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Appendix A

Minimal level of realization

The aim of this appendix is to analyse degeneracy maps between modular
curves. In the next sections are presented results similar to the ones ob-
tained in [Edi06], where the action of Frobenius and multiplication by the
Hasse invariant on Katz modular forms are studied. In particular, from this
we deduce statements on residual modular Galois representations and their
level of realization. This appendix is based on the theory of Katz modular
forms, see [Kat73], [Kat77] and [Edi92], and modular curves, see [KM85] and
[Gro90].

Let us recall that also in [DS05, Section 5.7] there is a detailed explanation
about degeneracy maps between modular curves over Q and are obtained
similar results to the ones that we prove in this appendix, see [DS05, The-
orem 5.7.1 (Main Lemma)]. The statement of [DS05, Theorem 5.7.1 (Main
Lemma)] is proved through a reduction to linear algebra and representation
theory: in particular, the �rst step is to change the congruence subgroups in
order to pass from degeneracy maps to inclusions, see [DS05, p.191]. In this
appendix, instead, we focus on the study of modular curves over �nite �elds
and on a geometric interpretation of degeneracy maps.

A.1 Notations and preliminaries

For n, k positive integers, ` prime not dividing n and F` an algebraic closure
of F`, let M(Γ1(n), k)F` be the space of Katz modular forms of weight k for

Γ1(n) on F`. Let S(Γ1(n), k)F` be the subspace of M(Γ1(n), k, ε)F` whose
elements have q-expansions that are power series with constant term zero at
all cusps.

For any character ε : (Z /nZ )∗ → F∗` , let S(Γ1(n), k, ε)F` be the space of Katz
cusp forms of weight k for Γ1(n) and character ε:

S(Γ1(n), k, ε)F` : = {f ∈ S(Γ1(n), k)F` | ∀d ∈ (Z /nZ )∗, 〈d〉 f = ε(d)f}.

If n = mpr with r ≥ 1 and p not dividing m, we will �split� the level
structure accordingly, and denote the space as S(Γ1(m),Γ1(pr), k, εm, εp)F` ,
but, in order to shorten the notation, we will write S(m, pr, k, ε)F` instead.
We will use analogous notation for modular curves.
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A.1 Notations and preliminaries

If n>4, then S(Γ1(n), k)F` is isomorphic to H0(X1(n)F` , ω
⊗k(−Cusps)), the

space of global sections of the line bundle ω⊗k(−Cusps), while the space of
Katz modular forms M(Γ1(n), k)F` is isomorphic to H0(X1(n)F` , ω

⊗k), see
[Gro90, Proposition 2.2].

Let us recall some useful concepts and notations. Given a modular curve
X1(n)F` with (n, `) = 1, if n = mpr with r ≥ 1 and p not dividing m, we
have two degeneracy maps Bp and α:

X1(m, pr)F`
Bp

ww

α

''
X1(m, pr−1)F` X1(m, pr−1)F` .

(A.1)

Using the moduli interpretation for X1(n)F` , i.e. considering E/S, an el-

liptic curve over an F`-scheme S, with P and Q respectively points of order
m and pr, we give the following description of the degeneracy maps: α is
the forgetful map α : (E,P,Q) 7−→ (E,P, pQ) and Bp is the p-th degeneracy
map de�ned by Bp : (E,P,Q) 7→ (E/〈pr−1Q〉, β(P ), β(Q)), where

〈pr−1Q〉 � E
β−→ E/〈pr−1Q〉

is the degree p isogeny whose kernel is generated by pr−1Q.

