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Achieving deterministic placement of self-assembled quantum dots (QDs) during epitaxial growth is
essential for the reliable and efficient fabrication of high-quality single-photon sources and solid-state
cavity quantum electrodynamics (cQED) systems, yet it remains a significant challenge, owing to the
inherent stochasticity of QD nucleation processes. In this work, we theoretically and numerically demon-
strate that deterministic QD nucleation within a pristine growth region, e.g., InAs on a (001)-oriented
GaAs substrate, can be achieved by engineering the boundary geometry of that region. During epitaxial
growth, adatoms initially move toward the boundary and promote the formation of primary QDs along the
boundary, driven by curvature and diffusion anisotropy. The resulting primary QD distribution will gen-
erate many-body interactions that dynamically reshape the chemical potential landscape for subsequently
deposited adatoms, enabling the formation of secondary QDs within the pristine growth region. These
findings provide a theoretical foundation for reliable patterning of high optical-quality QDs, with potential
applications in next-generation quantum photonic devices.

DOI: 10.1103/4wzh-hbgl

I. INTRODUCTION

Self-assembled semiconductor quantum dots (QDs) play
a central role in on-chip quantum optics devices. Integrat-
ing QDs with optical microcavities, such as photonic crys-
tals [1-3], microdisks [4], and micropillars [5—8], results
in cavity quantum electrodynamics (cQED) systems capa-
ble of generating single photons on demand in a single
optical mode via the Purcell effect. This capability is essen-
tial for implementing quantum cryptographic schemes and
quantum communication networks [9—11].

With additional single electron charge control, QDs can
be used to entangle photons with electron spins [12—16],
enabling coherent transfer of quantum states between spin
and photonic degrees of freedom [17,18]. Such coherent
light-matter interactions at the single quantum level are
essential for establishing distributed entanglement across
quantum networks [19]. Recent achievements include the
deterministic on-chip generation of spin photon entangle-
ment in QDs [20]; optical polarization and cooling of
nuclear spin ensembles via the optical driving of a charged
QD, enabling access and control at the single spin level
[21]; and the high-efficiency generation of spin photon
entangled states, a critical capability for future quantum
repeater architectures [22].

The scaling of this semiconductor technology platform
is, however, hampered by the fact that self-assembled QDs

*Contact author: zihangwang@ucsb.edu

2331-7019/25/24(5)/054072(19)

054072-1

nucleate at random locations on the surface during molec-
ular beam epitaxy (MBE). As a result, either microcavities
must be carefully fabricated around precharacterized QD
locations (e.g., Refs. [23,24]) or postselection must be used
to identify devices in which a QD happens to be well
aligned with the cavity mode.

To avoid this time- and resource-consuming approach,
several attempts have been made to implement prepat-
terned templates, such as those generated by buried stres-
sors [25,26] and capping layers [27,28], to control adatom
migration so that QD nucleation occurs at predetermined
locations. However, the accuracy with which these loca-
tions can be predicted is still influenced by surface asym-
metric diffusion, strain resulting from lattice mismatch or
surface imperfections, and the precise growth parameters
[29-32]. The interplay of these effects remains largely
unexplored, especially in efforts to predict spatial distribu-
tions of QDs under realistic growth conditions [33,34].

Coarse-grained models have captured qualitative fea-
tures observed in experiments. For example, kinetic Monte
Carlo (KMC) simulations have demonstrated how prepat-
terned substrates can direct and control nucleation sites
[35]; phase-field simulations have reproduced QD densi-
ties comparable to experimental results on flat surfaces and
have shown that surface patterns can guide QD nucleation,
leading to more ordered dot placement [36].

While these theoretical models successfully capture
the qualitative modulation of QD density resulting from
strain fields, the role of spatiotemporal correlations in QD
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distributions, such as conditioning on previously formed
QDs, has not yet been theoretically addressed.

We propose an overdamped Langevin framework,
demonstrating that semideterministic QD placement is
theoretically achievable through the combined effects of
geometry-defined boundary profiles and the secondary
fields generated by previously nucleated QDs along
the boundary. These boundary-anchored QDs dynami-
cally reshape the chemical potential landscape, signifi-
cantly modifying the diffusion kinetics of newly deposited
adatoms. This results in secondary QD formation on the
pristine region within the boundaries. This stochastic for-
malism provides a comprehensive model for the semideter-
ministic spatial organization of QDs, opening new avenues
for constructing spatially ordered cQED systems for scal-
able quantum networks.

II. ADATOM DENSITY AND QD NUCLEATION IN
THE QUASISTATIONARY LIMIT

In traditional heteroepitaxy, atoms are deposited onto a
planar substrate with effective boundaries at infinity, under
homogeneous temperature and stress conditions. The
spatial adatom density is typically approximated as trans-
lationally invariant. As a result, nucleation sites are uni-
formly distributed across the entire substrate. QD nucle-
ation typically occurs via the Stranski-Krastanov (SK)
growth mode [37,38]. This mode is one of the three pri-
mary epitaxial growth modes observed in thin-film depo-
sition and is particularly relevant in heteroepitaxy where
two different materials are involved (e.g., InAs on GaAs)
[39]. It describes a transition from two-dimensional (2D)
layer-by-layer growth to three-dimensional (3D) island
formation. When deposition begins, the adatoms initially
form a thin flat wetting layer on the substrate surface. This
layer grows coherently, adopting the lattice constant of the
underlying substrate, despite a lattice mismatch. As the
wetting layer thickens, strain energy accumulates, owing
to lattice mismatch between the film and the substrate
(e.g., InAs has an approximately 7% larger lattice con-
stant than GaAs) [40]. After reaching a critical thickness,
typically a few monolayers, local instabilities are induced
to release strain energy elastically, triggering spontaneous
formation of symmetric three-dimensional islands [41].
Adatoms begin to aggregate at these energetically favor-
able sites, forming nanometer-sized clusters (QDs) that
are stable (self-limited in size) and exhibit various mor-
phologies and transitions, such as the pyramid-to-dome
transition, which have been observed and investigated
both experimentally and theoretically [42—44]. As more
adatoms are introduced in the system, coherent (elastic)
QD growth becomes metastable and incoherent (plastic)
growth mechanisms, such as dislocation formation, ripen-
ing, and the adoption of elongated island shapes [41,45],
emerge. In this work, we focus on the coherent QD growth

regime within the pristine surface, where QDs are consid-
ered to be dislocation-free and adopt symmetric shapes on
the wetting layer.

While the proposed theoretical framework is, in gen-
eral, applicable to any substrate with arbitrary orientation,
we address specifically the standard SK growth mode of
InAs on the GaAs (001)-8,(2 x 4) surface [46]: arsenic
(As) adatoms tend to form surface dimers on attachment,
resulting in dimer row or valley structures. Indium (In)
atoms diffuse with significantly different rates, depend-
ing on whether their motion with respect to the As dimer
rows [47] is tangential, which is slower and aligned along
y = [110], or orthogonal, which is faster and aligned along
% = [110]. This biaxial anisotropy is governed by a rank-2
diffusion tensor, which results in elongated quantum dots
aligned along the fast diffusion axis [110] [48]. In this
work, we assume that the diffusion tensor is dominated by
its diagonal components, although, in general, nonzero off-
diagonal terms can contribute to surface diffusion, depend-
ing on the substrate crystallographic orientation, adatom
species, and temperature.

