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Appendix A

Minimal level of realization

The aim of this appendix is to analyse degeneracy maps between modular
curves. In the next sections are presented results similar to the ones ob-
tained in [Edi06], where the action of Frobenius and multiplication by the
Hasse invariant on Katz modular forms are studied. In particular, from this
we deduce statements on residual modular Galois representations and their
level of realization. This appendix is based on the theory of Katz modular
forms, see [Kat73], [Kat77] and [Edi92], and modular curves, see [KM85] and
[Gro90].

Let us recall that also in [DS05, Section 5.7| there is a detailed explanation
about degeneracy maps between modular curves over Q and are obtained
similar results to the ones that we prove in this appendix, see [DS05, The-
orem 5.7.1 (Main Lemma)|. The statement of [DS05, Theorem 5.7.1 (Main
Lemma)]| is proved through a reduction to linear algebra and representation
theory: in particular, the first step is to change the congruence subgroups in
order to pass from degeneracy maps to inclusions, see [DS05, p.191]. In this
appendix, instead, we focus on the study of modular curves over finite fields
and on a geometric interpretation of degeneracy maps.

A.1 Notations and preliminaries

For n, k positive integers, £ prime not dividing n and F, an algebraic closure
of Fy, let M(I'1(n), k)g, be the space of Katz modular forms of weight & for
I'i(n) on Fy. Let S(I'1(n), k)5, be the subspace of M(I'1(n),k, €)z, whose
elements have g-expansions that are power series with constant term zero at
all cusps.

For any character e: (Z /nZ)* — F,, let S(I'1(n), k, €)f, be the space of Katz
cusp forms of weight k for I';(n) and character e:

S(T1(n) k,e)g,: = {f € S(T1(n), k)g,|Vd € (Z/nZ)", (d) f = e(d)f}.

If n = mp” with » > 1 and p not dividing m, we will “split” the level
structure accordingly, and denote the space as S(I'1(m),T'1(p"), k, €m, EP)E’
but, in order to shorten the notation, we will write S(m,p", k, E)E instead.
We will use analogous notation for modular curves.
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A.1 Notations and preliminaries

If n>4, then S(I'1(n), k), is isomorphic to HO(X, (n)m,w@’k(— Cusps)), the
space of global sections of the line bundle w®*(— Cusps), while the space of
Katz modular forms M(T'1(n), k)g, is isomorphic to HO (X, (n)m,w‘@k), see
[Gro90, Proposition 2.2].

Let us recall some useful concepts and notations. Given a modular curve
X, (n)m with (n,¢) = 1, if n = mp" with » > 1 and p not dividing m, we
have two degeneracy maps B), and a:

X1(m,p")g, (A.1)

y \
Xl(mvpr_l)ﬁe Xl(m7p

Fg'
Using the moduli interpretation for Xi(n)g,, i.e. considering E/S, an el-

liptic curve over an Fj-scheme S, with P and @ respectively points of order
m and p”, we give the following description of the degeneracy maps: « is
the forgetful map a: (E, P, Q) — (E, P,pQ) and B, is the p-th degeneracy

map defined by B,: (E, P,Q) — (E/{p"1Q), B(P), B(Q)), where

Q) — E-L B/ Q)

is the degree p isogeny whose kernel is generated by p"~1Q.

Let us fix (,r a root of unity of order p” in F,. The Atkin-Lehner map we,r
on Xi(n)g, is defined as follows:

e (A2)
(E7P7Q) — (E/<Q>7BT(P)7Q/>

where (3, is the degree p” isogeny whose kernel is generated by ), and where
Q' belongs to ker(SL)(9):

/&"N
(@B B/(@) ~———(Q)
and it is the unique element such that eg(Q, Q') = (pr, where eg is the Weil

pairing related to S i.e. the perfect p,r valued pairing between ker(f) and
ker(3'), see [KM85, Section 2.8].

Let us recall basic facts about Tate curves. Precise results can be found in
[DR73, Chapter VII|, see also [Sil94, Chapter V| for a more elementary and
explicit approach.

For every positive integer d, the d-th Tate curve is a certain generalized
elliptic curve Tate(q?) — SpecZ[[q]] that becomes a Néron d-gon after
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A.2 Level lowering for Katz cusp forms

base change to the zero locus of ¢ and that is a smooth elliptic curve over
SpecZ [[q]][¢~!], the complement of this zero locus.

