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CHAPTER 3

Wilson’s occupation field along
coupled Kirchhoft forests

This chapter is based on joint work in progress with L. Avena and A. Gaudilliere.



CHAPTER 3

3. Wilson’s occupation field along coupled Kirchhoff forests

3.1 Introduction

Wilson’s algorithm is a celebrated procedure, that uses loop-erased random walks to
efficiently sample from the well known Uniform Spanning Tree measure, and from the
Kirchhoff forest measure. The latter is a distribution on the spanning rooted forests
of a given weighted directed graph, and can be seen as a parametric generalization of
the Uniform Spanning Tree measure. The number of components (i.e. trees) in the
resulting Kirchhoff forest can be tuned by adjusting the intensity parameter ¢ > 0 of
the Kirchhoff forest measure. For large values of ¢ a Kirchhoff forest will consist of
many small trees, while for small ¢ the measure will concentrate on rooted forest with
few components. In particular, the Uniform Spanning Tree is recovered in the limit
q— 0.

In [6] it is shown that Wilson’s algorithm can be used to couple together a con-
tinuum of Kirchhoff forests for all possible intensities ¢ € (0,00). By reparametrizing
t := 1/q this coupling constructs a Markov process indexed by time ¢, such that for
each time ¢ the time marginal is a Kirchhoff forest of intensity 1/¢t. A partial trajec-
tory of this process, with ¢ € [0, tmax], can be sampled with approximately the same
efficiency as sampling a single Kirchhoff forest of intensity 1/tmax. Recently, this forest
coupling has been applied for estimating the spectrum of a graph’s Laplacian matrix
[9].

This coupling of realizations of Wilson’s algorithm also couples together the asso-
ciated occupation fields, which are obtained from the loops that are removed during
Wilson’s procedure. Thus is constructed a stochastic process of occupation fields,
which will be called (Wilson’s) occupation field process, defined in section 3.2.1 below,
and which is the object of interest in the present chapter.

The occupation field of Wilson’s algorithm is of independent interest, as it shows
remarkable connections to Poissonian loop-ensembles (or random walk loop soups)
and to the discrete Gaussian free field. These connections were first explored by Le
Jan [55].

Outline

This chapter is organized as follows. In section 3.1.1 we will introduce the setting of this
chapter. A detailed description of Wilson’s algorithm will be provided in section 3.1.2.
This description is used in section 3.2 to define the Kirchhoff forest coupling and the
associated occupation field process.

In section 3.3 we state the results of this chapter. The main result, theorem 3.6,
will give a complete description of the law of the occupation field process. A direct
consequence of this theorem, corollary 3.6.1, shows how the connections between the
occupation field of Wilson’s algorithm and random walk loop soup can be extended
to this dynamic setting. The proofs of these results will be deferred to section 3.4.
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S3.1. Introduction

3.1.1 Setting

Given are a finite set X of size n := |X|, and an arbitrary Laplacian matriz L =
(L(2,9))zyex € RY*¥ ie. diagonal entries of L are non-negative, its off-diagonal
entries are non-positive, and all of its row sums equal zero. Together the set X and
the Laplacian matrix L form the fixed inputs of our model.

On the set X we define a discrete-time Markov chain X = (X})ren, with transition
matrix I — %L, where [ is the identity matrix, and ¢§ is an auxiliary parameter that

needs to satisfy

d> max L(z,x) (3.1)

for the transition matrix to be well-defined. This parameter § determines the ‘lazyness’
of the discrete-time Markov chain, so for larger values of § the chain is more likely to
stay in the same state at each time-step.

The transition matrix I — %L defines a weighted directed graph G = (X, &, w) with
vertices X'. The weight function w: X x X — [0, 00) is defined by

and the directed edge set is given by
E={(z,y) e ¥ x X: w(z,y) > 0}. (3.3)

Note that the graph G has self-loops at vertices = with ZyeX\{m} w(z,y) < §. We
further introduce the notation w(E) = [], ,epw(z,y) for the weight of a set of
edges F C £. The Markov chain X will be called the random walk on G.

Of interest are the (spanning) rooted forests of the graph G, which are subsets
F C & of directed edges such that:
(7) each vertex has at most one outgoing edge in F;
(i) F does not contain any undirected cycles.
The roots of a rooted forests F' are those vertices that do not have an outgoing edge
in F. We denote by p(F) the set of roots of F, and by r(F) := |p(F)| the number of
roots. The set of all rooted forests of the graph is denoted by F.
A Kirchhoff forest of intensity ¢ > 0 is an F-valued random variable ®, with

distribution
P(®y = F) := zlq" P w(F), (3.4)

where Z(q) == > pcr ¢"Fw(F) denotes the normalizing partition function.

3.1.2 Wilson’s algorithm

Wilson’s algorithm is a method for sampling Kirchhoff forests, that is not only of
interest from an applied point of view, but is also a useful tool for the theoretical
analysis of Kirchhoff forests.

A brief description of Wilson’s procedure can be given as follows. Define a killed
random walk on the graph. Pick an arbitrary vertex and run a killed random walk
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3. Wilson’s occupation field along coupled Kirchhoff forests

starting from that vertex. Each time the random walk makes a cycle, the edges in the
cycle are removed from the trajectory of the random walk, to obtain the loop-erased
trajectory.

Then repeatedly pick a new vertex that has not been picked before and run a random
walk until either is killed or it hits a vertex in the loop-erased trajectory of any of the
previous random walks, and continue until all vertices have been picked. The union
of all directed edges in the loop-erased trajectories of the random walks now form a
Kirchhoff forest. The intensity of the Kirchhoff forest can be tuned by adjusting the
killing time of the random walk.

