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CHAPTER

E-values for contingency tables

This chapter is based on:
Y. Wang, S. Arnold, F. Giuffrida, P. Griinwald, and T. Dickhaus. E-values for Con-
tingency Tables. In preparation.

Abstract

We empirically investigate several e-values and e-processes for testing in 2 x 2 contin-
gency tables. While the e-process recently introduced by Turner et al. exhibits the-
oretical growth-optimality properties for paired data sequences, we find that, when
applied to a single large table (the batch setting), its performance deteriorates, with
the other standard e-process based on universal inference performing even worse. By
contrast, conditional e-variables tend to perform better, both in terms of growth rate
and expected stopping times, with uniformly most powerful e-variables showing the
best overall performance. When batches arrive sequentially, the comparison becomes
more nuanced: Turner’s e-variable is generally optimal in the asymptotic regime,
whereas the normalized mazimum likelihood e-variable is often, though not always,
preferable at practically relevant sample sizes.



CHAPTER 4

4. E-values for contingency tables

4.1 Introduction

Over the last few years, e-variables have attracted increasing interest in the statistical
community as new, safe methods for assessing statistical evidence; see, e.g., [24] 23]
22]. In a nutshell, an e-variable, also e-statistic or e-value, is a non-negative random
variable S with expectation at most one under the null, and large realizations of
e-variables give evidence against the null. The latter is easily seen, since, for every
distribution Py in the null hypothesis, we have Py(S > 1/a) < a, for any « € (0,1),
as a direct consequence of Markov’s inequality. E-variables allow for a monetary in-
terpretation as bets against the null [27], and may be combined by taking averages or
products. This simple behavior under combinations makes them especially attractive
for real-world problems where we want to combine evidence across different studies
or outcomes, and accumulate statistical evidence sequentially over time. For a com-
prehensive introduction to the theory of e-values, we refer to the recent monograph
by [23].

In this paper, we study and propose various e-variables and e-processes for analyz-
ing 2 x 2 contingency tables, a problem that dates back as far as the field of statistics
itself. Such a table is defined by two group sizes, n, and np, counts Yy € {0,...,ny} for
g € {a,b}, where we can write Y, = >_1Y, X¢. According to the null hypothesis, the
outcomes in both groups are i.i.d. Bernoulli with the same parameter P(X? = 1) = 6,
where 6 is an unknown nuisance parameter, making the null composite. According to
the alternative, the parameter varies across the groups: outcomes within each group
g are i.i.d. Bernoulli with parameter ,. Surprisingly, despite e-values being a rapidly
growing and developing research field, much remains unknown about the design of
optimal e-variables and e-processes for this simple yet fundamental problem. At first,
this statement may seem to contradict the findings of [85], B0], who have derived the
GRO e-variable for a given contingency table and simple given alternative (0, 6;),
and then use it to derive an e-process for data arriving sequentially in small batches
for composite alternatives; for the case that data arrive in pairs, they provide en-
couraging empirical results. Here, GRO means ‘growth-optimal,” the standard and
best-researched optimality criterion for e-variables. However, when one attempts to
use the Turner e-variable for analysis of a particular table taken from [86], the results,
which we reproduce in Table below, are very disappointing. The crucial differ-
ences in the setting in which Turner performed well were that the table was large,
with highly different group sizes, and that it was observed one shot, rather than as
a sequence of small batches, such as pairs. The 43 other tables considered by [86]
yielded qualitatively similar results to those in Table [} for brevity, we omit them.

In this example, the p-value from Fisher’s exact test is 0.00282, strongly suggesting
that the outcomes depend on group membership. Ideally, we want to draw the same
conclusion if we base our analysis on e-values. However, a naive calculation of Turner’s
e-variable for the same data gives an uninformative 1 (one), whereas the non-naive
mini-batching approach suggested by [30] (and explained in detail in the next sections)
yields a non-conclusive small value of 4.11 (usually we perceive e-values larger than
10 or 20 as conclusive). Upon closer analysis, we find that the problem is that the
Turner approach to deal with composite alternatives, although quite a standard one,
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a b
1 192 674
0 506 2370

Table 4.1: Data provided by [86] for ne = 698 participants in group a, and n, = 3044
participants in group b. The groups a and b indicate a certain difference in the genotype of
the participants, and the outcomes indicate whether some studied phenotype was present (1)
or absent (0).

Method E-value
Turner (naive) 1
Turner (split) 4.11

UI (mixture) 0.0687
Fisher f-calibrated 10.087
Fisher g-calibrated 17.83
Conditional (mixture) 7.83

Conditional (UMP-2,«0 =0.05) 37.33
Conditional (UMP-2,a =0.01) 42.92
Conditional (NML) 2.30

Table 4.2: Different e-values for the data in Table .

