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CHAPTER

Introduction

This thesis deals with the broad topic of renormalization of complex networks, with
a particular focus on the topological nature of such models of complex systems. It is
divided into two main parts.

In the first part, we discuss the characterization of the spectrum and the clustering
function of a recently proposed network model with independent edges. This model
can be regarded as the 'fixed point’ of a topology-preserving aggregation process that
allows to deal with multi-scale clustered data. We investigate its properties in the
regime where the node features are distributed according to an infinite-mean stable
probability density function, making the model scale-invariant both in the functional
form of the link probability and in the hidden variable distribution. In particular, in
Chapter [2| we analyze the model spectral properties, while in Chapter [3| we discuss
its clustering function.

In the second part, we elaborate on a specific renormalization scheme that is
equivalent to marginalization over disordered uncertainty, in the context of random
network models that might display a correlation (possibly higher-order) among links.
In particular in Chapter [ we introduce the marginalization framework, and show two
classes of effectively solvable models exist. In Chapter [5] we analyze in detail the first
class of models that become solvable under the marginalization flow, and elaborate
on its applications to temporal networks. Finally, in Chapter [f] we tackle the second
class of those models, by providing a general solution framework for IT order Random
Network Models.



CHAPTER 1

1. Introduction

Introduction to Part 1

The first part of this thesis is concerned with the mathematical analysis of a recently
introduced model of random networks, the Multi-Scale Model (MSM) [11, 2, B], and in
particular with two of its structural properties: the spectrum of its adjacency matrix
and its clustering function behaviour. Before presenting the technical results, we
offer here a wider perspective on the motivations for studying this model and on the
significance of the findings collected in Chapters 2] and [3]

Why the Multi-Scale Model?

The scientific study of networks, from the Internet and social platforms to biological
regulatory systems and financial markets, has produced an increasingly sophisticated
catalogue of features that characterise real-world, complex networks [4}, Bl [6]. Among
the most robust empirical observations, two stand out for their ubiquity across com-
pletely different domains. First, real networks are heterogeneous: a relatively small
number of highly connected nodes (hubs) coexist with a very large number of poorly
connected ones, and the probability of observing a node with a given number of con-
nections falls off as a power law with an exponent typically close to two [4, [5l [7].
Second, real networks are clustered: two nodes that share a common neighbour are
much more likely to be directly connected to each other than two randomly chosen
nodes [4,[8, 9]. This second feature, sometimes described by saying that “the friend of
my friend is also my friend”, is known as the clustering effect, and it is responsible for
the tight-knit community structure observable in, for instance, social or collaboration
networks.

Reproducing both of these properties simultaneously within a single, tractable
random graph model has proven surprisingly elusive. Classical random graph models,
such as the Erdés—Rényi model [I0], connect nodes independently and with equal
probability, thus capturing neither heterogeneity nor clustering. Hidden-variable
models - also called fitness models [I1, 12, [I3] - address the heterogeneity prob-
lem by assigning each node a numerical weight (a fitness, or hidden variable) drawn
from a heavy-tailed distribution, and connecting pairs of nodes with a probability
that depends on their respective weights. This framework successfully reproduces
the power-law degree distribution observed in real networks [5] [7, [IT], [12]. However,
models in which edges are drawn independently given the node fitnesses generically
produce vanishingly small clustering as the network grows, unless nodes are addition-
ally embedded in some underlying geometric space [14} [15] [16, 17, (I8, [19]. The price
of geometry is conceptual and practical: one must postulate the existence of a lat-
ent metric space, choose its dimension and curvature, and accept that many network
properties are then determined by that geometric structure rather than emerging from
the interaction rules alone [16] 20 [21].

12



The Multi-Scale Model and its renormalization origin

The model studied in this first part of the thesis takes a completely different starting
point. Rather than assuming geometry, it asks: which random graph model is self-
similar under aggregation? More concretely, if one groups nodes into “supernodes” -
each supernode inheriting the combined fitnesses of its members - and declares two
supernodes to be connected whenever any of their constituent nodes are connected,
which model remains, in functional form, unchanged by this coarse-graining opera-
tion? This is a renormalization group question, phrased in the language of random
networks, and the non-trivial answer is essentially unique for independent edges: it is
the MSM [11 2} 3], in which the connection probability between two nodes is a specific
function of their fitnesses, and the fitness distribution belongs to the class of stable
probability distributions with infinite mean [22].

The model can be regarded as a fized point of a topology-preserving aggregation
flow: iterating the coarse-graining procedure leaves the model connection probability
invariant. This is a property shared by critical systems in statistical physics and it
suggests that the MSM occupies a special, structurally stable position in the space of
all possible random graph models.

From this perspective, understanding the MSM is not just an exercise in the
analysis of a particular model; it is a step towards understanding what kinds of
network structure are robust under changes of resolution or observation scale.

Spectral properties and discrete scale invariance

Chapter [2] is devoted to the spectral analysis of the MSM’s adjacency matrix. The
spectrum of a random graph - that is, the collection of eigenvalues and eigenvectors
of its adjacency matrix - encodes an enormous amount of information about the net-
work’s structure [25]. Eigenvalues and eigenvectors are central to spectral clustering
algorithms [26), 27 28], to the study of diffusion and random walks on graphs, to the
analysis of epidemic spreading, and to many methods of network inference.

For most random graph models with finite-mean fitnesses, the spectrum decom-
poses cleanly into two regions: a bulk, whose limiting distribution is described by
results from classical random matrix theory [29] B0, [3I], and a small number of isol-
ated outlier eigenvalues that detach from the bulk and carry structural information
about communities, hubs, and other macroscopic features [32] 33, [34]. The number
of such outliers is typically small, independent of network size.

The MSM, by contrast, behaves in a radically different way. Because the fitness
distribution has infinite mean, standard random matrix techniques break down en-
tirely. What one finds instead is that an extensive number of eigenvalues - a number
that increases (albeit slowly) with the size of the network - emerge from the bulk.
These outlier eigenvalues are not scattered randomly in the complex plane: they ac-
tually lie at the intersections of the real axis with a logarithmic spiral, whose equation
we give in full detail. The corresponding eigenvectors display complex-valued scaling
exponents and log-periodic oscillations: their entries, when plotted as a function of
the node fitness, do not follow a simple power law but instead oscillate (to preserve

13
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CHAPTER 1

1. Introduction

orthogonality) in a pattern whose period is set by the logarithm of the network size.

This log-periodicity is the network signature of discrete scale invariance: the prop-
erty that the system is invariant not under continuous rescaling, but only under res-
caling by a specific factor (or its integer powers). Discrete scale invariance is known to
arise in a variety of physical and biological systems displaying log-periodic corrections
to scaling laws [35] [36] 37, B8], and its appearance here connects the network renor-
malization programme to a broader body of research on complex scaling phenomena.

Beyond the outlier eigenvalues, the bulk of the MSM spectrum is also unusual. Its
edge is of the same order as the outlier eigenvalues - both scale as the square root of
the number of nodes - unlike in models with finite-mean fitnesses, where the bulk is
parametrically smaller than the largest outlier. This “bulk catching up” phenomenon
makes it extremely hard to separate structural information from noise using a simple
threshold on eigenvalue magnitude, and calls for new analytical strategies.

Clustering without geometry

Chapter [3] turns to the clustering properties of the MSM. As mentioned above, one
of the long-standing criticisms of independent-edge network models is their inability
to reproduce meaningful clustering [4, [14] I5]. The main result of Chapter [3|is a
rigorous proof that the MSM, in the infinite-mean regime, is an exception to this
rule: it naturally generates a non-trivial clustering function without any appeal to an
underlying geometric space.

The mechanism is subtle. In the infinite-mean regime, the fitness of the nodes
spans many orders of magnitude. Nodes with very high fitness - the hubs - are con-
nected to virtually everyone else, so their neighbours form a group among which
further connections are relatively rare: the hub’s local clustering coefficient is close to
zero. Nodes with low or moderate fitness, on the other hand, are connected almost ex-
clusively to hubs; since leaf nodes with degree small but greater than one prevalently
connect to hubs, and hubs are connected in a tight clique, the leaf local clustering
coefficient approaches one. The overall result is a network that is, in a precise asymp-
totic sense, “almost everywhere” clustered, with only the vanishingly small fraction of
nodes that are extreme hubs remaining unclustered. This is strikingly consistent with
empirical observations in social and technological networks, where high-degree nodes
tend to bridge otherwise weakly connected communities rather than being embedded
in tightly knit cliques [8], 39} 40].

The analysis also reveals an interesting lack of self-averaging: the number of low
degree nodes, when computed across different realisations of the same random graph
model, exhibits significant fluctuations that do not vanish as the network grows. This
is a consequence of the infinite-mean fitness distribution, which allows individual
realisations to differ dramatically in the presence or absence of extreme hubs. The
lack of self-averaging has practical implications for the statistical inference of network
parameters from a single observed network.

14



Introduction to Part 11

The second part of this thesis shifts the focus from the characterisation of a specific
fixed-point model to the development of a general renormalization theory applicable
to a broad class of random network models. The unifying thread is the idea of mar-
ginalization: when parts of a network are hidden, unresolved, or simply unobserved,
the appropriate way to account for this ignorance is to average the model over the
missing degrees of freedom, rather than to discard them or to treat them as fixed at
some nominal value. This operation turns out to be precisely equivalent to a renor-
malization group (RG) transformation in the context of exponential random graph
models. Part IT develops this equivalence systematically and exploits it to derive ex-
act and approximate solutions for several families of network models in which edges
are not drawn independently.

Why correlations matter

The independent-edge assumption is a powerful simplification, and it underlies the
tractability of many of the most widely used random graph models. However, real
networks frequently display correlations among edges that cannot be captured by
independent-edge models. In a social network, the probability that two individuals
are connected is influenced not only by their individual attributes but also by the
presence or absence of mutual acquaintances - a genuinely higher-order effect. In a
financial network, the probability that two institutions share an exposure depends
on the broader structure of counterparty relationships, creating systemic-risk profiles
that independent-edge models systematically underestimate [17, 41], [42, 43]. In a
biological network of gene regulation, the formation of feedback loops and motifs
creates statistical dependencies among edges that are functionally significant [44) [45],
16).

Exponential random graph models (ERGMSs) provide the most natural language
for encoding such dependencies [47, [48]: they assign a probability to each network
configuration in proportion to the exponential of a linear combination of graph stat-
istics (edge counts, triangle counts, degree sequences, and so on), exactly as the
Boltzmann weight in statistical mechanics assigns probabilities to microscopic config-
urations. Within this framework, independent-edge models correspond to Hamiltoni-
ans that contain only terms linear in individual edges, while correlated models involve
Hamiltonians with higher-order terms coupling different edges.

The challenge with correlated models is their intractability: the normalisation
constant (the partition function) is generically computationally hard to evaluate, and
closed-form expressions for observables are available only in very special cases [49] [50].
The renormalization approach developed in Part IT provides a systematic strategy to
identify and exploit these special cases.

15
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CHAPTER 1

1. Introduction

Marginalization as renormalization

The starting point of Chapter [f]is an observation that connects two apparently unre-
lated concepts. On one hand, in the theory of disordered spin systems (such as spin
glasses), a standard technique for studying models on irregular or partially observed
graphs is decimation: one integrates out a subset of the degrees of freedom, obtaining
an effective model on the remaining sites [51) 52, 53]. On the other hand, in network
science, the standard probabilistic approach is to write a probability distribution over
the observable part of the network alone, and run the inference machinery on the
reduced complete statistics.

The central insight of Chapter [4] is that these two operations are, in the context
of exponential random graph models, complementary. Marginalising over unobserved
network components is the same as performing a decimation step in the renormaliz-
ation group sense. This equivalence is not merely formal: it allows one to import the
entire conceptual machinery of the RG - fixed points, universality classes, flow equa-
tions, relevant and irrelevant directions - into the study of network models [54] 53] 56].

A crucial consequence of this equivalence is that marginalization generically in-
troduces effective higher-order interactions among the remaining variables. If the
original model has only pairwise edge couplings, integrating out a subset of edges
will in general produce a model in which the probabilities of the remaining edges
depend on each other in a complex way, through higher-order interaction terms. This
is the network analogue of the well-known fact that coarse-graining a lattice model
generates effective couplings between spins that were previously non-interacting [51].
Managing the proliferation of these higher-order terms is the central technical chal-
lenge of Part II, and Chapters [5] and [6] are devoted to two complementary strategies
for dealing with it.

Exactly solvable models and the role of topology

The first strategy, developed in Chapter [f] is to identify network topologies and
coupling structures for which the RG flow closes ezactly within a finite-dimensional
family of models. This means that, no matter how many marginalization steps one
performs, the resulting effective model remains within the same parametric family,
with only the numerical values of the coupling constants changing.

Chapter [5] provides a complete analysis of one such exactly solvable class: random
network models defined on a one-dimensional chain. This is the network analogue of
the Ising chain [58] [59] [60], and the exact solvability has the same origin: the locality
of the interactions, which prevents the generation of long-range effective couplings
under decimation. Building on this base case, Chapter [f] systematically analyses the
effect of adding disorder - in the form of spatially varying coupling constants or link
probabilities - to the chain model. Two types of disorder are considered: sparse
disorder (affecting only a finite fraction of sites) and uniform disorder (affecting all
sites in a statistically independent way). In both cases, the exact RG equations can
be derived and the induced probability flows characterised analytically.

The exact solvability of the chain model is not merely a mathematical curiosity.

16



Chapter [5|shows that the RG equations for the chain can be mapped onto a variety of
network phenomena of practical interest: peer effects (the tendency of individuals to
adopt the behaviour of their network neighbours), preferential attachment (the rich-
get-richer mechanism underlying the growth of many real networks), susceptibility
effects (in which the formation of a connection depends on the current state of a
node), and reinforcement learning dynamics. By understanding the RG flow of the
chain model, one gains insight into the universality classes that govern all of these
phenomena.

Second-order models and the harmonic oscillator of
random graphs

The second strategy, developed in Chapter [6] takes a different approach. Rather than
restricting to a specific topology for which the RG flow closes exactly, Chapter [f]
studies the class of models to which most correlated network models flow under mar-
ginalization when higher-order interactions are irrelevant. In this case, the flow iden-
tifies a specific class of “second-order” models, characterised by pairwise interactions
between edges (rather than between nodes). The name “second-order random network
model” reflects this pairwise edge coupling structure, which is the simplest form of
edge correlation.

The central result of Chapter [6]is that second-order random network models can
be solved exactly and in full generality, for arbitrary interaction structures. The
key observation is that the problem of computing the partition function of a second-
order model can be recast as a problem in algebraic graph theory: specifically, as
the diagonalization of the link-adjacency matriz, a matrix that encodes the coupling
between pairs of edges rather than between nodes. The eigenmodes of this matrix
determine the phase structure of the model, and the general single-link probability
can be expressed as a function of these eigenmodes.

This structural insight has far-reaching consequences. It provides a unified frame-
work for solving a large family of models that had previously been treated separately
and in special cases [49,[50]. It reveals that the phase behaviour of correlated network
models can be much richer than that of independent-edge models: depending on the
eigenvalue structure of the link-adjacency matrix, a second-order model can exhibit
multiple coexisting phases, complex phase diagrams, and transitions analogous to
those found in condensed-matter physics. It also establishes a connection between
network science and algebraic graph theory that has not previously been exploited in
this context.

The title “harmonic oscillator of random graphs” reflects both the central role of the
second-order coupling structure - analogous to the quadratic potential of a harmonic
oscillator, which is the simplest exactly solvable problem in quantum mechanics - and
the expectation that the methods developed in Chapter [6] will serve as a building
block for the analysis of more complex, higher-order network models, much as the
harmonic oscillator serves as a building block in perturbation theory.

17

[ H4LdVH))






PART 1

MULTI-SCALE NETWORK MODEL
IN THE INFINITE
RENORMALIZABILITY REGIME:
CLUSTERING AND SPECTRUM
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CHAPTER

Spectra of random graphs with
discrete scale invariance

This chapter is based on:
Alessio Catanzaro, Rajat Subhra Hazra, and Diego Garlaschelli. "Spectra of random
graphs with discrete scale invariance”. arXiv preprint arXiv:2509.12407 (2025).

Abstract

Random graphs defined by an occurrence probability that is invariant under node ag-
gregation have been identified recently in the context of network renormalization. The
invariance property requires that edges are drawn with a specific probability that, in
the annealed case, depends on a necessarily infinite-mean node fitness. The diverging
mean determines many properties that are uncommon in models with independent
edges, but at the same time widespread in real-world networks. Here we focus on the
leading eigenvalues and eigenvectors of the adjacency matrix of the model, where the
n nodes are assigned a Pareto («)-distributed fitness with 0 < o < 1. We find that
the leading eigenvalues are all of order /n, alternate in sign and are located at the
intersection between the real axis and a logarithmic spiral in the complex plane, which
we characterize analytically in terms of the Gamma function. We also calculate the
associated eigenvectors, finding that they display complex-valued scaling exponents
and log-periodicity, which are signatures of discrete scale invariance. In contrast with
the typical finite-rank behaviour of random graphs with finite-mean variables, we find
that a growing number of the leading eigenvalues emerges from the bulk, whose edge
extends up to order /n and therefore reaches the same scale as that of the structural
eigenvalues.



CHAPTER 2

2. Spectra of random graphs with discrete scale invariance

§2.1 Introduction

Many models have been proposed to reproduce the heterogeneous structure ubiquit-
ously observed in real-world networks. Among these, a wide class of random graph
models assigns a weight (or fitness, or hidden variable) x; to each vertex ¢ (i = 1,n
where n is the number of nodes) from a usually fat-tailed distribution p(x), and con-
nects pairs of vertices ¢ and j with a probability p;; that is a certain positive function
Flas,z;) [ 12, 64, 65).

Recently, in the context of network renormalization [54], a specific such model
that complements the heterogeneity of nodes with an invariance principle under graph
coarse-graining has been identified [1,[2[3,[66]. In this so-called (annealed) Multi-Scale
Model (MSM), one may group nodes into equally sized ‘supernodes’, each inheriting
the sum of the fitness of its members, and impose that both the connection prob-
ability p;; = f(x;,2;) and the fitness distribution p(z) remain unchanged in their
functional form, while their parameters follow exact renormalization rules. In other
words, aggregating nodes into supernodes according to any homogeneous partition —
and connecting two supernodes whenever there is a connection between any of their
constituent nodes — defines a coarse-grained version of the graph, governed by an oc-
currence probability that has the same functional form as that of the original graph,
up to a rescaling of the parameters [T}, 3].

This renormalization scheme does not rely on any underlying geometry or dis-
tance notion between nodes. This stands in contrast to geometric renormalization
approaches [20, 2], where the nodes to be merged need be spatially proximate, and
a preliminary definition of metric distance is needed. Rather, when nodes are merged
into supernodes of equal cardinality, the invariance requirement in the MSM is closer
in spirit to the concept of discrete scale invariance [35], whose conequences for the
graph properties have not been investigated so far and are one of our main focuses
here.

In particular, we are interested in the spectral properties [25] of the MSM, which
turn out to be quite unique due to he peculiar structure of the fitness. Indeed, the
requirement that the node fitness is a positive random (‘annealed’) variable that is
stable under addition implies that it has an a-stable distribution with infinite mean
(0 < a < 1) [1 B], where classical random matrix results [25, 29] B0} 67, [68, [69]
31] break down. When a symmetric random matrix is decomposed into a low-rank
informative part plus noise, strong signals can produce eigenvalue outliers outside the
bulk spectrum, as first shown in [32]. In networks, such outliers reveal structures
like communities or hubs [25] [33]. While infinite-mean regimes have been studied for
Lévy matrices [70} [71) [72], random graphs add further randomness from adjacency
realizations, not captured by those approaches. Our goal is to shed light on the
surprising behaviour of the eigenmodes of the adjacency matrix in this infinite-mean
regime, which follows from discrete node aggregation invariance.
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§2.2. Preliminaries

§2.2 Preliminaries

The annealed MSM is an inhomogeneous random graph on n nodes, each node i being
assigned a positive weight x;, sampled independently from an a-stable distribution
pa (), hence with power-law tails decaying as 271~ for 0 < a < 1 [1]. In this regime
of a, every moment of p,(x) diverges. Given z; and x;, the probability that an edge
exists between ¢ and j is

pij = (i, z;) =1 —exp(—enxizj), 4,7=1,n (2.1)

if ¢ # j and p;; = 0 if i = j, where the parameter €,, may be chosen to scale with n
in a desired way. Under an arbitrary homogeneous partition whereby the n nodes are
aggregated into supernodes (each with the same number of participating nodes), the
form of both p;; = f(x;,x;) and p(z) is unchanged, up to a parameter shift in the
latter — reflecting the fact that the fitness of a supernode is the sum of the fitnesses of
its constituent nodes [Il [3]. Since p(x) for positive a-stable variables is not known in
closed-form (except for o« = 1/2), for analytical tractability we follow [3] and consider
a pure Pareto(«) distribution with the same tail as an a-stable distribution:

pa(r) =a ™7 0<a<1 (2.2)

for x > 1, and p,(x) = 0 otherwise. We also consider ¢, = n~ 1% as a scaling

that allows the graph to be arbitrarily large while remaining sparse, allowing precise
asymptotic calculations for large n [3]. In this regime, the tail of the expected degree
distribution P(k) decays as k~2 irrespective of the value of a, the expected link density
is of order Inn/n, while the average local clustering coefficient remains finite I} 3] —
which are all widespread properties found in real-world networks.

§2.2.1 Realized versus expected matrix.

We denote the realized adjacency matrix of the graph as A, where A;; is a Bernoulli
variable: A;; = 1 with probability p;; and 0 otherwise. Note that A is symmetric
and A; = 0. By construction, the expectation of A (conditioning on the realized
weights) is the matrix P = E[A|{xz;}] with entries P;; = p;; = fn(2;, ;) and captures
the deterministic, structural signal imposed by the weights, while the actual A can
be seen as a noisy realization of that signal.

Indeed, a central idea in our analysis is to decompose the adjacency matrix into
the sum of an expected component and a fluctuation component, and then use Ran-
dom Matrix Theory (RMT) intuition to separate the spectrum into bulk and outlier
components. Let us write:

A=(A)+(A—(A)=P+H, (2.3)

where H = A — P is the zero-mean noise matrix. By construction, P is a dense
matrix (encoding for the structure of the network) with a highly skewed pattern due
to the heavy-tailed xz;, whereas H captures the randomness of edge realizations. If
the matrix P were of small, finite rank and H were a ‘typical’ random matrix with
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Figure 2.1: The full spectrum of A, a single realization of the network adjacency matriz from
P, with n = 10* and o = 0.5. In the top panel the histogram (blue) of A. We see separation
into atomic delta densities and a central, continuous bulk. In the bottom panel we show the
separation of the spectrum into two regimes, the outliers being those of A in blue, and of P

in orange. We also superimpose in green the eigenvalue histogram of H, that replicates the
bulk behaviour of A.

a bounded spectral distribution, then standard results show that each eigenvalue
of P above a certain magnitude would detach from the continuous spectrum of H.
This phenomenon, rigorously characterized in spiked random matrix theory, underlies
applications like spectral clustering [26, 27],28]. In our case, P is not finite-rank: as we
argue in the following sections though, we find evidence of an ‘effective’ rank of order
Inn. In this sense, we are close in spirit to recent results such as Ref. [73], that are
hinting at the fact that generalized BBP transitions could be happening even when
the rank of the perturbation matrix is growing as o(n). An illustration of the typical
spectra of A and P is provided in Fig. Our main goal is the characterization of
these spectra and the associated eigenvectors, with a specific attention to the outlier
modes carrying structural information.
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§2.3. Leading eigenmodes from the expected matrix.

§2.3 Leading eigenmodes from the expected matrix.
We are interested in the solution of the eigenmode equation [25]

Pu, =X v k=1,n (2.4)
0,

with |[A1] > |A2] > -+ > |\,|. Denoting the i-th entry of each eigenvector vy as v
we can rewrite Eq.(2.4) as

n
Zpijvl(cj) = )\kvl(cl) i=1n k=1n (2.5)
j=1

Note that, since P is real and symmetric, its eigenvalues are real. Also note that any
two vertices 7, j with the same realized weight x; = x; are statistically equivalent, as
their (expected) properties in the graph depend only on the weight x. Similarly, if

x; = x; then the i-th and j-th entries of each eigenvector vy, will be equal: v,(:) = v,(fj).
This allows us to write 11,(;) = vi(x;) where vg(z) must be a continuous function of
the weight x. For large enough n, Eq.(2.5) can be recast as the integral expression

My nve(x)] = % vi(x). (2.6)

where vy () is an eigenfunction (with eigenvalue A\ /n) of the integral operator

+oo
I, [g(a)] = / dy paly) (1 - e=) g(y), (2.7)

corresponding to the eigenvector vy (with eigenvalue \i) of the original matrix P. A
natural normalization for vg(x) will emerge from the calculations that follow. If an
eigenfunction vy (z) is found, a convenient way to go back to the actual eigenvector
entry v,(Cj ) is the following. We first order all vertices so that 1 < zo < --- < x,,. Then,
since a pure Pareto(«) variable can be represented as a uniform random variable,
raised to the power —1/q, in the interval [0, 1], we arrive at the relation z; = (n/j)/*
(we will use this relation as an alternative, deterministic assignment of the fitness of
nodes to produce a ‘noise-free’ power law distribution even for finite n). Finally,

) n'/e
'Uk:-7 = l/k.(,fL'j) = Vg <jl/oc) j = 1,7?, k= ].,TL. (28)

§2.3.1 Largest eigenvalue and principal eigenvector

We start with the principal component £k = 1. From Perron-Frobenius theorem, \q
is be positive and v; has all entries of the same sign. We will set the normalization
of v in such a way that all its entries are positive, so that v (z) is a positive-valued
function. When evaluating the operator [2.7 on the eigenfunction, the multiplication
of po(z) by v1(x) formally generates a modified, effective distribution of the weights.
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We then look for an eigenfunction such that 14 (z)pa(x) = ps(z) is again a Pareto pdf
with a new index . This is obtained for the eigenfunction

vi(z) = g 28 BeRt. (2.9)

Setting g(x) = v1(x) into Eq. (2.7), we get

Hon[vi(z)] =1 — @plen) (2.10)

where we have introduced the Laplace Transform (LT) ¢, of the Pareto-a density,
defined as

+oo +oo
walt) = / dz po(z) e = a/ de o717 7t (2.11)
0 1

and we have exploited the normalization property

+o0 +oo
| vty = [ dy s =1 (2.12)

The above expression sets our normalization for v;(x), which is the analogous of the
{1 norm >, |v§i)| =1 for the original eigenvector v;.

We can easily derive the asymptotics properties of the Laplace transform of a
Pareto distribution. Indeed

Ha,n[’/l(x)] = 1*9013(57“@)

+oo
= ]_—/ dy Pﬁ(y) e—Enwy
1
+oo
= 1- 5/ dy y= 178 e—enay
1

+o0 -1-8 ¢
= 1-p dt <t) e

Ent EnT Enl
+oo
- P —/3/ dt 7178 et
(5nx) en
_ p
= 1-— Coa) P (-8, enz), (2.13)

where we have made the change of variables €,y — t and introduced the incomplete
Gamma function I'(z, s), which has the following definition and asymptotic relation
with the (complete) Gamma function I'(z) = I'(z,0) for R[z] < 0:

z

—+oo
[(z,s) = / dt t*7le™t ~ T'(2) + 8—7 s—07. (2.14)
s z

Since in our case R[z] = —a/2 < 0, the use of the above relation is justified. Plugging
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§2.3. Leading eigenmodes from the expected matrix.

Eq. (2.14) into Eq. (2.13)), we obtain for ,2 — 07

)-8
Oy plvi(z)] ~ 1-— Wﬁ)ﬁ T(-f) — (Enﬂ)
= B (ent)” T(=5)
= (2n2)’ T(1-p) (2.15)

This allows us to confirm that v (z) is asymptotically an eigenfunction, for a suit-

able choice of 5. Indeed, applying Eq. (2.15) into Eq. (2.10]), we can recast Eq. (2.6))

as

My p[v1(2)] ~ (en2)P T(1 = B) = ;1 g P (2.16)

(provided we identify 8 = a — 8, i.e. 8= «a/2) to find

A :% r1-p)n 6517041“(73) n'/2. (2.17)

This square-root growth of A\; can be confirmed via actual computations on the matrix
P itself (see Fig. [2.2)). Using Eq. (2.8]), we also obtain all the eigenvector entries as

, 1 1 /n\?
U%J) = Vl(xj) = 5-77?/2 = 5 <) .7 = 17”' (218)

This is also confirmed numerically later on.

102 4

6x 10!

Largest eigenvalue of P

4x10!

3x10!

T
10°
Number of nodes (n)

Figure 2.2: Largest eigenvalue A1 of P versus the number n of nodes, with weights {x;}i—;
either sampled i.i.d. from a Pareto distribution (in red, averaged over 5 samples) or assigned
deterministically as x; = (n/i)"® (in blue), compared with the analytic result in Eq.
(in black). Here a = 0.5.
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§2.3.2 Next eigenvalues

We now turn k£ > 1. Let us preliminarily introduce auxiliary complex-valued test
functions v (z) of the form still given by Eq. ([2.9), with 8 € C:

+ ﬂfft —BF + _ :

7 (x):;;v“ b, B =y tiw,eC (2.19)
where ~y, = %[ﬂff] € R and +wy = %[ﬂff] € R are the real and imaginary parts of
ﬂ,:f, respectively. Note that ,B,j and 3, are complex conjugate. Just like pg(z) =
v1(2)pa(z) is a Pareto pdf with modified (real) index S, which has the same tail
behaviour of a stable distribution with index £, Pg (z) = I/ff (z)pa(x) is formally a
generalized Pareto distribution with the same ‘tail behaviour’ as the recently defined
stable distributions with complex-valued index ,6’2[ [74, [75]. As we now show, these
complex-valued scaling exponents generate log-periodicity, as typically found in sys-
tems with discrete scale invariance [35].