To define the coupled forest process and the associated occupation field process
we require a more detailed description of Wilson’s procedure. In fact, we will give
two distinct, albeit equivalent, such descriptions. The first is given in section 3.1.2.2
and utilizes loop-erased random walks, while the second, given in section 3.1.2.4, uses
a ‘cycle popping’ procedure based on the Diaconis-Fulton stack representation of a
random walk.

We note that Wilson’s method depends only indirectly on the law of the used
random walks, as only the law of the loop-erased trajectories are relevant. As there
are multiple killed random walks of which the distributions of their loop-trajectories
coincide, there is some freedom in the choice of random walk. The descriptions of
Wilson’s algorithm given below, will use the random walk X defined in section 3.1.1
above. This specific choice of random walk will be elucidated in section 3.2.1.1.

3.1.2.1 Notation for walks on graphs
Let P denote the set of all finite length walks in G, i.e.

Po= (U {(@o 21, m) € XY (wiy,m4) € € forall i € [}, (3.5)
leNp
where we use the notation [I] := {1,2,...,1} for the set containing the first [ positive

integers. Elements of P will commonly be denoted by v = (zg,x1,...,2;). For vy € P
its length is the unique non-negative integer I € Ny for which v € X**1. So in particular
single vertices are walks of zero length. We introduce the notations

s(v) :=A{zo,z1,..., 2}, and e(y) := {(wi_1,2;) € E: 1 €[]} (3.6)

for the support of v, and the set of edges traversed by +y, respectively. If v has length
zero, then its set of traversed edges is empty. A walk (zg, 1,...,2;) € P with length
[ > 1 for which xy = z; is called a closed walk or cyclic walk. The set of closed walks
is denoted by P. A self-avoiding walk is a walk for which z; # x; for all distinct
i,j € [l]o:={0,1,...,1}.

Define an an equivalence relation ~ on the set of closed walks P as follows. For
71,72 € P with 1 = (20, ...,2;) and v2 = (yo,...,y) we call 71 and 7, equivalent
if there exists a cyclic permutation o : [l — 1]o — [l — 1]o such that z,¢;) = y; for all
RS [l — ].]0

We let v° denote an element of the quotient set P!/ ~. If 4° has a representative
v = (xo,...,x;) for which v~ := (zg,...,x;—1) is self-avoiding, then we call v° an
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S3.1. Introduction

(unbased) cycle. So, cycles can be seen as self-avoiding closed walks without a specified
starting point. For any two representatives 71,y € ° it holds for their supports and
traversed edges that s(v1) = s(72) and e(y1) = e(y2). Hence, we can define the support
of v° by s(7°) := s(71) and the traversed edges of v° by e(7°) := e(71).

The occupation field of a walk v = (zq, 1, ..., 2;) is the map £[y] : X — Ny defined

by
l

()(x) ==Y g = a}, (3.7)

k=0

where 1 denotes the indicator function. That is, £[](z) denotes the local time spent
by the walk v at vertex .

For each walk v = (xg,21,...,2;) we will define a self-avoiding walk called its
loop-erasure. Iteratively define a sequence of self-avoiding walks (7y;)o<i<; as follows.
Set o := xg. For each i € [I], given v;,_1 = (Yo, - - ., Ym) we define

= (Yo, Y1, -+ s Ym—1, Ym> 1) %f x; & s(vi-1) (3.8)
(y07y17"'7yki717yki) if x; € S(,Yifl)a

where k; := inf{j € [m]o: y; = z;}. The loop-erasure of ~ is defined as

LE[y] := . (3.9)

3.1.2.2 Wilson’s algorithm using loop-erased random walks

Equip X with an arbitrary ordering, X = {z1,20,...,2,}. Let XM X® x™)
be independent copies of the random walk X, with each X starting from vertex
z;. Let TW 7@ T be iid. Ny-valued' geometric killing times with success

‘ k
parameter _L%, that is P(T® = k) = (%) 7t Iteratively define a set of vertices
V(® and a loop-erased random walk I'¥) as follows. Set V() := @. For each i € [n]

write

7= T Ainf{k € Ng: X e V-3 (3.10)
to denote the minimum of 7 and the first hitting time of V=1 by X and define

@ .= LE [(X,Ei))ongT(i)} ,and VO = V-1 50O, (3.11)
Theorem 3.1 (Wilson [77]). The set of edges

J e@®) (3.12)
i€[n]

is a Kirchhoff forest of intensity q.

While theorem 3.1 shows that the law of the rooted forest obtained by Wilson’s
procedure does not depend on the chosen vertex ordering, conditionally on the random
walks XM, X2 X™ the realization of the rooted forest does.

11n this chapter we adopt the convention that all geometric random variables are supported on Ng.
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3.1.2.3 Diaconis-Fulton stack representation

Diaconis and Fulton introduced an alternative method to index the randomness of a
Markov chain [21]. Rather than using time as the index variable, they showed how
a Markov chain can be constructed from space indexed randomness. It will be useful
to use their representation for the random walks employed in Wilson’s procedure, as
doing so provides us with an alternative perspective on the entire procedure.

For each z € X let (A;(z));en, be an independent sequence of i.i.d. X-valued
random variables with law

P(Ai(z) = y) := tw(z,y), forallyeX. (3.13)

The random walk X can be constructed from the collection {(A4;(x))ien,: = € X},
by iteratively setting

Xk+1 = Aik (Xk), with 7, := g[(Xj)Ongk—l](Xk); (314)

where we use the convention that ¢[@] := 0, so that ig = 0.

One can imagine that an infinite stack of arrows (A;(z));en, is attached underneath
each vertex x, with arrow A;(z) directly on top of arrow A;yi(z). Whenever the
random walk visits a vertex, it reads the current top arrow from the stack of that
vertex to determine its next step, after which that arrow is deleted from the stack.

We further introduce a collection {(B;(x))ien,: « € X}, where all B;(x) are i.i.d
Ber({5) random variables independent of the arrows. The variable B;(z) should be
interpreted as the random color of arrow A;(x), where outcome 1 represents that the
arrow is red and outcome 0 represents that the arrow is green. These colors are used
to define the geometric killing time of the random walk. Whenever the random walk
reads a green arrow, it makes the jump indicated by the arrow. But if it reads a red
arrow, then it is killed instead.

3.1.2.4 Wilson’s algorithm using cycle popping

Equip the set of unbased cycles with an arbitrary well-ordering. Set dg := 0,
where 0 € N denotes the all-0 vector. For i € Ny we iteratively define
a random set of edges E;:= {(z,Aq,x)(7)) €E: x € X, By, (y)(z) =0} and let
Peli={y € P e(y) C E;} denote the set of closed walks whose edges are contained
in E;. Define the random cycle I'S to be the minimal element of Pf!/ ~ whenever P!
is non-empty, and set I'} := & otherwise. Then we define d;;; :=d; + 15(1‘?), where
15(1"?) € {0,1}* denotes the indicator of the support of I'. That is, at each iteration
i one cycle is deleted (or ‘popped’) from the top of the DF-stacks, and d,;(z) denotes
the number of deleted arrows from the stack at vertex x until iteration i.

Write ¢* := min{i € Ng: I'{ = @} to denote the time-step when the procedure
terminates.

Theorem 3.2 (Wilson, [77]). The set of edges E; is a Kirchhoff forest of inten-
sity q.
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While the cycle popping procedure makes use of an ordering to choose a cycle, the
realization of the Kirchhoff forest does not depend on the chosen ordering. We denote
the rooted forest E;« obtained from the stacks {(A;(x), B;(z))ien,: « € X} by

CyclePopping({(4;(x), Bi(z))ien,: © € X'}) := Ej». (3.15)

3.2 Coupled forests and their occupation fields

The intensity parameter g of the Kirchhoff forest obtained by cycle popping the stacks
{(4;(x), Bi(x))ien,: x € X} is determined solely by the parameter of the Bernoulli
distribution of the colors. Rather than giving each arrow a single color, we can give a
dynamic color (B}(z))i>0 to each arrow that changes as time progresses. We will use
a common method to couple together Bernoulli variables with different parameters,
by making them depend on a single uniform random variable.

Consider a collection {(U;(x))ien,: ® € X}, where all U;(z) ~ Unif(0, 1) are i.i.d
random variables, independent of the arrows {(A4;(z))ien,: @ € X'}. For each z € X,
i € Ny and t > 0 we define a Bernoulli random variable

Bi(z) :== {Ui(z) < 757 }- (3.16)

Definition 3.2.1. The coupled forest process (®i/)i>0 is the F-valued stochastic
process that is obtained from {(A4;(z),U;(x))ien,: @ € X'} by defining

@/, := CyclePopping({(A;(z), B! (z))ien,: @ € X}). (3.17)
]

Theorem 3.3 (Avena & Gaudilliére [6]). The coupled forest process (®1,¢)s>0 has
the following properties:

(i) for fized t > 0 the marginal ®1; is a Kirchhoff forest of intensity 1/t;
(it) the process (®1/4)i>0 has cidlag and piece-wise constant trajectories;
(ii1) the process (®1/1)i>0 satisfies the Markov property.
The coupled forest process starts, at time ¢ = 0, consisting of only isolated vertices.
At random times, exactly one of the current roots ‘wakes up’. When that happens
either its tree coalesces onto another tree, or its tree fragments into smaller trees, that
each have the possibility to coalesce onto other trees.

The coalescing dynamic is more prominent than the fragmentation, so that as time
progresses in expectation the number of trees decreasses.

3.2.1 The occupation field process

Let ®, be a Kirchhoff forest of intensity ¢ obtained using the cycle popping proce-
dure. Using the notation of section 3.1.2.4, we define the occupation field (of Wilson’s
algorithm) ¢[®,] as the N*-valued random variable

[@,)(x) :==d;=(z) + 1. (3.18)
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If ®, is constructed using loop-erased random walks, ie. ®, := Uie[n] e (I‘(i)),
then we equivalently have that

(®)(2) = 1w € p(@)} + UG Nozrsrr-1)(@): (3.19)

That is, the Wilson occupation field equals the sum of the occupation fields of the
stopped random walks used in the procedure, where we only count the local time
contribution of the final step of random walk X ® if X is killed before it hits any of
the trajectories of the previous random walks.

The notation ¢[®,] might incorrectly suggest that the occupation field is an ob-
servable of the Kirchhoff forest ®,. Therefore, we emphasize that the occupation field
is constructed from a realization of Wilson’s algorithm and not just from the resulting
forest.

Although not explicitly mentioned as a result, in [77, proof of Thm 1] Wilson used
the following observation.

Lemma 3.4 (Wilson [77], proof of Thm. 1 therein). The Kirchhoff forest ®, is
independent of the occupation field £[®].