Let us �x ζpr a root of unity of order pr in F`. The Atkin-Lehner map wζpr
on X1(n)F` is de�ned as follows:

X1(n)F`

wζpr−→ X1(n)F`
(E,P,Q) 7−→ (E/〈Q〉, βr(P ), Q′)

(A.2)

where βr is the degree pr isogeny whose kernel is generated by Q, and where
Q′ belongs to ker(βtr)(S):

〈Q〉 // // E
βr ,,

E/〈Q〉
βtr

kk 〈Q′〉oooo

and it is the unique element such that eβ(Q,Q′) = ζpr , where eβ is the Weil
pairing related to β i.e. the perfect µpr valued pairing between ker(β) and
ker(βt), see [KM85, Section 2.8].

Let us recall basic facts about Tate curves. Precise results can be found in
[DR73, Chapter VII], see also [Sil94, Chapter V] for a more elementary and
explicit approach.

For every positive integer d, the d-th Tate curve is a certain generalized
elliptic curve Tate(qd) → SpecZ [[q]] that becomes a Néron d-gon after
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A.2 Level lowering for Katz cusp forms

base change to the zero locus of q and that is a smooth elliptic curve over
SpecZ [[q]][q−1], the complement of this zero locus.

Let d, e and n be positive integers such that n is the least common mul-
tiple of d and e. Then the curve Tate(qd) over SpecZ [[q, ζe]], where ζe is
a e-th root of unity, admits a Γ1(n)-structure. Each choice of d, e and of
the a Γ1(n)-structure gives rise to an injective map from M(Γ1(n), k)F` to

F`⊗Z Z [[q, ζe]], which is called the q-expansion map relative to Tate(qd) with
the given Γ1(n)-structure. The Γ1(n)-structure on Tate(qn) over SpecZ [[q]]
given by ψ(i) = qi for i ∈ Z /nZ , gives rise to a particular q-expansion
called the q-expansion at ∞, see [KM85, Sections 8.8 and 8.11] for explana-
tion. For any f ∈ M(Γ1(n), k)F` we de�ne am(f) to be the m-th coe�cient
in this q-expansion.

A.2 Level lowering for Katz cusp forms

Main Lemma 1. Let n and k be positive integers. Let ` and p be primes
such that p strictly divides n and n/p > 4, while ` does not divide n and
1 ≤ k ≤ `+1. Let f be a mod ` cusp form in S(n/p, p, k)F` such that

f(Tate(q), ζn/p, ζp) =
∑
j≥1

aj(f)qj
(
dt

t

)⊗k
∈ F` [[qp]]

(
dt

t

)⊗k
, (A.3)

where ζn/p and ζp are respectively n/p-th and p-th roots of unity. Then there
exists a unique modular form g ∈ S(n/p, k)F` , such that B∗pg = f , where B∗p
is the morphism induced by Bp : X1(n)F` → X1(n/p)F`, the p-th degeneracy
map.

Proof. Since p strictly divides n, let us write n = mp. Hypothesis (A.3)
means that the q-expansion of f at the cusp at ∞ is such that aj(f) = 0 for
all positive integers j not divisible by p.

As m > 4 by hypothesis, f is an element of H0(X1(n)F` , ω
⊗k(−Cusps)),

hence, using known relations and correspondences between modular curves,
we have the following commutative diagram:

X1(n)F`

Bp

��

wζp // X1(n)F`

α

��
X1(m)F` X1(m)F`

where Bp and α are the degeneracy maps de�ned in (A.1) and wζp is the
Atkin-Lehner map associated to the isogeny β, de�ned in (A.2). The isogeny
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A.2 Level lowering for Katz cusp forms

β induces a morphism β∗ from the line bundle ω⊗k(−Cusps) on X1(m)F` to

the line bundle ω⊗k(−Cusps) on X1(n)F` , because for each (E/S, P,Q) we
have an isomorphism of invertible OS-modules β∗ between ωE/〈Q〉 and ωE .
Similarly, we de�ne w∗ζp : S(n, k)F` → S(n, k)F` by

(w∗ζph)(E,P,Q) = β∗(h(wζp(E,P,Q))) = β∗(h(E/〈Q〉, β(P ), Q′)),

where h belongs to S(n, k)F` , see [Gro90, Section 6]. In particular, it follows
from the construction that there exists a unique f ′ ∈ S(n, k)F` such that
w∗ζpf

′ = f . In fact, let us consider the q-expansion at the cusp at ∞:

(w∗ζpf
′)(∞) = (w∗ζpf

′)(Tate(q), ζm, ζp) = β∗(f ′(∞′)) =

= β∗(f ′(Tate(qp), ζpm, q)) = β∗

∑
j≥1

aj(f
′)qj

(
dt

t

)⊗k =

=

∑
j≥1

aj(f
′)qj

 pk
(
dt

t

)⊗k
where ∞′ := wζp(∞) and the last equality follows from:

µp // // Tate(q)
β // // Tate(qp)

hence β∗((dt)/t) = p((dt)/t). Since f(Tate(q), ζm, ζp) ∈ F` [[qp]] ((dt)/t)⊗k

we deduce that for all positive integer j we have aj(f ′)pk = aj(f) and

f ′(Tate(qp), ζpm, q) ∈ F` [[qp]]

(
dt

t

)⊗k
.

In order to prove that f comes from X1(m)F` via B
∗
p , it is enough to show

that f ′ does via α. To prove this claim, we study to the following diagram
of modular curves:

X(Γ1(m),Γ(p)ζp−can)F`

γ

��

(E,P,Q1, Q2)
_

��

(Tate(qp), ζpm, q, ζp)_

��
X(Γ1(m),Γ1(p))F`

α

��

(E,P,Q1)
_

��

(Tate(qp), ζpm, q)_

��
X(Γ1(m))F` (E,P ) (Tate(qp), ζpm)

where Q1, Q2 are such that ep(Q1, Q2) = ζp, and α, γ are both forgetful
maps.
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A.2 Level lowering for Katz cusp forms

On X(Γ1(m),Γ(p)ζp−can)F` → X(Γ1(m))F` there is the natural SL2(Fp) ac-

tion, given by the action of SL2(Fp) on Γ(p)ζp−can. This action is trivial on
X(Γ1(m))F` .

In the following diagram we describe the action of SL2(Fp):

X(Γ1(m),Γ(p)ζp−can)F`

( 1 ∗
0 1 )
��

SL2(Fp)

))

X(Γ1(m),Γ1(p))F`

��
X(Γ1(m))F`

Taking into account this action, there exists g ∈ S(m, k)F` such that B
∗
pg = f

if and only if γ∗f ′ is SL2(Fp)-invariant.

The map γ : X(Γ1(m),Γ(p)ζp−can)F` → X(Γ1(m),Γ(p))F` corresponds to the
action of elements of the form ( 1 ∗

0 1 ) ∈ SL2(Fp) and γ∗f ′ is invariant under
the action of ( 1 ∗

0 1 ) by construction. Since {( 1 0
∗ 1 ) , ( 1 ∗

0 1 )} generate SL2(Fp),
and ( 1 0

1 1 ) generates the subgroup ( 1 0
∗ 1 ) in SL2(Fp), in order to conclude it is

enough to prove that γ∗f ′ is invariant under the action of ( 1 0
1 1 ).

Let us remark that ( 1 0
1 1 ) �xes ∞′ ∈ X(Γ1(m),Γ(p)ζp−can)F` and it acts on

the complete local ring at ∞′, F` [[q]], as:{
identity on F`
q 7→ ζpq

.

It follows that ( 1 0
1 1 ) acts on F` [[q]] (dt/t)⊗k by t 7→ t, by de�nition, and,

hence, (dt/t)⊗k 7→ (dt/t)⊗k. As aj(f ′) = 0 for all positive integers j not
divisible by p, then ( 1 0

1 1 )
∗
f ′ has the same q-expansion as f ′.

Since X(Γ1(m),Γ(p)ζp−can)F` is an irreducible and reduced curve, this means
that ( 1 0

1 1 )
∗
γ∗f ′ = γ∗f ′.