Let d, e and n be positive integers such that n is the least common mul-
tiple of d and e. Then the curve Tate(q?) over SpecZ|[q, (]], where (. is
a e-th root of unity, admits a I';(n)-structure. Each choice of d, e and of
the a I'y(n)-structure gives rise to an injective map from M (I'1(n), k)g, to
Fy®z Z|[q, C]], which is called the g-expansion map relative to Tate(¢?) with
the given I'i(n)-structure. The I't (n)-structure on Tate(g™) over SpecZ [[¢]]
given by (i) = ¢' for i € Z /nZ, gives rise to a particular g-expansion
called the g-expansion at oo, see [KM85, Sections 8.8 and 8.11] for explana-
tion. For any f € M(I'1(n), k)5, we define a;,(f) to be the m-th coefficient
in this g-expansion.

A.2 Level lowering for Katz cusp forms

Main Lemma 1. Let n and k be positive integers. Let £ and p be primes
such that p strictly divides n and n/p > 4, while ¢ does not divide n and
1 <k</{+1. Let f be a mod ¢ cusp form in S(n/p,p, k)m such that

tele). o) = S0 (1) emien (4) 7. s

j>1

where (,/,, and Cp are respectively n/p-th and p-th roots of unity. Then there
exists a unique modular form g € S(n/p, k:)m, such that Byg = f, where B,
is the morphism induced by By: Xi1(n)z, = X1(n/p)g,, the p-th degeneracy
map.

Proof. Since p strictly divides n, let us write n = mp. Hypothesis (A.3)
means that the g-expansion of f at the cusp at oo is such that a;(f) = 0 for
all positive integers j not divisible by p.

As m > 4 by hypothesis, f is an element of HO(Xl(n)E,w(@k(— Cusps)),
hence, using known relations and correspondences between modular curves,
we have the following commutative diagram:

where Bj, and « are the degeneracy maps defined in (A.1) and we, is the
Atkin-Lehner map associated to the isogeny [, defined in (A.2). The isogeny
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A.2 Level lowering for Katz cusp forms

3 induces a morphism 4* from the line bundle w®*(— Cusps) on X (m)g, to

the line bundle w®*(— Cusps) on X; (n)z,, because for each (E/S, P,Q) we
have an isomorphism of invertible Og-modules 5* between wg /(g and wg.
Similarly, we define w¢ : S(n,k)g, = S(n, k)z, by

(w¢,h)(E, P,Q) = B*(h(we,(E, P,Q))) = " (h(E/(Q), B(P),Q")),

where h belongs to S(n, k)m, see [Gro90, Section 6]. In particular, it follows
from the construction that there exists a unique f' € S(n,k)g, such that
wzp f' = f. In fact, let us consider the g-expansion at the cusp at oo:

(wzpf/)(oo) = (wzpf')(Tate(q), Cm, Cp) — ﬂ*(f,(ool)) _
Rk
= ﬁ*(f/(Tate(qp)a me)) =p" Zaj(f/)qj <dt> _

j=>1 t
= Zaj(f/)q] Pk <t>
j>1

where 0o’ := we, (00) and the last equality follows from:

iy Tate(q) — = Tate(q?)

hence B*((dt)/t) = p((dt)/t). Since f(Tate(q),Cm,Cp) € Fe[lg?]] ((dt)/1)**
we deduce that for all positive integer j we have a;(f')p* = a;(f) and

Rk
F'(Tate(¢?), o ) € e ) (‘ff) .

In order to prove that f comes from X; (m)F(Z via By, it is enough to show

that f’ does via a. To prove this claim, we study to the following diagram
of modular curves:

X(T1(m),T(p)r~ ™), (E, P,Q1,Q2) (Tate(q?), ¢, 4, Gp)
| | |
X (I1(m), T'1(p))g, (&, Jf Q1) (Tate(qff, s q)
X(T1(m))g, (E,P) (Tate(q"), i)

where @1, Q2 are such that e,(Q1,Q2) = (p, and «,v are both forgetful
maps.
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A.2 Level lowering for Katz cusp forms

On X(Fl(m),l“(p)(p—can)m — X(I'1(m))g, there is the natural SLy(F,) ac-
tion, given by the action of SLa(FF,) on T'(p)*» 8. This action is trivial on
X(T1(m))g,-

In the following diagram we describe the action of SLa(IF)):
X(T1(m), T (p)r)g,

|G

SL2(Fp) X(T1(m), T'1(p))7,

|

X(T1(m))z

—

4

Taking into account this action, there exists g € S(m, k:)m such that Byg = f
if and only if v* f" is SLg(F))-invariant.

