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CHAPTER 3
Testing maximum entropy models

with e-values

This chapter is based on:
F.Giuffrida, D. Garlaschelli and P. Grünwald. Testing maximum entropy models with
e-values. Phys. Rev. E 113, 054306 (2026).

Abstract

E-values have recently emerged as a robust and flexible alternative to p-values for
hypothesis testing, especially under optional continuation, i.e., when additional data
from further experiments are collected. In this work, we define optimal e-values
for testing between maximum entropy models, both in the microcanonical (hard
constraints) and canonical (soft constraints) settings. We show that, when testing
between two hypotheses that are both microcanonical, the so-called growth-rate op-
timal e-variable admits an exact analytical expression, which also serves as a valid
e-variable in the canonical case. For canonical tests, where exact solutions are typic-
ally unavailable, we introduce a microcanonical approximation and verify its excellent
performance via both theoretical arguments and numerical simulations. We then con-
sider constrained binary models, focusing on 2 × k contingency tables – an essential
framework in statistics and a natural representation for various models of complex
systems. Our microcanonical optimal e-variable performs well in both settings, con-
stituting a new tool that remains effective even in the challenging case where the
number k of groups grows with the sample size, as in models with growing features
used for the analysis of real-world heterogeneous networks and time series.
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3.1 Introduction

In recent years, scientific interest in complex data modeling has surged, due to the
increasing availability of both global-scale structured data and computational power.
At the same time, rising concerns about the misuse of p-values and significance test-
ing [19, 20, 21] underscore the need for reliable statistical methods to extract know-
ledge from data. As a robust and flexible alternative to p-values for hypothesis testing,
e-values [22, 23] have recently gained considerable attention. Having been independ-
ently (re)discovered several times in different contexts (including by physicists [14]
— see [22] for early history) over the past decades, interest suddenly exploded in 2019
when the first versions of several breakthrough papers [24, 25, 26, 27] appeared on
arXiv.

An e-variable is a nonnegative random variable whose expected value under the
null hypothesis is at most one. The value it takes on the given sample is called the
e-value. This simple definition yields several desirable properties: e-values provide
rigorous control of the Type I error, retain it under optional continuation (i.e., when
data from additional experiments become available), and can be interpreted as a
measure of evidence against the null hypothesis. However, not all e-variables are
equally useful as test statistics. To address this, a notion of optimality is introduced.
An optimal e-variable is one that grows quickly under the alternative hypothesis,
accumulating strong evidence against the null when the latter is false. In this paper,
we focus specifically on growth-rate optimal (GRO) e-variables [24]. The results in [24],
later extended in [64, 65], provide a general theoretical framework for constructing
GRO e-variables in broad testing scenarios.

The aim of this work is to develop optimal e-variables for hypothesis testing
between maximum entropy models (MEMs). These models are derived by considering
each possible realization x ∈ X of the data (where X is the set of allowed realizations)
and looking for the probability distribution P (x) that maximizes Shannon entropy

S[P ] = −
∑
x∈X

P (x) logP (x) (3.1)

under a set of constraints, typically defined through a vector of observables c(x) over
the data. This approach, due to Gibbs [2] and Jaynes [1], outputs ensembles of data
reproducing the constrained quantities and randomizing everything else maximally.

Two main formulations of MEMs exist, depending on how the constraints are en-
forced. If the constraints are imposed as exact values, i.e., c(x) = c∗ on each realizable
x, one obtains a microcanonical model, where only configurations satisfying the con-
straints are assigned nonzero probability. If, instead, the constraints are satisfied only
on average, i.e., EP [c(x)] = c∗, one obtains a canonical model, where fluctuations are
allowed and the probability distribution has exponential form. In statistical termino-
logy, by varying c∗ one obtains an exponential family with discrete outcome space and
uniform carrier [66]. In both cases, the probability of x is entirely determined by the
value of c(x), which plays the role of sufficient statistic.

MEMs are commonly used to model complex systems that give rise to struc-
tured data, e.g., in network science [31, 36, 6] and time-series analysis [38, 37], where
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they capture structural properties such as (heterogeneous) node degrees in networks
or empirical trends in (non-stationary) temporal data, respectively. However, while
statistical tests for exponential family models are well established, testing procedures
specifically tailored to maximum entropy models remain far less developed, especially
when applied in the microcanonical setting. In fact, e-variables for testing between
general MEMs have so far not been developed at all: the only related works we are
aware of are [67, 30] and [29, 28]. The former concentrates on the very specific sub-
case of 2 × 2 tables (to re-appear as Example A–C in our paper later on), but uses
e-variables which are designed for purely sequential purposes, and are therefore not
optimal in the sense we define below, neither in the canonical nor in the microcanon-
ical setting. The latter works, [29, 28], studied e-variables for testing between two
exponential families with the same sufficient statistic but different carriers. By con-
trast, testing between MEMs amounts to testing exponential families with different
sufficient statistics but the same (uniform) carrier. This is exactly the aim of this
work.

This paper is organized as follows. In section 3.2, we introduce e-variables and
growth-rate optimality. In section 3.3, we address the problem of finding optimal
e-variables for testing between two maximum entropy models, either microcanonical
(3.3.1) or canonical (3.3.2), that differ in their sufficient statistics. We introduce a
method to construct optimal e-variables. We show that the microcanonical GRO e-
variable is also a valid canonical e-variable, and that in some cases, it asymptotically
coincides with the optimal one. This is particularly relevant: while canonical mod-
els are way more commonly used in the literature, calculating the optimal canonical
e-variable is usually analytically impossible and computationally infeasible. Here, we
provide a method to compute the optimal microcanonical e-variable explicitly and
to further verify how well it approximates the optimal canonical e-variable. In sec-
tion 3.4, we explicitly apply these results to contingency tables, highlighting their
connections to important problems in network science. We first analyze the case of
2 × 2 contingency tables (3.4.1) and then generalize to 2 × k (3.4.2). In both cases,
we provide fully worked-out examples, allowing for exact calculations of the corres-
ponding e-variables and a detailed comparison between microcanonical and canonical
constructions. We show that, in all scenarios considered, the GRO microcanonical
e-variable is not only a valid canonical e-variable but also an excellent approximation
of the optimal canonical one.

3.2 Introduction to E-variables

Consider the typical hypothesis testing scenario, where the goal is to test a null
hypothesis M0 against an alternative hypothesis M1. Both M0 and M1 are assumed
to be parametric statistical models, i.e., families of distributions sharing the same
functional form:

Mj = {Pj(x;θ)}θ∈Θj
, j ∈ {0, 1}, (3.2)

where θ represents the vector of model parameters and Θj the corresponding para-
meter space for model Mj .
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An e-variable E is a non-negative random variable that satisfies the following
condition under all distributions in the null hypothesis:

E0[E ] ⩽ 1 ∀P0 ∈ M0. (3.3)

The realized value of E evaluated on data x is called an e-value. Unlike p-values,
larger e-values indicate stronger evidence against the null. This follows directly from
their defining property that, under the null, their expectation is bounded by one.
This simple yet powerful definition has several important implications [22, 23]:

• Type I error control: The condition E0[E ] ⩽ 1 ensures that a test based on
e-values controls the Type I error, that is, the probability of rejecting the null
hypothesis when it is actually true. Given a significance level 0 ⩽ α ⩽ 1, by
Markov’s inequality, we have

P0(E ⩾ 1/α) ⩽ α, (3.4)

for all P0 ∈ M0. This guarantees that the probability of wrongly rejecting the
null hypothesis does not exceed the significance level α, regardless of the true
parameter value within the null model.

• Post-hoc error control: E-values allow a variation of valid Type-I error con-
trol even when the significance level is chosen after observing the data [68].
Specifically, if e is the observed e-value, then rejecting the null hypothesis at
level 1/e preserves a Type I risk bound despite this level being data-dependent.
This contrasts with traditional p-values, which only guarantee valid inference
when the significance level is fixed in advance.

• Optional continuation: E-values support valid testing under optional con-
tinuation, making them well-suited for sequential analyses and meta-analyses
across independent studies. If e(1), e(2), . . . are e-values computed on independ-
ent data batches (e.g., studies), their product remains a valid e-value — even
if the decision to analyze further batches, to perform tests on them, or to in-
corporate specific prior knowledge into the e-values is guided by the outcomes
of earlier batches. In this way, Type I error control is preserved, enabling flex-
ible and robust hypothesis testing across repeated or cumulative experimental
settings.

We emphasize that post-hoc error control and Type-I error control under optional
continuation cannot be achieved with p-value-based and other classical hypothesis
testing methods — in particular, classical meta-analyses in the medical and the social
sciences come without any error guarantees. Regarding the latter, [69] contains an
e-value-based re-analysis of 2 of 28 classic psychological findings considered in the
ManyLabs2 Project [70]. The goal of this project was to asses the replicability of
the original results. Each of the 28 psychological studies was repeated in many labs
across the world, each repetition (called replication attempt) involving newly acquired,
expensive experimental data. [69] found that, for the two findings considered, if e-
values had been used, correct and statistically valid conclusions could have been
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drawn based on a much smaller number of replication attempts than had actually
been done, saving enormous amounts of time and money. For an overview of other
practical applications of e-values (there are many, besides meta-analysis), we refer to
[22, 23].

While all random variables satisfying condition (3.3) qualify as e-variables, not all
of them are informative. For instance, the constant random variable E(x) ≡ 1 satisfies
the definition but provides no information. To address this, a notion of optimal e-
variables was introduced in [24]. In particular, the authors define the Growth Rate
Optimal (GRO) e-variable as the unique solution to a specific optimization problem
based on a growth criterion, which we present below.

As a first step toward understanding GRO e-variables, we introduce the concept
of Bayesian evidence (also known as the Bayesian marginal likelihood) of model j

with prior density wj , defined as:

P
wj

j (x) =

∫
Θj

Pj(x;θ)wj(θ)dθ. (3.5)

This quantity reflects the overall support the data provide for model j, by averaging
the likelihood over the prior; it is widely used in Bayesian model selection, where mod-
els with higher evidence are preferred. We shall mostly work with prior densities wj

defined on convex parameter spaces Θj ⊂ Rd (d > 0), assuming they are continuous
and strictly positive for all θ ∈ Θj . We refer to such priors as regular priors.

Given a fixed prior w1 (regular or not) on the alternative hypothesis, the GRO
e-variable SGRO is the unique solution to the following optimization problem:

SGRO = arg max
E∈E0

EP
w1
1

[ logE ], (3.6)

where E0 denotes the set of all e-variables relative to the null model M0, i.e., the set
of all random variables satisfying (3.3).

This optimization can be interpreted as a growth criterion: while the expected
value of any e-variable is bounded under the null, a well-designed e-variable should
grow rapidly assuming the alternative is true, when the prior w1 is correctly specified.
The use of the logarithmic growth in this criterion is motivated and discussed in more
detail in [24]. The quantity EP

w1
1

[logE], known as the e-power [71, 72, 73] of E, has
become a standard measure for evaluating the performance of an e-variable.

In the most common case, a GRO e-variable solving the aforementioned optim-
ization problem takes the form of a Bayes factor [74], i.e., the ratio between two
Bayesian evidences:

S(x) =
Pw1
1 (x)

Pw0
0 (x)

. (3.7)

The fact that the solution to (3.6 looks like (3.7) is not at all obvious — it is the
central result of two breakthrough papers, [24, 65]. Equation (3.7) represents the
Bayes factor comparing models M1 and M0. It measures the relative support that
the data provide for one model over the other. However, not all Bayes factors qualify
as e-variables; to ensure the e-variable property (3.3), while w1 may be chosen freely,
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a specific prior w∗
0 , depending on w1, must then be chosen for the null hypothesis.

Specifically, w∗
0 is the solution to the following optimization problem:

w∗
0 = arg min

w∈Wθ0

DKL(P
w1
1 ∥Pw0

0 ) (3.8)

where Wθ0
is the space of all priors on θ0, and DKL(P

w1
1 ∥Pw0

0 ) denotes the Kullback-
Leibler divergence:

DKL(P
w1
1 ∥Pw0

0 ) =
∑
x∈X

Pw1
1 (x) log

Pw1
1 (x)

Pw0
0 (x)

= EP
w1
1

[ logS(x) ]. (3.9)

Theorem 1 in [24] proves that given w1, among all Bayes factors of the form (3.7),
the random variable

SGRO(x) =
Pw1
1 (x)

P
w∗

0
0 (x)

, (3.10)

is the only e-variable, assuming that a w∗
0 achieving the minimum in (3.8) exists 1.

To sum up, the GRO e-variable is the unique solution of two different optimization
problems, defined on two different sets: for a given Pw1

1 and null model M0, SGRO

is the only e-variable among Bayes factors of the form 3.7; at the same time it is the
only e-variable maximizing the e-power (see Figure 3.1).

Figure 3.1: The GRO e-variable SGRO is the unique intersection between the set Bw0|w1
of

all Bayes factors for a given Pw1
1 and varying Pw0

0 , and the set E0 of all e-variables relative
to model M0. At the same time, it is the unique e-variable maximizing the e-power relative
to Pw1

1 . This schematic representation considers two possible alternative priors, w1 and w̄1.

1As shown in [24], multiple distinct minimizers w∗
0 may exist, but they yield the same P

w∗
0

0 . Even

when a minimizer does not exist, P
w∗

0
0 can be defined as a limit along a minimizing sequence wj ,

ensuring that (3.10) remains a valid e-variable.
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The reader may have noticed a seeming asymmetry: while e-values are defined in
a frequentist sense — requiring Type I error control for all P0 ∈ M0 — our optimality
criterion for GRO relies on a prior w1 over the alternative model M1, and thus relies
on a Bayesian formulation.

It would be conceptually appealing to define an optimality criterion that, like the
e-variable condition, provides performance guarantees over all P1 ∈ M1 rather than
on average according to a prior w1. As it turns out, this is indeed possible by drawing
on ideas from information theory.

