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Chapter 3

Stochastic dissemination

Chapter overview

This chapter considers a highly general dissemination model that keeps track of the stochas-
tic evolution of the distribution of wealth over a set of agents. There are two types of events:
(1) units of wealth externally arrive, and (ii) units of wealth are redistributed among the
agents, while throughout Markov modulation is allowed. We derive a system of coupled
differential equations describing the joint transient distribution of the agents’ wealth val-
ues, which translate into linear differential equations when considering the corresponding
means and (co-)variances. While our model uses the (economic) terminology of wealth be-
ing distributed over agents, we illustrate through a series of examples that it can be used
considerably more broadly. Indeed, it also facilitates the analysis of the spread of opinions
over a population (thus generalising existing opinion dynamics models), and the analysis
of the dynamics of a file storage system (thus allowing the assessment of the efficacy of
storage policies).
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60 Chapter 3. Stochastic dissemination

3.1 Introduction

A stylised yet highly general model that describes the spread of wealth over a popula-
tion of agents could encompass the following elements. In the first place, the agents are
endowed with external inflow of wealth, for instance representing their salaries, paid to
them by agents outside the population. In the second place, there are transactions: agents
may purchase commodities or services from other agents, thus redistributing the wealth.
Thirdly, to make the model more realistic, one could impose Markov modulation on the
system: all parameters involved are affected by an exogenously evolving Markovian pro-
cess. This Markovian background process could for instance represent the state of the
economy, alternating between economic growth and recession.

The main contributions of this chapter are the following. We develop a highly general
dissemination model that keeps track of the stochastic evolution of the distribution of
wealth over a set of agents, incorporating the three elements mentioned above (i.e., external
inflow, redistribution and Markov modulation). A main asset of the model lies in it being
broadly applicable and allowing closed-form analysis at the same time.

For the resulting model, we succeed in deriving a system of coupled differential equations
that describe the joint transient probability generating function of the agents’ wealth
levels, jointly with the state of the Markovian background process. When focusing on the
corresponding means and (co-)variances, this system takes on a more convenient form, in
that it becomes a system of linear differential equations, thus allowing for straightforward
numerical evaluation. In passing, we also consider the model’s stationary behaviour, in
particular establishing a stability condition.

The broad applicability of the model is illustrated through a series of examples. As sug-
gested by our terminology, being in terms of wealth that is distributed over agents, it can
be used to analyse the evolution (in time) of a wealth vector. Another example concerns
the dissemination of opinions over a population, where all agents influence one another.
Our modelling framework extends existing opinion dynamics models in the way we incor-
porate stochasticity, while also the Markovian background process is a novel element. In a
last example we consider a file storage system, where files of clients are periodically copied
to one or multiple central storage units. Our model can be used to assess the efficacy of
policies, intended to strike a proper balance between storage cost on one hand and the risk
of data loss on the other hand.

The dissemination model analysed in this chapter can be seen as a next step in a long
tradition of queueing and population models. In most existing queueing network models,
the dynamics are such that the number of clients per queue changes by one at a time;
see e.g. the accounts in [88, 142]. A relatively small branch of the queueing literature
considers queues with batch arrivals and batch services. In this respect we refer to e.g.
[42, 78, 115] where product-form results are obtained. The setup that is probably closest
to the one we consider in this chapter, is the one of [64], where the transaction events corre-
spond to the network population vector undergoing a (deterministic) linear transformation.
In population-process theory and epidemics there is a strong emphasis on deterministic
models to describe the dynamics of the sizes of various subpopulations (e.g. age groups,
infected individuals, etc.); for more background, see for instance the monograph [137].
These models’ stochastic counterparts have been studied as well; a general framework has
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been presented, and analysed, in [97]. Importantly, to the best our knowledge, none of the
earlier works covers our, highly general, redistribution mechanism.

This chapter is organised as follows. The model and notation are introduced in Section 3.2.
Then subsequently the transient joint probability generating function (Section 3.3), the
first moments (Section 3.4), and second moments — and hence also variances and covari-
ances — (Section 3.5) are analysed; the section on first moments in addition establishes
the model’s stability criterion. Then there are three sections with illustrative examples,
focusing on wealth redistribution (Section 3.6), on opinion dynamics (Section 3.7) and on
storage sharing systems (Section 3.8). Section 3.9 concludes.

3.2 Model and notation

In our model we study the stochastic behaviour of M (t) = (M;(t),....M;(t)), where M;(t)
denotes the “wealth” of agent ¢ at time ¢, with ¢ =1,..., I, for some [ € N; in this chapter
we follow the convention that bold symbols are used to represent vectors. We recall that,
as pointed out in the introduction, “wealth” is to be interpreted in the broad sense; as we
will extensively argue, the setup considered can also be used e.g. in the context of opinion
spreading dynamics, or the context of file storage systems.

To make our model as rich as possible, we let its dynamics be affected by an autonomously
evolving Markovian background (or regime-switching) process. In the (economic) context
of wealth being spread over a population of individuals, the background process could
reflect the state of the economy (e.g. alternating between economic peaks and periods of
recession). Let this regime-switching process be modelled by the continuous-time Markov
process (X ());=0 on the state space {1,...,d}, for some d € N. This process, which is
assumed to be irreducible, is governed by the transition rate matrix @ = {g;;}¢,_, (with
all non-diagonal elements being non-negative and row sums equal to 0), so that [9, 124]

P(X(t) = (]| X(0) = k) = (e?), -
We proceed by describing the dynamics of the wealth process, given the background process
is in state k € {1,...,d}. We distinguish two types of events.

o In the first place there are “external arrivals” of wealth. Concretely, for j € {1,...,J}
with J € N, at Poisson epochs with rate A, > 0 these external arrivals occur, leading
to an increase of the wealth of all agents ¢ € S; C {1,..., I} by one unit.

o In the second place there are “shocks”, arriving to the system according to a Poisson
process with rate v, > 0. At such a shock, “transactions” take place, which con-
cretely means that each of the M;(t) wealth units of agent i contributes W, € Ny
wealth units to agent j.

The precise mechanism is described more formally as follows. Supposing a shock
happens at time ¢ > 0, then the number of wealth units after the shock at agent j is,
conditional on M (t—) = (m4,...,m;)" being the wealth vector just prior to time ¢,

given by
I my;
Z Z Wijkn7

i=1 n=1
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with (Wi kn)nen denoting a sequence of independent and identically distributed ran-
dom variables, all of them distributed as the discrete, non-negative random variable
Wijk. The random variables Wi, (with ¢ = 1,...7 and k = 1,...,d) are assumed
independent; importantly, throughout we do allow dependence in j. We define, for

z such that max{|z|,...,|z7|} < 1, the associated probability generating function
(PGF) by
I
gin(z) = E[H Z]Wm]
=1

Our primary aim is to establish a unique characterisation of the transient wealth vector
M (t), jointly with the state of the background process X (t). To this end we work with
the corresponding multivariate time-dependent joint PGF. Concretely, our analysis aims
at identifying the following key object of study, for z such that max{|z|,...,|zs|} < L:

[Hz MO ] (3.1)

which uniquely defines the distribution of (M (¢), X (t)) € N/ x{1,...,d}. In the remainder
of the chapter we have used, as systematically as possible, i,7 € {1,..., I} to denote agent
types, k,¢ € {1,...,d} states of the background process, and n€ N the index of the
sampled random variable.

3.3 Derivation of the differential equation for the joint
PGF

The main objective of this section is to establish a system of coupled differential equations
(in t) for the time-dependent joint PGFs fi(z,t), as defined in (3.1). We do so relying on
a standard argumentation: we relate their values at time ¢t + At to their values at time ¢,
with the aim to set up a system of differential equations. To this end, the underlying idea
is to distinguish the three types of events that can occur in an interval of length At: a
transition of the background process, external arrivals, and shocks (and, evidently, there is
in addition the event that none of these three types of events occurs). Following this line
of reasoning, we obtain for the time—dependent joint PGF at time ¢t + At that, as At | 0,

1=1L#k
J 1
j=1 i€S;

T
Vi At Z E[H z]]-wj(tJrAt)ll{X(tJrAt):k} ‘ M(t) =m, é"k(t)] P(M(t) =m) +

meN/! Jj=1

d J
(1 — > qult—> N\pAt— %At> fulz, 1) + o(AD),

(3.2)
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with & (t) denoting the event of a shock between times ¢ and t + At (evidently, while the
background state is k). Above we used the Landau notation o(At): stating that a function
F(-) is o(At) as At | 0 means that F(At)/At — 0 as At | 0.

The right-hand side of Equality (3.2) can be interpreted and rewritten as follows.
o The first term, which considers the scenario that the background process was in a

state ¢ # k at time t and makes a transition to k between t and At, equals by
definition

d
> qu At fo(z,1).
=102k

o The second term represents the contributions of the external arrivals: if it is of the
j-th type, then it increases (by 1) the wealth values of all agents ¢ such that i € S;.

It reads
J
Z/\jk At H Zi fk(z,t).
j=1

iESj

o The third term describes the effect of the shocks. The claim is that we can express
it in terms of the PGF fi(z,t), but not evaluated in the argument z but rather in a
different argument hy(z). Indeed, defining

hy(z) = (glk(z), e ,glk<z>)a

again up to At-terms, due to the shock that occurs between times t and ¢t + At,

3 E[ﬁz] Y ranmy | M) = m, 60| POMI() = m)

meN/! Jj=1

== H (9n(2)) " POM (1) = m, X (1) = k)

[Hg,k D1 (x(0)= k}] = fi(hi(2),1).

o The fourth term corresponds to the scenario of no transition of the background
process, no external arrivals and no shocks, leaving the wealth process unchanged.

Observe that we have succeeded in expressing fi(z, t+At) in terms of quantities of the same
type, as well as quantities of the type fy(¢(2),t) for known functions ¢(z) : [—1,1]!

[—1,1]%. The next step is to subtract fx(z,t) from both sides of the equation, divide by At,
and let At | 0, so as to obtain a system of differential equations in ¢. Indeed, we obtain,
for t > 0, the following result, where we have used that the row sums of () are equal to 0.

Proposition 3.3.1. For any t > 0, fr(z,t) satisfies the system of differential equations

fk z,1) ZQZka (z,1)
(3.3)
Zm [Tz 1| fi(zt) + 9 (fr(hi(2).t) — filz.1),

1€S;
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If M(0) = mg and X(0) = ko, then the initial condition is
I
fk(zv O) = IL{k:ko} H sz(“
i=1

Using the obvious property that hg(1) = 1, it is readily seen from this proposition that
fr(1,t) =P(X(t) = k), as it should.

The system of differential equations (3.3) can be solved numerically. Importantly, the
system is not linear; observe that in one term on the right-hand side of (3.3) the pPGF
has the argument hy(z) rather than z. As we will notice in the next sections, however,
when considering the computation of time-dependent moments (rather than the full time-
dependent PGF) we do obtain a reduction to systems of differential equations that are
linear. These can be solved at relatively low numerical effort using standard computational
software (e.g. deSolve in R, dsolve in Matlab). Alternatively, as in our case the differential
equations are linear, one can use an implementation of the matrix exponential (expm
in both R and Matlab). In the next two sections we subsequently concentrate on the
evaluation of the first and second moments.

Remark 3.3.2. If one is interested in moments only, then one could in principle also
set up systems of differential equations just for those moments, rather than setting up a
system of differential equations for the PGF and then perform a differentiation (as will be
done in the next sections); cf. for instance the procedure followed in [100]. We however
prefer to present the system of coupled ordinary differential equations of Proposition 3.1,
as these characterise the full distribution of M (t) (jointly with the state of the background
process X (t)). These coupled differential equations do not allow an analytical solution,
but can be solved numerically relying on standard computational software packages (use
e.g. the function deSolve in R, or dsolve in Matlab). It is also noted that repeated
differentiation with respect to entries of z and inserting z = 0 (i.e., not z = 1) yields
the joint probability distribution; for instance, for a single-dimensional random variable
X attaining non-negative integer values, we have

for k£ € N.

3.4 Derivation of first moments, stability

In principle all moments of the components of M (), as well as all mixed moments, can
be derived from the differential equations (3.3) by repeated differentiation and plugging
in z = 1. This typically leads to a recursion from which the joint moments of order n
are expressed in terms of their counterparts of order 0,1,...,n — 1; cf. [25, 101, 149]. In
this section we discuss this widely applied procedure to determine the time-dependent
first moments. In the next section we then move to second moments, but in principle
this procedure extends to moments of any order. As we point out in the present section,
knowledge of the first moments also provides us with a criterion under which the model
has a stable stationary version (i.e., does not explode as t — o0).
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3.4.1 Differential equations for first moments

In this subsection we derive a system of linear differential equations that characterise the
expectation of M (t). With w;j, := EW;j, and my(t) := E[M;(t)1ix )=k}, differentiating
(3.3) to z; and inserting z = 1 yields the following system of coupled ordinary differential
equations:

mi () = quwmae(t) + Y Nk mi(t) + % (Z wjik Myi(t) — mz‘k(ﬂ) 7

jies; j=1

with 7 (t) = P(X(t) = k). Here we have used the standard differentiation rule for compo-
sitions of functions with vector-valued arguments, i.e.,

I

Ofi(hi(2),t) _ 3 Ofi(x,t) 9(hi(2));
822' P 8:vj z=hy(2) 821 ’
wnd O(hu(2)
Nu\=))j o
azi z=1 - Wik

The next step is to compactly write the above system of differential equations in matrix-
vector form. We let m(t) € RY denote the stacked vector that results from the I vectors
m;(t) = (mi(t),...,mia(t))", where w(t) € RY is the stacked vector that results from
the I (identical) vectors m;(t) = (m1(t),...,ma(t)) 7, i.e.,

m, (t) ™ (t)
m(t) := : , m(t) = :
my(t) m(t)

In addition, Gji = diag{%wjﬂ, . ,ydwjid} - diag{%, ce 7’7d}]]-{i:j}‘ We then define

Q" +Gu Ga Ga e Gn
G2 Q" + Goo Gso e Gro
A= Gz Goas QN +Gs -+ Grs ,
Gir Gor Gsr e QT + Gy

and, with Az = diag{j\ﬂ, e 7/_\id} and S\ZIC = Zj:iES]- )\jka

A O 0
0 A, 0
A= . )
0 0 - A7

We thus end up with a system of dI coupled linear differential equations, as given in the
following proposition.
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Proposition 3.4.1. For any t > 0, m(t) satisfies the system of linear differential equa-

tions
m/(t) = Am(t) + Ar(t).

If M(0) = mg and X(0) = ko, then the initial condition is
Mk (0) = Lig—re} Mo k-

This non-homogeneous system of linear differential equations can be solved in the stan-
dard manner. In the first place, the vector m(t), corresponding to the transient state
probabilities of the background process X (t), satisfies the differential equation

() = ([ ® Q')m(1),

with ® being the usual notation for the Kronecker product and I; an identity matrix of
dimension /. This means, with ) denoting the (dI x dI)-dimensional matrix I; ®Q", that
m(t) = e9m(0), or equivalently,

In the second place, the solution for m(t) can be written in terms of matrix exponentials,
as follows:

t
m(t) = e m(0) + / A=) A 7(s) ds.
0
We thus obtain the following result.

Proposition 3.4.2. For any t > 0,

3.4.2 Stability condition

Let m := m(c0) be the unique solution of 7w = 0 such that its entries sum to 1, i.e.,
the stationary distribution of X (¢). In case the underlying model is stable, the above
results directly imply that the steady-state mean vector m can be written in terms of the
steady-state probabilities 7, as follows:

m=—A""Ar.

The formal stability condition is given in the next statement. We define by w the eigenvalue
of A with largest real part, i.e., the spectral abscissa of A.

Proposition 3.4.3. The Markov chain (M (t), X (t))i=o is ergodic if w < 0.

Proof. The proof step-by-step mimics the one of [64, Prop. 3]; we therefore restrict our-
selves to sketching its main steps. The underlying idea is to establish ergodicity of the skele-
ton Markov chain (M (nA), X (nA))nen if w < 0, for some A > 0, where it should be noted
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that if the skeleton Markov chain is ergodic for some A > 0, then so is (M (t), X (t))i>0
(observing that the mean recurrence time for any state of the skeleton chain is an upper
bound for the mean recurrence time of the original process). Then, by [9, Prop. 1.5.3], a
sufficient condition for ergodicity can be phrased in terms of

E[[M(A)], [ M(0) = mo, X(0) = ko] — [[mol], < —¢,

for some € > 0, and all mg € N’ and k, € {1,...,d}. Informally, this criterion entails that
the process’ drift is negative, bounded away from zero; cf. Foster’s criterion [27, 69]. Such
a bound can be achieved under w < 0, with the precise same argumentation as the one
used in the proof of [64, Prop. 3|, where we rely on [20, Prop. 11.18] to find the required
bound on the norm of the matrix exponential. O

In case the stability condition w < 0 is not fulfilled, the components of m(t) typically grow
in a fixed proportion; we return to this issue in Section 3.7.

3.4.3 Special cases

In this subsection we provide more explicit results for three special cases: (1) a single fully
homogeneous population, (2) a single distinct agent (a “leader”) with I — 1 homogeneous
other agents (“followers”), (3) two, internally homogeneous, interacting subpopulations.

Homogeneous population.

We denote by my(t) the mean wealth of an arbitrary agent, jointly with the event that the
background process is in state k. As a consequence of the fact that we “start symmetri-
cally”, i.e., the initial wealth of all agents is the same, at any point in time the mean wealth
of the individual agents coincides. In case we do not “start symmetrically” (for instance
with two possible values of the initial wealth), the computations can still be performed,
but become less clean.

In the variant that we consider, we let J = I, and we take S; = {j} and A\j; = A, for
j=1,...,1. (Here we note that one can construct other fully symmetric external arrival
processes, for instance by letting J = 1 and S; = {1,...,I}. Such alternative symmetric
variants can be dealt with analogously.) The generic random variable W;;; now depends
on the background state k only (i.e., not on the indices i and j that indicate the agents);
we let wy be its expected value.

It is directly verified that our earlier results now yield

my.(t) = Z qoxme(t) + e (t) + v (Twg, — 1) my (),

or, in matrix-vector notation,
m/(t) = Am(t) + An(t),

where A := Q" + diag{y1(ITwy — 1),...,74({wg — 1)} and A := diag{\, ..., A\q}. The kth
entry of m now expresses the agents’ mean wealth when the system is in state k. In
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steady state, we obtain that the mean wealth vector equals —A~'Am, with 7 as defined
before, provided that the stability condition is fulfilled (i.e., that the spectral abscissa of
A is negative).

Leader and homogeneous followers.

In this model, there is a single leader and I — 1 homogeneous followers. We “start sym-
metrically”, i.e., all followers have the same initial wealth. We let my, x(¢) be the mean
wealth of the leader at time ¢, and mp(t) the mean wealth of an arbitrary follower at
time ¢, both jointly with the event that the background process is in state k.

As we did in the case of a homogeneous population, we take J = I with S; = {j}. We let
the external arrival rate of the leader be Ar, %, and of the followers Ap j, both corresponding
to the background process being in state k. The wealth redistribution, as taking place at
the “shocks”, corresponds to the means (in self-evident notation) wyr, x, Wik, WrLk, and
wrr i, again for the background process in state k. We thus obtain

d
my, ,(t) = Z qerme(t) + A (t) + 7 ((wrne — Dmog(t) + (I — Dwpreme i (t)),
=1

d
M () =Y qumro(t) + Apame(t) + 1 (wrr k(I — 1) = Dmp () + wipampe(t).
=1

The model further simplifies if we consider the setting without modulation. In self-evident
notation, we obtain m/(t) = v(A —Iy) m(t) + A, where I, denotes a 2-dimensional identity

matrix,
mL(t) - W11, ([ — 1>wFL )\L
m(t) = , A= , A= .
Two internally homogeneous interacting subpopulations

We now consider a generalisation of the situation with a leader and homogeneous followers,
viz. the situation of I, agents of subpopulation A and Iy := I — I, agents of subpopulation
B. We let ma i (t) (respectively mp(t)) denote the mean wealth of an arbitrary agent
from subpopulation A (respectively subpopulation B) at time ¢; the agents within each of
the two subpopulations “start symmetrically”. The arrival rates Ay, and Agj, are defined
in the evident manner, and so are the means waa x, WaABk, WAk, and wpp. Using the
same reasoning as above, we obtain

d
miy (1) = Z qermao(t) + Aapme(t) + 1 ((Tawaa e — Dmae(t) + Iswsazmsi(t)),
=1

d
mp (1) = Z Qo (t) + Mg emi(t) + v ((Iswss gk — 1)mp g (t) + Iawapemax(t)).
=1

We get a further simplification in case that there is no modulation. In self-evident notation,
we again obtain m/(t) = v(A — Iy) m(t) + A, but now with

~( ma(t) = Tawaa Ipwpa [ Aa
m(t) = < mg(t) )’ A= ( Iywap Ipwss )’ A= < AB )
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3.5 Derivation of second moments

In this section we focus on characterising the second moments pertaining to the vector
M (t). The techniques relied upon resemble those used in the previous section to find
the first moments. In particular, the solution again amounts to solving a system of linear
differential equations.

3.5.1 Differential equations for second moments

Concretely, our aim is to provide recipes to evaluate the reduced second moments of M;(t),
i.e.,

0 fi(2,1)
viak(t) = BIM; (1) (Mi(t) — D) xy—py] = (,’;Zz ,
as well as the mixed second moments of M;(t) and M;(t), i.e., for i # 7/,
ank(Z t)
i3/ t:EMthllt]l = :—’.
vink(0) 1= ELM(E) M) o] = T

Again the idea is to set up a system of coupled linear differential equations. In these
differential equations now both the transient state probabilities 7 () and the transient
first moments m;(t) feature. With these objects at our proposal (recalling in particular
that an expression for m;;(t) was identified in the previous section), we can determine the
corresponding variances and covariances in the evident manner.

In the derivation, we use the identity, for 7,7 =1,...,1,
amm@ﬁ_ajfmm> A(hi(2))
8zi 8zi/ 82’1 st 8xj/ xz=hy(z) 827;/
ziiWMm> O(hi(2)), (hi(2));
o1 = 8ZEJ al'] xz=hy(z) 821 aZZ‘/
— Ofi(x, 1) 0% (hi(2))
+ - = 7
et (9le x=h(z) 821 aZi/

which is based on standard differentiation rules. We thus obtain, by differentiating (3.3)
with respect to z; and zy and inserting z =1,

Vg Z%kvzz'e + T iziny Z Nk Ti(t) + Z Njkmig(t) + Z ik (t) +

Jii,i'€S; JHi€S; Jii’'es;
I I
§ : § ’ § : w'? .
Tk < Uj]’k w]zk Witk + m]k ]zz’k - vii’k(t) )
j=1j'=1 7j=1

here 9
@ _ 0 ((2));
jit'k - (92, 6zi/

which equals E[W;;,(Wju, — 1)] if ¢ = ¢' and E[W,;;W;ii] otherwise.

)
z=1
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3.5.2 Special case: two subpopulations
We consider the situation of Section 3.4.3 and derive the differential equations for the

(reduced) second moments in case there is no modulation. Five quantities are to be
determined:

reduced 2nd moment of arbitrary agent in population B,

mixed 2nd moment of two arbitrary distinct agents in population A,

~— — — ~— ~—

with all quantities on the right-hand side being evaluated at time ¢ > 0. The vector
v(t) € R consists of the above five entries. We can write, with I5 denoting a 5-dimensional
identity matrix,

v'(t) = (A —1Is5) v(t) + Amm(t),
for a suitably chosen (5 x 5)-matrix A and a suitably chosen (5 x 2)-matrix A,,. The
matrix A is given by, with J, := I,(I, — 1) for x € {A, B},

In(wan)?  Ip(wpa)?  Ja(waa)®  Jp(wpa)? 2Ia Igwarwga
) In(wap)®  Is(wss)®  Ja(wap)®  Js(wss)® 2IaIpwapwpp
A= Ix(wan)* Ip(wpa)®  Ja(wan)?  Jp(wpa)? 2IaIpwaswsa
In(wag)®  Ig(wpp)?  Ja(wap)®*  Je(wpp)? 21z Igwapwgr

Inwapswap Ipwppawpp Jawaawap Jpwpawps Ialp(waawps + wapwpa)

and
2M0 + ”YIAwf/)xA I Bwl(szz)m
VIAwf%B 2Xp + VIBIU](;]%B
A, = 224 + ’}/IA’LU(A2%A, P)/IBw](??gA’
VIsz(fl)gB/ 2B + VIBUJ](;]%B/

Aa + lewaB A + 'yIBw](;/lB

3.6 Application 1: wealth redistribution

The model that we consider in this chapter can be interpreted as a simple formalism
describing an economy, providing insight into the stochastic evolution of the wealth of each
of the individual agents. Indeed, the set I could correspond to the agents of the economic
system under study, which is fed by external inflow and in which at random times wealth
redistribution occurs. In this section we present an example of such an economic system,
with a population consisting of one agent (the “leader”) obtaining income from outside the
system, and the other I —1 agents obtaining their income from the leader (the “followers”).
The Markovian background process records the state of the economy, in that it alternates
between periods of economic growth and periods of recession. Our model allows us to
quantify the distribution of the fraction of followers whose income drops below a critical
threshold. In this way, we can get insight into the phenomenon of “poverty trap”, i.e.,
persistent poverty for the followers (to be interpreted as the segment of the population
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that does not own resources, and whose income strongly depends on payments from the
leader). The model considered is formally described as follows.

o The background process X (t) has two states, i.e., economic growth (corresponding to
state 1) and recession (corresponding to state 2).

o Regarding the income rates \;, we consider the situation that S; = {j}, for j =1,... 1.
Only agent 1 (the leader) has external income: we let A\j; = Ay and Aj; = Ay for rates
A1 and Ay such that 0 < Ay < Ay (i.e., the leader has a higher income during periods of
economic growth). The other agents (i.e., the followers) do not have any external income:
ANjg=0forj=2,..., 1.

o Wealth distribution takes place at a Poisson rate v, with k the state of the background
process. The vectors (Wi, ..., Win), for k = 1,2, are multinomially distributed with
parameters 1 and (pg, 7k, . .., 7). Here rpy < (1—pg)/(I—1), meaning that with probability
1 —pr— (I — 1)rg € [0,1] the wealth unit of agent 1 leaves the economy. Typically one
expects py > pp, as in periods of recession the leader will be inclined to save a larger
fraction of their wealth. We let the vectors (Wi, ..., Wjik), for k=1,2and j =2,...,1,
be multinomially distributed with parameters 1 and (0, s, ..., sg). Here s, < 1/(1 — 1),
meaning that with probability 1 — (I — 1)s; € [0, 1] the wealth unit of client j leaves the
economy.

