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1 Methods for the analysis, interpretation and explanation of the features of large
complex networks are both of theoretical importance, e.g. to aid in understanding
complex graph models in statistical physics, as well as of applied utility, e.g. since
many real-world systems can be modelled as complex networks. Improvements in
these methods can provide a better understanding of large network systems. Gener-
ally, the difficulty of analyzing a network increases with its complexity.

Forests, defined as acyclic graphs consisting of one or more trees, are elementary
networks that exhibit minimal structural complexity. Due to their inherently simple
nature, forests are amenable to many forms of analysis. Hence, if the relevant struc-
tural properties of a complex network can, at least partially, be captured by a spanning
forest of the network, or a collection of spanning forests, then these forests can be a
valuable tool in their analysis.

This dissertation consists of two parts, each of which describes a distinct imple-
mentation of a complexity reduction scheme with the help of spanning forests.

The topic of part I, which is the largest of the two parts and contains chapters 2
to 4, is a specific probability measure on the rooted spanning forests of an arbitrary
given network that depends on a single positive intensity parameter. This measure
will be referred to as the Kirchhoff forest measure.

The Kirchhoff forest measure is of theoretical relevance due to its connection to
various models from statistical physics. It is a variation on the familiar uniform span-
ning tree, and is further connected to e.g. the random walk loop-soup and the Gaussian
free field. Rather than inquiring into thermodynamic limits, the primary focus will
be on studying Kirchhoff forests on finite graphs, and, in particular, on the effect of
varying the intensity parameter.

While this work focuses on the theoretical study of Kirchhoff forests and does not
aim to develop practical applications, possible applications do provide a motivation for
this study. One example of a well-studied applied problem in network science is that
of community detection, i.e. partitioning the vertices of a network in a manner that
emphasizes the connectivity structure of the network. A spanning forest of a network
provides a natural way to partition the vertex set, by grouping vertices according to
constituent trees. In [7] a random forest-based vertex partitioning was introduced that
is based on the Kirchhoff forest measure. Further applications include the estimation
of the Laplacian spectrum of a network [9].

The Kirchhoff forest discussed in part I is defined on an arbitrary network. In
contrast, the forest reduction exhibited in chapter 5, the sole chapter of part II, is
restricted in scope to bipartite graphs that result from a specific problem in coupling
theory. As will be shown, for this problem the entire relevant structure of the bipartite
graph can be captured by a single deterministic spanning forest.
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The remainder of this introductory chapter provides an overview of the relevant
mathematical objects for parts I and II in section 1.1 and section 1.2, respectively. In
section 1.3 a more detailed description is given of each of the four chapters and of the
results presented therein. The final section, section 1.4, concludes this chapter with a
summary of several remaining open problems.

1.1 Kirchhoff forests
Given an arbitrary weighted directed graph G = (X , E , w), with vertex set X , directed
edge set E ⊆ X ×X and edge-weight function w, the Kirchhoff forest measure on G is
a specific measure on the set of rooted forests. More precisely, it is a family of such
measures depending on a positive parameter denoted by q. In this work all forests
considered will be spanning forests. A rooted forest is a forest in which for each of its
connected components, i.e. for each tree of the forest, a vertex in that tree is designated
as the root of that tree. It is notationally convenient to represent a rooted forest as
a set of directed edges, with each edge directed towards the root of its tree. In what
follows a rooted forest will sometimes be referred to as a graph instead of a collection
of edges.

Definition 1.1.1 (Kirchhoff forest). Given an arbitrary edge-weighted directed
graph G = (X , E , w), and a parameter q > 0, a Kirchhoff forest on G of intensity q is
a random rooted forest Φq with law

P(Φq = F ) := 1
Z(q) qr(F )

∏
e∈F

w(e), for all rooted forests F of G,

where r(F ) denotes the number of roots of F , and Z(q) :=
∑

F qr(F ) ∏
e∈F w(e) is

the normalizing partition function. ■

The intensity parameter q controls the expected number of trees of the Kirchhoff
forest. For large q a Kirchhoff forest consists of many small trees. For small q a Kirch-
hoff forest is a rooted forest with few components. The uniform spanning tree (UST)
measure is recovered in the limit as q ↓ 0. At q = 1 the (weighted) uniform measure
on rooted forest is obtained.

Over the past decade, Kirchhoff forests have gained increasing attention, both
through efforts aimed at finding practical applications, and enlarging theoretical per-
spectives, see e.g. [1, 10, 20, 70].

1.1.1 Uniform spanning tree
The Kirchhoff forest measure is intimately connected to the UST measure, and hence
to various other models related thereto, e.g. the Fortuin-Kasteleyn random-cluster
model.

The connection with the UST can be illustrated by considering an extension of
the underlying graph on which the Kirchhoff forest measure is defined. This extended
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1 graph is obtained by adding to the original graph a ‘cemetery’ vertex and directed
edges from each vertex towards the cemetery vertex that all have edge-weight q. If T

is a (weighted) UST of the extended graph, then the induced subgraph of T obtained
by removing the cemetery vertex is a Kirchhoff forest of intensity q on the original
graph. The link between the UST and Kirchhoff forest models allows for many results
on the UST to be directly adapted to Kirchhoff forests.

The Kirchhoff forest measure should not be confused with another interesting forest
measure that is related to the random-cluster model, namely the uniform spanning
forest mentioned e.g. in [31], which is a measure on the unrooted forests of the graph
that has no direct connections to Kirchhoff forests. The uniform spanning forest
measure should, in turn, not be mistaken for the UST measure on the integer lattice
in dimensions d > 4, which, confusingly, is also referred to as the uniform spanning
forest, due to the fact that in high dimensions the UST measure is supported on forests
[14].

1.1.2 Wilson’s algorithm
The primary reason why Kirchhoff forests lend themselves well towards various ap-
plied problems is the existence of an efficient sampling procedure due to Wilson [77].
This celebrated procedure, known as Wilson’s algorithm, allows for the sampling of a
Kirchhoff forest Φq with expected time complexity O(n(1+ w̄

q )), where n is the number
of vertices of the graph, and w̄ is its mean weighted out-degree [9, 61, 77]. Remark-
ably, for dense graphs this means that sampling Kirchhoff forests can be done faster
than observing all the edges of the network. Recently, Wilson’s algorithm has been
generalized to a unified framework of efficient sampling procedures known as partial
rejection sampling [32].

Moreover, Wilson’s algorithm is a powerful tool for the theoretical analysis of
Kirchhoff forests. It was noted by Pemantle that the law of the path from a given
vertex to its root is that of a loop-erased random walk [67]. Wilson’s procedure makes
use of loop-erased random walks to construct a Kirchhoff forest, so that questions
on the abstract Kirchhoff forest measure can be translated into questions on random
walks, which are often more tangible.

Wilson’s algorithm to produce a Kirchhoff forest of intensity q can be described as
follows:

• On the graph G we define a sub-Markovian random walk that is obtained from
the random walk on the extended graph, with additional edges of weight q as
defined in section 1.1.1 above, by killing the random walk whenever it hits the
cemetery vertex.

• Pick an arbitrary vertex and run the sub-Markovian random walk starting from
that vertex until it is killed. Each time the random walk makes a cycle, all edges
in the cycle are removed from the trajectory of the random walk, to obtain
its loop-erased trajectory. This loop-erased trajectory becomes a branch of the
Kirchhoff forest.
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• Repeatedly pick a new vertex that has not been picked before, and run an in-
dependent copy of the sub-Markovian random walk until either it is killed or it
hits a vertex in the loop-erased trajectories of any of the previous random walks.
Continue in this manner until all vertices have been picked.

• The union of all directed edges in the loop-erased trajectories of the sub-Markovian
random walks forms a Kirchhoff forest of intensity q. This intensity is given by
the killing rate of the sub-Markovian random walk.

The loop-erased random walks employed in Wilson’s procedure have been extensively
studied in their own right. See e.g. [53, 54, 74]. For our purposes, a noteworthy result
is a theorem due to Marchal [61], that explicitly characterizes the law of a loop-erased
random walk as a ratio of determinants, as this result allows for the explicit compu-
tation of the probability of obtaining a particular branch in a Kirchhoff forest.

1.1.3 Laplacian spectrum and determinantal processes
An important role in the study of Kirchhoff forests is set aside for the graph Laplacian
matrix L, i.e. the matrix (L(x, y))x,y∈X with off-diagonal entries L(x, y) := −w(x, y)
and diagonal entries L(x, x) :=

∑
y ̸=x w(x, y). Many quantities related to the Kirchhoff

forest measure can be expressed in terms of the Laplacian spectrum. These spectral
expressions can be useful in two opposite directions. From a theoretical point of view
these expressions can aid computations in cases where the Laplacian spectrum is well
understood. Conversely, the spectral expressions can be applied in spectral estima-
tion procedures, relying on the efficient sampling of Kirchhoff forests due to Wilson’s
algorithm.

The primary example of the relevance of the Laplacian spectrum is Kirchhoff’s
matrix-tree theorem, the eponym of the forest measure. This theorem states that the
Kirchhoff forest partition function is given by the characteristic polynomial of −L, i.e.

Z(q) = det[qI + L],

where I denotes the identity matrix. Another example is the root process, i.e. the
random subset of vertices that are roots of a Kirchhoff forest Φq. The set of roots
forms a determinantal process with kernel Kq := q(qI + L)−1 [6]. The spectrum of
this kernel is easily expressed in terms of the Laplacian spectrum. Moreover, the
entries of the matrix Kq have a probabilistic interpretation in terms of Kirchhoff
forests [19]: the entry Kq(x, y) is equal to the probability of the event that both
x and y belong to the same tree of Φq, and y is a root.

Not only the roots of a Kirchhoff forest form a determinantal process. More im-
portantly, when viewed as a subset of the directed edge set a Kirchhoff forest is itself
a determinantal process, a result due to Burton and Pemantle known as the transfer-
current theorem [17].

While a general sampling method exists for determinantal processes with self-
adjoint kernels [35], for the case of Kirchhoff forests this method is outperformed by
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1 Wilson’s algorithm, which is both more efficient and more generally applicable, not
only when the underlying graph G is undirected, but even in cases where the transfer-
current kernel is not self-adjoint. The matrix-tree theorem and the transfer-current
theorem ensure that the partition function and the edge correlations can be explicitly
computed, and place the Kirchhoff forest model firmly in the realm of integrable
systems.

1.1.4 Loop-soups, occupation fields and Gaussian free field
The loops that are removed from the random walk trajectories during Wilson’s pro-
cedure constitute a random configuration of cycles of the graph. Hence, in addition
to producing a Kirchhoff forest Φq, Wilson’s procedure also generates a random set of
cycles Cq. Remarkably, even though these are obtained from the same random walks,
the produced cycles are independent of the resulting Kirchhoff forest [77].

It was shown by Le Jan that the cycle configuration Cq produced by Wilson’s
algorithm is closely related to the random walk loop-soup [55], which is a Poisson point
process on the countable set of closed walks of the graph G, with intensity measure

µ((x0, x1, . . . , xl)) := 1
l

l∏
k=1

P (xk−1, xk), for walks (x0, x1, . . . , xl) with xl = x0,

where P denotes the substochastic transition matrix of the employed sub-Markovian
random walk. The link between Wilson’s algorithm and the loop-soup is in particular
apparent in their respective occupation fields. The occupation field Ĉ of a (determin-
istic) set of closed walks C is the map that counts for each vertex x the total number
of visits1 of x by all the closed walks in the set, i.e.

Ĉ(x) :=
∑

(x0,x1,...,xl)∈C

l∑
k=1

1{xk = x} for x ∈ X .

This defines the random occupation fields of both Cq and the loop-soup. The occupa-
tion field of the loop-soup has the same distribution as the occupation field of Wilson’s
cycle configuration [55].

Le Jan established a further connection between these two occupation fields and
the discrete Gaussian free field (DGFF) with mass q, which is a centered multi-variate
Gaussian random variable ϕq = (ϕq(x))x∈X with covariance matrix given by the
Green’s function, i.e.

E[ϕq(x)ϕq(y)] := (qI + L)−1(x, y), for x, y ∈ X .

For the continuous-time analogue of Wilson’s occupation field, Le Jan showed that
it is equal in distribution to the average of the squares of two i.i.d. DGFFs ϕq and
ϕ̃q with mass q. This connection was further extended by Lupu, who showed how to
construct an elegant coupling of the DGFF and the loop-soup [59].

1More precisely, the number of arrivals to x is counted, as the starting point x0 of each closed
walk does not contribute to the count.
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1.2 Couplings and matchings
The topic of chapter 5 will be two distinct problems, the first related to couplings of
probability measures, the second concerning matchings of bipartite graphs, which are
more closely related than might be apparent at first glance.

The following problem regarding couplings of probability measures is considered.
Given are two finite sets A and B, two probability measures P and P′ on A and B,
respectively, and a subset R ⊆ A×B of the product space.

Does there exist a coupling of P and P′ that is supported on R?

A solution to this problem is provided by Strassen’s theorem, which gives a necessary
and sufficient condition for the existence of the sought coupling [75]. In the most
popular form of Strassen’s theorem, the relation R is restricted to being a partial
ordering, in which case it is known as Strassen’s theorem on stochastic domination
[57]. The scope of Strassen’s thoerem extends beyond this setting, and holds for any
closed subset R between two Polish spaces.

In our work, the setting will be restricted to finite sets, in which Strassen’s theorem
states the following.

Theorem 1.1 (Strassen’s theorem for finite sets). Let A and B be finite sets
and R ⊆ A × B a relation between them. Let P and P′ be probability measures on A

and B, respectively. Then there exists a coupling P̂ of P and P′ with P̂(R) = 1 if and
only if

P(U) ≤ P′(NR(U)) for all U ⊆ A,

where NR(U) := {y ∈ B : ∃x ∈ U such that (x, y) ∈ R}.

Strassen’s theorem is closely related to a celebrated result in combinatorics on per-
fect matchings in bipartite graphs, known as the marriage theorem due to Hall [33].
A perfect matching of a graph is a set of edges such that each vertex is incident to
exactly one edge. In the literature, the perfect matchings of a graph are studied using
the dimer model [43]. In our work, however, matchings will be approached from a
combinatorial perspective.

The problem addressed by the marriage theorem asks whether a given bipartite
graph has a perfect matching.

Theorem 1.2 (Hall’s marriage theorem). Let G be a bipartite graph with bipar-
tition {A, B} such that |A| = |B|. Then G contains a perfect matching if and only
if

|U | ≤ |NG(U)| for all U ⊆ A,

where NG(U) denotes the set of vertices that are neighbors of vertices in U .

It is well-known that the marriage theorem belongs to a larger class of combinatorial
theorems that are all equivalent to each other, in the sense that each of them can be
easily derived from any of the others. See [73] for an overview of these equivalences.
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1 Strassen’s theorem belongs to this class of equivalent theorems as well, as shown by
Dudley, who derives Strassen’s theorem on stochastic domination from the marriage
theorem [23]. Another elegant proof of Strassen’s theorem for finite sets is mentioned
in [58, pp. 46]. This proof, which is elaborated in e.g. [36], derives Strassen’s theorm
from one of the equivalent theorems, namely, Ford and Fulkerson’s max-flow min-cut
theorem [28], and shows that any method for finding maximal network flows can be
used to construct the sought coupling.

1.3 Outline
Chapter 2 In chapter 2 we study the connectivity properties of the Kirchhoff forest

measure. Each rooted forest partitions the vertices of the underlying graph
into its constituent connected components. By considering the vertex partition
resulting from a Kirchhoff forest, we obtain a distribution on the set of partitions
of the vertices, the so-called loop-erased partitioning. The observable of interest
in this chapter is the two-point correlation function, defined as the probability
that two given vertices belong to the same block of a loop-erased partition, or
equivalently, as the probability that these vertices belong to the same tree of a
Kirchhoff forest.
First, the monotonicity of the two-point correlations is established, when consid-
ered as a function of the intensity parameter q, for the special case in which the
underlying graph is undirected. We conjecture that this monotonicity extends
to the general setting.
Next, we continue an investigation initiated in [7], asking whether the two-point
correlations can detect various clustering structures in the underlying graph.
Several simplistic sparse graphs with and without built-in structures are con-
sidered as examples. By studying the asymptotics of the two-point correlations
as the number of vertices increases, we investigate which of the built-in struc-
tures can be detected by correctly tuning the intensity parameter q. Special
emphasis is given to path graphs, for which we show that detailed control on the
asymptotics of the two-point correlations can be obtained.

Chapter 3 In chapter 3 we define and study a stochastic process that is a dynamic
extension of the occupation field of Wilson’s algorithm. The construction of this
process utilizes an extension of the Kirchhoff forest measure that was introduced
by Avena and Gaudillière in [6], which couples Kirchhoff forest measures with
different intensities. A complete characterization is given for the distribution of
the process. In particular, it is shown that the constructed occupation field pro-
cess is a piece-wise constant and monotone increasing Markov process, and that
at each jump time the increment of the process is distributed as the occupation
field of a single loop of a random walk loop-soup.

Chapter 4 The investigation of chapter 3 is continued in chapter 4, where the focus
shifts from the occupation field of Wilson’s algorithm to the configurations of
removed loops from which the occupation field can be obtained. As in chapter 3,

8
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the coupling of Kirchhoff forests from [6] is used to extend the static random
loop configuration, obtained from a single application of Wilson’s procedure, to
a dynamic process of increasing amounts of loops.

Utilizing this dynamic loop configuration, three results are achieved in chapter 4.
Firstly, a dynamic extension of the random walk loop-soup is constructed. Inci-
dentally, this construction provides an alternative proof of the result in chapter 3
which is more insightful than the proof provided there. Secondly, a spectral de-
composition of the dynamic random walk loop-soup is provided, which could aid
the refinement of the spectrum estimation scheme proposed in [9]. Thirdly, by
relying on Lupu’s coupling of the random walk loop-soup and the discrete Gaus-
sian free field with mass [59], a coupling is constructed that couples Gaussian
free fields of all possible masses.

Chapter 5 The main contribution of chapter 5 is a novel and elementary proof of
Strassen’s theorem for the special case in which sets A and B are finite, that
utilizes a forest reduction scheme for the coupling problem. By interpreting R as
the edges of a bipartite graph with vertices A∪B, the problem can be translated
into a graph-theoretic setting. The main lemma of chapter 5, the so-called
subforest lemma, shows that the relevant structure of this bipartite graph can
be captured by a single forest. This lemma is used to derive Strassen’s theorem
for finite sets. Contrary to the results in part I, the forest reduction scheme
in chapter 5 does not aim to be of practical use for efficiently constructing the
sought coupling.

Further, a derivation of Strassen’s theorem for finite sets from the marriage
theorem is given, which establishes the equivalence of the two theorems. This
derivation is an adaptation of Dudley’s proof in [23].

1.4 Open problems and further research
One conjecture has already been mentioned above, and concerns the two-point corre-
lation function, i.e. the probability that two vertices belong to the same tree of the
Kirchhoff forest, which is studied in chapter 2.

• Is the function q 7→ P(x ↔Φq
y) monotone non-decreasing on any weighted

directed graph G for all vertices x and y?

It is shown in chapter 4 that several observables of Wilson’s occupation field can be
expressed in terms of the Laplacian spectrum. These observables have an advantage
over the spectral observables that are employed in the Kirchhoff forests based spectrum
estimation method that is proposed in [9]. Namely, the occupation field observables
are expressed as a mixture of random variables each of which depends only on a single
eigenvalue, rather than as a sum of such variables. Moreover, some of the occupation
field observables depend not only on the Laplacian spectrum, but also on the Laplacian
eigenvectors.

9



• How can the spectral observables of Wilson’s occupation field be employed for
a spectral estimation method, and can they be used to devise an eigenvector
estimation method?

Two further open problems are related to the coupled forest process, which is a
coupling of Kirchhoff forests of different intensities, and is described in detail in chap-
ter 3. This interesting process is ill understood, and warrants further research. While a
complete description of this process might be out of reach, the following two problems
provide interesting starting points.

One starting point would be to study the loop-erased partitioning process, obtained
by considering only the dynamic vertex partitioning resulting from the coupled forests.

• What is the distribution of the loop-erased partitioning process?

Even on simple geometries such as the path graphs this question would be of interest.

While the intensity parameter q can be tuned to provide a given expected number
of roots, sampling a Kirchhoff forest conditioned to have exactly k roots is not as
simple. Denote by τk the first hitting time by the coupled forest process (Φ1/t)t≥0 of
the set of forests with k roots.

• What is the distribution of the coupled forest Φ1/τk
at this hitting time, and

what is the distance2 between its law P(Φ1/τk
∈ ·) and the conditioned law

P(Φq ∈ · | r(Φq) = k)?

An interesting direction in which future research on Kirchhoff forests could be
taken is the study of related thermodynamic and scaling limits, which might exhibit
interesting phase transitions.

2Any relevant notion of distance between distributions can be used, e.g. the total variation distance.
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CHAPTER 2
Loop-erased partitioning via

parametric spanning trees

This chapter is based on the following paper: L. Avena, J. E. P. Driessen, and V. T.
Koperberg. “Loop-erased partitioning via parametric spanning trees: Monotonicities
& 1D-scaling”. In: Stochastic processes and their applications 176 (2024), p. 104436.

Abstract

We consider a parametric version of the UST (Uniform Spanning Tree) measure on arbitrary
directed weighted finite graphs with tuning (killing) parameter q > 0. This is obtained by
considering the standard random weighted spanning tree on the extended graph built by
adding a ghost state † and directed edges to it, of constant weights q, from any vertex of the
original graph. The resulting measure corresponds to a random spanning rooted forest of the
graph where the parameter q tunes the intensity of the number of trees as follows: partitions
with many trees are favoured for q > 1, while as q → 0, the standard UST of the graph is
recovered. We are interested in the behaviour of the induced random partition, referred to as
loop-erased partitioning, which gives a correlated cluster model, as the multiscale parameter
q ∈ [0, ∞) varies.

Emergence of giant clusters in this correlated percolation model as a function of q has
been recently explored on certain dense growing graphs [7]. Herein we derive two types
of results. First, we explore monotonicity properties in q of this forest measure on general
graphs showing in particular some counter-intuitive subtleties in non-reversible settings where
the electrical-network interpretation of the UST observables gets partially lost. Second, by
analyzing two-point correlations on trees and various very sparse growing graph models, we
characterize emerging macroscopic clusters, as q scales with the graph size, and derive related
phase diagrams.
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2.1 Rooted spanning forests, loop-erased partition-
ing and weighted spanning tree measures

Consider an arbitrary directed weighted finite graph G = (V, E, w) on n = |V | vertices
where E ⊆ {e = (x, y) : x, y ∈ V } stands for the edge set and w : E → [0,∞) is a given
edge-weight function. We call Random Walk (RW) associated to G the continuous-
time Markov chain X = (Xt)t≥0 with state space V and infinitesimal generator L given
by the negative of the graph Laplacian, i.e. L is the n × n matrix with off-diagonal
entries Lxy = w(x, y) and diagonal entries Lxx = −

∑
z∈V \{x} w(x, z) guaranteeing

that the entries of each row in L sum up to 0.
A spanning rooted forest of a graph is a union of vertex disjoint rooted trees span-

ning its vertex set, where we consider a rooted tree to be a collection of directed edges
pointing towards the root. That is, a rooted forest F is a subset of E such that:

(i) each vertex has at most one outgoing edge in F ;
(ii) if there exists a directed path in F from vertex x to vertex y, then no such path

exists from y to x.
The roots of F are those vertices without an outgoing edge. Let F denote the collection
of all spanning rooted forests of G.

Definition 2.1.1 (Rooted Spanning Forest of intensity q). Fix a positive pa-
rameter q > 0 and let Φq be the random variable with values in F with law:

P(Φq = F ) = qr(F )w(F )
Z(q) , F ∈ F , (2.1)

where w(F ) :=
∏

e∈F w(e) stands for the forest weight, r(F ) denotes the number
of trees (or equivalently the number of roots) in F ∈ F , and Z(q) is a normalizing
constant referred to as the partition function. We will refer to this measure as random
spanning rooted forest of intensity q. ■

In the unitary weight case w ≡ 1, when q = 1, this measure becomes uniform over
the set of spanning rooted forests F and its structure has been partially analyzed in
several geometrical setups in relation to random combinatorial models in statistical
physics and coalescence theory, see [18, 40, 41, 44, 45, 56, 71, 72]. For any q > 0, Φq

induces a randomized decomposition of a given network into blocks (corresponding to
its trees) and for each block it identifies a representative node (the root of a tree).
The presence of the tuning parameter q makes this object natural for exploring a
network architecture in a multiscale fashion. The goal of this paper is to understand
the structure of the resulting unrooted random blocks on the set of partitions P(V )
of the vertex set V as the scaling parameter q varies. We refer to this object, defined
below, as the Loop-Erased Partitioning (LEP). Its analysis has been initiated on dense
graphs in the recent [7]. In this work we derive general results on the monotonicity
properties of this measure (see Section 2.2.1) and then, by means of these and other
properties, we perform a systematic analysis of the emergent partition on various very
sparse simple growing topologies (see Section 2.2.4).
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Definition 2.1.2 (Loop-Erased Partitioning (LEP) of intensity q). Given G =
(V, E, w), fix a positive parameter q > 0. We call loop-erased partitioning of intensity
q, the random unrooted partition, denoted by Πq, of V , with law:

P(Πq = πm) =
qm
∑

F ∈F :π(F )=πm
w(F )

Z(q) , πm ∈ P(V ), m ≤ |V |, (2.2)

where the sum runs over the space of spanning rooted forests F of G and π(F ) stands
for the partition of V induced by a given spanning rooted forest F where each block is
determined by vertices belonging to the same tree, and m counts the number of blocks
in the partition πm. Equivalently,

Πq := π(Φq). (2.3)

■

Rooted forests and spanning tree measure with uniform killing.

The rooted forest Φq is a natural extension of the classical UST (Uniform Spanning
Tree) measure which on strongly connected graphs is readily recovered in the constant
weight case w ≡ 1 by taking the limit of q going to zero in Eq. (2.1). Alternatively,
this rooted forest Φq can also be seen as a measure on weighted spanning trees on
the extended weighted graph obtained by adding an extra cemetery state accessible
from any vertex via an edge with weight q. Under this perspective, it is clear that
most results known for the UST do have a generalized analogue in the context of this
rooted forest measure. For example, edges in Φq form a determinantal process [6] due
to a version of the so-called transfer-current theorem [17], clarifying its status within
negatively associated systems, see [31, 42, 68]. Due to the Kirchhoff’s matrix tree
theorem, the normalizing constant in Eq. (2.2) can be expressed as the characteristic
polynomial of the matrix L evaluated at q, i.e.

Z(q) :=
∑
F ∈F

qr(F )w(F ) = det[qI − L], (2.4)

see e.g. [6, 19]. As far as sampling is concerned, for fixed q > 0, one can use the
celebrated algorithm due to Wilson [77] based on loop-erased random walks. The latter
is in fact a classical efficient procedure allowing to sample a rooted tree of a graph with
probability proportional to its weight. Further, it is well known that the UST can be
obtained from the unifying Fortuin-Kasteleyn-percolation ‘super-model’ by properly
taking the related interaction parameter to zero, see e.g. [30]. Not surprisingly, as
expressed in Lemma 2.1 below, which for simplicity we state in the unitary weight
case w ≡ 1, the rooted forest in Eq. (2.1) can also be obtained via a similar zero-limit
but by considering a proper FK-percolation with an additional cemetery state. The
proof of this proposition is as in [30], see Thm. 1.23 in Sect 1.5 therein, with the
parameters of the FK as specified in the statement below.

Lemma 2.1 (Rooted forest as zero-limit of extended FK-percolation). Given
an undirected simple graph G = (V, E), let G† := (V†, E†) be the extended graph with

17
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V† := V ∪ {†} where † denotes an extra state, E† := E ∪ Ē with Ē := {(x, †) : x ∈ V }.
Consider the generalized FK-percolation on G† with parameter λ > 0 and vector of
weights p⃗ = (pe)e∈E† such that pe = p ∈ (0, 1) if e ∈ E and pe = γ > 0 for e ∈ Ē, that
is, the following measure on spanning subgraphs of G† seen as collection of edges in
G := 2E† :

P(F K = H) =
λk(H)∏

e∈E
p1{e∈H}(1 − p)1−1{e∈H}∏

e∈Ē
γ1{e∈H}(1 − γ)1−1{e∈H}

Z(λ, p⃗) , (2.5)

for H ∈ G, with k(H) counting the number of connected components of the graph
(V†, H) and Z(λ, p⃗) being a normalizing constant. Assume that p⃗ is a function of λ
such that, as λ→ 0, γ = γ(λ)→ 0, p = p(λ)→ 0 and γ(λ)/p(λ)→ q ∈ (0,∞). Then
as λ goes to zero, the law in Eq. (2.5) (projected onto subgraphs of G) degenerates into
the law of the random rooted forest Φq in Eq. (2.1) with unitary weights.

If the UST represents the “static global random backbone” of a given network, the
forest process (Φq)q>0 can be seen as its “mesoscopic and dynamic” analogue where
the notion of locality is captured parametrically by what the RW sees on time-scale
1/q. As such, it naturally leads to dynamic multiscale approaches (see [6, Thm.2] for
an associated coalescence-fragmentation process), and new structures and questions
which do not make sense within the more restrictive global and static UST context.

Applications of rooted forest measure and LEP:

In a series of recent works [1, 5, 6] some general properties of the rooted forest measure
have been explored. For example, the roots [6, Prop.2.2] in Φq form a determinantal
point process with kernel related to the RW Green’s function, that is: for any A ⊂ V

P(A is in the set of roots) = det[Kq]A, (2.6)

with [Kq]A being the restriction of the matrix Kq := q(qI −L)−1 to the set of indices
in A. The number of roots (or trees, or blocks in Πq) is distributed as the sum of n

Bernoulli random variables with success probabilities q
q+λi

, for i ≤ n, with the λi’s
being the eigenvalues of −L, or their real parts, see e.g. [6, Prop. 2.1]. Its mean number
is monotonically increasing in q. Further, these roots turn out to be well-distributed
in the given network [6, Thm.1] and, conditional on the induced partition, their joint
law is determined by the stationary measures of the random walk X restricted to
each block of the underlying partition [6, Prop.2.3]. These and other features of the
LEP have been recently exploited to build novel algorithms for the following different
applications in data science: multiresolution scheme, wavelets basis and filters for
signal processing on graphs [2, 69, 70], estimate traces of discrete Laplacians and
other diagonally dominant matrices [10], network renormalization [1, 3], centrality
measures [19] and statistical learning [8]. These applications give further motivations
to explore this LEP in more detail. Let us also stress that on general graphs or certain
specific settings such as the integers, it would be of interest to study the LEP in
connection to other random partitions and a natural line of investigation would be to
study its intriguing dynamical structure [6, see Thm.2 and Sect 2.2] within the theory
of coalescence-fragmentation processes.
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Other forest measures:

To conclude this introduction let us clarify that this rooted forest Φq should not be
confused with other forest measures that have been receiving a large amount of at-
tention in the literature in relation to universality classes in statistical physics and to
negatively correlated systems. In particular, when taking the (weak) infinite volume
limit of the UST on d-dimensional lattices for d > 4 (and other transitive settings),
depending on the boundary condition procedure when approaching the limit, the re-
sulting measure concentrates on unrooted forests referred to as wired or free spanning
forests, see e.g. [13, 14, 37, 38, 67] and references therein. On finite graphs another
natural extension of the UST is obtained when considering the uniform measure on
unrooted spanning forests. Properties of this other fascinating forest measure have
been investigated in [12] and recently in [11].

Results overview and paper structure:

The statements of our main results are organized in Section 2.2 divided into the fol-
lowing four subsections.

Monotonicities on arbitrary graphs: We start in Subsection 2.2.1 by presenting
results regarding the monotonicity properties of the rooted forest measure in the
intensity parameter q. In particular: in Lemma 2.2 we state a general formula to
characterize q-monotone events; in Theorem 2.3 we establish monotonicities on
undirected graphs for both the edge process and the 2-point correlation function,
which will later be analyzed in different graph settings to study the emergent
partition; and in Remark 2.4 we then discuss subtle issues and counterexamples
when trying to extend the latter results to a general non-reversible setting.

Connectivity function on trees: In Section 2.2.2 we look at general weighted di-
rected trees. We state that the connectivity function is still monotone on this
directed sub-class of graphs, Theorem 2.5, and we present a related inclusion-
exclusion reduction formula, see Theorem 2.6.

q−scaling on growing segments: Section 2.2.3 is devoted to a detailed analysis of
the LEP on the first n integers where equipartitions are favored. Formulas for
the partition function are first derived in Theorem 2.7, and extended to a ring,
Corollary 2.7.1. Theorem 2.8 gives a recursive representation of the pairwise
correlation in terms of reduced partition functions and offers bounds in terms
of the corresponding RW on the infinite line. The subsequent Corollary 2.8.1
shows explicit bulk and boundary asymptotics.

Emergence of giants on modular growing tree-like structures: Section 2.2.4
is then devoted to the exploration of the emergent blocks and detection of simple
modular structures in certain insightful models for the proper q−scales. In par-
ticular, Proposition 2.10 and Theorem 2.11 look at a star graph without and with
a community structure, respectively. Proposition 2.12 and Theorem 2.13 show
similar analysis on finite trees with different weighted structures in which for
different magnitudes of q different layers are detected. Finally, in Theorem 2.9
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we consider asymptotic detection in a bottleneck graph with two variable-size
connected complete subgraphs by combining the results on the segment, after
suitable contraction, and those for the mean-field case obtained in [7].