The modular form g ∈ S(m, k)F` such that B∗pg = f is unique: this follows
because, from the one hand, pullback does not change q-expansions and, on
the other hand, the q-expansion principle holds, see [Kat73, Section 1.12].

Lemma A.2.1. Given r ∈ Z>0 and a prime p, the set{(
1 0
pr 1

)
,

(
1 1
0 1

)}
⊂ SL2(Z /pr+1Z )

generates the subgroup

Γ1(pr) : =

{(
1 + pra b
prc 1 + prd

)
∈ SL2(Z /pr+1Z )

}
.
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A.2 Level lowering for Katz cusp forms

Proof. We will show that every matrix in Γ1(pr) can be written as a �nite

product of
(

1 0
pr 1

)
and ( 1 1

0 1 ). Let
(

1+pra b
prc 1+prd

)
in SL2(Z /pr+1Z ), with

a, b, c, d ∈ Fp, by direct computation in SL2(Z /pr+1Z ) we get:(
1 + pra b
prc 1 + prd

)
=

(
1 0
pr 1

)c−1(
1 1
0 1

)a(
1 0
pr 1

)−1(
1 1
0 1

)(pra−1)(a−b)
.

Let us remark that the computation is done by multiplying the matrix(
1+pra b
prc 1+prd

)
in SL2(Z /pr+1Z ) on the left and on the right by powers of(

1 0
pr 1

)
and ( 1 1

0 1 ) in order to obtain the identity matrix. In particular, for
m ∈ Z , multiplying by ( 1 1

0 1 )
m

� on the left means add m-times the �rst column to the second;
� on the right means add m-times the second row to the �rst;
and multiplying by

(
1 0
pr 1

)m
� on the left is equal to change the elements of the second row respectively
multiplying by pr the sum of the �rst element of the second row and m,
addingmpr times the second element of the �rst row to the second element
of the second row;

� on the right is equal to change the elements of the �rst column respectively
adding mpr times the �rst element of the second column to the �rst ele-
ment of the column; and multiplying by pr the sum of the second element
of the column and m.

Lemma A.2.2. Let E/S be an elliptic curve over an F`-scheme S, r ≥ 1
an integer, p be a prime di�erent from ` and

E
β1

//

βr+1

((
E/〈prQ〉

βr
// E/〈Q〉

the standard factorization of a cyclic pr+1-isogeny into a cyclic p-isogeny fol-
lowed by a cyclic pr-isogeny, where Q is a point of order pr+1. Let Qr+1 and
Qr be the unique points that normalize the Weil pairings: eβr+1(Q,Qr+1) = ζpr+1

and eβr(β1(Q), Qr) = ζpr . Then

Qr = pQr+1.

Proof. First of all, we apply the �Backing-up Theorem�, see [KM85, 6.7.11],
to the isogeny βr+1 and to its dual isogeny, we have that:

〈β1(Q)〉 = ker(βr), 〈prQ〉 = ker(β1),

and, respectively,

〈βtr(Qr+1)〉 = ker(βt1), 〈p(Qr+1)〉 = ker(βtr).
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A.2 Level lowering for Katz cusp forms

In the following diagram, for clarity, we resume all the isogenies we have
taken into account:

〈Q〉
%%

%%

〈β1(Q)〉
ww

ww
〈prQ〉 // // E

β1
..

βr+1

��

E/〈prQ〉
βt1

mm

βr

xx

〈βtr(Qr+1)〉oooo

E/〈Q〉

βtr+1

__

βtr

88

〈pQr+1〉
66

66

〈Qr+1〉
hh

hh

By de�nition of the Weil pairing, we have that 〈Qr〉 = ker(βtr) = 〈pQr+1〉, so
there exists k ∈ (Z /prZ )∗ such that kQr = pQr+1, since they generate the
same cyclic group of order pr. Hence, by bilinearity of the pairing we have

eβr(β1(Q), kQr) = ζkpr = eβr(β1(Q), pQr+1).