In this setup intentionally various symmetries are assumed, so as to keep the model as
low-dimensional as possible. Evidently, more general variants can be analysed as well. For
example, we could consider instances such that, for j = 2,..., I and j' # j, the distribution
of Wjj;, differs from the distribution of Wj;/.

3.6.1 Means and variances

It is not hard to verify that

Tk Sk
gir(z) = 21 (HZJ> ;o gik(z (sz) ’

thus also defining hy(z). For ease, assume that the background process is in stationarity
at time 0. We thus obtain the following differential equations for the transient means (in
self-evident notation):

i, Z ermre(t) + A 4 (ke — 1) mek(?),

mp g (t) = Z o o(t) + v (T = 1)sp — Dymp i (t) + rem (1)),

using the results found in Section 3.4.3. The transient means as described by the differential
equations above indeed nicely match simulation results as shown in Figure 3.1. Focusing
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on stationarity, we obtain that

-1
mLy\ __( —@t m(pr —1) q2 ATy
my,2 1 —q2 +72(p2 — 1) A2y

( mr 1 ) _ ( —q +n((l = 1)s1 — 1) 1 )_1_
mp 2 73 —q2 +72((I —1)sg — 1)
( nrr 0 ) ( mr, 1 )
0 7are mr2 '

Using Proposition 3.4.3 we can determine under what condition these stationary means are
well defined. A similar system of equations can be set up to determine the corresponding
stationary (reduced) second moments, in self-evident notation denoted by

and

(ULL,la ULL,2, UFF,1, VFF,2, UFF’,1, VFF’,2, ULF,1, ULF,2);

as the underlying ideas are precisely the same as for the stationary means, we do not
present the expressions here.

Importantly, our method is capable of providing near-instantaneous response. In our
implementation we have used highly accurate, efficient and robust procedures that solve
the systems of linear differential equations, available in any computational package. The
alternative is Monte Carlo simulation, which is much slower: for instance generating the
data points for Figure 3.1.b took about 20 minutes on a standard laptop, while Figure
3.2 (to be discussed in the next subsection) took roughly an hour. It is also noted that
Monte Carlo provides just an estimate of the quantity under study, with the inherent
uncertainty being quantified by means of a confidence interval. If one aims to have precise
estimates, i.e., estimates with a narrow confidence interval, one has to bear in mind the
rule of thumb that halving the width of the confidence interval requires that the number
of sampled paths increases by a factor 4 (which follows by the central limit theorem).

4.0 4.0
—— Leader —— Leader
3.51 Follower 3.51 Follower
+- Std/5
3.04 3.01 +- Std/5
2.51 2.54
< <
= =
© 201 © 2.0 1
2 2
1.54 1.51
1.04 1.0 1
0.5 0.5 1
0.0 T y y T 0.0 T T y T
0 10 20 30 40 50 0 10 20 30 40 50
time time

(a) Transient means as numerical solution of dif-  (b) Transient means approximated by simula-
ferential equations tions

Figure 3.1: Transient means of the leader’s and follower’s wealth. The numerical solutions have been
evaluated by applying Euler’s method. For the simulated approximation we have run 2000 simulations for
a population of I = 30. The chosen parameters are: g12 = 1/100, ga1 = 5/100, Ay =3, o =1, v = 2,
Y2 = 1, pP1 = 037 P2 = 06, 1 —pP1— (I— 1)7"1 == 5/100, 1 — P2 — (I— 1)7"2 = 1/1007 1-— (I— 1)81 == 5/100
and 1 — (I — 1)se = 1/10.
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3.6.2 Poverty trap for single follower

Let f be the probability of the stationary wealth of an arbitrary follower, denoted by M;
for some follower j = 2,..., 1, being below some critical threshold ¢; this f can, in our
stylized context, be considered as the probability of a follower ending up in the poverty
trap. We propose a straightforward normal approximation, inspired by the central limit
theorem (CLT), that is accurate if the scale of the underlying model is sufficiently high.
A key property of such a cLT-based approximations is that only the first two moments of

M; play a role. In our case, this means

c+1/2—mp
\/ VFF ,

where the “+1/2” is the standard continuity correction, and in addition

f:]P’(Mj<C)%fN1=‘I)<

. I o .__ 2.,
mg = Mg +Mr2, VrF = VUrr,1 1+ UFF2, Upp := UFF + MF — MEg;

as usual, ®(-) denotes the cumulative distribution function of a standard normal random
variable. To verify the accuracy of our findings, we have also estimated P(M; < ¢) by
performing 5000 independent simulation runs. The resulting distribution is indeed highly
similar to the fy resulting from the normal approximation, as shown in Figure 3.2.

1.0

—— Simulation
Normal approx
0.8 1

(9]

0.6

0.4

P(wealth follower <

0.2

0.0

0 2 4 6 8 10
threshold ¢

Figure 3.2: Cumulative distribution function of the follower’s wealth, approximated through simulations
and the normal approximation. For the simulated approximation we have run 5000 simulations for a
population of I = 30. The chosen parameters are: ¢ = 1/100, go; = 5/100, Ay = 10, Ay = 6, 11 = 4,
Yo=2,p1=02,p2=04,1—p; — (I —1)ry =5/100, 1 —ps — (I — 1)ro =1/100, 1 — (I — 1)s; = 3/100
and 1 — (I —1)sy = 7/100.

Note that the followers do not operate independently, as they react to a common back-
ground process. As a consequence, the number of followers ending up in the state of a
poverty trap, say B, is not binomially distributed (even though all of them experience the
same probability f of doing so). In the remainder of this section we point out how to
derive a good proxy for the distribution of B.

3.6.3 Poverty trap for full follower population

With B; the indicator function of M; < ¢, for j = 2,...,1, we are interested in approxi-
mating the distribution of
I
B:=) B,

Jj=2
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We propose a normal approximation, which relies on the central limit theorem, entailing
that it will be particularly accurate as I grows. Define, for j, j' = 2,..., I such that j # j/,

f=P(M; < ¢, My < c).

This probability can be approximated by its Gaussian counterpart. Applying continuity
correction,

2 2

with (M3, M}) bivariate normal with mean (mg, mp) and covariance matrix

(¢} (¢}
Y — < Urp  Uppr )
- [e) [o) )
Urrr  UFF
where vpp := vpp + mp — mé (as before) and vQp = vpp — mé. Notice that there are

powerful numerical techniques to accurately evaluate bivariate normal probabilities; see
for instance [40]. It now follows that

1 1
= fy ::IP(MJ9<0+—,MJ3<0+—>,

EB~pp:=I—1)fn,
Var B ~ 0% = (I — 1) (1 — f) + (1= 1)(I = 2)(fi — 2).