All proofs are given in Section 2.3. Technical short lemmas are provided in the ap-
pendices.

2.2 Results: monotonicities & emergent partition

2.2.1 Monotonicity & connectivity function
A notoriously difficult issue for most of the measures that can be obtained from FK-
percolation, is to establish monotonicity properties as a function of the involved pa-
rameters. The following lemma, which is reminiscent of Russo’s pivotality formula in
percolation models [15, 29], offers a general characterization of monotone events w.r.t.
Φq as a function of q.

Lemma 2.2 (Monotone events for the rooted forest on arbitrary networks).
Let G = (V, E, w) be a weighted directed graph, and let rq := r(Φq) be the number of
roots of the random rooted forest Φq. Then, for any set of rooted forests H ⊆ F , it
holds that the derivative w.r.t q of the probability of the event Φq ∈ H is given by

d

dq
P(Φq ∈ H) = 1

qP(Φq ∈ H)
(
E[rq | Φq ∈ H]− E[rq]

)
. (2.7)

This statement, which is proven in Section 2.3.1, is a special case of the more general
fact that for Gibbsian measures µβ with Hamiltonian H and inverse-temperature β it
holds that d

dβ

∫
X dµβ = −

∫
HX dµβ . The main advantage of Lemma 2.2 compared

to this more general statement is the geometrical interpretation of the right hand side
in terms of root numbers. It shows that monotone events in q are those for which the
difference E[rq | Φq ∈ H] − E[rq] has a constant sign as q varies. In practice it might
be not straightforward to check the sign of this difference, since it requires control on
the conditional distribution of rq. Still, for specific events we believe this statement
can be of great help, of which we give an example in the proof of Theorem 2.3. We
also mention that in [6] a coupled version of the forest1 is constructed by means of an
algorithm allowing to sample an entire forest trajectory (Φq)q∈[0,∞). Yet, this coupling
is monotone only in mean, but not trajectory-wise, hence this coupling is not useful
to characterize monotone events.

As anticipated, our main interest within this work is to explore monotonicity prop-
erties of this loop-erased partitioning and its detailed structure on trees and nearly-
one-dimensional geometries. To do so, we will mainly analyze 2-point correlations
associated to Πq, which we introduce next. For a pair of distinct vertices x, y ∈ V ,
consider the event that these vertices belong to different blocks in Πq. That is, the

1This coupling corresponds to an explicit Markovian coalescence-fragmentation process with values
in F in which coalescence of trees is dominant but whenever the underlying building RW produces a
loop, a tree gets fragmented into subtrees, see [6, see Thm.2 and Sect2.2].
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event
{Bq(x) ̸= Bq(y)} := {x and y are in different blocks of Πq},

where Bq(z) stands for the block in Πq containing z ∈ V .

Definition 2.2.1 (2-point correlation or connectivity function). For given q >

0 and G, and any pair x, y ∈ V , we call connectivity function the following probability:

Uq(x, y) :=P(Bq(x) ̸= Bq(y))

=
∑

γ

PLEq
x (γ)Py(τγ > τq) (2.8)

where τq denotes an independent exponential random variable of rate q, Pz and PLEq
z

stand for the laws of the RW X and the corresponding loop-erased RW killed at rate
q, respectively, starting from z ∈ V . Further, the above sum runs over all possible
self-avoiding paths γ starting at x and τγ := inf{t ≥ 0 : Xt ∩ γ ̸= ∅} is the random
walk hitting time of the set of vertices in γ. ■

The representation in Eq. (2.8) is a consequence of Wilson’s sampling procedure
and it holds true since, remarkably, this algorithm is exchangeable with respect to
the starting point of each loop-erased random walk launched along the algorithm
steps [77]. Furthermore, we notice that, as for any generic random partition of V ,
such a connectivity function defines a distance on the vertex set. This specific metric
Uq(x, y) can be interpreted as an affinity measure capturing how densely connected
vertices x and y are in the graph G.

Our second general result, Theorem 2.3, further explores monotonicities in q when
considering undirected networks. Since spanning rooted forests impose a directionality
on its edges, it is convenient to interpret an undirected graph as a symmetric directed
graph with a symmetric weight function, w(x, y) = w(y, x) for (x, y) ∈ E. For these
symmetric graphs Theorem 2.3 states that the “unoriented” edge process, see (2.9),
as well as the 2-point correlations, see (2.10), are both monontone in q. To state
the result about the edge process, we will use the following notation. For a directed
edge e = (x, y) write e− = (y, x) to denote its reversed edge, and let {±A ⊆ Φq} =⋂

e∈A({e ∈ Φq} ∪ {e− ∈ Φq}) denote the event that for each edge e ∈ A either e or e−

is present in the random rooted forest Φq.

Theorem 2.3 (Monotonicity of edges and 2-point correlations on undirected
networks). Consider a symmetric weighted directed graph G = (V, E, w) and the
rooted forest Φq on G for q ∈ [0,∞). Let A ⊆ E be a set of directed edges, then the
function

q 7→ P(±A ⊆ Φq) (2.9)

is monotone non-increasing. Furthermore, for any distinct x, y ∈ V , the function

q 7→ Uq(x, y) (2.10)

is continuous and non-decreasing with U0(x, y) = 0 and limq→∞ Uq(x, y) = 1.
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Figure 2.1: Two directed graphs for which the edge monotonicity (2.9) does not hold.

The monotonicities presented in Theorem 2.3 on undirected graphs are not too
surprising, as this result could be derived from the well-known negative association
result of Feder and Mihail for balanced matroids, see [60, Theorem 4.6 and Lemma
10.3]. This becomes apparent when we interpret the killing rate as edge weights on
an extended graph (as in Lemma 2.1), and in turn interpret all edge weights as multi-
edges, which is straightforward for integer edge weights, but can also be achieved for
real valued edge weights via rational approximation and up-scaling of rational edge
weights into integers.

Remark 2.4 (Beyond reversibility & main open problem). The proof of The-
orem 2.3 presented in Section 2.3.1 will not use the result of Feder and Mihail, and
will instead showcase Lemma 2.2, which could in principle be applied in a directed
setting. The Feder and Mihail result, in contrast, fails in directed setting, as rooted
trees do not exhibit the same matroid basis structure of undirected trees. Our proof
will exploit the undirectedness assumption, but we believe such monotonicity to be
valid in greater generality, though this remains a delicate open problem.

The edge monotonicity of (2.9) should be extendable to reversible graphs, i.e.
strongly connected graphs on which the RW is reversible, since reversible graphs can
be identified with symmetric graphs with inhomogeneous killing, to which the proofs
presented in Section 2.3.1 are still applicable. Moreover, (2.10) might very well hold
for all weighted directed graphs. As will become clear in the proof of Theorem 2.3,
the monotonicity of the (unoriented) edge process in (2.9) implies in particular the
monotonicity of the connectivity function in (2.10). However, these two monotonicities
are not equivalent. As the counterexamples depicted in Figure 2.1 in fact show, it is
not difficult to find non-reversible graphs for which the monotonicity of the edges in
(2.9) fails whereas the one in (2.10) does still hold true. Indeed, for the unweighted
graph in Figure 2.1a it holds that

P(±{(1, 2)} ⊆ Φq) = P((1, 2) ∈ Φq) = 2q2 + q3

q + 5q2 + 4q3 + q4 ,

which is increasing for q <
√

3 − 1. This failure of monotonicity can be explained

22



S2.2. Results: monotonicities & emergent partition

C
hapter

2

heuristically with the help of Lemma 2.2. For q very small the expected number of
roots is close to one. Conditioning on edge (1, 2) being present forces the random
forest to have at least two roots, so then the conditioned expectation of the number
of roots will be larger then the unconditional expectation. The above heuristic uses
that the graph is not strongly connected. In strongly connected graphs, conditioning
on unoriented edges being present cannot increase the minimal number of roots in a
random forest. Still, Figure 2.1b shows a strongly connected weighted graph with

P(±{(1, 3)} ⊆ Φq) = 6q + 8q2 + 2q3

18q + 21q2 + 8q3 + q4 ,

which is increasing for q <
√

2− 1.
Unlike the subtle edge monotonicity in (2.9), we could not find examples where

the one for the 2-point correlation (2.10) fails and in fact, we conjecture the latter to
hold true in general but proving it remains an open problem. A first careful attempt
to settle this conjecture in a non-reversible setting is offered in Theorem 2.5, where
it is shown that (2.10) also holds at least on arbitrary weighted directed trees. In
particular, on trees that are not strongly connected and hence non-reversible. It
should be noted that even trees that are not strongly connected do satisfy the cycle
condition for reversibility [62, p. 307], by virtue of having no non-trivial cycles. So, in
some sense such trees are still close to be reversible.

2.2.2 Two-point correlation on trees

We start here to discuss results specific to trees, which are weighted directed graphs
in which for any pair of vertices there exists a unique undirected path between them.
Let us notice that in this setup, the analysis is facilitated by the absence of cycles. In
general, the mapping from F to rooted partitions is not injective, while on trees this
is the case.

In the constant weight case w ≡ 1, for a partition into m ≤ |V | blocks πm =
{B1, B2, . . . , Bm} ∈ P(V ), the measure in Equation (2.2) reads as

P(Πq = πm) = qm
∏m

i=1 |Bi|
Z(q) ,

from which we see that, for a given q, it concentrates on partitions where the block
sizes tend to be of the same order. In this sense equipartitions are favored.

The first result in this tree specific setting extends the monotonicity of the 2-point
correlation, as expressed in Theorem 2.3, to a specific weighted directed setting.

Theorem 2.5 (Monotonicity of 2-point correlations on trees). If G = (V, E, w)
is a weighted directed tree, then for all x, y ∈ V the function

q 7→ Uq(x, y)

is monotone non-decreasing.
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Next we derive a representation of the 2-point correlation on arbitrary trees, in
terms of reduced partition functions over subtrees.2 To avoid confusion, in each state-
ment in the sequel we will add proper indices to the partition and connectivity func-
tions specifying the considered graph. The distance d(x, y) between two vertices x

and y will refer to the unweighted shortest path distance, i.e. the minimum number
of edges on an undirected path between the two vertices.

Theorem 2.6 (Inclusion-exclusion for 2-point-correlation on trees). Let G =
(V, E, w) be a weighted directed tree. Fix x, y ∈ V with d(x, y) = d and let (zi)d

i=0 be
the unique undirected path with z0 = x and zd = y. For a subset I ⊆ [d] let GI denote
the graph obtained by removing all edges between zi−1 and zi from G for all i ∈ I.
Denote the |I| + 1 connected components of GI by G1

I , . . . , G
|I|+1
I . Then, for every

q > 0, the following representation is valid

U (G)
q (x, y) = 1

ZG(q)

 d∑
k=1

(−1)k+1
∑

I∈([d]
k )

k+1∏
i=1

ZGi
I
(q)

 . (2.11)

Here
([d]

k

)
denotes the collection of k-element subsets of [d].

In particular for x, y such that d(x, y) = 1:

Uq(x, y) = Zx(q)Zy(q)
ZG(q) , (2.12)

where Zx(q) and Zy(q) denote the partition functions of the two connected components
of the graph obtained by removing the edges between x and y.

2.2.3 Integer partitioning: analysis on lines and rings
In what follows we denote by PGn := Z∩ [1, n] the (undirected and unweighted) path-
graph constituted by the first n integers and by CGn the cycle-graph on n vertices
(i.e. the one dimensional discrete torus).

Theorem 2.7 (Partition function of path-graphs). The partition function in (2.4)
of PGn can be expressed in the following ways:

ZP Gn
(q) =

n∑
k=1

(
n + k − 1

2k − 1

)
qk (2.13)

=
n∏

k=1

(
q + 2− 2 cos

(
π(n−k)

n

))
(2.14)

=
q
(

q + 2 +
√

q2 + 4q
)n

− q
(

q + 2−
√

q2 + 4q
)n

2n
√

q2 + 4q
(2.15)

= qTn−1( q
2 + 1). (2.16)

Here Tn−1 denotes the n− 1-th degree Chebyshev polynomial of the second kind.
2This type of reduction is due to the well-known spatial Markov property for UST-like measures

(see Proposition A.2).
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As can be appreciated in the proof, the above different representations reflect
different computational methods suited for the random forest. We notice that for
q = 1 evaluating this partition function corresponds to counting the number of rooted
forests of the path-graph, as previously derived in [18].

One of the messages of this paper is that having an explicit characterization of
a simple given geometry can be useful to derive information on some more involved
geometry. The next corollary shows one such very simple instance by expressing the
partition function on the torus in terms of partition functions of the simpler path-
graph.

Corollary 2.7.1 (Partition function of cycle-graphs). The partition function of
CGn is given by

ZCGn
(q) = ZP Gn

(q) + 2
q

[
ZP Gn

(q)− ZP Gn−1(q)
]
− 2 (2.17)

=
n∑

k=1

((
n + k

2k

)
+
(

n + k − 1
2k

))
qk. (2.18)

The following result uses the notations [n] = {1, 2, . . . , n} and N0 = N ∪ {0}.

Theorem 2.8 (Bounds for correlations on path-graph via random walk on
Z). Let x, y ∈ [n] be two vertices in PGn at distance d := y − x > 0. Then, for any
q > 0, the 2-point correlation between x and y is given by

U (P Gn)
q (x, y) = 1−

ZP Gn−d
(q)

ZP Gn(q) −
d
[
ZP Gx

(q)− ZP Gx−1(q)
] [

ZP Gn−y+1(q)− ZP Gn−y
(q)
]

qZP Gn(q) .

(2.19)
Moreover, by denoting with S = (Sm)m∈N0 the discrete-time simple random walk on
Z starting at 0, the following bounds are satisfied(

1−
(

2
2+q

)m)2 (
2P(|Sm| < d

2 )− 1
)2 ≤ U (P Gn)

q (x, y) ≤ 1− P(|Sm| > d)
(

2
2+q

)m

,

(2.20)
where the upper bound is valid for any m ∈ N, while the lower bound holds for m such
that P(|Sm| < d

2 ) ≥ 1
2 .

From the above statement, due to the diffusive behavior of the simple random
walk S, it is clear that the correlation function between two points in a segment
is non-degenerate when qn scales with the inverse square distance between the two
points. The next corollary makes this statement precise and shows that boundary
effects emerge neatly from the asymptotic analysis.

Corollary 2.8.1 (Non-degenerate scaling and asymptotic boundary effects).
For each n ∈ N let xn and yn be vertices in PGn. Let dn denote the distance between
these vertices and let (qn)n∈N be a monotone sequence of positive parameters. Then,
if the limit limn→∞ U

(P Gn)
qn (xn, yn) exists, it holds that

lim
n→∞

U (P Gn)
qn

(xn, yn) ∈ (0, 1) if and only if qn = c
d2

n
+ o( 1

d2
n

) for some constant c > 0.
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In particular, fix δ > 0 and let (ζn)n∈N be a sequence such that ζn ∈ [δ
√

n, n−δ
√

n]
for large enough n. Set xn = ζn− δ

√
n + o(

√
n), yn = ζn + δ

√
n + o(

√
n) and qn ∼ 1

d2
n

,
then the following two limits, distinguishing between the bulk and near the boundaries,
are possible:

lim
n→∞

U (P Gn)
q (xn, yn)

=


1− 3

2e if ζn = ω(
√

n) and ζn = n− ω(
√

n)

1− 3
2e −

1
2 e− α

δ if ∃α ≥ δ s.t.


ζn = α

√
n + o(

√
n)

or
ζn = n− α

√
n + o(

√
n)

(2.21)

In the above statement we computed the exact asymptotics only when the distance
of the two vertices scales as the square root of n. Similar exact computations can be
derived for other choices of the magnitude of this distance. We refer the interested
reader to [52] for analogous statements in the cases when dn stays of order one or
diverges linearly. In particular, we note that giants (i.e. blocks of order |V |) appear
at scale qn ∼ d−2

n and a unique giant emerges as soon as qn = o(n−2).

2.2.4 Detecting modular structures

We collect here a number of simple statements of similar flavour aiming to illustrate
that in tree-like graphs the emergence of giants and other modular structures can be
detected with high probability by properly tuning q. Figures 2.2, 2.3 and 2.4 give a
graphical overview of the main results in this section, which are given in Theorems 2.9,
2.11 and 2.13.

We start by showing with an illustrative example how the analysis on trees pre-
sented here and that on complete graphs, pursued in [7], can be combined to obtain
results on mixed geometrical setups. The resulting regimes are summarized in the
phase diagram in Figure 2.2b.

Theorem 2.9 (Detection of cliques in a bottleneck graph). Let BGn,m be a
bottleneck (two-cluster) graph. That is, an undirected graph consisting of two disjoint
cliques C1, C2 on n and m vertices, respectively, that are connected via a single bridge
edge, as depicted in Figure 2.2a. Equip BGn,m with a weight function that assigns
weight w to the bridge and weight 1 to all other edges. Then its partition function is
given by

Z(q) = q (q(q + n)(q + m) + w(q + 1)(2q + n + m)) (q + n)n−2(q + m)m−2. (2.22)

Further, set q = qn > 0 and let w = wn and m = mn depend on n where n ≥ m.
Denote by b, b′ the two vertices incident to the bridge, by x, x′ two vertices that both
belong to the clique Ci containing b, and by y a vertex in the clique containing b′.
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w

(a) A bottleneck graph with bridge weight w and
two cliques of size n = 9 and m = 7.

α

β

-

|
0

1
2

1

(i)

Giant

(ii)

(iii) (iv)

(v)

Detection
(vi)

(vii)

Dust

(b) Phase diagram for the bottleneck graph, with q = nα, w = nβ and m =
√

n.
Regions (ii) and (v) are the regimes where the LEP detects the community structure.
For each of the regions the following event occurs with high probability: (i) One single
tree; (ii) Two trees on n + 1 and

√
n vertices, with the large tree containing both

bridge vertices; (iii) One tree consists of the n vertices in the largest clique with the
bridge vertex from the small clique, while the other vertices in the small clique are
isolated; (iv) Both bridge vertices are connected, and all others are isolated; (v) Two
trees with n and

√
n vertices, while the bridge edge is absent; (vi) One tree with all

n vertices in the largest clique, while the
√

n vertices in the small clique are isolated;
(vii) n +

√
n isolated vertices.

Figure 2.2: Summary of the results in Theorem 2.9.
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Then as n→∞ it holds for the 2-point correlation between these vertices that

Uq(x, x′)→
{

0 if q = o(
√
|Ci|)

1 if q = ω(
√
|Ci|)

(2.23)

Uq(b, b′)→
{

0 if q = o( w
m ) or (q = o(w), w = ω(m))

1 if q = ω(w) or (q = ω( w
m ), w = o(m))

(2.24)

Uq(b, x)→



0 if
{

q = o(1) or (q = o(
√
|Ci|), w = o(m))

or (q = o(
√
|Ci|), m = o(n)),

c
1+c if

{
q = ω(1), q = o(

√
|Ci|), w = ω(m),

|Ci| = n, m ∼ cn with c ∈ (0, 1]

1
1+c if

{
q = ω(1), q = o(

√
|Ci|), w = ω(m),

|Ci| = m, m ∼ cn with c ∈ (0, 1]
1 if q = ω(

√
|Ci|)

(2.25)

Uq(x, y)→
{

0 if q = o(1), q = o( w
m )

1 if q = ω(1) or (q = o(1), q = ω( w
m )).

(2.26)

In Proposition 2.10 we make precise how q scales on a given large star graph with
homogeneous edge weights.

Proposition 2.10 (Connectivity function on a homogeneous star graph). Let
SGn denote the star graph on n vertices, i.e. SGn is an undirected tree consisting of a
single center vertex c that is adjacent to n−1 leaves. Let x, y be two distinct leaves and
equip SGn with a uniform weight function that assigns weight w to all edges. Given
q > 0,

Uq(c, x) = q(q + (n− 1)w)
(q + w)(q + nw) (2.27)

Uq(x, y) = q(q2 + (n + 2)wq + 2(n− 1)w2)
(q + w)2(q + nw) , (2.28)

which implies that q 7→ Uq(c, x) and q 7→ Uq(x, y) are strictly concave.
Let qn = q̄nα and wn = w̄nβ with α, β ∈ R and q̄, w̄ ∈ (0,∞). Then

lim
n→∞

U (SGn)
qn

(c, x) =


1 α > β

q̄
q̄+w̄ α = β

0 α < β

,

lim
n→∞

U (SGn)
qn

(x, y) =


1 α > β
q̄(q̄+2w̄2)

(q̄+w̄)2 α = β

0 α < β

(2.29)

We see that the critical phase for the appearance of a giant is when α = β. In this
critical case the resulting connected subtree can be thought of as a star whose center
has offspring distribution of parameter q̄/(q̄ + w̄).
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c

x y

1 1 1 1 w w w w

(a) A community star graph with n = 9 ver-
tices, with center vertex c and k = 4 vertices in
the weight-1 community. The remaining four
vertices belong to the weight-w community.

α

β

0

(i)

Giant (ii)

Detection

(iii)

Detection

(iv)

Dust

0

•−1

(b) Phase diagram for the community star graph, with q = nα and w = nβ. For
each of the regions the following event occurs with high probability: (i) One single
tree; (ii) k + 1 trees, all k vertices incident to a weight 1 edge are isolated, while the
remaining vertices form a single tree; (iii) n − k trees, all n − k − 1 vertices incident
to a weight w edge are isolated, while the remaining vertices form a single tree; (iv)
n isolated vertices. The exact limit values of the correlations along the bold lines,
i.e. in the non-degenerate regimes, can be found in Theorem 2.11.

Figure 2.3: Summary of the results in Theorem 2.11.
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The following statement clarifies how q should be scaled in a non-homogeneous
star, to detect an implanted sub-module of leaves that are more densely connected to
the center. Figure 2.3b offers a graphical representation of Theorem 2.11.

Theorem 2.11 (Asymptotic detection in a star graph with two communi-
ties). Let CSGn,k denote the community star graph on n vertices, which is a star
graph on n vertices equipped with an inhomogeneous weight function, that assigns
weight 1 to k edges and weight w to the remaining n− k− 1 edges, as depicted in Fig-
ure 2.3a. Let c denote the center vertex, x, y vertices incident to an edge with weight
1 and w, respectively. For α, β ∈ R take qn = nα, wn = nβ and k constant. Then

lim
n→∞

U
(CSGn,k)
qn (c, y) =


0 if α < β
1
2 if α = β

1 if α > β

,

lim
n→∞

U
(CSGn,k)
qn (c, x) =



0 if α < 0
1
2 if α = 0, β > −1
k+3

2k+8 if α = 0, β = −1
k+1

2k+4 if α = 0, β < −1
1 if α > 0

(2.30)

The next two statements show similar detections on trees of different flavours.

Proposition 2.12 (Asymptotic correlation in undirected trees with bounded
number of vertices). Let G = (V, E) be an undirected tree. For each k ∈ N let wk :
E → (0,∞) be a symmetric edge weight function and qk > 0 an intensity parameter.
Write Gk = (V, E, wk) to denote the weighted graph obtained by equiping G with wk.
Assume that for each edge e ∈ E the limit limk→∞

wk(e)
qk

exists in [0,∞]. Fix two
adjacent vertices x, y ∈ V . Then, as k →∞ it holds that

U (Gk)
qk

(x, y)→
{

0 if qk = o(wk(x, y))
1 if qk = ω(wk(x, y)).

(2.31)

The following theorem holds for a specific class of undirected weighted trees that
will be called ‘hierarchical trees’. In these trees one vertex is specified as ancestor
vertex. The height or generation of a vertex or edge is its distance to the ancestor. A
hierarchical tree is a tree with edge weights w : E → [0,∞) satisfying the following
two properties:

(i) if e, e′ ∈ E are edges in the same generation of the tree, then w(e) = w(e′);
(ii) if ei, ej ∈ E are edges in generations i and j with i < j, respectively, then

w(ei) ≤ w(ej).
So, edges further from the ancestor of the hierarchical tree have more weight.

The height of the tree is the maximal height of its vertices. If x is a vertex at
height h and y is a neighbor of x at height k− 1, then we call x a child of y and y the
parent of x. If each vertex with height less than the height of the tree has exactly d

children, then we call the tree complete d-ary. The ancestry of a vertex is the unique
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path from the vertex to the ancestor (including the vertex itself). A depiction of a
complete d-ary hierarchical tree is given in Figure 2.4a.

w1

w2

w3

(a) A complete binary tree of height h = 3 with hierar-
chical edge weights. Each edge in generation i has weight
wi and these weights satisfy w1 ≤ w2 ≤ w3.

α

β

(i)

Giant (ii)

(iii)

(iv)

Dust
0

(b) Phase diagram for the complete d-ary hierarchical tree of height h = 3, with
d = n, q = nα and j-th generation edge weights wj = njβ for β ≥ 0. For each of the
regions the following event occurs with high probability: (i) One single tree; (ii) All
2nd and 3rd generation edges are present, while all 1st generation edges are absent;
(iii) All 3rd generation edges are present, while all 1st and 2nd generation edges are
absent; (iv) All 1 + n + n2 + n3 vertices are isolated.

Figure 2.4: Summary of the results in Theorem 2.13.

Theorem 2.13 (Asymptotic detection of layers in a hierarchical weighted
tree). For each n ∈ N let Gn = (Vn, En, wn) be an undirected complete dn-ary tree
with hierarchical edge weights. For each n ∈ N let xn, yn ∈ Vn be vertices such that
xn is the parent of yn and such that the minimal distance between yn and a leaf of Gn

is constant in n. Denote this constant distance by k. Let en denote the edge between
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xn and yn. For each n ∈ N let qn > 0 be the intensity parameter. Then as n→∞ it
holds for the 2-point correlation between xn and yn that

U (Gn)
qn

(xn, yn)→
{

0 if qn = o
(
d−k

n wn(en)
)

1 if qn = ω
(
d−k

n wn(en)
)

.
(2.32)

2.3 Proofs

2.3.1 Proofs of results on general graphs
2.3.1.1 Monotone events in terms of number of roots

Proof of Lemma 2.2. Let L be the negative graph Laplacian of G. Write n = |V | and
let λ1, . . . , λn denote the eigenvalues −L. By [6, proposition 2.1] it holds that

E[rq] =
n∑

i=1

q

q + λi
= qZ ′(q)

Z(q) , (2.33)

so that the derivative of the partition function is given by

Z ′(q) = 1
qE[rq]Z(q). (2.34)

Note that the conditional probability P(Φq ∈ H | rq = k) does not depend on q.
Also, the probability P(rq = k) can be written as ckqk

Z(q) , where ck is some constant
independent of q, corresponding to the coefficent of degree k of the characteristic
polynomial in (2.4). Hence, we have that

d

dq
P(Φq ∈ H) = d

dq

n∑
k=1

P(Φq ∈ H | rq = k)P(rq = k)

=
n∑

k=1
P(Φq ∈ H | rq = k)ck

d

dq

qk

Z(q)

=
n∑

k=1
P(Φq ∈ H | rq = k)ck

kZ(q)qk−1 − qkZ ′(q)
Z(q)2

= 1
q

n∑
k=1

P(Φq ∈ H | rq = k)ck
kqk − qkE[rq]

Z(q)

= 1
q

n∑
k=1

P(Φq ∈ H | rq = k)P(rq = k) (k − E[rq])

= 1
qP(Φq ∈ H)

n∑
k=1

P(rq = k | Φq ∈ H) (k − E[rq])

= 1
qP(Φq ∈ H) (E[rq | Φq ∈ H]− E[rq]) ,

where in the last step we use that
∑n

k=1 P(rq = k | Φq ∈ H) = 1.
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2.3.1.2 Monotonicities on undirected networks: proof of Theorem 2.3

Lemma 2.14. Let G = (V, E, w) be a weighted symmetric graph and let B ⊆ E be a
set of directed edges. Then for all q > 0 it holds that

E[rq | ±B ∩ Φq = ∅] ≥ E[rq].

Proof. Let H = G − B denote the subgraph of G obtained by removing all edges in
B. Let L(G) and L(H) denote the negative graph Laplacians of G and H, respectively.
Since these Laplacians are symmetric, −L(G) and −L(H) have real eigenvalues λn ≥
. . . ≥ λ1 and µn ≥ . . . ≥ µ1, respectively. By Weyl’s monotonicity principle, these
eigenvalues satisfy λi ≥ µi for all i ∈ [n]. It follows that Tr((qI −L(G))−1) ≤ Tr((qI −
L(H))−1). By the spatial Markov property and [6, prop 2.1] it then holds that

E(G)[rq | B∩Φq = ∅] = E(H)[rq] = qTr((qI−L(H))−1) ≥ qTr((qI−L(G))−1) = E(G)[rq].

Lemma 2.15. Let G = (V, E, w) be a be a weighted symmetric graph and A ⊆ E. If
P(±A ⊆ Φq) > 0, then for all q > 0 it holds that

E[rq | ±A ⊆ Φq] ≤ E[rq].

Proof. Let e = (x, y) ∈ A be given. By Lemma A.2 and Lemma 2.14 it holds that

E[rq | ±A ⊆ Φq]

= E[rq | ±(A− e) ⊆ Φq]− E[rq | ±(A− e) ⊆ Φq,±e /∈ Φq]P(±e /∈ Φq | ±(A− e) ⊆ Φq)
P(±e ∈ Φq | ±(A− e) ⊆ Φq)

= E[rq | ±(A− e) ⊆ Φq]− E(G/(A−e))[rq | ±e /∈ Φq]P(±e /∈ Φq | ±(A− e) ⊆ Φq)
P(±e ∈ Φq | ±(A− e) ⊆ Φq)

≤ E[rq | ±(A− e) ⊆ Φq]− E(G/(A−e))[rq]P(±e /∈ Φq | ±(A− e) ⊆ Φq)
P(±e ∈ Φq | ±(A− e) ⊆ Φq)

= E[rq | ±(A− e) ⊆ Φq]− E[rq | ±(A− e) ⊆ Φq]P(±e /∈ Φq | ±(A− e) ⊆ Φq)
P(±e ∈ Φq | ±(A− e) ⊆ Φq)

= E[rq | ±(A− e) ⊆ Φq].

Hence, the result follows by induction on |A|.

Proof of Theorem 2.3. The proof of (2.9) follows directly from Lemmas 2.2 and 2.15.
For the statement about the pairwise connectivity function in (2.10) we argue as

follows. Fix q > 0. By Lemma 2.2 it is sufficient to show that E[rq] ≥ E[rq | Bq(x) =
Bq(y)].

Let P denote the set of undirected paths from x to y, where we interpret a path
as a set of directed edges. Then the event {Bq(x) = Bq(y)} can be written as the
disjoint union

{Bq(x) = Bq(y)} =
⋃

π∈P
{±π ⊆ Φq}.
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It follows by Lemma 2.15 that

E[rq | Bq(x) = Bq(y)] =
∑
π∈P

E[rq | ±π ⊆ Φq]P(±π ⊆ Φq | Bq(x) = Bq(y))

≤
∑
π∈P

E[rq]P(±π ⊆ Φq | Bq(x) = Bq(y)) = E[rq].

2.3.2 Two-point correlations on trees

2.3.2.1 Monotonicity of correlations on general trees: proof of Theorem 2.5

Below we show the monotonicity of the 2-point correlation restricted to arbitrary trees.
We will start by expressing the 2-point correlation via hitting times in Lemma 2.16.
Then in Lemma A.6 we show the monotocity of one point rooting events, by means
of Lemma 2.2. After a last bound on the derivatives of hitting time events, given by
Lemma A.7, we derive the main claim using these three lemmas.

Lemma 2.16 (Hitting time expression for 2-point correlation between adja-
cent vertices in trees). Let G = (V, E, w) be a weighted directed tree and x, y ∈ V

two adjacent vertices. Let Pv denote the law of the random walk X starting at vertex
v ∈ V . The hitting time of vertex v by X is denoted by τv and τq is an independent
exponential killing time with rate q. Then it holds that

U (G)
q (x, y) = 1− Px(τy < τq)− Py(τx < τq) + Px(τy < τq)Py(τx < τq)

1− Px(τy < τq)Py(τx < τq) .

Proof of Lemma 2.16. We will reason using the representation in (2.8) coming from
Wilson’s sampling construction. We note in particular that in order for the directed
edge (x, y) to be present in Φq, it is equivalent to require that the loop-erased trajectory
in (2.8) includes y, which can be expressed in terms of hitting times of the random
walk as

P((x, y) ∈ Φq) = Px(τy < τq)
∞∑

k=0
(Py(τx < τq)Px(τy < τq))k Py(τq < τx)

= Px(τy < τq) (1− Py(τx < τq))
1− Px(τy < τq)Py(τx < τq) ,

where the index k in the above sum represents the number of times that the random
walk reaches y and then does return to x. We notice in particular that the above
step is equivalent to use the forest transfer-current kernel in [5]. For the reversed edge
(y, x), we can write

P((y, x) ∈ Φq) = (1− P((x, y) ∈ Φq))Py(τx < τq),
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where these two factors correspond to (2.8). Therefore, it follows that

U (G)
q (x, y) = 1− P((x, y) ∈ Φq)− P((y, x) ∈ Φq)

= 1− Px(τy<τq)(1−Py(τx<τq))
1−Px(τy<τq)Py(τx<τq) −

(
1− Px(τy<τq)(1−Py(τx<τq))

1−Px(τy<τq)Py(τx<τq)

)
Py(τx < τq)

= 1− Px(τy < τq)− Py(τx < τq) + Px(τy < τq)Py(τx < τq)
1− Px(τy < τq)Py(τx < τq) .

For brevity the proofs below use the notation {x ↔ y} := {Bq(x) = Bq(y)} to
denote the event that x and y are connected in Φq. We write {x ↮ y} to denote the
complementary event.

Proof of Theorem 2.5. Let d = d(x, y) denote the distance between x and y in G and
let z be the vertex adjacent to x with distance d − 1 to y. We proceed by induction
on d.

If d = 1, then by Lemma 2.16 we have that

Uq(x, y) = 1− Px(τy < τq)− Py(τx < τq) + Px(τy < τq)Py(τx < τq)
1− Px(τy < τq)Py(τx < τq) .

Taking the derivative gives us that

d

dq
Uq(x, y) = −

(1− Px(τy < τq))2 d
dqPy(τx < τq) + (1− Py(τx < τq))2 d

dqPx(τy < τq)
(1 + Px(τy < τq)Py(τx < τq))2 ,

which is non-negative by the upper bound in Lemma A.5.
Now assume that d ≥ 2. We then have that

d

dq
Uq(x, y)

= d

dq
(P(x ↮ z | z ↔ y)P(z ↔ y) + P(z ↮ y))

= P(x ↮ z | z ↔ y) d
dqP(z ↔ y) + P(z ↔ y) d

dqP(x ↮ z | z ↔ y) + d
dqP(z ↮ y)

= (1− P(x ↮ z | z ↔ y)) d
dqP(z ↮ y) + P(z ↔ y) d

dqP(x ↮ z | z ↔ y).

By the induction hypothesis, we have that d
dqP(z ↮ y) ≥ 0. Hence, it remains to show

that
d
dqP(x ↮ z | z ↔ y) ≥ 0.

Removing the edges between x and z splits G into two connected components.
Let Tx and Tz denote the components containing vertex x and z, respectively. By
Lemma A.4 it then holds that

P(x ↮ z | z ↔ y) = q

q + w(x, z)P(Tx)(x ∈ Rq) + w(z, y)P(Tz)(z ∈ Rq | z ↔ y) .
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Taking the derivative and applying Lemmas A.6 and A.7 gives us that

d

dq
P(x ↮ z | z ↔ y) = w(x, z)P(Tx)(x ∈ Rq) + w(z, y)P(Tz)(z ∈ Rq | z ↔ y)(

q + w(x, z)P(Tx)(x ∈ Rq) + w(z, y)P(Tz)(z ∈ Rq | z ↔ y)
)2

−
qw(x, z) d

dqP
(Tx)(x ∈ Rq) + qw(z, y) d

dqP
(Tz)(z ∈ Rq | z ↔ y)(

q + w(x, z)P(Tx)(x ∈ Rq) + w(z, y)P(Tz)(z ∈ Rq | z ↔ y)
)2

≥ 0.

2.3.2.2 Inclusion-exclusion for connectivity function on general trees

Proof of Theorem 2.6. We will prove the statement by induction on d. First assume
that d = 1. Write H = {F ∈ FG : x ↮F y} to denote the set of rooted forests
not containing an edge between x and y. Since G is a tree, removing the edges
between x and y yields two connected components Gx and Gy containing vertex x and
vertex y, respectively. Note that for the non-normalized measure on G it holds that
ν(G)(Φq = F ) = ν

(Gx)
q (Φ = F [Gx])ν(Gy)

q (Φ = F [Gy]) for all F ∈ H, where F [Gx] and
F [Gx] denote the induced subgraphs of F on the vertices of Gx and Gy, respectively.
For all Fx ∈ FGx and Fy ∈ FGy there is exactly one F ∈ H with F [Gx] = Fx and
F [Gy] = Fy, namely the disjoint graph union of Fx and Fy. Hence, it holds that

U (G)
q (x, y) =

∑
F ∈H

P(G)(Φq = F ) = 1
ZG(q)

∑
F ∈H

ν(Gx)(Φq = F [Gx])ν(Gy)(Φq = F [Gy])

= 1
ZG(q)

∑
Fx∈FGx

∑
Fy∈FGy

ν(Gx)(Φq = Fx)ν(Gy)(Φq = Fy) =
ZGx(q)ZGy (q)

ZG(q) .

Now assume that d > 1. Let z = zd−1 denote the neighbor of y with distance d−1
to x. Let G{d} denote the graph obtained from G by removing the edges between y

and z. Then G{d} consists of two components Gy and Gz containing vertex y and z
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respectively. It then holds by Lemma A.2 and the induction hypothesis that

U (G)
q (x, y) = U (G)

q (x, z) + U (G)
q (y, z)− P(G)(x ↮Φq z, y ↮Φq z)

= U (G)
q (x, z) + U (G)

q (y, z)− U (G)
q (y, z)P(G)(x ↮Φq

z | y ↮Φq
z)

= U (G)
q (x, z) + U (G)

q (y, z)− U (G)
q (y, z)U (G{d})

q (x, z)

= 1
ZG(q)

d−1∑
k=1

(−1)k+1
∑

I∈([d−1]
k )

k+1∏
i=1

ZGi
I
(q)

+
ZGy

(q)ZGz
(q)

ZG(q)

−
ZGy (q)ZGz (q)

ZG(q)
1

ZG{d}(q)

d−1∑
k=1

(−1)k+1
∑

I∈([d−1]
k )

k+2∏
i=1

ZGi
I∪{d}

(q)


= 1

ZG(q)

d−1∑
k=1

(−1)k+1
∑

I∈([d−1]
k )

k+1∏
i=1

ZGi
I
(q)

+
ZGy

(q)ZGz
(q)

ZG(q)

+ 1
ZG(q)

d−1∑
k=1

(−1)k
∑

I∈([d−1]
k )

k+2∏
i=1

ZGi
I∪{d}

(q)


= 1

ZG(q)

d−1∑
k=1

(−1)k+1
∑

I∈([d−1]
k )

k+1∏
i=1

ZGi
I
(q)


+ 1

ZG(q)

d−1∑
k=0

(−1)k
∑

I∈([d−1]
k )

k+2∏
i=1

ZGi
I∪{d}

(q)


= 1

ZG(q)

 d∑
k=1

(−1)k+1
∑

I∈([d]
k )

k+1∏
i=1

ZGi
I
(q)

 .

2.3.3 Partition function on segments and rings
Proof of Theorem 2.7.
Equation (2.13) Let b be a boundary vertex of PGn. Let ν(n) and Zn denote the

non-normalized measure and partition function of PGn, respectively. By Lemma A.4
we have that

ν(n)(b /∈ Rq) = Zn−1(q), and ν(n)(b ∈ Rq) = ν(n−1)(b ∈ Rq) + qZn−1(q). (2.35)

This gives us that

Zn(q) = ν(n)(b ∈ Rq) + ν(n)(b /∈ Rq) = ν(n−1)(b ∈ Rq) + (q + 1)Zn−1(q)
= (q + 2)Zn−1(q)− ν(n−1)(b /∈ Rq) = (q + 2)Zn−1(q)− Zn−2(q). (2.36)
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We will prove Equation (2.13) by induction on n. Note that for n = 1 we have
Z1(q) = q and for n = 2 we have Z2(q) = q2+2q, so in both these cases Equation (2.13)
holds. Now assume that n > 2. Then by Equation (2.36), the induction hypothesis
and repeated applications of Pascal’s formula we have that

Zn(q) = (2 + q)Zn−1(q)− Zn−2(q) = (2 + q)
n−1∑
k=1

(
n + k − 2

2k − 1

)
qk −

n−2∑
k=1

(
n + k − 3

2k − 1

)
qk

=
n∑

k=1

(
n + k − 1

2k − 1

)
qk.

Equation (2.14) Let L denote the negative graph Laplacian of PGn, since due to (2.4)
the partition function is the characteristic polynomial of L, it can be directly obtained
from its spectrum, which is given in [64], from which:

Zn(q) =
n∏

k=1

(
q + 2− 2 cos

(
π(n−k)

n

))
.

Equation (2.15) We have shown above that the partition function satisfies the re-
currence relation in Equation (2.36) . Using the initial conditions Z1(q) = q and
Z2(q) = q2 + 2q, this linear recurrence relation has solution

Zn(q) =
q
(

q + 2 +
√

q2 + 4q
)n

− q
(

q + 2−
√

q2 + 4q
)n

2n
√

q2 + 4q
.

Equation (2.16) To verify that the three expressions above do indeed coincide, we
can use Chebyshev polynomials of the second kind and find that

Zn(q) = qTn−1( q
2 + 1).

We next move to the proof of Corollary 2.7.1, for which we will first need to
expresses in the next lemma the probability of a boundary point in the path-graph
being a root in terms of differences of the partition function.

Lemma 2.17 (Rooting events in path-graphs). Let PGn be the path-graph on n

vertices and Zn(q) its partition function. Let x ∈ V be a vertex with distance d ∈ N0
from the boundary and b ∈ V a boundary vertex. Let ν(n) denote the non-normalized
measure on PGn and Rq the set of roots of Φq. Then

ν(n)(x ∈ Rq) = 1
q ν(d+1)(b ∈ Rq) ν(n−d)(b ∈ Rq), (2.37)

with
ν(n)(b ∈ Rq) = Zn(q)− Zn−1(q). (2.38)

For the non-normalized measure of the event that both boundary vertices b and b′ are
roots it holds that

ν(n)(b, b′ ∈ Rq) = qZn−1(q). (2.39)
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Proof of Lemma 2.17.
Equation (2.37) Let Ln denote the negative graph Laplacian of the path-graph on n

vertices. Inspection of the Laplacian and using the symmetry of the path-graph shows
that

det[qI − Ln]x = det[qI − Ld+1]b det[qI − Ln−d]b,

as removing a row and column from qI−Ln results in a matrix comprised of two blocks.
Since the event that vertex x is a root equals the event that none of the outgoing edges
of x are present, it holds by Lemma A.2 that ν(n)(x ∈ Rq) = q det[qI − Ln]x, from
which Equation (2.37) follows.
Equation (2.38) Since ν(n)(b ∈ Rq) = Zn(q)− ν(n)(b /∈ Rq), Equation (2.38) follows

directly from Equation (2.35).
Equation (2.39) By Lemma A.4 we have that

ν(n)(b, b′ ∈ Rq) = qν(n−1)(b ∈ Rq) + ν(n−1)(b, b′ ∈ Rq),
ν(n)(b ∈ Rq, b′ /∈ Rq) = ν(n−1)(b ∈ Rq).

Since ν(n−1)(b, b′ ∈ Rq) = ν(n−1)(b ∈ Rq) − ν(n−1)(b ∈ Rq, b′ /∈ Rq), it follows from
Equations (2.36) and (2.38) that

ν(n)(b, b′ ∈ Rq) = (q + 1)ν(n−1)(b ∈ Rq)− ν(n−2)(b ∈ Rq)
= (q + 1)Zn−1(q)− (q + 2)Zn−2(q) + Zn−3(q) = qZn−1(q).

Proof of Corollary 2.7.1. We will first prove Equation (2.17). Let V denote the vertex
set of CGn and let x ∈ V be a vertex. The partition function can be split into two
terms

ZCGn(q) = ν(CGn)(x ∈ Rq) + ν(CGn)(x /∈ Rq). (2.40)

Note that the induced subgraph CGn[V \ {x}] obtained by removing vertex x, is
a path-graph on n − 1 vertices. Let y and z denote the two vertices adjacent to x in
CGn. So, these are the boundary vertices of PGn−1. We will use Lemma A.3. This
gives us by Equation (2.36) and lemma 2.17 that

ν(CGn)(x ∈ Rq) =
∑

F ∈FP Gn−1

q ν(P Gn−1)(Φ = F ) (1 + 1
q )|R(F )∩{y,z}|

= (q + 2 + 1
q )ν(P Gn−1)(y, z ∈ Rq) + 2(q + 1)ν(P Gn−1)(y ∈ Rq, z /∈ Rq)

+ qν(P Gn−1)(y, z /∈ Rq)
= qZP Gn−1(q) + (2 + 1

q )ν(P Gn−1)(y, z ∈ Rq) + 2ν(P Gn−1)(y ∈ Rq, z /∈ Rq)

= (q + 2)ZP Gn−1(q)− 2ZP Gn−2(q) + 1
q ν(P Gn−1)(y, z ∈ Rq)

= ZP Gn
(q)− ZP Gn−2(q) + 1

q ν(P Gn−1)(y, z ∈ Rq) = ZP Gn
(q).
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Let ry(F ) denote the root in the tree of forest F that contains vertex y. Again
using Lemma A.3 and Equation (2.36), we obtain

ν(CGn)(x /∈ Rq) =
∑

F ∈FP Gn−1

ν(P Gn−1)(Φ = F ) 2(1 + 1
q )1{z∈R(F ), ry(F )̸=z}

= 2ν(P Gn−1)(z /∈ Rq) + 2(1 + 1
q )ν(P Gn−1)(z ∈ Rq, ry(F ) ̸= z)

= (2 + 2
q )ZP Gn−1(q)− 2

q ZP Gn−2(q)− 2
= 2

q ((q + 2)ZP Gn−1(q)− ZP Gn−2(q)− ZP Gn−1(q))− 2
= 2

q (ZP Gn
(q)− ZP Gn−1(q))− 2.

This proves Equation (2.17).
Equation (2.18) follows from Equation (2.17) and the expression for the path-

graph partition function given in Equation (2.13), by repeated applications of Pascal’s
formula.

2.3.3.1 Asymptotic analysis of path-graphs

Proof of Theorem 2.8.
Equation (2.19) Let Fn denote the set of rooted forests of PGn and write

Fk
n−d = {F ∈ Fn−d : r(F ) = k};

Rk
n−d(x) = {F ∈ Fn−d : r(F ) = k, x ∈ R(F )};
Ck

n(x, y) = {F ∈ Fn : r(F ) = k, x↔F y}.

It is sufficient to show that for all k ∈ [n − d] it holds that |Ck
n(x, y)| = |Fk

n−d| +
d|Rk

n−d(x)|. The result then follows from Lemma 2.17.
We will construct a bijection between the set Ck

n(x, y) and the set Fk
n−d∪(Rk

n−d(x)×
[d]). Let F ∈ Ck

n(x, y) be given. Let r ∈ [n] denote the vertex of F that is the root
in the component of x and y. Let B = [y] \ [x− 1] denote the set of all vertices from
x to y and let FB ∈ Fk

n−d denote the B-vertex contraction of F . Then we have that
FB ∈ Rk

n−d(x) if and only if r ∈ [y] \ [x − 1]. Define the function f : Ck
n(x, y) →

Fk
n−d ∪ (Rk

n−d(x)× [d]) by

f(F ) =
{

FB if r /∈ [y] \ [x]
(FB , r − x) if r ∈ [y] \ [x].

It is easily verified that this gives a bijection.

Lower bound Let P̃x denote the law of the discrete-time random walk X̃ on PGn

starting on x, as defined in Equation (A.6). Since in this case we consider a path-
graph, we have that τ̃q ∼ Geom( q

q+2 ).
We will analyze the expression in Equation (2.8). Let z denote a vertex halfway

between x and y. For notational simplicity we assume that d is even, so that z = x+ d
2 .

The argument in the case where d is odd is similar. Note that the vertices x and y
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are disconnected in Φq if both the random walks starting at x and the random walk
starting at y are killed before reaching vertex z. So, we have that

P(x ↮Φq
y) ≥ P̃x(τ̃q ≤ τz)P̃y(τ̃q ≤ τz). (2.41)

Let τS(k) denote the hitting time of k ∈ Z by S. A coupling of X̃ and S can be
used to show that

τz
d= min{τS

(
d
2
)

, τS

(
1− 2x− d

2
)
}, (2.42)

where d= denotes equality in distribution.
By the reflection principle it holds for all k, n ∈ N that

P(τS(n) ≤ k) = P(Sk /∈ [−n, n− 1]).

For u ∈ {x, y} it follows that

P̃u(τ̃q ≤ τz) =
∞∑

k=1
P(τ̃q = k)P̃u(τz ≥ k) ≥

m∑
k=1

(
1− P̃u(τz < k)

)
P(τ̃q = k)

=
m∑

k=1

(
1− P(τS( d

2 ) < k or τS(1− 2x− d
2 ) < k)

)
P(τ̃q = k)

≥
m∑

k=1

(
1− 2P(τS( d

2 ) < k)
)
P(τ̃q = k) =

m∑
k=1

(
2P(Sk−1 ∈ [−d

2 , d
2 − 1])− 1

)
P(τ̃q = k)

≥
m∑

k=1

(
2P(|Sk−1 < d

2 )− 1
)
P(τ̃q = k) ≥

m∑
k=1

(
2P(|Sm| < d

2 )− 1
)
P(τ̃q = k)

=
(
2P
(
|Sm| < d

2
)
− 1
)
P(τ̃q ≤ m) =

(
2P
(
|Sm| < d

2
)
− 1
) (

1−
(

1− q
2+q

)m)
.

Hence,
min

u∈{x,y}
P̃u(τ̃q ≤ τz) ≥

(
2P
(
|Sm| < d

2
)
− 1
) (

1−
(

1− q
2+q

)m)
.

If
(
2P
(
|Sm| < d

2
)
− 1
)

is non-negative, then we also have that

P̃x(τ̃q ≤ τz)P̃y(τ̃q ≤ τz) ≥
(
2P
(
|Sm| < d

2
)
− 1
)2 (1−

(
1− q

2+q

)m)2
.

Therefore, we have for all m ∈ N with P
(
|Sm| < d

2
)
≥ 1

2 that

U (n)
q (x, y) ≥

(
2P
(
|Sm| < d

2
)
− 1
)2 (1−

(
1− q

2+q

)m)2
,

which gives the desired lower bound.

Upper bound We again analyze by means of Wilson’s algorithm with the first random
walk starting at x and the second one starting at y. Note that the trajectory of the
loop-erasure of the first random walk will always contain its starting vertex x. Thus
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if the second random walk hits x before being killed, then x and y are connected in
Φq. Therefore, we have that

P(x↔Φq
y) ≥ P̃y(τx < τ̃q).

Using a coupling argument we can show that

τx
d= min{τS(−d), τS(2n + d− 2y + 1)},

where τx denotes the first hitting time vertex x by the random walk X̃ starting at y.
So, in a manner similar to that used for the lower bound, we find for all m ∈ N that

P̃y(τx < τ̃q) =
∞∑

k=1
P̃y(τx < k)P(τ̃q = k) ≥

∞∑
k=m

P̃y(τx ≤ k)P(τ̃q = k + 1)

=
∞∑

k=m

P(τS(−d) ≤ k or τS (2n + d− 2y + 1) ≤ k)P(τ̃q = k + 1)

≥
∞∑

k=m

P(τS(−d) ≤ k)P(τ̃q = k + 1) ≥
∞∑

k=m

P(τS(d) ≤ m)P(τ̃q = k + 1)

= P(τS(d) ≤ m)P(τ̃q > m) = P(Sm /∈ [−d, d− 1])P(τ̃q > m)

≥ P(|Sm| > d)P(τ̃q > m) = P (|Sm| > d)
(

1− q
2+q

)m

.

It follows that

U (n)
q (x, y) = 1− P(x↔Φq

y) ≤ 1− P (|Sm| > d)
(

1− q
2+q

)m

.

Proof of Corollary 2.8.1.
qn = o( 1

d2
n

) Set mn =
⌈

dn√
qn

⌉
, i.e. mn is the smallest integer that is not smaller

than dn√
qn

. We have that mn = ω(d2
n). In particular this means that mn → ∞ as

n → ∞. So, Smn√
mn

converges in distribution to a standard normal random variable.

Since dn√
mn
→ 0, it follows that P

(
|Smn |√

mn
> dn√

mn

)
→ 1. We also have that mn = o( 1

qn
),

which gives us that
(

1− qn

2+qn

)mn

→ 1. Therefore, the upper bound from Theorem 2.8
gives us that

U (n)
qn

(xn, yn) ≤ 1− P
(

|Smn |√
mn

> dn√
mn

)(
1− qn

2 + qn

)mn

= o(1).

qn = ω( 1
d2

n
) Again set mn =

⌈
dn√
qn

⌉
. It holds that mn = ω( 1

qn
), and hence that(

1− qn

2+qn

)mn

→ 0. Furthermore, we have that mn = o(d2
n). This means that

dn

2√
mn
→ ∞ and thus that P

(
|Smn |√

mn
< dn

2√
mn

)
→ 1. For large enough n, this gives
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us that P
(

|Smn |√
mn

< dn

2√
mn

)
≥ 1

2 , which means that we can apply the lower bound from
Theorem 2.8. This gives us that

U (n)
qn

(xn, yn) ≥
(

1−
(

1− qn

2 + qn

)mn
)2(

2P
(
|Smn |√

mn
<

dn

2√mn

)
− 1
)2

= 1− o(1).

qn = c
d2

n
+ o( 1

d2
n

) Now set mn =
⌈

dn

4√
cqn

⌉
. We will distinguish between the case where

dn diverges and the case where dn is bounded.
First assume that dn = ω(1). Then we find that mn ∼ 1

4qn
. It follows that there

exists an ε > 0 small enough that ε <
(

1− qn

2+qn

)mn

< 1 − ε for all n ∈ N. We also
have that mn ∼ 1

4 d2
n. This gives us that Smn√

mn
converges in distribution to a standard

normal random variable Z and that dn

2√
mn
→ 1. Since 0.6 < P(|Z| < 1) < 0.7, we can

apply the lower bound from Theorem 2.8. Using both bounds from Theorem 2.8, we
conclude the non-degeneracy:

lim
n→∞

U (n)
qn

(xn, yn) ∈ (0, 1).

Now instead assume that dn is bounded, i.e. there exists an M ∈ N with M ≥ dn

for all n ∈ N. Then the lower bound from Theorem 2.8 can not necessarily be applied.
However, we can lower bound the probability that xn and yn are disconnected by
the probability that the discrete-time random walks on PGn starting at x and y are
both killed at time 1, while still at their starting points. This probability equals
P(τ̃q = 1)2 = q2

n

(2+qn)2 .
The probability that xn and yn are connected can be lower bounded by the prob-

ability that the discrete-time random walk on PGn starting at x jumps M times in
the direction of y and then is then killed at time M + 1. This probability equals(

1
2+qn

)M
qn

2+qn
. So, we have for all n ∈ N that

q2
n

(2 + qn)2 ≤ U (n)
qn

(xn, yn) ≤ 1−
(

1
2+qn

)M
qn

2+qn
.

Since qn ∼ c
d2

n
and dn is bounded, we have that qn is bounded away from 0 and away

from infinity. Hence, the 2-point correlation is also non-degenerate in this case.

Proof of Equation (2.21). For brevity write Zn(q) = ZP Gn
(q) and set an =

√
q2

n + 4qn.
Using the expression for the partition function given in Equation (2.15) we have for
each m ∈ N that

Zm(qn) = 1√
1 + 4d2

n

(
1−

(
qn + 2− an

qn + 2 + an

)m)(
qn + 2 + an

2

)m

. (2.43)

By Equation (2.19) the 2-point correlation is given by

U (Gn)
qn

(xn, yn) = 1−Zn−dn
(qn)

Zn(qn) −
dn [Zxn

(qn)− Zxn−1(qn)] [Zn−yn+1(qn)− Zn−yn
(qn)]

qnZn(qn) .

(2.44)
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The result follows by plugging in Equation (2.43) into Equation (2.44) and repeatedly
applying the following limits:

lim
n→∞

(
2

qn + 2 + an

)α
√

n+o(
√

n)
= e− α

2δ , lim
n→∞

(
qn + 2− an

qn + 2 + an

)α
√

n+o(
√

n)
= e− α

δ ,

and lim
n→∞

(
qn + 2− an

qn + 2 + an

)ω(
√

n)
= 0,

with α ∈ R being a constant. To conclude, let us check the correctness of these
last three simple limits.

For the first one, since
√

1+4d2
n

2d2
n
− 1

2δ
√

n
= o( 1√

n
), we have that

(
qn + 2 + an

2

)α̂n

=
(

1 +
√

1 + 4d2
n

2d2
n

+ 1
2d2

n

)α̂n

=
(

1 + 1
2δ
√

n
+ o( 1√

n
)
)α̂n

= e
α
2δ + o(1).

where we shortened α̂n := α
√

n + o(
√

n).
For the second limit, note that an =

√
q2

n + 4qn = 1
δ
√

n
(1 + o(1)). Hence,

(
qn + 2− an

qn + 2 + an

)α̂n

=
(

1− an

1 + o(1)

)α̂n

=
(

1− 1
δ
√

n
(1 + o(1))

)α̂n

= e− α
δ + o(1).

Similarly for the last limit, we have that(
qn + 2− an

qn + 2 + an

)ω(
√

n)
=
(

1− 1
δ
√

n
(1 + o(1))

)ω(
√

n)
→ 0,

which concludes the claims.

2.3.4 Asymptotic detection of modular structures
2.3.4.1 A two communities bottleneck graph

Proof of Theorem 2.9. Equation (2.22) Let ν(G) denote the non-normalized measure
on a graph G. Let Kn be the complete graph on n vertices. We can express the
partition function of BGn,m in terms of the partition functions and the non-normalized
measure of rooting events in the complete graphs Kn and Km.

Let Ln denote the negative graph Laplacian of Kn. The partition function of Kn

is given by

ZKn
(q) = q(q + n)n−1. (2.45)

Let U be a set of vertices of Kn with |U | = r and write [qI − Ln]U to denote the
submatrix of qI − Ln otained by removing all rows and columns corresponding to
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vertices in U . Then non-normalized measure of the event that at least all vertices in
U are roots in a random rooted forest of Kn is given by

ν(Kn)(U ⊆ Rq) = qr det[qI − Ln]U = qr det[(q + r)I − Ln−r]
= qrZKn−r (q + r) = qr(q + r)(q + n)n−r−1.

(2.46)

For the partition function of BGn,m, Lemma A.4 gives us that

ZBGn,m(q) = ZKn(q)ZKm(q) + w
q ZKn(q)ν(Km)(b′ ∈ Rq) + w

q ZKm(q)ν(Kn)(b ∈ Rq)
= q (q(q + n)(q + m) + w(q + 1)(2q + n + m)) (q + n)n−2(q + m)m−2.

Equation (2.24)
We can express Uq(b, b′) explicitly by using Theorem 2.6 and eqs. (2.22) and (2.45)

Uq(b, b′) = ZKn
(q)ZKm

(q)
ZBGn,m(q) (2.47)

= q(q + n)(q + m)
q(q + n)(q + m) + w(q + 1)(2q + n + m) . (2.48)

The result of Equation (2.24) follows directly from this expression.
Equation (2.23) We will assume that x and x′ both belong to the clique of size n, as

the other case can be proven similarly. By Lemma A.4 we have that

ν(BGn,m)(x↔q x′) = ν(Kn)(x↔q x′)ZKm
(q) + w

q ν(Kn)(x↔q x′, b ∈ Rq)ZKm
(q)

+ w
q ν(Kn)(x↔q x′)ν(Km)(b′ ∈ Rq).

By Equations (2.45) and (2.46) it follows that

U (BGn,m)
q (x, x′) = 1−

ν(Kn)(x↔q x′)ZKm
(q) + w

q ν(Kn)(x↔q x′, b ∈ Rq)ZKm
(q)

ZKn (q)ZKm (q)
U

(BGn,m)
q (b,b′)

+
w(q+1)
q(q+m) ν(Kn)(x↔q x′)ZKm

(q)
ZKn (q)ZKm (q)
U

(BGn,m)
q (b,b′)

= 1− U (BGn,m)
q (b, b′)

((
1 + w(q+1)

q(q+m)

)
P(Kn)(x↔Φq

x′) w(q+1)
q(q+n) P

(Kn)(x↔q x′ | b ∈ Rq)
)

.

(2.49)

Let H denote the graph obtained by removing all outgoing edges of b from Kn, while
retaining the ingoing edges. By Lemma A.2 it then holds that P(Kn)(x ↔q x′ | b ∈
Rq) = P(H)(x ↔q x′). Let Px denote the law of the random walk on H starting at x

and τq an independent exponential killing time with rate q. Since the hitting time τb

has an exponential distribution with rate 1, we can identify the random walk on H

killed at rate q with a random walk on Kn−1 killed at rate q +1, by killing the random
walk when it hits b. By analyzing Wilson’s algorithm on H with the first two random
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walks starting at x and x′, this gives us that

P(Kn)(x↔q x′ | b ∈ Rq) = P(H)(x↔q x′)
= P(Kn−1)(x↔q+1 x′) + P(Kn−1)(x ↮q+1 x′) Px(τb < τq) Px′(τb < τq)
= P(Kn−1)(x↔q+1 x′) + 1

(q+1)2 P(Kn−1)(x ↮q+1 x′)

= 1
(q+1)2 + q(q+2)

(q+1)2 P(Kn−1)(x↔q+1 x′).

(2.50)

By [7, Theorem 1] we have that

P(Kn)(x↔q x′)→
{

1 if q = o(
√

n)
0 if q = ω(

√
n),

(2.51)

which together with Equation (2.50) gives us that

P(Kn)(x↔q x′ | b ∈ Rq)→
{

1 if q = o(
√

n)
0 if q = ω(

√
n).

Assume that q = o(
√

n). Fix a small enough ε > 0. Then for n large enough it
holds that P(Kn)(x ↔ x′) > 1 − ε and that P(Kn)(x ↔ x′ | b ∈ Rq) > 1 − ε. By
Equations (2.48) and (2.49), this means that for n large enough

U (BGn,m)
q (x, x′) < 1− U (BGn,m)

q (b, b′)
((

1 + w(q+1)
q(q+m)

)
(1− ε) + w(q+1)

q(q+n) (1− ε)
)

= ε.

(2.52)
If instead q = ω(

√
n), then analogously we find for large enough n that

U (BGn,m)
q (x, x′) > 1− ε.

Equation (2.25) Assume that x, x′ and b belong to the clique of size n. By again
considering the random walk on H, we find that

P(Kn)(x↔ b | b ∈ Rq) = Px(τb < τq) = 1
q + 1 .

So, since 1
q+1 → 0 for q = ω(

√
n), the case q = ω(

√
n) follows analogous to Equa-

tion (2.52).
Now assume that q = o(

√
n). Then we have that P(Kn)(x↔q b)→ 1, so that

U (BGn,m)
q (x, b) = 1− U (BGn,m)

q (b, b′)
((

1 + w(q+1)
q(q+m)

)
P(Kn)(x↔q b) + w(q+1)

q(q+n)
1

q+1

)
∼ 1− U (BGn,m)

q (b, b′)
((

1 + w(q+1)
q(q+m)

)
+ w(q+1)

q(q+n)
1

q+1

)
= wq(q + m)

q(q + n)(q + m) + w(q + 1)(2q + n + m) .

This asymptotic expression for U
(BGn,m)
q (x, b) gives us that

U (BGn,m)
q (x, b)→


0 if

{
q = o(1) or (q = o(

√
|Ci|), w = o(m))

or (q = o(
√
|Ci|), m = o(n)),

c
1+c if q = ω(1), q = o(

√
n), w = ω(m), m ∼ cn with c ∈ (0, 1]

1 if q = ω(
√

n)
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Performing the same computation for Uq(y, b′) yields the result of Equation (2.25).

Equation (2.26) By Lemma A.1 and eqs. (2.47) and (2.50) it holds that

U (BGn,m)
q (x, y)

= 1− ν(BGn,m)(x↔q y, (b, b′) ∈ Φq)
ZBGn,m(q) − ν(BGn,m)(x↔q y, (b′, b) ∈ Φq)

ZBGn,m(q)

= 1−
w
q ν(Kn)(x↔q b, b ∈ Rq) ν(Km)(b′ ↔q y)

ZBGn,m
(q)

−
w
q ν(Kn)(x↔q b) ν(Km)(b′ ↔q y, b′ ∈ Rq)

ZBGn,m
(q)

= 1− U (BGn,m)
q (b, b′)

(
w
q P

(Kn)(x↔q b, b ∈ Rq) P(Km)(b′ ↔q y)

+ w
q P

(Kn)(x↔q b) P(Km)(b′ ↔q y, b′ ∈ Rq)
)

= 1− U (BGn,m)
q (b, b′)

(
w

q(q + n)P
(Km)(b′ ↔q y) + w

q(q + m)P
(Kn)(x↔q b)

)
= 1− w(q + m)P(Km)(b′ ↔q y) + w(q + n)P(Kn)(x↔q b)

q(q + n)(q + m) + w(q + 1)(2q + n + m) ,

from which the limits in Equation (2.26) follow.

2.3.4.2 Star graphs: homogeneous case and with implanted communities

Proof of Proposition 2.10. Let us start by providing an expression for the partition
function of a complete k-ary tree with homogeneous weights. Let w ∈ (0,∞), h ∈ N,
k ∈ N, and let L be the negative graph Laplacian of the complete k-ary tree with
height h and uniform weight w. Define (αn)n∈N0 such that α0 = q + w and αn+1 =
q + (k + 1)w − kw2

αn
for n ∈ N. Then the characteristic polynomial of L is given by

det[qI − L] =
(

h−1∏
i=0

αkh−i

i

)(
q + kw − kw2

αh−1

)
(2.53)

In fact, observe that in the matrix [qI − L] there is a kh × kh diagonal matrix with
entries q + w since the leaves are not connected with each other. Call this right lower
diagonal matrix D and call the corresponding left upper matrix A, right upper matrix
B and left lower matrix C. By Schur’s determinant identity, we get det[qI − L] =
det[D] det[A−BD−1C]. Here, det[D] = (q + w)kh since D = (q + w)I. This also gives
us D−1 = 1

q+w I. Thus, BD−1C = 1
q+w BC is a diagonal matrix with lower entries

kw2

q+w , on the places of the parents of the leaves, and upper entries 0, on the places of
the nodes that are not parents of the leaves (if there are any). If h = 1 we see that
A − BD−1C = q + kw − kw2

q+w and we are done. If h > 1 we see that A − BD−1C

is again a matrix with a right lower diagonal matrix. This time, the entries of the
diagonal matrix are q + (k + 1)w − kw2

q+w . By iteration of Schur’s determinant identity
we get the formula in (2.53).
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We’ll continue by checking the validity of the expressions in (2.27) and (2.28).
By applying (2.53) to the homogeneous star graph SGn we obtain that its partition
function is given by

ZSGn(q) = q(q + w)n−2(q + nw) (2.54)
Since d(c, x) = 1, by (2.12) we have that

Uq(c, x) =
q ZSGn−1(q)

ZSGn(q) = q(q + (n− 1)w)
(q + w)(q + nw) .

Similarly, since d(x, y) = 2, by Theorem 2.6 we have that

Uq(x, y) =
2q ZSGn−1(q) − q2 ZSGn−2(q)

ZSGn(q) = q(q2 + (n + 2)wq + 2(n− 1)w2)
(q + w)2(q + nw) ,

which finishes the proof of (2.27) and (2.28). The asymptotics in (2.29) follow imme-
diately.

Proof of Theorem 2.11. The generator matrix L of the community star graph CSGn,k

is given by

L =



−k − (n− k − 1)w 1 1 · · · w w
1 −1
1 −1
... . . .
w −w
w −w


where the empty places are to be filled with zeros. The characteristic polynomial of
this matrix is

det[qI − L] = q(q + w)n−k−2(q + 1)k−1[q2 + ((n− k)w + k + 1)q + nq] (2.55)

which can be found by applying Schur’s determinant identity as we did in the proof
of Proposition 2.10. Hence, the eigenvalues of L are:

λi =


0 if i = 1
−w if i = 2, . . . , n− k − 1
−1 if i = n− k, . . . , n− 2
− 1

2 µ + 1
2 δ if i = n− 1

− 1
2 µ− 1

2 δ if i = n

where

µ = (n− k)w + k + 1
δ =

√
((n− 1)2 − 2nk + k2 + 2n− 1)w2 + k2 + 2((n− 1)k − k2 − n)w + 2k + 1.

Denote the sets of vertices that are connected to the center vertex c with a weight 1
and w by V1 and Vw, respectivley. Combining Theorem 2.6 with Equation (2.55) and
writing c = c(n, k, w, q) = ((n− k)w + k + 1)q + nw leads to:

Uq(c, x) =


q(q2−q−w+c)
(q+1)(q2+c) x ∈ V1

q(q2−wq−w+c)
(q+w)(q2+c) x ∈ Vw
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and

Uq(x, y) =



q(q3+2q2+(c−2)q+2c−2w)
(q+1)2(q2+c) x, y ∈ V1

q(q3+(w+1)q2+c(w+q+1)−w(w+1))
(q+1)(q+w)(q2+c) x ∈ V1, y ∈ Vw

q(q3+2wq2+(c−2w−4wk)q+2w(c−w))
(q+w)2(q2+c) x, y ∈ Vw

From these explicit formulas, letting q and w be as in the statement, the limits in
Theorem 2.11 follow.

2.3.4.3 Playing with degrees and hierarchical weights on trees

Proof of Proposition 2.12. Note that P(e ∈ Φq) ≤ w(e)
q+w(e) , since by Lemma A.1 it

holds that

1 ≥ P(e ∈ Φq) + P(x ∈ Rq, x ↮q y) = P(e ∈ Φq)(1 + q
w(e) ).

Hence, if qk = ω(wk(x, y)), then we have that Uqk
(x, y)→ 1.

Assume that qk = o(wk(x, y)). Let P̃(k)
x denote the law of the discrete-time random

walk X̃ on Gk starting at vertex x ∈ Vk and let τ̃q be a geometric killing time, as defined
in Equation (A.6). Let τx denote the first hitting time of x by X̃. Let m denote the
number of vertices on the x-side of edge (x, y) in G. We will show by induction on m

that
P̃(k)

x (τy < τ̃q) = 1−Θ
(

qk

wk(x,y)

)
.

If m = 1, then x is a leaf in G. It follows that

P̃(k)
x (τy < τ̃q) = wk(x, y)

qk + wk(x, y) ∼ 1− qk

wk(x,y) .

Assume that m ≥ 2. Let Nx denote the set of neighbors of x in G. Since the limit
limk→∞

wk(e)
qk

exists for all edges incident to x, we can partition Nx \ {y} into two
parts: the first part N≤

x = {v ∈ Nx \ {y} : wk(x, v) = O(qk)} consists of all neighbors
for which the weight of the edge between x and that neighbor has no larger order than
qk; the second part N>

x = {v ∈ Nx \ {y} : wk(x, v) = ω(qk)} consists of the remaining
neighbors. Then for each v ∈ N>

x we have that qk = o(wk(x, v)). For each such v it
follows by the induction hypothesis that P(k)

v (τx < τ̃q) = 1 − Θ
(

qk

wk(x,v)

)
. It follows

that

P̃(k)
x (τy < τ̃q) = wk(x, y)

qk + wk(x, y) +
∑

v∈Nx\{y} wk(x, v)(1− P̃(k)
v (τx < τ̃q))

= wk(x, y)
wk(x, y) + Θ(qk) +

∑
v∈N

≤
x

wk(xn, v)(1− P̃(k)
v (τx < τ̃q))

= wk(x, y)
wk(x, y) + Θ(qk) = 1−Θ

(
qk

wk(x, y)

)
.

Thus we have that P̃(k)
x (τy < τ̃q) = 1−o(1), from which it follows that U

(Gk)
qk (x, y)→ 0.
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Lemma 2.18 (Parent hitting asymptotics with small q in hierarchical trees
of bounded height). For each n ∈ N let Gn = (Vn, En, wn) be a hierarchical tree of
height H = Hn, see Figure 2.4a. Denote the weight of an edge at height i ∈ [H] in Gn

by w
(n)
i and recall that w

(n)
1 ≤ . . . ≤ w

(n)
H .

For each n ∈ N let yn be a vertex in Gn at height h = hn such that Hn − hn is
constant in n. Let xn denote the parent of yn. For each vertex v in Gn let ℓn(v)
denote the number of vertices in Gn that have v in their ancestry. Let (qn)n∈N be a

sequence of rooting parameters such that qn = o

(
w

(n)
h

ℓn(y)

)
.

For each n ∈ N let P̃(n)
x denote the law of the discrete-time random walk X̃ on

Gn starting at vertex x ∈ Vn and let τ̃q be a geometric killing time, as defined in
Equation (A.6). Let τx denote the first hitting time of x by X̃. Then as n → ∞ it
holds that

P̃(n)
y (τx < τ̃q) ∼ 1− qnℓn(y)

w
(n)
h

.

Proof. Write k = Hn− hn, which is independent of n. We proceed by induction on k.
For k = 0 we have that all vertices yn are leaves. We then have that ℓn(y) = 1, so

that qn = o(w(n)
H ). It follows that

P(n)
y (τx < τ̃q) = w

(n)
H

w
(n)
H + qn

∼ 1− qn

w
(n)
H

.

Now assume that k > 0. Let C
(n)
y ⊆ Vn denote the set of child vertices of yn in

Gn. Note that since k > 0, we have for all n that C
(n)
y is non-empty. For each n ∈ N

let zn be a child of yn. Note that w
(n)
h

ℓn(y) ≤
w

(n)
h+1

ℓn(z) . This means that qn = o

(
w

(n)
h+1

ℓn(z)

)
.

Thus by the induction hypothesis we then have that

P(n)
z (τy < τ̃q) ∼ 1− qnℓn(z)

w
(n)
h+1

.

Since this holds for all possible choices of sequences of children of yn, Lemma A.8
stated at the end of this section gives us that

∑
z∈C

(n)
y

P(n)
z (τy < τ̃q) ∼

∑
z∈C

(n)
y

1− qnℓn(z)
w

(n)
h+1

. (2.56)

Note that for all n it holds that

P̃(n)
y (τx < τ̃q) = P̃(n)

y (X1 = x) + P̃(n)
y (X1 = y)P̃(n)

y (τx < τ̃q)

+
∑

z∈C
(n)
y

P̃(n)
y (X1 = z)P̃(n)

z (τy < τ̃q)P̃(n)
y (τx < τ̃q).
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Solving this equation gives us that

P̃(n)
y (τx < τ̃q) = P̃(n)

y (X̃1 = x)
1− P̃(n)

y (X̃1 = y)−
∑

z∈C
(n)
y

P̃(n)
y (X̃1 = z)P̃(n)

z (τy < τ̃q)

= w
(n)
h

qn + w
(n)
h + w

(n)
h+1

∑
z∈C

(n)
y

(
1− P̃(n)

z (τy < τ̃q)
) . (2.57)

Since qn = o

(
w

(n)
h

ℓn(y)

)
, we then have that

P̃(n)
y (τx < τ̃q) = w

(n)
h

qn + w
(n)
h + w

(n)
h+1

∑
z∈C

(n)
y

(
1− P̃(n)

z (τy < τ̃q)
)

∼
w

(n)
h

qn + w
(n)
h + w

(n)
h+1

∑
z∈C

(n)
y

qnℓn(z)
w

(n)
h+1

= w
(n)
h

qn + w
(n)
h + qn

∑
z∈C

(n)
y

ℓn(z)
= w

(n)
h

w
(n)
h + qnℓn(y)

∼ 1− qnℓn(y)
w

(n)
h

.

Proof of Theorem 2.13. If dn is bounded, then the result follows from Proposition 2.12.
Hence, we can assume that dn → ∞ as n → ∞. Since Gn is a complete dn-ary tree,
the number of vertices with yn in their ancestry is given by ℓn(y) =

∑k
i=0 di

n. This
means that ℓn(y) ∼ dk

n as as n→∞. Hence, the case qn = o
(

wn(en)
dk

n

)
follows directly

from Lemmas 2.16 and 2.18.
Assume that qk = ω

(
wk(ek)

dm
k

)
. By Theorem 2.3 we can assume without loss of

generality that also qn = o
(

wn(en)
dk−1

n

)
.

For ech n ∈ N let P̃(n)
x denote the law of the discrete-time random walk X̃ on

Gn starting at vertex x ∈ Vn and let τ̃q be a geometric killing time, as defined in
Equation (A.6). Let τx denote the first hitting time of x by X̃. By Lemma 2.16 it is
sufficient to show that both P̃(n)

y (τx < τ̃q)→ 0 and P̃(n)
x (τy < τ̃q)→ 0 as n→∞.

First we consider P̃(n)
y (τx < τ̃q). Let zk be a child vertex of yk. Then by Lemma 2.18

we have that
P̃(n)

z (τy < τ̃q) ∼ 1− qn

∑m−1
i=0 di

n

wn(yn, zn)
So, by using that Gn is a complete d-ary tree, we have analogous to Equation (2.57)
that

P̃(n)
y (τx < τ̃q) = wn(en)

qn + wn(en) + dn

(
1− P̃(n)

z (τy < τ̃q)
)

wn(yn, zn)

∼ wn(en)
qn + wn(en) + dnqn

∑m−1
i=0 di

n

= wn(en)
qn + wn(en) + ω(wn(en)) = o(1).

51



2. Random rooted forests on sparse graphs

C
ha

pt
er

2

It remains to show that P̃(n)
x (τy < τ̃q)→ 0. Let u denote the parent of x. Then it

holds that

P̃(n)
x (τy < τ̃q) = P̃(n)

x (X̃1 = y) + P̃(n)
x (X̃1 = x)P̃(n)

x (τy < τ̃q)
+ P̃(n)

x (X̃1 = u)P̃(n)
u (τx < τ̃q)P̃(n)

x (τy < τ̃q)
+ (dn − 1)P̃(n)

x (X̃1 = y)P(k,q)
y (τx < τ̃q)P̃(n)

x (τy < τ̃q).

This gives us that P̃(n)
x (τy < τ̃q) is equal to

P̃(n)
x (X̃1 = y)

1 − P̃(n)
x (X̃1 = x) − P̃(n)

x (X̃1 = u)P̃(n)
u (τx < τ̃q) − (dn − 1)P̃(n)

x (X̃1 = y)P̃(n)
y (τx < τ̃q)P̃(n)

x (τy < τ̃q)

= wn(en)

qn + (1 − P̃(n)
x (τy < τ̃q))wn(x, u) + wn(en) + wn(en)(dn − 1)

(
1 − P̃(n)

y (τx < τ̃q)
) .

Since we have already shown that P̃(n)
y (τx < τ̃q)→ 0, it follows that

P̃(n)
x (τy < τ̃q) ≤ wn(en)

wn(en) + wn(en)(dn − 1)
(

1− P̃(n)
y (τx < τ̃q)

)
= 1

1 + (dn − 1) (1− o(1)) = o(1).
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APPENDIX A
Appendix: Chapter 2

A.1 Graph reduction/extension lemmas
We introduce here some rather classical contraction tools. Though, we stress that the
following definition of contraction is slightly different from what is often encountered
in the UST literature, as it is adapted to the setting of weighted directed graphs.

Definition A.1.1 (Directed edge contraction). Let G = (V, E, w) be a weighted
directed graph and e ∈ E a directed edge from vertex x to y, i.e. e = (x, y). The
graph G/⃗e obtained by performing the directed edge contraction in G over edge e is
the graph obtained by first removing all outgoing edges of x and then contracting x

and y into a single vertex, while retaining all outgoing edges from y and all ingoing
edges to both x and y.

If B is a set of edges that constitutes a rooted forest of G, then the operations
of performing a directed edge contraction on different edges in B commute. Thus
for such a B we can define the graph G/⃗B to be the graph obtained by performing
directed edge contractions on all edges in B. ■

Besides this notation for directed edge contractions, we will also use the standard
notation G−e to denote the graph obtained by removing the directed edge e (without
removing the reversed edge), and G/e to denote a regular edge contraction over edge
e, i.e. G/e is the graph obtained by identifying the two endpoints of e as a single
vertex.

Lemma A.1 (Various expressions for edge probabilities). Let G = (V, E, w)
be a weighted directed graph and e = (x, y) a directed edge from vertex x to y. Let Rq

be the set of root vertices of Φq. Let L denote the negative graph Laplacian of G and
for q > 0 write Kq = q(qI − L)−1. For each directed edge e write G/⃗e to denote the
directed e-contraction of G. Then it holds that

P(e ∈ Φq) = w(e)
q P(x ∈ Rq, x ↮Φq

y) = w(e)
q (Kq(x, x)−Kq(y, x)) = w(e)

Z
G/⃗e

(q)
ZG(q) .

Proof. Let e = (x, y) be an edge from x to y. Let A = {F ∈ FG : e ∈ F} denote the set
of rooted forests of G that do contain edge e. Write H = {F ∈ FG : x ∈ R(F ), x ↮F

y} to denote the set of forests in which x is a root that is not connected to y. Note that
there is a one-to-one correspondence f : A → H given by f(F ) = F − e. Moreover,
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it holds that w(F ) = w(e)w(f(F )) and that r(F ) = r(f(F ))− 1, where r(F ) denotes
the number of roots of F . The first identity follows by summation over all forests
in A. For the second identity we use the Chebotarev-Shamis matrix-forest theorem
[19], which states that Kq(y, x) = P(x ∈ Rq, x↔Φq y). The third identity follows by
considering the bijection g : H → F

G/⃗e
that sends all edges of a forest in H to their

corresponding edges in G/⃗e. Note that here G/⃗e could be a multigraph. This bijection
satisfies w(F ) = w(g(F )) and r(F ) = r(g(F )) + 1, so that summation over all forests
in H yields the result.

The following lemma shows the well-known spatial Markov property for the UST,
see e.g. [39], tailored to the rooted forest measure Φq.

Lemma A.2 (Directed Spatial Markov property). Let G = (V, E, w) be a
weighted directed graph and A, B ⊆ E two disjoint sets of directed edges. Then it
holds for all F ∈ FG with F ∩A = ∅ and B ⊆ F that

P(G)(Φq = F | Φq ∩A = ∅, B ⊆ Φq) = P((G−A)⃗/B)(Φq = F /⃗B). (A.1)

For any edge e ∈ E the partition function of G satisfies the deletion-contraction iden-
tity [76]

ZG(q) = ZG−e(q) + w(e)Z
G/⃗e

(q). (A.2)
Moreover, if G is a symmetric graph, then it holds that

P(G)(Φq = F | Φq ∩A = ∅,±B ⊆ Φq) = P((G−A)/B)(Φq = F/B), (A.3)

where G/B denotes the regular edge contraction of all edges in B.

Proof. It is sufficient to show that the statement holds when |A ∪ B| = 1, since the
general statement then follows by induction. First assume that B = ∅ and A = {e}
for some edge e ∈ E. Let A = {F ∈ FG : e /∈ F} denote the set of rooted forests
of G that do not contain edge e. Write r(F ) to denotes the number of roots of the
rooted forest F . There is a natural one-to-one correspondence f : A → FG−e given
by f(F ) = F . Hence, we have for all F ∈ A that

P(G)(Φq = F | e /∈ Φq) = P(G)(Φq = F )
P(G)(e /∈ Φq) = qr(F )w(F )∑

H∈A qr(H)w(H)

= qr(F )w(F )∑
H∈FG−e

qr(f−1(H))w(f−1(H))

= qr(F )w(F )∑
H∈FG−e

qr(H)w(H) = qr(F )w(F )
ZG−e(q) = P(G−e)(Φq = F ).

Assume instead that A = ∅ and B = {e} for some edge e ∈ E. Then by lemma A.1
we have for all F ∈ FG with e ∈ F that

P(G)(Φq = F | e ∈ Φq) = P(G)(Φq = F )
P(G)(e ∈ Φq) = qr(F )w(F )

w(e)Z
G/⃗e

(q) = P(G/⃗e)(Φq = F/e).

The proof of eq. (A.2) is analogous to that of eq. (A.1), while eq. (A.3) follows
directly from the spatial Markov property for the UST.
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Lemmas A.3 and A.4 both represent the same simple combinatorial manipulation,
but in two slightly different settings. The same manipulation can be extended beyond
the simple setups of these lemmas, but for notational simplicity we stick to these
versions, which are tailored to sparse geometries.

These lemmas are phrased in terms of the non-normalized rooted forest measure
defined as

ν(G)(Φq ∈ ·) = ZG(q)P(G)(Φq ∈ ·). (A.4)

This measure has the benefit that the measure of a rooted forest depends on the
geometry of the underlying graph only through the total number of vertices. That is,
for any rooted forest F ∈ FH of a subgraph H of G it holds that qmν(H)(Φq = F ) =
ν(G)(Φq = F ), where m is the difference between the number of vertices in G and H.
This simplifies the notation required for various combinatorial manipulations.

Lemma A.3 (Graph extension lemma (single vertex version)). Let G =
(V, E, w) be a weighted directed graph and x ∈ V a vertex. Let Rq be the set of
root vertices of Φq. Let H = G[V \ {x}] denote the induced subgraph of G ob-
tained by removing vertex x. Let {H(F ) : F ∈ FH} be the partition of FG given
by H(F ) = {F ′ ∈ FG : F ′[V \{x}] = F}, i.e. H(F ) denotes the set of spanning rooted
forests of G for which the induced subgraph obtained by removing x equals F . For each
vertex y ∈ V \ {x} let ry(F ) denote the unique root in F that is connected to y. Then
it holds for all F ∈ FH that

ν(G)(Φq ∈ H(F ), x ∈ Rq) = q ν(H)(Φq = F )
∏

r∈R(F )

(1 + w(r,x)
q )

and that

ν(G)(Φq ∈ H(F ), x /∈ Rq) = ν(H)(Φq = F )
∑

y∈V \{x}

w(x, y)
∏

r∈R(F )\{ry(F )}

(1 + w(r,x)
q ).

Here we take w(e) = 0 when e /∈ E.

Proof of lemma A.3. We will first prove the first equality. Let FH ∈ FH be given.
Each forest in F ∈ H(FH) with x ∈ R(F ) can be obtained from FH by adding any
number of edges from roots of FH to x. So, for each root we can choose either to add
this edge or not to add this edge. For each edge we do add, there will be one less
component, since the root from which that edge originated will cease to be a root in
the new forest. This contributes a factor 1

q . We then also have an additional edge,
which contributes a factor equal to the weight of that edge. This gives us the product
over the roots r, where the 1 term is chosen if no edge is added from r to x and the
w(r,x)

q term is chosen if we do add such an edge. If we don’t add any such edges, then
the obtained forest will have one more root than FH , so this gives us the additional
factor q.

The second equality is proven similarly. Each forest in F ∈ H(FH) with x /∈ R(F )
can be obtained from FH by first adding a single edge from x to any other vertex y.
We then add any number of edges from roots of FH to x, but we cannot add an edge
from ry to x as this would create a cycle.
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Definition A.1.2. Let G = (V, E) be a directed graph. Let A ⊆ V be a set of vertices
and denote by G[A] the induced subgraph of G on the vertices in A. A set H ⊆ F of
rooted forests of G is said to be determined by A if there exists an A ⊆ FG[A] such
that H = {F ∈ FG : F [A] ∈ A}. ■

Lemma A.4 (Graph extension lemma (single edge version)). Let G = (V, E, w)
be a weighted directed graph. Let {A, B} be a partition of V and assume that there
exists exists exactly one vertex a ∈ A that is adjacent to any vertices in B and exactly
one vertex b ∈ B adjacent to any vertices in A. Write G[A] and G[B] to denote the
induced subgraphs on A and B. Let A,B ⊆ F be sets of rooted forests of G that are
determined by A and B, respectively, and let A′ ⊆ FG[A] and B′ ⊆ FG[B] be such that
A = {F ∈ FG : F [A] ∈ A′} and B = {F ∈ FG : F [B] ∈ B′}. Denote by Rq the set of
root vertices of Φq. Then it holds that

ν(G)(Φq ∈ A ∩ B) = ν(G[A])(Φq ∈ A′) ν(G[B])(Φq ∈ B′)
+ w(a,b)

q ν(G[B])(Φq ∈ B′) ν(G[A])(Φq ∈ A′, a ∈ Rq)

+ w(b,a)
q ν(G[A])(Φq ∈ A′) ν(G[B])(Φq ∈ B′, b ∈ Rq).

Proof. Let FA ∈ A′ and FB ∈ B′ be given.
If both a is a root in FA and b is a root in FB , then there are exactly three forests

F1, F2, F3 ∈ FG for which the induced subgraphs on A and B correspond to FA and
FB , respectively.

(a) The first of these forests consists of the disjoint graph union of FA and FB and
has non-normalized measure

ν(G)(Φq = F1) = ν(G[A])(Φq = FA) ν(G[B])(Φq = FB).

(b) The second has an additional edge from a to b and has non-normalized measure

ν(G)(Φq = F2) = w(a,b)
q ν(G[A])(Φq = FA) ν(G[B])(Φq = FB),

since it contains one less root than the sum of the roots in FA and FB and one
additional edge with weight w(a, b).

(c) The third forest has an additional edge from b to a and it similarly has non-
normalized measure

ν(G)(Φq = F3) = w(b,a)
q ν(G[A])(Φq = FA) ν(G[B])(Φq = FB).

Note that each of these three forests is contained in A ∩ B.
If exactly one of the vertices a and b is a root in FA and FB , then only two of the

above mentioned forests are rooted forest of G, since adding an outgoing edge to a
non-root vertex does not yield a rooted forest.

If both a and b are not roots, then only the first forest without an additional edge
is a rooted forest of G.
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Since each forest in A ∩ B can be obtained in such a manner, summing over all
rooted forests in A′ and B′ yields

ν(G)
q (A ∩ B) =

∑
FA∈A′

∑
FB∈B′

ν(G[A])(Φq = FA)ν(G[B])(Φq = FB)

+ w(a,b)
q ν(G[A])(Φq = FA)ν(G[B])(Φq = FB)1{b∈R(FA)}

+ w(b,a)
q ν(G[A])(Φq = FA)ν(G[B])(Φq = FB)1{b′∈R(FB)}

= ν(G[A])(Φq ∈ A′) ν(G[B])(Φq ∈ B′)
+ w(a,b)

q ν(G[A])(Φq ∈ A′, a ∈ Rq) ν(G[B])(Φq ∈ B′)

+ w(b,a)
q ν(G[A])(Φq ∈ A′) ν(G[B])(Φq ∈ B′, b ∈ Rq).

A.2 Technical lemmas

The next three lemmas are simple statements used in the proof of theorem 2.5 in
section 2.3.2.1.

Lemma A.5 (Bound on derivative of hitting probabilities). Let G = (V, E, w)
be a weighted directed graph and x, y ∈ V two vertices. Let Px denote the law of the
random walk X on G starting at x. For each v ∈ V let τv denote the hitting time of v

by X and let τq be an independent exponential killing time with rate q. Then it holds
for the derivative of the function q 7→ Px(τy < τq) that

1
qPx(τy < τq)− 1

q ≤
d

dq
Px(τy < τq) ≤ 0. (A.5)

In the subsequent proofs it will be convenient to work with the discrete-time skele-
ton of the random walk X, that is, the discrete-time random walk X̃ on G with
transition matrix

P = I + 1
α L, (A.6)

with α the maximal diagonal entry of the graph Laplacian −L. The path measure of
X̃ starting at x is denoted by P̃x. For τ̃q an independent (N-valued) geometric killing
time with success probability q

q+α , it then holds that Px(τy < τq) = P̃x(τy < τ̃q). Since
the law of the loop-erased trajectory of X̃ corresponds to that of X, we can also use
this discrete-time random walk to analyze eq. (2.8).

Proof of lemma A.5. The upper bound on the derivative in (A.5) is immediate, we
therefore show the lower bound.

Let P̃x denote the law of the discrete-time random walk X̃, as defined in eq. (A.6).
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Then it holds that

Px(τy < τq) = P̃x(τy < τ̃q) =
∞∑

k=1
P̃x(τy < k)P(τ̃q = k)

=
∞∑

k=1
P̃x(τy < k) q

q+α

(
1− q

q+α

)k−1
.

Since P̃x(τy < k) does not depend on q, it follows that

d

dq
Px(τy < τq) =

∞∑
k=1

P̃x(τy < k) (1− k)q + α

(q + α)2

(
α

q + α

)k−1

= 1
qPx(τy < τq)−

∞∑
k=1

P̃x(τy < k) kq

(q + α)2

(
α

q + α

)k−1

≥ 1
qPx(τy < τq)−

∞∑
k=1

kq

(q + α)2

(
α

q + α

)k−1

= 1
qPx(τy < τq)− 1

q+αE(τ̃q) = 1
qPx(τy < τq)− 1

q .

Lemma A.6 (Monotonicity of rooting probabilities). Let G = (V, E, w) be a
weighted directed graph and x ∈ V a vertex. Let P denote the law of a random spanning
rooted forest Φq of G with rooting parameter q > 0. Let Rq denote the set of roots of
Φq. Then it holds that

0 ≤ d

dq
P(x ∈ Rq) ≤ 1

qP(x ∈ Rq). (A.7)

Proof of lemma A.6 via lemma A.5. By (2.6) we have that x is a root in Φq if

P(x ∈ Rq) = Kq(x, x) = q(qI − L)−1(x, x) = Px(Xτq = x).

Let Nx denote the set of out-neighbours of x in G. Let σ = inf{t > 0: Xt ̸= X0} be
the first jump time of X. Then by the Markov property of X we have that

Px(Xτq = x) = Px(σ > τq) +
∑

v∈Nx

Px(Xσ = v)Pv(τx < τq)Px(Xτq = x).

Solving this equation gives us that

Px(Xτq
= x) = Px(σ > τq)

1−
∑

v∈Nx
Px(Xσ = v)Pv(τx < τq)

= q

q +
∑

v∈Nx
w(x, v)(1− Pv(τx < τq)) .

It follows by lemma A.5 that
d

dq
P(x ∈ Rq) = d

dq
Px(Xτq = x)

=

∑
v∈Nx

w(x, v)
(

1− Pv(τx < τq) + q d
dqPv(τx < τq))

)
(
q +

∑
v∈Nx

w(x, v)(1− Pv(τx < τq))
)2 ≥ 0,
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which proves the lower bound. For the upper bound it holds that

d
dqP(x ∈ Rq)
P(x ∈ Rq) =

∑
v∈Nx

w(x, v)
(

1− Pv(τx < τq) + q d
dqPv(τx < τq))

)
q
(
q +

∑
v∈Nx

w(x, v)(1− Pv(τx < τq))
)

≤
∑

v∈Nx
w(x, v) (1− Pv(τx < τq))

q
(
q +

∑
v∈Nx

w(x, v)(1− Pv(τx < τq))
) ≤ 1

q
.

Lemma A.7 (Bound on conditional rooting derivative in trees). Let G =
(V, E, w) be a weighted directed tree and x, y ∈ V two vertices. Then it holds that

d
dqP(x ∈ Rq | x↔ y) ≤ 1

qP(x ∈ Rq | x↔ y). (A.8)

Proof of lemma A.7. Let d denote the distance between x and y. We will argue in-
ductively on d. For d = 0 the statement follows from lemma A.6.

Now assume that d ≥ 1. Let z denote the vertex adjacent to x with distance
d − 1 to y. Note that we possibly have that z = y. Since G is a tree, removing the
edges between x and z splits the graph into two components Tx and Tz, where Tx and
Tz denote the component containing vertex x and z, respectively. It then holds by
lemma A.4 that

P(x ∈ Rq | x↔ y)

= w(z, x)ν(Tx)(x ∈ Rq)ν(Tz)(z ∈ Rq, z ↔ y)
w(z, x)ZTx

(q)ν(Tz)(z ∈ Rq, z ↔ y) + w(x, z)ν(Tx)(x ∈ Rq)ν(Tz)(z ↔ y)

= w(z, x)P(Tz)(z ∈ Rq | z ↔ y)P(Tx)(x ∈ Rq)
w(z, x)P(Tz)(z ∈ Rq | z ↔ y) + w(x, z)P(Tx)(x ∈ Rq) .

It follows by the induction hypothesis and lemma A.6 that

d

dq
P(x ∈ Rq | x↔ y)/P(x ∈ Rq | x↔ y)

=
w(z,x)P(Tx)(x∈Rq)2 d

dq P(Tz)(z∈Rq|z↔y)+w(x,z)P(Tz)(z∈Rq|z↔y)2 d
dq P(Tx)(x∈Rq)

w(z,x)P(Tz)(z∈Rq|z↔y)P(Tx)(x∈Rq)2+w(x,z)P(Tz)(z∈Rq|z↔y)2P(Tx)(x∈Rq)

≤ 1
q

.

The simple lemma below has been used to show eq. (2.56).

Lemma A.8. For each n ∈ N let ℓn ∈ N be given and let (α(n)
i )i∈[ℓn] and (β(n)

i )i∈[ℓn]
be real valued sequences of length ℓn. Let F = {f ∈ NN : f(n) ∈ [ℓn] for all n ∈ N}
denote the set of choice functions on the collection {[ℓ1], [ℓ2], . . .}. Assume that for
each f ∈ F it holds that α

(n)
f(n) ∼ β

(n)
f(n) as n→∞. Then as n→∞ it holds that

ℓn∑
i=1

α
(n)
i ∼

ℓn∑
i=1

β
(n)
i .
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Proof. For all ε > 0 and each f ∈ F , there exists an N(ε, f) ∈ N such that for all
n ≥ N(ε, f) it holds that ∣∣∣∣α

(n)
f(n)

β
(n)
f(n)
− 1
∣∣∣∣ < ε.

Define the function f∗ ∈ F by

f∗(n) = argmaxi∈[ℓn]

∣∣∣α(n)
i − β

(n)
i

∣∣∣ .
Then for all ε > 0 and all n ≥ N(ε, f∗) it holds that∣∣∣∣∣
∑ℓn

i=1 α
(n)
i∑ℓn

i=1 β
(n)
i

− 1
∣∣∣∣∣ = 1∑ℓn

i=1 β
(n)
i

∣∣∣∣∣
ℓn∑

i=1
α

(n)
i −

ℓn∑
i=1

β
(n)
i

∣∣∣∣∣ ≤
∑ℓn

i=1

∣∣∣α(n)
i − β

(n)
i

∣∣∣∑ℓn

i=1 β
(n)
i

=

∑ℓn

i=1 β
(n)
i

∣∣∣∣α
(n)
i

β
(n)
i

− 1
∣∣∣∣∑ℓn

i=1 β
(n)
i

≤
∣∣∣∣α

(n)
f∗(n)

β
(n)
f∗(n)

− 1
∣∣∣∣ ∑ℓn

i=1 β
(n)
i∑ℓn

i=1 β
(n)
i

=
∣∣∣∣α

(n)
f∗(n)

β
(n)
f∗(n)

− 1
∣∣∣∣ < ε.
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CHAPTER 3
Wilson’s occupation field along

coupled Kirchhoff forests

This chapter is based on joint work in progress with L. Avena and A. Gaudillière.
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3.1 Introduction
Wilson’s algorithm is a celebrated procedure, that uses loop-erased random walks to
efficiently sample from the well known Uniform Spanning Tree measure, and from the
Kirchhoff forest measure. The latter is a distribution on the spanning rooted forests
of a given weighted directed graph, and can be seen as a parametric generalization of
the Uniform Spanning Tree measure. The number of components (i.e. trees) in the
resulting Kirchhoff forest can be tuned by adjusting the intensity parameter q > 0 of
the Kirchhoff forest measure. For large values of q a Kirchhoff forest will consist of
many small trees, while for small q the measure will concentrate on rooted forest with
few components. In particular, the Uniform Spanning Tree is recovered in the limit
q → 0.

In [6] it is shown that Wilson’s algorithm can be used to couple together a con-
tinuum of Kirchhoff forests for all possible intensities q ∈ (0,∞). By reparametrizing
t := 1/q this coupling constructs a Markov process indexed by time t, such that for
each time t the time marginal is a Kirchhoff forest of intensity 1/t. A partial trajec-
tory of this process, with t ∈ [0, tmax], can be sampled with approximately the same
efficiency as sampling a single Kirchhoff forest of intensity 1/tmax. Recently, this forest
coupling has been applied for estimating the spectrum of a graph’s Laplacian matrix
[9].

This coupling of realizations of Wilson’s algorithm also couples together the asso-
ciated occupation fields, which are obtained from the loops that are removed during
Wilson’s procedure. Thus is constructed a stochastic process of occupation fields,
which will be called (Wilson’s) occupation field process, defined in section 3.2.1 below,
and which is the object of interest in the present chapter.

The occupation field of Wilson’s algorithm is of independent interest, as it shows
remarkable connections to Poissonian loop-ensembles (or random walk loop soups)
and to the discrete Gaussian free field. These connections were first explored by Le
Jan [55].

Outline

This chapter is organized as follows. In section 3.1.1 we will introduce the setting of this
chapter. A detailed description of Wilson’s algorithm will be provided in section 3.1.2.
This description is used in section 3.2 to define the Kirchhoff forest coupling and the
associated occupation field process.

In section 3.3 we state the results of this chapter. The main result, theorem 3.6,
will give a complete description of the law of the occupation field process. A direct
consequence of this theorem, corollary 3.6.1, shows how the connections between the
occupation field of Wilson’s algorithm and random walk loop soup can be extended
to this dynamic setting. The proofs of these results will be deferred to section 3.4.
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3.1.1 Setting
Given are a finite set X of size n := |X |, and an arbitrary Laplacian matrix L =
(L(x, y))x,y∈X ∈ RX ×X , i.e. diagonal entries of L are non-negative, its off-diagonal
entries are non-positive, and all of its row sums equal zero. Together the set X and
the Laplacian matrix L form the fixed inputs of our model.

On the set X we define a discrete-time Markov chain X = (Xk)k∈N0 with transition
matrix I − 1

δ L, where I is the identity matrix, and δ is an auxiliary parameter that
needs to satisfy

δ ≥ max
x∈X

L(x, x) (3.1)

for the transition matrix to be well-defined. This parameter δ determines the ‘lazyness’
of the discrete-time Markov chain, so for larger values of δ the chain is more likely to
stay in the same state at each time-step.

The transition matrix I− 1
δ L defines a weighted directed graph G = (X , E , w) with

vertices X . The weight function w : X × X → [0,∞) is defined by

w(x, y) := (δI − L)(x, y), (3.2)

and the directed edge set is given by

E := {(x, y) ∈ X × X : w(x, y) > 0}. (3.3)

Note that the graph G has self-loops at vertices x with
∑

y∈X \{x} w(x, y) < δ. We
further introduce the notation w(E) :=

∏
(x,y)∈E w(x, y) for the weight of a set of

edges E ⊆ E . The Markov chain X will be called the random walk on G.

Of interest are the (spanning) rooted forests of the graph G, which are subsets
F ⊆ E of directed edges such that:

(i) each vertex has at most one outgoing edge in F ;
(ii) F does not contain any undirected cycles.

The roots of a rooted forests F are those vertices that do not have an outgoing edge
in F . We denote by ρ(F ) the set of roots of F , and by r(F ) := |ρ(F )| the number of
roots. The set of all rooted forests of the graph is denoted by F .

A Kirchhoff forest of intensity q > 0 is an F-valued random variable Φq with
distribution

P(Φq = F ) := 1
Z(q) qr(F )w(F ), (3.4)

where Z(q) :=
∑

F ∈F qr(F )w(F ) denotes the normalizing partition function.

3.1.2 Wilson’s algorithm
Wilson’s algorithm is a method for sampling Kirchhoff forests, that is not only of
interest from an applied point of view, but is also a useful tool for the theoretical
analysis of Kirchhoff forests.

A brief description of Wilson’s procedure can be given as follows. Define a killed
random walk on the graph. Pick an arbitrary vertex and run a killed random walk

65



3. Wilson’s occupation field along coupled Kirchhoff forests

C
ha

pt
er

3

starting from that vertex. Each time the random walk makes a cycle, the edges in the
cycle are removed from the trajectory of the random walk, to obtain the loop-erased
trajectory.
Then repeatedly pick a new vertex that has not been picked before and run a random
walk until either is killed or it hits a vertex in the loop-erased trajectory of any of the
previous random walks, and continue until all vertices have been picked. The union
of all directed edges in the loop-erased trajectories of the random walks now form a
Kirchhoff forest. The intensity of the Kirchhoff forest can be tuned by adjusting the
killing time of the random walk.

To define the coupled forest process and the associated occupation field process
we require a more detailed description of Wilson’s procedure. In fact, we will give
two distinct, albeit equivalent, such descriptions. The first is given in section 3.1.2.2
and utilizes loop-erased random walks, while the second, given in section 3.1.2.4, uses
a ‘cycle popping’ procedure based on the Diaconis-Fulton stack representation of a
random walk.

We note that Wilson’s method depends only indirectly on the law of the used
random walks, as only the law of the loop-erased trajectories are relevant. As there
are multiple killed random walks of which the distributions of their loop-trajectories
coincide, there is some freedom in the choice of random walk. The descriptions of
Wilson’s algorithm given below, will use the random walk X defined in section 3.1.1
above. This specific choice of random walk will be elucidated in section 3.2.1.1.

3.1.2.1 Notation for walks on graphs

Let P denote the set of all finite length walks in G, i.e.

P :=
⋃

l∈N0

{(x0, x1, . . . , xl) ∈ X l+1 : (xi−1, xi) ∈ E for all i ∈ [l]}, (3.5)

where we use the notation [l] := {1, 2, . . . , l} for the set containing the first l positive
integers. Elements of P will commonly be denoted by γ = (x0, x1, . . . , xl). For γ ∈ P
its length is the unique non-negative integer l ∈ N0 for which γ ∈ X l+1. So in particular
single vertices are walks of zero length. We introduce the notations

s(γ) := {x0, x1, . . . , xl}, and e(γ) := {(xi−1, xi) ∈ E : i ∈ [l]} (3.6)

for the support of γ, and the set of edges traversed by γ, respectively. If γ has length
zero, then its set of traversed edges is empty. A walk (x0, x1, . . . , xl) ∈ P with length
l ≥ 1 for which x0 = xl is called a closed walk or cyclic walk. The set of closed walks
is denoted by Pcl. A self-avoiding walk is a walk for which xi ̸= xj for all distinct
i, j ∈ [l]0 := {0, 1, . . . , l}.

Define an an equivalence relation ≃ on the set of closed walks Pcl as follows. For
γ1, γ2 ∈ Pcl with γ1 = (x0, . . . , xl) and γ2 = (y0, . . . , yl) we call γ1 and γ2 equivalent
if there exists a cyclic permutation σ : [l − 1]0 → [l − 1]0 such that xσ(i) = yi for all
i ∈ [l − 1]0.

We let γ◦ denote an element of the quotient set Pcl/ ≃. If γ◦ has a representative
γ = (x0, . . . , xl) for which γ− := (x0, . . . , xl−1) is self-avoiding, then we call γ◦ an
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(unbased) cycle. So, cycles can be seen as self-avoiding closed walks without a specified
starting point. For any two representatives γ1, γ2 ∈ γ◦ it holds for their supports and
traversed edges that s(γ1) = s(γ2) and e(γ1) = e(γ2). Hence, we can define the support
of γ◦ by s(γ◦) := s(γ1) and the traversed edges of γ◦ by e(γ◦) := e(γ1).

The occupation field of a walk γ = (x0, x1, . . . , xl) is the map ℓ[γ] : X → N0 defined
by

ℓ[γ](x) :=
l∑

k=0
1{xk = x}, (3.7)

where 1 denotes the indicator function. That is, ℓ[γ](x) denotes the local time spent
by the walk γ at vertex x.

For each walk γ = (x0, x1, . . . , xl) we will define a self-avoiding walk called its
loop-erasure. Iteratively define a sequence of self-avoiding walks (γi)0≤i≤l as follows.
Set γ0 := x0. For each i ∈ [l], given γi−1 = (y0, . . . , ym) we define

γi :=
{

(y0, y1, . . . , ym−1, ym, xl) if xi /∈ s(γi−1)
(y0, y1, . . . , yki−1, yki

) if xi ∈ s(γi−1),
(3.8)

where ki := inf{j ∈ [m]0 : yj = xi}. The loop-erasure of γ is defined as

LE[γ] := γl. (3.9)

3.1.2.2 Wilson’s algorithm using loop-erased random walks

Equip X with an arbitrary ordering, X = {x1, x2, . . . , xn}. Let X(1), X(2), . . . , X(n)

be independent copies of the random walk X, with each X(i) starting from vertex
xi. Let T (1), T (2), . . . , T (n) be i.i.d. N0-valued1 geometric killing times with success
parameter q

q+δ , that is P(T (i) = k) =
(

δ
q+δ

)k
q

q+δ . Iteratively define a set of vertices
V (i) and a loop-erased random walk Γ(i) as follows. Set V (0) := ∅. For each i ∈ [n]
write

τ (i) := T (i) ∧ inf{k ∈ N0 : X
(i)
k ∈ V (i−1)} (3.10)

to denote the minimum of T (i) and the first hitting time of V (i−1) by X(i), and define

Γ(i) := LE
[
(X(i)

k )0≤k≤τ(i)

]
, and V (i) := V (i−1) ∪ s(Γ(i)). (3.11)

Theorem 3.1 (Wilson [77]). The set of edges⋃
i∈[n]

e(Γ(i)) (3.12)

is a Kirchhoff forest of intensity q.

While theorem 3.1 shows that the law of the rooted forest obtained by Wilson’s
procedure does not depend on the chosen vertex ordering, conditionally on the random
walks X(1), X(2), . . . , Xn the realization of the rooted forest does.

1In this chapter we adopt the convention that all geometric random variables are supported on N0.
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3.1.2.3 Diaconis-Fulton stack representation

Diaconis and Fulton introduced an alternative method to index the randomness of a
Markov chain [21]. Rather than using time as the index variable, they showed how
a Markov chain can be constructed from space indexed randomness. It will be useful
to use their representation for the random walks employed in Wilson’s procedure, as
doing so provides us with an alternative perspective on the entire procedure.

For each x ∈ X let (Ai(x))i∈N0 be an independent sequence of i.i.d. X -valued
random variables with law

P(Ai(x) = y) := 1
δ w(x, y), for all y ∈ X . (3.13)

The random walk X can be constructed from the collection {(Ai(x))i∈N0 : x ∈ X},
by iteratively setting

Xk+1 := Aik
(Xk), with ik := ℓ[(Xj)0≤j≤k−1](Xk), (3.14)

where we use the convention that ℓ[∅] := 0, so that i0 = 0.
One can imagine that an infinite stack of arrows (Ai(x))i∈N0 is attached underneath

each vertex x, with arrow Ai(x) directly on top of arrow Ai+1(x). Whenever the
random walk visits a vertex, it reads the current top arrow from the stack of that
vertex to determine its next step, after which that arrow is deleted from the stack.

We further introduce a collection {(Bi(x))i∈N0 : x ∈ X}, where all Bi(x) are i.i.d
Ber( q

q+δ ) random variables independent of the arrows. The variable Bi(x) should be
interpreted as the random color of arrow Ai(x), where outcome 1 represents that the
arrow is red and outcome 0 represents that the arrow is green. These colors are used
to define the geometric killing time of the random walk. Whenever the random walk
reads a green arrow, it makes the jump indicated by the arrow. But if it reads a red
arrow, then it is killed instead.

3.1.2.4 Wilson’s algorithm using cycle popping

Equip the set of unbased cycles with an arbitrary well-ordering. Set d0 := 0,
where 0 ∈ NX

0 denotes the all-0 vector. For i ∈ N0 we iteratively define
a random set of edges Ei := {(x, Adi(x)(x)) ∈ E : x ∈ X , Bdi(x)(x) = 0} and let
Pcl

i := {γ ∈ Pcl : e(γ) ⊆ Ei} denote the set of closed walks whose edges are contained
in Ei. Define the random cycle Γ◦

i to be the minimal element of Pcl
i / ≃ whenever Pcl

i

is non-empty, and set Γ◦
i := ∅ otherwise. Then we define di+1 := di + 1s(Γ◦

i
), where

1s(Γ◦
i

) ∈ {0, 1}X denotes the indicator of the support of Γ◦
i . That is, at each iteration

i one cycle is deleted (or ‘popped’) from the top of the DF-stacks, and di(x) denotes
the number of deleted arrows from the stack at vertex x until iteration i.

Write i∗ := min{i ∈ N0 : Γ◦
i = ∅} to denote the time-step when the procedure

terminates.

Theorem 3.2 (Wilson, [77]). The set of edges Ei∗ is a Kirchhoff forest of inten-
sity q.
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While the cycle popping procedure makes use of an ordering to choose a cycle, the
realization of the Kirchhoff forest does not depend on the chosen ordering. We denote
the rooted forest Ei∗ obtained from the stacks {(Ai(x), Bi(x))i∈N0 : x ∈ X} by

CyclePopping({(Ai(x), Bi(x))i∈N0 : x ∈ X}) := Ei∗ . (3.15)

3.2 Coupled forests and their occupation fields
The intensity parameter q of the Kirchhoff forest obtained by cycle popping the stacks
{(Ai(x), Bi(x))i∈N0 : x ∈ X} is determined solely by the parameter of the Bernoulli
distribution of the colors. Rather than giving each arrow a single color, we can give a
dynamic color (Bt

i (x))t≥0 to each arrow that changes as time progresses. We will use
a common method to couple together Bernoulli variables with different parameters,
by making them depend on a single uniform random variable.

Consider a collection {(Ui(x))i∈N0 : x ∈ X}, where all Ui(x) ∼ Unif(0, 1) are i.i.d
random variables, independent of the arrows {(Ai(x))i∈N0 : x ∈ X}. For each x ∈ X ,
i ∈ N0 and t ≥ 0 we define a Bernoulli random variable

Bt
i (x) := 1{Ui(x) < 1

1+δt}. (3.16)

Definition 3.2.1. The coupled forest process (Φ1/t)t≥0 is the F-valued stochastic
process that is obtained from {(Ai(x), Ui(x))i∈N0 : x ∈ X} by defining

Φ1/t := CyclePopping({(Ai(x), Bt
i (x))i∈N0 : x ∈ X}). (3.17)

■

Theorem 3.3 (Avena & Gaudillière [6]). The coupled forest process (Φ1/t)t≥0 has
the following properties:

(i) for fixed t > 0 the marginal Φ1/t is a Kirchhoff forest of intensity 1/t;
(ii) the process (Φ1/t)t≥0 has càdlàg and piece-wise constant trajectories;

(iii) the process (Φ1/t)t≥0 satisfies the Markov property.

The coupled forest process starts, at time t = 0, consisting of only isolated vertices.
At random times, exactly one of the current roots ‘wakes up’. When that happens
either its tree coalesces onto another tree, or its tree fragments into smaller trees, that
each have the possibility to coalesce onto other trees.

The coalescing dynamic is more prominent than the fragmentation, so that as time
progresses in expectation the number of trees decreasses.

3.2.1 The occupation field process
Let Φq be a Kirchhoff forest of intensity q obtained using the cycle popping proce-
dure. Using the notation of section 3.1.2.4, we define the occupation field (of Wilson’s
algorithm) ℓ[Φq] as the NX -valued random variable

ℓ[Φq](x) := di∗(x) + 1. (3.18)
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If Φq is constructed using loop-erased random walks, i.e. Φq :=
⋃

i∈[n] e
(
Γ(i)),

then we equivalently have that

ℓ[Φq](x) = 1{x ∈ ρ(Φq)}+
n∑

i=1
ℓ[(X(i)

k )0≤k≤τ(i)−1](x). (3.19)

That is, the Wilson occupation field equals the sum of the occupation fields of the
stopped random walks used in the procedure, where we only count the local time
contribution of the final step of random walk X(i) if X(i) is killed before it hits any of
the trajectories of the previous random walks.

The notation ℓ[Φq] might incorrectly suggest that the occupation field is an ob-
servable of the Kirchhoff forest Φq. Therefore, we emphasize that the occupation field
is constructed from a realization of Wilson’s algorithm and not just from the resulting
forest.

Although not explicitly mentioned as a result, in [77, proof of Thm 1] Wilson used
the following observation.

Lemma 3.4 (Wilson [77], proof of Thm. 1 therein). The Kirchhoff forest Φq is
independent of the occupation field ℓ[Φq].

The construction of the coupled forest process, as given in definition 3.2.1, does not
only couple together a family of Kirchhoff forests, but also their Wilson occupation
fields. For notational brevity, we denote the occupation field of Φ1/t by

Nt := ℓ[Φ1/t], (3.20)

thus defining an occupation field process (Nt)t≥0.
The occupation field is closely related to the running time Mt of Wilson’s algorithm.

The latter being obtained by taking a sum of the occupation field over all vertices,

Mt :=
∑
x∈X

Nt(x). (3.21)

Equivalently, the running time equals the total number of edges traversed by the n

random walks used in the construction plus the number of roots of the obtained forest.
That is, using the notation of section 3.1.2.2

M1/q = r(Φq)− n +
∑
i∈[n]

τ (i). (3.22)

In [61, prop. 1] Marchal expresses the probability generating function (pgf) of the
Wilson running time in terms of the determinant of the transition matrix of the random
walk used in Wilson’s procedure. Here we apply this result to our specific choice of
killed random walk with transition matrix (I − 1

δ L) and killing rate q
q+δ . We denote

by λ0, λ1, . . . , λn−1 the spectrum of the Laplacian L.

Proposition 3.5 (Marchal [61]). For z ∈ (0, 1) it holds that

E
[
zM1/q

]
=

det
[

q
q+δ I + 1

q+δ L
]

zn

det
[
I −

(
I − q

q+δ I − 1
q+δ L

)
z
] =

∏
j<n

q+λj

q+δ z

1−
(

1− q+λj

q+δ

)
z

. (3.23)
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If λj ∈ R and δ ≥ λj for all j, then we recognize each of the n factors as the pgf of
an N-valued geometric random variable with success parameter q+λj

q+δ . Hence, in this
case we find that M1/q is the sum of n independent geometrics.

3.2.1.1 Different random walks

As mentioned in section 3.1.2, Wilson’s algorithm has some freedom in the choice of
the transition matrix of the employed random walks. While the choice of random walk
does not affect the law of the resulting rooted forest, the distribution of the occupation
field does depend on the choice of random walk. In particular, since the transition
matrix (I − 1

δ L) used in this chapter depends on a parameter δ, the occupation field
will depend on the parameter δ as well.

It is possible to construct the coupled forest process in a parameter free manner,
e.g. by employing the simple random walk with transition matrix D−1A, where A

denotes the (weighted) adjacency matrix of G and D is the diagonal matrix such that
L = D − A. However, the results presented here treat the δ dependent occupation
field process.

The choice for the transition matrix (I − 1
δ L) has several advantages. Firstly, the

killing time of the random walk can be taken independent of the trajectory of the ran-
dom walk, which simplifies some of the computations. More importantly, the spectrum
of the transition matrix is obtained directly from the spectrum of the Laplacian L,
which is relevant since several observables of the occupation field can be expressed in
terms of the spectrum of the transition matrix, see e.g. proposition 3.5 above. Hence,
using our choice of transition matrix ensures that these observables are expressible in
terms of the Laplacian spectrum λ0, λ1, . . . , λn−1. This enables the possibility of fu-
ture work to develop Laplacian spectrum estimation procedures based on observables
of the occupation field process. However, development of such procedures lies outside
of the scope of the present chapter.

3.3 Result: Law of the occupation field process
The result of this chapter is a complete description of the law of the occupation
field process (Nt)t≥0, of which theorem 3.6 and corollary 3.6.1 give two equivalent
formulations.

For stating the result it will be convenient to consider three distinct probability
spaces. On one probability space we define the DF-stacks {(Ai(x), Ui(x))i∈N0 : x ∈ X},
consisting of arrows and uniform killing marks, and all random variables coupled
thereto, e.g. the occupation field process (Nt)t≥0. The law of the DF-stacks we denote
by P. We will further consider, on a second probability space, the killed random walk
(Xk)0≤k≤Tt , which is killed at an N0-supported geometric time Tt ∼ GeomN0

(
1

1+δt

)
that is independent of X, for some parameter t ≥ 0. Denote by Punif the joint
law of X and Tt, with X starting from a uniformly chosen vertex, and write
Px(·) := Punif(· | X0 = x). Any other auxiliary random variables, that are coupled to
neither the DF-stacks nor to the killed random walk, will be defined on a third space
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with law P and accompanying expectation E.

We define the matrix K1/t := 1
t ( 1

t I +L)−1, and let Tr[·] denote the trace operator.

Theorem 3.6. The occupation field process (Nt)t≥0 is a Markov process with piece-
wise constant càdlàg trajectories and distribution

(Nt)t≥0
d=
(

1 +
∫ t

0
Λs Ψ(ds)

)
t≥0

, (3.24)

where for all t > 0 the variables Λt are independent NX
0 -valued random variables with

law

P (Λt = m) := Punif(ℓ[(Xk)0≤k≤Tt
] = m | XTt+1 = X0), for all m ∈ NX

0 , (3.25)

and Ψ is an inhomogeneous Poisson point process on (0,∞) with intensity measure

µ((a, b]) :=
∫ b

a

Tr
[

1
t (K1/t − 1

1+δt I)
]

dt, (3.26)

that is independent of all Λt.

According to theorem 3.6, at time t = 0 the occupation field N0 equals 1 at each
vertex. As t increases the jump-times of the occupation field process are a Poisson
point process with explicit rate

κt := Tr
[

1
t (K1/t − 1

1+δt I)
]

. (3.27)

At each of its jump times the occupation field is increased by a random amount whose
distribution is that of the occupation field of a killed random walk that is conditioned
to make at least one step and to be killed at its uniformly chosen starting point.

Conditional on the event Tt ≥ 1 the distribution of Tt is the same as the un-
conditional distribution of Tt +1. This fact is used in theorem 3.6 to simplify notation.

3.3.0.1 Closed walk decomposition

In [55] Le Jan showed that the occupation field of Wilson’s algorithm has the same
distribution as the occupation field of a Poissonian loop-ensemble. The statement
of corollary 3.6.1 is a rephrasing of theorem 3.6, that clarifies how the connection
between Wilson’s occupation field and the loop-ensemble occupation field extends to
our dynamical setting.

Define the random set of jump times of the occupation field process by

T := {t ∈ (0,∞) : Nt ̸= lims↑t Ns}. (3.28)

So, T is distributed as the support of the Poisson point process Ψ.
Rather then seeing Ψ as a single Poisson point process, we can decompose Ψ

into multiple Poisson point processes that are associated to the closed walks in G.
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Conditionally on these Poisson processes the increment of the occupation field at a
jump time τ can then be determined deterministically by observing which of these
Poisson point processes contains τ .

For a closed walk γ = (x0, x1, . . . , xl) ∈ Pcl write γ− := (x0, x1, . . . xl−1) to denote
the walk obtained by omitting the last step from γ.

Corollary 3.6.1. For all closed walks γ ∈ Pcl let Ψγ be independent Poisson point
processes with respective intensity measures

µγ((a, b]) := w(e(γ))
∫ b

a

1
(1 + δt)2

(
t

1 + δt

)l−1
dt. (3.29)

Then it holds that

(Nt)t≥0
d=

1 +
∑

γ∈Pcl

ℓ[γ−] Ψγ((0, t])


t≥0

. (3.30)

For fixed t > 0 we can define a measure νt on closed walks by

νt(γ) := µγ([0, t)) = w(e(γ))
∫ t

0

1
(1 + δs)2

(
s

1 + δs

)l−1
ds = 1

l

w(e(γ))
(1/t + δ)l

. (3.31)

The measure νt indeed corresponds to intensity measure of the Poissonian loop-
ensemble, if the loops in the ensemble are obtained from the random walk with tran-
sition matrix (I − 1

δ L) with homogeneous killing rate 1
1+δt , see Le Jan [56, eq (2.4)].

Hence, corollary 3.6.1 shows that the ‘loop measure’ νt can be constructed by taking
an integral over different random walk killing rates. This integration further explains
the appearance of the factor 1

l , which for continuous-time random walk ensembles
causes the loop measure to explode as the length of the loop approaches 0.

3.4 Proofs
The proof of theorem 3.6 is divided into three parts, which are each subdivided into
various lemmas. In the first part it is shown that the occupation field process has
independent increments. This fact is then used in the second part to compute the
distribution of the random set of jump times of the process. In the third part we
compute the occupation field increment distribution at jump times.

3.4.1 Independent increments
The argument that is employed in [6] to demonstrate the Markovianity of the coupled
forest process (Φ1/t)t≥0, also shows that the joint process (Φ1/t, Nt)t≥0 is Markovian.
More specifically, it shows that, for fixed 0 < s < t, the distribution of (Φ1/t, Nt−Ns)
depends on the joint history (Φ1/r, Nr)0≤r≤s only through Φ1/s.

That is, for all k ∈ N, 0 ≤ t1 < t2 < . . . < tk = s, F, F1, F2, . . . , Fk ∈ F , n ∈ NX
0 ,

and all m1, m2, . . . , mk ∈ NX with P((Φ1/ti
, Nti)i∈[k] = (Fi, mi)i∈[k]) > 0, it holds
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that

P(Φ1/t = F, Nt −Ns = n | (Φ1/ti
, Nti

)i∈[k] = (Fi, mi)i∈[k])
= P(Φ1/t = F, Nt −Ns = n | Φ1/tk

= Fk).
(3.32)

The following lemma shows that the occupation field process (Nt)t≥0 is itself
Markovian as well.

Lemma 3.7. Both the Wilson occupation field process (Nt)t≥0 and the running time
process (Mt)t≥0 have independent increments.

Proof. We will only prove the result for the occupation field process, as the proof of
for the running time is analogous. Fix 0 < s < t. We have to show that the increment
of the occupation field Nt −Ns is independent of (Nr)0≤r≤s.

Consider the joint process (Φ1/t, Nt)t≥0, which is constructed from the DF-stacks
{(Ai(x), Ui(x))i∈N0 : x ∈ X}. In the first part of the proof we show that Φ1/t is
independent of (Ns)0≤s≤t, for which it is sufficient that the events {Φ1/t = F} and⋂

i∈[k]{Nti ⪰mi+1} are independent2, for arbitrary k ∈ N, 0 < t1 < t2 < . . . < tk ≤ t,
F ∈ F and m1, m2, . . . , mk ∈ NX

0 . Here ⪰ denotes the natural partial order on NX
0

given by n ⪯m if n(x) ≤m(x) for all x ∈ X .
Fix m ∈ NX

0 such that m ⪰mk. There exists some subset

SF ⊆
∏
x∈X

({y ∈ X : (x, y) ∈ E} × [0, 1])

such that3

{Nt = m + 1, Φ1/t = F} = {Nt = m + 1, {(Am(x)(x), Um(x)(x)) : x ∈ X} ∈ SF }.

So, conditionally on the event {Nt = m + 1}, the event {Φ1/t = F} depends only on
the variables {(Am(x)(x), Um(x)(x)) : x ∈ X}.

For each i ∈ [k] whether the cycle popping procedure deletes the arrow above layer
mi does not depend on the arrows in layer mi and the arrows below that layer, i.e. the
event {Nti

⪰ mi + 1} is determined by the variables {(Aix
(x), Uix

(x)) : x ∈ X , ix =
1, 2, . . . , mi(x) − 1}. Hence, the intersection

⋂
i∈[k]{Nti

⪰ mi + 1} is determined
by the variables {(Aix

(x), Uix
(x)) : x ∈ X , ix = 1, 2, . . . , mk(x) − 1}. Since m ⪰

mk, we have in particular that this intersection does not depend on the variables
{(Am(x)(x), Um(x)(x)) : x ∈ X}.

As this holds for all m, it follows that the events
⋂

i∈[k]{Nti
⪰ mi + 1} and

{Φ1/t = F} are conditionally independent given Nt. By lemma 3.4, the variables Φ1/t

2The addition of the all-ones vector 1 is an administrative trick, that is required since N0 = 1,
while the indices of the DF-stacks start at 0.

3Explicitly the subset SF is given by

SF =

 ∏
x∈X \ρ(F )

{y ∈ X : (x, y) ∈ F } × [ 1
1+δt

, 1]

×

 ∏
x∈ρ(F )

{y ∈ X : (x, y) ∈ E} × [0, 1
1+δt

)

 .
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and Nt are independent. It follows that
⋂

i∈[k]{Nti ⪰ mi + 1} and {Φ1/t = F} are
also unconditionally independent, which completes the first part of the proof.

It follows from eq. (3.32) for all n ∈ NX
0 that

P(Nt −Ns = n | Φ1/s, (Nr)0≤r≤s) = P(Nt −Ns = n | Φ1/s). (3.33)

Therefore, the increment Nt − Ns is conditionally independent of (Nr)0≤r≤s given
Φ1/s. By the first part of the proof (Nr)0≤r≤s and Φ1/s are independent, from which
it follows that Nt −Ns and (Nr)0≤r≤s are also unconditionally independent.

3.4.2 Characterization of jump times
Lemma 3.8 (Characterization of jump times). The random atomic measure∑

t∈T δt supported on the set T of jump times of the occupation field process is a
Poisson point process on (0,∞) with intensity measure

µ((a, b]) :=
∫ b

a

Tr
[

1
t (K1/t − 1

1+δt I)
]

dt. (3.34)

Proof. By lemma 3.7 and Kingman’s representation theorem [46], the random measure∑
t∈T δt is a Poisson point process on (0,∞).
Note that the jump times T of the occupation field process (Nt)t≥0 are equal to

the jump times of the running time process (Mt)t≥0.
Using proposition 3.5 and lemma 3.7 we find that for fixed 0 < s < t the pgf of

Mt −Ms is given by

E
[
zMt−Ms

]
=
∏
j<n

1+λjt
1+δt

(
1−

(
1− 1+λjs

1+δs

)
z
)

1+λjs
1+δs

(
1−

(
1− 1+λjt

1+δt

)
z
)

=
∏
j<n

(1 + λjt) (1 + δs− (δ − λj) sz)
(1 + λjs) (1 + δt− (δ − λj) tz) .

(3.35)

Its intensity measure follows from eq. (3.35), since evaluating the pgf of Mt −Ms at
z = 0 gives us that

eµ([s,t)) = P(Mt = Ms) =
∏
j<n

(1 + λjt) (1 + δs)
(1 + λjs) (1 + δt) . (3.36)

By taking the logarithm we find that

µ([a, b)) =
∑
j<n

log
(

(1 + λja)(1 + δb)
(1 + δa)(1 + λjb)

)
=
∫ b

a

∑
j<n

δ − λj

(1 + δt)(1 + λjt) dt

=
∫ b

a

Tr
[

1
t (K1/t − 1

1+δt I)
]

dt.
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3.4.3 Distribution of increments at jump times
The remainder of the proof of theorem 3.6 consists of identifying the law of the incre-
ments at the jump times.

For this purpose we consider an extended graph G⋆ = (X ⋆, E⋆, w⋆), that depends
on a parameter z ∈ (0, 1)X . The graph G⋆ has vertices X ⋆ := X ∪ {⋆, ♦}, directed
edges E⋆ := E ∪ {(x, ⋆) : x ∈ X ∪ {⋆}} ∪ {(x, ♦) : x ∈ X ∪ {♦}}, and edge weights

w⋆(x, y) :=


w(x, y) if x, y ∈ X ,
1
t

1−z(x)
z(x) if x ∈ X , y = ⋆,

δ 1−z(x)
z(x) if x ∈ X , y = ♦,

0 otherwise.

(3.37)

That is, G⋆ is obtained from G by adding two absorbing vertices, and adding edges
from all vertices in X pointing to these new vertices. The parameter z regulates the
edge weights of the added edges. We denote the graph Laplacian of G⋆ by L⋆.