The construction of the coupled forest process, as given in definition 3.2.1, does not
only couple together a family of Kirchhoff forests, but also their Wilson occupation
fields. For notational brevity, we denote the occupation field of ®,/; by

N; o= ([P, 1], (3.20)

thus defining an occupation field process (Ni)¢>o.
The occupation field is closely related to the running time M, of Wilson’s algorithm.
The latter being obtained by taking a sum of the occupation field over all vertices,

My =Y Ni(x). (3.21)
zeX
Equivalently, the running time equals the total number of edges traversed by the n
random walks used in the construction plus the number of roots of the obtained forest.
That is, using the notation of section 3.1.2.2

Myjg=r(®g) —n+ Yy 7. (3.22)
i€[n]

In [61, prop. 1] Marchal expresses the probability generating function (pgf) of the
Wilson running time in terms of the determinant of the transition matrix of the random
walk used in Wilson’s procedure. Here we apply this result to our specific choice of
killed random walk with transition matrix (I — %L) and killing rate ﬁ. We denote
by Ao, A1y -- ., Ap—1 the spectrum of the Laplacian L.

Proposition 3.5 (Marchal [61]). For z € (0,1) it holds that

_q _1 n g+
]E[le/q] _ det{q+51+q+JL}z :H pEw A
1 4+

(3.23)
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If A; € R and § > A for all j, then we recognize each of the n factors as the pgf of
gt
q+9d

an N-valued geometric random variable with success parameter Hence, in this

case we find that M, , is the sum of n independent geometrics.

3.2.1.1 Different random walks

As mentioned in section 3.1.2, Wilson’s algorithm has some freedom in the choice of
the transition matrix of the employed random walks. While the choice of random walk
does not affect the law of the resulting rooted forest, the distribution of the occupation
field does depend on the choice of random walk. In particular, since the transition
matrix (I — %L) used in this chapter depends on a parameter §, the occupation field
will depend on the parameter § as well.

It is possible to construct the coupled forest process in a parameter free manner,
e.g. by employing the simple random walk with transition matrix D' A, where A
denotes the (weighted) adjacency matrix of G and D is the diagonal matrix such that
L = D — A. However, the results presented here treat the § dependent occupation
field process.

The choice for the transition matrix (I — %L) has several advantages. Firstly, the
killing time of the random walk can be taken independent of the trajectory of the ran-
dom walk, which simplifies some of the computations. More importantly, the spectrum
of the transition matrix is obtained directly from the spectrum of the Laplacian L,
which is relevant since several observables of the occupation field can be expressed in
terms of the spectrum of the transition matrix, see e.g. proposition 3.5 above. Hence,
using our choice of transition matrix ensures that these observables are expressible in
terms of the Laplacian spectrum Mg, A1, ..., A,—1. This enables the possibility of fu-
ture work to develop Laplacian spectrum estimation procedures based on observables
of the occupation field process. However, development of such procedures lies outside
of the scope of the present chapter.

3.3 Result: Law of the occupation field process

The result of this chapter is a complete description of the law of the occupation
field process (N¢)i>0, of which theorem 3.6 and corollary 3.6.1 give two equivalent
formulations.

For stating the result it will be convenient to consider three distinct probability
spaces. On one probability space we define the DF-stacks {(A;(z), U;(z))ien, : © € X'},
consisting of arrows and uniform killing marks, and all random variables coupled
thereto, e.g. the occupation field process (IVi)¢>o. The law of the DF-stacks we denote
by P. We will further consider, on a second probability space, the killed random walk
e
that is independent of X, for some parameter ¢ > 0. Denote by Py, the joint
law of X and Tj, with X starting from a uniformly chosen vertex, and write
P.(-) := Punit(- | Xo = z). Any other auxiliary random variables, that are coupled to
neither the DF-stacks nor to the killed random walk, will be defined on a third space

(Xk)o<k<t,, which is killed at an Ny-supported geometric time T; ~ Geompy, (
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with law P and accompanying expectation F.

We define the matrix K/, := %(%I—i— L)~! and let Tr[-] denote the trace operator.

Theorem 3.6. The occupation field process (Ny)i>o s a Markov process with piece-
wise constant cadldag trajectories and distribution

(ot (1+ A wds))m, (3.24)

0

where for all t > 0 the variables Ay are independent Ny -valued random variables with
law

P(At = m) = Punif(g[(Xk:)OSkrth] =m | XTt+l = Xo), fO’f’ allm € Nay, (325)

and U is an inhomogeneous Poisson point process on (0,00) with intensity measure

p((a,b]) = / " [%(Kl/t - ﬁ[)} d, (3.26)

that is independent of all Ay.

According to theorem 3.6, at time ¢t = 0 the occupation field Ny equals 1 at each
vertex. As t increases the jump-times of the occupation field process are a Poisson
point process with explicit rate

kg = Tr |1 (K — ﬁ[} . (3.27)
At each of its jump times the occupation field is increased by a random amount whose
distribution is that of the occupation field of a killed random walk that is conditioned
to make at least one step and to be killed at its uniformly chosen starting point.

Conditional on the event T; > 1 the distribution of 7} is the same as the un-
conditional distribution of 73 +1. This fact is used in theorem 3.6 to simplify notation.

3.3.0.1 Closed walk decomposition

In [55] Le Jan showed that the occupation field of Wilson’s algorithm has the same
distribution as the occupation field of a Poissonian loop-ensemble. The statement
of corollary 3.6.1 is a rephrasing of theorem 3.6, that clarifies how the connection
between Wilson’s occupation field and the loop-ensemble occupation field extends to
our dynamical setting.