To move in that direction, we first note that the result of [24] is not limited to
Bayes factors. It applies to more general e-variables of the form

S(x) =
P̄1(x)

P
w∗

0
0 (x)

, (3.11)

where P̄1 is any probability distribution over the data space. For such constructions
to be useful, however, the choice of P̄1 must be guided by an appropriate extension
of the GRO criterion.

This leads us to the concept of regret, also referred to as relative growth (regrow)
in [24], which we adopt here using more common terminology. Regret quantifies the
power loss incurred when using a candidate e-variable instead of the ideal one, which
is designed for the true data-generating distribution.

To define it precisely, suppose that the data are generated according to a fixed but
unknown distribution P1(x;θ1) ∈ M1. If we knew θ1, we could construct the GRO
e-variable SGRO(θ1) optimal for that specific alternative:

SGRO(θ1) =
P1(x;θ1)

P
w̃∗

0
0 (x)

(3.12)

where
w̃∗

0 = arg min
w0∈Wθ0

Eθ1

[
log

P1(x;θ1)

Pw0
0

]
(3.13)

and Eθj denotes the expected value under Pj( · ,θj). Here, the alternative hypothesis
reduces to a singleton — a statistical model containing only one distribution — and
in some cases, such as the 2 × k contingency tables considered later in this paper,
SGRO(θ1) can be computed exactly. The regret of a candidate e-variable Scand is then
given by:

REG1(θ1;Scand) := Eθ1

[
logSGRO(θ1) − logScand

]
, (3.14)

which quantifies the expected loss in log-growth due to not knowing the true para-
meter.

Since θ1 is unknown, a natural robustness criterion is to consider the worst-case
regret across the entire alternative:

REG1(Θ1;Scand) := max
θ1∈Θ1

REG1(θ1;Scand). (3.15)

This leads to a new optimality principle: among all e-variables, one would seek
the minimax optimal e-variable — i.e., the e-variable that minimizes REG1(Θ1;Scand)
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over all valid choices of Scand. However, computing this minimax-optimal e-variable
is generally infeasible in practice, as we currently lack efficient algorithms to solve the
corresponding optimization problem. Nevertheless, when the models M0 and M1

exhibit sufficient regularity — as is the case for Maximum Entropy models, discussed
in the next section — GRO e-variables constructed from (3.11) with appropriately
chosen P̄1 can closely approximate the minimax optimal solution. In particular, one
can consider e-variables of the form (3.11), where the numerator P̄1 is set to a universal
distribution relative to the alternative model M1. Universal distributions, which
include Bayesian mixtures Pw1

1 as special cases, arise naturally in the theory of the
Minimum Description Length (MDL) Principle [16, 17, 18]. Such choices of P̄1 lead
to e-variables that, while not exactly minimax-optimal, are typically close to optimal
in terms of regret minimization, and therefore provide a practical and principled
strategy for robust hypothesis testing. To clarify this connection, we take a brief
detour to explain how e-value-based methods relate to the MDL Principle and its
central concept, the universal distribution.

3.2.1 GRO e-values and description lengths

The Minimum Description Length Principle provides a general framework for model
selection: from a set of candidate models, it chooses the one that yields the shortest
encoding of the observed data. In this approach, each model is represented by a single
probability distribution, and models are compared via their description length. The
preferred model is the one with the smallest description length.

When comparing two models M0 and M1, the difference in description lengths is

∆DL(x) = DL1(x)−DL0(x)

= − log P̄1(x) + log P̄0(x), (3.16)

where P̄1 and P̄0 are the representative distributions for M1 and M0. By Kraft’s
inequality [16, 54], the code length to describe x, using a code that compresses optim-
ally in expectation under Q, is (up to rounding) − logQ(x) nats (log denoting natural
logarithm here); thus, − log P̄j(x) is the code length implied by P̄j .

Universal distributions and worst-case redundancy

The key point is how to determine a single probability distribution P̄j representing
Mj : it should perform well regardless of which specific distribution within Mj gen-
erated the data. In other words, if a distribution P ∈ Mj achieves a short expected
code length EP [− logP (x)], then P̄j should yield a similarly short one. Such P̄j are
called universal distributions for the model Mj [16].

To be more precise, we can define the redundancy of P̄j relative to a parameter
θj as

REDj(θj ; P̄j) := Eθj

[
− log P̄j(x) + logPj(x;θj)

]
. (3.17)

This quantity measures the expected extra bits needed when using P̄j instead of the
expected optimal code for Pj(·;θj). The latter is not available in practice, since the
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true θj is typically unknown. Thus, it is useful to define the worst-case redundancy :

REDj(Θj ; P̄j) := max
θj∈Θj

REDj(θj ; P̄j). (3.18)

A distribution is universal if this quantity is small.
Ideally, one would like to find a P̄j that minimizes the worst-case redundancy, but

this is generally infeasible. However, for a dj-dimensional parametric model under
standard regularity conditions (satisfied by the Maximum Entropy models considered
later), the Bayesian choice P̄j = P

wj

j with a regular prior wj attains near-optimal
performance: its redundancy is within a constant of the optimal value as the sample
size grows. This is formalized in the following result.

Definition 3.2.1 (INECCSI sets [16]).
Let

Mj = {Pj(x;θ)}θ∈Θj
, j ∈ {0, 1}.

A subset Θ′
j ⊂ Θj is an INECCSI subset if its interior is a non-empty, convex,

compact subset of the interior of Θj .

INECCSI subsets exclude boundary effects and ensure regular asymptotics. For
instance, in the Bernoulli model with Θ = [0, 1], any [ϵ, 1 − ϵ] with 0 < ϵ < 1/2 is
INECCSI.

Let M(m)
j be the i.i.d. extension of Mj to m observations, i.e., a model over ym =

(x1, . . . ,xm) where each xi ∈ X is independently sampled from Pj(·;θ). Let P (m)
j be

the i.i.d. extension of Pj and P̄
(m)
j be a distribution on ym. Let REDm(Θj ; P̄

(m)
j )

be the worst-case redundancy attained by P̄
(m)
j . Since Eθj

[− logP
(m)
j (ym;θj)] grows

linearly in m, universality of P̄ (m)
j requires REDm to grow sub-linearly in m.

A standard result [16] states that for every INECCSI subset Θ′
j and regular prior

wj , there exists C > 0 such that for all m:

dj
2

logm− C ≤ inf
P̄

(m)
j

REDm(Θ′
j ; P̄

(m)
j )

≤ REDm(Θ′
j ;P

wj(m)
j ) ≤ dj

2
logm+ C, (3.19)

where the infimum is over all distributions on X (m). The key implications of these
results are:

• the minimum achievable worst-case redundancy grows as (dj/2) logm;

• Bayesian marginal likelihoods are universal distributions, and their redundancy
exceeds the minimum attainable by at most a constant — in this sense, they
are asymptotically almost optimal.
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Universal distributions guarantee low-regret e-variables

We can now formalize the connection between e-values and MDL: we show that using
a universal distribution P̄1 as the numerator in the e-variable construction (3.11)
leads to small regret. This provides a principled justification for the use of Bayesian
mixtures in e-value methods.

To see this, notice that (minus) the log-ratio of any variable of the form

S(x) =
P̄1(x)

Pw0
0 (x)

induces a difference in description lengths between models M1 and M0:

− logS(x) = − log P̄1(x) + [logPw0
0 (x)]. (3.20)

This mirrors expression (3.16), but with one crucial difference: for S to be an e-
variable, the denominator Pw0

0 cannot be chosen freely, as it must be the prior w∗
0 that

ensures that S qualifies as a GRO e-variable (i.e., satisfies the e-variable condition).
This formulation, however, brings a clear interpretative advantage: the description

length difference expressed in (3.20) now has a direct statistical interpretation. Indeed,
if S is an e-variable, the corresponding code-length difference can be mapped to a stat-
istical significance measure, since Type I error control is guaranteed. This grounds
the MDL code-length difference within a frequentist hypothesis testing framework.
In particular, smaller values of − logS(x) correspond to larger e-values and hence
stronger evidence against the null model M0. This observation addresses a long-
standing issue in MDL: although it provides a principled model comparison method,
it lacks explicit statistical guarantees such as Type I error control [16, Open Problem
No. 9, page 413]. Restricting attention to code-length differences that admit an e-
value interpretation not only provides such guarantees but also makes it possible to
assign a well-defined evidential value to differences in description lengths. This can
be seen as the natural solution to the problem — at least for the two-model compar-
ison case [17]. Extending this insight to multiple models remains an important open
challenge.

The connection between e-values and MDL becomes even more compelling when
considering the regret of e-variables. Indeed, we now show that the worst-case regret
of an e-variable using numerator P̄1 is never larger than the worst-case redundancy
of P̄1. Let us restrict attention to an INECCSI subset Θ′

1 ⊂ Θ1. Moreover, for
clarity, let’s denote the regret relative to the GRO e-variable associated to P̄1, i.e. the
regret obtained by putting Scand = P̄1(x)/P

w∗
0

0 (x) in definition 3.15, as REG1(Θ
′
1; P̄1).

Then, for any distribution P̄1, according to definitions (3.15) and (3.12) (see section
3.A) it holds:

REG1(Θ
′
1; P̄1) ⩽ RED1(Θ

′
1; P̄1). (3.21)

This shows that, in the worst-case over θ1, the regret of an e-variable built with
numerator P̄1 is upper bounded by the redundancy of P̄1. Consequently, choosing a
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universal distribution P̄1, which by definition provides small redundancy, guarantees
small regret.

This motivates our choices in the next sections: we will construct e-variables by
setting P̄1 to the Bayesian mixture Pw1

1 (with a regular prior), which yields small
regret of order (d1/2) logm + O(1). This choice is also common in the literature,
as Bayesian mixtures are widely adopted in the construction of e-variables [22]. In
Section 3.F of the Supplementary Material, we show the same results for another
universal distribution, the Normalized Maximum Likelihood P̄NML

1 , which yields re-
gret of the same order, and has already been used (implicitly) in [75] as an e-variable
numerator.

3.3 Application to maximum entropy models

Here, we provide explicit formulas for hypothesis tests that involve either microca-
nonical or canonical maximum entropy models. We focus on the case of discrete data.
For a given choice of sufficient statistics c(x), we denote by C the discrete set of values
of c(x) that are realizable by at least one x ∈ X ; for mathematical convenience, we
assume that C is a (finite or countable) subset of Rd for some d ∈ N. Moreover, for
any given value c ∈ C, let Ω(c) represent the number of configurations satisfying the
constraint c(x) = c, formally defined as:

Ω(c) :=
∑

x : c(x)=c

1. (3.22)

Entropy maximization, when the hard constraints c(x) = c are enforced on each
realizable configuration x, yields a microcanonical model whose functional form is a
uniform distribution over data satisfying the constraints:

Pmic(x; c) =

{
1

Ω(c) , if c(x) = c;

0, else.
(3.23)

The parameters of a microcanonical model correspond to the sufficient statistics them-
selves, with values in the discrete parameter space Θmic = C.

When soft constraints E[c(x)] = c are enforced (that is, the value c of the sufficient
statistic is to be met only as an ensemble average), the maximization of the entropy
returns a canonical model where the resulting functional form of the probability
distribution is, instead, exponential, with positive probability for all possible data:

Pcan(x;θ) =
e−θ·c(x)

Z(θ)
(3.24)

where Z(θ) ≡
∑

x∈X e−θ·c(x) is a normalization term known as partition function. Ca-
nonical models coincide with what is called exponential families with uniform carrier
function in the statistics literature [66], and the formula above is generally referred
to as canonical parametrization, where the parameters θ ∈ Θcan may be viewed as
the Lagrange multipliers resulting from the entropy maximization. For each value c
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defining the microcanonical model in Eq. (3.23), there is a corresponding value θ such
that Eθ[c(x)] = c under the canonical distribution in Eq. (3.24).

The above ‘duality’ between canonical and microcanonical models implies that,
alternatively, canonical models can also be parameterized using the expected value of
the sufficient statistics. Given parameters θ, define the mean value vector:

µ(θ) := Eθ[c(x)]. (3.25)

This defines a smooth, one-to-one mapping between the canonical parameter space
Θcan and the set of realizable mean values, denoted by M. In exponential family theory,
µ is known as the mean value parameter. For future reference, we refer to Pµ =

Pcan(·;θ(µ)) as the canonical distribution defined in its mean value parametrization,
where θ(µ) is the mapping from mean-value parameters to corresponding canonical
parameters, i.e. the inverse of µ(θ).

A well-known result in this setting is that, if the set of possible constraint values
C is finite, then:

• the canonical parameter space is the full space Θcan = Rd;

• the corresponding space of mean values M coincides with the interior of the
convex hull of C.

This result ensures that the mapping θ 7→ µ is not only bijective but also covers all
“physically meaningful” expected constraint values2. In the rest of the paper, we will
make use of this bijection and employ whichever parameterization is most convenient.
In particular, when dealing with Bayesian marginal likelihoods and their priors, we
will typically work in the mean-value space, bearing in mind that all results can be
equivalently expressed in the canonical parameter space via the mapping θ 7→ µ(θ).

In what follows, we define GRO e-variables for tests where both the null and the
alternative hypotheses are two microcanonical or two canonical MEMs that differ in
the choice of constraints. Our main theoretical results are presented in a general
form, but to guide the reader through the derivations, we will use a running example
throughout (Examples A, B, and C): a simple 2 × 2 contingency table, representing
two groups of binary data.