The map v : X(I'1(m), F(p)gp_can)m — X(I't(m),I'(p))g, corresponds to the
action of elements of the form (}}) € SL2(F,) and v*f’ is invariant under
the action of (§%) by construction. Since {(19),(}%)} generate SLy(F)),

1
*
and (19) generates the subgroup (1Y) in SLy(F,), in order to conclude it is
enough to prove that v*f” is invariant under the action of (1 9).

Let us remark that (19) fixes oo’ € X(Fl(m),F(p)CIf’_C&n)F(Z and it acts on
the complete local ring at oo’, Fy [[q]], as:

{ identity on Fy
q = Cpq
It follows that (}9) acts on F [[g]] (dt/t)®* by t — ¢, by definition, and,

hence, (dt/t)** — (dt/t)®*. As a;(f") = 0 for all positive integers j not
divisible by p, then (1 (1))* f’ has the same g-expansion as f’.

Since X (I'1(m), F(p)CP_Can)FZ is an irreducible and reduced curve, this means
that (19) "/ =~"f".

The modular form g € S(m, k)E such that Bjg = f is unique: this follows

because, from the one hand, pullback does not change g-expansions and, on
the other hand, the g-expansion principle holds, see [Kat73, Section 1.12]. [

Lemma A.2.1. Gwen r € Z <o and a prime p, the set

{<p1 (1)><(1) D}CSLQ(Z/PTHZ)

generates the subgroup

. 1+p"a b 1
Ti(pr): —{( e 1—|—p"d) € SLa(Z /p Z)}
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A.2 Level lowering for Katz cusp forms

Proof. We will show that every matrix in I';(p”) can be written as a finite

product of () and (§1). Let (12,0, in SLo(Z /pr+12), with

a,b,c,d € Fp, by direct computation in SLo(Z /p"™1Z) we get:

l4pia b\ _ (1 O\“'/1 1\*/1 o\ '/1 r\@ee?
pre  1+pd) \pr 1 01 pr o1 01 '

Let us remark that the computation is done by multiplying the matrix

<1;f;a H;rd) in SLo(Z /p"T'Z) on the left and on the right by powers of

(,-9) and (§1) in order to obtain the identity matrix. In particular, for

m € Z, multiplying by (§1)™

— on the left means add m-times the first column to the second;

— on the right means add m-times the second row to the first;

and multiplying by ( plr (l))m

— on the left is equal to change the elements of the second row respectively
multiplying by p” the sum of the first element of the second row and m,
adding mp” times the second element of the first row to the second element
of the second row;

— on the right is equal to change the elements of the first column respectively
adding mp" times the first element of the second column to the first ele-
ment of the column; and multiplying by p” the sum of the second element

of the column and m.
O

Lemma A.2.2. Let E/S be an elliptic curve over an Fp-scheme S, r > 1
an integer, p be a prime different from ¢ and

Br+1

E

E/(p"Q) ENQ)

51 67“

the standard factorization of a cyclic p" ' -isogeny into a cyclic p-isogeny fol-
lowed by a cyclic p"-isogeny, where Q is a point of order p"*'. Let Q,,1 and
Qr be the unique points that normalize the Weil pairings: eg, ., (Q, Qri1) = Cpri1
and eg, (51(Q), Qr) = Gr. Then

QT’ = pQr—H .

Proof. First of all, we apply the “Backing-up Theorem”, see [KM85, 6.7.11],
to the isogeny (.41 and to its dual isogeny, we have that:

(61(Q)) = ker(8r), (p'Q) = ker(b1),

and, respectively,
(Br(Qr41)) = ker(B1),  (p(Qr41)) = ker(57).
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A.2 Level lowering for Katz cusp forms

In the following diagram, for clarity, we resume all the isogenies we have
taken into account:

(@)

(r'Q)

/\

(PQr+1) (Qr41)

By definition of the Weil pairing, we have that (Q,) = ker(3%) = (pQ,+1), s0
there exists k € (Z /p"7Z)* such that kQ, = pQ,+1, since they generate the
same cyclic group of order p". Hence, by bilinearity of the pairing we have

e5, (B1(Q), kQr) = G = €5, (B1(Q), pQr1).