does not combine well at all with the highly skewed group sizes (group b is more than
four times larger than group a) of the given table, as we will explain in Section
Besides Turner’s e-value, there are two further well-known available approaches to
compute e-variables for the given problem: The universal inference (Ul) e-variable
proposed by [25], and the e-variable obtained by calibrating Fisher’s exact p-value
into an e-value by a so-called p-to-e-calibrator, which maps any p-value to an e-
value, see [26]. The UI e-variable is easy to compute and very broadly applicable,
but also known to be overly conservative, as it also turns out to be the case in our
example, where we obtain a useless value of 0.0687 (see Table . There exist many
valid p-to-e calibrators, and there are no guidelines as to which one to use in which
situation, so we consider just two standard ones: the functions g(p) := 1/,/p — 1 and
f(p) = (1 —p+plogp)/(p(—logp)?. g(p) turns Fisher’s exact p = 0.00282 into an
e-value of 17.83, which seems quite reasonable. However, g(p) has the property that it
could vanish to 0 with non-zero probability, and as such, we do not advocate its use.
To see why, recall that a central motivation for using e-values instead of p-values lies
in their behaviors for sequential problems where we can multiply e-values over time
to accumulate evidence from various outcomes and studies. Suppose, for example,
that the study underlying Table [{.1] was carried out in several stages, each leading to
a batch of data summarized by its own sub-table, and that the decision to continue
with the study would have depended on the strength of evidence in the batches seen
so far. Then it would not have been allowed to reuse all data at the final step to
compute Fisher’s exact p-value based on the entire table, since part of the data had
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already been used for the intermediate inference. In contrast, providing a final e-value
as the product of the e-values for all individual batches and rejecting if it exceeds the
significance level a does provide a valid test. However, if one of the batches had been
small, then with non-negligible probability the calibrator g(p) would have given us an
e-variable of 0 for that batch. Then the final product would have become 0 as well,
rendering g useless (or at best: highly risky) in such a standard optional continuation
scenario.

For that reason, we prefer the other standard calibrator f (which cannot reach
0), which provides an e-value of f(0.00282) = 10.087. The value of 10.087 serves as
a benchmark in this example: for at least two reasons, we aim to find better (more
powerful) e-values than the one obtained by calibration. The first reason is that the
calibration operation is ‘blind” and does not make use of the underlying setting — one
would hope that knowledge of the setting/model should allow one to design improved
e-variables. The second reason is that, while useful, we can predict it will be far from
optimal in the optional continuation scenario described above. There, one can, of
course, compute the p-values pq, ..., pr for each batch, calibrate each into an e-value
f(p1),..., f(pr), and report their product as the total summary statistic. However,
such an approach is undesirable, since we do not include any potentially valuable
information from the first j — 1 studies in the computation of an e-value for the j-th
study. This stands in contrast to the approach proposed by [85], which, as is possible
for most e-variables designed for specific problems, incorporates implicit learning of
the parameters, allowing us to leverage valuable information from past batches in the
e-variable designed for the present one. However, as we already remarked, Turner’s
method does not yield satisfactory results in the table above either.

4.1.1 Novel methods considered in this paper

Here, we provide conditional e-values for analyzing contingency tables that are easy
to implement and powerful. By ‘powerful’, we mean that the e-values should (with
high probability) be larger than the calibrated p-value based on Fisher’s exact test if
the alternative hypothesis of association is true. By ‘easy to compute,” we mean that
resource-intensive operations, such as a loop over all contingency tables with given
marginal counts, should be avoided, a requirement that applies when many e-values
must be computed simultaneously, as in genome-wide association studies. Recently,
[28] and [29] have studied optimal e-values in situations where the null and alternative
hypotheses are given by exponential families sharing the same sufficient statistic(s).
Recall that, by definition, conditioned on the sufficient statistic, the distribution of
the data does not depend on the unknown parameter of interest anymore; that is, all
relevant information about the parameter is contained in the sufficient statistic. The
authors use this characterization of sufficiency to study conditional e-values, in which
they condition on the sufficient statistic to convert the composite null to a simple
hypothesis. Conditional e-values are attractive alternatives to GRO e-values since
they are easy to compute and asymptotically optimal in the sense that the difference
in expected growth in comparison to the theoretically optimal GRO e-variable grows
sub-linearly (logarithmically). This paper builds on the fact that the null hypothesis
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of no association may be represented as a one-dimensional exponential family with
the total number of successes as a sufficient statistic, and that, conditioned on the
number of ones, the null becomes simple.

Conditional e-variables are generalizations of conditional likelihood ratios; spe-
cifically, instantiated to our contingency table model, they generalize the conditional
likelihood ratio for sequences of paired data as used already by Wald in his sequen-
tial probability ratio test for two proportions [87] and the conditional Bayes factors
used by, for example, [88]. Indeed, what we call the conditional (mixture) e-variable in
Tableis just such a conditional Bayes factor (though we extend it in a non-standard
way to the sequential setting). The other versions of our conditional e-variables have,
to the best of our knowledge, never been considered before. An initial study of a
similar type of conditional e-variable, slightly different from the ones we consider here
but that served as an inspiration for the present one, was applied, under the name
microcanonical e-variable in Chapter [3}

Table presents the conditional e-values in three versions, as discussed in what
follows, for the data example in comparison with the previously discussed e-values.
We see that one particular version, UMP-2, performs remarkably well on our table.
UMP-2 stands for ‘the 2-sided extension of the uniformly most powerful conditional
Bayes factor’, an e-variable construction that will be explained in the next section.
We have calculated the e-variable types listed in Table [£.2] on various other tables as
well, and consistently find that UMP-2 shows the best behavior, which is in accord
with the heuristic analysis we give in Section Thus, we conclude that it is the
method of choice for the one-shot scenario, where we receive a single table ‘thrown at
us’ and must analyze it.

