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Kodaira dimension of moduli spaces

of hyperkähler varieties

Ignacio Barros, Pietro Beri, Emma Brakkee and Laure Flapan

Abstract

We study the Kodaira dimension of moduli spaces of polarized hyperkähler varieties
deformation equivalent to the Hilbert scheme of points on a K3 surface or to O’Grady’s
ten-dimensional variety. This question was studied by Gritsenko–Hulek–Sankaran in
the cases of K3[2]- and OG10-type when the divisibility of the polarization is 1. We
generalize their results to higher dimension and divisibility. As a main result, for almost
all dimensions 2n, we provide a lower bound on the degree such that for all higher
degrees, every component of the moduli space of polarized hyperkähler varieties of
K3[n]-type is of general type.

1. Introduction

A hyperkähler manifold is a simply connected compact Kähler manifold with a unique non-
degenerate 2-form (up to scaling). Hyperkähler manifolds are always even-dimensional with triv-
ial canonical bundle. In this paper, we study moduli spaces of hyperkähler varieties, by which
we mean hyperkähler manifolds that are projective.

Two-dimensional hyperkähler manifolds are always K3 surfaces. Mukai gave unirational para-
metrizations of the moduli spaces F2d of polarized K3 surfaces of degree 2d for d ⩽ 12 and
d ∈ {15, 17, 19}; see [Muk88, Muk92, Muk06, Muk10, Muk16]. Recently, the same was done
for d ∈ {13, 21}; see [Nue17, FV18, FV21]. In contrast, Gritsenko–Hulek–Sankaran showed in
[GHS07] that F2d is of general type for d > 61 and d ∈ {46, 50, 54, 58, 60}.

For a hyperkähler manifoldX, the groupH2(X,Z) carries a quadratic form qX , turning it into
a lattice called the Beauville–Bogomolov–Fujiki lattice. In this paper, we focus on moduli spaces of
hyperkähler manifolds coming from K3 surfaces: deformations of Hilbert schemes of n points on
a K3 surface, called of K3[n]-type, and deformations of O’Grady’s 10-dimensional examples,
called of OG10-type. The corresponding moduli spaces Mγ

K3[n],2d and Mγ
OG10,2d parametrize

pairs (X,H), with X a projective hyperkähler variety of K3[n]-type or OG10-type, respectively,
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and H a primitive polarization on X so that c1(H) has degree 2d with respect to qX and divis-
ibility γ in H2(X,Z).

The study of the moduli spaces Mγ

K3[n],2d
and Mγ

OG10,2d has attracted much attention

in the past decade. A fundamental question in hyperkähler geometry is whether one can ef-
fectively construct a general projective hyperkähler variety of a given deformation type. This
is a question about the existence of unirational locally complete families. There are few known
examples of such families; to our knowledge, there are no constructions outside K3[n]-type. For
instance, such unirational parametrizations are known for Mγ

K3[n],2d
in the cases where (n, d, γ)

equals (2, 3, 2), see [BD85]; (2, 1, 1), see [O’G06]; (2, 19, 2), see [IR01, IR07] and also [Mon13,
Proposition 1.4.1]; (2, 11, 2), see [DV10]; (4, 1, 2), see [LLSvS17]; (3, 2, 2), see [IKKR19]; and
additional higher-dimensional examples [BLM+21, PPZ23] (see (1.4) below).

The space Mγ

K3[n],2d
is not irreducible in general, but it is when γ ∈ {1, 2}; see [Apo14a].

The space Mγ
OG10,2d is always irreducible [Ono22b, Ono22a]. Gritsenko–Hulek–Sankaran treat

the “split” case γ = 1 in [GHS10, GHS11] (see also [Ma24]) and prove the following:

(i) The moduli space M1
K3[2],2d

is of general type if d ⩾ 12.

(ii) The moduli space M1
OG10,2d is of general type for all d ⩾ 3 with d ̸= 2m for m ⩾ 0.

Recently, similar results have been proven for moduli spaces of polarized hyperkähler mani-
folds deformation equivalent to a generalized Kummer fourfold; see [Daw25, Daw25].

1.1 Main results

We produce analogous general-type results for the higher-divisibility and higher-dimension cases
of these moduli spaces. In particular, we give, for almost all dimensions, the first uniform bound
(quadratic in γ and n) on the degree after which these moduli spaces are of general type (see
Theorem 1.3 below). Moreover, in the more technical split case γ = 1, in which new subtleties
arise, we give a list of (n, d) ∈ Z>0×Z>0, of positive density, for which the moduli spaceM1

K3[n],2d

is of general type (see Theorem 1.6 below).

In the case n = 2, the remaining case (non-split) is γ = 2. In this case, M2
K3[2],2d

is non-empty

if and only if d ≡ −1 mod 4. Similarly, for OG10-type, the remaining case (non-split) is γ = 3,
and M3

OG10,2d is non-empty if and only if d ≡ −3 mod 9.

Theorem 1.1. Let M2
K3[2],2d

be the moduli space of primitively polarized hyperkähler varieties

of K3[2]-type with non-split polarization of degree 2d = 8t − 2. Then for all t ⩾ 12 and t = 10,
the moduli space M2

K3[2],2d
is of general type.

Theorem 1.2. Let M3
OG10,2d be the moduli space of primitively polarized hyperkähler varieties

of OG10-type with non-split polarization of degree 2d = 18t− 6. Then for all t ⩾ 4, the moduli
space M3

OG10,2d is of general type.

We remark that the cases t ∈ {10, 12} in Theorem 1.1 and t = 4 in Theorem 1.2 were proved
in [GHS13, Proposition 9.2] and [GHS11, Corollary 4.3].

The main results of our paper focus on the moduli spaces Mγ

K3[n],2d
in the case n ⩾ 3.

Theorem 1.3 (see Theorem 4.8). Let (n, d, γ) be a triple such that the moduli space Mγ

K3[n],2d

is non-empty (see Proposition 3.1). We assume further that n ⩾ 6, n ̸∈ {11, 13}, and γ ⩾ 3. Then
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every component of Mγ

K3[n],2d
is of general type provided

d ⩾ 6γ2
(
n+ 3 +

√
2(n− 1)

)2
,

except for one possible value of d ⩾ 5·1010 for each n that is odd or in the set {10, 12, 52, ⋆/2+1}.

In the above theorem, ⋆ is a fixed integer greater than 5 ·1010 (see Section 2.6). This number ⋆
does not exist if the generalized Riemann hypothesis holds.

Remark 1.4. In Theorem 4.5, we give a much sharper lower bound on d after which a given
connected component of Mγ

K3[n],2d
is of general type. However, computing this bound requires

solving a linear Diophantine equation whose coefficients depend on the connected component,
the value γ, and integers α1, α2, α3 such that α2

1+α
2
2+α

3
3 = 2(n−1). By contrast, Theorem 1.3

gives a uniform bound on d that does not require specifics about the numerics of n and γ.

Example 1.5. As an illustration of the difference between the bounds obtained from Theorem 4.5
versus Theorem 1.3, in the case of the moduli space M5

K3[26],2d
, Theorem 4.5 yields that both

of its components are of general type provided d ⩾ 225 (see Example 4.6). By contrast, for the
same moduli space, Theorem 1.3 yields the bound d ⩾ 195169.

We also consider Mγ

K3[n],2d
for n ⩾ 3 when γ ∈ {1, 2}. These low divisibility cases come

with several additional technical challenges. The hardest and perhaps most interesting case we
tackle is the “split case” γ = 1. This case departs from previous literature: Modularity of the
quasi-pullback is not guaranteed and vanishing of the resulting cusp form at the ramification
of the modular projection cannot be proven via classification of root systems of small rank and
discriminant. We obtain general-type results for a set of pairs (n, d) of density roughly 1/2.

Theorem 1.6. Suppose n ⩾ 3, and write n− 1 = 4c · k for c ⩾ 0, 4 ∤ k.

(i) If k is a square, then M1
K3[n],2d

is of general type for all d ⩾ 12.

(ii) If k ≡ 1, 2 mod 4 and k ̸∈ {1, 2, 5, 6, 10, 13, 25, 37, 58, 85, 130, ⋆}, then M1
K3[n],2d

is of general

type for all d of the following form:

(a) d = 4e ·m with e ⩾ 0,m ⩾ 3,m ̸≡ 0, 4, 7 mod 8, andm /∈ {5, 10, 13, 25, 37, 58, 85, 130, ⋆};
(b) d = p · r2, where p is a prime congruent to 3 modulo 4, or any square d = r2 when

additionally k ̸= 9.

As an example, the lowest dimension for which one can rule out the existence of unirational
locally complete families in degree 2 is 2n = 30, and in degree 6, it is 2n = 20.

Corollary 1.7. There is no unirational locally complete family of polarized hyperkähler 20-folds
of K3-type with split polarization of degree 6 or of 30-folds with split polarization of degree 2.

The second case already follows from [GHS10] together with strange duality ; see Proposi-
tion 3.9. In the case γ = 2, as a consequence of Theorem 1.1, we obtain the following general-type
results for an infinite quadratic series of dimensions.

Theorem 1.8. Suppose that n is an even integer such that n−1 is square. Then the moduli space
M2

K3[n],2d
of primitively polarized hyperkähler varieties of degree 2d = 8t − 2 and divisibility 2

is of general type for t ⩾ 12 and t = 10.
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1.2 Relation to existing literature

To prove our main results, we reduce the question to the existence of a certain cusp form
for an orthogonal modular variety. This strategy was introduced by Gritsenko–Hulek–Sankaran
in [GHS07] and has been subsequently used in, among others, [GHS10, GHS11, TV19, FM21].

The moduli space Mγ

K3[n],2d
(respectively, Mγ

OG10,2d) is a 20-dimensional (respectively, 21-

dimensional) quasi-projective variety with finite quotient singularities; see [Vie95]. Its irreducible
components Y admit algebraic open embeddings to orthogonal modular varieties

Y −→ Ω(Λh)/Γ ; (1.1)

see [BB66, Ver13]. The target of this map is defined as follows. Let

Λ = U⊕3 ⊕ E8(−1)⊕2 ⊕ ⟨−2(n− 1)⟩ (respectively, Λ = U⊕3 ⊕ E8(−1)⊕2 ⊕A2(−1))

be the lattice isomorphic to
(
H2(X,Z), qX

)
and Λh ⊂ Λ the lattice of signature (2, 20) (respec-

tively (2, 21)) isomorphic to the orthogonal complement of the first Chern class h ∈ H2(X,Z)
of H. Then

{[x] ∈ P(Λh ⊗ C) | (x, x) = 0 and (x, x) > 0}
is a type IV bounded Hermitian symmetric domain that has two isomorphic components, and
the orthogonal group O(Λh) acts on this domain. We fix one of the components Ω(Λh) and let
O+(Λh) be the subgroup of O(Λh) fixing Ω(Λh). The arithmetic group Γ, called the monodromy
group, is a finite-index subgroup of O+(Λh).

In the case of the moduli spaces Mγ

K3[n],2d
, the monodromy group Γ was computed in [Mar11,

Ono22b]; it is given by

Ô+(Λ, h) =
{
g ∈ O+(Λ, h) | g|D(Λ)=±Id

}
, (1.2)

where O+(Λ, h) ⊂ O(Λ) is the stabilizer of h ∈ Λ acting on Λh by restriction and D(Λ) is the
discriminant group of the lattice Λ. As an important ingredient in the proof of Theorem 1.3 (see
Lemma 3.4 and Proposition 3.8), we show that if n = 2 or γ ⩾ 3, then this monodromy group Γ
has the simpler description

Ô+(Λ, h) = Õ+(Λh) := {g ∈ O+(Λh) | g|D(Λh) = Id}. (1.3)

By contrast, when n ⩾ 3 and γ ∈ {1, 2}, the group O+(Λ, h) is an index 2 extension of Õ+(Λh).
This gives rise to several technical difficulties in the proof of Theorem 1.6.

Remarkably, Ma shows in [Ma18, Theorem 1.3] that there are only finitely many isomor-
phism classes of even lattices Λh of signature (2,m) with m ⩾ 9 for which the modular variety
Ω(Λh)/Õ

+(Λh) is not of general type. Additionally, there are only finitely many lattices Λh (up
to isomorphism) of signature (2,m) with m ⩾ 21 or m = 17 such that Ω(Λh)/O

+(Λh) is not of
general type [Ma18, Theorem 1.1].

One should note however that this does not imply that there are only finitely many choices
of (n, d, γ) such that Mγ

K3[n],2d
is not of general type since infinitely many (n, d, γ) may yield

isometric lattices Λh. In particular, Mγ

K3[n],2d
may not be of general type even when n or d are

arbitrarily large. For instance, for any coprime integers (a, b), letting n = a2−ab+b2, the moduli
spaces {

M(2/3)n

K3[n+1],(2/3)n
if 3|n ,

M2n
K3[n+1],6n

otherwise
(1.4)
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are unirational, dominated by the moduli space of cubic fourfolds; see [BLM+21, Corollary 29.5].
Theorems 1.1 and 1.3 thus serve, once one has fixed n and γ, to give an explicit lower bound
on d after which Mγ

K3[n],2d
is always of general type.

Note moreover that Ma’s result does not apply in the cases n ⩾ 3 and γ = 1, 2 due to the
failure of (1.3). The natural expectation that there are finitely many birational classes of moduli
spaces Mγ

K3[n],2d
that are not of general type when γ ∈ {1, 2} remains open. Theorems 1.6 and 1.8

are a contribution in this direction.

1.3 Ideas of the proof

The proofs of Theorems 1.1, 1.2, 1.3, and 1.6 use the strategy developed by Gritsenko–Hulek–
Sankaran in [GHS07, GHS10, GHS11] involving modular forms of orthogonal type. For the
relevant lattice Λh of signature (2,m), the quotient FΛh

= Ω(Λh)/Γ admits many projective
toroidal compactifications with mild singularities; however, by [GHS07, Theorem 2], one can
choose one FΛh

with at worst canonical singularities. Taking a resolution of singularities of FΛh

yields a smooth projective model Y of FΛh
. Showing that the relevant moduli spaces are of

general type thus amounts to showing that there is an abundance of holomorphic pluri-canonical
forms on Y .

This is accomplished using modular forms of orthogonal type and the so-called “low-weight
cusp form trick” of Gritsenko–Hulek–Sankaran. A modular form of weight k and character
χ : Γ → C∗ is a holomorphic function F : Ω•(Λh) → C on the affine cone Ω•(Λh) of Ω(Λh) such
that for all Z ∈ Ω•(Λh), t ∈ C∗, and g ∈ Γ, we have

F (tZ) = t−kF (Z) and F (gZ) = χ(g) · F (Z) .

These form a finite-dimensional vector space Modk(Γ, χ). In the cases we consider, every modular
form is holomorphic at the boundary. Those vanishing on the boundary are called cusp forms and
form a subspace Sk(Γ, χ) ⊂ Modk(Γ, χ). By a classical result of Freitag [Fre83, Chapter 3], if F is
a cusp form of weightmℓ and character det vanishing on the ramification divisor of Ω(Λh) → FΛh

,
then the form F · dz⊗ℓ, where dz is a holomorphic volume form on Ω(Λh), descends to a global
section of ℓKY .

1.3.1 Low-weight cusp form trick. Gritsenko–Hulek–Sankaran’s “low-weight cusp form trick”
[GHS07] gives a method to produce such pluricanonical forms on Y . To do this, by Freitag’s
result, we need to produce a fixed cusp form Fa ∈ Sa (Γ,det) with weight a < m vanishing
on the ramification divisor of Ω(Λh) → FΛh

. As long as Γ has no irregular cusps [Ma24] (see
Section 2.3), there is then an injection [GHS07, Theorem 1.1]

Mod(m−a)ℓ(Γ, 1) −→ H0
(
Y , ℓKY

)
, ρ 7−→ ρ · F ℓ

a · dz⊗ℓ .

By Hirzebruch–Mumford proportionality [Mum77], the dimension of Mod(m−a)ℓ(Γ, 1) grows like

ℓm, and from this it follows that Y is indeed of general type.

1.3.2 Borcherds form and root counting. In order to produce this low-weight cusp form Fa,
one uses the Borcherds modular form Φ12 ∈M12

(
O+(II2,26), det

)
, see [Bor95], where II2,26 is the

unique even unimodular lattice of signature (2, 26) given by

II2,26 := U⊕2 ⊕ E8(−1)⊕3 .
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If one can produce a primitive embedding of lattices

Λh ↪−→ II2,26 (1.5)

with the right properties (see for example Propositions 3.10, 3.11, 5.3, 8.4), then the so-called
“quasi-pullback” of Φ12 to the cone Ω•(Λh) yields the needed low-weight cusp form Fa. Thus
the proofs of the main results boil down to producing embeddings Λh ↪→ II2,26 with the desired
properties. Modularity of the quasi-pullback is not automatic and strongly depends on the arith-
metic group involved. The condition is automatically satisfied if Γ is the group Õ+(Λh) defined
in (1.3) but is much more delicate when Γ is larger. This is one source of difficulty for γ ∈ {1, 2}.
Moreover, in these cases, the embedding (1.5) has to be chosen so that isometries of Λh in the
group Γ extend to isometries of II2,26. This is again automatic when Γ = Õ+(Λh), but if Γ is
larger, it is a more delicate endeavor.

Once we have an embedding where one can ensure modularity of the quasi-pullback, vanishing
at the ramification divisor follows in the case γ ⩾ 3 by the classification of irreducible low-
rank lattices of small discriminant [CS88]. In the case γ ∈ {1, 2}, this problem is again more
challenging, and we can solve it only by imposing additional constraints on both the dimension 2n
and the degree 2d.

2. Preliminaries

2.1 Lattices

Let L be a lattice, that is, a free abelian group of finite rank together with a symmetric non-
degenerate bilinear pairing (·, ·) : L×L→ Z. We denote by O(L) the group of isometries of L and
by L(m), for an integer m, the lattice whose underlying abelian group is L and whose pairing
is m times the pairing of L.

The dual lattice L∨ = Hom(L,Z) can be embedded in L ⊗ Q as those elements x ∈ L ⊗ Q
such that (x, ℓ) ∈ Z for all ℓ ∈ L, and the bilinear form is the restriction of the Q-linear
extension of (·, ·). The inclusion L ⊂ L∨ has finite index, and the quotient D(L) = L∨/L is a
finite abelian group, called the discriminant group. When L is even, that is, (x, x) ∈ 2Z for all
x ∈ L, the discriminant group D(L) comes endowed with a Q/2Z-valued quadratic form given
by x+ L 7→ (x, x) + 2Z. In this case, the natural projection induces a homomorphism

π : O(L) −→ O(D(L)) (2.1)

that is surjective if L is indefinite, and D(L) can be generated by at most rk(L) − 2 elements.
The following two groups play a prominent role:

Õ(L) = π−1(Id) and Ô(L) = π−1(±Id) .

The first one is called the stable orthogonal group. For h ∈ L, we denote by O(L, h) the stabilizer
of h in O(L), and by Õ(L, h) ⊂ O(L, h) (respectively, Ô(L, h)) the subgroup of Õ(L) (respectively,
Ô(L)) of elements fixing h.

Let h ∈ L; then (h, L) ⊂ Z is an ideal of the form γZ, where γ is a positive integer. We call γ
the divisibility of h and write div(h) = γ. Alternatively, γ can be defined as the positive integer
making h/γ a primitive element in L∨. We denote by h∗ the class of h/γ in D(L).

The lattice E8 plays a crucial role in our arguments. It can be realized as a sublattice of
(
1
2Z
)⊕8
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with the euclidean quadratic form via

E8 =

{
(x1, . . . , x8) ∈ Z⊕8 ∪

(
1
2 + Z

)⊕8

∣∣∣∣∣
8∑

i=1

xi ≡ 0 mod 2

}
.

Elements in E8 are points in Q⊕8 whose coordinates are either all integers or all half integers,
and are such that the sum of the coordinates is an even integer. Recall that E8 has 240 roots,
elements r with (r, r) = 2. The 112 of these roots that have integer coordinates are of the form
±ei ± ej for i, j ∈ {1, . . . , 8} and i ̸= j, where {e1, . . . , e8} is the standard basis of Z⊕8. The
remaining 128 roots have half-integer coordinates and are of the form 1

2

∑8
i=1±ei, where the

number of minus signs is even or, equivalently, the sum of all coordinates is even. Let us call the
first set of roots integral and the second fractional . We view the lattice D8 as a sublattice of E8

via

D8 =

{
(x1, . . . , x8) ∈ Z⊕8

∣∣∣∣∣
8∑

i=1

xi ≡ 0 mod 2

}
.

Finally, recall that if L is a fixed even lattice, there is a natural one-to-one correspondence
between finite-index even overlattices L ⊂ L′ and isotropic subgroups H ⊂ D(L). Namely, given
L ⊂ L′, there is a sequence of inclusions

L ⊂ L′ ⊂ (L′)∨ ⊂ L∨ , (2.2)

and the isotropic subgroup associated with L′ is given by H = L′/L ⊂ L∨/L = D(L). Conversely,
given an isotropic subgroup H ⊂ D(L), the overlattice L′ is given by π−1(H), where π : L∨ →
D(L) is the quotient map. The discriminant groups of L and L′ are related by the following
diagram:

H = L′/L H⊥ = (L′)∨/L D(L)

D(L′) = H⊥/H .

(2.3)

An element g ∈ O(L) can be extended to L′ if and only if g(H) = H, where g ∈ O(D(L)) is the
image of g ∈ O(L) under the projection (2.1).

Recall that a lattice embedding L ↪→ L′ is said to be primitive if the quotient L′/L is torsion-
free. We now place ourselves in the following situation. Let Λ be an even lattice, h ∈ Λ a primitive
element of degree 2d and divisibility γ, and Λh the orthogonal complement of h in Λ. Then

D(Λh ⊕ ⟨h⟩) = D(Λh)⊕ Z/2dZ , (2.4)

where the last factor is the discriminant group of ⟨h⟩ generated by (1/2d)h mod ⟨h⟩. Now Λ is
a finite-index overlattice of Λh⊕⟨h⟩ that corresponds to the isotropic subgroup H = Λ/(Λh⊕⟨h⟩)
in (2.4). Moreover, since both inclusions Λh ⊂ Λ and ⟨h⟩ ⊂ Λ are primitive, one checks that the
projections

π1 : H −→ D(Λh) and π2 : H −→ D(⟨h⟩) (2.5)

are injective; see also [Nik80, Proposition 1.5.1]. That is, for any x ∈ π1(H), there exists a unique
y ∈ π2(H) such that x+y ∈ H. The induced map π1(H) → π2(H) defines an automorphism ofH,
and if g ∈ O(Λ, h), the restriction g|Λh

acts as the identity on π1(H). Moreover, π1(H) → π2(H)
respects the bilinear form up to a sign.
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Lemma 2.1. Let Λ be an even lattice and h ∈ Λ primitive. View Õ(Λ, h) as a subgroup of O(Λh)
via the restriction map O(Λ, h) → O(Λh). Then Õ(Λ, h) contains Õ(Λh).

Proof. Let g ∈ Õ(Λh), and consider the orthogonal transformation given by g⊕ Id on the lattice
Λh ⊕ ⟨h⟩. Then g⊕ Id acts as the identity on D(Λh)⊕D(⟨h⟩). In particular, it fixes H, so g⊕ Id
extends to an element of O(Λ, h). Moreover, g ⊕ Id is the identity on H⊥. From (2.3) it follows
that the extension must act as the identity on D(Λ) = H⊥/H.

2.2 Modular forms

Let L be an even lattice of signature (2, q) with q ⩾ 3. Recall that the symmetric domain{
[x] ∈ P(L⊗ C) | x2 = 0 and x · x > 0

}
consists of two components exchanged by complex conjugation and is acted on by the arithmetic
group O(L). We fix one of the two connected components, denoted by Ω(L) and called the period
domain for L. The index 2 subgroup of orientation-preserving isometries O+(L) ⊂ O(L) is the
subgroup of O(L) fixing Ω(L).

We denote by Ω•(L) ⊂ L⊗ C the affine cone of Ω(L) ⊂ P(L⊗ C) and let Γ be a finite-index
subgroup of O+(L). A modular form of weight k and character χ : Γ → C∗ is a holomorphic
function F : Ω•(L) → C such that for all Z ∈ Ω•(L), t ∈ C∗, and g ∈ Γ, we have

F (tZ) = t−kF (Z) and F (gZ) = χ(g) · F (Z) . (2.6)

Modular forms of fixed weight and character form a finite-dimensional vector space Modk(Γ, χ).
When q ⩾ 3, every modular form is holomorphic at the boundary. Those vanishing on the
boundary are called cusp forms and form a subspace denoted by Sk(Γ, χ) ⊂ Modk(Γ, χ). This
subspace is fundamental in many ways. By a classical result of Freitag [Fre83, Chapter 3], cusp
forms of weight k = q and character det descend to global sections of the canonical divisor for
any smooth model of the quotient. More precisely,

Sq (Γ,det) ∼= H0
(
Y ,KY

)
, (2.7)

where Y is a smooth projective model of the quasi-projective variety Ω(L)/Γ; see [BB66].

2.3 Irregular cusps and the low-weight cusp form trick

The period domain Ω(L) is an open subset of the isotropic quadric Q ⊂ P(L ⊗ C) defined
by (w,w) = 0. It has two types of boundary components called cusps: 0-dimensional and 1-
dimensional ones, corresponding to isotropic sublattices of L of rank 1 and 2, respectively.

The Fourier expansion of a modular form F ∈ Modk(Γ, χ) at a 0-dimensional cusp is defined
via Eichler transvections [Eic74, Section 3] (see also [GHS13, Section 8.3]). