torsor (triviality locally on S and S’ are equivalent, from the equivalence

with invertible Og,-modules), we let Normg:,g(7") be the Og-torsor
(1.6.1.2) Normg:/s(T) := OF @, T = (05 xT) /OZ, ,
s’

with, for every open U of S, and every element u € OF,(U), the action of u given
by (v,t) ~ (v-Normg/ g(u),u'-t). This definition is functorial in T: a morphism
¢: Ty — T, induces a morphism Normg  g(¢). It is also functorial for cartesian dia-
grams (S5 — S2) — (S — S1).

For U C S open, T an Og,-torsor, and t € T'(U), we have the isomorphism of O, |y-
torsors O, |y — T|u sending 1 to t. Functoriality gives Normg /5(t) in (Normg: (1)) (U),
also denoted 1 ® t.

The norm functor is multiplicative:

(1.6.1.3) NormS//S(Tl ®Os’ Tg) = NormS//S(Tl) Rog NOI‘mS//S(TQ) R

17
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such that, if U C S is open and t; and t5 are in T1(U) and T(U), then
(1.6.1.4) Normgr/g(t1 ® t2) = Normg/g(t1) ® Normg: 5 (t2) .

Let £ be an invertible Og/-module; locally on S, it is free of rank 1 as Og/-module.
This gives us the OF,-torsor (on S) Isome,, (Og,L). We can get the invertible Og/-
module £ back as £ = Og/ ®O;, Isomeg, (Os, £). The norm of £ via f: S” — S is then
defined as

(1615) NOI‘mS//S(E) = 0Og ®Osx NOI‘mS//S(ISOHloS, (OS’, E)) .

This construction is functorial for isomorphisms of invertible Og/-modules.

1.6.2 Norms along finite relative Cartier divisors

This part is inspired by [59], section 1.1. Let S be a scheme, let f: X — S be an S-
scheme of finite presentation. A finite effective relative Cartier divisor on f: X — S is a
closed subscheme D of X that is finite and locally free over S, and whose ideal sheaf Ip
is locally generated by a non-zero divisor (equivalently, Ip is locally free of rank 1 as
Ox-module). For such a D and an invertible Ox-module £, the norm of £ along D is

defined, using (|1.6.1.5)), as
(1.6.2.1) Normp /(L) := Normp,s(L|p) -
Then Normp,5(L£) is functorial for cartesian diagrams (X' — 5', L) — (X — S, L).

Lemma 1.6.2.2. Let f: X — S be a morphism of schemes that is of finite presenta-
tion. For D a finite effective relative Cartier divisor on f, the norm functor Normp g

mn 1s multiplicative in L:
(1.6.2.3) Normp/s(L£1 ® L2) = Normp,g(L1) ®os Normps(L2),

with, for U C S open, V. C X open, containing f~*U N D and l; € L;(V) generating
‘ci‘v;

(1624) NOI‘HID/S(ll X lg) = NormD/S(ll) X NOI‘l’IlD/S(lg) .

Let D1 and Dy be finite effective relative Cartier divisors on f. Then the ideal sheaf
Ip,Ip, C Ox is locally free of rank 1, the closed subscheme Dy + Dy defined by it is a
finite effective relative Cartier divisor on f. The norm functor in (1.6.2.1) is additive
in D:

(1.6.2.5) Norm(D1+D2)/S(£) = Norle/S(/j) ®os Norsz/S(ﬁ) ,

18
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with, for U C S open, V C X open, containing f~*UN(D1+D3) andl € L(V) generating

‘C‘D1+D2’
(1.6.2.6) Norm(p, 4+ p,)/s(l) = Normp, ,5(I) ® Normp, /s(l) .

Proof. Let Dy and Dy be as stated. If V' C X is open, and f; generates Ip,|v, then fif2
generates (Ip, Ip,)|v, and this element of Ox (V) is not a zero-divisor because f; and fo
are not. To show that D + D5 is finite over S, we replace S by an affine open of it, and
then reduce to the noetherian case, using the assumption that f is of finite presentation.
Then, (D1 + Ds3)req is the image of D1 yeqa [ [ D2,rea — X, and therefore is proper. Hence
D, + D5 is proper over S, and quasi-finite over S, hence finite over S. The short exact

sequence

IDQ/ID1+D2 — OD1+D2 — OD2
(1.6.2.7) H

(ID2)|D1

shows that Op, 1+ p, is locally free as Og-module, of rank the sum of the ranks of the Op,.
So Dy + D5 is a finite effective relative Cartier divisor on X — S.

We prove , by proving the required statement about sheaves of groups. The
diagram
(1.6.2.8)

Norm(p, 4+ py)/s

Norle/sXNorsz/S
[ —_LY

X X X X X : X
—>
Op,+p, — Op, xOp, 0 xOg O3

. Normp, s @ Normp,s )

commutes because multiplication by v on Op,+p, preserves the short exact sequence
(1.6.2.7), multiplying on the sub and quotient by its images in O} and in OF ; note
that the sub is an invertible Op,-module. O

1.6.3 Explicit description of the Poincaré torsor of a smooth

curve

Let g be in Z>1, let S be a scheme, and 7: C' — S be a proper smooth curve, with
geometrically connected fibres of genus g, with a section b € C(S). Let J — S be its
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jacobian. On C xg J we have £"V, the universal invertible O-module of degree zero
on C, rigidified at b.

Let d > 0, and C¥ the dth symmetric power of C' — S (we note that the quotient
C? — C@ is finite, locally free of rank d!, and commutes with base change on S). Then
on C x g C@ we have D, the universal effective relative Cartier divisor on C' of degree d.

Hence, on C xg J xg C® we have their pullbacks D and Euc‘}il‘;, giving us

(1.6.3.1) Na = Normp, /(75 sc)(LE)

This invertible @O-module Ny on J xg C¥ | rigidified at the zero-section of .J, gives us
a morphism of S-schemes C4 to Pic 7/s- The point db (the divisor d times the base
point b) in C4(S) is mapped to 0, precisely because £ is rigidified at b, and
Hence there is a unique morphism O: C(@ — JV = Picg/s such that the pullback of the
Poincaré bundle P on J x JY by (id,[0): J x C(4 — J x JV, with its rigidifications,
is the same as Ny. The following proposition tells us what the morphism O is, and the
next section tells us what the induced isomorphism is between the fibres of N; at points
of J x C® with the same image in J x g J.

Proposition 1.6.3.2. The pullback of P by (jb,j;;’_l): Cxgd— JxgJV together with
its rigidifications at b and 0, is equal to L'V,

Let d be in Z>¢. The morphism O: cd - Jv = Picg/s is the composition of first
¥: C@ — J, sending, for every S-scheme T, each point D in CD(T) to the class
of Oc, (D — db) twisted by the pullback from T that makes it rigidified at b, followed

Sk, —1

by jg’_l: J — JY. Summarised in a diagram, with M := (id x j,>~ " )*P:

Euniv P M idx% Nd
(1.6.3.3)
L w1 idx it ;
CxgJ 2 IxgJV v gue g2 0@

Then M, with its rigidifications at {0} xg J and J xg {0}, is symmetric. For T — S, x
in J(T) given by an invertible O-module L on Cr rigidified at b, and y = X(D) in J(T)

given by an effective relative divisor D of degree d on Cp we have

(1.6.34) P (a:,jlf’_l(y)) = M(z,y) = Normp,p(L).
For ¢; and ¢y in C(S), we have
(1.6.3.5) M (s(e1), Jv(e2)) = 5 (Oc(er = b)) @ " (Oc (b —c1))

and, as invertible O-modules on C x5 C, with A the diagonal and pry: C' xg C' — S the
structure morphism, we have

(1.6.3.6) (s X )" M = O(A) ® pri O(~b) @ pr3O(~b) @ prgb*Teys -
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Ford > 2g — 2, id/;gl gives Ny a descent datum along id x X that gives M on J Xg J.
For T an S-scheme, x € J(S) given by L on Cr, rigidified at b, D1 and Do in C(1)(S)
and C42)(8S), the isomorphism

(1.6.3.7) M(z,%(Dy + D3)) = M(z,5(D1)) ® M(z, £(D3))

corresponds, via id X X, to

N, +d,(x, D1 + Ds) = Norm(p, 4 p,);r(£) = Normp, ,7(L) ® Normp, ;7 (L)

(1.6.3.8)
= Ndl (I‘,Dl) ®Nd2(x7 D2) )

using Lemma |1.6.2.2,
For T an S-scheme and x1 and zo in J(T) given by O-modules L1 and Lo on Cr,

rigidified at b, and D in C9(T), the isomorphism

(1.6.3.9) M(z1 + 22, 2(D)) = M(z1,5(D)) @ M(z2,5(D))

corresponds, via id X X, to

Na(z1 + 22, D) = Normp (L1 ® L2) = Normp 1 (£1) ® Normp 7 (Lz)

(1.6.3.10)
= Na(z1, D) @ Ny(z2, D),

using Lemma|1.6.2.2

Proof. Let T be an S-scheme, and x be in J(T'). Then x corresponds to the invertible O-
module (id x z)* £ on Cr, rigidified at b. Let z := j;’fl(x) in JY(T). Then j;(z) = ,
meaning that the pullback of (id x 2)*P on Jr rigidified at 0 by j; equals (id x x)* LY
on Cr rigidified at b. Taking T := J and x the tautological point gives the first claim of
the proposition.

The symmetry of M with its rigidifications follows from [76], (2.7.1) and Lemma 2.7.5,
and (2.7.7), using[1.2.9

Now we prove (1.6.3.4). So let T and x be as above, and y = X(D) in J(T) given by
a relative divisor D of degree d on Cr. As C% — C9) is finite and locally free of rank d!,
we may and do suppose that D is a sum of sections, say D = Zle(ci), with ¢; € C(T).

Then we have, functorially:
P(z,jy "' (y) = Ply, jy " (x)) = P(S(D), jy ™' ()
(1.6.3.11) =P (Zjb@i),jz’l(x)) =@ (e, gy (@)
= ®z:im”(ci, z) = ®c(q) : Normp (L) .
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Identities ((1.6.3.5) and (|1.6.3.6]) follow directly from ((1.6.3.4]).
Now we prove the claimed compatibility between (1.6.3.9) and (1.6.3.10). We do

this by considering the case where L is universal, that is, base changing to Jr and z
the universal point. Then, on Jr, we have 2 isomorphisms from Norm(p, 4 p,)/s,(£) to
Normp, /7, (£)®Normp, 7. (£). These differ by an element of O(Jr)* = O(T)*. Hence
it suffices to check that this element equals 1 at 0 € J(T'). This amounts to checking that
the 2 isomorphisms are equal for £ = O¢,. with the standard rigidification at b. Then,
both isomorphisms are the multiplication map Or ®o,. Or — Or.

The compatibility between (1.6.3.7) and (|1.6.3.8) is proved analogously. O

Remark 1.6.3.12. From Proposition [I.6.3.2 one easily deduces, in that situation, for 7" an
S-scheme, z in J(T') given by an invertible O-module £ on Cr, and D; and D effective

relative Cartier divisors on Crp, of the same degree, a canonical isomorphism
(1.6.3.13) M(z,%(D1) — £(Ds)) = Normp, 7(£) @ Normp, ;7(£) ",

satisfying the analogous compatibilities as in Proposition [1.6.3.2] No rigidification of £
at b is needed. In fact, for £y an invertible Or-module, we have Normp, (7" Lo) = E(?d,
where 7: Cp — T is the structure morphism and d is the degree of D;. Hence the right
hand side of is independent of the choice of £, given x.

1.6.4 Explicit isomorphism for norms along equivalent divisors

Let g be in Z>4, let S be a scheme, and p: C — S be a proper smooth curve, with
geometrically connected fibres of genus g, with a section b € C(S). Let Dy, D5 be effective
relative Cartier divisors of degree d on C, that we also view as elements of C(?)(S). Recall
from Proposition the morphism X: C(9 — J. Then %(D;) = %(D,) if and only
if Dy, D5 are linearly equivalent in the following sense: locally on S, there exists an f in
Oc(U)*, with U := C\ (D1 U D3), such that f-: Oy — Op extends to an isomorphism
f: Oc(D1) = Oc(Ds). In this case, we define div(f) = Dy — D;. Proposition
gives us, for each invertible O-module £ of degree 0 on C rigidified at b (viewed as an

element of J(.5)) specific isomorphisms

NOTle/S(C) == Nd(£7D1) == M(,C, E(Dl)) == M(ﬁ, E(Dz)) S Nd(ﬁ,DQ)

(1.6.4.1)
= NOI‘mDZ/S(ﬁ) .

Now we describe explicitly this isomorphism Normp, ,§(£) — Normp,,s(£). To do so

we first describe an isomorphism
(1.6.4.2) ér,p,,p,: Normp, /s(L) — Normp, ,5(L)
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that is functorial for Cartesian diagrams (C' — S’, L', D}, D}) — (C — S,L, D1, Ds)
and then we prove that this isomorphism is the one in .

We construct ¢, p, p, locally on S and the functoriality of the construction takes
care of making it global. So, suppose that f is as above: f € O¢(U)*, and f-: Oy — Oy
extends to an isomorphism f-: Oc(D1) = Oc(D2). Let n € Z withn > 2g—2+2d. Then
p«(L(nd)) — p.L(nb)|p,+p, and p.(Oc(nb)) — p«Oc(nb)|p,+p, are surjective, and
(still localising on S) p.(L(nd)) and p.(Oc(nb)) are free Og-modules and L(nb)|p, +p,
and O¢(nb)|p,+p, are free Op, 4 p,-modules of rank 1. Then we have Iy in (L(nb))(C)
and 1 in (Oc(nb))(C) restricting to generators on Dy + Do. Let D~ := div(l;) and
Dt := div(lp), and let V := C \ (Dt + D~). Note that V contains D; + D, and
that U contains DT + D~. Then, on V, [ :=ly/l; is in L(V), generates L|p,+p,, and
multiplication by [ is an isomorphism -: Oc (DT — D~) — L, that is, div(l) = DT —D~.
Let
(1.6.4.3)

f(div(l)) = f(DtT — D7) = Normp+/s(f|p+) - NormD—/S(f|D—)_1 € 0s(9)*,
and let ¢ ¢ be the isomorphism, given in terms of generators

(1 6.4 4) QSEJyf: NOTle/S(C) — Norsz/S(‘C)
e Normp, /g(l) — f(div(D)~? -Normp, /5(1) .

Now suppose that we made other choices n', I, Ij. Then we get D', Dt v,
and ¢gp r. Then there is a unique function g € Oc(V N V’)* such that I’ = gl in
LV NV'). Then

¢ s(Normp, ;5(1)) = ¢z r(Normp, /s(g~ ')
= ¢ p(g~ " (D1)Normp, /5(1'))

=g H(D1)-de,s(Normp, /s(I'))
=g~ (D1)-f(div(l"))~"-Normp, /5(I')

(1.6.4.5) =g~ (D1)-f(div(gl))"-Normp, s(gl)
=g (D1)-f(div(g) + div(1))~"-g(D2) Normp, s (1)
=g~ (D1)-f(div(g))~"-g(D2)-f(div(1))~*-Normp, s(1)
= g(div(f))-f(div(g)) " dr.1,s(Normp, /5 (1))

= ¢r1,p(Normp, ,5(1)),

where, in the last step, we used Weil reciprocity, in a generality for which we do not know
a reference. The truth in this generality is clear from the classical case by reduction to

the universal case, in which the base scheme is integral: take a suitable level structure
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on J, then consider the universal curve with this level structure, and the universal 4-tuple
of effective divisors with the necessary conditions. We conclude that ¢, 5 = ¢z f-

Now suppose that f’ is in Oc(U)* with div(f’) = div(f). Then there is a unique
u € Og(S)* such that f" = u-f, and since £ has degree 0 on C

¢r,5r (Normp, /5(1)) = (u-f)(div(l)) ™ -Normp, s(1)
(1.6.4.6) =y~ 4°8V0) ¢ (div (1))~ -Normp, 5(1)

= f(div(1))""Normp, /s(1) = ¢z.1,5 (Normp, ;5(1))

Hence ¢, 1,5 = ¢r,1,r- We define
(1647) ¢D1,D2,L: Norle/S(ﬁ) — NOI‘HIDQ/S(E)

as the isomorphism ¢, ; in (1.6.4.4) for any local choice of f and I.

Lemma 1.6.4.8. With the assumptions as in the beginning of Section[1.6.4), the isomor-
phism ¢, p,.p, N is equal to the isomorphism in (1.6.4.1).

Proof. We do this, as in the proof of Proposition by considering the case of the
universal £, that is, we base change via J — S, and then restricting to 0 € J(S). This
amounts to checking that the 2 isomorphisms are equal for £ = O¢ with the standard
rigidification at b. In this case, Normp, ,s(Oc) = Og, with Normp, ;s(1) = 1. Hence
®D1,Ds,0c = G0c 1,5 is the identity on Og (use ) The other isomorphism is the
identity on Og because of the rigidifications of M and Ny on 0 x J and 0 x C(@. O

1.6.5 Symmetry of the Norm for divisors on smooth curves

Let C' — S be a proper and smooth curve with geometrically connected fibres. For Dy,

Dy, effective relative Cartier divisors on C we define an isomorphism
(1651) (]51)17D2 : NOYle/S(OC(DQ)) — NOTHID2/S(OC(D1))

that is functorial for cartesian diagrams (C’/S’, D}, Dy) — (C/S, D1, D3).

If suffices to define this isomorphism in the universal case, that is, over the scheme that
parametrises all Dy and Ds. Let dy and ds be in Z>q, and let U := Cd1) x g C42) and
let D1 and D4 be the universal divisors on Cyy. Then we have the invertible Oy -modules
Normp, ;7(Oc(D2)) and Normp, ;i;(Oc(D1)). The image of D1 N Dy in U is closed, let
U° be its complement. Then, over U°, D; and D; are disjoint, and the restrictions
of Normp, /;(Oc(D2)) and Normp, ;i (Oc(D1)) are generated by Normp, (1) and
Normp,,7(1), and there is a unique isomorphism (¢p,, p,)yo that sends Normp, /i7(1)
to Normp, /¢ (1).
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We claim that this isomorphism extends to an isomorphism over U. To see it, we
base change by U’ — U, where U’ = C% xg C%, then U’ — U is finite, locally free
of rank dj!-ds!. Then Dy = P+ ---+ Py, and Dy = Q1 + - -- + Qg, with the P; and
Q; in C(U’). The complement of the inverse image U'’ in U’ of U° is the union of
the pullbacks D; ; under pr; ;: U " — C xg C of the diagonal, that is, the locus where
P; = @Q;. Each D, ; is an effective relative Cartier divisor on U’, isomorphic as S-scheme
to C%td2=1 hence smooth over S. Now

(1.6.5.2) Norle/U/(O(Dg)):®Pi*(9(Qj), Norsz/U,(O(Dl)):®Q;O(P,;),

and, on U'°,

(1.6.5.3) Normp, /(1) = @)1, Normp,,p/(1) =@ 1, in OU").
.7j '7j

On the open U’, the divisor of the tensor-factor 1 at (i, j), both in Normp, /(1) and in
Normp, /i/(1), is D; j. Therefore, the isomorphism (¢p, p,)vo extends, uniquely, to an
isomorphism ¢p, p, over U’, which descends uniquely to U.

Our description of ¢p, p, allows us to compute it in the trivial case where D; and D-
are disjoint. One should be a bit careful in other cases. For example, when d; = dy = 1
and P = @, we have P*O¢(Q) = P*O¢(P) is the tangent space of C' — S at P, and
hence also at @), but ¢p ¢ is multiplication by —1 on that tangent space. The reason for
that is that the switch automorphism on C' xg C induces —1 on the normal bundle of
the diagonal.

Lemma 1.6.5.4. Let b be an S-point on C. Because of the symmetry in Proposi-

tion using (1.6.3.15), for Dy, Do relative effective divisors on C of degree dy, ds

over S we have the following diagram of isomorphisms defining ¥ p, b,

M(E(D3),%(D1)) === Normp, /5(Oc(D3 — dzb)) @ b*Oc(D2 — dgb) =™
\ [snom
M(S(D1), 5(Ds)) = Normp, 5(Oc(Dy — dib)) @ b* O (Dy — dyb) =
Then
(1.6.5.5) YD, D, = ¢Dy,D, @ ¢1_71,de ® ¢;111,7D2 ® Pdyb,dab -

Moreover the isomorphisms ¢p, p,, and consequently ¥p, p,, are compatible with addi-

tion of divisors, that is, under (1.6.3.10) and , for every triple Dy, Do, D3 of

relative Cartier divisors on C we have
(1656) ¢D1+D2,D3 = ¢D1,D3 ® ¢D2,D3 ) ¢D17D2+D3 = ¢D1,D2 ® ¢D1,D3 .
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Proof. It is enough to prove it in the universal case, that is, when D; and Dy are the
universal divisors on Cpr, and there we know that there exists a u in Oy (U)* = Og(S)*
such that

(1.6.5.7) U YD, Dy = 9Dy, Dy ®¢E)17d2b®¢;11b7pz®¢d1b,d2b :

Since the symmetry in Proposition [1.6.3.2] is compatible with the rigidification at the
point (0,0) € (J x J)(S), then g, 44,5 is the identity on Oy, as well as the right hand
side of when D; = d;b. Hence u = u(d;b, d2b) = 1, proving (1.6.5.5).

Now we prove . As for , it is enough to prove it in the universal case

and then we can reduce to the case where D; = dib, Dy = dob and D3 = dsb for d;

positive integers where we have

Bdybdabidab = Pdyb,dab ® Pdgb,agp = (—1)( B FTH)%

(1.6.5.8) idrtas)

Pdyb,dobtdsd = Pdyb,dab @ Pdybdsh = (—1)

1.6.6 Explicit residue disks and partial group laws

Let C be a smooth, proper, geometrically connected curve over Z/p?, with a b € C(Z/p?),
let g be the genus, and let M be as in Proposition Let D = Dt — D~ and
E = E* — E~ be relative Cartier divisors of degree 0 on C. For each a in M*(F,)
whose image in (J x J)(F,) is given by (D, E) we parametrise M*(Z/p*),, under the
assumption that there exists a non-special split reduced divisor of degree g on Cf,.

Let by,...,b, be points in C(Z/p?) with distinct images b; in C(F,) and such that
hO(C']Fp,Bl + - +by) =1, and let byiq,...,ba, in C(Z/p?) be such that the b,.; are
distinct and hO(C’]pp,BgH + -+ ng) = 1. Then the maps
(1.6.6.1)

fi: C9—J, (c1,....¢q) — [Oc(c1+---+¢cg— (b1 +---+by) + D)

fo: Cc9 — J, (cl,...,cg) — [Oc(61+~-~+cg—(bg+1—‘r“'—f—bgg)-i-E)} R
are étale respectively in (by,...,b,) € C9(F,) and (bgi1,...,bay) € CI(F,), hence give

bijections CQ(Z/pQ)(EME) — J(Z/p*)5 and C’g(Z/pQ)( — J(Z/p*)5. For
each point ¢ € C(F,) we choose

bgt1yesb2g)

zp,c € Oc(—D), a generator,
(1.6.6.2) ‘ (~D)cag
2. € O¢,. generating, together with p, the maximal ideal of Oc¢.

For each i = 1,...,2g we choose zp, so that zp,(b;) = 0. For each (Z/p?)-point
c € C(Z/p*) with image ¢ in C(F,) and for each A\ € F, let c) be the unique point
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in C(Z/p?)z with zz(cy) = Ap. Then the map A — c, is a bijection F, — C(Z/p*)z
hence the maps fi, fo induce bijections
(16.63) Fy — J(Z/p*) 5, A+ Dx:=D+ (b1, —b1)+ -+ (bgx, — bg)

Fy — JZ/) g, nr— Bui=E+ (bgt1u —bgy1) + - + (b2g.u, — bzg) -

Hence /\/l>< (Z/p*)5 5.7 is the union of M*(Dy, E},) as A and p vary in F§ and by Propo-
sition 3.2l and Remark [I.6 we have

M(Dy, E,) :NormE+/(Z/p2 (Oc(Dy)) ® Normp- /(7/p2)(Oc(Dy)) '@

(1.6.6.4) " _
® ® 9+z e Dy)® bg+iOC(D>\) 1) :

For each i € {1,...,g}, ¢ € C(Z/p?) and X € F, we define z;(c,\) := 1 if ¢ # b; and
zi(e,\) == mp, — Ap if € = b;, so that c*z;(c, \)~! generates c*O(b; »). Then, for each
¢ € C(Z/p®) and each X € Y,

9
_ x;(e, 0)
(1.6.6.5) | zpl | | : generates ¢*O¢(Dy) .
b i z;i(c, Ai)

We write B+ = EOF 4 ... + F9F so that E%* is disjoint from {by,...,b,}, and E®¥,
restricted to C']pp, is supported on b;. Let zp,g be a generator of Oc(—D) in a neighbor-
hood of E* U E~. Then, for each A in Y,

g9
_ _ Tp,
(1.6.6.6) NormEo,i/(Z/pz)(.’L‘D}E) X ® NOI‘mEi,i/(Z/pz) (xD?E . 7:% — )\.p)
i=1 g B

generates Norm gz /(7/,2)(Oc(Dy)). By (1.6.6.4), (1.6.6.5)) and (1.6.6.6) we see that, for
A and p in FY,
(1.6.6.7)

9
— — Tp;
SD,E’(A; u) = NOI‘mEo,+/(Z/p2)(3}D71E) ® ®NormEi,+/(Z/p2) (xD}E . ;Ub—)\p) &
i=1 g B

-1
T,
® Norm go, —/(z/pz)(xD I '® ®NormEl /(Z/p?) (xDlE 7% — )\_p) ®
i=1 i g
-1

0= L Cr i ) EELENEUR DSV PR LG
i=1 s T j=1 25(bgtipuir Aj) e\ J=1 2j(bg+is Aj)

generates the free rank one Z/p?>-module M(D,, E,,). The fibre M*(D, E) over (D, E)
n (J x J)(Fp) is an F i-torsor, containing sp g(0,0), hence in bijection with F by
sending & in F to &-sp p(0,0). Using that (Z/p*)* =F) x (14 pF,), we conclude the

following lemma.
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Lemma 1.6.6.8. With the assumptions and definitions from the start of Section [1.6.6}
we have, for each & € ¥, a parametrisation of the mod p? residue polydisk of M* at
&-sp,r(0,0) by the bijection

Fg X Fg X Fp — ./\/1><(Z/pz)£m7 ()\,M,T) — (1 +pT)£SD,E<A,,U/) .

Using this parametrization it easy to describe the two partial group laws on M > (Z/p?)
when one of the two points we are summing lies over (D, E) and the other lies over (D, 0)
or (0,E). To compute the group law in J(Z/p*) we notice that for each ¢ € C(Z/p?)
such that x.(c) = 0 and for each A, i € F,, we have

e e

1.6.6.9 - —
( ) (xe=Ap)(xe—pp) @2 — Apxe — pPpxe T — (AHR)P

T

and since these rational functions generate Oc(cx — ¢+ ¢, — ¢) and Oc(caty, —¢) in a

neighborhood of ¢, we have the equality of relative Cartier divisors on C
(1.6.6.10) (ex—¢)+(cy—c)=cryp —c.

Hence, under the definition for A € FJ of
(1.6.6.11)
DY = (b1x, = b1) + -+ (bgn, —bg) EY = (bg+1.a1 = bgt1) + -+ + (b2g,n, — bag)

we have, for all A, u € F7, that Dy —l—DB = D)4, and E,\—i—Eg = E4,. Definition(1.6.6.7]
applied with (D,0) and (0, E), with 9 g = 1 and, for every ¢ € C(F,), with zg. = 1,
gives, for all A, u in FJ, the elements

(1.6.6.12) sp,o(A i) € MX(Dy, Ep),  so.p(Ap) € M*(DY,E,).
With these definitions, we have the following lemma for the partial group laws of M.

Lemma 1.6.6.13. With the assumptions and definitions from the start of Section[1.6.6,
we have, for all A\, A1, A2, p, pia, po in ¥, that

5D,0(A, 1) +2 8D, (A, 2) = sp,o(A p1) ® sp E(A, 2) = sp . E(A, 1 + 12)
50,E(A1, 1) +1 5D, E(A2, 1) = spo( A1, 1) ® sp E(A2, 1) = sp E(A1 + A2, 1)
and, consequently, for all 71,72 € Fp and §1,& € F);, that
(1.6.6.14)
§&1(1471p)-spo(A, 1) 42 &2(1+72p) 5D, B(A, p2) = & (14+71p)&2(14+72p) s, B (A, p1+1i2)
=& &1+ (m+72)p)-sp,5(A, p1tp2)
§1(1471p)-50,5 (A1, 1) 41 E2(1+72p)-sp, (A2, 1) = §162(14-(T14+T2)p) 5D, E(A1+A2, 1) -
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Proof. This follows from (1.6.6.9)) and (1.6.6.10)), together with the equivalence of ((1.6.3.7)
and (1.6.3.8)) and the equivalence of ([1.6.3.9)) and (1.6.3.10) in Proposition [1.6.3.2 O

We end this section with one more lemma.

Lemma 1.6.6.15. The parametrization in Lemma s the inverse of a bijection
given by parameters on M* analogously to (m

Proof. Let Q be the pullback of M by f1 x fo with f; and f5 as in (1.6.6.1]). Then the lift
fixfa: @ — MX is étale at any point 3 € Q(F,) lying over b = (by,...,ba,) € C?9(F,)
and induces a bijection between Q* (Z/p®); and M* (Z/p? )(D 7)- In particular we can in-

terpret sp g (A, i) as a section of Q(by,y,, . .. bag,,, ) and we can interpret the parametriza-
tion in Lemma as a parametrization of Q* (Z/pQ)gm. It is then enough to
prove that the parametrization in Lemma is the inverse of a bijection given by
parameters on Q*. It comes from the definition of ¢, for ¢ € C(Z/p?) and v € Fp, that
the maps \;, p;: C?9 (Z/pQ)g — F,, are given by parameters in Oozg 3 divided by p. In
order to see that also the coordinate 7: Q* (Z/P2)53D,E(o,0) — [}, is given by a parameter
divided by p it is enough to prove that there is an open subset U C C?9 containing b and
a section s trivializing Q|y such that sp g(A, i) = s(b1,z,5 - -, b2g,,). Remark

and (1.6.5.1) give that

(1.6.6. 16)
Q= ® (Wz»WngJ OCXC(A))
1,j=1
®®( SO (E — (bysr + - +bzg))®w;ﬂ.oc(p—(b1+---+bg)))
® Normp 7,/2 (Oc (D — (by + - @bgﬂ — (b4 +Dby))

where A C CxC is the diagonal and m; is the i-th projection CY x C9 — C. We
can prove that there is an open subset U C C9x(CY containing b and a section s triv-
ializing Qly such that sp p(A, ) = s(bix,,...,b2g,,), by trivializing each factor of
the above tensor product in a neighborhood of b. Let us see it, for example, for the
pieces of the form (m;, mg4;)*Ocxc(A). Let m,me be the two projections C' x C — C
and let us consider the divisor A: for each pair of points c1,co € C(F,) the invert-
ible O-module O¢xc(—A) is generated by the section za ¢, ., := 1 in a neighborhood
of (c1,c2) if ¢1 # co, while it is generated by the section za ¢ ,c, ‘= TjTe, — T3Te,
in a neighborhood of (¢1,¢2) if ¢1 = ¢co. If we now take ¢1 = b;,co = byy; € C(F,)
we deduce there exists a neighborhood U of (b;,bs4;) such that xg,lbi’bgﬂ, generates
Ocxc(A)|y. For each A,y € FY the point (b, bg4j,,) lies in U(Z/p?) and the
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canonical isomorphism (b;,x,,bg+ju;)*Ocxc(A) = by, , Oc(bix,) sends the generat-
ing section (bimba’,m)*w&,ﬂl,@ to b;fwxi(bgﬂ,)\i)_l, which is a factor in .
This gives a section s;; trivializing ((71’1‘,71'g+j)*00><c(A>) in a neighborhood of b.
With similar choices we can find sections trivializing the other factors in
in a neighborhood of b and tensoring all such sections we get a section s such that

sp,E(A 1) = s(bix, - b2gp,)- O

1.6.7 Extension of the Poincaré biextension over Néron models

Let C over Z be a curve as in Section Let g be a prime number that divides n. We
also write C' for Cz,. Let J be the Néron model over Z, of Pic% /Qy> and JO its fibre-wise
connected component of 0. On (J xz, J)g, we have M as in Proposition[1.6.3.2} rigidified
at 0 x Jg, and at Jg, x 0.

Proposition 1.6.7.1. The invertible O-module M on (J xz, J)q,, with its rigidifica-
tions, extends uniquely to an invertible O-module M with rigidifications on J Xz, JO.

The biextension structure on M™ extends uniquely to a biextension structure on MX.

Proof. First of all, J xz, JY is regular, hence Weil divisors and Cartier divisors are the
same, and every invertible O-module on (J xz, J%)g, has an extension to an invertible
O-module on J xz, J° So let M’ be an extension of M. Any extension M” of M is
then of the form M'(D), with D a divisor on J xz_ J° with support in (J xz, J°)g, .
Such D are Z-linear combinations of the irreducible components of the D; xp, J]Sq, where
the D; are the irreducible components of Jr,. Now M’| o extends M| Jg, x0, hence
the rigidification of M|JQq %0 is a rational section of M’|;xo whose divisor is a Z-linear
combination of the D;. It follows that there is exactly one D as above such that the
rigidification of M extends to a rigidification of M’(D) on J x 0. That rigidification is
compatible with a unique rigidification of M’(D) on 0 x J°. We denote this extension
M/ (D) of M to J xz, JO by M.

Let us now prove that the G,-torsor Mv * on J X7, J? has a unique biextension
structure, extending that of M*. Over J xz_ J xz, J 9 we have the invertible O-modules
whose fibres, at a point (x,y,z) (with values in some Z,-scheme) are M(z +y,2) and
M (r,2)® M (y, z). The biextension structure of M* gives an isomorphism between the
restrictions of these over g, that differs from an isomorphism over Z, by a divisor with
support over F,. The compatibility with the rigidification of M over J xz, 0 proves that
this divisor is zero. The other partial group law, and the required properties of them

follow in the same way. We have now shown that M extends the biextension M*. O

30



1. GEOMETRIC QUADRATIC CHABAUTY

1.6.8 Explicit description of the extended Poincaré bundle

Let C over Z be a curve as in Section [I.2} Let g be a prime number that divides n. We
also write C for Cz,. By [68], Corollary 9.1.24, C' is cohomologically flat over Z,, which
means that for all Zg-algebras A, O(Ca) = A. Another reference for this is [86], (6.1.4),
(6.1.6) and (7.2.1).

The relative Picard functor Picg/z, sends a Zg-scheme T' to the set of isomorphism
classes of (£,rig) with £ an invertible O-module on Cr and rig a rigidification at b. By
cohomological flatness, such objects are rigid. But if the action of Gal(F,/F,) on the
set of irreducible components of Cﬁq is non-trivial, then Picc/z, is not representable by
a Zg-scheme, only by an algebraic space over Z, (see [86], Proposition 5.5). Therefore,
to not be annoyed by such inconveniences, we pass to S := Spec(Z;""), the maximal
unramified extension of Z,. Then Picc/g is represented by a smooth S-scheme, and on
C x g Picog there is a universal pair (£, rig) ([86], Proposition 5.5, and Section 8.0).
We note that Picc/s — S is separated if and only if C'?q is irreducible.

Let PiC[CO]/S be the open part of Picc/s where LV g of total degree zero on the
fibres of C — S. It contains the open part Pic% /s where LY has degree zero on all

irreducible components of Cﬁq.

Let E be the closure of the 0-section of Picc /g, as in [86]. It is contained in Pic[co]/s.
By [86], Proposition 5.2, F is represented by an S-group scheme, étale.
By [86], Theorem 8.1.4, or [22], Theorem 9.5.4, the tautological morphism Pic[co]/s

is surjective (for the étale topology) and its kernel is F, and so J = Pic[g]/ s/ E. Also, the

—J

s . . [0 . . . .
composition PICOC /s = PIC[C]/ ¢ — J induces an isomorphism PIC% /s = JO.

Let Cj, i € I, be the irreducible components of Cg . Then, as divisors on C, we have
q

(1.6.8.1) Cz =y miCi.

iel
For £ an invertible O-module on Cf , its multidegree is defined as
q

(1.6.8.2) mdeg(L): I — 7Z, i degq, (L

Ci)v

and its total degree is then

(1.6.8.3) deg(L) = Zmi degc, (£
iel

Ci) :
The multidegree induces a surjective morphism of groups
(1.6.8.4) mdeg: Picc/g(S) — VAR
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Now let d € Z! be a sufficiently large multidegree so that every invertible @-module £ on
Cs with mdeg(£) = d satisfies H'(Cs , £) = 0 and has a global section whose divisor is
ﬁn;te. Let Lo be an invertible O-modl(llle on C, rigidified at b, with mdeg(Ly) = d. Then
over C x g J° we have the invertible O-module £V ® L, and its pushforward £ to J°.
Then £ is a locally free O-module on J°. Let E be the geometric vector bundle over J°
corresponding to €. Then over E, £ has its universal section. Let U C F be the open
subscheme where the divisor of this universal section is finite over J°. The J°-group
scheme G, acts freely on U. We define V := U/G,,. As the G -action preserves the
invertible O-module and its rigidification, the morphism U — J° factors through U — V/
and gives a morphism X, : V — J° Then on C x gV we have the universal effective rel-
ative Cartier divisor D" on C'x gV — V of multidegree d, and L™V ® L, together with
its rigidification at b is (uniquely) isomorphic to Ocx v (DY) @0, b*Ocx oy (— DY)
with its tautological rigidification at b, in a diagram:

(1.6.8.5) LMY @ Lo =—— Oc sy (D™Y) @0, b*Ocx sy (—DY) .

Then X, sends, for T an S-scheme, a T-point D on Cr to the invertible O-module
Ocy (D) ®0, b*Oc, (—D) @0, Lyt with its rigidification at b. Let so be in Lo(C) such

that its divisor Dy is finite over S, and let vy € V(S) be the corresponding point.

On Pic[g]/ g X5V Xg C we have the universal LY from Pic[co]/ ¢ with rigidification

at b, and the universal divisor D"™V. Then on Pic[CO]/ g X5V we have the invertible O-

module Ny 4 whose fibre at a T-point (£,rig, D) is Normp 7 (L) ®o, Normp, ,7(L£)~*,

canonically trivial on Pic[co]/ g X5 vo:

(1.6.8.6)
Nga: (Pic[co]/s Xg V) (T) > (£,rig, D) —— Normp (L) @0, NormDU/T(ﬁ)*l.

Any global regular function on the integral scheme Pic[g]/ g X5V is constant on the generic

fibre, hence in Q)™ and restricting it to (0,vo) shows that it is in Zy™", and if it is 1 on
Pic[g]/ g X570, it is equal to 1. Therefore trivialisations on Pic[g]/ ¢ X5 v rigidify invertible
O-modules on Pic[g]/ g XsV.

The next proposition generalises [76], Corollary 2.8.6 and Lemma 2.7.11.2: there,
C — S is nodal (but not necessarily regular), and the restriction of M to J% x5 JO is

described.

Proposition 1.6.8.7. In the situation of Section the pullback of the invertible
O-module M on J Xz JO to Pic[co]/zum X znr V' by the product of the quotient map
q

quot: Pic[co]/Zunr — J and the map Xz,: V — JO is 0.d, compatible with their rigidifica-
q
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tions at J x 0 and Pic[co]/z‘mr X vg. In a diagram:
q

P~ M qu,d
(1.6.8.8) J J l
V,0 70 . [0]
J XZ‘(;I“‘ J (W J XZEIH J W PlCC/Z}I‘m XZ;“““ V .

For T any Zy"" -scheme, for x in J(T') given by an invertible O-module L on Cr rigidified
at b, and y in JO(T) = Picoc/zgm (T) given by the difference D = Dt — D~ of effective

relative Cartier divisors on Cp of the same multidegree, we have
P(x,j; " (y)) = M(x,y) = Normp+ /7(£) ®o, Normp- 7 (L)~

Proof. The scheme Pic[co]/zumngm V is smooth over Z;“r ad connected, hence regular and
q

integral, and since VR is irreducible, the irreducible components of (Pic[g]/zm X zunr V)ﬁq
q

(0]

are the P? <7, Vi, with P* the irreducible components of (Pic Jzgns

)g,, with i in

wo((Pic[g]/Zm,r)ﬁ ), which, by the way, equals the kernel of Z! — Z, z > jer MiT;.
q q

We now prove the first claim. Both A4 and the pullback of M are rigidified on

Pic[g]/zgnr X vg. Below we will give, after inverting ¢, an isomorphism « from N 4 to
the pullback of M that is compatible with the rigidifications. Then there is a unique

divisor D, on Pic[co}/Zunr X zme V', supported on (Pic[co]/zum X znr V)E, such that « is
q q

an isomorphism from N, 4(D,) to the pullback of M. Let i be in wo((Pic[g]/Zum)Fq),
q
and let = be in Pic[g}/Zunr (Zgnr) specialising to an Fq—point of P? then restricting « to
q
(z4,v0) and using the compatibility of o (over Q") with the rigidifications, gives that
the multiplicity of P? x VE in D,, is zero. Hence D, is zero.
Let us now give, over <Pic[g]/z;;nr X gaan V)ng, an isomorphism « from N, 4 to the

pullback of M. Note that (Pic[co]/zgm)(@gm = Jggr, and that Vou = C&é‘l?, where
|d| = >_;md; is the total degree given by the multidgree d. For T' a Q""-scheme,
x € J(T) given by £ an invertible O¢,-module rigidified at b, and v € V(T') given
by a relative Cartier divisor D of degree |d| on Cr, we have, using Proposition
and , the following isomorphisms (functorial in T'), respecting the rigidifications

at v = vo:
6gg) METel)= M) - Ew) = Mz, () © Mz, (vg)) !
.6.8. = Normp (L) ®o, NormDO/T(ﬁ)fl = Nyalz,v).