Define the random set of jump times of the occupation field process by

T ={te(0,00): N limg;N,}. (3.28)

So, T is distributed as the support of the Poisson point process W.
Rather then seeing ¥ as a single Poisson point process, we can decompose ¥
into multiple Poisson point processes that are associated to the closed walks in G.
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Conditionally on these Poisson processes the increment of the occupation field at a
jump time 7 can then be determined deterministically by observing which of these
Poisson point processes contains 7.

For a closed walk v = (xg, 1, ...,2;) € P write v~ := (z0,21,...7_1) to denote
the walk obtained by omitting the last step from ~.

Corollary 3.6.1. For all closed walks v € P let W, be independent Poisson point
processes with respective intensity measures

b -1
(@) =) [ g (g) (3.20)

a

Then it holds that

(Neiso £ |1+ 3"ty ] oy (0.8)) | (3.30)

cl
YEP >0

For fixed t > 0 we can define a measure v; on closed walks by

t s =1 w(e
ve(7) = 1 ([0, 1)) =w(e(v))/o a +15$)2 (1+53) ds = }M (3.31)

The measure v; indeed corresponds to intensity measure of the Poissonian loop-
ensemble, if the loops in the ensemble are obtained from the random walk with tran-
sition matrix (I — L) with homogeneous killing rate ﬁ, see Le Jan [56, eq (2.4)].

Hence, corollary 3.6.1 shows that the ‘loop measure’ v; can be constructed by taking
an integral over different random walk killing rates. This integration further explains
the appearance of the factor %, which for continuous-time random walk ensembles
causes the loop measure to explode as the length of the loop approaches 0.

3.4 Proofs

The proof of theorem 3.6 is divided into three parts, which are each subdivided into
various lemmas. In the first part it is shown that the occupation field process has
independent increments. This fact is then used in the second part to compute the
distribution of the random set of jump times of the process. In the third part we
compute the occupation field increment distribution at jump times.

3.4.1 Independent increments

The argument that is employed in [6] to demonstrate the Markovianity of the coupled
forest process (®1/¢)¢>0, also shows that the joint process (®q,¢, N;)i>0 is Markovian.
More specifically, it shows that, for fixed 0 < s < ¢, the distribution of (®; /;, Ny —N)
depends on the joint history (@1, Ny)o<r<s only through @, .

That is, for all k € N, 0 < t; <ty < ... <t =35, F,F1,F,...,F, € F, n € NY,
and all my,my,...,my € N with P((®y/4,, N, )icr) = (Fi,my)icr) > 0, it holds
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that

P(®q) =F, Ny — Ny =n | (P4, Ny, )icpp) = (Fi,m5)¢(1])

(3.32)
=P(Q1 =F, Ny = Ns=n|®y), =F).

The following lemma shows that the occupation field process (Ni):>o is itself
Markovian as well.

Lemma 3.7. Both the Wilson occupation field process (Ny)i>0 and the running time
process (My)y>o have independent increments.

Proof. We will only prove the result for the occupation field process, as the proof of
for the running time is analogous. Fix 0 < s < t. We have to show that the increment
of the occupation field N; — Ny is independent of (N, )o<r<s-

Consider the joint process (®; /4, N¢)>0, which is constructed from the DF-stacks
{(Ai(2),Ui(x))ien,: @ € X}. In the first part of the proof we show that &, is
independent of (Ns)o<s<¢, for which it is sufficient that the events {®,, = F'} and
ﬂie[k]{Nti > m;+1} are independent?, for arbitrary k € N, 0 < t; <to < ... <t} <t,
FeFand m;,my,... my € NOX. Here = denotes the natural partial order on N
given by n < m if n(z) < m(x) for all x € X.

Fix m € N such that m = my. There exists some subset

spC JT Uy e X: (wy) €€} x[0,1))

reX

such that3
{Ny = erlaq)l/t =F}={N=m+]1, {(Am(x)(x)aUm(x)(z)): x € X} € Sr}.

So, conditionally on the event {N; = m + 1}, the event {®,,, = F'} depends only on
the variables {(Am(2) (%), Um@)(2)): = € X}.

For each i € [k] whether the cycle popping procedure deletes the arrow above layer
m; does not depend on the arrows in layer m; and the arrows below that layer, i.e. the
event {N;, = m; + 1} is determined by the variables {(A; (x),U; (z)): z € X, i, =
1,2,...,m;(z) — 1}. Hence, the intersection (,c;,){Ne, = m; + 1} is determined
by the variables {(A; (),U;, (z)): « € X, i, = 1,2,...,my(z) — 1}. Since m >
my, we have in particular that this intersection does not depend on the variables
{(Am(z) (x)a Um(w) ($)) x X}

As this holds for all m, it follows that the events ;¢ {/N:, = m; + 1} and
{®1/; = F} are conditionally independent given N;. By lemma 3.4, the variables ®;

2The addition of the all-ones vector 1 is an administrative trick, that is required since Ny = 1,
while the indices of the DF-stacks start at 0.
3Explicitly the subset Sp is given by

se=| ] wex: @wertxigdmu| x| [ wex: @weerxo o)
©€X\p(F) zep(F)
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and N; are independent. It follows that (), {Ne, = m; + 1} and {®y;, = F} are
also unconditionally independent, which completes the first part of the proof.
It follows from eq. (3.32) for all n € N that

P(Nt —Ns=n | (I)l/sa (NT)OSTSS) = IP)(ANt —Ns=nmn ‘ ‘I)l/s)' (333)

Therefore, the increment N; — Ny is conditionally independent of (N, )o<r<s given
®,/,. By the first part of the proof (N;)o<,<s and ®;/, are independent, from which
it follows that Ny — N, and (N, )o<r<s are also unconditionally independent. O

3.4.2 Characterization of jump times

Lemma 3.8 (Characterization of jump times). The random atomic measure
> 1e7 0 supported on the set T of jump times of the occupation field process is a
Poisson point process on (0,00) with intensity measure

b
1((a, b)) ;:/ Tr [%(Kl/tfﬁf) dt. (3.34)

Proof. By lemma 3.7 and Kingman’s representation theorem [46], the random measure
> 17 0t is a Poisson point process on (0, 00).

Note that the jump times 7 of the occupation field process (IV;);>o are equal to
the jump times of the running time process (M;);>o.

Using proposition 3.5 and lemma 3.7 we find that for fixed 0 < s < t the pgf of
M, — M is given by

ey )
son i (1= (1= 55 2) (3.35)

_ H (L+Xt) (1 +8s — (6 — \j) s2)

— (14 Ajs) (140t — (6 — \j)tz)

i<n

Its intensity measure follows from eq. (3.35), since evaluating the pgf of M; — M at
z = 0 gives us that

etls)) = P(M, = M,) = H 8 i ij?) ((111—_((552 (3.36)

j<n

By taking the logarithm we find that
1+)\a + 4b)
lo dt
- Sos((ranr o) = | S v

b
:/ Tr [ 1Ky — )| .

(0]
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CHAPTER 3

3. Wilson’s occupation field along coupled Kirchhoff forests

3.4.3 Distribution of increments at jump times

The remainder of the proof of theorem 3.6 consists of identifying the law of the incre-
ments at the jump times.

For this purpose we consider an extended graph G* = (X*,£*, w*), that depends
on a parameter z € (0,1)*. The graph G* has vertices X* := X U {x, ¢}, directed
edges E* :=EU{(z,%): € X U{x}}U{(z,e): =€ XU{e}}, and edge weights

wz,y) ifz,yedl,
1-22)  jfre X, y=
z(x » Y *,
Sy _ (3:37)
) fred, y=oe,

w*(z,y) =

1
t
51
0 otherwise.

That is, G* is obtained from G by adding two absorbing vertices, and adding edges
from all vertices in X pointing to these new vertices. The parameter z regulates the
edge weights of the added edges. We denote the graph Laplacian of G* by L*.

In lemma 3.9 below, we will compute the probability generating function (pgf) of
the Wilson occupation field at a fixed intensity.

Lemma 3.9 (PGF of Wilson occupation field). Firt > 0. Forz € (0,1)% the
Wilson occupation field has multi-dimensional probability generating function

det [+1+ L]
e : : 3.3
Lg(z ] det [(% +§) diag (iz) Ly L] (3.38)

z

where l; (2) := 1;(2()”:) forallz € X.

Proof. The multi-dimensional pgf can be expressed as

11 z(x)zvtu)} —P ( () {Ni(z) < T(x)}) : (3.39)

zeX zeX

where {T'(x): x € X'} is any arbitrary collection of independent random variables with
distribution T'(z) ~ Geompy, (1 — z(x)). We will construct a specific such collection of
geometrics, for which the events { N¢(z) < T'(x)} have an interpretation in the context
of Wilson’s algorithm that allows us to evaluate the right hand side of eq. (3.39).
Consider the extended graph G* defined above in eq. (3.37). We construct a col-
lection of DF-stacks {(Af(x), Bf(z))ien,: = € X*} on the extended graph G*, which
will be coupled to the DF-stacks {(A;(z), B;(x))ien,: © € X'} of the original graph G.
For for all i € Ny we set the arrows by Af(x) = %, Af(¢) = ¢ and independently set

A;(x)  with probability 1/t+5+w*1(/;t§+w S ER)
Af(z) =< % with probability 1/t+«5+w7€(:(vw*ﬁ-w*(x + for all x € X. (3.40)
¢ with probability 1/t+5+w*(i ;’)er*(x,‘)

The killing marks are defined by Bf (%) = 1, Bf(¢) = 1 and

o ) Bile) i Aj(x) = Ai(z)
B (z) = {0 it A% (1) € (%, o} for all x € X. (3.41)
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These DF-stacks do not have the distribution given in eq. (3.13), and as a conse-
quence the killed Markov chain on G* constructed from these stacks, as defined in
section 3.1.2.3, does not have transition matrix I — %L* for some parameter 6*. How-
ever, the law of the loop-erased trajectory of the killed Markov chain constructed from
these stacks, is identical to the law of the loop-erased trajectory of the killed random
walk with transition matrix I — 5%L*. Hence, applying the cycle popping procedure
to the stacks {(Af(x), B} (x))ien,: * € X*} does produce a Kirchhoff forest of the
graph G* of intensity 1/, which we denote by ®} st

Cycle popping the DF-stacks on G* also produces a field of stack depths £*[®} / .,
as defined in eq. (3.18), where £[®7 ,]() — 1 denotes the index of the arrow at = that is
contained in @} st We remark that since the stacks on G* define a random walk with a
different transition matrix, the field ¢*[®} /t] is not distributed as a Wilson occupation
field on G*, as expained in section 3.2.1.1.