3.3.1 Microcanonical test

Consider a test where the null Mmic,0 is a microcanonical model with sufficient stat-
istics c0 taking values in set C0 and the alternative Mmic,1 is a microcanonical model
with sufficient statistics c1 taking values in set C1 ̸= C0. The parameters of microca-
nonical models are discrete and correspond to their sufficient statistics. In this section,
we restrict our analysis to the case of microcanonical Bayesian universal distributions
for the alternative hypothesis, denoted by PW1

mic,1, where W1 is a probability mass
function defined on C1. Thus, the microcanonical GRO e-variable reads

SGRO
mic =

PW1

mic,1(x)

P
W∗

0

mic,0(x)
(3.26)

2It follows from the general theory of exponential families with finite support [76, Theorem 9.2],
under a technical condition known as steepness, which holds when C is finite.
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and it solves the discrete version of the GRO optimization problem:

W ∗
0 = arg min

W∈Wc0

DKL(P
W1

mic,1∥P
W0

mic,0) (3.27)

where instead of prior densities w0, we need to consider prior probability mass func-
tions W0, and WC0

is the set of all such distributions on the parameter space C0.
We solve the microcanonical GRO optimization problem explicitly and exactly (full
derivation in Section 3.104 of the Supplementary Material; here we report only the
main results) and find the optimal prior distribution on the null:

W ∗
0 (c0) =

∑
x : c0(x)=c0

PW1

mic,1(x), (3.28)

i.e., W ∗
0 (c0) is the marginal distribution of the null sufficient statistic c0(x) induced

by PW1

mic,1. In the special case where the alternative sufficient statistics completely
determine the value of the null, we say that Condition A holds:

Condition A: (3.29)
there exists a function f : C1 → C0 s.t. c0(x) = f(c1(x)).

Under Condition A, one can write:

W ∗
0 (c0) =

∑
c1 : f(c1)=c0

W1(c1), (3.30)

i.e., the GRO-optimal prior on the null is the distribution induced on the null sufficient
statistics by the alternative prior, or equivalently, the marginal distribution of c0
induced by W1.

Once that W ∗
0 is computed, the microcanonical GRO-optimal e-variable can always

be expressed as

SGRO
mic (x) =

Ω0(c0(x))

Ω1(c1(x))

W1(c1(x))

W ∗
0 (c0(x))

. (3.31)

Finally, although the fact that SGRO
mic is an e-variable follows from a general theorem

(Theorem 1 in [24], as mentioned above Equation (3.10)), we additionally provide a
further, direct proof showing that its expected value under the null is exactly one:

E0[S
GRO
mic ] = 1 ∀Pmic,0 ∈ Mmic,0. (3.32)

This direct proof, as well as the section’s other detailed calculations and proofs, can
be found in section 3.B. For clarity, we now provide a first example application.

Example A

Let us consider the dataset x = (xa,xb) consisting of two groups of binary data,
represented as xa = (xa

1 , ..., x
a
na) and xb = (xb

1, ..., x
b
nb), with na and nb the respective

group sizes. The total sample size is n = na + nb. We denote by na
1 =

∑na

i=1 x
a
i and
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nb
1 =

∑nb

i=1 x
b
i the total number of 1s in xa and xb, and by n1 = na

1 + nb
1 the total

number of 1s in x. The aim is to build a microcanonical test to determine whether the
probability of observing x = 1 differs across groups. To do so, we set the alternative
sufficient statistics equal to the number of 1s in each group, c1 = (na

1 , n
b
1), and the

null sufficient statistic equal to the total number of 1s, c0 = n1. In the microcanonical
formulation, these quantities are treated as fixed in the respective models. To find
the microcanonical GRO e-variable, we apply formula (3.31), where:

• Ω0(n1) =
(
n
n1

)
is the number of permutations of x preserving the total number

of 1s;

• Ω1(n
a
1 , n

b
1) =

(
na

na
1

)(
nb

nb
1

)
is the number of permutations of x preserving the total

number of 1s in each group.

For the sake of this example, we put independent, discrete uniform priors on the
alternative parameters na

1 and nb
1:

W1(n
a
1 , n

b
1) = Ua(n

a
1) Ub(n

b
1) =

1

na + 1

1

nb + 1
. (3.33)

In this case, Condition A (3.29) holds, as the null sufficient statistics can be written
as a function of the alternative one: n1 = na

1 + nb
1. Thus, the optimal prior on the

null W ∗
0 is the distribution of n1 induced by W1. In this case, that is simply the

convolution of Ua and Ub, which is a triangular discrete function:

W ∗
0 (n1) =



n1+1
(na+1)(nb+1)

, if 0⩽n1⩽min(na,nb),

min(na,nb)+1
(na+1)(nb+1)

, if min(na,nb)<n1⩽max(na,nb),

na+nb+1−n1

(na+1)(nb+1)
, if max(na,nb)<n1⩽na+nb,

0, if otherwise.

(3.34)

as shown in Figure 3.2. The microcanonical GRO-optimal e-value is finally obtained
by substituting each term in Eq. (3.31).

Figure 3.2: In the microcanonical Example A, when the prior on the alternative sufficient
statistics na

1 and nb
1 are uniform distributions (on the left), the resulting GRO-optimal prior

on the null sufficient statistic n1 is the convolution of the two uniform distributions, which
results in a triangular distribution (on the right). In this example, na = 8 and nb = 10.
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3.3.2 Canonical test

Consider a test where the null Mcan,0 is a canonical model with sufficient statistics
c0 taking values in set C0, and the alternative Mcan,1 is a canonical model with
sufficient statistics c1 taking values in set C1 ̸= C0. The goal is to find the canonical
GRO e-variable:

SGRO
can =

P̄can,1(x)

P
w∗

0
can,0(x)

(3.35)

where w∗
0 is a prior density on the mean-value parameter space M0 and solves the

optimization problem
w∗

0 = arg min
w∈Wµ0

DKL(P̄1∥Pw0
0 ). (3.36)

No exact general solution is currently available for this problem. While in some
cases it can be solved analytically or numerically, in the majority of cases, there
is neither a known analytic solution nor a feasible numerical approach. Here, we
propose two candidate approximations, the microcanonical approximation and the
pseudo approximation. As we will see, the first serves as an actual approximation,
and the second as a tool to assess whether the former approximation is good.

The definition of the microcanonical approximation is based on two facts, proven
in section 3.C:

• A canonical universal distribution P̄can,1 with sufficient statistics c1 can always
be expressed as a microcanonical Bayesian marginal likelihood, i.e., there always
exists a prior probability mass function Wcan,1(c) such that

P̄can,1 = P
Wcan,1

mic,1 (3.37)

with Wcan,1 obtained by setting (for j = 1):

Wcan,j(cj) =
∑

x : cj(x)=cj

P̄can,j(x), (3.38)

i.e., Wcan,j(cj) is equal to the distribution of cj(x) induced by P̄can,j(x).

• Given the canonical and microcanonical models Mcan and Mmic built upon the
same sufficient statistic c(x), a microcanonical e-variable E is always a canonical
e-variable:

EP [E ] ⩽ 1 ∀P ∈ Mmic ⇒ EP [E ] ⩽ 1 ∀P ∈ Mcan. (3.39)

Following the first fact, given P̄can,1 and using the results of the previous section, we
can build the approximating microcanonical GRO e-variable SGRO

mic for the microca-
nonical test based on the corresponding P

Wcan,1

mic,1 = P̄can,1. Thus (3.26) becomes

SGRO
mic =

P̄can,1(x)

P
W∗

0

mic,0(x)
= P̄can,1

Ω0(c0(x))

W ∗
0 (c0(x))

(3.40)
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where, readapting (3.28)

W ∗
0 (c0) =

∑
x : c0(x)=c0

P̄can,1(x). (3.41)

Given the second fact (3.39), the resulting microcanonical GRO e-variable is a valid
canonical e-variable, i.e., it is an e-variable for the test between two canonical models,
even if, for this test, it is not the GRO-optimal one. As such, from (3.6), it will have
a smaller e-power than the canonical GRO one unless the two coincide:

EP̄can,1

[
logSGRO

mic
]
⩽ EP̄can,1

[
logSGRO

can
]
. (3.42)

The pseudo approximation is further built over the microcanonical one. The prior
W ∗

0 (used to build SGRO
mic ), defined on C0, is transformed into a smooth density wpseudo,0

over the corresponding (continuous) mean-value parameter space M0. This is obtained
through a high resolution limit, by computing W ∗

0 (c0) for a much higher dimension
and by properly rescaling and normalizing it such that it is interpreted as a Riemann
approximation of a continuous density on µ0. A practical example of this procedure,
which might seem abstract at this stage, is given in Examples B and C. Moreover, a
pseudo-code is provided in section 3.D. Given that, in general, wpseudo,0 is different
from the GRO-optimal prior w∗

0 , which in most cases remains unknown, the resulting
variable

Spseudo =
P̄can,1(x)

P
wpseudo,0
can,0 (x)

(3.43)

is not an e-variable, unless wpseudo,0 ≡ w∗
0 . Indeed, from Theorem 1 of [24], SGRO

can is
the only e-variable of that form. Moreover, from (3.8), it holds:

DKL(P̄can,1∥P
w∗

0
can,0) ⩽ DKL(P̄can,1∥P

wpseudo,0
can,0 ) (3.44)

or, equivalently:
EP̄can,1

[
logSGRO

can
]
⩽ EP̄can,1

[logSpseudo] . (3.45)

Consequently, one has

EP̄can,1

[
logSGRO

mic
]
⩽ EP̄can,1

[
logSGRO

can
]
⩽ EP̄can,1

[logSpseudo] ,

i.e., the two approximations provide an upper and a lower bound for the e-power of
the canonical GRO e-variable. In summary, when the canonical GRO e-variable is
not available, we can follow a two-step procedure:

1. We build the corresponding microcanonical approximation, knowing that it is a
valid candidate e-variable. To build it, we first transform the canonical universal
distribution into a microcanonical one, by finding Wcan,1 as in (3.38). Then,
we compute SGRO

mic according to the formulas expressed in the previous section
(Equations (3.28) and (3.31)).

2. The goodness of the microcanonical approximation can be evaluated by looking
at the width of the interval

r = EP̄can,1
[logSpseudo]− EP̄can,1

[
logSGRO

mic
]
⩾ 0 (3.46)
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where, for future reference, it is useful to note that, using definitions (3.43) and
(3.40) and sufficiency, we can rewrite

r = EP̄can,1

[
logP

W∗
0

mic,0(x)− logP
wpseudo,0
can,0 (x)

]
= EP̄can,1

[logW ∗
0 (c0(x))− logWpseudo,0(c0(x))] (3.47)

where Wpseudo,0(c0(x)) is defined as in (3.38).

The evaluation above is under P̄can,1-expectation; this makes sense if we use a Bayesian
universal distribution P̄can,1 = Pw1

can,1 and the prior w1 is a reasonable expression of
our uncertainty. If we are not so sure about our priors, or if P̄can,1 is non-Bayesian
(see 3.F), we may be interested in a more stringent, worst-case measure for evaluating
the performance of the microcanonical approximation. In analogy with the worst-case
REG defined in 3.15, we define an alternative version of r, denoted by r′, which can be
defined both relatively to a single parameter θ1 (equivalently and more conveniently
relative to µ1 = µ(θ1):

r′(µ1) = Eµ1

[
logSpseudo − logSGRO

mic
]

(3.48)
= Eµ1

[logW ∗
0 (c0(x))− logWpseudo,0(c0(x))] ,

where Eµ denotes the expected value under Pµ, and in its worst-case version, which
for clarity will be denoted by r′:

r′ := max
µ1∈M1

r′(µ1). (3.49)

It can be easily argued that

r ⩾ 0 ⇒ r′ ⩾ 0. (3.50)

In case r (or r′) is small, we know that our easily computable microcanonical
e-variable SGRO

mic is close to optimal according to the GRO criterion for the canonical
problem, and hence can be used instead of the canonical SGRO

can . In the following
example, which is a continuation of Example A, we show a practical case where this
turns out to be true.
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Figure 3.3: Procedures to compute the microcanonical approximation SGRO
mic and the pseudo

approximation Spseudo for testing between two binary data streams, under uniform priors (as
in Examples A, B, and C). Starting from two independent continuous uniform priors on
the alternative (top left), we construct discrete microcanonical priors (top right) satisfying
Pw1

can,1 = P
Wcan,1
mic,1 . In the specific case of continuous uniform priors, these discrete priors

are also uniform. The optimal discrete prior W ∗
0 , used in SGRO

mic , is obtained by convolving
the alternative priors. The continuous prior wpseudo,0 for Spseudo is derived either from W ∗

0

through a high resolution limit (w1
pseudo,0), or by directly convolving the original continuous

priors (w2
pseudo,0).
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Example B (continued from Example A)

We consider the same setting as in Example A, but in this case, we are interested
in constructing a canonical test. In a canonical formulation, the observed number of
1s is fixed only in expectation. As a result, the null model is a collection of n i.i.d.
Bernoulli variables, where the parameter is the probability p0 ∈ [0, 1] of observing
x = 1, which is the same regardless of the group. The alternative model, instead,
assumes that data in the two groups are independent Bernoulli variables, where the
parameters are the probabilities (pa, pb) ∈ [0, 1]2 of observing x = 1, which depend on
the group. The tests aim to assess whether pa and pb are the same or whether they
are different. Again, for the sake of this example, we put independent, continuous
uniform priors on the alternative parameters pa and pb, w1(pa, pb) = u(pa)u(pb) where
u(p) = 1 if p ∈ [0, 1] and u(p) = 0 else. In this simple case, the Bayesian marginal
likelihood can be computed analytically, and it reads:

Pw1
can,1 =

∫ 1

0

p
na
1

a (1− pa)
na−na

1dpa

∫ 1

0

p
nb
1

b (1− pb)
nb−nb

1dpb

=

(
na

na
1

)−1
1

na + 1

(
nb

nb
1

)−1
1

nb + 1
. (3.51)

Following the procedure described in this section, we first build the microcanon-
ical approximation. To do so, we need to compute the probability Wcan,1 induced
by Pw1

1 on the alternative sufficient statistics, such that Pw1
can,1 = P

Wcan,1

mic,1 . By in-
specting Eq. (3.51), it is easy to observe that Wcan,1 is the uniform distribution:
Wcan,1 = (na +1)−1(nb +1)−1 = Ua(n

a
1) Ub(n

b
1). Thus, we can compute the microca-

nonical approximation SGRO
mic by using the results of Example A. As a second step,

we check whether this microcanonical e-variable is a good approximation by studying
the behavior of the interval width r as the total size n increases. To evaluate Spseudo,
we compute the prior wpseudo,0 as described above (denoted by w1

pseudo,0 in Figure 3.3
to be distinct from w2

pseudo,0 of the following Example C). A schematic representation
of how SGRO

mic and Spseudo are built is shown in Figure 3.3.
Once SGRO

mic and Spseudo are computed, we can compute the gap between their
e-power, r, which contains the optimal e-power: the smaller r, the better the mi-
crocanonical approximation works. In our simple example, r is already very small for
small sample sizes and converges very rapidly to 0 as the sample size increases, as
shown in Figure 3.4.