We will use the fact that the Gamma function of the complex conjugate of its
argument is the complex conjugate of the Gamma function. The discussion in the
previous section extends to complex-valued parameters ﬂ,:f = v, +iwg, leading to the

following generalization of Eq. (2.15):
+ ; .
o0 [ViE (%)) ~ (€42)7F T(1 = BE). = (ep2)" (enx) T T(1 — v F i) (2.20)

We then introduce the candidate eigenfunction

[P = 5;) vl (@)] (2.21)
[T = B) v (@) + T = B) vy ()] (2.22)

vg(z) = R
1
2

then Eq. (2.20]) leads to the following asymptotics:

Maali(@)] ~ 5 TA- B TO =) [ + )] (@229)
= |ra-sH))? ye[(gnx)ﬁﬂ (2.24)
= |D(1 = vk £iwe) > (en2)" [(na) T + (enz)™™].  (2.25)
To enforce the eigenvector equation I1, ,,[vk(x)] = )‘7’“ vi(x), the above expression has
to equal
M) = 2k DO 870) B 2% +T(1 = g7 a* 7| (226)
n 2no
- 2—(’;% [F(l — B B x“—ﬁﬂ . (2.27)
This requires either ﬂ: = o — 5,:“ and 3, = a — §,, which would however

retrieve the case K = 1 that we have already considered for the largest eigenvalue
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§2.3. Leading eigenmodes from the expected matrix.

(ﬁki =7, = a/2 and wy, = 0, since a € R), or B =« — B, and B, = o — B;, which
still leads to 7, = a/2 (for all k) but puts no restriction on wy, so that 8 = a/2+iwy,.
The defining restriction on wy, is obtained by matching the other terms in Egs.
and , yielding the two simultaneous conditions

A= —al (_% :Flwk) n1/2 tiwg/a _ —aT (_% T lwk> n1/2 eii(wk/a)lnn.
(2.28)
Since the right-hand sides of the above expression are complex conjugates of each
other, the two simultaneous conditions ensure that A\ is real, as required for the
eigenvalues of a symmetric matrix. This means that wy, has to be such that arg [\x] =
0,7 modulo 27, i.e.

arg [F (f% + iwk)} = — km, keN, —m < arg [F (f% + iwk)} < +m,
o
(2.29)
Note that the (necessarily real-valued) eigenvalues A\; (k > 1) can be found graph-
ically as the intersections between the real axis and the two spirals

cf(w)=-al (—% F iw) nt/2ett(@/e)nn (2.30)

defined parametrically in the complex plane by extending the wy in Eq. to any
real value w > 0. See Fig. for an illustration of this result, for three representative
values of the index a = 0.2,0.5,0.8. When the solutions for wy that realize Eq.
(or equivalently the intersections) are inserted into Eq., they produce all the
eigenvalues as

e = (=1 a ‘F (—% n iwk)‘ nl/2, (2.31)

which nicely extends the expression for A\; to values k > 1.

Graphical inspection

Unfortunately, Eq. cannot be solved explicitly for wy, except for k = 0 (for
which there is no solution for wg) and k = 1, for which wy; = 0 is a solution, leading to
the value A\; when inserted into Eq.: indeed, T’ (—%) < 0, so that arg’ (—%) =
— solves Eq. for K =1 and w; = 0. The solutions for & > 1 can be inspected
graphically, either as the aforementioned intersections between the real axis and the
complex spiral, or as the intersections between the two curves defined as the lLh.s.

and r.h.s. of Eq. (2.29)). Specifically, the Lh.s. defines the function

f(w) = argl (—% + iw), (2.32)
while the r.h.s. defines the family of straight lines
1
gr(w) = w% —km, k>0 (2.33)

The solutions wy, to Eq. (2.29) are the values at the intersections

f(wi) = gr(wi), k=0. (2.34)
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Figure 2.3: Comparison between the actual real-valued eigenvalues (red) of the expected ad-
jacency matrix P, obtained by solving Eq. numerically, and the predicted eigenvalues
obtained as the intersection between the real azis and the logarithmic spiral o4 (blue) defined
in Eq. . Here n = 10* and o = 0.2,0.5,0.8 from top to bottom.
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§2.3. Leading eigenmodes from the expected matrix.

In Fig[2.4] we plot f(w) and gj(w) for a few small values of k. The plot confirms that
there is no intersection point wg for k¥ = 0, while the intersection for k£ = 1 is found
at wy = 0, for which f(w1) = g1(w1) = —n. What is more useful from the graphical
inspection is that the next few intersections for 1 < k < k* occur at a range of values
wy, close to some value w, at which f(w) has a stationary point and varies very slowly
around the corresponding value ¢, = f(ws), which is approximately a local ‘plateau’
for the function (the value k* is defined such that for k > k* the value f(wy) is
away from the plateau). We can therefore approximate the solutions wy, for the first

few values k = 2,3,...,k* as the points at which gp(w) intersects the constant line
f(w) = ¢4, and replace Eq. (2.34) with
Do = gr(wr), 1<k <E". (2.35)

which, using Eq. (2.33)), is solved by the values
kT + ¢a

Inn

v Ga = flwa), 1<k <K (2.36)

W <=«

To complete our characterization of these approximate solutions, we need to estimate
both k* and w,.

Estimation of w,

We start from the determination of w,. Since the latter is defined as a stationary
point of f(w), we look for its value by calculating the derivative f’(w) and requiring
1 (wa) = 0, or more precisely:

0 @

Soargl (=5 +iw)| =0 2.37

aOJ & 2 W=Weq ( )

We now rearrange the identity z = |z]el #8% = /2 z ¢! @87 (valid for every complex
number z, where Z is the complex conjugate of z) to express

z iz
argz=—iln— = —-In—. 2.38
g o a3y (2.38)

If z=argDl (f% +iw), we get

o i I(-%2-iw) i a i !
F(—f i ):7127:711“(—7—' )—711‘(—7 i )
arg 2—|—1w QDF(—%+iw) 2n 5 iw 2n 2—|—1w
(2.39)

In order to be able to differentiate the above expression with respect to w, we need
a closed-form expression for InT'(z) (also called the ‘log-Gamma function’), which is
available as follows:

+oo
Inl(z) =—yz—1Inz+ Z {i —1In (1 + i)} , (2.40)
= lm m
where
. 1
y= lim [— Inm + ; z] = 0.5772... (2.41)
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Figure 2.4: Graphical Solution of Eq. . In orange, the function f(w) defined in
Eq. , while the straight lines gi(w) defined by Eq. are in red, with k from 0
to 10. The dashed red line corresponds to go(w), which has no intersection wo with f(w).
The solid red line at its immediate right is g1(w), which intersects f(w) at the exact value
w1 = 0 where f(w1) = g1(w1) = —m. Further on the right, the next straight lines gi(w) (with

k > 1) are dllustrated in light red. The solution to Fq. (2.29) for these values of k can be
obtained graphically where the orange and light red lines meet. In this regime, f(w) can be

approzimated as the horizontal line f(w) = ¢o = f(wa) (blue line), where the value wq is the
stationary point such that f'(wa) = 0. The horizontal line is no longer a good approzimation

for f(wk) for larger k, but that is already the regime for which the value of |I' (—5 + iwk)‘
(plotted in green) is exponentially suppressed, as one can verify from Eqgs. (2.53)).

is the Euler-Mascheroni constant. Using Eq. (2.40]) with z = —«/2+iw into Eq. (2.39)),

we arrive at

+o00
arg I’ (—% +iw> = —yw—arg (—% +iw) +mz:l [% — arg (m — % +iw)} . (2.42)

Now, in order to differentiate with respect to w as prescribed by Eq. (2.37), we

preliminarily calculate
(o7

0 ! i o m—% —iw m— 5
arg(m—+iw):1n< 2 >: 2 , (2.43)
Ow 2 2 Ow m—g+iw (mf%)2+w2
where we have used Eq. (2.38]) again. Using the above expression into Eq. (2.42)), we
obtain
0 fe! g f 1 m—$ (2.44)
—argF(———Fiw):—’y—l—i—F — - 9.44
o ’ (5) e imlm (m-g) e
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Now, imposing Eq. (2.37) translates into the following:

a >[4 m— <
—~ 2 + - 2 | =0, 2.45
[T PP DY [ s 2

which, if the sum is truncated to any finite order for m, can be solved algebraically for
W In general, the number of solutions of the above equation (i.e. stationary points
of the function f) may depend on a. How many (and how closely) such solutions
are recovered after truncating the sum will depend on the order of truncation. For
our purposes here (i.e. identifying the first stationary point as shown in Fig. , we
simply truncate to zeroth order and neglect the sum altogether, to get the condition

[N}

—y+ =0, (2.46)

(9)" +w2

which is solved by the single (positive) value

Wa = % (i - ;‘) (2.47)

This finally allows us to compute

G0 = fwa) = f ( a (i - j)) , (2.48)

which, when inserted into Eq. , produces our approximate solutions for wy
to Eq. with 1 < k < k*. A comparison between the actual solutions wy
of Eq. and the approximate solutions given in is shown in Fig. [2.5
confirming a very good agreement, especially for smaller values of a. Note that our
only use of these approximate solutions is the approximate proportionality between
wi and k, which is used below to prove the exponential decay of the prefactor of the
leading eigenvalues with k. This linearity only requires that f(w) is sufficiently flat
around some value ¢, before ‘F (—% + iw) ‘ is exponentially suppressed (see Fig
A more accurate estimate of ¢, would improve the estimate of ¢, used in Eq. (2.36))
(hence improving the slope of the predicted lines in Fig. , but not modify the
approximate proportionality between wj and k, which is all we need in what follows.

Exponential decay of the prefactor of the leading eigenvalues

We now turn to the estimation of the order of k*. Let us consider the Stirling ap-
proximation [I59] |(5.11.9)] for the absolute value of the Gamma function:

m[b]

IT(a+ib)| ~ V2r|b|* 2", (2.49)

where a,b € R. Choosing a = —«a/2 and b = wy > 0, this implies

atl Twy

(F (—% n iwk)‘ ~V2T W P e (2.50)
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2 4 6 8 10 12 14
k

Figure 2.5: Values of wy as a function of k. The isolated points are the actual, numerical
solutions of Eq. , for a = 0.2,0.5,0.8 (in blue, orange and green respectively). The
solid lines are the approximate linear solutions defined by Ejq. with k > 1 (plus the
exact solution wi = 0) for the same values of o = 0.2,0.5,0.8 (and same colors).

showing an exponential decay with increasing wy. This exponential decay is visible in
Fig. If we further use the expression we derived in Eq. for the approximate
solutions wy for 1 < k£ < k*, we see that the above behaviour translates into an
exponential decay as a function of k/Inn:

a+1

k o Tz an km a

v (=5 +iwe)| ~vor ot ba TR 1<k <ke (251
2 Inn

Looking at Fig. we see that when k = k* (i.e. when the intersections between

f(w) and gx(w) depart from the approximate plateau of constant height ¢,,), the value

of [T (=% +iw)| is already exponentially suppressed. Therefore Eq. (2.51)) indicates

that k£* is of order Inn. Obviously, the magnitude of the corresponding eigenvalue Ay
of P, which is given by Eq. (2.31)), is also exponentially (in k/lnn) suppressed:

| = a’F(—%+iwk)‘\/ﬁ (2.52)
k —eft
~ oo (a”ﬁd’) o= b5tea (2.53)
nn

This means that, for & = O(Inn), the approximation in Eq. breaks down,
but on the other hand the corresponding values of Ax become exponentially small.
This is also where, moving from the expected matrix P to a realized random matrix
A, the randomness will create noisy eigenvalues ‘eating up’ the eigenvalues of P.

Indeed, generalized BBP-type results typically assume that the expected matrix P
has a fixed, finite rank in order to guarantee a clean separation between informative
(structural) eigenvalues and the random bulk. In our model this assumption fails
literally, since P is not finite-rank. Nevertheless, both our numerics and the above
arguments indicate that the k-th largest (in absolute value) eigenvalue A\ of P decays
rapidly with k/Inn, so that the rank of the matrix is effectively of order Inn, and
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hence o(n). This aligns with recent literature suggesting that a BBP-like transition
can persist to order o(n), hence also beyond strict finite rank [73, [76]. Numerics also
indicate that the edge of the random spectrum contributed by H scales as C(a)y/n
with C'(«) independent of n. Conequently, only those signal eigenvalues that are not
exponentially suppressed can rise above the bulk, i.e., indices up to £* ~ Inn. In
this sense, the signal behaves as if it had effective rank ©(Inn): the spectrum of A
consists of order Inn outliers (delta spikes from P) on top of the bulk determined by
H.

§2.3.3 Next Eigenvectors

We now turn to the eigenvectors for k > 1. Plugging wy, into Eq. (2.22)), we get

Ia/2

vi(a) = — %[(%—iwk>F(1—%—iwk) xi‘*”“]. (2.54)

Using Eq. (2.8]), we re-express the eigenvector entries as

| Gregr-g o) (3) 7| e
el (D] e

Since ziwr = elwnlnz gpg jlws/a — gl(we/a)Inj the structure of the above eigen-
functions and eigenvectors is oscillating, log-periodic in their arguments (z and j
respectively), and modulated by a power-law profile (/2 and j~'/2 respectively). In
Figs. we show that our analytically derived log-periodic formula tracks the
actual eigenvectors of both P and A remarkably well for small k.

These eigenvectors do not display traditional delta-like localization, as they are
broadly supported on a wide range of weight percentiles with largest amplitude around
the hub node (j = 1), followed by power-law decay j —1/2 As k grows large enough
(below we provide evidence that this happens for k growing with n but of order at
most Inn), we find a departure of the eigenvectors of A from those of P, due to the
entrance of the associated eigenvalues into the random bulk where eigenvectors are
expected to be more uniformly spread and less structured.

We also note that, when combined with Eq. (2.31)), the above expression allows to
rewrite the eigenvector entries in terms of the corresponding eigenvalue \; as

. DN (o w? ey L VA C AT iwp
= () e - () e (B )
(2.57)
(1)

In particular, the first entry v, ’ of each eigenvector vy (which is the entry that
localizes around the hub node j =1) is

o)

2
o) = (=1 Ay (‘Z - “éj) : (2.58)
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so that, for j = 2, n,
o) = e (et Ing).
Vi
The above expressions illustrate how each (leading) eigenvector vy, has a structure
where the first entry vlgl) (located at the hub node j = 1) has an amplitude governed
by the corresponding eigenvalue Ay, and the next entries j > 1 follow a power-law

decay ~ j~'/? with log-periodic oscillations.

(2.59)

§2.4 Bulk of the Spectrum

As we have seen in Fig. for the eigenvalues and from Figs. [2.6]2.7][2.8] for the
eigenvectors, there is a value of k beyond which the spectral properties of P are no
longer able to describe those of A. We refer to this as the ‘entrance’ into the random
bulk, i.e. the noisy part of the spectrum generated primarily by the fluctuation of
H = A — P. The analysis of this part of the spectrum is highly non-trivial, and
eludes the purposes of this chapter. What we are mainly interested in here is the
estimation of where the signal ‘meets’ the bulk. In particular, we look for an upper
bound for the spectral norm of H, whose elements H;; = A;; — F;; are independent
but not identically distributed random variables in the range [—1, 1], the variance of
H;; being p;;(1 — p;;). The study of such so-called random matrices with a variance
profile, or structured random matrices, is of great interest in the mathematical ecology
community, and has fostered a lively discussion in the mathematical literature [77]
78, [79, 80, 81, 82, B3, 84]. In particular, we are interested in the bound derived in
[83], that can be extended to matrices with entries having a different subgaussian
distributions, like the centered Bernoulli of our case.

Indeed, let us condition on the latent variables so that the edge probabilities (p;;)
are deterministic and {A;;}i<; are independent. Let

Vij = pij(l_pij)7 (2.60)
1/2
7= () 21
- Jj#i
0. = max /v, < L. 2.62
na /i < § (262)

Then there exist absolute constants C, ¢ > 0 such that

E|H| < C(U+U*\/10gn). (2.63)

Moreover, for any 0 < ¢ < % and any t > 0,

e 02

*

P(\|H||z(1+s)2\/§a+t)gnexp(— £ ) (2.64)

where c. > 0 is universal.
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Figure 2.6: Plot of eigenvector entries v,(cj) versus j, for the first 10 eigenvectorsk =1,...,10
(from left to right and top to bottom) and for all entries j = 1,...,n. Blue dots correspond to
the actual eigenvectors entries of P obtained by solving Eq. 9) explicitly, while red solid
lines represent the corresponding predicted entries obtained from Eq. . Orange dots are
the entries of the eigenvectors of A, and we can see that in the regime outside the bulk they
are in quite a good accordance with those of P and hence the ones we obtained analytically.

Here a = 0.2 and n = 10*.

We can show this by writing H;; = /v &; with §;; = (Aij - pij)/,/vij. Con-
ditionally on (p;;), the &;; are independent, centered, and uniformly sub-Gaussian
(bounded support), so the sub-Gaussian extension of the main bound applies with
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Figure 2.7: Plot of eigenvector entries vfj) versus j, for the first 10 eigenvectorsk =1,...,10
(from left to right and top to bottom) and for all entries j = 1,...,n. Blue dots correspond to
the actual eigenvectors entries of P obtained by solving Eq. explicitly, while red solid
lines represent the corresponding predicted entries obtained from FEq. . Orange dots are
the entries of the eigenvectors of A, and we can see that in the regime outside the bulk they
are in quite a good accordance with those of P and hence the ones we obtained analytically.
Here oo = 0.5 and n = 10™.

scale matrix b;; = ,/v;;. This yields (2.63) from the Gaussian Theorem 1.1 together
with its sub-Gaussian transfer [83](Cor. 3.3):

E|H| < 0+ 0.4/logn. (2.65)
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Figure 2.8: Plot of eigenvector entries v,”’ versus j, for the first 10 eigenvectorsk =1,...,10
(from left to right and top to bottom) and for all entries j = 1,...,n. Blue dots correspond to
the actual eigenvectors entries of P obtained by solving Eq. 9) explicitly, while red solid
lines represent the corresponding predicted entries obtained from Eq. . Orange dots are
the entries of the eigenvectors of A, and we can see that in the regime outside the bulk they
are in quite a good accordance with those of P and hence the ones we obtained analytically.
Here o = 0.8 and n = 10™.

For tails, note that |H;;| < 1 and EH;; = 0. Now, [83] (Corollary 3.12) gives, for
symmetric bounded entries, a variance-sensitive inequality of the form

P(|H|| > (14 ¢)20 +t) < nexp(—t?/é.0?). (2.66)
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Figure 2.9: Edge of the bulk of the spectrum versus the number n of nodes. Points are the
actual edge eigenvalues (largest eigenvalue of H, averaged over 10 realizations), for various
values of o = 0.3 (red), o = 04 (blue), « = 0.5 (green), a = 0.6 (yellow) and a = 0.7
(purple). The dashed line is the upper bound \/n/2.

Our entries are not symmetric, but [83](Remark 3.13) shows that symmetrization
inflates only the leading constant by a factor /2, which yields (2.64). As vij < Dij,

we have 02 < dpax wWhere dpax := max; > i Dij is the maximal expected degree.
Hence
E[H| < C(Vdmax + Vlogn), (2.67)
and
|IH|| < C’( Amax + \/logn) w.h.p. (2.68)

As a crude but universal bound, since v;; < %, o <+/n/2, we get

IFL|| < 5 + O(y/log n) (2.69)

In Fig. we show that the square root growth (that is commonplace in Wigner
matrices) seems to be the right one, and that the coefficient coming from the max-
imization of the row/column sum of the variance profile matrix is already a quite
good envelope for all values of a. Nonetheless this crude bound needs refinement, at
least to include the dependence on «. This calls for the full characterization of the
bulk spectrum, which we leave to future work. What is important for our purposes
here is noticing that the edge of the bulk lives on the same scale \/n as the leading
eigenvalues given by Eq. (2.31)). Since the prefactor of \/n for those outliers decays
exponentially with wy (and, via Eq. (2.36), with k/Inn), we see that the bulk will
necessarily ‘eat out’ the leading eigenvalues for some value of k of order at most Inn.
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§2.5 Concluding remarks

In this chapter, we provided a characterization of the spectral properties of the Multi-
Scale Model (MSM) in the infinite-mean regime (0 < a < 1), which has been recently
identified as an annealed random graph model that is exactly invariant under node
aggregation [T, B]. This invariance is a key concept in the field of network renormal-
ization [54], but its connection with discrete scale invariance and the associated idea
of complex scaling exponents [35] [85] had not been investigated so far. We showed
that the leading eigenvalues of the expected adjacency matrix P scale as v/n and ac-
curately proxy the outlier eigenvalues (whose number is growing and of order at most
Inn) of the realized adjacency matrix A. Remarkably, these outliers have an approx-
imately constant spacing on a logarithmic scale of their index k£ and can be identified
as the intersection between the real axis and a spira mirabilis in the complex plane,
a self-similar object naturally emerging in presence of complex scaling exponents and
stable laws with complex stability index [74] [75]. We also derived a closed-form ex-
pression for the outlier eigenvectors, showing they are delocalized but biased toward
high-weight nodes. The leading eigenvectors beyond the principal (Perron—Frobenius)
one exhibit log-periodic oscillations, a feature naturally produced by discrete scale in-
variance [35] [85] [86] which is here present in the property that the same random graph
model describes exactly (up to a parameter rescaling) any coarse-grained version of
the original graph, where sets of nodes of the same cardinality are aggregated into
supernodes [IL B]. Our results qualitatively confirm the findings of [33] B4], while par-
tially extending them to the regime of infinite-rank perturbations of random matrices
as in more recent attempts [73, [76]. In summary, the MSM illustrates how infinite-
mean heterogeneity generates spectral phenomena far from classical paradigms. Our
analysis suggests parallels with other models such as Chung—Lu, where broad degree
distributions induce hub-driven outliers. Open directions include testing the univer-
sality of the \/n scaling and log-periodicity across other networks and models. More
broadly, our results provide a framework for understanding spectra in multi-scale and
heavy-tailed systems, and lay the ground for future work in these fields.
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CHAPTER

Clustering without Geometry in an
Independent Edges Network Model

This chapter is based on:

Alessio Catanzaro, Remco van der Hofstad, and Diego Garlaschelli. "Clustering
without geometry in sparse networks with independent edges”. arXiv preprint arXiv:2603.13159
(2026).

Abstract

The coexistence of sparsity and clustering (non-vanishing average fraction of triangles
per node) is one of the few structural features that, irrespective of finer details, are
ubiquitously observed across large real-world networks — motivating the search for
generic models producing sparse clustered graphs. Earlier results suggested that
sparse random graphs with independent edges fail to reproduce clustering, unless
edge probabilities are assumed to depend on underlying metric distances that, thanks
to the triangular inequality, naturally favour triadic closure. This observation has
opened a debate on whether clustering implies (latent) geometry in real-world net-
works. Alternatively, recent models of higher-order networks can replicate clustering
by abandoning edge independence. Here we prove mathematically, and confirm nu-
merically, that a sparse random graph with independent edges, recently identified in
the context of network renormalization as an invariant model under node aggregation,
produces finite clustering without any geometric or higher-order constraint. The un-
derlying mechanism is the presence of an infinite-mean node fitness which also implies
a power-law degree distribution and, as a novel phenomenon that we characterize rig-
orously, the breakdown of self-averaging of various network properties. Therefore, as
an alternative to geometry or higher-order dependencies, node aggregation invariance
emerges as a basic route to realistic network properties.
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3. Clustering without Geometry in an Independent Edges Network Model

§3.1 Introduction: clustering versus geometry.

While real-world networks differ in various structural details, the vast majority of
them are characterized by virtually ubiquitous features, the most popular of which
are the broad (i.e. infinite-variance) distribution of node degrees (numbers of links
per node), the (ultra)small-world property (i.e. average shortest path length growing
(at most) logarithmically with the number of nodes), and the coexistence of sparsity
(vanishing link density) and local clustering (finite average density of triangles around
nodes) in the limit of infinitely large networks [4, [6]. While several models based on
different generic mechanisms can successfully replicate broad degree distributions and
short path lengths [4], the coexistence of sparsity and local clustering is much more
difficult to replicate — and hence more informative, as it requires specific mechanisms
that can discriminate models at a finer level.

The prototypical example of this difficulty is illustrated by random graph models
with independent edges, where different pairs of nodes are independently connected.
In the Erdgs-Rényi (ER) model [10], where edges are independent and identically
distributed (i.i.d.) with the same connection probability p, it is easy to show that the
link density (expected fraction of realized links) and the local clustering coefficient
(defined as the fraction of triangles around a node, averaged over all nodes) have
the same expected value p for networks with a large number n of nodes. This auto-
matically implies that, as n diverges, one cannot simultaneously produce finite local
clustering and vanishing link density. To overcome this limitation of the ER model,
two main routes have been explored.

One route introduces dependencies between edges. This can happen via explicit
triadic interactions [0, 87], which however still lead to comparable levels of density
and clustering, or via a monopartite projectiorﬂ of a bipartite network [40], which
produces a network of overlapping cliques (the edges of which are all mutually de-
pendent) where local clustering can remain very large even for vanishing density.
More recent attempts introduce higher-order networks such as simplicial complexes
and hypergraphs [88, 89], where edges belonging to the same simplex or hyperedge
are mutually dependent. While these more complicated settings can realize the coex-
istence of sparsity and clustering at the expense of introducing higher-order depend-
encies, whether that coexistence can be achieved for more parsimonious models with
independent edges remains an open question.

The second route explores that question explicitly by preserving edge independ-
ence while introducing heterogeneity. More precisely, one can turn the unconditional
link independence of the ER model into a conditional one, by replacing, for each
specific pair of nodes 7 and j (i,7 = 1,...,n), the constant connection probability p
with a probability p;; that is a function f(w;,w;) of the realized values w;, w; of a
certain node-specific variable w (called fitness or weight, hidden variable, latent vari-
able, Lagrange multiplier, etc.) that is preliminarly assigned to vertices via an i.i.d.

In monopartite projections of bipartite networks, the original nodes are first initially connected
(possibly independently of each other) to ‘auxiliary’ nodes of a different type (representing for in-
stance the possibile affiliations or memberships of the original nodes), and the auxiliary nodes are
then eliminated while connecting the original nodes to each other, if they share connections to the
same auxiliary nodes.
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draw from a certain probability density function (pdf) p(w) [I1} 13} 64} @0]. Typical
choices of f(w;,w;) are monotonically increasing in both arguments (and necessarily
symmetric for undirected graphs) — implementing the idea that, the larger the fitness,
the larger the probability that a node connects to other nodesﬂ

In the studies carried out so far, it turned out that, while several combinations
of f and p can generate sparse small-world networks with a broad degree distribu-
tion [IT), 13l [64, O0], they systematically fail to generate finite clustering, casting
doubts on whether models with independent edges can replicate local clustering. The
only exception that has become popular is that of random geometric graphs, where
the fitness w acquires the role of a node coordinate (which, more in general, can
be a D-dimensional vector) and the connection function f depends on w; and w;
through some metric distance d;; = d(w;,w;) (in which case, f generally loses the
property of being monotonic in w,—E[). A remarkable example of this success is the
hyperbolic model |14 [15, 16) [I7), 18], 19, 2T] which assumes that nodes are sprinkled
uniformly at random in a D-dimensional hyperbolic space and links are formed with
a probability that is a certain decreasing function of the geodesic distance between
nodes. In this setting, the triangular inequality (d;; < dix + dji Vi, j, k) guarantees
that pairs of nodes 4, j that successfully connect to a third node k are very likely to
connect to each other (triadic closure), provably leading to finite clustering [91] [92].
Additionally, hyperbolicity ensures that other desirable properties such as power-law
degree distributions emerge [16]. These investigations have convincingly concluded
that, in random graphs with conditionally independent edges and distance-dependent
connection probabilities, geometry implies clustering.

On the other hand, the potential reverse (non-obvious) implication that clustering
implies geometry, i.e. that the presence of finite clustering could suffice to indicate that
the network is (with high probability) the realization of a random geometric graph,
is highly debated [14] [15], 16l 17, 18, 19, 2T]. Whether clustering implies geometry
is crucial for network theory (because, if true, it would demand for explanations
and interpretations of the hidden geometry of real-world networks [2I], [@1]), for data
science (for instance because techniques such as graph embedding and topological data
analysis could then be optimized for real-world network geometries) and for the control
of processes on networks (because geometry could aid network navigability [16], 93], [94]
and the understanding of how clustering impacts epidemic and other processes [9]).

In this chapter, we prove that finite clustering can emerge independently of geo-
metry or higher-order constraints in random graphs with independent edges condi-
tional on infinite-mean fitness [I, 2]. While the finite-mean case has been system-
atically found to produce vanishing clustering, we show that in the infinite-mean
case clustering is finite and strong. Notably, we find that the infinite-mean fitness
also implies the breakdown of self-averaging in certain properties, including clustering
itself.

2Some popular examples are f(w;,w;) = zw;w;, f(wi,w;) = O(w; +wj — 2), flw;,w;) =
zwjw; /(1 + zw;wj), and f(w;, w;) =1—e *"i%i where z > 0 is a global parameter controlling for
the overall link density and w; > 0 Vi.

3For instance, if w; and wj are scalar (unidimensional) coordinates and their distance is defined
as dij = |w; — wj|, then w; and w; can simultaneously increase while keeping d;; (and hence p;;)
unchanged.
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§3.2 The Multi-Scale Model.

We consider the inhomogeneous random graph model introduced in [I] and studied
in [2, B, ©95]. Each node i is assigned a positive weight (fitness) w; (i = 1,n), sampled
iid. from a certain pdf p(w). Given w;,w;, nodes %, j connect with probability

pij =1—e nwivs, (3-1)

where the scaling J,, can be chosen in such a way that the link density vanishes as
n — 0o. The connection probability is also known in the literature as the Nor-
ros—Reittu model [96] and has been used for various purposes [97, 98], by considering
a finite-mean p(w). In this work we are however interested in the specific ‘annealed’
regime considered within the framework of network renormalization [54], where the
model emerges as a fixed point of a renormalization flow in the space of models,
induced by coarse-graining the network by aggregating nodes into super-nodes and
recalculating the induced connection probability between super-nodes [I]. The spe-
cific connection rule in Eq. makes the model invariant, provided the weight of
each block is defined as (a random variable equal to) the sum of the weights of the
constituent nodes [I]. If one further demands the invariance of the weight distribu-
tion, i.e. that the coarse-grained weights are distributed according to the same pdf as
the constituent weights, then p(w) should be a positively-supported, one-sided stable
law j, (w) with stability parameter 0 < o < 1[99, 22] and tails decaying as w1~ for
large w, hence with diverging mean and higher moments [I. [3]. In this way, one gets a
Multi-Scale Model (MSM) interpretable as describing connections between arbitrarily
nested (blocks of) nodes, thereby describing the graph at multiple scales of resolution
(coarse-graining) simultaneously [I].