Define the collection of geometrics {T'(x): x € X'} by

T(x):=min{i € Ng: Aj(x) € {x,¢}}, forallze X, (3.42)

s w* (z,%)+w* (z,4) _
which indeed has success parameter Titotwr (za)twr (me) — 1

dent of {T'(y): y € X\ {z}} and £[®; ).
Since T'(z) denotes the index of the topmost arrow that points to one of the two
added vertices, it holds that

{£1@7)(x) < T(2)} = {(z, %) ¢ @]/, and (z,¢) ¢ @)}, (3.43)

—z(z), and is indepen-

where we use that arrows of the form (z, %) or (z, ) cannot be part of a cycle in G*,
so they can never be popped by the cycle popping procedure. It follows that

ﬂ {€[@7 4 ](x) < T(2z)} = { and & are isolated vertices of ®7,}. (3.44)
TEX
By the coupling of {(Af(x), Bf (x))ien,: = € X*} and {(A4;(x), Bi(2))ien,: © € X}
it holds that

() {4®7d(@) < T(2)} = () {€1@1)(z) < T(2)}. (3.45)

TeEX zeEX

Hence, recalling that F denotes the set of rooted forests of G, we have by the
matrix-tree theorem that

H Z(x)Nt(m)

reX

E = P(x and ¢ are isolated vertices of ®7 ;)

& det[1] + L]
det[1 + L*]

7 det [1T + L]

det [(% +0) diag (l’z> +1ir+ L] '

z

=IP( ){/te‘}—):

7
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Lemma 3.10 (PGF of increment of Wilson occupation field). Fizz € (0,1)*
For the pgf of the increment Ny — Ny of the Wilson occupation field conditioned on
being non-zero, it holds in the limit s Tt that

e

TeEX

oz n
DS TS oy (3u6)

CTr [Kl/t] — T

Nt NS%Q

where Ky, := Y(A1+ L)™' and

Kfzz,t = ((% + 0) diag (l;J) + %I—i—L)il (%diag (l;z

Proof. Write

H Z(x)Nt(m)st(m)

reX

E [T cx 2(2)NNe] —P(N; — N, = Q).

" PN, — N, Z0)

Nt - Ns 7é 0] ==
(3.48)

It holds by lemmas 3.7 and 3.9 that

H z(x)Ne Ve | = E [HzeX Z(x)Nt]

E =
reX

E [[Toex 2(@)":]
det [11+ L] det [(1/5 + d)diag (17)
 det [L1+ L] det [(1/t + 8)diag (152

As s T t, Jacobi’s formula gives us that
det [T+ L] =det [2T+ L] — (t—s)det [T+ L] Tr [(31+ L) (- %D + O ((t — 5)?)
=det [{1+ L] (1+ 52T [Kyp]) + O (£ 9)%)

AR

)+t L] (14 52T (K2 ]) + O (- 9)?)

and similarly that

det [(1/5 + d)diag (

= det [(1/t + d)diag (

It follows that

[T ()=o)

zeX

E

+ 0 ((t — 5)2)

1+ L{S)Tr [ngzt]
1+ 8K, ),
=1+ AT [K2, — Ky ] +O((t—5)?).

From lemma 3.8 we know that

- (14 8s)(1 4 \t)
P(Nt—Ns#Q)—l_jl:[n(H/\js)(H 6t)
5=\ 2
- (t_s); (1 + Ajt)(1 + ot) FOtr=o):
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Therefore, we conclude that

H z(x)Nt s

reEX

E M—M##

1 0z I—X;
ZTI‘ [Ktz,t - Kl/t] + Zj<n (T+X,t)(146t) e

Py (t—s)
2 j<n TFNDUTID
éz 1 1
_ Tr [KtZ,t Kl/t} + 1X:j<n (I+/\jt 1+6t) L Ot - 9)
Zj<n (1+,\jt - m)

Tr [K{Z,] — 2
= Kz lﬁt +O(t — s).

Tr (K] — 5

O

The matrix K/, that appears in lemma 3.10, has an interpretation in terms of
Kirchhoff forests. The entry K /.(z,y) equals the probability of the event that vertex
y is a root of ®;/, and that vertex x belongs to the same component as y [19]. In
particular, the diagonal entry K/ (z,z) gives the probability that x is a root. The
entries of K/, also have an interpretation in terms of the killed random walk

Ky (z,y) = Po(X1, = 9). (3.49)

The matrix Kf;t can be interpretated using the Kirchhoff forest ®7, on the ex-
tended graph G*, which was defined in eq. (3.37), as it holds that

Kizy(z,y) =Pla ey, y, ¥ € p1)) + P oar, 4, (%) € D7) (3.50)

That is, Kf:t(x7y) denotes the probability of the event that x and y belong to the
same component of @{/t and that either y is a root or a neighbor of *.

Lemma 3.11 (PGF of occupation field of closed random walk). Fiz ¢t > 0.
Let Ay be an Ni¥ -valued random variable with law

P(A; = m) := Pouc({[(Xp)o<k<r,] =m | X101 = Xo), forallm € NY. (3.51)

Then for z € (0,1)% the pgf of A; is given by

Tr [KjZ,] — 25
E H Z(CC)At(z) — r [ tz,t] l-i—l(st7 (352)
sex Tr [K1ye] — 5
where K1y := (31 + L)™' and
—1
Kz, = (3 +0) diag (52) + 21+ L) (Ldiag (52) + 11). (3.53)
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Proof. First note that by eq. (3.49), we have that

Tr [Ky ] — 5 = Z (Kl/t(x7w) - 1_&&) = Z (P (X1, = Xo) — Punie(T: = 0))

reX reX

= Z P, (X1, = Xo, Tt 2 1) = nPunit (X1, 41 = Xo)Punit (Tt > 1).
TEX

(3.54)

Below we assume that the killed random walk X = (Xj)o<k<7, is constructed from

the DF-stacks {(A4;(x), Bi(x))ien,: « € X'}, as described in section 3.1.2.3, with X
uniformly distributed on X and independent of the DF-stacks.