Our findings are more intricate in the sequential setting, where batches (tables,
potentially of different sizes and group size ratios) from the same source arrive se-
quentially. In this setting, by its very construction, UMP-2 will suffer from the same
defect as the p-to-e calibrators: when data comes in batches, it does not allow one to
improve the e-variable for the next batch based on previous batches. The NML con-
ditional e-variables do allow for this behavior, and soon start to outperform UMP as
the number of batches increases. Since they are harder to implement in the sequential
setting, in this preliminary study, we have not experimented with the mixture con-
ditional e-variables; we expect them to behave very similarly to the NML ones. At
the same time, though, we find that the Turner e-variables generally perform better
as the number of batches increases — like the NML and mixture e-variables, they
adapt to the data-generating distribution as more data comes in. In a nutshell, we
find that asymptotically, in all our experiments, the Turner e-variable outperforms
the conditional NML one; but for reasonable sample sizes and reasonable targets (i.e.,
rejection thresholds 1/«), the NML one either is substantially better, or it is slightly
(but never a lot) worse.

Thus, based on this preliminary study, our final recommendation for the case of
sequentially arriving batches will be to handle the first batch (if it is not too small)
using conditional UMP, and subsequent batches using the conditional NML approach,
and return as evidence the product of all these e-variables. We hasten to add that the
preliminary status of these findings means they should be interpreted cautiously: since
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the results are not entirely clear-cut, with the Turner e-variable sometimes slightly
outperforming the NML one, we aim to perform several further experiments before
we submit the present manuscript to a journal.

We also want to stress that we focus on the case where (a) under the null, 6, = 0,
and (b) the alternative is the entire set of (6,,6,) € (0,1)? with 6, # 6, — thus there
is no minimum relevant effect size, or a priori knowledge that the discrepancy between
0, and 6, has a certain minimum size. This is in contrast to [85], who extend the
Turner e-variables to deal with nulls in which 8, # 6, and minimum effect sizes; one
can certainly extend the conditional e-variables to this setting as well, but we do not
consider these extensions in this paper.

The remainder of this paper is structured as follows: in section [£.2] we introduce
notation and all e-values of interest in a rigorous mathematical manner. In Section[d.3]
we explain the results underlying Table and more generally, the one-shot case,
in detail. In Section [£.4] we compare the performance of the proposed e-values in
simulations when batches (sub-tables) arrive sequentially. We end with a conclusion.

4.2 Preliminaries and notation

We consider binary data from two independent groups, denoted by a and b, and
suppose that, in each stream, data are i.i.d. Bernoulli with parameters 6, and 6,
respectively, i.e.

XS, R Ber(f,) and X% XJ, ... bR Ber(6y), (4.1)
for (6,,0;) € © = (0,1)2. We are interested in testing the null hypothesis of no
association

P:0,=06,=0y 06y¢€ (0, ].) (42)

We abbreviate the Bernoulli distribution with parameter 6, by Py, , and let P, o,)
be the distribution of a bivariate Bernoulli vector with independent components and
parameters 0, . We denote by py, and p(g, g,) the corresponding densities, and use
the same notation for multiple outcomes, naturally extended by the i.i.d. assumption.
We write the null hypothesis at equivalently as P = {P4,.,9,) | 6o € (0,1)}.

4.2.1 E-variables for a single batch/table

Recall that an e-variable for P is a non-negative test statistic S such that Ep(S) < 1,
for all P € P. In the following, we will introduce various e-variables for the testing
problem at hand. For the sake of clarity, we assume, first, that we have a single batch
of data available and explain in the next subsection how to derive e-processes and
compute e-values if data arrives in batches over time.

Assume then that we observe a batch of data consisting of observations X{,..., Xk
{0,1}, for ny, > 1 and k = a,b. We denote by Y, = Y7, X¢ and ¥, = >/ X! the
number of ones (successes) in group a and b, respectively, and let n = n, + np, and
Ny =Y, +Y,.
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The Turner E-Variables For arbitrary fixed (0,,6;) € ©, [30] show that
Po, (X)) p, (XD
oo (X2)i24) P, ((X7)72y)

is the GRO e-variable with respect to the simple alternative Q@ = {Py, g,)}, see [30,
Theorem 1]. Note that

Ng n
SGRO(04.0,) = , for 0y = ;Ga + ;bﬁb, (4.3)

SGRO(0,,0,) = SGRO(0,,05) (Yas Ys) (4.4)

for some fixed function s, i.e. the e-value depends on the original outcomes only
through their counts. However, often we do not want to test P against the simple
alternative Q = {Py, g,)} but rather against the full alternative

Q = {P(en,,eb) | (eaveb) S @7951 7é eb} (45)

For this case, [30] propose to consider a prior W over © under which 6, and
0y are independent. Thus, W decomposes into sub-priors W,, W} such that 6, ~
W, and 6, ~ W, are independent. We can then write Py, = Il Py, dW,(0,) for
g € {a,b}. By convexity of the Bernoulli model, we have Py, = P for some
0y, for g € {a,b}. [30] then calculate the GRO e-variable relative to this simple
alternative (6,,0;). We denote the corresponding Turner e-variable by Sturw)- In
case ng = np = 1, this coincides with the GRO e-variable relative to W, but in
all other cases, as long as W is non-degenerate, it does not, since if n, > 1 then
Py, (X{,...,X57) # Py (XY,..., X7?); see [30] for more extensive discussion. [30]
suggests using a Beta prior for W, and we use the uniform Beta prior unless otherwise
stated.

Universal Inference In the given problem, a standard version of the Universal In-

ference (UI) e-variable proposed by [25] with respect to the fixed alternative { Py, g,)}

is given by

6 (1= 6,)7 Y26} (1 — g)m Y
ON1 (1 — G)Ni-y

SU1(0.,0,) = ;
where 6 denotes the MLE for the given data with respect to the binomial distribution
with sample size n;. For the general alternative Q and general prior W (in this case,
0, and 6, do not need to be independent under W), we report the mixture e-value
Svrwyy = [ Suer, 0p) AW (05, 0;).