Since a stable law p,, (w) with 0 < @ < 1 is known in closed form only for a = 1/2
(Lévy distribution), we first follow [3] and replace it with a pure Pareto distribution

pa(w) =aw™ 7% w>1,0<a<l1 (3.2)
(which has exactly the same tail behaviour as an a-stable distribution and serves as an
analytically tractable counterpart [3,[99]) and then discuss the extension to actual a-
stable laws jq(w) via both analytical and numerical arguments. Given , one can
show that choosing 6, = n~'/ implies that the link density vanishes as log n/n, ie.
the average degree grows only as logn, and the degree distribution is power-law [3].
We stress that the MSM can be enriched with additional dyadic features [I, 2]
which allow the connection probabilities to depend, for instance, on geometric dis-
tances between coordinates assigned to nodes. Nonetheless, to investigate whether
clustering can be produced without geometry, here we obviously consider the simplest,
distance-independent version in Eq. .

§3.3 The Local Clustering Coefficient.

Abstractly, the clustering coefficient quantifies the tendency of a graph to form closed
triangles. Globally, it can be defined as the ratio between the total number of closed
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Figure 8.1: Clustering functions for different values of n and a for the MSM model with
Pareto weights . Blue circles: empirical clustering function versus the degree k
computed on actual realized graphs (obtained by sampling the weights once, and sampling the
graph once conditionally on the realized weights). Red curves: our analytical expression
for the annealed clustering function evaluated on the actual degree k = a\/n. Green curves:
our asymptotic calculation valid for diverging reduced degrees. We evaluate and plot all
functions only for degrees larger than 1, to avoid ambiguities in the definition of the clustering
coefficient for k < 2. Top: n = 10%, bottom: n = 10*. From left to right: o = 0.3,0.5,0.7.

triangles and the number of potential (either open or closed) triangles (also called
cherries, or wedges). In our regime with 0 < « < 1, this ratio vanishes for the MSM
model [3], in line with what observed in sparse real-world networks. Our interest here
is the (more distinctive) local clustering coefficient C,,, which quantifies the tendency
of the neighbours of the specific node v to form closed triangles around v. For a
node v with degree D,,, C,, is defined as the ratio between the number A, of triangles
containing v and the number of wedges centered at v. In terms of the adjacency
matrix A = (Aij)ﬁjzl, this reads

A Dito 2ujtoi AviAijAjo
Cp= —n == 9707 , Dy, >1. 3.3
@) Dy(Du— 1) (33)

The behaviour of C), versus D, as well as the average value C of C,, over nodes, can
effectively characterize real-world networks and discriminate among different models
— especially in determining whether a finite (expected) value of C' can emerge in large
sparse graphs, as observed in real-world networks. Note that C, in Eq. is defined
only for nodes with D, > 1, as only nodes with at least two neighbours can host a
triangle. For nodes with D, = 0,1, one can either leave C, undefined (and exclude
it from the calculation of C) or set conventionally C, = 0 (and include it in the
calculation of C'). We will consider both cases and discuss their implications.
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§3.3.1 Clustering Function.

For a given graph, we consider the average clustering coefficient as a function of the
degree k of each node, i.e., the empirical clustering function

C(k)zm > (Ak;, (3.4)

v: Dy=k \2

where N, = ZU: Dy=k 0p,.r is the number of nodes with degree k. In terms of
expectations (E) over the model, we introduce the annealed clustering function as

. 1 A,
C(k)zE[Nk]E[ > ®

v: Dy=k \2

(3.5)

One of our main results is a rigorous calculation of C'(k) in the asymptotic (large
n) limit, valid for both small and large k, which shows excellent agreement with the
empirical clustering function C(k) ﬂ In this setting, we redefine C(-) as a function
of the reduced degree a = k/\/n, as this rescaling allows us to prove that, defining
g(x) =1 —e~%, the limiting form of C'(a) as n — oo is

~ o i g(al/a'rax) g(al/aTay)
Cla) = 5 [ da [ ay Lo Kbl oy, (3.6)

where 7, = T'(1 — @)~'/*, and T'(*) is the Euler Gamma function. The proof is in

section[3.3.2] In Figure we compare the numerical evaluation of the integral
with the direct computation of the empirical clustering function on the actual
realizations of the random graph. The agreement is remarkably good, already for
moderate values of n.

§3.3.2 Limiting expression for local clustering func-
tion

In this section we prove that the clustering function of the MSM indeed converges in

the large n limit to the expression (3.6)).

Theorem 3.3.1.
Let the vertex space of the network be [n] = {1,...,n}. Let (Wy),e[n) be i.i.d. Pareto
random variables, so that their density equals

[0}

with o € (0,1), so that E[W] = oco. Conditionally on (W,),cpn), edges are present
independently, with the edge between u,v € [n] being present with probability

Pup = 1 — &= WaWWu/n'", (3.8)

4We also believe that, through a second-moment analysis, it could be proven that in the large
n limit, with high probability, the two clustering functions become the same. We will however not
prove this claim in the present work.
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Throughout, we let (Iy,)1<u<v<n denote the edge indicator variables (or the elements
of the adjacency matriz), so that

P(Lyw = 1| (Wy)uepn) = 1 — e WelWo/n', (3.9)

and (Iyn)i1<u<v<n are conditionally independent given (W,)yem). Let the Annealed
Clustering Function be defined as

C(k) = L > % (3.10)

Then, as n — oo, for k = a/n,

2 o0 o0 1/ 1/
Culav/n) = C(a) = 2‘—2 /0 /0 [1—e—=" 7o) [1—eva" "o 1= (zy) =TV dady,

(3.11)
where T = T'(1 — o)=Y/,
Proof. We compute
E[Ng] =nE []P’(Dl =k| Wl)], (3.12)
where we note that, conditionally on Wy = w, Dy ~ Bin(n — 1, ¢q,,), where
o =E[1— e W/m"], (3.13)
We also compute the numerator
E [ 3 AUﬂDU:k} =nE [E [AﬂlDl:k | Wlﬂ (3.14)
v€E[n]

n—1
- ”( 2 ) £ [P(D/l =k =2 |W)P(L12N1 3023 =1 W1)|,
(3.15)
where D} ~ Bin(n — 3, ¢y), and we have used conditional independence. Here, we
can identify
Di= > hu (3.16)
uen]\[3]

We see that all these expectations involve binomial random variables, which we
continue to investigate, starting with the conditional success probability q,,.

Analysis of success probabilities We compute
G =B [L —e W/ (3.17)

_ > __—ws/nt/" a
_/1 [1—e ]s“+1 ds (3.18)
w ya [ _sp @
_(nl/a) /11}”71/&[1_6 ]sa+1d8
1/«

w® [ g w® [ PSR
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We next use that

/0 [1- e_s]scj%ds = /0 /0 e_ydyso?jrl ds (3.19)

(oo} oo a
= e_y/ ——dsdy (3.20)
0 Y $a+1
= / e Yy dy =T(1 — a), (3.21)
0
and
wn /e wn /e
/ [1—e ) —rds < / 2 ds (3.22)
0 s 0 s
o —1/a\l—-
=7 (wn / ) (3.23)
= %wl_anl_l/a. (324)

This gives excellent control over g, for all w = o(n'/®).

Binomial local limit approximations Let S, ~ Bin(m, p). Then, a local central
limit approximation shows that

1
P(S,, = k) = ——e o~ (kmmp)*/2mp(1=p)] (1 4 (1)), (3.25)

v 2mmp(1 — p)

when |k — mp| = o((mp)?/?), and uniformly in k and p. Such approximations have
a long history, we refer to the books by Bollobés [I00] and Janson, Luczak and
Rucinsky [101]. In particular, the upper bound in follows from [I00, Theorem
1.2], the lower bound from [I00, Theorem 1.5], and an analysis of the error terms
present there, showing that they are o(1) when |n — mp| = o((mp)?/3).

In our case, we have that m =n —1 or m =n — 2, p = q,, with w = W1, so that

1
P(Di=k| W) =uw)= o (kmmaw)/2man (1=a)l(1 4 (1)), (3.26)
2w (1 — quw)

when |k — mqy| = 0o((mqy)?/?), and uniformly in k and w. Since, for us, k is fixed,
while w is being integrated out over, the above means that the main contribution for
W1 = w comes from w for which mgq,, ~ k, with values of w for which

|k — mqw| > CVElog k (3.27)

receiving probability at most

e Clogk — =€ (3.28)
which is negligible. Thus, we can safely think of mgq,, = k, which means
mq, = w*T(1 —a)(1+0(1)) =k, (3.29)
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§3.3. The Local Clustering Coefficient.

so that
w=k"Y°T(1 —a) (1 + o(1)). (3.30)

This implies that, with m =n — 1,

E[Nk] =nE [P(Dl =k | W) (3.31)
(0%

(1401 / « — (k=mau)?/2mau (1-g.)]
«/27rmqw Gw) wtl

e*(k*nqw) /[21gu] de,

— (4ot [ e e

as long as ngq,, > 1, and thus, since k = ngq,,, also k > 1. Since the above integral is
dominated by nq, that are close to k, we may replace nq,, by k everywhere, except
in the (k — ng,)? term. This gives

dw

_ —(k—n w) /[2k]
E[Ny] = (1+ \ﬁ ‘ raﬂdw. (3.32)

We next substitute ng, ~ w*T'(1 — «) to arrive at

dw (3.33)

n < —w® —a))? o
]E[Nk]:(lJFO(l))\/— o~ (b= T (1-a)) /[2k1wa+1

—(k=w T (1=a))?/[2k] 4y ,

— (1 +0(1)) awﬁ/

where wy, solves w®T'(1 — ) = k, and thus
wy = kYT (1 — o), (3.34)

We then let 2z = w*T'(1 — ), so that dz = cw* 'T'(1 — a)dw, so that

dw =T(1— )" (z/T(1 — a))t=0/aqz = ;0-0/ap(1 — ) ~Vdz, (3.35)
so that
E[Ni] = (1+o(1 )) e~ (k=2)/[2K] ,(1—e)/ap(] — g)"1/oq,  (3.36)
\/7
— (4 0(1))Lp(1 _ ) Vap-a)/a /°° o—(k=2)?/[2H] 4,
wZ"H 2rk 1
= (14 0(1) —rr =k (1=)/2T (1 — )~V /2rk
wy, 2rk
=n(1+ o(1))ak~(@FV/ap(1 — g)letb/ap=a)/apq _ o)~/
al'(1 - «)

= n(1+o(1) .

This confirms that E[Ny] = ©(1) when & = ©(y/n), so that one cannot expect
that Ny /E[Ng] 2 1 for such values of k.
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Since (3.25)) depends on k, for k large, in a relatively weak way, this means that,
for values of w close to wy,

Thus, since such factors appear both in E[Nj] and E [Eve[n] AU]lD,U:k}, they cancel
out asymptotically, so that

| Soetn Ao, e (" T P oL sTos = 1| Wy = wy) (3.38)
E[Ve] =nlo, 1,211,312,3 = 1= Wk). .
Recalling (3.10)), this then shows that
: ()
Cn(k) = (1 + 0(1)) ]2€ P(Il’gfl’:gfg’g =1 ‘ Wy, = wk) (339)

()

We now take k = a+/n, and obtain

= noz2 > > 1/ 1/« 1/ 1
Culav/m) = (1+0(1)) "% / / [1— e/ (1 gmvmn/m /[ gmeu/ ()= (@ D gy
1 1

(3.40)
We first note that, for k = av/n,

W m = nt/ (2D glop(1 — a) Ve = /@)l ar | (3.41)
We rescale z and y by n=/2% to obtain

= 042 b i 1/a 1/c
Colavin) = (1 o()% [ [ e e e 1 e (o) dady
(3.42)

a2 o0 o 1/ 1/ 1
:(1+0(1))—2/ / [1—e @@ "ma][1 — v "ol — e~ Y] (zy) "V dady,
a= Jo 0

as predicted in (3.11)).

§3.4 Hub and leaf behaviour.

To refine the characterization of clustering in the model, we investigate the limiting
behavior of the annealed clustering function for nodes in two distinct regimes of the
degree spectrum: leaf and hub nodes, corresponding to poorly and highly connected
ones, respectively. For leaf (L) nodes, defined as nodes with vanishing reduced degree
a — 0, we find that the function in Eq. has the asymptotic plateau

Cr = ilg%) C(a) =1, (3.43)

which implies that in the low-degree limit the local neighborhood of a node is almost
fully clustered (excluding of course nodes with k& = 0,1). This behaviour can be
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§3.4. Hub and leaf behaviour.

intuitively explained in terms of an interconnected core of hubs coexisting with a
majority of low-degree nodes, whose few links are largely connected with the hubs.
Therefore, low-degree nodes have a high chance to close triangles between neighbours
because the hubs are densely connected among themselves. For hub (H) nodes,
defined as nodes with diverging reduced degree a — oo, we find (see SI) that the

function in Eq. (3.6) decays as

_ _ loga

C(a) ~Cgla)=2I'(1 — ) 2 — 0. (3.44)

Figure shows that the asymptotics (3.43) and (3.44]) are in excellent agreement
both with the empirical clustering function (3.4) computed on actual realizations

of the random graph and with the full analytical expression (3.6) for the annealed
clustering function (3.5)). We now prove these claims.

§3.4.1 Asymptotics of the clustering function

Lemma 3.4.1 (C(a) is bounded by 1).
For alla >0, C(a) < 1.

Proof. Estimating 1 — e~%Y < 1 bounds C(a) by
— o 1/ 2
Cla) < % ( / 1 e () (3.45)
0
for which we note that

o) e oo xal/"‘n,
/ [1—e @ "ralp=letlqy — / / e Ydyz~ (@D dy (3.46)
0 o Jo

= / e*y/ =@ dzdy (3.47)
0 ya~1l/e /1,
1

= */ e ¥ (ya= ' f7,) " dy
0

«
« oo (6%
_ s / e~vy=ody = TEP(1 — q)
a Jy «
a

using that 7, = I'(1 — a)~'/*. Thus, indeed, C(a) < 1.

We next investigate C(a) for a < 1:

Lemma 3.4.2 (C(a) is close to 1 for a small).
As a ™\, 0,

C(a) =1+ o(1). (3.48)
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Proof. For a < 1, we write
—za “Ta —ya'/ %, —(«
=3 / / [T — e e (ay) " D dady (3.49)

/ / e T [1 — eva e e (1)~ Dy,
The first integral equals 1 by Lemma [3.4.1] so that
C(a) =1— Ci(a), (3.50)

where

0= G [T [T e e gy e sy, ()

We first bound the integrals where either z or y is in [0,a €], for some ¢ > 0
sufficiently small, as

—€

2 2 @ a 1/«
= / [1— e’/ "ma][1 — g=va"/"Ta)emo¥ (gy) ~(eFD qzdy (3.52)
a® Jo Jo
202 o o
S % [1 o e*Ial/ Ta]zf(a+1)dxa1/a/ yiadf,l}
a
0 0
20 1
< Ja—e(l—a) _ 1
~ala— 1)a o(d);

using (3.46)) and the fact that 1/a —e(1 — @) > 1 for £ > 0 sufficiently small since
€ (0,1). Thus,

C1(a) a2 / / e~z ][1—e_yal/a“’]e_zy(xy)_(aﬂ)dxdy, (3.53)

which is bounded by e=@ "~ = o(1). This shows that Cy(a) = o(1) for a N\, 0, and
thus proves that C'(a) = 1 + o(1).

For a — oo, the integral should be dominated by small x,y, so that one might
consider to expand 1 — e~ "Y = zy, to obtain

Cla) = (14 0(1)) %5 / / =m0 e[ v T () Odady  (3.54)
—(1+o(1 ))‘;‘2( a2 2(/000[1_6—96]95—%3;)2.

However, the integral that is squared is infinite, so that we need to proceed altern-
atively. In fact, this analysis is quite intricate, and a careful split is necessary. The
main result is as follows:

Lemma 3.4.3 (Large a asymptotics of C(a)).
Asa /oo,

C(a) = 20(1 — >l(;ga

+0(a™?). (3.55)
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Proof. We again split the integral conveniently. We split the integral depending on
whether x or y is in [0,a™'/®/7,] or not. This gives

C(a) = Cy(a) + Cz(a) + C3(a), (3.56)
where
2 o0 o0 1/ 1/
Ci(a) = %/ / [1—ema e [1— e 7o | [1 —e=¥](2y) "+ Ddzdy,
a a=te /1y Ja—1/a /7, (3 57)
_ 2 a_l/”‘/‘ru a_l/o‘/‘ra e e
Cala) = = / [1—e o e[l 0" o] [1—e =2V (zy) "+ Ddady.
0 0
(3.58)

We bound, again using (3.46) and 1 — e~*Y < zxy,

a2

a2 a—l/a/TQ . 2
R )
a 0

= 0(1)a 2 (a 1/*)20=) = p(a™2).

2 0.71/0‘/7' ail/o‘/T
~ o “ “ —zal/er, —yal/“T —a
Cy(a) < — [1—e “Jl—e “l(zy)"*dady  (3.59)
0 0

We continue with Cs(a), which is the most involved. We bound 1 — e~va'/ T <

yal/® to obtain

_ 2a2gt/a ot e poo
Cs(a) < . / / (zy)~@FVy[1 — e~Y]dady. (3.60)
0 a

- 2
~1/o/r,

We bound 1 — e ®¥ < (zy) A 1. The integral where x < 1/y is bounded by

a’l/"‘/‘r(1 1/y a’l/o‘/‘r(x
@(1)@‘2“/0‘/ y“’“/ x~%zdy < @(1)(1_2“/0‘/ dy <0(1)a2
0 0 0

(3.61)
Similarly, the integral where x > 1/y is bounded by

a—l/a/Tu 00 a*l/a/_[_a
@(1)a*2+1/0‘/ y*a/ =@ dzdy < @(1)a*2+1/a/ dy < 0(1)a2
0 1 0

/y
(3.62)

This shows that C3(a) = O(a™?).

We finally compute C;(a), which we rewrite as

Ci(a) = a®73" / / [lT—e ™1 —€eY]1- e_”y‘f?/a/ﬂz](gcy)_(aﬂ)dxdy (3.63)
1N

— Tia ]E[l _ 67W1W2a*2/0</‘r§] —|—él(a),
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where we let €;(a) denote the contribution due to e=* and e~¥. We use [3, (4.6)],
which states that

E[1 — e ™1"2] = (1 + o(1))aI (1 — @) log(1/6). (3.64)

This gives

loag2a +éi(a) =211 — ) =t é1(a). (3.65)

- 2
Ci(a) = Tgaon;zaaf(l —a)

Finally,

e1(a) < 20[27'3‘/ / e [l — e*wy“_z/&/Ti](xy)*(o‘“)dxdy (3.66)
1 1
— 2720 [e W1 (1 — e Wi Wae /] = O(a?).
This can be seen by letting X be defined by

P(X € [a,b]) = E e Lixean], (3.67)

E [e="™1]
so that , ,
e1(a) = O()E [1 — e XWe /7] (3.68)

Since X has thin tails (it has an exponential moment), the random variable XW
is regularly varying with exponent «, so that

E[1—e XWe /) —0(a?), (3.69)

as claimed. The above follows from the fact that XW is again heavy-tailed with tail
exponent «, as proved in [I6I], Proposition 5.2].

§3.5 Average Clustering Coefficient.

The previous results finally allow us to estimate the overall expected value C' of the
average local clustering coefficient C' by averaging the annealed clustering function
C'(a) over the distribution P(a) of the reduced degree a as

C= /da C(a)P(a) ~ / da Cr(a)P(a) +/ da Cy(a)P(a)
a€L acH
where we have formally split the integral into two contributions, produced by leaf
(a € L) and hub (a € H) nodes respectively, consistently with the two regimes
characterized asymptotically in and . A rigorous definition of this split is
provided in next section where we also show that, in order to compute C exactly,
it is not necessary to identify precisely the crossover value(s) of a separating the two
regions. Notably, it turns out that the integral over a € H in vanishes, implying
that hubs no not contribute to the overall clustering. The remaining contribution
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§3.5. Average Clustering Coefficient.

of the leaf nodes a € L is always finite, but its precise value depends on whether
(following our initial discussion on the two possible definitions of C') nodes with degree
k < 2 are considered as having Ci<z = 0 and hence included in the interval L (in
which case Cr,(a) =0 for 0 < a < 1/4/n) or not (in which case Cy<2 is undefined and
not included in the integration). In next section we find that, depending on the
choice,

lim C =

n— oo

. ; (3.70)
1*7"0/1 if Ck<2 =0

_ {1 if Oy undefined
where 79,1 is the expected fraction of nodes with degree 0 or 1. We plot the two
versions of the average local clustering coefficient in Fig.[3.2] confirming the agreement
with the respective theoretical result. This result is quite remarkable, as it means that
the network is fully clustered, in the sense that for almost all nodes that can form
triangles, their neighbours are connected and actually close the triangle.

§3.5.1 Computation of Average Clustering Coefficient

The limiting asymptotics for hubs and leaves allows us to derive an estimate of the
average clustering coefficient of the network C. Indeed, one needs to integrate the
annealed clustering function C(a) over the distribution P(a) of the reduced degree a,
and from figure it is clear that one can split the integral into the two leaf (L) and
hub (H) regimes as

* oo

C = / h daC(a)P(a) = / ' daC(a)P(a) + / daCp (a)P(a), (3.71)

*

Amin min

where Cg(a) ~ 2I'(1 — ) loagza (for @ > a*) is the asymptotic clustering function of
hubs, while Cp(a) ~ 1 (for amin < a < a*) is the asymptotic plateau for leaves, ain
is the minimal reduced degree above which the clustering function starts to have
meaning, and a* is an appropriate crossover value between the two regimes. This
crossover is visible in Figure [3.1] although its value is not easily identified. Luckily,
as we will show in the following computations, the actual value of a* is not necessary
for the computation of the clustering to go through, and we can proceed without
specifying it.

The main issue in the evaluation of the integral in Eq. is that the degree
distribution is not known everywhere but only in the tail [3], where it has the asymp-
totic behaviour I'(1 — a)k~2. Transforming to the distribution P(a) of the reduced
degree a = %,

P(a) ~ Ma_Q. (3.72)
vn

Nonetheless, the first integral can be evaluated by realizing that by definition it
evaluates to the fraction of leaves nodes or, equivalently

o7

¢ YAIJVH))



CHAPTER 3

3. Clustering without Geometry in an Independent Edges Network Model

o
m‘

o
o

Clustering Coefficient
o
~

0.2

10° 10° 10%
Network Size (n)

Figure 3.2: Average local clustering coefficient C versus network size n, for a = 0.5. For each
sampling of the n node weights, a single adjacency matrixz is realized, and then weights are
redrawn (up to 10% times for each n). In purple the clustering coefficient defined excluding
the nodes with degree 0 and 1. In blue, the solid line is the average clustering coefficient
evaluated by setting the clustering function to zero for k = 0,1. We highlight that the error
bars over this quantity do not shrink as n increases. The dashed blue line is 1 minus the
average of To;1 over realizations. Finally, in green the difference between 1 — 1,1 and C
computed factoring in nodes with k < 2, and we notice that in this case the error shrinks as
desired.

* *

/ daCy () P(a) = / daP(a) = 1— [ daP&cj) ?f C <2 undefined
a 1—ro; — [, daP(a) if Chea =0

(3.73)
and the last term can be recomprised in the second integral as it is evaluated on
the same interval, so that the average clustering coefficient has the expression

min Amin

- {1 + [ P(a)(Cu(a) — 1) if Ci<2 undefined (3.74)

"1 o+ [ daP(a)(Cr(a) — 1) if Chen =0

We can evaluate this last integral as
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/Oo daP(a)(Cula) — 1) — /oo da {2r(1 _gylosa | L =) (3.75)

. a? a’y/n
['(1—a)6l(1—a)loga* 4+ 2I'(1 — ) — 9(a*)?
vn 9(a*)?

);

= o1

and see that it is suppressed by a square root of n term, whatever the value of a*.

§3.6 Lack of self-averaging.

The result in Eq.(3.70) is calculated conditionally on the realized weights {w;}™ ;.
It shows that, if nodes with k < 2 are excluded, C converges to the (deterministic)
maximum value 1, with vanishing fluctuations. By contrast, as we show now, for
finite but large n the fractions of nodes with degree zero and one concentrate around
functions of the rescaled total weight S, = 4, 2?21 w;, which in turn converges
in distribution to an a-stable random variable and therefore remains a fluctuating
quantity. If one looks instead at isolated and pendant nodes, the fractions concen-
trate around functions of the rescaled total weight S,, = d, Z?:I w;, which in turn
converges in distribution to an a-stable random variable. This remains a fluctuating
quantity even in the large n limit, as proven in the followings and confirmed numer-
ically in Figure [3.2] This means that, for given n and «, different realizations of the
weights produce different values of 7, and of C, if nodes with k < 2 are included.
Therefore, under this second definition, C' converges in distribution to the random
variable 1 — 7,1, remaining macroscopically fluctuating even in the large graph limit.
This behaviour follows from the infinite-mean nature of the weights and is a notable
manifestation of the (rather unique) lack of self-averaging in macroscopic network
properties (in particular the fractions of nodes with degree k < 2), which is not typ-
ically observed in models with independent edges and finite-mean weights. Notably,
the lack of self-averaging extends to further ‘low degree’ nodes. This means that
any macroscopic property that is a function of the full degree distribution, and not
just its tail, will in general keep memory of the fluctuations of the fractions of low-
degree nodes. Figure confirms that other macroscopic properties (spectral gap,
largest connected component size) besides the clustering coefficient keep fluctuating
in the thermodynamic limit. We now prove these claims, and show these results are

confirmed numerically in Figs.

§3.6.1 Computation of 7/

We start by computing the fraction of nodes that are disconnected from the graph as

n

i=1j: j#i i=1
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100 ¢

102 I | I I (I N I R I [ N |
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Normalized Spectral Gap, Clustering Coefficient and Giant Component Size

Figure 8.3: Cumulative distributions of network properties across 10° realizations
with resampled weights (n = 104, o = 0.5). Orange: average local clustering coefficient
including isolated and pendant nodes. Green: fraction of nodes in the largest connected
component. Blue: normalized spectral gap (difference between the two largest eigenvalues of
the adjacency matriz, divided by the largest one).

where we recall that 8, = n~/®. Since the j = i term in the sum in the exponential
makes little difference, we can approximate

n
D e tnwiivs, (3.77)
i=1

o =~

S|

We next use that most of the weights have normal size, and they contribute most to
the sum over ¢ € {1,...,n}. Thus,

ro A~ E[e*WSan}, (3.78)

where we take the expectation over the Pareto variable W in the above, we abbreviate
n
Sp =60 > wj, (3.79)
j=1

and condition on this total rescaled weight. We note that the random variable .S,, con-
verges in distribution to an a-stable distribution, since the random variables (w;)?_
are Pareto variables with infinite mean. Thus,

o E[e 8] 350

where S is an a-stable random variable. Equation requires some interpretation.
What it means is that the proportion of vertices with rg degree 0, given the vertex
weights (w;)?™_;, is close to the rhs of (3.78), i.e., it holds that ro ~ E {e_WS" | Sn},
where the rescaled total weight 5, is defined in . In particular, this means that,
when simulating the network several times (and thus redrawing the vertex weights),
the proportion of vertices with degree 0 fluctuates macroscopically, even in the large
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graph limit. This is a type of non-self-averaging phenomenon that is rather unusual
in network science. The simulations shown in Figures confirm that is
an excellent approximation of ry, and that it remains truly random in the large-graph
limit.

We can also use us to relate our approximation to [3| Proposition 4], in
which E[rg] is shown to be approximated by

Efro] ~ E [eT0-W7], (3.81)
which indeed equals E [e_WS ], since, for every a > 0,
E [e*“‘s} = ¢ T(l—)a” (3.82)

which follows from [3, Theorem 5|. For a practical computation of the approximation
of o, we use the fact, again for a > 0,

E[e” V] = aa®T'(—a,a), (3.83)

where we recall that T'(r, a) is the incomplete gamma function. Applying this to (3.78]),
we are led to
ro = aSyT(—a, Sy). (3.84)

We show in Figures that (3.84) is in very good accordance with the

actual fraction of disconnected nodes (central panels).
We extend the above analysis to the proportion 71 of vertices of degree 1. We
start from

1
1 o Z Pik H (1= pij) (3.85)
ik: itk J:j#ik
ni,k:i#k
k

Q

where the asymptotics follows from the fact that the main contribution in the sum
over ¢ arises from normal weight vertices, so that the average over ¢ can be replaced
by an expectation with respect to W.

Note that the dominant contributions to the sum over k£ in (3.85)) correspond to
those k for which wy, is of the order 1/§, = n'/® which means that these are the
maximal-weight vertices. This will be the guiding principle to derive the asymptotics
of the above formula.

For simplicity, and without loss of generality, we will assume that the weights are
ordered from large to small, so that wy > wsy -+ > w,. We can rewrite

O Y wj = Sn— S = S, —y”, (3.86)
Jt j#k
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where we recall S,, from (3.79)), and we define the rescaled vertex weights (y,gn))kzl
as

y” = b (3.87)

In terms of these definitions, we obtain the finite-size approximation

(n) n)
rn~y E {(1 — eI )em WS ) | (y “”)kzl]. (3.88)
k

This approximation is inspired by the asymptotics properties of r;. Indeed, as
n — 0o, we have the convergence in distribution

<5m Ui k>1)<zf 1/a 1/a)k21>, (3.89)

j=>1

where denotes convergence in distribution in the product topology, (I'y)r>1 are
gamma random variables, i.e.,

Ty =) Ei (3.90)

where (E;);>1 are independent and identically distributed exponential random vari-
ables with mean 1. Because of this, we see that the random variables in (3.88]) converge
in distribution in the large graph limit, so that

Y E|(1 = e W )e WET | ()], (3.91)
k

where

(57 (yk)kzl) = (ZF Ve 1/a)ka)- (3.92)

jz1

Thus, as for rg, also 71 converges in distribution, but it remains to fluctuate even in
the large graph limit.