3.3.3 Asymptotic justification for the microcanonical approximation

We now provide a theoretical result that explains why the microcanonical approxim-
ation tends to perform very well in practice, even when the canonical GRO e-variable
is not available. Specifically, it suggests that in many cases the gap r defined in
Equation (3.46) converges very fast to 0 as the sample size increases.

First, let M be a canonical maximum entropy model with sufficient statistic c(x)

taking values in a finite set C ⊂ Rd. The canonical distribution has an exponential
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Figure 3.4: Convergence of the interval width r for a canonical test between two streams of
binary data (as in Example B), for na = nb = m, as the sample size n = 2m grows.

form

Pcan(x;θ) =
e−θ·c(x)

Z(θ)
, (3.52)

and induces the mean-value mapping

µ(θ) := Eθ[c(x)], (3.53)

with µ taking values in the mean-value parameter space M.
Next, consider the i.i.d. extension M(m) in which y(m) = (x1, . . . ,xm) are m i.i.d.

samples from Pcan(·;θ). The sufficient statistic of y(m) is the sum

s(m)(y(m)) =

m∑
j=1

c(xj). (3.54)

Let w be a prior density over M, and let Qw be the induced probability for any
measurable M′ ⊆ M:

Qw(µ ∈ M′) :=
∫
M′
w(µ) dµ. (3.55)

The following theorem shows that the normalized sufficient statistic converges in
distribution to Qw. Convergence is quantified in terms of probabilities of subsets,
with error decaying at rate O(logm/m).

Theorem 3.3.1.
Let w be any regular prior density on the mean value parameter space M ⊂ Rd. Then,
for any INECCSI (Definition 3.2.1) subset M′ of M, we have∣∣∣∣Pw(m)

can

{
s(m)(y(m))

m
∈ M′

}
−Qw {µ ∈ M′}

∣∣∣∣ = O

(
logm

m

)
. (3.56)

In words: under the Bayesian marginal likelihood Pw(m)

can , the normalized sufficient
statistic s(m)/m becomes increasingly close to being distributed according to the prior
over mean-value parameters.
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Assume we can extend both canonical models M0 and M1 to i.i.d. models M(m)
0

and M(m)
1 as above, where (3.54) holds for both c = c0 (sum denoted by s0) and

c = c1 (sum denoted by s1). In such settings, Theorem 3.3.1 supports the claim that
the gap r between the microcanonical and pseudo approximations vanishes for large
m. This is best explained in terms of our running example.

Example C (continued from Examples A and B)

Suppose na = nb = m, so that data can be grouped into m i.i.d. blocks, each consisting
of one binary outcome from group a and one from b. For each m, the sufficient
statistics are:

• s
(m)
1 = (n

a (m)
1 , n

b (m)
1 ): number of ones in each group under the alternative;

• s(m)
0 = 1

2

(
n
a (m)
1 + n

b (m)
1

)
: average number of ones across both groups under

the null. The division by 2 is required to ensure that, for a single outcome,
M0 = [0, 1], and can be interpreted, intuitively, as a set of probabilities.

After normalization by m, s(m)
1 /m ∈ M1 = [0, 1]2 and s(m)

0 /m ∈ M0 = [0, 1]. Notice
that every discrete distribution W

(m)
j on the sufficient statistics of M(m)

j induces
a discrete distribution V

(m)
j on the normalized sufficient statistics: P

w1(m)
can,1 induces

a probability W
(m)
can,1 on the alternative sufficient statistics s1, and a corresponding

one, denoted here by V
(m)
1 , on the normalized alternative sufficient statistics s1/m.

Similarly, the microcanonical optimal prior W
∗(m)
0 on the null sufficient statistic s0

induces a distribution V ∗
0 on s0/m.

In Example B, we used a prior w1 under which pa and pb were independently
and uniformly distributed, i.e., w1(pa, pb) = wa

1(pa) · wb
1(pb) with wa

1 = wb
1 = u. The

independent uniform prior has a remarkable property: V
(m)
1 coincides exactly with

the product of two independent discrete uniforms, each defined on {0, 1/m, . . . , 1},
corresponding to the components of s(m)

1 /m.
Consequently, the distribution V

∗(m)
0 is exactly equal to a triangular discrete dis-

tribution, which is the convolution of these two discrete uniforms (Figure 3.2). The-
orem 3.3.1 indicates that something analogous, but now in an asymptotic sense, will
happen for every regular prior w1(pa, pb) = wa

1(pa)w
b
1(pb), as long as pa and pb are still

independent under w1. More in detail, even if wa
1 and/or wb

1 are not uniform, V (m)
1

will converge to a distribution on M1 that is a discretized version of w1, and V
∗(m)
0

will still be the exact convolution of the two components of V (m)
1 , which are the (ap-

proximate) discretized versions of the components of w1. To illustrate, in Example 1
below, wa

1 and wb
1 will be taken to be of general beta form rather than restricted to

uniform, and then we will see Theorem 3.3.1 in action, the correspondence becoming
asymptotic rather than precise at each m. Still, V ∗(m)

0 will converge, as m grows, to
a continuous, strictly positive density on M0, denoted by w1

pseudo,0. This distribution
can be approximated by considering a very large m and "smoothening" the corres-
ponding V

∗(m)
0 to w1

pseudo,0. This limiting procedure is precisely what we referred to
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earlier as the high resolution limit. Once w1
pseudo,0 is obtained, P

w1
pseudo,0(m)

can induces
a probability distribution W

1(m)
pseudo,0 on the null sufficient statistics. As above, we can

define

V
1(m)
pseudo,0

(
s
(m)
0

m

)
:= W

1(m)
pseudo,0

(
s
(m)
0

)
. (3.57)

Now we invoke Theorem 3.3.1 again: it indicates that V 1(m)
pseudo,0 converges to w1

pseudo,0.

Thus, one may expect V
∗(m)
0 and V

1(m)
pseudo,0, and consequently W

∗(m)
0 and W

1(m)
pseudo,0,

to be close and r to be small, according to Eq. (3.47). The microcanonical e-variable
becomes thus an excellent approximation of the canonical one — which is what we
set out to argue.

In the current example, we can go further: let w2
pseudo,0 be the continuous con-

volution of the independent priors wa
1 and wb

1. Applying Theorem 3.3.1 to M0 with
this density shows that the induced distribution V

2(m)
pseudo,0 on s

(m)
0 /m converges to

a discretized version of w2
pseudo,0. At the same time, V

∗(m)
0 is constructed by first

discretizing the prior w1 and then computing the discrete convolution of its two com-
ponents. In the high-resolution limit m → ∞, this procedure yields the discretized
version of the continuous convolution of w1. Thus, in the large-m limit, w1

pseudo,0 and
w2

pseudo,0 become indistinguishable. In practice, one can compute Spseudo either by
directly convolving the continuous components of w1, or by taking the discrete con-
volution W

∗(m)
0 and then its high-resolution limit: both approaches yield the same

result (Figure 3.3).

How precise and general is this? In the reasoning above, we invoked The-
orem 3.3.1 several times to go back and forth between prior distributions on mean-
value parameters and marginal distributions on sufficient statistics. Specifically: (a)
at the level of M1 (blue and yellow arrows in Figure 3.3); and (b) at the level of M0,

for relating W
∗(m)
0 to P

w1
pseudo,0

can (b1, bottom right arrow in Figure 3.3) and P
w2

pseudo,0
can

(b2, bottom left arrow).
In step (a), the theorem is not really needed when wa

1 and wb
1 are uniform (as

in the figure). Nevertheless, as long as the priors remain independent and regular,
Theorem 3.3.1 suggests that step (a) holds even if they are not uniform. More gen-
erally, moving from the binary 2-group case to a general MEM M1, Theorem 3.3.1
still suggests that step (a) is valid whenever w1 factorizes into independent regular
priors, making the mean-value parameters independent. We write “suggest” rather
than “prove” because the convergence in (3.56) is too weak to formally imply r → 0 (it
concerns probabilities of sets, whereas (3.47) involves expectations of log densities).
Nevertheless, it provides strong heuristic evidence, and we do observe convergence
numerically (see Figure 3.4). All reasoning based on Theorem 3.3.1 should thus be
understood as heuristic rather than fully formal.

Turning now to step (b) for general M0 and M1: as long as s
(m)
0 is a linear func-

tion of s
(m)
1 , the use of Theorem 3.3.1 in steps (b1) and (b2) remains heuristically

justified, provided w1 factorizes into regular independent priors as above. This lin-
earity condition holds in all our examples (e.g. in Example C, s(m)

0 is the average of
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the components of s(m)
1 ). It guarantees that the limiting density w1

pseudo,0 exists, and
Theorem 3.3.1 then suggests that it coincides with w2

pseudo,0.

In the more general case where s
(m)
0 is a function (not necessarily linear) of s(m)

1

— i.e. Condition A holds — then it may still be true that V ∗(m)
0 converges to a high-

resolution limiting density w1
pseudo,0. In that case, Theorem 3.3.1 still suggests that

step (b1) remains valid, so that r becomes small with growing sample size, making
the microcanonical approximation effective. However, in such settings, it is less clear
whether the approach based on w2

pseudo,0 still makes sense.
We stress that this asymptotic justification does not rely on P̄1 being a Bayesian

mixture with prior w1. The construction leading to w1
pseudo,0 applies to any universal

distribution P̄1 on the alternative, since P̄1 always induces a discrete distribution on
the alternative sufficient statistic; from this, one can derive V

∗(m)
0 and then obtain

w1
pseudo,0 via the high-resolution limit. By contrast, the alternative route based on

w2
pseudo,0 explicitly requires a factorized regular prior on the alternative.

3.4 Application to contingency tables and related models

Contingency tables are a fundamental tool in statistical analysis for examining the
relationship between categorical variables. Given a dataset where observations are
classified according to categorical factors, a contingency table provides a structured
way to summarize the frequencies of different category combinations.

Formally, a contingency table is an l × k matrix where each entry represents
the count of occurrences for a particular combination of row and column categories.
Such tables are widely used in fields where categorical data naturally arise, such as
biostatistics, social sciences, and market analysis.

In network science, this approach plays a crucial role in link analysis, where the
presence or absence of an edge (x = 1 or x = 0) in a network is studied across different
subsets of nodes. For instance, in community detection, one may ask whether the
probability of forming a link differs within and between predefined groups of nodes.
This idea is closely related to the Stochastic Block Model (SBM), a generative model in
which nodes are assigned to latent groups, and connection probabilities are determined
by group memberships. Contingency tables provide a natural way to summarize and
test the differences in connection probabilities across groups, helping to assess whether
observed patterns deviate from a null model where edges are formed independently
of group structure. See e.g., [77, 78] for connections between network modeling and
contingency tables, and the discussion in 3.4.3 of this paper.

In this work, we focus on binary categorical data, which corresponds to l = 2 in the
general l×k contingency tables setting. We first apply our results to the simple case of
two groups, i.e., 2× 2 contingency tables. We consider microcanonical and canonical
tests. For canonical tests, our main focus will be that of finding the microcanonical
approximation in practical cases; this translates into finding the induced prior on
the alternative (3.37) and then applying formula (3.40). We will finally verify the
approximation validity by evaluating the interval width r, and show results on the
regret. Later, we extend these results to the more general case of 2 × k contingency
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tables.

3.4.1 2× 2 contingency tables

A 2× 2 contingency table is a fundamental tool to assess whether the distribution of
a binary outcome differs between two groups. Given a dataset where each observa-
tion consists of a binary variable x ∈ {0, 1} and a categorical label indicating group
membership, the data can be summarized in the following 2× 2 table:

Group A Group B Total

x = 1 na
1 nb

1 n1

x = 0 na
0 nb

0 n0

Total na nb n

The dataset x consists of two groups, represented as xa = (xa
1 , ..., x

a
na) and xb =

(xb
1, ..., x

b
nb), where na and nb are the respective group sizes. The table reports the

number of ones (na
1 and nb

1) and zeros (na
0 and nb

0) in each group, along with their
totals, n1 and n0. The key question is whether the probability of observing x = 1

differs between the two groups. This problem translates into a hypothesis testing
problem, where:

• In the alternative hypothesis, the two groups are distinct, meaning the number
of ones is constrained separately in each group:

c1 = (na
1 , n

b
1). (3.58)

• In the null hypothesis, the groups are indistinguishable, so only the total number
of ones is constrained:

c0 = n1. (3.59)

These constraints define the sufficient statistics under each hypothesis and form the
basis for the microcanonical and canonical tests discussed next. The reader may have
noticed that this is exactly the setting of Examples A, B, and C in section 3.3. Nev-
ertheless, for the sake of clarity, in this section all quantities will be defined again and
in more detail, at the cost of repeating ourselves.

2× 2 microcanonical test

In the microcanonical formulation, we enforce hard constraints on the observed counts,
treating them as fixed quantities. The null model with sufficient statistics n1 reads

Pmic, 0(x;n1) =

{
1

Ω0(n1)
, if n1(x) = n1;

0, else;
(3.60)
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where
Ω0(n1) =

(
n

n1

)
(3.61)

is the number of permutations of x preserving the total number of 1s. The alternative
model with sufficient statistics (na

1 , n
b
1) reads

Pmic, 1(x;n
a
1 , n

b
1) =


1

Ω1(na
1 ,n

b
1)
, if (na

1(x), n
b
1(x))

= (na
1 , n

b
1);

0, else,
(3.62)

where

Ω1(n
a
1 , n

b
1) =

(
na

na
1

)(
nb

nb
1

)
(3.63)

is the number of permutations of x preserving the total number of 1s in each group.
For any given prior W1 on the alternative sufficient statistics, SGRO

mic is found
exactly by computing W ∗

0 and applying (3.31). In this case, Condition A (3.29) is
satisfied, as the null sufficient statistics can be written as a function of the alternative
one:

n1 = na
1 + nb

1. (3.64)

Thus, following (3.30), the optimal prior on the null is the distribution of n0 induced
by W1(n

a
1 , n

b
1). If na

1 and nb
1 are independently distributed:

W1(n
a
1 , n

b
1) = W a

1 (n
a
1) ·W b

1 (n
b
1), (3.65)

then W ∗
0 is simply the convolution of W a

1 and W b
1 :

W ∗
0 = W a

1 ∗W b
1 , (3.66)

where f ∗ g represents the convolution between functions f and g.

Notice that an example application of this formula for the case of two independent
uniform priors has already been carried out in Example A of section 3.3.1.

2× 2 canonical test

The null canonical model obtained by constraining the average number of 1s, i.e., the
expected value of n1, is represented by the exponential distribution

Pcan(x; θ0) =
e−θ0·n1(x)

(1 + e−θ0)n
, (3.67)

which can be rewritten in the mean-value parametrization:

Pcan(x; p0) = p
n1(x)
0 (1− p0)

n−n1(x) (3.68)

upon defining

p0 =
e−θ0

1 + e−θ0
. (3.69)
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The null model is the distribution of a collection of n i.i.d. Bernoulli variables, where
the occurrence of x = 1 has the same probability p0 regardless of the group.

The alternative model, obtained by constraining the expected values of na
1 and nb

1,
reads:

Pcan(x; θa, θb) =
e−θa·na

1 (x)−θb·nb
1(x)

(1 + e−θa)na(1 + e−θb)nb , (3.70)

or, equivalently,

Pcan(x; pa, pb) = p
na
1 (x)

a (1− pa)
na−na

1 (x)p
nb
1(x)

b (1− pb)
nb−nb

1(x) (3.71)

upon defining the mean-value parameters:

pa =
e−θa

1 + e−θa
and pb =

e−θb

1 + e−θb
. (3.72)

The alternative model assumes that the data in groups A and B are independent
Bernoulli variables, with different probabilities of x = 1 across groups. In this scen-
ario, the aim of the test is to assess whether pa and pb are the same or whether they
are different. In what follows, we explicitly apply the procedure described in section
3.3.2 to different choices of P̄can,1.

Example 1: Independent beta priors. The beta probability distribution reads:

Beta(y;α, β) =
yα−1(1− y)β−1

B(α, β)
, for y ∈ (0, 1), (3.73)

where B(α, β) is the beta function, defined as

B(α, β) =

∫ 1

0

tα−1(1− t)β−1dt. (3.74)

The beta prior represents a popular choice because it is flexible enough to encompass
several cases of interest (Table 3.1 of the Supplementary Material). Here, we put
two independent beta priors wa

1 and wb
1 with parameters, respectively, (αa, βa) and

(αb, βb), on pa and pb. The Bayesian marginal likelihood resulting from this choice
can be written explicitly as

P̄can,1(x) =
B(ᾱa, β̄a)

B(αa, βa)
· B(ᾱb, β̄b)

B(αb, βb)
(3.75)

where

ᾱa = na
1 + αa, β̄a = na − na

1 + βa,

ᾱb = nb
1 + αb, β̄b = nb − nb

1 + βb.

As in the previous example, to obtain the microcanonical approximation for this
problem, we look for the probability mass function induced by P̄can,1 on the alternative
sufficient statistics, which reads:

Wcan,1(n
a
1 , n

b
1) = W a

can,1(n
a
1) ·W b

can,1(n
b
1) (3.76)
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with

W a
can,1(n

a
1) = Ωa

1(n
a
1) ·

B(ᾱa, β̄a)

B(αa, βa)
(3.77)

and

W b
can,1(n

b
1) = Ωb

1(n
b
1) ·

B(ᾱb, β̄b)

B(αb, βb)
. (3.78)

With this choice, W a
1 and W b

1 are beta-binomial distributions. Given that na
1 and nb

1

are independently distributed, as we expected because we put independent priors on
pa and pb, W ∗

0 (n1) is the convolution of W a
can,1(n

a
1) and W b

can,1(n
b
1). Whether this

expression can be written in closed form depends on the specific values of the beta
parameters chosen. For example, if all beta parameters are equal to 1, W ∗

0 reduces to
the convolution between two discrete uniform distributions (3.34). When no closed
form is available, the convolution can be computed numerically.

In Figure 3.7 we show W a
1 , W b

1 , W ∗
0 , w1

pseudo,0 and w2
pseudo,0 for different choices

of the beta parameters. As expected, in all cases where wa
1 and wb

1 are well defined
in the whole parameter space, w1

pseudo,0 and w2
pseudo,0 are almost indistinguishable.

This is a consequence of Theorem 1: the distribution of the mean value parameter
(w2

pseudo,0) and that of the sufficient statistic (w1
pseudo,0) resemble each other when

the sample size is big (high resolution limit).

In the next section, we show results obtained by numerical simulations concerning
the optimality of the microcanonical approximation and the regret, measured in the
examples reported in this section. For simplicity, when necessary, we will assume that
the two groups have the same sample size, i.e., na = nb = m, and that the independent
beta priors on the alternative, denoted by wa

1 and wb
1, have all parameters equal to a

certain value γ > 0.

Evaluating the microcanonical approximation

In order to evaluate the goodness of the microcanonical approximation, we employ
two approaches: a direct comparison and a comparison through r.

In the first case, we directly compare the e-power of the microcanonical approxim-
ation to the GRO-optimal canonical one, where the latter is computed by numerically
solving the optimization problem (3.36). We find that the e-power of the microca-
nonical approximation converges to that of the canonical GRO e-variable as the total
size grows (Figure 3.8). The e-power of the pseudo approximation converges as well,
even though the convergence is slower compared to that of the microcanonical one.
From these plots, we can already conclude that the microcanonical one works as a
good approximation of SGRO

can .
The numerical approach to directly compare the e-power is feasible in a few simple

cases and only for relatively small sample sizes. Conversely, the value of r can be easily
evaluated, even for very large system sizes. In Figure 3.9, we show the plot of r as
defined earlier to evaluate the effectiveness of the microcanonical approximation in
different scenarios. The results confirm those of Figure 3.8, as in all cases considered,
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r converges to 0. In conclusion, we argue that the microcanonical approximation is a
perfect candidate in this case.

Results on regret

Let’s again consider the m-dimensional i.i.d. extension of our models. In section 3.E
of the Supplementary Materials, we show that, if the error r′(µ1) in (3.48) vanishes
as the sample size m increases, both the canonical growth-optimal e-variable SGRO

can
and its microcanonical approximation SGRO

mic satisfy:

REG1(µ1, ·) =
d1 − d0

2
· logm+O(1). (3.79)

In the 2× 2 case, where d1 = 2 and d0 = 1, this becomes:

REG1(µ1; ·) =
1

2
logm+O(1).

This result holds uniformly over all µ1 ∈ M′1, provided that M′1 is an INECCSI set
(i.e., excluding regions near the boundary of the parameter space). However, it does
not extend to the full parameter space M, where the asymptotic form (3.19) may fail
to hold even in well-specified cases.

Our experiments confirm these insights. We evaluated worst-case regret in the 2×2

setting for different values of the beta prior parameter γ. Notice that in what follows
we apply our reasoning to the mean value parameter spaces, (pa, pb) ∈ M1 = [0, 1]2

and p0 ∈ M0 = [0, 1], and that we consider INECCSI sets with respect to M1. From
experimental results, collected in Figure 3.5, we observe a clear dichotomy:

• For γ < 1, the convolution of the beta priors wa
1 and wb

1 is non-differentiable
at p0 = 1/2, as shown in Figure 3.7 (e.g., for γ = 0.5). Consequently, the
convergence of V ∗(m)

0 to a density over the mean-value space M0 (as discussed
under Theorem 3.3.1) may be very slow or fail altogether. In this case, Spseudo

becomes incomparable to SGRO
can and SGRO

mic , and (3.79) no longer holds (see
Figure 3.10). Indeed, in Figure 3.5, we see that even on small INECCSI sets,
the regret grows like a logm+ b for some a > 1/2.

• For γ = 1, convergence is moderate. Although r′ decays quickly (Figure 3.10),
the experimental values of Figure 3.5 show areas (e.g., the yellow counter-
diagonal) where regret exceeds the expected rate. These may still belong to
an INECCSI set, but convergence has not yet been reached at the sample sizes
considered (m ⩽ 1800).

• For γ > 1, the convolution is differentiable, and convergence of V ∗(m)
0 is fast.

The asymptotic behavior (1/2) logm + O(1) is observed on INECCSI sets (see
again Figure 3.5)

These findings imply that, from a minimax perspective, using priors with γ < 1

is generally suboptimal. Such priors fail to achieve the expected regret rate of
(1/2) logm+O(1) even when the true parameters lie well inside the parameter space.
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This has implications for default prior choices. In both the Bayesian and MDL lit-
eratures, Jeffreys prior [16] is often recommended as a default when no prior knowledge
is available, and is justified in the MDL framework because it achieves asymptotic-
ally minimax optimal redundancy (i.e., the middle inequality in (3.19) becomes an
equality [79]). However, in our setting, Jeffreys prior corresponds to γ = 1/2, which,
despite its MDL-optimality, is not optimal with respect to worst-case regret under
e-values.

Figure 3.5: Fitted slope of the logarithmic growth a logm + b of the microcanonical approx-
imation regret 3.14 in the 2 × 2 case (na = nb = m), shown for different combinations of
the alternative parameters (pa, pb). The expected asymptotic slope is 0.5 (yellow). Three
alternative beta priors are considered: α = β = 0.5, α = β = 1 and α = β = 1.5. The
sample sizes used for fitting are m ∈ {600, 800, 1000, 1200, 1400, 1600, 1800}. pa and pb vary
in the interval [0.02, 0.98], with a grid step of 0.02. Values at the boundaries are excluded to
improve the readability of the plots.

3.4.2 2× k contingency tables

A 2 × k contingency table is a natural extension of the 2 × 2 case, allowing us to
assess whether the distribution of a binary outcome differs across multiple (k) groups.
Given a dataset where each observation consists of a binary variable x ∈ {0, 1} and a
categorical label indicating group membership (among k different groups), the data
can be summarized in the following 2× k table:

Group 1 Group 2 · · · Group k Total

x = 1 n1
1 n2

1 · · · nk
1 n1

x = 0 n1
0 n2

0 · · · nk
0 n0

Total n1 n2 · · · nk n

The dataset consists of k groups, represented as xi = (xi
1, ..., x

i
ni) for i = 1, ..., k,
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where ni denotes the size of group i. The table reports the number of ones (ni
1) and

zeros (ni
0) in each group, along with their respective totals, n1 and n0.

The goal is to test whether all groups share the same probability of observing
x = 1. This problem again translates into a hypothesis testing problem, where:

• Under the alternative hypothesis, the groups are allowed to have different prob-
abilities, meaning the number of ones is constrained separately in each group:

c1 = (n1
1, n

2
1, . . . , n

k
1). (3.80)

• Under the null hypothesis, all groups share the same probability, meaning only
the total number of ones is constrained:

c0 = n1. (3.81)

Rejection of the null, therefore, indicates a lack of homogeneity across groups, or
equivalently, that at least two groups differ in their outcome distribution.

These constraints define the sufficient statistics under each hypothesis of the mi-
crocanonical and canonical tests discussed next. As the examples will illustrate, most
of the results in this section naturally extend from the 2 × 2 case. The key distinc-
tion is that, in the latter case, the only relevant asymptotic behavior is as the total
sample size n grows large. In contrast, in the present setting, both n and k can grow
large, with different scenarios arising depending on the application (see 3.4.3). In all
cases, the asymptotic behavior of e-variables plays a crucial role, particularly in the
canonical test, where only asymptotic approximations are available, and we need to
assess whether the microcanonical approximation can be used.

2× k microcanonical test

While the null model stays the same (Eq. (3.60), the alternative model is simply the
extension of (3.62) from 2 to k groups:

Pmic, 1(x; {ni
1}) =


1

Ω1({ni
1}),

if (n1
1(x), ..., n

k
1(x))

= (n1
1, ..., n

k
1),

0, else,
(3.82)

where

Ω1({ni
1}) =

k∏
i=1

(
ni

ni
1

)
. (3.83)

As in the 2× 2 case, Condition A (3.29) is satisfied:

n1 =

k∑
i=1

ni
1 (3.84)
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and the optimal prior on the null is the marginal distribution of n0 induced by
W1({ni

1}). If all ni
1 are independently distributed:

W1({ni
1}) =

k∏
i=1

W i
1(n

i
1), (3.85)

then W ∗
0 is simply the convolution of the individual alternative priors:

W ∗
0 = W 1

1 ∗ ... ∗W k
1 . (3.86)

Interestingly, when the number of groups k is large, and the priors are regular enough,
a Central Limit Theorem holds; thus, W ∗

0 is well approximated by a discrete Gaussian
distribution, i.e., if k ≫ 1:

W ∗
0 (n1) ≈

1

N(µk, σk)
exp

(
− (n1 − µk)

2

2σ2
k

)
(3.87)

where N is the normalization constant and

µk =

k∑
i=1

EW i
1
[ni

1]

σ2
k =

k∑
i=1

VarW i
1
(ni

1).

This result is particularly convenient: when k is big enough, the only effect of
the choice of priors on the alternative, as long as they are independent and regular
enough, is in determining the average and the variance of the optimal (approximated)
Gaussian prior on the null.

Example 2: Independent uniform priors. Here, we extend the computations of
Example A to the case of k groups. When a uniform discrete prior U is put on each
parameter of the alternative:

W1({ni
1}) =

k∏
i=1

Ui(n
i
1) =

k∏
i=1

1

ni + 1
, (3.88)

the GRO null prior is again the convolution of all the individual priors, i.e., the
convolution of k discrete uniform distributions, which reads [80]:

W ∗
0 (n1) =

∑
S⊆{1, ... k}

(−1)|S|
(
n1 + k − 1−

∑
j∈S(n

j − n)

n1 − 1

)[ k∏
i=1

ni + 1

]−1

, (3.89)

where the sum runs over all possible subsets of {1, . . . k} and | S | is the number
of elements of set S. In the formula, the first factor stands for the number of ways
in which a set of k non-negative numbers ({ni

1}) can be chosen uniformly such that
their sum is equal to n1, with the constraint that for each i, ni

1 must be smaller than
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or equal to ni. The second factor represents a normalization constant. If all ni are
equal to a certain value m, the formula simplifies and reads:

W ∗
0 (n1) =

⌊n1/(m+1)⌋∑
j=1

(−1)j
(
n

j

)(
n1 − j(m+ 1) + k − 1

k − 1

)[ k∏
i=1

ni + 1

]−1

, (3.90)

where ⌊x⌋ is the floor function of x. This is the formula used to generate Figure 3.6,
where we show W ∗

0 , along with its Gaussian approximation, for increasing values of
k.

Figure 3.6: The microcanonical GRO-optimal prior on the null W ∗
0 for testing 2×k tables is

obtained as the convolution of the k independent priors on the alternative, which are discrete
uniform priors in the case shown in this picture. Each convolution, for k > 2, is superposed
to its discrete Gaussian approximation.

2× k canonical test

The null canonical model is the same as in the 2× 2 case, Eq. (3.67), i.e., a collection
of n i.i.d. Bernoulli trials, where the probability of observing x = 1 is the same across
all groups. The alternative model extends Eq. (3.70) and (3.71) to the case of k

groups, by constraining the expected values of ni
1 separately for each group i, leading

to the expression:

Pcan(x;θ) =
e−

∑k
i=1 θin

i
1(x)∏k

i=1(1 + e−θi)ni
, (3.91)

or, equivalently, in the mean-value parametrization:
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Pcan(x;p) =

k∏
i=1

p
ni
1(x)

i (1− pi)
ni−ni

1(x), (3.92)

where we define the group-specific probabilities as:

pi =
e−θi

1 + e−θi
, for each i ∈ {1, . . . , k}. (3.93)

In this formulation, the alternative model assumes that the data in each group
are independent Bernoulli variables, with the probability of x = 1 depending on the
group. The goal of the hypothesis test is to determine whether these probabilities are
equal across all groups (p1 = p2 = · · · = pk) or whether they differ, indicating that
the probability of observing x = 1 is group-dependent.

In the following sections, we apply the procedure described in section 3.3.2 to
different choices of P̄can,1.

Example 3: Independent beta priors. Here, we extend Example 1 to the case of
k groups. We assume that each pi is independently distributed according to a beta
prior with parameters (αi, βi). The Bayesian marginal likelihood reads:

P̄can,1(x) =

k∏
i=1

B(ᾱi, β̄i)

B(αi, βi)
(3.94)

where

ᾱi = ni
1 + αi

β̄i = ni − ni
1 + βi for each i ∈ {1, . . . , k}.

To derive the microcanonical approximation, we compute the probability mass func-
tion induced by P̄can,1(x) on {ni

1}, which reads:

Wcan,1({ni
1}) =

k∏
i=1

W i
can,1(n

i
1) (3.95)

with

W i
can,1(n

i
1) = Ωi

1(n
i
1) ·

B(ᾱi, β̄i)

B(αi, βi)
for each i ∈ {1, . . . , k}. (3.96)

W ∗
0 (n1) is, then, the convolution of all W i

can,1(n
i
1). If all beta parameters are equal

to 1, W ∗
0 reduces to the convolution between k discrete uniform distributions (3.89).

When the beta parameters are such that no closed form is available, the convolution
must be computed numerically. Alternatively, if k is big enough, one can resort
to the discrete Gaussian approximation (3.87). Analogously, a continuous Gaussian
approximation can be used to approximate wpseudo. Figure (3.11), we show W i

can,1,
W ∗

0 , and wpseudo for k = 10.
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Evaluating the microcanonical approximation

To assess the effectiveness of the microcanonical approximation, we study the behavior
of the interval width r in different cases. To simplify the problem, all beta priors
considered in our results have parameters equal to the same number, γ, and all groups
share the same size, i.e., ni = m for all i ∈ {1, . . . , k}. In this scenario, we have that
n = m · k. We consider three cases: m increases and k is fixed; n is fixed, and
m and k change accordingly; finally, m and k grow together according to a certain
law. We evaluate Spseudo, and consequently r, by using w1

pseudo, 0, according to the
procedure described in Example C, which is easily extended to the case of k groups.
Our experiments (Figure 3.12) show that:

1. r converges quickly to 0 for fixed k as the m increases (or, equivalently, the total
sample size increases);

2. r grows slowly for n fixed and k getting bigger;

3. r converges quickly to 0 whenever k and m grow together according to different
power laws.

The only case where r does not converge to 0 corresponds to a decreasing m as O(1/k).
We conclude that our microcanonical approximation SGRO

mic is an optimal candidate
as long as m, i.e., the data size of each group, is big enough.

3.4.3 Connection to models of networks and time series

Maximum entropy models are widely used to construct null models of complex sys-
tems that preserve specific structural or temporal features, while remaining otherwise
random [1, 6, 31, 36, 81].

For instance, when applied to networks, maximum entropy models in their canon-
ical formulations are known as exponential random graph models [4, 5, 6]. Examples
of commonly used maximum entropy network models are the Erdős–Rényi model,
Configuration Models, and Stochastic Block Models [6, 31]. The framework presen-
ted here is fully general and can be applied to build and compute e-values when
testing between general maximum entropy network models with different sufficient
statistics, in both their canonical and microcanonical formulations. Moreover, section
3.2.1 establishes a link between e-values and the Minimum Description Length prin-
ciple — a framework increasingly used in recent years for network inference, model
selection [57, 82, 58].

In particular, the hypothesis tests for contingency tables developed here have a
direct correspondence with hypothesis tests between common network models. This
mapping arises because the sufficient statistics in our contingency tables capture
the same structural constraints as those imposed in standard binary network en-
sembles [31, 6]. Indeed, a binary network is represented by a binary adjacency mat-
rix, which is a (structured) collection of 1s and 0s, corresponding to the presence or
absence of a link between two nodes.

In particular, the null model considered here, in both its canonical and microca-
nonical formulation, corresponds to the well-known Erdős–Rényi model (ER), where
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the sufficient statistic is the total number of links, equal to (half, if the network is
undirected) the total number of 1s observed in the adjacency matrix.

In the Stochastic Block Model (SBM), nodes are partitioned into groups, and
the adjacency matrix of a network is structured in k blocks, corresponding to the
presence of inter- and intra-group links. For instance, in models of networks with
community structure, intra-group link probabilities are larger than inter-group ones.
The sufficient statistics are the number of links in each block. Testing an SBM against
an ER model corresponds exactly to testing whether the connection probabilities are
identical across all blocks (i.e., communities are absent), and this SBM vs ER problem
reduces to our canonical or microcanonical 2× k contingency table test.

In the Partial Configuration Model (PCM) for bipartite networks [14], the degree
of each node in one layer is constrained, while connections to the other layer are
otherwise random. The (bi-)adjacency matrix is a k ×m rectangular binary matrix,
and the sufficient statistics are the number of links connected to each node in the
constrained layer, i.e., the number of 1s in each row. Testing a PCM against a
bipartite ER model corresponds to testing whether all nodes in the constrained layer
have the same connection probability (and therefore the same expected degree), i.e.,
testing for homogeneity of node properties in the graph. This again maps to a 2× k

contingency table, where each constrained node represents a “group” and each group
size equals the number m of nodes in the unconstrained layer.

Besides network models, a final connection worth mentioning is the one between
binary contingency tables and multivariate time series data describing, e.g., a system
of units being active (1) or inactive (0) at discrete time steps (such as spiking neurons
data). The PCM can, in this case, represent a model enforcing, for each time step,
a different activation probability of the various units. Therefore, testing the PCM
against a bipartite ER model amounts, in this case, to testing for non-stationarity vs
stationarity of the observed process over time.

We therefore conclude that our microcanonical e-variable for contingency tables
can be directly applied to a wide range of problems, both exactly in the microcanonical
case and as an approximation for the canonical case. Moreover, our results on the
behavior of r show that the microcanonical approximation works very well in both
scenarios, as long as the size of each group is large enough. This circumstance is
particularly convenient when studying models of large complex systems with a growing
number of heterogeneous features, such as PCMs where the number of nodes in both
layers can diverge in the “thermodynamic limit” of infinitely large graphs, SBMs
used to model networks with a growing number of communities, and models of high-
dimensional multivariate (nonstationary) time series. As we mentioned, the growing
number of features (and parameters) in these models is generally needed to better
replicate the heterogeneous properties of real-world networks and time series. At
the same time, it makes the study of these models more challenging because of the
breakdown of various useful approximations valid for a finite number of parameters —
and even of the asymptotic equivalence between canonical and microcanonical versions
of the resulting ensembles( see [12] and 2 of this work). Despite these complications,
the results derived here nicely apply to those regimes.
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3.5 Conclusion

In this work, we have developed a general framework for constructing optimal e-values
for hypothesis testing between maximum entropy models with different constraints, in
both microcanonical and canonical formulations. Our main theoretical contribution
is the exact derivation of the microcanonical GRO e-variable and its use as a valid
approximation to the canonical GRO e-variable when the latter is intractable. We
provided analytical and numerical evidence that this approximation becomes asymp-
totically exact in many relevant regimes.

We illustrated our results through applications to 2×2 contingency tables, showing
numerically that the microcanonical approximation provides a good proxy for the ca-
nonical solution, confirming our theoretical results. We then extended the analysis to
general 2×k tables, where numerical results suggest that the microcanonical approx-
imation works and remains asymptotically optimal for different interplays between k

and the group sizes, as long as the latter are sufficiently large. Interestingly, when k

becomes large, the microcanonical e-variable is itself well approximated by choosing
a discrete Gaussian prior on the null. We highlighted that this framework can be
naturally translated into network-science terms, where many important models can
be derived as maximum entropy models.

Universal distributions play a central role in our construction. These are the same
distributions that underlie the Minimum Description Length (MDL) principle, where
they achieve minimax redundancy. Our results show that such universal distributions
can be conveniently used to build GRO e-variables as well, thus providing a direct
and convenient connection between description lengths and e-variables. A possible
direction to explore in future work is to extend this connection beyond pairwise model
comparisons and investigate how GRO e-variables and MDL can be combined to
design tests involving multiple models at once.

Appendix 3.A Redundancy and regret

Here we show that, given the null and alternative models M0 = {P0(x;θ)}θ∈Θ0 and
M1 = {P1(x;θ)}θ∈Θ1 , the regret (3.15) of the GRO e-variable (3.11), i.e.,

SGRO(x) =
P̄1(x)

Pw∗
0 (x)

(3.97)
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for a given distribution P̄1, is bounded by the redundancy (3.17) of P̄1. Indeed, for
any INECCSI (Def. 3.2.1) subset Θ′ of Θ:

REG(Θ′
1; P̄1) = max

θ1∈Θ′
1

Eθ1

[
logSGRO(θ1) − log

P̄1(x)

P
w∗

0
0 (x)

]

= max
θ1∈Θ′

1

min
w′

0∈Wθ0

Eθ1

[
log

P1(x;θ1)

P
w′

0
0 (x)

− log
P̄1(x)

P
w∗

0
0 (x)

]

= max
θ1∈Θ′

1

(
min

w′
0∈Wθ0

Eθ1

[
log

P
w∗

0
0 (x)

P
w′

0
0 (x)

]
+ RED1(θ1; P̄1)

)
⩽ RED1(Θ

′
1; P̄1). (3.98)

Appendix 3.B Microcanonical test

In this section, the subscript “mic" is omitted for the sake of clarity, as all the models
considered are microcanonical.

3.B.1 Exact solution of the optimization problem

We consider a test between a microcanonical alternative M1 and a microcanonical
null M0. Given a universal microcanonical distribution P̄1 on the alternative, the
GRO-optimal microcanonical e-variable

SGRO =
P̄1

P
W∗

0
0

(3.99)

is found by solving the optimization problem

W ∗
0 = arg min

W∈Wc0

DKL(P̄1∥PW
0 ) (3.100)

= arg min
W∈Wc0

∑
x∈X

P̄1(x) log
P̄1(x)

P̄W
0 (x)

= arg max
W∈Wc0

∑
x∈X

P̄1(x) log P̄
W
0 (x).

For a microcanonical model with sufficient statistics ci, the Bayesian marginal likeli-
hood reads (see Chapter 2)

PWi
i (x) =

∑
ci∈Ci

Pi(x; ci)Wi(ci) = Pi(x; ci(x))Wi(ci(x)) =
Wi(ci(x))

Ωi(ci(x))
, (3.101)

where the latter equality is due to the definition of the microcanonical model, which
assigns a positive probability only if ci(x) = ci. By putting this result in (3.100), one
gets
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W ∗
0 = arg max

W∈Wc0

∑
x∈X

P̄1(x)[logW0(c0(x))− log Ω0(c0(x))] (3.102)

= arg max
W∈Wc0

∑
x∈X

P̄1(x) logW0(c0(x)).

The latter expression can be written as a sum over the values of c0:

W ∗
0 = arg max

W∈Wc0

∑
c0∈C0

 ∑
x : c(x)=c0

P̄1(x)

 logW (c0). (3.103)

According to Gibbs inequality, the distribution maximizing the quantity above is

W ∗
0 (c0) =

∑
x : c0(x)=c0

P̄1(x) (3.104)

i.e., the marginal distribution of the null sufficient statistic c0(x) induced by P̄1,
hereby denoted, for simplicity, by P̄ c0

1 .
In the special case where the alternative sufficient statistics completely determine

the value of the null one, we can write:

Condition A: (3.105)
there exists a function f : C1 → C0 s.t.c0(x) = f(c1(x)),

and thus

W ∗
0 (c0) =

∑
x : c0(x)=c0

P̄1(x) (3.106)

=
∑

x : c0(x)=c0

W1(c1(x))

Ω1(c1(x))

=
∑

c1 : f(c1)=c0

Ω1(c1)
W1(c1)

Ω1(c1)

=
∑

c1 : f(c1)=c0

W1(c1).

In other words, the GRO-optimal prior on the null is the distribution induced on
the null sufficient statistics by the alternative prior, or, equivalently, the marginal
distribution of c0 induced by W1, hereby denoted by W c0

1 .
Once that W ∗

0 is computed, given that all universal microcanonical distributions
considered here are, in fact, Bayesian marginal likelihoods, the microcanonical GRO-
optimal e-variable can be expressed as
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SGRO(x) =
PW1
1 (x)

P
W∗

0
0 (x)

(3.107)

=
P1(x; c1(x))

P0(x; c0(x))

W1(c1(x))

W ∗
0 (c0(x))

=
Ω0(c0(x))

Ω1(c1(x))

W1(c1(x))

W ∗
0 (c0(x))

.

3.B.2 The average under the null of the GRO e-variable is always unitary

Here, we show that E0[S
GRO ] = 1 ∀P0 ∈ M0.

We start by picking a generic distribution inside the null model:

P0(x; c̄0) =


1

Ω0(c̄0)
if c0(x) = c̄0

0 else.
(3.108)

Then, we compute the average under P0(x; c̄0) of SGRO:

E0[S
GRO] = E0

[
P̄1

P
W∗

0
0

]
=
∑
x∈X

P0(x; c̄0)
P̄1(x)

P
W∗

0
0 (x)

(3.109)

=
1

Ω0(c̄0)

∑
x : c0(x)=c̄0

P̄1(x)

P
W∗

0
0 (x)

. (3.110)

In what follows, we use the explicit expression of the Bayesian marginal likelihood
(3.101), i.e., PW0

0 (x) = W0(c0(x))
Ω0(c0(x))

, and that of the GRO optimal prior (3.104)

E0[S
GRO ] =

1

Ω0(c̄0)

∑
x : c0(x)=c̄0

Ω0(c0(x))P̄1(x)

W ∗
0 (c0(x))

(3.111)

=
1

Ω0(c̄0)

Ω0(c̄0)

W ∗
0 (c̄0)

∑
x : c0(x)=c̄0

P̄1(x) = 1.

Appendix 3.C Microcanonical approximation

3.C.1 Every microcanonical e-variable is a canonical e-variable

Given a sufficient statistic c(x), the microcanonical probability distribution can be
expressed as a conditional canonical one:

Pmic(x; c) = Pcan(x;θ | c), (3.112)

where the probability of x is conditioned on a certain value of c(x). According to the
law of total expectation, for every random variable S(x) defined on X :

Ecan[S ] = Ecan, [Ecan[S | c ] ] = Ecan [Emic[S ] ] . (3.113)
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It follows that if Emic is a microcanonical e-variable, it is also a canonical one:

Emic[Emic ] ⩽ 1 ∀Pmic ∈ Mmic ⇒ Ecan[Emic ] ⩽ 1 ∀Pcan ∈ Mcan. (3.114)

Moreover, as proven in the last section, it holds:

Emic[S
GRO
mic ] = 1. (3.115)

Thus, from (3.113), it follows that

Ecan[S
GRO
mic ] = 1. (3.116)

3.C.2 A canonical universal distribution can always be expressed as mi-
crocanonical Bayesian marginal likelihood

In what follows, we show that:

1. Given a canonical universal distribution P̄can relative to a sufficient statistic c,
we can always define a prior distribution Wcan(c) on the sufficient statistic such
that

P̄can = P̄Wcan
mic . (3.117)

2. The opposite is not true: for some P̄W
mic, there is no choice of prior density w(θ)

such that P̄W
mic = P̄w

can.

Proof 1. By construction, a canonical universal distribution P̄can(x) relative to
the sufficient statistics c always assigns the same probability mass to configurations
sharing the same value of the sufficient statistic, just as the corresponding Pcan(x;θ)

does. Consequently, the following holds:

P̄can(x | c) = Pmic(x; c), (3.118)

i.e., when conditioned on the sufficient statistic, the universal canonical distribution
reduces to a uniform distribution over the number of configurations corresponding
to the observed value, which is the microcanonical distribution. Moreover, we can
always write

P̄can(x) = P̄can(x | c(x))P̄ c
can(c(x)) = Pmic(x; c(x))P̄

c
can(c(x)), (3.119)

where P̄ c
can(c) is the distribution of c induced by P̄can. The proof follows by compar-

ing the expression above with the general expression of the microcanonical Bayesian
marginal likelihood (3.101) and by setting Wcan(c) = P̄ c

can(c).

Proof 2. The canonical Bayesian marginal likelihood P̄w
can

Pw
can(x) =

∫
Θ

Pcan(x;θ)w(θ)dθ (3.120)
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is the weighted sum of positive functions; indeed, Pcan(x;θ) is an exponential function
that assigns positive probability to all x ∈ X . As such, for all proper choices of the
prior density w(θ), P̄w

can is strictly positive everywhere:

P̄w
can(x) > 0 ∀x ∈ X . (3.121)

Consider a microcanonical prior W (c) such that W (c∗) = 0 for a certain value c∗ of
the sufficient statistics. Consequently,

P̄W
mic(x

∗) = 0 ∀ x : c(x) = c∗. (3.122)

Thus, there is no choice of canonical prior w(θ) s.t. P̄W
mic = P̄w

can.

3.6 Proof of Theorem 3.3.1

In the proof, we freely use well-known properties of exponential families as described
by, e.g., [76]. Set B := M′. Fix a constant a and consider the sets, for m = 1, 2, . . .:

B+
m =

{
µ : inf

µ′∈B
∥µ− µ′ ∥22 ⩽

a logm

m

}
, B−

m =

{
µ ∈ B : inf

µ′ ̸∈B
∥µ− µ′ ∥22 ⩾

a logm

m

}
.

B+
m is a superset of B, including a small region (whose volume tends to 0 with sample

size) just outside B’s boundary; similarly B−
m excludes a small region just inside B’s

boundary. To shorten notation we write µ̂ := s(y(m))/m and Pw := P
w (m)
can and,

for any measurable subset B′ ⊂ M, Qw(B′) := Qw(µ ∈ B′), and Pµ := Pcan(·;θ(µ))
where θ(µ) is the mapping from mean-value parameters to corresponding canonical
parameters, i.e. the inverse of the (1-to-1) mapping µ(θ) defined in the main text.
We have:

Pw(µ̂ ∈ B) =

∫
µ∈M

Pµ(µ̂ ∈ B)w(µ)dµ (3.123)

⩾
∫
µ∈B−

m

Pµ(µ̂ ∈ B)w(µ)dµ

⩾ Qw(B−
m) inf

µ∈B−
m

Pµ(µ̂ ∈ B) (3.124)

⩾ Qw(B−
m) inf

µ∈B−
m

(1− Pµ(µ̂ ̸∈ B))

⩾ Qw(B−
m)− sup

µ∈B−
m

Pµ(µ̂ ̸∈ B)Qw(B) +O

(
logm

m

)
− sup

µ∈B−
m

Pµ(µ̂ ̸∈ B),

(3.125)

and also

Pw(µ̂ ∈ B) =

∫
µ∈B+

m

Pµ(µ̂ ∈ B)w(µ)dµ+

∫
µ̸∈B+

m

Pµ(µ̂ ∈ B)w(µ)dµ

⩽ Qw(B+
m) + sup

µ∈M,µ ̸∈B+
m

Pµ(µ̂ ∈ B)

= Qw(B) +O

(
logm

m

)
+ sup

µ∈M\B+
m

Pµ(µ̂ ∈ B). (3.126)
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We will now further bound the supremum terms in the above two formulas, showing
that they are both of order O(m−a). The result then follows by plugging in a = 1.

Supremum in (3.126) To bound the supremum in (3.126), note first that B

is a convex set. We can therefore use Csiszár’s [83] multivariate generalization of
Chernoff’s concentration inequality (see [84] for general discussion) to get that

sup
µ∈M\B+

m

Pµ(µ̂ ∈ B) ⩽ sup
µ∈M\B+

m,µ′∈B

e−mDKL(Pµ′∥Pµ) (3.127)

= e
−m inf

µ∈M\B+
m,µ′∈B

DKL(Pµ′∥Pµ) (3.128)

⩽ e
−m inf

µ∈∂B
+
m,µ′∈B

DKL(Pµ′∥Pµ)
, (3.129)

where DKL(Pµ′∥Pµ) is the Kullback-Leibler divergence between Pµ′ and Pµ defined
at a single outcome, and in the final inequality we used the standard fact that the
KL divergence between members of an exponential family is strictly convex in its first
argument.

Now, since B is an INECCSI subset of M, clearly there exists another INECCSI
subset of M, say B̄, and a finite m0 such that B+

m ⊂ B̄ for all m ⩾ m0. Since B̄ is
INECCSI, there exist c, C with 0 < c < C < ∞ such that all eigenvalues of the Fisher
information matrix I(µ) in the mean-value parameterization are in between c and C

for all µ ∈ B̄. This means that the KL divergence between any µ,µ′ ∈ B̄ satisfies

1

2
ck

a logm

m
⩽

1

2
ck∥µ− µ′∥22

⩽ DKL(Pµ′∥Pµ)

⩽
1

2
Ck∥µ− µ′∥22 ⩽

1

2
Ck a logm

m
. (3.130)

The result now follows by plugging in the lower bound on the KL divergence implied
by the above into (3.127) and then setting a = 1 and plugging further into (3.126).

Supremum in (3.123) To bound the supremum in (3.123), fix any µ ∈ B−
m and

let Rm,µ be a hyper-rectangle centered at µ that is a subset of B and that has
side-length 2ϵm. By construction there is c′ > 0 such that, for all m, we can take
ϵm = c′ ·

√
(a logm/m). Noting that we can write µ = (µ1, . . . ,µd), with d the

dimensionality of both the canonical space Θ and the mean-value space M, we set
H⩾

µ,j,ϵ := {µ′ ∈ M : µ′
j ⩾ µj + ϵ} and H⩽

µ,j,ϵ := {µ′ ∈ M : µ′
j ⩽ µj − ϵ}. We have:

sup
µ∈B−

m

Pµ(µ̂ ̸∈ B) ⩽ sup
µ∈B−

m

Pµ(µ̂ ̸∈ Rm,µ)

⩽
d∑

j=1

(
Pµ(µ̂ ∈ H⩽

µ,j,ϵm
) + Pµ(µ̂ ∈ H⩾

µ,j,ϵm
)
)

⩽
d∑

j=1

(
e
−m inf

µ′∈H
⩽
µ,j,ϵm

DKL(Pµ′∥Pµ)∥)
+ e

−m inf
µ′∈H

⩾
µ,j,ϵm

DKL(Pµ′∥Pµ)∥))
= O

(
m−a

)
. (3.131)
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Here the second inequality is the union bound. The third is once again Csiszár’s [83]
multivariate generalization of Chernoff’s concentration inequality (in (3.127), we bounded
Pµ(µ̂ ∈ B) where B was a convex set, allowing us to use Csiszár’s result directly;
but in (3.131), we need to bound Pµ(µ̂ ̸∈ B) = Pµ(µ̂ ∈ M \ B); since M \ B is not a
convex set, yet convexity is required by Csiszŕ’s result, we now first need to cover it
by 2d convex sets H ·

µ,·,ϵm , for each of which we then use Csiszár’s result). The final
inequality follows by using (3.130) again.

Appendix 3.D Pseudo approximation through the high resolu-
tion limit

Below, we provide pseudocode to compute the density w1
pseudo,0 for a canonical test

on 2× 2 contingency tables, under the alternative hypothesis with independent beta
priors on the mean-value parameters. Notice that for αa = βa = αb = βb = 1, we
retrieve the uniform prior of Example B.

The procedure starts from the induced distribution on the sufficient statistics
under the alternative, denoted W a

can,1 and W b
can,1 in the main text, which follow a

beta-binomial form. To approximate the continuous limit, we increase the resolution
by multiplying the original group sizes by a scaling factor (Steps 1–2). The higher the
scaling factor, the better the approximation — at the cost of greater computational
effort.

The two high-resolution distributions are then convolved to obtain an approxim-
ation of the GRO-optimal prior on the null, W ∗

0 (Step 3). Since we want a density
over p0 ∈ [0, 1], we define a pseudo-continuous support for p0 accordingly (Step 4).
Finally, the convolved distribution is normalized to form a proper density over this
support (Step 5).

Input:
n_a, n_b // group sizes
scaling_factor // resolution multiplier
alpha_a, beta_a // beta-binomial parameters for group a
alpha_b, beta_b // beta-binomial parameters for group b

Step 1: Define high-resolution support
x_high_a = 0 to scaling_factor * n_a
x_high_b = 0 to scaling_factor * n_b

Step 2: Compute high-resolution beta-binomial PMFs
For each i in x_high_a:

p_high_a[i] = BetaBinomialPMF(i, scaling_factor * n_a, alpha_a, beta_a)
For each i in x_high_b:

p_high_b[i] = BetaBinomialPMF(i, scaling_factor * n_b, alpha_b, beta_b)

Step 3: Convolve the two distributions
conv_high = Convolve(p_high_a, p_high_b)
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Step 4: Define pseudo-continuous support over [0, 1]
p_0_fine = [0, 1, ..., len(conv_high)-1] / (scaling_factor * (n_a + n_b))

Step 5: Normalize the convolved distribution
step = p_0_fine[1] - p_0_fine[0]
conv_high = conv_high / (sum(conv_high) * step)

Output:
conv_high // approximate density over [0, 1]
p_fine // corresponding support

Appendix 3.E Bound on regret

Here we provide a bound for the regret of a maximum entropy model (3.15).

Let M0 be a maximum entropy model. We begin by recalling an extension of
the classical (d/2) logm asymptotic redundancy result (see Equation (3.19)) that re-
mains valid even when the model M0 is misspecified — i.e., it does not contain the
true distribution P ∗. This generalization appears in [16], and is formalized in [29,
Proposition 3].

Let xm be an i.i.d. sample from a distribution P ∗ that may lie outside M0. Sup-
pose that there exists a distribution Pθ̃0

∈ M0 minimizing the Kullback-Leibler di-
vergence to P ∗:

Pθ̃0
= arg min

θ0∈Θ0

DKL(P
∗∥Pθ0

).

Then, for any regular prior density w0, we have:

RED0(P
∗;Pw0

0 ) := EP∗

[
− logPw0

0 (xm) + logPθ̃0
(xm)

]
=

d0
2

logm+O(1). (3.132)

In the well-specified case where P ∗ ∈ M0, it holds that P ∗ = Pθ̃0
, and RED0(P

∗;Pw0
1 )

coincides with our earlier definition RED0(θ̃0, P
w0
1 ) (up to notation), thus recovering

the classical result (3.19).

We now apply this general result in the setting where P ∗ = Pθ1
∈ M1, in order

to bound the regret REG(θ1;P
w1
1 ) of the Bayesian marginal Pw1

1 for a regular prior
w1. Consider the pseudo-e-variable Spseudo, used as a proxy for either SGRO

mic or SGRO
can .
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Using the previous result to refine equation (3.21), we obtain:

REG(θ1;Spseudo) = Eθ1

[
logSGRO(θ1) − log

Pw1
1 (x)

P
wpseudo,0
0 (x)

]
= Eθ1

[
log

P
wpseudo,0
0 (x)

P
w̃′

0
0 (x)

]
+ RED1(θ1;P

w1
1 )

= Eθ1

[
log

P
wpseudo,0
0 (x)

Pθ̃0
(x)

]
+ RED1(θ1;P

w1
1 )

= RED1(θ1;P
w1
1 )− RED0(Pθ1

;P
wpseudo, 0
0 ) +O(1)

(a)
=

d1 − d0
2

· logm+O(1). (3.133)

The first two equalities are direct, and the third follows from [29, Theorem 3 (Parts
3,4)]. Equality (a) holds provided that wpseudo,0 is regular, in particular, that it has
a continuous density.

Appendix 3.F Testing with the NML universal distribution

In this section, we propose an alternative to the Bayesian approach, based on the
Normalized Maximum Likelihood distribution. In a variation of the definition of uni-
versality of 3.18, we may search for P̄j such that − log P̄j(x) + logPθ̂j

(x) is small, in

the worst-case over all possible data realizations x; here θ̂j(x) is the maximum likeli-
hood estimator of θj relative to x. This leads to comparing P̄j(x) to the best-fitting
model a posteriori, that is, the model that, with hindsight, would give the shortest
code for the observed data.

In the MDL literature, this more stringent criterion is often considered the ideal.
The distribution achieving this is called the Normalized Maximum Likelihood (NML)
distribution [16, 18, 17]. For each observed dataset x, this distribution assigns its
maximum likelihood value, normalized over all possible datasets in X :

P̄NML
j (x) =

Pj(x; θ̂j(x))∑
y∈X Pj(y; θ̂j(y))

. (3.134)

Importantly, the NML distribution does not require any prior, and achieves universal-
ity both in worst-case data and in worst-case expected regret. In fact, for the MEM
models introduced in this work, inequality (3.19) also holds when P

wj(m)
j is replaced

by P̄
NML(m)
j .

In what follows, we explicitly compute NML-based GRO e-variables for contin-
gency tables, introduced in 3.4 of the main text, starting from the 2 × 2 case and
generalizing to the 2 × k case. In the microcanonical case, resorting to the Nor-
malized Maximum Likelihood approach is equivalent to putting a uniform prior on
both parameters of the alternative model, as shown in Chapter 2. Consequently, this
case is reduced to Example A in 3.3.1, and is not considered further. Instead, we fo-
cus on computing the microcanonical approximation of the canonical GRO e-variable.
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Canonical test with NML. We first consider the case of a 2 × 2 contingency
table, where we test between two canonical models through an NML approach, i.e.,
P̄can,1 = PNML

can,1 . For a model with two independent Bernoulli distributions, the exact
expression of the NML distribution reads (see Chapter 2):

PNML
can,1 (x) = P a, NML

can,1 (x) · P b, NML
can,1 (x) (3.135)

with

P i, NML
can,1 (x) =

(
ni
1(x)
ni

)ni
1(x)

(
1− ni

1(x)
ni

)ni−ni
1(x)

eniΓ(ni,ni)

(ni)ni−1
+ 1

(3.136)

for i ∈ {a, b}. In the formula above, Γ(s, t) is the upper incomplete gamma function.
According to the procedure described in 3.3.2, a natural candidate e-variable is given
by the microcanonical approximation, i.e., the GRO e-variable of the corresponding
microcanonical test. To build it, we first need the distribution of the alternative
sufficient statistics (na

1 , n
b
1) induced by P i, NML

can,1 , which is

Wcan,1(n
a
1 , n

b
1) = W a

can,1(n
a
1) ·W b

can,1(n
b
1) (3.137)

with

W a
can,1(n

a
1) = Ωa

1(n
a
1) ·

(
na
1 (x)
na

)na
1 (x)

(
1− na

1 (x)
na

)na−na
1 (x)

enaΓ(na,na)
(na)na−1 + 1

(3.138)

and

W b
can,1(n

b
1) = Ωb

1(n
b
1) ·

(
nb
1(x)
nb

)nb
1(x)

(
1− nb

1(x)
nb

)nb−nb
1(x)

enbΓ(nb,nb)

(nb)nb−1
+ 1

. (3.139)

Given that na
1 and nb

1 are independently distributed, W ∗
0 (n1) is the convolution of

W a
can,1(n

a
1) and W b

can,1(n
b
1), which can be computed numerically. Once that W ∗

0 (n1)

is computed, the microcanonical approximation is evaluated through Eq. (3.40). The
accuracy of the microcanonical approximation is assessed by directly inspecting the
difference in e-power (Figure 3.8) and through the interval width r (bottom row of
Figure 3.9), which is shown to be already close to 0 for small sample sizes and to
converge towards 0 as the sample size increases.

Notice that, if na
1 and nb

1 are both large enough, using PNML
can,1 is asymptotically

equivalent to using a Bayesian universal distribution with a Jeffreys prior [16] on the
alternative parameters. The Jeffreys prior, defined as

wJ(θ) ∝
√
det I(θ), (3.140)

where I(θ) is the Fisher information matrix, is invariant under any smooth repara-
metrization of θ and is therefore commonly used as a canonical non-informative prior.
For a Bernoulli model, such as ours, the Jeffreys prior is equal to a beta prior with
parameters all equal to γ = 0.5:

wJ(pa, pb) = wa
J(pa)w

b
J(pb) =

1

π2

1√
pa(1− pa)

1√
pb(1− pb)

. (3.141)
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Asymptotically, and in an expected-regret sense, the NML distribution coincides
with a Bayesian universal distribution based on Jeffreys prior when the true parameter
lies in the interior of M1 = [0, 1]2.

More explicitly, let us set na = nb = m. Then, for any INECCSI subset M′1 ⊂ M1,
as m → ∞:

sup
µ1∈M1

Eµ1

[
− logPwJ

can,1(x
m) + logPNML

can,1 (x
m)
]
= o(1), (3.142)

where o(1) denotes a quantity that goes to 0 as m → +∞. At the boundaries of the
parameter space, however, the two constructions differ: Jeffreys prior, which assigns
densities that diverge to infinity at the boundaries, leads to substantially different data
probabilities than the NML-induced distribution. This difference becomes even more
important when convoluting the independent Jeffreys priors to compute W ∗

0 . This
difference becomes even more important when convoluting the independent Jeffreys
priors to compute W ∗

0 . This explains why the first and third pictures in Figure 3.8
are quite different. For this reason, in all simulations we use the exact NML formula
rather than its Jeffreys approximation.

We now extend the solution to 2 × k contingency tables. For a model with k

independent Bernoulli distributions, the NML distribution (see Chapter 2) reads:

PNML
can,1 (x) =

k∏
i=1

P i, NML
can,1 (x) (3.143)

where P i, NML
can,1 is given by Eq. (3.136). The microcanonical approximation is obtained

by defining

Wcan,1({ni
1}) =

k∏
i=1

W i
can,1(n

i
1) (3.144)

with

W i
can,1(n

i
1) = Ωi

1(n
i
1) ·

(
ni
1(x)
ni

)ni
1(x)

(
1− ni

1(x)
ni

)ni−ni
1(x)

eniΓ(ni,ni)

(ni)ni−1
+ 1

. (3.145)

W ∗
0 is then the convolution of all W i

can,1(n
i
1), which can be computed numerically or

by resorting to the Gaussian approximation (3.87). Once that W ∗
0 (n1) is computed,

the microcanonical approximation is evaluated through Eq. (3.40).
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Appendix 3.G Supplementary tables and figures

Case Parameter Condition Behavior
Uniform α = β = 1 Flat

Jeffreys prior α = β = 0.5 U-shaped
Bimodal α, β < 1 Peaks at 0 and 1

Left-skewed α > 1, β < 1 Peak near 1
Right-skewed α < 1, β > 1 Peak near 0
Bell-shaped α, β > 1 Gaussian-like

Highly concentrated α = β ≫ 1 Sharp peak
Degenerate α, β → ∞ Point mass at α

α+β

Table 3.1: Behaviors of the beta distribution for different parameter values.

Figure 3.7: Construction of the microcanonical optimal prior W ∗
0 (third column) and the

pseudo-prior approximations w1
pseudo,0 (fourth column) and w2

pseudo,0 (fifth column), for 2×2
contingency tables with independent beta priors on the alternative. Starting from the induced
independent beta-binomial distribution on the alternative sufficient statistics (first and second
columns), the microcanonical GRO-optimal prior W ∗

0 is obtained as their convolution. The
pseudo prior approximation w1

pseudo,0 is obtained starting from W ∗
0 through a high-resolution

limit. The pseudo prior approximation w2
pseudo,0 is obtained by directly convoluting the ori-

ginal continuous beta priors, when well defined on the whole parameter space (i.e., for γ ⩾ 1).

96



Appendix 3.G Supplementary tables and figures

C
h
a
pter

3

Figure 3.8: E-power difference between the canonical GRO e-variable (computed numeric-
ally), its microcanonical approximation (orange curve), and the pseudo approximation (green
curve), across sample sizes and different choices on the alternative (NML and beta with all
parameters equal to γ). The microcanonical and pseudo approximations provide lower and
upper bounds for the canonical GRO e-power, converging to it as the sample size grows. Res-
ults are shown for the 2× 2 contingency tables canonical test with na = nb = m and sample
size equal to 2m.
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Figure 3.9: Convergence of r in 2 × 2 contingency tables, for na = nb (left column) and
na = 2nb (right column), as the sample size n = na + nb grows. Results are shown for
different choices of P̄can,1: beta independent priors with all parameters equal to γ = 0.5 (first
row), 1 (second row), 3 (third row), and NML (fourth row).
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Figure 3.10: Worst case regret (left) and convergence of r′ (right), for 2 × 2 tables with
na = nb = m and sample size equal to n = 2m. Different choices of the alternative are
considered: Bayesian with identical independent beta priors B(γ, γ) with γ = 0.5, 1, 1.5, and
NML. r′ is computed by considering w1

pseudo,0, obtained through a high resolution limit with
resolution scale equal to 100000.
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Figure 3.11: The first column shows the discrete distribution of each component of the al-
ternative sufficient statistics, here denoted simply by W i

1, induced by independent identical
beta priors on the alternative, for different prior parameters. The GRO-optimal microcanon-
ical prior on the null W ∗

0 (second column) for the 2× k test is obtained by convolving these
discrete distributions k times. The pseudo prior density w1

pseudo (third column) is instead
obtained by directly convolving k times the corresponding beta priors. Both W ∗

0 and w1
pseudo

are shown together with their Gaussian approximations (discrete for W ∗
0 and continuous for

w1
pseudo). In this example, k = 10.
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Figure 3.12: Convergence to 0 of the interval width r in the case of 2×k contingency tables,
where all groups have same size m, for different interplays between the number of groups k
and the size of each group m. Results are shown for identical independent beta priors on the
alternative, with all parameters equal to γ = 1.
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