Consider the DF-stacks {(Af(x), B} (z))ien,: * € X*} on the extended graph G*,
defined in the proof of lemma 3.9, and recall that they are coupled to the DF-stacks
{(Ai(@), Bi(@))ien,: @ € X},

For each x € X we define three geometric random variables

T*(x) :=min{i € Ng: Af(x) = x},
T*(x) :=min{i € Ng: A (z)=»
TT(x) := min{i € No: B}(z) =1

and we note that T*(z) A T*(z) ~ Geomy, (1 — z(z)).
Using the observation in eq. (3.39) gives us for the pgf of A; that

E|]] 2z | =P ( () {l(Xk)o<ker,)(z) < T*(z) AT*(2)} | X1, 11 = Xo)
reX reX
_ P(Mpex UXr)oshen (@) < T* (@) AT*(2)}, X140 = Xo)
P(Xr, 11 = Xo)
_ nP(T; > )P (Neex {U(XR)o<k<n)(@) <T* (@) NT*(2)}, X1, 41 = XO).
Tr (K1) — 5

Since the denominator is as required, it remains to consider the numerator

nP ( N {(X0ocrer (@) < T*(@) AT* (@)}, Xpo1 = Xo) B(T, > 1)
TEX

=nP ( ﬂ {(Xk)osk<r,—1)(x) S T*(x) ANT*(2)}, X1, = X0

reX

T, > 1) P(T; > 1)

=nP ( ﬂ {K[(Xk)ngSthl](x) S T*(.Z’) N T'(x)}, XTt = Xo, Tt Z 1)

reX

reX

=nP ( ) {U(XR)o<ker)(@) = 1ixp) (@) < T*(2) AT* (@)}, Xr, = Xo, Ty > 1) ;
where 17y} € {0, 1}X denotes the indicator of Xj.
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On the event {X; = y} the random variable 1;x,; is deterministic, so that
([(Xr)o<k<t,~1] and 1;x,} are conditionally independent. Since the pgf of two in-
dependent random variables equals the product of their respective pgfs, this gives us
that

nP <ﬂ {U(X)ozrer)(@) = Lixoy (@) <T* (@) AT*(2)}, X, = Xo, Ty > 1)

zeX

X02y>

=Y'r (ﬂ {U(X)o<kern](@) = 1y (@) S T*@) AT* (@)}, Xn, =y, Ti > 1

-y P (N,ex ((Xi)ozrer (@) < T*(2) AT*(2)}, X1, =y, Tt > 1| Xo=y)

e P(1<T*(y) AT*(1))

=) zy)P (ﬂ {d(Xr)o<hr)(@) S T* (@) AT*(2)}, X, =y, To 21 | Xo = y> :
yeX TzEX

Defining

7* ;= min{m € No: 3z € X s.t. £[(Xi)o<k<m](®) >T*(x)},

7¢ :=min{m € No: Iz € X s.t. {[(Xi)o<k<m](z) > T*(x)},
gives us that

M {U(Xosker](@) < T*(@) AT* (@)} = (T, < 7* A7}, (3.55)
reEX

On the event {73 < 7* A 7*} we have that

T; = min{m € No: 3z € X s.t. £[(Xp)o<ke<m](®) > TT(2)}, (3.56)

Xo=y>

from which follows that

> ay)P < () (U(XR)osksr](@) S T*(@) AT*(2)}, Xp, =y, Ty > 1

yeX zEX
=Y 2P <T,<7*A7* X7, =y | Xo =)

yeX

=Y 2WP(L<Ti<7*AT*, Xp, =y, T'(y) <T*(y) | Xo =y)
yeX

=Y 2P ST AT <7% Xppex =y, T(y) <T*(y) | Xo=1y).
yeX
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By independence we find that

2P (1< T AT* <7% Xpaee =y, T(y) <T*(y) | Xo =)
yeX

=Y 2YPA ST AT <7* Xppw =y | Xo =) P (TH(y) < T*(1))
yeX
= ZP(lSTt/\T*<T‘, Xroarmx =y | Xo=1y)

yeX

= (B@AT < 7% Xppew =y | Xo=3) — 1)
yeX

Using eq. (3.50) gives us that

S (PTmAT <7% Xppew =y | Xo =) - 1ix;)

yeX

- Z (IP’ ((y,*) €EPy,ory € Pf/t) - ﬁ)

yeX

=3 (K — o) = T [Ki2] - o5
yeXx

which completes the proof. O

Proof of theorem 3.6. The result of theorem 3.6 follows from lemmas 3.7, 3.8, 3.10
and 3.11. O

3.4.4 Closed walk decomposition

Corollary 3.6.1 is a simple consequence of theorem 3.6.

Proof of corollary 3.6.1. Fix v = (2, 71,...,2;) € P, By theorem 3.6 the intensity
measure [ is given by

Write

b
1~ ((a, b)) = / KePunit (Xk)o<k<ti4+1 =7 | X141 = Xo) dt.

a

Pounit (Xk)o<k<ri+1 = 7)

Punit(Xk)osh<rit1 =7 X141 = Xo) = —5 Xr 11 = Xo)

For the denominator we have by eq. (3.54) that

82
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We therefore have that

néd
Punit(Xi)o<k<ri+1 =7 | X141 = Xo) = A+ o0

) 5t -1
T (14 0t)2k, \ 140t Puo(Xidoskst =)

1) ot =11 w(xi_l,xi) 1 t =1
(14 6t)2k \ 1+ 6t J (14 6t)2k \ 1+ 6t ’

which completes the proof.

P it (Xk)o<k<ti+1 =)
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