As suggested from several recent experimental studies,
the introduction of boundary fields may arise from local
strain gradients, such as those generated by buried stres-
sors [25,26] and capping layers [27,28], or from thermal
gradients across a substrate. As illustrated in Fig. 1, we
present several examples of boundary fields, which can be
parametrized by either arc length or the shape of composite
geometries. We classify boundary fields into three types:
exterior, interior, and soft boundary fields. Both exterior
and interior fields correspond to hard physical bound-
aries (for example, hard mask edges) that adatoms cannot
physically penetrate during the epitaxy process. In con-
trast, a soft boundary field, such as one induced by buried
stressors, is associated with partially forbidden regions
where adatom migration is energetically unfavorable dur-
ing growth, for example, in regions exhibiting thermal or
strain gradients. Boundary field strengths, governed by in-
plane compressive strain and local impurities, can alter
the diffusion dynamics of adatoms during epitaxy, result-
ing in an increased likelihood of quantum dot nucleation
within or near the defined boundary region. We refer to the
exposed pristine surface (white-colored regions in Fig. 1)
as the bulk.

The dynamics of the adatom density field are governed
by the two-dimensional continuity equation, which relates
the temporal change in density to the divergence of the
adatom flux:

on(r,n) +V - I(r,n,B,1) =0, 6]

where J(r,n, B, t) is the local adatom current density, r is
the spatial coordinate vector, ¢ is time, and B = f du B[r —
rpa(1)] represents the spatially varying boundary field
strength at r. The boundary field is parameterized by u, the
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Enclosed structure with
internal soft boundary

Exposed structure with
soft boundary insertion

Enclosed structure
with soft boundary

Embedding structure
with soft boundary
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s Exterior boundary field s Interior boundary field
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FIG. 1.

Enclosed + exposed structure

Partially forbidden region

Embedding structure

Periodic enclosure structure

Soft boundary field O QD off boundary

@ QD on boundary

Patterned geometries used to generate engineered boundary fields (e.g., strain fields). Red and blue lines indicate the bound-

ary contours of patterned regions that induce localized field gradients. For illustrative purposes, solid black circles represent quantum
dots (QDs) nucleating directly at these boundaries, while open circles denote QDs formed under the collective influence of both the
boundary fields and QDs already formed on the boundary. Various pattern geometries demonstrate the flexibility of geometric design
in controlling the spatial distribution of boundary-induced QD nucleation. The dark gray regions represent areas that adatoms cannot
physically access, such as hard masks (forbidden regions), while light gray regions denote areas where adatom access is energetically
unfavorable (partially forbidden). In this work, we refer to the exposed pristine surface (white regions) as the bulk.

arc-length variable along the boundary, and ryq(#) denotes
the unit-speed spatial parametrization of the boundary at u.
We note that, in general, the boundary field is a tensor that
captures structural coupling within the boundary contour.
Without loss of generality of our method, we assume that
B[r — rpq(u)] is a scalar field.

The current density (flux) J(r,n, B,f) can be decom-
posed into two contributions: the lateral current density
Jiateral and the vertical current density Jyerical, representing,
respectively, in-plane adatom diffusion and out-of-plane
deposition or desorption. In the quasistationary limit, the
epitaxy rate at a given site r is much smaller than the lateral
diffusion rate, such that

o0

[Jvertical| & An + Jdep ( Z ) (t —m tdep)) <K |Jiateral|s
m=—00
)

where A is the constant desorption rate, Zqp is the period
between subsequent depositions, and Jyep is the deposition
flux magnitude. This leads to a separation of fast and slow
timescales: the lateral adatom density equilibrates rapidly,
while the source and sink terms in the continuity equation
associated with deposition or desorption act only as slowly
varying perturbations.

In the quasistationary limit, where J(r, 7, B, f) = Jjateral
the lateral evolution of the adatom density is governed
by the coupled dynamics of the local adatom density n(r)
and the associated lateral current density J, which can be

described by a quasiequilibrium Boltzmann distribution:

1 1
P[n,J] = Z exp |: kBTH[n, J,B]] , 3)
where H[n(r),J(r),B] is a general many-body correla-
tion functional associated with the configuration [r, J] and
Z is the partition function Z = [ DnDJ exp[—H /kgT],
integrated over all admissible field configurations.

The QD nucleation probability at a site r depends on the
ensemble average over all density and current fields, and
takes the form

Pan() = 5 [ DHDIPILI] v (1.3 )

where v(n(r),J(r)) is the local nucleation rate function,
modeled as

v(n,d) =g - © (n — ngeea) - R(n, ), 6))

with 7ngeq denoting the lowest adatom density (subcriti-
cal density) that initiates the QD nucleation process at a
given site; © is the Heaviside step function and R(n, J) is
a modulation factor that may be modeled as either a delta
function & (n — ngeq) Or a smooth exponential dependence
onn and J.

While this expression for the nucleation probability
is formally exact in the quasistationary limit, the high-
dimensional structure of the functional renders analytical
treatment infeasible in most practical scenarios.
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Direct sampling of the distribution P[n,J] is compu-
tationally intractable, owing to nonlocal correlations and
nonlinear coupling between the adatom density n(r) and
flux J(r) embedded in the functional H[n,J, B]. Conse-
quently, conventional importance-sampling methods are
often inefficient or unstable. To overcome this chal-
lenge, we adopt a stochastic sampling approach based
on Langevin dynamics, which enables Monte Carlo sam-
pling of field configurations according to the Boltzmann
weight exp[—H|[n,J,B]/(kgT)]. In this framework, the
time evolution of n(r,?) and J(r,?) is governed by cou-
pled Langevin equations that incorporate both deter-
ministic drift toward the minimum of H[n,J,B] and
stochastic noise consistent with thermal fluctuations, in
accordance with the fluctuation-dissipation theorem [49].
The steady-state solution of the corresponding Fokker-
Planck equation yields the quasistationary distribution
P[n,J] [50]. This approach allows efficient exploration of
the high-dimensional field space and accurate estimation
of ensemble-averaged observables, including the spatially
resolved QD nucleation probability Pop(r).

II1. EMPIRICAL FIELD, QD NUCLEATION, AND
LANGEVIN-BASED MONTE CARLO SAMPLING

To sample the quasistationary field configurations from
P[n,J], we introduce a discrete empirical adatom density
field #(r, ) and empirical current density J (r, 1), defined
as sums over Dirac delta functions centered on an ensem-
ble of adatoms {r;}, where each adatom is labeled by an
index i,

N

Ar,t) =Y 8 (r—ri(0),
i=1
N

. dr;
=Y rdf) 5 (r — (1)), (6)

i=1

which satisfy the continuity equation by construction. We
emphasize that “empirical” here denotes a representa-
tion of the exact microscopic configuration, constructed
without any coarse-graining.