The compatibility of the pairing, see [KM85, 2.8] and [Sil09, III 8.1], implies
that

eβr(β1(Q), pQr+1) = eβr+1(Q, pQr+1) = ζp
pr+1 = ζpr .

As eβr(β1(Q), Qr) = ζpr , then k = 1, hence Qr = pQr+1.

Main Lemma 2. Let n and k be positive integers. Let ` and p be primes
such that n = mpr+1 with p and m co-prime, r ∈ Z≥1 and mpr > 4, while
` does not divide n and 1 ≤ k ≤ `+1. Let f be a mod ` cusp form in
S(m, pr+1, k)F` such that

f(Tate(q), ζm, ζpr+1) =
∑
j≥1

aj(f)qj
(
dt

t

)⊗k
∈ F` [[qp]]

(
dt

t

)⊗k
where ζm and ζpr+1 are respectively �xed m-th and pr+1-th roots of unity.
Then there exists a unique modular form g ∈ S(m, pr, k)F`, such that B

∗
pg = f ,

where B∗p is induced by Bp : X1(m, pr+1)F` → X1(m, pr)F` the p-th degener-
acy map.
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A.2 Level lowering for Katz cusp forms

Proof. Since mpr > 4 we have the following diagram:

X1(m, pr+1)F`

Bp

��

wζpr+1

// X1(m, pr+1)F`

α̃

��
X1(m, pr)F`

wζpr
// X1(m, pr)F`

where Bp is the degeneracy map de�ned in (A.1), wζpr and wζpr+1 are the

Atkin-Lehner maps de�ned as in (A.2) and where α̃ := wζpr ◦Bp ◦ w
−1
ζpr+1

.

Our �rst goal is to prove that the map α̃ is the forgetful map α de�ned in
(A.1). On a elliptic curve E over S, F`-scheme, with P and Q respectively
points of order m and pr+1, we have:

(E,P,Q)
_

Bp
��

�
wζpr+1

// (E/〈Q〉, βr+1(P ), Qr+1)
_

α̃
��

(E/〈prQ〉, β1(P ), β1(Q)) �
wζpr

// (E/〈Q〉, βr(β1(P )), Qr)

and
(E/〈Q〉, βr+1(P ), Qr+1) � α // (E/〈Q〉, βr+1(P ), pQr+1) ,

where the maps β1, βr, βr+1 are isogenies de�ned by:

E
β1

//

βr+1

((
E/〈prQ〉

βr
// E/〈Q〉

so βr(β1(P )) = βr+1(P ). In order to show that α̃ = α, it is su�cient to
apply Lemma A.2.2: Qr = pQr+1.

We have that:

wζpr+1 (∞) = wζpr+1 (Tate(q), ζm, ζpr+1) = (Tate(qp
r+1

), ζp
r+1

m , q) =∞′.

Proceeding as in the Main Lemma 1, we deduce that there exists a unique
Katz cusp form f ′ ∈ S(m, pr+1, k)F` such that wζpr+1 (f ′) = f : by direct
computation at the standard cusp, we have that for all positive integers j

aj(f
′)p(r+1)k = aj(f),

hence f ′(Tate(q), ζm, ζpr+1) ∈ F` [[qp]] ((dt)/t)⊗k. As in the Main Lemma 1,
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A.2 Level lowering for Katz cusp forms

on the modular curves there is a natural action on the level structure:

X(Γ1(m),Γ(pr+1)ζpr+1−can)F`

γ ( 1 ∗
0 1 )
��

Γ1(pr)

((

(E,P,Q1, Q2)
_

��
X(Γ1(m),Γ1(pr+1))F`

α

��

(E,P,Q1)
_

��
X(Γ1(m),Γ1(pr))F` (E,P, pQ1)

where

Γ1(pr) : =

{(
1 + pr · a b
pr · c 1 + pr · d

)
∈ SL2(Z /pr+1Z )

}
.

In analogy with Main Lemma 1, there exists g ∈ S(m, pr, k)F` such that

B∗pg = f if and only if γ∗f ′ is Γ1(pr)-invariant. Since the set
{(

1 0
pr 1

)
, ( 1 1

0 1 )
}

generates Γ1(pr) by Lemma A.2.1, it is enough to show the invariance for
the generators.

The map γ : X(Γ1(m),Γ(pr+1)ζpr+1−can)F` → X(Γ1(m),Γ(pr+1))F` corre-
sponds to the action of elements of the form ( 1 ∗

0 1 ) ∈ SL2(Z /pr+1Z ) and
γ∗f ′ is invariant under the action of such elements by construction. The
action of

(
1 0
pr 1

)
�xes ∞′ ∈ X(Γ1(m),Γ(pr+1)ζpr+1−can)F` and it acts on the

complete local ring at ∞′, F` [[q]], as:{
identity on F`
q 7→ ζp

r

pr+1q = ζpq
,

then, by de�nition,
(

1 0
pr 1

)
acts on F` [[q]] (dt/t)⊗k by t 7→ t.

Since aj(f ′) = 0 for all positive integers j not divisible by p, then
(

1 0
pr 1

)∗
f ′

has the same q-expansion as f ′. Now, since X(Γ1(m),Γ(pr+1)ζpr+1−can)F`
is an irreducible reduced curve, this means that

(
1 0
pr 1

)∗
γ∗f ′ = γ∗f ′. The

uniqueness of the modular form g ∈ S(m, pr, k)F` such that B∗pg = f follows,
as in the previous lemma, by the q-expansion principle.

In the previous main lemmas, we have not used the action of diamond op-
erators. First of all, let us recall brie�y how this operators are de�ned. For
n > 4, and for all d ∈ (Z /nZ )∗, we de�ne an automorphism

rd : X(n)F` → X(n)F`
(E,P ) 7→ rd(E,P ) = (E, dP )
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A.2 Level lowering for Katz cusp forms

for all generalized elliptic curves E together with a Γ1(n)-structure P . The
diamond operator 〈d〉 on M(Γ1(n), k)F` for every d ∈ (Z /nZ )∗ is de�ned
as the automorphism of M(Γ1(n), k)F` induced by pullback via the auto-
morphism rd. If we are dealing with Katz cusp forms with a character
ε : (Z /nZ )∗ → F∗` , we are imposing that for all d ∈ (Z /nZ )∗, the diamond
operator 〈d〉 acts as ε(d).

If we take this into account, we have an analogous to Main Lemma 1 and
Main Lemma 2 for forms in S(n, k, ε)F` .

Lemma A.2.3. Let n and k be positive integers. Let ` and p be primes such
that p divides n and n/p > 4, while ` does not divide n and 1 ≤ k ≤ `+1.
Let ε : (Z /nZ )∗ → F∗` and χ : (Z /(n/p)Z )∗ → F∗` be characters.

Let f and g be mod ` cusp forms in S(n, k, ε)F` and in S(n/p, k, χ)F` re-
spectively, such that B∗p(g) = f , where B∗p is the morphism induced by the
degeneracy map Bp : X1(n)F` → X1(n/p)F` . Then

χ = Res
Z /(n/p)Z
Z /nZ (ε) F∗`

Z /nZ

ε

99

// Z /(n/p)Z

χ

OO

i.e. for all d ∈ Z /(n/p)Z we have χ(d) = ε(d).

Proof. Let E/S be an elliptic curve over an F`-scheme S, let P be a point
of order n, and let Bp be the degeneracy map Bp : X1(n)F` → X1(n/p)F`
de�ned in (A.1) through the isogeny β then

(B∗pg)(E,P ) = β∗(g(E/ 〈(n/p)P 〉 , β(P ))).

The action of the diamond operator 〈d〉 for d ∈ Z /(n/p)Z is given by

〈d〉 (B∗pg)(E,P ) = (B∗pg)(E, dP ) = β∗(g(E/ 〈(n/p)P 〉 , β(dP ))) =

= β∗(g(E/ 〈(n/p)P 〉 , dβ(P ))) =

= β∗(χ(d)g(E/ 〈(n/p)P 〉 , β(P ))) = χ(d)(B∗pg)(E,P );

hence, for all d ∈ Z /(n/p)Z we have 〈d〉 (B∗pg) = χ(d)(B∗pg). SinceB∗p(g) = f ,
then for all d ∈ Z /(n/p)Z it follows that 〈d〉 f = χ(d)f = ε(d)f . Hence, for
all d ∈ Z /(n/p)Z the equality χ(d) = ε(d) holds.

Applying this lemma, we have the following:

Corollary of Main Lemma 1. Let n and k be positive integers. Let ` and
p be primes such that p strictly divides n and n/p > 4, while ` does not divide
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n and 1 ≤ k ≤ `+1. Let ε : (Z /nZ )∗ → F∗` be a character. Let f be a mod
` cusp form in S(n/p, p, k, ε)F` such that

f(Tate(q), ζn/p, ζp) =
∑
j≥1

aj(f)qj
(
dt

t

)⊗k
∈ F` [[qp]]

(
dt

t

)⊗k
where Tate(q) is the Tate curve over F`((q)), ζn/p and ζp are respectively �xed
n/p-th and p-th roots of unity. Then there exists a unique form g ∈ S(n/p, k, ε′)F` ,
such that B∗pg = f , where B∗p is the morphism induced by the degeneracy map

Bp : X1(n)F` → X1(n/p)F` and ε
′ = Res

Z /(n/p)Z
Z /nZ (ε).

Corollary of Main Lemma 2. Let n and k be positive integers. Let `
and p be primes such that n = mpr+1 with p and m coprime, r ∈ Z≥1 and
mpr > 4, while ` does not divide n and 1 ≤ k ≤ `+1. Let ε : (Z /nZ )∗ → F∗`
be a character. Let f be a mod ` cusp form in S(m, pr+1, k, ε)F` such that

f(Tate(q), ζm, ζpr+1) =
∑
j≥1

aj(f)qj
(
dt

t

)⊗k
∈ F` [[qp]]

(
dt

t

)⊗k
where Tate(q) is the Tate curve over F`((q)), ζm and ζpr+1 are respectively
�xed m-th and pr+1-th roots of unity. Then there exists a unique form
g ∈ S(m, pr, k, ε′)F`, such that B∗pg = f , where B∗p is the morphism in-
duced by the degeneracy map Bp : X1(m, pr+1)F` → X1(m, pr)F` and and

ε′ = Res
Z /(mpr)Z
Z /nZ (ε).

Remark A.2.4. In Main Lemma 1 and 2, and also in the corollaries above,
we assume that the prime p, dividing the level n, is such that the quotient
n/p > 4. This hypothesis implies that all the objects used in the proofs
are modular curves. Without such hypothesis, we should use the theory of
algebraic stacks: for level n smaller than 4, the algebraic object X(Γ1(n))F`
is an algebraic stack, see [Con07, Theorem 1.2.1], and dealing with such
objects is beyond our purposes. It is highly likely that this condition can be
removed.

A.3 Optimization

Theorem A.3.1. Let n and k be positive integers. Let ` be a prime not divid-
ing n, such that 2 ≤ k ≤ `+1. Let f : Tε → F` be a ring homomorphism from
the Hecke algebra of level n, weight k and nebentypus ε : (Z /nZ )∗ → C∗, to
F`. Let Tp ∈ Tε be the p-th Hecke operator and ε : (Z /nZ )∗ → F∗` be the
character de�ned by a 7→ f(〈a〉) for all a ∈ (Z /nZ )∗. Let us suppose that
there exists a prime m dividing n` such that the F`-vector space

V : =
⋂
p 6=m

ker
(
Tp − f(Tp), S(n, k, ε)F`

)
,
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has dimension bigger than 1.

Ifm is di�erent from ` then there exists a mod ` cusp form g in S(n/m, k,Res(ε))F`
such that B∗mg = f . If m = ` then k ∈ {`, `+1}; in the �rst case there exists
a mod ` cusp form g in S(n, 1, ε)F` such that F (g) = f , where F is the Frobe-
nius, while in the second case there exists a mod ` cusp form g in S(n, 2, ε)F`
such that A`g = f , where A` is the Hasse invariant.

Proof. Let v be the dimension of V , by hypothesis v > 1. As Tm commutes
with all Tp, Tm acts on V , and since v > 1 hence V contains a non-zero
eigenvector f for all Tp, p ≥ 1, in particular a1(f) 6= 0.

The subspace V1 ⊂ V consisting of the g in V with a1(g) = 0 is of dimension
v − 1 > 0. Every element g ∈ V1 is such that 0 = a1(g) = a1(Tj(g)) for all
integer j not divisible by m.

This means that g is an eigenform with q-expansion in F [[qm]] ((dt)/t)⊗k at
the standard cusp.

Let us �rst suppose m 6= `. By assumptions n/m > 4, then we are in the
hypotheses of the Main Lemmas, so there exists a non zero mod` modular
form g′ ∈ S(n/m, k, ε′)F` such that B∗pg

′ = g, where ε′ = Res(ε) and B∗p
is the morphism induced by the degeneracy map Bp de�ned in (A.1). This
means that V1 = B∗pV2 where V2 is the eigenspace of S(n, k, ε)F` associated
to the system of eigenvalues

f
{m}
n,k : = fn,k|P\{m} : {P \ {m}} → F` × F`

p 7→ (f(Tp), f(〈p〉))

Hence the system of eigenvalues f{m}n,k occurs in level n/m.

Let us suppose m = `. As proved in [Edi06, Proposition 6.2], the only two
following cases occur. First case: k = `. The form g, constructed as before,
is in the image of the Frobenius F , i.e. there exists g′ ∈ S(n, 1, ε)F such that
g = (g′)` = F (g′). This means that the system of eigenvalues occurs already
in weight 1. Second case: k = ` + 1. We have that g = A`g

′ where A` is
the Hasse invariant of weight `− 1 and g′ ∈ S(n, 2, ε)F, hence the system of
eigenvalues occurs in weight 2.

From the previous theorem we deduce the following result:

Corollary A.3.2. In the same hypotheses of Theorem A.3.1, the Galois
representation attached to f in Corollary 4.0.5, ρf : Gal(Q /Q ) → GL2(F`)
arises from a lower level or weight.

Moreover, we have that:

141



A.3 Optimization

Corollary A.3.3. In the same hypotheses of Theorem A.3.1, if m 6= ` then
the dimension of V is at most a+ 1 where a is such that ma cond(ρf ) = n.

Proof. The subspace V1 ⊂ V consisting of the g in V with a1(g) = 0 is of co-
dimension 1 in V . Every element g ∈ V1 is such that 0 = a1(g) = a1(Tj(g))
for all integer j not divisible bym. This means that g is an eigenform with q-
expansion in F [[qm]] ((dt)/t)⊗k at the standard cusp. The hypotheses of the
Main Lemmas are satis�ed, so there exists a non zero mod` modular form
g′ ∈ S(n/m, k,Res(ε))F` such that B∗pg

′ = g. This means that V1 = B∗pV2

where V2 is the eigenspace of S(n, k, ε)F` associated to the system of eigen-

values f{m}n,k . We recursively apply the previous argument to the subspace
V1. This can be iterated at most a-times where a is the biggest power of m
dividing cond(ρf ).
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