Applying a standard continuity correction, this gives rise to the following approximation:
fork=1,...,1—1,

]p(B:k)%q>(k+%—_MB)_q>(k_%—_'uB).

0B OB

As shown in Figure 3.3, the distribution following from the normal approximation matches
the simulation-based approximation quite well.
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Figure 3.3: Density function of the amount of follower’s with wealth less or equal to 1, evaluated through
simulations and the normal approximation. For the simulated approximation we have run 2000 simulations
for a population of I = 50. The chosen parameters are: g12 = 1/100, go1 = 5/100, A; = 10, A2 = 6, 71 = 4,
Y2 = 2, pP1 = 027 P2 = 04, 1 —pP1 — (I— 1)7"1 = 5/100, 1 — P2 — (I— 1)7“2 = 1/1007 1-— (I— 1)81 = 3/100
and 1 — (I — 1)sy = 7/100.
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3.7 Application 2: opinion dynamics

In the field of opinion dynamics one studies, predominantly based on mathematical models,
the evolution of opinions in a collection of agents. Arguably the most basic, yet meaningful
model was proposed in [48], considering a set of n agents, each of them having an opinion on
a particular subject. At every discrete time instant each agent updates her opinion based on
the other agents’ opinions. More specifically, the opinion of an agent’s opinion at a certain
point in time is a weighted sum of all agents’ opinion at the previous time instant, with
the weights summing to 1. To make the model more realistic, various extensions have been
developed. In this context, one of the important contributions is [70], in which agents are
assumed to have an internal opinion as well as an expressed opinion. In modelling terms,
it means that the framework of [70] extends the one of [48] by dropping the assumption
that the weights sum to 1 and by allowing (at any point in time) an external contribution
to the opinion vector.

The goal of this section is to show that one can use the theory developed in the present
chapter to make opinion dynamics models considerably more realistic. Compared to ex-
isting frameworks on opinion dynamics, two significant improvements can be made. In
the first place, most of the existing models on opinion dynamics that allows for analytical
investigation are of a deterministic nature, and as such do not incorporate the random
effects present in a population of agents influencing each other’s opinions; these can be
included relying on our modelling framework. In the second place, it allows us, through
the modulation mechanism, to incorporate randomly evolving external effects that have
impact on the agents’ opinions. Examples of external effects could relate to the current
level of economic prosperity, or to the degree of access to digital communication, or to
the geographic area agents live in; these variables change over time (where the natural
timescale could correspond to years) which result in different opinion dynamics.

Let us consider the first advantage, i.e., the option of introducing stochasticity, in more
detail. The framework that we developed can in fact be interpreted as a stochastic general-
isation of the model studied in [70], which (in its most elementary form) can be summarised
as follows. Let Y; a vector of opinions, W; a matrix that describes the effects of each opin-
ion held at time t — 1 on the opinions held at time ¢, X; a matrix of scores on exogenous
variables, B; a vector of coefficients giving the effects of each of the exogenous variables, oy
a scalar weight corresponding to the endogenous conditions and 3; a scalar weight corre-
sponding to the exogenous conditions. Then the recurrence relation that defines the model
in [70] is given, for t € N, by

Y, = a WY1 + 5. Xy By

The relation with our model can be seen immediately by comparing this recurrence relation
with the differential equation of the transient means in Proposition 3.4.1. Indeed, just as
in [70], the opinion of an agent is construed as a linear combination of its own and the
others’ opinions before the time of redistribution. An important additional advantage of
our approach is the option to explicitly characterise all (reduced) moments of the opinion
vector through systems of differential equations, by repeated differentiation of the relation
featuring in Proposition 3.3.1. To our best knowledge, this is a novel analytical tool that
was not provided in other stochastic generalisations of the Friedkin-Johnsen model [70].
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3.7.1 Opinion dynamics with Markovian background process

In this example we consider opinion dynamics in a two-group population (groups A and B)
where individuals of one group — say group A — have an opinion update mechanism that
alternates between a “normal mode” and an “adapted mode”. This framework may be
interpreted as a stylised model for groups of individuals occasionally visiting larger events
as conferences, demonstrations, or political gatherings. Formally we describe the model
as follows.

o The background process X (t) has two states, i.e., one corresponding to the normal mode
(corresponding to state 1) and one to the adapted mode (corresponding to state 2).

o We consider the situation that individuals do not automatically increase the value of their
opinions when the background process is in the normal mode. Since group B agents are
not affected by the background process, we thus have Ay ; = Ag1 = Ag2 = 0. Additionally,
we let group A agents automatically strengthen their opinion with rate Ay o > 0 in the
adapted mode, i.e., they only strengthen their opinion as a result of external influence by
attending conference, political meetings, etc.

o We let the Poisson rate of opinion redistribution v > 0 be unaffected by the background
process. Since group A separates itself from group B when the background process is in the
adapted state, we assume that group A and B individuals do not affect each other’s opinion
in that state. In addition, in this example we allow group A agents to be “overenthusiastic”
in the adapted state, resulting in distributing more opinion units than they originally have.

We first consider the situation that the background process is in state 1. Let there be I
agents in group A, and Iy in group B. For j € {1,...,Ix} (i.e., corresponding to agents
in group A), we let the vector

(VVJ}Ll? R ijlAul’ VVjJA"‘Ll’ R WjJA"FIBvl)

be multinomially distributed with parameters 1 and (paa i, ..., PAA1, PAB1, - - -, PAB,1); for
je{In+1,...,Ip + Ig} (ie., corresponding to agents in group B) these parameters are
1 and (pai1,---,PBA1,PBB1;---,DBB,1). Here we consider the situation that

Inpang +1Igpagy =1 and Ixpeag + I peeg = 1,

effectively meaning that “opinion mass cannot leak away from the system” when the
background process is in state 1.

When the background process is in state 2, we let for j € {In +1,...,Ix + Ig} (i.e., for
agents of group B)

Winzs s Wina2, Winis12, -+ s Wyt ,2)

be multinomially distributed with parameters 1 and (0,...,0,pgp2, ..., ppp2). Here, group
B opinion does not leak away: Ippgpe = 1. For j € {1,..., 1} (i.e., for agents of group A)
we introduce an additional mechanism: with probability 0 < a < 1 the unit of opinion to be
distributed becomes two units and with probability 1 — « it remains one unit. Afterwards,
each unit is multinomially distributed with parameters 1 and (paa2,.-.,paa2,0,...,0),
with [A PAaa2 = 1.
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We would like to stress that the mechanism described above is just an example of one
specific type of opinion dynamics we can handle. Various alternative models can be dealt
similarly (more than two groups, more than two background states, the “a-jumps” corre-
sponding with multiplying the “opinion unit” with a number different from two, etc.).

The model proposed allows groups of individuals of group A to “create opinion” when the
background state is 2 (by Ay > 0), and to multiply each of their existing opinion units
by 2 with probability a. Since “opinion mass” does not leave the population in this setup,
we typically expect opinions to grow unboundedly in time when Ay 2 > 0 or o > 0. In the
next section we show that the aforementioned is indeed true for the means of the agent’s
opinion.

3.7.2 Means and variances

For ease, we assume that the background process is in stationarity at time 0. With the
results found in Section 3.4.3 and the notation as in Proposition 3.4.1, we have the following
collection of differential equations describing the transient means:

m/(t) = Am(t) + A,

with m(t) = (maq(t), maa(t), mea(t), mea(t)T,

—q12 + Y({apaas — 1) g21 v I pBAL 0
A= q12 —q21 +Y« 0 0
V1A paB, 0 —qi2+7Usps1 —1) g

0 0 q12 —qg21

and A = diag{0, A 2,0,0}. For the transient second moments, similar differential equa-
tions can be derived as well, relying on the results presented in Section 3.5.1.

It is straightforward to verify that a necessary condition for the existence of a steady state
is = 0 and A\y2 = 0, as anticipated in the previous section. Under these conditions,
opinions are only redistributed since no additional opinion is “created” and, by assumption,
no opinion is “lost”. The steady state of this model is, by solving A m = 0, proportional

to the vector -
(17 QE’ pABJ’ DPaB,1 Q12) ' (3.4)
@21 PBA,1 PBA,1G21

This vector should be normalised such that the total “opinion mass” equals its initial
value (i.e., 1" M(0)). Indeed, if the setup of the system corresponds to spending longer
periods of time in state 2, or equivalently g1 > go1, then we expect ma o > ma . Also,
when group A agents distribute their opinions with a higher probability to group B agents
than the probability of group B agents distributing their opinion to group A agents, thus
DAB,1 > PBA,1, We expect mp 1 > ma 1. Both properties are in line with the steady-state
expression (3.4).

When o = 0 and Ay » = 0, the adapted state can be interpreted as a temporary interruption
of the opinion formation process between groups A and B; in the adapted state, agents
of both groups do not distribute their opinion to other group’s agents. This interruption
should not affect the steady state of the system. Indeed, the steady states of the groups
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are related through ma = (ppa,1/pap,1) mp which does not involve the background process
parameters ¢io and ¢o;.

Figure 3.4 shows that the simulation-based approximation of the means aligns with the
numerical solution of the differential equation of the means. In this setup the abscissa w of
the matrix A is equal to 0, thus not satisfying the stability condition of Proposition 3.4.3.
We see that, although w = 0, the transient means do converge to a steady state. Note that
this does not contradict Proposition 3.4.3: the condition w < 0 is a sufficient condition,
hence there can be stability even though w < 0 is not fulfilled. In Section 3.7.3 we provide
an example where there is no stability while the abscissa w is 0. In the setup of Figure 3.4,
the agents of group A tend to give more attention to the topic of interest than the agents
of group B, in the sense that Iy paa1 + Igpea1 = 5/3 while Iy pap1 + Igpee1 = 8/9.
This “unequal attentiveness” typically results in polarisation, as discussed in [35].

In Figure 3.5 we show the effect of different background parameters g1o and ¢o;. The curve
of the transient means corresponding to spending a longer fraction of time in the adapted
state (i.e., the one with the higher ¢i2) moves more slowly to the steady state.
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— Group B opinion

6 = Group A opinion
Group B opinion
+- Std/5
4 +- Std/5

opinion
opinion

0 iU 2‘(1 3»‘0 4;:] 50 0 10 20 30 40 50
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(a) Transient means as numerical solution of dif-  (b) Transient means approximated by simula-
ferential equations tions

Figure 3.4: Transient means of group A’s and B’s opinion. The numerical solutions have been evaluated
by applying Euler’s method. For the simulated approximation we have run 2000 simulations. The group
sizes are Ip = 10 and Iz = 30. The initial opinions of group A and B agents are 1 and 5 respectively. The
aggregate opinion of all agents, Iama (t) + Izmp(t), remains constant and equals Iama (0) + Ipmp(0) =
160, as we have enforced “conservation of opinion”. The chosen parameters are: ¢12 = 3/10, ¢2; = 2/10,
M2=0,a=0,v=>5/8, In paa1/Iz pap1 =2 and Is ppa,1/Ip pee1 = 4/5. The abscissa w is 0.

3.7.3 Unbounded opinion mass and relative opinions

We now consider the setup where o or Ay 2 is assumed to be strictly positive. As reasoned
earlier, in this situation we expect the total “opinion mass” to grow beyond any bound. In
Figure 3.6a we show the evolution of the transient means in the situations (a, Aa 2) = (0, 2)
and (a, Aa2) = (1/10,0).

It is noted that, in principle, unbounded opinions (in our case due to a > 0 or Ay 2 > 0)

are an outcome of the model that cannot be supported by empirical data.

However, various techniques have been proposed in order to avert the phenomenon of
unbounded opinions while maintaining the mentioned interaction mechanism, as explained
in [66]. Omne of the ideas is to interpret the modelled opinions as relative opinions [35].
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Figure 3.5: Effect of a longer period of time in the adapted state on the transient means. The transient
means have been evaluated by applying Euler’s method. The longer period of time in the adapted state
is obtained by increasing g2 (i.e., we now set ¢q12 = 1, versus g2 = 3/10 in the base case). All the other
parameters are identical to the parameters used in Figure 3.4. The abscissa w is 0 in both situations.

This means that the absolute values of the entries of the opinion vector have no meaning,
but that interpretation is only given to the fractions between these entries. Concretely,
the i-th entry divided by the j-th entry reflects the relative opinion of agent ¢ with respect
to agent j.

In Figure 3.6b it is shown how the unbounded growth of opinion mass in Figure 3.6a
changes into a stabilising growth when considering the relative perspective. This illus-
trates that, when dealing with instances of the stochastic model where opinion mass may
grow unboundedly, one may consider working with relative opinions instead. With this
interpretation, one can still obtain insight into the effects that the specific interaction
mechanism between the agents has on the opinion formation process of the entire pop-
ulation. Further empirical and technical arguments in favour of working with relative
opinions, rather than their absolute counterparts, are discussed in great detail in [35].
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Figure 3.6: Unbounded transient means become bounded when interpreted as relative opinions. The
numerical solutions have been evaluated by applying Euler’s method. All the parameters chosen are
identical to the setup as in Figure 3.4 except for Ap 2 and a. The abscissa w is 0 in the setup with
Aa,2 = 2. The abscissa w is 0.027 in the setup with o = 10% .
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3.8 Application 3: file storage systems

Consider a system in which users generate files. For safety reasons, the files that have
been saved at the clients’ locations are periodically copied to a central storage location
where a backup is made. The frequency of copying the clients’ files has to be sufficiently
high to make sure that a relatively small amount has no centrally stored duplicate. In
this section we discuss a sequence of models describing the dynamics of such file storage
systems, starting with the most rudimentary variant. For more background on various
aspects of data storage networks, we refer to e.g. [130].

3.8.1 Basic variant

A stylised model that describes the dynamics of this system is the following. Let M (t)
record the number of files at the clients’ devices that have not been copied to the central
storage unit by time ¢ > 0, and let My(¢) the number of files at the storage unit at time
t > 0. Let X be the Poisson rate at which the aggregate client population generates files.
Let the times between subsequent backups be exponentially distributed with mean .

In this system without modulation, we observe that Wiy = Wy = 1, and Wy = Wy = 0.
It can be verified from the results of Section 3.4 that

mi(t) = A —=yma(t), my(t) =yma(t).

It is not hard to verify that the first moments can be computed explicitly: if the system
starts empty, for ¢t > 0,

my(t) = é(1 —e ), ma(t) = Xt — é(1 —e ).
Y Y
These expressions can be used to determine the optimal backup rate v*, for instance by
considering a cost function that encompasses the per-backup cost (with proportionality
constant kg > 0) and the cost associated with the number of files that have not been
copied yet (with proportionality constant kxc > 0). Concretely, for given time horizon

t > 0, this leads to the optimisation problem

r$1>1£1 Fi(v) + Fa(y), with Fi(y) :==~tkg, Fa(y):= %(1 — e ") kne,
with the objective function F(v) := Fi(vy) + Fa(7y) being convex. It takes some calculus
to verify that if F'(0) > 0, or (equivalently) 2kp > At knc, then v = 4* = 0 is optimal,
which in practical terms means that one should very frequently update; if on the other
hand F’(0) < 0, or (equivalently) 2kp < At knc, there is a strictly positive optimal update
rate v*. In the latter case, v* cannot be computed in closed form, but that can be easily
numerically evaluated; see also Figure 3.7

We can also find the (reduced) second moments v;;(t), with 4,5 = 1,2, by using the
techniques from Section 3.5. Indeed, for ¢ > 0, we have

o (t) = 2Ama (t) —yon(?),

via(t) = Ama(t) — yvra(t),

Vs (t) = yunn(t) + 27 via(2).
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Figure 3.7: The functions F(v), Fi(7y), and Fy(y) for 2k > At knc (left panel) and for 265 < At knc
(right panel). In the former case v* = 0, whereas in the latter case v* > 0.

Solving the differential equations we obtain

vi1(t) = (3)2 :2 (1—e) — 271&6_%}
v12(t) = (%)2 :725 (1+e ) +2(e — 1)]
vao(t) = (3)2 :2 (1—e ™) +~%¢ — 274.

Using the first and (reduced) second moments, we can derive the following expressions for
the variances:

A\ 2 - — T g

—(Z _ vt o2yt Lt L

Var M (t) <Py> [ 2vte e 3 € +1+)\}
Var My(t) = @)2 [—2 te‘”t—e_%t—i-ze_”t%—v—zt—l—l—1}
2 7 7 X\ ) N

3.8.2 Faulty upload link

This model can be further refined in various ways. In the first place, the link between the
clients and the central storage may be faulty, in that it alternates between “functioning”
and “broken”. Suppose that the time the link is up (down, respectively) is exponentially
distributed with parameter qu (¢p, respectively). Then it easily seen, using the techniques
developed in Section 3.5, that, in self-evident notation, with the second index correspond-
ing to the link being up or down,

myy(t) = —qumiu(t) + gomun(t) + Aru(t) — ymau(t),
mip(t) = qumiu(t) — gomap(t) + Amp(t),

My (t) = —qumau(t) + gpman(t) +ymau(t),

myp (t) = qumau(t) — gpmap(t);

here the probabilities my(t) and mp(t) follow from

7TU(t) = WU(O)T('UU(t) + WD(O)WDU(t), 7TD(t) = 7TU<O)7TUD(t) + WD(O)WDD(t),
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with, abbreviating ¢ := ¢p + qu,
_ 4o —qt o _ qu —qt
7TDU<t> —]_—7TDD<t) —?(1—6 )7 7TUD<t) —]_—7TUU(t) —?(1—6 )

The (reduced) second moments can be found relying on the theory of Section 3.5. As these
can be found using the same line of reasoning as for the first moments, we do not provide
the resulting differential equations here.

3.8.3 Failures in storage unit

A second extension includes the effect that the storage system itself can also be faulty,
where upon failure all stored files are lost. We let these failure occur according to a Poisson
process with intensity 7. Let M3(t) denote the number of lost files. While the differential
equations for myy(t) and mp(t) remain unchanged, the other ones become

Moy (t) = —qumau(t) + gpman(t) + ymau(t) — ymau(t),
sz(t) = qumau(t) — gpman(t) — Ymap(t);

myy(t) = —qumsu(t) + gpmsp(t) + ymaul(t),

mip (t) = qumau(t) — gpmsp(t) +ymap(t).

For a company offering this service, a typical design goal would be: how small should
qu, respectively 7, be to make sure that the mean number of lost files at time t, i.e.,
msu(t) + msp(t), is below a given threshold? More advanced criteria could also involve
the corresponding variance.

To mitigate the effect of file loss due to failures of the storage unit, an evident policy is to
copy all files to multiple storage units. For instance, one could consider the mechanism in
which every file is simultaneously copied to two storage units at Poisson instants (again
with rate «y), and that each of the storage units fails at Poisson instants (again with rate 7).
This means that a file is lost only if both storage units have failed. The above analysis
(for the case of a single storage unit, that is) can be extended in an evident manner to
this situation, thus facilitating the quantification of the performance gain due to making
multiple backups. In order to decide whether such a policy should be implemented, this
gain should be compared to the cost of the additional storage unit.

3.9 Concluding remarks

This chapter developed a versatile Markovian model that describes the dissemination of
wealth over a population, but with the potential to be broadly applied across a wide range
of disciplines. It is demonstrated that the evaluation of transient moments reduces to
solving a system of coupled linear differential equations, while their stationary counterparts
require solving (ordinary) linear systems of equations. Also a stability condition has been
developed. Three examples evidence the model’s wide application potential.

In various directions there is scope for generalisations. It is in particular noted that,
conditional on the state of the background process, the wealth units evolve independently,
which is not in all application areas a realistic mechanism. In addition, one may try to
relax the various exponentiality assumptions.