We assume that adatoms are initially deposited uni-
formly onto the surface 2, so that n(r,0) ~ 1/, with
Q being the surface area, and each adatom i under-
goes stochastic evolution governed by the following over-
damped Langevin dynamics (kg7 = 1):

dzl'l‘ dri /
mﬁ oM O =T E — V,‘Usys + 2T ﬂi(t)s (7)

where m is the effective mass, I' is the friction tensor
(assumed diagonal) along the two principal crystallo-
graphic directions [110] and [110], and #,(?) is a Gaussian

noise term (a “distribution”) with statistics (n;(¢) n; (f)) =
8 8(t—=1).

The total microscopic potential energy Uy includes
both the boundary field B and repulsive pairwise adatom
interaction w, defined as a functional of the empirical
adatom density field over the entire exposed substrate
area 2:

Usys[it] = /du/ Blr — rpg(w)] n(r, £) dr
Q
+ l// a(r,Hwr —r)al, odrdr. (8)
2 ) )

By summing over all adatoms #, the empirical density field
evolves according to the following stochastic differential
equation (SDE):

o,
ar

V- [A(r,n)DV u(r, 1))
+V. [\/21%(1', HD(r, r)] , )

where the diffusion tensor is given by D=T"" and
the functional derivative u = §Usy/8n(r, t) represents the
single-adatom chemical potential landscape as the sum
of a boundary-induced term and pairwise interaction
contributions:

w(r,f) = /duB [r — rpa(u)] + / w(r—r') a(r', 0 dr'.
’ (10)

The spatial gradient of this chemical potential landscape,
F(r,1) = —Vu(r, 1), corresponds to the microscopic force
acting on the adatom ensemble. While the functional
derivative w = 8Usys/8n(r,f) is not rigorously defined,
owing to the singular nature of 7, which consists of
Dirac delta functions, in practice, the values and gradi-
ents of u(r, ¢) are computed directly from the adatom-level
Langevin dynamics. Thus, Eq. (9) should be interpreted as
describing the stochastic evolution of an adatom ensemble,
rather than as a coarse-grained partial differential equation
(PDE).

To sample the density field a(r,?), we do not solve
Eq. (9) directly. Instead, we simulate Langevin dynamics
for an ensemble of N adatoms and estimate the empirical
field via a grid-based Monte Carlo technique. Specifically,
we evolve the single-adatom Langevin equation given in

Eq. (D),

dr;
7‘; = —DV,Uys + V2D W), (11)

where W;(?) is a standard Wiener process. From the result-
ing trajectories, the empirical adatom density field is
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computed by counting particles on a spatial grid element
d€2, parametrized by the two-dimensional variable /, cen-
tered at ryp and covering the exposed substrate region €2.
This yields a time-dependent realization of the empirical
field that satisfies the aforementioned SDE over ensemble
averages:

R 1
A(r) ~ EZ/@ dIs(ri —r+1). (12)

This Langevin formulation, which generates the empir-
ical adatom density field, must also incorporate micro-
scopic nucleation processes that lead to QD formation
during heteroepitaxy. To account for this, we define the
local nucleation free energy G(7,r() as the free energy
cost to assemble a cluster of 7 adatoms within a grid cell
of width v/d<, centered at ry. This nucleation barrier is
computed by evaluating the system energy Usy[7(r, )] on
a constrained configuration in which 7 adatoms are local-
ized near ry and subtracting the reference energy of the
homogeneous background state n(r,0) ~ 1/ Q:

G(fl, l'()) = Usys[;l(r(), t)] - Usys[ﬁ(FOe 0)] (13)
The function G(#,rg) captures the energetic tradeoff
between interadatom interactions, strain relaxation, and the
influence of boundary fields near ry. We denote the energy
Usys[ii(rg, )] as the free energy, since the entropic contri-
bution (compared with the strain and surface energies) is
negligible under typical growth conditions [45].

The apparent complexity of the aforementioned free
energy functional can be simplified within the coherent
SK growth mode by adopting a classical LaMer nucleation
model [51,52], which captures the essential competing
mechanisms during coherent QD growth, where QDs are
considered dislocation-free and exhibit symmetric shapes.
Since the QD volume is directly proportional to the number
of adatoms 7, for QD formation at a site ry with an approx-
imate nucleus diameter dop ~ 71'/3, the following model
describes the competition between elastic strain energy
relief and surface free energy, with magnitudes &, and
Vsurf, T€Spectively:

AGravier(dop) = —€5€aldapl’ + ysurldopl,  (14)
where €y = (@fim — @sub)/dsup 18 the lattice mismatch
between the film (agy,) and the substrate (agy,) lattice
constants. The first term corresponds to the elastic strain
energy relief with respect to the wetting layer, while the
second term captures the energetic penalty for generating
QD surfaces [52]. Motivated by the experimental observa-
tion of self-limited QDs [43], we introduce a phenomeno-
logical free energy term, AGgeltiimited > 0, Which limits
coherent QD growth and accounts for the emergence of

a second local minimum in the free energy landscape:

AG(dgp, ro) & AGramer(dgp, ¥0) + AGieit-timited (dQD, T0)-
(15)

While attempts have been made to obtain the approximated
form of this term [53], the exact mechanisms underlying
self-limited QD sizes remain under debate (e.g., the com-
petition between kinetic and thermodynamic processes)
and are beyond the scope of this work [54,55]. Neverthe-
less, regardless of the detailed form of this free energy
term, its existence, along with the engineered boundary
field, plays a crucial role in manipulating the empirical
density field of subsequently deposited adatoms, enabling
semideterministic QD placement on the bulk surface.

As illustrated in Fig. 2, we present four regimes of
the free energy AG that capture essential aspects of QD
formation.

(1) Regime A (kinetic-driven seeding). Adatoms are
continuously deposited on the bulk surface, where they
stochastically migrate and contribute to the formation of
surface layers on top of the substrate. On approaching the
critical thickness, adatoms form temporary seeding clus-
ters with subcritical density 7igeq as the starting seeds of
QD growth.

(2) Regime B (seeding stabilization). On reaching the
subcritical bulk volume, further adatom deposition leads
to the formation of transient seeding clusters that are
energetically favorable. These clusters may increase in
local density 7 as they grow elastically. However, they
remain susceptible to dissolution through thermal fluctu-
ations or Ostwald ripening, in which smaller clusters are
absorbed by larger ones to reduce the system’s total surface
energy, until they eventually exceed a supercritical density
ﬁsupercritical [54]

(3) Regime C (coherent QD growth). Once clusters
exceed the supercritical size, they grow continuously until
a self-limited density Zst.1imited 18 reached, at which point
they become stable QDs. We note that the lattice mis-
match must be sufficiently large to support stable QDs
[45]. Although the stabilization mechanisms are still in
debate, the second minimum of the free energy, A GLamer +
AGgelfgimited, accounts for the existence of self-limited
QDs. In contrast, the classical LaMer nucleation model,
AGLaMer, predicts unbounded QD growth corresponding
to a global minimum. Nevertheless, both the existence
of self-limited QDs and their influence on adatoms and
neighboring QDs have been investigated extensively, both
theoretically and experimentally.