For a practical computation of the approximation of ry, we again use (3.83) on
the representation

n _ _ (n) _ n
rn~Y E [e WS U)W | (4 ))@1}, (3.93)
to arrive at
nray [(Sn —y"MoT(—a, 8, — y{™) — SOT(~a, sn)}, (3.94)
k=1

which has the advantage that it no longer contains the expectation with respect to

W. We show in Figures that (3.94)) is in very good accordance with the
actual fraction of disconnected nodes (bottom panels).
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§3.7 Lack of self-averaging in the fraction of next low-
degree nodes

The fact that both rp and r; do not converge to a limiting deterministic value, but
rather in distribution to a random variable whose variance is non-vanishing even when
n tends to infinity, is a peculiar aspect of the MSM. This property applies not only to
isolated or pendant nodes, but also to all the next ‘low degree’ nodes. Indeed, one can
estimate r, the fraction of nodes whose degree is k, generalizing and as
follows:

1
e = 5 Z Pigiy Pigis * " Pigix H (1 - pioj) (395
10,81 5000y Tk 7 3F0,01,- 0k
(ir#is VT,8)
1 _ ) ;
- - Z (1 _ e—éan‘owil) (1 _ e—éan,owiz) . (1 _ e—5n,wi0wik) e OnWig 225, jotio linsenip Wi
n

10,8150,k

(ir#is Vr,8)

The key point now is that if one wants to proceed as in the last step of and
replace the sum over iy divided by n with the expectation over the whole sample, one
should ensure that the sample without k weights is still representative of a Pareto
distribution. This happens if k is small compared to n. In this case, we can proceed

as in (3.85)) with the approximation

e A~ Z E {(1 _ e—Wtsan‘,l )(1 _ e—W5nwi2) . (1 _ e—Wt;nwzk)e—W‘sn > G0, ik 1”.7:|

¢ YAIJVH))

11,502,050k
(ir#is Vr,s)

. _ _ ()
- Z E {(1 _ e*Wyf,l))(l _ e*Wygz)) (1= Wi Ye W (8= iy g iy U )} )
11,82,y 0k

(ir#is Vr,8)

; ). Again, as n — oo, those random
variables will converge in distribution to the Gamma variables (3.89)), and also 7y will
be converging in distribution to the quantity

Tk Z E |:(]. — e Wy )(1 - €7Wyi2) . (1 — e Wi, )6_W<S_Ej=i1ri2»~-~ik yj):| ,

01,82,k

(ir#is Vr,s)

conditional on the realized values of the various y("

(3.96)
thus still fluctuating macroscopically even in the large n limit, as we confirm in Fig-
ures [3:4) and 3.5} Indeed the figures show that the dispersion of 7y, is significant, with
the fluctuations shrinking as k (and not n) increases, suggesting that, for larger values
of the degree, self-averaging is eventually restored. We leave the thorough study of
this intriguing phenomenon to future works on the MSM.

§3.8 Extension to stable weights

In this section we briefly discuss how our results can be extended to the case in which
the weights are sampled from a genuine a-stable distribution j,(w) with positive
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Figure 3.4: Fractions of low-degree (up to k =5) nodes versus network size, with
a =0.5. From left to right and top to bottom, we plot the fractions of nodes with a specific
low degree (respectively k = 0,1,2,3,4,5) across a sample of 1000 different realizations for
each value of n. For the first two figures we include the theoretical estimate we explicitly
computed in . We notice that the average value across different values of n
is roughly constant, while the dispersion of values around that average does mot shrink as
n increases, as one would expect by assuming the self averaging of the quantities. We also
notice that the error bars shrink as k increases, suggesting that, for larger-degree nodes, self
averaging eventually occurs.
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Figure 3.5: Distribution of the fraction of low-degree (up to k = 5) nodes, for
a = 0.5, n = 1000 (over a sample of 1000 realizations). From left to right and top
to bottom, we plot the distribution of the fractions of nodes with low degree (respectively
k=0,1,2,3,4,5), across a sample of 1000 different realizations for n = 10*. The sample
variance oy is respectively oo = 0.09, o1 = 0.1, o2 = 0.07, 03 = 0.05, 04 = 0.04, o5 = 0.03,
indicating that the variance shrinks for larger values of the degree k.
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Figure 8.6: Numerics for a = 0.3 (Pareto). On the left, simulations are done by resampling
weights every time an actual network is realized (sample of 10), while on the left for each

n weights are extracted only once, and 10 different adjacency matrices are realized from the
same weights. On top, the same analysis performed in figure 3.2

: an purple the clustering
coefficient computed by excluding nodes with k < 2; in blue the clustering coefficient including
those nodes and 1 —ro;1, respectively the solid and dashed lines; in green with error bars the
difference between 1 — 19,1 and C' computed factoring in nodes with k < 2, . In the middle,

the light blue line with error bars is the actual value of ro, while the dashed darker one is the
approzimation we derive in eq (3.84). At the bottom, the light red line with error bars is the

actual value of r1, while the dashed darker one is the approrimation we derive in eq (3.88)

support and diverging mean. Throughout, we follow the formalism introduced in [22],
and in particular we adopt the first parametrization defined there, corresponding to
k=0.

For stable laws, our arguments can be adapted by replacing the exact expression for

the Pareto weight density, po(w) = aw=(@*Y for w > 1 in (3.7), with an asymptotic
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Figure 8.7: Numerics for a« = 0.5 (Pareto). On the left, simulations are done by resampling
weights every time an actual network is realized (sample of 10), while on the left for each
n weights are extracted only once, and 10 different adjacency matrices are realized from the
same weights. On top, the same analysis performed in figure [3.2: in purple the clustering
coefficient computed by excluding nodes with k < 2; in blue the clustering coefficient including
those nodes and 1 —ro;1, respectively the solid and dashed lines; in green with error bars the
difference between 1 —ro/1 and C' computed factoring in nodes with k < 2, . In the middle,
the light blue line with error bars is the actual value of ro, while the dashed darker one is the
approximation we derive in eq . At the bottom, the light red line with error bars is the
actual value of r1, while the dashed darker one is the approximation we derive in eq

relation. Specifically, Theorem 1.2 of [22] shows that the density of an a-stable law
satisfies

a(w) = (1+ 0(1)) %71?)% w> 1, (3.97)

where the tail parameter satisfies a € (0,1), ¢q = @ sin(%), ~ denotes the scale
parameter, and 3 is the skewness parameter of the stable distribution.
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Figure 8.8: Numerics for a« = 0.7 (Pareto). On the left, simulations are done by resampling
weights every time an actual network is realized (sample of 10), while on the left for each
n weights are extracted only once, and 10 different adjacency matrices are realized from the
same weights. On top, the same analysis performed in figure [3.2: in purple the clustering
coefficient computed by excluding nodes with k < 2; in blue the clustering coefficient including
those nodes and 1 —ro;1, respectively the solid and dashed lines; in green with error bars the
difference between 1 — 19,1 and C' computed factoring in nodes with k < 2, . In the middle,
the light blue line with error bars is the actual value of ro, while the dashed darker one is the
approximation we derive in eq . At the bottom, the light red line with error bars is the
actual value of r1, while the dashed darker one is the approximation we derive in eq

In order to work with a distribution supported on the positive real axis, we choose
B = 1 and set the infimum of the support to zero. This choice fixes the location
parameter to be § = ’ytan(%). The only remaining free parameter is therefore
the scale v, which we determine by requiring that the tails of the stable and Pareto

68



§3.9. Concluding Remarks.

distributions coincide asymptotically. Imposing this matching condition yields

1/
7= [2 F(a)sin(’?‘)] ' (3.98)

With this choice of parameters, all the results we derived for Pareto-distributed
weights extend directly to the case of stable sampling. In particular, since the integrals
appearing in Section are dominated by contributions from large values of w, the
asymptotic estimates derived in Section [3.5.1] remain valid. Similarly, the arguments
used in Section to compute the fraction of disconnected nodes and nodes of
degree one carry over almost verbatim to the stable case. The only modification is
the appearance of a constant c¢ in , which is now directly related to the scale
parameter of the underlying stable law.

Indeed, in the convergence statement , the partial sum S, has a strictly
a-stable distribution for every n. Interpreting S, as the value at time 1 of a stable
Lévy process, the sum ¢y i>1 F;l/ “ can be viewed as the collection of jump sizes of
the process, ordered by decreasing magnitude. Correspondingly, the rescaled weights
n~/*TW; represent the increments of the process over the time intervals [(i—1)/n, /7],
and the variables (yl(cn))};:l in can be interpreted as the ordered increments over
these intervals. Since, with high probability and for large n, each interval contains at
most one large jump, it follows that continues to hold in this setting, with the
first coordinate (corresponding to the sum) having exactly the same distribution as
in the Pareto case.

Finally, in Figures [3.10} [3.17}, [3.12] and [3.13] we provide numerical evidence con-
firming that the results presented in the main text remain valid when the weights are
drawn from an a-stable distribution, in agreement with the arguments given above.

1-cor 1-cor . 1-cor

Figure 3.9: Comparison between pure Pareto and Stable distribution in the tail
behaviour. Using the parameter of (3.98), we can match the tails of the two distributions.
From left to right & = 0.3,0.5,0.7, sample of 10%.

§3.9 Concluding Remarks.

This work contributes to the open debate about whether, in models with conditionally
independent edges, the coexistence of sparsity and local clustering (along with other
desirable features such as a broad degree distribution and the small-world property)
can be attained without geometry, i.e. without assuming that the connection prob-
ability p;; depends on the node attributes w; and w; necessarily through a function
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Figure 3.10: Clustering functions for different values of n and o for the MSM model
with Stable weights . Blue circles: empirical clustering function (versus the reduced
degree a = k/\/n) computed on actual realized graphs sampled from the model (obtained
by sampling the weights once, and sampling the graph once conditionally on the realized
weights). Red curves: our analytical expression for the annealed clustering function.
Green curves: our asymptotic calculation valid for diverging reduced degrees. We
evaluate and plot all functions only for degrees larger than 1, to avoid ambiguities in the
definition of the clustering coefficient for k < 2. From top to bottom: n = 10%,103,10%.
From left to right: a =0.3,0.5,0.7.

of some metric distance d(w;,w;) |14} 15}, 16}, 17, 19, I8, 21], 87, 9I]. We considered

a geometry-free model with independent edges and infinite-mean fitness [I, [2], re-
cently introduced in the context of network renormalization [54], and calculated its
full clustering function — rigorously proving the resulting finite local clustering in the
large n limit and highlighting that clustering does not imply geometry. The infinite-
mean nature of the fitness arises from a requirement of model invariance under node
aggregation [I] and generates other realistic properties including sparsity, a power-
law degree distribution [2], and the breakdown of self-averaging of various network
properties, which is a novel result characterized here. The model then provides, as
an alternative to geometry, the hypothesis of node aggregation invariance as a basic
mechanism producing realistic network properties.
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Figure 8.11: Numerics for a = 0.3 (stable). On the left, simulations are done by resampling
weights every time an actual network is realized (sample of 10), while on the left for each
n weights are extracted only once, and 10 different adjacency matrices are realized from the
same weights. On top, the same analysis performed in figure [3.2: in purple the clustering
coefficient computed by excluding nodes with k < 2; in blue the clustering coefficient including
those nodes and 1 —ro;1, respectively the solid and dashed lines; in green with error bars the
difference between 1 — 19,1 and C' computed factoring in nodes with k < 2, . In the middle,
the light blue line with error bars is the actual value of ro, while the dashed darker one is the
approximation we derive in eq . At the bottom, the light red line with error bars is the
actual value of r1, while the dashed darker one is the approximation we derive in eq
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Figure 8.12: Numerics for a = 0.5 (stable). On the left, simulations are done by resampling
weights every time an actual network is realized (sample of 10), while on the left for each
n weights are extracted only once, and 10 different adjacency matrices are realized from the
same weights. On top, the same analysis performed in figure [3.2: in purple the clustering
coefficient computed by excluding nodes with k < 2; in blue the clustering coefficient including
those nodes and 1 — 1o/, respectively the solid and dashed lines; in green with error bars the
difference between 1 — 19/, and C' computed factoring in nodes with k < 2, . In the middle,
the light blue line with error bars is the actual value of ro, while the dashed darker one is the
approximation we derive in eq . At the bottom, the light red line with error bars is the
actual value of r1, while the dashed darker one is the approximation we derive in eq
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Figure 8.13: Numerics for a = 0.7 (stable). On the left, simulations are done by resampling
weights every time an actual network is realized (sample of 10), while on the left for each
n weights are extracted only once, and 10 different adjacency matrices are realized from the
same weights. On top, the same analysis performed in figure [3.2: in purple the clustering
coefficient computed by excluding nodes with k < 2; in blue the clustering coefficient including
those nodes and 1 —ro;1, respectively the solid and dashed lines; in green with error bars the
difference between 1 — ro/1 and C' computed factoring in nodes with k < 2, . In the middle,
the light blue line with error bars is the actual value of ro, while the dashed darker one is the
approximation we derive in eq . At the bottom, the light red line with error bars is the
actual value of r1, while the dashed darker one is the approximation we derive in eq
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CHAPTER

Topological Renormalization for

Random Network Models

Abstract

In this chapter we develop a renormalization framework for probabilistic network
models based on marginalization of unobserved degrees of freedom. Starting from a
general Exponential Random Graph formulation, we derive exact relations describing
how effective Hamiltonians transform when links are hidden or unobserved. Unlike
traditional renormalization group approaches, which rely on geometric coarse-graining
and scale invariance, the present framework is driven by uncertainty: degrees of free-
dom are removed due to incomplete observations rather than spatial scale separation.

We show that single-link marginalization acts as a generator of a commutative
semigroup of transformations on network ensembles, providing a natural notion of
“uncertainty flow” in model space. The resulting renormalization equations reveal
that marginalization generically induces higher-order effective interactions, leading to
a lack of closure of finite-order random network models. We analyze conditions under
which closure can still occur, highlighting special cases such as bounded coordin-
ation structures, including the coordination-number-two scenario where interaction
propagation is constrained.

Finally, we discuss how the non-closure of the renormalization flow can be lever-
aged for inference. By fitting effective models in the observable (reduced) space and
exploiting the derived renormalization relations, one can formulate inverse problems
aimed at reconstructing microscopic Hamiltonian parameters from partial observa-
tions. This establishes a bridge between renormalization concepts and network re-
construction, suggesting new tools for inference in incomplete or uncertain network
data.



CHAPTER 4

4. Topological Renormalization for Random Network Models

§4.1 Introduction

Incomplete or partially observed networks arise naturally in many domains, ranging
from social and biological systems to technological and financial networks. In most
real-world settings, the full interaction structure is not directly accessible due to
measurement limitations, sampling biases, or intrinsic uncertainty. This raises a fun-
damental question: how does partial observability affect the statistical description of
network ensembles?

A natural probabilistic framework for describing network ensembles is provided by
Exponential Random Graph Models (ERGMs), which encode structural constraints
through an effective Hamiltonian defined over the space of adjacency matrices [4]
48, [47). These models are widely used because of their flexibility and their principled
connection to maximum-entropy inference. However, ERGMs are typically formulated
assuming that the full configuration space is observable.

In this chapter we address a complementary problem: rather than performing
inference in the full space, we investigate how probabilistic network models transform
under marginalization of degrees of freedom. In particular, we ask how the effective
Hamiltonian changes when some links are unobserved. This perspective is closely
related in spirit to Renormalization Group (RG) ideas, where one studies how effective
theories evolve when microscopic degrees of freedom are integrated out [102] [T03].

The key difference from traditional RG approaches is conceptual: instead of coarse-
graining based on geometric scale separation, we consider uncertainty-driven margin-
alization. That is, degrees of freedom are removed because they are unobserved, not
because they belong to a particular spatial scale. This shift in viewpoint leads to a
renormalization framework that is intrinsically combinatorial and tailored to network
ensembles.

Our goals are threefold. First, we derive exact relations between the parameters
of ERG-like Hamiltonians before and after marginalization. Second, we interpret
single-link marginalization as the generator of an “uncertainty flow” acting on network
models. Finally, we explore the implications of these flows for model closure and
inference, showing that marginalization generically induces higher-order interactions
in the effective theory, and how this can be used to infer the parameters of unobserved
degrees of freedom.

§4.2 Marginalization framework

We start with very general assumptions, i.e. that there is a probability function
P(-) that evaluates the probability that a certain network of size N, described by its
adjacency matrix A, is realized. We work with entries A;; to be assuming values either
0 or 1 for the sake of simplicity in the computations and clarity in the exposition, but
we believe this framework could be extended to weighted networks, directed graphs
and more general structures.

The space of possible configurations (which we call underlying, complete or start-
ing space) this system can have is
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{A} ={0,1}V (4.1)

sometimes also referred as the Boolean Hypercube. We now ask ourselves what hap-
pens if we are not able to see the whole of the configuration space, but just a subset
of it.

This uncertainty compels us to reduce the available configuration space to the one
defined by the adjacency matrix elements we are actually able to observe. Let us
begin by introducing the tiniest bit of localized uncertainty in the system: a single
link (ij) cannot be observed, leading to the new configuration space

{A} = {A}\{45} (4.2)

which we call reduced, renormalized, or marginalized space. Being unsure whether
Ay is either 0 or 1, we have to marginalize the probability function of the complete
space over all the possible values of the unobservable link A;;, so to get a probability
function just for the variables we are actually observing. This reads as

P(A)= > P(A) (4.3)
A5=0,1

and constitutes the key formula for the renormalization procedure we will set up.

§4.2.1 Marginalization Flow for Exponential Random
Graphs

The marginalization equation (4.3]) we just wrote is greatly enhanced by the fact that
we can express the probability function over the complete space in the exponential
form [47), [48]

pay = N 44
(a) = =Y (4.4
(A

where the Hamiltonian is a multilinear function of the adjacency matrix elements

H(A) = -hO =S 0D A5 = 3" w8 AgAn— > B A Ak A —
ij ikl ij#£kl,mn
kl#mn
(4.5)
We note that the full Exponential Random Graph formalism would require to
add the constraint equations so that all the parameters of the Hamiltonian
assume their most probable value according to the observated data. However, in
our framework we are precisely excluding to have available data for the underlying,
complete space of all link variables. We let these parameters to be free, as we want
to see how they transform under marginalization. The inference procedure is then
deferred over to the reduced space, in which observables are well-defined.
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In order to derive the equations connecting the parameters in the underlying space
to those in the observable space, we also write the reduced space probability function
in the same exponential form

~ o~ e_H(A) - - A
P(A) = = Z=> e A (4.6)
{A}

with different coupling parameters that will be encoding the very fact that interactions
among links that were involving the inaccessible one might be changing, hence leading
to potentially different couplings. The Hamiltonian then has the same multilinear
structure over the same (except the unseen A;;) variables as

HA) =" = SR A — > hE) A A — ... (4.7)
e ij#ig,kl
kl#ij

The Marginalization equation (4.3)), when combined with this specific form of the
probability of equations (4.4) and(4.6]), implicitly defines relations between the para-
meters of (4.7) and (4.5)), in the form

e_f{(A)

Z:Z

A;=0,1

e_H(A)

(4.8)

We call the relations between the parameters of H and H the Renormalization Group
(RG) equations of the system.

The power of equation is that it has to be true in all the possible configura-
tions of the reduced space. This will allow for the actual recovery of parameters both
at the renormalized level and (when possible) at the complete one. In particular, the

fact that it has to be true in the void configuration allows us to further simplify it.
As a matter of facts, when all {A} = {0} we have from (4.8

- Z
Z = — (4.9)
1+evi
the can be inserted again in (4.8]) so to get
. —H(A)
e HA) — 6(}) (4.10)

h:-.
As=01 14"

which constitutes the key relation that we will be using to derive the relations
between the parameters of the Hamiltonian. Before doing so, it is perhaps useful to
understand in which sense the relations between the parameters of Hand H actually
constitute a Renormalization Group flow. We do so in next section.
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§4.2.2 What is different from ‘usual’ Renormalization

Although the marginalization procedure we introduced shares similarities with Renor-
malization Group (RG) ideas, there are important conceptual differences with stand-
ard formulations in statistical physics, which we now briefly discuss.

In conventional RG, one is typically interested in identifying fixed points of the
flow, corresponding to scale-invariant theories and critical phenomena [103]. This is
often enforced by requiring invariance of the partition function under coarse-graining,

7 =172, (4.11)

possibly up to a rescaling of thermodynamic potentials. In our framework, we do not
impose such a constraint. The goal is not to identify scale-invariant models, but rather
to characterize how effective network Hamiltonians change under loss of information.
In general, marginalization does not preserve the partition function, and therefore
fixed points are not expected.

A second key difference concerns the nature of the coarse-graining operation. Real-
space RG relies heavily on an underlying geometry: spins are grouped into blocks
defined by spatial proximity, and scale transformations are defined with respect to
metric structure [I02]. Networks, however, are fundamentally combinatorial objects.
While some networks admit geometric embeddings [|, many do not possess a natural
notion of spatial scale.

In this work we therefore abandon the assumption of geometric coarse-graining in
its entirety. Instead, degrees of freedom are removed because they are unobserved.
The elementary transformation is the marginalization of a single link, as in Eq. .
More complex uncertainty patterns can be constructed by composing such elementary
steps.

This shift in perspective leads to a different interpretation of RG transformations.
Rather than describing scale transformations in physical space, our flow describes
how effective theories evolve as information is progressively lost. The relevant control
parameter is not length scale, but observational completeness.

As we show below, single-link marginalization acts as a generator of a semigroup of
transformations on probability distributions over graphs. This motivates interpreting
the resulting flow as an “uncertainty RG”, whose structure is determined purely by
combinatorial marginalization rather than geometric scaling.

§4.2.3 The Generator of Missing Information

Studying the marginalization of a single link might seem limited at first sight, since
realistic uncertainty patterns typically involve multiple missing links or nodes. How-
ever, the single-link transformation plays a fundamental role: it acts as a generator
of all possible uncertainty transformations.

Let M;; denote the marginalization operator that removes the link (i5), acting on
probability distributions as

(MyP)(A) = Y P(A). (1.12)

As=0,1

ij=
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If we marginalize two links (i) and (kl), we obtain

MMzP= > 3 P(A) (4.13)

Ap=0,1 A[J =0,1
Because finite sums are associative and commutative, these operators satisfy

and therefore generate a commutative semigroup under composition.

Importantly, this structure is not a group: the transformations are not invertible.
Multiple distributions in the complete space can map to the same marginalized dis-
tribution, reflecting the intrinsic loss of information under marginalization. In this
sense, the flow is irreversible, similarly to coarse-graining transformations in standard
RG.

This observation provides a structural interpretation of our framework. Any com-
plex uncertainty pattern, which in general is a mixture of missing links, missing nodes,
or combinations thereof (see Fig , can be constructed by composing elementary
marginalization operators. Consequently, the single-link transformation acts as a
generator of the full uncertainty semigroup acting on network ensembles.

2. 2

T ° °
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Figure 4.1: The possible ways the structure of a network is unknown, both in the structure
and in the Adjacency Matriz. From left to right: individual links are missing; individual
nodes are either unobserved or it is totally unknown how they are connected to the rest of
the network; and a mizture of both when nodes and individual links are missing.

§4.3 RG flows for Random Network Models

In this section we show how find RG equations in general for random network models.
The Hamiltonian is the one of equation (4.5, and we introduce exponential variables
encoding for the correlations between links as

(1) (2) (3)
Qi =€ ﬂijkl = ehijk:l Vijkimn = ehijkzmn (4_15)
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and their respective partners in the reduced space

~ 7 (1) ~ 7(2) B 7(3)
Oéij = ehij ﬂijkl = ehijkl 'Yz’jklmn = ehijklmn T (416)

With this identification we write equation (4.10) in the product form

~Aij RAij Akt ~Aij At Amn
H Qij H Bijki H Vijklmn

ij#1] ij#klij ij#klmn,ij
kl#ij kl#mn ij
B Ajj _ AijAn
T+ ag Hij;éij ﬁi}‘z‘j Hijkglé;lzl_l_ij Viiiel ) L o
— 1 ij ij Akl ij Akl Amn
- 1+ a- H Qij H Bijki H Yijkimn
K 1§ i #kl,ij ij#kl,mn,ij
kl#ij kl#mn,ij
mn#ij

In which the first term corresponds to a general Hamiltonian in the reduced space
(explicitly written up to the third order, but higher order terms will keep the very
same structure), and the second term corresponds to the marginalization of a general
Hamiltonian (still up to third order) in the complete, underlying space. The key to
finding the relations between parameters is again that Equation must be true
in any possible configuration. This means that we can switch on and off links in a
meaningful way to derive how the correlation terms among them behave under the
marginalization. For example, let us imagine that only one link (i, j), different from
the unseable one, has the value one, while all other are zero. In this case equation
(4.17)) reduces to

1+ a5 855
which tells how the local fields are changing over the marginalization flow, and they

change taking into account the binary interaction that the link (¢, 7) might have had
with the unobservable link.

0~4ij = Oy s (418)

i 72
v i

Figure 4.2: How being unable to observe a link can induce effective interactions between links
that were not coupled before, for the binary interaction term.

If we activate two links: (7, ) and (k,!) Equation (4.17) reduces to
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1+ 85545 BijriVijijri

Qi B = Q5081 Bijikl (4.19)

and by inserting in it the relations (4.18]) for the local fields for both (i, j) and (k,1)
we get that the correlation term between two links changes as

(1 + ai Bijig Bijmvigigr) (1 + o)

(1 + aiBgi;) 1+ 0gByn)
in which we see again that it is mindful of the fact that there might have been a
third order correlation among (4, 7), (k,!) and the missing one, and hence the binary
coupling between (4, j) and (k,[) is enhanced by such a factor.

The third order interaction parameter can be estimated as well by choosing three
links (i, 7), (k,1) and (m,n) to be on while all the others are off, and then simplifying
the first and second order coupling with equations and , so to get

Bijrt = Bijk

(4.20)

Mjklmn

4.21
Dijklmn ( )

:Yijklmn - ’Yijklmn

where

Nijrtmn = (1 + i385545) (14 aizBim) (1 + i Bijmn)
X (1 + a{jijz‘j»Bi}'klﬁi}mn%’jijkz%}klmn%}'mmg‘5i}‘ijklmn) (4.22)

and

Dijrimn = (1+ aiz) (1 + o3 Bijis BigmVijini)
X (14 i3 B BijmnVijrtmn) (1 + Q5 B5mnBiijYijmni;)  (4-23)

Again, we notice that this term keeps track of the fact that the three links (4, j),
(k,1) and (m,n) might have been in a fourth order interaction with the missing link,
and this has to be factored in their reduced space third order term. Higher order
terms can be derived in the very same fashion, but we stop at third order as they will
be frankly too cumbersome.

§4.3.1 Approximated and Exact closure under RG

The RG relations derived above allow us to address a fundamental question: given a
k*h-order Random Network Model (RNM) in the complete space, what is the order
of the effective model in the reduced space?

In general, with the exception of I order models, marginalization does not preserve
model order. Even if the original Hamiltonian contains interactions up to order k,
integrating out degrees of freedom generates higher-order effective interactions. The
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simplest example is provided by second-order models: Eq. (4.21) shows that mar-
ginalization generically induces third-order couplings, even when no such terms are
present in the original Hamiltonian. Explicitly, for the second order Hamiltonian

1 2
H(A) ==Y hiP A5~ 3 h) Ay A~ (4.24)
ij ij#kl
the marginalization equation predicts a new term in the reduced space that will be
encoding for a third order correlation among links, as

73

ijklmn

= log Pigktmn (4.25)
Qijklmn

where the numerator is

(CONNAC)) (1) h2 (1) (2)
szklmn = (1 +6hL] + 1]1,}) (1 + h + z}kl) (1 + h +hl]mn>
(1) (2) (2) (2)
% (1 + el thagithin +h”mn> (4.26)

and the denominator

(1) (1) (2) (2) 1) (2) (2)
Qujtmn = (1+¢" ) (1 te *"uw*"uu) (1 + et Pt G )
(1) (2) (2)
X (1 + e *hmﬁhwmn). (4.27)

This lack of closure is analogous to what happens in field theory, where integrating
out microscopic degrees of freedom generates an infinite tower of effective operators.
In the present context, the only models that remain closed under marginalization are
highly specific cases, such as first-order models or specific low-coordination structures
where interactions cannot propagate beyond bounded neighborhoods.

There is one notable exception to the lack of closure of RNM with order higher
than one, and is the case in which each link interacts binarily at most with other two
links. We study extensively this model and its possible twists in Chapter[5} In Section
we also show how we can map this model into a simple yet powerful method to
perform inference on temporal network that might have been undersampled.

Rather than viewing non-closure as a limitation, we can reinterpret it as an op-
portunity for inference. Suppose that only the reduced space is observable. One can
perform standard ERG inference in this space, estimating an effective Hamiltonian H
and validating it against suitable null models. This determines how confidently the
observed network can be described by a given reduced-space model.

Crucially, the RG relations derived earlier provide explicit functional mappings

() — () (hu), h® ) 7 (4.28)

linking effective couplings to those of the complete space. If enough effective paramet-
ers can be inferred in the reduced space, these relations define a system of equations
whose unknowns are the microscopic Hamiltonian parameters.
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In principle, if this system is invertible, one can reconstruct the parameters of
the complete-space model from reduced observations. The feasibility of this inversion
depends on both the richness of the effective model and the degree of information loss
induced by marginalization. This perspective turns RG flows into a bridge between
incomplete observations and microscopic reconstruction, suggesting a new route to
network inference under uncertainty, which we start to explore in Section

§4.4 Towards applications to Network Inference

In this Chapter we are interpreting marginalization as a renormalization procedure
acting on probabilistic network models. The resulting RG equations describe how
effective Hamiltonians transform when parts of the network are hidden or unobserved.
A natural question is whether these transformations can be exploited in the opposite
direction: instead of propagating parameters forward under uncertainty, can we use
the RG flow backward to infer properties of the unseen degrees of freedom?

This perspective suggests a new class of inference problems. Rather than recon-
structing missing links directly from data, one attempts to infer microscopic para-
meters by comparing the observed (renormalized) model with the predictions of the
marginalization equations. In other words, the RG map becomes a constraint linking
observable effective models to families of compatible underlying ones.

In the following we explore two concrete scenarios in which this idea can be made
explicit. We begin with a temporal setting, where marginalization corresponds to
coarse temporal sampling. In this case the RG equations admit a closed form and can
be locally inverted, providing a simple proof of concept for inference via RG inversion.

§4.4.1 Temporal Network reconstruction at higher res-
olution

Many complex systems of scientific and societal relevance, including economic, fin-
ancial, ecological, and social systems, are inherently dynamic [[04]. Their internal
organization is networked, and both the state of the system and its interaction struc-
ture evolve over time. Understanding how network topology changes is essential for
assessing resilience, systemic risk, and propagation of shocks.

A major obstacle in practice is the mismatch between the intrinsic time scales
of the dynamics and the temporal resolution of available data. For example, inter-
national trade networks are often reported at yearly or quarterly frequencies, while
shocks propagate over much shorter horizons. Similar issues arise in supply chains,
interbank networks, and social interactions, where aggregation in time can mask rapid
structural transitions [42, [105] [I06]. As a result, one frequently observes a temporally
coarse-grained version of an underlying network process evolving at a finer, unob-
served resolution.

From a modelling perspective this creates a fundamental inference problem: one
observes a renormalized trajectory in time, while the microscopic dynamics unfold
at a higher sampling frequency. Standard approaches such as interpolation or state-
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space models typically rely on ad hoc assumptions and do not explicitly account for
how network structure transforms under temporal aggregation.