The compatibility of the pairing, see |[KM85, 2.8] and [Sil09, III 8.1|, implies
that

€, (61(Q)apQr+1) = €341 (vaQr—‘rl) C r1 Cp
As €s, (51 (Q)a Qr) = Cp” then k£ = 1, hence QT = pQr—H- ]

Main Lemma 2. Let n and k be positive integers. Let { and p be primes
such that n = mp™1 with p and m co-prime, r € Z>1 and mp" > 4, while
¢ does not divide n and 1 < k < (+1. Let f be a mod ¢ cusp form in
S(m,p"t1, k)g, such that

F(Tate(a). G Grt) = 3 as(1)a? (it>® € Fe (1] <it)®

Jj=1

where Gy and Cyr+1 are respectively fived m-th and p"T1-th roots of unity.
Then there exists a unique modular form g € S(m,p", k)E’ such that Byg = f,
where B} is induced by By : Xl(m,prﬂ)m — Xl(m,pT)E the p-th degener-
acy map.
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A.2 Level lowering for Katz cusp forms

Proof. Since mp” > 4 we have the following diagram:

1 w<p7‘+1 1
Xl(m7p )Fl Xl(m7p )ﬁe
! i@
wcpr
X1(m,p")g, Xi1(m, p")g,

are the

1
r+1 )

where B, is the degeneracy map defined in (A.1), w¢, and we,

r+1
Atkin-Lehner maps defined as in (A.2) and where & := w¢,, o By o w,
P

Our first goal is to prove that the map & is the forgetful map a defined in
(A.1). On a elliptic curve E over S, Fy-scheme, with P and @ respectively
points of order m and p"t!, we have:

wcp'r+1

(E7P7 Q) — (E/<Q>7BT‘+1(P)7QT+1)

g Js
we,r

(E/<prQ>,ﬂ1(P), ﬁl(Q)) IS (E/<Q>>BT(BI(P))a Qr)

and

(E/<Q>7 6T+1(P>7 QT-‘rl) — (E/<Q>v Br-‘rl(P)var-‘rl) )

where the maps 81, 8y, Br+1 are isogenies defined by:

ﬁr+1

E

E/(p"Q) ENQ)

51 67“

s0 Br(f1(P)) = Br41(P). In order to show that & = «, it is sufficient to
apply Lemma A.2.2: Q, = pQr+1.
We have that:

r+1 r+1
prr+1 (OO) = prrJrl (Tate(Q)v Cma Cp’“‘*’l) = (Tate(qp )’ C?PI’L 5 Q) =00,

Proceeding as in the Main Lemma 1, we deduce that there exists a unique

Katz cusp form f/' € S(m,p”l,k)m such that prTH(f’) = f: by direct
computation at the standard cusp, we have that for all positive integers j

aj(f)p" TV = a;(f),

hence f'(Tate(q), (m, Gpr+1) € Fr[[g]] ((dt)/t)®*. As in the Main Lemma 1,
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A.2 Level lowering for Katz cusp forms

on the modular curves there is a natural action on the level structure:

X(T1(m), T(pr+h)or st =eat)g (E,P,Q1,Q2)
)
L) [ X(Ti(m), T )y, (B, P,Qn)

X(T1(m),T1(p"))g (E, P,pQ1)

L

where

1 + pr - a b 'I‘—|—1
ry. —
ne ={(VEE ) eshemrin
In analogy with Main Lemma 1, there exists g € S(m,p’",k)m such that
Byg = [ if and only if v* f" is I'1 (p")-invariant. Since the set {(plr D)6 D}
generates I'1(p”) by Lemma A.2.1, it is enough to show the invariance for
the generators.

The map v : X(T1(m), T(p™+1)S% 17— X (T1(m),T(pr*))g, corre-
sponds to the action of elements of the form ({%) € SL2(Z /p"tZ) and

~*f is invariant under the action of such elements by construction. The
action of (pl'r D) fixes oo’ € X(I'1(m), F(pT“)Cp’““_C&n)E and it acts on the

complete local ring at oo’, Fy [[¢]], as:

)

identity on F,
q— €£7~+1q = Cpq

then, by definition, (plr ?) acts on F, [[q]] (dt/t)®F by t — t.

Since a;(f’) = 0 for all positive integers j not divisible by p, then (plr [1))* 1!
has the same g-expansion as f’. Now, since X(I‘l(m),F(p"“)cpr“_can)m
is an irreducible reduced curve, this means that (plr ?)*y*f’ = v*f'. The
uniqueness of the modular form g € S(m, p", k:)m such that B,g = f follows,

as in the previous lemma, by the g-expansion principle. O

In the previous main lemmas, we have not used the action of diamond op-
erators. First of all, let us recall briefly how this operators are defined. For
n >4, and for all d € (Z /nZ)*, we define an automorphism

rd:X(n)E — X(n)m
(E,P) — rq(E,P)=(E,dP)
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A.2 Level lowering for Katz cusp forms

for all generalized elliptic curves E together with a I'y(n)-structure P. The
diamond operator (d) on M(I'1(n), k)5, for every d € (Z /nZ)* is defined
as the automorphism of M(T'1(n), k)g, induced by pullback via the auto-
morphism rg;. If we are dealing with Katz cusp forms with a character
¢: (Z /nZ)* — TF,, we are imposing that for all d € (Z /nZ)*, the diamond
operator (d) acts as €(d).

If we take this into account, we have an analogous to Main Lemma 1 and
Main Lemma 2 for forms in S(n, k, €)g,

Lemma A.2.3. Let n and k be positive integers. Let £ and p be primes such
that p divides n anin/p > 4, while £ does not divide n and 1 < k < (+1.
Let e : (Z /nZ)* = F, and x : (Z /(n/p)Z)* — F, be characters.

Let f and g be mod ¢ cusp forms in S(n,k,e)m and in S(n/p,k,x)m re-
spectively, such that B;(g) = [, where B} is the morphism induced by the
degeneracy map By : X1(n)g, = X1(n/p)s,. Then

Z/(n/p)Z (6) —x

X = Res; )z
T

Z/nZ ——=17/(n/p)Z
i.e. foralld € Z /(n/p)Z we have x(d) = €(d).

Proof. Let E/S be an elliptic curve over an F-scheme S, let P be a point
of order n, and let B, be the degeneracy map By, : X1(n)g, = X1(n/p)g,
defined in (A.1) through the isogeny /3 then

(Byg)(E, P) = 5" (9(E/ ((n/p)P), B(P)))-

The action of the diamond operator (d) for d € Z /(n/p)Z is given by

(d) (B,9)(E, P) = (Byg)(E,dP) = 3*(g(E/ ((n/p)P) , B(dP))) =
= B*(g9(E/((n/p)P),dB(P))) =
= B*(x(d)g(E/ {(n/p)P), B(P))) = x(d)(B,9)(E, P);
hence, for alld € Z /(n/p)Z we have (d) (B,g) = ( )(B,g). Since By (g) = f,
then for all d € Z /(n/p)Z it follows that ( ) f =x(d)f =e(d)f. Hence, for
all d € Z /(n/p)Z the equality x(d) = €(d) holds. O

Applying this lemma, we have the following:

Corollary of Main Lemma 1. Let n and k be positive integers. Let £ and
p be primes such that p strictly divides n and n/p > 4, while £ does not divide
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A.3 Optimization

nand 1<k <(+1. Let e: (Z /nZ)* — T, be a character. Let f be a mod
¢ cusp form in S(n/p,p,k,e)z, such that

¢

F(Tate(q), Gayps Gp) = Y a;(f) <dt> € Fele’) <?>®k

j>1

where Tate(q) is the Tate curve over Fy((q)), Cn/p and Cp are respectively fived
n/p-th and p-th roots of unity. Then there exists a unique form g € S(n/p, k, e’)m,
such that Byg = f, where By is the morphism induced by the degeneracy map

By : Xl(n)m — X1(n/p)m and € = Reséf(nz/p)z( ).

Corollary of Main Lemma 2. Let n and k be positive integers. Let £
and p be primes such that n = mp™* with p and m coprime, r € Z >1 and
mp" > 4, while ¢ does not divide n and 1 < k < {+1. Lete: (Z /nZ)* — T,
be a character. Let f be a mod £ cusp form in S(m,p"+!, k,e)m such that

F(Tate(q), Gy Cir) = Zaj(f)qj <dt)®’f e T, [[¢°]] <dt)®k

- t t
j=>1

where Tate(q) is the Tate curve over Fo((q)), Cm and (i1 are respectively
fized m-th and p"t'-th roots of unity. Then there exists a unique form
g € S(m,p’“,k,e’)m, such that Byg = f, where By is the morphism in-
duced by the degeneracy map B, : Xl(m,prﬂ)m — Xl(m,pr)m and and

¢ = Res%ffzp )z (€).

Remark A.2.4. In Main Lemma 1 and 2, and also in the corollaries above,
we assume that the prime p, dividing the level n, is such that the quotient
n/p > 4. This hypothesis implies that all the objects used in the proofs
are modular curves. Without such hypothesis, we should use the theory of
algebraic stacks: for level n smaller than 4, the algebraic object X (I'1(n))g,
is an algebraic stack, see [Con07, Theorem 1.2.1|, and dealing with such
objects is beyond our purposes. It is highly likely that this condition can be
removed.

A.3 Optimization

Theorem A.3.1. Letn and k be positive integers. Let £ be a prime not divid-
ingn, such that 2 < k < {+1. Let f : T. — Fy be a ring homomorphism from
the Hecke algebra of level n, weight k and nebentypus € : (Z /nZ)" — C*, to
Fy. Let T, € T be the p-th Hecke operator and € : (Z /nZ)* — T, be the
character defined by a — f({a)) for all a € (Z /nZ)". Let us suppose that
there exists a prime m dividing nf such that the Fy-vector space

ﬂker(:r F(T), S(n, k, o)z )

p#m
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A.3 Optimization

has dimension bigger than 1.

If m is different from £ then there exists a mod € cusp form g in S(n/m, k, Res(e))g,
such that B,g = f. If m = { then k € {{,{+1}; in the first case there exists
amod € cusp form g in S(n,1,€)z, such that F(g) = f, where F' is the Frobe-
nius, while in the second case there exists a mod ¢ cusp form g in S(n, 2, E)E
such that Apg = f, where Ay is the Hasse invariant.

Proof. Let v be the dimension of V', by hypothesis v > 1. As T,,, commutes
with all T}, T}, acts on V, and since v > 1 hence V contains a non-zero
eigenvector f for all T}, p > 1, in particular a;(f) # 0.

The subspace V; C V consisting of the g in V' with a1(g) = 0 is of dimension
v—1> 0. Every element g € Vj is such that 0 = ai(g) = a1(T}(g)) for all
integer 7 not divisible by m.

This means that g is an eigenform with g-expansion in F [[¢™]] ((dt)/t)®* at

the standard cusp.

Let us first suppose m # £. By assumptions n/m > 4, then we are in the
hypotheses of the Main Lemmas, so there exists a non zero mod¢ modular
form ¢ € S(n/m,k,€)5, such that Byg' = g, where € = Res(e) and B;
is the morphism induced by the degeneracy map B), defined in (A.1). This
means that Vi3 = B;V, where V5 is the eigenspace of S(n, k‘,E)E associated
to the system of eigenvalues

s = furlovpmy: {PA{m}} = FoxE,
p = (F(T), F())

Hence the system of eigenvalues fiﬁ} occurs in level n/m.

Let us suppose m = {. As proved in [Edi06, Proposition 6.2|, the only two
following cases occur. First case: k = £. The form g, constructed as before,
is in the image of the Frobenius F, i.e. there exists ¢’ € S(n, 1, €)r such that
g = (¢")¢ = F(g'). This means that the system of eigenvalues occurs already
in weight 1. Second case: kK = £+ 1. We have that ¢ = Ayg’ where Ay is
the Hasse invariant of weight £ — 1 and ¢’ € S(n, 2, €)p, hence the system of
eigenvalues occurs in weight 2. O

From the previous theorem we deduce the following result:

Corollary A.3.2. In the same hypotheses of Theorem A.3.1, the Galois
representation attached to f in Corollary 4.0.5, py : Gal(Q /Q) — GLy(IFy)
arises from a lower level or weight.

Moreover, we have that:
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A.3 Optimization

Corollary A.3.3. In the same hypotheses of Theorem A.3.1, if m # £ then
the dimension of V' is at most a + 1 where a is such that m® cond(py) = n.

Proof. The subspace Vi C V consisting of the g in V' with a1(g) = 0 is of co-
dimension 1 in V. Every element g € V; is such that 0 = a1(g) = a1(7}(9))
for all integer j not divisible by m. This means that g is an eigenform with g-
expansion in F [[¢™]] ((dt)/t)®* at the standard cusp. The hypotheses of the
Main Lemmas are satisfied, so there exists a non zero mod? modular form
g’ € S(n/m,k,Res(e))f, such that Byg" = g. This means that Vi = B;V5
where V3 is the eigenspace of S(n, k:,E)E associated to the system of eigen-

values fi’Z} . We recursively apply the previous argument to the subspace
V1. This can be iterated at most a-times where a is the biggest power of m
dividing cond(py). O
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