(4) Regime D (self-limited QD formation). QDs reach
a stationary size, and the addition of further adatoms is
no longer energetically favorable (i.e., the QDs become
metastable toward plastic growth), generating an effec-
tive repulsive force on nearby adatoms [55]. These QDs
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7 /
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A eif-timited

A
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FIG. 2. Free energy landscapes with four regimes (shaded in different colors) of quantum dot (QD) formation, detailed in the main
text. The formation of self-limited QDs exhibits two local minima, representing a dissolved state and a self-limited QD state, separated
by a free energy barrier, peaking (local maximum) at the density 71 ,mer. As defined in Eq. (14), the LaMer free energy AGpLamer (purple
curve) represents, as a function of cluster density 7, the balance between the free energy contributions from interfacial elasticity (cyan
curve) and the formation of the cluster surface (red curve). Four regimes (A—D) are separated by three characteristic densities, namely,
subcritical density 75eeq, supercritical density Zigupercritical, and self-limited density Zseit.imited, associated, respectively, with the formation
of temporary clusters, clusters leading to coherent QD growth, and self-limited (stable) QDs. In regime D (shaded in blue), the net free
energy AG given in Eq. (15) may exhibit a convex behavior around the self-limited (stable) QDs; fisupercritical a0d Aself-limited are referred

to as a single critical density 7.

act as sources of strain fields that elastically distort the
wetting layer and substrate [56]. As a consequence, a uni-
form spatial distribution of QDs emerges, as observed both
experimentally and theoretically through kinetic Monte
Carlo simulations [57,58].

While obtaining all microscopic parameters associated
with these four regimes is challenging, we can obtain valu-
able insights on how to manipulate QDs by considering
the following simplifications together with the aforemen-
tioned Langevin dynamics [Eq. (11)]. The aforementioned
four regimes can be formalized through a time-dependent
nucleation potential centered at ry, evolving as

Vnc(r — I, Z)

Vseed(r - ro,t), 1f|t - t0| <7,
= {Vop(r —rp),  ifa(ro, 1) > Aselttimiteds
0, otherwise (dissolution).

(16)

To model regimes A and B, we introduce a localized
seed potential Vseeq at ro whenever the empirical density
exceeds a subcritical threshold 7iseq. The seeding poten-
tial serves as a binding potential V.4 that anchors nearby
adatoms, promoting local adatom accumulation and cluster
formation.

We model Veq as a radially symmetric trapping poten-
tial with sufficient depth (relative to thermal fluctuations);

the effective area of this potential is taken to be the under-
lying Monte Carlo grid size d€2. This seed persists for a
finite duration 7., during which the local seed is allowed
to either evolve toward the QD self-limited size with den-
Sity Aselflimited At Yo, corresponding to the second minimum
in AG, or dissolve back to the uniform state (no clusters).
The seed lifetime 7 is drawn from an exponential distribu-
tion, 7 &~ exp(l/7.), and 9 denotes the first-passage time
for seeding, defined as

to = min {7 | A(ro,?) > fgeed} - (17)
If no QD nucleation occurs within the interval [#, #) + 7],
the seed potential is removed, corresponding to dissolu-
tion. Both the subcritical threshold 71s..q and supercritical
density gupercriticat are determined by detailed growth con-
ditions. Since reaching the supercritical density Zigpercritical
triggers coherent QD growth toward the self-limited den-
Sity Agelf-limiteds fOT computational simplicity, we merge
these two points into a single reference and denote it as the
critical density 7. (see Fig. 2). The supercritical and criti-
cal densities are taken to be of the same order of magnitude
as the homogeneous background state; figi; ~ 10%7i5ceq and
ﬁseed ~ 102f1(r0, 0)

As the empirical density reaches 7 within the time
window 7., the seed potential is irreversibly converted to
a stable QD potential Vop, indicating successful traversal
of the nucleation barrier into regime C, creating a perma-
nent QD at ro, where it subsequently generates repulsion
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(Vop) to newly deposited adatoms, reflecting the stabiliza-
tion of the dot and the inhibition of further growth beyond
the self-limited size.

The detailed interatomic interactions among adatoms,
between adatoms and QDs, and among QDs depend on
the growth conditions and specific atomic properties, such
as bond ionicity and van der Waals interactions, and are
typically obtained from empirical studies [43]. For the pur-
pose of demonstrating semideterministic QD placement,
we model the pairwise repulsion between adatoms (dipole-
dipole) and between adatoms and QDs (dipole-monopole)
[59], denoted V., using a generic screened Coulomb-like
potential V, expressed as

Ve —r)~ exp [—5 |£‘1(r — r’)H
et -m[*

(18)

Here, £ is a screening parameter that sets the scale and
the characteristic decay length-scale tensor is defined as
£ = ./D/A, where A is the constant desorption rate that
sets the interaction scale. The power-law exponent «
iS a microscopic parameter that characterizes the type
and range of the many-body interactions. For example, a
dipole-monopole interaction corresponds to o = 2, while
a dipole-dipole interaction corresponds to o = 3.

The system energy is updated by incorporating the time-
dependent nucleation potential

1
Usys g Usys + E // fl(l‘, t) Vnc(r - l'(),t) ;l(l'(),t) dl‘dr(),
Q
(19)

and the Langevin dynamics are modified accordingly. The
pairwise interaction w in Usys [Eq. (8)] is approximated as
a point-like elastic dipole interaction at long range and is
assumed to be repulsive. This discourages adatoms from
clustering too soon, favors nucleation at distinct sites, and
contributes to the size uniformity of QDs [43,59].

The boundary field is modeled as a delta-function sink
potential, modulated by the (dimensionless) local strain
profile o[ryq(u)], which prevents adatoms from escaping
once they reach the boundary:

Blr —ry(w)] = —Boo[ryaw)]d[r —rya(w)]. (20)

This formulation allows adatoms to migrate tangentially
along the boundary. The sign of the strain profile o
encodes the local stress state: compressive strain (posi-
tive o) attracts adatoms, while tensile strain (negative o)
repels them. While, in general, the boundary field strength
would vary, owing to inhomogeneity along the boundary
profile, we assume that the strain results from local lat-
tice mismatch and thus depends only on the local boundary
curvature.

IV. LINEAR PERTURBATION THEORY IN THE
DILUTED LIMIT

In the early stage of heteroepitaxy, thermally driven
stochastic migration of adatoms causes preferential depo-
sition at boundary edges orthogonal to the fast diffu-
sion axis X = [110] [27], followed by lateral spreading
along the boundary, as shown numerically in Fig. 3(c).
When the average empirical density 7# over the exposed
region €2 remains much smaller than the homogeneous
density limit, the adatom dynamics are primarily gov-
erned by anisotropic diffusion. We refer to this regime as
the “diluted limit,” where the exposed region 2 remains
effectively adatom-free.

It is important to note that, locally, the empirical density
may exceed this limit on the boundary. Depending on the
repulsion strength between adatoms and the critical seed-
ing density, such local accumulation can initiate the early
stages of quantum dot nucleation.

We coarse-grain the empirical field 7 into a continuous
density field n, and introduce a decay term to account for
the finite lifetime of adatoms, characterized by a constant
desorption rate A. Expanding locally around a bound-
ary point ropq = (xo,»0), we assume that the convection-
reaction-diffusion dynamics are separable to linear order
along the principal axes. This yields a local density field
ny, modulated by separable spatial factors f (x — xo) and
2y — »0), such that

n(rpa) = f (x —xo) - g — yo) - no
= Inn=Inf +Ing+ lnn,. 201

Near the boundary point ropg, the change in current
density along the boundary curve is given by

dJ dJy dT  dJy - .
() = d—s” Tty = d—s” T+ N, (22
where «(ropq) is the local curvature, describing how
rapidly the boundary turns at ry 4. The vectors T and N are
the local tangent and outward normal vectors, respectively,
evaluated at the boundary.

The tangential component of the current density is
defined as

JH (rbd — rO,bd) = —T -DVn, K (rO,bd) A

and, for consistency, we adopt the convention that the
adatom flow aligns with the direction in which the bound-
ary turns. This convention does not affect the physical
direction of adatom motion but serves to interpret the sign
of the local current density magnitude. Positive values cor-
respond to accumulation, while negative values indicate
depletion, with the sign further modulated by the local
strain profile.
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(a) < Cross section with boundary radius R (d) Coarse-grained
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FIG. 3. Detailed comparison of empirical adatom density field (Monte Carlo sampled), quantum dot (QD) nucleation, and mean-
field analytical adatom density field solutions under a homogeneous circular boundary field, for both isotropic diffusion (D = D,) and
anisotropic diffusion (D; = 3D, ) along the boundary. (a) Atomic flux is uniformly deposited from an epitaxy source onto the center of
a circular patterned substrate w1th radius Ry = 10 ¢,, where ¢, is the diffusion length in the ¥ direction. MBE, molecular beam epitaxy.
(b, c) The first (leftmost) column shows the empirical adatom density field at a given radius Ry = 10 £,,. Owing to diffusion, adatoms
accumulate at the boundary, and the resulting spatial distribution depends on the diffusion amsotropy For isotropic diffusion, the
empirical density exhibits radial symmetry, while for anisotropic diffusion, the distribution becomes directionally biased. The second
column shows radial statistics extracted from various radii with respect to the diffusion length 5¢, < R < 20¢,, further illustrating
the breakdown of axial symmetry under anisotropy. In both columns, pairwise interactions are turned off (w = 0) and the nucleation
potential is absent (V;,; = 0). The third column incorporates a nonzero nucleation potential (V3 # 0) and displays the resulting QD
nucleation sites for various radii, 5¢, < R < 20¢,. Nucleation events are strongly correlated with regions of high adatom density.
The fourth column presents mean-field analytical solutions obtained from Eq. (30). (d) Cross section comparison between mean-field
analytical solutions and Langevin-based Monte Carlo simulations at a given radius Ry = 10 ¢,, evaluated with respect to angular
parametrization under both isotropic and anisotropic conditions.

The local continuity equation at the boundary point rgpq
is given by

atn = —T . VJ” — K Slgl'l [O' (rO,bd)] JH — An, (24)

where the sign of the local strain profile, Sign[o (rop4)],
determines the nature of the curvature-driven contribution:
compressive strain (Sign = +1) promotes adatom accu-
mulation over time, while tensile strain (Sign = —1) drives
depletion.

Substituting the expression for J| into Eq. (24), we have

T.v (T : Dvn) + Sign[o (rop)] € (T - DVn) — =0,
(25)

which can be separated into a system of two PDEs, for
f (x —x0) and g(y — »p), respectively.

Expanded in Cartesian components around the boundary
point rpp4, the local convection-diffusion-reaction equa-
tions take the form

9 2

i=T2D—f+ 0.2 i

ot ox? ox

9 52 9 (26)
%D, S kT, 5 g,
a2 ¥ 3y

where 7, = T-% and T, V= T - § denote the projections of
the local tangent direction along the two principal dif-
fusion axes. These equations are invariant under parity
transformation (x - —x,y — —y).

The first-order expansion near a boundary point elu-
cidates the interplay between anisotropic diffusion and
geometric modulation, yielding a tractable expression for
the stationary adatom density profile along and near the
boundary. The general steady-state solution of the adatom
density field can be constructed as a product of first-order
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expansions using the boundary parametrization u, where 6
is the corresponding angular variable:

27)

n(uzv)_l—[ Z 4l ol (KT i+ 7, ) |

i=0 ¢,c/=

where A’ is a coefficient determined by boundary condi-
tions and local geometry, and du; denotes the local bound-
ary segment at u;. Recalling that ryq(z) is a unit-speed
trajectory (|drpq(u)/dul = 1), we have

[v(0it1) —

v(6:)]
- Tv i ~ )
| Ty (us)| i

avi =x,y, (28
i v=xy, (28)

where v = x, y labels the primary diffusion axes. The expo-
nent in Eq. (27) can be compactly written as (Appendix A)

K\ T, ()] = K(Z‘) + e Ky(uy),
_ |Dy _[e@)7? 2
L, = T’ Ky(u) = |: ) :| + €54, (29)

where D, and D,, are the diagonal elements of the diffusion
tensor D and ¢, ¢, define the characteristic decay lengths
along the two principal diffusion axes.

In the continuum limit, the general steady-state solution
assumes a path-integral form,

n(u) /D ¢, c'Jexp [/uda(x(a) + ¢(i) K. (i1)
0

+ @)K, (a))} , (30)

where the functional integral [ Dle, ¢’] represents the sum
over all possible sign trajectories for (c, ¢’),

/D[c, c]

We compare the analytical steady-state adatom density
field given in Eq. (30), under the mean-field approx-
imation detailed in Appendix B, for both the biaxial
diffusion—dominated condition (i.e., circles with constant
curvature) and the curvature-dominated condition (i.e.,
ellipses with variable curvature). To model the adatom
density on the boundary, atoms are initially deposited
uniformly within a fixed geometry to mimic the initial
epitaxial conditions. The boundary field B acts as a sink
potential: once adatoms reach the boundary, they migrate
only along it via projected Langevin dynamics, in contrast
to the full 2D Langevin dynamics that govern motion in
the bulk.

:/ Dlc] D[] 4[e,c¢'] ...  (31)

In Figs. 3, 4, and 5, using Eq. (16), we systemat-
ically investigate QD nucleation profiles in the diluted
limit across various boundary geometries, where stochastic
seeding events occur almost exclusively at the boundary.
The seeding probability is modulated by the adatom den-
sity field, which reflects the combined influences of biaxial
diffusion, boundary field effects, and curvature. In the sim-
ulations, the ensemble-averaged empirical adatom density
field (n) is obtained from Langevin-based Monte Carlo
sampling.

As shown in Fig. 3, this comparison is performed
across multiple concentric circular boundaries of vary-
ing radii, under both isotropic and anisotropic diffusion
conditions [Figs. 3(b) and 3(c)]. When the QD nucle-
ation potential V. is included, QDs are distributed along
the boundary, with spatial profiles that closely resemble
the empirical adatom density fields. The spacing between
boundary QDs is determined by the interplay of diffu-
sion, geometry, and V;.. For instance, once a QD nucle-
ates at a given location along the boundary, it increases
the local chemical potential, generating effective repul-
sive interactions that redirect subsequent adatoms to other
regions.

In Fig. 3(d), we construct the analytical solutions of
the coarse-grained model under the mean-field approxi-
mation and compare them with empirical adatom density
results, demonstrating quantitative agreement in capturing
the stationary spatial features.

In both isotropic and anisotropic cases, peaks in the
adatom density field correspond to regions of enhanced
seeding probability, where adatoms are more likely to
form temporary clusters. These clusters represent the ini-
tial stage of QD formation. Once temporary clusters form
in regions of high density, the seeding potential Veeq
attracts additional adatoms deposited during heteroepi-
taxy, leading to the formation of stable QDs along the
boundary.

To further quantify the contribution of curvature to the
adatom density field along the boundary beyond the case of
uniform curvature, we extend the previous formulation to
elliptical boundary geometries (Appendix C), as shown in
Fig. 4(a). In Figs. 4(b) and 4(c), we construct analytical
solutions of the coarse-grained model under the mean-
field approximation for different axial orientations under
both isotropic and anisotropic diffusion, and compare them
with the corresponding empirical density fields obtained
from Langevin-based Monte Carlo simulations. In regions
where the empirical adatom density becomes locally ele-
vated, QD seeding events become statistically favorable.
This effect, combined with the fact that regions of high cur-
vature act as effective traps for adatoms, suggests that both
biaxial diffusion and local curvature can serve as tuning
parameters to control adatom density fields and thus QD
nucleation sites along boundary contours. Since boundary
geometries can be arbitrarily fabricated, as illustrated in
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FIG. 4. Detailed comparison between empirical adatom density fields (Monte Carlo) and mean-field analytical adatom density field
solutions under a homogeneous elliptical boundary field for isotropic diffusion (D, = D, ) and anisotropic diffusion (D, = 3D, ) along
the boundary. (a) Elliptical boundaries with varying aspect ratios and the corresponding empirical adatom density fields. (b, ¢) Radial
statistics extracted from ellipses with different aspect ratios under isotropic diffusion (D, = D, ) and anisotropic diffusion (D; = 3D,),
respectively. The semimajor axis a is oriented parallel (¢ > b), at a 45° tilt (a < b), and orthogonal (a < b) to one of the diffusion axes
X. By incorporating local curvature contributions, the resulting mean-field analytical solutions reproduce key features observed in the

Monte Carlo—sampled empirical density fields.

Fig. 5, this approach enables flexible design strategies for
device applications.

As the total number of deposited atoms increases,
repulsive pairwise interactions w [see Eq. (18)] become
non-negligible. This results in a modification of the steady-
state solution, nj,(x,y) =~ n(x,y)exp[g(w)], where g(w)
is a functional of the interaction strength that broadens
the density field along the boundary contour. Intuitively,
as repulsive interactions increase, adatoms tend to avoid
regions of high density, resulting in a smeared-out density
profile along the boundary, as shown in Fig. 5(a). The gov-
erning PDE in Eq. (25) thus becomes coupled through the
pairwise interaction term, and nontrivial spatial correla-
tions arising from local curvature and boundary nucleation
potentials must be taken into account.

As additional adatoms are deposited, they become
“aware” of the surrounding strain field, generated by
both the engineered boundary and primary QDs nucleated
at high-curvature boundary regions. This evolving strain
landscape dynamically alters subsequent QD nucleation
sites at the boundaries and within the bulk (pristine sur-
face). Building on this, in the following section, we utilize
strain sensitivity, together with engineered boundary fields,
to guide QD nucleation in a controlled manner, enabling
semideterministic QD placement.

V. SECONDARY QD FORMATION ON
PRISTINE SURFACE

A stable InAs/GaAs QD on a pristine surface has a typ-
ical size range of 20 to 25 nm, with nucleation sites that
are both highly sensitive to material properties and growth
conditions. The interaction length scale of the nucleation
potential V;. can extend to several tens of nanometers,
or even up to hundreds of nanometers, as inferred from
the observed relationship between QD density and growth
rate, or QD array periodicity [60,61]. In contrast, stable
QDs formed at the boundary often exhibit irregular shapes
and accumulated stress profiles, which can result in com-
parable or even greater interaction length scales, ranging
from a few nanometers to several hundred nanometers. The
repulsive field generated by those stable QDs at the bound-
ary not only affects the migration of nearby adatoms but
also interacts with adatom densities in the bulk (pristine
surface), influencing the global spatial accumulation and
redistribution of newly deposited adatoms, which can be
used to statistically control the seeding location on the pris-
tine bulk surface. This concept is illustrated schematically
in Fig. 6.

As demonstrated in Fig. 7, to model boundary-mediated
secondary QD nucleation, we begin with an elongated
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FIG. 5.

Geometric tuning of empirical adatom density fields under isotropic diffusion (D, = D,). (a) By incorporating a nonzero

repulsive pairwise interaction potential w between adatoms, the resulting empirical adatom density field exhibits a smeared-out asymp-
totic density profile along the boundary contour. (b) Starting from a lozenge boundary, elongation of the right-side flat edge with an
aspect ratio a/R induces local anisotropic confinement, leading to enhanced adatom accumulation near the elongated region. This
demonstrates that local curvature can modulate the spatial profile of the adatom density field along the boundary. (c) Simulations
with various boundary geometries under initially uniform atomic deposition illustrate the flexibility and adaptability of the modeling
framework in capturing geometry-tunable adatom density profiles and quantum dot nucleation behavior along the boundary contour.

MBE, molecular beam epitaxy.

lozenge boundary field design and vary the right-side diag-
onal coordinate (a,0) from —0.6L to 2L, while conserving
the total bulk area. The epitaxial deposition of new atoms
is introduced sequentially at a rate much slower than the
time required for adatoms to reach a steady-state distri-
bution through Langevin dynamics. We then record the
spatial distribution corresponding to the first QD nucle-
ation site, as illustrated on the far right side of Fig. 6(e).
This process is repeated 400 times using different ini-
tial random adatom configurations (uniformly distributed).
Depending on the value of a, as shown in Fig. 7(b) and
Fig. 8 in Appendix D, the resulting spatial distribution
of stable QDs exhibits a boundary-dependent profile. The
observed inhomogeneity in the QD distribution reveals
statistically preferential nucleation sites. As detailed in
Fig. 9 in Appendix D, we further perform a full parameter
sweep over a € [—0.6L, 2L] for a hexagonal boundary field
with 60° orientation. While the microscopic parameters
of the Langevin dynamics remain unchanged, the hexag-
onal boundary field produces a more spatially extended
adatom density field, compared with the elongated lozenge
boundary field shown in Fig. 8 in Appendix D.

Intuitively, semideterministic placement is expected: on
achieving primary QD distribution along the engineered
boundary field, subsequent adatoms mainly diffuse along

the fast axis (and scarcely along the slow axis) and expe-
rience secondary interactions that can be significantly
slowed down when near primary QDs, leading to adatom
accumulation over time at those locations.

While the aforementioned simulation is conducted at
mild anisotropy, Dy = 3D,,, for illustration purposes, in the
case of the GaAs (001)-B(2 x 4) surface with diffusion
axes X = [110] and y = [110], the diffusion constant and
anisotropy, Dy ~ 10°D, ~ 1 x 1073 um?/s along the two
directions, follow at typical temperatures 7~ 500 K [46],
which gives the relative diffusion length scale £, /¢, ~ 32.
This suggests that an efficient redistribution of the empiri-
cal density field occurs along the fast diffusion axis. There-
fore, we predict that, by engineering boundary fields with
anisotropy along the fast diffusion axis (for example, shape
edges across two opposite boundaries, see the comparison
in Figs. 8 and 9 in Appendix D), the modulation effects
from both the boundary fields and the on-boundary primary
nucleated QDs would exert the strongest influence on sub-
sequently deposited adatoms, leading to more pronounced
modulation that enables semideterministic placement of
secondary QDs.

Since we assume a quasistationary limit, the deposi-
tion rate must be sufficiently low to allow adatoms to
reach quasiequilibrium. Let us consider a unit deposition

054072-11



ZIHANG WANG and DIRK BOUWMEESTER PHYS. REV. APPLIED 24, 054072 (2025)

Curvature-driven tangential QD-driven adatom
adatom evolution (attractive) k& evolution (repulsive)
~ QDs formed at boundary Deterministic QD formation region
5 .

High adatom density field region

(©)
)
Y
X 1-10] ) }
Initial deposited adatom Adatom migration on the bulk Subsequent deposited adatom QD nucleation in the bulk
e) D,=3D, Normalized adatom density () [N 1
Initial atom deposition QD nucleation on boundary ~ Subsequent atom deposition fg::::ll:rryeg::riigﬂ:;e: QD formation in the bulk

FIG. 6. Semideterministic quantum dot (QD) placement guided by a boundary-induced chemical potential landscape. MBE, molec-
ular beam epitaxy. (a) Atoms are vertically deposited via an epitaxy source onto a patterned substrate with an embedded boundary
field (field strength illustrated by the blue gradient), as defined in Fig. 1. (b) Anisotropic diffusion drives adatoms toward the boundary,
where their motion becomes confined on arrival. As described in Eq. (25), adatoms preferentially cluster in regions of high positive
curvature (e.g., concave segments with compressive strain), increasing the local empirical adatom density (black dots) and promoting
QD nucleation at these locations. (c) Following initial QD formation at the boundary, additional atoms are vertically deposited via
continued epitaxy at a much lower rate than the rate at which adatoms reach the steady state. (d) The presence of boundary QDs
reshapes the local chemical potential landscape. Repulsive interactions from existing QDs redirect adatom migration either tangen-
tially along the boundary (green arrows) or outward into the substrate interior (red arrows). These combined effects promote secondary
QD nucleation within the bulk, enabling semideterministic and spatially reproducible QD patterning mediated by boundary-induced
adatom dynamics. (¢) Snapshots from Monte Carlo simulations where the pentagon boundary profile is used to illustrate each of the
process steps described. Circles indicate stable QDs, while red dots represent adatoms.

(a) (b) Elongated lozenge boundary field 0 f 1 Normalized spatial density of nucleated QDs
7
y’ [W—IO]E Dx=3Dy :: :E »
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Conserved bulk area
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FIG. 7. Boundary-mediated semideterministic quantum dot (QD) placement via full-scale Langevin dynamics (D, =3D,). (a) A
lozenge domain with a tunable right-side diagonal coordinate (a, 0), where @ € (—0.6L,2L), is used while keeping the total bulk area
constant. (b) Spatial distribution of the first QD nucleation site within the bulk for different aspect ratios, sampled from statistics
over 400 distinct random adatom initializations (i.e., independently of initial conditions). Although QDs nucleate stochastically, the
resulting distribution exhibits statistically localized behavior that is tunable solely through boundary field design, demonstrating the
principle of semideterministic QD placement. A detailed parameter sweep is provided in Fig. 8 in Appendix D. We note that these
“QD distributions” are independently sampled statistics based on different initial adatom density profiles (i.e., they are not clusters of
QDs), and they represent realizations that reflect the probability of possible QD nucleation sites.
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time, with adatom diffusion lengths of £, ~ 32nm and
£, ~ 1nm. The effective diffusion area is then dQ ~ £, -
4, =32 nm?. The deposition flux F (atoms per unit area,
per unit time) corresponding to N atoms deposited in
this area is given by F &~ N/dQ. In the quasistationary
limit, within unit time, the number of deposited adatoms
over the effective area should be much smaller than
one adatom per diffusion area. Taking the bound N =1,
the corresponding flux is F = 1/(32nm? - 1s) ~ 3.125 x
10* atoms/(mm? s). To convert this to a deposition rate in
monolayers per second (ML/s), we use the lattice constant
of GaAs (a = 0.565nm) to calculate the surface atomic
density as ny = 2/a* ~ 6.26 x 10% atoms/mm?. This gives
the upper bound on the deposition rate Ryoung = F/ns &
5 x 1073 ML/s, which is consistent with typical growth
rates used for InAs QDs on GaAs(001) substrates [62]. To
achieve the quasistationary limit, the empirical deposition
rate must satisfy R < Rypoung around temperatures 7'~ 500
K, which can be realized under experimental conditions.

Practically, designing such boundary fields is straight-
forward with standard fabrication capabilities. A typi-
cal hard mask can first be uniformly deposited across
the substrate [e.g., a (001)-oriented GaAs surface], and
then selectively etched to re-expose patterned regions for
regrowth.

VI. DISCUSSION AND CONCLUSION

Over the past few decades, strain-mediated interactions
between QDs and adatoms have been extensively studied
theoretically, focusing on QD morphology and phase tran-
sitions, yet few studies have explored their use in practical
applications, such as QD placements. In this work, we have
theoretically and numerically investigated the interplay
between geometry, diffusion, and stochastic dynamics in
the context of quantum dot (QD) nucleation from empirical
adatom density fields. Our results illustrate how geomet-
ric properties of boundary contours, such as curvature and
orientation relative to anisotropic diffusion axes, along
with intrinsic microscopic properties, such as adatom inter-
actions and QD nucleation dynamics, shape the spatial
patterns of QD formation.

In the early stage of epitaxy, referenced as the diluted
limit, adatoms are preferentially accumulated along the
boundary contour, where curvature enhances the local
adatom density fields, which can be described by the
path-integral formulation of a coarse-grained theory. As
nucleated QDs accumulate on the boundary, their presence
introduces a repulsive interaction field that dynamically
alters the chemical potential landscape within the bulk.
This feedback mechanism effectively shifts the nucle-
ation zone away from the initial boundary, giving rise
to secondary QD populations within the bulk, as demon-
strated numerically via the fully scale Langevin dynamics
simulations.

While this effect has not yet been experimentally real-
ized, it has broad implications for nanofabrication strate-
gies where precise spatial control of QDs is required in
conjunction with complex device architectures. For exam-
ple, on-chip indistinguishable multiphoton sources require
simultaneous electrical tuning and coordination to dynam-
ically bias individual QDs into their trion states; this
is essential for constructing large-scale photonic cluster
states, a key component of measurement-based quantum
computing [63—66]. Furthermore, the controlled spatial
arrangement of QDs enables systematic investigations of
decoherence, dissipation, and entanglement propagation in
open quantum systems [67,68], where spatial correlations
and engineered environments play a central role [69,70].

This work enables the semideterministic positioning of
high optical-quality self-assembled quantum dots on pris-
tine surfaces, opening a new direction for next-generation
on-chip photonic devices.
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APPENDIX A: STEADY-STATE SOLUTIONS

We first assume k = 0; as an example, the curvature-free
steady-state solution in the x-direction is given by

2

d
T)%Dxﬁ — )\.f =0, f(x) ~ ekxi\X—Xo\,

2D, (k) -2 =0 = (k) = (A1)

2D,

X

In general, the coefficients presented in Eq. (27) have the
following form:

. «TD, % \/ (kT,D,)* + 412D, )
k= .
v 272D,

(A2)

APPENDIX B: PATH-INTEGRAL FORMULATION
AND MEAN-FIELD APPROXIMATION

Starting from a reference point on the boundary, we can
obtain a general solution for the coarse-grained adatom
density field by considering the following:

054072-13



ZIHANG WANG and DIRK BOUWMEESTER PHYS. REV. APPLIED 24, 054072 (2025)

nOy)

=TT 2 Ao exp (K@) —x @)1+ K @) @)
i=0 ¢,c/==%1
N /
—T1 > 4 exp (dui(k;;m(u,-n + K |Ty(u,»)|)) . (B1)
i=0 c,c/=+1

We further simplify Eq. B1 by noting that

Kinwl=5+e/(5) v Bimwi=5+e /() +67 (B2)

where ¢! = \/A/D; and & I'= \/A/D, represent the diffusion lengths along the x- and y-directions, respectively.
Substituting these expressmns we obtain

ny) — - K@)\ 2 K@)\ 2
S =TT X Al exp | du |y +e ( 4’) +62 ( 4’) +47
no 1 C;
lzoci,c;:il

N K (u;) 2 K (u;) 2
= ZA“/ l_[ exp | du; | k(u;) +¢; ( 1 ) + 02+ c; ( 7 ) + Ey_z s (B3)
c,c/ i=0

wherec =[1,—1,1,1,...]and¢’ = [—1,—1,1,—1,...] are sequences (or paths) of signs ¢; indexedby i = 0, ..., N. The
summation is taken over all possible combinations of ¢ and ¢/, representing distinct sign trajectories (paths) within the
exponential.

In the continuum limit, the product becomes an integral in the exponent, leading to the following path-integral
representation:

n(u) /D Dlc'] 4A[e, '] exp [/udﬁ (ic (@) + ¢(@) K\ (@) + ¢/ (i) /cy(a))}, (B4)
0

as discussed for Eq. (30).
The aforementioned path-integral formulation can be numerically approximated under a mean-field assumption by
directly evaluating the defining expression,

¢
n(®,00) ~ Y exp [Zx(u» @(Bis1) — X(0) + yBiy1) —y(@-))}

¢,/ i=0
~ exp [k (¢) (R(Dy) (x(¢) — x(60)) + R'(Dy) (@) — y(60)))]
+exp [—«(¢) (R(Dy) (x(¢) — x(6)) + R' (D) (v(¢) — y(60)))], (B5)
where R(D,) and R'(D,) are signed (parametrization-dependent) coefficients. In the last line, only two overall sign

contributions are retained, consistent with the endpoint (mean-field) treatment of the path sum.
To obtain the ensemble-averaged density, we further sum over all possible starting points 6, :

2
n(@) ~ Y n(¢,6). (B6)

j=0

These mean-field solutions are numerically demonstrated for circular and elliptical boundary fields, as presented in
Figs. 3 and 4.
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APPENDIX C: ELLIPTICAL BOUNDARY
PARAMETRIZATION

Consider an isotropic diffusion setting with D, = D,
and an elliptical boundary confinement centered at the
origin, characterized by a semimajor axis a and a semimi-
nor axis b [as shown in Fig. 4(a)]. The boundary is
parametrized by 6, € [0, 27), corresponding to a boundary
point located at [a cos 8y, bsinby].

For simplicity, we define the local configuration space
using a second ellipse with the same aspect ratio, scaled by
a global constant 7, such that
rog (7, ¢, 00) = a(rcos ¢ — cosBy) X+ b(rsing — sinby) y.

(C1)

The local curvature at the boundary point (i.e., when r = 1)
takes the form

FIG. 8.

ab

(b? cos? 6y + a? sin’ 90)3/2

K (6o) = (C2)

Analytical solutions of the adatom density field under the
mean-field approximation [Eq. (B5)] show close agree-
ment with the results obtained from direct simulations of
adatom Langevin dynamics sampled via Langevin-based
Monte Carlo simulations [Figs. 4(b) and 4(c)].

APPENDIX D: BOUNDARY-MEDIATED
SEMIDETERMINISTIC QD PLACEMENTS
UNDER DIFFERENT GEOMETRIES

As an extension of Fig. 7, we illustrate how varia-
tions in the elongated lozenge boundary field (aspect ratio
a) affect the spatial QD distribution along the boundary

a=-0.2L

a=1.6L

Normalized spatial
density of nucleated QDs

o I 1

<ol

D,=3D, [—10]

Conserved bulk area X

Full parameter sweep over a € [—0.6L, 2L] for the elongated lozenge boundary field presented in Fig. 7. QD, quantum dot.
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a=-0.6L a=-0.4L

a=0.2L a=0.4L

L

a= a=1.2L

/ Z

|

a=-0.2L a=0

a=0.6L a=0.8L

a=14L a=1.6L

g

Normalized spatial
density of nucleated QDs

o I 1

3
D,=3D, Y| va0

Conserved bulk area X

FIG. 9. Full parameter sweep over a € [—0.6L, 2L] for the hexagonal boundary field at 60° angle. QD, quantum dot.

contour and secondary nucleation statistics (Fig. 8). Neg-

ative a values produce compressed nucleation statistics

with enhanced localization near the lozenge vertices along (3]
the fast diffusion axis, and increasing a elongates the sec-
ondary QD nucleation distribution. In contrast, due to flat
edges, the hexagonal boundary field at a 60° angle (Fig.
9) exhibits weaker statistical localization than the lozenge
geometries.
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