In lemma 3.9 below, we will compute the probability generating function (pgf) of
the Wilson occupation field at a fixed intensity.

Lemma 3.9 (PGF of Wilson occupation field). Fix t > 0. For z ∈ (0, 1)X the
Wilson occupation field has multi-dimensional probability generating function

E

[∏
x∈X

z(x)Nt(x)

]
=

det
[ 1

t I + L
]

det
[( 1

t + δ
)

diag
(

1−z
z

)
+ 1

t I + L
] , (3.38)

where 1−z
z (x) := 1−z(x)

z(x) for all x ∈ X .

Proof. The multi-dimensional pgf can be expressed as

E

[∏
x∈X

z(x)Nt(x)

]
= P

(⋂
x∈X
{Nt(x) ≤ T (x)}

)
, (3.39)

where {T (x) : x ∈ X} is any arbitrary collection of independent random variables with
distribution T (x) ∼ GeomN0(1− z(x)). We will construct a specific such collection of
geometrics, for which the events {Nt(x) ≤ T (x)} have an interpretation in the context
of Wilson’s algorithm that allows us to evaluate the right hand side of eq. (3.39).

Consider the extended graph G⋆ defined above in eq. (3.37). We construct a col-
lection of DF-stacks {(A⋆

i (x), B⋆
i (x))i∈N0 : x ∈ X ⋆} on the extended graph G⋆, which

will be coupled to the DF-stacks {(Ai(x), Bi(x))i∈N0 : x ∈ X} of the original graph G.
For for all i ∈ N0 we set the arrows by A⋆

i (⋆) = ⋆, A⋆
i (♦) = ♦ and independently set

A⋆
i (x) =


Ai(x) with probability 1/t+δ

1/t+δ+w⋆(x,⋆)+w⋆(x,♦)
⋆ with probability w⋆(x,⋆)

1/t+δ+w⋆(x,⋆)+w⋆(x,♦)
♦ with probability w⋆(x,♦)

1/t+δ+w⋆(x,⋆)+w⋆(x,♦)

for all x ∈ X . (3.40)

The killing marks are defined by B⋆
i (⋆) = 1, B⋆

i (♦) = 1 and

B⋆
i (x) =

{
Bi(x) if A⋆

i (x) = Ai(x)
0 if A⋆

i (x) ∈ {⋆, ♦}
for all x ∈ X . (3.41)
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These DF-stacks do not have the distribution given in eq. (3.13), and as a conse-
quence the killed Markov chain on G⋆ constructed from these stacks, as defined in
section 3.1.2.3, does not have transition matrix I− 1

δ⋆ L⋆ for some parameter δ⋆. How-
ever, the law of the loop-erased trajectory of the killed Markov chain constructed from
these stacks, is identical to the law of the loop-erased trajectory of the killed random
walk with transition matrix I − 1

δ⋆ L⋆. Hence, applying the cycle popping procedure
to the stacks {(A⋆

i (x), B⋆
i (x))i∈N0 : x ∈ X ⋆} does produce a Kirchhoff forest of the

graph G⋆ of intensity 1/t, which we denote by Φ⋆
1/t.

Cycle popping the DF-stacks on G⋆ also produces a field of stack depths ℓ⋆[Φ⋆
1/t],

as defined in eq. (3.18), where ℓ[Φ⋆
1/t](x)−1 denotes the index of the arrow at x that is

contained in Φ⋆
1/t. We remark that since the stacks on G⋆ define a random walk with a

different transition matrix, the field ℓ⋆[Φ⋆
1/t] is not distributed as a Wilson occupation

field on G⋆, as expained in section 3.2.1.1.
Define the collection of geometrics {T (x) : x ∈ X} by

T (x) := min{i ∈ N0 : A⋆
i (x) ∈ {⋆, ♦}}, for all x ∈ X , (3.42)

which indeed has success parameter w⋆(x,⋆)+w⋆(x,♦)
1/t+δ+w⋆(x,⋆)+w⋆(x,♦) = 1− z(x), and is indepen-

dent of {T (y) : y ∈ X \ {x}} and ℓ[Φ1/t].
Since T (x) denotes the index of the topmost arrow that points to one of the two

added vertices, it holds that

{ℓ[Φ⋆
1/t](x) ≤ T (x)} = {(x, ⋆) /∈ Φ⋆

1/t and (x, ♦) /∈ Φ⋆
1/t}, (3.43)

where we use that arrows of the form (x, ⋆) or (x, ♦) cannot be part of a cycle in G⋆,
so they can never be popped by the cycle popping procedure. It follows that⋂

x∈X
{ℓ[Φ⋆

1/t](x) ≤ T (x)} = {⋆ and ♦ are isolated vertices of Φ⋆
1/t}. (3.44)

By the coupling of {(A⋆
i (x), B⋆

i (x))i∈N0 : x ∈ X ⋆} and {(Ai(x), Bi(x))i∈N0 : x ∈ X}
it holds that ⋂

x∈X
{ℓ[Φ⋆

1/t](x) ≤ T (x)} =
⋂

x∈X
{ℓ[Φ1/t](x) ≤ T (x)}. (3.45)

Hence, recalling that F denotes the set of rooted forests of G, we have by the
matrix-tree theorem that

E

[∏
x∈X

z(x)Nt(x)

]
= P(⋆ and ♦ are isolated vertices of Φ⋆

1/t)

= P(Φ⋆
1/t ∈ F) =

1
t2 det[ 1

t I + L]
det[ 1

t I + L⋆]

=
det
[ 1

t I + L
]

det
[( 1

t + δ
)

diag
(

1−z
z

)
+ 1

t I + L
] .
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Lemma 3.10 (PGF of increment of Wilson occupation field). Fix z ∈ (0, 1)X .
For the pgf of the increment Nt − Ns of the Wilson occupation field conditioned on
being non-zero, it holds in the limit s ↑ t that

E

[∏
x∈X

z(x)Nt(x)−Ns(x)

∣∣∣∣∣ Nt −Ns ̸= 0
]

=
Tr
[
Kδz

tz,t

]
− n

1+δt

Tr
[
K1/t

]
− n

1+δt

+O(t− s), (3.46)

where K1/t := 1
t ( 1

t I + L)−1 and

Kδz
tz,t :=

(( 1
t + δ

)
diag

(
1−z

z

)
+ 1

t I + L
)−1 (

1
t diag

(
1−z

z

)
+ 1

t I
)

. (3.47)

Proof. Write

E

[∏
x∈X

z(x)Nt(x)−Ns(x)

∣∣∣∣∣ Nt −Ns ̸= 0
]

=
E
[∏

x∈X z(x)Nt−Ns
]
− P(Nt −Ns = 0)

P(Nt −Ns ̸= 0) .

(3.48)
It holds by lemmas 3.7 and 3.9 that

E

[∏
x∈X

z(x)Nt−Ns

]
=

E
[∏

x∈X z(x)Nt
]

E
[∏

x∈X z(x)Ns
]

=
det
[ 1

t I + L
]

det
[
(1/s + δ)diag

(
1−z

z

)
+ 1

s I + L
]

det
[ 1

s I + L
]

det
[
(1/t + δ)diag

(
1−z

z

)
+ 1

t I + L
] .

As s ↑ t, Jacobi’s formula gives us that

det
[

1
s
I + L

]
= det

[
1
t
I + L

]
− (t − s) det

[
1
t
I + L

]
Tr
[
( 1

t
I + L)−1(− 1

t2 I)
]

+ O
(
(t − s)2)

= det
[

1
t
I + L

] (
1 + (t−s)

t
Tr
[
K1/t

])
+ O

(
(t − s)2) ,

and similarly that

det
[
(1/s + δ)diag

(
1−z

z

)
+ 1

s I + L
]

= det
[
(1/t + δ)diag

(
1−z

z

)
+ 1

t I + L
] (

1 + (t−s)
t Tr

[
Kδz

tz,t

])
+O

(
(t− s)2) .

It follows that

E

[∏
x∈X

z(x)Nt(x)−Ns(x)

]
=

1 + (t−s)
t Tr

[
Kδz

tz,t

]
1 + (t−s)

t Tr
[
K1/t

] +O
(
(t− s)2)

= 1 + (t−s)
t Tr

[
Kδz

tz,t −K1/t

]
+O

(
(t− s)2) .

From lemma 3.8 we know that

P(Nt −Ns ̸= 0) = 1−
∏
j<n

(1 + δs)(1 + λjt)
(1 + λjs)(1 + δt)

= (t− s)
∑
j<n

δ − λj

(1 + λjt)(1 + δt) +O((t− s)2).
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Therefore, we conclude that

E

[∏
x∈X

z(x)Nt−Ns

∣∣∣∣∣ Nt −Ns ̸= 0
]

=
1
t Tr

[
Kδz

tz,t −K1/t

]
+
∑

j<n
δ−λj

(1+λjt)(1+δt)∑
j<n

δ−λj

(1+λjt)(1+δt)

+O(t− s)

=
Tr
[
Kδz

tz,t −K1/t

]
+
∑

j<n

(
1

1+λjt −
1

1+δt

)
∑

j<n

(
1

1+λjt −
1

1+δt

) +O(t− s)

=
Tr
[
Kδz

tz,t

]
− n

1+δt

Tr
[
K1/t

]
− n

1+δt

+O(t− s).

The matrix K1/t, that appears in lemma 3.10, has an interpretation in terms of
Kirchhoff forests. The entry K1/t(x, y) equals the probability of the event that vertex
y is a root of Φ1/t and that vertex x belongs to the same component as y [19]. In
particular, the diagonal entry K1/t(x, x) gives the probability that x is a root. The
entries of K1/t also have an interpretation in terms of the killed random walk

K1/t(x, y) = Px(XTt
= y). (3.49)

The matrix Kδz
tz,t can be interpretated using the Kirchhoff forest Φ⋆

1/t on the ex-
tended graph G⋆, which was defined in eq. (3.37), as it holds that

Kδz
tz,t(x, y) = P(x↔Φ⋆

1/t
y, y ∈ ρ⋆

1/t) + P(x↔Φ⋆
1/t

y, (y, ⋆) ∈ Φ⋆
1/t). (3.50)

That is, Kδz
tz,t(x, y) denotes the probability of the event that x and y belong to the

same component of Φ⋆
1/t and that either y is a root or a neighbor of ⋆.

Lemma 3.11 (PGF of occupation field of closed random walk). Fix t > 0.
Let Λt be an NX

0 -valued random variable with law

P (Λt = m) := Punif(ℓ[(Xk)0≤k≤Tt ] = m | XTt+1 = X0), for all m ∈ NX
0 . (3.51)

Then for z ∈ (0, 1)X the pgf of Λt is given by

E

[∏
x∈X

z(x)Λt(x)

]
=

Tr
[
Kδz

tz,t

]
− n

1+δt

Tr
[
K1/t

]
− n

1+δt

, (3.52)

where K1/t := 1
t ( 1

t I + L)−1 and

Kδz
tz,t :=

(( 1
t + δ

)
diag

(
1−z

z

)
+ 1

t I + L
)−1 (

1
t diag

(
1−z

z

)
+ 1

t I
)

. (3.53)
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Proof. First note that by eq. (3.49), we have that

Tr
[
K1/t

]
− n

1+δt =
∑
x∈X

(
K1/t(x, x)− 1

1+δt

)
=
∑
x∈X

(Px(XTt = X0)−Punif(Tt = 0))

=
∑
x∈X

Px(XTt
= X0, Tt ≥ 1) = nPunif(XTt+1 = X0)Punif(Tt ≥ 1).

(3.54)

Below we assume that the killed random walk X = (Xk)0≤k≤Tt is constructed from
the DF-stacks {(Ai(x), Bi(x))i∈N0 : x ∈ X}, as described in section 3.1.2.3, with X0
uniformly distributed on X and independent of the DF-stacks.

Consider the DF-stacks {(A⋆
i (x), B⋆

i (x))i∈N0 : x ∈ X ⋆} on the extended graph G⋆,
defined in the proof of lemma 3.9, and recall that they are coupled to the DF-stacks
{(Ai(x), Bi(x))i∈N0 : x ∈ X}.

For each x ∈ X we define three geometric random variables

T ⋆(x) := min{i ∈ N0 : A⋆
i (x) = ⋆},

T ♦(x) := min{i ∈ N0 : A⋆
i (x) = ♦},

T †(x) := min{i ∈ N0 : B⋆
i (x) = 1},

and we note that T ⋆(x) ∧ T ♦(x) ∼ GeomN0(1− z(x)).
Using the observation in eq. (3.39) gives us for the pgf of Λt that

E

[∏
x∈X

z(x)Λt(x)

]
= P

(⋂
x∈X
{ℓ[(Xk)0≤k≤Tt

](x) ≤ T ⋆(x) ∧ T ♦(x)}
∣∣∣∣∣ XTt+1 = X0

)

=
P
(⋂

x∈X {ℓ[(Xk)0≤k≤Tt
](x) ≤ T ⋆(x) ∧ T ♦(x)} , XTt+1 = X0

)
P(XTt+1 = X0)

=
nP(Tt ≥ 1)P

(⋂
x∈X {ℓ[(Xk)0≤k≤Tt ](x) ≤ T ⋆(x) ∧ T ♦(x)} , XTt+1 = X0

)
Tr
[
K1/t

]
− n

1+δt

.

Since the denominator is as required, it remains to consider the numerator

nP

(⋂
x∈X
{ℓ[(Xk)0≤k≤Tt ](x) ≤ T ⋆(x) ∧ T ♦(x)} , XTt+1 = X0

)
P(Tt ≥ 1)

= nP

(⋂
x∈X
{ℓ[(Xk)0≤k≤Tt−1](x) ≤ T ⋆(x) ∧ T ♦(x)} , XTt

= X0

∣∣∣∣∣ Tt ≥ 1
)
P(Tt ≥ 1)

= nP

(⋂
x∈X
{ℓ[(Xk)0≤k≤Tt−1](x) ≤ T ⋆(x) ∧ T ♦(x)} , XTt

= X0, Tt ≥ 1
)

= nP

(⋂
x∈X

{
ℓ[(Xk)0≤k≤Tt

](x)− 1{X0}(x) ≤ T ⋆(x) ∧ T ♦(x)
}

, XTt
= X0, Tt ≥ 1

)
,

where 1{X0} ∈ {0, 1}X denotes the indicator of X0.
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On the event {X0 = y} the random variable 1{X0} is deterministic, so that
ℓ[(Xk)0≤k≤Tt−1] and 1{X0} are conditionally independent. Since the pgf of two in-
dependent random variables equals the product of their respective pgfs, this gives us
that

nP

(⋂
x∈X

{
ℓ[(Xk)0≤k≤Tt ](x) − 1{X0}(x) ≤ T ⋆(x) ∧ T ♦(x)

}
, XTt = X0, Tt ≥ 1

)

=
∑
y∈X

P

(⋂
x∈X

{
ℓ[(Xk)0≤k≤Tt ](x) − 1{y}(x) ≤ T ⋆(x) ∧ T ♦(x)

}
, XTt = y, Tt ≥ 1

∣∣∣∣∣ X0 = y

)

=
∑
y∈X

P
(⋂

x∈X {ℓ[(Xk)0≤k≤Tt ](x) ≤ T ⋆(x) ∧ T ♦(x)} , XTt = y, Tt ≥ 1
∣∣ X0 = y

)
P (1 ≤ T ⋆(y) ∧ T ♦(y))

=
∑
y∈X

z(y)P

(⋂
x∈X

{
ℓ[(Xk)0≤k≤Tt ](x) ≤ T ⋆(x) ∧ T ♦(x)

}
, XTt = y, Tt ≥ 1

∣∣∣∣∣ X0 = y

)
.

Defining

τ⋆ := min{m ∈ N0 : ∃x ∈ X s.t. ℓ[(Xk)0≤k≤m](x) > T ⋆(x)},
τ♦ := min{m ∈ N0 : ∃x ∈ X s.t. ℓ[(Xk)0≤k≤m](x) > T ♦(x)},

gives us that

⋂
x∈X
{ℓ[(Xk)0≤k≤Tt

](x) ≤ T ⋆(x) ∧ T ♦(x)} = {Tt < τ⋆ ∧ τ♦}. (3.55)

On the event {Tt < τ⋆ ∧ τ♦} we have that

Tt = min{m ∈ N0 : ∃x ∈ X s.t. ℓ[(Xk)0≤k≤m](x) > T †(x)}, (3.56)

from which follows that

∑
y∈X

z(y)P
(⋂

x∈X
{ℓ[(Xk)0≤k≤Tt ](x) ≤ T ⋆(x) ∧ T ♦(x)} , XTt = y, Tt ≥ 1

∣∣∣∣∣ X0 = y

)
=
∑
y∈X

z(y)P (1 ≤ Tt < τ⋆ ∧ τ♦, XTt
= y | X0 = y)

=
∑
y∈X

z(y)P
(
1 ≤ Tt < τ⋆ ∧ τ♦, XTt = y, T †(y) < T ⋆(y)

∣∣ X0 = y
)

=
∑
y∈X

z(y)P
(
1 ≤ Tt ∧ τ⋆ < τ♦, XTt∧τ⋆ = y, T †(y) < T ⋆(y)

∣∣ X0 = y
)

.
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By independence we find that∑
y∈X

z(y)P
(
1 ≤ Tt ∧ τ⋆ < τ♦, XTt∧τ⋆ = y, T †(y) < T ⋆(y)

∣∣ X0 = y
)

=
∑
y∈X

z(y)P (1 ≤ Tt ∧ τ⋆ < τ♦, XTt∧τ⋆ = y | X0 = y)P
(
T †(y) < T ⋆(y)

)
=
∑
y∈X

P (1 ≤ Tt ∧ τ⋆ < τ♦, XTt∧τ⋆ = y | X0 = y)

=
∑
y∈X

(
P (Tt ∧ τ⋆ < τ♦, XTt∧τ⋆ = y | X0 = y)− 1

1+δt

)
.

Using eq. (3.50) gives us that∑
y∈X

(
P (Tt ∧ τ⋆ < τ♦, XTt∧τ⋆ = y | X0 = y)− 1

1+δt

)
=
∑
y∈X

(
P
(

(y, ⋆) ∈ Φ⋆
1/t or y ∈ ρ⋆

1/t

)
− 1

1+δt

)
=
∑
y∈X

(
Kδz

tz,t(y, y)− 1
1+δt

)
= Tr

[
Kδz

tz,t

]
− n

1+δt ,

which completes the proof.

Proof of theorem 3.6. The result of theorem 3.6 follows from lemmas 3.7, 3.8, 3.10
and 3.11.

3.4.4 Closed walk decomposition

Corollary 3.6.1 is a simple consequence of theorem 3.6.

Proof of corollary 3.6.1. Fix γ = (x0, x1, . . . , xl) ∈ Pcl. By theorem 3.6 the intensity
measure µγ is given by

µγ((a, b]) =
∫ b

a

κtPunif((Xk)0≤k≤Tt+1 = γ | XTt+1 = X0) dt.

Write

Punif((Xk)0≤k≤Tt+1 = γ | XTt+1 = X0) = Punif((Xk)0≤k≤Tt+1 = γ)
Punif(XTt+1 = X0) .

For the denominator we have by eq. (3.54) that

Punif(XTt+1 = X0) = 1 + δt

nδt

(
Tr
[
K1/t

]
− n

1 + δt

)
= (1 + δt)κt

nδ
. (3.57)
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We therefore have that

Punif((Xk)0≤k≤Tt+1 = γ | XTt+1 = X0) = nδ

(1 + δt)κt
Punif((Xk)0≤k≤Tt+1 = γ)

= δ

(1 + δt)2κt

(
δt

1 + δt

)l−1
Px0((Xk)0≤k≤l = γ)

= δ

(1 + δt)2κt

(
δt

1 + δt

)l−1 l∏
i=1

w(xi−1, xi)
δ

= 1
(1 + δt)2κt

(
t

1 + δt

)l−1
w(e(γ)),

which completes the proof.
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4.1 Introduction
This chapter is a continuation of chapter 3. As in chapter 3 we consider the coupled
forest process, defined in section 3.2, that is constructed by coupling together a
continuum of realizations of Wilson’s algorithm. Where in chapter 3 the observable
of interest was the associated occupation field, in the current chapter the focus is on
the configurations of colored cycles that are ‘popped’ (i.e. deleted) during Wilson’s
procedure. In this chapter, three results will be presented that are related to these
cycle configurations.

(1) Poissonian loop-ensemble. In [55] Le Jan introduced a Poisson point process on
the set of closed walk, called the Poissonian loop-ensemble, and showed how such a
loop-ensemble can be obtained from a single application of Wilson’s algorithm by using
Poisson-Dirichlet random variables to decompose the closed walks generated by the
algorithm.

The first result of this chapter, theorem 4.1, shows that using the dynamic coupled
version of Wilson’s algorithm circumvents the need for Poisson-Dirichlet decompo-
sitions, allowing for the construction of the loop-ensemble directly from the cycle
popping procedure, without requiring any additional randomness.

An important role in this construction is being filled by a bijection between the set
of closed walks and a subset of ‘rooted’ configurations of colored cycles. This bijection,
which is defined in section 4.5.1 below, allows us to associate a closed walk to each
time of the coupled forest process at which new cycles are popped. Incidentally, in
proving theorem 4.1 we will provide an alternative proof of theorem 3.6, which is
more probabilistic in flavor than the generating function based proof provided in the
previous chapter.
(2) Spectral decomposition. The second result, provided in theorem 4.2 and its di-
rect corollary corollary 4.2.1, shows that under some assumptions on the Laplacian,
the occupation field process admits a spectral decomposition, in the sense that its
distribution can be written as a mixture of which each term corresponds to a single
Laplacian eigenvalue.

Recently, in [9], the coupled forest process was used to devise an estimation pro-
cedure for the Laplacian spectrum of a graph. The procedure devised there utilizes
an observable obtained solely from the forests, that is distributed as a sum of random
variables, that are each associated with one of the Laplacian eigenvalues. In contrast,
the spectral decomposition provided in theorem 4.2 shows that, by considering the
cycle configurations produced by Wilson’s algorithm rather than the forests, we can
construct observables that have a mixture distribution, with each component of the
mixture depending on a single eigenvalue. As mixtures are better suited than sums
for estimating the parameters of the components, theorem 4.2 could possibly be used
to improve on the estimation procedure in [9].
(3) Gaussian free field with mass. Our third result concerns the relation between the
occupation field of Wilson’s algorithm and the Gaussian free field. Lupu exhibited in
[59] a remarkable coupling between the discrete Gaussian free field and the Poissonian
loop-ensemble. This coupling fits very well with the dynamic framework of the coupled
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forest process. Adjusting Lupu’s coupling to this framework, allows us to couple
together in a continuum of Gaussian free fields, parametrized by their distinct masses,
as is shown in proposition 4.3.

4.1.1 Colored cycle configurations
In this section we start by providing a definition of the random colored cycle
configurations produced by Wilson’s algorithm. As this chapter is a continuation of
chapter 3, the setting in the this chapter will be identical to the setting presented in
section 3.1.1, which therefore will not be repeated here.

Recall from section 3.1.2.4 that for fixed t > 0 cycle popping of the DF-
stacks {(Ai(x), Bt

i (x))i∈N0 : x ∈ X} produces a sequence of ‘popped’ cycles
(Γ◦

0, Γ◦
1, . . . , Γ◦

i∗−1), where, conditionally on the DF-stacks, the exact sequence that
is produced depends on some arbitrary choice of ordering on the set of cycles. This
dependence of the sequence of cycles on an arbitrary ordering is inconvenient. There-
fore, we will instead consider the set of colored cycles produced by cycle popping,
since, as was shown by Wilson [77, Thm. 4], the set of colored cycles produced
is the same for any choice of ordering of the cycles used in the cycle popping procedure.

A colored cycle1 is a pair (γ◦, c), where γ◦ is a cycle and c : s(γ◦) → N0 is a map
that assigns an integer ‘color’ to each vertex in the cycle.

By giving each vertex in a popped cycle Γ◦
i a color value equal the number of

deleted arrows from its stack, we see that the cycle popping procedure produces a set
of colored cycles {(Γ◦

i , ci) : i ∈ [i∗ − 1]0}, with the coloring map ci : s(γ◦)→ N0 given
by ci(x) := di(x), where we recall from section 3.1.2.4 that di(x) denotes the number
of deleted arrows. So, an arrow’s color in a colored cycle corresponds to its ‘level’ in
the DF-stack.

For t ≥ 0 we denote by Ct the set of colored cycles produced by cycle popping the
DF-stacks {(Ai(x), Bt

i (x))i∈N0 : x ∈ X}. We note that Cs ⊆ Ct for s < t, since as time
progresses an increasing amount of cycles are popped from the DF-stacks. Recalling
from section 3.2.1 that (Nt)t≥0 denotes the occupation field process, we note that the
occupation field Nt can be expressed using the colored cycles Ct as

Nt = 1 +
∑

(γ◦, c)∈Ct

1s(γ◦). (4.1)

That is, Nt is one more than the sum, taken over all cycles occurring in Ct, of the
indicators of their support.

1This terminology was introduced by Wilson and is adopted here. We assume no confusion arises
due to the red and green colors of the arrows introduced in section 3.1.2.4.
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4.2 Constructing the Poissonian loop-ensemble
The Poissonian loop-ensemble is associated to a given sub-Markovian transition ma-
trix. Here we give the definition of the loop-ensemble for the specific sub-Markovian
transition matrix (I − 1

1/t+δ L) of the killed random walk (Xk)0≤k≤Tt
introduced in

section 3.1.1. We remark that, in principle, the coupled forest process can be con-
structed using other choices of random walks, and can accommodate inhomogeneous
killing rates among vertices as well. Hence, our specific choice of random walk should
not be seen as a restriction.

As was done in section 3.1.2.1, we denote by Pcl the set of closed walks.

Definition 4.2.1. For α > 0 a Poisson point process on Pcl with intensity measure

{γ} 7→ α

l

w(e(γ))
(1/t + δ)l

, for all γ = (x0, x1, . . . , xl) ∈ Pcl (4.2)

is called a loop-ensemble of intensity α with killing rate 1/t. ■

This definition differs from that of Le Jan, in that it omits the infinitely many length
0 walks (trivial loops) that occur in the loop-ensemble according to the definition by
Le Jan.

The theorem below introduces a dynamic generalization L of the loop-ensemble,
and shows that it can be constructed with the Kirchhoff forest coupling introduced in
section 3.2.

Theorem 4.1. There exists a Poisson point process L on the product space
Pcl × (0,∞) such that for any t > 0 the random atomic measure on Pcl defined by

{γ} 7→ L({γ} × (0, t]) (4.3)

is a loop-ensemble of intensity 1 with killing rate 1/t, that is measurable with respect
to the σ-algebra generated by (Cs, Φ1/s)0≤s≤t.

The measurabiltity statement in theorem 4.1 can be made explicit. The process L is
obtained from (Cs, Φ1/s)0≤s≤t by applying a specific bijection, defined in lemma 4.4,
between cycle configurations and closed walks, as will be detailed in the proof of
theorem 4.1 below.

4.3 Spectral decomposition
Recall from eq. (3.28) the definition of the set of jump times

T := {t ∈ (0,∞) : Nt ̸= lim
s↑t

Ns}. (4.4)

The jump rate κt in eq. (3.27) can be written as a sum with each term depending only
on a single eigenvalue of L,

κt := Tr
[

1
t (K1/t − 1

1+δt I)
]

=
∑
j<n

δ − λj

(1 + δt)(1 + λjt) . (4.5)
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This formulation of κt suggest that T can be interpreted as a union of independent
Poisson point processes where each Poisson point process is associated to an eigenvalue.

We require two additional assumptions on the Laplacian matrix L and the random
walk parameter δ.

ASSUMPTION 1a:

The random walk X is irreducible and reversible. (AS1a)

From the irreducibility assumption follows that X has a unique stationary distribution,
denoted by µ. The assumption (AS1a) on the Laplacian further ensures that the Lapla-
cian spectrum is real valued, and non-negative. The maximal Laplacian eigenvalue is
denoted by λmax. Moreover, with this assumption there exists a basis v0, v1, . . . , vn−1
of RX consisting of eigenvectors of L that are orthonormal with respect to the inner
product ⟨f, g⟩µ :=

∑
x∈X f(x)g(x)µ(x). Naturally, these eigenvectors are indexed in

such a manner that vj has corresponding eigenvalue λj .
Our second assumption adds a restriction to the parameter δ.

ASSUMPTION 2:

The random walk parameter satisfies δ ≥ λmax. (AS2)

By Gershgorin’s circle theorem it holds that λmax ≤ maxx∈X 2L(x, x), so that a suffi-
cient condition for assumption (AS2) to hold is that δ ≥ maxx∈X 2L(x, x).

The two assumptions (AS1a) and (AS2) are chosen to ensure that for all j < n the
individual terms δ−λj

(1+δt)(1+λjt) of the Poisson rate function in eq. (4.5) are real valued
and non-negative. This allows us to define for all j < n and t ∈ [0,∞) the random
geometric killing times T t

j , the random vertices Yj , and for all x ∈ X , l ∈ N the random
closed walks Γl,x, such that all these random variables are independent with joint law
P given by

P (Γl,x = γ) := Px((Xk)0≤k≤l = γ | Xl = x) = w(e(γ))
δl(I − 1

δ L)l(x, x)
,

P (T t
j = k) := 1 + λjt

1 + δt

(
1− 1 + λjt

1 + δt

)k

, P (Yj = x) := vj(x)2µ(x),
(4.6)

where l denotes the length of γ.

Theorem 4.2. The Poisson point process L on Pcl × (0,∞) has intensity measure

{γ} × (a, b] 7→
∑
j<n

∫ b

a

δ−λj

(1+δt)(1+λjt) P (Yj = x0)P (T t
j + 1 = l)P (Γl,x0 = γ) dt,

with γ = (x0, x1, . . . , xl) ∈ Pcl.
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So, at each jump time the closed walk that is generated by the cycle popping
procedure by applying the bijection of lemma 4.4, has the same law as a closed walk
obtained as follows. First sample a random eigenvalue with probability proportional
to δ−λj

(1+δt)(1+λjt) , then conditionally on the eigenvalue sample independently a random
starting point and a random length, and finally sample a closed walk with the given
starting point and length.

A remarkable aspect of theorem 4.2 is that, although the increment of the running
time ∑

x∈X
ℓ[C∆

t ](x) and the waking root Vt are themselves not independent of each
other, by conditioning on the ‘artificial’ random eigenvalue their counterparts T t

j and
Yj do become independent.

As a consequence of theorem 4.2, we obtain, in corollary 4.2.1 below, a rephrasing
of the result of the previous chapter.

On the same probability space where we defined the random variables Yj and T t
j

of eq. (4.6), we further define for all j < n Poisson point processes Ψj with intensity
measures

µj((a, b]) :=
∫ b

a

δ − λj

(1 + δt)(1 + λjt) dt, (4.7)

and for all t > 0 we let Γl,x,t be copies of Γl,x, such that all these random variables
are independent.

Corollary 4.2.1. The distributions of the running time process and of the occupation
field process are, respectively, given by

(Mt)t≥0
d=

1 +
∑
j<n

∫ t

0
(T s

j + 1) Ψj(ds)


t≥0

(4.8)

and

(Nt)t≥0
d=

1 +
∑
j<n

∫ t

0
ℓ[Γ−

T s
j

+1,Yj ,s] Ψj(ds)


t≥0

. (4.9)

4.4 Coupling DGFFs of different masses

In this section we can drop the assumption (AS2) above. Instead, we require a
strengthening of assumption (AS1a).

ASSUMPTION 1b:

The Laplacian matrix L is symmetric. (AS1b)

Assumption (AS1b) ensures that the Gaussian free field, defined in definition 4.4.1
below, is well-defined.
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Definition 4.4.1 (Discrete Gaussian free field with mass). For q > 0, an n-
dimensional centered Gaussian random variable ϕ with covariance matrix

Σ2
q := 1

2 (q + δ)(qI + L)−1 (4.10)

is called a discrete Gaussian free field (abbrv. DGFF) on G with mass q. ■

The above definition is unconventional, as customarily the scaling factor 1
2 (q + δ)

is omitted from the defining covariance matrix. However, the use of this scaling factor
is better suited to our purposes.

As was shown by Le Jan in [56], the occupation field of Wilson’s algorithm is
related to the Gaussian free field. To explore this connection, we add exponential
waiting times to the random walks used in Wilson’s algorithm.

To the DF-stacks used to define the coupled forest process we add stacks of expo-
nential waiting times, thus obtaining the collection {(Ai(x), Ui(x), ηi(x))i∈N0 : x ∈ X}
where for each k ∈ N0, x ∈ X the random variables ηk(x) are Exp(1) distributed and
independent of each other and of all Ai(x) and Ui(x). We define the continuous occu-
pation field process (Ξt)t≥0 as the (0,∞)X -valued process

Ξt(x) :=
Nt(x)−1∑

k=0
ηk(x). (4.11)

The scaled continuous occupation field t
1+δt Ξt corresponds to the occupation field

of Wilson’s algorithm at intensity 1/t, when we use continuous-time random walks
with infinitesimal generator −L, killed at random exponential times of rate 1/t.
While this scaled field might be a more natural object than Ξt, the process (Ξt)t≥0
has the convenient property of having piece-wise constant trajectories.

From definition (4.11) it follows that Ξ0(x) = η0(x). By the Box-Muller transform,
we can assume for every x ∈ X that η0(x) is coupled to two independent standard
Gaussians Z(x) and Z̃(x) such that η0(x) = 1

2 Z2(x) + 1
2 Z̃2(x), where we write Z2 :=

(Z(x)2)x∈X . Thus allowing us to decompose Ξ0 as a sum of squares two i.i.d Gaussians.
For each t > 0 let Yt ∼ Ber( 1

2 ) be Bernoulli random variables, that are independent
of each other and of the DF-stacks {(Ai(x), Ui(x), ηi(x))i∈N0 : x ∈ X}, and denote by
Ξ∆

t := Ξt − lims↑t Ξs the increment of the continuous occupation field at time t.
Denote by Ψ :=

∑
τ∈T δτ the random atomic measure supported on T , the set of

jump times of the occupation field process.
We then define a thinned occupation field process (ξt)t≥0 by

ξt :=

√
1
2 Z2 +

∫ t

0
Ξ∆

s Ys Ψ(ds). (4.12)

We remark that this construction provides us with a second process (ξ̃t)t≥0, that
is defined by

ξ̃t :=

√
1
2 Z̃2 +

∫ t

0
Ξ∆

s (1− Ys) Ψ(ds). (4.13)
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Since the processes (ξt)t≥0 and (ξ̃t)t≥0 are obtained by thinning the Poisson point
process Ψ, they are independent of each other.

Le Jan showed [56, Thm. 2] that the thinned occupation field is distributed as the
absolute value of a DGFF with mass 1/t, i.e.

ξt
d= |ϕ|t, (4.14)

where ϕt is a DGFF with mass 1/t, and |ϕ|t denotes its term-wise absolute value,
|ϕ|t(x) := |ϕt(x)| for all x ∈ X .

In addition to the thinned occupation field (ξt)t≥0, we further require for each
undirected edge e = {x, y} independent uniform random variables Ue ∼ Unif(0, 1).
We recall that L is symmetric, so that the set of undirected edges is given by
Ē := {{x, y} ∈

(X
2
)

: (x, y) ∈ E}. The variable Ue is used to couple together for all
t > 0 the Bernoulli random variables Ot

e defined by

Ot
e := 1

{
Ue > exp

(
− 2tw(x,y)

1+δt

√
ξt(x)ξt(y)

)}
.

These Bernoulli variables were introduced in Lupu’s construction of the DGFF [59,
Thm. 1], and are adapted here to the dynamic setting by coupling them together for
distinct t.

Recall that ξ0 := 1√
2 |Z|, where Z is a vector of i.i.d. standard Gaussians, and write

S0 := sign(Z), i.e. S0(x) := sign(Z(x)) for all x ∈ X .
Define the filtration (Ft)t≥0 by Ft := σ(ξs, (Os

e)e∈Ē , S0 : s ≤ t).

Proposition 4.3. There exists an RX -valued stochastic process (ϕt)t≥0 with the fol-
lowing properties:

(i) for each t > 0 the marginal ϕt is a DGFF with mass 1/t;
(ii) trajectories of (ϕt)t≥0 are piece-wise constant and càdlàg;

(iii) the process (ϕt)t≥0 satisfies the Markov property;
(iv) the same sign components, i.e. connected components of the spanning subgraph

with edges {(x, y) ∈ E : sign(ϕt(x)) = sign(ϕt(y))}, are unions of coalescing
clusters;

(v) for each x ∈ X the map t 7→ |ϕt(x)| is non-decreasing;
(vi) the process (ϕt)t≥0 is adapted to the filtration (Ft)t≥0.

Proof. For each t ≥ 0, we will set the absolute value of ϕt equal to ξt, hence we only
require a procedure to determine sign(ϕt).

For each t ≥ 0 we define a spanning subgraph Gt = (X , Et), whose edges are given
by

Et :=
⋃

(γ◦, c)∈Ct

e(γ◦) ∪ {(x, y) ∈ E : Ot
{x,y} = 1},

and denote by Wt the set of connected components of Gt. Note that the process
(Wt)t≥0 is a process of coalescing partitions, such that at time t = 0 the starting
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partition W0 consists of isolated vertices.

We let S := {t ∈ (0,∞) : Wt ̸= lims↑tWs} be the set of jump times of the process
(Wt)t≥0. Write τ0 := 0 and S = {τ1, τ2, τ3, . . .} with τi < τi+1 for all i ∈ N0.

For each τi ∈ S we will construct a {−1, 1}X -valued sign vector Sτi at time τi, that
assigns the same sign to vertices belonging to the same block of the partition Wτi .
For this we require some arbitrary decision procedure that can be used to iteratively
determine Sτi , given the partition Wτi , the previous signs Sτi−1 , and the absolute
values ξτi−1 . An example of such a procedure would be, to assign to a block in Wτi

that is obtained by the coalescing of several blocks of Wτi−1 , the sign of the largest of
these coalescing blocks.

Denoting by Π(X ) the set of partitions of X , we can represent this decision pro-
cedure by a map g : Π(X ) × (0,∞)X × {−1, 1}X × (0,∞) → {−1, 1}X such that
g(π, x, σ, t)(x) = g(π, x, σ, t)(y) for any x, y that belong to the same block of the
partition π. We then set

Sτi
:= g(Wτi

, ξτi−1 , Sτi−1 , τi),

where we recall that Sτ0 = sign(Z).

Having constructed the signs Sτi
at all times in S, we construct St for any t > 0

by setting
St := Sτit

, where it := max{i ∈ N0 : τit
≤ t}.

We then define the process (ϕt)t≥0 by

ϕt(x) := St(x)ξt(x).

That ϕt is a DGFF with mass 1/t follows directly from Lupu’s coupling [59, Thm.
1]. Properties (ii)− (vi) follow by construction.

4.5 Proofs

4.5.1 Bijection between closed walks and popped cycles
We call a finite set of colored cycles admissible if it could be produced by cycle popping
some realization of the DF-stacks. Equivalently, a set C of colored cycles is admissible
if it holds that:

(i) for all distinct (γ◦
1 , c1), (γ◦

2 , c2) ∈ C either c1(x) < c2(x) for all x ∈ s(γ◦
1)∩ s(γ◦

2 )
or c1(x) > c2(x) for all x ∈ s(γ◦

1) ∩ s(γ◦
2);

(ii) for all (γ◦, c) ∈ C and any x ∈ s(γ◦) with c(x) ≥ 1, there exists (γ̃◦, c̃) ∈ C with
x ∈ s(γ̃◦) and c̃(x) = c(x)− 1;

(iii) if for any k ∈ N≥3 and (γ◦
1 , c1), . . . , (γ◦

k , ck) ∈ C it holds that ci(x) < ci+1(x) for
all i ∈ [k− 1] and all x ∈ s(γ◦

i )∩ s(γ◦
i+1), then it holds that c1(x) < ck(x) for all

x ∈ s(γ◦
1) ∩ s(γ◦

k).
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The set of all admissible sets of colored cycles is denoted by A.

Wilson observed that for a fixed multi-set of cycles there is a bijection between its
admissible colorings and the partial orderings on that multi-set. From an admissible
set of colored cycles C we obtain a partial ordering ≼ by writing γ̃◦ ≼ γ◦ for any
(γ◦, c), (γ̃◦, c̃) ∈ C if (γ◦, c) has to be popped before (γ̃◦, c̃) can be popped during the
cycle popping procedure. That is, if there exist k ∈ N0 and (γ◦

0 , c0), . . . , (γ◦
k , ck) ∈ C

with (γ◦
0 , c0) = (γ◦, c) and (γ◦

k , ck) = (γ̃◦, c̃) such that for all i ∈ [k] it holds that
s(γ◦

i−1) ∩ s(γ◦
i ) ̸= ∅ and ci−1(x) < ci(x) for all x ∈ s(γ◦

i−1) ∩ s(γ◦
i ).

The inverse of the above bijection is as follows. For each cycle γ◦ in partially
ordered multi-set of cycles let its coloring map c be such that c(x) equals the number
of cycles with x in their support that are smaller than γ◦.

So, cycles that are colored using larger values will be smaller in the resulting partial
order. This reflects that cycles with large colors appear lower in the DF-stack.

We call an admissible set of colored cycles C a cycle clump if it contains a unique
monochromatic cycle with color 0, i.e. if

|{(γ◦, c) ∈ C : c(x) = 0 for all x ∈ s(γ◦)}| = 1. (4.15)

The cycle with color 0 we denote by γ◦
max. This notation refers to the fact that

the partially ordered multi-set of cycles associated to a cycle clump has γ◦
max as its

maximum. A pair (C, v) consisting of a cycle clump C and a vertex v ∈ X is called a
rooted cycle clump if v ∈ s(γ◦

max).

Lemma 4.4. There exists an explicit bijection f from the set of rooted cycle clumps
to the set of closed walks Pcl such that for any rooted cycle clump (C, v) it holds for
f(C, v) = (x0, x1, . . . , xl) that

(i) x0 = xl = v;
(ii)

∑
(γ◦, c)∈C 1e(γ◦) =

∑
i∈[l] 1{(xi−1,xi)}.

That is, v is the starting point of the closed walk f(C, v), and the edges contained in
the cycle clump C are the same as the edges traversed by the closed walk.

Proof. We use the above defined partial ordering to define the inverse ←→C of an ad-
missible set of colored cycles C. If ≼ is the partial ordering associated with C, then
we let ←→C be the admissible set of colored cycles associated with the reversed partial
ordering ←→≼ given by γ◦

1
←→
≼ γ◦

2 iff γ◦
2 ≼ γ◦

1 .
Although less insightful, it is possible to give an equivalent definition of ←→C

without referencing the partial order. For any x ∈ ∪(γ◦, c)∈C s(γ◦) let č(x) :=
max{c(x) : (γ◦, c) ∈ C} denote the maximal color used for x by a coloring in C.
Then, denoting ←→c (x) := č(x)− c(x) for each coloring c, the inverse of C is the set

←→
C := {(γ◦, ←→c ) : (γ◦, c) ∈ C}.

Given a cycle clump C we define the (deterministic) DF-stacks of colored arrows2

{(ai(x), bi(x))i∈N0 : x ∈ X} as follows. If there exists a colored cycle (γ◦, ←→c ) ∈ ←→C
2The arrows ai(x) are colored either red or green, as indicated by bi(x), see section 3.1.2.4.
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with ←→c (x) = i, then we set bi(x) = 0 and ai(x) = y1, where (y0, y1, . . . , yl) ∈ γ◦ is
the unique representative of γ◦ with y0 = x. Otherwise, if no such colored cycle exists
in ←→C , then we set bi(x) = 1 and ai(x) = x.

So, all green arrows in the stacks correspond to edges that are traversed by cycles
in ←→C .

As is explained in section 3.1.2.4, we can obtain a finite length walk f(C, v) :=
(x0, x1, . . . , xl) from the vertex r and these DF-stacks, by setting x0 := r and for
k ∈ N0 iteratively setting

xk+1 := aik
(xk), with ik := ℓ[(xj)0≤j≤k−1](xk), (4.16)

and l = min{k ∈ N0 : bik
(xk) = 1}.

For a closed walk γ = (x0, . . . , xl) ∈ Pcl the inverse f−1(γ) can be described using
the loop-erasure procedure, and the sequence of self-avoiding walks (γi)0≤i≤l produced
by this procedure, see section 3.1.2.1.

For each i ∈ [l] with xi ∈ s(γi−1), we define the cycle γ◦
i to be the equivalence

class of the closed walk (yki , yki+1, . . . , ym, xi), which is the cycle that is erased by
the loop-erasure procedure in iteration i. The coloring ci : s(γ◦

i ) → N0 is given by
ci(x) :=

∑
j<i 1s(γ◦

j
)(x), i.e. ci(x) is equal to the number of times x occurs in the

support of the previous cycles. We can then iteratively define the collection of colored
cycles Ci+1 by setting C0 = ∅ and

Ci :=
{

Ci−1 if xi /∈ s(γi−1)
Ci−1 ∪ {(γ◦

i, ci)} if xi ∈ s(γi−1).
(4.17)

It then holds that f−1(γ) =
(←→

C l, x0

)
.

By construction it holds that f−1(f(C, v)) = (C, v), which concludes the proof.

4.5.2 Constructing the Poissonian loop-ensemble

For a set of colored cycles C, we introduce its upward color shift C↑, which is the set
of colored cycles defined as

C↑ := {(γ◦, c− ĉ|s(γ◦)) : (γ◦, c) ∈ C}, (4.18)

where ĉ : ∪(γ◦, c)∈C s(γ◦)→ N0 is given by ĉ(x) = min{c(x) : (γ◦, c) ∈ C}, and ĉ|s(γ◦)
denotes its restriction to the support of γ◦.

Note that if C is admissible, then it holds for its up-shift that C↑ = C.

Rather than considering the total set of colored cycles produced until time t, we
are concerned with the colored cycles produced at a single time point

C∆
t := Ct \

⋃
s<t

Cs. (4.19)
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While C∆
t is itself not necessarily admissible, its up-shift (C∆

t )↑ is. We remark that for
the up-shift of C∆

t it holds that

(C∆
t )↑ = {(γ◦, c− (Nt − 1)|s(γ◦)) : (γ◦, c) ∈ C∆

t }.

For all jump times τ ∈ T the DF-stacks {(Ai(x), Ui(x))i∈N0 : x ∈ X} can be used
to define a vertex Vτ , which will be called the waking root at time τ . The waking
root denotes the root of the coupled forest process (Φ1/t)t≥0 at which an arrow in the
DF-stack changes its dynamic color from red to green at time τ , i.e. Vτ is the unique
vertex v such that lims↑τ UNs(v)−1(v) = 1

1+δτ .
Importantly, the waking root Vτ is measurable with respect to the σ-algebra gen-

erated by (Cs, Φ1/s)0≤s≤τ , since Vτ is the only root of the forest Φ 1
τ−dt

just before
time τ at which the occupation field increases. In fact, as will become clear from the
definition in eq. (4.22), the Poisson point process L of theorem 4.1 is measurable with
respect to the σ-algebra generated by both (Ct)t≥0 and the collection of waking roots.

Definition 4.5.1. The cycle clump process C is the random atomic measure on the
product space A×X × (0,∞) defined by

C({C} × {x} × (a, b]) := |{τ ∈ T ∩ (a, b] : (C∆
τ )↑ = C, Vτ = x}|. (4.20)

■

An important observation is that the random atomic measure on A×X given by

{C} × {x} 7→ C({C} × {x} × (0,∞)) (4.21)

is supported on the set of rooted cycle clumps. Together, the above observation and
the bijection f from lemma 4.4 allow us to define a random atomic measure L on
Pcl × (0,∞) by

L({γ} × (a, b]) := C({f−1(γ)} × (a, b]). (4.22)

As the notation suggests, L is indeed the sought Poisson point process of theorem 4.1,
as will become clear in the remainder of this section.

For a collection of colored cycles C write l(C) :=
∑

(γ◦, c)∈C |e(γ◦)| to denote the
total number of traversed edges by all cycles in C.

Lemma 4.5. The the cycle clump process C is a Poisson point process on A × X ×
(0,∞) with intensity measure

{C} × {v} × (a, b] 7→ 1{(C, v) ∈ RCC}
∫ b

a

1
(1+δt)2

(
t

1+δt

)l(C)−1 ∏
(γ◦, c)∈C

w(e(γ◦)) dt,

where RCC denotes the set of rooted cycle clumps.

Proof. For any admissible set of colored cycles C ∈ A and any rooted forest F , it
holds by Wilson’s formula that

P(Ct = C, Φ1/t = F ) =
(

1
1+δt

)r(F ) (
t

1+δt

)|F |+l(C)
w(F )

∏
(γ◦, c)∈C

w(e(γ◦)), (4.23)
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where we recall that r(F ) and |F | denote the number of roots and edges of F , respec-
tively. In eq. (4.24), we extend this formula to the dynamic setting with DF-stacks
{(Ai(x), Ui(x))i∈N0 : x ∈ X} that contain uniform killing marks. For an admissible
set of colored cycles C and x ∈ X we write

c∗
C(x) :=

1 + max{c(x) : (γ◦, c) ∈ C, x ∈ s(γ◦)} if x ∈
⋃

(γ◦, c)∈C

s(γ◦)

0 otherwise.

to denote the smallest color that is not used for vertex x by a colored cycle in C.
Let u∗ : X → [0, 1) be such that u∗(x) < 1

1+δt for all x ∈ ρ(F ) and u∗(x) ≥ 1
1+δt

for all x /∈ ρ(F ). Write k := |C| and C = {(γ◦
1 , c1), (γ◦

2 , c2), . . . , (γ◦
k , ck)}, and for all

i ∈ [k] let ui : s(γ◦
1 )→ [ 1

1+δt , 1) be given. It holds that

P

⋂
i∈[k]

⋂
x∈s(γ◦

i
)

Uci(x)(x) ∈ dui(x),
⋂

x∈X

Uc∗
C

(x)(x) ∈ du∗(x)

∣∣∣∣∣∣ Ct = C, Φ1/t = F


=

∏
i∈[k]

∏
x∈s(γ◦

i
)

1+δt
δt

dui(x)

 ∏
x/∈ρ(F )

1+δt
δt

du∗(x)

 ∏
x∈ρ(F )

(1 + δt) du∗(x)

 ,

(4.24)

where, by abuse of notation, dui(x) denotes both a small enough real number and
the interval (ui(x), ui(x) + dui(x)].3

We will use eq. (4.24) to compute the probability

P
(
C ({C ′} × {v} × dt) = 1

∣∣∣ Ct+dt = C ∪ C ′
↓C , Φ 1

t+dt
= F

)
, (4.25)

where (C ′, v) is a rooted cycle clump, and we denote by

C ′
↓C := {(γ◦, c + c∗

C) : (γ◦, c) ∈ C ′} (4.26)

the set of colored cycles obtained by downwards shifting the colors of cycles in C ′ to
fit underneath the colored cycles in C.

Conditionally on the event that both Ct+dt = C ∪ C ′
↓C and Φ 1

t+dt
= F , the event

that both Ct = C and C ({C ′} × {v} × dt) = 1 can be expressed in terms of the
uniform killing marks as the intersection of the following events:

(1) for all (γ◦, c) ∈ C and all x ∈ s(γ◦) it holds that Uc(x)(x) ≥ 1
1+δt ;

(2) Uc∗
C

(v)(v) ∈ [ 1
1+δ(t+dt) , 1

1+δt );

(3) for all x ∈ s(γ◦
max) \ v it holds that Uc∗

C
(x)(x) ≥ 1

1+δt

(4a) for all (γ◦, c) ∈ C ′
↓C \ {(γ◦

max, c∗
C |s(γ◦

max))} and all x ∈ s(γ◦) it holds that
Uc(x)(x) > Uc∗

C
(v)(v),

3In this context, ‘small enough’ means that ui(x) + dui(x) ≤ 1 for i ∈ [k], u∗(x) + du∗(x) ≤ 1 for
x /∈ ρ(F ), and u∗(x) + du∗(x) < 1

1+δt
for x ∈ ρ(F ).
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where we recall that γ◦
max denotes the maximal cycle in the cycle clump C ′, and

c∗
C |s(γ◦

max) denotes the restriction of c∗
C to the support of γ◦, which is the coloring of

the maximal colored cycle in C ′
↓C . That is,

P
(
Ct = C, C ({C ′} × {v} × dt) = 1

∣∣∣ Ct+dt = C ∪ C ′
↓C , Φ 1

t+dt
= F

)
= P

(
(1) ∩ (2) ∩ (3) ∩ (4a)

∣∣∣ Ct+dt = C ∪ C ′
↓C , Φ 1

t+dt
= F

)
.

(4.27)

By defining the event

(4b) for all (γ◦, c) ∈ C ′
↓C\{(γ◦

max, c∗
C |s(γ◦

max))} and all x ∈ s(γ◦) it holds that Uc(x)(x) ≥
1

1+δt ,

in the limit as dt ↓ 0 we have by eq. (4.24) that

P
(
Ct = C, C ({C ′} × {v} × dt) = 1

∣∣∣ Ct+dt = C ∪ C ′
↓C , Φ 1

t+dt
= F

)
≥ P

(
(1) ∩ (2) ∩ (3) ∩ (4b)

∣∣∣ Ct+dt = C ∪ C ′
↓C , Φ 1

t+dt
= F

)
= 1 + δ(t + dt)

δ(t + dt)

(
1

1 + δt
− 1

1 + δ(t + dt)

)(
1 + δ(t + dt)

δ(t + dt)
δt

1 + δt

)l(C∪C′
↓C)−1

= 1
1 + δt

dt + o(dt)

and that

P
(
Ct = C, C ({C ′} × {v} × dt) = 1

∣∣∣ Ct+dt = C ∪ C ′
↓C , Φ 1

t+dt
= F

)
≤ P

(
(2)

∣∣∣ Ct+dt = C ∪ C ′
↓C , Φ 1

t+dt
= F

)
= 1 + δ(t + dt)

δ(t + dt)

(
1

1 + δt
− 1

1 + δ(t + dt)

)
= 1

1 + δt
dt + o(dt).

Upper and lower bounding the probability in eq. (4.25) by

P
(
Ct = C, C

(
{C′} × {v} × dt

)
= 1

∣∣∣ Ct+dt = C ∪ C′
↓C , Φ 1

t+dt
= F

)
≤ P

(
C
(
{C′} × {v} × dt

)
= 1

∣∣∣ Ct+dt = C ∪ C′
↓C , Φ 1

t+dt
= F

)
≤ P

(
Ct = C, C

(
{C′} × {v} × dt

)
= 1

∣∣∣ Ct+dt = C ∪ C′
↓C , Φ 1

t+dt
= F

)
+P
(

C (A × X × dt) ≥ 2
∣∣∣ Ct+dt = C ∪ C′

↓C , Φ 1
t+dt

= F
)

= P
(
Ct = C, C

(
{C′} × {v} × dt

)
= 1

∣∣∣ Ct+dt = C ∪ C′
↓C , Φ 1

t+dt
= F

)
+ o(dt),

(4.28)

gives us that

P
(
C ({C ′} × {v} × dt) = 1

∣∣∣ Ct+dt = C ∪ C ′
↓C , Φ 1

t+dt
= F

)
= 1

1 + δt
dt + o(dt).
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Therefore, by eq. (4.23), summing over all admissible sets of colored cycles and all
rooted forests gives us that

P
(
C
(
{C′} × {v} × dt

)
= 1
)

=
∑

C

∑
F

P
(

C
(
{C′} × {v} × dt

)
= 1, Ct+dt = C ∪ C′

↓C , Φ 1
t+dt

= F
)

=
( dt

1 + δt
+ o(dt)

)∑
C

∑
F

P(Ct+dt = C ∪ C′
↓C , Φ 1

t+dt
= F )

=
(

dt
1+δt

+ o(dt)
)(

t+dt
1+δ(t+dt)

)l(C′)

 ∏
(γ◦, c)∈C′

w(e(γ◦))

∑
C

∑
F

P(Ct+dt = C, Φ 1
t+dt

= F )

= dt

1 + δt

(
t

1 + δt

)l(C′)

 ∏
(γ◦, c)∈C′

w(e(γ◦))

+ o(dt). (4.29)

In a similar manner, we compute for 0 < s < t and any two rooted cycle clumps
(C ′

1, v1) and (C ′
2, v2) the probability

P (C ({C ′
1} × {v1} × ds) = 1, C ({C ′

2} × {v2} × dt) = 1) ,

to show that C ({C ′
1} × {v1} × ds) and C ({C ′

2} × {v2} × dt) are independent. Let C1
and C2 be any two admissible sets of colored cycles. It is notationally convenient to
define the following four admissible sets of colored cycles

Cs := C1

Cs+ds := Cs ∪ (C ′
1)↓Cs

Ct := Cs+ds ∪ (C2)↓Cs+ds

Ct+dt := Ct ∪ (C ′
2)↓Ct

.

As in eq. (4.28), we have that

P (C ({C ′
1} × {v1} × ds) = 1, C ({C ′

2} × {v2} × dt) = 1)

= P
(
Cs = Cs, C ({C ′

1} × {v1} × ds) = 1
Ct = Ct, C ({C ′

2} × {v2} × dt) = 1

)
+ o(ds) + o(dt).

It further holds for any rooted forest F that

P
(
Cs = Cs, C ({C ′

1} × {v1} × ds) = 1 Cs+ds = Cs+ds,
Ct = Ct, C ({C ′

2} × {v2} × dt) = 1 Ct+dt = Ct+dt,
Φ 1

t+dt
= F

)
= ds dt

(1 + δs)(1 + δt) + o(ds) + o(dt).
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We therefore have that
P
(
C
(
{C′

1} × {v1} × ds
)

= 1, C
(
{C′

2} × {v2} × dt
)

= 1
)

=
(

ds dt
(1+δs)(1+δt) + o(ds) + o(dt)

) ∑
C1,C2

∑
F

P
(
Cs+ds = Cs+ds,Ct+dt = Ct+dt, Φ 1

t+dt
= F

)
=
(

ds dt

(1 + δs)(1 + δt) + o(ds) + o(dt)
)(

s + ds

1 + δ(s + ds)

)l(C′
1)(

t + dt

1 + δ(t + dt)

)l(C′
2)

×
∑

C1,C2

∑
F

P(Cs+ds = C1, Ct+dt = C1 ∪ (C2)↓C1 , Φ 1
t+dt

= F )

= P
(
C
(
{C′

1} × {v1} × ds
)

= 1
)
P
(
C
(
{C′

2} × {v2} × dt
)

= 1
)

+ o(ds) + o(dt).

The above computations show that the random measures of any two disjoint subsets
are independent. Independence for any k subsets is shown identically.

By the above independence, it follows from Kingman’s representation theorem
that C is a Poisson point process [46]. Since the rate function has been computed in
eq. (4.29) above, this completes the proof.

Corollary 4.5.1. The the random atomic measure L is a Poisson point process on
Pcl × (0,∞) with intensity measure

{γ} × (a, b] 7→
∫ b

a

κt Punif((Xk)0≤k≤Tt+1 = γ | XTt+1 = X0) dt.

Proof of theorem 4.1. Theorem 4.1 follows from corollary 4.5.1 and the computations
in the proof of corollary 3.6.1.

4.5.3 Spectral decomposition
The result of theorem 4.2 is a direct consequence of corollary 4.5.1.

Proof of theorem 4.2. By corollary 4.5.1 the intensity measure of L is given by

{γ} × (a, b] 7→
∫ b

a

κt Punif((Xk)0≤k≤Tt+1 = γ | XTt+1 = X0) dt.

Writing γ = (x0, x1 . . . , xl) gives us by the independence of X and Tt that

Punif((Xk)0≤k≤Tt+1 = γ | XTt+1 = X0)
= P (Γl,x0 = γ)Punif(Tt + 1 = l, X0 = x0 | XTt+1 = X0).

Using eq. (3.57), we have for any k ∈ N and x ∈ X that

Punif(Tt + 1 = k, X0 = x | XTt+1 = X0)

= Punif (X0 = x, Xk = x | Tt + 1 = k) Punif(Tt + 1 = k)
Punif (XTt+1 = X0)

= Punif (X0 = x, Xk = x)
1+δt

nδ κt

(
δt

1+δt

)k−1
1

1+δt

= 1
tκt(1+δt)

(
δt

1+δt

)k

Px (Xk = x) = 1
tκt(1+δt)

(
δt

1+δt

)k (
I − 1

δ L
)k (x, x).
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For two measures νf and νg with Radon-Nikodym derivatives f := dνf

dµ and g := dνg

dµ

we write ⟨νf , νg⟩∗µ := ⟨f, g⟩µ =
∑

x∈X
νf (x)νg(x)

µ(x) . Denote by ν0, . . . , νn−1 the left
eigenmeasures of L, so that dνj

dµ = vj . Note that each eigenvector vj of L is also an
eigenvector of I− 1

δ L with eigenvalue 1− λj

δ . Hence, by letting 1x denote the indicator
of x and δx the Dirac-measure at x, we have that

(
I − 1

δ L
)k (x, x) = δx

(
I − 1

δ L
)k 1x =

(∑
i<n

⟨νi, δx⟩∗µ νi

)∑
j<n

⟨vj , 1x⟩µ
(

1− λj

δ

)k

vj


=
∑
i<n

∑
j<n

(
1− λj

δ

)k

⟨νi, δx⟩∗µ ⟨vj , 1x⟩µ νivj

=
∑
j<n

(
1− λj

δ

)k

⟨νj , δx⟩∗µ ⟨vj , 1x⟩µ = 1
δk

∑
j<n

(δ − λj)k vj(x)2µ(x).

It follows that

Punif(X0 = x, Tt + 1 = k | XTt+1 = X0)

= 1
tκt(1 + δt)

(
t

1 + δt

)k ∑
j<n

(δ − λj)k vj(x)2µ(x)

= 1
κt

∑
j<n

δ − λj

(1 + δt)(1 + λjt)P (Tj + 1 = k)P (Yj = x),

which concludes the proof.
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CHAPTER 5
Couplings and Matchings

This chapter is based on the following paper: T. Koperberg. “Couplings and Match-
ings: Combinatorial notes on Strassen’s theorem”. In: Statistics & Probability Letters
209 (2024), p. 110089.

Abstract

Some mathematical theorems represent ideas that are discovered again and again in different
forms. One such theorem is Hall’s marriage theorem. This theorem is equivalent to several
other theorems in combinatorics and optimization theory, in the sense that these results
can easily be derived from each other. Remarkably, this equivalence extends to Strassen’s
theorem, a celebrated result on couplings of probability measures.

In this paper the equivalence between Strassen’s theorem and Hall’s theorem is inves-
tigated from a combinatorial perspective. A novel combinatorial lemma will be introduced
that can be used to deduce both Hall’s theorem and a finite version of Strassen’s theorem,
providing a simple proof of their equivalence.
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5.1 Introduction
In the original paper from 1935 Hall already mentions a similarity between his marriage
theorem and a result by König from 1916. Since then numerous other results have
been found that are ‘equivalent’ to Hall’s theorem. This equivalence is an informal
concept and simply means that two results can be derived from each other via simple
proofs. This class of equivalent theorems includes among others Menger’s theorem
(1927), König’s minimax theorem (1931), the Birkhoff-von Neumann theorem (1946),
Dilworth’s theorem (1950) and the max-flow min-cut theorem by Ford and Fulkerson
(1956). An extensive discussion on these equivalences can be found in [73].

Another result that belongs to this class of equivalent statements is Strassen’s
theorem (1965). As this theorem is a result from probability theory, the original proof
made use of analytical tools rather than the combinatorial methods used in the proofs
of the above mentioned theorems. Therefore, it is remarkable that this result is, in
fact, equivalent to these combinatorial statements. This relation between Strassen’s
theorem and Hall’s theorem is already known in the literature, as Dudley used Hall’s
marriage theorem to prove an extension of Strassen’s original result [23].

In this paper we will look at Strassen’s theorem from a combinatorial perspective.
Our discussion will be restricted to a finite variant of Strassen’s theorem, which is
stated in theorem 5.1. For the general version of the theorem the reader is referred to
[57].

The goal of this paper is twofold: firstly to give a combinatorial proof of the finite
version of Strassen’s theorem directly from first principles, and secondly to give a
simple proof of the equivalence between Strassen’s theorem and Hall’s theorem, which
will be done using an adaptation of Dudley’s proof. For both of these objectives we
will make use of a novel lemma, that will be introduced in section 5.2.1, and which
will be referred to as the subforest lemma. As will be discussed in remark 5.4, this
lemma could be derived from a more abstract result within the theory of optimal
transport. In section 5.1.1 we will introduce the two main theorems. The content of
the subsequent sections is outlined in fig. 5.1.

5.1.1 The two main theorems
We will start by introducing the two theorems that are the main topic of this paper.

If P and P′ are probability measures on two finite sets A and B, respectively, then
a coupling of P and P′ is any probability measure P̂ on the product set A×B for which
its marginals correspond to P and P′. That is, for all U ⊆ A and S ⊆ B it holds that
P(U) = P̂(U ×B) and P′(S) = P̂(A× S).

Theorem 5.1 (Strassen’s theorem for finite sets). Let A and B be finite sets
and R ⊆ A × B a relation between them. Let P and P′ be probability measures on A

and B, respectively. Then there exists a coupling P̂ of P and P′ with P̂(R) = 1 if and
only if

P(U) ≤ P′(NR(U)), for all U ⊆ A, (5.1)

where NR(U) = {y ∈ B : ∃x ∈ U s.t. (x, y) ∈ R}.
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Section 2.2

Section 3.1

Section 3.1

Section 3.2

Section 3.2

Immediate

Immediate

Figure 5.1: A graphical outline of this paper, where the arrows represent the different proofs.

We will refer to (5.1) as the coupling condition. In [26] it is shown how the general
version of Strassen’s theorem can be derived from this finite version.

In this paper we will use the graph theoretic formulation of the marriage theorem.
All graphs in this paper are assumed to be simple finite undirected graphs. A bipartite
graph is a graph of which the vertices can be partitioned into two sets {A, B} such
that all edges have one endpoint in A and the other endpoint in B. This partition
{A, B} will be called the bipartition of the graph. A matching of a graph is a subset
M of its edges such that all vertices are incident to at most one edge in M . If all
vertices are incident to an edge in M , then M is called a perfect matching.

Theorem 5.2 (Hall’s marriage theorem). Let G be a bipartite graph with bipar-
tition {A, B} such that |A| = |B|. Then G contains a perfect matching if and only if
it holds that

|U | ≤ |NG(U)|, for all U ⊆ A. (5.2)

Here NG(U) denotes the set of vertices that are neighbors of vertices in U . If the
underlying graph is clear, then the subscript will be dropped. We will refer to (5.2)
as the marriage condition.

5.2 Independent proof of Strassen’s theorem

5.2.1 The subforest lemma
A graph that does not contain any cycles is called a forest. A weighted graph is a
graph that is equipped with a vertex weight function w : V → [0,∞). For such weight
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functions we write w(U) =
∑

x∈U w(x) for U ⊆ V . Unless otherwise specified, a
subgraph of a weighted graph is equipped with the restriction of the weight function
to the vertices of the subgraph. So, in particular a spanning subgraph has the same
weight function as the underlying full graph. For brevity we will call a spanning
subgraph a subforest when it is a forest.

Lemma 5.3 (Subforest lemma). Let G = (V, E, w) be a weighted bipartite graph
with bipartition {A, B} such that w(A) = w(B). If it holds that

w(U) ≤ w(NG(U)), for all U ⊆ A, (5.3)

then G contains a subforest that satisfies (5.3).

We will refer to (5.3) as the subforest condition. Both the marriage condition (5.2)
and the coupling condition (5.1) are special cases of this subforest condition. For
the marriage condition all vertices have unit weight, while for the coupling condition
the weight function is normalized so that w(A) = w(B) = 1. Note that these three
conditions seem to break the symmetry between sets A and B that is present in the
setting of the theorems. This is in fact not the case, as it can be easily verified that
(5.3) implies that w(U) ≤ w(NG(U)) for all U ⊆ B.

Here we give an independent proof of lemma 5.3 directly from first principles. The
proof uses the same strategy used in the inductive proof of the marriage theorem by
Halmos and Vaughan [34], in which the induction hypothesis acts as a marriage broker.
That is, we distinguish between the case where the graph contains a ‘critical set’ of
vertices and the case where no such set exists.

Proof of lemma 5.3. We will apply induction on |V |. If |V | = 2, then G is itself a
forest, so there is nothing to prove. Now assume that |V | > 2 and that the statement
holds when |V | is smaller. Let S = {U ⊆ A : 0 < |U | < |A|}∪{U ⊆ B : 0 < |U | < |B|}
denote the collection of non-empty strict subsets of either A or B. We will distinguish
two cases.

In the first case we assume that there exists a U ∈ S with w(U) = w(NG(U)).
Without loss of generality we assume that U ⊆ A. Let {V1, V2} be the partition of
V given by V1 = U ∪ NG(U) and V2 = (A \ U) ∪ (B \ NG(U)). Then both induced
subgraphs G[V1] and G[V2] satisfy the subforest condition (5.3). Thus by the induction
hypothesis there exist subforests F1 and F2 of G[V1] and G[V2], respectively, that both
satisfy the subforest condition (5.3). The graph F = (V, E(F1)∪E(F2)), that contains
all edges of F1 and F2, is a subforest of G, that satisfies the subforest condition with
respect to w. Also note that F contains at least two connected components, since
none of the vertices in V1 is connected to any of the vertices in V2.

For the second case we assume that w(U) < w(NG(U)) for all U ∈ S. Let ε denote
the minimal weight of any vertex of G, i.e. ε = minv∈V w(v). Let x ∈ V be any vertex
with w(x) = ε. Without loss of generality we can assume that x ∈ A. Let y ∈ NG(x)
be any neighbor of x. Let U = {U ⊆ A : x /∈ U and U ∩NG(y) ̸= ∅} and take

δ = min
U∈U

w(NG(U))− w(U).
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Since w(NG(y)) > w(y) ≥ w(x), vertex y has at least two neighbors. It follows that
A− x ∈ U and thus that

δ ≤ w(NG(A− x))− w(A− x) = w(B)− w(A− x) = ε.

Let D ∈ U be such that w(NG(D)) − w(D) = δ. We add a new element x̃ to A to
obtain Ã = A + x̃. Let Ṽ = V + x̃, Ẽ = E(G) + {x̃, y} and G̃ = (Ṽ , Ẽ). Define the
weight function w̃ on V + x̃ by w̃ = w + δ1{x̃} − δ1{x}. The weighted graph (G̃, w̃)
now satisfies the subforest condition, since for all U ⊆ A− x with y ∈ NG(U) it holds
that U ∈ U , so that

w̃(U + x̃) = w(U) + δ ≤ w(NG(U)) = w̃(NG̃(U + x̃)),

while if y /∈ NG(U), then

w̃(U + x̃) ≤ w(NG(U)) + δ = w̃(NG̃(U + x̃))− w̃(y) + δ ≤ w̃(NG̃(U + x̃)).

For subsets U ⊆ A that include x or that do not include x̃ condition (5.3) is also easily
verified. We now have that w̃(D + x̃) = w̃(NG̃(D + x̃)), so that (G̃, w̃) satisfies the
assumptions of the first case.

If D ̸= A − x, then |(D + x̃) ∪ NG̃(D + x̃)| < |V |. It follows from the induction
hypothesis, in the same manner as in the previous case, that there exists a subforest
F̃ of G̃ with x and y in two distinct components such that (F̃ , w̃) satisfies (5.3). The
graph F = (V, E(F̃ )−{x̃, y}+ {x, y}) is a spanning subgraph of G. Since x and y are
contained in distinct components of F̃ , we also have that F is a forest. It is also clear
that (F, w) satisfies the subforest condition.

If instead we have that D = A − x, then ε = δ. Define the weight function w′

on V − x by w′ = w − δ1{y}. Then the weighted graph (G[V − x], w′) satisfies the
subforest condition, since for all U ⊆ A − x with y ∈ NG(U) it holds that U ∈ U , so
that

w′(U) = w(U) ≤ w(NG(U))− δ = w′(NG[V −x](U)),

while if y /∈ NG(U), then

w′(U) = w(U) ≤ w(NG(U)) = w′(NG[V −x](U)).

Hence, by the induction hypothesis, there exists a spanning subforest F ′ of G[V − x]
satisfying the subforest condition. Let F = (V, E(F ′) + {x, y}). Then F is a subforest
of G satisfying the subforest condition.

In both cases we have shown the existence of a spanning subforest that satisfies
the subforest condition, thus completing the proof.

Remark 5.4. The problem of finding a coupling that satisfies the coupling condition
(5.1) can also be phrased as an optimal transport problem. A solution to such a
transportation problem corresponds to a bipartite graph with weights assigned to the
edges. Klee and Witzgall [48] showed that the polytope of feasible solutions has at its
vertices exactly those solutions whose accompanying bipartite graph corresponds to a
forest. Hence, the subforest lemma can also be derived from this result of Klee and
Witzgall.

109



5. Couplings and Matchings

C
ha

pt
er

5

5.2.2 Deriving Strassen’s theorem from the subforest lemma
For the independent proof of Strassen’s theorem for finite sets, we show how it can
easily be derived from the subforest lemma. It is natural to translate the setting of
theorem 5.1 to a weighted bipartite graph G = (V, E, w) defined by

V = A ∪B, E = {{x, y} : (x, y) ∈ R}, and

w(x) =
{
P(x) if x ∈ A

P′(x) if x ∈ B

(5.4)

(Here we assume w.l.o.g. that A ∩ B = ∅.) The coupling condition then translates
to w(U) ≤ w(NG(U)) for all U ⊆ A, while the sought coupling becomes an edge
weight function ŵ : E → [0,∞) that satisfies w(x) =

∑
e∼x ŵ(e) for all x ∈ A,

where the sum is taken over all edges incident to x. Note that the vertex weight
function w obtained in this manner will always satisfy w(A) = w(B) = 1, due to the
fact that probability measures have total mass 1. This translation, which is further
illustrated in fig. 5.2, gives us the following equivalent formulation of theorem 5.1,
which resembles a weighted version of Hall’s marriage theorem. Theorem 5.1 follows
directly from proposition 5.5 by normalizing the vertex and edge weights, so that these
form probability measures.

P A P̂ B P ′
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5

3
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1
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1
5

1
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1
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1
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1
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3
20

1
20

0
1
5

Figure 5.2: A graphical representation of the setting of theorem 5.1. The vertices represent
the elements of sets A and B, and the edges represent the elements of R. The number next
to a vertex denotes the mass that either P or P′ assigns to that vertex. The numbers above
the edges are the masses assigned by the coupling P̂, which is supported on a subset of R. By
interpreting the masses of P and P′ as vertex weights and the masses of P̂ as edge weights,
we find ourselves in the setting of proposition 5.5.

Proposition 5.5 (Combinatorial formulation of Strassen’s theorem). Let G =
(V, E, w) be a weighted bipartite graph with bipartition {A, B} such that w(A) = w(B).
Then the following are equivalent:

(i) for all U ⊆ A it holds that w(U) ≤ w(N(U));
(ii) there exists an edge weight function ŵ : E → [0,∞) such that for all x ∈ V it

holds that w(x) =
∑

e∼x ŵ(e), where the sum is taken over all edges incident
to x.
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Proof of proposition 5.5 using lemma 5.3. The implication from ((ii)) to ((i)) is easily
shown. The set of edges with one endpoint in U is a subset of the set of edges with
one endpoint in N(U). Hence, if ŵ satisfies ((ii)), then

w(U) =
∑
x∈U

∑
e∼x

ŵ(e) ≤
∑

y∈N(U)

∑
e∼y

ŵ(e) = w(N(U)).

The reverse implication will be proven by induction on |V |. Since w satisfies ((i)),
by the subforest lemma there exists a subforest F of G satisfying ((i)). Since F is a
forest, there exists a vertex x in F with degree 1. Without loss of generality we can
assume that x ∈ A. Let y ∈ B be the unique neighbor of x in F .

Note that it follows from ((i)) that w(x) ≤ w(y). Set ε = w(x). Consider the
induced subgraph F [V − x] obtained by removing vertex x from F and equip it with
the vertex weight function w̃ : V − x→ [0,∞) given by w̃(v) = w(v)− ε1{v=y}. The
weighted graph (F [V − x], w̃) satisfies ((i)), since for all U ⊆ A − x with y ∈ NF (U)
it holds that

w̃(U) = w(U) = w(U + x)− ε ≤ w(NF (U + x))− ε = w(NF (U))− ε = w̃(NF̃ (U)),

while for all U ⊆ A− x with y /∈ NF (U) it holds that

w̃(U) = w(U) ≤ w(NF (U)) = w̃(NF̃ (U)).

Hence, by the induction hypothesis there exists an edge weight function ŵ on F [V −x]
satisfying ((ii)). Now define an edge weight function on the edges of G by

w̌(e) =


ŵ(e) if e ∈ E(F [V − x])
ε if e = {x, y}
0 otherwise.

Then w̌ is the sought edge weight function satisfying ((ii)).

This independent proof of Strassen’s theorem for finite sets is constructive and
can in principle be used to find the required coupling. However, far more efficient
methods for finding such a coupling exists. In [58, Corollary 2.1.5] it is mentioned
that proposition 5.5 can be derived from the max-flow min-cut theorem, see also [60,
Theorem 10.4]. The method is similar to the derivation of the marriage theorem from
the max-flow min cut theorem, that is given in [27]. This derivation is not only elegant,
it also shows that any method for finding maximal network flows can also be used to
find such a coupling.

5.3 Equivalence of Hall’s theorem and Strassen’s
theorem

In the second part of this paper we prove the equivalence of Strassen’s theorem for
finite sets and Hall’s marriage theorem.
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5.3.1 Deriving Hall’s theorem from Strassen’s theorem

The derivation of Hall’s theorem from Strassen’s theorem will go via the subforest
lemma.

Proof of lemma 5.3 using Strassen’s theorem. The statement will be proven by induc-
tion on |E|. If |E| = 1, then G is itself a forest. Now assume that |E| ≥ 2 and that
the statement holds when |E| is smaller.

Define the probability measures P and P′ on A and B, respectively, by setting
P(x) = w(x)

w(A) and P(y) = w(y)
w(B) for x ∈ A and y in B. Since G satisfies the subforest

condition, these two probability measures then satisfy the coupling condition with
respect to the relation E. Hence, by Strassen’s theorem there exists a coupling P̂ of P
and P′ that is supported on E.

If G is not a forest, then there is a subset of edges C ⊆ E that constitute a cycle.
Now take ε = min{P̂(e) : e ∈ C} and let e∗ ∈ C be such that P̂(e∗) = ε. Since G

is a bipartite graph, the cycle C contains an even number of edges. Hence, we can
partition C into two sets {IC , JC} such that edges in IC are only incident to edges in
JC and vice-versa. Without loss of generality we can assume that e∗ ∈ IC .

Now define a new probability measure P̃ on E by

P̃(e) =


P̂(e)− ε if e ∈ IC

P̂(e) + ε if e ∈ JC

P̂(e) otherwise.

Since each vertex in G is incident to the same number of edges in IC as to edges
in JC , we have that P̃ is also a coupling of P and P′. Moreover, the coupling P̃
is supported on E \ {e∗}, since by construction it holds that P̃(e∗) = 0. Thus, by
applying Strassen’s theorem in the reverse direction, we find that the relation E \{e∗}
satisfies the coupling condition with respect to P and P′. It follows that the weighted
graph G − e∗ satisfies the subforest condition. By the induction hypothesis G − e∗

contains a subforest F satisfying that condition. Clearly, F is also a subforest of G,
which finishes the proof.

Proof of theorem 5.2 using the subforest lemma. We will only prove the sufficiency of
the marriage condition, which will be done by induction on |E|. So, we assume that
G satisfies the marriage condition.

Clearly the statement holds if |E| = 1. Now assume that |E| ≥ 2 and that the
statement holds if |E| is smaller. Note that the marriage condition is a special case of
the subforest condition where each vertex has unit weight. Hence, by lemma 5.3 there
exists a subforest F of G that satisfies the marriage condition. Since F is a forest,
there exists a vertex x in F with degree 1. Let y be the unique neighbor of x in F .
Then the induced subgraph G[V \ {x, y}] still satisfies the marriage condition. Thus
by the induction hypothesis G[V \ {x, y}] has perfect matching M . Taking M ∪{x, y}
gives a perfect matching of G.
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5.3.2 Deriving Strassen’s theorem from the marriage theorem
To finish our reciprocal derivations we still have to prove Strassen’s theorem from the
marriage theorem. This will be done using two well-known generalizations of both
theorems, propositions 5.6 and 5.7 below, that allow for some small deficiencies in the
conditions.

The used generalization of Hall’s marriage theorem is due to Ore [66] and can be
found in e.g. [58, Thm. 1.3.1]. It can be easily derived from the marriage theorem
itself, which led Mirsky to call the marriage theorem a self-refining result [65]. For
completeness we also give this derivation.

Proposition 5.6 (Hall’s theorem with deficiency). Let G be a bipartite graph
with bipartition {A, B} with |A| = |B| = n. Then G contains a matching M with
|M | ≥ n− k if and only if it holds that

|U | ≤ |NG(U)|+ k, for all U ⊆ A. (5.5)

Proof of proposition 5.6 using Hall’s marriage theorem. We only prove the sufficiency
of (5.5).

Construct the bipartite graph G̃ by adding k new vertices a1, . . . , ak to A and k

new vertices b1, . . . , bk to B. Set Ã = A∪{a1, . . . , ak} and B̃ = B ∪{b1, . . . , bk}. Also
add edges between all ai and all vertices in B̃ and all bi and all vertices in Ã. That is,
G̃ = (Ã∪B̃, Ẽ) with Ẽ = E∪{{ai, v} : 1 ≤ i ≤ k, v ∈ B̃}∪{{bi, v} : 1 ≤ i ≤ k, v ∈ Ã}.

Since G satisfies (5.5) and all vertices have k more neighbors in G̃ than in G, we
have that G̃ satisfies the marriage condition (5.2). Hence, by theorem 5.2 G̃ contains
a perfect matching M̃ . Note that |M̃ | = n + k. Hence, M := M̃ ∩ E is a matching of
G with |M | ≥ n−k, since at most 2k edges in M̃ are incident to any of the 2k vertices
that are not in G.

As with proposition 5.6 the generalized version of Strassen’s theorem also follows
from its original. However, for our purposes we will derive it from proposition 5.6
instead. The proof is an adaptation of the proof by Dudley given in [24, Theorem
11.6.3] adjusted to our finite setting.

Proposition 5.7 (Strassen’s theorem with deficiency). Let A and B be finite
sets and R ⊆ A×B a relation between them. Let P and P′ be probability measures on
A and B, respectively. Let ε ≥ 0 be given. Then there exists a coupling P̂ of P and P′

with P̂(R) ≥ 1− ε if and only if

P(U) ≤ P′(NR(U)) + ε, for all U ⊆ A. (5.6)

Proof of proposition 5.7 using proposition 5.6. For the necessity of (5.6) we note that
if P̂ is a coupling of P and P′ with P̂(R) ≥ 1− ε, then it holds for all U ⊆ A that

P(U) = P̂(U ×B) ≤ P̂(U ×NR(U)) + ε ≤ P̂(A×NR(U)) + ε = P′(NR(U)) + ε.

It remains to prove its sufficiency. This will be done in two steps. In the first step we
assume that P and P′ are both rational valued and that ε ∈ Q, and in the second step
we derive the result for arbitrary P, P′ and ε.
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Step (1) Assume that P and P′ are rational valued and also take ε rational. Define
G = (V, E, w) as in (5.4). Then we have that w(x) ∈ Q for all x ∈ V . Since V is finite,
there exists a large enough N ∈ N such that the product Nw(x) is an integer for all
x ∈ V and such that k := εN is an integer as well.

Let Ṽ =
⋃

x∈A

⋃Nw(x)
i=1 {xi} be the set consisting of Nw(x) copies of each element

x ∈ V . Now consider the bipartite graph G̃ = (Ṽ , Ẽ), where the edge set is given by
Ẽ = {{xi, yj} : {x, y} ∈ E}. That is, two vertices xi and yj in G̃ are connected by an
edge if and only if their originals x and y are adjacent in G. Denote the bipartition of
G̃ by {Ã, B̃}.

Since P and P′ satisfy (5.6), we then have for all Ũ ⊆ Ã that

|Ũ | ≤ |NG̃(Ũ)|+ k.

By proposition 5.6 there exists a matching M̃ of G̃ with |M̃ | = N − k. Let a1, . . . , ak

and b1, . . . , bk denote the k vertices in Ã and B̃, respectively, that are unmatched by
M̃ . Now consider the set of edges M+ := M̃ ∪ {{ai, bi} : i ∈ [k]}, which is obtained
from M̃ by adding k arbitrary edges, not necessarily belonging to Ẽ, between the
unmatched vertices.

For each pair (x, y) ∈ A×B let

ŵ(x, y) =

∣∣∣∣∣∣
Nw(x)⋃

i=1

Nw(y)⋃
j=1
{xi, yj} ∩M+

∣∣∣∣∣∣
denote the number of edges between copies of x and copies of y that occur in M+.
Since M+ is a perfect matching of the complete bipartite graph on Ã ∪ B̃, we find
that

∑
y∈B ŵ(x, y) = Nw(x) for all x ∈ A and similarly that

∑
x∈A ŵ(x, y) = Nw(y)

for all y ∈ B. So, the probability measure P̂ on A × B defined by P̂(x, y) = ŵ(x,y)
N is

a coupling of P and P′. Since only k of the edges of M+ do not belong to M̃ we also
find that P̂(R) = 1− ε, so P̂ is the sought coupling.

Step (2) Let P, P′ and ε be arbitrary. Let (εi)i∈N be a rational sequence converg-
ing to ε from above. Since P and P′ satisfy (5.6), we can find two sequences (Pi)i∈N and
(P′

i)i∈N of rational valued probability measures that converge to P and P′, respectively,
such that for every i ∈ N it holds that

Pi(U) ≤ P′
i(NR(U)) + εi, for all U ⊆ A.

By the first step of the proof, for each i there exists a coupling P̂i of Pi and P′
i with

P̂i(R) ≥ 1 − εi. We can interpret (P̂i)i∈N as a sequence in the compact metric space
[0, 1]|E|. Thus it contains a converging subsequence (P̂ij

)j∈N with limit P̂. It follows
that P̂(R) ≥ 1− ε.

It remains to be shown that P̂ is a coupling of P and P′. Let δ > 0 be given.
Then for all x ∈ A there exists a k ∈ N such that for all j ≥ k it holds that both
|Pij

(x)− P(x)| < δ and

|P̂ij ({x} ×B)− P̂({x} ×B)| < δ.
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hapter
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It follows that

|P(x)− P̂({x} ×B)| < |P(x)− P̂ik
({x} ×B)|+ δ

= |P(x)− Pik
(x)|+ δ

< 2δ.

Similarly, we find that |P′(x) − P̂(A × {x})| < 2δ for all x ∈ B. As this holds for all
δ > 0, it follows that P̂ is a coupling of P and P′.
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I must acknowledge myself to be indeed a very backward scholar; since I
cannot now discover an argument which, it seems, was perfectly familiar
to me long before I was out of my cradle.

- Hume; An Enquiry Concerning Human Understanding
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Grafen zijn wiskundige representaties van netwerken. Denk als voorbeelden van net-
werken aan het wegennet bestaande uit splitsingen en kruisingen die met wegen zijn
verbonden, sociale netwerken van mensen verbonden door vrienschapsrelaties of aan
het netwerk van neuronverbindingen dat zich in de hersenen bevindt. Grafen model-
leren deze netwerken als een verzameling punten, knopen genaamd, met een bijbe-
horende verzameling lijnen, waarvan elke lijn twee knopen met elkaar verbindt. De
lijnen duiden de verbindingen aan die in het netwerk voorkomen. Het analyseren van
de wiskundige eigenschappen van grafen kan inzichten verschaffen in vraagstukken
waarin een netwerkstructuur voorkomt. Voorbeelden van dergelijke vraagstukken zijn
of het sluiten van een specifieke weg verkeersopstoppingen zal veroorzaken of juist zal
verhelpen, of hoe snel een gerucht of virus zich door een groep mensen zal verspreiden.
Echter, voor grafen met een groot aantal knopen en lijnen kan het oplossen van vraag-
stukken dusdanig veel berekeningen vergen, dat dit zelfs met behulp van moderne
computers niet haalbaar is.

Bossen zijn een speciaal type graaf met een simpele structuur: voor alle moge-
lijke tweetallen knopen bestaat er hoogstens één pad, een aaneenschakeling van lijnen,
tussen deze twee knopen, oftewel een bos bevat geen kringen. De knopen van een
bosgraaf kunnen worden onderverdeeld in één of meerdere groepen genaamd samen-
hangscomponenten, waarbij knopen tot verschillende componenten behoren wanneer
ze niet verbonden zijn via een pad van lijnen. Een samenhangscomponent van een bos
wordt ook wel een boom genoemd. De terminologie ’bossen’ en ’bomen’ is afgeleid van
de grafische representatie van dergelijke grafen. Een afbeelding van een bosgraaf lijkt
enigsinds op een verzameling bomen met een stam en met takken. Wegens hun re-
latief simpele structuur zijn bossen gemakkelijker te analyseren dan gecompliceerdere
grafen. Een complexe graaf bevat meerdere deelgrafen met een bosstructuur. Deze
deelgrafen kunnen worden verkregen uit de oorspronkelijke graaf door alle knopen te
behouden en sommige van de lijnen te verwijderen. Een dergelijke bosdeelgraaf bevat
informatie over de oorspronkelijke graaf, en zou hierdoor kunnen helpen bij het ofwel
exact berekenen ofwel benaderen van de relevante eigenschappen van de graaf. Echter,
in veel gevallen gaat in de reductie van complexe graaf tot bosgraaf te veel informatie
verloren. Een mogelijke oplossing is om random bosdeelgrafen te gebruiken. De com-
plexiteit van de graaf kan dan deels worden gevat in de kansverdeling van het random
bos, en niet alleen in de structuur van het bos zelf.

Het bovengenoemde idee om ingewikkelde grafen te benaderen met random bos-
deelgrafen vormt een belangrijke motivatie voor het onderzoek in dit werk. In het
eerste deel van dit proefschrift bestuderen we een specifieke kansverdeling op bosdeel-
grafen, de zogenaamde Kirchhoff bosgraafkansverdeling. Deze kansverdeling leent zich
bij uitstek voor mogelijke toepassingen in de analyse van complexe netwerken, door
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het bestaan van een efficiënte methode, genaamd Wilsons algoritme, waarmee een
steekproef met deze kansverdeling genomen kan worden. In dit huidige werk worden
Kirchhoff bosgrafen niet direct gebruikt voor het analyseren van complexe netwerken.
In plaats daarvan wordt gepoogd een beter theoretisch begrip te krijgen van Kirch-
hoff bosgrafen, waardoor mogelijk toegepaste technieken in de netwerkanalyse zouden
kunnen worden ontwikkeld op basis van dit fundamentele onderzoek.

Wilsons algoritme kan niet alleen worden gebruikt als methode om efficiënt steek-
proeven mee te nemen. Het algoritme gebruikt random walks op de oorspronkelijke
graaf om een random bosgraaf volgens de Kirchhoff verdeling te construeren. De krin-
gen die in het traject van een random walk voorkomen worden verwijderd, zodat de
overgebleven doorlopen lijnen een bos vormen. Hierdoor kan Wilsons procedure ook
gebruikt worden als theoretisch hulpmiddel om vragen over Kirchhoff bosgrafen te
vertalen naar vragen over random walks, die eenvoudiger te bestuderen zijn.

De Kirchhoff bosgraafverdeling hangt af van een intensiteitsparameter, die kan
worden aangepast om het verwachte aantal lijnen in een Kirchhoff bos te bepalen. In
hoofdstuk 2 bestuderen we de kans dat twee knopen onderdeel zijn van dezelfde boom
in een Kirchhoff bos, en in het bijzonder hoe deze kans afhangt van de intensiteitspa-
rameter.

Hoofdstukken 3 en 4 richten zich op een ander aspect van Wilsons algoritme dan
het resulterende bos. In hoofdstuk 3 ligt de nadruk op het bezettingsveld van Wilsons
procedure, dat voor elke knoop telt hoe vaak deze in totaal door alle random walks is
bezocht. Dit bezettingsveld is nauw verwant aan het bezettingsveld van een random
walk loop-soup, en aan andere modellen in de statistische fysica zoals de discrete Gaus-
sian free field. Door niet alleen te kijken naar het bezettingsveld maar naar de verza-
meling verwijderde kringen, worden in hoofdstuk 4 worden de resultaten uit hoofdstuk
3 uitgebreid. Hier laten we zien dat door Kirchhoff bosverdelingen met verschillende
intensiteiten te koppelen, deze gekoppelde variant van Wilsons algoritme kan worden
gebruikt om een loop-soup te construeren.

Twee kansverdelingen zijn niet noodzakelijkerwijs onafhankelijk van elkaar. Als los
van elkaar een zeszijdige dobbelsteen en een twaalfzijdige dobbelsteen worden gegooid,
dan zijn beide uitkomsten onafhankelijk. Dat wil zeggen, het resultaat van de ene
worp geeft geen informatie over het resultaat van de andere. Het is echter mogelijk
om de kansverdeling van een zeszijdige dobbelsteen na te bootsen door de uitkomst
van de twaalfzijdige dobbelsteen te halveren en naar boven af te ronden. De verdeling
van de nagebootste zeszijdige dobbelsteen is dan precies hetzelfde als die van een
fysieke zeszijdige dobbelsteen, maar is niet langer onafhankelijk van de uitkomst van
de twaalfzijdige. Dit is een voorbeeld van een koppeling van twee kansverdelingen,
een algemene methode in de kansrekening om meerdere verdelingen gezamenlijk te
beschouwen.

De stelling van Strassen is een vermaard kanstheoretisch resultaat dat aangeeft of
twee verdelingen dusdanig te koppelen zijn dat deze koppeling een aantal gewenste
eigenschappen heeft. In hoofdstuk chapter 5 wordt een nieuw eenvoudig bewijs van
deze stelling gegeven voor het specifieke geval dat beide verdelingen een eindig aantal
uitkomsten hebben. Dit bewijs vertaalt het koppelingsprobleem naar een grafentheo-
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retisch probleem, en laat zien dat alle relevante informatie van de resulterende graaf
gevat kan worden in één enkele bosdeelgraaf. Verder belicht dit bewijs de connectie
tussen Strassens stelling en de huwelijksstelling van Hall, een bekend resultaat dat
betrekking heeft op matchings in bipartiete grafen.

126



Summary

Summary

Graphs are mathematical abstractions that represent network structures. As examples
of network structures you can think of road networks consisting of junctions and
crossings connected by roads, social networks of people connected by friendships or
the network of interconnected neurons in your brain. Graphs model networks as a set
of points and an associated set of lines, with each line connecting two points. These
lines represent the connections that occur in the network. For historical reasons, the
points of a graph are called vertices, and the lines are called edges. Analyzing the
mathematical properties of graphs gives insight into problems that involve networks.
Examples of such problems are whether closing a specific road will increase or decrease
traffic congestion, or how fast a rumor or virus will spread among a certain group of
people. However, for graphs containing a large number of vertices and edges, finding
solutions to such problems requires an amount of computation that, even with the
help of modern computers, is unfeasible.

Forests are a special type of graph with a simple structure: between any pair of
vertices there exists at most one path traversing the edges of the graph, i.e., these
graphs contain no cycles. The vertices of a forest can be divided into one or more
groups, called connected components, where vertices belong to different components if
they are not connected via a path of edges. One such component is also called a tree.
The terms ‘forest’ and ‘tree’ are derived from their graphical representation, since
a drawing of a forest graph somewhat resembles a collection of trees with a trunk
and with branches. Due to their relative simplicity, forests can be analyzed more
efficiently than more complicated graphs. A complex graph contains many forest
subgraphs, which can be obtained from the original graph by keeping all of its vertices
and removing some of its edges. Such a forest subgraph contains information on the
original graph, and hence could be of help in computing, or at least approximating,
properties of interest. In many cases, however, too much information of the graph is
lost in the reduction of the graph to a forest graph. A possible remedy is to use random
forests, sampled from the full set of forest subgraphs, to approximate properties of
interest. In this way, part of the complexity of the graph can be captured by the
randomness of the forest rather than the structure of the sampled forests itself.

The above idea of using random forests to approximate complicated graphs pro-
vides one of the main motivations for the present thesis. In the first part of the thesis
we study a specific probability distribution on forest subgraphs, which recently has
been called the Kirchhoff forest distribution. This distribution lends itself particu-
larly well for possible applications in network analysis, due to an efficient sampling
procedure, called Wilson’s algorithm, that can be used to sample forests from this
distribution. Rather than applying Kirchhoff forests for network analysis, this thesis
aims at providing a better theoretical understanding of the Kirchhoff forest distribu-

127



Summary

tion, thus laying a foundation on which applied techniques in network analysis can be
built.

Wilson’s algorithm is not only useful as an efficient sampling procedure. The
algorithm constructs a random forest according to the Kirchhoff forest distribution by
using random walks on the original graph. The cycles that appear in the edges that are
traversed by a random walk are removed, so that the remaining edges form a forest.
Therefore, Wilson’s procedure can be used as a theoretical tool to translate questions
about Kirchhoff forests into questions about random walks, which are simpler to study.

The Kirchhoff forest distribution depends on an intensity parameter, which can be
tuned to fix the expected number of edges in a Kirchhoff forest. In chapter 2 we study
the probability that two vertices are part of the same tree of a Kirchhoff forest, in
particular, how this probability depends on the intensity parameter.

Chapters 3 and 4 focus on a different aspect of Wilson’s algorithm. In chapter 3
the emphasis lies on the occupation field of Wilson’s sampling procedure, which for
each vertex counts the total number of visits by all random walks that are used in
the construction of a Kirchhoff forest. This occupation field is closely related to the
occupation field of a random walk loop-soup, and to other well-known models in sta-
tistical physics, such as the discrete Gaussian free field. In chapter 4 we extend the
results obtained in chapter 3 by considering not only the occupation field, but the
set of removed cycles. We show that, by coupling together Kirchhoff forests of differ-
ent intensities, the coupled version of Wilson’s algorithm can be used to construct a
loop-soup.

Two probability distributions need not be independent from each other. If you
throw both a six-sided die and a twelve sided die, then the resulting outcomes are
independent, i.e., the result of one die does not provide any information on the result
of the other. However, it is possible to emulate the distribution of the six-sided die
by halving the result from a twelve-sided die, rounding up the outcome to an integer.
The distribution of the emulated six-sided die is then exactly the same as that of a six-
sided die, but it is no longer independent of the twelve-sided die. This is an example
of a coupling of two distributions, a general method in probability theory to observe
multiple distributions together.

Strassen’s theorem is a celebrated result that tells you whether it is possible to
construct a coupling of two distributions with certain desired properties. In chapter 5
a novel elementary proof of this theorem is provided for the special case of two dis-
tributions with finitely many outcomes. This proof translates the coupling problem
into a graph problem, and shows that all relevant information of the resulting graph
can be captured by a single forest subgraph. The proof highlights the connection be-
tween Strassen’s theorem and Hall’s marriage theorem, a well-known result concerning
matchings in bipartite graphs.
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