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Kodaira dimension of moduli spaces
of hyperkahler varieties

Ignacio Barros, Pietro Beri, Emma Brakkee and Laure Flapan

ABSTRACT

We study the Kodaira dimension of moduli spaces of polarized hyperkahler varieties
deformation equivalent to the Hilbert scheme of points on a K3 surface or to O’Grady’s
ten-dimensional variety. This question was studied by Gritsenko—Hulek—Sankaran in
the cases of K32- and OG10-type when the divisibility of the polarization is 1. We
generalize their results to higher dimension and divisibility. As a main result, for almost
all dimensions 2n, we provide a lower bound on the degree such that for all higher
degrees, every component of the moduli space of polarized hyperkahler varieties of
K3[-type is of general type.

1. Introduction

A hyperkédhler manifold is a simply connected compact Kéahler manifold with a unique non-
degenerate 2-form (up to scaling). Hyperkdhler manifolds are always even-dimensional with triv-
ial canonical bundle. In this paper, we study moduli spaces of hyperkéahler varieties, by which
we mean hyperkédhler manifolds that are projective.

Two-dimensional hyperkahler manifolds are always K3 surfaces. Mukai gave unirational para-
metrizations of the moduli spaces Foq of polarized K3 surfaces of degree 2d for d < 12 and
d € {15,17,19}; see [Muk88, Muk92, Muk06, Muk10, Muk16]. Recently, the same was done
for d € {13,21}; see [Nuel7, FV18, FV21]. In contrast, Gritsenko-Hulek—Sankaran showed in
[GHS07] that Fag is of general type for d > 61 and d € {46, 50, 54,58, 60}.

For a hyperkihler manifold X, the group H?(X,Z) carries a quadratic form ¢y, turning it into
a lattice called the Beauwville-Bogomolov—Fugjiki lattice. In this paper, we focus on moduli spaces of
hyperkahler manifolds coming from K3 surfaces: deformations of Hilbert schemes of n points on
a K3 surface, called of K3[M-type, and deformations of O’Grady’s 10-dimensional examples,
called of OG10-type. The corresponding moduli spaces M’;(3[n]72d and M%led parametrize

pairs (X, H), with X a projective hyperkiihler variety of K3["-type or OG10-type, respectively,
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KODAIRA DIMENSION OF MODULI OF HK VARIETIES

and H a primitive polarization on X so that c¢1(H) has degree 2d with respect to gx and divis-
ibility v in H*(X,Z).

The study of the moduli spaces MZ{g[n],Q , and Mz)Glo,2d has attracted much attention
in the past decade. A fundamental question in hyperkahler geometry is whether one can ef-
fectively construct a general projective hyperkahler variety of a given deformation type. This
is a question about the existence of unirational locally complete families. There are few known
examples of such families; to our knowledge, there are no constructions outside K3"-type. For
instance, such unirational parametrizations are known for M;Q[n] Y in the cases where (n,d,~)
equals (2,3,2), see [BD85]; (2,1,1), see [O’G06]; (2,19,2), see [fROl, IR07] and also [Monl3,
Proposition 1.4.1]; (2,11,2), see [DV10]; (4,1,2), see [LLSvS17]; (3,2,2), see [IKKRI19]; and
additional higher-dimensional examples [BLM 21, PPZ23] (see (1.4) below).

The space M’;{:}[”],Zd

The space M} q4 1S always irreducible [Ono22b, Ono22a). Gritsenko-Hulek-Sankaran treat
the “split” case v =1 in [GHS10, GHS11] (see also [Ma24]) and prove the following:

is not irreducible in general, but it is when v € {1,2}; see [Apol4al.

(i) The moduli space MIIQ[Q] o 18 Of general type if d > 12.
(ii) The moduli space ./\/lloled is of general type for all d > 3 with d # 2™ for m > 0.

Recently, similar results have been proven for moduli spaces of polarized hyperkiahler mani-
folds deformation equivalent to a generalized Kummer fourfold; see [Daw25, Daw25].

1.1 Main results

We produce analogous general-type results for the higher-divisibility and higher-dimension cases
of these moduli spaces. In particular, we give, for almost all dimensions, the first uniform bound
(quadratic in v and n) on the degree after which these moduli spaces are of general type (see
Theorem 1.3 below). Moreover, in the more technical split case v = 1, in which new subtleties

arise, we give a list of (n, d) € Zs %X Z~g, of positive density, for which the moduli space M}{S[n] od

is of general type (see Theorem 1.6 below).

2
K32l 2d
if and only if d = —1 mod 4. Similarly, for OG10-type, the remaining case (non-split) is v = 3,

and M%GlO,Qd is non-empty if and only if d = —3 mod 9.

In the case n = 2, the remaining case (non-split) is v = 2. In this case, M is non-empty

THEOREM 1.1. Let M%{g[?] oy P€ the moduli space of primitively polarized hyperkéhler varieties

of K3[2-type with non-split polarization of degree 2d = 8t — 2. Then for all t > 12 and t = 10,
the moduli space M%{BM oy 18 of general type.

THEOREM 1.2. Let M%GIO g be the moduli space of primitively polarized hyperkéhler varieties
of OG10-type with non-split polarization of degree 2d = 18t — 6. Then for all t > 4, the moduli
space M%led is of general type.

We remark that the cases ¢ € {10,12} in Theorem 1.1 and ¢ = 4 in Theorem 1.2 were proved
in [GHS13, Proposition 9.2] and [GHS11, Corollary 4.3].

The main results of our paper focus on the moduli spaces M in the case n > 3.

Y
K3l 2d

THEOREM 1.3 (see Theorem 4.8). Let (n,d,~) be a triple such that the moduli space Mgﬁ[n] 04
is non-empty (see Proposition 3.1). We assume further that n > 6, n ¢ {11,13}, and v > 3. Then
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il

K3l 2g 15 of general type provided

d>6v2(n+3+/2(n—1))%,

except for one possible value of d > 5-101° for each n that is odd or in the set {10,12,52,%/2+1}.

every component of M

In the above theorem, x is a fixed integer greater than 5-100 (see Section 2.6). This number x
does not exist if the generalized Riemann hypothesis holds.

Remark 1.4. In Theorem 4.5, we give a much sharper lower bound on d after which a given
connected component of M;/(;;[n],g J is of general type. However, computing this bound requires
solving a linear Diophantine equation whose coefficients depend on the connected component,
the value v, and integers o, a, az such that a? + a3 + a3 = 2(n—1). By contrast, Theorem 1.3

gives a uniform bound on d that does not require specifics about the numerics of n and ~.

Example 1.5. As an illustration of the difference between the bounds obtained from Theorem 4.5
versus Theorem 1.3, in the case of the moduli space M‘;(g[%] o Theorem 4.5 yields that both
of its components are of general type provided d > 225 (see Example 4.6). By contrast, for the

same moduli space, Theorem 1.3 yields the bound d > 195169.

We also consider /\/l?(g[n]’2 g for n = 3 when v € {1,2}. These low divisibility cases come
with several additional technical challenges. The hardest and perhaps most interesting case we
tackle is the “split case” v = 1. This case departs from previous literature: Modularity of the
quasi-pullback is not guaranteed and vanishing of the resulting cusp form at the ramification
of the modular projection cannot be proven via classification of root systems of small rank and
discriminant. We obtain general-type results for a set of pairs (n, d) of density roughly 1/2.

THEOREM 1.6. Suppose n > 3, and writen — 1 =4¢-k forc >0, 41 k.

(i) If k is a square, then M%(:s[nl oq 15 of general type for all d > 12.

(i) Ifk=1,2mod 4 and k & {1,2,5,6,10,13,25,37,58,85,130, %}, then M}, ,

, 1s of general

type for all d of the following form:

(a) d=4°m withe >0, m >3, m # 0,4,7mod 8, and m ¢ {5,10, 13, 25,37, 58, 85,130, x};

(b) d = p-r?, where p is a prime congruent to 3 modulo 4, or any square d = r?> when
additionally k # 9.

As an example, the lowest dimension for which one can rule out the existence of unirational
locally complete families in degree 2 is 2n = 30, and in degree 6, it is 2n = 20.

COROLLARY 1.7. There is no unirational locally complete family of polarized hyperkahler 20-folds
of K3-type with split polarization of degree 6 or of 30-folds with split polarization of degree 2.

The second case already follows from [GHS10] together with strange duality; see Proposi-
tion 3.9. In the case v = 2, as a consequence of Theorem 1.1, we obtain the following general-type
results for an infinite quadratic series of dimensions.

THEOREM 1.8. Suppose that n is an even integer such that n—1 is square. Then the moduli space
M%{?,lnl 0 of primitively polarized hyperkahler varieties of degree 2d = 8t — 2 and divisibility 2
is of general type for t > 12 and t = 10.
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1.2 Relation to existing literature

To prove our main results, we reduce the question to the existence of a certain cusp form
for an orthogonal modular variety. This strategy was introduced by Gritsenko-Hulek—Sankaran
in [GHSO07] and has been subsequently used in, among others, [GHS10, GHS11, TV19, FM21].

The moduli space /\/lz@[n]’2 J (respectively, MgGlo,Qd) is a 20-dimensional (respectively, 21-
dimensional) quasi-projective variety with finite quotient singularities; see [Vie95]. Its irreducible

components Y admit algebraic open embeddings to orthogonal modular varieties
Y — Q(A)/T; (1.1)
see [BB66, Ver13]. The target of this map is defined as follows. Let
A=U @ Eg(—1)"? @ (—2(n—1)) (respectively, A = U @ Eg(—1)%? @ Ay(—1))

be the lattice isomorphic to (H2(X, 7), qX) and A, C A the lattice of signature (2,20) (respec-
tively (2,21)) isomorphic to the orthogonal complement of the first Chern class h € H?(X,7Z)
of H. Then

{[z] e P(AL, ®C) | (x,z) =0 and (z,7) > 0}
is a type IV bounded Hermitian symmetric domain that has two isomorphic components, and
the orthogonal group O(Ay,) acts on this domain. We fix one of the components Q(Ay) and let
O™ (Ayp) be the subgroup of O(Ay,) fixing Q2(Ay,). The arithmetic group T, called the monodromy
group, is a finite-index subgroup of O (Ay).

Y

K3l 20 the monodromy group I' was computed in [Marll,

In the case of the moduli spaces M
Ono22bl; it is given by

O (A, h) = {g € OF(A,h) | glpay=s1a} » (1.2)

where O1(A,h) C O(A) is the stabilizer of h € A acting on Ay, by restriction and D(A) is the
discriminant group of the lattice A. As an important ingredient in the proof of Theorem 1.3 (see
Lemma 3.4 and Proposition 3.8), we show that if n = 2 or v > 3, then this monodromy group I'
has the simpler description

OF (A, h) = OF(Ap) == {g € OF(An) | glp(a,) = 1d}. (1.3)

By contrast, when n > 3 and v € {1,2}, the group O" (A, h) is an index 2 extension of 5+(Ah).
This gives rise to several technical difficulties in the proof of Theorem 1.6.

Remarkably, Ma shows in [Mal8, Theorem 1.3] that there are only finitely many isomor-
phism classes of even lattices A, of signature (2, m) with m > 9 for which the modular variety
Q(Ap)/ 6+(Ah) is not of general type. Additionally, there are only finitely many lattices Ay (up
to isomorphism) of signature (2, m) with m > 21 or m = 17 such that Q(Ap)/OT(Ay) is not of
general type [Mal8, Theorem 1.1].

One should note however that this does not imply that there are only finitely many choices

of (n,d,v) such that M17<3[n1 5y 18 not of general type since infinitely many (n,d,~) may yield

isometric lattices Ay. In particular, ./\/lz( may not be of general type even when n or d are

3[n] 2d
arbitrarily large. For instance, for any coprime integers (a, b), letting n = a® — ab+b?, the moduli
spaces

(2/3)n .
Micsen oz 13 (1.4)
M??s[n 1 6n otherwise
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are unirational, dominated by the moduli space of cubic fourfolds; see [BLM 21, Corollary 29.5].
Theorems 1.1 and 1.3 thus serve, once one has fixed n and ~, to give an explicit lower bound

on d after which M;’(:ﬂn] oy 18 always of general type.

Note moreover that Ma’s result does not apply in the cases n > 3 and v = 1,2 due to the
failure of (1.3). The natural expectation that there are finitely many birational classes of moduli
spaces M?(B[”JQ J that are not of general type when v € {1, 2} remains open. Theorems 1.6 and 1.8
are a contribution in this direction.

1.3 Ideas of the proof

The proofs of Theorems 1.1, 1.2, 1.3, and 1.6 use the strategy developed by Gritsenko—Hulek—
Sankaran in [GHS07, GHS10, GHS11] involving modular forms of orthogonal type. For the
relevant lattice Ap, of signature (2,m), the quotient Fy, = Q(A)/I' admits many projective
toroidal compactifications with mild singularities; however, by [GHS07, Theorem 2|, one can
choose one Fp, with at worst canonical singularities. Taking a resolution of singularities of Fy,
yields a smooth projective model Y of Fy,. Showing that the relevant moduli spaces are of
general type thus amounts to showing that there is an abundance of holomorphic pluri-canonical
forms on Y.

This is accomplished using modular forms of orthogonal type and the so-called “low-weight
cusp form trick” of Gritsenko—Hulek—Sankaran. A modular form of weight k and character
x: I' = C* is a holomorphic function F': Q°*(Ap) — C on the affine cone Q°*(Ay,) of Q(Aj) such
that for all Z € Q*(Ay), t € C*, and g € T, we have

F(tZ)=t"*F(Z) and F(9Z)=x(g)-F(Z).

These form a finite-dimensional vector space Modg (T, x). In the cases we consider, every modular
form is holomorphic at the boundary. Those vanishing on the boundary are called cusp forms and
form a subspace S(I', x) C Modg (T, x). By a classical result of Freitag [Fre83, Chapter 3], if F' is
a cusp form of weight m¢ and character det vanishing on the ramification divisor of Q(Ap) — Fa,,
then the form F - dz®¢, where dz is a holomorphic volume form on Q(Ay), descends to a global
section of (K5.

1.3.1 Low-weight cusp form trick. Gritsenko—Hulek—Sankaran’s “low-weight cusp form trick”
[GHS07] gives a method to produce such pluricanonical forms on Y. To do this, by Freitag’s
result, we need to produce a fixed cusp form F, € S, (I',det) with weight a < m vanishing
on the ramification divisor of Q(Ay) — Fa,. As long as I' has no irregular cusps [Ma24] (see
Section 2.3), there is then an injection [GHS07, Theorem 1.1]

Mod(—aye(T, 1) — H*(Y (Ky), p +—p-FL-dz®".

By Hirzebruch—-Mumford proportionality [Mum?77], the dimension of Mod(m,a)g(f’, 1) grows like
¢™, and from this it follows that Y is indeed of general type.

1.3.2 Borcherds form and root counting. In order to produce this low-weight cusp form Fj,
one uses the Borcherds modular form ®15 € Mo (OJr (I12,26), det), see [Bor95], where Il 96 is the
unique even unimodular lattice of signature (2,26) given by

II2,26 = U®? SP) Eg(—l)@?’ .
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If one can produce a primitive embedding of lattices
Ah — 112,26 (15)

with the right properties (see for example Propositions 3.10, 3.11, 5.3, 8.4), then the so-called
“quasi-pullback” of @12 to the cone Q°(Aj) yields the needed low-weight cusp form F,. Thus
the proofs of the main results boil down to producing embeddings Aj, < II3 26 with the desired
properties. Modularity of the quasi-pullback is not automatic and strongly depends on the arith-
metic group involved. The condition is automatically satisfied if ' is the group o+ (Ap,) defined
in (1.3) but is much more delicate when I is larger. This is one source of difficulty for v € {1, 2}.
Moreover, in these cases, the embedding (1.5) has to be chosen so that isometries of Ap in the
group I' extend to isometries of Iz 96. This is again automatic when I' = OT(Ay), but if ' is
larger, it is a more delicate endeavor.