Conditional E-Variables As mentioned in the introduction, the Turner e-variable
as well as the Ul e-variable may perform poorly (i.e., remain small) for some tables
that intuitively provide strong evidence against the null. Recently, [28] and [29] have
introduced conditional e-values as an attractive alternative to the theoretically op-
timal GRO e-value for general exponential families. Clearly, the hypothesis P at
forms a one-dimensional exponential family with parameter 6y, and the hypothesis
Q at forms a two-dimensional exponential family with parameters (6,,6;). For
the given data, the summary statistic N1 = Y, + Y} is sufficient for P, and the vector
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(N1,Y,) is sufficient for Q. Moreover, under the null, Ny is Binomially distributed
with parameters n and 6y, and, under the alternative, Yj is binomially distributed
with parameters n; and 6y, for £ = a,b. We denote the probability mass functions
of the sufficient statistic Y, by fy,, and refer to [66] for an extensive study of expo-
nential families. Next, we will condition on N7 = nq, for some n; < n, +np. It is
well-known, and may be verified by standard calculation, that, given N; = nq, Y,
follows a hypergeometric distribution under the null, that is

W7 y€{7_7-~-a'7+}7

ni

fYa(y | N 2711) =

for v~ = max{0,n; — np} and v+ = min{ny,n,}. Crucially, the density fy, (- | Ny =
n1) is independent of 8y by sufficiency. Similarly, for general (6,,6;) € ©, Y,, given
N7 = ny, follows a Fisher’s noncentral hypergeometric distribution, that is

() Giry)e

fYa(y|N1:n1): ¥ " " 5 ye{,y*,“",-}ﬂr}’ (46)
ZZZV— ( ka) (nlﬁk)eék
where § denotes the log odds-ratio,
0, 1-06,
5—log(1_9a~ o )ER. (4.7)

Note that the hypergeometric distribution results as a special case for § = 0, which
holds if, and only if, 6, = 6,. For fixed ng,ny > 1, ny < ng +np, and 6 € R, we de-
note the density of Fisher’s non-central hypergeometric distribution with parameters
Na;Np; M1 and 6, bY frN(n, ny.ni,6)- Since ng and np, as well as the number of ones
ny (by conditioning) are assumed to be given, we abbreviate fex(n, n,n,5) Simply
by frn(s) whenever ng,ny, and n; are clear from the context. As seen from ,
for fixed ng4,np, 11, the set of distributions corresponding to frn(s) themselves consti-
tute a 1-dimensional exponential family with canonical parameter 6. The conditional
e-value is defined as

_ fFN(na,nb,nl,é)(Ya) _ fFN(S) (Ya)
fFN(na,,nb,nl,O) (Ya) fFN(O) (Ya),

Se(s)(Ya) s eR. (4.8)

Lemma 4.2.1.
For any 6 € R, the conditional e-value S5 at (4.8)) is an e-value for P.

Proof. For any P € P,Y,, given N7 = nq, is hypergeometrically distributed, and thus

At At
Ep(Sesy | N1 =n1) = Z Trn(o) (¥)Ses)(y) = Z fenes) (v) = 1.
y=7" y=v"
The claim follows from the tower property and the fact that S.(s) is non-negative.
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By conditioning, we have reduced the dimensionality of the alternative parameter
space, and S(s) is an e-value for any 6 € R. Analogously to the unconditional case,
we usually do not know a priori against which particular § we should test P. Thus,
we discuss three possible choices in the sequel.

1. Mizture conditional e-variable. Given a prior W on R, it is natural to consider
the mizture conditional e-variable

Sea) (Ya) = [ S (Ya) AW (5) (4.9)

Note that this e-variable can be thought of as a ‘conditional’ Bayes factor, and
as such it has appeared before in the Bayesian literature: [88] and [89] give
closed form expressions for the conjugate prior on § for Fisher’s non-central hy-
pergeometric distribution. Other natural choices for W include some Gaussian
prior or Jeffreys’ prior.

2. NML conditional e-variable. Ideally, we would like to choose ¢ such that the
enumerator in is as large as possible, which is achieved by the MLE, de-
noted by §(Yy), for the given data. However, Se(3(v,)) 18 not an e-variable in
general, since usually E p(SC( S(Ya))) > 1 for P € P. Nevertheless, by appropri-
ately scaling, we obtain the normalized mazimum likelihood (NML) conditional

e-variable 1
SC(NML) (Ya) = SC(S(Y ))(Ya) : ¥ ’ (410)
Dt fensny) ()
where S(k‘) denotes the MLE for fepn(n, n,,n,,6) With outcome k € {y~,..., vt}

The normalized maximum likelihood approach has been derived within the Min-
imum Description Length (MDL) approach to statistical model selection and
prediction [I8, [I7] and often combined with some luckiness function, where we
replace 6 (k) and ) (Ya,), with the MLEs with respect to the modified data where
nl, = ng+kq,ny, = ny+ky, n} = n1+kq, for some kg, ky, k1 > 0 with the default
choice k, = ky = k1 = 1. Classic results in MDL theory for unconditional set-
tings with simple nulls indicate that, for large enough sample sizes, and under
regularity conditions, which are met in our case, the log Bayes marginal like-
lihood based on Jeffreys’ prior will become equal, up to o(1), to the log NML
e-variable. Although these classic results do not cover the present conditional
setting, they suggest that NML and Bayesian methods will behave similarly.

