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ABSTRACT

In moderated factor analysis, the parameters of the traditional common factor model are a
function of an external continuous moderator variable. Handling missing values on the
observed indicator variables of the common factors is straightforward as the parameters can
be estimated using full information maximum likelihood. However, for cases with missing
values on the moderator variable the likelihood function cannot be evaluated.
Consequently, in practical applications of the moderated factor model, these cases are omit-
ted from the analysis by listwise deletion. As listwise deletion is known to potentially affect
the consistency and precision of the results, we propose a moderated factor model based
multiple imputation procedure for handling missing values on the moderator variable in the
presence of missing values on the indicator variables. We compare this new procedure with
listwise deletion and predictive mean matching. The results show that both listwise deletion
and predictive mean matching have less power and produce more bias in parameter esti-

KEYWORDS

moderated factor analysis;
missing data; multiple
imputation; full information
maximum likelihood;
predictive mean matching;
listwise deletion

mates than multiple imputation under the moderated factor model.

Introduction

Common factor analysis (e.g., Joreskog, 1969) is a
widely used technique for modeling the dimensional
structure of tests or questionnaires (e.g., Kline, 2013)
like the NEO personality inventory (NEO-PI; McCrae
et al., 2005) and the Wechsler’'s Adult Intelligence
scales (WAIS; Wechsler et al., 2008). The underlying
model assumes one or more common factors to
underlie the observed data which are interpreted in
terms of the theoretical constructs that the tests or
questionnaires purport to measure (e.g., a personality
trait or cognitive ability).

Multigroup extensions of the common factor model
have been developed to study differences on the com-
mon factors across grouping variables like sex and
country (e.g., Joreskog, 1971). In doing so, the factor
model parameters are tested or assumed to be equal
across groups, a condition called measurement invari-
1989; Meredith, 1964, 1993;
Millsap, 2012). Next, group differences on the com-

ance (Mellenbergh,

mon factor means and variances are assumed to
reflect group differences on the same underlying psy-
chological construct.

More recently, extensions of the common factor
model have been proposed to allow for common fac-
tor model parameter differences across continuous
background variables like age or SES. In these so-
called moderated factor models (Bauer, 2017; Bauer &
Hussong, 2009; Hildebrandt et al, 2016; Mehta &
Neale, 2005; Molenaar et al., 2010), the common fac-
tor model parameters are a mathematical function of
the continuous background variable. Similarly, as in
multigroup modeling, moderated factor models can be
used to test equality of the factor model parameters
across the continuous moderator to aid the theoretical
interpretation of the results. As such, moderated fac-
tor models are a powerful tool to (1) test for measure-
ment invariance across continuous variables (see
Bauer, 2017); (2) study common factor mean differen-
ces across continuous variables while allowing for
common factor heteroscedasticity (which is not
straightforward in traditional factor analysis, structural
equation modeling, or latent regression); and (3) to
test various substantive hypotheses related to differen-
tiation of intelligence (see Breit et al., 2022;
Hildebrandt et al, 2016). For example, Hildebrandt
et al. (2016) investigated seven broad cognitive ability
measures using a moderated one-factor model in the
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light of the age differentiation hypothesis (Breit et al.,
2022). The authors found that the loadings of
Comprehension-Knowledge and Long-term Retrieval
are quadratically related to age (ranging from 5 to
23years), with Comprehension-Knowledge showing
an inverted-U effect while Long-term Retrieval
showed a (small but significant) U-effect. In addition,
the residual variances of Comprehension-Knowledge,
Long-term Retrieval, and Processing Speed were found
to be linearly increasing across age, while the residual
variance of Fluid Reasoning was found to linearly
decrease across age. See Breit et al. for other applica-
tions of the moderated factor model to intelligence
data. In addition, the moderated factor model has
been applied to, for example, positive and negative
experience data (Jovanovi¢ et al, 2020) and data on
delinquent behavior (Bauer, 2017) to test for measure-
ment invariance across age and sex.

Like any other statistical model, estimation of the
parameters of the moderated factor model may be
complicated by missing values. When the missing data
occur on the observed indicators of the common fac-
tors, the missing data are relatively unproblematic as
parameters of the moderated factor model are gener-
ally estimated using full information maximum likeli-
hood. However, if for some respondents, missing data
occur on the moderator variable, the likelihood func-
tion cannot be evaluated for these respondents.

Consequently, in the software packages that are
available to fit moderated factor models, Mplus
(Muthén & Muthén, 2017; see the supplementary
material of Bauer, 2017, for a tutorial on moderated
factor models in Mplus), OpenMx (Boker et al., 2011;
see Kolbe et al., 2024 for a tutorial on moderated fac-
tor models in OpenMx), SAS (SAS Institute Inc, 2013;
see the supplementary material of Bauer & Hussong,
2009 for a tutorial on moderated factor models in
SAS), and R package mnlfa (Robitzsch, 2025), cases
with missing values on the moderator are automatic-
ally deleted listwise (Mplus), or need to be manually
deleted listwise to be able to use the software
(OpenMx, SAS, and mnl fa).! Not only does listwise
deletion on the basis of the moderator (henceforth

"We encountered that some researchers are not aware of this. Indeed,
many software packages exist (including Mplus and OpenMx, but also for
instance the nlsem R package by Umbach et al., 2017 and the approach
by Cham et al, 2017) to model interactions in factor models in the
presence of missing data. However, these packages all involve
interactions among latent variables, while in moderated factor analysis,
the latent variable(s) interact with an observed variable, not with a latent
variable. This complicates standard full information maximum likelihood
as implemented in for example Mplus and OpenMx. That is, the
moderator variable needs to be specified as a constraint variable (Mplus)
or a definition variable (OpenMx) which cannot contain missing values.

denoted by LD-m) lead to a reduction of power, it
could also lead to biased results if there are systematic
differences between respondents with missing values
on the moderator and respondents with observed val-
ues on the moderator.

More specifically, for LD-m to give unbiased
results, the missing data on the moderator needs to be
missing completely at random (MCAR; Little & Rubin,
2002). Let Y be an N x J matrix of observed indicator
scores with an observed part Y,,, and a missing part
Y,.;, let m be a N-dimensional vector of observed
moderator values with an observed part m,, and a
missing part m,,;, and let r a vector of size N with
entry r; = 1 if m; € myp,, and r; =0 if m; € my,;; for
i=1,,N. For the specific situation of missing data
on m being MCAR, MCAR is defined as:

P(r|mobs’ my,;is, Yobs, Ymis) = P(I‘) (1)

Thus, if the condition in Equation (1) does not
hold, LD-m may bias the moderated factor modeling
results. One possible solution is to resort to Bayesian
parameter estimation of the moderated factor model
(see Enders et al., 2024), where the missing values in
m; are sampled along with the other parameters in
the model. However, for researchers who want to rely
on a maximum likelihood framework, there is no gen-
eral solution besides LD-m as of yet. Therefore, in
this study, we focus on multiple imputation (MI;
Rubin, 1987) which allows researchers to 1) account
for missing data in their moderated factor analysis;
and 2) to keep using the software package that they
are familiar with to fit the moderated factor model to
data using maximum likelihood (i.e., Mplus, OpenMx,
or SAS).

In MI, the missing data are estimated H times
using a statistical model that is suitable for the data in
question, creating H plausible complete versions of
the incomplete dataset. Next, these complete versions
are analyzed using the statistical analysis of interest (a
moderated factor analysis in our situation), resulting
in H outcomes of the same analysis, where the differ-
ences are the result of the different estimates for the
missing data across the imputed datasets. Finally, the
H results are combined into one pooled statistical
analysis, using combination rules defined by Rubin
(1987).

An advantage of MI over LD-m is not only that all
cases are kept in the analysis, but also that the condi-
tion in Equation (1) may be loosened to:

P(r|mobs’ Myyis, Y opss Ymis) = P(r|mobs> Yobs) (2)

in order for results to be still unbiased, provided
that the model that generated the observed values and
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the model used for MI are the same (here, a moder-
ated factor model). When Equation (2) holds, missing
data on m are said to be missing at random (MAR;
Little & Rubin, 2002).

Finally, when the right-hand side of Equation (2)
cannot be simplified (i.e., missing data also depend on
m,,;; and/or Y,,;; then the missing data on m are said
to be missing not at random (MNAR; Little & Rubin,
2002). Under MNAR, neither LD-m, nor MI are guar-
anteed to give unbiased results. However, Schafer
(1997, pp. 26-27) pointed out that even under
MNAR, MI will give less biased results than listwise
deletion does. Consequently, even when there is rea-
son to believe that missing data are MNAR, then still
it may be beneficial to prefer MI over LD-m in mod-
erated factor analysis in order to reduce bias.

As already mentioned, in order for MI to give
unbiased results under MAR, the imputation model
needs to be the same as the model that generated the
data. A problem in the context of moderated factor
analysis is that currently, no MI procedure to impute
under a moderated factor model is available. In stand-
ard MI, available in the R package mice (R Core
Team, 2021; Van Buuren & Groothuis-Oudshoorn,
2011), the underlying statistical model used for imput-
ing the data is either a linear regression model for
numerical data (assuming homogeneous parameters
across respondents), or multinomial logistic regression
for categorical variables. This method is also known
as Fully Conditional Specification (FCI; e.g., Van
Buuren, 2012, pp. 108-116; Van Buuren et al., 2006).
Additionally, even though Mplus has an option to do
multiple imputation under various SEM models, it
can only impute under a standard factor model, not
under a moderated factor model.

A variant of FCI that is generally assumed to be
robust to model violations is called Predictive mean
matching (PMM; Van Buuren, 2012, p. 68-74; Van
Buuren et al., 2006; Van Buuren et al.,, 1999; Rubin,
1987). In PMM, missing data on categorical variables
are handled in the same way as in standard FCS,
namely by means of multinomial logistic regression.
However, for numerical variables, a different proced-
ure is used.

First, the missing data are predicted using linear
regression with other variables as predictors. Next, for
each respondent with a missing value on the variable
in question, a respondent with an observed value is
found with a similar predicted value on this variable
according to the regression model. Finally, the
respondents with observed values donate their
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observed values to their matching respondents with
missing data. This is done for each variable with miss-
ing data, and the whole process is repeated in an
iterative manner. For more details, we refer to the
references just mentioned.

Because PMM uses actual observed values as impu-
tations rather than simulating imputed values accord-
ing to the regression model, it generally preserves data
structures better when data do not behave according
to a linear regression model. The robustness of PMM
to model violations has been shown in several simula-
tion studies (e.g., Marshall et al, 2010; Tang et al,
2005; Yu et al., 2007). However, to our knowledge,
the robustness of PMM has not been explicitly studied
in a common factor analysis context with violations of
measurement invariance depending on m. This raises
the question whether the robustness of PMM to
model violations generalizes to a situation where mod-
erated factor analysis is the analysis of interest. It may
be possible that PMM is not sufficiently capable of
picking up the heterogeneity of parameters across
respondents by its matching procedure, and that an
imputation method that explicitly imputes under a
moderated factor model is necessary for handling the
missing data.

In the current study we will propose a multiple
imputation approach based on factored specification
(FS; Ibrahim, 1990; see also Enders, 2025). That is, we
factor the joint distribution of the indicator variables
and moderator variables into two distributions: the
factor model distribution conditional on the moder-
ator, and a distribution for the moderator. An advan-
tage of this approach is that it works well for models
that include non-linear effects (e.g., Liidtke et al,
2020; Enders, 2025). As such, our approach may be
better capable of capturing the heterogeneity in the
data due to the moderation effects as compared to
PMM. In addition, this procedure can be applied in
combination with any of the software packages that
are currently available to fit the moderated factor
model to data (i.e., Mplus, OpenMx, or SAS).

The outline is as follows: First, we formally intro-
duce the moderated factor model and derive our mul-
tiple imputation procedure. Next, we present a
simulation study in which we compare the newly pro-
posed method with LD-m and PMM regarding bias
and rejection rates of the model parameter estimates.
We end with recommendations about which methods
should be preferred under different circumstances to
handling missing data in moderated factor analysis
with missing values on the moderator.
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The moderated factor model

We first give an introduction of the common factor
model notation that will be used in this paper: Suppose
that v; is the intercept of variable j (j=1, ..., J), 4jq is the
factor loading of variable j on factor d (d=1,..., D), n;
is a vector of factor scores of person i (i = 1,...,N) with
elements 7,4, and ¢;; is a residual. Then the common fac-
tor model for observed variable y;; is given by:

D
)/,'j = Uj + Zd:l /“jdnid + 8ij (3)

and n ~ MVN(k; X)

where k is a D-dimensional vector containing the fac-
tor means and X is a J X J factor covariance matrix. In
addition, in the above, we assume that a sufficient
number of Aj; are fixed to 0 to avoid rotational inde-
terminacy of the resulting matrix of factor loadings.

An important assumption of the common factor
model is that the parameters are the same across all
respondents. Random fluctuations of the parameters
across respondents can be accounted for in multilevel
factor models (e.g., Ansari et al., 2002). However, if the
parameters differ systematically across a background
variable m;, the assumption of measurement invariance
discussed above is violated which is referred to as dif-
ferential item functioning (DIF; Ackerman, 1992;
Mellenbergh, 1989). In the moderated factor model,
such parameter differences across m; can be accommo-
dated by modifying Equation (3) into:

D
yij = vj(m;) + Zd:l Aid(mi)ig + & (4)

and n; ~ MVN (k(m;); X(m;)).

That is, the intercepts v;, the factor loadings 44, the
residual variances 0;, the factor means x, and the factor
variances X are made functions of m; denoted by
respectively vj(m;), Aig (m;), 0; (m;), the factor means
k(m;), and the factor variances X(m;). These functions
can be of any form in principle, but commonly the
model is presented using polynomial functions of order
Q. More specifically, for the intercepts, the loadings,
the residual variances, and the factor means:

Q
) = v+ g
q=1

Q
Aja(mi) = Joja + Z/lqjdm?’ (5)
q=1
Q
0;(m;) = exp [ O + Zeqjm? ,
q=1

and Kq(m;) = Koq + fo:l Kgamy,

where an exponential function is used for 0;(m;) to
prevent negative variances. In the moderated factor
model, the diagonal elements of the factor covariance
matrix are moderated separately from the off-diagonal
elements. That is, if the covariance matrix is given by

O'%l (m,)
Emy=| i o ®
oy (1) GIZDD(mi)

the diagonal elements are moderated in a similar way
as the residual variances:

Q
aaa(mi) = exp | Qoa+ ) _ @gami |. (7)
q=1

To ensure that the resulting moderated covariance
matrix X(m;) is positive definite across all values of
m;, Bauer (2017) used the following function (based
on Fisher’s z-transformation) to moderate o ;:

_./ exp [2paq (Mi)] — 1 :
Gdd’(mi) - Gfido-gl’d’ exp [zpdd’(mi)] 41 > (d 7é d )
(8)

with py (mi) = poger + Z,?:l Pad M-

Note that this ensures a positive definite X(m;) for
a common factor model with 2 dimensions (D = 2).
For D > 2 this approach does not guarantee positive
definiteness of X(m;).

In the moderated factor model above, each of the
functions vj(m;), A (m;), 0; (m;), k(m;), aéd(m,-), and
P4 (m;) contain baseline parameters which are indexed
by 0 (e.g. voj, 4o etc.) and moderation parameters
which are indexed by 1, ..., Q. The baseline parameters
give the parameter values at m; = 0, and the moderation
parameters model the shape of the relation between the
corresponding common factor model parameters and
m;. For Q = 1 the relation between the (log or Fisher z-
transformed) parameter and ; is linear, and for Q > 1
the relation becomes increasingly curved. In practice
however, applications are mostly limited to linear mod-
eration (Q =1) or, in a few cases, curvilinear moder-
ation (Q = 2) in the case of large ranges, for example, an
age variable that covers ages from 18 to 70years. For
Q = 1, a statistical test on the presence of moderation of
a certain parameter in a given dataset involves testing
the moderation parameter to be equal to 0 (e.g., for a fac-
tor loading one would test 4,4 = 0).

Estimation of the moderated factor model above is
relatively straightforward: The fitting function of the
standard common factor model can be adapted to
include a predicted covariance matrix, X, [m; and
mean vector uy|mi conditional on m; instead of X,



and p, respectively, the predicted covariance and mean
vector that are invariant across m; (see Mehta & Neale,
2005). Optimizing the resulting fitting function will pro-
vide maximum likelihood estimates of all baseline and
moderation parameters. As the fitting function needs to
be evaluated across all data records, this procedure is a
full information procedure, meaning that missing values
on the dependent variables y;; are relatively unproblem-
atic under MAR. However, as the fitting function is
conditional on m;, for cases with missing values on my;,
the fitting function cannot be evaluated as X,|m; and
p,|m; are undefined. As explained, current implementa-
tions of the moderated factor model in Mplus,
OpenMx, and SAS involve listwise deletion of cases
with missing m; which is suboptimal. We therefore con-
sider an MI-based approach in the next section.

Multiple imputation for moderated factor analysis

As mentioned above, our MI method for moderated
factor models is based on a factored specification. We
will therefore refer to it as Factored Specification—
Moderated Factor Analysis (FS-MFA). Specifically, we
factor the joint distribution of the vector of observed
indicators y; and the moderator variable m; into a
multivariate normal distribution for y; conditional on
m;, f(y;/m;), and a standard normal distribution for
the moderator, ¢(m;):

(Y5 mi) = f(yilmi) x o(m;). 9)

The advantage is that we can obtain conditional distri-
butions for m; and y,; by using Bayes theorem. With
these distributions in place, we can generate values for
the missing data on y,, collected in matrix Y,,;, and -
the main target — the missing data on m; collected in
vector my,s. By replacing these missing data with dif-
ferent samples from these distributions, multiply
imputed datasets are obtained. These datasets can be
analyzed using standard maximum likelihood estima-
tion (in e.g., Mplus or OpenMx) to obtain parameter
estimates. After pooling these results, the pooled esti-
mates and standard errors can be used to make infer-
ences about the presence of moderation in the data.
As the process of data generation depends on the
starting values for Y,,;; and m,,;;, we will use an algo-
rithm known as Data Augmentation (DA; Tanner and
Wong, 1987). This algorithm consists of a posterior
step (P-step) and an imputation step (I-step). The full
algorithm is formally presented in the Appendix.
Conceptually, the algorithm proceeds as follows:

1. Starting values for Y,; and m,; are randomly
drawn from a multivariate normal distribution
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with the observed mean and covariance matrix.
These values are filled in for the missing data,
resulting in an imputed dataset.

2. The moderated factor model (see below) is fit to
the imputed dataset. The parameter estimates and
asymptotic covariance matrix of the parameters
are recorded.

3. P-step: A new asymptotic covariance matrix is
drawn from an inverse Wishart distribution with
the estimated asymptotic covariance matrix
obtained in Step 1) as scale matrix. Next, new
parameter values are drawn from a multivariate
normal distribution with the parameter estimates
from Step 2) as means and the sampled matrix as
the covariance matrix.

4. I-step: Using the sampled parameters from Step
2), data for m,,; are sampled from the distribu-
tion of m; conditional on vy;, g(m;|y,), and data
for Y, are sampled from the distribution of y;
conditional on the other indicators and m;. The
latter is known to be a normal distribution, i.e.,
N(yjly;_; »mi) where'y; ; denotes the vector of
observed indicators without indicator j. The
sampled values are filled in for the missing data
resulting in a new imputed dataset.

Suppose the data are imputed H times, then steps 1,
2, and 3 are cycled for a prespecified number of T X
H iterations, where at each T’th iteration an imputed
dataset is generated using the imputed values from
that iteration. The value of T is chosen such that for
imputed dataset h =1 (h = 1,..., H) the imputed val-
ues have been sufficiently removed from their starting
values at step 0, and that for h > 1, the imputed val-
ues have been sufficiently removed from the imputed
values of imputed dataset & — 1. For this study, pre-
liminary simulations showed that T = 10 was suffi-
cient for this purpose (based on
convergence plots from a few replicated datasets in

inspecting

the simulation study). However, in more realistic sit-
uations where data are not generated using a moder-
ated factor model, 10 iterations may not always be
sufficient, and convergence plots may have to provide
insight in what an appropriate number of iterations
would be.

After obtaining these datasets together with their
moderated factor model parameter estimates and
standard errors, these results can be pooled using the
standard rules by Rubin (1987). Note that in the algo-
rithm, by using an I-step and P-step, both the uncer-
tainty about the missing data and the uncertainty
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about the parameters are taken into account. See the
Appendix for details.

In this study, we mostly focus on the situation
where the imputation model used to create imputed
datasets is equivalent to the analysis model that is
applied to the imputed datasets for statistical infer-
ence. The analysis model can be different from the
imputation model, e.g., if moderation effects are
dropped one-by-one in a sequence of models. It is,
however, recommendable to use an imputation model
that is saturated with respect to the moderation
effects. That is, all possible moderation effects that are
uniquely identified should be included in the model.
This will mostly be a model in which all factor load-
ings, intercepts, and residual variance are moderated,
or a model in which an anchor item is identified for
which the moderation on the factor loadings and
intercepts are dropped, but in which moderation of
the factor means and variances is introduced. The lat-
ter model is the model we will use in the simulation
study below and the real data illustration. According
to Schafer (1997, pp. 140-143), using an imputation
model that differs from the model used for analysis
(e.g., one uses a higher polynomial function than the
other, or one includes more moderator variables than
the other) is not harmful, as long as the model used
for analysis is nested within the model used for
imputation.

Simulation study

Fixed design properties

In this simulation study, data were generated under a
moderated factor model with one common factor,
N =500 subjects, /=8 observed variables, and a
standard normal m;. The model parameters of the
moderated factor model are given in Table 1. The
choices of these parameters were made such that we
could both study type-I error rates for parameters that
were 0, and study power for parameters that were not
0. The true values have been roughly based on the
real data application described later.

Table 1. Parameters of the simulation model.

j_ Koo Kn_ @ @u vy vy oy Ay Oy Oy
1 0 02 0 03 0 0 06 0 -1 0
2 0 0 06 0129 -1 0
3 0 0 06 0 -1 02
4 0 0 06 0129 -1 02
5 0 —015 06 0 -1 0
6 0 -015 06 0129 -1 0
7 0 -015 06 0 -1 02
8 0 -015 06 0129 -1 02

Using the above moderated factor model, 1000
replicated datasets X = [Y,m], were simulated. In
these complete datasets, missing data were simulated
by removing specific percentages of cells from the
data according to several different missingness mecha-
nisms. Finally, the missing data were handled using
three different missing-data handling methods. The
specific missingness mechanisms, percentages of miss-
ing data, and missing-data handling methods will be
discussed next.

Independent variables

Missingness mechanism. Missing data were simulated
according to MCAR, MAR, and MNAR. Although in
the introduction these missingness mechanisms were
only defined for missingness on m, it was our inten-
tion in our study to simulate missingness on all varia-
bles, where the acting missingness mechanism applied
for all variables. When MCAR is defined for all varia-
bles in the dataset X, the more general definition of
MCAR is:

P(R|X0bss Xmis) = P(R)a (10)

where R is an N X (J + 1) response indicator matrix.
MAR is defined as:

P(R|Xobsa Xmis) = P(R|Xob$)a (11)

and MNAR is any missingness mechanism where
P(R|X,ps» Xomis) cannot be simplified.

In our simulation study, MCAR was simulated as
follows. First, an N X (J + 1) matrix A with uniform
random numbers between 0 and 1 was created. Next,
for a proportion of missing data p, the p x N x (J +
1) highest entries in A were removed in X.

MAR was simulated in the following way. First,
like in MCAR, A was simulated. Next, a latent vari-
able v of size N with values of k =1,2,3 was simu-
lated with all three values having equal probability.
Define n; as the group size of all respondents with
vi=k, so that N = Zle ng. Furthermore, define
m(k) as a subset of m, and y, (k) as a subset of vari-
able y,, for all respondents with v; =k. An N x (J +
1) weight matrix W was created with the following
entries:

1. w;=1forv; =1 and all j,

2. wjj = mi-minim(k)] +0.01 for j<J and v; =2,
and w;; =0, for j =]+ 1 and v; = 2,

3. wj = ya-minly, (k)] +0.01 for j>1 and v; = 3,
and w;; = 0, for j =1 and v; = 3.

Now suppose that A(k), W(k), and X(k) are the
subsets of matrices A, W, and X respectively, for all



respondents with v; = k. For each k, the rnd(p/nk) X
n X (J+1) highest entries of matrix A(k) * W(k)
were removed in X(k). If 35, rnd(p/nk) exceeded p
because of rounding, then the highest value of
rnd(p/ nk) was rounded downwards to guarantee a
proportion of missing data of exactly p.

Conceptually, in the above MAR mechanism, the
first group of respondents (v; = 1) has a chance of
missing data on both Y and m with all entries in X =
[Y,m| having equal probability. The second group
(v; = 2) has a chance of missing data on Y but not on
m, where the probability of missingness on Y
becomes higher for all variables as m increases.
Finally, the third group has a chance of missing data
on m and variables y,, ...,y;, where the probability of
missing data on these variables increases as vy,
increases.

Finally, MNAR was simulated in the following way.
Define W =nl';) — [min(n) + 0.01] X Iy1'(y).
The p x N x (J 4+ 1) highest entries in A« W were
removed in X. This MNAR mechanism corresponds
with a situation where the probability of missing data
in X increases when the unobserved factor score
increases.

Proportion of missing data. In total, three different
proportions of missing data were simulated: p = 0.05,
0.10, 0.30.

Missing-data handling method. Three different
methods for handling missing data were studied: LD-
m, PMM, and FS-MFA. For methods PMM and FS-
MFA, the number of imputations used was H = 20.
This number was (roughly) based on earlier studies
(Van Ginkel, 2020; Van Ginkel et al., 2007). For
method PMM, for each variable the missing data were
imputed using all the other variables as predictors.
The number of iterations used for PMM was T = 10
(the default).

The above factors resulted in a full factorial within-
subjects design with 3 (missingness mechanism) x 3
(proportion of missing data) x 3 (missing-data hand-
ling method) = 18 cells.

Dependent variables

Because the moderated factor model contains many
parameters, a selection of parameters was made, to
report the results of. These parameters are the ones
that are (1) normally the most important for inter-
pretation of the factor model, and (2) expected to be
most heavily biased when heterogeneity is not mod-
eled in the imputation model (like in PMM). The
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studied parameters are 4yj;, 0yj, k11, and ¢,,. For the
remaining parameters, results are only briefly
mentioned.

For each condition, both the bias and rejection
rates were studied for these parameters. For parame-
ters that were 0, rejection rates reflect the type-I error
rate; for parameters that were not 0, they reflect the
power. For methods PMM and FS-MFA, significance
tests of the parameters were obtained using Rubin’s
(1987) combination rules.

Estimation

All three approaches considered involve fitting the
true underlying moderated factor model to the
(imputed) data. Here we use Mplus (Muthén &
Muthén, 2017) in with  the
MplusAutomation package in R (Hallquist &

combination

Wiley, 2018). The code is available on www.dylanmo-
lenaar.nl, in addition we provide code using OpenMx.
This study was not preregistered.

Results

Relationship of missingness with the moderator
variable

In the introduction we mentioned that missing data
in moderated factor analysis is especially problematic
when the missing data on the moderator variable are
MNAR. In our simulation study we studied a more
general form of MNAR where the probability of miss-
ing data on all variables in X increases when the fac-
tor score increases. However, to check whether this
MNAR mechanism also implied MNAR for the miss-
ingness on the moderator variable specifically, for
each replicated dataset we calculated Cohen’s d for
M ops—Mpmis. According to Cohen (1988), effects with
0.2 < |Cohen’s d| < 0.5 qualify as small effects, effects
with 0.5 < |Cohen’s d| < 0.8 qualify as medium
effects, and effects with |Cohen’s d| > 0.8 are large
effects. For each combination of missingness mechan-
ism and percentage of missingness, the average of this
Cohen’s d is shown in Table 2.

As can be seen from the table, for MNAR and all
percentages of missingness, the average Cohen’s d
qualifies as a small effect. For 5% missing data, the
effect even approaches a medium effect. Thus, it is
safe to say that missing data on the moderator vari-
able qualify as MNAR.


http://www.dylanmolenaar.nl
http://www.dylanmolenaar.nl
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Results common factor parameters

Bias

For each condition, Cohen’s d of the bias was calcu-
lated (reference point 0). The results for the bias of
k11 and @,; are given in Table 3 (first and third col-
umns). In general, the bias of x;; is (again) smallest
for FS-MFA, followed by LD-m. It can be seen that
the more the missingness mechanism deviates from
MCAR (with MNAR being the most severe deviation
from MCAR), the more biased k;; becomes for meth-
ods LD-m and PMM.

As the value of p increases, methods LD-m and
PMM produce more bias in x;;. Method FS-MFA
on the other hand, has small bias across all values
of p and all missingness mechanisms. However, the

Table 2. Average Cohen’s d for the difference between m s
and mp; (standard deviations between brackets) for each
combination of missingness mechanism and percentage of
missingness.

Percentage of missingness

5% 10% 30%
Missingness mechanism d (5D) d (SD) d (SD)
MCAR 0.00 (0.21) 0.00 (0.15) 0.00 (0.10)
MAR —0.17 (0.26) —0.11 (0.18) —0.06 (0.12)
MNAR *-0.49 (0.20) *—0.36 (0.14) *—0.22 (0.12)
*Small effect.

standard deviation of the bias does increase with increas-
ing p.

As for the bias of ¢,,, only PMM has bias with a
discernable effect size. For PMM, this bias increases as
the missingness mechanism deviates more from
MCAR, and with increasing p. Methods LD-m and
FS-MFA do not produce any substantial bias in ¢,
for any of the missingness mechanisms and any of the
values of p.

Rejection rate

As a measure of effect size for the rejection rates of
the common factor parameters, Cohen’s h for differ-
ences in proportions was used. In each condition,
Cohen’s h was calculated for the difference in rejec-
tion rate for the specific condition and the rejection
rate of the original data. For Cohen’s h, the same rules
of thumb apply as for Cohen’s d.

For both parameters x;; and ¢, the power pro-
duced by FS-MFA is generally substantially higher
than the power produced by methods PMM and LD-
m (Table 3, columns 2 and 4). The power produced
by PMM is lowest for all values of p and all missing-
ness mechanisms. Furthermore, the power of both
parameters produced by FS-MFA is far less influenced
by missingness mechanism and the value of p than
the power produced by the other two methods.

Table 3. Results for bias (standard deviation between brackets) and rejection rates of the common factor param-

eters. Entries for bias have been multiplied by 10°.

K11 D11
Missingness mechanism p Method M (SD) Rejection rate M (SD) Rejection rate
Original data -2 (6 .860 -2 (117) 731
MCAR .05 LD-m -3 .844 1(123) 686
PMM -2 .831 11 (112) 670
FS-MFA -2 .843 1(121) 695
.10 LD-m -1 .796 2 (130) 655
PMM 1 *.783 *22 (108) *621
FS-MFA 1 .812 -1 (126) 686
.30 LD-m -1 **589 8 (172) **434
PMM 2 **579 ***77 (92) **% 256
FS-MFA 4 **623 -2 (147) *.500
MAR .05 LD-m 7 .801 4 (128) 674
PMM 4 .809 *28 (116) *.598
FS-MFA -1 .833 0 (125) .702
.10 LD-m 8 *.759 —4 (133) 649
PMM 4 *.765 *33 (112) *.545
FS-MFA -2 .808 -7 (128) .690
30 LD-m *16 **622 3 (156) *.532
PMM 4 *.695 **59 (105) **.382
FS-MFA -4 *.764 —6 (139) *.629
MNAR .05 LD-m *29 *674 14 (135) *577
PMM *31 *.656 *54 (113) ** 445
FS-MFA 3 .812 —4 (131) 654
.10 LD-m **40 ** 579 6 (143) *.539
PMM **42 ** 563 **62 (108) ** 369
FS-MFA 3 793 —15 (135) .649
.30 LD-m **51 A1 -1 (178) ** 441
PMM **53 *E* 417 ***87 (99) ¥ 221
FS-MFA —6 (83) *737 —26 (150) *.604

*0.2 < |Cohen’s d/h| < 0.5; ** 0.5 < |Cohen’s d/h| < 0.8; *** |Cohen’s d/h| > 0.8.



MULTIVARIATE BEHAVIORAL RESEARCH 9

Table 4. Results for bias (standard deviations between brackets) of the loading parameters. Entries have been multiplied by 10°.

A2 3 Aa s e a7 118

Missingness mechanism p Method M (SD) M (SD) M (SD) M (SD) M (SD) M (SD) M (SD)
Original data 0 (40) 1 (40) 0 (40) 2 (39) -1 (43) 0 (41) 0 (40)
MCAR .05 LD-m 0 (42) 2 (43) 0 (42) 2 (42) —1 (45) 1 (43) 0 (42)
PMM *-12 (38) 2 (38) *-12 (39) 0 (37) *—14 (41) 0 (39) *~13 (38)
FS-MFA 0 (42) 2 (42) 0 (42) 2 (41) -1 (44) 0 (43) 0 (41)
.10 LD-m 1 (45) 1 (45) 0 (45) 2 (44) 0 (48) 1 (46) 0 (45)
PMM **_23 (37) 2 (36) **_23 (37) 0 (35) **_25 (38) 0 (37) **_25 (36)
FS-MFA 0 (45) 1 (43) -1 (44) 2 (43) -1 (47) 0 (45) —1 (44)
.30 LD-m 2 (64) 4 (63) 2 (64) 3 (63) 0 (66) 2 (66) 0 (63)
PMM ***_60 (33) 5(31) *¥**_57 (33) 0 (30) ***_64 (33) 1(32) ***_62 (33)
FS-MFA -3 (59) 2 (57) -1 (57) 0 (56) -5 (59) 1 (58) —4 (56)
MAR .05 LD-m -1 (44) 0 (44) —2 (45) 3 (44) —2 (46) 0 (46) —1 (44)
PMM *-12 (41) 6 (39) *~11 (41) 7 (39) *-13 (42) 5 (41) *—11 (40)
FS-MFA —1 (44) 0 (44) —1 (44) 2 (44) —2 (46) —1 (45) -1 (43)
.10 LD-m -3 (46) -2 (47) —2 (46) 1 (45) —4 (50) -2 (47) —3 (45)
PMM **_-22 (39) 5 (38) *-19 (39) 5 (36) **_24 (41) 4 (38) **_-21 (38)
FS-MFA -3 (45) —2 (46) -3 (45) 0 (44) —4 (48) —3 (46) -3 (44)
.30 LD-m 0 (57) 0 (58) 1(57) 3 (58) -2 (59) 1 (58) -1 (57)
PMM ***_39 (37) 6 (34) ***_38 (37) 5 (34) ***_43 (38) 6 (35) ***_39 (37)
FS-MFA —4 (50) -3 (51) -3 (49) -1 (50) —6 (53) -1 (51) —4 (50)
MNAR .05 LD-m —8 (46) 1 (46) -8 (47) 0 (44) -9 (48) 0 (47) —7 (45)
PMM #%_26 (40) 4 (39) **_24 (41) 5(37) **_27 (41) 4 (40) *%_25 (40)
FS-MFA —6 (45) 1 (46) -5 (46) 0 (45) —6 (48) -1 (47) —3 (45)
.10 LD-m *-10 (50) 1 (49) -9 (50) 1 (48) *~11 (51) 0 (51) -9 (48)
PMM **%_38 (39) 5 (37) ***_35 (39) 6 (36) ***_38 (40) 6 (38) ***_37 (38)
FS-MFA —8 (49) 1 (48) -5 (49) 0 (47) -9 (50) 0 (50) —5 (48)
.30 LD-m —8 (65) 2 (63) —6 (63) 4 (62) -8 (64) 2 (64) -5 (61)
PMM ***_53 (36) 6 (35) ***_51 (38) 8 (34) ***_53 (37) 9 (35) ***_50 (35)
FS-MFA -7 (56) 0 (54) -7 (55) 0 (55) =10 (57) -1 (56) —4 (54)

*0.2 < |Cohen’s d| < 0.5; ** 0.5 < |Cohen’s d| < 0.8; *** |Cohen’s d| > 0

Results loading parameters

Bias

Like the results of the common factor parameters,
Cohen’s d was used as a measure of effect size for the
bias of the loading parameters. Table 4 displays the
bias of the loading parameters, along with the effect
sizes. For comparison, the results of the original data
without missing data are displayed as well.

The table shows that in general, PMM has a large
bias in the loading parameters in all conditions. This
bias increases with increasing p. Methods LD-m and
FS-MFA have relatively small bias, with FS-MFA usu-
ally having a slightly smaller bias than LD-m.
However, for FS-MFA the standard deviation of the
bias is generally smaller than for LD-m, which sug-
gests more stable estimates of the loading parameters.
Missingness mechanism seems to have a relatively
small impact on the bias for all methods.

Rejection rate
For the rejection rates of the loading parameters,
again Cohen’s h for proportions was used as a meas-
ure of effect size. The results for rejection rates are
displayed in Table 5.

Like the results for bias of the loading parame-
ters, the results for PMM are substantially worse

than for the other two methods. For the nonzero
parameters (412, 414, 416, A18), the power of PMM is
much lower in terms of effect size than that of LD-
m and FS-MFA, in all conditions. Overall, method
FS-MFA has the highest power, although it differs
little from LD-m. For the =zero parameters
(413> 415, 417), the type-1 error rates are also much
lower than those of methods LD-m and FS-MFA.
For the latter two methods, the type-I error rate
never differs from the type-I error rate of the ori-
ginal data with a discernible effect size.

When p increases, the power drops for all meth-
ods. However, for methods LD-m and FS-MFA, the
type-1 error rate remains relatively constant across
different values of p. This is in accordance with
what one would expect. As for the effect of missing-
ness mechanism, the power of PMM is most affected
by missingness mechanisms that deviate from MCAR
(MAR and MNAR), followed by LD-m. With the
exception of method PMM, type-I error rates are not
heavily influenced by the different missingness
mechanisms.

On a side note, with 30% missing data, the power
is relatively low for all methods. Even for FS-MFA
the power lies somewhere between 0.50 and 0.60.
However, this does not invalidate FS-MFA, but this is
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Table 5. Results for rejection rates of the loading parameters.

Rejection rate

Missingness mechanism p Method A2 A3 Ma Ms e 7 g
Original data .833 .074 .844 .075 816 .067 .848
MCAR .05 LD-m .807 .067 .798 .065 777 .070 811
PMM *724 .041 *.709 .041 *693 .042 *716
FS-MFA .806 .061 .804 .066 776 .068 812
.10 LD-m 762 .068 *754 074 *729 .069 *744
PMM ** 568 *.027 ** 580 *019 **551 *.023 **526
FS-MFA 774 .058 *754 .065 .749 .070 *.750
.30 LD-m ** 506 .069 **536 .085 **519 .084 **512
PMM **%,085 **,000 **X 077 *,001 ***053 *,003 **X 057
FS-MFA ** 507 .051 ** 546 .066 **508 .055 **516
MAR .05 LD-m J71 .080 770 .068 .767 .083 .784
PMM *678 .042 *.705 .038 * 664 .050 *.700
FS-MFA 775 .064 772 064 762 078 779
.10 LD-m *689 .072 *723 .060 *.688 .077 *724
PMM ** 545 *.029 **588 *.024 **531 .027 ** 553
FS-MFA *.720 .058 *728 .055 *.703 .067 *724
30 LD-m ** 578 079 **586 063 **563 067 **591
PMM 4% 285 .008 **% 292 *,009 275 *.008 % 302
FS-MFA *.633 061 *.635 .066 *621 .070 **633
MNAR .05 LD-m *697 .072 * 686 .069 *674 .080 *.689
PMM **482 *.023 *** 468 *.024 **472 .031 ** 487
FS-MFA *.706 .064 *.709 .066 *.695 .074 *733
.10 LD-m *619 .059 ** 627 .075 *.597 072 **631
PMM %311 *010 ***317 .008 *#% 320 *.009 *¥% 333
FS-MFA *631 057 *670 .066 *611 064 *670
.30 LD-m ** 489 .075 ** 491 .081 ** 487 .074 **515
PMM ***116 *,005 *EX 124 *,003 **%129 *,002 **X 134
FS-MFA **529 .058 **552 .070 **520 .065 ** 562

*0.2 < |Cohen’s h| < 0.5; ** 0.5 < |Cohen’s h| < 0.8; *** |Cohen’s h| > 0.8.

merely caused by the fact that 30% missing data
results in an underpowered situation anyway. Even
under 30% missing data, the type-I error rates and
the bias of FS-MFA are still acceptable, showing that
FS-MFA still produces valid results in a situation with
low power.

Results residual variances

Bias

The results for bias in the residual variance parame-
ters are displayed in Table 6. Bias of the original data
is displayed for comparison as well.

It can be seen from the table that the zero parame-
ters (011,012, 015,016) usually have bias close to 0 for
all methods, with only PMM occasionally having a
bias with a small effect size (for example, p = 0.30,
MCAR). The same is not true for the non-zero
parameters (013,014,017, 015), where PMM produces
biases with small to large effect sizes. LD-m and FS-
MFA generally produce biases of non-zero parameters
close to 0.

As p increases, the bias of the non-zero parameters
increases for PMM. For the other methods the bias
remains stable across different values of p. However,
the standard deviation of the bias increases with
increasing p. For FS-MFA this increase is smallest,
which again suggests that FS-MFA produces more

stable estimates than LD-m does. In general, missing-
ness seems to have little effect on the bias of the
residual variance parameters.

More generally, the effect of MNAR on the bias of
the loading parameters and residuals is less clearly vis-
ible than for the bias of the common factor parame-
ters (Table 3). This makes sense as MNAR was
simulated such that the missingness depended directly
on the values of n. If higher scores of m have more
missing values, then consequently, the mean x;; of n
will be biased as well. The loading and residual
parameters, on the other hand, are affected by MNAR
less severely because there is no direct relation
between the missing data and these parameters.

Rejection rate
The results for rejection rates of the residual variance
parameters, along with the results of the effect sizes,
can be found in Table 7.

The table shows that for the zero parameters, type-
I error rates of methods LD-m and FS-MFA differ lit-
tle from the type-I error rates of the original data,
while for PMM the type-I error rate is generally lower
than that of the original data with small effect sizes.
As for power, PMM has a substantially lower power
than the other two methods for all non-zero parame-
ters for all p and missingness mechanisms.
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Table 6. Results for bias (standard deviations between brackets) of the residual parameters. Entries have been multiplied by 10°.

611 012 013 914 015 916 917 918
Missingness mechanism p Method M (SD) M (5D) M (SD) M (SD) M (SD) M (SD) M (SD) M (SD)
Original data 5 (75) 0 (78) 2 (73) 0 (73) 074 =2(73) 1 (74) -2 (73)
MCAR 05 LD-m 6(79 —1(83) 2 (79) 0(76) —=1(79) —=3(78) 0 (79) —1(78)
PMM 5(71) 2 (75) *_18 (70) *-19 (67) 1(71) 0 (69) —20 (71) *-20 (70)
FS-MFA 6 (79) 0 (83) 1(78) 0 (76) 0(80) -3(77) 0 (78) —1(77)
.10  LD-m 6 (86) —2 (86) 4 (84) 3 (83) —3 (86) -3 (83) 0 (87) —4 (83)
PMM 6 (68) 4 (69) *€_36 (66)  **—35 (66) 1 (68) 1 (66) *K_40 (69)  **—42 (67)
FS-MFA 6 (84) -1 (86) 3 (83) 1(83) —2 (84) —4 (82) -1 (85) -5 (83)
30  LD-m 12 (1200 =2 (112) 6 (117) —4 (116) 0(119) —=1(116) 1 (120) -3 (117)
PMM 8 (54) *15(57) ***_101 (53) #¥%96 (54) 5(54)  *12(53) *F*_104 (54) ***_99 (54)
FS-MFA 11 (111) =3 (117) 0 (109) 7(108) =2(113) =2 (110) —4 (113) —6 (110)
MAR 05  LD-m 479 —3(83) 2 (79) 0 (790 =178  —2(78) 0 (81) -2 (78)
PMM 11 (70) 5 (73) *-20 (71) * 16 71 0 (69) 6 (68) *_23 (71) *_18 (70)
FS-MFA 3(79) -3 (83) 2 (79) 1(79) -2 (78) -3 (78) -1 (81) -3 (78)
10 LD-m 5(85  —1(89) 1 (85) 0 (83) 0(85  —1(84) —2 (86) —1(84)
PMM 12 (69) 10 (71) **_35 (67) **_28 (67) 2 (67) 10 (67) **_-39 (69) **_33 (66)
FS-MFA 1(84) -2 (88) 0 (83) —1 (81) —1(83)  —2(83) -3 (84) -3 (82)
30 LD-m 5 (104) 1(111) —1(107) 1(106) =3 (107) =5 (107) 2 (110) -1 (107)
PMM 11 (63) *15 (64)  ***—68 (63) ***—58 (63) 2 (61) 14 (61)  ***_70 (64) ***—62 (64)
FS-MFA 0 (94) -2 (99) -2 (93) -3 (93) -5 (95) —6 (96) —4 (100) -5 (96)
MNAR 05 LD-m 5 (80) 0 (82) 1(78) 1(79) 079 =179 1(78) 0 (79)
PMM 6 (72) 6 (74) *_17 (71) *_15 (71) 0 (71) 5 (70) *-20 (70) *-16 (71)
FS-MFA 380 —1(82) 0 (77) 0(78) —=1(79 —=2(78) 0 (77) -2 (78)
10  LD-m 5(83) -2 (87) 0 (85) -2 (83) 0(83) —1(83) 0 (82) 0 (84)
PMM 6 (68) 6 (71) *_34 (69) *_32 (68) 1 (66) 8 (66) #*_37 (67) *-32 (69)
FS-MFA 3(82) —3 (86) -2 (83) 3 (82) -1 (82) -3 (82) -1 (81) —1(83)
30 LD-m 7 (107) =1 (108) 1 (107) (104) —4(105) =2 (104) 1 (106) 2 (104)
PMM 7 (61) 8 (63) ***_70 (63) ***—65 (61) 0 (61) 9 (60) *H*_73 (61) ***—67 (62)
FS-MFA 3(95  —5(99) —4(97) 0(92) —4(98)  —3(9) 0 (96) —5 (95)
*0.2 < |Cohen’s d| < 0.5; ** 0.5 < |Cohen’s d| < 0.8; *** |Cohen’s d| > 0.8.
Table 7. Results for rejection rates of the residual parameters.
Rejection rate
MiSSingneSS mechanism p Method 011 012 014 015 016 017 015
Original data .055 .070 784 783 .054 .051 775 .806
MCAR .05 LD-m .063 .083 749 746 .062 .066 727 .759
PMM 039 048 * 661 * 673 033 039 * 652 * 687
FS-MFA .058 079 747 741 .060 056 727 762
.10 LD-m .056 069 703 694 064 056 * 651 *,682
PMM *018 *.024 **533 **508 .026 *016 ** 498 ** 494
FS-MFA .054 069 *,695 696 .059 056 * 657 * 683
30 LD-m 076 069 ¥ 440 k434 068 064 ** 425 ¥ 447
PMM *,001 %000 k% 059 ¥ 069 *,001 *,001 #E% 050 5% 053
FS-MFA .055 058 ¥ 414 % 427 054 052 ** 420 Rk 421
MAR .05 LD-m .057 070 722 742 .057 .058 716 740
PMM .040 .037 *.649 *.675 .028 .030 *637 *.664
FS-MFA .059 067 723 739 047 054 717 728
.10 LD-m .067 .064 *678 .683 .060 .063 *.660 *702
PMM 026 *,027 **518 * 566 022 023 *% 510 % 553
FS-MFA 061 061 *,690 * 676 044 .060 * 657 *,679
30 LD-m .069 081 % 403 *% 500 063 .066 % 504 % 527
PMM *.010 *011 *H% 255 *¥% 290 *,007 *,009 **% 249 % 281
FS-MFA .056 061 ¥ 544 *557 047 048 * 547 ** 564
MNAR .05 LD-m .064 .080 729 .745 .056 .058 730 754
PMM 037 045 * 675 * 657 035 029 * 650 * 681
FS-MFA 064 078 729 740 055 052 742 755
.10 LD-m 062 063 * 682 * 686 056 067 * 671 *712
PMM .025 .028 ** 542 **534 .019 *014 **510 ** 563
FS-MFA .058 061 *.686 * 679 048 065 * 680 *703
.30 LD-m .067 .082 **534 *555 .067 .059 **529 ** 564
PMM *,004 *,005 kX D44 Rk 245 *,005 *,000 ¥ 231 Rk 242
FS-MFA .046 .050 *571 *.587 .058 .061 *.564 *.580

*0.2 < |Cohen'’s h| < 0.5; ** 0.5 < |Cohen’s h| < 0.8; *** |Cohen’s h| > 0.8.
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Furthermore, as p increased, the power dropped for
the non-zero parameters for all methods. However,
for all values of p, the power was highest for FS-MFA.
Finally, the effect of missingness mechanism is diffi-
cult to interpret as it differs across different missing-
ness mechanisms, different values of p, and different
methods. For example, for 04 and p = 0.05, (fourth
column), LD-m has the highest power under MCAR
(0.746), followed by MNAR (0.745) and MAR (0.742).
However, for 0,4 and p = 0.30, FS-MFA has the high-
est power under MNAR (0.587), followed by MAR
(0.557) and MCAR (0.427).

Other parameters

For the remaining parameters, the results of methods
LD-m, PMM, and FS-MFA are more similar. For the 0y
parameters, PMM produces even less biased results than
the other methods and the original data. Furthermore,
in general, the remaining parameters are less biased and
have rejection rates more similar to those of the original
data, than the parameters discussed earlier.

Application

Below we apply the LD-m, PMM, and FS-MFA
approaches to a dataset on cognitive ability with
severe missingness in the SES moderator.

Data

We analyze the dataset pertaining to cognitive ability
published in (Osborne, 1980). The data contains vari-
ous cognitive ability measures for 477 twins between
the ages of 12 and 20. The dataset also contains a SES
variable which is an aggregated measure of level of
occupation (scale 1-7) and level of education (scale 1-
7) of both the father and mother of the twins.

In the current analyses we selected 8 cognitive abil-
ity measures which seem to measure a cognitive ability
related to perceptual organization: the cube comparison
test, the simple arithmetic test, the surface development
test, the form board test, the paper folding test, the
object aperture test, the Newcastle spatial test, and the
mazes test. We used the data of the first member of
each twin pair. The resulting data fit well to a one-
factor model (RMSEA: 0.042; CFI: 0.991; TLI: 0.998)
according to the guidelines by (Schermelleh-Engel et
al., 2003). See, Table 8 for the correlation matrix of the
cognitive ability measures and the moderator (SES).

In the one-factor model we introduce moderation of
all factor model parameters by the SES variable. The

Table 8. Correlation matrix of the observed variables in the
application.

Yin Yi2 Yi3 Yia Yis Yie Yi7 Yis mj
Yin 1
Yi2 458 1

ys 590 532 1
Vo  A494 462 636 1

yis 534 475 627 630 1

Vis 480 343 522 470 563 1

ys 606 611 720 690 705 568 1

Ve 330 305 353 365 362 262 423 1

m 296 406 375 371 330 258 460 303 1

first indicator (cube comparison) is assumed to be
unmoderated across SES for reasons of identification
(anchor variable). As a result, DIF can be investigated
by testing the moderation parameters to differ signifi-
cantly from 0. If the moderation effects are limited to
the factor mean and/or variance, it can be concluded
that the scale complies to measurement invariance.

For the SES variable, 61% of the cases have a miss-
ing value (291 cases). For the observed indicators 444
cases have a full data record, 31 cases of one missing
value, and 2 cases have 2 missing values. We standar-
dized all variables (the indicator variables and the
moderator). We apply the LD-m, PMM, and FS-MFA
approaches using the same procedure as in the simu-
lation study. To correct for multiple testing, we used
o =0.01 (two sided), rather than the o =0.05 from the
simulation study. Note that for a simulation study,
capitalization of chance is not an issue; what is impor-
tant is that the empirical type-I error rate closely
resembles the theoretical type-I error rate. The Rcode
is available from www.dylanmolenaar.nl.

Results

See Table 9 for the parameter estimates and standard
errors as obtained using the three missing data hand-
ling approaches. As can be seen by the results for x;,
all three approaches show that the common factor
mean increases significantly across SES. However, LD-
m seems to underestimate the effect substantially as
compared to the estimate of PMM and FS-MFA. In
addition, FS-MFA identifies two factor loadings that
differ across SES: the simple arithmetic loading
decreases across SES, while the surface development
loading increases across SES. Thus, these two subtests
violate measurement invariance across SES. In add-
ition, FS-MFA identifies three residual variances that
are moderated by SES. The two other approaches fail
to identify both the moderation effects on the loadings
and on the residual variances, which illustrates our
results from the simulation study and emphasizes the


http://www.dylanmolenaar.nl

Table 9. Parameter estimates (standard errors) of the moder-
ation parameters in the application.

Parameter  j LD-m PMM FS-MFA

vy 2 0.169 (0.093) 0.078 (0.086) 0.028 (0.068)
3 0.107 (0.073) 0.038 (0.082) 0.101 (0.066)
4 0.091 (0.085) —0.018 (0.087) 0.084 (0.064)
5 0.000 (0.093) —0.080 (0.071) —0.094 (0.083)
6 0.015 (0.076) —0.029 (0.086) 0.013 (0.065)
7 0.094 (0.087) 0.045 (0.080) —0.007 (0.072)
8 0.150 (0.087) 0.140 (0.080) 0.162 (0.067)

Aj 2 —0.088 (0.063) —0.048 (0.044) —0.103 (0.033)
3 0.137 (0.069) 0.118 (0.046) 0.140 (0.036)
4 0.117 (0.073) 0.043 (0.052) 0.070 (0.034)
5 0.042 (0.066) 0.023 (0.044) 0.033 (0.035)
6 0.060 (0.057) 0.057 (0.052) 0.092 (0.046)
7 0.019 (0.075) 0.020 (0.044) 0.013 (0.037)
8  —0.025 (0.102) —0.003 (0.056) —0.023 (0.046)

0y 1 0.264 (0.103) 0.224 (0.102) 0.408 (0.085)
2 0.172 (0.123) 0.078 (0.080) 0.143 (0.085)
3 0.053 (0.117) 0.086 (0.087) 0.135 (0.092)
4 0.253 (0.161) 0.219 (0.121) 0.404 (0.109)
5 —0.172(0.124) —0.068 (0.109) —0.161 (0.116)
6 0.026 (0.093) 0.177 (0.095) 0.310 (0.085)
7 0.210 (0.151) 0.052 (0.143) 0.334 (0.154)
8  —0.080 (0.094) 0.035 (0.082) 0.061 (0.080)

K1 0.394 (0.118) 0.502 (0.098) 0.592 (0.097)

a2 0.266 (0.190) 0.163 (0.132) 0.273 (0.104)

Note. Parameter estimates that are significant at a 0.01 significance level
(two sided) are in boldface. In addition, 1: the cube comparison test; 2:
the simple arithmetic test; 3: the surface development test; 4: the form
board test; 5: the paper folding test; 6: the object aperture test; 7: the
Newcastle spatial test; 8: the mazes test.

importance of accounting for missing data in the
moderator of a moderated factor analysis.

Discussion

In this study, the MI procedure FS-MFA was pro-
posed to account for missing data on a continuous
moderator variable as an alternative to listwise dele-
tion (LD-m). In a simulation study, both the bias and
rejection rate of the parameters of the moderated fac-
tor model produced by FS-MFA was compared with
the bias and rejection rate produced by two other
missing-data methods, namely multiple imputation
using predictive mean matching (PMM) and LD-m.
FS-MFA produced less bias and had higher power
than the other two methods for almost all parameters,
and in almost all situations. PMM generally produced
the largest bias and had by far the lowest power of all
three methods. Additionally, unlike the other two meth-
ods, PMM also produced deflated type-I error rates for
the zero parameters. This is probably due to PMM being
sensitive to the violations of measurement invariance
that was incorporated in our simulation design. FS-MFA
takes these violations into account in the model.
Although FS-MFA outperformed both LD-m and
PMM regarding bias and rejection rates, the differences
between FS-MFA and LD-m were small for most
model parameters. However, regarding the mean and
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variance of the factor scores, FS-MFA did show a clear
advantage over LD-m, especially for missingness mech-
anisms that deviated from MCAR. This is an important
result as these parameters are commonly of key interest
in moderated factor modeling.

Besides the results discussed in the results section,
some additional results were requested by one of the
reviewers. To save space, these results are included in
supplementary material. The supplementary material
firstly includes the results of relative bias and the root
mean squared error (RMSE). The results of these two
outcome measures did not alter the conclusions about
FS-MFA. However, PMM had a lower RMSE on aver-
age than the other methods, while both its bias and rela-
tive bias are substantial. This implies that method PMM
produces substantially biased parameters in moderated
factor analysis but does this in a very consistent way.

Secondly, the supplemental material includes simula-
tion results based on the empirical data example by
Osborne (1980). The reviewer noted that the circum-
stances of the empirical data example differed quite
from the circumstances in our simulation study, espe-
cially with regards to the amount of missing data on the
moderator variable (61% in the data example versus
30% in the simulation study at most). Using the exact
parameter estimates of the dataset from Osborne (1980)
(missing data handled using FS-MFA) as input for the
simulation model, incomplete data were simulated of
the same sample size, and with the same missingness
pattern as the data from Osborne. Although in these
simulations the power was generally lower than in the
simulation study discussed in the results section, FS-
MFA still showed the highest power of all methods, and
differences in power between FS-MFA and LD-m were
on average somewhat larger than in the simulation
study discussed in the results section.

Finally, we will discuss a few shortcomings of the
current research. The goal of the current study was to
study three principles, namely that 1) for missing data
in moderated factor analysis, listwise deletion may
lead to biased results under missingness mechanisms
deviating from MCAR, 2) multiple imputation using
predictive mean matching may not be an optimal
approach to account for missingness in moderated
factor analysis, and 3) explicitly imputing the missing
values according to the moderated factor model is a
better approach to handle missing values on the mod-
erator. In this study, we showed each of these three
principles. However, firstly, to keep the number of
parameters to report manageable, we only looked at a
moderated one-factor model where the parameters
were linearly related to m. Since the results of the
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current study consistently pointed toward FS-MFA as
the preferred missing-data handling method in mod-
erated factor analysis, we expect that this will also be
found in situations with, for example, two factors and
quadratic relations of m with the model parameters.

Secondly, the FS-MFA method is not based on
FCS, but on an algorithm that more closely resembles
a procedure known as joint modeling (e.g., Schafer,
1997; Van Buuren, 2012, pp. 105-108). A disadvan-
tage of joint modeling as compared to FCS, is that the
procedure is less flexible regarding the inclusion of
variables for predicting the missing data on other var-
iables. Since one joint model is used for imputation, a
variable is either included in the joint model or it is
not. Even though strictly speaking, FS-MFA is not
exactly a joint modeling procedure, it does share this
disadvantage with joint modeling.

In FCS, however, missing data on a specific vari-
able may be predicted by a selection of variables that
correlate highly with this variable, while missing data
on another variable may be predicted by other varia-
bles. This feature of FCS is especially useful when
there are many variables in the data, and there is a
risk of overfitting when one joint model is used to
model the missing data on all variables with missing
data. However, developing a FCS version of multiple
imputation under a moderated factor model may not
be trivial, especially not in situations where m is
related to the model parameters with higher polyno-
mial functions. This could be a topic of future
research, so that a more flexible version of MI that
can handle DIF becomes available.

Finally, we only considered the moderated factor
model with continuous indicator variables. In the case
of categorical indicator variables (i.e., items), moder-
ation of the factor model parameters can be studied
in a moderated item response theory model or moder-
ated item factor model (also referred to as moderated
non-linear factor analysis). However, the present mul-
tiple imputation procedure cannot readily be applied
to these situations as the distribution of the items can-
not be safely assumed to be normal. Future research
can address this issue by developing multiple imput-
ation procedures for the moderated item factor model.

To summarize, FS-MFA is successful at producing
unbiased or only slightly biased parameter estimates
in moderated factor analysis with missing data. In
addition, it preserves the power of the parameter esti-
mates better than LD-m and PMM, even under MAR
or MNAR mechanisms. Thus, it may be a good alter-
native to LD-m when handling missing data in mod-
erated factor analysis.
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In this Appendix, we describe the technical details of the data augmentation (DA) algorithm used to impute according to a

moderated factor model.

After filling in starting values for the missing data, the DA algorithm consists of two steps which are iteratively carried
out until the imputed values are sufficiently far removed from their starting values: The imputation (I) step and the poster-

ior (P) step. More specifically, suppose that an incomplete dataset X =
and £ is a set of parameter estimates of the imputation model at iteration ¢ (t = 1,.
1 are drawn from P(X[Xope &) The P-step is meant for taklng into account uncertamty about

the imputed values X' =

the parameters of the imputation model, which are unknown. In the P-step the set of model parameters &

(f+1))

mis

from a posterior distribution of P(&|X,ps, X

[Y,m] consists of an observed part X,ps and X,
., T), in the I-step, at iteration (¢t+ 1)

(41 are drawn

In our specific sr[uatlon both m,,;; and Y,;; need to be imputed in the I-step. At 1terat10n t+1, the I-step for my,,;

involves sampling mmm

from its model implied distribution conditional on the data vector y,’

at iteration t. To this end,

we assume that my; is standard normally distributed. As a result, the distribution of m; conditional on the observed data vec-

tor y, is given by

f(yilmi) x h(m)

(12)

g(mi|yz'> =

where h(.) is the (standard normal) distribution of m;.
At iteration t+ 1 m! Y

pling involves samphng a proposal value, m]
g(mily;)/[C x k(m
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Joof (yilmi) > h(mi)dy

is sampled from g(.), to replace the missing values in m using rejection sampling. Rejection sam-
from a proposal
7)] > u, where u is a random uniform number between 0 and 1, k(.) is the proposal distribution, and C

distribution, and accepting this value if

is a tuning parameter between 1 and oo which ensures that g(.) < C x k(.).
As proposal distribution we use a normal distribution with mean E (m,»|yi) and variance VAR(m,-|yi) which are given by

[

mif(yi|m,-) X h(m;)dm

(13)

E(mi|Yi> =

120 f(yilmi) x h(m;)dm
2o, mif (y;lmi) x h(m;)dm

VAR(mjly;) =

S f (yilmi) > h(mi)dy

— E(mily,)*. (14)

For C we use 2 which turns out to work well in practice. Note that approximating g(;]y;) by a normal distribution
(with E(m;|y;) and VAR(m;ly;)) and sampling directly from this distribution is not recommendable as due to the non-linear
and heteroscedastic nature of the present model, g(m;|y;) can be bimodal and skewed.

Given how the distribution g(my;ly;) is obtained, we can show the I-step of our algorithm. Let u},>|mt and E;t)|m§t>

denote the model predicted mean vector and the model predicted covariance matrix of y; conditional on m;

respectively. The I-step is as follows:

t+1 t+1)
1 mgm’s, i) ~ ( mz:z |Yz )
t+1 t t
2. YEnis,ij‘ ~ N(luy,j|mi >Yi, s E}(ILWE )’yi,—j)

where ,u |ml Y

_; is the model predlcted mean on variable j conditional on m;,
Varlables w1th0ut variable j. Similarly, X/ ]]|m, ¥, is the variance of variable j condltlonal on m(

Y at iteration t,

) and on the vector observed

and on the

vector of observed variables without variable j. These quantities follow straightforwardly from conditioning a
multivariate normal distribution on all but one of its variables (e.g., X; | X5, X3).

Next, we will describe the P-step in our algorithm. Define v’

}\(()ID),()\(IQI,...,)\%}))}} as the loading parameters, 0" =

ters, A = {[()\((fl)l,...

(6,01, ..

A O oA | [

[(v((,[z), 12> )s e (v 8?,01]))} as a vector of intercept parame-

(60],6('> )} as the residual variance parameters, k(Y as the mean vector of the factor scores, @) =


https://doi.org/10.18637/jss.v045.i03
https://doi.org/10.18637/jss.v045.i03
https://doi.org/10.1007/s11336-020-09696-4
https://doi.org/10.1007/s11336-020-09696-4
https://doi.org/10.1016/j.csda.2006.12.022
https://doi.org/10.1177/0962280206074464

MULTIVARIATE BEHAVIORAL RESEARCH 17

[(q)ffl) L0 ) ((p(()?), (p(lg)} as the variance parameters of  the factor scores, and pl) =

[(Plz’ s PLK)s oo (P (1) o0 PiK ) - Pk 1),1<] as the covariance parameters of the factors scores at iteration . The total set of
parameters at iteration ¢ is E“) = [v(f) A® ,9(0,1(“ ,(p ® P t)}, and ¥ is its covariance matrix. Finally, let A(()t+1 and AgtH)

be two J x D matrices containing the loading parameters ALY ojd and )\1 i respectively, at iteration t.
The P-step in FS-MFA is done as follows:
LowE) ~ wo(N, Nﬁ‘W)
o B AMVNEY; wH)
3 (t+1 \m (+1) _ V( )(z+1 +Zd 1>\]d(m1)(t+1)Kd( )(t+1>
( _)(t+1) _ (1) +v (t+1) z+1

Voj
Nl =22

(t+1)

vilm

Ka(m) Y = Koq + k1am,

4,
E§,€+l)|m§t+l) :A(()t+1)2(mi)(t+l)A(lt+l)/+diag[el(mi)(ﬂrl)).“)e](mi)(ﬂrl)}
O.%l(mi)(t+1)
E(mi)“H) =
Um(mi)(tH) O’DD(mi)(tH)_

P S

exp [pdk(mi)(t+1)_ -1

0a(m) Y = a3 (m) Vo (m a0
exp [pdk(mi) } +1

1
pac(m) ™ = pi + ol

For the imputation of Y,;, the procedure is similar to MI under the multivariate normal model, as described by Schafer
(1997, chap. 5). The difference with our procedure is that in Schafer’s procedure in the P-step, 1) u, " and T U+1) are the
same for all respondents as they do not depend on a moderator variable (but in our procedure they dependent on the mod-
erator), and 2) they are directly drawn from their posterior distributions rather than constructed from drawn parameters

from a moderated factor model.
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