Once we have an embedding where one can ensure modularity of the quasi-pullback, vanishing
at the ramification divisor follows in the case v > 3 by the classification of irreducible low-
rank lattices of small discriminant [CS88]. In the case v € {1,2}, this problem is again more
challenging, and we can solve it only by imposing additional constraints on both the dimension 2n
and the degree 2d.

2. Preliminaries

2.1 Lattices

Let L be a lattice, that is, a free abelian group of finite rank together with a symmetric non-
degenerate bilinear pairing (-,-): L x L — Z. We denote by O(L) the group of isometries of L and
by L(m), for an integer m, the lattice whose underlying abelian group is L and whose pairing
is m times the pairing of L.

The dual lattice LY = Hom(L,Z) can be embedded in L ® Q as those elements z € L @ Q
such that (x,¢) € Z for all £ € L, and the bilinear form is the restriction of the Q-linear
extension of (+,-). The inclusion L C LY has finite index, and the quotient D(L) = LV/L is a
finite abelian group, called the discriminant group. When L is even, that is, (x,z) € 27Z for all
x € L, the discriminant group D(L) comes endowed with a Q/2Z-valued quadratic form given
by  + L — (z,x) + 2Z. In this case, the natural projection induces a homomorphism

7: O(L) — O(D(L)) (2.1)

that is surjective if L is indefinite, and D(L) can be generated by at most rk(L) — 2 elements.
The following two groups play a prominent role:

O(L)=n"'(Id) and O(L)=r""(+Id).

The first one is called the stable orthogonal group. For h € L, we denote by O(L, h) the stabilizer
of hin O(L), and by 6(L, h) C O(L, h) (respectively, 5(L, h)) the subgroup of 6(L) (respectively,
O(L)) of elements fixing h.

Let h € L; then (h, L) C Z is an ideal of the form Z, where = is a positive integer. We call ~
the divisibility of h and write div(h) = 7. Alternatively, v can be defined as the positive integer
making h/v a primitive element in LY. We denote by h, the class of h/y in D(L).

The lattice Eg plays a crucial role in our arguments. It can be realized as a sublattice of (%Z) o8
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with the euclidean quadratic form via

Es = {(xl,...,xg) VALY (%+Z)@8

8
inEOmon}.

i=1

Elements in Eg are points in Q®® whose coordinates are either all integers or all half integers,
and are such that the sum of the coordinates is an even integer. Recall that Eg has 240 roots,
elements r with (r,r) = 2. The 112 of these roots that have integer coordinates are of the form
+e; tej for i,j € {1,...,8} and i # j, where {ey,...,es} is the standard basis of Z®8. The
remaining 128 roots have half-integer coordinates and are of the form %Zle +e;, where the
number of minus signs is even or, equivalently, the sum of all coordinates is even. Let us call the
first set of roots integral and the second fractional. We view the lattice Dg as a sublattice of Fg
via

Dg = {(1‘1,...,1’8) GZEBS

8
inEOmon}.

i=1

Finally, recall that if L is a fixed even lattice, there is a natural one-to-one correspondence
between finite-index even overlattices L C L’ and isotropic subgroups H C D(L). Namely, given
L C L', there is a sequence of inclusions

LcLl c()cLY, (2.2)

and the isotropic subgroup associated with L’ is given by H = L'/L. C LV/L = D(L). Conversely,
given an isotropic subgroup H C D(L), the overlattice L’ is given by 7~!(H), where m: LV —
D(L) is the quotient map. The discriminant groups of L and L' are related by the following
diagram:

H=L/L— H'=(L')Y/L — D(L)
l (2.3)
D(L')=H*/H.
An element g € O(L) can be extended to L' if and only if g(H) = H, where g € O(D(L)) is the
image of g € O(L) under the projection (2.1).
Recall that a lattice embedding L < L’ is said to be primitive if the quotient L'/L is torsion-

free. We now place ourselves in the following situation. Let A be an even lattice, h € A a primitive
element of degree 2d and divisibility 7, and Ay the orthogonal complement of h in A. Then

D(Ap @ (b)) = D(Ap) @ Z/2dZ, (2.4)

where the last factor is the discriminant group of (h) generated by (1/2d)h mod (h). Now A is
a finite-index overlattice of Ay @ (h) that corresponds to the isotropic subgroup H = A/(A, @ (h))
in (2.4). Moreover, since both inclusions Ay, C A and (h) C A are primitive, one checks that the
projections

mi: H— D(Ap) and mwy: H — D((h)) (2.5)
are injective; see also [Nik80, Proposition 1.5.1]. That is, for any = € 1 (H), there exists a unique
y € mo(H) such that z+y € H. The induced map 1 (H) — m2(H ) defines an automorphism of H,

and if g € O(A, h), the restriction g, acts as the identity on 7y (H). Moreover, m(H) — mo(H)
respects the bilinear form up to a sign.
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LEMMA 2.1. Let A be an even lattice and h € A primitive. View O(A, h) as a subgroup of O(Ay)

via the restriction map O(A, k) — O(Ay,). Then O(A, h) contains O(Ay,).

Proof. Let g € 6(Ah), and consider the orthogonal transformation given by g @ Id on the lattice
Ap @ (h). Then g @ Id acts as the identity on D(Ap) @ D(({h)). In particular, it fixes H, so g ®1d
extends to an element of O(A, k). Moreover, g @ Id is the identity on H+. From (2.3) it follows
that the extension must act as the identity on D(A) = H+/H. O

2.2 Modular forms
Let L be an even lattice of signature (2, q) with ¢ > 3. Recall that the symmetric domain

{[x] e P(L®C)|2*=0and z-T >0}

consists of two components exchanged by complex conjugation and is acted on by the arithmetic
group O(L). We fix one of the two connected components, denoted by (L) and called the period
domain for L. The index 2 subgroup of orientation-preserving isometries O (L) C O(L) is the
subgroup of O(L) fixing Q(L).

We denote by Q°*(L) C L ® C the affine cone of Q(L) C P(L ® C) and let I" be a finite-index
subgroup of OT(L). A modular form of weight k and character x: T' — C* is a holomorphic
function F': Q*(L) — C such that for all Z € Q*(L), t € C*, and g € T', we have

F(tZ)=t"F(Z) and F(gZ)=x(g) F(Z). (2.6)

Modular forms of fixed weight and character form a finite-dimensional vector space Mod (T, x).
When g > 3, every modular form is holomorphic at the boundary. Those vanishing on the
boundary are called cusp forms and form a subspace denoted by Si(T', x) C Mod (T, x). This
subspace is fundamental in many ways. By a classical result of Freitag [Fre83, Chapter 3|, cusp
forms of weight £ = ¢ and character det descend to global sections of the canonical divisor for
any smooth model of the quotient. More precisely,

Sy (T, det) = H°(Y, Ky) , (2.7)
where Y is a smooth projective model of the quasi-projective variety Q(L)/T; see [BB66].

2.3 Irregular cusps and the low-weight cusp form trick

The period domain Q(L) is an open subset of the isotropic quadric @ C P(L ® C) defined
by (w,w) = 0. It has two types of boundary components called cusps: 0-dimensional and 1-
dimensional ones, corresponding to isotropic sublattices of L of rank 1 and 2, respectively.

The Fourier expansion of a modular form F' € Modg(T", x) at a 0-dimensional cusp is defined
via Eichler transvections [Eic74, Section 3] (see also [GHS13, Section 8.3]). Recall that if I is
an isotropic rank 1 sublattice of L and U(I)q is the unipotent part of the stabilizer of I in
O™ (L ® Q), the group of translations defining the Fourier expansion of F' at the cusp associated
with I is U(I)g NI, whereas the lattice of translations around the cusp I in the I'-action is
given by U(I)g N (I', —Id). When these two groups do not coincide, I is called an irreqular cusp
[Ma24]. Irregular 1-dimensional cusps are defined in a similar fashion, and their existence can be
reduced to the O-dimensional case.

PROPOSITION 2.2 ([Ma24, Corollary 6.5]). Let I' € OT(L) be a finite-index subgroup. If Q(L)
has no irregular 0-dimensional cusps for I', then it has no irregular 1-dimensional cusps.

After Freitag’s result (2.7), the fundamental link between the existence of low-weight cusp
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forms and the Kodaira dimension of orthogonal Shimura varieties is the following theorem due
to Gritsenko—Hulek—Sankaran, with a correction by Ma.

THEOREM 2.3 ([GHS07, Theorem 1.1] and [Ma24, Theorem 1.2]). Let L be a lattice of signature
(2,q) with ¢ > 9 and T' C O (L) a finite-index subgroup with no irregular cusps. Then the
modular variety Q(L)/T" is of general type if there exist a character x and a cusp form F' in
Sa(T, x) of weight a < q that vanishes with order at least 1 at the ramification divisor of the
projection Q(L) — Q(L)/I". Moreover, if Sy(T', det) # 0, then Q(L)/I" has non-negative Kodaira

dimension.

Remark 2.4. The condition of I' not having irregular cusps is fairly mild, and for our purposes
it will be satisfied with the possible exception of very few cases. This hypothesis can be dropped
by requiring that F' vanishes with certain order at the boundary of a toroidal compactification
of the modular variety; see [Ma24, Theorem 1.2] for details.

An immediate observation is that if —Id € I', then I" has no irregular cusps. We now explain a
second criterion ensuring the non-existence of irregular cusps. Suppose that I C L is an isotropic
sublattice defining a 0-dimensional cusp. Consider the lattice

L(I):=(I*/) &I,
and let I'(I)g be the stabilizer of I in OT(L ® Q). For m @1 € L(I)q, the Eichler transvection
Engl € T'(I)g is defined by
Engi(v) =v— (m,v)l + (I,v)m — %(m, m)(l,v)l

; see [Eic74, Sca87]. The

for any v € Lg, where m € Ié; is an arbitrary lift of m € (Il/I)Q,

construction induces a canonical isomorphism
L(I)@ — U(I)Q C F(I)Q, mel— Epgl. (2.8)

PROPOSITION 2.5 ([Ma24, Proposition 3.1]). The 0-dimensional cusp I is irregular for T' C O (L)
if and only if —=1d ¢ I and —E,, € I NT'({)q for some w € L(I)qg.

In Section 5, we use [Ma24, Proposition 1.1] together with Propositions 2.2 and 2.5 to rule
out the existence of irregular cusps in the cases we consider.

2.4 The Borcherds modular form and quasi-pullback

Cusp forms of low weight are rare in nature. As in [GHS07, GHS10, GHS11, TV19], we produce
the necessary cusp form to apply Theorem 2.3 by using the Borcherds form found in [Bor95]:

Py € Mi2(O™ (Ilp96), det) ,
where Il 6 is the unique even unimodular lattice of signature (2,26) given by
My 96 := UP? @ Fg(—1)%3. (2.9)

We denote by R(II 26) the set of (—2)-roots, and for a primitive embedding of lattices L < Il 96,
we denote by R(Ll) the set of (—2)-roots in the orthogonal complement L+ C IT5 26. Let
rE R(LL), and let o, € OT(Ilz,26) be the reflection with respect to 7:

Q(U’T)r
(r,7)

or(v) =v — (2.10)
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The definition (2.6) of a modular form implies that for any Z in the o,-invariant hyperplane
H, =N Q*(Ta6) C g6 ® C,

one has ®15(Z) = —®12(Z). In particular, ®15(Z) vanishes along H,. Furthermore, ®15 vanishes
only at the union of all H, with » € R(II326), and the vanishing multiplicity is 1; see [Bor95,
Section 10, Example 2] and [BKPS98]. Note that H, = H_, and the image of the induced embed-
ding Q°(L) — Q°(Ils,26) lands inside H, for any +r € R(L*). To get a non-zero modular form

on Q°(L) by means of restricting ®12, one has to divide by the corresponding linear factors (Z,r),
one for each +r € R(LJ-).

We fix a choice of positive roots, that is, a subset R(LJ-)>O - R(LL) such that R(LJ-)>O and
—R(Ll)>0 are disjoint and their union is all of R(LL). We call —R(LL)>O the set of negative
roots and denote it by R(L") <o+ The function on Q°(L) defined by

D19(72)

F(Z)= (2.11)
Hen(pr) (@) lo
>0
is called the quasi-pullback of ®19 to Q°(L). Observe that for ¢t € C*,
F(tz) =t 2FE=0D p(zy (2.12)

On the other hand, the second condition of (2.6) is not always guaranteed for the full group
O™ (L) and a given character x. Let us assume that g € OT (L) is the restriction of g € OF (Il,96).
Then g|;. permutes the roots in R(L™*), and for Z € Q*(L),

II w@.n= 11 @2.n= 11 @3 '") =" I[ @),
’I"ER>0 T€R>0 T€R>0 T€R>0
where M is the number of sign-changing roots via g, that is,
M =[5 (Re0) 1 Reo| = [§(Ro0) 0 R (213

LEMMA 2.6. The quasi-pullback F' of ®15 is modular with respect to x: I' — C* for a finite-index
subgroup I' C O% (L) if for every g € T, there exists an extension g € O" (Il296) such that

x(g) = (=)™ - det(q),
where M is the number of sign-changing roots via g in R(L') defined in (2.13).
Proof. This follows immediately from the definitions:

F(o(2) = (—1(;3%22@()&@

As an immediate consequence, we have the following.

= (~1)Mdet(§)F(Z). O

COROLLARY 2.7. For any finite-index subgroup I' C 5+(L), the quasi-pullback F' is modular
with respect to det: I' — C*.

Proof. Every element g in I' C 5+(L) admits an extension g € O1(Ilz96) such that g restricts
to the identity on Lt C Ilz96; see [Nik80, Theorem 1.6.1 and Corollary 1.5.2] and also [Huy16,
Chapter 14, Proposition 2.6]. In particular, M = 0 and det(g) = det(g). O

Provided that there are no irregular cusps for I' C O* (L), in order to use Theorem 2.3, it is
not enough to show that the quasi-pullback F' of the Borcherds modular form ®;9 is modular
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and of low weight; one also has to ensure that it vanishes at all of the cusps and along the
ramification divisor of the projection

mr: QL) — Q(L)/T.

Let us place our attention on the latter. The ramification divisor of the projection 7y is given
by the union of all reflective divisors

Ram(r)= | D, (2.14)
r&L primitive
(r,r)<0
op or —or€l

where D, = {[Z] € Q(Ap) | (Z,r) = 0} and o, is the reflection with respect to r € L; see
[GHS07, Corollary 2.13]. An element r € L of negative square (r,7) < 0 such that o, or —o,
liesin I' € OT(L) is called a reflective element for I'. The condition +o,. € I in general imposes
strong restrictions on the numbers (r,r) and div(r). For instance, for o, to be integral, that is,
an element in O(L), one has to have

(ryr) € {div(r), 2div(r)} . (2.15)
An immediate consequence of the description of the ramification divisor in terms of reflective
divisors is the following.

LEMMA 2.8. Let G € Mody (T, det), and assume rk(L) = k mod 2. Then G vanishes at Ram(7r,).

Proof. Let [Z] € D,. If o, € T', then the modularity of G for det: I' — C* and the fact that
o.(Z) = Z if (Z,r) = 0 imply that we have G(Z) = G(0,(Z)) = —G(Z) and that G vanishes at
D,. If —o, € T, then the modularity implies

G(=2) = G(=0v(2) = (1) EH1G(Z) and G(=2) = (~1)*G(2).

If rk(L) and k have the same parity, then G(Z) = —G(Z) and G vanishes at D,. O

As Il 96 is unimodular, if o, or —o, € OT (Il2,96), then (r,7) = £2. Moreover, the Borcherds
form @19 € Mi2(1l3 96, det) vanishes with order 1 at all reflective divisors associated with (—2)-
roots 7 € Il 26; see [Bor95, BKPS98] (see also [GHS07, Section 6]).

PROPOSITION 2.9. Let L be an even lattice of signature (2,q) with 3 < ¢ < 26 and L — 1l
a primitive embedding. Assume that the quasi-pullback F' of the Borcherds form ®15 to (L)
is modular with character det: I' — C*. Let L, = r~ C L be the orthogonal complement of
a reflective element r € L, and consider the induced primitive embedding L, — Il 6. If for
every reflective element r € L, we have

[R(LA)| < [R(L)]
then F' vanishes along the ramification divisor of the modular projection wy,: Q(L) — Q(L)/T.

Proof. The components of the ramification divisor (2.14) are given by reflective divisors
D, ={[Z] € QL) | (Z,r)=0} ZQ(L,) C QL), (2.16)

where (r,r) < 0 and o, or —o, € I'. If 0, € ', then the modularity of F with respect to det gives
us the vanishing we want. So assume —o, € I'. Recall that for any primitive (2, ¢)-sublattice
S C IIz96, the Borcherds form ®po vanishes at Q(S) C Q(Ily26) with order }R(SL)‘/Z. In
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particular, the order of vanishing of ®;5 at D, is ‘R(L%)‘/ 2, and by construction (2.11), the
quasi-pullback F' vanishes at D, with order
1 1
|[R(Li)| = [R(L1)]

ordp, (F) = 5 > 0. O

2.5 Monodromy groups, moduli spaces, and components

Let X be a projective hyperkihler manifold X. The second cohomology group H?(X,Z) comes
endowed with a lattice structure induced by a quadratic form gx known as the Beauville—
Bogomolov-Fujiki form. From now on, we focus on those X of OG10- or K3["-type. In these
cases, the lattice H2(X,Z) is isomorphic to

A=UPEy(-1)*" oL, (2.17)

where L = Ay(—1) if X is of OG10-type and L = (—2(n — 1)) if X is of K3["-type. We call an
isomorphism 7n: H?(X,Z) — A a marking. Let H be a polarization on X with first Chern class
h € H*(X,7Z) that we assume to be primitive. The O(A)-orbit of (h) is called a polarization type;
it is by definition independent of the marking. We denote the polarization type of h by . There
is a moduli space M, p parametrizing pairs (X, H), where X is a projective hyperkéhler variety
as above, H is a primitive polarization, H?(X,Z) = A, and the O(A)-orbit of n(c1(H)) is b for
any marking 7n; see [Vie95]. The degree 2d and divisibility « are constant for any polarization of
a given polarization type, but there may be more than one polarization type for the same pair

(deg,div) = (2d,~). We denote by Mzcslnlgd the union of all moduli spaces
M?{s[n]gd = U Mayp (2.18)
deg(h)=2d
div(h)=y

where A is the K3 lattice defined in (2.17). The definition of M, ., is analogous. Note
that for each polarization type b, the moduli space My y may have several components. In the
OGI10 case, after fixing 2d and +, there is at most one polarization type [Son23, Proposition 3.6],
and by [Ono22b, Ono22a], the moduli spaces M%led are irreducible; see also [Son23, Propo-
sition 3.4].

Let h € H?(X,Z) be the first Chern class of a primitive polarization on X of degree given
by gx(h) = 2d. Recall the following classical result [GHS11, Lemma 3.3] known as FEichler’s
criterion.

THEOREM 2.10. Let L be an even lattice containing two copies of the hyperbolic lattice U. Two
primitive elements h, h' are in the same O(L)-orbit if and only if they have the same square
(h,h) = (K,}') and the same class h, = hl, in D(L).

In particular, two primitive elements h, h’ € A with the same degree and discriminant class
define the same polarization type. In light of the criterion, if X is of K3[-type, we can always
assume h = y(e + tf) — al for appropriate ¢ and a, where {e, f} is the standard basis of a copy
of U, ¢ is the generator of the last factor (—2(n — 1)), and ~ is the divisibility of h. Similarly, if
X is of OG10-type, we can choose h of the form h = y(e + tf) + v with v = 0 or v a primitive
element in As(—1). We will make these choices explicit later on.
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Let (X, H) be a primitively polarized hyperkéhler variety of K3["- or OG10-type. After fixing

a marking n for (X, H), the group of monodromy operators acting on A fixing h is denoted by
Mon?(A, h) = noMon?(X,h) on~t. In both cases, we have

Mon?(X, h) = Ot(A, h); (2.19)

see [Marll, Ono22b]. In particular, the definition does not depend on the choice of (X, H) or n.
Note that D(A) = Z/3Z and O (A) = O*(A) in the OG10 case. The Torelli theorem for

primitively polarized hyperkihler varieties of K3["- or OG10-type with polarization of fixed

divisibility v and degree 2d reads as follows.

THEOREM 2.11 ([Ver13], [Marll, Theorem 8.4]). LetY" be an irreducible component of M,

or M%Glogd' Then there exists an algebraic open embedding

nl 2d

Y — Q(AR)/OT (A, h), (2.20)

where Ay, is the orthogonal complement of h in A and O (A, h) acts on Q(Ay,) via the restriction
map OF (A, h) — OT(Ap).

In particular, (2.20) is a birational map, and the Kodaira dimension of every component Y

of the moduli space M;Y(:,)[n]’z g Or M%vazd is given by the Kodaira dimension of the modular

variety Q(Ap,)/OF (A, h), where
A— U @ Eg(—1)%2 @ (—2(n — 1)) for K3M-type, (2.21)
| U@ Es(—1)%2 @ Ax(—1) for OG10-type. '
The map (2.20) depends not only on the polarization type, but also on the monodromy orbit of
h € A. The number of connected components of My j is equal to the number of Mon(A)-orbits
in h. The number of such orbits has been computed in the K3/ case in [Apol4a] (see also [Son23,
Proposition 3.4]). We recall the Mukai lattice

A=U% @ Eg(—1)%2. (2.22)
For (X, H) fixed, there is a canonical choice [Marll, Corollary 9.5] of primitive embedding

ix: H2(X,Z) — A up to the action of O(A). The number of connected components of Mapp
is the number of isometries of a rank 2 lattice T' fixing ix(h), where T is the saturation in A
of ix(h) ® ix(H*(X, Z))l. This has discriminant 4d(n — 1)/42, and h*? = (¢) with (¢,¢) =
—2(n — 1). Moreover, the isomorphism class of the modular variety in the target of (2.20) does
not depend on the monodromy orbit, but only on the polarization type. This in particular means

that any two components of M j, are birational.

2.6 Sums of squares

The representability of a positive integer by a quadratic form is a very classical problem and
essential in many of our arguments. It was already known to Gauss that a positive integer n can
be expressed as a sum of three squares if and only if n is not of the form 4% - u with v = —1
mod 8; see [Iwa97, Chapter 11]. In this paper, we make use of several finer representability results
due to Halter-Koch [Hal82].

THEOREM 2.12 ([Hal82, Korollar 1]). Let n be a positive integer such that n # 0,4,7 mod 8.
Then n can be expressed as a sum of three positive coprime squares if and only if

n ¢ {1,2,5,10,13,25,37,58,85,130,+} ,
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where x is a number that is at least 5 - 10! whose existence is unknown. Moreover, n can be
expressed as a sum of three pairwise distinct coprime squares if and only if
¢ 1,2,3,6,9,11,18,19,22,27, 33,43, 51,
57,67,99,102,123,163,177,187,267,627, % |

An immediate consequence of this theorem that will be used later is the following.

COROLLARY 2.13. Let n be a positive even integer. Then either n or n — 2 can be expressed as
the sum of three pairwise distinct coprime squares, with the exception of

n € {2,4,6,8,18,20,22,24,102, 104, , x + 2} .

As for quadratic forms of rank 4, every positive integer can be expressed as the sum of four
squares. In the case of primitive representations of odd numbers, we have the following.

THEOREM 2.14 ([Hal82, Satz 3]). An odd number n € N can be expressed as the sum of four
pairwise distinct positive coprime squares if and only if
p Lo B7,41,43,45,47,49,55,59,61,
67,69,73,77,83,89,97,101,103, 115, 157

Checking by hand the n listed as exceptions in the above theorem, one concludes as follows.

COROLLARY 2.15. Every odd number n can be expressed as a sum of four positive coprime
squares, with the exception of n € {1,3,5,9,11,17,29,41}. The numbers 9, 11, 17, 29, 41 can be
expressed as sums of three positive coprime squares.

Combining Theorem 2.12 and Corollary 2.15 then yields the following.

COROLLARY 2.16. Any integer n > 3 with n # 5 such that n # 0 mod 4 can be written as a
sum of four coprime squares at most one of which is zero.

3. Monodromy, period domains, and ramification for K3[™-type

Let X be a hyperkéhler variety of K3["-type. Recall that the Beauville-Bogomolov—Fujiki lattice
H?(X,7) is isometric to

A=Uq Ey(-1)*? @20,
where (¢,¢) = —2(n — 1), and for a fixed primitive element of positive square h € A, the mon-
odromy group acting on Q(Ay) is given by the restriction to Ay of

Mon?(A, h) = O (A, h).
Recall moreover that div(h) = v divides ged(2d,2(n — 1)).

Y

K3ln] og 1S RON-empty if and only if there exists an a € Z

PROPOSITION 3.1. The moduli space M
coprime to -y such that
2d 2(n—1
2 _ 2021 2 (nod 29). (3.1)
g gl
In particular, once n and ~ are fixed, the degree 2d of any class h in a polarization type § for

which the corresponding moduli space My is non-empty must satisfy
d=~*t—(n—1)a? (3.2)

for some (t,a) with a coprime with .
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Remark 3.2. Once a triple (n,v,a) is fixed, d and ¢ determine each other. In view of our lattice
computations, it will be easier to keep track of ¢ instead of d.

Proof of Proposition 3.1. First, assume M;Y(g["l,zd # (). Suppose (X, H) € M;Y(?)["]Qd and that

n: H*(A,Z) — A is a marking, and let h = n(ci(H)). Write h = ax — af, with z primitive in
U® @ Bg(—1)®2. Unimodularity implies div(z) = 1 and (¢,A) = 2(n — 1)Z. We are under the
assumption
div(h) = v = ged(a, 2a(n — 1)) = ged(a, 2(n — 1)),

the last inequality following from the fact that h is primitive and thus « and a are coprime. Take
t, d', k, o such that 2t = (z,x), 2d = vd', 2(n — 1) = vk, and a = ya'. By hypothesis, we have
2d = (ax — al)? = 2ta® — 2(n — 1)a?, so d' = —ka?® (mod 27).

Conversely, let a € Z be an integer coprime to v and satisfying equation (3.1). Then for some
integer ¢, one has 2d = 2ty? — 2(n — 1)a®. Note that h = y(e +tf) — al is a primitive element of
divisibility v and degree 2d. Let

Omarked = {[w] EP(A® C) | (w,w) =0 and (w,w) > 0}

be the period domain for marked hyperkéhler varieties. By choosing [w] € Quarked Very general
in the hyperplane IP’(hJ- ® C) N Qmarked, One concludes that the only integral point in wt is h.
Then, the surjectivity of the period map for marked hyperkahler varieties [Huy99] implies that
there is a marked hyperkihler variety (X,n) such that n(Pic(X)) = hZ. Since h? > 0, up to a

sign, the class H = n~1(h) € Pic(X) is ample of degree 2d. In particular, (X, H) € M;Y(?)[n] .
Remark 3.3. When v = 1, we can fix a = 0 so that ¢t = d. In this case, the moduli space M

K3l 2d
is never empty. This is the only divisibility with this property. When v = 2, we can take a = 1
pty y y property. Y ) )

and then M, . is non-empty if and only if d = —(n — 1) mod 4, that is, d = 4t — (n — 1)
for some t > (n —1)/4.

LEMMA 3.4. For all h € A primitive of positive square and divisibility -y, there exist a, t, with a
coprime to v, such that y(e +tf) — al lies in the O(A)-orbit of h, where {e, f} are the standard
generators of the first copy of U in A.

Proof. Let (h,h) = 2d and h = ax — af as in the proof of Proposition 3.1. In particular, 7
divides o and a is coprime to . Write ' = (e + tf) — al, where t = (d + (n — 1)a?)/~%. Then
(h',h") = (h,h), and in D(A), we have
oo hozet_ _2aln=D,
v Y Y

It follows from Theorem 2.10 that h and &’ are in the same O(A)-orbit. O

PrRoPOSITION 3.5. The connected components of Mz(?)[n] are in one-to-one correspondence

2d
with the a € {0,...,[v/2]} coprime with ~ satisfying (3.1) (note that a = 0 if and only if

v=1).
Proof. The moduli space M17<3[n1 oy 18 @ disjoint union of moduli spaces with fixed polarization
type b asin (2.18), each of which has a connected component for every 9) (A)-orbit in b; see [Son23,

Proposition 3.4]. Hence, the connected components of M}lg[n] o AT€ in one-to-one correspondence

with the O (A)-orbits of all primitive h € A with square 2d and divisibility . Since the map (2.1) is
surjective, the proof of Lemma 3.4 shows that classes h = y(e+tf)—al and i = ~y(e +t'f) — a'¢
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with the same square 2d are in the same O(A)-orbit if and only if hy, = —a(2(n — 1)/7)/s equals
+h], = +(—d'(2(n — 1)/v)¢s) in D(A). This holds if and only if a = £a’ mod 7. O

We will denote the connected component corresponding to a by M;(’;I[n] od-

Remark 3.6. Using [Son23, Lemma 3.2], one sees that in Proposition 3.5, two such integers a
give rise to the same polarization type b if and only if the corresponding discriminant classes h.

and R/, are related via O(D(A)).

By Lemma 3.4, the orthogonal complement of i in A is given by
Ap = U & Es(-1)% @ Qn(-1),
where Qr(—1) is generated by

2 —1
zlzwf—ﬁ and zx=e—tf. (3.3)
Y
In particular, the Gram matrix of @, is
2(n —1) _2a(n=1)
= v . 3.4
Qn <_2a(n_1) o ( )
¥
Moreover, by equation (3.2) we have
4d(n — 1)
\D(Ah” = ’D(Qh)| = T (3-5)

Recall, see (2.19), that the monodromy group in the polarized K3 case is given by O+ (A, h).
LEMMA 3.7. Let n > 2 and h € A be a primitive element of positive square. Then the index of
O(A,h) C O(A, h) is given by

1 ifn=2ordiv(h) > 3,

) (3.6)
2 otherwise.

[O(A,h) : O(A, h)] = {

The same holds for [5+(A,h) . OF (A, h)]. Moreover, when v € {1,2} and n > 3, the group
6+(A,h) is generated by O"(Ay) and the restriction to Ay of the reflection o,, € O(A) with
respect to z; defined in equation (3.3).

Proof. Note that

[O(A) : O(8)] = [{£ldpea)}] <2 (3.7)
and equality holds when n > 3. In particular,
[O(A, ) : O(A, )] < 2. (3.8)

By Lemma 3.4, we can assume h = (e + tf) — al. Suppose that there exists a g € O(A, h) such
that g=—Idp(,). Write
g@)=u+rl and g(f)=u + sl
for some integers r, s and u,u’ € ¢*. The condition
h=g(h) =yu+ au + (yr + as)l

implies that a(s — 1) = —~yr. Since v and a are coprime, it follows that v divides s — 1. Now
sl =g(ls) = —¢, implies that s = —1 mod 2(n — 1), so v must divide s —1 = 2(n — 1)k — 2 for
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some k € Z. Since v divides 2(n—1), it follows that ~y divides 2. This shows that O(A, h) = O(A, k)
when v > 3, proving the first statement of the lemma. To finish, we assume that v is 1 or 2.
By (3.8), it is enough to exhibit an element in O(A, k) not acting as the identity on D(A). Let
0. A®Q — A®Q be the reflection (see (2.10)) with respect to z1. Concretely, o, is given by

2\? , 2 4
e|—>e—|—(> a‘in—=1)f—=al, fr—f, Lr— —an—-1)f—1¢ (3.9)
Y Y Y

and is the identity on (U @ (£))* ® Q. One checks [Marl1, Proposition 9.12] that o, € O(A, h)
and 7, (¢,) = —{. if and only if v € {1,2}. As 0, is a reflection with respect to a negative-square
primitive element, it preserves orientation; see [Marll, Section 9. ]

Lemma 3.7 and the following generalization of [GHS10, Proposition 3.12(i)] will yield the
modularity of the quasi-pullback when n =2 or v > 3 (see Corollary 2.7).

PROPOSITION 3.8. In the above setting, the restriction map O(A,h) — O(Ap) induces an iso-
morphism O(A, h) = O(Ayp).

Proof. First observe that D(Ap) = D(Qp(—1)). Consider the following elements in Q5 (—1) ® Q:

2
-1
u:;—d(a21+7zg) and v:2d(3_1)<t:<:1+an7 zz>.

From (3.2) and (3.4) one checks that

(u,21) = (v,22) =0 and (v,21) = (u,22) = —1.

In particular, {u,v} forms a basis of Qp(—1)"

D(Qn(-1)).

Now, since the inclusion 6(Ah) C 5(A, h) holds by Lemma 2.1, for the proposition we just
need to show the reverse inclusion. So, let g € O(A, h), acting on Ay, via restriction. We have to
show that g, is in O(Ap), meaning that

g(u)=u and g(v) =vmod Ay. (3.10)

From (3.2) it follows that u,v € A ® Q can be expressed as

, and {us,v.} generates the discriminant group

¥ a 1
= — — = — _ Y. _11
u th f and w th 2(n—1)£ (3.11)

Since g(h) = h and g(¢.) = £, in D(A), one has g(v) = v + w with w € A. Moreover, we have
0= (h,v) = (h,g(v)) = (h,w).
Thus, w € Ap and g(v) = v mod Aj. For the first congruence in (3.10), observe that we have
[A:Ap @ (h)] =2d/~; see [Huyl6, Chapter 14, equation (0.2)] and (3.5). Moreover, f generates
the group H = A/(Ap, @ (h)). Indeed,
2d

Ff:—azl—'yzz—i—heAh@(m

is primitive in Aj; @ (h). In particular, the order of the image f of f in the quotient H is
exactly 2d/~v. Recall, see (2.5), that m1: H — D(Ap) and me: H — D((h)) are injective and
every element in H can be written uniquely as a sum of an element in 71 (H) and one in my(H).
From the first equation in (3.11), one observes that f = —u + vh,, where

m(f) = —u € D(Ay) and ma(f) =vhe € D ((h)).
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In particular, w1 (H) is generated by u. Finally, by [Nik80, Corollary 1.5.2] (see also [GHSI10,
Lemma 3.2]), the image g of g in O (D(Ay)) acts as the identity on 71 (H) = (u). This shows the
first congruence in (3.10); thus we have the inclusion O(A, h) C O(Ay). O

We next explain an interesting phenomenon known as strange duality. It was first observed
by Apostolov in [Apol4b, Proposition 3.2] in the case v € {1,2} and d = 1, and then generalized
to v € {1,2} and d > 1 by Song; see [Deb22, Remark 3.24]. As a consequence of Lemma 3.7
and Proposition 3.8, one can generalize strange duality to all triples (n,d,~) such that the
corresponding moduli space MK3[n] 2d is non-empty. For completeness, we prove the result for
all v > 1. In Section 6, we will make use of strange duality to propagate general-type results.

PROPOSITION 3.9 (Strange duality). Let (n,d,~) be a triple such that M is non-empty (see

K3["l,2d
Proposition 3.1). There is a natural bijection between the connected components of Mz{
and those of /\/lK3 a+1] 9(n 1)

sponding component Of M7

3nl 2d

such that each component of M is birational to the corre-

3[n] 24
K3ld+1] 9(n—1)"
Proof. To prove the non-emptiness of M7 K30+ 2(n—1) consider an a € Z such that (3.1) holds.
Since ged(a,y) = 1, there exist z,a’ € Z such that aa’ = 1+ z7y. Then (3.2) yields
2(n—1) n2  2(n—1) 2 2d, ;o
; 2y <t(a ) 5 (2242 'y)> S (a")*.
Let t' = t(a')?—(2(n — 1) /7)(2z+2%7); then (3.2) holds for a’, ¢/, d’ = n—1 and n’ = d+1. In fact,
there is a unique o’ € {0,.. L7/2J} such that +a’a = 1 mod 7. Hence by Proposition 3.5,
the map sending M;Y( ;o MKg[d+1 9(n—1)
Let h € A be as in Lemma 3.4. Likewise, let A’ = U @ FEg(—1)%2 @ Z¢' with (¢,0') =
—2(n’ =1) = —2d, and let ' = y(e +t'f) — a’l’ € A’. To prove that the two corresponding
components of the moduli spaces are birational, by ThEorem 2.111it suﬂiges to provide an isometry
Ap — (A)p that identifies the projectivization POT(A,h) with POT(A’,h'). Let Qp be as
n (3.4), with generators {z1,z2}. Analogously, define Qs so that the orthogonal complement
of W in A is given by Ay = U®? @ Eg(—1)%2 @ Qp/(—1), so Qu has generators {z},z,} with
respect to which the Gram matrix is
2d -2
Qh’ = (_Qa’d 2t7 > .

Y

is a bijection between the sets of components.

One checks that the map @, — Qp sending z; to a’z] + vz5 and 22 to —(zz] + az)) is an
isomorphism of lattices. The induced isometry a: A, — (A’)) identifies O(Ay) with O((A')p),
which completes the proof when v > 3.

For v € {1,2}, first assume n > 2 and d > 1. For v = 1, we have (a,d’,2) = (0,0,1); for
v = 2, we have (a,a’,z) = (1,1,0). In both cases, a(z1) € Qs is orthogonal to z{; hence, we
have 0. = —04(.,). It follows from Lemma 3.7 that o identifies PO™ (A, h) with POT (A, 1).
Finally, for v € {1,2} and n = 2 (or, analogously, d = 1), we have 6+(A h) = O (Ap) and
O (N, 1) /OF((N)p) = {£1d}, so again, o identifies PO (A, h) with POt (A, 1). O

Given a primitive embedding Ay < Il 96, the quasi-pullback F' of the Borcherds form ®19
vanishes along the ramification divisor of the modular projection Q(Ap,) — Q(Ay)/OT(Ay) if for
every reflective element r € Ay, for which —o, € 6+(Ah), there is a root in Il 26 orthogonal to
(Ap), but not to all of Ay; see Proposition 2.9.
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ProposiTION 3.10. Let @, — FEg be a primitive embedding such that the number of 2-roots
in the orthogonal complement is bounded by ‘R(Qﬁ)} < 54. Then the quasi-pullback F' of the
Borcherds form ®15 to Q(Ayp) with respect to the induced embedding Q(Ap) — Q (I3 26) vanishes
along the ramification divisor of the modular projection Q(Ap) — Q(Ay)/O% (Ay).

Proof. Let r € A, be a reflective element such that o, or —o, lies in Ot (Ay). If 0, € OF(Ay),
the modularity of F' (see Corollary 2.7) implies that F'(Z) = —F(Z) for all Z € Q®*(A}) such that
[Z] € D,. In particular, F' vanishes along D,. We now assume —o, € O(Ap). Then by [GHS07,
Proposition 3.2], one must have

D(Ap) = D(Qn) = (2/22)™ X L] DZ,
where m = 0 or m = 1 depending on whether D(Q},) is cyclic or not and

_ disc(Ap) _ disc(Qp)  4d(n —1) '

D om om - 2mfy2

Moreover, the possibilities for (r,r) < 0 and div(r) are
(i) (r,r) = —=2D and div(r) = D,

(ii) (r,r) = —D and div(r) = D, or

(iii) (r,r) = —D and div(r) = D/2.

Therefore,

(r,r) - disc(Ap)

div(r)?
see [GHS13, Lemma 7.2]. Since I3 96 is unimodular, the orthogonal complement (Ap);- of (A),
in II5 26 has rank 7 and discriminant 2, 4, or 8. By [CS88, Table 1], it contains one of the root

systems Eg, F7, Dg, D7, or A7. In particular, |R((Ap);5)| = |R(A7)| = 56, and F' must vanish
with order at least 1 along D,; see Proposition 2.9. O

disc((Ah)'r) - S {27 4, 8} )

Finally, our main proposition before going into lattice embeddings and root counting is the
following.

ProposiTION 3.11. Let n, d, v, and a be positive integers satisfying the hypothesis of Proposi-
tion 3.1. Assume further that
d(n—1)
2
If there exists a primitive embedding @), C Fg such that the number of roots ‘R(Qﬁ) ‘ in Qﬁ C Eg
is at least 2 and at most 14 (respectively, 16), then the modular variety

Q(Ay) /O™ (An)

> 4.

is of general type (respectively, non-negative Kodaira dimension). In particular, ifn = 2 ory > 3
and such an embedding exists, then the component of the moduli space MZ{&}[n] 2d corresponding
to a (see Proposition 3.5) is of general type (respectively, non-negative Kodaira dimension).

Proof. Let Q(Ap) C Q(I2,26) be the induced embedding of period domains and F' the correspond-
ing quasi-pullback of the Borcherds form ®19 € M12(O™ (Ilz,26), det). Then Corollary 2.7 implies

that F' € Mody, (5+(Ah), det), with weight k = 12+ |R(Q)|/2; see (2.12). Moreover, F is a cusp
form that vanishes along the ramification divisor of the projection Q(Ay) — Q(Ay)/OT(Ay); see
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Proposition 3.10 and [GHS13, Corollary 8.12]. Recall, see (3.5), that the discriminant group of
Ay, has order
4d(n — 1)

disc(Ap) = 5
Y

and the minimal number of generators is at most two. From [Ma24, Proposition 4.4], one con-
cludes that if 4d(n — 1)/ v* > 16, then O"(Ay,) has no irregular cusps. Lemma 3.7 and Proposi-
tion 3.8 imply O1 (A, h) = O"(Ay). The proposition now follows from Theorems 2.3 and 2.11. [

4. Kodaira dimension for K3[™-type with divisibility at least 3

4.1 Rank 2 primitive embeddings and root counting

We start with a numerical lemma.

LEMMA 4.1. Let C € Z and my, mo, ms be pairwise distinct non-negative integers. There is at
most one choice of signs in front of m1, ms, ms with an even number of + signs such that

C:ﬂ:mlimgﬂ:mg.
The same holds for an odd number of + signs.

Proof. Suppose that there are two choices of signs both with an even number of + signs such
that C = +my + ms + mg3. Then the two equations must differ by two signs. Hence subtracting
the two equations and dividing by +2 yields an equation of the form

0= my; + m]‘

for some 1 < i < j < 3. However, this is impossible since m; and m; are assumed non-negative
and distinct. The argument when the number of + signs is odd is analogous. O

A similar analysis shows the following.

LEMMA 4.2. Let C, m1, ma, ms be non-negative integers with C > 1 and m1 > mo > mg > 0.
Then there are at most three choices of signs such that

mlimgim;gj:C:EC:O. (4.1)

We now place ourselves in the following general situation. Let @@ be a rank 2 even positive-
definite lattice having Gram matrix
M N
() »

for some basis {z1, z2}. In the interest of applying Proposition 3.11, our goal will be to show that
under certain assumptions on M, N, and P, one can primitively embed ) in Fg in such a way
that the number of roots in Eg orthogonal to @ is between 2 and 14. We start with a lemma.
We view Eg as a sublattice of (%Z) 698; see Section 2.1.

LEMMA 4.3. Let x = aje1 + --- + ages be an integral vector in the lattice Eg, that is, with
ai,...,ag € Z. Assume further that x is primitive in Z8, that is, o, ...,ag are coprime. If
x = mu for some integer m and v € Eg \ Ds, then «; is odd for all i € {1,...,8}.

Proof. Since v & Dg, we have v € %(61 +---+eg)+ Dg. Writing v = %(61 +-teg)+ Z§:1 Yi€i
with Z?Zl yie; € Dg, we have
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Since aq,...,as € Z, it follows that m is even. However, since v € Dg and x € Z® is primitive,
we must have that 4 does not divide m. Hence for each i € {1,...,8}, we have a; = m/2 + my;,
where m/2 is odd and my; is even. O

In Proposition 4.4 below, we consider solutions (x1,x2,x3) to an integral linear Diophantine
equation of the form

a1 X1+ asXo + a3 X3 =K, (43)
where a1, ag, ag are fixed coprime integers exactly one of which is even. Further, we require
all the z; to be odd when K is even, and exactly one x; to be even when K is odd. In both

cases, solutions exist. If K is odd, if we put X; = 2Y; + 1, then the odd solutions that we want
correspond to solutions of

Y1 + aoYs + azYs = (K — (a1 + a2 + a3)),

which exist because the a; are coprime. If K is even, we can reduce to the odd case: We may
assume without loss of generality that a7 is odd; then if we put X; = Y71 + 1, Xy = Y5, and
X3 = Y3, the solutions that we want correspond to odd solutions of

a1Y1 +aeYs +a3Ys = K — o

The following proposition constructs the embeddings of the lattice (4.2) into Eg needed to
apply Proposition 3.11 by making essential use of Theorem 2.12. The given embeddings will
depend on the residues of M and P modulo 4.

PROPOSITION 4.4. Let @ be an even lattice of rank 2 with basis and Gram matrix given by (4.2).
Assume further that M > 8 and M ¢ {20,24}. We fix

if M =2mod 4, M ¢ {18,22,102, %},
if M =0mod4, M & {104,%+ 2},
if M € {18,22,102, +},

3 if M € {104, + 2}

N = O

and write M — 202 as a sum of three pairwise distinct coprime squares (see Theorem 2.12):
M —20% = a? 4 a3 + a?
with aq > ag > a3 > 0. Let (x1,x2,x3) be a solution to the equation
a1 X1+ asXo + a3 X3 =N — 200,

where © = 0 if 4|P and © = 1 otherwise, and we require all x; to be odd when N is even
and exactly one x; to be even when N is odd. When we have ag = 0, we set x3 = 1. Let
S=P— (21423 +23) —20% If S > 5 and

{8} ifQ=6=0,

S & < {6} ifQ1=00=1,

{6,9,18,22,33,57,102,177,%} otherwise,
there is a primitive embedding () < Fg such that the number of roots in the orthogonal com-
plement Q+ satisfies

2< |R(Q)] < 14.
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Proof. Begin by noting that S = P — (ac% + 23 +x§) — 202 must satisfy S =1,2,5,6 mod 8. We
separate the proof into several cases depending on the values of S. We are under the assumption
S >5.

Case 1. Assume

o [110.13,25,57,58,85,130.}  ifQ2=6 =0,
{6,9,18,22,33,57,102,177,*} otherwise.

Let x¢ > x7 > xg be non-negative integers such that
S =af +a?+a3,

where if 2 = © = 0, we ask that xg, x7, xg are positive and coprime, and if ©, € are not both
zero, then we ask the x; to be pairwise distinct and coprime; see Theorem 2.12. Consider the
embedding Q — Fg given by z; — v1, 29 — vg, where

v1 = aie1 + ases + ages + Qey + Qes
V9 = T1€1 + Toeg + x3e3 + Oeyq + Ocs + xgeg + x7e7 + T8€] .

Note that (vi,v1) = M, (vi,v2) = N, and (ve,ve) = P. Moreover, as M and P are even, the
sums of the coefficients of each of v; and vy are even; hence vy and vy are primitive elements in
Dg C Z8. In order to check the primitivity of the embedding, assume that there exist coprime
integers r, s such that
TU1 + Svg = mu
is a multiple of an element v € Eg. If v € Dg, then m divides sxg, sx7, and sxg. Since xg, T7, I3
are coprime, it follows that m divides s. Similarly, m must divide r«; + sz; for i € {1,2,3}, and
as aq, g, ag are coprime, it follows that m divides r. But r and s are assumed to be coprime;
thus m = +1. If v € Eg \ Ds, since neither M nor S is congruent to 3 modulo 8, we know that
at least one «; and one of zg, x7, xg must be even. Primitivity then follows from Lemma 4.3.
We now count the roots in Q. If Q = © = 0, one observes that the integral roots are
(i) teq +es5,
(i) *(es —ey) for j € {6,7,8} if a3 =0 and 1 =z,
(i) +(e; —ej) for 6 <7 < j < 8if x; = ;.
Note that since S # 3, there are at most 4 roots of type (ii), and since ¢, x7, T3 are coprime, there
are at most 2 roots of type (iii). Hence there are between 4 and 10 integral roots in Q+ C Fg.
Moreover, if ag # 0, there are at most 6 integral roots.
If Q and © are not both 0, the integral roots in Q' are
(1) j:(€4 - 65)7
(ii) *(er —e;) for k € {1,2,3} and i € {4,5} if ap = Q and 2, = O,
(iii) *(es —ej) for j € {6,7,8} if a3 =0 and z; =1,
(iv) *(ej —ej) fori=4,5and j € {6,7,8} if @ =0 and © = z;.

Note that since aq, ag, ag are distinct, there are at most 4 roots of type (ii). Since zg, z7,
xg are distinct, there are at most 2 roots of type (iii) and 4 of type (iv). Therefore, in this case
there are between 2 and 12 integral roots in Q. Moreover, if az # 0, the number of integral
roots is at most 6 (since in this case (ii) and (iv) cannot happen simultaneously), and if © # 0,
the number of integral roots is at most 8.

Next, we count the fractional roots in Q. Suppose that

w=1(terteytegtestestesLertes) (4.4)
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is a fractional root in Q*. So, the number of + signs in (4.4) is even. Since (w,v;) = 0, we must
have a choice of signs such that

alj:QQj:agin:Q:(). (45)

Let C be the sum 1 +x9+x3+0+0O for the same choice of signs as in (4.5). Then as (w,v2) = 0,
we have

C =+rg+ a7+ ag, (4.6)

where the numbers of + signs in (4.6) and (4.5) have opposite parities. If 2 = © = 0, then z,
x7, xg are all positive and not necessarily distinct. Begin by noting that since a; > a9 > a3 and
2 = 0, the only way for an equation of the form (4.5) to hold is if oy = ag + a3, so the first three
signs in w are £(e; — eg — e3). Moreover, since a1, ag, az are distinct, this can only happen if
a3 # 0. Hence when ) = © = 0, if there are fractional roots, there are at most 6 integral roots.

Note moreover that in the case 2 = © = 0, if there are two choices of signs differing by
one sign such that (4.6) holds, then subtracting the two equations will yield 0 = +2z; for some
i € {6,7,8}. But this is impossible since ¢, x7, xg are assumed to be non-zero.

If there are two choices of signs differing by two signs such that (4.6) holds, then adding the
two equations yields 2x; = £2C for some i € {6, 7,8}, and subtracting the two equations yields
2z; £ 2z, = 0 for j,k € {6,7,8} and j,k # i. Since x¢, x7, and zg are coprime and positive,
we then know that z; and z; cannot also be equal to C and moreover C # 0. It follows that
the choices of signs such that C' = +x¢ + x7 + xg are precisely C' = C + (x — z). Hence possible
fractional roots in this case are of the form

w==+3(e1 —ex—egtestes— (eg % (e7 —e5))),
where the number of + signs is even. Possible fractional roots in this case satisfy

:tw:%(61—62—63:|:64:|:65—(66:|:(67—68)))
:%(61—62—63i(64+65)—66i(€7—68)),

as the number of + signs on the right-hand side must be even. In particular, there are at most 8
fractional roots.

The only remaining way to have two choices of signs such that equation (4.6) holds is if the
two choices differ by three signs. In this case C' = 0, so by the previous analysis, we cannot
have any additional choices of signs such that C' = +x¢ + 7 £+ x5. These two choices will each
correspond to at most 4 fractional roots. We have shown that when Q = © = 0, there are at
most 6 integral and 8 fractional roots; in particular,

2 < [R(Q)| < 14.

Now consider the case where 2 and © are not both 0. Then xg, x7, xg are pairwise distinct, and
by Lemma 4.1, there is at most one choice of signs such that (4.6) holds. It follows that for each
choice of signs such that (4.5) holds, there are at most 2 fractional roots in Q=+ (of the form +w).
However, by Lemma 4.2, there are at most three choices of signs such that equation (4.5) holds.
Hence there are at most 6 fractional roots in Q.

Note moreover that when € # 0, there are at most 8 integral roots in Q=+, so the total number
of roots in Q* is between 2 and 14. If @ = 0 and © # 0, then as oy > ag > a3, the only way to
have equation (4.5) hold is if @1 = ag + a3, meaning in particular that ag # 0. It follows that
if Q =0, © # 0, and there are fractional roots, then there are most 6 integral roots. Hence the
total number of roots is between 2 and 12.
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Case 2. Assume QQ =0 and
{13,25,37,58,85,130,x} if© =0,
{33,57,102,177, x} fe=1.

We fix 2 =2if © =0 and E = 3 if © = 1. Observe that R := S + 20 — 252 can be written
as a sum of three different coprime squares, R = yg + y% + yg, where without loss of generality
Y6 > y7 > yg. Note, moreover, that R = S mod 8; thus in particular, R is not congruent to 3
modulo 8. Hence one of 5, y7, y3 must be even. In this case, consider the embedding Q+ C Ey
given by 21 — v; and 23 — vg, where

V1 = a1€e1 + ageg + ages,
vg = z1€1 + T2€2 + T3€3 + Zeq + Ees + Yses + yrer + yses

As with the previous case, note that the v; are in Dg. From

ged(aq, o, a3) = ged(ys, y7,y8) = 1

together with the fact that one of the a; and one of the y; must be even, we see that the
embedding is primitive; see Lemma 4.3.

The integral roots for the above embedding are the same as those listed for the previous
embedding in the case where 2 and © are not both 0. Thus there are between 2 and 12 integral
roots in @', with at most 6 integral roots when as # 0. The analysis of the fractional roots
is also the same as in the previous case where 2 and © are not both 0. In particular, because
Q =0, in order to have fractional roots, we must have ag # 0, and there are at most 6 fractional
roots. Since in this case, there are at most 6 integral roots, it follows that the total number of
roots is between 2 and 12.

For the next cases, we only give the embedding. The primitivity and root counting arguments
are analogous to the first two cases.

Case 3. Assume Q = 0, © = 0, and S = 10. In this case, the embedding Q+ C Ey is
given by
Z1 > U1 = oje1 + agez + azes,
29 — Vg = T1€] + Toes + T3e3 + €4 + €5 + 2eg + 2er .
Case 4. Assume Q = 0, © = 1, and S = 9. In this case, the embedding Q+ C FEy is
given by
Z1 > V1 = oje1 + qpeg + azes,
2o —> V2 = T1€1 + X2e2 + T3e3 + 3eg + e7 +eg.
Case 5. Assume Q = 0, © = 1, and S = 18. In this case, the embedding Q1+ C Eg is
given by
Z1 — U1 = oje1 + agez + azes,
Zo —> Vo = x1€] + Taeo + x3e3 + eq + €5 + 3eg + 3er .
Case 6. Assume Q = 0, © = 1, and S = 22. In this case, the embedding Q+ C Eg is
given by
Z1 — V1 = oje1 + ageg + ages,
Zo — Vg = x1€] + Toeo + T3e3 + eq + e5 + 3eg + 3er + 2eg .

We have exhausted all cases of the proposition. O
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4.2 General-type results for divisibility at least 3
If v > 3, then combining Propositions 3.11 and 4.4 yields the following result.

THEOREM 4.5. Let n, d, vy, a be positive integers satisfying the hypothesis of Proposition 3.1 such
that n > 6, n & {11,13}, v > 3, and d(n — 1)/9? > 4. Let M =2(n — 1), N = —a(2(n — 1)/7),
and P = 2t. Then, in the notation of Proposition 4.4, if S > 5 and
{8} ifQ=0=0,
S ¢ < {6} ifQ=00=1,
{6,9,18,22,33,57,102,177,x} otherwise,

the component of M

Kaln] o4 COrTesponding to a (see Proposition 3.5) is of general type.

We spell out an example below to show that the above result can give different bounds on d

for different components of the moduli space M;Y(S[n] 0d"

Ezample 4.6. Consider the moduli space M3 given by taking n = 26 and v = 5. Then the

K3026] 2d
number M in Proposition 4.4 is 2(n — 1) = 50, and Q = 0. Note that there are exactly two ways

to write 2(n — 1) = 50 as a sum of three distinct coprime squares:

50=T7"+1*4+0> =5+ 4%+ 3.
We can take (aq, e, a3) to be (7,1,0) or (5,4,3). The numbers N and P are, respectively, —10a
and 2t = 2d/25 + 2a?, where a € {1,2} (see (3.2)). If we consider the component MK3[26] oq Of

M?(S[%]Q d corresponding to a = 1, we then consider odd solutions to the equations, for the two

possibilities of (aq, g, as), respectively
Tx1+x9=-—10 and 5z1 + 4z + 3z3 = —10.
The minimal-norm solutions are then respectively
(z1,29,23) = (—=1,-3,1) and (x1,x9,23) = (1,-3,—1),

both of which have norm 11. The number © is 0 when 2¢ = 0 mod 4 and is 1 otherwise, and
we find S = 2(t — @2) — 11. The bounds given in Proposition 4.4 imply, via Proposition 3.11,
that MK3 26] 4

the component M

is of general type when ¢t > 10, that is, d > 225. By contrast, if we consider

3026] 9 WE take odd solutions to the equations, respectively

Tx1+x9=-—20 and 5z1 + 4z + 33 = —20.
The minimal-norm solutions are then respectively
($1>$2,$3) = (_3 -1 1) and (ZL‘l,ZL’Q,l’g) = (_17_33_1)7

both of which again have norm 11. Hence, M5 is of general type when ¢ > 10, that is,

d > 150.
The above illustrates for instance that the moduli space M? %

K3l261 ,2d

31261 300 has one connected com-

ponent (corresponding to a = 2) that our results show is of general type and one connected
component (corresponding to a = 1) for which our results do not yield a statement about the
Kodaira dimension.

Given particular (n,, a), Theorem 4.5 allows one to compute a lower bound on d after which

the given connected component of MKslnl 2d is of general type. However, since obtaining this
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bound requires computing a1, oo, as as well as x1, x9, 3, Theorem 4.5 is not so useful for
understanding uniformly when /\/lK3 in) 24 is of general type. For this, we will compute a much
coarser bound obtained by using the following.

LEMMA 4.7 ([BFRT89, Main Theorem]). Let a1 X1+ oo Xo+---+anXn = b be a linear equation
with integer coefficients. If it admits an integral solution, then it has a solution (x1, ...,z x) such
that max |z;| < max{|ai|,...,|an], |b|}.

THEOREM 4.8. Let (n,d,~) be a triple such that the moduli space M is non-empty (see

K3l 2d
Proposition 3.1). We assume further that n > 6, n ¢ {11,13}, and v > 3. Then every component

of /\/lg(:,’[n] Y is of general type provided

>6v2(n+3+2(n—1))%,
5

d
except for one possible value of d > 5-10'0 for each n that is odd or in the set {10, 12,52, x/2+ 1}.

2(n—1) —a@
Qn = _g2n=1) 9t ’

~

Proof. Let Qp, be the lattice

where a and ¢ satisfy

2 _ —Ma2 mod 2y and d=~*t— (n—1)a?
v Y
Observe that if d > 6v*(n + 3 + /2(n — 1))2, then certainly d(n —1)/4% > 4 and so by
Proposition 3.11, we need only verify that the hypotheses of Proposition 4.4 are satisfied.
Let M =2(n—1), N = —a(2(n—1)/v), and P = 2t. Then fix Q, a1, 042, a3, (ml,mg,xg)
O, and S as in the statement of Proposition 4.4. Then since M — 2(22 = a} + a3 + a2, for all
i €{1,2,3}, we have

0<a; < VM —202. (4.7)
Additionally, the fact that 0 < a < v implies
0<-N<M. (4.8)

Let us first consider the case N even. Recall that odd solutions (x1, x2, z3) to the Diophantine
equation

a1 X1 + e Xs + a3 X3 = N — 200
are (by setting X; = 2Y; + 1) equivalent to integral solutions of
a1Y] + oY + asYs; = %(N — 200 — (a1 + a2 + a3)) . (4.9)
Lemma 4.7 implies the existence of a solution (y1,y2,y3) to (4.9) satisfying
max |y;| < max {al, s, a3, 2( N +200+a; +as+ ag)} )
Also note that

a1+ a2 +az <yJad+aj+a3=vVM-—202 (4.10)

Equations (4.8) and (4.10) give us
(=N 4200 + (a1 + az + a3)) < §(M + 290 + VM — 202) .
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Moreover, note that for all integers M > 0, we have

0 < VM —202 < 3(M+200 + VM —20?).

Therefore, when N is even,

max |y;| < 5(M +290 + VM —202) and max|z;| < M +200 + 1+ M — 202,

We now turn to the case where N is odd. As discussed before Proposition 4.4, we may produce
a solution (z1,x2,z3) with exactly one z; even to the equation

a1 X1+ asXo + a3 X3 =N — 200,

where «; is odd. By setting X; = 2(Y;+1) and X; = 2Y;+1 for i # j, such a solution (z1, z2, z3)
can be obtained from an integral solution (y1,y2,¥ys3) to

a1Y1 + aYs + asYs = %(N —200 —a; — (a1 +ag + a3)) .
Lemma 4.7 implies that such a solution (y1, y2,y3) satisfies
max |y;| < max {al, s, a3, %(—N +200 4+ o; + (a1 + a2 + 043))} )
Hence using the bounds (4.7), (4.8), and (4.10), when N is odd, we get
max |y;| < 5 (M + 2090 + ZM) and max|z;| < M +200 + 2+ 2v/M — 202,

Comparing the bounds on |z;| in the N even and N odd cases, we see that for any N,

2} 4 23 + 23 < 3(M + 200 + 2+ 2¢/M — 202)*. (4.11)
It follows that
S > P —3(M+200 +2+2VM —202)° — 202, (4.12)

However, the assumption d > 672 (n + 3 + /2(n — 1))2 can be rewritten as
Py? — Mad® > 37 (M + 8+ VM)
In particular, we have
P>3(M+8+VM)*. (4.13)
Now a verification shows that for all M > 10, Q € {0,1,2,3}, and © € {0,1}, we have
3(M +8+VM)? —3(M +200 + 2 +2V/M — 202)° — 20% > 600.
In particular, (4.12) implies that S > 600, which by Proposition 4.4 finishes the proof. O

5. Monodromy and pullbacks for K3["-type with low divisibility

In this section, we treat the case v € {1,2}. The main difficulty lies in the fact that the mono-
dromy group 6+(A, h) and the stable orthogonal group 6+(Ah) are no longer isomorphic. For
a primitive embedding Aj, < IIg 96, the quasi-pullback F'(Z) defined in (2.11) is not necessarily
modular for OF(A, h), so we have to choose the embedding carefully to ensure that OT (A, k)
satisfies the hypothesis of Lemma 2.6. Recall that the restriction O(A,h) — O(A},) induces an
isomorphism O1(Ap,) =2 O (A, h); see Proposition 3.8. When v € {1,2} and n > 3, the group
OT (A, h) is generated (see Lemma 3.7) by OF(A) and o, € O(A), where

U:MfféeA'
Y
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In order to treat the case v € {1,2}, we need to ensure that the reflection o, € O+ (A, h)
of Lemma 3.7 extends to Il 9 after choosing our embedding @), — Eg. Let 0 € O(Eg) be an
involution on Eg and Vi, V_ the invariant and anti-invariant lattices, respectively. Note that
both V_ and V, are primitive, V_ = (V, )+, and the sublattice V_ @ V| C Eg has finite index.
Moreover, the unimodularity of Eg implies that there is an isometry

b: D(Vy) — D(V.)
(up to a sign) and the finite-index extension V_ & V. C Eg corresponds (see Section 2.1) to the
isotropic subgroup
Hy ={(z,¢(z)) e DVy @ V_) [z € D(V4)} C D(VL V).
Moreover, an isometry of the form
g=9-®g+ € O(V-0V,)

extends to an isometry on Fy if g fixes H, which is equivalent to

¢pogr =9g-o09¢; (5.1)
see [Nik80, Corollary 1.5.2]. Recall that a lattice L is called n-elementary if D(L) is isomorphic
to a direct sum of cyclic groups of order n. An immediate consequence is then the following.

LEMMA 5.1. Let @ C Eg be a primitive sublattice and o, € O(Q) a reflection with respect to an
element r € Q). Let M be the orthogonal complement of r in Q). The following are equivalent:

(i) There exists a 2-elementary primitive sublattice Vi C Eg such that M C Vi andr € V_ =
(Vi)
(ii) The map o, extends to an involution on Eg acting as Id on V. and as —Id on V_.

Proof. Assume that statement (i) holds. Then g = —Id®1Id € O(V_ @ V) extends the reflection
or € O(Q). Moreover, g extends to an element of O(Eg) since V_ is 2-elementary, —Id acts as
the identity on D(V_) = D(V,), and (5.1) is immediately satisfied. The other implication is
[GHS07, Lemma 3.5]. O

LEMMA 5.2. Let @ C Eg be a primitive embedding and o, € O(Q) a reflection with respect to
a primitive element r € @) that extends to an involution o, € O(Es). As before, we write V,
and V_ for the invariant and anti-invariant sublattices of &,. Denote by R(?“L N V,) the set
of roots in r- NV_. Let L = U%? @ FEg(—1)®? @ Q(-1), and consider the induced primitive
embedding L — 13 96. If

rk(V2) + 2|[R(r* NV_)| =1 mod 2, (5.2)

then the quasi-pullback of ®19 € Mi2(O"(Ilg26),det) to Q*(L) is modular with respect to
det: I' — C* for the subgroup I' C O (L) generated by O (L) and o,.

Proof. Let R~gU R« be a sign-partition of the set of roots R(QL) in Eg orthogonal to @ (see
Section 2.4). Let M be the number of roots that change sign under o,; see (2.13). By Lemma 2.6
and Corollary 2.7, it is enough to check that det(o,) = (—=1)™ - det(5,) or, equivalently,

M+1k(V_)=1 mod 2.

Note that for any root n € Rsg, if n € V4, then 7,.(n) = n € Rsp, and if n € V_, then
or(n) =—n € Reo. It n € V_U V4, then 7,.(n) # £n. Let {m1,...,nx} be all roots in R~( not in
V_UV,. Then &, induces an injection

{nla"'ank‘}c—>{7]17"'7nk7_7717"'7_77k}
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with &,(n;) # £n;. One immediately sees that if ,.(n;) = —n;, then o,(n;) = —n;; thus

‘{8}(771), e ,ar(nk)} N{—m,..., _Uk}‘ =0 mod 2
and M = |R-oNV_| mod 2. Finally, we have Q@ N'V_ = (r) and
|[RooNV_|=1R(Q V) =LiR(r"NV). O

We have to choose our embedding @), < Ejg not only to have a controlled number of roots in
the orthogonal complement, but also in such a way that the reflection o, defined in Lemma 3.7
can be extended to an involution 7, € O(Es) satisfying (5.2). Note that if v € {1,2}, by
Proposition 3.5, we may choose

0 wh =1
a=1{> VHMIT 5 (5.3)
1 when~y=2.
In particular, by Lemma 3.4, the element h € A can be chosen as
_Jet df when v =1, (5.4)
20e+tf)—¢ wheny=2,

where d = 4t — (n — 1) when v = 2; see Proposition 3.1.
Recall that Q;(—1) = (h)* C U @ (¢) is generated by {(2a(n —1)/7)f —{,e —tf}, and

Qn = (2(”0_ 2 20d> ify=1, Q= C((Z__ll)) _(”2; 1)) if y=2. (5.5)

Summarizing the discussion above, and adding the conditions for modularity of the quasi-
pullback in Lemma 2.6, the vanishing at the ramification in Proposition 2.9, and a numerical
condition ensuring that O* (A, k) has no irregular cusps, we have the following.

PROPOSITION 5.3. Let Qp, be the lattice defined in (5.5), Qn < FEg a primitive embedding, and
Ay, — Il 96 the induced embedding. Assume further that the following hold:

(i) There exists a primitive 2-elementary sublattice V. C Eg such that
_ 2a(n—1)
==

(ii) The number of roots |R(Qj-)| in the orthogonal complement Q- C Eg is at least 2 and at
most 14 (respectively, 16).

21 f—teV_:=WVy)rCEs and (z1)'NQ,cVy.

(iii) The rank of V_ and half the number of roots orthogonal to Qy, in V_ have opposite parities:
rk(Vo) 4+ 5|R((z1) NV2)| =1 mod 2.
(iv) One of the following holds:

(a) The number |R(Qy)|/2 is even.
(b) For any r € Ay, C Il 96 such that —o, € O (A, h), one has

[RAD)] < [R((AR))]

where (Ap,), is the orthogonal complement of r in Ay and the orthogonal complements
in the inequality are taken in Il 2.

(v) We have 2d/v ¢ {1,2,4,8}.

Then the modular variety Q(Ap) /6+(A,h) is of general type (respectively, has non-negative
Kodaira dimension).
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Proof. By Lemmas 5.2 and 3.7, the quasi-pullback F' of the Borcherds form ®12 to Q°(Ap) is
modular with character det: Ot (A, h) — C* and weight 12 + |R(Qi)|/2; see (2.12). Moreover,
since 2 < |R(Qﬁ)’ < 16, the form F' is a cusp form [GHS13, Corollary 8.12]. We claim that F'
vanishes along the ramification divisor of the modular projection

7 Q(AR) — Q(AR)/OT (A, R).

Indeed, if the embedding @}, — Eg satisfies assumption (iv)(a), this follows from Proposition 2.9.
If the embedding satisfies assumption (iv)(b), it follows from Lemma 2.8, where we use that
rk(Ap) = 22. The proposition now follows from Theorem 2.3 once we have shown that (Ay) has
no irregular cusps for 6+(A, h). By Proposition 2.2, it is enough to show this for 0-dimensional
cusps. Let I C Ap be a rank 1 primitive isotropic sublattice corresponding to a 0-dimensional
cusp of Q(Ap). Assume that I is irregular for Ot(A, h); then by Proposition 2.5 (see also the
proof of [Ma24, Proposition 4.11]), we have —Id & Ot (A, h) and —E,, € I'I)gN Ot (A, h) for
some w € L([)g. Since I has rank 1, the vector w can be written as m ® [ with m € (IL/I)Q
and [ € Ig. Then by Lemma 3.7,

Bomet = (—Emst) 0 (—Emei) € T(Ig N O™ (Ag).

The isomorphism (2.8) when restricted to O (Ay) induces an isomorphism L(I) = U(I)NOT(Ap);
see [Ma24, Lemma 4.1]. In particular, 2m ® | € L(I). We choose a lift m € $I+ of m; then for
any u € (Ap)g, we have

—Engi(u) = —u+ (m,u)l — (I,u)m + %(m,’m)(l,u)l. (5.6)

Moreover, any g € O (A, h) fixes the class @ € D(Ap) of any u € (21)+ C (An)V (see Lemma 3.7).
In particular, for any such u, we have —E,,zi(u) € u+ Ap. From (5.6), since (2m,w), (I, u), and
(2m,m) are integers, it follows that

2u € iAh ,
so 8u € Ap, and ord(w) divides 8. Take u = (v/2d) (az1 + y22) as in the proof of Proposition 3.8.
Indeed, then (u,z1) = 0 and thus o, (u) = u. The order of the class @ in D(Ap) is 2d/7. In
particular, we have 2d/y € {1,2,4, 8}. O

Recall that for v € {1,2}, the moduli space M’Iy(g[n] 04 is connected when non-empty; see

Proposition 3.5. As a corollary, we have the following.

i g
COROLLARY 5.4. Let (n,d, ) be a triple such that v € {1,2} and MK3[n],2d

that there exists an embedding Q) — Ejg satisfying the hypothesis of Proposition 5.3, with at
most 14 (respectively, 16) roots in assumption (ii). Then M;Y(g[n] oy 1 of maximal (respectively,

is non-empty. Assume

d
non-negative) Kodaira dimension.

Proof. This follows from Proposition 5.3 together with Theorem 2.3. O

6. Kodaira dimension for K3["-type with divisibility 1

From now on we concentrate on the split case v = 1. Recall that in this case, the moduli space

M%(?,[n] og 18 irreducible; see Proposition 3.5. Note that in this case @ = 0, and the element zo in

Proposition 5.3 is given by
2 —1
oDy
y
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PRrROPOSITION 6.1. Consider the two primitive 2-elementary orthogonal sublattices of Fg given by
V_ = (e1 —e5,e3 — eg,e3 — €7, 64 — €3) = AV,
Vi:=(e; +es,e9+eq,e3+ e7,e4+eg) = Ai‘% .
Let Qp be as in (5.5), which in the case v = 1 has basis
2 -1
L, = 2en—1)
Y
Assume further that n —1 > 6, n—1 = 1,2 mod 4, and n — 1 ¢ {10,13,25,37,58,85,130, %}.

Then for any d > 3 with d # 0 mod 4, there is a primitive embedding Q) — FEs sending z
to V_ and zy to Vy such that the following hold:

(i) The number %’R((zl)J— N V,)| is odd.
(ii) The number of roots |R(Q; )| in the orthogonal complement Qi C Eg satisfies
2 <|R(Qy)| < 14.

(iii) If, moreover, d # 7 mod 8 and d ¢ {5, 10, 13,25,37,58,85,130, x}, then the primitive em-
bedding Q);, — Eg may be chosen so that R(Qﬁ)‘ =0 mod 4.

f—€=—{ and zm=e—tf=e—df. (6.1)

Proof. By Theorem 2.12, we may write n — 1 = Oz% + a% + a%, where a1, ag, ag are coprime and
positive. Moreover, since n — 1 # 3 mod 4, we may assume without loss of generality that a; is
even and «y is odd. Similarly, by Corollary 2.16, we may write

d=a? + 23+ 232 + 23, (6.2)

with 1 > 0 and z; > 0 for i € {2,3,4} (except in the case d = 5, where 1 = x9 = 0). Since
we know d # 0 mod 4, we may without loss of generality take x; to be even and x4 odd. In the
case where d # 7 mod 8 and d ¢ {10, 13, 25,37, 58, 85,130, x}, we let 1 = 0 (which is possible
by Theorem 2.12).

Consider the embedding @y, — FEg given by

z1 > v1 = q1e1 + ageg + 3e3 — aijeés — eg — Qi3er, (6.3)
29 — Vg = T1€1 + Tae2 + x3€3 + xw4eq4 + T165 4 Toeg + T3€7 + T4€8 .

Using Lemma 4.3 together with our assumptions on the z; and «;, one checks that the em-
bedding (6.3) is primitive. Moreover, the given embedding has the property that v; € V_ and
vg € V4. The intersection vf N V_ contains the single root e4 — eg. In particular, the number of
roots in v{- N V_ is odd.

Now we count roots in Q;- C Es. We first assume d ¢ {5,6}. Then, in particular, z; > 0 for
i € {2,3,4}. The integral roots are then

(i) *(es —es),
(ii) :|:(€1 + 65) if z1 =0,
(i) +(e; —ej) and £(ej+4 — €j4q) for i,5 € {1,2,3} if o; = o5 and x; = 5.
Since a1, ag, ag are coprime and thus in particular cannot all coincide, there are either 0 or 4

roots of type (iii). Hence the total number of integral roots is either 2 or 6 if 7 # 0 and is
either 4 or 8 if 1 = 0.

Suppose that w is a fractional root in Qﬁ. Then w is of the form

w:%(:l:el:|:62:|:€3:|:64:|:€5:|:€6:|:€7:|:€8), (6.4)
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where the number of + signs is even. Hence, the number of indices ¢ € {1,2,3,4} such that e;
and e;y4 have the same sign in (6.4) must be even.

Case 1. There is no i € {1,2,3} such that e; and e;;4 have the same sign in (6.4). The
equation (w,v1) = 0 implies that there is a choice of signs such that

+2aq1 + 209 £ 203 =0.

Hence the a; must satisfy a relation of the form oy = a; + ax. But a1, as, ag are positive and
coprime, and n — 1 > 6, so if such a relation holds, no two «; can be equal. So if there are any
fractional roots of this type, there must be exactly 4, given by

+2((er — erra) — (6j — €j4a) — (e — €x4a) £ (€2 — e5)).

Case 2. There is exactly one index ¢ € {1,2,3} such that e; and e;+4 have the same sign
in (6.4). Then e4 and eg must have the same sign in (6.4). Moreover, (w,v2) = 0 implies that
there is a choice of sign such that

:|:2:IZZ' + 21’4 =0.

Since x; is non-negative and x4 is positive, it follows that z; = z4. Additionally, (w,v1) = 0
implies that there is a choice of sign such that

+20; + 20, = 0,

where j,k # i, and so a; = ay. Thus, since a1, ag, az cannot all be equal, if there are any
fractional roots of this type, there must be exactly 4, given by

% (i(ei +eiya —eq —eg) = (ej —€j+q — €+ €htd)) -

Case 3. There are exactly two indices i € {1,2,3} such that e; and e;;4 have the same sign
in (6.4). In this case, the equation (w,v;) = 0 implies that there is a j with 2a; = 0. This
contradicts our assumptions on «;.

Case 4. All indices i € {1,2,3} are so that e; and e; 44 have the same sign in (6.4). In this
case, e4 and eg must have the same sign in (6.4). Since (w, v2) = 0, there is a choice of sign such
that

:|:IE1:|:J§2:|:ZL’3:|:SL‘4:0. (65)
Note that each choice of signs such that (6.5) holds corresponds to exactly 1 fractional root

in Qﬁ The number of choices of signs such that (6.5) holds is twice the number of choices of
signs such that

T1=Fr9t 23t 24 (6.6)
Note that if 21 = 0 and there is a choice of signs such that (6.6) holds, then the opposite choice
of signs also makes (6.6) hold. In general, if there are two choices of signs such that (6.6) holds,
the choices of signs differ by either one, two, or three signs, where the latter only occurs if z; = 0.
If two such equations differ by one sign, subtracting the equations yields z; = 0 for some 7 # 1,
which is not possible. If two such equations differ by two signs, we have relations z1 = z; for some
i € {1,2,3} (in particular, z; # 0) and z; = x}, for j, k # i. Hence there are at most two choices
of signs such that (6.6) holds, and if 1 = 0, there are exactly two such choices. It follows that
there are at most 4 fractional roots of this type and that if z; = 0 and there are any fractional
roots of this type, there must be exactly 4.

This gives us the root count for d ¢ {5,6}. Indeed, if a1, ag, ag are all different, then there
are at most 4 integral roots, 4 fractional roots from Case 1, and 4 fractional roots from Case 3.
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Hence there are between 2 and 12 roots in Qﬁ. If moreover 1 = 0, then there either 8 or 12
roots in Q#

If two of the «; are equal and z; # 0, then there are at most 6 integral roots, no fractional
roots from Case 1, 4 fractional roots from Case 2, and 4 fractional roots from Case 4. Hence
there are between 2 and 14 roots.

Finally, assume that two of the «; are equal and z; = 0. If z3, x3, x4 are all different, then
the only roots are 4 integral roots and either 0 or 4 fractional roots from Case 4. If two of x9,
T3, T4 are equal, then the only roots are either 4 or 8 integral roots and either 0 or 4 fractional
roots from Case 2 (Case 4 cannot occur because x2, 3, x4 are coprime and d # 6). Hence there
are 4, 8, or 12 roots in Q# This finishes the count for d & {5,6}.

When d = 5, we take (z1,z2,23,24) = (0,0,2,1). Since a1 # g, there are 6 integral roots:
+(eq—es), T(e1+es), E(ea+eg). Moreover, if w is a fractional root in @i, then (w,v2) = 0 implies
that the signs of e3 and e4 are opposite to the signs of e; and eg in (6.4). Then oy = a; + ay,
in which case there are 4 fractional roots (as in Case 1). Therefore, there are between 6 and 10
roots in Qﬁ in this case.

When d = 6, we take (z1,z2,23,24) = (0,2,1,1). Then there are 4 integral roots. Moreover,
there are either 0 or 4 fractional roots in Case 1, no fractional roots in Case 2 (since ay # «a2),
and either 0 or 4 fractional roots in Case 4. Hence there either 4, 8, or 12 roots in Qﬁ. This
finishes the proof for d > 3. O

In light of Proposition 5.3, the only missing ingredient in the proof of Theorem 1.6 is the
vanishing of the quasi-pullback of the Borcherds form along the ramification divisor of the mod-
ular projection 7: Q(Ay) — Q(Ay)/OT (A, k). When d satisfies the conditions of part (iii) of
Proposition 6.1 above, this follows from Lemma 2.8: Note that the weight of the pullback of the
Borcherds form to Q(Ay) is 12+ %‘R(Q}JL—)‘ by (2.12). For other d, the vanishing along the rami-
fication divisor is the content of Proposition 6.4. In order to prove it, we have to put constraints
on the possible r € A such that £, lies inside the modular group O+ (A, h). Recall that we are
under the assumption that @, is of the form (5.5) with basis (6.1). We keep the same basis for
Qn(—1). Recall that

D(An(-1)) = D(Qy) = <2(nzll)> ® <%> > 7/2(n — 1)Z® Z/2dZ.

As usual, we regard 6+(A, h) as a subgroup of O(Ay,) via restriction. Elements g € Or (A, h) act
on D(Qy) as +1d @ 1d.

LEMMA 6.2. Let r € Ay, be a reflective element such that —o, € 6+(A,h) and —o, & 6+(Ah).
Then r? = —2d, and div(r) is either d or 2d.

Proof. Recall, see (2.15), that if —o, € 6+(A, h), then
(ry7) € {div(r), 2div(r)}. (6.7)

Let r = Au+ Bz + Cz with u € U2 @ EJ? primitive in the unimodular part of A, (—1) and A,
B, C coprime integers. Write (r,7) = 2m. Unimodularity and (6.7) imply that m divides A.
Furthermore, since

a \_o__ & A .
—gr<2(>: 3 —1) and UT(Qd)_2d mod Ap(—1),
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one has

B 1
—r =0 and gr =—2zy mod Ap(—1).
m m d

As r is primitive, it follows that m divides B and dC. Since gcd(A, B,C) = 1, the integer
m cannot divide C'. Comparing orders in the second equation together with our primitivity
assumption on r gives us that m = d. ]

LEMMA 6.3. Assume that both d and n—1 are not divisible by 4. Then for any reflective element
r € Ay, such that —o, € O" (A, h), there exists an isometry g € O(Ay,) such that

g(r) =

{de + 22 when div(r) =d, (6.8)

29 when div(r) = 2d,

and —o(,) acts as —Id @ 1d on D(Ay,). In particular, —o ;) € O+ (A, h). Moreover, if d is an odd

prime and (n — 1)d = 2,3 mod 4, then we can take g € OT(A, h).

Proof. As before, let r = Au+ Bz + Czo € Ap(—1) with ged(A, B,C) = 1. Since 2d = (r,r) =
A%(u,u) — B%-2(n — 1) — C? - 2d, see Lemma 6.2, and d divides A and B, then d must divide
C? — 1. Consider the map ¢: D(Ay(—1)) — D(Ap(—1)), given by

C(22)« if C'is odd,

(C+d)(z2)s if Ciseven. (6.9)

(21)x —> (21)« and (z2)s —> {
One checks that this map is a group isomorphism, and d Z 0 mod 4 implies that it preserves
the quadratic form, that is, ¢ € O(D(Ap(—1))). Now if div(r) = d and we write r = A’'du +
B'dz + Czy, then

r c 29
. = =A B —290 =20—= =2C(22)« d Ap(—1).
T () ut Bz + - 54 (22)x mod Ap(—1)
Note that via (6.9), the element 2C(z2). is in the same O(D(Ap(—1)))-orbit as 2(zq). if C' is
odd, and as 2(d + 1)(z2)« = 2(z2)« if C is even. Since

29 de + 29 de + 29

5= d " dvdetsy ModMn=D
and the projection map O(Ax(—1)) — O(D(Ap(—1))) is surjective, Eichler’s criterion (Theo-
rem 2.10) gives us the lemma when div(r) = d. The case div(r) = 2d and B even is treated
analogously. If div(r) = 2 and B is odd, we have C?> — 1+ (n—1)d = 0 mod 4d. Under the addi-
tional assumption n — 1 # 0 mod 4, it follows that C is even. Using the map ¢ € O(D(Ap(—1))
that sends (z1)« to n(z1)s«+d(22). and (22)s to (n—1)(21)++C(22)«, one shows that r is equivalent
to zo under O(Ay(—1)).

If d is an odd prime, then ¢2 — 1 =0 mod d implies ¢ = +1 mod d. Hence when div(r) = d,
the class 7. = 2p(22)« € D(Ap(—1)) is equivalent to £2(z2)«, and the statement follows. When
div(r) = 2d and B is even, we have ¢ — 1 = 0 mod 4d and therefore ¢ = +1 mod 2d. The
class r, = p(z2)« is equivalent to +(z2)., and the statement follows. Finally, when div(r) = 2d
and B is odd, we have ¢> — 1+ (n—1)d =0 mod 4d, which cannot happen when (n —1)d = 2,3
mod 4. O

PROPOSITION 6.4. Suppose v = 1 and that d is prime, that either n — 1 =1 and d = 3 mod 4
orn—1=2andd=1mod4, and that n —1 > 6 and n — 1 ¢ {10, 13,25, 37,58, 85,130, x}.
In particular, assertions (i) and (ii) of Proposition 6.1 hold. Let (), — FEg be the primitive
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embedding defined in (6.3), and consider the induced embedding Ay, — Il396. Then for any
r € Ay, such that —o, € OT (A, h), one has

[R(A)] < [R((An))]

In particular, the quasi-pullback F' of the Borcherds form ®15 to °*(Ay) is modular with respect

to det: 5+(A, h) — C*, and it vanishes along the ramification divisor of the modular projection
T Q(Ah) — Q(Ah)/OJr(A, h)

Proof. If —0, € 5+(Ah), the statement follows from Proposition 3.10. If —o, is in 6+(A, h) and
not in O"(Ay), then in light of Lemma 6.3, we may assume r = de + 23 or r = 2. First assume
r = z9; then
(An)y = (Zz1)™ C Eg(-1),
and under the embedding (6.3) restricted to (z1), our counting argument in Proposition 6.1 leads
to more than 14 roots only orthogonal to z;. Indeed, recall that by assumption if d > 1, then
Z1,...,23in (6.2) are not all equal to zero. If x; # 0 with i € {1, 2,3}, then e; +¢e;4+4 is orthogonal
to z; but not to zo, that is,
€+ eirq € R((Ah)%) \R(Aﬁ) .

Now assume r = de + z9. Then
(An)r =U @ B3(—1)%* @ (e, 21,2f — 22) .

Note that (e;, €;+4) = —4x;. In particular, there is always a root s € Eg(—1) such that (s,2z1) =0
and (s, z2) = 2k for some non-zero integer k. Consider the root given by t = ke+s € I3 26. Then
one immediately checks that ¢ is orthogonal to e, z1, and 2f — 2o, but not orthogonal to z2. In
particular, t € R((Ap);) \ R(A}). O

Summarizing, we have proved the following.

THEOREM 6.5. Let n,d be two positive integers such that
(i) n—1>6,
(il) n—1=1,2 mod 4,
(iii) n—1 ¢ {10, 13,25, 37,58, 85,130, x}, and
(iv) d satisfies one of the following:
(a) d>3,d#0,4,7 mod 8, and d ¢ {5, 10, 13,25, 37,58, 85,130, x};
(b) d is an odd prime and d =3 mod 4.

Then M%S[n]z , Is of general type.

Proof. Note that under our assumptions, d > 3 and (n—1)d = 2,3 mod 4. If assumption (iv)(a)
holds, the statement follows from Proposition 6.1 and Corollary 5.4. If instead assumption (iv)(b)
holds, we additionally use Proposition 6.4, where we note that under our assumptions, d > 3
and (n —1)d = 2,3 mod 4. O

Similarly to the strange duality phenomenon, one can construct various generically finite
rational maps between moduli spaces /\/lg(‘g[n] o 1SING lattice morphisms. This has already been
done by O’Grady [O’G89, Appendix, p. 163] (see also [Kon93, Kon99]) in the surface case; our

argument is similar. We restrict to the cases v € {1,2}. The following are examples in a much
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larger class of generically finite maps that one can construct between the moduli spaces /\/l;(?)[n] od-

We will use them to prove Theorems 1.6 and 1.8.

LEMMA 6.6. Let d, r, n be positive integers with n > 2.
(i) The moduli spaces ./\/l nl ggp2 A0d ./\/l
1
My | 2d"
(ii) Assume n — 1 = k? with k odd. The space MK3[n I 24
is, and the former admits a dominant rational map to the latter.

3ln—1)r241] 94 admit dominant rational maps to

is non-empty if and only if M%{3[2],2d

Proof. Consider the elements hy = e + (dr?) f and ho = e + df in the lattices
A =UPB@E(-1)"? @ (—2(n—1)) and Ay :=UP @ FEy(-1)%? @ (=2((n - 1)r2)> ,
respectively. Let h = e + df in the standard lattice A (see equation (2.17)). Then
(A)y, = U @ Bs(-1)% @ Qi(-1)
with

Q1= (z1,y1) = <2(n0_ b 2;7,2) and Q2 = (z2,12) = <2<n62)r2 20d> '

As usual A, = UP? @ Eg(—1)%2 @ Qp(—1), with Qp as in (5.5) with basis {21, 22}. Con-
sider the lattice morphism @1 — @ given by x1 +— 21 and y; + rz2, and the induced
map ¥1: Ay p, — Ap. Via 91, the group O+((A1)h1) is identified with a finite-index subgroup
of O+(Ah)' see [GHS13, Lemma 7.1]. The reflection o4, € OT (A1, h1), which generates the
quotient O*(Al,hl)/0+((A1)h1) is the restriction to 1 (Aq, hl) of o,, € O*(A,h). This shows
that 11 identifies O(A17 hl) with a finite-index subgroup of O(A h). Therefore, ; induces a fi-
nite morphism Q((Al)hl)/0+(A1,h1) — Q(Ah)/0+(Ah) and hence a dominant rational map

M%Q[n] odrz ~7? Ml . The argument for M is analogous. In the case v = 2,

by (3.1) both moduh spaces MKgan 04
since k is odd. Denote by A’ and Q’ the corresponding lattices for (n,d,~,a) = (k:2 +1,d,2, 1)
with basis {z], 25} for @', and by A, @ the lattices for (n,d,v,a) = (2,d,2, k), with {z1, z2} the
standard basis of @). Then the lattice morphism inducing the finite map on period domains is
given by z] — kz; and z5 — 2. One checks that this map descends to the quotient. O

3((n=1)r2+1] o4
and MK3 2] 9q A1€ NON-EMPty if and only if d = —1 (mod 4)

Proof of Theorem 1.6. The first statement follows from Lemma 6.6 as M I 24
type for all d > 12; see [GHS10]. For statement (ii)(a), we may assume e = 0 by Lemma 6.6. The
statement then follows from Theorem 6.5. Similarly, for statement (ii)(b), we may assume r = 1
by Lemma 6.6. Then for p = 1, the theorem follows from strange duality, Proposition 3.9, since

our assumptions on k imply n — 1 > 12. For p prime with p = 3 mod 4, the statement follows
from Theorem 6.5. O

is of general

7. Non-split fourfolds of K3[-type and the K3[™ divisibility 2 case

In this section, we establish general-type results in the 4-dimensional case and then use Lemma 6.6

to generalize to higher dimensions. Recall that the moduli space /\/l 24 is irreducible when

non-empty; see [Apoldal. Let A be as in (2.21) of K3P-type. The dlscrlmlnant group D(A) is
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Y

K302l 2q 13 non-empty if

cyclic of order 2; thus v € {1,2}, and when 7 = 2, the moduli space M
and only if d = —1 mod 4. Note that Id = —Id in D(A); in particular,

~ —~

O(A,h) = O(A, h).

We fix h € A of degree 2d = 8¢ — 2 and divisibility div(h) = v = 2. In light of Theorem 2.10,
we may assume h = 2(e + tf) — ¢, where as usual {e, f} are the standard generators of the first
copy of U and (¢) = (—2) a generator of the last factor of A in (2.21); see Lemma 3.4. Moreover,
by [GHS10, Proposition 3.12], the natural inclusion in Lemma 2.1 is an equality

O (Ay) = OF (A, h). (7.1)

Let Ay, = UP2 @ Eg(—1)92 @ Qy(—1), where

Q= <_21 ;j) : (7.2)

As a consequence of (7.1), we have the following special case of Proposition 3.11.

ProrposiTiION 7.1. Let d = 4t — 1 > 16, and assume that there exists a primitive embedding
Q¢ C Eg such that the number of roots ‘R(Q#)‘ is at least 2 and at most 14 (respectively, 16).
Then the modular variety Q(Ay)/OF(Ay) is of general type (respectively, non-negative Kodaira
dimension). In particular, if such embedding exists, the moduli space M;Y(SD]Q d is of general type
(respectively, non-negative Kodaira dimension) for d = 4t — 1 and vy = 2.

2
K302l ,2d"

Proof of Theorem 1.1. The cases t = 10 and ¢ = 12 are treated in [GHS13, Proposition 9.2], so
we assume t > 13. Let x; be the unique positive integer such that

Now we can prove our theorem about the moduli space M

234 (o + 1246 <2t < (21 +1)2 + (21 +2)° +6. (7.3)

Note that 22 + (21 + 1)? + 6 and (21 + 1)? + (21 + 2)? + 6 are odd, and the above inequalities
are strict. Now consider the odd number R = 2t — (23 + (21 + 1)?). From (7.3) we have

6<R<(z1+1)*+ (21 +2)*+6— (21 + (z1 + 1)%) = 421 + 10. (7.4)

By Corollary 2.15, we may write R = 2% + 2 + 22 + z3, where x5 > 26 > 27 > 23 are coprime
integers with xg positive except in the cases where R € {9,11,17,29,41}, where we take xg = 0
and 7 positive. Consider the embedding Q; < FEg given by 21 +— vy, 29 — va, where {21, 22} is
the basis of (7.2) and

V1 =€ +ey, Vg =x1€] — ($1 + 1)62 + x5e5 + Tgeg + x7ET + TRES . (7.5)

Note that (vi,v1) = 2, (vg,v2) = 2t, and (v1,v2) = —1. As in the proof of Proposition 4.4, the
primitivity of the embedding follows from Lemma 4.3. Note that the integral roots of Eg in the
orthogonal complement Q- are

(i) *es = eq,
(ii) +e; teg forie {3,4}if g =0,
(iii) +(e; — ex) for j,k € {5,6,7,8} if z; = xy.
Observe that if xg # 0, there are at most 6 roots of type (iii), and so there are between 4 and

10 total integral roots in Q+. If g = 0, then there are at most 2 roots of type (iii), and so there
are between 12 and 14 total integral roots.
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We now we count fractional roots of Eg in the orthogonal complement Qj. Suppose that w

is such a fractional root. Since (w,v1) = (w,v2) = 0, we must have a choice of signs such
that
2x1 + 1 = £x5 £ 26 = 27 £ 25 (7.6)
Since 2z1 + 1, x5, xg, 7, xg are all non-negative, it follows that
201 +1 < x5+ -+ x5 (7.7)
The above inequality together with (7.4) imply
8 8
D (i—1=R-2> 2 +4<4n+9-22x +1)+4=11.
i=5 i=5

Then, either x5 = 4, in which case xg, 7 < 2 and zg < 1, or z5,2¢ < 3 and x7, g < 2. Since
Z§:5 x; is odd, we must have Z§:5 r; < 9 and x1 < 4. In particular, if ¢ > 34, there are no
fractional roots in Qi C Eg and

1<|R(QH)| < 1.
It remains to count fractional roots when 13 < ¢ < 33. This is done case by case; the full list
of lattice embeddings together with the count of fractional roots for each embedding is in the
appendix. O

Finally, Lemma 6.6 together with Theorem 1.1 give us Theorem 1.8.

Proof of Theorem 1.8. Write n — 1 = k? for some odd integer k. By Proposition 3.1, we then
have that Mf(?)[n] 5 18 non-empty precisely when d = —1 mod 4 (as in the n = 2 case). Since
: 2

v = 2, we know (k,7) = 1. Hence by Lemma 6.6, we have that MK3["],2d dominates Mf{?’m

2d’
The result then follows from Theorem 1.1.

8. Non-split hyperkihler tenfolds of OG10-type
Let X be a hyperkéahler variety of OG10-type. Recall that the Beauville-Bogomolov—Fujiki lattice
(H*(X,Z),qx) is isometric to
A=U & Eg(—1)%%2 @ Ay(—1),
and after fixing a marking, by [Ono22b], one has Mon2(A) = O (A) = O (A).
As a direct consequence, we obtain (see also [Ono22a, Section 1]) the following.
PROPOSITION 8.1 ([Ono22b, Ono22a, Son23]). The moduli space Mo, I8 irreducible and
non-empty when v =1 and when v = 3 and 2d = 12 mod 18.

Note that the discriminant group D(A) is cyclic of order 3; hence v € {1, 3}. This leaves two
possibilities for . The first one, known as the split case, is v = 1. In this case, h can be chosen
(up to the action of O(A)) as h = e+ df € U, and the orthogonal complement of h in A is of the
form

Ap = U2 @ Eg(—1)®2 @ Ag(—1) @ (—2d), (8.1)
where the last factor is generated by e — df. This case was treated in [GHS11]. The second

possibility is v = 3, known as the non-split case. In this case, M%Glo 9q 18 non-empty if and only
if 2d =12 mod 18; see [GHS11, Lemma 3.4]. Equivalently, 2d = 18t — 6, and we can choose

h=3(e+tf)+ (2a1 + a2),
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where again {e, f} are standard generators of U and {a1,as} are standard generators of Aa(—1).
In this case,

Ay =UP2 @ Eg(—1)®2 @ Qi(—1), (8.2)
where Q¢(—1) is given by
-2 1 0
Q(-)=[1 -2 -1 (8.3)
0 -1 =2t

with generators {ag,e 4+ aj,e —tf} C U @ Az(—1). Moreover, the discriminant group D(Ap) is
cyclic of order 2d/3; see [GHS11, Theorem 3.1].

LEMMA 8.2. In the above setting, the restriction map 6(A, h) — O(Ay) induces an isomorphism
Ot (A, h) = O (M), (8.4)
and the arithmetic group O+ (An) has no irregular cusps.

Proof. The isomorphism (8.4) is [GHS11, Theorem 3.1]. Moreover, D(Ay,) is cyclic of order 2d/3,
and by [Ma24, Proposition 1.1], the group OT(A,) has irregular cusps only if D(A) & Z/8Z,
but this contradicts the assumption 2d = 12 mod 18. O

The following lemma follows immediately from [GHS13, Proposition 8.13] together with the
proof of [GHS07, Theorem 4.2].

LeEMMA 8.3 ([GHS07, GHS13]). Assume that the exists a primitive embedding @y — Eg such
that 2 < ‘R(Qf‘)‘ < 16, and let Ay, — Ilp26 be the induced lattice embedding. Then the
quasi-pullback F' of the Borcherds form ®12 to Q°(Ay) is a cusp form of weight 12 + ‘R(Q#) ‘/2

and character det: 5+(Ah) — C* that vanishes along the ramification divisor of the modular
projection Q(Ap) — Q(AR) /O (Ap).

Proof. Since D(A}) is cyclic, isotropic subgroups are cyclic as well, and the proof of [GHS07,
Theorem 6.2(ii)] applies in this case; see [GHS07, Theorem 4.2]. The vanishing at the ramification
divisor is [GHS13, Proposition 8.13]. O

PROPOSITION 8.4. If there exists a primitive embedding (Q; — Fg such that the number of roots
|R(QtL)‘ in the orthogonal complement Qj- C Ey is at least 2 and at most 16, then the non-split
moduli space M%GIO oq 18 of general type, where v = 3 and 2d = 18t — 6.

Proof. The proposition fpllows from Theorems 2.3 and 2.11 together with Lemma 8.3 for the
modular variety Q(Ay)/OF (A, h) 2 Q(AR)/OF(Ay). O

Now we can prove our main result regarding the non-split moduli space M30G10 9g+ The proof
is very similar to Theorem 1.1, so we omit details.

Proof of Theorem 1.2. The case of t = 4 was proved in [GHS11, Corollary 4.3]. For the moment,
we will assume ¢ > 7 and then tackle the cases ¢t € {5,6} subsequently. Let 1 be the unique
non-negative even integer such that

222 4+ (21 + 12+ 12 < 2t < 2(z1 +2)% + (z1 + 3)2 + 12, (8.5)
and consider the odd number R = 2t — (2z} + (z1 + 1)?). Then,
12 < R < 12z7 + 18. (8.6)

146



KODAIRA DIMENSION OF MODULI OF HK VARIETIES

Recall [Hal82, Satz 1b] that any positive integer n =5 mod 8 is a sum of three pairwise distinct
coprime squares. In particular, we can assume x % 5 mod 8. Let
0 if R# 7mod8 and R ¢ {19,27,33,43,51,57,67,99, 123,163,177, 187,267,627, x} ,
©=4q1 if R=7mod8or R € {19,27,43,51,67,99, 123, 163, 187,267,627} ,
2 if R e {33,57,177,x},
and consider the integer
S=2t— (227 + (z1 + 1)?) — 20°.
Observe that S can be written as a sum of three distinct coprime squares: S = z2 + 22 + 22, with
xg > x7 > xg > 0. Our embedding Q; < Ejg is given by 21 +— v;, where {z1, 29, 23} is a basis for
@, with matrix given by minus the matrix defined in (8.3), and
v =ex—ey, Uy =ez—ey, v3=x1e1+Tie2+(z1+1)ez+Oes+Oes+ases+r7er+aze8. (8.7)
As in the proof of Proposition 4.4 and Theorem 1.1, primitivity follows from parity considerations
together with Lemma 4.3.
One observes that integral roots in Q;- are given by
(i) £(es —es),
(i) +(es+e5)if © =0,
(iii) :|:e4 + €g and :t65 + €g if ®@ = €g — O,
(iv) £(eqs —€;) and £(e5 — ¢;) for i € {6,7,8} if © = z; # 0.
Hence if © # 0, there are between 2 and 6 integral roots. If © = 0, there are either 4 or 12
integral roots (with 12 occurring only if zg = 0).

Suppose that w is a fractional root in Qi . Since (w,v;) = 0 for i € {1,2,3}, we must have a
choice of signs such that

3r1+1=20+0 *ag+ax;+uas, (8.8)

where the number of + signs on the right-hand side is even. Since 3z + 1, =5, xg, 7, g are all
non-negative,

8
Br1+1<20+ ) ;. (8.9)
=6
From (8.6) and (8.9), we have
8 8
D (ri—2)P=5-4) ;+12< 1221 + 17— 207 — 4(32; + 1 — 20) + 12
=6 =6
— 25 +20(4— ©),

where 20(4 — ©) € {0,6,8}. In particular, if © = 0, then Z?:G(xi —2)2 < 25 and 2526 x; < 13.
And if © € {1,2}, then Z?:G x; < 15. From (8.9) it follows that either 21 < 6 and © < 2, or
r1 < 8 and © = 2. In other words, if z; > 6, there cannot be fractional roots in QtL. Moreover,
when z; = 6, it follows from (8.6) that the only values of R for which © = 2 are 33 and 57.
In these cases, taking, respectively, (zg,z7,23) = (4,3,0) and (z¢,z7,28) = (6,3,2), the bound
(8.9) is not satisfied; that is, there cannot be fractional roots in Qi in these cases either. We have
shown the desired result for all ¢ > 67. The embeddings and root counts in the cases 4 < t < 66
are listed in the appendix. This shows that for all £ > 4, there is a primitive embedding @)y — Eg
such that 2 < ‘R(Qtl)‘ < 16, and Proposition 8.4 gives us the result. O
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Appendix. Lattice embeddings for low degree

Here we complete the proofs of Theorems 1.1 and 1.2 by listing all the lattice embeddings for
low values of t.

Non-split hyperkihler varieties of K3-type and low degree

We list the corresponding embeddings for 13 < ¢ < 33. The embedding is always the one given
by (7.5), except when ¢t = 21 (see below). For t € {19, 20,22, 31, 32,33}, the parameters are as
follows:

t x R (x5,x6,27,28) Fractional roots
19 3 13 (2221) 4
20 3 15 (3,2,1,1) 4
22 3 19 (4,1,1,1) 4
31 4 21 (3,222) 4
32 4 23 (3321) 4
33 425 (4,221) 4

In these cases, one shows that there are 4 fractional roots in Qi given by :l:%(el —eat(eg—es)—
(e5+e6+e7+eg). Since xg # 0, there are between 4 and 10 integral roots, so 8 < ‘R(Qtl)‘ < 14.
When 24 < t < 30, we take x1 = 4; then we have 7 < R < 19. Arguing as in the case t > 34, one
rules out the possibility of fractional roots in Q;-. For the list

t x R (x5,x6,27,28) Fractional roots
15 2 17 (3,2,2,0) 0
16 3 7 (21,11 0
17 3 9 (22,1,0) 0
18 3 11 (3,1,1,0) 0
23 3 21 (3,222) 0

one checks that there are no fractional roots. For the embeddings

t x R (x5,x6,27,28) Fractional roots
13 2 13 (222]0) 4
14 2 15 (3,2,1,1) 8

there are 10 integral roots and 4 fractional roots in Qj-, respectively 6 integral roots and 8 frac-
tional roots given by

i%(el—62i(€3+64)—65—66—67+68))
ﬂ:%(el—62i(€3+€4)—65—66:|:<67—68)),

respectively. Finally, when ¢ = 21, the embedding given in (7.5) yields too many roots in Q.
However, a method described in [GHS13, Section 9] called the “(3 + +)-algorithm” works in this
case. The embedding @)y — Fjg is given by 21 +— vy, 22 — ve, with

v = —e1 + e, UQZ%(61—€2+11€3+5€4+365+366+€7+68).

One checks that the embedding is primitive and there are 6 integral roots in Qi given by
+(e1 + e2), t(es — eg), £(e7 — eg) and 8 fractional roots given by

+1(e1+e2 % (e3—es—e5 —eg £ (e —es))).
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Hence there are a total of 14 roots in Qi. We have treated all cases ¢ > 13. Proposition 7.1
together with [GHS13, Proposition 9.2] for ¢t € {10, 12} give the theorem.

Non-split hyperkihler varieties of OG10-type and low degree

Here we complete the proof of Theorem 1.2 by listing the remaining data ¢, R, and (xg, 7, x3)
defining the embedding Q;} < Fg given by (8.7) where the number of roots satisfies the in-
equalities 2 < ‘R(Q#)‘ < 16. Recall that the number of integral roots for ¢ > 7 is between 2
and 6 when © # 0 and between 4 and 12 when © = 0, with 12 only occurring when xg = 0. For
54 < t < 66, the parameters are as follows:

t I R (C] ($6, T, :L’g) fgsﬁ;lonal t I R (C] ($6, T, 8) fgsﬁ;lonal
54 4 51 0 (6,3,2) 0 61 4 65 0 (74,0 0

5, 4 53 0 (7,2,0) 0 62 4 67 1 (74,0) 0

5 4 55 1 (7,2,0) 0 63 4 69 0 (74,2 4

57 4 57 2 (6,3,2) 0 64 4 71 1 (74,2 4

58 4 59 0 (7,3,1) 0 65 4 73 0 (83,0) 0

50 4 61 0 (6,5,0) 0 66 4 75 0 (7,5,1) 4

60 4 63 1 (6,5,0) 0

The fractional roots in the cases t = 63, t = 64, and t = 66 are
i%(€1+62+63:|:(64*65) —eg —e7 —eg).

If 35 < ¢t < 53 and t ¢ {45,50,52}, then 13 < R < 49 and (as in the high-degree case) if one
assumes that there is a fractional root, equations (8.6) and (8.9) lead to a contradiction. In these
cases, there are no fractional roots. For ¢ € {45,50,52}, the parameters are as follows:

t = R © (xs,27,28) Fractional roots
45 4 33 2 (4,30) 0
50 4 43 1 (62,1) 0
52 4 4T 1 (54.2) 0

For the range 15 < ¢t < 34 and ¢t ¢ {20,21,27,28,34}, the embedding parameters are as
follows:

t Il R (C] (1‘6, T, aﬁg) fsgtcslonal t I R (C] (1‘6, T, l’g) f;iszlonal
15 2 13 0 (3,20) 0 25 2 33 2 (43,0 4

16 2 15 1 (3,2,0) 2 26 2 35 0 (531) 4

17 2 17 0 (4,1,0) 0 29 2 41 0 (54,0) 0

18 2 19 1 (4,10 2 30 2 43 1 (54,0) 2

19 2 21 0 (4,21) 4 31 2 45 0 (54,2 4

22 2 27 1 (430) 4 32 2 47 1 (542 4

23 2 29 0 (4,32 0 33 2 49 0 (6,3,2) 4

24 2 31 1 (520) 4

In the cases t € {20,21,27,34}, we use the embedding given by (8.7) with parameters as
follows:
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t x © (wg,w7,v8) Integral roots Fractional roots
20 0 3 (2,1,0) 2 2
21 0 0 (6,2,1) 4 4
27 2 4 (2,1,0) 2 2
34 2 5 (1,00 6 0

When ¢t = 28, one considers the embedding given by z; — v;, where v; = ea — e, v2 = e3 — e2,
and
v3 = 2e1 + 2e9 + 3eg + bey + 3e5 + 2eg + e7.

One can check that the embedding is primitive with no integral roots and 2 fractional roots in
the orthogonal complement. The embeddings in the cases 8 < t < 14 with ¢ ¢ {12,13} are as
in (8.7) with the following parameters:

t = R © (xs,27,28) fractional roots
8 0 15 1 (320 12
9 0 17 0 (4,1,0) 0
10 0 19 1 (41,0 2
110 21 0 (421 4
14 0 27 1 (430 12

Finally, the cases t € {5,6,7,12,13} are given by z; — v;, where v] = eg — €1, vy = e3 — €2
and

vg = aje; + - -+ ageg

with (aq,...,as) as follows:
t  (ay,...,as) Integral roots Fractional roots
5 (LLZQLLLU 12 0
6 (1,1,2,0,0,2,1,1) 6 0
7 (L12.2,1,1,1,1) 12 0
12 (1,1,2,0,0,4,1,0) 12 0
13 (1,1,2,1,1,4,1,0) 6 2

With these, we have covered all cases 5 < t < 66, finishing the proof of Theorem 1.2.
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