This finishes the proof of the first claim of the Proposition. The second claim fol-
lows directly from the definition of A 4, plus the compatibility at the end of Propo-
sition [L.6.3.2) O
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1.6.9 Integral points of the extended Poincaré torsor

Let C over Z be a curve as in Section Given a point (z,y) € (J x J°)(Z) we want to
describe explicitly the free Z-module M(z,y) when z is given by an invertible O-module
L of total degree 0 on C rigidified at b and y is given as a relative Cartier divisor D
on C of total degree 0 with the property that there exists a unique divisor V whose
support is disjoint from b and contained in the bad fibres of C' — Spec(Z) such that
O(D+V) has degree zero when restricted to every irreducible component of any fibre
of C' — Spec(Z). Since M(z,y) is a free Z-module of rank 1 then it is a submodule
of M(z,y)[1/n] and writing D = DT — D~ as a difference of relative effective Cartier

divisors, Proposition [1.6.3.2] with S = Spec(Z[1/n]), gives
(1.6.9.1) M(z,y)[1/n] = (Normp+ z(L) ®z Normp- ,7(£) ") [1/n]

and consequently there exist unique integers eq, for ¢ varying among the primes divid-

ing n, such that, as submodules of (Normp+ 7(L) ®z Normp- /7 (L)1) [1/n],

(1.6.9.2) M(z,y) = quq - (Normp+ 7 (L) @z NOrme/Z(L)fl) .

qin

We write V=3,
n let C; 4,4 € I, the irreducible components of Cr, with multiplicity m; , and let V; , be
the integers so that V, = Vi,qClig-

V, where V, is a divisor supported on Cf,. For every prime ¢ dividing
i€l
Proposition 1.6.9.3. The integers in are given by

eq=— Y Vigdegg (L
icl,

Ci,q>'

Proof. For every ¢ dividing n let H, be an effective relative Cartier divisor on C7z, whose
complement U, is affine (recall that C is projective over Z, take a high degree embedding
and a hyperplane section that avoids chosen closed points ¢; 4 on the C; 4). The Chinese
remainder theorem, applied to the O¢(U,)-module (Oc(D + V))(U,) and the (distinct)
closed points ¢; 4, provides an element f, of (Oc(D+V))(U,) that generates Oc(D+V)
at all ¢; 4. Let Dy = D — D be the divisor of f; as rational section of Oc(D + V).

Then D;r and D are finite over Z,, and f, is a rational function on C%, with
(1.6.9.4) div(fy) = (Df = D;) = (D+V)=(Df + D7) —(D*+D;)-V.
This linear equivalence, restricted to Qq, gives the isomorphism

(1.6.9.5) @: Norm(D++Dq_)/Qq(E) — Norm p+, p-) /g, (L).
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Tensoring with Norm, -, -y g (£)~! we obtain the isomorphism
(1.6.9.6)
¢ ®id: Normp+ g, (£) ® Normp- g, (£)™" —— Norm+ g, (L)® NormD; /2, (L)1

using the identifications

(1.6.9.7)

Normp+ /g, (£) ® Normp- /g, (£)~" = Normpp., p-y g, (£) @ Norm | -y . (L)t
Normp+ o (£) ® Norm - ¢ L)yt = Norm p+, p-y/q,(£) © Norm | -y . (L)t
Using the same method as for getting the rational section f, of Oc(D + V), we get
a rational section ! of £ with the support of div(l) finite over Z, and disjoint from
the supports of D and D,, and from the intersections of different C;, and C;,. By
Proposition and the choice of [,

(1.6.9.8)

M(z,y)z, = Normp+ /7. (E)@Norme,/Zq (L)t = ZqgNormpys (l)®NormD;/Zq nH~*,

and
(1.6.9.9) Normp+z, (£) ® Normp- 7 (L)™' = Zg-Normp+ sz, (1) ® Normp- /7 (1)~".
By , we have that ¢ ® id maps

Normp+ /g, (1) @ Normp- /g, (1)~

to

(1.6.9.10) fo(div(1))™" - Normps o (1) ® Normy,— o (.
Comparing with ((1.6.9.2)), we conclude that

(1.6.9.11) eq = vq(fy(div(1))).

We write div(l) = Zj n;D; as a sum of prime divisors. These D; are finite over Zg,
disjoint from the support of the horizontal part of div(f,), that is of D, — D, and each
of them meets only one of the C; 4, say Cy(j),- Then, for each j, f;ns(”’q and ¢~ V=0
have the same multiplicity along Cj(;) 4, and consequently they differ multiplicatively by
a unit on a neighborhood of D;. Then we have

(1.6.9.12)
vo(f(D;)) = ve(fq 9 (Dy)) _ vg(q V=9 (D)) _ Y (Normp, /7, (g~ V=ta))
B M(j)a M(j)q Mis(i).q
_ Vetpadess, (D) —Vig)a (D - Cr,) _ =Vi.a'(Ds - ms5),.0Cs9).0)
Ms(5),q Ms(j),q Ms(5),q

= —Vi),a(Dj - Cs(y) = —Vq - Dj.
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We get
eq:%U“&WM):—%~&WD:—§:%ACV&WM
(1.6.9.13) el
==Y Vigdegs (Llc,,)-
i€l

O

1.7 Description of the map from the curve to the tor-

sor

The situation is as in Section [1.2l The aim of this section is to give descriptions of
all morphisms in the diagram (1.2.12), in terms of invertible O-modules on (C' x C)q
and extensions of them over C' x U, to be used for doing computations when applying
Theorem The main point is that each tr., o f; is described in as a mor-
phism (of schemes) a,: Jp — Jg with £; an invertible O-module on C' x U, and that
Proposition describes (j); : Cziiym — T

We describe the morphism ij U — T in terms of invertible O-modules on C' x C*™.
Since T is the product, over J, of the Gy,-torsors T; := (id, m-otr., o f;)* P> this amounts
to describing, for each i, the morphism (]7,)1 U — T;. Note that tr, o f;: Jp = Jg is
a morphism of groupschemes composed with a translation, and that all morphisms of
schemes a: Jg — Jg are of this form. From now on we fix one such 7 and omit it from
our notation.

Let a:: Jg — Jg be a morphism of schemes, let £,, be the pullback of M (see (1.6.3.3))
to Cp x Cg via jp x (a0 jp), and let T, := (id, a)* M on Jg:

T, MX
Co i Jo — s (7% D)
(1.7.1) idiag jbxidT

idxa

(C x O)g 2% (€' x J)g 2% (€' x J)g

I I

X univ, X
Cx Lunivx

Then (b,id)* Ly = Ocy, Lq is of degree zero on the fibres of pry: (C' x C')g — Cg, and:
JiTy is trivial if and only if diag*L, is trivial. Note that diagram (1.7.1)) without the

G-torsors is commutative.
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Conversely, let £ be an invertible O-module on (C x C)q, rigidified on {b} x Cgp, and
of degree 0 on the fibres of pry: (C' x C')g — Cg. The universal property of £ gives
a unique f: Cgp — Jg such that (id x B.)*L£"V = £ (compatible with rigidification
at b). The Albanese property of j,: Cop — Jg then gives that 8. extends to a unique
ag: Jg — Jg such that ag o j, = Bz. Then j;T,, is trivial if and only if diag”L is
trivial. We have proved the following proposition.

Proposition 1.7.2. In the situation of Section[I.3, the above maps o+ L, and L — ap
are inverse maps between the sets

{scheme morphisms a: Jg — Jg such that j; (id, a)* M is trivial}
and

{invertible O-modules £ on (C x C)q, rigidified on {b} x Cq, of degree 0 on
the fibres of pry: (C x C)g — Co, and such that diag*L is trivial}.

Now let £ be in the second set of Proposition Then diag*L = O¢,, compatible
with rigidifications at b. Let

(1.7.3) ¢ € (diag" L) (Cq)

correspond to 1. Then m- o ay extends over Z to m-o ay: J — J°, and the restriction

of jy(m-oag)*M on C™ to U is trivial, giving a lift b, unique up to sign:

Toa, —— M*

(1.7.4) / l o l

Jx JO.

The invertible O-module £ on (C x C)g with its rigidification of (b,id)*L, extends
uniquely to an invertible O-module on (C' x C)z1 /4, still denoted L.

Proposition 1.7.5. Let S be a Z[1/n]-scheme, let d and e be in Z>o, and let D € C(D(S)
and E € C©)(S). Then we have:

M(E(D),arp(3(E))) = (NormD/s(id,b)*E)@)(l_e) ® Norm(py gy s(L) -
For x € C(S) we have

Tn-oae (G6(2)) = M (G (@), meac (o () = L™ (2,2) = (Gm)s -
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Proof. We may and do assume (finite locally free base change on S) that we have z; and
y; in C(9), such that D = 37, z; and E' = >, y;. Recall that, for ¢ € C(5), Bc(c) in
J(S) is (id, ¢)*L on Cg, with its rigidification at b. Then we have:

M(E(D), ac(3(E))) = M(ac(E(E)), X(D))

(1.7.5.1) = M| Be(b) + zj:(ﬁﬁ(yj) - Bc(d), Xi:jb(%)

- (@ L(xi,b)@’(l_e)) ®®ﬁ(%yj)~

from which the desired equality follows.
Now we prove the second claim. Let x be in C(S). The first equality holds by
definition. Taking D = E = x in what we just proved, gives the second equality, and the

third comes from the rigidification at b. O

Now let £ be any extension of £ with its rigidification of (b,id)*L from (C x C)z}1 /n)
to C' x U. For ¢ dividing n, let W, be the valuation along U, of the rational section £ of
diag*L on U. Then ¢, multiplied by the product, over the primes ¢ dividing n, of g="a,

generates diag*L on U:

(1.7.6) [Ta " | € (diag L) (V).

aln
There is a unique divisor V' on C x U with support disjoint from (b,id)U and contained
in the (C' x U)g, with ¢ dividing n, such that
(1.7.7) L™= L%"(V) onC xU

has multidegree 0 on the fibres of pry: C x U — U. Then L™ is the pullback of £

via id x (m-oag o jp): O x U — C x JO. Its restriction £™|csmyxy is then the pullback

of M via j, X (m-oagojy): C™ x U — J x J°, because on C*™ x J the restriction of
LY and (j, x id)* M are equal (both are rigidified after (b,id)* and equal over Z[1/n];
here we use that, for all g|n, Jlgq is geometrically connected). Hence, on U we have
i Tmoa, = diag"(L®™(V)*), compatible with rigidifications at b € U(Z[1/n]). Our
trivialisation j~b on U of Ty,.0a, is therefore a generating section of £, multiplied by

Vq

the product over the ¢ dividing n, of the factors ¢~ "¢, where V; is the multiplicity in V' of

the prime divisor (U x U)r,. This means that we have proved the following proposition.
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Proposition 1.7.8. For z and S as in Proposition[1.7.8, we have the following descrip-
tion oijb:

o) = [ [La7™"a Ve ] 9™ in (Tyoae (Go(2)))(S) = L= (@, 2)*(S).

q|n

1.8 An example with genus 2, rank 2, and 14 points

The example that we are going to treat is the quotient of the modular curve X,(129) by
the action of the group of order 4 generated by the Atkin-Lehner involutions wz and wys.
An equation for this quotient is given in the table in [53], and Magma has shown that
that equation and the equations below give isomorphic curves over Q.

Let Cy be the curve over Z obtained from the following closed subschemes of A2

Vi: y?4+y=a% -3+ +323 -2 -z,

Vo: w?+22w=1-32+422+433-24-2°

by glueing the open subset of V; where x is invertible with the open subset of V5 where
z is invertible using the identifications 2 = 1/x, w = y/x3. The scheme Cy can be
also described as a subscheme of the line bundle L3 associated to the invertible O-
module Op: (3) on P}, with homogeneous coordinates X, Z: the map Op: (3) — Op1 (6)
sending a section Y to Y ® Y 4+ Z3 ® Y induces a map ¢ from L3 to the line bundle
L associated to O(6); then Cy is isomorphic to the inverse image by ¢ of the section
s 1= X0-3X°Z4+X47%24+3X373-X2Z*~X 75 of L¢ and since the map ¢ is finite of
degree 2 then Cj is finite of degree 2 over PL. Hence Cj is proper over Z and it is
moreover smooth over Z[1/n] with n = 3 -43. The generic fiber of Cj is a curve of genus
g = 2, labeled 5547.b.16641.1 on www.1mfdb.org. The only point where Cy is not regular
is the point Py = (3,2 —2,y—1) contained in V4 and the blow up C of Cj in P, is regular.

In the rest of the article we apply our geometric method to the curve C' and we prove
that C(Z) contains exactly 14 elements. We use the same notation as in Sections
and [[4

The fiber Cf,, is absolutely irreducible while Cg, is the union of two geometrically
irreducible curves, a curve of genus 0 that lies above the point Py and that we call Ky,
and a curve of genus 1 that we call K;. We define Uy := C'\ K; and U; := C\ Kj so
that C(Z) = C™(Z) = Up(Z) U U1(Z) and both Uy and U; satisfy the hypothesis on U
in Section [1.2l We have K, - K; = 2 and consequently the self-intersections of Ky and
K are both equal to —2. We deduce that all the fibers of J over Z are connected except
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for Jp, which has group of connected components equal to Z/2Z. Hence,
(1.8.0.1) m=2.

The automorphism group of C'is isomorphic to (Z/2Z)?, generated by the automorphisms
¢ and n lifting the extension to Cy of

L Vi — Vi, w(zy)— (2, -1-y), n:(z,y)r— 1-—z,-1-y).

The quotients E; := Cg/n and Ey := Cg/(t o n) are curves of genus 1 and the two
projections C' — E; induce an isogeny J — Pic’(E;) x Pic’(E;). The elliptic curves
Pic’(E;) are not isogenous and p = 2.

1.8.1 The torsor on the jacobian

Let co,00_ € C(Z) be the lifts of (0,1),(0,—1) € Vo(Z) C Co(Z) and let us fix the base
point b = oo in C(Z). Following Section we describe a Gp,-torsor T' — J and maps
jfbv,i: U; — T using invertible O-modules on C' x C*™. The torsor T' = (id, m- o a)* M*
only depends on the scheme morphism a: Jg — Jg, which, by Proposition is
uniquely determined by an invertible O-module £ on (C x C)g, rigidified on {b} x Cg,
of degree 0 on the fibres of pry: (C' x C)g — Cg, and such that diag*L is trivial.

We now look for a non-trivial O-module £ with these properties using the homo-
morphism n*: Jg — Jg, which does not belong to Z C End(Jgp). We can take «
of the form tr.[o](ni-n*+ne-id), where id: Jg — Jp is the identity map, n; are in-
tegers and ¢ lies in J(Q). Using the map o — L, = (Jp X (jpo))* M in Proposi-
tion the O-module Ly, is isomorphic to Oc,xc,(priD), the O-module L, is
isomorphic to Ocyx ¢y (I'y,0 — prin*(b) — pran(b)) and the O-module Liq is isomorphic to
Ocyx e, (diag(Cgp) —pri(b) —pr3(b)), where D is a divisor on Cq representing ¢, the maps
pr; are the projections Cg x Cp — Cg and Iy, is the graph of the map n: C' — C'. Hence,
we can take £ of the form Oc,xc,(n1l'y,q + nediag(Cq) + priD1 + pr;Ds) for some
integers n; and some divisors D; on Cg. Among the O-modules of this form satisfying

the needed properties, we choose
L := Ocyxcy(Tng = pri(oo-) — pry(00)) = Ocyxcy (I — 00— x Cg — Cg x 00)
trivialised on b x Cg through the section
=2 in ((b,id)"£)(Co) = Ocy(n(b) — b)(Cq) = Oc,(Ca)

For every Q-point @ on Cg the Oc_-module (id, Q)* L is isomorphic to 006(77(@) —00_),
hence

ap =treo f, with f =n. and ¢ = [Dy],Dg := 00 —oco_.
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When restricted to the diagonal £ is trivial since, compatibly with the trivialisation at
(b,0),

diag”L = Oy (00 + 00 —o00_ —o0) = Oc .
In particular, the global section [ := 1 of O¢, gives a rigidification of diag”L that we
write as

diag"L =1-Oc, .

Following Proposition [I.7.8] and the discussion preceding it, we choose the extension of

L over C' x C™
L= chcsm(rn‘cxcsm —oo_ X C"™ - (C x OO) 5

trivialised along b x C®™ through the section I, = 2 (the points co_ and b have a simple
intersection over the prime 2). By Proposition the torsor 1" := T}p.00, on J, with
m = 2 as explained before Equation , satisfies, for S a Z[1/n]-scheme and x in
C(S), using the trivialisation given by I and I,

T(jp(x)) = M* (jo(@), m-ar(Go(x))) = M (Gy(2), (id, 2)*LZ™)
(1.8.1.1) = 2*(id, 2)* L™ @ b*(id, z)* LO ™
= L (,2) @ LO (b,z) ! = L (v,7) = OF .

Using Proposition we now compute jj o and ‘;{ Since [ generates diag”(£) on the
whole C*™, we have W3 = W,3 = 0. The invertible O-module £ has multidegree 0
over all the fibers C' x U; — Uy, hence in order to compute ;1: we must take V' =0

in (1.7.7), giving V3 = V43 = 0. Hence for S and z as in (1.8.1.1)), assuming moreover
that 2 is invertible on S,

. 1
(1.8.1.2) dpa@) =P eh?=1@"1)e O i

T(jp(@)) = 2 (id, )" LE™ *b* (id, 2)* L9~™* = 2 Ocy (nr—00_) * @b Ocy (na—00_)%,

where the last equality in makes sense if the image of z is disjoint from oo, co_
in Cs.

The restriction £L®™ to C x Uy has multidegree 0 over all the fibers C x Uy — Uy of
characteristic not 3, while if we consider a fiber of characteristic 3 it has degree 2 over K
and degree —2 over K7. Hence for computing ]r';;; we take V = Ky x (KoNUp) in
giving V43 = 0, V3 = 1. Hence for S and z as in , assuming moreover that 2 is

invertible on S,

o) =+

1
(1.8.1.3) Jv.0(z) 312 @l = =)@ (®*1)"" in

12
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T(jy()) = 2 (id, ) L5 e0b* (id, )" L2~ = 27 O (n—00_ J@b* Ocy (na—00),

where the last equality in (1.8.1.3]) makes sense if the image of x is disjoint from oo, co_
in Cs.

1.8.2 Some integral points on the biextension

On Cy we have the following integral points that lift uniquely to elements of C(Z)

oo =(0,1), oo_:=(0,—1) in V5(Z),

o= (170)7 B = 77(@) = (07 *1) N e (27 ]-)a 6= 77(7) = (717 *2) in V1<Z) .
Computations in Magma confirm that J(Z) is a free Z-module of rank r = 2 generated
by

Gi=v—a, Gy:=a+oco_ —200.

The points in T'(Z) are a subset of points of M*(Z) that can be constructed, using
the two group laws, from the points in M*(G;, m-f(G;))(Z) and M*(G;,m-Dy)(Z)
for i,j € {1,2}. Let us compute in detail M*(Gy,m - f(G1))(Z). As explained in
Proposition [1.6.9.3] we have

M(G1,m-f(G1))* = M™ (v — @, 20 — 2p)
= 3¢343°%43 . Norm(gg)/z((/)c (’y—a)) (39 Norm(gg)/z((’)(;(v—a))_l
= 3%43% . (26 — 20)"Oc(y — @)

where, given a scheme S, an invertible O-module £ on Cg and a divisor Dy —D_ = >, n; P;

on Cg that is sum of S-points, we define the invertible Og-module

<Z nsz> L= ®P:,Cn‘ = NormD+/s(£) & NormD_/S(E)_1 .

Since Cf,, is irreducible then 2f(G;) has already multidegree 0 over 43, hence e43 = 0.
If we look at Cp, then 2f(G1) does not have multidegree 0, while 2f(G1) + Ky has
multidegree 0; hence, by Proposition [1.6.9.3

e3 = —degp, Oc(y — a)|k, = —1.

Notice that over Z[1] the divisor G is disjoint from 3 and § (to see that it is disjoint
from 6 = (—1,—2,1) over the prime 3 one needs to look at local equations of the blow
up) thus 3*Oc(y — a) and §*Oc(y — a) are generated by $*1 and 6*1 over Z[1]. Thus
there are integers eg, es such that 8*Oc(y — «) and §*Oc¢(y — a) are generated by §*2°5
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and 0*2% over Z. Looking at the intersections between 3,v,« and é we compute that

eg = —1 and es = 1 hence
M(G1,m - f(G1)) =3"1(6"2)% @ (27 1) 2. Z=2%3"1(6*1)2®@ (B*1)-Z and
Qui=£2371(0"1)? @ (B )72 € MG, 506, (D)

With analogous computations we see that

Q21 :=2"2(6"1)*®(B*1) 2 generates M, m.f(Gy)
Q12 :=2"2(81)2®(c0" 1)?®(c0*1) ™4 generates Mq, m.f(G2)
Q2. = 2"%.(8"1)2®(c0” 2)2®(0c0* %) ~* generates Ma, m.f(G.)
Q1.2 := (00"1)2® (00" 1) 72 generates M@, m-p,

Q2,0 :=2""2(00*2%)?®(c0* )2 generates Mg, m.D, -

1.8.3 Some residue disks of the biextension

Let p be a prime of good reduction for C. Given the divisors
D:=a—-o00, E:=28-200_=(motr.on)(D) in Div(Cyz/,2)

we use Lemma to give parameters on the residue disks in M*(Z/p? )55 and
T(Z/p*)5, with D, E the images of D, E in Div(C¥,) ).

We choose the “base points” by = a,by = o0, b3 = [§,by = 00, so that by # bo,
bs # by and h(Ch,, by + by) = h°(Ch,,, bs + bs) = 1. As in Equation (1.6.6.2), we define
To =2—1, Too = 2,23 = and Tpg = Tp,eo = 1, Tpoo = 2z . For Q in {o0, B, a}
and a € F,, let @, be the unique Z/p-point of C' that is congruent to @ modulo p and
such that z¢(Q,) = ap € Z/p*. We have the bijections

IF?,—)J(Z/p2)5, Ar— Dy =D+ ay —a+ 00y, —00=ay, + 00y, — 200

FI%—)J(Z/Z’Q)Ea pr— Ey = E+ By, — 400y, —00 =+ +00,, —00—200_.

Following (|1.6.6.7) for A\, u € ]FZQ) we define

2 2

sp.e(Ap) = (8"1) @ (8,,1) ® (oo, P )\2p) ® (00" > _Z)\2p

that, by Proposition and Remark generates E7Oc, (Dx) = Mp, E,-
The points in M*(FF,) projecting to (D, E) are in bijection with the elements ¢ in F)
and are exactly the points £-sp £(0,0). Using (Z/p*)* = F) x (14+pF,), for each £ € F)
we parametrise the residue disk of £ - sp g(0,0) using bijection in Lemma

)7l ® (0% 1)72

F> — M™(Z/P")esp 50,0y s (A1s Az, 1, 2, 7) — (1 + p7)€-sp m((A1, A2), (11, 1)) -
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Since (m-otr. o f)(Dy) = E_s) then we have

T(Z/p")5 = To.(2/p*) = | M}, 5, (Z/p%).

XEF2 AEF2

lf\jévaries in F) the point &-sp g(0,0) varies in all the points in M* (FF,) projecting to
(D, E) and we have the following bijection induced by parameters in £-sp £(0,0)
(1.8.3.1)

Fy — T(Zp)esp 500y s (A1y A2, 7) 7= (L+7p)-E5p,5((M1, A2), (=2A1, —2A2)) -

If we apply (1.8.1.2]) and (1.8.1.3) to @ = ) and we use the symmetry of the Poincaré
torsor explained in Proposition [1.6.3.2|and made explicit in Lemma, we obtain the
following description of ji; on C(Z/p?)as, When p # 2

Joa(an) = (1/4) - sp.p((X,0),(=2X,0)),  jno(Q) = (1/12) - sp 6((A,0), (—21,0)).

If p =5 then 18 and —1 are (p — 1)-th roots of unity in (Z/p?)*, thus 1/4 = (=1)(1 +p)
and 1/12 = 3(1 + 2p) in (Z/p*)* = Fx x (1+plF,), hence

(1.8.3.2)

doi(an) = =(14p)-sp,5((A,0),(=2X,0),  Gpo(Q) = 18-(1+2p)-5p 5((A,0), (—21,0)) .

Since it is useful for computing the map xz in the residue disks of T'(Z/p?) projecting
to D, we also apply Lemma [1.6.6.8| to the residue disks of M*(Z/p?) lying over (D,0),
(0, E) and (0,0). Hence for A, u € F2 we define the divisors on O,

0._ 0._
Dy :=ay, —a+ooy, —o0, E, =5, —f+ 00, —

and the sections

22 2
3.0000) = (5, 1)@ (007, )8 ) eloo” )T € MADLED (/)
s0. (M) = (B)2(8; >®(oo*22 ) B et ) € MX(DRE)(2/57)
000 = (81,18 (007, - )@ ) 00" )7 € MADRED)(Z/p?)

1.8.4 Geometry mod p? of integral points

From now on p = 5. Let @ € C(Z/p?) be the image of a € C(Z). In this subsection

we compute the composition &: Z? — T(Z/p? ) =@ of the map kz: Z? — T(Zp)jfbvl(a)

in and the reduction map T'(Z, )]b @) —> T(Z/p )~ .. With a suitable choice

Jb,1(@)

of parameters in (’) the map k7 is described by integral convergent power series

jo1 (@)
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K1, K2, K3 € Zp(z1, 22) and K, composed with the inverse of the parametrization (1.8.3.1]),
is given by the images Ry, Rz, k3 of K1, ko, kg in Fp[z1, 22].

The divisor j,(@) is equal to the image of
CA;'; = 6071G1 + 6072G2 with €0,1 ‘= 6 ,€0,2 ' = 3

in J(F,) and
- 6 3 66 63 36 33 o~ —~
F=Q ©Q, 8Q 9Q . eQ) ©Qr, M (Dy.m(Dy+n.G0)(2)
is a lift of ji 1 (@). The kernel of J(Z) — J(F,) is a free Z-module generated by

G1::€1’1G1 + 61’2G2 R G2::€2’1G1 + 62’2G2 , with 61712:16 s 61722:2 R 62’1::0 R 62’2225 .

Let é;; be the divisor m(Do—i—n*(CTt)) representing (m~otr60f)(CTt) € J°(Z). Following
(1.4.1) for 4,5 € {1,2} we define

2 i,1"€j,m 2 €i,l 2 €i,1'€0,m 2 €0,1°€j,m
Pij= ® Qlem Rig= ®Ql,o ® ® Ql,’rﬁ ' Sij = ® Qljn
m,l=1 =1 m,l=1 m,l=1
(G, f(mGy)) (Gy,Gra)) (Ge, f(mG))).

Computations in (7,2 show the following linear equivalences of divisors
Gy ~Dos, Gi~Dj,, Gy~Djy

and applying Lemma and the functoriality of the norm we compute
(1.84.1)

Pr1 = (1+4p)s00((4,0),(2,0)) (GlaGl)(Z/pQ) MX(D4,07E8,0)(Z/192)7
Pr2 = (1+4p)-s0,0((4,0), (0,4)) MX(G1,Go)(Z/p*) = MX(Df 5, BQ4)(Z/p%),
Py = (14 4p)-s0,0((0,3),(2,0)) (G27G1)(Z/p2) MX(D873,E870)(Z/p2),
Py = (—1)-(1+4 2p)-50,0((0,3), (0,4)) MX(G2,Ga)(Z/p?) = MX(D§ 5, E) 1) (Z/p*),
Ry 7= 50,8((4,0),(0,4) € MX(G1,Ge2)(Z/p?) = MX(DY , Bo.4)(Z/p?),
Ry ;= (1+4p)-s0,£((0,3),(0,4)) € MX(G2,Gr2)(Z/p?) = MX(DY 5, Bo.4)(Z/p?),
Si1 = s0,0((0,3),(2,0)) MX(Gr,G1)(Z/p*) = M*(Do 3, B3 0)(Z/p?),
72 = (=1)(1 +4p)-sp,0((0,3),(0,4)) MX(G1,Go)(Z/p*) = M*(Do 3, EQ 4)(Z/p%),
£ = (=1)-(1+2p)-sp,p((0,3),(0,4) € MX(G1,Gr2)(Z/p*) =M (Do 3, Eo.1)(Z/p*).
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We now show these computations in the cases of a; and £. The Riemann-Roch space

relative to the divisor CTt—i—oo—i—a—D on Cz,,2 is generated by the inverse of the rational

function
h .7xg—5x8—2x7—|—7x6—9x5—5m4+14x3+7x2+13m+1+
L 1525 — x* + 423 + 1922 + 42+ 9
N 28 +92° — 52t 4 1523 — 522 + 4x + 14
152% — 2% + 423 + 1922 + 42 + 9
and indeed

div(hy) = Gy — Dy 3 = (67 + 300_ — 3 — 600) — (e + 003 —200) in Div(Cyzp2) .

Hence multiplication by hy gives an isomorphism (’)Cz/pz(a;) — Og, e (Dy3) and by
functoriality of the norm we get
8*0c(Gy) = 6*Oc,, ,(Dos), 51 6% (hy) = he(6)-0%1 = 12:6*1,
B0c(Gy) = 8°Oc,,  (Dojs), 571w B (he) = ha(B)-5°1 = 18-571,
— 2
00*Oc(Gt) — OO*OCZ/p2 (Do.3), 00*2% = 00*(25h1) = 13-00* P

ooiOC(Z?vt) — 00" Oc., ,(Do3), 00" 23 00™ (273hy) = %(oo,)ooil =6-00" 1.

z/p?

Since é:/g = 120+400_—65—1000, the above isomorphisms, tensored with the exponents,

give the canonical isomorphism

(1842)  M(Gr.Gra) = Gz Oc, . (Gr) = Gia O, (Do) = M(Dos,Gir)

Z/pz(
5214~((5*1)12®(ﬁ*1)_6®(OO*ZG)_1O®(OOiZ_3)4 —

22

) g (c0n 1)1,

(S%1)12 *1\—6 *
— 14-(6"1)*®(8"1) ~°®(c0 e

The Riemann-Roch space relative to the divisor é\;g—i—oo—i—a—E on (7,2 is generated by

the inverse of the rational function

217 — 8x16 4 215 — g™ 4 7218 4+ 4212 4+ 122 + 210 4 22% — 528 4+ &7 + 325 + 1225

ha 1= 2025 — 627
6% — 623 + 422 + 102 — 6 + +(21® + 6214 — 5213 — 212 — 221 4 14210 — 42%)y
2028 — 627
(1428 + 327 + 82% — 62° — 3% + 423 + 1322 — 2 — T)y
+ 2029 — 628
and indeed

div(he) = Gro—Eoa = (126 +400_ — 63 —1000) — (26 + 004 —00—00_) in Div(Cyp2) -
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Following the recipe in Section that describes the map (|1.6.4.4)), we consider the
following rational section of O¢, e (Do,3)

. 10zt + 23 + 172 + 14 + (152 + 9)y
T 102t + 1623 + T2+ Tx 4+ 10

since it generates Oc, e (Dy,3) in a neighborhood of the supports of é;/Q and Ep4. Then
div(l) = 3-(=1,1)+(17,23)+(15,10)—2-(12,23)—2-(5,20)— (0,1) € Div(V; z/2) CDiv(Clp2).
Hence by Lemma the canonical isomorphism

M(Do3,Grz) = C?t;*ocz/pz (Do,s) — E54Oc,, . (Do3) = M(Do s, Eo4)
described in Equation sends
(1.8.4.3) Gro 1 ho(div(l)) - Bl = 14- 5l
where

(’77;2*1 = (") (B°1)° @ (00*]) 10 ® (00 1)

_ (5*1)12 ® (6*1)_6 ® (00*7

By 4l = (81 ® (0031) @ (00"1) ™ @ (00" 1)

2 2
=16-(8%1)* ® (o0}

z . 2
4z—3p) ® (o0

-1 * 1 —2 .
) e ()

Equations ([1.8.4.2) and (1.8.4.3)) imply that £ = —(1 + 2p)-sp £ ((0, 3), (0,4)).

Let A, Bz, C and Dj be the compositions of the reduction map M*(Z,) — M(Z/p?)
and respectively Az, By, C and Dy, defined in , and . Using
and (1.8.4.1)) we get, for n in Z2,

(1.8.4.4)
Ag(n) = (=1)" (1 + (4n2)t) - sp,0((0,3), (2n1, 4n2)) ,

hence, using the bijection (1.8.3.1]),

(1.8.4.5) F1=21, Ra=34+2z:, FRK3z= 42% + 32129 —|—2z§ + 229 + 2.
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1.8.5 The rational points with a specific image mod 5.

By the image in T'(F,) of a point +D;(n) for n € Z? is always of the form
+sp,£(0,0), hence, looking at we see that there is no point T'(Z) with reduction
jvo(@) € T(F,). Hence C(Z)g = Uy (Z)5.

Let Fy, Fy € O(TP)" be generators of the kernel of jAbI*: O(TP) — O(UP)" as

in Section The bijection (1.8.3.1)) gives an isomorphism F, ® (’)(Ttp) = Fp[A1, A2, 7]
and since the images Fy, Fy of Fi, Fy in F, ® O(ff) are generators of the kernel of

—~—%

Joa B, ® O(TF)™ — F, @ O(UP)» we can suppose that
Fil=X, Fp=1-1.
By we have
K'F) =Ry =3+22, KF,=F—1=427 +32120 +225 + 22 + 1.
Let A be Z,(z1, z2)/(k*F1,k*Fy). Then the ring
(1.8.5.1) A= A/pA =TF,[z1, 2] /(K" F1, k" Fy) = Fpl21, 2] /(22 — 1,427 4+ 321)

has dimension 2 over F,, hence by Theorem [1.4.12| U(Z)z contains at most 2 points.
Since both
a and (12/7,20/7) € Vi(Z[1/7])

reduce to @ we deduce that C(Z)z = U1 (Z)5 is made of the these two points.

1.8.6 Determination of all rational points
Denoting (3,—1) € Vi(F,) C C(FF,) as € we have
CFy) ={<,50=,a,u@),n@), (con)@),7,u7),n7), (ton)(¥),e,ue)}-

Using that for any point @) in C(F,) the condition T'(Z)
we get

Pt (0 implies U;(Z)g = 0

Uo (Z)@ZUQ(Z)K_Ul (Z)EZUl (Z)L(E):Ul (Z)VZUl (Z)n(ﬁ):Ul (Z)n(ﬁ):Ul (Z)Ln(ﬁ) :(Z) .

Applying our method to ¢ we discover that U;(Z)ss contains at most 2 points and the
same holds for U;(Z)ss—. Moreover the action of (n,¢) on C(Z) tells that Ui(Z),),
Ui(Z)n@) and Ui (Z),, () are sets containing exactly 2 elements. Hence

Ui(Z) = U1(Z)g W UL(Z) @) Y UL(Z) @) Y UL(Z) @) U UL (Z)ss— U Ui (Z)ss
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contains at most 12 elements. Looking at the orbits of the action of (n,¢) on Uy (Z) we
see that #U1(Z) = 2 (mod 4), hence #U;(Z) < 10. Since U;(Z) contains oo, co_ and all
the images by (n,¢) of U1(Z)z we conclude that #U;(Z) = 10.

Applying our method to the point 7 we see that Uy(Z)5 contains at most two points,
one of them being «v. Moreover solving the equations x*F; = 0 we see that if there is

another point 4’ in Up(Z)5 then there exist ni,ny € Z such that
Js(7") =39G1 + 17G2 + 511Gy + 512G .

Using the Mordell-Weil sieve (see [79]) we derive a contradiction: for all integers ny, na,
the image in J(F7) of 39G1+17G2+5n16¥;+5n2@ is not contained in j,(C(F7)). We
deduce that

Uo(Z)y = {~}.

Applying our method to to € we see that Uy(Z). contains at most 2 points corre-
sponding to two different solutions to the equations x*F; = 0. We can see that one of
the two solutions does not lift to a point in Uy(Z). in the same way we excluded the
existence of 7/ € Uy(Z)5. Hence Uy(Z). has cardinality at most 1. Using that for every
Q € C(F,) and every automorphism w of C we have #Uy(Z)q = #Uo(Z).(q), we deduce
that

UO(Z) = Uo(Z>7 U UO(Z)L(W) U UO(Z)W(V) U UO(Z)W(W) U Uo(Z)E U UQ(Z)L(g)

contains at most 6 points. Looking at the orbits of the action of (n,¢) on Uy(Z) we see
that #Up(Z) = 0 (mod 4), hence #U4(Z) < 4, and since Up(Z) contains the orbit of
we conclude that #Uy(Z) = 4. Finally

#C(Z) = #Uo(Z) + #Uy(Z) = 4+ 10 = 14.

1.9 Some further remarks

1.9.1 Complex uniformisations of some of the objects involved

Let C be a projective curve over QQ, smooth, and geometrically irreducible, and let g be
its genus. The universal cover of P*(C) is described in [I6], Propositions 4.5 and 4.6.
The covering space, denoted D, is My 4(C) x M, 1(C) x C, hence a C-vector space of
dimension 2¢g + 1. The biextension structure on M; 4(C) x M, 1(C) x C is trivial, that
is, for all , z1, x2 in My 4(C), all y, y1, y2 in My 1(C), and all 21, 25 in C, we have:

(1911) (xhy’Zl) +1 (x25y722) = (,Il + Z2,Yy,21 + 22) ,

(T,y1,21) +2 (7, Y2, 22) = (2, Y1 + Y2, 21 + 22) -
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The fundamental group m (P*(C),1) is

1 =z =z
(1.9.1.2) QUZ) =3[0 1ay y|:2€Migy(Z), yeMyyi(Z), 2€Z},
0 0 1

also known as a Heisenberg group. Its action on D, is given in [16] (4.5.3)].

Now recall the definition of T in (1.2.12). As Myg1(Z) is the lattice of J(C), and
M 24(Z) the lattice of JY(C), each f; is given by an antisymmetric matrix f;z in
Mag 24(Z) such that for all y in My 1(Z) we have f;(y) = y'fiz, and by a complex
matrix f; ¢ in My 4(C) such that for all v in My 1(C), for each i we have f;(v) = v’ f; ¢
in M 4(C). For more details about this description of the f; see the beginning of [16,
P4.7]. Then we have

-1 mfly) =
(1913) 7T1(T((C)) = 0 129 y ) € Mgg,l(Z), z € Mp—l,l(Z) y
0 0 1

with m-f(y) € M,_1,24(Z) with rows the m-y*-f; z. So, 71 (T(C)) is a central extension
of Mag.1(Z) by M,_1,1(Z), with commutator pairing sending (y,y’) to (2my*-f; z-y'):.
The universal covering T(C) is given by

e

T(C) = {(m-(c+ f(v)),v,w) : v € Mg1(C), we M,_1:1(C)}

(1.9.1.4)
C Mp_l,g((C) X Ml,g((C) X Mp_l’l((C),

with m-(c+ f(v)) € M,_1 4(C) with rows the m-(¢;+v"- f; ¢) with ¢ alift of ¢; in My 4(C).
The action of 71 (T(C),1) on 1:(\6) is given again, with the necessary changes, by [16]
(4.5.3)].

Now that we know 71 (T'(C), 1) we investigate which quotient of 7 (C(C), b) it is, via
Jp: C (C) — T(C). We consider the long exact sequence of homotopy groups induced by
the C**~1-torsor T(C) — J(C), taking into account that C**~1 is connected and that
w2 (J(C)) = 0:

(1.9.1.5) 1 (C*P71 1) —— m (T(C),1) — 71 (J(C),0).

Again, 71 (T(C), 1) is a central extension of the free abelian group 7 (J(C),0) by ZF~1,
and from the matrix description we deduce that the ith coordinate of the commutator
pairing is given by mf;: Hy(J(C),Z) — Hy(JY(C),Z) = H;(J(C),Z)". The Z-module of
antisymmetric Z-valued pairings on Hy (JY(C),Z) is A> H'(J(C),Z) = H2(J(C),Z), and
mf; is the cohomology class (first Chern class) of the C*-torsor T;:

(1.9.1.6) mf; = ci(T;) in H*(J(C),Z).
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There is a central extension
(1.9.1.7) Hy(J(C),Z) —— E — m(J(C),0)

that is universal in the sense that every central extension of 71 (J(C),0) by a free abelian
group arises by pushout from Hs(J(C),Z). We denote

(1.9.1.8) G = m(C(C),b).

The map jp: C — J gives G — m1(J(C),0), and this is the maximal abelian quotient.
The second quotient in the descending central series of G gives the central extension:

(1.9.1.9)
G,G]/[G, |G, G)] —— G/[G,[G,G]] — G/|G,G] = G* = 71(J(C),0).

This extension (1.9.1.9) arises from (1.9.1.7)) by pushout via a morphism from Hy(J(C), Z)
to [G, G/[G, G, G]):

Hy(J(C),Z) E Gab

(1.9.1.10) l J

(G, G]/[G,[G, G| — G/[G,[G,G]] — G*.

The left vertical arrow is surjective because commutators of lifts in F of elements of
G?" are mapped to the commutators of lifts in G/[G, [G,G]], and so give generators of
G, Gl/[G,[G,G]].

From the usual presentation of G with generators ai,1,..., 04,8y, with the only
relation [aq, £1] - - - [ag, B4] = 1, we see that the obstruction in lifting G — G to G — E
in the top row of is the image of [y, B1] - - - [ayg, By in Ha(J(C), Z). This image
is a generator of the image of Hy(C(C),Z) under ji. So the pushout in factors
through the pushout by the quotient of Ho(J(C),Z) by Ha(C(C), Z):

H(J(C),Z)/H2(C(C), Z) B (b

(1.9.1.11) i l

G,G)/|G,|G,G]] — G/[G,[G,G]] — G=P.

Using again the presentation of G we can split this morphism of extensions, and, using
that Hy(J(C),Z)/Hy(C(C),Z) is generated by commutators of lifts of elements of GP,
conclude that all vertical arrows in are isomorphisms.

In particular, we have that [G, G]/[G, [G, G]] is the same as Ho(J(C), Z)/H2(C(C), Z).
From we see that the sub-Z-module of H?(J(C),Z(1)) (note the Tate twist, now

we take the Hodge structures into account) spanned by the mf; is obtained in 4 steps:
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take the kernel of H2(J(C), Z(1)) — H2(C(C),Z(1)), take the (0,0)-part, then Gal(Q/Q)
acts, through the Galois group of a finite extension of QQ, take the invariants, then take
the image of the multiplication by m on that.
Dually, this means that 71 (7T(C), 1) arises as the pushout
(1.9.1.12)
Hy(J(C), Z(~1))/H2(C(C), Z(~1)) ——— G/[G,[G,G]] —— G**

| J

((H2(J((C)’Z(_l))/H2(C(C)7Z(_l)»(O,O))Gal(@/Q) — 7"'I(T((C% 1) — Gab7

where the subscript (0,0) means the largest quotient of type (0,0), where the subscript
Gal(Q/Q) means co-invariants modulo torsion, and where the left vertical map is m times
the quotient map. We repeat that the morphism from 7 (C(C)) = G to w1 (T'(C), 1) given
by the middle vertical map is induced by j,: C(C) — J(C).

1.9.2 Finiteness of rational points

In this section we reprove Faltings’s finiteness result [43] in the special case where
r < g+ p— 1. This was already done in [§], Lemma 3.2 (where the base field is ei-
ther Q or imaginary quadratic). We begin by collecting some ingredients on good formal
coordinates of the G,-biextension P**~t — J x JV:*~! over Q, and on what C looks

like in such coordinates.

Formal trivialisations

Let A, B and G be connected smooth commutative group schemes over a field k£ D Q,
and let E — A x B be a commutative G-biextension. Let a be in A(k), b € B(k) and
e € E(k). For n € N, let A%™ be the nth infinitesimal neighborhood of a in A, hence
its coordinate ring is O ,/m7T!. We use similar notation for B with b, and E with e,
and also for the points 0 of A, B and E, and, similarly, the formal completion of A at
a is denoted by A*> etc. We also use such notation in a relative context, for example,
for the group schemes £ — B and E — A. We view completions as A% as set-valued
functors on the category of local k-algebras with residue field & such that every element
of the maximal ideal is nilpotent. For such a k-algebra R, A»*°(R) is the inverse image
of a under A(R) — A(k). Then A% is the formal group of A.

We now want to show that the formal G%>°-biextension E%> — A% x B% ig iso-
morphic to the trivial biextension (the object G¥%° x A% x B%% with +; given by addi-
tion on the 1st and 2nd coordinate, and +2 by addition on the 1st and 3rd coordinate). As
exp for A% gives a functorial isomorphism T4 /k(0) @4 Gag’oo — A% and similarly for
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B and G, it suffices to prove this triviality for G*°-biextensions of G%> x G2 over k.
One easily checks that the group of automorphisms of the trivial G:*°-biextension of
G2 x G2 over k that induce the identity on all three G%>’s is (k,+), with ¢ € k
acting as (g,a,b) — (g + cab,a,b). As this group is commutative, it then follows that
the group of automorphisms of the G%*°-biextension E®>* — A% x B%% that in-
duce identity on G¥>°, A%> and B% is equal to the k-vector space of k-bilinear maps
Task(0) x Tgp(0) = Tg/i(0). This indicates how to trivialise E%*. We choose a
section € of the G-torsor E — A x B over the closed subscheme A%! x B%! of A x B:

E
/ J with &(0,0) = e in E(k).

A%l x BYl 5 Ax B,
Note that
O(AO’I X Bo’l) = (k @on,l) X (k @mBo,l) =kPdmao1 & mpor P (on.l ®m30,1).

Hence two such é differ by a k-algebra morphism from k@&meo2 = k®meo.r &Sym>meo.
(use the exponential map) to k @ m 0.1 @ mpo1 & (M o1 @ mpoa), hence by a triple
of k-linear maps from mgo,1 to m 40,1, mpo,1, and mgo1 ® mpo,i. The linear maps
meao1 — Mo and mgo1 — mpoa correspond to the differences on A%! x B%Y and
on A%9 x BO! respectively. There are unique such linear maps such that the ad-
justed é is compatible with the given trivialisations of E — A x B over A%! x B%0
and over A%0 x B%!, In geometric terms, &, assumed to be adjusted, is then a splitting
of T¢(0)p < Tg/p(0) — Ta(0)p over B%! that is compatible with the already given
splitting over 0 € B(k), and it is also a splitting of T (0)4 < Tg/a(0) — TB(0)a over
A%1 that is compatible with the already given splitting over 0 € A(k). The splitting over
B%! gives an isomorphism from (T (0) @ T4(0)) o to (Tg/p)po.1. So the exponential
map, for +1, for the pullback to B%! of E — B, gives an isomorphism of formal groups
over BO!:
((T(0) ® Ta(0) @k G or — Epos -

0,00

Viewing /5, as the tangent space at the zero section of the pullback to AV>® of B — A,
this isomorphism gives a splitting of Tg(0)4 < Tg/a(0) — Tp(0)a over A%>. The
exponential map for 45 for the pulback to A%> of E — A then gives an isomorphism of

formal groups over A%°°:

G2 x BO% % A% —— (G"%° X B) qo.e > Byt yo —— B,

where Eg’(fo o0 /4000 denotes the completion along the zero section of the pullback via
A0>® 5 A of E — A. The compatibility between +; and 4+, on F ensures that this

53



1. GEOMETRIC QUADRATIC CHABAUTY

isomorphism is an isomorphism of biextensions, with the trivial biextension structure on
the left.

Now that we know what good formal coordinates at 0 in E(k) are, we look at the
point e in E(k), over (a,b) in (A x B)(k). We produce an isomorphism E%> — E¢°°,
using the partial group laws. Let E} be the fibre over b of E'— B. We choose a section

Ey
/ l with & (a,b) = e in E(k).

AL b} —— A x {b}

The exponentials for the group laws of Ej, and A then give a section

A% x {b} —— A x {b},

that we view as an A*°-valued point of Ej, and as a section of the group scheme
Egae — A% with group law +2. The translation by é° on this group scheme in-
duces translation by b on Bge., and maps (a,0), the 0 element of E,, to e. Hence it
induces an isomorphism of formal schemes E(®0):°° — €% 1In order to get an iso-
morphism E%® — F(2:0).:% e repeat the process above, but with the roles of A and
B exchanged. We choose a section 0y: {a} x B! — E, of E, — {a} x B. Then the
exponential for 45 gives us a section 05°: {a} x B%>* — E, of E, — {a} x B. This 05°
is a section of the group scheme Epo, — B%* and the translation on it by 05° sends
0 in E(k) to (a,0), hence gives an isomorphism of formal schemes E%>® — E(@0).%0,
Composition then gives us an isomorphism E%> — E*° and the good formal coordi-
nates on E at 0 € E(k) give what we call good formal coordinates at e. Similarly, we
get a section 6‘1” of Ejo.0c — A% and a section €5° of Egie — B> giving isomor-
phisms E%® — E(0:0).00 and FO:8).00 5 Ee:° hence by composition a 2nd isomorphism
E%% — E¢%_ These isomorphisms are equal for a unique choice of 0; and &, (given the
choices of 0y and é).

In Section we will use that these isomorphisms transport all additions that occur
in to additions in £%> and therefore to additions in the trivial formal biextension.

Zariski density of the curve in formally trivial coordinates

—_~—

Let C be as in the beginning of Section n Let C(C) be the inverse image of C(C)
under the universal cover T(C) — T(C). Then C(C) is connected since j,: C' — T gives
a surjection on complex fundamental groups. Now we consider the complex analytic
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— —_—

variety T(C) as a complex algebraic variety via the bijection T(C) = C97P~! as given
in . The analytic subset C/'z(f) contains the orbit of 0 under m; (T(C),1). This
orbit surjects to the lattice of J(C) in Mg 1(C), and over each lattice point, its fibre
in M,_1,1(C) contains a translate of 2wiM,_11(Z). Hence this orbit is Zariski dense
in C9tP~1, It follows that the formal completion of C/'(\(_C/) at any of its points is Zariski
dense in C977~1: if a polynomial function on C9+t7~! is zero on such a completion, then
it vanishes on the connected component of C/’z(f) of that point, hence on Z:R(T)

We express our conclusion in more algebraic terms: for ¢ € C(C), with images
t € T(C) and in P**~1(C), each polynomial in good formal coordinates at t of the
biextension P**~1 — J x JV over C that vanishes on j,(C%°), vanishes on Tj>*°. This
statement then also holds with C replaced by any subfield, or even any subring of the
form Z,) with p a prime number, or the localisation of 7 (the integral closure of Z in C)

at a maximal ideal.

The p-adic closure in good formal coordinates

We stay in the situation of Section but we denote G := G~ !, A := J and
B :=JV:%~1 and E := P**~!, Let dg, da, and dp be their dimensions: dg = p — 1,
da=gand dg = (p—1)g.

Let p > 2 be a prime number. From Section and Lemma we conclude
that we can choose formal parameters for £ at 0, over Z,), such that they converge on
the residue polydisk E(Z,)g5, and such that they induce the trivial biextension structure
on ZgG X ZgA X ZZB. We keep the notation of Section for e in E(Z,), lying over
(a,b) in (A x B)(Z,). This e plays the role that ¢ has at the beginning of Section
As explained at the end of Section we may and do assume that e is in E(Z, )5, and
hence a € A(Zy)g and b € B(Zy)5.

Assume now that, as in Section for 4,5 € {1,...,7}, we have z; in A(Z,)5 and
yj in B(Zy)g, and e;; in E(Zy)y over (x;,y;), and r; in E(Z,)g over (z;,b) and s; in
E(Zy)5 over (a,y;). We denote the images of all these elements under the bijection

E(Zp)5 — Zie x 734 x 797

as follows:

M (O,I‘i,o), Yj = (anay])7 €i,j = (gi,j:xiyyj)

ri — (r},x;,b), 55 (87,0, , e (€,a,b).

Then, by a straightforward computation, the image of D(n) as defined in (1.4.4) is
e + anr: + ans; + anjgm, a+ mei, b+ anyj ZgG X ZﬁA X ZZB.
i J 2% i J
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The conclusion is that in these coordinates, the map
.o d d d
Kt Ly — L)% X L™ X L)®

is a polynomial map, hence the Zariski closure of its image is an algebraic variety of

dimension at most r.

Proof of finiteness

The proof is by contradiction. So assume that r < g + p — 1, and that C(Q) is infinite.
Let p > 2 be a prime number. Then there is a u € C(F,) such that the residue disk
C(Z,), contains infinitely many elements of C(Q), hence infinitely many elements in
the image of x of Section By construction, x(Zj) is contained in T'(Zy);. The
image of T'(Zy); in ZI¢ x Z4A x 7.7 is 20~ x 29, with Zg embedded in Z%4 x Z25 as a
sub-Z,-module. By the previous section, the Zariski closure of H(Z;) in ZgG X ZgA X ZZB
is of dimension at most r. Hence there are non-zero polynomial functions on Zg_l X 73
that are zero on infinitely many points of C'(Z,),, and hence are zero on a non-empty
open smaller disk. This contradicts, via a ring morphism Z, — C, the conclusion of
Section

1.9.3 The relation with p-adic heights

We want to compare the approach to quadratic Chabauty in this article to the one in [g],
by answering the question: which local analytic coordinates on T'(Z,) and C'(Q,) lead to
the equations, in terms of p-adic heights, for the quadratic Chabauty set C'(Q,)2 in [8]?
Before we do this, we note that the Poincaré biextension has played a role in Arakelov
theory, and in the theory of p-adic heights, since a long time: see [I01], [73] and [76].
Moreover, [21] gives a detailed description how Kim’s cohomological approach relates to
p-adic heights in the context of Gp,-torsors on abelian varieties.

Let p > 2 be a prime number of good reduction for C. We consider the Poincaré torsor
as M on (J x J)q, via , and we use the description of M* given in .

Let D be the subset DiVO(CQp) x Div" (Cq,) made of pairs of divisors (D1, D2) having
disjoint support. Let W be an isotropic complement of Qé@p /2, (Cq,) in HéR(CQp /Qp)
and let log: Q) — @, be a group morphism extending the formal logarithm on 1+ pZ,.
With these choices made, Coleman and Gross ([28, (5.1)]) define the function (there
denoted (-, "))

hy: D= Qyp,

the p-part of the p-adic height pairing. We define the function
P MX(Qp) — Qp
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by demanding that for every effective D; and D, in Div(Cq,) of the same degree and

X

every E in DivO(C@p), and every A in Q, the element

)\~NOI‘H1D1/QP(1) X NOI"sz/Q,, (1)71

in

X

M*(Ocq, (E),S(Dy) — £(Dy)) = (Norle 10,06, (E) ® Normp, g, Ocy, (—E))
is sent to
Y(A-Normp, /g, (1) ® NormD2/Qp(1)_1) = hyp(D1 — D2, E) +log A

That this depends only on the linear equivalence classes of D1—Ds and E follows
from , plus (see [28, Proposition 5.2]) the fact that h, is biadditive, symmet-
ric and, for any non-zero rational function f on Cg, and any D in DivO(C’Qp) with
support disjoint from that of div(f), we have h,(D,div(f)) = log(f(D)). Moreover,
expressing h, in terms of a Green function G as in [20, Theorem 7.3], we deduce that,
in each residue disk of M*(Z,), v is given by a power series. Let wy,...,w, be a basis
of Qlch /QP(C’QP). This basis gives a unique morphism of groups log;: J(Q,) — Qf that
extends the logarithm of Lemma [I.5.1.1] We define

U= (logJoprJ71,logJoprJ727z/J): MX(Qp) — (@g X Qg x Q.

By the biadditivity of hy, ¥ is a morphism of biextensions, with the trivial biextension
structure on Qf x Q4 x Q,, as in . As p > 2, ¥ induces, from each residue polydisk
to its image, a homeomorphism given by power series. Pulling back the coordinate
functions on Q29! gives, for every x € M*(F,), coordinates on M*(Zy)s.

We describe ij and k in these coordinates. It is sufficient to describe, for each
i=1,...,p—1, the map jfl:i: C — T;, and from now on we omit the dependence on 1.
For each ¢ € C(F,), on T(Zp)j:(m)
z = f*tog+1 where f is the map T" — M™* and t1,...,t24+1 are the coordinates on
MX(Zp)3,
in {1,...,g}, z; o k is a polynomial of degree at most 1, and z o k is a polynomial of
degree at most 2. As explained in Section over Zp, j;, is given by a line bundle £
over (C' x C)z, rigidified along (C x {b})z, and along the diagonal with two sections I,

we use the coordinates 1 := f*t1,..., 24 := f*ty,

we just defined. Since the map W is a morphism of biextensions, for j

and [. Choosing a section that trivializes £ on an open subset of (C' x C')z, containing
(b,0), (¢c,b), and (c,c) in (C x C)(F,) we get a divisor D on (C' x C)z, whose support is
disjoint from (c,b) and (c,c), and an isomorphism between £ and O(D) on (C x C)z,.
After modifying D with a principal horizontal divisor and a principal vertical divisor
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Dlc g5y and diag® D are both equal to the the zero divisor on Cz_, hence I/, and I are the
extensions of elements of Q,, interpreted as rational sections of O(D) on (C x C)z,. By
Propositions and there exists a unique A € Q)¢ such that, for each d € C(Z,).,

Jo(d) = X- Normg,z, (1) ® Normy,z, (1)~" € M*(jiy(d), D|{ayxc) -

Since x; is the j-th coordinate of log; and since z is the pullback of 1, we deduce that

21 (o(d) = /b ey wy(ald) = /b wp 2(b(d)) = hy(d — b, Dlgayxc) + log A

By [8, Proof of Theorem 1.2] and [10, Lemma 5.5], the function d > h,(d—b, D|{qyxc)
is a sum of double Coleman integrals.

It should now be easy to exactly interpret geometrically the cohomological approach,
showing that in the coordinates used here, the equations for C(Q,)2 are precisely equa-
tions for the intersection of C'(Q,) and the p-adic closure of T'(Z). For doing computa-
tions, one can do them in the geometric context of this article, or, as in [10], in terms of
the étale fundamental group of C. The connection between these is then given by p-adic

local systems on 7.
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Chapter 2

Formal biextensions and quadratic Chabauty

The proof of Theorem in the previous chapter uses the formal logarithm of the
two formal group laws associated to the biextension P**~! — J x JV»*~!. Hence it
uses that both laws are trivializable, that is they are both isomorphic to the additive law
(over different bases).

In this chapter we study formal biextension laws and the main result implies that it
is possible to trivialize both group laws of P**~! simultaneously. We also prove that
the power series defining the trivialization converge on the residue disk of the neutral
element of P**~1(Z,) if p > 2. This leads to another proof of Theorem Notice
that the triviality of commutative formal biextensions in characteristic zero was already
treated in Section but here we give a different proof, working directly with rings

of power series.

2.1 Recap on formal group laws

Given a ring R, a formal group law of dimension d over R is a system F = (Fy,...Fy)
of power series in 2d indeterminates &’ = {z7,...,2}}, 2" = {«¥,..., 2]} such that

(I) F(«',0) = 2’ and F(0,2") = 2";

(IT) F(a',F(z",2")) = F(F(«',2"),2"").
The first property implies that
(2.1.1) F; = 2} + 2/ mod terms of degree > 2,
hence the substitution in the second property makes sense.
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Let us rephrase this definition. Given a system of indeterminates ¢t = {¢1,...,¢,}, the
ring of formal power series R[t] = R[t1,...,t,] is complete and separated with respect
to the (t1,...,t,)-adic topology. Denoting @x the completed tensor product of linearly
topologized R-modules (we give R the discrete topology), we have a unique continuous

isomorphism of R-algebras

(2.1.2) R[z),...,ah, 2, ... 2] = Rlx1,..., 24 @rR[z1, ..., z4]

sending x} to z;®1 and z to 1®z;. Hence, the choice of elements Fi,...,Fy in the
ring Rz1,...,20,xY,..., 2] is equivalent to the choice of a morphism of R-algebras
Rlz1,...,24) — R[z1,...,24]®rR[z1,...,24]. Such a map extends to a continuous

morphism of R-algebras
A: R[[Il, - ,.Z‘d]] — R[[a;l, - ,.’Iid]]®RR[[Z‘1, - ,$d]]

if and only if for each i we have F;(0,0) = 0, which is the case for formal group laws.
We can also reformulate properties and in terms of A: denoting x the system of

indeterminates {x1,...,z4} and e: R[z] — R the homomorphism evaluating power series
at x1=...=x4=0, they are equivalent to the commutation of the following diagrams
(2.1.3)
R[z] —2— R[] &rR[] Rlz] ——2—— R[z] &rR[z]
lA \ lid &re lA lid@RA
R[#)&rR[z] —2293 R[4 R[z] @rRB[z] 2258 R[w] & rR[2] & R[]

Hence, by formal group law of dimension d, we also mean a continuous homomorphism of
R-algebras A: R[x1,...,24] — R[z1,...,74] @rR[21, ..., 24] such that the above dia-
grams commute. Given two formal group laws A, B of dimensions a, b, a homomorphism
between A and B is a continuous homomorphism ¢: R[z1,...,2.] = R[z1,...,xs] such
that (¢ ©rp) 0 A= Bo .

We notice that the above diagrams say that Spf(R[z]), with multiplication given by
Spf(A) and neutral element Spf(e), is a formal group scheme over R (the existence of
the “inverse” morphism Spf(R[z]) — Spf(R[x]) is proven in [45, P3, Proposition 1]).

Let S: R[z] ©®rR[z] — R[z] ®rR[z] be the “symmetry” homomorphism. We say
that a formal group law A is commutative if So A = A. Equivalently a formal group law
F = (Fy,...,F,) is commutative if F(a/,2") = F(2”,2’). An example of commutative

formal group law is the additive formal group law AD of dimension d, defined by
AD(z;) = ;1 + 1@x; = 2} + 2/ .

As proved in [64, Theorem 1], when @ C R the additive formal group law is the funda-
mental example of commutative formal group law: given a commutative formal group law
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A of dimension d over a Q-algebra R, there exists an isomorphism log ,: R[z] — R[z]
between the additive formal group law of dimension d and A. Moreover by [54], Proposi-
tion 1.6], such an isomorphism is unique when we require that it reduces to the identity
modulo the ideal (x1,...,24)* C R[z] and we refer to it as formal logarithm of A.

Given an R-algebra R’, considered with the discrete topology, and a formal group law
A: R[z] — R[z] ®rR[z] over R, we denote Ap/ the formal group law over R’ defined
as R'QrA: R'[x] — R'[z] ®r R'[z].

Finally, we recall that, given a formal group A: R[z] — R[z]&grR[z] of dimension
a, we can talk about “points on A”. Given an adic R-algebra S, namely an R-algebra
which is also a separated and complete topological ring whose topology is induced by
some ideal I C .S, we define the set of S-valued points of A to be

A(S) := Homeons (R]2], S) = (Ms)?,
where 9tg denotes the ideal of topologically nilpotent elements in S. Since
Homeont (R[], S) X Homeont (R[], S) = Homeons (R[z]®r R[], S) ,

the formal group law A defines a group structure on A(S) with neutral element (0,...,0).
Hence A defines a covariant functor from the category of topological R-algebras to the
category of groups. Vice versa suppose that A is a covariant functor from the category of
adic R-algebras to the category of groups and suppose that there exists a positive integer

¢ sending the neutral

a such that, functorially in S, we have a bijection A(S) = (Ng)
element to (0,...,0); then, by Yoneda’s lemma, A is the functor of points of a formal
group law. We call formal groups such functors.

We notice that a formal group law A is commutative if and only if for every S the
group A(S) is commutative. Moreover, given two formal group laws A and B, Yoneda’s
lemma tells us that giving a morphism between A and B is the same as giving a natural

transformation between their functors of points, but going in the opposite direction.

Remark 2.1.4. One could give a more general notion of formal group by substituting
R[z] with any admissible ring, (see Definition 7.1.2 in [41]), so that the relative tangent
space of the formal group is not forced to be free. Anyway, we do not need this generality

for our purposes.

2.2 Commutative formal biextension laws

One way to define a formal biextensions is by using the functorial point of view, as done

in [80]. Given three formal groups

A, B,C': Adic R-Algebras — Groups
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a biextension of A and B by C' is a functor
D: Adic R-Algebras — Sets

such that functorially in S, the set D(S) is a biextension of A(S) x B(S) by C(S), in
the sense of Section [[.2] Given three other formal groups F,G,H and a bi-extension
K of F,G by H, a morphism between D and K is a triple of natural transformations
(A—F, B—G, D—K) that commute with the (partial) group laws and with the natural
transformations D -+ A x B and K — F x G.

We can also give a “dual” definition, using rings of power series, which is more cum-
bersome, but useful in our proof of Theorem [2.2.3] Suppose we are given a ring R and

three formal group laws
A: R[z] — R[z] ®gR[z], B: R[y] — R[y]®rR[y], C: R[z] — R[] ®rR[?],

with 2 = {z1,..., 2.}, y = {y1,-- -, W}, 2 = {21, ..., 2.} being system of indeterminates.
A biextension of A and B by C is a pair of formal group laws

A: Rz, y,z] — Rlz,y, 2] ®rpy Rz, y, 2] = R[2', 2", y,7', 2"] over R[y],

B: R[z,y,z] — R[z,y, 2] ®ppj Rz, y, 2] = Rlz,y',y", 2, 2"] over R[z],
such that A is an extension of AQgR[y] by C&rR[y], B is an extension of B& g R[x] by
C®rR[x], and moreover A and B are compatible in the “dual sense” of ([1.2.5). More

explicitly we require that:

(i) the inclusion R[x,y] — R[z,y,2] is both a homomorphism between Agp,; and A

and also an homomorphism between Bg[,] and B;

(ii) the continuous homomorphism of R-algebras R[x,y, z] — R[y, z] evaluating power
series at z1=...=r,=0 is a homomorphism between A and Cgf,j and the contin-
uous homomorphism of R-algebras R[z,y, z] — R[z, z] evaluating power series at

y1=...=yp=0 is a homomorphism between B and Cg,;

(iii) using the isomorphism ([2.1.2)), the following diagram commutes

R[z,y, 7] A Rz, 2y, 7, 2"]
2:21) [s [1ses

AdA .
! 1 ! 1 ! / / 1! ! sl
Rlz,y',y", 2, 2"] ———— R[a', 2",y ,y", 2", 2"2" 2],

where both the (R[z,y, 2] ®rp Rz, v, 2]) ®R[[y]] onry] (Bl Y, 2] @rpap Rz, v, 2])
and (R[z,y, 2] @y Rz, y, 2]) OR[e] &r Rlo] (R[z,y, 2] @rpy R[>, y, 2]) are identi-
fied with R[2’, 2,9/, y", 2, 22" 2(¥)], in the first case with (2:@1)®(1®1) « 2/,

62



2. FORMAL BIEXTENSIONS AND QUADRATIC CHABAUTY

(122)2(101) < 2", (101)@(201) < 2", (191)®(1®2) < 2(%) and in the sec-
ond case with (2®1)®(1®1) + 2/, (I82)0(1’1) + 27, (181)®(zx1) < 2",
(1e1)@(1®z2) < 2,

We call such an object (A, B) a formal biextension law. Now suppose we are given

three other formal group laws
H: R[u] — R[u] ®rR[u], J: R[v] = R[v]®grR[v], K: R[w] — R[w]&rR[w],

and a biextension (#, J) of H and J by K. Then a morphism between (A, B) and (H, J)
is a morphism ¢: R[z,vy, 2] — R[u,v,w] such that

o ¢ restricts to maps ¢”: R[z] — R[u] and ¢Y: Ry] — R][v] such that ¢” is a
morphism between A and H and ¢¥ is a morphism between B and J;

o the following diagrams are commutative

R[[xa:%z]] ¢> R[[x7yvz]]®R|Iy]]R[[‘ray?Zﬂ R[[x,y,z]] L) R[[x7y7z]]®R[z]]R[[m7yaz]]
l«a |#&mo lcz& |66
RJu,v,w] N R[[u,v,w]]@R[[v]]R[[u,v,w]] RJu,v,w] 7, R[[u,v,w]]@R[[u]]R[[u,v,w]]

In this setting the functor D=(A, B) going from topological R-algebras to sets defined
as

(A, B)(S) = Homgony (R[z,y, 2], §) = M&0+e

has two partial group laws induced by A and B that make D a biextension of the functors
of groups A and B by C. Vice versa if D is a biextension of the functors of groups A and
B by C, then one can show that D is representable by R[z,y, 2] in such a way that the
natural transformation D — A x B is induced by the inclusion R[z,y] — R[z,y, z] and
the natural transformations A x C;, B x C — D describing the kernels of D — A x B are
induced by the maps R[z,y, z] — R[z, 2], R[]y, z] sending y or x to zero. This is enough
to prove that every formal biextension is induced by a formal biextension law.

We say that a formal biextension law (A, B) is commutative if both A and B are com-
mutative group laws. Given additive formal group laws AD;, ADs, AD3 of dimensions
dy,ds, d3, the additive formal biextension law of dimensions (di, ds, d3) is the commuta-
tive formal biextension law (AD;, ADs) of AD; and ADs by ADs3 given by

gogy APHE)=zi®1+1®; =zitai, AD:(yi) =yi®1+1@yi =y +yi,
(222 AD1(2) =2 ®1+1Q 2z =2+ 2, ADy(z)=2Q014+1® 2z =2z + 2] .

In the next theorem we prove that every commutative biextension over R is isomorphic

to an additive biextension, if Q C R.
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Theorem 2.2.3. Let R be a Q-algebra, let x = {z1,...,zq}, v = {y1,...,yp} and
z={z1,...,2:} be systems of indeterminates, let

A: R[z] — R[z] ®rR[z], B: R[y] — Rly]®rR[y], C: R[z] — R[z] ®rR][-],

be three formal group laws over R and let (A, B) be a commutative formal biextension of
A, BbyC. LetT C Rlx,y, 2] be the ideal (z1,...,%a, 21,1 2e)2H YLy oo s Yoy 215 - -+ 5 Ze) 2.

Then there is a unique isomorphism : R|x,y,z] — R[xz,y,z] between the addi-
tive formal biextension law of dimensions (a,b,c) and (A, B) such that ¢ reduces to the
identity modulo Z. Moreover such a v restricts to Y|gp) = loga: R[z] — R[z] and
Ylrpy) = logp: Rly] — R[y].

Proof. We first prove the uniqueness. Since two isomorphisms between the additive for-
mal biextension (AD;, ADs) of dimensions (a,b,c) and (A, B) differ by automorphisms
of (AD;, AD»), it is enough to prove uniqueness in the case (A, B) = (AD;, ADs). Let
¥ be an automorphism of (AD;, AD;) reducing to the identity modulo Z. By defi-
nition of homomorphism of formal biextension laws, 1 restricts to an automorphism
®: R[z] — R[z] of the additive formal group law A and, by the hypothesis on 1 mod Z,
¥® reduces to the identity modulo (x1,...,2,)?. Then, by uniqueness of the formal log-
arithm,
V* = idp,

hence 9: R[z][y, 2] — R[z][y, 2] is a morphism of R[z]-algebras. This, together with
the definition of homomorphism of formal biextension, implies that 1 is an automorphism
of the additive biextension law AD,. Symmetrically ¢ := v|gp,) = idg[y) and ¢ is an
automorphism of the additive biextension law AD;. Since all the homomorphisms of
additive groups are linear, there exist power series \; j, ;. x € R[] and oy ;, 71 € R[y]
such that

c b c a
Y(z) = 2 + Z Aij ()25 + Z ik (T)Yr = 2i + Z oij(y)z; + Zﬂ',z(y)xz.
j=1 k=1 J=1 =1

We deduce that A; j(z) = 0, ;(y) is constant, and since ¥(z;) = z; modulo I, we deduce
that A, j(z) = 0, ;(y) = 0. The above equation also implies that power series p; ;(z) are
linear polynomials in the x;’s. Hence %(z;)—z; is a linear combination of the monomials
yrx; and, since it belongs to I, we deduce that ¢ (z;)—z; = 0.

We have proved that v and the identity agree when evaluated on all the x;’s, yi’s
and z;’s, hence, by continuity, v is the identity, which proves the uniqueness.

For the existence of ¥ we proceed in four steps, that is we define automorphisms
1, 12,13, 14 of R[x,y, 2] whose composition 14 o 13 0 1 0 9y is the 1) we are looking
for.
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Let 91 be the formal logarithm of B. By definition we have 97 := 91|gr[s] = idr[4]
and, by the explicit formulas for the formal logarithm in [54] Proposition 1.1 and Theorem
1] and the fact that B|gp,] = B, the map ¥{ := 41| [y is equal to the formal logarithm
of B. In particular ¢y restricts to an automorphism of both R[z] and R[y], hence it
makes sense to define the “pullback” (A1, By) of (A, B) by ¥;: we define A; and B; to

be the unique maps making the following diagrams commute

(2.2.3.1)
Rlz,y, 7] A R, 2"y, 2, 2"] R[z,y, 7] B, Rlz,y',y", 2", 2"]
J{"/)l J{’pl@w;’wl th Jfbl@wi”h
A B
R[z,y,z] —— R[z',2",y,7, "] Rlz,y,z] —— R[z,y,y",7,2"]

Then (A1, By) is a biextension of certain formal group laws Ay, By by C;: indeed we define
Ay = Ai|Rr[z]s B1 = Ailgpy) and we define C functorially by imposing that, for every
adic R-algebra S, C1(S) is the set of points in %+ that project to (0,0) € (AyxB;)(S)
with the group law given by A;1; it is easy to check, sometimes using the functorial point
of view and sometimes using the ring theoretic point of view, that A; and B; are formal
groups, that they are compatible in the sense of , that A; is an extension of
(A1) Rrpyp by (C1)Rr[y) and that By is an extension of (B1)g[z] by (C1)R[a]-

The definition of v as formal logarithm implies that B; = ADy as in and
consequently both By and C are additive. Since 97 = idg[,], then A; = A.

Now we define ¢5: R[z,y,2] — R[z,y,z] to be the unique continuous morphism
being equal to the identity when restricted to R[y, z] and equal to the formal logarithm
of Ay = A when restricted to R[z]. Since v restricts to automorphisms ¥%, 1§ of
R[z], R[y], we can define the pullback (A2, Bs) of (A1, B1) by the map )9, in the same
way we defined the pullback (A1, B1) of (A, B). Again (Ag, Bs) is a biextension of certain
formal group laws Ay, By by Cs.

Since 12 acts as the identity on R[y, z] we check that By = ADs = Bs, hence both
By and Cy are additive. The map ¢35 = log, is an isomorphism between As and A,
hence A, is an additive formal group law. For each ¢ = 1,...,c let us now look at the
power series

./42(2'7) _ Z AI/,I//,J,K’,K” (:C/)I/ (SC”)I”yJ(Z/)K/(Z”)K“.
I/7I//,J)K/’K//
The compatibility (2.2.1)) between By = AD2 and A, implies that
AQ(Zi)(fLJ, ;E”, y’+y", Z/—FZ/,, z///+z(iv)) — .AQ (Zi)(l'/, JZH, y/7 Z/, Z///) —|—./42 (Z,')(.T/, .Z’N, y//’ ZN, Z(iv)).
Since in the R.H.S of this equation there is no monomial multiple of yéy}' , by expanding

the series on the L.H.S we see that Ay ;v j ks kv = 01if |J| > 2. Analogously by looking
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Z’-”zj(-w), we infer that

Ar g e = 01f [K'+ K| > 2. By looking at monomials multiple of 2}y or multiple
of z;'y; we infer that A\ 17 j kv = 0if [J+K"+K'| > 2. The term ()" (") appears
with coefficient A/ 17 0.0,0 on the left and with coefficient 2A;/ 17 00,0 the right, thus we

! J(iv) or multiple of z

at monomials multiple of 2}z or multiple of z{z;

must have A/ 17900 = 0. We have proved that the only coefficients Ay 7 7 g # 0
are the ones with |J + K’ + K"| = 1, hence

(2.2.3.2) Az (z;) = Zdi7j($/7x/l)yj + Z fij(@' 2")2) + Zei’j(x’,x”)z;’.

with appropriate d;, ; f; j, €;; € R[z]. By the commutativity of A, for each j € {1,...,¢}
we have f; j(2',2") = e; j(2",2"). Let f(2',2"”) be the matrix with (4, j)-entry equal to
fi.j, let d(a’, 2"") be the matrix with (i, j)-entry equal to d; ; and let A3 (z) be the column

vector (Aa(z1),...,A2(24))!. Looking at x,y, 2, 2’, 2 as column vectors, we can rewrite

equation ([2.2.3.2)) as
(2.2.3.3) As(z) =d(2',2") -y + f(a',2") - 2"+ f(a",2") - 2"

The property of formal group laws implies that f is congruent to the identity
matrix modulo the ideal (z7,2Y,..., 2}, 2).In particular the determinant of f is invert-
ible in R[z’,2"], hence f has an inverse with coefficients in R[2’, z"’]. Writing down the
associativity of Ay (the right diagram in Equation ), we find the identity

f(x’,:t” _’_xlll) — f(x/ +xll7x/ll) . f(xl,x//).

"

If we plug in the values 2’ < 0, 2" < 2’ and z""’ < z” we immediately see that

(2.2.3.4) f@,a") = g(a' +2") - g(a)!

where g(x) := f(0,z) € R[z]°*¢, which is invertible because f is invertible. We now

define the continuous automorphism
¥3: Rlz,y, 2] — R[z,y,2], zr—zx,y—y,z—g(z) 2.

Again let (A3, Bs) be the formal biextension law obtained pulling back (As, B2) by 3.
We now prove that B3 = AD5 and that A3 is “almost equal” to AD;. Using that i3 acts
as the identity on R[z,y], we check that Bs(y;) = AD2(y;) and that As(z;) = ADq(x;).
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Using the isomorphism ([2.1.2]) and Equation (2.2.3.4) we get

Bs(2) = (Ys@ppa¥s) 0 Bz 0 b3 ' (2) = (3@ ppags) o Ba(g(x) ™" +2)
= (V3®rpa)¥s) (9(2) (' +27)) = g(a) ™1 (g(2) 2" + g(a)-2")
=2 + 2" = ADy(z).

As(2) = (V3@ Rag¥s) 0 Az 015 ' (2) = (V3@ R[ap¥s) o A2(g(x)~'2)
= (V3®rpa¥s) (9(2" +2") 71 (d(@’,2")y + f(2',2")-2" + f(a",2')2"))
= g(2’ +a") 7 (d(@’, 2"y + f2' 2")-g(a)2" + fa”,2")-g(a")-2")
=2+ +g@' +2") d(2, 2")y = AD1(2) + g(z' +2") " Hd(2, 2"y,

By the associativity and commutativity of A3 we can prove the following claim.

Claim 2.2.4. There exists a unique matriz of power series h(z) € R[x]**? such that

gl + 2"t d(z’,2") = h(z' + 2”") — h(z') — h(z") and (2.2.4.1)
R(0)=0 (mod (z1,...,24)%). (2.2.4.2)

Proof. We define m(x’,z") := g(z' + 2")~'d(2',2"). When proving the claim, we can
work separately on each entry m; ; and h; j, hence we can consider m as an element in
R[z',2"] and h as an element in R[x], instead of considering them as matrices on the
same rings.

Notice that two solutions of differ by a (matrix of) linear polynomial(s) in
the x;’s, hence the congruence ensures uniqueness. We now prove existence.

We know that a power series S € R[z',2"] = R[x"][2'] is zero if and only if
S(0,2") = 0 and 9S/0x; = 0 for each ¢ € {0,...,a}: applying this principle to our
claim we get that, for any h, Equation holds if and only if

m(0,2") = —h(0) and (2.2.4.3)

om oh oh )
@(x', ) = . (@' +2") - B (2 Vi=1,...,a. (2.2.4.4)

Equation is equivalent to h(0) = 0: indeed m(0,2"”) = 0 because the evaluation
of A3(z) at 2’ = 2z’ = 0 is equal to z”, as implied by the first property in the definition of
formal group laws (the one saying that “the point 0” is the neutral element). Moreover
if h(0) = 0, then, up to adding a (matrix of) linear polynomial(s) in the z;’s, we can
suppose that h is congruent to 0 modulo (z1,...,7,)%. Hence proving our claim is
equivalent solving Equation and h(0) = 0, which is in turn equivalent to finding
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ni,...,Ng being (matrices with coeflicients) in R[x] such that
n = an (x)dz; is a closed form and (2.2.4.5)
i=1
0
a—:(m’, ") =n;(a" +2") — n;(a) Vi=1,...,a. (2.2.4.6)
7

Indeed, given h as in Equations (2.2.4.3)), (2.2.4.4)) we can take n; = 0h/0z; and given
n1,...,Ne as above, since all closed forms in R[z] are exact, there exists a unique
h € R[z] such that h(0) = 0 and dh/0x; = n;. We now look for such n;’s.

Associativity of the formal group law A3 tells us that

m(x/ + m/l7$l”> + m(ml7$//) — m(x/’m// + :L'N/) + m(l_//’x///)-

Taking the partial derivative with respect to z}, we get

om

(2.2.4.7) e

0 1o}
(xl _’_xll’xlll) + ai/nff(x/’:r//) — ailn;b(l_l’xll +m///).
T 5

7

"

Plugging the values 2’ < 0, 2" + 2’ and 2" +— 2’ in the above equation we see that

om
ni(z) = %(Ovm)v

K2

automatically satisfy Equation (2.2.4.6)). It remains to show that, with the above defi-
nition of the n;’s, Equation (2.2.4.5) is also satisfied. Taking the derivative of Equation

(2.2.4.7) with respect to z7’ we find
9?m 9?m

9.2.4.8 I gt gy = L
(2.248) a7ow, " ") = g

(l'/,x” _’_xll/).

The commutativity of Ag implies m(z’,2") = m(2”,2’), and taking two derivatives we

get
?m 9?m

(2249) W(le, x”) = W(x", x').
Deriving the definition of n; and specializing Equations (2.2.4.8]) and (2.2.4.9) in 2’ < 0,
" + x, 2" + 0, we find that for every i,7 =1,...,a

on; 0?m 0?m ?m on;

. = 07 = 70 = 07 = J )

oz, ax;fax;( z) 0270 (2,0) 0] o, 0.2) = 52,

proving that the form n in Equation ([2.2.4.5)) is closed. O
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Taking h as in the claim we define the continuous automorphism
Ya: Rz, y, 2] — Rlz,y,2], zr—z,y—y,z+— z+h(x)- vy,

and we define (A4, By) to be the pullback of the formal biextension law (A4, By) by 94.
We easily check that By = ADy and A4(y;) = AD;(y;). Moreover, using the definition

of Ay, the formula for As(z) we previously found and the definition of h, we get

As(2) = (Ya®papa) 0 Az 0 5 (2) = (Va@ppapths) © As(z — h(z) - y)

(V4@ ppaga) (2 + 2" + g(@’ +2") 7" - d(a’,2") -y — h(2' +2") - y)
(Va®pevoa) (' + 2" = h(@’) -y = h(2") - y)

2+ h@’) y+ 2"+ h(@") y— (@) -y — h(z")

=7 +2" = ADy(2).

X»

Hence Ay = AD; and (A4, Bs) is the additive formal biextension law of dimensions
(a,b,c).

For each i = 1,2,3,4 we have defined (A;, B;) as the pullback of (A;_1,8;_1) by ;
(here (Ao, Bo) = (A, B)) hence, by the definition of pullback in (2.2.3.1)), the map ; is
an isomorphism between (A;, B;) and (A;_1, B;_1). Consequently ¢ := 14 01p301501 is
an isomorphism between (A4, Bs) = (AD1, AD3) and (Ag, By) = (A, B). Moreover ¢ is
the identity when reduced modulo Z since the same is true for 1, ¥, 93, 1¥4: for ¢ and
)9 it is true by the definition of formal logarithms, for 13 it is true because g(x) = (0, x)
is congruent to the identity matrix modulo the ideal (z1,...,z,) and for v it is true
because h is congruent to the zero matrix modulo the ideal (x1,...,7,)%.
notice that the subrings R[z], R[y] C R[x,y, z] are stable under 1, 2, 13,14 so they

are also stable under ¢, that restricts to isomorphisms

Finally we

O* = Ylrpe) = P50 P50 Y5 0 Pf = idg[e) © IdR[a] © 10g4 0ldRLx) = l0g 4 ,
wy = IMR[[y]] = 1#2 [¢] ’(/}g (¢] ’(bg o} 1#11! = ldR[[y]] o ldR[[y]] o ldRﬂy]] o logB = 10gB .

2.3 Biextensions over the p-adics and convergence

Given a commutative algebraic group G/Z,, the formal logarithm is useful to describe
the group G(Z,) in a neighbourhood of its neutral element. Analogously we want to use
the map v of Theorem to describe biextensions over Z,, hence we are interested in
the convergence and integrality of the power series determining .
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Let R be a Z,)-algebra of characteristic zero equipped with a positive discrete valu-
ation v extending the p-adic valuation on Z,) and such that the ideal {r € R: v(r) > 0}
is generated by an element 7. Examples of such rings are R = Z,) [x1,...,2q4] equipped
with the p-adic valuations or the discrete valuation rings contained in finite extensions
of Q.

For any formal group A: R[z] — R[z]®@R][x] of dimension a we have

A(R) = Homeont (R[z], R) = (TR)*,

where R[z] is endowed with the (z1,...,z,)-adic topology and R with the v-adic topol-
ogy. Then the elements #; := £ € (R ® Q)[z] define a bijection

(2.3.1) &= (i1,...,7q): A(R) — R",

that suggests the definition of the following ring of “integral converging power series”

R(Z) = R(&1,...,%q) := { Z Ari! € R[E] : Vn >0, VMmOt w(Ng) > n} C (R®Q)[x]
IeNe

This ring resembles the one in Equation (1.3.2)) and, when R is complete with respect to

v, each element of R(Z) defines a continuous function A(R) — R.

If A is commutative, the formal logarithm log, :=log,, . : (R®Q)[z] — (R2Q)[x]
helps us understanding the group A(R): if 77~2 is a multiple of p (when R is the discrete
valuation ring contained in finite extensions of @Q,, this is equivalent to the ramification
being strictly smaller than p—1), then for each i € {1,...,a} we have

(2.3.2) log4(Z;) € R{(Z), logy(&;)=x; mod .
Hence, if R is v-adically complete, we get an isomorphism of groups
(233) (logA(j:l)v e 710gA(ja)) : A(R) — (Ra’ +) )

that is given by integral converging power series and that, using the isomorphism ,
reduces to the identity modulo v. This fact can be proven with the same arguments in
the proof of Lemma replacing Og s with R.

We give an analogous statement for biextensions. In such context the biextension
analogous to the additive group is the biextension (R® x R® x R®, 41, +2) of the additive
groups (R%,+), (RY,+) by (R¢,+), with partial group operations

(7:/4, B, Té’) +1 (TX7 B, Tg):(TA + 7’;1,7 B, Té‘ + Tg)a

(2.3.4)
(’I“A,?“é,?“é«) +2 (TA’Tg’Tg):(TA7r]/3 + ’I“gﬂ”é + Tg)
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Proposition 2.3.5. Let R be a Z,-algebra of characteristic zero equipped with a pos-
itive discrete valuation v extending the p-adic valuation on Z,. Suppose that the ideal

{r € R:v(r) > 0} is generated by an element 7 such that P2 is a multiple of p. Let
A: R[z] — R[z] @rR[z], B:Rly] — Rly]®rRly], C: Rlz] — R[] ®rE[],

be formal group laws of dimensions a,b, c, let (A, B) be a commutative formal biextension
of A,B by C and let : (R®Q)[z,y,z] = (R®Q)[x,y, 2] be the map in Theorem[2.2.3
Using the definitions &; = z; /7, §; ==y, /7, Zi = z1/7, we have

(&), 0(55), 0 (Z) 0~ (&), (@) v (3) € R(Z,5,2)  and
V@) =3, v@) =G =05, vE) = E) = 4 modulo T

V(;)
Moreover, if R is v-adically complete, the power series (Z;), ¥ (y;), ¥ (Zk) give an iso-

morphism of biextensions
(.A, B)(R) — (Ra X Rb X RC,—|—1,—|—2) y
where (R® x R® x R®, +1,+2) is the additive biextension given by .

Proof. For an additive formal biextension law (AD;, AD2) of dimensions (a,b,c), the
set of R-points (AD;, ADy)(R) is exactly (R® x R® x R®,+1,+2), hence it is enough to
prove that the power series ¥(Z;), ¥(9;), ¥(Zx), ¥~ (%), ¥~ 1(7;), ¥ (Z) are contained
in R(%,§,%) and proving the congruences. This is equivalent to proving that ¢ and
1~ restrict to maps R(%,7,2) — R(%,7,Z) that modulo 7 reduce to the identity of
(R/m)[Z, 7, Z]. Moreover once it is proven for v it is automatically true for 1)~1.

We can write ¥ = 14 0 13 0 13 0 1p1, where the 1;’s are the ones defined in the proof
of Theorem hence it is enough to prove that both 1); and 14013015 restrict to
maps R(Z,7,Z) — R(%,§, %) that modulo 7 reduce to the identity of (R/7)[Z, 7, Z]. In
other words it is enough to prove that the power series ¢1(Z;), Yaothz0t2(Z;:), ¥1(7;),
Ya0130109(F;), ¥1(Zk) and Paopzotha(Zy) lie in R(Z, Y, Z) and that they are congruent
respectively to Z;, s, §;, ¥, Zr and Z modulo m. We know that v, = logy, hence, using

Equation ((2.3.2),
/¢1(=’E2) = jz 7¢1 (gj) 7’(/}1 (Zk) S RIL’E]] <g7 5> C R<‘%7 gv 2> and
"(ZJl (i’z) = iz(modﬂ) s 7/’1(2]1) = gl(modﬂ') y "ll)l (gi) = gl(modﬂ) y
where R[x](g, Z) is defined with respect to the m-adic valuation on R[x]. We notice that
oothzory is the identity when restricted to R[y], hence ya01h30104: R[y][z, z]—R[y][=, #]

is an isomorphism between the additive formal group law of dimension a+c over R[y]

and the formal group law A; which is defined in the proof of Theorem [2.2.3} moreover
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g0th30thy reduces to the identity modulo (x4, ..., 24, 21, ..., 7.)%. By the uniqueness of
the formal logarithm, 1013014 = log 4, , hence, using Equation (2.3.2),

o0th3004(F;) = Ty , 20th3004(7;) , 20tp30tps(Zr) € Ryl(Z,2) C R(%,§,%) and
P20v3014 (%) = Ti(modm),  ha0th30v4(Fi) = §i(modm),  p0tp3014(F;) = Fi(modm),

where R[y](Z, Z) is defined with respect to the m-adic valuation on R[y]. O

2.4 Another proof of Theorem [1.4.10

We now use Theorem and Proposition to give another proof of Theorem
Our strategy is constructing a chart ®: Z69tP~1 — P>X=1(Z,), such that the
map &' o k is given by linear and quadratic polynomials. In order to construct ® we
first establish coordinates to define a formal biextension law associated to P**~1, then
we use the map of Theorem to describe more easily the partial group operations
of P**=1(Z,) in a neighbourhood of the neutral element, then we make translations to
work in the residue disk of ¢.

Let J, (JV0)P=1 P*»=1 and T be as in Sectionand let 77 and 7(yvoyo—1 be the two
projections P**~1 — J and P**~1 — (JV0)P~1. Letting 0,0 be the neutral elements
of J(Zp), J(Fp), we choose y1,...,y, € O, 5 that vanish on 0 and that, together with p,
generate the maximal ideal m C O ;5. The embedding Z[y:,...,y,] — 0,5 induces an
isomorphism

Zylyl = Zollys, - - yg] = O .

The group operation Mj: J x J — J induces a morphism of rings O ;5 — O;5® O;5
and taking completions we get a formal group law over Z,

m Am@O —4+0 —Qm ~
M3 Zyly] = 055 — (0,58 0,5)" " %5" 3" = 7, [y] &z, Z, [u]
Then we have an isomorphism of groups given by the composition

J(Zp)5 = Homioe (O ;5. Zp) = Homeont (02, Zy) = Homeont (Zp [yl Zy) = M3(Zy) .

Am
J,0’
Analogously we choose z1,...,2p9—g € O(Jvo)‘,,l’a that vanish on 0 and that, together

with p, generate the maximal ideal of O(Jvo)p_l,ﬁ. The group operation on (JV9)P~!

induces a formal group law
Aﬁi}“’)ﬂ—1 P Lplzs - 2pg—gl = Lple] — Zp[[z]]@)zpzp[[z]] )
that describes the group (JV°)*~1(Z,);.
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The rigidification of P*»~1 along J x {0} gives an element 1 € P**~1(0,0)(Z,)
that is the neutral element of both the groups 7;'(0)(Z,) and w;vlo,p,l (0)(Z,). We call
such an element the neutral element of P**~1(Z,) and we denote by 1 its image in
vap_l(IFp). We choose wy,...,w,—1 € Opxwlj that vanish on 1 and that, together
with z1,...,24,21,..., 2pg—g and p generate the maximal ideal m C Opx, -1 7. As before
we have an isomorphism

_ ~ A
Zply, z,w] = Zp[yr,- -1 Yg, 215 - -+, Zpg—g, Wiy - - s Wp—1] — Opgvpflj

and the two partial group laws
11 PP X quoypmr PXOPTE — PP gy pYopTh s PP propT
and induce a biextension

Mik]: Zp[[y,z,w]] — Zpﬂyvszﬂ®zpﬂzﬂzpﬂyvzawﬂ 5
M?}VO’P’I : Zplhh Z’ w]] —> Zp[[yv Z7wﬂ®zpﬂyﬂzpﬂy7 Zaw]] I

of the formal group laws M} and M7, by the formal group law induced by the alge-
braic group G2;!. In particular P*-~!(Z, )7 is a biextension of J(Z, )5 and (JV°)"~1(Z, )5
by G4 1(Z,)7, and it is isomorphic to (M, M jov.,-1)(Z,). Applying Theoremand
Proposition we get an isomorphism of biextensions

U: (PPN Zp)g,+1,+2) — (LY X ZEI79 X ZE™1 41, 42)

given by power series in O((P*-»=1)P)"» that modulo p give a linear map between the
tangent space of P*?~! at T and FA9,~1,

We now take care of translating W. Let f and m be as in Section and let
vy € J(Z), t € T(Z) c P**~Y(Z) be as in Section By Equations l) and
(2.3.3]), the formal logarithms of (the formal group laws associated to) the algebraic

groups w&lvo)p,l (m-otreof(x7)) and W}l(x;) give isomorphisms of groups

Uy (W;vlo,p,l(m- otr. o f(l‘ftv))(Zp)T, +1) — (Zg % 25—17_’_)7

Uyt (my " (2) (Zp)y, +2) — (2979 x 2570, +),

where we denote by 1 the reduction modulo p of the neutral elements of the respec-
tive groups. Since 7' (;) is an extension of (JY°)?~!, the first pg—g coordinates
of ¥y are given by the composition of the projection w}l(x?)(Zp)T = (JYO)P~YZp)g
with the formal logarithm of (JY°)?~1. Analogously the first g coordinates of W, are
given by the composition of ﬂ(flvo)p,l(m~otrcof(xf;))(Zp)T — J(Zp)g with the formal
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logarithm of J. By Theorem [2:2.3] analogous statements are true for the first g coor-
dinates of ¥ and the subsequent pg—g coordinates of W. This implies that for every
(o, B,7) € Z x ZHI~9 x Zg_l we have

7 (O e, B,7)) =75 (U7, 7)) =75 (U7 (e, 0))

(2.4.1) . _ —1
71'(‘]\/0),)71 (\If (Oz,ﬁ,’}/)) = 71'(‘]\/0),171 (\112 (ﬁ,’y)) = 7T(Jv0)p71 (\I/2 (570)) .

Moreover, using the G !-structure of P***~! and the fact that both the groups w}l(O)
and ﬂ;vlo,p,l(()) are base changes of G&!, for every (o, 8,7) € Z3 x ZE9™9 x ZH~! we

have
e, B.y) = ¥TH0,8,7) +1 ¥ (@, 5,0) = exp?(y) - ¥ (e, 5,0)
\If‘l( 7) = 070,7) +1 U7 (@, 0) = exp” ' (7) - ¥ (e, 0),
21(By) =V (B, ) +2 U3 H(B,0) = exp’~H(y) - U5 1(B,0),

where exp?~!: Zp~! — ZP~! is obtained taking the (p—1)-th power of
exp: Zp — G (Zp)7 =1+ pZy,

which is the inverse of the map (2.3.3) induced by the formal logarithm of G,,. By
(2.4.1)), we can “translate” the map ¥ by ¥; and Uy, obtaining the following map

O: 29 x ZPI79 x 7L — PPN (L),
(o, B,7) — (T (a, B,7) +2 U7 (e, 0)) +1 (T3 (B,0) +2 1)
=exp” (7) (T (e, 3,0) +2 U7 (a,0)) +1 (5 (B,0) +2 1)).

Let us fix coordinates to study ®. Let uy, ..., uy5—4 be elements of O(jvoyo-1 m.otr 0 (jy (u))
such that together with p they form a system of parameters of O(jvoyo—1 m.otroof(jy(u))s
and let us lift vy,...,v,_; to elements in Opx. -1 ;. Then uy,..., upg—g, v1,...,V,-1 and
p, together with z1,..., 24 defined in the statement of Theorem form a a system

of parameters of Opx,»—1,;. The functions z; := £, u; := % and v; := % give bijections
’ p p

D )
with powers of Z, that make the following diagram commute

x,p—1 (21,0) = (T g Uty Upg— g VLoV p1) g pg—g o—1
P (Zp)+ g x 709~9 x Zh

| !

(Ilv-uawgyvla“vafl)
g Pg—9g p—1
T(Zyp)¢ LG X Lo9=9 x Zh

The biextension structure on P>**~! implies that ® is a bijection and, since it is de-

fined composing maps given by integral power series that reduce to linear polynomials
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modulo p, then (Z,u,v) o ® is given by power series that reduce to linear polynomials
modulo p. Hence the same is true for the inverse of (z,w,v) o ®. This and the commuta-
tivity of the above diagram imply that, in order to prove Theorem [1.4.10} it is enough to

prove that the map ®~!oky is given by g+(pg—g) linear polynomials and p—1 quadratic

polynomials in the n; and also proving that ®~!(T(Z);) is the image of such a polyno-

mial map. To do so we give names to the coordinates of the relevant points: for each

i,j€{l,...,7} let P, R, 75, € P*P=1(Z) be as in Equation l) and let o € Z9,
Bj € 769, Vigr V7 € Lh 7 and & ;.7 75 € Fyor=!t C =" be such that
P’L,j :gi,j "Il—l(aingvryid)? Rz,?: i’?'ml_l(ai7’7i7?)7 S;’j :g?j \Ilgl(ﬁﬁr}/z])

The maps ¥, ¥, and U5 are formal logarithms, hence they allow us to write very easily
the two partial group laws, and in particular we can describe the maps A, B,C, D in

Equations (|1.4.2), (1.4.3) and (1.4.4) as follows
An) = Z nj 2 Sy = H5 L0yt Z”iﬂj’znﬂ'ﬁ,j ’
j=1 j=1

T T
— _ n; -1
= E 1m~1 Ri,?_ (Hgi,{> -0 (E ;0 , E nmiI) ,
i=1 i=1 i=1 i=1
r

()
j=1

i=1

2
2
I

nln]
f ) nzaz ) n]ﬁ] ) nin;vi, 5 )

i,j=1 3,j=1

D) = (Gl 5 1 (o 42
anauznjﬁjaZninj713+zn]'}’~ +an it | o

3,j=1

with ¢(n) = [ €5" H£ Hg"ﬂ et

1,j=1

For any n € Z" we have £((p—1)n) = 1, hence

q)_lomz(n) = @_1(D’{((p —1)n))
= (p—1) Zmaz, p—1) anﬂja p—1) anj%,] (pfl)zni(’yi,?+ﬁi)

1,j=1 =1
is described by linear and quadratic polynomial in n; and extends continuously to

-1 . T g Pg—g p—1
[ om.Zp—>Zp><Zp pr .
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Finally,

K(Z7) C T(Z), C (F 01 DAZT)) N PPN (Z,), = K (%Zr) ,

p

hence

k(Z,) C T(Z): C K(Zy) -
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Chapter 3

Automorphisms of Cartan curves

This chapter is the result of a joint work with Valerio Dose and Pietro Mercuri

We study the automorphisms of modular curves associated to Cartan subgroups of
GLy(Z/nZ) and certain subgroups of their normalizers. We prove that if n is large
enough, all the automorphisms are induced by the ramified covering of the complex
upper half-plane. We get new results for non-split curves of prime level p > 13: the
curve X, (p) has no non-trivial automorphisms, whereas the curve X,(p) has exactly
one non-trivial automorphism. Moreover, as an immediate consequence of our results
we compute the automorphism group of Xi(n) := Xo(n)/W, where W is the group
generated by the Atkin-Lehner involutions of X((n) and n is a large enough square.

3.1 Introduction

Since the 1970s many efforts have been made to determine automorphisms of modular
curves and in particular to establish whether a modular curve has other automorphisms
besides the expected ones. Indeed, infinitely many automorphisms naturally arise when
the curve has genus zero or one. Moreover, since the components of modular curves
over C can be seen as compactification of quotients of the complex upper half-plane H,
some automorphisms of H induce automorphisms of the quotient modular curve. Such
automorphisms are called modular and their determination is a purely group theoretic
problem.

The focus has been classically placed on the modular curves Xp(n) associated to a
Borel subgroup of GL2(Z/nZ) (e.g., upper triangular matrices), with n a positive integer.
For these curves, modular automorphisms played an important role in the development

of the theory of modular curves. They were determined in the seminal paper [4], with a
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3. AUTOMORPHISMS OF CARTAN CURVES

small gap which was later filled in a couple of different ways (see [2], [14]). Meanwhile, a
complete picture about the remaining automorphisms of X(n) has been painted through
the decades by the works [83], [85], [60], [42], [52]. Also some works in this century (e.g.,
[5], [74], [47]) took on the case of the modular curves Xo(p)/(w,) and Xo(p?)/(wpz),
where w), and w2 are the Atkin-Lehner involutions of the respective modular curve.

More recently, great interest has been generated in modular curves associated to
different subgroups of GLy(Z/nZ), in particular to normalizers of Cartan subgroups for
n = p prime. This is mainly due to the fact that rational points on these curves help
classifying rational elliptic curves whose associated Galois representation modulo p is
not surjective. This is directly linked to a question formulated by Serre (also known
as uniformity conjecture) in the 1970s ([92]). After the works [72], on the Borel case,
and [I7], [18], on the split Cartan case, the only part of this problem left to understand
nowadays is equivalent to asking whether, for almost every prime p, the modular curve
XL (p) associated to the normalizer of a non-split Cartan subgroup of GlLo(Z/pZ) has
other rational points besides the expected ones, namely the CM points of class number
one. Such equivalence led to a certain amount of research driven towards computing
equations and finding rational points of modular curves associated to non-split Cartan
subgroups and their normalizers (see for example [12], [13], [10], [35], [36], [75]).

A curious connection between the problem of determining rational points and the one
of determining automorphisms in a modular curve is given by the fact that in the case
of the Borel modular curves Xy (p) of genus at least 2, the sole occurrence of unexpected
rational points (p = 37) in the setting of Serre’s uniformity conjecture, happens in the
presence of an unexpected automorphism of the corresponding modular curve. A further
connection is made in [37], where is proven that, for almost every prime p, the absence of
unexpected rational points of the curve X1 (p) implies the absence of unexpected rational
automorphisms of the modular curve X,s(p) associated to a non-split Cartan subgroup
of GL2(Z/pZ).

The first work centered on automorphisms of non-split Cartan modular curves has
been [35], in which the existence of an unexpected automorphism of X,5(11) is proven.
Some partial results on the automorphisms of X,s(p) and X (p), for almost every prime
p, were proven in [37], while in [48] the full determination of the automorphism group is
obtained for low primes (p < 31).

In the present work we complete the results in [37] about the prime level case. More-
over, we extend the analysis to every composite level n, where we can define Cartan
subgroups of mixed split/non-split type. The scope of our study concerns Cartan sub-
groups and also a specific subgroup of their normalizer in GL2(Z/nZ) which we call

Cartan-plus subgroup. However, in most cases, for example when n is odd, a Cartan-

78



3. AUTOMORPHISMS OF CARTAN CURVES

plus subgroup actually coincides with the normalizer of the relative Cartan subgroup.

We prove the following result:

Theorem [3.6.15| Let n > 10%° be an integer and let H < GLo(Z/nZ) be either a
Cartan or a Cartan-plus subgroup. Then every automorphism of Xy is modular, hence

we have

N'/H' x Z/2Z, if n=2mod 4 and H is a Cartan-plus split at 2,

Aut(XH) = , , .
N'/H', otherwise,

where N' < SLo(Z/nZ) is the normalizer of H' := H N SLa(Z/nZ).

It may be interesting to note that the modular curve associated to a Cartan-plus
subgroup of GLy(Z/nZ) which is split at every prime dividing n is isomorphic to the
modular curve X (n?) := Xo(n?)/W, where W is the group generated by Atkin-Lehner
involutions of the Borel curve Xg(n?).

In the case n = p°, where p is a prime number, we can refine the techniques developed

and obtain a more complete result:

Theorem Let p be a prime number and let e be a positive integer. If p¢ > 11 and
p° & {3%,24,25, 25} then all the automorphisms of Xus(p©), X,5(p°), Xs(p©) and X (p©)
are modular and

Aut(Xos(p%)) = Z/2Z, Aut(X5(p%)) = {1},
(Z/8Z)% % (Z.)27), if p=2, 7/8Z, ifp=2,
Aut(X,(p%)) 2 { Z/37 x Ss, if p=3, Aut(X(p%)={2/32, ifp=3,
7/2Z, if p> 3, {1}, if p> 3,

where the above semidirect product (Z/87)? x Z/27Z is described in Remark|3.6.16|

Corollary [3.6.18| Let p > 13 be a prime number. Then the group of automorphisms of
X L(p) is trivial and the group of automorphisms of Xyns(p) has order 2.

The main technical novelty of our proofs is a thorough analysis of the action of
Hecke operators on very general modular curves. This allows us to prove results about
automorphisms without exploiting and worrying about the field of definition of the cusps
and CM points which has been instead instrumental for determining automorphisms of
modular curves throughout the literature in the past. We also give a la Chen results
to describe jacobians of Cartan modular curves in terms of jacobians of Borel modular
curves and we give an explicit upper bound on the dimension of the CM part of the

jacobian of Borel modular curves. The structure of the paper is the following.
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In Section [3.2]we define modular curves associated to general subgroups of GLa(Z/nZ)
and we give an equivalent condition to the fact that a point of a modular curves branches

in the covering of the curve by H.

In Section [3.3] we study the action of Hecke operators on modular curves. In particular
we focus on the action on the cusps and the other points which could branch in the
covering by H. Such points are associated to elliptic curves with j-invariant equal to 0
or 1728.

In Section we define Cartan and Cartan-plus subgroups of GLa(Z/nZ) for every
positive integer n. We also define the relative modular curves of composite level. Then
we prove that the jacobian of a Cartan modular curve is a quotient of the jacobian of
some Borel modular curve. When n = p¢, this is done applying the techniques of [26]
and [39] to a previously unexplored case, and for n general we combine these results. We

also extend the results of [26] to the case of even level.

In Section we prove that all the automorphisms of Cartan modular curves must
be defined on a compositum of quadratic fields when the level n is large enough. To do
this, we use a geometrical criterion that we can apply by bounding the dimension of the
CM part of the jacobian of Cartan modular curves. This last step is obtained using the
isogenies of Section and computing explicit bounds for the CM part of the jacobians
of Borel modular curves. Furthermore, we refine the results in the case n = p¢, with p

prime.

Finally, in Section [3.6] we prove the results stated above about automorphisms. The
main idea is to show that each automorphism must preserve the cusps and the set of
branching points of the covering by H. This implies that there are no non-modular
automorphisms. Thus, we compute the modular automorphisms to complete the analysis.
We first concentrate on Cartan modular curves of general level n. Then we adapt the
strategy to the case n = p¢, with p prime, giving the complete result for X,s(p) and
Xt (p), and improving the result we obtained for the general level in the cases of X (p®),
Xns(p®) and X (p®). To treat some of the small level cases, we use the criterion of [48]
which we verify through an algorithm implemented in MAGMA ([69]) which is available
at [70].

As we did for the case of level n = p®, with p prime, the result on Cartan modular
curves of composite level can be sharpened, with our techniques, for levels with a specific
type of factorization. However, certain cases remain out of the reach of the strategy
described in this work, for example when we are not able to apply the criterion of [48]
and either the curve has low gonality (e.g., X,s(16), X,5(16), X, (27)) or its jacobian
has a large CM part relative to its dimension (see Remark for the example with
the lowest level).
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3.2 Modular curves

Let n be a positive integer. We denote by Y (n) the (coarse if n < 3) moduli space
that parametrizes pairs (F,¢) where E is an elliptic curve over a Q-scheme S and
¢: (Z/nZ)% — E[n] is an isomorphism of S-group schemes. We denote by X (n) the
compactification of Y'(n) and we call X (n) the modular curve of full level n.

Every matrix v € GLy(Z/nZ) gives an automorphism of the constant group scheme
(Z/nZ)%, hence v acts on Y (n) sending (E, ) to (E,¢ o). This defines an action of
GLo(Z/nZ) on'Y (n) that extends uniquely to X (n). For each subgroup H of GL2(Z/nZ),
let X be the quotient X (n)/H. By [32, IV.6.7], X has good reduction over each prime
that does not divide n and the smooth model of Y = Y(n)/H over Z[1/n] is a coarse
moduli space for elliptic curves with H-structure, i.e., the equivalence classes of pairs
(E, ¢) where E is an elliptic curve over a Z[1/n]-scheme S and ¢: (Z/nZ)% — E[n] is an

isomorphism of S-group schemes, and the equivalence relation is given by:
(3.2.1) (E,¢) ~u (E',¢') <= (¢') " ot|gmod=h, forsome h € H and 1: E = E'.

In particular, for every algebraically closed field K of characteristic p 1 n, we have a
bijection between Y (K') and the set of elliptic curves over K with H-structure.

Remark 3.2.2. Since —1 is an automorphism of every elliptic curve, then for every H,
the curve Xy is isomorphic to X4y, where £H = {+Id}-H < GL2(Z/nZ). Hence, the
equivalence relation (3.2.1)) can be written as follows

(E,¢) ~u (E',¢') < (¢') " otlpp o =h, for some h € £H and 1: E = E'.

Let H be the complex upper half-plane {7 € C : Im(7) > 0}, let H* = C — R and
moreover let H = H U P(Q) and H = H*UP (Q) be their “compactifications”. The
group GLy(Z) acts on H, H*, H and " by Mobius transformations. Moreover, every
g in GLy(Z) acts on pairs (z,7H) € H* x (GLy(Z/nZ)/H) as (g(z), gyH), where g(z)
is the image of z under the Mobius transformation given by g and g is the reduction of

g mod n. This action gives canonical isomorphisms of Riemann surfaces

GL2(Z)\(H* x (GL2(Z/nZ)/H)) — Yy(C), 3.2.2.1)

(
GLQ(Z)\(Ei x (GL2(Z/nZ)/H)) — Xu(C). (3.2.2.2)
The isomorphism (3.2.2.1)) is equivalent to that one described in [32] IV.5.3] and is
given by GLo(Z)(1,vH) — (FE,, ¢, o), where E, is the elliptic curve C/(Z+Z1) and

¢-: (Z/nZ)% — E.[n] is the unique isomorphism such that
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The isomorphism (|3.2.2.2) is just the extension of the previous one to the compactifica-
tions. For each subgroup H of GL2(Z/nZ), we define

Ty :={y €SLa(Z) : v (mod n) lies in H}.

If det H # (Z/nZ)*, then X (C) is not connected: the number of connected components
is [(Z/nZ)* : det(H)] and, for each connected component X ¢7(C), there are isomorphisms

of Riemann surfaces
(3.2.3) FgHg—l\ﬁ — X7 (C), Typg—\H— Y5(C),

for some ¢ in GLo(Z/nZ). In particular, if det H = (Z/nZ)*, then Yy and Xy are
geometrically connected curves defined over Q.

The following proposition about the morphisms is used in Section[3.6] We say
that an automorphism of an elliptic curve is non-trivial if it is different from +Id.

Proposition 3.2.4. Let n be a positive integer, let H be a subgroup of GLo(Z/nZ), let
g be in GLo(Z/nZ) and consider the composition

H— FgHg—l\H — YH(C),

where the left map is the natural projection and the right map is in . Then a point
(E,¢) € Yu(C) is a branch point for such composition if and only if there is a non-trivial
automorphism w of E such that ¢7lou|E[n]O¢ € +H. If this happens, then each point
T € H projecting to (E, ¢) has ramification index #Aut(FE)/2.

Proof. By Remark [3:2.2] we can suppose that H contains —Id. Instead of looking at
a map H — Yy (C) parametrizing a single component of Yy, we can work with the

canonical map

H* x GLy(Z/nZ) —"— Y (n)(C) = Yy (C).

Up to substituting n with 3n and H with its preimage under GLo(Z/3nZ) — GLa(Z/nZ),
we can suppose that n > 3. This implies that 7 is an (unramified) covering map, hence
the ramification index of the 7y o7 in a point (7,7) is equal to the ramification index of

7wy in the point 7(7,~y). Hence, we only need to look at the ramification points of mp.
A point (E, ¢) € Yg(C) is a branch point for 75 if and only if the fiber 7' (E, ¢) has
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cardinality smaller than degmy = #H/2. The modular interpretation of Yy and Y'(n)
implies that

(3.2.5) T (E, ) = {(E,u|gpo¢oh) : h € H,u € Aut(E)}/Aut(E),

where v € Aut(FE) acts sending (E,1) to (E,v|gpmov). Since n > 3, the map that sends
u to ¢~ oul gy o9 gives an inclusion Aut(E) < GLz(Z/nZ), hence, by (3.2.5)), we have
i (B,0) = # ((H-Aut(E))/Awt(E) ) = # (H/(HNAut(E))).

The group Aut(FE) always contains the multiplication by —1 and is cyclic of order 2,4
or 6. Finally, there are two options for Aut(E)NH:

o Aut(E)NH only contains +Id and (E, ¢) is not a branch point;

o Aut(E)NH has order equal to #Aut(E) > 2, in this case (E, ¢) is a branch point
and, since the map mg is Galois, every point in wﬁl(E, ¢) has ramification index
equal to deg(mr)/#7y (E, ¢) = #Aut(E)/2.

3.3 Hecke operators

Let n be a positive integer and let H be a subgroup of GLs(Z/nZ). For every prime
¢4 n, there is a divisor D; C Xy x Xpg inducing the ¢-th Hecke operator

Ty DiV(XH) — DiV(XH), Ty: Jac(XH) — Jac(XH).
On Yy (C), it is described by
(3:3.1) T,(B,¢)= Y (B/Cincog),
0<C<E[]

where 7o : E — E/C is the natural projection. Now we recall the definition of T;. Let Hy
be the subgroup of GLy(Z/nfZ) containing the matrices whose reduction modulo n lies
in H and whose reduction modulo £ is an upper triangular matrix. Given a Z[-%;]-scheme
S and an elliptic curve E/S with Hy-structure ¢: (Z/nlZ)? — E[nf], we have two ways

of constructing an elliptic curve over S with H-structure:

o The n-torsion subgroup of (Z/nfZ)? is canonically isomorphic, via the Chinese
Remainder Theorem, to (Z/nZ)? and the restriction of ¢ to this subgroup gives
an isomorphism ¢|(z/nz)2: (Z/nZ)*> — E[n]. One can check that the class of
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(E, #|(z/nz)2) modulo ~p does not depend on the choice of the representative

(E, ¢) in the equivalence class defined by ~p,, hence

pI‘(E7 ¢) = (Ea ¢|(Z/nZ)2)
is a well defined elliptic curve over S with H-structure.

o The subgroup C C E[{] generated by ¢(§) is a subgroup of E of order £ and E/C
is an elliptic curve over S. Denoting by n¢: E — E/C the natural projection, we
have that

qt(E,¢) == (E/C,mc o ¢|(z/nz)2)

is a well defined elliptic curve over S with H-structure.

These two constructions define natural transformations between the functor of elliptic
curves with Hy-structure and the functor of elliptic curves with H-structure restricted to
schemes over Z[ﬁ] We get induced morphisms between the coarse moduli spaces Ypg,
and (Y )z 1 that can be extended by smoothness to the compactifications:
pr,qt: Xp, — (Xg)gp1).

The image of Xy, under the map (pr, qt) defines a divisor inside (Xu )z 1) x(Xu)z11)-
Since X g is smooth over Z[%}, this divisor extends uniquely to Dy C Xgx Xy whose
irreducible components project surjectively on each factor Xp. This correspondence
induces the operator Ty = qt, o pr* and the definitions of qt and pr imply the equality
(13.3.1).

The reduction of T, modulo ¢ is described by a celebrated theorem of Eichler and
Shimura. To state this theorem in the full generality, we recall the definition of diamond

operators. Let a € (Z/nZ)*, then the matrix (¢ ) normalizes H, hence

(a)(E,¢) = (E,¢o(§7))

defines an automorphism of the functor of elliptic curves with H-structure. So (a) induces
an automorphism of the coarse moduli space Yy and it extends to an automorphism of
the compactification Xg. FEichler-Shimura Relation is nowadays a common knowledge,
but in the literature is often stated in a different form than we need. The proof of [38]
Theorem 8.7.2] can be directly adapted to our case, and another proof is in [94, Theorem
7.9 and Corollary 7.10]. We use the result in the following form.

Theorem (Eichler-Shimura Relation). Let n be a positive integer, let H be a sub-
group of GLo(Z/nZ), let £ be a prime number not dividing n, let X g be the reduction of

X modulo £, let Ty, (€): Div(X gr) — Div(X ) be the reduction of the Hecke operator T,
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and of the diamond operator (£) and let Froby: X — Xz be the Frobenius morphism.
Then
Ty = (Froby). +W* o (Froby)*.

Notice that in general Xy is not geometrically connected and if X’ is a component
of X g, the Frobenius morphism X g — X i may not restrict to a morphishm X’ — X'.
Analogously, if z is a point on X', the divisor Ty(z) may be not supported on X’. We are
interested in Eichler-Shimura Relation because, as already pointed out in [60, Lemma
2.6], it implies that, in certain cases, Hecke operators commute with automorphisms of

modular curves.

Proposition 3.3.2. Let n be a positive integer, let H < GLo(Z/nZ) be a subgroup con-
taining the scalar matrices and such that det H = (Z/nZ)*. Let £ be a prime not dividing
n and let o € Gal(Q/Q) be a Frobenius element at £. Then, for any automorphism u of
Xp defined over a compositum of quadratic fields, in End(Jac(Xg)) we have

(3.3.3) Teou=u’oTy,

where we identify u and u® with their pushforward on Jac(Xg). Moreover, if the gonality
of X (C) is greater than 2(£ + 1), then holds at level of divisors.

Proof. Let J := Jac(Xg), let Frob,: X5 — X g be the Frobenius morphism and let ¢,
be the Frobenius generator of Gal(F,/F,). Let D € Div(X ) and let @ be the reduction

of u modulo ¢. Using Eichler-Shimura Relation, we have

Ty o (D) = ((Froby). + (Frobg)*) o i(D) = (Froby).u(D) + (Froby)*a(D) =
=% (Froby). (D) + @’ (Froby)*(D) = u? (Froby).(D) + ue~" (Froby)*(D).

Now, since u is defined over a compositum of quadratic fields, the Galois automorphisms

o and o~ !

act in the same way on u. This implies that the last term in the previous
chain of equalities is equal to u? o T(D) obtaining Ty o u = u? o Ty in End(Jg,).

Since J has good reduction at ¢, the natural map End(J) — End(Jy,) is injective,
hence holds in End(J). This means that, for any two points P and @ in X (C),
the divisor D := (Tyu — u’Ty)(P — Q) is principal. Hence, either D is the zero divisor or
is the divisor of a non-constant rational function on Xz of degree at most 2(¢ + 1).

Now we suppose that the gonality of Xp exceeds 2(¢ + 1). In this case, there are no
non-constant rational functions on Xp of degree at most 2(¢ + 1), hence D is the zero

divisor. This gives the following equality of divisors:
Tgu(P) + UUTAQ) =u’T) (P) + Tgu(Q)
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For every point P, we can choose @ such that the supports of Tyu(P) and Tyu(Q) are
disjoint, and, therefore, last equality implies Tyu(P) = u®Ty(P) as divisors. Up to a base
change to C, each divisor on Xy is a sum of points with integer coefficients, hence we
conclude that holds at level of divisors. O

Multiple points in the image of Hecke operators

In the proofs of Section we look at points P € X (C) and primes ¢ such that Ty(P)
is not a sum of distinct points. In this subsection we study this phenomenon. When P
is a cusp, we have the following result.

Proposition 3.3.4. Let n be a positive integer and let H be a subgroup of GLy(Z/nZ).
Let £ be a prime number not dividing n, let o € Gal(Q/Q) be a Frobenius element at ¢

and let C € Xp(Q) be a cusp. Then
T,(C) = C7 +£(6)(C7 ).

Proof. The divisor T;(C) = qt,pr*(C) is supported on the cusps because both the maps
pr,qt: Xg, — Xg send non-cuspidal points to non-cuspidal points and cusps to cusps.
If we fix a prime ideal [ in the algebraic integers such that [ | £, then, by [32] IV.3.4], each
cusp in X (Q) reduces to a different point modulo [. Thus, it is enough to prove that
T,(C) is congruent to C7 + £(¢)(C° ') modulo [, and this is true by Eichler-Shimura
Relation. O

We need a criterion to characterize the points (E, ¢) € Yy (C) such that their image

via Ty contains a point with multiplicity at least 2. It is given by the following lemma.

Lemma 3.3.5. Let n be a positive integer, let H be a subgroup of GLa(Z/nZ) and let £
be a prime not dividing n. For all points (E, ¢), (E,¢’) € Yg(C) and all positive integers
m > 2, the following are equivalent:

1. T,(E, ¢) contains (E',¢") with multiplicity m;

2. there are m isogenies aq, ...,y E — E' of degree ¢ with distinct kernels such

that (¢')’1oaj|E[n]qu lies in £H, for every j =1,...,m;

3. there are m endomorphisms 1 = £, Ba, ..., Bm of E' of degree £? and an isogeny
a: E' — E of degree £ such that:

Pl B, #uopj, fori,j=1,...,m, such that i # j and for each uw € Aut(E’);
P2 kera C ker 3;, for every j in {1,...,m};
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P3 the matrices (= ¢~ oa| grpjod’ and £71(¢') o3| pinyod’ lie in £H, for every j in
{1,...,m}, where £~ is the inverse of the scalar matriz £ mod n.

Proof. The equivalence between and follows by definition of Hecke operator. Now
we prove the equivalence between and . Let aq,...,a, be isogenies of degree ¢
with distinct kernels, then it is enough to take o equal to the dual of a; and 8; = 00,
for j = 1,...,m. Conversely, if 51,..., B, respect the three properties above, then, for

every j =1,...,m, we can take a; to be the unique isogeny such that 8; = o;oa. O

27mi

From now on we denote by p = e™5 the primitive third root of unity contained in
H. Moreover, for every 7 € H, we denote by E. the elliptic curve C/(Z+Z7). The
following result proves that if Ty(F, ¢) shows certain multiplicities, then F has complex
multiplication by Q(7) or Q(p).

Proposition 3.3.6. Let n be a positive integer, let H be a subgroup of GLa(Z/nZ), let
¢ be a prime not dividing n and let (E,¢) be a C-point of Yi. Then:

1. the points in the image Ty(E, ¢) have multiplicity at most 3;

2. if Ty(E, ¢) contains a point with multiplicity 3, then End(E) contains Z[{*p];

3. if £ >5 and
Ty(E, ¢) = 2(P, +...+PH71) or Ty(E,¢)=2(P, +...+P%1) + Py + Prgs,
for Py, ... ,PHTS € Yy (C) distinct points, then End(E) contains Z[(%3).

Proof. Parts and .

First we prove that if T;(E,¢) contains a point with multiplicity at least 3, then
End(E) contains Z[¢?p]. Let (E’,¢') € Yy (C) such that T,(E,¢) > 3(E’,¢'), then
there are isogenies o: B/ — E and 81 = ¢,82,83: B/ — E’ as in Lemma and,
consequently, End(E’) and End(F) are orders in a quadratic field K, with ring of integers
Ok. Since ker(a) is non-trivial and it is contained in ker(3;), for every j = 1,2,3, the
ideal of End(E’) generated by S1, B2, 83 is non-trivial. Using that End(E’) C Ok is
a finite extension of rings, we deduce that the ideal of Ok generated by [y, B2, B3 is
non-trivial as well. The ideals 810k, B0k and B30k of O have norm ¢2 and if they
are three distinct ideals, then there are two distinct primes I, [y C Ok such that, up
to reordering, 310k = lily, 20k = 13, B30k = 13, implying that the ideal of O
generated by 1, 82, 83 is the whole Ok, contradiction. Hence the ideals 51Ok, 520k
and B30k cannot be distinct.

If K ¢ {Q(i),Q(p)}, then O = {£1}, hence 8,0k = B;0k implies S = £0;,
which is absurd by condition P1 in Lemma [3.3.5] Hence either K = Q(i) or K = Q(p).
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Then Ok = Z[u] with u € {4, p} and End(E’) = Z[mu] for some positive integer m > 0.
Condition P1 in Lemma implies that the ideals of End(E") generated by 81, 82 and
B3 are distinct and we have just proven that their extensions to Z[u] are not distinct. We
know that ideal extension gives a bijection between ideals in Z[mu] with index coprime to
m and ideals in Z[u] with index coprime to m, hence ¢? = [Ok : 3;0k] is not coprime to
m. Therefore ¢ | m and End(E’) C Z[¢u]. Hence B2 and 33 are elements of Z[fu] having
norm equal to ¢? and the only elements of this kind are {£/, +0u, +fu?}. If K = Q(i),
then 1, 82, B3 € {£4, £4i}, contradicting By # £5;, for k # j. If K = Q(p), the only
possibility, up to reordering, is 83 = +pf and B3 = +p?¢ and consequently m = /.
Finally, since there is an isogeny E’ — E of degree ¢, we have Z[¢(?>p] C End(E).

Finally, we suppose that (E,¢) € Yy (C) and (E', ¢') appears in Ty(E, ¢) with mul-
tiplicity at least 4. Then, by what we have just proven, End(E’) = Z[{p]. Hence, there
are exactly 3 elements in End(E’), up to sign, with norm equal to 2 and we cannot
find elements f1,..., 4 satisfying the properties of Lemma [3.3.5] This contradiction
concludes the proof of Parts and .

Part .

Let 7 be an element of H such that £ = E.. Then

T[(E7¢) = (E%7¢0) + (ETTJrlyél) +...+ (E#7¢€—1) + (EZT7¢f)a

for suitable ¢y, . .., ¢s. The hypothesis on Ty(F, ¢) implies that we can find three distinct

integers 1, 72,73 € {0,...,f—1}, with corresponding
(3.3.7) 1= (T4+r)/l, Tm:=(r+1r2)/l, T3:=(7+7r3)/tL,

such that (E;, ¢r,), (Er,¢r,) and (Er,, ¢r,) appear in Ty(E, ¢) with multiplicity at
least 2. In particular by Lemmawe see that End(E,, ) contains a non-trivial element
of degree (2, for k = 1,2,3, hence E,, and E have CM over some quadratic imaginary
field K C C. Therefore 7 € K and there are a,b € Q such that

(3.3.8) ™ =ar +b.

Hence End(E;, ), End(E;,) and End(E-,) are naturally subrings of O the ring of integers
of K. We denote by 7 their intersection.

Now, we prove that Z C Z 4+ {Og. Let A € Z. We know that A defines an element in
the endomorphism ring of E. , E,, and E,, if and only if the lattices

(3.3.9) Z+7Zr, Z+Zr, and Z+Zr

are stable under the multiplication by A. In particular A = X - 1 lies in all these lattices

and in their intersection Z+Zt, hence A = x + y7, for x,y € Z. Then, all the lattices in
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(3.3.9)) are stable also under the multiplication by p := y7 and consequently
uti €L+ 72t, pre €L+ ZLte, uts € L+ 74ts.
Then, using and , we deduce that ay and by lie in Z and that the polynomial
p(t) == —yt® — yat + yb € Z|[t]

has the property p(r1) = p(re) = p(rz) = 0mod £. Since r1,79 and r3 are pairwise
distinct modulo ¢, we deduce that y, ay and by are divisible by ¢ and consequently

1® = (y7)? = ay®7 + by® = ayp + by € ayOx + byOx C (0.

If y = 0 or if the ideal Ok is radical, we deduce that p lies in Ok and consequently
A=z + plies in Z +£Ok. If y # 0 and (O factors as [2, for a prime ideal [ | £, then
the norm of p is equal to by? which is a multiple of £2, hence p lies in 2 = /O and, as
before, A lies in Z + (O

Let ay,az,a3 be positive integers such that End(E,,) = Z + a;,Ok, for k = 1,2,3.
Then Z + lem(ay,as,a3)0x = Z C Z + {Ok. Hence ¢ | lem(aq,ag,a3), ie., we can
suppose, up to renaming 7, 72, 73, that End(F.,) is contained in Z+¢Og. Let §1 = £, o
be endomorphisms of E;, satisfying the properties of Lemma[3.3.5] We write O = Z[],
for a suitable v, and 3 = z + wy. Since End(E,,) C Z + {Ok, then w is multiple of ¢
and, since the norm of 3 is £?, we deduce that z is multiple of £ as well. Hence 35 € (O
and f = ul for some u € O. Since By # £ = £¢, we deduce that Ok has non-trivial
units, hence either K = Q(¢) or K = Q(p).

We suppose by contradiction that K = Q(p). Then we have that u € {£p, +p?} and
Z[B2) = Z[lp] C End(E~,). Since f2 ¢ (End(E.,)* by property P1 of Lemma we
deduce that End(E,,) # Z[p], hence End(E,,) = Z[¢p]. In particular u*¢ € End(E,,)
and the third condition in Lemma is satisfied by (E, ¢), (Er,, ¢r, ), @, 1, B2 together
with (3 := u?/. Hence the point (E,,, ¢, ) appears with multiplicity 3 in Ty(E, ¢) which
is impossible. Thus, K = Q(i) and 8y = £¢i. Hence End(F.,) contains Z[¢i] and, since
there is an isogeny of degree ¢ between E and E,,, then End(E) contains Z[¢?i]. O

The following proposition characterizes when ¢~ or| . [n)°¢ belongs to +H, for 7 = p, i,

in terms of the multiplicities shown in the divisor Ty(E., ¢).

Proposition 3.3.10. Let n be a positive integer, let H be a subgroup of GLo(Z/nZ) and

let £ be a prime not dividing n.

1. Let (E,,¢) € Yu(C). The matriz ¢_10p|Ep[n]O¢ lies in £H if and only if the divisor
Ti(E,, ¢) contains a point with multiplicity 3.
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2. Let (E;,¢) € Yu(C). If £ > 2: The matriz ¢*1oi|Ei[n]O¢ lies in =H if and only if
there are distinct points Py, ..., PHTS € Y (C) such that

Ty(Ei,¢) =2(Pr+ ... + Pry1)
(3.3.11) or
To(E;,¢) =2(PL + ... +Pz;21) + Py + Prgs.

If ¢ = 2: The matriz ¢~ 1oi Ei[n)°® lies in £H if and only if there are two distinct
points Py, Py € Yi(C) such that

T5(E;, ) = 2P + P».

Proof. Part .
If C C E,[{] is a subgroup of order ¢, then pC and p?C are subgroups of order ¢

as well and there are two unique isomorphisms u,v that make the following diagrams

commutative:
2
E, —" > E,, E, —"—— E,
J{wc J{‘I\'pc J/WC lﬂ',)QC
E,/C —— E,/pC, E,/C —— E,/p*C.

We have that pC' = C'if and only if p is an endomorphism of E,/C, which is in turn equiv-
alent to Aut(E,/C) # {£1} or End(E,/C) = Z|[p] and, since the class number of Z[p] is
equal to 1, this is equivalent to E,/C = E,. Hence, if pC' # C, then Aut(E,/C) = {£1}
and, using that m¢ and 7,c are bijections on the n-torsion subgroups, we have

(E,/C,mco¢) = (E,/pC,mpcod) <= (tpole,mod) oul(s, /cymo(mcle,mod) € +H
= ¢ oplp, njod € £H. (3.3.11.1)

Analogously, p>C # C' if and only if Aut(E,/C) = {£1} and when this happens
(3312) (EP/C> 7TC°¢) = (Ep/p207 7TpQCO(rZS) — ¢710p|Ep[n]o¢ € +H.

Since the endomorphism p does not act as a scalar on E,[¢], there are at most two
non-trivial subgroups of E,[f] that are p-stable. In particular we can take a non-trivial
subgroup Cy such that Cy, pCy and p?Cy are pairwise distinct.

If ¢~ 'op| g, (njo¢ lies in +H, then, by (3.3.11.1]) and (3.3.12),

T, (Epa (b) > (Ep/007 TCo O¢>+<Ep/p00? TpCo o¢)+(EP/pQCO7 Tp2Cy o(b) = S(EP/CO7 TCo O(b)'
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Conversely, if T¢(E,, ¢) contains a point with multiplicity 3, there are three pairwise
distinct subgroups C1, Cs,C3 C E,[{] of order ¢ such that

(EP/Clﬂ 7TC1O¢) = (EP/CQv TCy O(b) = (EP/C?H 7T030¢)'

If one of the C; is p-stable, then E,/Cy = E,/Cy = E,/Cs = E,, and Cy,C3,C3 are
all p-stable, contradicting that there are at most two non-trivial p-stable subgroups of
E,[{]. In particular Z[p] 2 End(E,/C}) and since E/C is (-isogenous to E, we deduce
that End(E,/C1) = Z[¢p]. Hence, the only endomorphisms of E,/C; having degree ¢
are 0, +pl, £p*¢ and so there are at most three subgroups C' C E,[{] of order ¢ such
that E,/C is isomorphic to E,/Cy, namely: Cy,pC; and p?>Cy. We deduce that, up to
reordering, Co = pC; hence, by , ¢~ op|p, o lies in £H.
Part .

If C C E;[f] is a subgroup of order £, then i¢C is another subgroup of order ¢ and

there is a unique isomorphism u that makes the following diagram commutative:

Ei—i>Ei

|me |me

We have that iC' = C' if and only if End(E;/C) = Z[i] if and only if Aut(E;/C) # {+1}.
Hence, if iC' # C, then Aut(F;/C) = {£1} and, using that 7¢ and ;¢ are bijections on
the n-torsion subgroups, we have
(3.3.13)
(E;/C,mcop) = (E;/iC,micop) <— (mcogb)_loukEi/C)[n]o(ﬂ'(;o¢) € +H
= ¢ oi|p, o0 € £H.

The endomorphism i does not act as multiplication by a scalar on E;[¢]. For each
subgroup C' C E;[{] of order ¢, except at most two, we have C' # iC. Hence, there are
subgroups C1, ..., CHTB C E; of order ¢ such that {C4,iC1,. .., C%JC%,CHTMCH%}
is the set of all the ¢ + 1 subgroups of order ¢ of E;.

If ¢~ toi| g, )o@ lies in £H, then, by , we have

£

Ty(E;, ¢) = 2(E;/Cr, mo,00) + (Ei/C'HTIJTCHTl o¢) + (Ei/CHT377TCHTS o),

1

M‘

>
Il
—

and no point appears with multiplicity greater than 2 because of Proposition [3.3.6]
Now we assume that (3.3.11)) holds. If £ = 3, there are Cy,Cy C E; subgroups of order
3 such that F;/C1 is not isomorphic to E;/Cy and Cq,iC1, Ca,iC5 are all the subgroups
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of F; of order 3. Hence Equation (3.3.11]) implies that, up to renaming,
(Ei/Cr,me,00) = (B;/iCr, mic, 09),

and by , we have that ¢~ 1oi|p, [n)o¢ lies in =H. The case £ = 2 is similar to £ = 3.
We now suppose ¢ > 5, so there are more repetitions in Equation . There are at
most two possible subgroups C' such that iC' = C. Hence Equation implies the ex-
istence of a subgroup Cy C E;[¢] such that (E;/Co, mc,0¢) has multiplicity 2 in T;(E;, ¢)
and Cy # iCy. It follows that E;/Cjy is not isomorphic to F;, thus End(E;/Cy) = Z[¢i],
and this implies that +¢ and £/i are the only elements of End(FE;/Cy) having degree 2.
Hence, if C is a subgroup of E;[¢] of order ¢ such that E;/C is isomorphic to E;/Cy, then
C € {Cy,iCy}. Since (E;/Cy, mc,0¢) has multiplicity 2, we have

(Ei/Co, e 00) = (E;/iCo, mic, 0),
and by (3.3.13)), we have that ¢710i|Ei[n]O¢ lies in +H. O

3.4 Cartan modular curves and their jacobians

We give the definition of Cartan modular curves following [93, Appendix A.5]. Let n>1
be an integer and let A be a free commutative étale Z/nZ-algebra of rank 2. For each
prime p | n, we have that A/pA is isomorphic either to F), x F), or to Fj2: in the former
case we say that A is split at p, in the latter we say that A is non-split at p. Moreover,
for every assignment of each prime p|n to split or non-split, there is a unique, up to
isomorphism, algebra A which is split or non-split at every p | n accordingly to the
assignment.

We fix a Z/nZ-basis of A and, consequently, we identify the automorphism group of
A, as Z/nZ-module, with GLy(Z/nZ). The group A* of the units of A acts on A by
multiplication, giving an embedding of A* inside GLo(Z/nZ). A subgroup of GLy(Z/nZ)
which is the image of such an embedding is called a Cartan subgroup. The normalizer
of A* inside GL2(Z/nZ) contains all the matrices representing automorphisms of the
ring A, hence H := (A*, Autgring(A)) is a subgroup of GLy(Z/nZ) that contains A* as
normal subgroup. We call every such an H a Cartan-plus subgroup of GLo(Z/nZ). The
natural map Autring(A4) = [[,},, Autring(A®F)) is an isomorphism, hence Autring(A) is
isomorphic to (Z/27)“™) | where w(n) is the number of prime divisors of n. In particular,
given A, the Cartan subgroup has index 2¢(") inside the Cartan-plus subgroup. Moreover,
if n is odd, the Cartan-plus is equal to the normalizer of the Cartan subgroup inside
GL2(Z/nZ). We call Cartan modular curves the modular curves associated to Cartan
subgroups or to Cartan-plus subgroups of GLy(Z/nZ).

When n = p° is a prime power, we use the following notation:
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o XI(p®):= Xy, if H is a Cartan-plus subgroup non-split at p;
o X,s(p®) := Xp, if H is a Cartan subgroup non-split at p;

o X (p®) := Xy, if H is a Cartan-plus subgroup split at p;

o Xy (p®) := Xp, if H is a Cartan subgroup split at p.

Remark 3.4.1. If Hy and Hy are two conjugate subgroups of GLy(Z/nZ), then the corre-
sponding modular curves Xy, and Xy, are isomorphic. Moreover, given two Cartan or
two Cartan-plus subgroups C; and Cy of GLy(Z/nZ) with the same assignment of each
prime p | n to split or non-split, then C; and Cy are conjugate, so X¢, = X¢,. This
implies that the above definitions are unambiguous.

We want to understand the structure, up to isogeny, of the jacobian of the Cartan
modular curves. This is achieved using Chen’s isogenies (see [25], [39],[26]). Let p be a
prime and let e be a positive integer. We give an analogue of [26] Theorem 1.1] involving
the jacobian of X,s(p®) for every p, and, to do this, we extend the analysis in [26] to the
case p = 2. In order to state our result, we choose a non-square element & € (Z/p°Z)*
when p is odd and define the following subgroups of GLy(Z/p¢Z) for every prime p:

CS(pe) = {(g 2) a,d € (Z/peZ)X}Q
CH(p®) :=Csu { (2 8) ,bce (Z/pGZ)X};

Chs(29) == { (Z a—?—b) ,a,b € Z/2°Z,(a,b) # (0,0) mod 2} ;

CE(2°) = Ci(2°) U { (Z “” b) La,b e Z)2°Z, (a,b) Z (0,0) mod 2} ;
—a
a b& e
Cus(p°) = { <b a) ,a,b € Z/p°Z, (a,b) # (0,0) mod p} , if pis odd;
CL(p®) := Cus(p©) U { ( ab bf) ,a,b € Z/p°Z, (a,b) Z (0,0) mod p} , if pis odd;
-b —a

a

bp” . )
g ) ,a,b,c,d € 7/p°Z, ad;,‘éOrnodp}7 forr=0,1,...,e—1;

Br(p"‘) = {(cp
T.(p°) == { (CZT

bp” )
Z),a,b70,d€Z/peZ,ad—bch7 € (Z/peZ)X}, forr=0,1,...,e.
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We remark that T.(p°) = Cs(p®) and that Cs(p®), Cps(p®) are respectively a split and
a non-split Cartan subgroup of GLa(Z/p°Z) and CF(p®), C;f (p°®) are the corresponding

Cartan-plus subgroups.

Proposition 3.4.2. Let p be a prime, let e be a positive integer and let G = GLo(Z/p°Z).

We have the following isomorphism of Q-representations of G:

e—1 e—1

(3.4.3) QIG/Cus(0°)] & €D 201G/ B, (v°)] = QIG/Cs (n°)] & P 2QIG/ T (p°))-
r=0 r=0

Proof. We follow the same strategy as in [26]. It is enough to prove that the representa-
tion on the right hand side has the same character as the representation on the left hand
side. For every subgroup H C G, let x g be the character of the representation Q[G/H].
If p = 2, the character xyg for the groups appearing in the statement is computed in the
of this article. If p is odd and H has the form B,., T, or C, the character xg
is given in [26, Tables 3 and 4]; if p is odd and H = Cys(p®), then

(p—1)p?*¢~L, if g is a scalar matrix (type I in [26, Tables 3, 4]),
2p2H, if g is a conjugate of (62” w{fu), with 8 € (Z/p°Z)*

and 0 <y < e —1 (types RI;, and 7" in [26 Tables 3, 4]),

xr(g) =
0, otherwise.

The characters of the representations in Equation (3.4.3)) are sums of the previous char-
acters. A straightforward computation proves the proposition. O

As explained in [39, Théoréme 2 and the discussion below it], the representation
theoretic result in Proposition [3.4.2] together with the isomorphisms of modular curves
Xp, (pe) = Xo(p*™) and X7, (pe) = X, (p") = Xo(p*"), implies the following proposition
on jacobians of modular curves.

Proposition 3.4.4. Let p be a prime, let e be a positive integer and let Jus(p®) be the
jacobian of X,s(p©). We have the following isogenies over Q:

€

e—1 e—1
Tus () x [T @ )2 ~ Jo0) x [T Jo@®)%  Juslp®) ~ [ T8 (5™
r=0 r=0

r=1

For jacobians of Cartan curves of composite level we have the following theorem.

Theorem 3.4.5. Let n > 1 be an integer and let H < GL2(Z/nZ) be a Cartan or a
Cartan-plus subgroup. Then the jacobian of Xg is a quotient of Jo(n?).
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Proof. Since all the Cartan-plus subgroups contain a Cartan subgroup, we can suppose
that H is a Cartan subgroup. Let a,b be positive integers such that n = ab and such
that H is split at all primes dividing a and non-split at all the primes dividing b. If
b = 1, then Xy (n) = Xo(n?). Thus, we suppose that b > 1. Let b = p{*---pi* be
the prime factorization of b and for each j = 1,...,k, we set G; := GLQ(Z/pj’Z) and
Hj = Cns(p?) < Gj. Moreover we set G := GL2(Z/nZ) and G := GL2(Z/aZ), and we
choose a totally split Cartan subgroup Hy < Gs. Chinese Remainder Theorem gives an
identification between G and Gg X H§:1 G sending H to a conjugate of H x H§:1 H;

Instead of working with G-representations up to isomorphism, it is easier to work
inside the representation ring of G, namely the Grothendieck ring of the category of
finite-dimensional G-representations, where we can take differences of representations.
By Proposition we have the following equality in the representation ring of G; over
Q:

2e;—1

Q[G;/H;) = Q[G;/K;(p;”)] +2 Z (G/K; ()],

where K;(p3") := T, ( )forr=0,...,e;, and K;(p 2“Ll) = Br(pjj) forr=0,...,e;—1.
Interpreting G representatlons as G—representatlons via the reduction modulo p;j map,
the above equality also holds in the representation ring of G over Q. We now get in-
formation about the representation Q[G/H] by taking the tensor product of the above
identities, for j = 1,..., k, and using that, for all the groups Gy, G> and all the subgroups

H; < G;, we have the isomorphisms of (G xGs)-representations

Q[G1/H1] ® Q[Ga/Ha] = Q[(G1xG2)/(H1xH2)].

Denoting by ® the product in the representation ring of G' over Q, we have

k
Q[G/H] = Q[Gy/H,] © QQ[Gs/Hj]

k
(3.4.6) = Q[Gs/H,] ®®< Gi/K;(02)] +2 Z G/ K; (W])
= e(dm(d)Q[G/K(d)],

d|p?

where, for every d =pj' --- pi’“ dividing b2, we have
k
((d) i= (~)HH () = 2#0G72) R(d) = H, x [ Ko
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As explained in [39], Equation (3.4.6)) implies the following equality in the Grothendieck
group of the category of abelian varieties over Q up to isogeny:

Jac(Xg) ~ HJac XK (d) (d)ym(d)
d|b2

Denoting by U(m) the Borel subgroup {(§ i)} < GL2(Z/mZ), we notice that a K;(p})-
structure on an elliptic curve F is equivalent to a U(p ) structure on E and a H,-structure
is equivalent to a U(a?)-structure. Therefore, a K (d) structure on an elliptic curve F is

equivalent to a U(a?d)-structure on E. Hence the modular curve X K(d) 1 isomorphic to

Xo(a?d) and consequently

Jac(Xpg) ~ H Jo(a?d)s@m(d),
d|b2

a2d
Using Jo(a?d) ~ [Lnjaza J(?ew(m)ao( ™ ), where o¢(n) is the number of divisors of n, one
can compute that

(347) Jac XH H JO 2d d)m(d) _, H J(I)lew(CdQ)UD(%)'
d|b2 C‘(L2
d|b

Hence, in the Grothendieck group of the category of abelian varieties over Q up to isogeny,
Jac(Xp) is equal to an abelian subvariety of Jo(n?). This proves the theorem. O

Remark 3.4.8. In [26], Chen deals with Cartan curves and Cartan subroups whose level
is an odd prime power. Using the computations in our Theorem 1.1 in [26]
(and therefore all the results contained in the paper), can be extended to the cases of
level 2¢, for e a positive integer. Notice that C;(2¢) is different from the normalizer of
Cs(29) and that, substituting C (p®) with the normalizer of Cs(p®), Theorem 1.1 in [26]
wouldn’t extend to the case of level 2°.

Now we give a lower bound for the genus of Cartan modular curves: we show that
for every € > 0 the genus of a Cartan modular curve of level n big enough is larger than

n2—e.

Proposition 3.4.9. Let n > 105 be an integer and let H < GLy(Z/nZ) be either a
Cartan or a Cartan-plus subgroup. Denoting by g(Ty) the genus of Xg we have

0.96
" Toglogn

r 0.01% ="
9(Tu) > loglogn

Proof. Since det(H) = (Z/nZ)*, then Xy = 'y \H. Given a congruence subgroup I' of
SL2(Z) containing —Id, we denote by d(I") the index [SLa(Z) : T']. Moreover, we denote
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by €00(I') the number of cusps of T'\H and by e5(I"), respectively 3(I'), the number of
elliptic points of period 2, respectively 3, of I\H. Then, by [38, Theorem 3.1.1], the
genus of T'\H is

dl') ea(l) e3(I)  eoo(l)

4.1 r)=1 -
(3.4.10) gT) =1+—5 1 3 5

The numbers d(I"), £5 ('), e2(T") and 3(I") are multiplicative with the following meaning:
Given two coprime integers n1, ns and two congruence subgroups I'1, I's < SLy(Z) of level

n1 and ns respectively, both containing —Id, then

d(Fl N FQ) = d(Fl)d(Fg), Eoo(rl n Fz) = EOO(Fl)EOO(FQ),

(3.4.11)
82(F1 n FQ) = 52(F1)€2(F2)7 63(F1 N FQ) = 63(F1)€3(F2).

Let n = pi* ---p;* the prime factorization of n and we denote by H; the reduction of H
modulo pjj . Then each Hj is either a Cartan or a Cartan-plus subgroup and, under the
isomorphism GL3(Z/nZ) = H§=1 GLg(Z/pij), we have H = H§=1 H; and therefore
T'y = ﬂ?:l I'y;. Last equation, together with the multiplicativity and , implies
that we can estimate the genus of Xy estimating the quantities d(T'), 00 (Trr),e2(Txr)
and e3(C'gy) for n = p®. We write these values in Table (see [38] and [36] for the split
case and [IT] for the non-split case).

Table 3.1: Degree, elliptic points and cusps for prime power levels.

H ‘ d(FH) ‘ EQ(FH) ‘ 53(1‘\]{) ‘ 5oo(FH)
- 2ifp=1(4) 2ifp=1(3) -
Colp) | P ) . ‘ P (p+1)
Oif p#1(4) 0if p#1(3)
ge—1 ifp=2 o o
CHpe) | et 142D = 1 (4) lLifp=1(3) QEif;(p 1:)2
et 0ifp#1(3 P pt1)
% ifp=3(4) 3) 2
- 0 ifp#3(4) 0if p#2(3) i
Cus(p) | P**"H(p—1) . | )
2 ifp=3(4) 2if p=2(3)
ge—1 ifp=2 0ifp£2(3) - )
e 2e—1 _ e—1 B ) i p ; pe _
Cnt(p) pf(pl) % 1pr]_(4)

lifp=2(3) | 2—e=U

1+ 22D if = 3(4)
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The table implies that for every prime p; dividing n with exponent e; we have
dTm,) 2 39,7 (1= 35). e2Tm) <0}, eala) <2, ewo(Ta) <pj (14 5)
H; fgpj p; ) 2\l H;) =Py s\lH;) S 4 o\l H;) =Dy P/

These inequalities and the multiplicativity (3.4.11) imply the following estimates for
n > 15:

0.96
ng(n) n? n? n2 Toglogn
d(rH) — 2w(n) > 4.4 log 1 w(n) log n > 5
4 loglog(n)2 4.4 loglog(n )21.384110g10gn 4.4 loglogn
k
ea(Ty) <n, e3(Cy) < 2w(n) < n, eeo(lg)<n H ) < o1(n) < 2.59nloglogn,

where ¢(n) is Euler’s totient function which is estimated using [89, Theorem 15], w(n) = k
is the number of prime divisors of n which is estimated as in [87, Théoréme 11], and o1 (n)

is the sum of positive divisors of n which is estimated as in [55, Theorem 1]. For n > 105,

substituting in (3.4.10)), we get
n2-

nz_% n n Toglogm
3T 1.3nloglogn > 0017

lrg)>1+ —— .
9(Tn) + 52.8 loglogn 3 loglogn

3.5 Field of definition of automorphisms

In this section we prove that, when the level is large enough, every automorphism of
the modular curve Xy associated to a subgroup H of GLy(Z/nZ) is defined over the
compositum of some quadratic fields, and in some cases we find explicitly this field.
Whenever K is a field, X is a variety over K, and F is an extension of K, we
write Autp(X) for the set of automorphisms of X defined over F'; analogously we use
the notations Endr(X) and Homp(X,Y) for X and Y being abelian varieties over K.
Whenever we omit the dependency on the field, we mean automorphisms (or endomor-
phisms) defined over the algebraic closure of K; in particular when X is a modular curve
the “group of the automorphisms of X” is Aut@(X ) or equivalently Autc(X). We start

with a straightforward generalization of [60, Lemma 1.4].

Lemma 3.5.1. Let K be a perfect field with algebraic closure K, let X be a smooth
projective and geometrically connected curve defined over K of genus g(X) and let Jac(X)
be its jacobian variety. We suppose that there are two abelian varieties Ay and Ay over
K such that Homz=(Ay, A2) = 0 and such that Jac(X) is isogenous to Ay x g Ay. If

g(X) >2dim(A4z) +1
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and if F C K is an extension of K such that Endz(A;) = Endp(A4;), then every

automorphism of X over K can be defined over F.

Proof. We fix isogenies ¢: Jac(X) — A1 x g Ay and @: A1 X g Ay — Jac(X) whose com-
positions are multiplications by an integer. Let u € Autz(X) and 0 € Gal(K/F) and
consider the automorphism v := u” o u~!'. Let Y be the quotient of X by the sub-
group of automorphisms generated by v (which is finite since g(X) > 2) and let Jac(Y)
be the jacobian of Y. Using ¢ and the equality Homy(A1, A2) = 0, we can identify
us, uf € Autz=(Jac(X)) respectively with

(u1,u2), (uf, ug) € (Endge (A1 x g A2) ® Q)" = (End(41) ® Q) x (Endx(42) ® Q) ™.

Since Endz(A1) = Endp (A1), then u; = u{, and v, = (id, v2). This implies that there is
a morphism of abelian varieties A; — Jac(Y') with finite kernel, namely the composition
of the natural inclusion A1 — A; X g As, the isogeny ¢ and the map Jac(X) — Jac(Y).
In particular, denoting by g(Y") the genus of Y, we have

9(X) — dim(Az) = dim(4y) < g(V).
Hence, by the Riemann-Hurwitz formula applied to the projection X — Y, we have
dim(4;1) + dim(As) — 1 > d(g(Y) — 1) > ddim(A;) — d,

where d is the order of v. If d > 1, we get dim(A;) < dim(Az) + 1, which is impossible
by hypothesis. Hence d = 1 and v is the identity. This implies that u® = u, for every
o € Gal(K/F), i.e., since K is perfect, u € Autp(X). O

Every abelian variety A over a number field K, is isogenous over C to a product of
geometrically simple abelian varieties. We denote by A® the CM part of A that is the
product, with multiplicities, of the simple abelian varieties in the decomposition of A with
complex multiplication and we denote by AN the non-CM part of A defined analogously.
The CM part and the non-CM part of A are unique only up to isogeny and are defined
over K. We want to apply Lemma m to the case A; = Jac(X)N and Ay = Jac(X)C.
Hence, we are interested in an upper bound on the dimension of the CM part of the
jacobian of Cartan modular curves. By Theorem [3.4.5] it is enough to know an upper
bound in the case X = Xo(n).

Proposition 3.5.2. For every integer n > 1, the dimension g$(n) of the CM part of
Jo(n) satisfies

2.816

g6 (n) < 9log(n)?n 2+ meiesn.
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Proof. For every positive integer k, let J5°V(k) be the new part of Jy(k) and let og(k)

be the number of positive divisors of k. Then we have a canonical isogeny

Jo(m) ~ TL = (@yroe/),
d|n

Denoting by ggew’c(d) the dimension of the CM part of J§¥(d), we also have

(3.5.3) g5 (n) =y _oo(n/d)gs™(d).

d|n

We know that J§°"(d) is isogenous over Q to [ Ay, where [f] is the Galois orbit of the
newform f (see [38, Chapter 6]). By [95, Proposition 1.6], Ay has non-trivial CM part
if and only if Ay is isogenous over C to the product of finitely many copies of an elliptic
curve with CM by an imaginary quadratic field K, which is in turn equivalent to the
existence of an ideal m of Ok and a primitive Grossencharacter A of K defined modulo
m such that f = f (see [96, Section 4] for the definition of Gréssencharacter and the
definition of the modular form associated to a Grossencharacter), the nebentypus €y is
trivial (see [06, Lemma 3]) and d = |Ag||m|, where Ak is the discriminant of K and |m|
is the norm of the ideal m. This implies that ggew’c(d) is equal to the number of such
triples (K, m, \). For every choice of K and m, the set of primitive Grossencharacters
of K defined modulo m is a subset of the set of Gréssencharacters of K defined modulo
m. If this set is not empty, then there is at least one Grossencharacter Ay and all other

Grossencharacters are given by Agx, for x a character of the group

aim(K) — {fractional ideals of Ok coprime to m}

{(«) : Ja € Z coprime to m such that & = @ mod m}

Thus, for given K and m, the cardinality of am(K ) is larger than the number of triples

(K,m, \) we are interested in, hence

(3.5.4) w ) < Y #Cla(K).

[Ak||lm|=d

To give a bound on am(K ) we look at the following short exact sequence

(Ok /m)*

O% - @) @rmy< | Cml) — CUK) =0,

where CI(K) is the class group of K and we write O and (Z/(ZNm))* in place of their
natural image inside (Ox/m)*. We write m = [[, m;, for p varying in the set of rational

primes and m,, being a product of primes of O dividing p. Thus the above short exact
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sequence gives

() < #C1)-#( o ) =#C18) T] #( of el ) <

ZJ(Zrm)) Sy \(Z/(@0m,)~
< 3log(|Ax)v/Ax] TT ((1+ Dimy|2) =310g(1ax ) VA m] [T (1+3)
p||m| p||m|

where the class number of K is estimated using [81], Theorem 8.10 and Lemma 8.16] and
the bound on the cardinality of (Ox/m,)*/(Z/(ZNm,))* is trivial after factoring m,,.

Substituting in (3.5.4), we have
g Y (svaogacl) [T a+5).

[Ax|lm|=d plm]

Let My = #{(K,m) D Ag||m| = d} and for m € Zs1, we denote by o1(m) the sum

)
of the positive divisors of m. We have o1(m) < 3mlogm, for each m > 2 (see [55]

Theorem 1] if m > 7, it is trivial in the remaining cases). Then

g(r)lew,C(d) < SMd\/glog(d) H(l + %) < 3Md\/alog(d)ngw) < 9Md\/a10g(d)2
pld

Substituting in (3.5.3)), we get

S(n) < QZUO(n/d)Md\/glog( )2 < 9v/nlog(n ZMdO'O n/d) <
(3.5.5) din dfn
< 9\/ﬁlog(n)2#{(K, m, d) : |Ag|/m|d divides n}

Writing the prime factorization n = H:=1 p;*, we know that an imaginary quadratic field
K with discriminant dividing n must be K = Q(y/—[[;_, p;*), with € € {0,1}". Hence

#{(K,m, d) : |Ag|[m|d divides n} < ¥ #{(m, d) : |Ag|/m|d divides n} <

e€{0,1}"
Z #{m C Ok :|m|= } {d € Zso :dm le divides n}
se{o 1}
mEZLxo

We have the factorizations m = []/_ 1pl and d = [[,_, pi’, where fi,c; € {0,1,...,¢e;},
for ¢ = 1,...,r, and we denote by f the r-tuple whose components are the f;’s and
similarly we define ¢. Then the number of ideals m in Ok having norm m is less than
[1i— (fi+1) which is equal to the number of pairs (a,b) of elements of Z%, such that
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a+ b= f. Hence we get
#{(K, m, d):|A gl|m|d divides n}g#{(e, a,b,¢) € {0, 1) X (Z50)% eitas+bitci < ei}g

< H( {(aisbi )€y s aitbite; < e} + #{ (a1, bi, ) €220 : aitbite; < ei-1})<

_H((el—&—i’)) (ei;2>)§}j (ei+2);ei—|—1)2.

Notice that og(n) =
product []/_; (est2)(estl) )(E +1 is the number of triples (di,da,ds3) of positive integers such
that dydads = n. Usmg the upper bounds, contained in [82] and [88], for these two

[T;_,(e;+1) is the number of positive divisors of n and that the

quantities, we get

1.5381og 2 1.5921og 3 2.816

#{(K,m,d) : |Ak|[m|d divides n} < mleglogn ploglogn < ploglosn

Substituting in (3.5.5) we find

2.816

g5 (n) < 9\/ﬁlog(n)2nlo§?§§n = 9log(n) 2,5t Toetosn |

When the level is a prime power, the previous upper bound is easier and smaller.

Proposition 3.5.6. For every prime p and positive integer e, the dimension gg (p®) of
the CM part of Jo(p®) satisfies

13+/2¢ if p =2,
9 (0°) <%0 if p=1mod 4,
5.5/p¢logp if p =3 mod 4.

The proof follows the same steps of the previous proposition and is simplified by the
fact that there are few quadratic imaginary fields K whose discriminant divides p¢. More
precisely: there are two fields when p = 2, there are no fields if p = 1 mod 4 and there is
only one field if p = 3 mod 4. We now give an upper bound for the field of definition of
the automorphisms of a Cartan modular curve of large enough level.

Proposition 3.5.7. Let n > 10%%° be an integer and let H < GLa(Z/nZ) be either a
Cartan or a Cartan-plus subgroup. Then every automorphism of Xpg is defined over the

compositum of all the quadratic fields whose discriminant divides n.
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Proof. Let Jy be the jacobian of X and let J§ and JN be the CM part and the non-
CM part of Jy respectively. By Lemma m it is enough to prove that 2dim(Jg)+1
is smaller than the genus of Xy and that every endomorphism of Jg is defined over
the compositum of all the quadratic fields whose discriminant divides n. The latter is
true because, by Theorem JE is a quotient of Jo(n?)N and by [60, Proposition
1.3] every endomorphism of Jy(n?)N is defined over the compositum of all the quadratic
fields whose discriminant divides n. By Theorem J§ is a quotient of Jy(n?) hence
we can use Proposition to bound the dim(J§); this, together with the bound for
the genus g(Xg) of Xy given in Proposition implies the inequality we need when
n > 10400.

__0.96
n loglogn

2dim(JS) + 1 < 2dim(Jo(n?)C) + 1 < 73log(n)?n'* weteen < < g(Xn).

100 loglogn
O

Proposition |3.5.7| can be made sharper when n is a prime power.

Proposition 3.5.8. Let p be a prime and e a positive integer and let X be a curve
associated to a Cartan or a Cartan-plus subgroup of level p¢. If the genus of X is at least

2, then every automorphism of X is defined over the field

Q(i, v2), ifp=2,
K, =qQ(p), if p=1 mod 4,
Q(v-p), if p = 3 mod 4.
A strategy of proof is the same of Proposition [3.5.
(I) give an upper bound for dim(Jac(X)®);

(IT) give a lower bound for the genus;

(III) apply [60, Proposition 1.3] and Theorem to deduce that the endomorphisms
of Jac(X)N are defined over K,;

(IV) apply Lemma m

In particular in the case of X,s(p®) and X% (p®), when p® > 600, the propositions m

and and Table [3.1] give bounds in and ((TI)) that are sharp enough for ((TV)).

If p¢ < 600, the bounds in Proposition [3.5.6] are sometimes not sharp enough. In these
cases we can compute explicitly the CM part and notice that only a factor of it of low

dimension has endomorphisms defined over a field bigger than K,: whenever a CM factor
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is a rational elliptic curve, we know by CM theory that its endomorphisms are defined
over K, and it can be discarded from the count. This is done in the MAGMA script
available at [70]. The case Xs(p®) = Xo(p?®) follows from [60, Corollary 1.14] and the
case X (p®) = Xo(p?®) follows from the following proposition.

Proposition 3.5.9. Let p be a prime and e a positive integer. If the genus of X§5(p®) is
at least 2, then every automorphism of X (p®) is defined over the field

Q(i,v2), ifp=2,
K, = Q(\/ﬁ), if p=1mod 4,
QGH/-p), if p =3 mod 4.

Again, one can apply the same strategy used for Propositions [3.5.7 and [3.5.8] together
with the MAGMA script available at [70]. In particular we need a lower bound for the
genus of X (p®). Since we do not know an explicit reference giving a formula for this
genus, we write it in the following remark.

Remark 3.5.10. Given a positive integer n, let X (n) be the quotient of Xo(n) by the
n-th Atkin-Lehner operator. This curve is equal to X (n) when n is the power of a
prime.

In [84, Equation 9] there is a formula for the genus g (n) of X (n) when n is prime.
When n = p?¢ with p prime, we can compute gj (n) using Table since X (n) is iso-
morphic to a split Cartan curve. For general n, [84, Equation 9] can be easily generalized
applying Riemann-Hurwitz formula to the natural map Xo(n) — X (n) and counting
the number of fixed points of the n-th Atkin-Lehner operator. This gives

0, if n € {1,2,3,4},
g (n) = { Hrgoln) _ hEmTh(ZAn) 5y > 5 45 odd,
Hgfo(n)—w, if n > 5 is even,

where go(n) is the genus of Xg(n) and h(D) is the class number of the quadratic order
with discriminant D, with the convention h(D) = 0 if D is a square or if D = 2,3 mod 4.

Remark 3.5.11. We are not always able to prove that every automorphism of a Cartan
modular curve is defined over a compositum of quadratic fields. For example, an analogue
of Section for Cartan-plus curves, proved using Chen’s isogeny in [26], implies that
the jacobian of the totally non-split Cartan-plus curve X of level 48 contains Jj """ (482).
Since there are two CM (weight 2) newforms of level 482 of degree 2 and invariant under
the action of both the Atkin-Lehner operators wg and wase, then the jacobian Jy " (482)
has a CM part of dimension at least 4 whose endomorphisms could be defined over a

field bigger than the compositum of quadratic fields. This prevents us from applying
Lemma in ((TV)) of the strategy above, because the genus of X is 9 (see Table[3.1)).
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3.6 Automorphisms

In this section we treat our main problem, namely to determine the automorphisms of
certain modular curves Xy over C for a subgroup H of GL2(Z/nZ). We restrict our
attention to Xy geometrically connected, i.e., det(H) = (Z/nZ)*. Every automorphism
we are interested in induces an automorphism of the Riemann surface X5 (C) = 'y \H
and, since it is compact, each of these automorphisms comes from an automorphism of the
algebraic curve (Xg)c. Let P: GLy (Q) — PGL3 (Q) be the natural map. Each matrix
m € PGL] (Q) defines a Mobius transformation m: H — H and such an automorphism
of the Riemann surface H pushes down to an automorphism of T'z\H if and only if m

normalizes P(T'f).

Definition 3.6.1. Let H be a subgroup of GL2(Z/nZ) such that det(H) = (Z/nZ)*.
An automorphism of Xz defined over C is modular if its action on Xz (C) = I'y\H is
described by a Mébius transformation associated to a matrix m € PGLJ (Q) normalizing
P(Ty).

When H has surjective determinant, Aut(Xpg) contains the subgroup of modular
automorphisms which is isomorphic to N//P(I'g), where A is the normalizer of P(I')
inside PGL3 (Q).

Remark 3.6.2. Notice that we can define modular automorphisms of Yy looking at
PGLJ (R), instead of PGL3 (Q), as follows: an automorphism ¢ of Yz (C) = I'g\H is
modular if there is a matrix m € PGLJ (R) that normalizes the image of T'g; in PGLJ (R)
and hence defines a Mobius transformation m: H — H that pushes down to ¢. This is
equivalent to the previous definition. Indeed if m € GLJ (R) is a lift of m, then 7 nor-
malizes 'y = (R*T'gr) N SLa(R), hence conjugation by m preserves the set of Q-linear
combinations of matrices in 'y g, which is equal to the set of matrices with entries in
Q. Looking at the conjugates by m of the matrices (§9), (83), (99) and (§9), we
easily deduce that 7 is a real multiple of a matrix in GL2(Q), and consequently m lies
in PGLJ (Q).

In other words: every modular automorphism of Y (C) extends to a modular auto-
morphism of Xy and, conversely, every modular automorphism of Xy preserves the set

of cusps, hence restricts to a modular automorphism of Yz (C).
If an automorphism is modular, then it preserves the set of cusps and also the set of

branch points for the map H — T'g\H. The converse is also true.

Lemma 3.6.3. Let n be a positive integer and let H be a subgroup of GLa(Z/nZ) such
that det(H) = (Z/nZ)* . An automorphism of X defined over C is modular if and only if
it preserves the set of cusps and the set of branch points for the map H — T'y\H = Yy (C).
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Proof. We prove that an automorphism u of Xp is modular if it preserves the set of
cusps and the set of branch points for the map H — I'y\H = Yy (C). Since u preserves
the set of the cusps, then it restricts to an automorphism of Yz (C). Moreover, since u
preserves B, then it induces an automorphism @ of Yz (C) — B. Since det(H) = (Z/nZ)*,
the map

7: H—71"Y(B) — Yy (C)-B

is a covering map and the pushforward 7. sends the fundamental group 71 (H — 7~ 1(B))
to the subgroup of 7 (Y (C) — B) generated by the loops running around a point in B.
Since @ extends to u: Yy (C) — Yy (C), the image, under @, of a loop running around a
point in B is still a loop running around a point in B. Hence, . sends 7, (m (H—n~1(B)))
into itself and consequently  lifts to an automorphism @ of H — 7 ~*(B). Again, since @
extends to u: Y (C) — Y (C), then ¢ extends to an automorphism v: H — H as well.
We know that Aut(H) = PGL3 (R), hence v is a Mobius transformation given by a
matrix m € PGLJ (R) and, since it passes to the quotient, m belongs to the normalizer
of the image of I'y in PGLJ (R). Hence the restriction of u to Yz is modular and, by
Remark u itself is modular. O

In the following two propositions, we give sufficient conditions for an automorphism
to preserve the set of cusps and the set of branch points.

Proposition 3.6.4. Let n be a positive integer and let H be a subgroup of GLo(Z/nZ)
containing the scalar matrices and such that det(H) = (Z/nZ)*. Let gon(Xg) be the
gonality of Xy . If there is a prime ¢ not dividing n such that 5 < £ < %gon(XH) -1,
then every automorphism of Xy defined over a compositum of quadratic fields preserves
the set of cusps.

Proof. Let u be an automorphism of Xz defined over the compositum L of some quadratic
fields and let C € X (C) be a cusp. Then the propositions and imply

Tyu(C) = u"Ty(C) = tu® ()(C° ) +u’ (C7),

where o € Gal(L/Q) is a Frobenius element at ¢. Since £ > 5, then Tyu(C) contains a
point of multiplicity at least 4 and, by Part of Proposition this implies that
u(C) must be a cusp. O

Proposition 3.6.5. Let n be a positive integer and let H be a subgroup of GLo(Z/n7Z)
containing the scalar matrices and such that det(H) = (Z/nZ)*. Let gon(Xg) be the
gonality of Xpg. If there are two prime numbers {1 < ls not dividing n and such that
5 <ty < %gon(XH) — 1, then every automorphism of Xy defined over a compositum of
quadratic fields preserves the set of branch points of the map H — 'y \H = Yy (C).
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Proof. Let L be a compositum of quadratic fields and let 01, 02 € Gal(L/Q) be Frobenius
elements at the primes /1 and /5 respectively. Let u be an automorphism of Xy defined
over L and let P = (E, ¢) € Yy (C) be a branch point for the map H — I' g \H = Yy (C).
Applying Proposition [3.6.4] with ¢ = ¢5 > 5, we deduce that u sends non-cuspidal points
to non-cuspidal points, hence we can write u(P) = (E’, ¢') for some elliptic curve E’/C.
Proposition [3:3.2] implies that

(3.6.6) To,u(P) =u Ty, (P) and Tpu(P)=u"Ty,(P).

Since, up to isomorphism, the only elliptic curves over C with non-trivial automorphisms
are I; and FE,, Proposition implies that there are only two possibilities: E = E; or
E=FE,.

Firstly we treat the case P = (E,, ¢). Since P is a branch point, by Proposition

we know that ¢71°P|E,,[n]o¢ € H. Hence, we can apply Part of Proposition (3.3.10}
for each k € {1, 2}, which gives

(3.6.7) Ty (E', ¢') = Ty, u(P) = u’* Ty, (P) > 3Py,

for some point P; € Yy (C). Because of last inequality, we can apply Proposition m
Part to obtain that Z[(?p] and Z[¢3p] are both contained in End(E’) which implies

~

End(E’) = Z[p|. Since the class group of Z[p] is trivial, we have E' = E,. Again
by Inequality , Proposition Part implies that ¢'~'op|g (,jo¢’ € H. By
Proposition we conclude that u(P) is a branch point associated to the elliptic curve
E,.

Now, we consider P = (E;, ¢). Since P is a branch point, by Proposition we
know that ¢~ 'oi|p, m)°¢ € H. Hence, by PropositionPart , one of the following

two possibilities happens

Tp,u(P) = u®Tp,(P) =2(Py 4+ ...+ Peyt1) or
(3.6.8) 2

To,u(P) =u”Ty,(P) =2(Pr+ ... 4 Pry1) + Prysa + Pryss,
2 2 2
with Py, ..., Pe+s being distinct points in Yz (C). This equation implies that the hy-
2

potheses of Proposition Part (3 are satisfied, hence Z[(3i] is contained in End(E").
We now prove, distinguishing three cases, that Z[¢%i] is contained in End(E’). If £; > 5,

we can apply the same argument used for 5. If ¢ = 2 or ¢; = 3, by Proposition [3.3.10
Part (2) and Equation (3.6.6), there is a point (E”,¢") € Yy (C) such that

(8.6.9) Ty (B, o) = To,u(P) = u™ Ty, (P) = 2(E", ¢").

If ¢; = 3, Lemma [3.3.5 implies that E” has an endomorphism (8 # +3 having degree 9.
Since E” is isogenous to E’, we know that End(E") C Z[i], hence 8 = +3i. Using that
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E’ and E" are 3-isogenous, we see that
End(E’) D Z + 3End(E") D Z + 3Z[8] = Z]9i].

If 41 = 2, Inequality (3.6.9) and Lemma imply that E” has an endomorphism
B # £2 having degree 4. Since E” is isogenous to E’, we know that End(E") C Z[i],
hence 8 = 427 or 8 = +1 £+ 7. Using that E’ and E” are 2-isogenous, we see that

End(E’) D Z + 2End(E") D Z + 2Z[B] D Z[4i].

We proved that both Z[¢3i] and Z[(3i] are contained in End(E’), hence End(E’) = Z][i]
and, since the class group of Z[4] is trivial, we deduce that E’ & E;. By Equation (3.6.8),
the hypotheses of Proposition Part are satisfied, hence ¢'~1oi| Ei[n]od)/ € H
and, by Proposition we conclude that u(P) is a branch point. O

Propositions [3.6.4] and [3.6.5] together with Lemma [3.6.3] imply the following Corol-
lary, which gives a concise sufficient condition to exclude the presence of non-modular

automorphisms.

Corollary 3.6.10. Let n be a positive integer let H be a subgroup of GLa(Z/nZ) contain-
ing the scalar matrices and such that det(H) = (Z/nZ)* and let gon(Xg) be the gonality
of Xy . If there are two primes {1 < {3 not dividing n such that 5 < ly < %gon(XH) -1,

then every automorphism of Xy defined over a compositum of quadratic fields is modular.

We still need to determine which are the modular automorphisms of a modular curve
Xy for Cartan and Cartan-plus subgroups H of GLo(Z/nZ). Since in these cases we have
det(H) = (Z/nZ)*, then Yy also parametrizes pairs [E, ¢] such that the Weil pairing of
(@(8),9(9)) is fixed, up to the action of HNSLy(Z/nZ). With this interpretation, every
matrix v € SLo(Z/nZ) that normalizes HNSLy(Z/nZ) defines an automorphism of Yy
sending [E, ¢] — [E, ¢ o v]: such an automorphism is modular, induced by a lift of v in
SL2(Z). Next proposition implies that these are all the modular automorphisms except
when n = 2 mod 4 and H is a Cartan-plus which is split at 2. We now suppose we are
in this last case and we construct another modular automorphism. Letting n = 2n/, we
have

H = Hy x Hy C GLa(Z/27) x GLia(Z/n'Z) = GLy(Z/nZ),

where Hy and H,,s are the images of H in GLy(Z/2Z) and GLo(Z/n'7Z) respectively. Since
we are assuming that Hs is a split Cartan-plus subgroup, there are three possibilities for
H, (all conjugated) and, depending on them, we define

3
1
(3.6.11) Y0 =19 (3
2
i
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Since the projection SLa(Z) — SLa(Z/2nZ) = SLo(Z/47)xSLy(Z/n'Z) is surjective and
since det(H,/) = (Z/n'Z)*, there exists

(3.6.12) 71 € SLp(Z) such that 71 =({9) (mod 4) and ~yy1 (mod %) € H%.

The matrix P(ypy:) lies in the normalizer N of P(T') inside PGL3 (Q) and we have
that P(y071)? € P(T'x), hence P(y9v:) induces an involution on Xg. Since P(yov1)
is not in P(SLy(Z)), the modular automorphism defined by ~pvy1 is not of the form
[E, ¢| — [E, ¢ o] with v € SLy(Z/nZ).

Proposition 3.6.13. Let n be a positive integer and let H < GLo(Z/nZ) be either a
Cartan subgroup or a Cartan-plus subgroup. Let N’ < SLo(Z/nZ) be the normalizer of
the group H' := HNSLy(Z/nZ) and let N be the normalizer of P(Tg) in PGL3 (Q). If
n=2mod 4 and H is a Cartan-plus split at 2, then, for every choice of vy and 1 as in

5.6.11) and (3.6.13), N is generated by P(T'n+) and P(yoy1). Otherwise N is P(T n-).

Proof. Let N' < GLJ (Q) be the normalizer of Q*T'z, or, equivalently, the normalizer of
'y (each matrix normalizing Q*I'y also normalizes (Q*I'y) N SLy(Q) = I'y, and since
scalar matrices commute with everything, each matrix normalizing 'y also normalizes

Q*T'py). The statement of the proposition is equivalent to
N=Q Ty or N =Q"(m,T'n),

depending on the case. The inclusions O are trivial, hence we prove the other inclusions.

Since the normalizer of I'y inside SLy(Z) is 'y, it is enough to show that

N CQ*SLy(Z) or N CQ*SLy(Z)U 771 Q*SLy(Z),

depending on the case. We suppose that N contains a matrix m = (¢}) not lying in

Q*SLy(Z): it is enough to prove, with this assumption, that n = 2 mod 4 and H is a
Cartan-plus subgroup split at 2 and m € vy, Q*SLa(Z).

Up to multiplication by a scalar matrix, we can suppose that a,b,c,d € Z and that
ged(a,b,e,d) = 1. Since m ¢ Q*SLy(Z), then det(m) # 1. Let p be a prime dividing
det(m), let \y = (&), 2 = (2) € Z? and let A C Z? be the lattice generated by Aj, Ag.
By definition of N, for every 4 € I'y there is v/ = (¥ %) € I'yy such that ym = m~/'.
Hence, looking at the columns of ym, we get YA1 = xA\1+2X2 and YAs = yA\1+wAs. Since
~ is arbitrary and 4’ € SLo(Z), we have

TyA = A.

Let A be the image of A under the quotient map Z2 — IE‘%. Since at least one of a, b, ¢, d
is not multiple of p, we know that A # {0} and since det(m) is multiple of p, we know
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that A # ]Ff,. Hence A is a line inside Fg which is left invariant by every matrix in the
image I'y of 'y in GLy(F,). This implies that I'y is contained in a Borel subgroup of
GLy(F,), thus p divides the level n and Ty = HNSLy(Z/pZ), where H is the image of
H in GLy(F,). We deduce that either H is a Cartan group split at p or p =2 and H is
a Cartan-plus group split at p.

First we suppose that H is a Cartan group split at p. Let p© be the maximum power
of p dividing n. Up to conjugacy, the image of H in GL2(Z/p°Z) is {(§9)}, hence, for
every v € 'y, we have

mhym = gy (L) v (45) =(59)  (mod p°).

10
n 1l

Applying this to vy = (1) and v = (} ), we see that since det(m) is multiple of p, then
a, b, c,d are all multiples of p, which is a contradiction.

This contradiction implies that the only prime dividing det(m) is 2 and H is a Cartan-
plus group split at 2. Let 2¢ be the maximum power of 2 dividing n. Up to conjugacy, the
image of H in GLo(Z/2°Z) is {(§9),(¢)}. In particular the image of H in GLy(Z/2Z)
is {(§9),(98)}, hence A = {(})) is the only I'y-invariant line. In other words the
columns (%), () of m span ((1)) in F} and with a similar argument we see that the
rows (ab), (cd) of m span ((11)) in F3. Hence m = (11) (mod 2). For every v € I'y,

we have
(3.6.14) m~'ym (mod 2°) € {(§2),(25)}-

When v = (§ 1), we see that m~tym = ($9) (mod 2°) is not possible because both ¢
and d are odd, hence m~tym = (%) (mod 2°) and, by explicit computations, we deduce
that det(m) = 2 and n = 2 mod 4. Finally, since m = (}1) (mod 2) and det(m) = 2,
we see that (79y1) " tm € SLy(Z). O

We now prove the main results of this paper.

Theorem 3.6.15. Let n > 10%%0 be an integer and let H < GLy(Z/nZ) be either a
Cartan or a Cartan-plus subgroup. Then every automorphism of Xg is modular, hence

we have

N'/JH' x Z/2Z, if n=2mod 4 and H is a Cartan-plus split at 2,
Aut(Xpy) =
N'/H', otherwise,
where N' < SLo(Z/nZ) is the normalizer of H' := H N SLo(Z/nZ).
Proof. Let N be the normalizer of P(T'y) inside PGLJ (Q). By Proposition [3.6.13] we
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have

P(T'n/) /P y)xZ/2Z, if n=2mod4 and H is a Cartan-plus split at 2,

N/P(T )=
/BTa) Tn)/PT ), otherwise,

where the first case is true because P(yoy1'g) has order 2 in N//P(I'g) and commutes
with every element in ]P(FN/)/]P(FH) Since P(F]\ﬂ)/P(FH) = ]P)(FNI>/P(FHI) = N//H/,

it is enough to prove that every automorphism of Xy is modular. For n > 10400

every
automorphism is defined over the compositum of some quadratic fields by Proposition
We can bound the gonality gon(Xg) of X using [I] and, with the same estimates
used in the proof of Proposition we have

n?

7
Xy) > —[SLy(Z) : Tg| > 10n.
gon(Xp) > 800[ 2(Z) : T'u] > Soo(w(n)+1)2w(n) > 1on

So, there are at least two primes ¢; < £5 not dividing n with 5 < /5 < %gon(XH)—l. By
Corollary [3:6.10] we can conclude that every automorphism is modular. O

Remark 3.6.16. One can determine the groups N'/H’ in all cases. Indeed, let n = []._, pi’
be any positive integer with its prime factorization, let H < GL2(Z/nZ) be either a Car-
tan or a Cartan-plus subgroup and let N’ < SLy(Z/nZ) be the normalizer of the group
H':= HNSLy(Z/nZ). By Chinese Remainder Theorem we have

H = HH; and N’ = HNZ' inside SLo(Z/nZ) = HSLQ(Z/pe"Z),
i=1 i 1l

where H| is the image of H' in SL2(Z/p®7Z) and N] < SLy(Z/p%Z) is the normalizer of
H]. Hence the knowledge of N'/H' for H € {Cys(p®), Cus(p®), Cs(p®), CF (p©)} allows to
compute the group N'/H’ for every Cartan or Cartan-plus subgroup H of level n not

necessarily a prime power. Explicit computations give the following;:
o if H = Cys(p®), then N'/H' =2 7/2Z, since N' = CJ,(p®) N SLa(Z/p°Z);
o if p® # 3 and H = C(p®), then N'/H' = {1};
o if H=C[,(3), then N'/H' = (({1)) = 7Z/3L;
o if p#2,3and H = Cy(p°®), then N'/H' = ((9 1)) = Z/2Z;
o if e >2and H = Cs(3°), then
o (L)) ) =,
where S3 is the symmetric group acting on three elements;
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o if e >5 and H = Cs(2°), then
NH = ((527°) L (s D)) (0 31)) = (@/52)° w, (2/22),
where (p(1)) (z,y) = (y, z); this group is labeled as (128, 67) in MAGMA, [50];

o if p¢ € {3,2,22,23} and H = Cy(p®), then N'/H' = PSLy(Z/p°Z), since we have
N’ = SLy(2/p°2);

o if H=Cy(2%), then N'/H' = (" %), (% %))»((}7?)) = Dsxy,(Z/8Z), where
Ds 2 7/8Z x 7/2Z is the dihedral group of order 16 and (¢(1)) (1,0) = (5,0) and
(p(1)) (0,1) = (3,1); moreover N'/H' is labeled as (128, 68) in MAGMA, [50];

o ifp#£2,3and p®#5 and H = CF(p®) then N'/H' = {1};

e if H = CF(5), then N'/H' = ((12)) = 7/3Z;

o ife>2and H=CJ(3%), then N'/H' = ((36171 73:71 )> ~7/3Z;

o if H=CF(3), then N'/H' = (({ 1Y) 2 Z/2Z;
e ife>6and H = CF(2°), then N'/H' = <<23_3 *2?3)) ~ 7,/8Z;

o if H=C(2), then N'/H' = {1};

o if H=CF(22), then N'/H' = ((12)) = 7/2Z;
o if H=C}(2%), then N'/H' = ((} 23)) = Z/4Z;
o if H=C}(2%), then N'/H' = ((} 5,)) = 2/8%;
o if H=CJ(2°%), then N'/H' = ((} =}5)) = Z/8Z.

Recall that the groups N’/H' computed for H = Cs(p®) are the same determined in [4],

[2], [T4], in the setting of Borel modular curves.

For Cartan modular curves of prime power level we make Theorem|[3.6.15|more precise.
Theorem 3.6.17. Let p be a prime number and let e be a positive integer. If p® > 11 and
p° ¢ {33,24,25 25} then all the automorphisms of Xuns(p®), X5 (p°), Xs(p®) and XF (p°)
are modular and

Aut(Xns(p%)) = Z/2Z, Aut(X5(p%)) = {1},
(Z/87)% % (2.)27), if p=2, 7/8Z, ifp=2,
Awt(X(p%)) = { 7/37 x Ss, ifp=3, Aut(XS(p°))=4{2/32Z, ifp=3,
7/27, if p> 3, {1}, if p>3,

where the above semidirect product (Z/87)? x Z/27Z is described in Remark|3.6.16,
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Proof. We first treat the case p® > 49 with p® # 26 = 64. Up to conjugacy we can assume
that H € {Cs(p®),CF(p®), Cns(p®), Cii,(p°)} where these groups are the subgroups of
GL2(Z/p°Z) defined in Chapter 3.4 and Xy € {Xons(p®), X;E(p°), Xs(p°), XJ (p°)} is the
corresponding associated modular curve. By [I, Theorem 0.1] and Table for p© > 87,
we have the following lower bounds for the gonality of Xg:

7 7 (- ,) 7872

Xp) > ——[SLy(Z) : Tyy] > —
gon(Xur) 2 gi5l8La(Z) : Tl 2 gon————> 575

> 16.

Hence there are two primes ¢1 < #5, different from p, such that 5 < /5 < %gon(XH) —1:
we can take ¢4 = 3, lo = 7 if p € {2,5} and ¢; = 2, {3 = 5 otherwise. With a similar
computation one can show that gon(Xg) > 12, for 49 < p® < 87, if p¢ # 64 and we can
take ¢; € {2,3}, {5 = 5. Applying Corollarywe deduce that all the automorphisms
of Xy defined over a compositum of quadratic fields are modular, hence, by Proposition
all the automorphisms of Xy are modular. Finally, we can use Proposition |3.6.13
and Remark [3.6.16] to obtain the group of modular automorphisms.

We now assume 11 < p® < 49. All the cases X;(p°®) = Xo(p?©) are treated in [60],
all the cases X (p) are treated in [47] and the cases X,s(p), X, (p), for 13 < p < 31,
are treated in [48]. The remaining cases X (25), X;(49) and X,s(p®), X,5(p®), for
p® = 25,37,41,43,47,49, are treated in the MAGMA script available at [70]. O

Last theorem can be specialized to the prime level case, obtaining new results for

non-split Cartan curves. The split cases are treated in [47] and [60].

Corollary 3.6.18. Let p > 13 be a prime number. Then the group of automorphisms of
X5 (p) is trivial and the group of automorphisms of Xus(p) has order 2.

Remark 3.6.19. Theorem implies that, for p?® big enough, all the automorphisms
of X¢§(p*¢) = XF(p®) are modular, extending [5] and [47] that treat the cases X (p) and
Xg(p?). Our techniques (in particular Lemma cannot be generalized to the case
X (p®) with e odd, because some of the branch points of the natural map H — Y (p®)
have the form {(E, C), (E/C, E[p¢]/C)} with E # E;, E,. Anyway, the techniques used in
[47, Lemmas 4, 5, 6], together with Proposition can be used to prove the modularity
of all elements in Aut(Xg(p®)), without restrictions on e, for all but finitely many cases.

3.7 Appendix

Let G := GL2(Z/2°Z). For each H < G, let xg: G — Q be the character of the repre-
sentation Q[G/H]. The entry (v, H) of the table below is x g (7). Every element of G is
conjugated to a unique element appearing in the first column, hence the table determines
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the characters x g for H appearing in Proposition or in [26, Theorem 1.1]. In the first
column we have \,a € (Z/2°Z)*, b € (Z/2°Z), k € {1,...,e—1}, and u € (Z/2°7*7Z)*.
Proving that the first column contains every conjugacy class of GLg(Z/2°Z) exactly

once is rather easy, yet cumbersome, using the following lemma.

Lemma 3.7.1. Let M € Mayo(Z/2°Z). If M = ($%)mod2 or M = (:})mod 2,
then there are unique elements a,b € 7Z/2°7 such that M is conjugated to (9¢). If
M= (}8)mod2 or M =(39) mod 2, then there are unique elements A1, Ao € Z/2°Z,

the first odd and the second even, such that M is conjugated to (’\01 )?2)

)

Proof. The cases M = (J9) mod 2 and M = ( }) mod 2 can be reduced to the remain-
ing cases by considering (¢ é)_l M (93). Let V be the module made of column vectors
in (Z/2°7)? with standard basis eq, e and let Fj;: V — V be the multiplication by M.

If M = (9 %) mod 2 we notice that ey, Firr(e1) are a basis of V when we reduce modulo

2, hence they are a basis of V. In the basis B = (e1, Fas(e1)) we have
M~ Fip=(9%)

for some a, b, that are unique since a = — det(M) and b = tr(M).
Finally the case M = (}§) mod 2. The uniqueness result is motivated by the fact
that A1, Ay are the only roots of det(M — AId). The existence part is a Hensel argument.

Let M = (‘j Z) and let us lift for example e; to an eigenvector:

Fyler +2) =(a+ Ab)er + (c+ Ad)ea € (e1 + dea) —
Ma+Ab)=c+Ad <<= b+ (a—dA—c=0

and last equation has a unique zero because the polynomial p(\) = bA% + (a — d)\ — ¢
satisfies p(0) = 0,p'(0) #Z 0 modulo 2. With the same argument we can lift es to an
eigenvector. O

In order to fill Table we use that
QG/HI|=@gH-Q and VyeG: pu(y)(gH)=~9H

hence, in basis {gH} the matrix pgy(7) is a permutation matrix and consequently

#{g:vgegH} #{g:97'vge H}
oy - Iy '

xu(v) =tr(pu(v)) = #{gH : vgH = gH} =

Table 3.2: Character table.
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| Burzo | nos0 o | o e ct
A\d 3_22r 1 3_22r—1 3_225—1 3_226—2 226—1 226—2
0a
(%) 0 1 0 0 0 2 1
b odd
(%9) 1 if r=0 2¢~1if h=0 271 if h=0
1 0 0 0
b even 0 ifr>0 0 if b#0 0 if b#0
3-227 if r<k 3.22r—1 if r<k
(333 I R EE B AN
22k+1if o> f 22k+1if >k
3-227 if r<k
\ o 3.221—1 if p<k
(2k A“) 22 ifr=k |1 0 0 0 0
0 if r>k
0 if r>k
3-22" if r<k 3-22r=1 if p<k
(2/\1C )itgk') 1 - 0 0 22k'+1 22k
0 if r>k 0 if r>k
3-227 if r<k
N 3-22r=1if r<k
(Qk, Hz&l) 220 ifr=k |1 0 0 0 0
. 0 if r>k
0 if r>
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Chapter 4

Discrete logarithms in small characteristic

Solving the discrete logarithm problem means the following: given a group G, a generator
g € G and another element i € G, find an integer z such that g = h. The hardness of
this problem, which depends on the choice of G, has had implications in cryptography
since the very beginning [33] of public-key cryptography. We are concerned with the
cases where G is the multiplicative group of a finite field of small characteristic, which,
for us, means a field of characteristic p and cardinality p™ for some integer n > p. Our

main result is the following.

Theorem 4.0.1. There exists a probabilistic algorithm, described in Section [{.), that
solves the discrete logarithm problem in K* for all finite fields K of small characteristic

in expected time

(log #K)O(loglog #K) ]

An algorithm whose complexity is as above is called quasi-polynomial. In 2013 Bar-
bulescu, Gaudry, Joux and Thomé presented in [I9] the first heuristic quasi-polynomial
algorithm solving the discrete logarithm in finite fields of small characteristic. One of
their main ideas, originally in [56], was looking for a “simple” description of the Frobe-
nius automorphism ¢: K — K and, if one can find such a simple description, using it in
an index calculus algorithm to find relations among the elements of the factor base more
easily.

In [49] a new algorithm was then presented, based on similar ideas, that was proven
to terminate in quasi-polynomial expected time when it is possible to find a “simple”
description of the Frobenius automorphism ¢: K — K. In particular, we could deduce
Theorem [£.0.7]if we knew that all finite fields of small characteristic K can be embedded
in a slightly larger field K’ admitting a presentation as in [49]. Unfortunately, the author
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is not aware of any proof of this fact, even though computations like [56, Table 1] support
it.

Our algorithm is based on the same approach as [49], adapted to fields admitting
a different kind of presentation in terms of elliptic curves. Since over a finite field T,
there are many non-isomorphic elliptic curves, it is easy to prove that all finite fields of
small characteristic can be embedded in a slightly larger field admitting such an elliptic

presentation.

Elliptic presentations were firstly introduced in [30], as we have learnt after our first
(incomplete) attempt to prove Theorem using elliptic presentations (see the au-
thor’s master’s thesis [67]). In [65] Kleinjung and Wesolowski have independently proved
Theorem [.0.1] also using elliptic presentations of finite fields. One of the main differ-
ences between the present approach and the one in [65] is the proof of the correctness
of the algorithms. In both cases it is a matter of showing the irreducibility of certain
curves: the approach in [65] is based on the ideas in [64], while we mostly rely on a
little bit of Galois theory over function fields; both approaches use some cumbersome
computations and in our case these computations are mostly contained in Proposition
and in the Claims [4.8.2.3] [4.8.2.6] [4.8.3.2l The practical feasibility of algorithms

using elliptic presentations has been studied by Joux and Pierrot in [57].

In Section[d.I] we define elliptic presentations and we prove that all finite fields of small
characteristic can be embedded in a slightly larger field admitting an elliptic presentation.
Section[4:2] has technical importance: given an elliptic presentation, we define a finite and
small set of points on the associated elliptic curve that we call “traps” since they interfere
with our algorithm. In Section [£.3] we describe the general setup of our algorithm and
we explain how to pass from a factor base made of irreducible polynomials in Fy[z] to
a factor base made of irreducible divisors on an elliptic curve E/F,. In Section we
give our algorithm, stated in terms of a descent procedure that is described in Section
M5 A more precise statement about the complexity of the main algorithm is given in
Theorem [£.4:4] Our descent procedure consists of two steps, presented and analysed in
Section under an assumption on the number of points of certain varieties that are
used in these steps. These assumptions are proven in Section for the first step and
in Section [£.7] for the second and easier step. In Section [£.6] we prove a lemma, mainly
using some Galois theory over function fields, that is useful in Sections [£.7] and [£.8]

Acknowledgements I thank René Schoof for introducing me to this research problem

in 2016 and for the useful ideas that lead to substantial simplifications.
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4.1 Elliptic presentations

One of the main ideas in [56] and in the original quasi-polynomial algorithm [I9], is to
present a field K using two subfields F, C Fg C K of order ¢, @ (both “small” compared
to #K) and an element x; € K generating the extension Fo C K such that the g-th
Frobenius acts on z; in a simple way, namely 2 = f(z) for some f € F,(z) of degree at
most 2. We now define a presentation based on a similar idea: describing K as Fq(z1,y1)
where F, is a finite field of order ¢ “small” compared to #K and x1,y; are two elements
of K on which the g-th Frobenius acts in a “simple” way.

Let g be a prime power, let n be a positive integer and let K be a field of cardinality ¢".
Let F, be a finite field of cardinality ¢ and let F, be its algebraic closure. Suppose there
exists an elliptic curve E/F, defined by a Weierstrass equation and a point Py € E(F,)
of order n. Denoting by ¢ be the ¢-th Frobenius on the elliptic curve E, the map £ — F
given by P +— ¢(P)—P is surjective. Therefore there is a point Py = (x1,y1) € E(F,)
such that ¢(P;) = P, + Py. Hence

(4.1.1) (29, y) = ¢'(P,) =P, +i-P, foreveryicZ,

implying that the field extension F, C F,(x1,y1) has degree n. Hence Fy(z1,y1) is isomor-
phic to K. Moreover, using the addition formulas on E, we see that the ¢g-th Frobenius
acts on the pair (z1,y1) in a “simple” way: there are polynomials fi, fa, f3 € Fy(x,y) of

small degree such that

zf = filzr, )/ f3(e, 1), o = oo, y1)/ fa(en, yn) -

With this heuristic in mind, we give the following definition.

Definition 4.1.2. Let E/F, be an elliptic curve defined by a Weierstrass polynomial in
F,[x,y] and let Py be a Fy-point on E. An (E/F,, Py)-presentation of a finite field K is
an ideal m C Fy[z, y] such that

(i) K is isomorphic to Fylx, y]/m with a chosen isomorphism;

(ii) denoting ¢: E — E the g-th Frobenius, there exists a point P, = (z1,v1) in E(F,)
such that ¢(P1) = P1 + Py and m = {f € Fy[z,y] : f(x1,y1) = 0};

(iii) ¢ > 2 and, under the isomorphism we have [K : F,] > 2.

Sometimes we omit the dependence on (E/F,, Py) and we simply write “elliptic pre-
sentation”. The technical hypothesis ¢ > 2 is used in the proof of Claim [£.8.2.3]

Remark 4.1.3. Any elliptic presentation m is a maximal ideal, since Fy[z, y]/m is a field.
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Remark 4.1.4. If m is an elliptic presentation, then the inclusion Fy[z] — F, [z, y] induces
an isomorphism F,[z]/u = F,[z,y]/m for a certain u € F,[z].

Proving this is equivalent to proving that x generates the extension F, C F,[z,y]/m.
Using the notation in Definition this is equivalent to proving that F,(z1) is equal
to Fy(z1,91). If, for the sake of contradiction, this is not the case, then the Weierstrass
equation satisfied by x1 and y; implies that the extension Fy(x1) C Fy(x1, y1) has degree
2, hence [Fy(21) : Fy] = 5, where n := [Fy(z1,y1) : Fy] = [K : Fy]. Using Equation
we deduce that

qn/2

(P =a1 =a]  =a(¢"?P) =a(P,+2PR) = P +3%P=%+P.

Since, by Equation the order of P is equal to n, we have Py + 4 Py = — Py, implying
that 2P, lies E(F,). Therefore Py has order 2, contradicting n = [K : Fy] > 2 in

We now show that any finite field K of small characteristic can be embedded in a

“slightly larger” field admitting an elliptic presentation with ¢ “small” compared to #K.

Proposition 4.1.5. For any finite field K of small characteristic there exists an exten-

sion K C K' having a elliptic presentation m C Fy[x,y] of K’ such that
log(#K') < 13log(#K)loglog(#K) and q <log(#K')*.
Moreover such K' and its presentation can be computed in polynomial time in log(#K).

Proof. Let #K = p" for a prime p and an integer n > p. Put ko := flogp n] and q := p?ko,
so that n has a multiple n; in the interval [¢ — /g +1,¢+ 1]. If n; = 1 mod p we define
ng := ny +n, otherwise we define ny := n;. Since ny in an integer contained in the Hasse
interval [q —2,/g+1; ¢ +2,/q+ 1] that is not congruent to 1 modulo p, by [90, Theorems
la, 3] we can choose an elliptic curve E/F, whose group of rational points E(F,) is cyclic
of order ne. Since n divides ng, we can choose a point Py € E(F,) of order n.

We can assume FE is defined by a Weierstrass polynomial. Since the map P — ¢(P)—P
is surjective, we can choose a point (z1,11) = P1 € E(F,) such that ¢(Py) = P, + Py.
We define

m:= {f S Fq[aj7y] : f(wlay1> = 0}7 K/ = IFq(-’lf‘layl) - IFq .
The map F,[z,y] — K sending x — x1,y — y1 induces an isomorphism F[z, y]/m = K.
To prove that m is an elliptic presentation of K’ it remains to show that both ¢ and
[K' : Fy] are larger than 2: in the first case it is true because kg > 1, in the second case

it is true because, by (4.1.1)), the degree of F, C K’ is equal to the order n of Py, and
n>p>2.
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Since [K' : F,] = n divides [K’ : Fp), the field K’ has a subfield with p" elements. In
other words K can be embedded in K’. Moreover we have

log(#K') = nlog q < 2nlog(p)(log,(n)+1) < 4log(p)log(n) < 13log(#K ) loglog(#K),
9 < p2 <q :p2[10gpn] < p2+210gpn — (pn)Q < n4 < 1Og(qn)4 — 10g(#K’)4.

We now prove that it is possible to compute such K’ and m in polynomial time in
log(#K). We describe a procedure following the abstract part of the proof. Computing
ko,q,n1 is easy. We can construct a field IFy by testing the primality of all polynomials
of degree 2ky over F, until an irreducible v is found and define F, = F,[T]/v; since
there are less than n? polynomials of this type, this takes polynomial time. Similarly
we can find an elliptic curve E with an Fg-point Py of order n in polynomial time, by
listing all possible Weierstrass equations (there are less than ¢°%), testing if they define an
elliptic curve and, when they do, enumerate all their F,-points. Then, using the addition
formula on E, we write down the ideal I C F,[z,y] whose vanishing locus inside A? is
the set of points P = (z,y) € E(F,) such that ¢(P) = P + Py. As we showed before,
the set of such points is non-empty, hence I is a proper ideal and we can find a maximal
ideal m containing I. We don’t need general algorithms for primary decomposition since
we can take m = (u(x), A(z,y)), with (u) being an irreducible factor of the generator of
the ideal JNF,4[z] and A(z,y) being an irreducible factor of the image of the Weierstrass
equation of E inside (F4[z]/p)[y]. Since the Weiestrass polynomial is monic in y, we can
assume that A is monic in y too. Hence there is a point P, = (x1,y1) in the vanishing
locus of (u(x),M(x,y)) = m. Since m contains I, the point P; lies on E and satisfies
¢(P1) = P + Py. The maximality of m implies that Fy[z,y](m) = Fy(z1,11) = K'.
Hence m is the elliptic presentation we want. O

Notation 4.1.6. For the rest of the article IF, is a finite field with ¢ elements, Iqu is its
algebraic closure, K is a finite extension of Fy, the ideal m C Fy[z,y] is a (E/Fq, Po)-
presentation of K, the map ¢: E — E is the ¢g-th Frobenius and P; = (z1,y1) € E(F,)
is a point such that m = {f € Fy[x,y] : f(x1,41) = 0}. By Og we denote the neutral

element of E(F,).

4.2 'Traps

As first pointed out in [27], there are certain polynomials, called “traps” for which the
descent procedure in [I9] does not work. In [I9] such traps are dealt with differently
than the other polynomials. In [49] the notion of “trap” is extended: it includes not only

polynomials for which the descent procedure is proven not to work, but also polynomials

121



4. DISCRETE LOGARITHMS IN SMALL CHARACTERISTIC

for which the authors do not give proof of the descent’s correctness. In [49] traps are
avoided by the algorithm.

We describe a descent procedure stated in terms of points and divisors on F and there
are certain points in E(F,) that play the role of “traps”, as in [49]. The definition of this
subset of E(F,) is rather cumbersome, but it is easy to deduce that we have less than

15¢* traps. In particular, in contrast to [49], we can include them in the factor base.

Definition 4.2.1. A point P € E(F,) is a trap if it satisfies one of the following conditions:

2P =0, or (2¢—1d)(¢*—p+1d)(P)=Py, or (2¢—1d)(¢+1d)(P)=2P,
or (¢p* —1d)(P) = 4Py, or2(¢> —1d)(P)=6Py, or (2¢+1d)(¢—Id)(P)=2F,.

We explain why these points interfere with our strategy of proof in (4.7.2.2) and at
the beginning of the proof of Claim [£.8:2.3]

4.3 Divisors and discrete logarithm

For us a divisor on FE is a formal sum

where the np’s are integers and np = 0 for all but a finite number of P’s. The Galois

group of F, acts on the group of divisors by the formula

o Z npP | = Z npo(P).

PeE(F,) PeE(F,)

For any algebraic extension I, C k£ we define the set of divisors defined over k, denoted
Divg(E), to be the set of divisors D such that oD = D for all o € Gal(F,/k). We
say that a divisor is irreducible over k if it is the sum, with multiplicity 1, of all the
Gal(F,/k)-conjugates of some point P € E(F,). Every divisor defined over k is a Z-
combination of irreducible divisors over k. We refer to [97, Chapter 2] for the definitions
of principal divisor and support of a divisor.

We need two quantities to describe the “complexity” of a divisor. The first one is the

absolute degree of a divisor, defined as as

absdeg Z np(P) | := Z |np|.

PcE(F,) PcE(F,)
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The second quantity is analogous to the degree of the splitting field of a polynomial, but
we decide to “ignore” trap points. We say that a point is good if it is not a trap point,
we say that a divisor on F is good if it is supported outside the set of traps. Given an
algebraic extension F, C k and a divisor D € Divy(E), there is a unique good divisor
D&°°d | defined over k, such that D — D&°°? is supported on the set of trap points. We
define the essential degree of D over k to be the least common multiple of the degrees of
the irreducible divisors appearing in the support of D&°°d, In other words, if we denote as
k(D#°°4) the minimal algebraic extension k O k such that the support of D is contained
in E(k), then
essdeg, (D) := [k(D&°Y) : k] .

If D&°°d = () we take essdeg, (D) = 1.

Now consider the discrete logarithm problem in a field having an elliptic presentation
m. First of all, if ¢ is small compared to #K, for example ¢ < (log K)* as in Proposition
and if we are able to compute discrete logarithms in K* /IFqX in quasi-polynomial
time, then we can also compute discrete logarithms in K* in quasi-polynomial time.
Hence in the rest of the article we are concerned with computing discrete logarithms in
K> /Fx.

Denoting Fy[z, y]m the localization of Fy[z,y] at the maximal ideal m, we have
K = Fylz,y]/m = Folz, yln/mm -

An element f of (Fy[z,y]m)™ defines a rational function on E which is defined over F,,
and regular and non-vanishing in P;. We represent elements in K* / ;¢ with elements of
F,(E) that are regular and non-vanishing on P;.

Let g, h be elements of F(E) both regular and non-vanishing on P; and let us suppose

that g generates the group K> /Fx. Then the logarithm of h in base g is a well defined

#K—1
qg—1

modulo F, the logarithm of h only depends on the divisor of zeroes and poles of h: if
h' € Fy(E) satisfies div(h) = div(h'), then h/h" € F; and consequently log(h) = log(h').
Hence, putting

integer modulo

that we denote log,, /(h) or simply logh. Since we are working

log(div(h)) :=log(h),

we define the discrete logarithm as homomorphism whose domain is the subgroup of

#Kfl)Z
q—1 ’
The kernel of this morphism is a subgroup of Divg, (£), hence it defines the following

Divy, (E) made of principal divisors, supported outside P, and whose image is Z/

equivalence relation on Divy, (E)

Dy ~Dy < Dy — Dy € Ker(log)

(4.3.1)
<= 3f € Fy(F) such that f(P;) =1 and div(f) = D1 — D,.
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We notice that this equivalence relation does not depend on g and that, given rational
functions hy, hy € Fy(E) regular and non-vanishing on Pj, we have log hy = log hy if and
only if div(hy) ~ div(h2). Motivated by this, for all divisors Dy, Dy € Divy, (E) we use
the notation

log,, D1 =log,, Dy <= D; ~ Ds.

Notice that we do not define the expression log,, (D) or log,, ,(D) for any D in Divy, (E),

since the function log might not extend to a morphism Divy (E) — Z/(#q]i;l)Z. In
our algorithm we use the equivalence relation (4.3.1)) to recover equalities of the form

log hy = log hs.

4.4 The main algorithm

As in [49] our algorithm is based on a descent procedure, stated in terms of divisors on
E.

Theorem 4.4.1. There exists an algorithm, described in the proof, that takes as input
an (E/Fq, Py)-presentation m and a divisor D € Divy, (E) such that essdegg (D) = 2™
for some integer m > 7 and computes a divisor D' € Divy, (E) such that

logy, D =log,, D", (essdegy D') | 2m~1 absdeg(D') < 4¢*absdegD .
This algorithm is probabilistic and runs in expected polynomial time in gabsdeg(D).

Applying repeatedly the algorithm of the above theorem we deduce the following
result.

Corollary 4.4.2. There exists an algorithm, described in the proof, that takes as input
an (E/Fq, Py)-presentation and a divisor D € Divy, (E) such that essdegg, D = 2™ for
some integer m and computes a divisor D" € Divg, (E) such that

logy, D =log,, D", essdegy D' |64, absdeg(D’) < (2¢)*™absdeg(D) .
This algorithm is probabilistic and runs in expected polynomial time in q™absdeg(D).

The algorithm in [49] is based on the descent procedure [49, Theorem 3]. Using the
same ideas we use the descent procedure of the last corollary to describe our main algo-
rithm, which computes discrete logarithms in finite fields with an elliptic presentation.

The idea is setting up an index calculus with factor base the irreducible divisors
whose essential degree divides 64. To collect relations we use a “zig-zag descent”: for
every f = g*h’, we first use the polynomial p determined in Remark to find
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f' = f mod m such that the essential degree of div(f’) is a power of 2, and we then apply
the descent procedure to express log(f) = log(f’) as the logarithm of sums of elements

in the factor base.

Main Algorithm Input: an (E/F,, Py)-epresentation m C F,[z,y] of a field K and
two polynomials g,k € Fy[z,y] \ m such that g generates the group (F,[z,y]/m)™ JE5-
Output: an integer z such that

g°=v-h (modm) forsomeycFs,
which is equivalent to g* = h in the group K> /Fx.

1. Preparation: Compute the monic polynomial y € F,[z] generating the ideal mNF,[z].
Compute polynomials §,h € F,[z] such that § = ¢ and h = h modulo m. Put
c:=#E(Fy), n :=degp and m := [logn]| + 3.

2. Factor base: List the irreducible divisors D1, ..., D; € Divy, (E) that do not contain
P, and either have degree dividing 64 or are supported on the trap points.

3. Collecting relations: For j =1,...,t+1 do the following:
Pick random integers o, 5; € {1,..., %} and compute ¢ hPi. Pick random
polynomials f(z) of degree 2™ such that f = §* A% (mod p) until f is irreducible.
Apply the descent procedure in Corollaryto find v; = (vj1,...,v;) € Z' such
that
log,,, (div(f)) = logy, (vj1 D1+ ...+ v;:Dy) .

4. Linear algebra: Compute dy,...,di+1 € Z such that ged(dy, ..., diy1) = 1 and

dyvy + ...+ dip1ve41 = (0,...,0)  (mod q;:11 c).
Puta:=diog +... + dt+10¢t+1 and b:=df1+ ...+ dt-i—lﬁt-l—l-

5. Finished?: If b is not invertible modulo

q{; _11 go back to step 3, otherwise output

2= —ab"? (mod —1)

q"—
q—1

Analysis of the main algorithm We first prove, assuming Theorem that
the algorithm, when it terminates, gives correct output. First of all we notice that, as
explained in Remark the polynomials u, g and h exist and that § and h define
the same element as g, respectively h, in K = Fy[z,y]/m. Let d;, o, 5; and v; be the
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integers and vectors of integers stored at the beginning of the fourth step the last time

it is executed. By definition of d;, we have

t+1 t

d'U'iDi:qﬂ:lc-D,
DD dviaDi =5

j=11i=1

for a certain D € Divy, (E). The divisor c¢D is principal because ¢ = #Pic’(E/F,) and,
since for all j the divisor ), v;;D; is principal, D has degree 0. Choosing X in F,(F)
such that div(A) = ¢D, we have

t+1 t

(443) Z Z djvj,iDi = le()\q‘;Z%ll) .

j=11i=1

Writing log for log,, ,, by definition of v; we have

t
log(g*h"7) = log (Z Uj,v:Di> .

=1

This, together with Equation 1| imply the following equalities in Z/ qn:llZ

q

t+1 t+1 t+1 t
a+blog(h) = Z d;(a; + B;log(h)) = Z d;log(g®hP) = Z d;log ( vm—Di>
j=1 j=1 1

j=1 i=
t+1 ¢ - .
=log [ >3 djv;uD; | =log (div(ATT)) = £ log(h) =0,
j=1i=1

implying that the output z of the algorithm is correct.

We now estimate the running time step by step. The first step can be performed
with easy Groebner basis computations. Now the second step. We represent irreducible
divisors D not supported on O in the following way: either D is the vanishing locus
of a prime ideal (a(x), W(z,y)) with a monic and irreducible and W the Weierstrass
polynomial defining E, or D is the vanishing locus of a prime ideal (a(z),y — b(zx)) for
some polynomials a,b € F,[z] and a monic irreducible; in the first case deg D = 2dega,
in the second case deg D = dega. We can list all the irreducible divisors with degree
dividing 64 by listing all monic irreducible polynomials w1, ..., u, € Fylz] of degree
dividing 64 and, for each i compute the prime ideals containing (u;, W), which amounts
to factoring W as a polynomial in y, considered over the field Fy[x]/p;. Listing all the
divisors supported on the trap points can be done case by case. For example we can list
the irreducible divisors supported on the set S := {P € E(F,) : ¢*(P) — P = 4Py} by
writing down, with the addition formula on E, an ideal J C F,[z,y] whose vanishing

126



4. DISCRETE LOGARITHMS IN SMALL CHARACTERISTIC

locus is S C A?(F,) and computing all the prime ideals containing J. The divisor
Op appears among D1, ..., D, because O is a trap point. Since there are ¢% monic
polynomials of degree 64 and at most 15¢* trap points and since, using [15], factoring a
polynomial of degree d in F,[z] takes on average O(log(q)d*) operations, the second step
takes polynomial time in ¢. Moreover, we have t < 2¢%%.

Now the third step. By [100, Theorem 5.1], if f(z) is a random polynomial of de-
gree 2™ congruent to g kP modulo 1, then the probability of f being irreducible is at
least 2=™~!. Therefore finding a good f requires on average O(2™) = O(n) primality
tests, hence O(n*log q) operations. By assumption finding the vector v; requires poly-
nomial time in ¢™2™*1. We deduce that the third step has probabilistic complexity
tqCUogn) = ¢Ologn)

The fourth step can be can be performed by computing a Hermite normal form of the
matrix having the v;’s as columns. Since ¢ < ¢g+2,/g+1, the entries of the v; are at most
as big as 4¢"*1. Therefore the fourth step is polynomial in ¢log(¢q"), hence polynomial
in n.

The last step only requires arithmetic modulo (¢"—1)/(g—1).

To understand how many times each step is repeated on average, we need to estimate
the probability that, in the last step, b is invertible modulo (¢"—1)/(¢—1) and to do so
we look at the quantities in the algorithms as if they were random variables. The vector
(dy,...,ds11) only depends on the elements h® g% ’s and on the randomness contained
in the descent procedure and in step 2. Since the a;’s and f3;’s are independent vari-
ables and since g is a generator, we deduce that the vector (81, ..., Si+1) is independent
of (g hfr, ..., g*+1hP1) hence also independent of the vector (di,...,d;y1). Since
(B1---,Bry1) takes on all values in {0,...,¢" — 1} with the same probability and
ged(dy, ..., dip1) = 1, then

b=dif1 +...diy16t41

takes all values in Z/(¢™ — 1)Z with the same probability. Hence

n n n 1
- . . -1\ _ ¢ —1 q"—1
(probablhty that b is coprime to = ) = d)( = ) / L= > Toglog ¢"

When running the algorithm, the first and the second step get executed once and the
other steps get executed the same number of times, say r, whose expected value is the
inverse of the above probability. Since r is O(loglog(¢™)) on average and each step
has average complexity at most ¢©U°8™)  the average complexity of the algorithm is
O(q®°&™)). Hence, assuming Theorem we have proved the following theorem.

Theorem 4.4.4. The above Main Algorithm solves the discrete logarithm problem in the
group K> /F for all finite fields K having an elliptic presentation m C I, [z,y]. It runs

in expected time ¢©@UslEFal),
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Theorem [£.0.1] follows from Theorem [£.4.4] and Proposition [f.I.5} the latter states
that any finite field of small characteristic K can be embedded in a slightly larger field
K’ having an elliptic presentation m C F,[z,y] such that ¢ < log(#K’)* and Theorem
[4:0.T] implies that the discrete logarithm problem is at most quasi-polynomial for such a
K’. Moreover, by Proposition such a K', together with its elliptic presentation,
can be found in polynomial time in log(#K), by [66] we can compute an embedding
K — K’ in polynomial time in log(#K) and by [89, Theorem 15] a random element
g’ € K’ has probability ¢p(#K')/#K' > 1/loglog #K’ of being a generator of K’: hence,
given elements g, h € K, we can compute log,(h) by embedding K inside K’ and trying
to compute the pair (log, g,log,, h) for different random values of g e K.

Proposition is proven, while Theorem relies on the the existence of a
descent procedure as described in Theorem In the rest of the article, we describe
this descent procedure.

4.5 Strategy of proof of Theorem [4.4.1; the descent

procedure

Since the descent is trivial for divisors supported on the trap points, it is enough to
prove Theorem and describe the descent procedure for divisors D that are good

and irreducible over IF,. In other words, if we write 2 = 4[, we can suppose that
D=Q+0cQ+...+c%1Q,

where @ is a good point on E such that [Fy(Q) : F,] = 41 = 2™ and o is a generator of
Gal(Fy(Q)/Fy). Let k be the unique subfield of F (Q) such that [k : Fy] = and let us
define

D:=Q+'Q+ 0% Q+5%Q € Divp(E).

We can do a sort of “base change to k” and work with D. Suppose we have an algorithm
to find a divisor D’ € Div(F) such that

absdegD’ < 16¢%, essdeg, D’ |2,
and a function g € k(FE) such that

(4.5.1) divig) =D - D", g(r(P))=1 forall e Gal(F,/F,).

Then the divisor
D' =D +o(D)+...07 YD),
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satisfies the conditions in Theorem the absolute and essential degree of D’ are easy
to estimate and we have log,, D = log,, D’ because the rational function f := gg° - - - g"li1

satisfies f(P1) =1 and div(f) =D — D".

Hence, in order to prove Theorem it is enough to describe a probabilistic al-
gorithm that takes k and D as input and, in expected polynomial time in gl, computes
a good divisor D’ with the properties above. We do it in two steps and we replace the
second part of Equation with a stronger requirement: we ask that g(P) = 1 for

all the points P € E(F,) such that ¢(P) = P+P,. Moreover, the hypothesis that [ is a
power of 2 is not necessary.

Proposition 4.5.2. There is an algorithm, described in the proof, with the following
property

o it takes as input an (E/F,, Py)-presentation, a finite field extension Fy C k of
degree I > 80 and a divisor D € Divy(E) such that essdeg, D = 4

o it computes a rational function g € k(E) and a divisor D' = Dy + Dy € Divy(E)
such that

D— D' =div(g), ¢g(P)=1 forall P € E(F,) such that $(P) =P+ Py,
essdeg;(D1) | 3, essdeg,(D2) |2, absdegD; + absdegDy < 2gabsdegD ;

o it is probabilistic and runs in expected polynomial time in q-log(#k)-absdeg(D).

Proposition 4.5.3. There is an algorithm, described in the proof, with the following
property

o it takes as input an (E/F,, Py)-presentation, an extension of finite fields F, C k of
degree at least 80 and a divisor D € Divy(E) such that essdeg, D = 3;

o it computes a rational function g € k(E) and a divisor D' € Divg(E) such that

D — D' =div(g), g¢g(P)=1 forall P € E(F,) such that $(P) =P + Py,
essdeg, (D) | 2, absdeg(D’) < 2gabsdeg(D);

o it is probabilistic and runs in expected polynomial time in q-log(#k)-absdeg(D).

We now describe our strategy to prove the above two propositions. Let D € Divy(FE)
be a divisor such that € := essdeg, (D) is either equal to 3 (the case of Proposition
or 4 (the case of Proposition . Let z,y be the usual coordinates on E and let
h — h? be the automorphism of k(E) such that ¢ = z, y* = y and a? = a? for all
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« € k. As before we can suppose that D is good and irreducible over k. In other words,

we suppose
D=Q+...+57'Q,

where Q) is a good point on E defined over an extension of k of degree ¢ and o is a

generator of Gal(k(Q)/k). For every point P € E(F,) such that ¢(P) = P + Py and for

every function f € k(E) regular on P we have

(4.5.4) F(P) = f($(P)) = [*(P+ Po) = (f* o 71, )(P)

where 7p, is the translation by Py on E. Hence, for any choice of a, b, ¢, d € k such that
cfit 1 +df94-af+b does not vanish on P, we have

(cf+d)(f?orp)+af +b
efitl +dfvr+af+0b

Hence we look for a function g as in Propositions or having the shape

(P)=1.

_ (ef+d)(foTR,) +af +b
- cfttlpdfidaf+b

(4.5.5)

for some a,b,c,d € k and f € k(E). Heuristically, the advantage of such a g, is that, if
f has few poles, then the numerator in the above expression also has few poles and the
denominator has a probability about 1/¢3 of splitting into linear polynomials in f.

We now look for conditions on f and a,b, c,d implying that the function g and the

divisor
(4.5.6) D' := D —div(g),

have the desired properties. If P is a pole of g, then P is either a pole of f, a pole of
f?orp, or a zero of cfit +dfi+af+b. Since all poles P of g appear in the support of
D', we want all these poles to satisfy the inequality [k(P) : k] < e — 1. This happens if

the following conditions are satisfied:

(I) the function f has at most e—1 poles counted with multiplicity;
(IT) the polynomial ¢T9+! + dT? + aT + b splits into linear factors in k[T].

We want @ and all its conjugates to be zeroes of g. If the matrix (‘cl 3) has rank 0 or

1, then g = (a/f®+b')/(a/ f1+b') for some a’, b’ € k and this, together with condition
prevents @ from being a zero of g. We deduce that the matrix (¢ %) must be invertible.
Moreover we notice that the definition of g only depends on the class of ( a 3) in PGLo(k).
Assuming and the point @ is neither a pole of f nor a zero of the denominator

in (4.5.5)). Hence @ and all its conjugates are zeroes of g if and only if they are zeroes of

130



4. DISCRETE LOGARITHMS IN SMALL CHARACTERISTIC

the numerator of (4.5.5)). Assuming |(I)|and |(II)} the function ¢f+d never vanishes on @

or its conjugates. Hence, using the natural action of PGLy on P!, we see that @ and its

conjugates are zeroes of g if and only if

(III) (g Z) : f(o.lQ) = _f¢(UZQ + PO) for i = 0,1,...,e—1.

Assuming|(T)} the numerator of has at most 2(¢—1) poles and 2(s—1) zeroes counted
with multiplicity. Assuming also |[(III)} the numerator of has at most e—2 zeroes
that are different from Q) and this set of points is stable under the action of Gal(k/k).
We deduce that all the zeros P # 0'Q of g satisfy the inequality [k(P) : k] < e—1. Hence

the same inequality is satisfied by all the points in the support of D’ . As noticed when
defining g, we want that

(IV) for every point P on E such that ¢(P) = P + Py, the function f is regular on P
and cf9T ' 4+df94-af+b does not vanish on P.

Condition |(T)| implies that absdeg(D’) is at most 2qge.

We showed that the conditions (1D} [(IID} [(IV)| imply that the function ¢ in
(4.5.5) and the divisor D’ = D—div(g) satisfy the requirements of Proposition or

Proposition [£.5.3]
Remark 4.5.7. If Q ¢ Gal(F,/F,) - P is a point such that ¢(Q) = Q+ Py, then Equation
implies that conditions |(I1I)| and |(IV)| exclude each other. This explains why such

points @ create problems to our strategy and need to be marked as traps.

In Section and Section We prove that there are many such pairs (f, (‘; Z)) and

we give a procedure to find them when € = 3, € = 4 respectively:

e We choose a family of functions f satisfying and we parametrize them with

k-points on a variety F.

« We impose some conditions slightly stronger than (II1)} {(IV)}, describing a vari-
ety C C FxPGLyx Al with the following property: for any point (f, (¢4),2) € C(k),

the pair (f, (25)) satisﬁes

In particular, C is a curve in the case € = 3, a surface in the case e =4

e We prove that the geometrically irreducible components of C are defined over k
and we deduce that C(k) has cardinality at least (#k)¥™C; this is the point in the
proof where we use the technical hypothesis [k : F,] > 80 (details after Equations
(@7.3.3) and [fi8.4.3).

Using C we can easily describe the algorithms of Proposition [4.5.2] and Proposi-
tion when D is an irreducible divisor defined over k: one first looks for a point
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(fs (‘i Z) ,2) in C(k) and then computes g and D using the formulas (]4.5.5[) and (]4.5.6[).
This procedure takes average polynomial time in qlog(#k) because, as explained in Sec-
tions and the variety C is a closed subvariety of A? with degree O(¢?).

4.6 A technical lemma

In this section we take a break from our main topic and we prove Lemma [4.6.6] This
lemma is useful to study the variety C used in the algorithms of Propositions and
We split the proof into two propositions.

Because of condition we are interested in the splitting field over a finite extension
F, C k of polynomials of the form ¢/T9 ' +d'T%+a'T+V € k[T]. In particular, in Sections
H and E the matrix (‘;,/ Zi) varies in an algebraic family: we have a variety B and
(‘le g:) = (2%) (P) where a,b,c,d € k(B) and P is a point varying in B(k). We are
interested in studying the splitting field of polynomials ¢T9t+dT9+aT+b over function
fields, as in the next proposition.

For any extension of fields & C K, its field of constants is the subfield of K containing
all the elements that are algebraic over k. For any irreducible variety C/k we have that

C is geometrically irreducible if and only if k is the field of constants of the extension

k C k(C).

Proposition 4.6.1. Let F, C k be an extension of finite fields and let k C K be a field
extension with field of constants k. Let v : K* — Z be a valuation with ring of integral

elements O, C K and generator m, of the mazimal ideal of O,. Let a,b,c,d be elements
of O, such that

v(ad —bc) =1, v(dic—ac?) =0 and

(4.6.1.1)
cA? — c(ad — be)A ™' # dlc —ac?  (mod 72) VA€ OX.

Then the splitting field of the polynomial
F(T) = cT" +dT? +aT +b € K[T],

is an extension of k having field of constants equal to k.

Proof. For any field extension K C H~<, we denote ]K(F ) the splitting field of F' over ]INQ7
which is a separable extension of K because the discriminant of F' is a power of ad—bc
and ad—bc # 0. Since the field of constants of k C K is equal to k, then K’ := K ®, k is

a field and the statement of the proposition is equivalent to the equality
Gal(K(F)/K) = Gal(K'(F)/K') .
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By [23, Theorems 2.5 and 3.2] there exists a bijection between the roots of F and P! (F,)
that identifies the action of Gal(K(F)/K) on the roots with the action of a subgroup of
G := PGLy(F,) on P!(F,). We choose such a bijection and we identify Gal(K(F)/K)
and Gal(K'(F)/K') with two subgroups of G. If we prove that Gal(K'(F)/K’) contains a
Borel subgroup B of GG the proposition follows: the only subgroups of PGLy containing
B are the whole G and B itself and, since B is not normal inside G, we deduce that
either Gal(K(F)/K) = Gal(K(F)/K’) = B or Gal(K(F)/K) = Gal(K'(F)/K') = G.

In the rest of the proof we show that Gal(K'(F)/K’) contains a Borel subgroup
working locally at v. We choose an extension of v to K’ and consider the completion
K! of K'. Since Gal(K/ (F)/K.) is a subgroup of Gal(K'(F)/K'), it is enough to show
that Gal(K! (F')/K!) is a Borel subgroup to prove the proposition. Since ad—bc = 0 and
¢ # 0 modulo 7, we have

F(T) = o(T" + %)(T+ %) (mod m,),

and, since d%¢ # ac? mod 7,, we deduce that —% is a simple root of F mod 7,. By
Hensel’s Lemma, there exists a root rg € K! of F that is v-integral and congruent
to —¢ modulo m,. The group Gal(K,(F)/K,) C G stabilizes the element of P!(F,)
corresponding to rg, hence it is contained in a Borel subgroup of G. Since Borel subgroups
have cardinality g(¢—1), in order to prove the proposition it is enough showing that
[K'(F) : K'] is at least g(qg—1). We show that the inertia degree of K’ C K'(F) is at least
q(g—1).

Since £ is a g-th power modulo 7,, then there exists a v-integral element v € K,
such that F(T) = ¢(T +~)4(T +d/c) mod 7,. Up to the substitution F(T') — F(T —~),
which does not change K/ (F) nor the quantities ¢, ad—bc and d?c—ac?, we can suppose
that

F(T) = ch(T—i— %) (mod 7).

This implies that v(d/c) = 0, v(a) > 1 and v(b) > 1. If we had v(b) > 2, then the choice
A := d would contradict the last congruence in (4.6.1.1). Hence we have v(b) = 1. The
Newton polygon of F tells us that the roots r,...,7, of F in the algebraic closure K/,

of K/, satisfy
(4.6.2) v(rg) =0, ov(m)=...=v(ry) = é
We now consider the polynomial
Fi(T):=F(T+r)=caT™" +diT"+aT+by =T +d T+ T €K,[T].

The roots of Fy are r;—r1. Using Equation (4.6.2), we deduce v(c1) = v(d1) = 0 and
v(ay) > 0. Using aydy —byc; = ad—be, we see that v(ay) = v(aidi—c1by) = v(ad—be) = 1.
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The Newton polygon of Fj tells us that

1
v(rgfrl)f...fv(rqfrl)fq_—l.

This, together with Equation (4.6.2) and the fact that K C K’ is unramified, imply
that the inertia degree of K! C K!(F) is a multiple of g(¢g—1) and consequently that
Gal(K! (F)/K') is a Borel subgroup of G. O

We now prove that, for certain choices of a, b, ¢, d € K, Equation (4.6.1.1) is satisfied.

Proposition 4.6.3. Let K be a field extension of Fy, let uy, ua, us, w1, wa, w3 be distinct
elements of K and let a,b,c,d € K be the elements defined by the following equality in
GL(K)

Us — U3 0 1 —u

c d 1 1 0 wa — wi 0 U — Us -1 us

Then (25) sends the three elements uy,uz,us € PH(K) to wi,wi, wi € P'(K) respec-
tively.

Suppose, moreover, that K is equipped with a discrete valuation v : K* — Z, that
u;, w; are v-integral, that v(w;—w;) = v(ws+u;) = v(ug—us) = 0 for i # j and that

v(ug—ug) = 1. Then a,b, c,d satisfy (4.6.1.1)).

Proof. To prove first part we notice that, given distinct elements z,y, z € K, the matrix

z T T—y 0
Ny oy, =
1 1 0 Yy—z
is invertible and acts on P'(K) sending 0, 1,00 = [}] to z,y,z respectively. Using this
definition we have (24) = det(Nuy us,us) Nt wd wi Ny ug» hence (25) acts on P'(K)

sending

u = 0= w!, u—1—wd, uzr oo wi.

Now the second part of the lemma. Computing det(Nu,u;,us) and det(Ny g 1) We
see that

ad — be = (ug — ug)(ug — ug)(ug — uz)(wy —we)?(we — ws)?(wy — ws)?

hence v(ad—bc) = v(u;—u2) + v(ug — u1) = 1 (the element us—wu; has valuation zero

because it is the sum of uz—us and us—wuy that have valuation 0, respectively 1. Writing
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a, b, c,d as polynomials in the u;’s and the w;’s, we check that there is a multivariate
polynomial f such that
dic —ac? :f(u17u27u37w1a ’U}Q,T,U?,) : (Ul - u2)q
2

(4.6.4) + (w1 — ug)U(wy — wa)? (w1 — w3)?(ug + wa)? - (uy — uz)

— (w1 — ’(1)2)q2+q(’l“ — U3)q+1(u1 + wg)q .
Since v(wg—w1) = v(uz—uy) = v(wz+uy) = 0, we have v(d%c—ac?) = 0. Let O, be the
integral subring of K, let m, := u;—us, which is a generator of the maximal ideal of O,,.
Now suppose by contradiction that there exists A € O such that
(4.6.5) cA? — a%(ad — be)A ™' = d%c — ac? (mod 7?).

Using ad—bc = 0 mod 7, and the equality ¢ = (w1—w2)9(ui—usz) — m,(w1—ws)?, we
deduce

dic — ac? a
M= — = (— (u1 — usz)(ur + ws)(wy — ’(Ug)q> (mod m,),

If we replace A by some X' = X modulo 7,, then the congruences (4.6.1.1)) are still
satisfied, hence we may suppose A = —(uj—us)(u;+ws)(wi—wz)?. Substituting A and

in we get
0 = c!(ad — bc) + (d%c — act)A — AT
= fm,(w1wa)qQJrq(wlfwg)q(ulfu?,)qﬂ(wszg)q(wgqtu;;) (mod 72)
which is absurd because v(w;—w;) = v(u1—u3) = v(ws+usz) = 0. O

We now prove the main result of this section. Varieties like C in the following lemma

arise in Sections and when imposing conditions and |(I11)} Proving that the

components of such curves are defined over k is useful to prove that such varieties have
“many” k-rational points and consequently that conditions|(II)|and |(III)|are “often” true.

Lemma 4.6.6. Let F, C k be an extension of finite fields and let B/k be a geometrically
irreducible variety. Let uy,us,us, wy,ws, ws be distinct elements of k(B) and suppose
there exists an irreducible divisor Z C By, generically contained in the smooth locus of
B, such that u;, w; are defined on the generic point of Z and such that
Z is a zero of order 1 of ui—ug and it is not a zero of wz+u;, us—us, w;—w; for i7#j.
Let C C B x PGLy x Al be the variety whose the points are the tuples (R, (’; 3) ,2) such
that
u;(R) are defined and distinct, w;(R) are defined and distinct, d%c— ac? # 0,
(¢4) - ui(R) =wi(R) fori=1,2,3  and

(d¢ — ac?)TT (29 — z)qtq = cq2+1(ad — be)? ((zq2 —z)/(z% — z))q+1
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If C is defined over k, then its geometrically irreducible components are defined over k

and pairwise disjoint.

Proof. We first look at the variety By C B x PGLy whose points are the pairs (R, A)
such that

u;(R) are defined and distinct, w;(R) are defined and distinct,
A-u;i(R) =w!(R) fori=1,2,3.

Since an element PGLs is uniquely determined by its action on three distinct points of
P!, the projection By — B is a birational equivalence, whose inverse, by the first part of
Proposition , is given by 1;3 — (‘;; Zi) (R), where ay, b1, c1,d; € k(B) are defined by
the following equality in GLqy(k(B))

q

ay b1 w3 g g d 0

w Wi — Wy Uz — U3 0 1 —u

c1 dp 1 1 0 wa —wi 0 UL — Usy -1 us

Let v: k(B)* — Z be the valuation that determines the order of vanishing in Z of a
rational function. The second part of Proposition [£.6.3] implies that a1, by, c1, dy satisfy
(4.6.1.1)), over the field k(B). In particular we have ¢; # 0 and v(c;) = 0. Hence we can

define the following rational functions on C
ag = al/Cla by 1= bl/cla co =1, do := d1/01

which again satisfy over the field k(B). The advantage of as, by, co,ds is that,
as we now show, they are defined over k. Let B; be the projection of C inside B x PGLaq:
since C is defined over k, the variety B; is defined over k£ and, since B; is a dense
open subvariety of By, the variety B; is birational equivalent to B through the natural
projection. Since a/c is a rational function on B; defined over k, we deduce that as = a/c
lies in k(B1) = k(B) and analogously b, ca,ds € k(B). A fortiori as,be,ca,ds satisfy
inside the field K = k(B). By Proposition k is the field of constants of
the extension k C X, where X is the splitting field of

F(T) := coT9™ + do T + aoT + by,

over k(B). We deduce that there exists a geometrically irreducible variety £/k having
field of rational functions ¥. Let 7: £ --» B be the rational map induced by k(B) C &
and let 79,...,74 € ¥ be the roots of F, interpreted as rational functions on £. Using

[23, Lemma 2.3] we see that, for any choice of integers 0 < i < j < m < g,

T‘i—’l"j

€ X =k(&) satisfies

z = Zi,j,k =
Ty — Tk

(dico — ancd)it (29 — z)quq = C§2+1(a2d2 — baca)? ((Zq2

—a/ )"
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Hence, for each 0 < i < j <m < g we get a map

bijm: € - C, S — (7(S), (%2 %) (9), 2ijm(9)) .

c2 da

Since all the z; ; ., are different, the union of all the images ¢; () is dense inside
C. Hence, up to shrinking C, every geometrically irreducible component of C is also a
geometrically irreducible component of ¢; ; () for some (7,7, m). Since £ is defined
over k and geometrically irreducible, the variety ¢; ;..(€) is also defined over k and
geometrically irreducible. We deduce that the irreducible components of C are defined
over k.

Finally, we prove that the components of C are pairwise disjoint. The projection
m: C — By has finite fibers whose number of k-points counted with multiplicity is ¢°—¢
, that is the degree, in z, of the polynomial

(d9c — ac?)TT (27 — z)q2_q - cq2+1(ad — be)? ((zq2 —2)/(z7 - z))q+1

If, by contradiction, there is a point (R’, (‘Z: Zl,) ,Z') lying in the intersection of two
components of C, then the fiber 771 (R/, (‘Z,/ Zi )) has cardinality smaller than ¢%—¢. In

other words the polynomial

G(2) = (d'9¢ —a' 1)1+ (29— ) ~9 T+ (g d/ — b/ ') ((zq2 —2)/(z7 - z))tﬁ_1 € F,[z]

has less than ¢3—q roots. Since a’d’—b'c’ # 0 and d¢'—a’c’? # 0, there is no root of
2

29 —2

G that is also a root of 29—z or 2;—=. In other words, G has no root lying in the

finite field F,2 C F, with ¢ elements. Since 2’ is a root of G and since G is a F,-linear

2
combination of powers of 29—z and quq__zz, for any matrix A € PGLy(F,), the number
A -7 is also a root of G. Since #PGLy(F,) = ¢®>—¢ is larger than the set of roots of G,
there exists a matrix A € PGLy(F,) such that A -z" = 2/, implying that 2’ lies in F2,

which is absurd. O

Remark 4.6.7. Let F, C k be a field extension and let F(T) = ¢T9"! +dT7 + aT + b
be a polynomial with coefficients in k such that, ad—bc # 0 and a%c—dc? # 0. By [23]
Theorem 4.3 and Lemma 2.3], the polynomial F' splits in linear factors over k if and only

if there exists an element z € k such that
q+1
(dic — ac?)TT (27 — z)q(z*q = cq2+1(ad — be)? ((zq2 —2)/(z% - z))

In particular, in the notation of the proof of Lemma we have ¥ = k(B)(z; j,m) for
any choice of integers 0 <7 < j < m < ¢. In particular, the map ¢; ;», is injective, hence
it is a birational equivalence between £ and an irreducible component of C. In other
words the field of rational functions of an irreducible component of C is the splitting field
of F over k(B).

137



4. DISCRETE LOGARITHMS IN SMALL CHARACTERISTIC

4.7 Descent 3-to-2

In this section we prove Proposition [£.5.3] for a good irreducible divisor D. Following the
notation of Section when € = 3, let k be a finite extension of I, of degree at least
80, let @ be a good point on E such that [k(Q) : k] = 3, and let o be a generator of
Gal(k(Q)/k). Then, we look for a function f € k(E) and a matrix (2Y) € PGLy(k)
satisfying properties we describe a curve C whose k-points give such

pairs (f, (g 2)), and we prove that there are many k-points on C.

4.7.1 The definition of C
Property |(I)| requires that f € k(E) has at most two poles: we look for f of the form

y —y(P)

(4.7.1.1) fpi= ey

for some P in E(k) \ {Og}, since such fp has exactly two simple poles, namely Og
and —P. As explained in Remark [4.6.7} in order to ensure condition |(IT)] it is sufficient
imposing that d?c # ac? and that there exists z in k such that

(4.7.12)  (d% — ac?) T+ (29 — 2)7 1 = ¢+ (ad — be)d ((z‘f — )/ (27 — z))q+1

Notice that definition (4.7.1.1)) makes sense for P € E(F,) \ {Og} and that we have the

following symmetry: for any P, P’ € E(F,) \ Og, we have fp(P’) = fp:/(P). Using this
and the fact that h?(¢(P)) = h(P)? for all h € F,(E) and P € E(F,), we have

fe(0'Q) = foiq(P), [R(0'Q+Po) = fH($(0'R)) = fr(c'R)? = f,ip(P)",
where R is the unique point on E such that ¢(R) = Q + Py. Hence (III)| is equivalent to
(4.7.1.3) (2%) - foi@(P) = —frip(P)? for eachi=0,1,2.

We now impose Let B be a point on F such that ¢(B) = B + Py. If the rational
function cf& ' +dfs+afp-+b vanishes on B, then (a%)- fe(P) = —fg(P)?. This and
Equation , when f,i¢ are distinct, imply that the cross ratio of fo(P), foq(P),
fo2q(P), fB(P) equals the cross ratio of fr(P)?, for(P)?, fozr(P)?, fB(P)?. The poles
of fp are O and —P. Hence, assuming and the distinctness of f,iq(P), con-
dition is implied by

(4.7.1.4)

for all B such that ¢(B) =B+ P : P+#—-B and

CrRat(fo(P), foq(P), fa2q(P), f5(P)) # CrRat(fr(P)?, for(P)?, fozr(P)?, f5(P)?),
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where, given four elements A1, A2, A3, Ay € P1(FF,), we write

(A3 = A1) (A — A2)
(A2 = A1) (Mg — A3)
for their cross-ratio, which is defined unless three of the \;’s are equal.

Finally we define E' := E \ {Op,—Q,—R,...,—0%Q,—0*R}, so that f,ip and
frig are regular on E’, and we define C C E’ x PGLy x Al as the curve made of
points (P, (c d) z) that satisfy Equations (]4 7.1. 3[) (]4.7.1.2[) and 1) and such
that dc—ac? # 0 and the f,ig(P) are distinct.

Notice that C is defined over k: even though the equations (2 ) f,iq(P) = — fI,(P)
on E’' x PGLsy have coeflicients in the field k£(Q), the Galois group of k C k(Q) permutes
these equations. We constructed C so that, for any point (P, (2%),z) € C(k), the pair

(fp,(2Y)) satisfies properties and

CrRat(A1, A2, A3, \g) = € P'(F,),

4.7.2 The irreducible components of C

In this subsection we prove that all the geometrically irreducible components of C are
defined over k. We can leave out from the definition of C. Our strategy is
applying Lemma W to the variety B = E’, using the rational functions u; = fyi-1¢,
w; = — fyi-1x and the irreducible divisor Z equals to the point —Q—0Q € B(F,) C E(F,).
Notice that, given distinct points P', P” € E(F,) \ {Og}, the function fp/—fpr is
regular at O and moreover (fp/—fp~)(Og) = 0. Since the sum of zeroes and poles of
a rational function is equal to Og in the group F (E), we deduce that, given distinct
points P', P" € E(F,) \ {Og},
(4.7.2.1)
fer—fpr has two simple poles, namely —P’" and —P"

and two zeroes counted with multiplicity, namely Og and —P'—P”.
Let Z := —Q—0@Q. By (4.7.2.1)) and the fact that @ is not a trap, the point @ is not a
pole of any of the u; and the w; and it is not a zero of any of the functions us—us, ws+u;

and w;—w; for i # j: if, for example, — fyr is not regular on Z, then Z = —R. Hence,

using that o acts as ¢' on E(F,) for I := [k : F,], we have

Q+P=¢(R)=¢(-2) =" Q) +0(Q) = Q) =01-9)(Q) +P,

hence
(4.7.2.2)
$*(Q) = "(Q) = ¢** (1 = 9)(Q) + Po) = (1 = $)0¢™*?)(Q) + Py
= ((1 =)o) (1 = 9)(Q) + Po) + Po = (1 = d)o(1 = 9))(¢'TH(Q)) + Py
=(1-0)*(1-0)(Q) +Po) + Po=(1-9)°(Q) + R,
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implying that

((2¢ = 1)o(¢? = ¢+ D)(Q) = (¢° + (¢ — 1)°)(Q) = P,

which contradicts the hypothesis that () was not a trap point. Moreover, by (4.7.2.1)), the
function fg—fso has a simple zero in Z. Hence, by Lemma @ all the geometrically
irreducible components of C are defined over k and disjoint.

4.7.3 k-rational points on C

We now prove that #C(k) is larger than %#k. The curve C is contained in the open subset
of (E\ {Og}) x PGL; x A! made of points ((z,y), (¢}),2) such that ¢ # 0. Hence C is

contained in A%, with variables x, ¥, a,b,d, z and it is defined by the following equations:

e 0=p; :=W(z,y), the Weierstrass equation defining F;

¢ 0 = py = (di—a)it!(z7—2)" 7 — (ad—b)9(%;=2)71, the dehomogenization of
(4.7.1.2)) in c;

e 0 =p;(z,y,a,b,d) for i = 3,4,5, obtained by (4.7.1.3) after dehomogenizing in c,
substituting fyiq(P) and f,ig(P) by their expressions in x,y and clearing denom-
inators;

« a number of conditions 0 # g; ensuring that P # —o'Q, P # —c'R, d%—a # 0,
ad —b # 0, that f,i(P) are pairwise distinct and that (4.7.1.4) is satisfied.

In particular, C can be seen as a closed subvariety of A7, with variables z,y, a,b, d, z and
t defined by the equations py =0,...,p5s =0 and 0 =pg :=tq; ---q» — 1.
Let Cy,...,Cs be the irreducible components of C. By [46, Remark 11.3], we have

(4.7.3.1) #C(k) > #Cy (k) > #k — (5 — 1)(0 — 2)(#k)> — K(C1),

where 0 is the degree of C; and K (C;) is the sum of the Betti numbers of C relative to
the compact ¢-adic cohomology. Since C; is a component of C then

(4.7.3.2) § < deg(p1) - - - deg(pe) -

Since C is the disjoint union of the C;, the Betti numbers of C are the sums of the Betti

numbers of the C; and using [58, Corollary of Theorem 1] we deduce that
8
(4.7.3.3) K(C) <K(C)<6-2°. (3 +7 ‘_nllaxﬁ{deg(pi)}> .

Since degpy < 3, degps < ¢*+q, degps, ..., degps < ¢+2, degpy < 8¢ +29¢+29 , then
Equations (4.7.3.1), (4.7.3.2) and (4.7.3.3)) imply that #C(k) > % (#k) when #k > ¢50 and
q>3.
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4.8 Descent 4-to-3

In this section we prove Proposition [£.5.2] for a good irreducible divisor D. Following the
notation of section when € = 4, let k be a finite extension of I, of degree at least
80, let Q be a good point on E such that [k(Q) : k] = 4, and let o be a generator of
Gal(k(Q)/k). Then, we look for a function f € k(E) and a matrix (%) € PGLy(k)
satisfying properties we describe a surface C whose k-points give such

pairs (f, (‘é 2)), and we prove that there are many k-points on C.

4.8.1 The definition of C
Property |(I)| requires that f € k(E) has at most 3 poles: we look for f of the form
. frp+a

fz+8"

where «, § are elements of k, the points P, P lie in E(k)\ {Og} and fp is the rational
function defined in (4.7.1.1). For the rest of the article we let «, 8 and P vary and we
fix P so that

(4.8.1.1) f=fapp:

Fa(P), f20(P), fr2q(P), f230(P), fr(P), f+r(P), f2r(P), f+3r(P) are pairwise distinct.

There is at least one such point P because #(E(k) \ {Og}) > (5) and by (4.7.2.1) for
each P’ # P" € E(F,)\ {Og} there is at most one point P € (E(k)\ {Og}) such that

fp(P) = fpv(P). Notice that the above definition makes sense for any P € E(F,) and
a,fB € E and that, for any such choice, the function f, g p has at most three poles
counted with multiplicity, namely —F and the zeroes of fz+3. Hence condition is
automatically satisfied. We write f for f, g p, unless we want to stress the dependence
on «, 3, P, like in the equations defining C.

As explained in Remark when d9c—ac? # 0, condition is satisfied if and
only if there exists z € k such that

(4.8.1.2) (dic — ac?)Tt (27 — z)quq = cq2+1(ad —be)? ((zq2 —2)/(z - z))q+l .
Since h?(¢(P)) = h(P)4 for all h € Fy(F) and P € E(F,), we have
~f?(0'Q+Py) = —f*(¢(0'R)) = —f(o'R)",

where R € E(F,) is the unique point such that ¢(R) = Q + Py. Hence property |(IIT)| is
equivalent to

(4.8.1.3) (28) fa8,P(0'Q) = —fapp(c’R)? fori=0,1,2,3.
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Since cross-ratio is invariant under the action of PGLy on P!, the above equation implies
that either the cross-ratio of f(c°Q),..., f(¢3Q) is equal to the cross ratio of f(¢°R),.. .,
f(0®R), or one of the two cross-ratios is not defined. Hence, assuming that f(c'Q) are
distinct and that f(o'R) are distinct, Equation implies
(4.8.1.4)

CrRat(fa’gﬁp(O'oQ), R fa’ﬁ’p(O'?’Q)) = CrRat(faﬁyp(aOR)q, R foéyg’p(JBR)q).

Moreover, supposing that f(c?Q) and f(c'R) are distinct, the properties of cross-ratio
imply that Equation (4.8.1.3]) is equivalent to Equation (4.8.1.4)) together with

(4.8.1.5) (28) " fap.p(0'Q) = —fapp(c'R)? fori=0,1,2.

We now impose Let B be a point on E such that ¢(B) = B+ Py. If the rational
function ¢f7™'+df?+af+b vanishes on B, then (¢Y) f(B) = —f(B)?. This, together
with Equation and the fact that f(0'Q) are all distinct, implies that the cross-
ratio of f(Q), f(0Q), f(02Q), f(B) is equal to the cross-ratio of f4(R), f¢(cR), f1(c?R),
f4(B). A pole of fqp p is either equal to —P or to a zero of fz+03 € F,(E). Hence,
assuming Equation and the distinctness of f(cQ), condition is implied by

(4.8.1.6)
for all B such that ¢(B) = B+ Py : P+#-B, [+ fz(B)#0 and
CrRat(£(Q), £(0Q), £(0°Q), F(B)) £ CrRat(f(R)1, (o R)?, f(o*R)", f(B)7).
Let E' :== E\{Og,—0°Q,—0°R,...,—03Q,—03R} and let C C A% x E' x PGLy x A! be
the surface made of points (a, 8, P, (¢ 4), 2) that satisfy Equations (4.8.1.4)), (4.8.1.5),
and , and such that 8+ f5(0'Q) # 0, 8+ f5(0'R) # 0, d%c — ac? # 0,
the f(0'@Q) are distinct and the f(o’R) are distinct.

The definition of E’ and the conditions 3 + f;(aiQ) #0, 6+ f;(a’R) # 0, ensure
that f(0'Q) and f(o'R) are well defined. As in subsection the surface C is defined
over k. If (o, B, P, (%Y%) ,2) is a k-point on C, then (fa,g,p (24)) satisfies |(I)| [(II)| and
and

4.8.2 Irreducibility of a projection of C

Before studying the irreducible components of C, we study the closure in P? x E of the
projection of C in A% x E. Let B C A?2xE’ be the surface whose points are the tuples
(a, B, P) such that

fa5.p(0'Q) are pairwise distinct, f, 5,p(c'R) are pairwise distinct,
[5(0'Q)+B8#0, fz(a'R)+5#0,
CrRat(fa7@7p(UOQ), el fa,57p(03Q)) = CI‘Rat(fa”g,P(O'OR)q, . fa”g,p(agR)q) ,
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and let B be the closure of B’ inside P? x E. Since the action of PGLy on P! is triply
transitive, the projection A2 x E x PGLy x A! — A2 x E gives a dominant morphism
C — B (this is the same argument used in the proof of Lemma to show that
By — B is dominant). Since C is defined over k, the variety B is defined over k. In
the rest of the subsection we prove that for all but a few choices of P € E(k) the curve
Bp := BN ({P}xP?) is reduced and geometrically irreducible. In other words, we think
of P as fixed and we let & and (8 vary.

We first write an equation for Bp in P2, Using the definition of f, g p we get

i - , j _ Li,j(a,ﬂ,l) Ri,j(a,ﬁ,l)
fa,B,P(U Q) fa,ﬁhl)(o- Q) (lz+,8) (ZJ+[3) (7'14’6) (Tj+ﬂ)7

where [; := f;(aiQ), = f;(aiR) and L; ;, R; j € F,[a, 8,7] are the linear polynomials

. fa8,P(0'R)—fap,p(c'R) =

LiJ = (lj_l’b)a + (folQ(P)_fUJQ(P))ﬂ—’_ (fo’lQ(P)lj_foJQ(P)l'L)’%
Ri,j = (rj_ri)a"’_ (fo’jR(P)_ijR(P))ﬂ + (fo’iR(P)Tj_fajR(P)Ti)PY'
Then, for a fixed P, Equation is equivalent to

(4.8.2.1)

(Lo2L1sRG 1 RS 5) (e, B, 1) = (Lo LasRE 5 R 5) (e, B, 1),
and Bp is the vanishing locus of the homogenous polynomial
(4.8.2.2) M(a, B,7) = LO,ZLLSRg,le,?a - L0,1L2,3R8,2R(f,3 € E[aa5,7] .

Notice that for each pair (z,7) € {(0,1),(0,2),(1,3),(2,3)} the varieties {L; ; = 0}
and {R;; = 0} are lines inside P? and that it is easy to determine the intersections
Bp N{L; ;=0} and Bp N {R; ;=0}: such divisors are linear combinations of the points
X}’s defined in Figure as intersections between lines in P2. The following proposition
says that the points X} are well-defined and distinct.

Claim 4.8.2.3. We consider the lines {L; ; = 0} and {R;; = 0} for (i,j) in the set
{(0,1),(2,3),(0,2),(1,3)} and the points X; defined in Figure as intersections of
some of these lines. For all but at most 450 choices of P € E(k), this lines are distinct
and the points X; are distinct.

Proof. Since @Q is not a trap, we have ¢*(Q) # @Q + 4P,. Hence the points 6°Q, 0°R, . . .,
03Q, 0* R are pairwise distinct: clearly ¢°Q, ..., 02Q are distinct and 0°R, ..., o3 R are

distinct and if we had ¢'Q = ¢/ R, then, for [ := [k : F] and m := i—j, we would have

Q+ Py = ¢(R) =¢(0" Q) = (¢! Q) = ¢!™H1(Q)
= ¢'(Q) =¢""V(Q) = Q+ 4.
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Figure 4.1: The intersections X; of the curve Bp with certain lines L; ;, R; ;.

{Lo2 =0} (L1 = 0} {Ro1 =0} {Re3 =0}

{Ly, =0}

{Ri3=0} X13 X14 X5 16

This implies that for any point P € {¢°Q, 0 R, ...,03Q,c* R} there is exactly one of the
rational functions fyoq, foor, ..., fs30, fir that has a pole in —P, namely fp.

If the lines {Lo2 = 0} and {L; 3 = 0} are equal, then the matrix of their coefficients

la—=lo  (fo—fr2)(P)  (lafg—lofs2q)(P)
Is=li (foo—Tfo30)(P) (I3foq—lifosq)(P)

has rank 1 hence, computing the deteminant of a submatrix of n, P is a zero of the
rational function (lo — l2)(frs0—foq) — (l1—13)(fo2g—fq). We have chosen P so that
lop # Il and l; # I3 hence this rational function is non-zero and has five poles counted
with multiplicity. So it has at most five zeroes. Hence for all but at most five choices
of P € E(k), the matrix n(P) has rank 2 and consequently the lines {Lg2 = 0} and
{L1,3 = 0} are distinct.

For any other pair of lines A, A’ in Figure |4.1} one can prove with similar arguments
that A # A’ for all but at most five choices of P € E(k). We prove that, for all i # j, we
have X; # X, for all but six choices of P € E(k). We treat only a couple of cases here.

If X9 = Xj2, then the lines {R; 3 = 0}, {R2,3 = 0} and {Lg2 = 0} are concurrent,
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hence the following matrix, that contains their coefficients, is not invertible

ro—r0  (frR—fo2r)(P)  (r2fr—T0fo2r)(P)
M = M(P) = | r3—T2 (fa?R—fJBR)(P) (7"3fa2R—T2fUSR)(P) ’
b=lo  (fo—fo2@)(P)  (l2fo—lofs2q)(P)

implying that P is a zero of the rational function det(M). Writing out the det(M) we
see that there is a rational function g, regular in —o?R, such that

det(M) = (l2—lo)(ro—r3) a2 + fo2r g

and since lg # Iy and 7 # r3 we deduce that det(M) has a pole of order 2 in —¢2R and
in particular det(M) is a non-zero rational function with at most 6 poles counted with
multiplicity. Hence det(M) has at most 6 zeroes, implying that X # X1, for all but 6
choices of P € E(k).

If X3 = X4, then the lines {Lo1 = 0}, {L23 = 0} and {Ry1 = 0} are concurrent,
hence the following matrix, that contains the coefficients of Lo 1, L2 3 and Ry 1, is not
invertible

L=lo  (fo—foq)(P) (lifo—lofo@)(P)
N=NP)=|13-lo (freq—fr2Q)(P) (sfr2q—Il2fs30)(P)
ri—=ro  (fr—for)(P) (rifr="r0for)(P)

As before, in order to prove that X3 # X for all but at most 6 choices of P € E(k)\{Og}
it is enough proving that det(N(P)), considered as a rational function of P, is not
identically zero. We suppose by contradiction that det(N) is identically zero and for
each i,7 € {1,2,3} we denote N, ; the (¢,j)-minor of N(P), considered as a rational
function. Since l; # lo, then N33 has a simple pole in ¢3Q and consequently N3 3 # 0.
Analogously Ny 3 # 0 and Na g # 0, hence there are rational functions A, B € F,(E)
such that

(i=lo) - A+ (fo—frq) - B=lfo—lofsq
(4.8.2.4) (ls=l2) - A+ (forq—fo3q) - B = laforq—lafosq
(ri—r0) - A+ (fr—for) - B=r1fr—T0for

and, using Cramer’s rule, we have

_ Mo Nop  Nio
Ni3 Na3 Nij3

B
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Using the same argument we used for N3 3, we see that Nj 2, N2 2, N3 o # 0. Moreover it
is easy to compute the poles of Nj 2, N2 2, N3 2, N1 3, Na3, N33 and check that they all
vanish in P and Op, using that for each P € E(F,)\ {Og} we have (fP—%)(Op) = 0.

Hence there are positive divisors D ,, of degree 2 on E such that, for each j = 2,3
div(Nij) = Dy + P +O0p — (=R) = (=0R) = (=0°Q) = (-0°Q),
div(No k) = Daj+ P+ Op — (—Q) — (—0Q) — (—R) — (=0 R),
div(Ny ;) = D3+ P+ Op — (-Q) — (—0Q) — (—0°Q) — (-0°Q),

and consequently

div(B) = D13 —D13= D39 —Dy3=D3o—Dsg3.

The functions fqg, foq, fo2q@ and fysqg are F,-linearly independent, hence Ny » and Ny 3
are not IF,-multiples. Hence B is not constant. Since every non-constant rational function
on E has at least two poles, we deduce that Dy 3 = D33 = D33 is the divisor of poles
of B. This implies that the sum, in the group E(F,), of the poles of Ny 3 is equal to the
sum of the poles of N> 3 and is also equal to the sum of the poles of N3 3. This implies

that, in the group E(F,), we have
Q+0Q=0’Q+0°Q=R+0oR.

Hence, using (4.7.2.1), —Q—0Q is a zero of N33 and consequently the two poles of B
are —Q—o@Q and —Q—o@Q—P. By looking at (4.8.2.4) we deduce that A has exactly one

simple pole, namely —@Q—oc@—P, which is absurd. Hence det(/N(P)) is not identically
Z€ero. O

We now study the geometrically irreducible components of Bp assuming the conclu-
sions of Claim [4.8.2.3] In other words, we avoid the small (compared to ¢) number of
points P € E(k) such that the lines L, ;, R; ; or the points X; in Figure are not
distinct.

Using the equation defining Bp, we can compute the divisor-theoretic intersection
(4825) BPQ{LO’Q :0} = X1+ X5+ qXo + qXi13.

This intersection contains the point X; with multiplicity 1, hence X; is a smooth point of
Bp. With analogous arguments we can prove that all the points X; in the figure except
the ones of the shape {R; ; = 0} N{R;,,», = 0} are smooth points. This helps us studying
the geometrically irreducible components of Bp, as in the following Claim.

Claim 4.8.2.6. Assume the conclusions of Claim[{.8.2.3 hold. The curve Bp does not
contain any conic defined over k.
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Proof. Suppose F' € kla, 3,7] is a quadratic equation defining a conic contained in Bp.
Since Xo is a smooth point of Bp, if the conic {F = 0} contains Xg, then {F = 0} is the
only component of Bp passing through Xy, hence Xg appears in Bp N {Lg2 = 0} with
multiplicity at most 2 < ¢, contradicting Equation (4.8.2.5). Hence {F = 0} does not
contain Xg nor, by a similar argument, X;3.

This, together with Equation (4.8.2.5), implies that X; and X5 belong to {F = 0}.
Analogously X, and Xg belong to {F = 0}. Both the conics {Lo1L23 = 0} and
{Lo2L1,3 = 0} pass through the points X7, Xo, X5, X¢, hence, using that X7, X9, X5, X

are in general position, there are Ao, A; € F, such that
F=XLoiLas+ M LoaLis.

We extend o to an element in Gal(F,/k) and we look at the action of o on Fy[«, 8,7].
For each 4,5 € {0,1,2,3} we have 0L; j = Liy1,j+1 = —Ljt1,i+1, considering the indices
modulo 4, hence

MLo1Los+MLoaLlis=F =0F =0(X)La3sLso+ 0(A1)Lo2L1 3.

Some cumbersome computations imply that the line {L; o = 0} is the line through Xo
and X5 and the line {L3 o = 0} is the line through X; and X. In particular the lines
{L; ; = 0} appearing in the above equation are pairwise distinct. Hence Ao = o(\g) = 0,
and consequently {F' = 0} = {Lg2L1 3 = 0}, which is not contained in Bp. Contradic-
tion. O

Claim implies that Bp does not contain a line of P?. Suppose that A is a line
contained in Bp. Neither Xg nor X;3 are contained in A since they are smooth points of
Bp and, by Equation the unique components of Bp passing through them must
have degree at least ¢ inside P2. Hence A N {Lg2 = 0} € {X1, X5} and consequently

(4.8.2.7) (AUOo?A)N{Lo2 =0} = X; + X5.

This implies that o?A # A and that o?A and A are all the Gal(F,/k)-conjugates of
A: since Bp is defined over k, then all the Gal(F,/k)-conjugates of A are components
of Bp and if A has a conjugate A’ # A,02A, then, by the same argument as before,
AN Nn{Lys =0} € {X1,X5} and this, together with Equation contradicts the
smoothness of X; and X5. We deduce that AUg?A is a conic defined over k and contained
in Bp, contradicting Claim [4.8:2.6]

By a similar argument, no conic Q is a component of Bp: if this happens, since conics
have degree 2 < ¢ in P2, then Xo, X13 do not belong to any of the Gal(F,/k)-conjugates
of Q, thus, by Equation (4.8.2.5), for all 7 € Gal(F,/k) we have

T(Q)N{Lo2 =0} = X1+ X5 = QN {Loo =0}
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hence, by the smoothness of X; and X5, Q is defined over k, contradicting Claim

We now suppose that Bp is not geometrically irreducible. Let Bi,...,B, be the
geometrically irreducible components of Bp. As we already proved, each B; has degree
at least 3, hence the intersection B; N {Lo2 = 0} is a sum of at least 3 points counted
with multiplicity. By Equation , this implies that B; is passing through Xg or
X713 hence each B; has degree at least ¢g. Since the sum of the degrees of the B;’s is equal
to 2¢+2 < 3¢, we deduce that r = 2 and that either deg(B;1) = deg(B2) = ¢+ 1 or, up to
reordering, deg(By) = ¢ and deg(B2) = ¢ + 2.

If deg(B;) = deg(B:) = ¢ + 1, Equation implies that, up to reordering,
X1 € Bi(F,) and X5 € Ba(F,). Since Bp is defined over k, then Gal(F,/k) acts on
{B1, B2} and because of the cardinality of such a set, then o2 acts trivially. In particular
X5 = 02X, belongs to 02B1(F,;) = B1(F,), hence X5 € B;(F,) N B2(F,), contradicting
the smoothness of X5. This contradiction implies that

deg(B1) = q, deg(Bz2) =q+2.

For each linear polynomial L = [,a+1g8+ [,y such that [, # 0 and for each polynomial
F(O{, Ba ’Y) € E[a» 67’}/] we define

F|L F(W7577)7

so that F|y, is the unique element of F,[3,7] such that FF = F|;, mod L. If F is ho-
mogenous, then F|y, is also homogenous. Notice that the hypothesis I, # 0 is true for
L = L; ; when i # j, because, by the definition (4.8.2.1), the coefficient of v in L, ; is
f5iq(P)—fsiq(P) and we have chosen P so that fyiq(P) # frio(P).

For each i € {1,2} let M; € F [, 3,7] be a homogeneous polynomial defining B;.

Claim 4.8.2.8. There exists homogenous polynomials Fi, Fo, Go, N1, Ny € E[a, B,7] of
respective degree 1,1,1,q — 4,q — 2 such that

My = Fi' + Lo,1 L2 3Lo,2L1,3N1, (4.8.2.9)
My = FiLo1Lys+ G9Lo2L1 3+ LoLasLoaLisNo (4.8.2.10)

Proof. We start from the first part. Since deg By = g and since X7, X5, X9 and X3 are
smooth, Equation implies that By N {Lo2 = 0} is either ¢X13 or ¢Xo, hence
ML, , is the g-th power of a linear polynomial. We deduce the existence of polynomials
A1, By € Fyla, B,7] such that A; is linear homogenous and

Ml = A(ll + BlL072 .
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Similarly to B1 N {Lg,2 = 0}, we have that By N {L; 3 = 0} is either ¢X14 or ¢X10, hence
there exists a linear polynomial Ay € F,[3,7] such that

Aj=DMp,, = A}, , + BilrsLogle,s, = Bilr,,Lope

Lis = (A2 - Al‘Ll,s)q'

In the last equation either both sides are zero or the right hand side gives the prime
factorization of the left hand side (we use that A;—A; has degree at most 1 and that
F,[8,7] is a UFD). In both cases there exists A\, € F, such that By|r, , = AlLO’Q‘%I:L,

hence
B, = A1L8;1 + BoLis = My = (A1 +MLo2)?+ BaLoaLos =A%+ ByLooLos

for certain homogenous polynomials Az, By € F,la,3,7], with As linear. Similarly to
Bi N {Ly2 = 0}, we have that By N {Lg1 = 0} is either ¢X3 or ¢X,4. Hence, using the

piece of notation | = Lo 1, there exists a linear polynomial A4 € F,[3,7] such that

Af = M|, = As|} + Ba|i Lo 2

1Lisli = BaliLoa|i Lisli = (A4 — As]))?.

Again, in the last equation either both sides are zero or the right hand side gives the
prime factorization of the left hand side. The latter is not possible, since the points
X1 ={Lo1 =0} N{Lo2 = 0} and Xo = {Lo1 = 0} N {L; 3 = 0} are distinct and
consequently Lo o|; and Lj s|; are relatively prime. We deduce that Ba|; = 0, or equiva-
lently By is divisible by L. A similar argument proves that Bs is also divisible by Ly 3,
implying Equation .

Since deg By = ¢ + 2 and since X7, X5, X9 and X735 are smooth, Equation
implies that Ba N {Lg,2} is either X1+ X54+¢X13 or X1+X5+¢Xo, hence

MLy, = Loalr, . Lo3

LooAl =  My=AlLo1Lo3+ B3Lop,

for some homogenous polynomials As, By € E[a,ﬂm], with As linear. In a similar
fashion we have By N {Lq 3} is either Xo+Xs+¢X14 or Xo+Xs+¢X10, hence, using the

piece of notation » = L 3, we have

LO,I‘TL2,3|rAg - Mllr = LO,1|TL2,3|7’A5|?~ + B3|TL0,2|7‘
= Bs|;Loa|r = Loi|rLo3|r(Ac — As5)|2
Again, in the last equation either both sides are zero or the right hand side gives the
prime factorization of the left hand side. In both cases Bs|r, , is a scalar multiple of

L0’1|,~L273|,,L0’2\2_1: in the last case this is obvious, in the first case we use that, since

X1, X2, X5 and X¢ are distinct, the polynomials Lo 1|, Lo s|. and Lo 2|, are relatively

149



4. DISCRETE LOGARITHMS IN SMALL CHARACTERISTIC

prime. Hence there exist homogenous polynomials A7, By € Fyla,3,7] such that A7 is

linear and
My = A%Lg L1 3+ BsLoLas.
Iterating similar arguments we prove Equation [4.8.2.10) O

Let F, F»,G1, N1 and N, as in Claim [£.8:2.8] Up to multiplying M; with an element
of EX, we can suppose that M = M;M,. Reducing this equality modulo Lo 2L 3 we
see that

LooLq 3 divides Lo Lo s(FiFy + Ro 2R 3)%.

The linear polynomials L; ; in the above equation are coprime since they define distinct
lines. Hence Ly oLy 3 divides FyFy+Rg2R; 3. Since F1Fy+Ry 2R 3 is homogenous of
degree at most 2, then it is a scalar multiple of Ly 2L; 3. Using a similar argument with
Lo 1Ly 3 we prove that there exist A, 4 € IFy such that

F1F2 + RQ,QRL?, = )\L072L173, F1G2 — R071R2,3 = IUL071L2,3 . (48211)

We have A # 0, otherwise F; would be a scalar multiple of either Ry 2 or Ry 3: in the first
case Equation would imply that B; contains Xg but not X4 = 7(Xy), implying
that 7(B1) is a component of B different from By, that is 7(B;) = B which contradicts
the inequality deg(Bs) > deg(B;); in the second case Equation would imply that
B; contains X153 but not X9 = 7(X13), leading to the same contradiction.

Using Equations (4.8.2.9)), (4.8.2.10) and and the equality M Ms=M, we
see that
MM, —-M
"~ LoiLasLoalis
= Hng,EngTsl+>\ng;ng1+F1qN2+F2qN1L0,1L2,3+GgN1L0,2L1,3+N1N2L0,1L2,3L0,2L1,3
= A(LoaL13)9 ' 4+ F{Noy+ GIN1LooL1 3 (mod Lo 1).

0

For any F' € E[a, B,v] we define F:=F Lo, and we rewrite the above congruence as
/\qig;litf:@l + F{Ny + G4N1Lo 2Ly 3 = 0. (4.8.2.12)

Since then By N Lg1 does not contain the point Xy = {Lg2=0} N {Lp1=0} nor the
point X3 = {L;3=0} N {Lo,=0}, then F; is relatively prime with both Lo, and
I~/1’3. Hence both I~/072 and ELg divide Ny. Since X; = {Lp,2=0} N {Lp1=0} and
X3 = {L1,3=0} N {Lp1=0} are distinct, then io,g is relatively prime with f/Lg and we
can write Ny = E0)2E1)3N3 for some homogenous polynomial N3 € E[,@’, ~]. Substituting
in Equation [1.8:2.12] we have

NLASPLES? + FiNs + G3N, = 0.
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Since A # 0, since all the polynomials of the form F are contained in F,[3,7] and since
Lo 2 is relatively prime with L; o, the above equation contradicts Lemma below.

In particular the assumption of the reducibility of B led to contradiction, together
with the conclusions of Claim We deduce that for all but at most 450 choices of
P € E(k) the curve Bp is geometrically irreducible. Since #E(k) > 450 and since all the
components of B project surjectively to F, we deduce that B is reduced and geometrically

irreducible.

Lemma 4.8.2.13. Let L1,Ls € E[B,’ﬂ be relatively prime homogenous linear polyno-
mials. Then there exist no homogenous polynomial A, B,C, D € F,[3,~] such that

LI?LY% = A9B + CD.

Proof. The zeroes of L; and Lo in P! are distinct, hence, up to a linear transformation
we can suppose that their zeroes are 0 and co. In particular, up to scalar multiples we
can suppose L; = 3 and Ly = v, implying that AYB + C9D = B9-2~9=2, This is absurd
because any monomial appearing in A? or in B? is either a multiple of $¢ of a multiple

of 77, hence the same is true for all the monomials appearing in A4B + C4D. O

4.8.3 The irreducible components of C

In this subsection we prove that all the geometrically irreducible components of C are
defined over k. To do so, we can ignore (4.8.1.6)) in the definition of C. The strategy is
applying Lemma [4.6.0] to the variety B, using the rational functions

uy, ug, ug: B--» P ui(a, 8,1, P) = fap,pr(c" Q)

w1, W2, W3 : B -2 ]Pl ) wi(av Ba 1; P) = _fa,ﬁ,P(O—iilR) )

and the irreducible divisor Z C B being the Zariski closure of
(4.8.3.1)

P=-Q-0Q-03Q—P,
a= ((fo(P)=fsq(P)B + L fo(P)=lofsq(P))/(lo—l1)

Claim 4.8.3.2. The variety Z is generically contained in the smooth locus of B and the

(o, B, P) € (A’ E')(F,) :

rational function ui—ug vanishes on Z with multiplicity 1.

Proof. We restrict to an open subset U C P? x E containing the generic point of Z. Up

to shrinking U, the rational functions u;,w; can be extended to regular functions on U
using the definition (4.8.1.1)) of f, 5 p, and we have

L071(C¥, B, 1, P)

(lo+8) (L +8)’

Uy — U2 =
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where L; j(a, 8,7, P) € F,[U] is defined as in , as well as R; j(«, 8,7, P). Since
we can assume that lg+f, 140 are invertible on U and since Z is generically smooth, it
is enough showing that ZNU is a component of (BNU)N{Le,1 = 0} having multiplicity
one. Up to shrinking U, the closed BN U C U is the vanishing locus of

M(ev, 3, P) := (Lo2L1 3R | RS 3 — Lo LasRy ,RY 3)(a, 8,1, P) € F,[U].

Since the restriction of M to {Lo,1 = 0} is equal to the restriction of Lo 2 L1 3R§ | RS 3, it is
enough showing that L 2, Ro,1, Re,3 do not vanish on Z and that {L; 3 =0}N{Lg; =0}
contains Z N U with multiplicity 1. We start from the latter. Eliminating the variable
we see that, up to shrinking U, {L1 3 = 0} N {Lo1 = 0} is defined by the equations

(4.83.3) A(P)=0 and (L —lo)a+ (fo(P) = fo@(P))B+Lfe(P)—lfsq(P)=0,

where
A(P) == (li=lo) fo3q(P) + (Is—=11) fo(P) + (lo—I3) fo(P) € Fy(E).

The function A has three simple poles, namely —Q, —0Q, —0>Q, and we easily verify
that )\(ﬁ) = AOg) = 0. We deduce that P = —Q—0Q—02Q—PF, is a simple zero of \.
This, together with the fact that the second equation in is equal to the second
equation in the definition of Z, implies that {L1 3 = 0} N {Lo,1 = 0} contains
Z NU with multiplicity 1.

We now suppose by contradiction that Ry ; vanishes on Z NU. Substituting o and
P in Ry as in the definition of Z, we see that

Xo(—Q—-0Q—0Q—P) . M(—Q-0Q—a3Q—P)

1,P =
RO,l(aaﬁa ) )lZﬁU ZO _ ll lo — ll

)

where

Ao(P) :=(r1 = 10)(fq — fo@)(P) = (l1 = lo)(fr — for)(P),
A (P) :=(r1 —10) (i fo(P) — lofoq(P)) — (b — lo)(r1fr(P) — rofor(P)),

and we deduce that both A\g and A; vanish on P = —Q—OQ—J?’Q—ﬁ. Both )y and
A1 have 4 poles and 4 zeroes counted with multiplicity: they have the same poles they
share three zeroes, namely Og, P and —Q—aQ—a%)—ﬁ. Since, in the group on E(F,),

the sum of the zeroes of an element of F,(E)*

is equal to the sum of the poles, then Ag
and \; also share the fourth zero, hence \g and A; differ by a multiplicative constant
in F,. This is absurd because ly # [; and because the functions fg, frq, fr, for are

E—independent.
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A similar argument implies that Ry 3 does not vanish on ZNU, while the case of L 2
is easier. Substituting o and P in Lg (e, 5,1, P) as in the definition of Z we
get _

(B + 1) (-Q—0Q—0°Q—P)

lo =1y

LO,Z(a767 17 P)|ZQU =

3

where

A2(P) = (la—11) fo(P) + (lo—l2) foq(P) + (li—lo) forq(P) € F4(E).

Analogously to A\, we see that the zeroes of A5 are f’, Op and —Q—0Q—c%Q—P,, hence \y
does not vanish on —Q—0Q—03Q— Py, implying that Lo > does not vanish on ZNU. O

We can show that us—us, ws+us, ws+u; and w;—w; do not vanish on Z N U with
similar arguments to the ones used to prove that Ry, and Lo do not vanish on Z.
Hence we can apply Lemma [£.6.6] and deduce that all the components of C are defined
over k.

4.8.4 k-rational points on C

Finally we prove that #C(k) is larger than 3(#k)?. The surface C is contained in the open
subset of A% x (E\{Og}) x PGLy x A! made of points (a, 8, (z,y), (¢ %) ,z) such that
¢ # 0. Hence C is contained in A%, with variables a, 3, x,vy, a,b,d, z and it is defined by

the following equations:.

e 0=p; :=W(z,y), the Weierstrass equation defining F;

2
¢ 0 = py = (d9—a)it1(z7—2)7" 1 — (ad—b)9(Z;=2)7*!, the dehomogenization of
@312) in
e 0=p;i(a,B,2,y,a,b,d) for i = 3,4,5,6, obtained by (4.8.1.3) after dehomogenizing
in ¢, substituting f,ig, foir by their expressions in «, 8, z,y and clearing denomi-

nators;

« anumber of conditions 0 # g; ensuring that P # —¢'Q, P # —d'R, B—i—f;(oiQ) #0,

B—!—fﬁ(oiR) #0,d7—a #0,ad—b# 0, that 1} is satisfied, that f, g p(c'Q)
are distinct and that f, g p(c'R) are distinct.

In particular, C can be seen as a closed subvariety of A%, with variables «, 3, z,y, b, ¢, d, 2
and t defined by the seven equations p;1 =0,...,ps =0 and 0 = p; :=tq;---q- — 1. Let
Ci,...,Cs be the geometrically irreducible components of C. By [46, Remark 11.3], we
have

(4.8.4.1) H#C(k) > #Cy (k) > (#k)2 — (6 — 1)(5 — 2)(#k)? — K(C1)(#k),
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where ¢ is the degree of C; and K(Cy) is the sum of the Betti numbers of C relative to
the compact ¢-adic cohomology. Since C; is a component of C then

(4.8.4.2) 6 < deg(p1) - - deg(pr) -

Since C is the disjoint union of the C;, the Betti numbers of C are the sums of the Betti
numbers of the C;. Hence, using [58, Corollary of Theorem 1]

10
(4.8.4.3) K(C) <K(C)<6-27. (3 + 7ir111??.<’7{deg(p¢)}) .

Combining Equations (4.8.4.1)), (4.8.4.2)) and (4.8.4.3) and the inequalities degp; < 3,
degps < ¢3+q, degps,...,degps < 2¢+3, degpr; < 16¢>+37¢+75, we deduce that
#C(k) > %(#k)2 when #k > ¢% and ¢ > 3.
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Summary

Geometric quadratic Chabauty and other top-
ics in number theory

This thesis consists of three parts.

In the first part we describe a generalization of Chabauty’s method which, in certain
cases, computes the set of rational points on a curve C' of genus g > 1. Chabauty’s
method is to intersect, for a prime number p, in the p-adic Lie group of p-adic points
of the jacobian J, the closure of the Mordell-Weil group with the p-adic points of the
curve. If the Mordell-Weil rank r is less than the genus, this method produces a finite
subset of C(Q,) containing C'(Q). In our method, we substitute J with a product T of
Gu-torsors over it. We take these torsors to be pull backs of the Poincaré torsor of the
jacobian, and we use the biextension structure on it to parametrize the integral points
on 7. When r—g+1 is smaller than the rank of the Néron-Severi group of the jacobian,
our method produces a finite subset of C(Q,) containing C(Q).

The second part of this thesis is devoted to the study of automorphisms of Cartan
modular curves. In the literature we usually hit Cartan curves of prime level p, because
their non-cuspidal points give elliptic curves E such that the natural Galois representation
on the p-torsion of E is not surjective. We also study Cartan curves of composite level
and we prove that, if the level is large enough, these curves only have the “expected”
automorphisms, namely those automorphisms that lift to the upper half plane H. In
particular, we show that, when the level p is prime, this result holds for p > 11. The
main novelty of our proof is a thorough study, for a wide class of modular curves, of
the action of Hecke operators on elliptic points and cuspidal points. Then, we generalize
classical methods to bound the field of definition of an automorphism u and we deduce
that the v almost commutes with the Hecke operators. We conclude that u preserves
both the set of elliptic points and the set of cuspidal points. Basic topological properties
of covers imply that u lifts to the upper half plane H.
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The last part deals with the discrete logarithm problem in finite fields of small char-
acteristic: given a finite field K of characteristic p and order larger than pP, given a
generator g of the group K* and given another element h € K*, the problem is to
determine an integer z such that h = ¢g*. In the last chapter of our thesis we de-
scribe a probabilistic algorithm that solves this problem in quasi-polynomial time, that
is log(#K )O(IOg log #K) A heuristically quasi-polynomial algorithm was already proposed
by Joux, Barbulescu, Gaudry and Thomé, whose main idea is to look for an element of
K on which the Frobenius automorphism acts in a “simple” way. We use this idea but we
look for two elements of K on which the Frobenius acts in a “simple” way. In particular,
we want these two elements to be the coordinates of a point on an elliptic curve E and
we define “simple” using the group structure on E. Because of the abundance of elliptic
curves, it is easy to prove that each finite field of small characteristic can be embedded in

a slightly larger field containing two such elements. This makes our approach rigorous.



Samenvatting

Geometric quadratic Chabauty and other top-
ics in number theory

Dit proefschrift bestaat uit drie delen.

Het eerste gedeelte betreft een methode van Chabauty die het mogelijk maakt om in
bepaalde gevallen de rationale punten van een algebraische kromme C' van geslacht g > 1
te vinden. Chabauty’s methode bestaat eruit om voor een priemgetal p de doorsnede
van de Mordell-Weil groep van de Jacobiaan met de p-adische punten van de kromme C
te bestuderen. Als de rang r van de Mordell-Weil groep kleiner is dan het geslacht, dan
leidt de methode tot een eindige deelverzameling van C(Q,) die C(Q) bevat. In onze
benadering vervangen we J door een product T' van Gy,-torsoren over J. Om precies te
zijn, T is een product van pullbacks van de Poincaré-torsor en we maken gebruik van
de biextensiestructuur om de gehele punten van T' te parametriseren. Wanneer r—g-+1
kleiner is dan de rang van de Néron-Severi-groep van J, dan stelt onze methode ons in
staat om een eindige verzameling van Q,-punten van C' te bepalen die C(Q) bevat.

Het tweede gedeelte van dit proefschrift gaat over automorfismen van Cartan modu-
laire krommen. De meeste literatuur over Cartan modulaire krommen betreft krommen
van priem niveau p. De niet-cuspidale rationale punten van deze krommen correspon-
deren met elliptische krommen waarvoor de Galoisrepresentatie op de p-torsiepunten niet
surjectief is. Omns resultaat betreft ook Cartan-krommen die niet noodzakelijk priem-
niveau hebben. We bewijzen dat als het niveau voldoende hoog is, deze krommen alleen
maar de voor de hand liggende, naar het bovenhalfvlak liftbare automorfismen toelaten.
Voor Cartan-krommen van priemniveau p is dit al het geval voor p > 11. Het belangri-
jkste nieuwe ingrediént in ons bewijs is een diepgaande studie, voor een grote klasse van
modulaire krommen, van de actie van de Hecke-operatoren op de elliptische punten en
de spitsen. We generaliseren een klassieke methode om de graad van het definitielichaam

van een automorfisme u te begrenzen. Tenslotte bewijzen we dat u in essentie met de
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Hecke-operatoren commuteert. Hieruit volgt dat u zowel de spitsen als de elliptische
punten behoudt. Standaard topologische eigenschappen van afdekkingen impliceren dan
dat u naar het bovenhalfvlak H lift.

Het laatste gedeelte van dit proefschrift betreft de discrete logaritme in eindige
lichamen van kleine karakteristiek. Het probleem is om, gegeven een eindig lichaam K
van karakteristiek p en kardinaliteit > pP en gegeven een voortbrenger g van K* en een
element h € K*, een exponent z te bepalen zodat h = g*. We geven een probabilistische
algoritme om dit probleem op te lossen in quasi-polynomiale tijd: log(#K)©(oglos #K)
Een heuristisch polynomiaal algoritme was al eerder gegeven door Joux, Barbulescu,
Gaudry en Thomé. Hun voornaamste idee bestond eruit een element in K aan te geven
waarop het Frobeniusautomorfisme op een “eenvoudige” manier werkt. Ons idee is om
niet één maar twee elementen in K te geven. Deze twee elementen zijn de coérdinaten van
een punt op een elliptische kromme. Dankzij de groepsstructuur is de actie van Frobe-
nius “eenvoudig”. Omdat er zoveel keus is voor de elliptische kromme, is het makkelijk
in te zien dat elk eindig lichaam van kleine karakteristiek ingebed kan worden in een iets
groter lichaam dat twee zulke elementen bevat. Op deze manier kunnen we de heuristieke

benadering vervangen door een bewijs dat ons algoritme quasi-polyniomiaal is.



Riassunto

Geometric quadratic Chabauty and other top-
ics in number theory

Questa tesi si compone di tre parti.

Nella prima parte mostriamo una generalizzazione del metodo di Chabauty che, in
alcuni casi, permette di calcolare I'insieme dei punti razionali di una curva C di genere
g > 1. Dato un numero primo p, il metodo di Chabauty consiste nell’intersecare,
all'interno del gruppo p-adico di Lie formato dai Q,-punti della jacobiana J, la chiusura
del gruppo di Mordell-Weil con i Q,-punti della curva. Se il rango di Mordell-Weil r & mi-
nore del genere, questo metodo permette di determinare un sottoinsieme finito di C(Q,)
contenente C'(Q). Nel nostro metodo sostituiamo J con un prodotto di Gp,-torsori su di
esso, che denotiamo T'. I Gy,-torsori che usiamo sono pull-back del torsore di Poincaré
della jacobiana. Questo ci permette di parametrizzare i punti interi su 7" usando la strut-
tura di biestensione presente sul torsore di Poincaré. Quando r+g—1 ¢ minore del rango
del gruppo di Néron-Severi della jacobiana, il nostro metodo permette di determinare un
sottoinsieme finito di C'(Q,) contenente C(Q).

La seconda parte della tesi ¢ dedicata allo studio degli automorfismi delle curve mod-
ulari di tipo Cartan. In letteratura é comune incontrare curve di Cartan di livello primo
p, in quanto i loro punti non-cuspidali corrispondono a curve ellittiche la cui rappresen-
tazione di Galois associata alla p-torsione non e surgettiva. Noi studiamo anche curve
di Cartan di livello composto e dimostramo che, se il livello & sufficientemente alto, gli
unici automorfismi di queste curve sono quelli “attesi”, ovvero quegli automorfismi che
sollevano ad automorfismi del semipiano superiore H. Quando il livello p & primo, di-
mostriamo che questo risultato vale per p > 11. Nella nostra dimostrazione, la maggiore
novita ¢ uno studio accurato, per una classe molto estesa di curve modulari, dell’azione
degli operatori di Hecke sui punti cuspidali ed ellittici di una curva modulare. Inoltre,
generalizziamo metodi classici per dare un bound sul campo di definizione di un automor-

fismo u e per dedurre che u commuta, o quasi, con gli operatori di Hecke. Ne concludiamo
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che u preserva sia l'insieme delle cuspidi che I'insieme dei punti ellittici. Dimostriamo
infine che u si solleva al semipiano superiore H utilizzando propriet‘a topologiche di base
dei rivestimenti.

L’ultima parte della tesi riguarda il problema del logaritmo discreto su campi finiti
di piccola caratteristica: dato un campo finito K di caratteristica p e ordine maggiore di
pP, dato un generatore g del gruppo K* e dato un altro elemento h € K*, il problema
e determinare un intero z tale che g* = h. Nell'ultimo capitolo della tesi descriviamo un
algoritmo probabilistico che risolve questo problema in tempo quasi-polinomiale, ovvero
in log(#I)©Uoglog #K) operazioni. Un algoritmo euristicamente quasi-polinomiale era gia
stato proposto da Joux, Barbulescu, Gaudry and Thomé, la cui idea principale & cercare
un elemento di K su cui 'automorfismo di Frobenius agisce in un modo “semplice”.
Noi utilizziamo un’idea simile e cerchiamo due elementi x,y € K su cui 'automorfismo
di Frobenius agisce in un modo “semplice”. In particolare, richiediamo che questi due
elementi siano coordinate di un punto su una curva ellittica E e definiamo “semplice”
utilizzando la struttura di gruppo di E. Data I’'abbondanza di curve ellittiche, & facile
dimostrare che ogni campo finito di caratteristica piccola € contenuto in un’altro campo
finito, leggermente piu grande, in cui si trovano tali elementi z,y. Questo rende il nostro

approccio rigoroso.
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