Here we show that the marginalization framework developed earlier naturally
provides a principled description of temporal coarse-graining, and can therefore be
used to formulate an RG-based inference strategy. We consider temporal networks
in which each link switches between present and absent states according to a binary
Markov process. That is, the probability that a link exists at time ¢ depends only
on its state at the previous time step. This class of models captures memory effects
commonly observed in real data, while remaining analytically tractable. An expli-
cit mapping between temporal networks and Markov link dynamics is discussed in
[59, [60].

A key simplification arises from the fact that links evolve independently one from
another. The probability of a full network trajectory therefore factorizes over links,
allowing us to study single-link processes without loss of generality. From a statistical
physics perspective, each link trajectory is equivalent to a one-dimensional spin chain
with nearest-neighbour interactions in time, a system for which exact renormalization
transformations are known.

The Hamiltonian of the complete temporal network over T’ time steps can be
written as

T T
HA)=-)>" 61(;;)14@('? -y g§§’t‘”A§§’A§§‘” => Hij(Ay),  (4.29)

t=1 i<j t=1 i<j i<j

which factorizes into independent contributions from each link trajectory. Each
term

T T
Hiy(Ay) = = Y DAY — 30 gtV Al Al (4.30)
t=1 t=1

describes a binary time series with local fields ¢ and nearest-neighbour tem-
poral couplings ¢**~1). This structure is formally identical to the Hamiltonians
studied earlier in the context of link marginalization, with time playing the role of
an additional degree of freedom. This observation allows us to directly apply the
marginalization machinery in the temporal domain.

We can now reinterpret marginalization as temporal coarse-graining. Suppose
that the link state at a given time t* cannot be observed. Integrating over this hidden
variable induces an effective interaction between the neighbouring time steps t*—1 and
t* + 1, exactly as topological marginalization induces effective higher-order couplings.

Carrying out the marginalization explicitly yields the renormalized parameters

(1 +eeu*ugu*,t*—1>+g<t*+1,t*>) (1 +eeu*>)

T +1,t7—1) _
=log (1 + ee“*)+g<f*=t*—”) (1 + ee“*>+g(f*+1vf*>)

g

(4.31)

and the local fields change as
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(1 " 66<t*>+g<t*+1,t*>)

g(t*H) _ 6(t*+1) + log (1 T ee(f,*)>

(4.32)

and
(14 c2at0)
(14e"?)

Further insight can be gained by considering a time-homogeneous Markov chain,
where parameters are stationary over time (¢! = ¢ and gh'—!
this case the renormalization equations simplify considerably:

e = =1 4 og (4.33)

= g for all t). In

g(t*+1,t*71) ~ log (1 + e€+2g) (1 + ee)

e (4.34)
and .
(t* L+

G(t +1) =€+ log M (435)

Even in this simple setting, an important effect emerges: marginalizing a single time
step breaks temporal homogeneity. The renormalized parameters depend on the loc-
ation of the missing observation, creating an inhomogeneous effective process. While
this appears problematic, it also suggests a structured way to recover homogeneity.

If instead one marginalizes every other time step (for instance all even times) the
resulting dynamics becomes homogeneous again. In this case the RG transformation
closes within the space of stationary Markov chains and takes the simple form

(14 e+29) (14 ¢°)

g = 10g (1 i €€+g)2 (436)
and N
. 1+ e79

E=¢e+2log ((Mreeﬁ))’ (4.37)

These equations admit a natural interpretation: they describe how the effective
parameters of a link process change when the sampling frequency is reduced by a
factor of two. The original parameters (¢, g) correspond to the microscopic dynamics,
while (€, g) describe the effective model observed under temporal coarse-graining.

Figure[L.3]illustrates this idea schematically. When all time steps are observed, the
link dynamics is described by nearest-neighbour couplings. After frequency halving,
the effective chain lives on a sparser temporal lattice, but retains the same structural
form with renormalized parameters.

Inferring Higher Resolution Parameters

The renormalization map defined by Eqs. (4.36)—(4.37) induces a nonlinear flow in
the parameter space. As shown in Fig. [1.4] the flow exhibits a characteristic shearing
structure with a well-defined attractive line separating different dynamical regimes.
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Figure 4.3: Linear coupling between the same link of a network over different time steps.
While in the first row the sampling frequency is such that every time instance of the network
can be seen, in the second row the sampling frequency is just half of the rate of change of
the network, but the coupling structure between each time step and its precursor is preserved,
and the value change according to eq. .

A key observation is that repeated coarse-graining drives correlations toward zero.
This is expected: as temporal resolution decreases, short-time memory effects are
progressively washed out, and the dynamics approaches an effectively memoryless
process. In RG language, the line g = 0 plays the role of an attractive manifold cor-
responding to loss of temporal correlations. Another notable feature is the behaviour
for negative couplings. If successive states are anticorrelated (g < 0), marginaliza-
tion over alternating time steps induces an effective positive correlation at larger time
scales. Intuitively, two consecutive anticorrelations combine into a positive correlation
over longer temporal separations. This explains why the RG flow rapidly maps the
g < 0 region into the g > 0 half-plane.

Most importantly, the structure of the flow in the region g > 0 opens the possib-
ility of inverting the RG transformation and using it for inference. In this regime the
renormalization map is locally one-to-one, meaning that the coarse-grained paramet-
ers (€, ¢) uniquely determine a compatible pair of microscopic parameters (e, g) in a
neighbourhood of parameter space.

From an inference perspective, this suggests the following strategy. Suppose that
one observes a temporal network sampled at a coarse resolution and fits a stationary
Markov model to the data, obtaining effective parameters (€,g). If the system is
known (or assumed) to arise from a finer-scale Markov process undergoing frequency
halving, then the microscopic parameters can be estimated by solving the coupled
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Renormalization Group Flow
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Figure 4.4: Renormalization flow of the Linear chain system when frequency halving is per-
formed. There is a clear fized, attractive line that separates the plane into two regions.
Colored lines represent possible flows under successive transformation of halving frequencies,
squares representing starting points.

nonlinear equations

(14 e+29)(1 + )

g =log (T eto)? , (4.38)
1+ ecto
§=c+2log % (4.39)

These equations define a two-dimensional nonlinear inverse problem: two equa-
tions for the two unknowns (e, ¢g). While no closed-form analytic inversion exists in
general, the system can be solved numerically using standard root-finding methods.
Importantly, the RG flow guarantees local invertibility in the upper-plane region of
the flow, ensuring that the reconstruction is well-posed there.

This perspective reframes temporal super-resolution as an RG inversion problem.
Instead of interpolating trajectories directly, one infers the microscopic dynamical
parameters that are consistent with the observed coarse-grained statistics. Once
the underlying parameters are reconstructed, they can be used to simulate higher-
resolution trajectories or to assess how network dynamics would respond under finer
temporal sampling.
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§4.4.2 All-to-all and multiplex networks

Our marginalization-inversion framework finds a second natural domain of application
in the context of international trade networks. Previous works [? [63] have shown that
a sensible probabilistic representation of the International Trade Network is provided
by a multiplex model. In this picture, each commodity defines a layer, while countries
are replicated across layers.

The key modeling assumption is the following: trade between two countries is
independent across different country pairs, but the probability of trading a given
commodity between the same pair of countries depends on which other commodities
they already exchange. This induces inter-layer correlations while preserving inde-
pendence across country pairs.

For a fixed pair of countries (4, j), and the vector encoding for the different real-

izations of the link across layers ffij = (A};, AZ;,---) the Hamiltonian can therefore
be written, assuming homogeneous inter-layer coupling, as
HA) =-Y €A - 35" 4940 (4.40)
19 61] 17 %] 17 .
a a#b

where the superscript a labels the commodity (layer). A schematic representation is
shown in Fig. [L.5]

S

29008,
22007,
[N

[y
ASSSS

ITN

Figure 4.5: Multiplex representation of the International Trade Network. Each commodity
defines a layer, and links are independent across country pairs but coupled across layers for
the same pair.

Since marginalization acts locally on degrees of freedom, the relevant renormal-
ization flow is not defined over countries but over the set of inter-layer replicas of a
single country pair. We can therefore drop the (7, j) indices and focus on the inter-
layer Hamiltonian.
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We now ask: what happens if one layer is unobserved? For instance, suppose the
trade of a specific commodity (e.g. fish) is missing, while all other commodities are
observed. Using the general marginalization formulas and , we obtain
the renormalization flow for the observable parameters:

14 eV +8

@) _ (@) 41 ]
€ € g 1+€6(a)

)

(1 +ee(a)+2ﬁ) (1 +ee(a))

(1+ eﬁ(a”ﬁa)2

B =p+log

An example of the resulting flow is shown in Fig. [£.6]

Figure 4.6:

Renormalization Group Flow
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(4.41)

(4.42)

RG flow of the equations (4.41) and (4.42) with a choice of ez = —5.

Inference on the unobservable space

We now turn to the inverse problem. Suppose that the parameters of the observable
multiplex (all layers except @) can be estimated from data. The renormalization equa-
tions can then be interpreted as constraints relating observable effective parameters

to the underlying microscopic ones:
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(1 + ee(&)+2ﬂ> (1 +ee(a)>
(1+ ef(‘”-&-b’)z

where (E(%), B) are measured, while the unknowns are the true microscopic paramet-
ers €@, 3, and the hidden-layer field €.
These two equations for three unknowns define a one-dimensional manifold in

B =p3+log , (4.44)

parameter space, implying that the inversion problem is underdetermined. A naive
closure would be to assume homogeneous local fields, e(*) = ¢, reducing the number of
unknowns. However, such an approximation is overly restrictive: inter-layer coupling
already acts as a homogenizing mechanism, and forcing identical local fields risks
erasing genuine heterogeneity.

A more principled resolution emerges from the discussion in Sec. [£.3.1] Margin-
alization does not only renormalize pairwise couplings: it systematically generates
higher-order interactions. These additional terms encode information that is impli-
citly present in the reduced model and can therefore be used as extra constraints
in the inverse problem. In the present case, the leading correction is the induced
third-order interaction

C@yg\? (@138
1+e 1+e

A]]] = }NL(‘S) = log - — (445)
(1+ @) (1 + e 1297
The effective Hamiltonian in the observed space therefore reads
~ ~(a a s a b
H(Ay) = =) & >A§j) -5 AEJ)AEJ)
a#a agébi
( )“7(;“ (c) (4.46)
—Aur Y, APATYAT +
a,b,c#£a
distinct

together with higher-order terms.

Crucially, this Hamiltonian describes the statistics of the observable system. There-
fore, empirical evidence that the reduced multiplex is well captured by a pairwise
model implies that higher-order effective couplings must be small. This provides a
natural closure condition: instead of imposing homogeneity assumptions, we constrain
the magnitude of the induced higher-order terms.

We thus introduce the inequality

A <R, (4.47)

where R quantifies the tolerance with which the observed system is described by
a second-order model. Operationally, R can be interpreted as a model-selection
threshold, e.g. derived from goodness-of-fit tests or information criteria comparing
pairwise and higher-order null models.

Geometrically, Eqs. l) define a curve of admissible microscopic para-
meters. The additional constraint restricts this curve to a smaller subset, effect-
ively regularizing the inversion. As illustrated in Fig. [f.7 decreasing R progressively
shrinks the admissible region, collapsing the degeneracy and yielding a nearly unique
reconstruction when the reduced system is strongly pairwise-dominated.
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Figure 4.7: The reconstruction problem defined by (4.43) and (4.44). In blue the line of

points in the parameter space €, 8, €@ that are compatible with the RG equations, with
measured parameters E( = 0.5, B = 1. In red the sub-manifold defined by adding the third
equation (4.47) with R respectively 1,0.1,0.01 from top to bottom.
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§4.5 Final remarks

In this chapter we tried to introduce a novel perspective on network reconstruction
problems in which missing information is localized on individual links or layers. The
framework was developed with information loss as primary direction, yet it natur-
ally reveals a deeper connection with renormalization ideas familiar from theoretical
physics. In particular, marginalization over unobserved variables plays the role of a
decimation procedure, generating a flow in model space analogous to renormalization
group transformations.

Starting from a general random network model, we derived explicit flow equa-
tions for the effective parameters under link marginalization. A central result is that
renormalization generically induces higher-order effective interactions: even when the
original model is pairwise, the reduced description typically involves many-body coup-
lings.

Rather than viewing this complexity as an obstruction, we proposed to invert the
perspective and use renormalization as an inference tool. In this “top-down” approach,
one starts from an effective model fitted on the observable space and exploits the
renormalization equations as constraints on the underlying microscopic parameters.
We illustrated this strategy in two complementary scenarios. In the Markovian case
(Sec. , the renormalization flow closes exactly, allowing for direct inversion. In
more complex settings such as multiplex all-to-all models (Sec. , closure is lost
but additional information can be extracted from the structure of induced higher-order
terms. There, controlled heuristics based on the smallness of effective many-body
interactions provide a principled way to regularize the inverse problem and recover
otherwise hidden parameters. Beyond these specific examples, the broader message
of this chapter is that marginalization-induced renormalization provides a unifying
language to study reconstruction under partial observability. The framework suggests
a new class of inverse problems in which missing degrees of freedom are not treated as
noise, but as generators of structured flows in parameter space. This viewpoint opens
several directions for future work. For instance, extending the formalism to temporal
networks could help address the time-resolution problem that often arises in empirical
data, where coarse temporal sampling effectively marginalizes over fast interactions.
Understanding how uncertainty flows across temporal scales may therefore offer new
tools for reconstructing dynamical networks.

Finally, this chapter is closely connected with the next Chapters in this thesis.
Namely, in Chapter [5] we analyze in detail the class of models that admit a mapping
to Markov chains and study the possibility of renormalization inversion in closed form,
providing the conceptual foundation for the exact reconstruction results discussed
here. In Chapter [6] we develop a general solution for second-order random network
models by deriving computable expressions for their partition functions. This makes
maximum-likelihood inference feasible for a wide class of pairwise models, thereby sup-
plying the computational backbone required to implement the reconstruction schemes
proposed in the all-to-all setting to virtually any other effectively binary Random Net-
work Model.
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This chapter is based on:
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Interacting Random Graph Models". Phys. Rev. E 113, 024314 (2026).

Abstract

Random graphs offer a useful mathematical representation of a variety of real world
complex networks. Exponential random graphs, for example, are particularly suited
towards generating random graphs constrained to have specified statistical moments.
In this investigation, we elaborate on a generalization of the former where link probab-
ilities are conditioned on the appearance of other links, corresponding to the introduc-
tion of interactions in an effective generalized statistical mechanical formalism. When
restricted to the simplest non-trivial case of pairwise interactions, one can derive a
closed form renormalization group transformation for maximum coordination number
two on the corresponding line graph. Higher coordination numbers do not admit ex-
act closed form renormalization group transformations, a feature that paraphrases the
usual absence of exact transformations in two or more dimensional lattice systems.
We introduce disorder and study the induced renormalization group flow on its prob-
ability assignments, highlighting its formal equivalence to time reversed anisotropic
drift-diffusion on the statistical manifold associated with the effective Hamiltonian.
We discuss the implications of our findings, stressing the long wavelength irrelevance
of certain classes of pair-wise conditioning on random graphs, and conclude with pos-
sible applications. These include modeling the scaling behavior of preferential effects
on social networks, opinion dynamics, and reinforcement effects on neural networks,
as well as how our findings offer a systematic framework to deal with data limitations
in inference and reconstruction problems.



CHAPTER 5

5. Renormalization of 1-D Interacting Random Graph

§5.1 Preliminary remarks

One of the most utilized approaches in modeling and studying the properties of
random networks is the so-called Exponential Random Graph (ERG) framework
[47, 50, [90]. Its formulation builds on the realization that in a precise sense, the form-
alism of statistical physics is ontologically equivalent to statistical inference, and can
be formalized more broadly in terms of a generalized statistical mechanics [1111, [112].
The workhorse of this generalization lies in viewing the Gibbs entropy formula as a
use case of Shannon information entropy [113], which facilitates applications beyond
physical systems towards any system where observable quantities are drawn from a
random ensemble. The implications of this are as immediate as they are profound.
One can define a probability measure that reproduces the observed statistics of any
given random system and associate it with the ‘Hamiltonian’ of a generalized statist-
ical mechanical ensemble. This is done by demanding that the measure replicate all
observed moments in a manner that maximizes its Shannon information, and therefore
being minimally presumptive of any other priorﬁﬂ One recovers the usual Boltzmann
weight when applied to thermodynamic systems, and in the context of random graphs,
the result is the formalism of exponential random graphs.

Given that the properties of a random graph can be derived from its adjacency
matrix, the ERG formalism associates a Hamiltonian to any random graph ensemble
such that the probability of realizing any given draw for the adjacency matrix A;; is

given by
e H(A)

P(A)=———: Z:= > e, (5.1)
{Ai;}
where Z is referred to as the partition function, and where the Hamiltonian is in
general a multilinear function of the elements of the adjacency matrix:

1 2
H(A) = —h(©) — th(‘j)Aij - Z hgjl)clAijAkl
ij ij#£kl
3
=3 B A A A, — . (5.2)
ijF#kl,

mnkl#mn
The form of the Hamiltonian parameterizes generic interactions among links related
to various graph observables, such as the number and distribution of triangles or
wedges. Its couplings up to some order can be fixed by demanding expectation values
associated with the probability assignment (defined by Eq. for a sufficient number
of observables {O,} be constrained to assigned values:

<Oa> = Z P(A)OG(A)> (53)

1In his seminal work, E.T. Jaynes credits Shannon as supplying the missing ingredient required
to actualize Laplace’s Principle of Insufficient Reason for assigning probabilities to account for all
possible draws from a random ensemble constrained to reproduce a fixed set of moments, and possibly
supplemented with additional structural priors [111] [112].
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subject to maximization of the Gibbs-Shannon entropy

S =— ZP )log P(A). (5.4)

In practice, one only ever has access to a finite number of observables, themselves
subject to sample variance and potential estimator bias. This will not be an issue for
the intents and purposes of a predictive framework for reasons that we will elaborate
upon shortly.

The {A;;} sum over the set {0,1} for unweighted graphs, and otherwise integrate
over arbitrary values for weighted graphs. In what follows, we restrict ourselves to the
unweighted case. The simplest example of the latter is furnished by the Erdgs-Renyi
random graph, for which all couplings in Eq. vanish except for h(l) = h(l)
log[p/(1—p)] for i # j (see e.g. [114]). A dlsordered variant of the Erdos—Renyl graph

is obtained by allowing the h%) to vary link-wise, so that

1 _ Dij
h;;’ = log (1 ) . (5.5)

— Dij

The exponential random graph approach has been successful in a number of con-
texts, including network inference problems, and is considered as the benchmark for
null models of random graphs. However, this approach comes up against a number of
difficulties in wider application. One is that while straightforwardly solvable for the
separable case — that is, when

Z=7175..Zn, N:i=N(N-1)/2, (5.6)

where each individual factor corresponds to the partition function for each possible
individual linkﬂ — when correlations and higher order conditionings are introduced,
analytic solutions are no longer so straightforwardly obtainable. Moreover, in phe-
nomenological approaches where one attempts to reconstruct graph Hamiltonians that
reproduce various features inferred from data, one is not only hindered by sample vari-
ance, but also by data that is limited to network realizations of specific sizes. Certain
features corresponding to graph generative processes, i.e. involving the dynamics of
graph formation and growth, might elude an inference approach based on the stand-
ard formulation of the exponential random graph framework.

Perhaps the best known mechanism of graph formation in network science is fur-
nished by the Barabasi-Albert network model, in which a ‘rich-get-richer’ process
drives graph evolution towards particular asymptotic scaling properties [7, [5]. The
conceptual utility of these models derives from their simplicity, which also inevitably
limits their applicability in modeling complex systems where multiple processes can
shape connections. To account for the latter, one might consider introducing dynam-
ical features that depend on various building blocks of the graph. One such class of

2For example, the partition function for a graph with N nodes factorizes as per Eq. When one
truncates the expansion beyond terms linear in A;; in Eq. @
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models are often referred to as fitness (or hidden variable) models [I1], 12} 47, ©5]
where one assigns node-specific variables, with graph interactions dependent on these
quantities. The assignment and distribution of the fitness variables end up determ-
ining the macroscopic properties of the graph and its associated network structures,
demanding answers to questions such as which features are relevant at the largest
scales, which are irrelevant, and how the presence of disorder in their assignment is
reflected in the statistics of macroscopic observables.

§5.1.1 The (effective) generalized statistical mechan-
ics of random graphs

In what follows, we develop the means to address some of the aforementioned issues
by taking the generalized statistical mechanical framework in which the ERG formal-
ism originates to its natural completion, from both a formal and an inferential point
of view. We do this by embedding it within the epistemic framework furnished by
the paradigm of effective theories |51}, 52, 53] 58]. The idea is simple to state — one
simply views the Hamiltonian in Eq. [5.2] as a moment generating functional that has
been operator Taylor expanded without loss of generality. Each specification of the
coefficients in its expansion parameterizes a specific point in theory space, where the
only prior restrictions on the coefficients stem from the symmetries and structural
constraints that define the system.

Although at first glance it might seem that one has to specify a tower of coeffi-
cients in order to have a predictive or retrodictive framework, this is operationally
not the case given that one only ever has access to limited resolution and sample sizes
in observations. Consequently, only a finite number of coefficients have to be fixed
(which is to work up to a certain order in the operator expansion) in order to have
a predictive framework for all subsequent observations to the stipulated accuracyﬂ
The reason for this can be understood both from a renormalization group (RG) and
a statistical inference point of view. When viewed as an effective Hamiltonian, the
terms in the expansion of Eq. [5.2] represent an ordered series in terms of relevance:
Power counting relevance from the perspective of a renormalization group analysis,
and parameter relevance from the perspective of statistical inference. The former can
be viewed as a special case of the latter through the portal of Fisher information
[115] [I16], in a manner that is straightforward to articulate.

Sequentially higher order terms in the effective Hamiltonian (Eq. [5.2) have an
increasingly smaller effect on observable quantities, caveating footnote [3] That is,
attempting to fix the parameters of the Hamiltonian with inevitably limited data
will result in a likelihood function that will exhibit progressively weaker paramet-
ric dependence on higher order couplings in a pronounced hierarchy. Leading order

3This presumes that one works in an operator basis such that the analog of Eq. represents an
expansion whose leading order terms correspond to an exactly solvable system (however non-linear
or strongly correlated), where the higher order terms parameterize collective modes that perturb
away from this solution in a convergent series.
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couplings will correspond to the largest eigenvalues of the associated Fisher-Rao in-
formation metric [117, [T18|, [IT9], or have the greatest parameter relevance. Higher
order couplings will correspond to successively smaller eigenvalues, or be increasingly
irrelevant. This is perhaps best illustrated through an example that ought to be
familiar to many readers.

For continuum physical systems, the renormalization group notion of power count-
ing relevance translates directly into a derivative expansion. By expanding in a series
of derivative operators that is consistent with the symmetries of the system (e.g. ro-
tational symmetry), one can effectively model arbitrary dynamical processes up to
some resolution. Since derivatives have physical dimension, successively higher de-
rivative terms require compensating dimensional factors in order to book keep the
expansion. For example, one can consider modeling an isotropic diffusion process via
the following effective equations:

% =0p+ DyV%p+ Dyl*Np + DtV + .. (5.7)
where as written, all the higher order coefficients Dy, D¢ etc. have the same physical
dimension as the diffusion coefficient D5. At spatial resolutions L > /¢, so that the
Fourier modes associated with these scales have wave numbers that satisfy kr, /k, < 1,
we see that Eq. [5.7] represents a convergent operator Taylor expansion where suc-
cessive terms are subleading in even powers of kr/k,. We’ll return to the physical
significance of the so far arbitrary scale ¢ shortly.

In order for the quartic operator to have a comparable effect to the leading diffusion
term, the Dy coefficient would have to be dialed up to D4 ~ ng’?/k% > Dy. Simil-
arly, one would need Dg ~ D4k§ /k2 > D, in order for the sextic operator to compete
with the quartic, and so on. Conversely, unless the D, coefficient starts to approach
Dy ~ Dsk2/k%, the quartic operator will have negligible effects on long wavelength
observables in comparison to the quadratic diffusion operator. In fact, there is a wide
range within the parameter interval defined by the condition |D4| < |D2k? /k% | where
D, can vary and have parametrically negligible effects on long wavelength observables
relative to the leading diffusion term. That is, the likelihood function constructed from
repeated observation will have a much weaker dependence on D4 than Dy, and will
hence be associated with a smaller eigenvalue of the associated Fisher information
metric.

In the context of a renormalization group analysis, when one successively coarse
grains over small scales and re-expands the effective equations of motion as in Eq.
.7 after each coarse graining, one will find that the value of Dy remains roughly
the same, whereas D, decreases. For this reason, D, is classified as marginally rel-
evant, and D, is classified as irrelevant, with both notions exactly corresponding to
their parameter relevance as determined by their associated Fisher metric eigenvalues
[115] 116 IQOﬂ All that remains is to clarify the nature of the scale £ in Eq. In

4The classification of operators into categories of relevance, marginal relevance, and irrelevance
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a precise operational sense, it is the resolution scale of our effective description. Were
one to average over all fluctuations with wavelengths smaller than the length scale ¢,
the resulting equations of motion for all modes with wavelengths longer than than ¢
would be reproduced by an operator expansion corresponding to Eq. paramet-
rically weighted by factors of ¢2 with order unity numerical prefactors. If one views
diffusion processes as having coarse grained an underlying kinetic theory description
[123] 124], one can explicitly demonstrate this via an influence kernel parameteriza-
tion of inter-particle forces (see e.g. [125] in the context of broken symmetries).

The realization that one can parameterize one’s ignorance of small scale processes
via an operator expansion and still end up with a tractable and predictive framework
for macroscopic observables is what freed particle physicists from having to work
within the confines of renormalizable field theoriesEI, and ushered in the era of effective
field theories. The latter represents the state of the art in particle phenomenology,
and it features an underlying logic that transcends its original application towards
continuum systems. One simply writes down all possible operators that could appear
in the moment generation functional not forbidden by symmetries or other kinematic
or structural constraints (i.e. the effective action in the context of particle physics,
or the effective Hamiltonian in the context of a generalized statistical mechanical
system), and classifies them according to their parameter relevance.

§5.1.2 Universality classes of graph Hamiltonians

It is from the vantage of effective theories that renormalization group analyses take
on a categoric importance of their own. Not only do RG methods give us the tools
to determine parameter relevance, their complete implementation allows us to unam-
biguously determine which quantities are legitimate observables at long wavelengths,
and what may be artifacts of various approximation schemes. An important corollary
of this classification is that all models flow under renormalization towards a handful
of equivalence classes at large scales, and given the special designation of universality
classes. Which universality class one flows to is determined entirely by the invari-
ances or symmetries of the system, along with how these symmetries are broken as
one changes scale.

In what follows, we attempt the first steps in understanding the behavior of a gen-
eralized statistical mechanical parameterization of unweighted random graph models
under renormalization group flow. Our starting point is the operator expansion Eq.
(.2] whose most immediate consequence is that the probability for any link to appear
will generically be conditioned on the appearance of other links. As a consequence, the

under the action of the renormalization group is owed to Kadanoff and Wegner [121] [122].

5In particle physics effective field theory, the adjective renormalizable is reserved for those the-
ories which form a closed subspace under renormalization group flow in the space of all theories,
parameterized via some operator basis. Effective theories in general need not be renormalizable by
this definition, but nevertheless remain predictive as discussed, as only a finite subset of operators
corresponding to the leading order terms in any derivative expansion remain relevant or marginal as
one flows to the infra-red (see e.g. [51} 62]).
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partition function for the graph will not be factorizable into a product of independent
partition functions for each link. That is,

Z # 21 2. On, (5.8)

where once again N counts the number of links in a graph with N nodes, and we
omit the possibility of loops (edges that begin and end on the same node) in the
discussion to follow. The simplest non-trivial case of this is when one restricts to
bilinear interactions, which can be written without loss of generality as:

1
H(A) =~ Z&'inj —3 Z BijriAij Ari, (5.9)
i<j 1<j,k<l
(4,59)# (k1)

where the pairs (¢,7) and (k,!) denote the links connecting the respectively indexed
nodes. Tripartite and higher order conditioning can similarly be introduced via cubic
and higher order interactions via a generating function formalism and if this higher
order conditioning is weak enough, one can avail of the diagrammatic methods of
statistical field theory and work in a perturbative series in the corresponding small
cubic and higher couplings (see e.g. [120]). Although we won’t pursue this possibility
in the present investigation, a more complete study of parameter relevance in random
graph models would necessitate it. Instead, we focus only on bilinear interactions in
what follows and defer a more comprehensive study to a future investigation. A rich
structure already emerges within this class, where moreover, the existence of a closed
subspace under exact RG transformations can be demonstrated.

Truncating the effective Hamiltonian to bilinear interactions might seem like an
academic oversimplification at first glance. However, as elaborated in the next section,
Eq. can also be viewed as the Hamiltonian of an equivalent disordered spin system
with couplings of arbitrary order (i.e. in terms of degrees of nearest neighbors), whose
effective dimensionality is determined by the number of nearest neighbors each site
has. We refer to this quantity as the coordination number of a link, which is encoded
in all the hg?,)d terms being different from zero. Were one to presume a hierarchy for
these terms over higher order couplings, the result of successive RG transformations
for a large class of bare effective Hamiltonians would be to flow towards the form
Eq. which therefore represents a universality class of equivalent random graph
models, and therefore an important object of study on its own terms. Moreover, from
a practical and application intensive point of view, Eq. [5.9] can also effectively model
temporal Markov network processes, where RG transformations would correspond to
temporal coarse graining. We elaborate on this in more detail in an accompanying
study [127], and commence our formal study of random graph renormalization in the
following sections.

§5.1.3 Outline

The goal of this paper is to set up a general framework through which one might
quantify the scaling of interactions in random graph models. That is, to determine
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the relevance, or irrelevance of the conditionings of different graph variables on each
other. Although this is highly non-trivial problem in full generality, we focus in what
follows on a restricted class of transformations for which closed form renormalization
group transformations are available, which we argue to represent a universality class
of graph Hamiltonians.

In the sections that follow, we first set up the formalism of random graph renor-
malization in the line graph representation in section [5.2} elaborating on the existence
of closed form RG transformations for maximum coordination number two pairwise
interactions. We then consider how these interactions renormalize when the coup-
lings are homogeneously assigned in and generalize to the disordered setting in
[(.4] where we immediately find that the problem can be recast in terms of determining
the the induced flow on the disorder probability assignments. We conclude our in-
vestigation with a discussion of the implications of our findings, the most pertinent of
which is that within the universality class of bilinear graph Hamiltonians, all models
are infra-red trivial, meaning that all pairwise conditions flow to irrelevance at large
enough scales. We translate the ramifications of this for a number of applications,
and close with a discussion of open questions and future directions.

§5.2 Line graphs, spin chains, and closed RG trans-
formations

The graph Hamiltonian Eq. [5.9]can be re-expressed as the Hamiltonian of a disordered
spin chain via mapping to the line graph:

H(A) = - za:EaAa - % ZﬁabAaAby (510)

a<b

where distinct pairs of indices (4,j) are mapped to a single index a, so that edges
have been mapped to nodes, and where 1 < a < N. We stress that a priori, there is
no natural notion of nearest neighbor on a random graph at the level of the effective
Hamiltonian Eq. [5.10] Metric notions of nearest neighbors and local neighborhoods
— key to the usual implementation of the renormalization group — are only something
that can be defined for a specific instance of a random grap}ﬂ Moreover, the coup-
lings €, and [, are a priori completely arbitrary, and need not even correspond to
‘local’ interactions. That is, without additional restrictions, the probability of any
given link appearing can in principle be conditioned on an arbitrary number of other
links.

Nevertheless, a class of bilinear interactions can be distinguished by the fact that
they remain closed under an exact RG transformation that corresponds to decimation
on the line graph. Specifically, we consider interactions of the form:

Bab = gaéa,bfl + gb(sa,b+17 (511)

SFor a recent review on progress and open issues regarding network renormalization, see [54].
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so that

N
H(A) == [ea + gaAas1] Aa, (5.12)
a=1
which formally looks like the Hamiltonian of a paramagnetic spin glass with nearest
neighbor interactions, in spite of the absence of such notions on a random graph.
The coefficients ¢, and g, themselves could be drawn from independent ensembles,
corresponding to arbitrary ‘local’ disorder.

As discussed in Chapter [] the formal process of integrating out one or more of
the edge degrees of freedom in the context of Eq. is equivalent to statistical
marginalization, and effects a decimation renormalization group transformation on
the line graph. It should be stressed at the outset that there is no a priori compulsion
to have imposed this transformation uniformly, and one can consider determining
the parameters of the effective Hamiltonian obtained by marginalizing over a single
link in isolation (in [127] we take an approach to network renormalization that is
premised on iterating this procedure). The result of having decimated the n’th link
is a locally coarse-grained line graph with an effective Hamiltonian with the following
renormalized couplingsﬂ:

. 1 In—1+gnten 1 En
Gn_1 = log (1+e ) (1+e™) , (5.13)
(1 + egn+5n) (1 + egnfl‘i’gn)

_ (1 + egn-1Fen)
En—1 = En-1 +10g{(1_|_esn)}’
B (1 4 e9nten)
Entl = Eny1+log {(1_1_65”)} )

with all others left unchanged. On the other hand, the effect of uniform decimation,
where every alternate node on the line graph is successively marginalized over is to
effect the following transformations:

_ _ (1 + 69n+9n+1+6n+1) (1 + e€n+1) 514
In = 10 (1 + egn+€n+1) (1 + egn+1+€n+1) ’ ( : )
N (1 + egn+5n+l) (1 + 6gn71+5n71)

n - n 1
IS En + Og{ (1+66n,+1)(1—|—e‘5n71>

where we’ve relabeled the indices to run over the integers again after each successive
uniform decimation. A simple derivation of these equations can be found in the con-
text of the Ising Model with sparse disorder (see e.g. [128]), or in our accompanying
paper [127].

The closure of these RG transformations — meaning that each RG step returns
an effective Hamiltonian of the same operator form up to rescaled couplings and

7Up to an overall rescaling of the partition function that is equivalent to a localized additive free
energy contribution given by F, = log[l + €5], corresponding to the individual contribution of the
marginalized over link.
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Figure 5.1: Schematic rendering of mazimum coordination two couplings (top) and a single
bare coordination number three coupling (bottom) under RG transformations. The red crosses
indicate the sites that are decimated at each RG step. More generally, successive RG steps
increase the mazimum coordination number, and flow towards all-to-all couplings (bottom
most diagram).

an overall rescaling of the partition function — results from the fact that Eq. [5.11]
represents bilinear interactions of maximum coordination number two in the line graph
representation. Consequently, the associated Hamiltonian Eq. [5.12]maps onto that of
a one dimensional spin glass with localized disorder and an inhomogeneous external
magnetic field, inheriting the closure and exact implementability of renormalization
group transformations specific to one dimensional systems. This is no longer the
case the instance we add even a single interaction with coordination number three
or higher, with successive RG transformations driving the system towards highly
heterogenous all-to-all couplings (the homogeneous limit of which would be a Curie-
Weiss like model).

Specifically, consider replacing some of the terms in Eq. with the following
coordination number three interaction:

H > [Em + gmAm+1 + g;.nAm_;,_k] A, (515)

for some fixed m and some integer k. In the context of the analog lattice system
where one can avail of notions of metric distance, k = 2 would correspond to a next
to next to nearest neighbor interaction. In the present context, we leave k arbitrary,
and view it as corresponding to conditioning the m’th and m + k’th links on each
other. Under repeated decimation, the maximum coordination number on the line
graph would successively increase in such a manner such that when one considers
randomly distributing higher coordination interactions across the graph, the effective
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Hamiltonian would flow towards all-to-all couplings, schematically depicted in Fig.

B

§5.2.1 Maximum coordination number two = disordered

spin chain

The fact that maximum coordination number two and all-to-all couplings represent
the two universality classes that admit closed form renormalization group transform-
ations is a transcription of the closure of RG transformations in one dimensional
lattice spin systems to the context of random graph models. We can also make
a straightforward identification for higher coordination numbers by noting that the
lack of closure for RG transformations in general higher dimensional lattice systems
necessitate approximation methods to force closure, such as bond shifting [129] [130],
variational, or mean field methods (see e.g. [131] for an overview)ﬂ In the absence
of these approximations, summing over the contributions of short distance degrees of
freedom generates higher order and beyond nearest neighbor interactions with each
successive RG transformation. In spite of this, the availability of a predictive effective
description via an effective Hamiltonian stems from the fact that these higher order
and higher point interactions correspond to increasingly irrelevant operators as one
flows to the infra-red, and is the basis of the derivative expansion in continuum de-
scriptions (cf. footnote|p). Hence, RG transformations generate trajectories in theory
space where all possible interactions are generated, albeit arranged in a hierarchy of
relevance for long wavelength observables. The limit of this flow for an initial line
graph with bilinear interactions of arbitrary coordination number is heterogeneous
all-to-all couplings, unless the bare couplings form a closed subspace to begin with,
as is the case for maximum coordination number two.

§5.3 Homogeneous RG flow

A simple but informative case to get our bearings with is the setting where each
of the {gq,e4} couplings in Eq. are respectively fixed to be the same, and we
successively decimate, or marginalize over alternate links on the line graph (see for a
thorough derivation [I27]). In this case, Egs. reduce to the following system of
equations:

(14 e9te)?

(14e9%9)
(1+e9) }

g = log{ (L c*e) A+ e?) } ) (5.16)

g 6—|—21og{

where tildes denote renormalized quantities, and where the discrete generalization of
the beta functions, defined as Dg := g — g = B4(9g,€), and De :=€ —¢ = B.(g,¢), are

8Caveating the availability of exact solutions in the specific case of d = 2 in the absence of disorder
[132, [133).
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Figure 5.2: RG flow for homogeneous coordination number two interactions towards an
Erdds-Renyi fixed line, where arrows indicate direction of flow and color determine the its
intensity, lighter being stronger. Upper panel: A shearing behavior for positively correlated
conditioning is apparent, along with a separatriz along the line € = —g for g > 0. This
corresponds to the vanishing of the beta function of external magnetic field h := ¢ + g along
the line h = 0 for the analog spin glass system, illustrated by the bottom panel.

given by:
(1+e27+9) (1+¢°)
e9 (1 + eg+e)?

b(ge) = 21g{“(1+++))}

|
—
9]

ﬁg(g,a)

, (5.17)

The RG flow corresponding to these beta functions is depicted in Fig. [5.2] where
we see that successive transformations drive one towards the g = 0 fixed line, so the
links are no longer conditioned on each other and we recover an Erd&s-Renyi random
graph at long wavelengths.

The various features of the flow diagram lend themselves to straightforward in-
terpretation. We first note that the part of the diagram below the g = 0 axis is
only meaningful for a single RG step. The reason is that implicit in Eq. [5.10]is the
fact that were we to begin with a negative value for the bare g, a single decimation
iteration will return a positive value for g. Although the structure is far richer when
we turn our attention to inhomogeneous and disordered interactions, the latter fea-
ture of considering only homogeneous interactions can be readily understood from
the fact that on the analog spin system, negative values of g corresponds to uniform
anti-ferromagnetic couplings. When one considers the effect of marginalizing over two
adjacent anti-ferromagnetic couplings, the result is a effective ferromagnetic coupling
(i.e. g > 0) that maintains its ferromagnetic nature under further RG iterations.

The separatrix that is apparent along the line € = —g in the upper plane, along
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with the fixed line at g = 0 can also be readily understood by referring to the analog
spin system. Recalling Eq. [5.12] and making the transformation to the spin variables

14 20, 1
Ay = — 220 g =4, 5.18
5 o 5 (5.18)
the result will be a Hamiltonian of the form:
N N Gatg
Ho) ==Y gu0utats — o | g + 2o TatL 5.19
@)= =L guruon = 30 (e0+ 22 2o2) (5.19)

where we’ve neglected to include additive contributions to the free energy. When
restricted to the case ¢, = € and g, = g, we see that this Hamiltonian maps on to
that of a one dimensional Ising model in the presence of an external magnetic field

h with the identification h := ¢ + g. Given that decimation in zero external field
does not generate any one point terms in the renormalized Hamiltonian, the locus
represented by h = 0 or ¢ = —g for represents an (unstable) fixed line in the upper g

plane, and an attractor in the lower g planeﬂ Furthermore, the fact that the overall
flow is driven to a fixed line at g = 0 follows from fact that in one dimension, RG
flow drives one towards the infinite temperature fixed point under the identification
g = J/(kgT), where J denotes nearest neighbor couplings on the analog spin chain.

Finally, the shearing structure on either side of this separatrix also admits a
straightforward interpretation. When one positively or negatively conditions the
probability of a given link to appear on the appearance of another link, it effectively
increases, or respectively decreases the probability for that link to appear for homo-
geneous probability assignments, provided that the conditioning is strong enough.
Therefore coarse graining will steadily drive the effective probability up or down de-
pending on whether one is in the upper or lower g-plane until one is driven to the
(analog infinite temperature) fixed line at g = 0.

A far richer structure appears when one allows for the couplings to vary by site on
the line graph. Although it would be meaningful to consider the effects of an arbitrary
initial specification of the full set of couplings {4, ga}, @ more general framing with
an eye towards further applications would be to draw these from some probability
distribution function (PDF), which is to introduce disorder on the line graph.

9This is made explicit by considering the beta function for the linear combination h = ¢ + g,
which is given by 8; = log {(ngrE + 679) /(1 + ea)}, from which we see that 8;, = 0 on the locus
e=—g.
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§5.4 Random disorder and induced probability flows

A useful reformulation of the RG transformations Eqs. [5.14]is in terms of the variables
Ypn = €9 and x,, := e, in which they take an algebraic form:

~ _ (1 + yny7l+1xn,+1)(1 + xn—i—l)

(U Yamns ) (L Y1 Tngn)’

T _ (1 +ynxn+1)(1 +yn71xn71)
" " (14 zpy1) (1 +20-1)

(5.20)

We consider each of these variables to be drawn from some statistical ensemble. Al-
though the most general possibility has these being conditional probability assign-
ments, a rich structure is nevertheless presented when restricting to cases where they
are independently drawn from site-wise independent distributions.

We denote this set of independent probability distribution functions as {i,(y.)}

for the y,, variables, and {x (z,)} for the x,, variables. Given that ¥, = ¥n(Yn,Yn+1, Tnt1),

and Z,, = Tp(Tn—1,%n, Tntl,Yn—1,Yn), it must be the case that under decimation,
successive RG transformations induce a flow on the probability assignments given by

Jn(?jﬂ = y) = // d'rn+1dy7Ldyn+1 1/%(%) (521)
0 0

X ¢n+l(yn+1)Xn+l(xn+l)5(:‘7n - y)a

and

Xn(Th =x) = / dxn—1dx,dx,+1dyn—1dyn,d (T, — )
o Jo

><1pn—l (yn—l)wn (yn)Xn—l (xn—l)Xn (xn)Xn-&-l (xn—i-l)z (522)

where the dependent variables y,, and T, that appear in the arguments of the delta
functions are given by Egs. The renormalized distributions are normalized to
unity by default, as seen by integrating both sides of the above with respect to y and
x, respectively.

We first consider Eq. where we note that the delta function integral can be
performed by changing the integration variable to y,. To do this, we must first invert
Yn given by Eq. in terms of the variable we look to transform, which we choose
to be y,. The result of this inversion is given by

(I +2pt1) = (1 + Yn1%Tn41)¥n
[xn-i-l(l + yn-&-lxn-i-l)?jn - (1 + xn+1)yn+lxn+1] ,

Yn = (523)

so that after accounting for the Jacobian factor and performing the subsequent y,
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integral, one ends up with

&n(y) :A /O dynJrldanrl{G(yn)wn(yn[x’rﬂrlvyn+1ay])

Yot 1 (Yt 1) Xn 41 (T 1) (1 + 2o 1) (1 + Yny1Tn41) Y1 — 1 }
Tn+1 [(1 + yn+1$n+1)y - (1 + xn+1)yn+1]2

(5.24)

where the Heaviside step function enforces the domain of integration to be such that
Eq. is positive for y = y,,. Proceeding analogously for Eq. one obtains

0o oo
0 0

Yn—1 (ynfl)wn(yn)xnfl (xnfl)XnJrl (xn+l)
(I +2n1)( +2p-1) }
(T4 ynTn1) (A + Yn12n-1) )’
where the implicit dependence of x,, on the remaining independent variables is given
by:

(5.25)

7 (L4 @ng1)(1 4 2p—1)

" 1+ yn$n+1)(1 + ynflxnfl) ’
One can either specify the probability assignments x(z) and ¥(y), or one can specify
them for the original variables C(e) and P(g) via the relations:

Ty =

(5.26)

wly) = Pl 3 = 20, (5:27)
x(@) = Celah = = S8,

where we have used that g = logy and € = logx. Repeating the same steps that led
to Egs. and we obtain the induced RG flow for P(g) and C(e) as

P ( gn=9) = / / dgn+1d5n+1{G(gn)P7z+l(gn+1)

69(1 + €5n+1)(1 + egn+1+5n+1)‘egn+1 _ 1|

eEn+1 [(]_ + egn+1+€n+1)eg — (]_ + e£n+1)69n+1]2

XCn+1(5n+l)Pn(gn[En+la gn-i-lvgn = g])}a (528)

where g, in the argument of P, above is obtained by taking the log of Eq. [5.23] and
substituting the definitions for the y and x variables. Similarly, one finds:

Cn(En =€) :/.../dgn_ldgnden_ldenH{Pn(gn)

(]_ + e€n+1)(1 + esn—l)

Pn_l(gn_l)cn_l(en_l) (1 + egn+5n+1)(1 + egn71+6n71)

X0n+1 (5n+1)cn(5n [gn—la InsEn—15En+1, En = 5]) } . (529)
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Figure 5.3: Top panel: Renormalization group induced deformation of the bare probability
assignment I1(y) given by Eq. for ar =5, Ar = ¢! (red line) for k from 1 to 5 (gray

dashed lines with successively coarser dashing). Bottom panel: The same, but for I1(y) given

with parameters oz =4, g = €.

Although the convolutions in both sets of Egs. and Eqgs. are
amenable to numerical integration for arbitrary probability assignments, it is inform-
ative to consider certain special cases.

§5.4.1 Sparse disorder

The simplest non-trivial example one could consider is the case where disorder is
localized to a single site n, so that the bare probability assignments for the x and y
variables are given by:

(X0 (@a) Yazn = 0(za — 2©), X (2n) = Qzn) (5.30)
{0 Wa) Yazn = 0Wa — ¥ ), ¥ (yn) = T(yn)

where Q(z,,) and II(y,) are the bare distributions of the = and y variables for the site
where the disorder is localized. Inserting these into Egs. and yield the fol-
lowing induced renormalization group transformations on the probability assignments
upon iteration:

0 (k) (k‘) 2
(k+1) _ n (Y) (1 + )
o /0 dy{ (1+yz®) (1+y®z®) (5.31)

T (1 + x(k))2
(1 + yx(k)) (1 + y(k)g;(k)) ’
(142l — 1](1 + Oy ®)

U0 = Sy G - 1) - 1 (532

x x )

e 1+ 2 — g (1 4 2By
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where dummy variables have been relabeled for compactness, and where
XD (@) agn = 8 — D), (5.33)
{i/h(;kﬂ) (y)}uqén = 6(y - y(k+1))?

where the arguments of the delta functions z(®) and y(©) in Eq. get recursively
renormalized to z(*) and y*) via Egs. as:

(1 + y(k)zm(k)) (1+2®)
(1+y®Rz®)?
o (Lt y2)°
X —_— .
(14 20)?

The effects of successive RG transformations are particularly straightforward to eval-
uate for the link disorder assignment 7,[1,(lk) given that no convolutions are involved in
Eq. (.32} The subscript on Eq. [5.32]is to denote an implicit factor of the Heaviside
step function that enforces the positivity of the argument of wﬁf).

y ) : (5.34)

LD

For illustrative purposes, we choose the bare distributions for both x and y to be
Gamma distributed over the interval [0, c0), so that

A
M(y) = e )y nlgmAny, (5.35)
AG® 1_-X
0 — w au—1_—-Aux
(x) I‘(aw)x e )

where the mean and the variance, given by a/\ and a/\? respectively. which one can
specify arbitrarily. Note that the x variables relate to a probability assignment for a
corresponding Erdos-Renyi random graph via the relation (cf. Eq. [5.5)):
p
r=e = ——. 5.36

= (5.36)
Upon repeated decimation transformations, we see that the disorder probability as-
signment would asymptote towards a delta function distribution centered around
y = 1 in Fig. [(.3] corresponding to the g = 0 fixed line in Fig. [5.I This is not
particularly surprising, as the latter is a global attractor, and every realization within
the disorder ensemble would flow towards this fixed line under repeated decimation.

One can also adapt these results to the case where one has disorder localized to
multiple, but sufficiently sparsely situated siteﬂ The renormalization of the local
probability assignments would proceed according to Egs. and up until
the RG step where any two sites where disorder has been assigned would coalesce
under decimation. At this step, one has to revert to the expressions for the general

transformation Egs. iterating again from there with Egs. until

the next step where coalescence occurs (cf. [128]).

10Tn more precise terms, this would be localized disorder that vanishes in the thermodynamic limit.
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§5.4.2 Uniform disorder

A more general scenario would be to consider the {y,} and {z,} variables to each
be independently and identically distributed. Although the general convolutions ex-
pressed in Egs. and can be iterated in this case, it is useful to recast the
former in simplified and more symmetrical form by transforming to the variables
Zn, T, Where 2 1= 2,1y, = 7197 so that Eqs. transform to:

~ o (xn + ZnZnJrl)(l + anl)

Zn 5.37
(14 2p1)(1 4 2n41) (5.37)
I _ (xn + ann-i-l)(l + Zn—l)
" (L4 zng1) (1 + 2p-1)
We now presume the disorder to be uniformly assigned as:
8 (@n)bvn = X(n), {00 (2n)hvm = $(2n), (5.38)

for bare probability distributions x(x),¥(z), where the latter is given by the product
distribution for the variables x and gy, which can in principle be specified independ-
ently. Repeating the same steps that led to Egs. [5.24) and [5.25] one arrives at the
following induced RG transformations for the probability assignments at any given

sitdﬂ

ED (g / /dudvdyd {( (er)Sng”) (5.39)

o 1] e )x(k)(y)x(k)(w)},

and

P () / / dudvdydw{w(’”(v)w(’“)(y)w(’“)(w)

(ut+yw)(1+v) gl wt+yw)d+v) (*) (4,
22(1 4+ w) { z(14+w) 1}+X ( )}’

(5.40)

where again, the + subscripts denote an implicit Heaviside theta function in the
integrand to ensure the positivity of the arguments of ¥/*) and x*) in the above.
The two equations represent a set of coupled non-linear convolutions that can be
iterated repeatedly to evaluate the induced renormalization group flow on the bare
probability assignments x(?) and ¢(*). Their evaluation can be simplified in some

1 Here, and in all analogous derivations that follow, one writes down the analogous equations to
Eqgs. @ and @ identifies a convenient integration variable which admits a unique inverse for the
RG transformations for this variable alone analogous to Eqgs. and performs the delta function
integration accounting for the appropriate Jacobian factor and integration limits.
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Figure 5.4: Renormalization group induced deformation of the uniform probability assign-
ments C¥)(g) (top) and P™ (h) (bottom). Bold red lines denote the bare probability as-
signments, taken to be Gaussians with means and variances given by pu. = —3,0. = 1 and
un = —3,0n = 1, respectively, and the gray dashed lines represent successive RG convolu-
tions running from k =1 to 3 with increasingly coarse dashing.

cases by noticing that both convolutions can be expressed as

x* D (z) = 4 // du dv dy dw{\ll(k) [f (z|u, v, y, w)]
dx o Jo

xp ™ (w)x ¥ (v) x *) (y)x('“)(w>}, (5.41)

d oo o0 _
YD () = 5 /0.../0 du dv dy dw{:(k) [9(z|u, v, y, w)]

< x ) (u) ™ (0)p*) () ) (w)}. (5.42)

where W(¥)(s) is the cumulative distribution function W (s) = [ dt©(t)y™ (t)
where the step function under the integrand enforces the vanishing of ¥ where the in-
tegrand has no support, where Z(*) (s) is defined analogously, and where the respective
functional arguments are defined as:

z(14+w)(1+wv)

Jlu v yw) = T wrww b (5.43)
_ (utyw)(d+v)
9(zlu,v,y,w) = R R

Eq. has the advantage of recasting the induced renormalization group flow
on the probability assignments as a gradient flow. One can also repeat the derivation
to obtain the analogous expressions for the distribution of € and the joint distribution
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for h = ¢ + g, denoted C*)(e) and P*)(h) respectively:

k) () = l/wszggdvdychu{ [1__6§(f%i2;§?1j?ev)]11
IINCHEEE)
XP(k)(U)C(k)(v)C(k)(y)C(k)(w)}7 (5.44)

and
POD Ry = J/z;/iz?dvdy(hv{ [1__(6“—£t:+i:2ff%ev)}+l
o ()
XC“WWP%VWPWVMPWOM}v (5.45)

where the subscripts now on the Jacobian factors again restrict the integration domain
to be such that the respective factors are both positive. As before, one can recast
both convolutions as an analogous gradient flow:

d o o0
= /.../dudvdydw %) [F(e|u, v, y, w)]
de —o0 =0

xP(k)(u)C(k)(v)C(k)(y)C(k)(w)}, (5.46)

C(k—i—l) (6) —

PEFD(p) = —r /.../dudvdydw{E(k) [G(hlu,v,y,w)]
x O () pF) (v)P(k)(y)P(k)(w)}, (5.47)

where TI®)(s) = [ dtO(t)P®)(t), and EX)(s) = [ dtOF)CH(t), where we've
defined:

F(elu,v,y,w) = log { es(l(e—ly— j_wziij) ) _ 1}, (5.48)
et + ¥t e’
G(hlu,v,y,w) = log{( —El+e“)J§ih+ ) _ 1}.

We illustrate the induced RG flow on the bare uniform disorder probability assign-
ments in Fig. Visual inspection of both Figs. and seems to suggest the
induced renormalization group flow to be akin to some sort of active transport process
for the disorder probability assignments.
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§5.5 Implications and applications

Over the preceding chapters, we have shown how restricting, or truncating the effective
Hamiltonian to quadratic order (cf. Eq. results in closed form renormalization
group transformations whose repeated iterations result in pairwise interactions flowing
towards increasing irrelevance. For infinite, or very large networks, one would say
that such interactions flow to triviality at large scales. We defer the discussion as
to whether this feature persists once higher order interactions are introduced to our
concluding remarks, and discuss the implications of these facts for various applications
in what follows. We do this by first distilling our findings to their bare elements, and
then contextualizing them in a number of applied settings. These elements are:

e Disordered Erdés-Renyi random graphs with pairwise conditioning of the indi-
vidual links admit closed form renormalization group transformations for max-
imum coordination number two.

e Repeated RG transformations render these interactions irrelevant, flowing to-
wards a disordered non-interacting Erdés-Renyi random graph.

e Were one to draw the couplings of the effective Hamiltonian from a disorder
ensemble, the effects of pairwise conditioning results in localized skewing of
the macroscopic probability assignments relative to their microscopic (bare)
assignments.

e The induced RG flow on the disorder probability assignment corresponds to
time reversed drift-diffusion on the associated statistical manifold.

We now detail the ramifications of these elements for a number of applications. What
follows is only a partial survey, with further applications, especially when higher order
conditionings are incorporated and suggestive of future lines of inquiry revisited in
our concluding remarks.

§5.5.1 Peer, preferential, susceptibility, and reinforce-
ment effects on random networks

Random graphs are often invoked as a mathematical model for social networks, con-
tact networks, or relationship networks more generally. Allowing the probabilities
to form links depending on graph properties associated to a given node can lead to
an variety of interesting network structures and topologies. Preferential attachment
models [? | are a widely studied class of network growth models that associate the
probability of nodes sequentially added to a graph to connect with existing nodes
in a manner that depends on their degree (see e.g. [4 [134] for a survey). This is
implemented via an attachment kernel, where the link formation probability is given
by p; = f(ki)/ >_; f(k;), where the sum is over the existing nodes, and where f(k;) is
some function of the degree k; of the nodes. Within the context of a generalized stat-
istical mechanical formalism, preferential attachment models are possible to realize
for linear attachment kernels provided we go beyond maximum coordination number
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two. This can be seen by the fact that any conditioning of a given element of the
adjacency matrix on the degree of a node that it might connect to would necessitate
operators of the form:
i#k

Such terms would correspond to terms in an effective Hamiltonian of the general form
Eq. as opposed to Eq. on the corresponding line graph representation. Non-
linear attachment kernels of the form p; oc f(k;) would necessitate the addition of a
series of higher order interactions of the form

H(A) D Ay, (Z Aij)n (5.50)
ik

that depend on the Taylor expansion of the kernel function f(k;), for which the bilin-
ear truncation Eq. would no longer be fit to purpose. Although for unweighted
networks, the fact that the A;; = {0,1} implies that expressions of the form Eq.
can always be brought into the form Eq. [5.49] the resulting expressions will not be
readily translatable back into a function of the degree, which could hinder inference
problems that utilize the corresponding operator expansion in the effective Hamilto-
nian. That, along with the fact that operators of the form Eq. [5.50] are unavoidable
for any generalization to unweighted networks necessitates their consideration in gen-
erality.

It is, of course, incumbent upon any complete treatment to make precise the man-
ner in which existing classes of random graph models transcribe into the generalized
statistical mechanical formalism, which we expand upon in our concluding remarks.
In what follows, we wish to proceed unencumbered by precedent and explore how
qualitatively similar peer and preferential effects can naturally be modeled within the
class of bilinear graph effective Hamiltonians. In order to do this, it first helps to
visualize the action of the different operators that make up the effective Hamiltonian
on a given graph.

In Fig. we schematically represent a random graph with a fixed maximum
number of nodes via the elements of the associated adjacency matrix, with each site
representing a possible linlﬂ In this representation, a link realized in a given draw
is denoted by a circle, whose probabilities are determined by the set of {,} in Eq.
[.12] with the remaining unconnected nodes discarded. We represent the maximum
coordination number two pairwise interactions between links (i.e. the set of {g,}) as
dashed lines that couple the sites in Fig. [5.6] caveating footnote From this figure,
we see that we can actualize preferential attachment in a complimentary manner by
assigning relatively larger positive couplings for all pairwise interactions that index a
specific node, depicted with bold lines in the bottom panel of Fig. We can also
realize preferential avoidance via negative values for the bilinear couplings that index

12With the understanding that the ordering is inconsequential and the following discussion applic-
able to an arbitrary ordering.
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Figure 5.5: Schematic representation of a random graph, where each dot represents a possible
link (i.e. an off diagonal entry of the adjacency matriz). The realization of a given link in
a specific draw corresponding to the relevant entry of the adjacency matrix are denoted by
circles.
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Figure 5.6: Representation of a random graph with maximum coordination two interactions
(top panel). Enhanced or diminished attachment and preference effects can be implemented
via the sign and magnitude of the relevant bilinear couplings {ga} (bottom panel: bold and
faint lines, respectively).

a particular set of nodes. The random assignment and distribution of nodes that have
either preferential or avoidant conditioning can be implemented via a suitable choice
for the disorder ensemble from which the couplings are drawn.

One can see immediately infer other ways in which one can induce qualitatively
similar preferential effects on an ensemble of random graphs without invoking pairwise
conditioning. One could, for instance, set all the {g,} to be vanishing and specify
the resulting disordered Erdés-Renyi probability assignments, i.e. the set of {e,}, to
be arranged so that the desired distribution of degrees is attained, as implemented
in [65 135]. In more precise terms, one can in principle reproduce a fixed number
of summary statistics that derive from correlation functions of the graph degrees of
freedom up to a given order from a continuous family of effective Hamiltonians. This
degeneracy is a feature common to all effective theories, whereby one needs to de-
termine up to a certain number of quantities in order to specify the couplings of the
effective Hamiltonian completely. The degeneracy gets broken once one demands that
a sufficient number of additional summary statistics be reproduced by the effective
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Hamiltonian, typically receiving contributions from higher order correlation functions,
such as local clustering coefficients and the number and distribution of triangles, for
example.

One might also wonder how decimation on the line graph (where we decimate
over links rather than nodes) maps back onto a random graph representation. Given
that the marginalization effected on the line graph by each decimation reduces the
number of link degrees of freedom by a factor of two, the result of two consecutive
decimations would be to render a graph with N' = N(N — 1)/8 links, which in the
limit of large graphs corresponds to the number of links for a graph with N=N /2
nodeslﬂ One can therefore view the ensemble of networks generated by the effective
Hamiltonian obtained by decimation on the line graph after an even number of RG
transformations to admit a random network representation with N =N /2™ nodes,
for some power m. As we have stressed in the introduction, this is by no means
the only possibility as one can generate arbitrary RG transformations through the
composition of transformations that decimate over individual links or sites. A more
comprehensive treatment of this would fall within the ambit of a broader study of
scheme dependence when renormalizing effective graph Hamiltonians, which deserves
a separate detailed investigation.

The scaling behavior of preferential effects can be inferred from Figs. [5.1] [(.3]
and [5.4] all of which illustrate the progressive weakening and eventual vanishing of
pairwise link conditioning at large enough scales. This is of course, when restricted
to maximum coordination number two interactions, which merely transcribes the in-
finite temperature fixed point on a one dimensional disordered Ising spin chain onto
a random graph model, as discussed at the end of section One can translate the
implications of this into various applications straightforwardly.

Although utilized through some variant in a number of applications that model
the structure and diffusion processes over social, contact, or population networks, it is
widely appreciated that Erdés-Renyi random graphs by themselves fail to accurately
model a variety of real-world networks. This is in part due to the Poisson nature
of their degree distributions, which is seldom observed in application, necessitating
additional structural requirements or restrictions [I36} 137, 138 139]. One variant of
particular utility is a random graph model of Molloy and Reed, which is constructed
to reproduce an arbitrarily specified degree distribution [140], which neveretheless still
comes up short in modeling the distance distributions observed in number of data sets
of a given degree distribution [? ]. Whether this is because of biased estimation in
the given data sets, or because of unknown relations among elements of the graph
which the model fails to capture is something that the effective generalized statistical
mechanical framework offers the means to address and rectify, by allowing for either
the possibility of arbitrary pairwise conditioning, or the possibility of modeling data
limitations via assigning distribution priors on the relevant couplings.

13There will be a number of hermit nodes that will result from this process, whose number go as
1/N.
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In the context of social or contact networks, Fig. [5.1] offers a useful mnemonic for
the scaling behavior of individual couplings encoded in Eq. even if it restricts to
the case of homogeneously assigned couplings. One sees that any localized positive or
negative conditioning results in skewing the probabilities for random links to appear
at macroscopic scales towards greater or lesser values, respectively. Positive condition-
ing can model, for instance, peer pressure or preferential effects on social networks,
where the existence of a link between any two nodes makes it likelier for other links
to form, or the converse. Similarly for contact networks, the probability that any
two agents have been in contact with one another are certainly not independent, and
positively conditioned to varying and inhomogeneously assigned degrees in general.
Our findings show that such conditioning will eventually result in a disordered Erd&s-
Renyi assignment at the most coarse-grained level. One could therefore conceive of
utilizing this conditioning in the context of temporal networks to model susceptibility
effects in the context of opinion dynamics and reinforcement effects in the context of
artificial and biological neural networks.

Dynamical processes on networks come in two broad categories. One can either
take the underlying random graph as a fixed background on which dynamical pro-
cesses occur, or one can view the structure of the graph itself to evolve over time.
Both processes can also occur simultaneously and codependently. By assigning state
variables to every node, one can associate a variety of dynamical structures with
these variables that will depend on the network structure. Diffusion processes, for
example, are naturally modeled via the graph Laplacian. More generally, one can
model arbitrary dynamical processes via operators constructed from the adjacency
and degree matrices, as the graph analog of the derivative expansion Eq. One
might also consider the structure of the network to evolve over time as a temporal
Markov process on a layered network, where each layer represents the state of the
network at any given time step. Dynamical processes that interpolate between the
layers can be derived from the properties of the graph structure, or state variables
at the nodes, where coordination number two conditioning between links in adjacent
layers can model can model arbitrary temporal correlations between layers.

In this way, the generalized statistical mechanical formalism developed here can
readily be adapted towards classifying and studying the behavior of temporal and
spatial correlations and conditioning, and their effects on late time or terminal sum-
mary statistics (such as the outcomes of elections) in opinion dynamic models based
on random graphs [I41) [142] 143]. Similarly, reinforcement effects at the cortical
level in biological and artificial neural networks [147, [148] 149, [150], when represented
as layered temporal networks can also be modeled via pairwise, disordered, and in-
homogeneously assigned pairwise conditioning, although any meaningful applications
of relevance would almost certainly have to go beyond the maximum coordination
number two approximation invoked in this investigation.
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§5.5.2 Network inference with limited data

Yet another application of the framework developed in the preceding sections con-
stitutes something of an inversion of the usual manner in which RG methods are
utilized, which is towards inference and reconstruction problems [41l, [I51] in the con-
text of limited data resolution. The workhorse for this derives from the observation
that in any line graph representation of a random network, decimation renormal-
ization group transformations are formally equivalent to the process of statistical
marginalization over the degrees of freedom that have been integrated out, which can
also be viewed as marginalizing over variables we are unable to access or measure.
This seemingly simple paraphrasing opens a portal for addressing how one can infer
or reconstruct network representations with limited data. The most basic instance
of this is when we simply have no access to, or have unreliable or noisy estimators
for a finite subset of graph variables in attempting to determine whether a link exists
between any two nodes, or whether any two links are conditioned on each other. In
statistical inference, one proceeds by viewing these as ‘nuisance parameters’, where by
assigning prior probability assignments to model the uncertainty, and subsequently
marginalizing over these parameters, one arrives at an effective description for the
remaining observable degrees of freedom. This same process would translate into
a local renormalization transformation on a graph representation that incorporates
these unknown or inaccessible graph parameters via corresponding uncertainty priors.

A more sophisticated application of the machinery developed in the previous sec-
tions would go further, and consider the partial local inversion utilized in preceding
sections to try and ‘solve’ for the family of underlying, or ‘fine-gained’ parameters in
terms of those that are inferred or measured at macroscopic scales. As we discuss in a
companion paper [I127], in situations where one has closed RG equations — as we do in
the limited context of maximum coordination number two quadratic effective graph
Hamiltonians — and where all parameters of a network are known except for those
corresponding to a given link and its corresponding conditioning, one obtains two
equations in two unknowns that can be locally inverted, allowing us to ‘reconstruct’
the missing information up to the accuracy of graph data at the observed scale and
the extent to which higher coordination number conditioning can be neglected.

If one is dealing with a system where the RG equations do not close, as will be the
case when higher order coordination numbers and interactions are incorporated (which
will be the case in the majority of practical applications), additional higher-order
interactions will be generated under RG flow. On the other hand, the transformations
themselves restrict the set of parameters that are consistent with renormalization
group flow to have mapped to the accessible parameters. In this case, sub-manifolds in
parameter space can be defined as level curves of the RG transformation equation with
the observed, or macroscopic parameters. One can then impose additional conditions
and priors to further restrict the ‘fine-grained’ sub-manifold consistent with what is
observed. Given that higher-order couplings often run to irrelevance under certain
conditions, one has heuristic restrictions on parameter space dictated by the resolution
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at hand. The error one is willing to accept on the higher-order terms not being
identically zero, coupled with the respective RG equation for that parameters become
equations that determine the subspace of microscopic parameters consistent with what
is observed, or inferred. A more in depth expansion on this approach can be found
in [127], where we furthermore apply this formalism to economic and trade data of
limited resolution.

§5.6 Concluding remarks and future directions

The work presented in the preceding sections represents a first attempt towards ad-
dressing the question of what aspects of interactions, conditioning, and correlations
across a complex network are relevant for its behavior at macroscopic scales. A more
complete treatment — necessary if any of the insights gained are to apply across the
breadth of possible applications — would have to incorporate higher order conditioning
and coordination numbers in its analysis. To do this in full generality is of course
intractable, but the subtle yet highly advantageous shift in operational perspect-
ive offered by the paradigm of effective theories focuses this problem into the more
tractable question of classifying parameter (ir)relevance in any effective generalized
statistical mechanical formalism. By allowing for higher order and coordination num-
ber interactions in the effective Hamiltonian Eq. one can conceive of proceeding
via perturbative techniques to explore the flow of couplings within certain truncations.

For a limited class of interactions that represent parametrized deviations from the
maximum coordination number two case studied in the previous sections, one can be
assured of the irrelevance of such higher order and higher coordination number coup-
lings from analogous results on lattice systems. On the other hand, it will certainly
be the case that novel and qualitatively different phenomena will arise when one no
longer assumes higher order couplings to be perturbatively small. Nevertheless, any
incremental gains in understanding the parameter relevance and possible phase struc-
ture of higher order and coordination number interactions will be of great use in any
attempt to classify universality classes of effective graph Hamiltonians. It is to be
stressed that within the generalized statistical mechanical framework, extensions to
weighted and directed graphs can readily be accommodated via the operator expan-
sion Eq. [5.2] and the configuration space integrated or summed over.

Another important application, if not consistency check on the generalized effect-
ive statistical mechanical formalism would be to construct and identify the explicit
operator expansions that correspond to existing network models. However, perhaps
the most important direction to pursue from the present vantage would be towards
applications of topical relevance. Even with the preliminary results for pairwise co-
ordination number two interactions, a number of extensions towards models reliant
on random graph representations was partly surveyed in previous sections, and will
be elaborated upon in further detail in a followup investigation [127].
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CHAPTER

The Harmonic Oscillator of Random

Graphs

This chapter is based on:
Alessio Catanzaro, Subodh Patil, and Diego Garlaschelli. "A General Solution for
Network Models with Pairwise Edge Coupling”. arXiv e-prints (2025): arXiv-2503.

Abstract

Network Models with couplings between link pairs are the simplest models for a class
of networks with Higher Order interactions. In this paper we give an analytic, general
solution to this family of Random Graph Models extending previous results obtained
for specific interaction structures. We use the Hubbard-Stratonovich transform to
show that such higher order models can be decoupled into families of effectively sep-
arable random graph models, which might be enhanced with auxiliary, possibly multi-
valued, parameters identifying the thermodynamical phases of the system. We study
the diagonalizability of the matrix of the interactions between links, that is itself an
adjacency matrix on the dual network whose vertices are the nodes pairs, that can be
dealt with using tools of algebraic graph theory. By orthogonalizing the interaction,
we carry out the full computation of the partition functions and discuss why in some
cases interactions effectively reduce to their Mean-Field versions.



CHAPTER 6

6. The Harmonic Oscillator of Random Graphs

§6.1 Introduction

Complex system science is heavily reliant on networks to model a multitude of systems.
Random networks are among the most used tools to encode both the random nature of
such objects as well as their evident heterogeneity. A statistical mechanics approach to
random networks has been widely used by the network science community in the last
20 years [48] [47, 90, 110]. Yet a fundamental hurdle in the modelling of such systems
with the aforementioned approaches is that few among the innumerable conceivable
models of random networks can be solved, and if so it is often through approximate
techniques that are model-dependent.

First order networks are easily solved, as the Hamiltonian describing them has
only link specific parameters, which gives rise to a separable partition function and
hence independent, link-specific probabilities. Regretfully when any form of coupling
among links are introduced one has often to resort to either trivial toy-models of the
interaction, or to be satisfied with approximated solutions only [48] [50].

The purpose of this paper is to partially cover this knowledge gap by showing how
a general solution for any second order unweighted, undirected random network can
be written in an exact way, and to solve for some cases of interest by showing some
non-trivial behaviour. We also note that the analytical techniques we use could be
extended to provide for a solution of weighted and directed random networks, but we
do not believe the physical behaviour of such models to be fundamentally different
than the one we present here in terms of phase transitions.

Our approach relies on the implementation of the multidimensional Hubbard-
Stratonovich transform to account for any coupling structure between links. This also
implies an effective description of the model through independent links, conditional
on a given order parameter that can be treated as a random variable (and being a
function of the model given parameters). Our solution pipeline also extends some
results already found in the literature in order to put them under a single umbrella
of explicative framework.

A further motivation for obtaining such a general solution comes from network
inference. Ordinarily, exponential random graph models with pairwise dependence
between links have an intractable normalizing constant, which forces practitioners to
resort to approximate estimationschemes such as Markov Chain Monte Carlo max-
imum likelihood or related curved exponential-family techniques, both of which are
known to be computationally expensive and prone to model degeneracy. Because the
solution we derive gives explicit access to the partition function and hence to the
full likelihood of any second order model in this class, it removes this bottleneck:
the log-likelihood of an observed network can be evaluated, and in many cases max-
imized, directly and exactly, rather than estimated through simulation. This places
second order, pairwise-coupled models on the same operationally tractable footing
that first order maximum-entropy models already enjoy for network reconstruction
and null-model based inference [90].

The Chapter is organized as follows: in Section [6.2| we introduce the techniques
to solve the general problem, the pipelines to compute the partition function and
write the single link probability function in an exact, although not explicit, manner.
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§6.2. Solution to II order Random Network

In Section we show how the machinery works for some cases of second order
Random Network Models (RNM) to give meaning to our formulae, and we give explicit
solutions for a few models of interest. Some models for which we solve were actually
already found in the literature, but as stand-alone works and without the general,
explicative framework we provide. Moreover, in the case of the model of we
highlight a connection between the model already analyzed in [497 | to the field of
Coding Theory [I55]. Finally in Section we comment on how to give a rule of
thumb to determine the possible phase structure of the models at stake and if the
mean field approximation can give a satifying picture of the whole phase space.

§6.2 Solution to II order Random Network

An Random Network Model (RNM) is a probability law P(A) for the realizations of
the adjacency matrix A of a network. We choose to deal with unweighted, undirected
networks so that A is symmetric and its entries can be either 0 or 1. This latter fact
implies the fundamental relation

that simplifies enormously the computations that follow along the entire chapter.
For instance, we can use relation (6.1)) to show that we can always represent the
probability function describing the model in the exponential form

pay = S 6.2
()= z=% 6:2)
(&)

where the Hamiltonian is in the form to eventually enforce constraints

H(A) =) 0ufi(A). (6.3)
l

If one desires to enforce the full ERG formalism [48] [47, @90, [110], then has to add
the constraint equations such that

> [(APA) = ff W, (6.4)
{A}

where f]" is the ‘target’ expected value of the property f;, which can be interpreted
in two ways. The first interpretation is to take f; as the empirical value f; =
fi(A™) from a real observed matrix A*. A second interpretation is one where the
parameter space of the model is explored exhaustively and f;* is the expected value
of the property over the ensemble implied by the chosen parameters. We will follow
this latter interpretation throughout this chapter.

Moreover, again making use of relation the Hamiltonian function can always
be written as a multilinear function of the adjacency matrix elements, in the form
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H(A) =10+ 003 hlAi+05 > b2 A A+
i, ikl
+03 Z i kimnAij Akt Amn + ... (6.5)

,3,k,l,m,n

The above expansion is analogous to similar computation performed in the con-
text of QFT for Grassmannian variable, where the relation is replaced by the
anticommuting relation.

We now proceed to show how a solution to the second order approximation of a
model defined by the Hamiltonian can be found in general.

§6.2.1 Evaluation of the partition function

Our task is to compute the partition function or equivalently the single link probability
function of the model at stake. We have to maipulate the second order term of
equation . The term h° can obviously be ignored as it is just a multiplicative
constant in front of the partition function. We are left with

H(A) ==Y hi;Aij — > h¥AiAu (6.6)
i<j i<j,k<l
First and foremost we change the labels of the indices to get a more manageable
expression, since we see that the sums can be expressed in the couples of indices (3, j)
which we order with index a going from 1 to V = W (without self-loops). We
then express the interaction coefficient in order to scale with V' as h?jkl =8 5t The
new Hamiltonian becomes

|4

\4
1
HA) =~ Y 1A, — 25 oy 67
a=1 a#b

we further manipulate this object to have a compact term to operate with. First
we see that

-

1% |4
1 1 1 1 1
fE AA:—g AA——E A, = —(A|p|A) — — (A .
2a;ébﬁab a41b 2V abﬂab a<1b 2V — Baa a 2V< ‘B| > 2V< ‘B> (68)

where ET = (B11,022, - ,Pvv). We can readily see that this term can be re-
absorbed in the local field term (and moreover that it is vanishing in the large V
limit).

Then we write also the first term in the braket notation so that the whole Hamilto-
nian is in the form

128



§6.2. Solution to II order Random Network

ZA (i o) - fZﬁabA Ay =~ (Ale) - - (AlBIA) (69)

where [ is a matrix that couple the links between them selves. This matrix is an
adjacency matrix (either expected or realized) in disguise, over the network of links
of the actual graph (dual or line graph in the literature), and we will make use of the
properties of such a matrix to derive the behaviour of the models.

We assume the § matrix is symmetric (as the correlation between links is). Then
it admits a spectral representation

B=> Aelw) (wl (6.10)

k=1

where r is the rank of the matrix, A, are the eigenvalues and |wy) their respective
orthonormal eigenvectors. We also split the positive spectrum part from the negative
one. Let then ry be the number of positive eigenvalues, (including their multiplicities)
and r — r4 the number of the negative ones.

The Hamiltonian can be hence written as

HA) = — (A1) =3 25 (Al — 3 25 (Alw)®  (61)
k=1 k=r4+1

where (3 is the interaction matrix in which all the coupling between links is encoded,

and V is the total number of possible links. Note also that the local parameter is
i = hl + ﬂé{}f , clearly reducing to h}j in the large N limit.

All the ingredients are now in place to evaluate the partition function, as this

latter form of equation (6.11]) can be exponentiated as

e HA) AT S (Al T T, 5 (Ale)® 6.12

— elAle) H;* L€ *\l} Alwg)? Hk S ezv & (Alwr)? (613)

and this form is very amenable to an Hubbard Stratonovich transformation. This
integral representation allows us to disentangle the squares as

¥ = Ner / dge™ 7 +V2ax (6.14)

if @ > 0 and

v / dge~ 7 Hiv2az (6.15)

if a < 0. This allows to write
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T+ T
— A9 ] {1 /dxe’fﬂﬁmw} I [1 /dxe’é“@\/%(f‘\ww
hop LV2m V2T

k=r4+1

(6.16)
which we want to compactly write as

r 1 2 : .
I1 [\/27/ dre™ T +aV Av”“k”“‘r)] (6.17)
k=1 0

by making sure we take the proper square root, so that

Al if A
o = JIVAREE A >0 (6.18)
Z|\/|)\k||1f)\k<0

The last manipulation of this term is to realize that this product of integrals can
be written as a repeated integral as

T K
e H(A) = (1 > // dey, - deye” Zhm % H oo\ 3 (Alwi) +82
V2T fier
_ ( L ) // diy, - diye s F ] eSho ey B auton, st _
\/ﬂ k=1

r 02 T 1% - .
= (12> // dIl,"'d,IT€7 22:1 2k H Hewk \V %Aa(wk)a‘f‘% (619)
V &T

k=1la=1
Now it is the time to integrate over the configurations

7 = Z e HA) =

{A.—0,1}
T 22 T 14 .
- ¥ <1> /.../dml,...d%gzzzl% [T [ eV ¥ vtem 2o —
{Aq=0,1} 27 k=1a=1

g r VvV
_ (\/;)7/.../@17...%8—2;1”5 NI 3 eV tan _
T

k=1a=1{A,=0,1}

T 22 T 14 .
= <]é> / . / dx17 . ‘dl’r,«€7 Z;:l Tk H H |:1 + e$kﬁ(wk)a+g] (620)
\/ 2T

k=1la=1
and finally we can regroup the integrals in the form

: 1 _a? Y 2v/ 2k (wy) + <2
Z:k]:[l[,/%/dxe 2 al:[l{He VR Mr” (6.21)

which allows for some further computation when the structure of the matrix g is
known.
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§6.2.2 Effective Separability of the partition function

We know from general Statistical Mechanics theory that the model defined by
might undergo phase transitions, with a phase structure dictated by the structure of
the interaction matrix 5. In the Hubbard-Stratonovich approach, the multiplicity of
the possible phases of the model can be encoded in the vector of values (z7,z3,...)
where each zj can be either single-valued or multi-valued depending on the other
parameters of the model. Conditionally on the values of (z},z3,...), the model can
be rewritten in an effectively noninteracting form where the full partition function

(6.21) can be factorized.

A separable partition function in the form

Z=1] 2 (6.22)

is indeed what one would like to work with, since it has a straightforward connec-
tion to the probability of link formation. As a matter of facts, when the link variables
are not coupled there is an identification between the terms in the product of Z and
the bare link probabilities. This can be shown from

v 1

1% 1%
7= Y eHwo Y Heh‘(‘l)A“:H(Heh()):Hl_p (6.23)

{A,=0,1} {A,=0,1} a=1 a=1 a=1

The formula (6.21)) is amenable to show that this is the case also for second order
interacting networks. As a matter of fact say that you isolate x; as

r—1
Z = _— dZL' y dxre Zk 2 2 1 +€Tk Wk) +ea:|
( 27r> / / 2 H H {

k=2a=1
@2 A €a
/ dxle_Tl {1 + etV ‘}(“’1)@+T] . (6.24)
J1

Now J; can be seen as a Gaussian expected value of a certain function, and it is
clearly convergent, indeed

1%
N ca
Ji = /dxlN 0.1 ] [1+e$1ﬁ(w1)a+r] = By @)l =n  (6.25)
a=1
where we defined

\%4
) =11 [1 +e-fl\/¥<wl>a+?} . (6.26)

a=1
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Now we can subtract the expected value in the integral so that

0= / dz i N(0,1) lﬁ <1 +ew1\/¥<wl>a+‘f) u} . (6.27)

a=1

This last integral evaluates to 0, hence there must be at least one change of sign
of the function

H(Heﬂ“ Vwa 5 >u (6.28)

therefore, since the function is continuous, there must be at least a x] in which
g(z7) = 0, so that there is at least one z} in which

14
Jo=f) =] {lJreml\ﬁ(“’l) “ﬁ’] (6.29)

a=1

By repeating this argument for all the k, we can write the partition function in
the form

r V
z=1]1] {1 + eziﬁ(w)ﬁ?] (6.30)

k=1a=1

then by switching the products, we can identify the single link partition function
as

T

2T [1 +€xz\/*v’“<w;c>a+?} , (6.31)

k=1

Finally, we can further manipulate this object to have a nicer representation

Z H (xk\r(wk ) _ Z eAa ZZ:1<EZ\/¥(M¢)Q+%)

Aa=0,1k=1 A,=0,1
r Lk A T
_ Z eAa <€a+zk=1lk\/ Vk(wk)a> =14 efe H ez;x/%(wk)a = (6.32)
1—pgt
A,=0,1 k=1
or for the link probability itself
P N L ATe OO
pot = o Toon (6.33)
1 + e kYeV TV k)a
as
Z(y,a5,..) = [[ 25t 25, ) (6.34)

1<j
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where

* A
St g ) = 1o T, etV P, (6:35)
=14+ St k= TR\ ¥ > (w)i; (6.36)

in which the contribution of each link has been isolated. The last expression is equi-
valent to that corresponding to a modified, non-interacting (8 = 0) version of the
Hamiltonian in eq.(6.6)), i.e.

H(A|z*,25,...) = — (Ale («F, 25, ..)) (6.37)

where we have introduced the modified parameters

€' (23, 25,...)) = |€) +Z$k\/ lwk) - (6.38)

for the partition function and

r * A
eeij‘f‘z:k:l T\ 7k(wk)ij
. . /X
14+ 66i1+22:1 Ty, Tk(‘*’k)ij

for the link probability expression. Formulae (6.36) and (6.39), together with
equation (6.21)) are the core results of this paper. These two latter formulae however
need some explanation as a new key parameter x}, is introduced.

eff
pz] -

(6.39)

§6.2.3 Phase structure

The price to pay to write Equations with such a product over node
couples and to have an effectively separable partition function over links is that a
phase structure emerges. In our case we encode this behaviour in the parameter 7.
In the derivation of Equation (??) (see SI), we learn that x} is the value(s) of the
auxiliary field zj, for which f(z}) assumes the value of the Gaussian average of f(xy)
over the real axis. This parameter is global and depends only on the specific structure
of the interaction, combined with the local fields €;;, and most importantly its unicity
is not guaranteed. Actually, when the parameters combination allows, x7 splits into
multiple values (found numerically) that, when insterted in Equation , give rise
to different values of the single link probability. A scheme of what happens is shown
in Figure

In the cases in which the parameter splits, the actual value of the link probability
changes, hence identifying different phases (possibly denser or sparser). When drawing
a realization of the ensemble, one has to keep in mind that also the various values of
xj, come each with its own probability and can be computed as we show in Section

631

133

9 YAIJVH))



CHAPTER 6

6. The Harmonic Oscillator of Random Graphs

7o b
x;“_>o x;“-»O x§‘=0
Noa N p

n

1st phase separation

Single phase

o,

Figure 6.1: A schematic representation of the phase diagram of a II order RNM and the
parameter xj, in the sparse case (large, negative €;; implying xj ~ 0). Firstly one has to look
if the region of the parameter space whom is looking at may be of single phase or with phase
separation. This can be done by actually computing the partition function but in general is
done by looking at the multiplicity of solutions of the equation defined by putting Formula
(6.28) equal to zero.

§6.3 1I order interacting models

We will now show how equations (6.21)), (6.36) and (6.39) can be used to actually

solve some II order RNMs. We will start with a very simple, homogeneous one to use
as a lamppost for the general behaviour and explore more complex models going on.

§6.3.1 RNM with Homogeneous interactions

Say that the Hamiltonian is in the form

02

H(A) = —0; (Ale) - 3

(AIBIA) with 8 = [1) (1 (6.40)

so that every link interacts with any other link in the same way. The the eigen-
values of this matrix are all 0 except from 1 whose value is A = V. The relative
eigenvector is also easy to find as it is just = . Moreover we set ourselves in the case
€, = €, which can be further reabsorbed in the 6; parameter. The partition function
then becomes easy to compute explicitly in the large N limit. By formula (6.21) we
have
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Figure 6.2: Plots of the function z°¥ for different values of 01,02. From top to bottom we plot
2% its first and second derivative to locate the mazima and show that there is a regime in
which 2 maxima are present. The parameter 01 always takes the values —3,—2.5, —2, while
02 is, from left to right 3,4,5 respectively.

1
5 4

V[ [eyz (1 + ey\@“’l)} '

y2
= max {6—2(1+6y\/@+91)} (6.41)

—oo<y<oo

where the substitution z = yv/V has been made in the second row. The last step
comes from a Laplace saddle point evaluation.

To evaluate the 2 in the large limit we need to see where its derivative vanishes
and its second derivative is negative, which can be done graphically and is shown in
figure [6.2] We can see that for f2 > 4 there is a range of #; for which the partition
function has more than one maximum. Indeed, in the parameter space we can locate
a whole region in which the maxima are two and hence there are two possible values
of the link probability. This is shown in figure [6.3]
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Phase coexistence

In figure [6.4] we can see the effective link probability for two “slices” of the phase
diagram, one across the single phase region (red, §; = —4) and another one across
the single phase, then a bifurcation point, then again single phase (blue, 6; = —1).

The key ingredients for the analysis of this simple, interacting model are now
in place. The single link probability pg = 1 — % is the probability by which links
are assigned, yet we know that z can have two different values that will lead to two
different phases. From figure @ it is clear that when 6, >> 4 and 65 < 4 only one
phase is present, the sparse one and the dense one respectively, while in the regime
in which 65 2 4 the two phases coexist.

20.0

175

15.0

12.5 A

@ 10.0 1

7.51

5.0 A

2.51

0.0 T T T T
-10 -8 -6 -4 -2 0

Figure 6.8: Phase diagram for the system. The blue region corresponds to the place where
there is only one maxzimum, hence only one link probability. In the red region the mazima of
equation (6.41)) are two and the link probabilities as well. The crosses indicate the coordinates

of Fig. @

This behavior can be effectively described by the scheme in which, every time a
realization of the networks has to be generated, a coin is tossed. This coin determines
if the realization will be a dense or a sparse one, i.e. this first coin toss chooses the
coin that will be tossed for each link in the realization. Then, when another realization
has to be generated, this “phase coin” is tossed again and so on. For each instance of
the network there will be one previous coin toss that will determine its phase.
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Solutions (y)

= N N w w >
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Figure 6.4: Possible solutions of equating to zero the derivative (top panel, dashed line in-
dicate minima) of |6.41] and effective link probability (bottom panel, shaded region is where
two solutions are possible) vs 0 from 0 to 15 with e = —4 (blue) and e = —1 (red).
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The relative abundance of the two phases (and hence the weights of the “phase
coin”) can be computed in the large V' limit by plugging the respective values of p in
the formula for the overall P(A). For instance, for the dense phase in which p°ff

1%
P 4> Ajj=Vpgp (Vde)eGlVW*?V?i (6.42)
2

i<j

02 , 1—1pq 2 1+ pqg 2
~ 0 — 1 1 4
exp{V{lder 5 Pat +—5 nl_pd+ 5 n1+pd (6.43)

and for the sparse phase the same with p; replaced with ps = peg
exact proportionality constant is immediately computed by imposing

27=07 and the

PN Ay =Vpap+P{> Ay =Vp,p=1. (6.44)

1<j i<j

§6.3.2 A square-like interaction

After the previous simple model, that is given as a lamppost to highlight the main
features of the systems at stake, we examine a slightly more complicated 1-rank model.
We will show that this interaction structure give rise to an interesting phenomena
that captures the power of single link probability representation found in equation
. Let us consider the Hamiltonian with the general rank-one interaction matrix
5= 1v) (vl

C
H(A) = - Z €ijAij — DYa Z Vijuki Aij Al (6.45)
i<j i<
<

In this case the link probability would simply read

eeij+x*\/Cv,3j

Pij = 1+e€ij+$*\/5’“1,j <646)

Heterogeneity as a low temperature phenomenon

Let us assume then that the model is even simpler and the local variable ¢;; = € is
constant. Then the possible values of p;; are of two kinds: a constant/homogeneous
one in the high temperature/non effectively interacting phase, and an heterogeneous
value for the phases in which z* # 0.

In such a simple case already we see that the two phases describe two very different
models: one is a standard homogeneous Erdos Renyi with probability given by p =
In li—;, and the other in which heterogeneity comes into place. We can also construct
the interaction in such a way that v;; = v; + v;. Then this reads as an effective
configuration model in the low temperature phase as
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K[)SZ‘LL'J‘

= 6.47
1 +K$iCCj ( )

Pij

where K = e<te"VC and x; = e¥, x; = e%. If we bring back the heterogeneity

also in the €;; parameter as well, assuming the same separation €;; = ¢; + ¢; we will
have a family of configuration models, described by the probability

il

=" 6.48
14 T;Tj ( )

Dij

where z; = etV vi,

§6.3.3 Community Induced Interactions

We now extend the complexity of the simple models we have solved to include inter-
acting link communities. Such communities, involving link instead of nodes, can arise
for different reasons and link community detection has been already a quite active
field [152, [153].

We will solve for a model in which link communities are induced by the nodes’ ones,
but the computations can be readily generalized to the desired case where communites
are defined by some other property.

Among the most used (simple) models in network theory there are the Stochastic
Block Model (SBM) and Core-Periphery one (CP). They both posit the partition of
nodes into communities, 2 in the CP case or more for the SBM. We want to show
here that such partitions can induce quite naturally a correlation structure between
links so that already a quite complex behaviour arises. The process to construct the
correlation structure is the following:

e for simplicity, let us assume there are two communities of nodes, with N7 and
N3 nodes in each;

e links between nodes of community 1 has a certain probability ﬁ—l

e€1?

links

between nodes of community 2 has a probability 1_?% and links between the

two communities has probability 1_?_%, creating a block matrix of the form
. e1ln, N, €31n %N, (6.49)
esln,xn,  €21Nn,xn,

where 17 is the all-ones rectuangular N x M matrix.

e this community structure for the nodes induces a community structure for the
links: the links between nodes of community 1, that are V; = Ny (Ny — 1)/2,
the links between nodes of community 2 that are Vo = No(Na — 1)/2, and the
links between nodes belonging to different communities that are V3 = N1 No;

e this will result in a 3 x 3 block structure of the interaction matrix, as if there
was a SBM for three communities of links in the form
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ﬁ11V1><V1 /8121V1><V2 ﬁ131V1XV3
/6121V2><V1 /621V2><V2 ﬂ231V2><V3 (650)
5131V3><V1 ﬂ231V3><V2 631V3><V3

k=S
|

A scheme of how this community induced interaction is created is shown in figure
0.0l

Figure 6.5: A pictorial representation of how the 3 X 3 correlation matriz is induced. The two
nodes community structure allows for three values of link probability: in the first community
(blue), in the second community (red), across the two communities (yellow). The possible
interactions between these links are then blue/blue, blue/yellow (green), blue/red (purple),
and so on.

This three by three matrix is the first example we can devise of phase space that
has more than one region of phase coexistence, as indeed we will show that up to
27 phases can coexist. The rank three interaction defined by matrix 8 can be again
decomposed with a basis of orthonormal vectors.

We now proceed to compute also the single link partition function for each one of
the three kind of links that the community structure induces. The first big difference
from the homogeneous interacting model is that there is a mixture of the eigenmodes
and the equations that define the maxima are not the very same partition functions.
This means that there are three distinct maximization procedure, each one returning a
parameter that can have multiple values, and then the link-specific partition function
is a function of all three parameters, hence possibly multifurcating in many different
values.
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Laplace large size approximation

The theorem we will make use of is the following [154]:

Let g(z) and f(x) be continuous and positive in the range oo, co[. Then

i ([ degrf@¥)" = max (s (6.51)

N—o0 —oco<Lz<o0o

The integrals we are interested in this work are of the kind

\/%/dx [e 12:1 (1+e P wn)at )1
:\/Z/ dyl %ﬁ(1+eym(%) o )] (6.52)

where the substitution z = yv/V was made. We will assume for simplicity that all
€, are the sameﬂ Now we represent the eigenvector entries in the following way. Say
that we are interested in the k' eigenmode, we say that the corresponding eigenvector
will be made of the following entries

(wg); with multiplicity mq (6.53)
(wk), with multiplicity mo (6.54)
(wi)5 with multiplicity ms (6.55)

and so on. Then we introduce the fraction of equal entries as ¢; =

Zz—’:l C; = 1.

Now we can write the product in the integral as

m;
T Of course

1% T oV
H (1 + ¥V Ar(wn) ) I1 (1 eV Rr(wn) + ) L (6.56)

i=1

We are now ready to compute the limit

LOr at least are coupled to the respective entry of the eigenvector as in the model described in
@ However a generalization to the case in which they also have their respective multiplicity and
heterogeneity can be done.
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L1

\%4

v : T V) +5)
i _ -4 YV (wi);+<)
i vgﬁ/dy[e I (e ) ]

1
vV v 2 T
— 1 li _ye
Vgnm[ 271'] Vgnoo /dy [6 ’ -
—_— ———

vl¥
(1+ey\/>\7(wk)7;+§)ci]

i=1

M)

_ 2 ymwmﬁ%)”
7001123;00 {e 5 H (1 +e } (6.57)

i=1

from which the exact computations performed for the various models follow. In
particular we want to highlight the fact that if, there are entries whose multipli-
cities are extensive, i.e. grow as a fraction of V', and other sets with subextensive
multiplicities, then the only surviving part is that of the extensive entries, as they
clearly dominate the product. In a more formal way, let us have M different values
of the entries, and let the large V structure be ¢1(V) =y 00 C1 > 0,c2(V) v 0o
Cy > 0,... ,CM(V) —V—ooo Cm > O,CM_H(V) —V =00 CM+1 = O,CM+2(V) —V—00
CM+2 =0,... CT(V) —V 00 CT = 0. Then

1

T v

\%

2 Cj

. _y y )\k(wk)iﬁL%) i
Jim, /dy[ FIL(en 1

i=1

M e
= max {e‘zn(l—i—eym(wk)ﬁr’) } (6.58)

—oco<z<oo .
i=1

A basis for the community interaction matrix

We can write a rank three matrix in the following form

B = )\1 |w1) <w1‘ + )\2 \w2> <UJ2| + )\3 |w3> <(,U3| (659)

where the eigenvectors are

(] = jﬁ«wl)l e (@)1 @) (@), (@1)g - (@1)g) (6.60)

i Va V3

(wa] = (o)) )y o () ) (o)) (66D

Vi Vs Vs
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1
(wz| = \/—773((%)1 v (W) gy (W3)g sy (W3)gs (W3)3,- - -, (w3)3)- (6.62)
Vi V2 V3
where the norms are
ny = Vi (@1)? + Va (w1)i + Vs (w1)3 (6.63)
ny = Vi (w2)} + Va (wa) + Vs (w2)3 (6.64)
ng = Vi (ws); + Vo (ws)3 + Vs (ws);3 (6.65)

The eigenvalues can be computed from the secular equation

Blws) = A |wi) (6.66)

so that

=V1b1 + Vafragg (wl) 2+ Vafis 2:33

= ViBi + VoBio s ) 2 1 V3 (WQ)J (6.67)
/\3 =Vip1 + Va2 EZi) + V3613 E:ig‘:’

The equation for the spectral decomposition defines the relations between the
eigenvector components and the 8 parameters

(wQ)2 + A3 (w3)
A2 (wa)3 + Az (w3)
A2 (wz) + A3 (ws)
(W1)g + A2 (w2); (W2)g + A3 (w3); (w3),
(w1)3 + A2 (w2); (w2)3 + Az (w3); (ws)3
(W1)3 + A2 (w2)y (w2)3 + Az (w3), (w3)3

51 = )\1 (wl)l +A
At (W) +
AL (w); +
512 = A1 (w1),
Bz = A1 (w1)1
(w1)

B2z = A1 (w1), (w1

W NN N- N

(6.68)
wq

and these are supplemented by the orthogonality equations so that

Vi (wi); (w2); + Va (wi)y (w2)y + V3 (w1)5 (w2)3 =0
Vi(wi); (w3); + Va (wi)y (w3)g + V3 (w1)3 (w3)3 =0 (6.69)
Vi (w2); (w3); + Va (w2), (w3)y + V3 (w2)5 (w3)3 =0

which completely defines the w and the eigenvalues. To compute the partition

function we also define the quantities o = %, 8 = % and v = % The partition

function to be computed will be
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7 - (6.70)
r 1oV LBV .17V
/ dre=% |1+ ™V Vi @it3 14 oV v @t 14 oV vm@at |

V2r L i L _
I

(6.71)
- _qav 1BV : 1V
B B Py e I P A S PRV e 2

Iz
(6.72)
1 22 23 (43), + L oV oy /2B (W), +2 BV 21/ 23 (ws),+ B
/da:e 3 1—|—6 Vng \W3/1T73 1+e Vng \W3/2T73 1+e Vng \W3/3T73
V27
I3
(6.73)
= (21)"" (22)"" (23)"" (6.74)
In the large V' we have to compute
lim (Z)V = (21)" (22)° (23)" = lim (I})¥ lim (L)V lim (I3)7  (6.75)
V—o0 V—o0 V—o0 V—o0
that gives
lim (I)V
Vgnoo( 1)

. B v
:max{e_yz% <1+€y1 :;(m)l-i-gl) (1—‘,—@1’“/”1( 1)t 3> (1+ey“/"1 (w1)s+ ;) }
Y1

=max f(y1) (6.76)

; v
Vi, ()
a\ @ B e\ 7
= max {e_yzg <1 + %2V 23(“"2)1"’_31) (1 + ¥V 73 (wa)p+ 32) (1 + ¥V 22w 2>3+33> }
Y2
=maxg(y2) (6.77)
1
; v
i, ()
9\ 2\? 3\
. { <1 +ey3r;g<w3>l+;> (1 Ly e, +;> (1 Hym@ww;) }
Y3

=maxh(ysz) (6.78)
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we now introduce the notation

y7 = argmax f(y1) (6.79)
ys = argmax g(ys) (6.80)
ys = arg max h(ys) (6.81)

(21)* (22)° (23)"
« B
= [e(ylz)z <1+eyf ii(“l)ﬁ?) <1+e“1\/ ny (@) +E32> (1+ey; :i(“l)ﬁ?)v]

. e\

[e(” )2 <1+ey;\/i§<w2>1+3) (1+6y2 22 (wa), §> <1+6 V2E (w234 % ]

[e e (1 1 e¥iV s ng (wa)y +631> <1 4 Y3V g n (wa)yt 3) <1+ey3 3 (ws 33> ]
(6.8

2)

z1 = {e_(y;f (1 + iV ii(wl)ﬁ_?) (1 + e¥2Vw (w2) +3 ) (1 —i—eyd Vn (w3) +3 )}

(6.83)

29 = {6_(@)2 <1+ey1\/:( 2 +62> (l—i—eyz\/ ng (W2)2t 3) <1+ey3\/ 5 (wa)ot 32)}

23 = {6_(1/2%)2 <1 + eyik\/g(““th?) <1 + ey;\/g(wz)f’Jr?) (1 + ¥ \/7( 3)s +€33)] .
(6.85)

In figure [6.6] we show an instance of interaction matrix value for which there is a
complete separation of phases. Each one of the modes of the interaction give rise to
a three-partite split in the corresponding part of the partition function.

§6.3.4 Node mediated interaction

Up until now we considered models in which some kind of community structure was
induced between links, and this fact was the responsible for the phase transition. Now
we consider a new kind of interaction, in which links are correlated via nodes’ property,
namely links are correlated if they share one node in common. This structure is highly
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Figure 6.6: Instance of a crowded phase space: each one of the functions defined in (6.76)),
(6.77), (6.78) has multiple mazima, hence the each link probability has 27 possible values.

non-trivial and has been considered in the literature of ERGs as the “Two star” model
[49]. In the following we will solve it in a different fashion, making us of some results
coming from coding theory. A scheme of how this interaction works is depicted in

figure [6.7]

The Johnson graph

Again we assume that all € are the same for simplicity, but note that once one has
diagonalized the matrix of the correlations, formula allows to write the solution
of a heterogeneous degree two-star model. Let us concentrate on the matrix then. The
interaction we want to implement is such that links are correlated if they share one
node. This kind of interaction can mimic for instance traffic jam propagation. We
can define 3 as follows

. (6.86)
0 otherwise.

{1 i [(4,5) N (k, 1)) =1
Bijki =

and this matrix is actually a known object in Algebraic Coding Theory known as
the Johnson Graph J(N, 2) adjacency matrix. The Johnson Graph J(N, k) is a graph
in which the nodes are the subsets of {1,2,..., N} elements of dimension k. Edges
between these nodes exist if the intersection of the two nodes has dimension k£ — 1.
If k = 2 the adjacency matrix of J(IV,2) reduces exactly to the 8 we are looking for.
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Figure 6.7: A scheme of how the interaction is mediated by nodes. At first, any link has
the same (low) probability p to exist. If one flips up and connects two nodes, then it start
interacting with the sites of the links that share one node with that link. Then more links
might be promoted and propagate the interaction with their node-neighbours.

Moreover if one wants to treat this model as the Two-Star ERG, can see that the
Hamiltonian can be readily parametrized and put in the more familiar form

H(A) = 4 ;92 > Ay - %ZZﬁijklAijAkl =

i<j i<j k<l
01 — 62 02
=T XA D Audie=
1<j i<j<k

— —0im(A) — fs(A)  (6.87)

From literature it is known that the Johnson Graph Adjacency matrix is full rank,

and has known eigenspaces [155], [156], [157]. We choose to reabsorb the parameters so
that @ =€ and 62 = . For our case of interest k = 2, the eigenvalues of 3 are

A = 2N — 4 with multiplicity p; = 1;
= N — 4 with multiplicity yus = N — 1; (6.88)
v = —2 with multiplicity ps = W;
Before showing how the Partition function decouples in the eigenmodes, we must
pay attention to the fact that the scaling of the largest eigenvalue is of the order

N ~ /V. This means that while in equation (5.2) the term to keep confined the
interaction term was generically put to V, in this case that would kill the interaction
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entirely. As a matter of fact, we have to rescale by a quantity of the same order of
the largest eigenvalue of the interaction, i.e. in this case %
Then partition function decouples as

Ve [ e T [ e s H.

7 =

a=1

l\/i/ dxe_% 1—|—e V& JCORS ”
k=N+1 [

k=2

ﬁ

/dxe—§ [ [1+eVFenats H (6.89)

I3

The large N limit

We now want compute the terms of the partition function in the large N,V limit.
The single-link partition function will be

1 1 1 1
= 1 V = 1 V 1 V 1 7
z= lim (2)V = lim (1)7 lim 1)V lim (I5) (6.90)

We have already seen the first term in previous cases, that is

1 2 2
lim (I;)V :m;ix{e_y? (1_‘_611\/?-5-5)} Z e 7*( v VI+£] Ay ) (6.91)

V=00
A;;=0,1

where y, = arg max { (1 + e¥V2rts )}

We see there is a phase transition if 4 > 2 (and the proper € is there ).
For the third term we see that the scaling term N kills any effect coming from this
eigenspace. As a matter of facts we can see that, when N is large, we can approximate

[ Ly gﬁ[HeF(wH”g

2
~ max {eyZ (1+ 67')} =[1+e"] (6.92)
Y3

This term is a constant and does not depend on any parameter of the model, hence
it does not give rise to any separation of phases. If one is interested in the correction
that arise in the finite size case however, a orthogonal basis of the third eigenspace is
needed, and we will briefly provide a method to do so.

148



§6.3. II order interacting models

Last we need to compute the second term I5. For this term we need to be careful.
As a matter of facts, the representation for which we are able to decompose the
interaction matrix requires an orthonormal basis of eigenvectors to be performed.
While in the all-to-all and link community we did not need to pay too much attention
to this, since eigenvectors of different eigenvalues are orthogonal between them, in this
case we need again to ensure that we find an orthonormal basis for the eigenspace of
eigenvector .

The eigenvalue equation in this case becomes

Yo Bupavii =Y (vf+ofy) = oy (6.93)
(k,D#(3,9) 1#i,5
We now introduce the following vector for a = 2,3,--- | N

0if (i,5) = (a,a+1)

lifi=anj=
vy = nroanI = (6.94)
—lifi=a+1ANj=0a+1

0 otherwise

and can be checked that they are indeed eigenvectors and a basis. However they
are not orthogonal, which can be seen by computing the scalar product between two
of them

(v*0?) = 2(N = 2)dap — (N = 3)apt1 (6.95)

Orthogonalization of the basis

From a set of nonorthogonal basis vectors we can find a set of orthogonal ones by
simultaneously orthogonalizing them according to the Lowdin transformations [158].
If we define the overlap matrix S

Sap = (v[0?) (6.96)

we can get a set of orthogonal vectors as

1
w? =" 5,7 [0") (6.97)
b
Let us focus on the overlap matrix. Since it is symmetric, we can decompose it as
S = UAU” (6.98)
and

S~z =UA:U”. (6.99)

This is a banded tridiagonal matrix. It is known that it can be diagonalized as

149

9 YAIJVH))



CHAPTER 6

6. The Harmonic Oscillator of Random Graphs

dc
Aeg = d (6.100)
\/Q(N —2) — 2(N — 3) cos (<)
acm
Une =sin (“7) 6.101
sin N ( )
so that we can compute
_1 db Ocd
sal = Sn (57 () -
d \/2 —2) = 2(N = 3)cos (F
acm cbm
Z sm( N ) sin (W) (6.102)
- \/2(]\7 —2) — 2(N — 3) cos ()
So that the orthogonalized vectors can be written as
N acm cbm
Sln( N )SIH( N ) |'Ub> (6103)

ac \/2 2(N — 3)cos ()
One can realize that the structure of this vector is such that only 2N — 2 entries
are nonzero. Hence we can apply the consideration at the end of section [6.3.3]to claim
that we do not expect a phase separation coming from this term. If one is interested
in the finite size system effects, an orthogonal basis for the third space is needed as
well. In this case we refer to the work [I56] that has a complete description of all the
eigenvectors. Nonetheless they are not orthogonal but can be made so by following
the same procedure of Lowdin transformations we just performed. This means that
the second term can be evaluated as

[\/>/ dre™ % 1+ef\ﬁ<wk> +< H ~

~max{ T (14er )} =[1+e"] (6.104)

Y

Again, this does not produce any phase separation.
Then the term resulting from the second and third term can then be evaluated as

lim (I,)V lim (I3)7V ~ [14 7] = [F2tra e Ay 1
Jim ()7 Jim (I)¥ =~ [1+e7] Z (6.105)

Bringing back all terms into a single one, and making p the subject of the formula,
we get

1
e— - 2 (1_|_ y*F+e)

p=1-— (6.106)
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In figures [6.8] and [6.9] we show the Phase Diagram and the link probability of the
model for a certain range of parameters, which both resemble the simple, homogeneous
case.

-10 -8 -6 -4 -2 0

Figure 6.8: Phase Diagram of the Node-mediated Interaction model. In red the region where
multiple phases are present, in blue the region where only one phase is possible.

Lastly, we want to comment on the unexpected similarity between this model
and the simple, homogeneous one. This is due to the fact that while the mean field
approximation is far from exact, since a large number of eigenvalues of the same size
as the largest one exist, nonetheless they localize in a few nodes, and the respective
eigenvectors are basically everywhere zero. This is not true if we want to consider the
finite size effects on the system. In that case one would need to resort to the general
single-link probability formula with the eigenvector entries that are found using
the method of appendix [6.3.4] The phase structure would have to be found with the
equation described in appendix by putting equation equal to zero with
the found entries. After that, it could also be possible to correct the model for an
heterogeneous € term.
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Figure 6.9: Single-link probability function, in the range v = [0,15], with a large negative €
in blue, shaded region indicate where two solutions are possible.

§6.4 On the Mean Field Approximation and Phase
Structure

Before the final remarks, we want to comment on the unexpected similarity between
the node-mediated interaction model and the simple, homogeneous one [6.3.1

One would expect that with such a non-trivial corrrelation structure, the mean field
computation, which is essentialy the model of Section [6.3.1] with the right scalings
for the parameters, would be a wrong approximation of the system. However that
is not the case, and they basically coincide in the large N limit. Explicitly, the
correspondence follows from Equation : the node-mediated model’s mean-field
mode carries effective coupling f.g = 27, so that the homogeneous model of Section
[6-3.1] with 6 = 2v reproduces the leading behavior of the node-mediated model of
Sec. [6.34] exactly in this limit. This is due to the fact that while the mean field
approximation is far from exact, since a large number of eigenvalues of the same size
as the largest one exist, nonetheless they localize in a subextensive set of links, and
the respective eigenvectors are zero everywhere else.

We can state this more precisely as a two-part criterion, already implicit in the de-
rivation of Equation . An eigenmode k of 3, with eigenvalue \; and eigenvector
|wk), drives genuine non-mean-field phase structure only if both of the following hold
in the V' — oo limit:

(i) Extensive eigenvalue: A/V tends to a finite, nonzero constant;
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(ii) Delocalized eigenvector: the number of entries a for which (wy,), is bounded away
from zero is a macroscopic (non-vanishing) fraction of all V' links participates
in the mode.

If either condition fails, the corresponding auxiliary field is pinned to its mean-
field /trivial value in the thermodynamic limit, and the mode contributes at most
a finite-size correction rather than an independent order parameter. This is ex-
actly what happens for the non-principal eigenspaces of the Johnson graph coupling
in Sec[6.3.4t the v-eigenspace fails condition (i) outright (v/V — 0), while the -
eigenspace satisfies (i) (u/V — =, finite) but fails (ii), since its eigenvector has only
2N — 2 nonzero entries out of V.= N(N — 1)/2, a fraction that vanishes as N — oo.
Both mechanisms independently force the corresponding auxiliary field to its trivial
value, which is why only the mean-field mode survives to shape the phase diagram of
Fig. [6.8

This is not true if we want to consider the finite size effects on the system, or the
sparse limit in which the scaling of the parameters is different from the one we used.
In both such cases one would need to resort to the general single-link probability
Formula with the eigenvector entries that are found using the method of SI.
The phase structure would have to be found with the equation described in SI, by
putting Equation equal to zero with the found entries. After that, it could also
be possible to correct the model for an heterogeneous € term.

We also want to highlight the connection between our approach and Algebraic
Graph Theory. When we recast the computation of the Partition functions in terms
of the spectral decomposition of the coupling structure we are actually looking for the
diagonalization of link coupling matrix. Given that this is a matrix describing binary
relations in a set of V' elements, it is itself an adjacency matrix and all theorems of
Algebraic Graph Theory apply.

In this respect, a rough procedure to determine the possible phase separation
structure of a model can be outlined by generalizing the argument done for the good-
ness of the mean field approximation. In the thermodynamic limit, only eigenvalues
with the right scaling, i.e. outliers of the link-link adjacency matrix, will be relevant
to the the computation of the partition function. From literature it is known that in
most cases outliers other than the mean field one are symptoms of either a community
structure or a hub presence. One would indeed be interested in those generated by
the community structure, as they are the one that does not localize and create the
long-range correlations needed for the phase transition to appear.

This is consistent with results on the detectability of community structure via
spectral methods, where a community-induced eigenvalue must separate from the
bulk of the spectrum by an amount related to the community strength before the
corresponding (delocalized) eigenvector becomes informative, exactly mirroring the
criterion above.

This heuristics for the outliers to be responsible for the phase transitions can be
further argued for in the case of the regular random graph, as we hinted at in Section
Indeed looking at the spectra of regular random graphs, the first one in which
a separation of the spectrum appears is when the degree is 3, as can be seen in Figure
0. 10
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Figure 6.10: Spectrum of the adjacency matriz of a random regular graph with 1000 nodes.
In orange the Kensten-McKay law describing the distribution of the bulk of the spectrum.
From top to bottom the degree k is 2, 3, 4, and we can see that the outlier starts to appear
from the second figure only.
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86.5. Final Remarks

§6.5 Final Remarks

The solution of Random Network Models is a fundamental, analytical tool to tackle
many among the problems in the science of Complex Systems. In this paper we have
shown how to solve the models that mimic a link-link coupling of real world systems.
The power of our approach lies in the fact that is quite universal. Using the general
Formula , heterogeneity in local features can be added at will while still retaining
the same coupling structure. On the condition of having a viable way to decompose
the interaction structure, we have also shown that Equation can provide an
exact, explicit solution of the partition function and the phase structure as well. An
immediate practical consequence of this explicit solution is that it makes maximum
likelihood estimation directly accessible for this class of second order models. Since
the partition function of Equation and the single-link probability of Equation
(6.39)) are available in closed, or at least saddle-point-exact, form, the likelihood of
an observed network under any of the models we solve can be written down and
maximized without resorting to the Markov Chain Monte Carlo or pseudo-likelihood
approximations ordinarily required for pairwise-dependent exponential random graph
models, and without incurring the model-degeneracy pathologies such approximate
schemes are known to suffer from. We regard this as one of the more promising
practical directions opened up by the present work: using the class of second order
models solved here as tractable, exactly-normalizable null models for network recon-
struction and hypothesis testing, in the same spirit already established for first order
maximum-entropy models [90].

Moreover, in the various cases that we explored, we have seen that the phase
structure can become easily crowded as the phase landscape can be quite hilly. Higher
order features of networks are increasingly thought to be key features of complex
systems, and the present work constitutes a little brick in the wall of understanding
and solving coupled, complex structures. But we have also shown in Section [6.3.2 how
seemingly higher order structures can be effectively reduced to lower order network
models and be, in principle, indistinguishable from them. Lastly, the study of even
higher order structure has still many more steps to undertake, and we believe some
of the methods developed here, and properly generalized, could be of help in that
direction of research, for example as null models to distinguish between true higher
order interaction and the one just described by link-link coupling that is extensively
dealt with in the present work.
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Summary

Summary

This thesis studies the renormalization of random network models, with a focus on the
topological and algebraic structures that emerge when networks are coarse-grained or
partially observed. The work is divided into two parts.

The first part analyses the Multi-Scale Model (MSM), a random graph model that
arises as the fixed point of a renormalization procedure based on aggregating nodes
into supernodes while preserving the functional form of the connection probability.
The MSM requires that node fitnesses follow a heavy-tailed stable distribution with
infinite mean, and this unusual distributional property endows the model with a
number of remarkable features.

Chapter 2 characterises the spectrum of the MSM adjacency matrix. The leading
eigenvalues are shown to grow as the square root of the network size, to alternate
in sign, and to lie at the intersections of the real axis with a logarithmic spiral in
the complex plane, characterised analytically in terms of the Gamma function. The
corresponding eigenvectors display log-periodic oscillations in the node fitness, a hall-
mark of discrete scale invariance. The bulk of the spectrum extends to the same scale
as the outlier eigenvalues, in stark contrast with the behaviour of finite-mean models.

Chapter 3 proves that the MSM naturally generates a non-trivial clustering func-
tion without any appeal to an underlying geometric space. In the infinite-mean re-
gime, all nodes except the highest-degree hubs have local clustering coefficients close
to one, and the network becomes asymptotically fully clustered in a precise sense.
The analysis also reveals a lack of self-averaging in the average clustering coefficient,
a consequence of the heavy-tailed fitness distribution.

The second part develops a renormalization theory for random network models in
which edges are correlated. The central observation of Chapter 4 is that marginalising
a correlated network model over unobserved variables is equivalent to performing a
decimation step in the renormalization group sense. This equivalence is formalised
within the framework of exponential random graph models, and is used to derive exact
RG flow equations, to identify universality classes, and to develop network inference
methods that incorporate uncertainty about missing data in a principled way.

Chapter 5 solves the RG equations exactly for one-dimensional chain topologies,
and extends the analysis to models with sparse and uniform disorder. The exact
solutions are interpreted in terms of several network-relevant phenomena, including
peer effects, preferential attachment, susceptibility, and reinforcement dynamics.

Chapter 6 analyses the class of second-order random network models, to which
most correlated models flow under renormalization when higher-order interactions
are irrelevant. It is shown that second-order models can be solved in full generality
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by reducing the computation of the partition function to the diagonalization of a
link-adjacency matrix. This approach reveals a rich phase structure, establishes a
connection with algebraic graph theory, and provides a unified framework for solving
a wide family of edge-correlated network models.
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Samenvatting

Samenvatting

Dit proefschrift bestudeert de renormalisatie van willekeurige netwerkmodellen, met
bijzondere aandacht voor de topologische en algebraische structuren die ontstaan
wanneer netwerken worden coarse-grained of gedeeltelijk worden waargenomen. Het
werk is verdeeld in twee delen.

Het eerste deel analyseert het Multi-Scale Model (MSM), een willekeurig net-
werkmodel dat voortkomt als het vaste punt van een renormalisatieprocedure waar-
bij knooppunten worden samengevoegd tot superknooppunten, terwijl de functionele
vorm van de connection probability behouden blijft. Het MSM vereist dat de fitnesses
van de nodes een heavy-tailed verdeling met oneindige verwachtingswaarde volgen, en
deze eigenschap geeft het model een aantal opmerkelijke kenmerken.

Hoofdstuk 2 karakteriseert het spectrum van de bogenmatrix van het MSM. De
dominante eigenwaarden groeien als de vierkantswortel van de netwerkgrootte, wisse-
len van teken, en liggen op de snijpunten van de reéle as met een logaritmische spiraal
in het complexe vlak, analytisch gekarakteriseerd via de Gammafunctie. De bijbeho-
rende eigenvectoren vertonen log-periodieke oscillaties als functie van de node fitness,
een kenmerk van discrete zelfgelijkvormigheid. De bulk van het spectrum strekt zich
uit tot dezelfde schaal als de outlier eigenwaarden, in schril contrast met het gedrag
van finite-mean modellen.

Hoofdstuk 3 bewijst dat het MSM van nature een niet-triviale clustering-functie
genereert zonder gebruik te maken van een onderliggende geometrische ruimte. In het
infinite-mean regime heeft nagenoeg iedere node, op de hoogst verbonden hubs na, een
local clustering coefficient dicht bij één, en wordt het netwerk in precieze zin asymp-
totisch volledig geclusterd. De analyse onthult ook een gebrek aan self-averaging in
de gemiddelde clustering coefficient, een gevolg van de heavy-tailed fitness-verdeling.

Het tweede deel ontwikkelt een renormalisatietheorie voor willekeurige netwerk-
modellen met gecorreleerde links. De centrale observatie van Hoofdstuk 4 is dat het
marginaliseren van een gecorreleerd netwerkmodel over ongeobserveerde variabelen
equivalent is aan het uitvoeren van een decimatiestap in de renormalization group.
Deze equivalentie wordt geformaliseerd binnen het kader van exponential random
graph models, en wordt gebruikt om exacte RG-flow-vergelijkingen af te leiden, uni-
versaliteitsklassen te identificeren, en methoden te ontwikkelen voor netwerkinferentie
met ontbrekende gegevens.

Hoofdstuk 5 lost de RG-vergelijkingen exact op voor eendimensionale keten topo-
logieén, en breidt de analyse uit naar modellen met schaarse en uniforme wanorde.
De exacte oplossingen worden geinterpreteerd in termen van peer effects, preferential
attachment, susceptibility en reinforcement-dynamica.
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Hoofdstuk 6 analyseert de klasse van tweede-orde willekeurige netwerkmodellen,
waarnaar de meeste gecorreleerde modellen stromen onder renormalisatie wanneer
hogere-orde interacties irrelevant zijn. Er wordt aangetoond dat second-order mo-
dellen in volledige algemeenheid kunnen worden opgelost door de berekening van
de partitiefunctie te reduceren tot de diagonalisatie van een link-adjacency matrix.
Deze aanpak onthult een rijke fasestructuur, legt een verband met algebraische graaf-
theorie, en biedt een verenigend kader voor het oplossen van een brede familie van
link-gecorreleerde netwerkmodellen.
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