3. UMP e-variable. Finally, since fFN((;)(~) constitutes a 1-dimensional exponential
family, we can use a result of [90] which states that, for every pre-specified
significance level o € (0,1), among all tests of our usual null § = 0 against the
one-sided alternative Hy : 0 > 0 that take the form 1{S. > 1/a} for some
0 € R, the choice § = (%MP is uniformly most powerful, where 5$MP > 0 is given
by

Dx1, (fFN(5$Mp) H fFN(O)) = log(1/a), (4.11)

and the results hold as long as (%MP > ( satisfying the above display exists;
it will then also be unique. Existence is guaranteed if min{n,,n;} is larger
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than some minimal n* [0, @1]. Even though there is no closed-form expression
for ‘%MP available, we may solve (4.11)) efficiently numerically by convexity in
0. Similarly, if holds with 5{'}MP replaced by some dy;p, then the test
1{s, Soap) = 1 /a} is UMP among all tests of above form against alternative
Hy : § < 0. If one is interested, like we are (since we always consider every
distribution (0,,0,) € (0,1)% with 6, # 6, as potential alternative), in a two-
sided test, this suggests to take, in analogy to the standard construction of a
two-sided test, the e-variable Sypp_o = (1/2)SC(5GMP) + (1/2)S‘3(5$Mp)' We call
this the UMP-2 e-variable, even though it formally does not have UMP status
anymore.

4.2.2 Sequential (conditional) e-variables

We now assume that data arrives in batches (B;):en over time, and that, at each
time point ¢t € N, we observe batch B; consisting of n,; observations in group a
and ny ; observations in group b. We denote by Y, ; and Y;; the number of ones at
t € N in group a and b, respectively, and let ny = ng+ + npt, and Ny = Yo ¢ + Yy 1.
Similarly, we let nf, = 3,_, nge, and Y} = S2,_, Yi o, for k = a,b, and n* = n’ +nk,
and N{ = Y}! +Y/}. Fort € N, we summarize the data B, at ¢, and the total data
B! = (By,..., B;) until t in tables as given in Tables 4.3 and

outcome a b outcome a b
1 Yo Y ni 1 Y/ vy nj
0 Nat — Yar Mot —Yor No 0 n, =Yy np =Y ng
Na,t Tip,t ¢ TLZ ’I'LZ ’ﬂt
Table 4.3: Data B at t € N. Table 4.4: Data B until t € N.

Throughout the paper, we consider the natural filtration (F;);cn, where F; =
o(B') for t € N. It was argued in the introduction that e-values are particularly
useful in sequential analysis where we want to combine evidence from different studies
(tables, batches) over time. We call a sequence (S;).en of e-variables for P sequential
(with respect to the filtration (F;):en), if (St)ien is adapted and, for all P € P,

EP(St ‘ .7:,5_1) <1, teN. (412)
Given some sequence of sequential e-values S1, S5, ..., we consider their cumulative
products
t
M, =[S, teN (4.13)
r=1

It follows directly that (My)icn is a nonnegative super martingale under any P € P,
and that it satisfies thus Ville’s inequality [92], claiming that, for any P € P,

P(3t: My >1/a) <a, forallae(0,1). (4.14)
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Ville’s inequality lays the foundation for safe anytime-valid inference [22]. It may be
seen as a time-uniform generalization of Markov’s inequality, and is stronger than
P(M; > 1/a) < «a for all t € N, see e.g. [93] for a discussion. Any sequence of
sequential e-values thus suggests the natural sequential tests Uy = 1{M; > 1/a},
t € N, where we reject the null P at level a € (0,1) as soon as M; exceeds the
threshold 1/«, and, by , one may upper bound the probability of ever doing a
type-I error by a.

Sequential Turner - Simple Alternative For the simple alternative (6,,6}), the
GRO e-variable for each block is given by , which takes the form of a likelihood
ratio between the alternative and a particular element of the null. It then easily follows
[94] that the GRO e-variable for any sequence of blocks is given by the product of the
individual e-variables for each block, i.e. M; = szl $(Ya,0, Yo0), with s given
by (4.4), is the GRO e-variable for data B*.

Sequential Turner - Composite Alternative For the full composite alternative,
we may turn the Turner e-variable into a sequential sequence of e-variables as follows:
we start with a prior Wj for the first batch and calculate Stygrw,). We then, for
the t-th batch, use the Turner e-variable with prior W; set equal to the posterior
W1 | By,...,B;—1 based on all previously observed data.

We note a few properties of this procedure:

1. No Within-Batch Learning. The posterior is updated only after a new batch
arrives. Therefore, if batch B; has large size, the Turner e-value for that batch
is a likelihood ratio in which all outcomes in group a within that batch are
predicted by the same Bernoulli distribution, i.e., for g € {a,b}, every such
outcome z appearing in B, appears as a factor pg(x?) in the likelihood for the
same 6 that only depends on outcomes in past batches Bj ..., By_1.

2. Sequential GRO in Special Cases. If all batches B; are pairs, nq: = nps = 1,
and the prior W7 renders 6, and 0, independent, then so does, for each t,
the posterior Wy that is used as prior in batch B;. As a result, following the
reasoning of the previous section, the ¢-th sequential Turner e-variable Stugrw,)
is the W;-GRO e-variable and the resulting martingale (M;):en is sequential W1 -
GRO. [29] shows that, for general exponential families, the growth rate of this
sequential version of GRO differs from the (‘overall’ optimal) GRO by clogn
for some small (< 1/2) positive constant c.

Sequential conditional We suggest using sequential conditional e-values defined
as
_ fFN(na,tyna,taNl,h(st)(Yaat)

Seisi(Yar) = . teN,§ €R, 415
(60¢(Yar) TEN(a. oo N1.,0) (Yat) ‘ (4.15)

for some predictable sequence (d;)ieny € R. Importantly, the conditional requirement
at (4.12)) allows us to learn the true log-odds ratio § adaptively, and thereby increasing
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power in case that the alternative is true. For the mixture approach, this suggests
considering

Sewiyt = /Sc(é),t(Ya,t)th(6)7 (4.16)

for some predictable sequence (W;);en of priors over R, where the natural choice is
to choose W; as the posterior for § after having seen the data B*~!. Note that, while
the individual e-variables have a conditional Bayes factor interpretation, this is not so
clear for their product: the conditional Bayes factor for data consisting of a series of
batches Bi, ..., Br is not equal to the product of conditional Bayes factors for each
separate batch B; with prior W; set to the posterior based on B!~! (such a coherence
results only holds for unconditional Bayes factors). Also, for the NML approach, we
want to predictably update the MLE, which suggests using

1

Sc(NML),t = Sc(g(yat))’t<ya7t) ' s (417)

ot 500y (F)
k=, FN(na,t,mp,¢,N1,¢,0(k))
where v, = max{0, Ny ; —np,} and ;- = min{Ny ¢, n4,}, and §(¥}!), and §(k) denote
the MLE for the full data B* with respect to feN(ng e Nt ,5) for Y!and Y7 + k,
respectively.

Finally, we note that the UMP-based approach presented in the previous subsec-
tion is not well-suited for a sequential application, since the optimal log-odds ratio
would be computed for each batch independently, and there is no learning of the al-
ternative between batches. That is, we actually would obtain independent e-variables
rather than sequential e-variables, which are expected to perform worse in the long
run.

Notation Description

SGRO(BQ,Ob) GRO e-variable wrt Q = {Pgmgb}

STUR(W) Turner e-variable with prior W

Se(s)s Se(w)s Se(vmry  Cond. e-value for § € R, with prior W, and cond. NML e-value
B; (B) Data entering at (until) time ¢

Nats Nyt (N4, nh) Group sizes at (until) time ¢

Youi,Yor (YY) Total number of ones in group a and b at (until) time ¢

Nyt (NY) Total number of ones in both groups at (until) time ¢

Se(s),t (S(t:(a)) Conditional e-value for § € R at (until) time ¢

Sew ¢ (Sé(vv)) Conditional e-value wrt some prior W on 6 € R at (until) time ¢

Se(NML),¢ (S&NML)) NML conditional e-value at (until) time ¢

Table 4.5: Notation used in the paper.

4.3 Calculating and analyzing e-variables for a single table

In this section, we provide details underlying the calculations that gave rise to Table[4.2]
and we analyze the dismal behavior of the Turner e-variable on the data underlying
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Table To start with the latter: if we naively apply the Turner e-variable to the
whole table, considered as a single batch, we get an e-variable of 1. This is a direct
consequence of the fact we alluded to before: the Turner e-variable does not facilitate
parameter learning within a batch. In the notation of Section [30] use priors
Wi, and Wy, that are identical, which implies that we get 6 =0, = 0, for some
0, resulting in a likelihood ratio with the alternative represented by (64,6;) = (6,0).
The corresponding distribution is an element of the null, so the e-variable equals 1.
This was, in fact, noticed by [85], and for the case of one-shot large tables B, they
implicitly suggested to decompose the table into mini-batches, i.e. several small tables
By, ..., B; whose entries add up to those of B. We tried this for a decomposition into
(approximately 700) mini-batches with n,, = 1,n5, = 4, and that gave rise to the
value 4.11 in Table L] In more detail, we computed Turner’s sequential e-variable
for these individual batches (with priors in each batch equal to the posteriors from the
previous batch), and report their product. Additionally, we averaged the results over
5000 runs of random sample splitting (with a standard deviation of 1.90 when draw-
ing without replacement) to obtain a more objective result, as the resulting e-value
strongly depends on the particular splitting sample chosen.

The main reason why this e-variable is much inferior to the ones discussed next
seems to be that this procedure forces us to throw away data points — at some
point, one of the two groups is ‘exhausted,” and we are left with a remaining batch
of data points that all fall in the same group. These data points (252 data points in
group b, for our table) cannot be used (similarly, we could have tried batches with
Ng+ = 1,mp+ = 5 but this forces us to throw away points in group a rather than b
and the resulting e-variable still remains small). We tried several other combinations
of n, and ny, but none of them yielded significantly better e-values. An additional
issue is that, in practice, it would not be clear which decomposition to use. Another
reason for the bad behavior is that, since in all reasonable decompositions nq ; # ns ¢,
the e-values we use do not have GRO status.

The UI e-variable behaves even worse than the Turner one. While surprising at
first, this finding is consistent with the asymptotic results presented in [29]. Their
Theorem 4 (parts 1 and 3) roughly states that, if we were to pick a prior W that puts
all its mass on the 1-dimensional curve of all (6,,6;) that all share the same odds
ratio, i.e. that satisfy for the same §, then the expected logarithmic difference
between the UI e-variable applied to fixed sample size n and the Turner e-variable,
for a total of n batches, is of order clogn 4+ O(1) for a constant ¢ close to 1/2 (in
the language of their Theorem 4, what we call a ‘batch’ is a single data point; what
we call the Turner e-variable is their sequential-RIPr e-variable). We would then
expect a ratio between both e-variables of about exp(clogn + O(1)) = ¢,v/n, where
n is the number of batches, which, due to our setting n,; = 1,1, = 4 (see above)
was approximately 700 (accounting for a factor of /700 ~ 26), and ¢, tends to a
positive unknown constant. The fact that this asymptotic analysis holds for every
fixed §, suggests that something similar still holds if, as in our implementation of
UT and Turner, we use a prior W spread out over all (6,,6;) rather than just those
corresponding to a particular 6. This independently suggests, but of course does not
prove, that (at least this version of) UI is non-competitive.
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As regards the e-to-p calibrators, the underlying p-value — based on Fisher’s exact
test — is obtained by conditioning on n; and modeling Y, as a hypergeometric random
variable, in close analogy with our conditional e-variables. From this perspective, some
degree of similarity in their behavior is to be expected. Nevertheless, the specific
choice of the calibrators f and g is not derived from, nor directly connected to, the
hypergeometric model. For this reason, we found it somewhat surprising that they
exhibit such good performance, at least when compared to the Turner e-variable.

Turning to the conditional e-variables, we observe remarkably strong performance
of the UMP-2 e-variable. Importantly, although the construction requires fixing an
initial significance level « to derive a (powerful) choice of ¢, the resulting UMP-2
e-variable remains valid for any alternative significance level a* # «. That is, under
the null hypothesis, it satisfies

Py (SUMP_Q > al*> <aof for all a* € (0,1).
When a* # «, the resulting test may no longer be optimal in terms of power, but it
still retains the Type-I error control at level a*. Moreover, our experiments indicate
that the performance of the UMP-2 e-variable is relatively robust with respect to the
choice of the initial significance level, provided that « lies within a reasonable range
(e.g. [0.01,0.1)).

The two remaining conditional e-variables, although grounded in standard ap-
proaches for handling composite alternatives, do not perform particularly well. This
is essentially due to the fact that both are designed to achieve an expected logarithmic
growth rate that, regardless of the true parameter pair (6,,6;) generating the data,
remains close to that of the optimal oracle conditional e-variable, defined in terms of
the true value of § associated with (6,,6,) via ([{.7).

This design choice entails a non-negligible overhead. In the case of the mixture
conditional e-variable, the overhead arises because the prior W (9) distributes its mass
over the entire parameter space. In the conditional NML case, it is induced by the
normalization factor appearing in . In the unconditional setting, the resulting
loss in expected logarithmic growth relative to the oracle amounts to (1/2)log n4+0(1),
both for NML and mixture e-variables [I7] (see also Chapter [3), and we expect a
similar behavior to hold in the conditional case.

By contrast, the UMP conditional e-variables circumvent this cost by concentrat-
ing essentially all prior mass on values of § that allow rejection with high probability
for the given sample sizes and significance levels o. This advantage, however, comes
at the cost of markedly poor performance when « or sample sizes differ substantially.

4.4 Comparison of Turner’s and conditional e-variables in se-
quential settings

We assess performance in a sequential setting from three complementary perspectives:

asymptotic optimality, practical evidence accumulation, and stopping-time behavior.
To this end, we consider independently distributed data streams for groups a and b,
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generated by two Bernoulli processes with fixed oracle parameters 6, and 6, respect-
ively. We evaluate the performance of various sequential e-variables S; by simulation.

We present three figures, Figures [ f.TH4.3] each comprising 16 panels corresponding
to simulation settings that differ in the data-generating parameters (6,,6), the total
batch size n, + np, and the group-size ratio n,/np. For simplicity, we assume that
all batches within a given simulation have identical sizes and ratios; that is, for each
batch By, we have ng+ = n, and ny s = n; for some fixed n, and ny.

We selected two configurations of the effect size 6 for the data generating dis-
tribution: & = 2log 19 (very large effect, rejecting the null is easy, first two rows of
the figures) and § = 2log(3/2) (small-to-moderate effect, more difficult to discover,
third and fourth row of the figures), which can be spotted by different 0s’ distance
to the null, the diagonal line in the parameter space in Figure 4.5l For both these
effect sizes, we chose two concrete instantiations: one on the counter diagonal, i.e.
(0a,6y) = (0.95,0.05) corresponding to § = 2log19 (first row of the figures) and
(04,0p) = (0.6,0.4) corresponding to 6 = 2log(3/2) (third row of the figures); and
one more towards the corner, i.e. (6,,6,) = (0.78,0.01) corresponding to § = 2log 19
(second row of the figures) and (6,,6) = (0.16,0.08) corresponding to § = 21log(3/2)
(fourth row of the figures). Oracle parameters are visualized as individual dots in
Figure 4.5 We also considered small and medium batches with group size ratio 1
(first two columns of the graphs) and with a group size ratio far from 1 (third and
fourth columns of the graphs). In this way, each figure consists of 16 graphs, each
depicting a separate data-generating mechanism.

Figure measures the deviation from the (6, 0,)-GRO e-variable. This metric
is defined as the expected difference

t

t
Erg, o) 108 [ [ 5¢rO(0,.00) (Yarts Yo.o) —log [ ] Se
=1 =1

t
SGRO(04,00) Ya,es Yo,0)
=Ep,, 0, [Zlog ( l:s)*g . (4.18)
—1

with the explicit formula for the GRO given by and , and where Sy denote
the sequential e-values of interest. Figure provides a comparison for Sy either the
sequential Turner Styr(w,) or the sequential NML e-variable S¢nwmr),¢-

Secondly, we report the expected accumulated evidence over time as a measure of
performance. Figure [£.2] depicts the averaged cumulative products of the sequential
Turner and sequential NML e-values with increasing number of batches. Here, the
red horizontal line indicates the threshold log(100) = 4.60, corresponding to rejecting
the null at level & = 0.01. Intuitively, we expect to reject the null after observing
roughly the number of batches in which the expected evidence exceeds this threshold.
However, since this reasoning can be misleading in general, we report also the stopping
time distribution as a third measure of performance: In Figure [1.3] we compare the

stopping times 7 = min {t >1 | szl Se > l/oz} at level a = 0.01 for the sequential
Turner and sequential NML e-values. All plots are generated by averaging over N =
1000 runs of each simulation.
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Conclusions Figure[f.I]clearly illustrates that, asymptotically, the Turner e-variable
always wins in the sense of achieving the fastest growth rate. The only panel where
this behavior is not immediately apparent is the one in the third row and fourth
column; however, we expect that, upon adding a sufficiently large number of addi-
tional batches, the Turner e-variable would eventually overtake the conditional NML
e-variable, as observed in the other panels.

This behavior can be explained as follows. For each batch, the expected growth
of the conditional NML e-variable — even if it were equipped with the oracle value
of ¢ corresponding to the true parameter pair (6,,60,) — falls short of the expected
growth of the optimal (oracle) e-variable by a small amount ¢ > 0. As ¢ increases,
the maximum likelihood estimator & used in the NML procedure at batch t converges
to this true value of 4, implying that the relative growth in (4.18) converges, to
first order, to ne, for some small € > 0. As shown in [29], € vanishes as the batch
size increases; nevertheless, for any fixed batch size, the conditional NML e-variable
remains linearly suboptimal relative to the oracle e-variable as the number of batches
tends to infinity.

By contrast, the behavior of the Turner e-variable is, in a sense, dual. Con-
sider each batch B itself as a sequence of observations {X?} and {X?}. As already
discussed in Section [£:2.2] the Turner e-process does not perform any within-batch
learning: the approximation (f,,6;) to the true, unknown parameter pair (6,,60;)
used to evaluate the e-variable remains fixed throughout the batch, thereby incurring
a constant approximation error for all outcomes within that batch.

When a new batch becomes available, however, this approximation is updated and
converges to the true data-generating parameters (6,,6;). Consequently, in contrast
to the conditional NML case, the approximation error — corresponding to each term
in — vanishes as the number of batches ¢ grows. Within any given batch,
the approximation error remains non-zero but constant. As a result, for the Turner
e-variable, smaller batch sizes are advantageous, a behavior that is consistent with
what is observed in the plots.

Figureshows that, for large effect sizes (top two rows), the conditional NML e-
variable outperforms the Turner e-variable for practically relevant numbers of batches,
that is, for total number of observations at which the accumulated evidence is not
much larger than log(1/a) for reasonable choices of o € (0,1). Note that the hori-
zontal scale in Figure [£.2] is therefore substantially smaller than that in Figure
where our focus was on asymptotic behavior.

When the effect size is small (bottom two rows), corresponding to a more challen-
ging testing problem, the comparison becomes less clear-cut, and the two e-variables
exhibit very similar performance. Moreover, for large effect sizes, the non-centrality
parameter appears to have little influence on performance, as the first two rows look
essentially the same. Finally, we observe that the crossover point at which the Turner
e-variable overtakes the conditional NML e-variable occurs particularly early for bal-
anced data and small batch sizes, as illustrated by the top two rows of the first column
in Figure [£.2] This observation is consistent with our earlier findings that small and
balanced batch sizes are favorable for the Turner e-variable.

From Figure [£.3] we can conclude that, for large effect sizes, rejection typically

118



4.5. Conclusion

occurs slightly faster with the conditional NML e-variable than with the Turner e-
variable. The difference in the required number of batches, however, is very small,
since both methods lead to rejection extremely quickly: across all eight simulations
in the first two rows, no more than four batches are ever needed. For smaller effect
sizes (bottom two rows), the stopping times associated with the conditional NML
e-variable appear to be somewhat more dispersed than those of the Turner e-variable.

Figure[f.4]zooms in on one of the sixteen cases shown in Figure[£:3]and additionally
displays the individual trajectories of the conditional NML and Turner e-variables
across all simulation runs. The visualization of simulated trajectories together with
stopping-time distributions is inspired by the informative plots presented in [95]. From
these trajectories, we can clearly observe the potential advantage of the conditional
NML e-variable over the Turner e-variable already in the first batch, as well as the fact
that, for certain data realizations, the evidence accumulated by the Turner method
may drop to very low levels before eventually reaching significance.

4.5 Conclusion

This paper investigates e-values and e-processes for testing 2 x 2 contingency tables,
with a particular focus on the sequential performance of Turner’s e-variable and a
newly proposed conditional NML e-variable. Our simulation study suggests that,
while the Turner e-variable dominates asymptotically in terms of growth rate, the
conditional NML e-variable performs competitively at practically relevant sample sizes
and target significance levels. In these regimes, the NML-based approach is either
substantially better than Turner or only slightly worse. We emphasize that these
findings should be interpreted as preliminary. They provide initial evidence on the
relative strengths of the methods, but do not yet offer a complete characterization
of their performance. A more systematic exploration through additional experiments
remains an important direction for future work.
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Figure 4.4: For one simulation configuration ((ne,ns) = (50,50), (6a,0s) = (0.6,0.4)), the
stopping time distribution for o = 0.01 is plotted jointly with trajectories of the sequential
Turner (blue) and sequential conditional NML (orange) accumulated evidence.
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Figure 4.5: Parameter space with oracle parameters used for data generation.
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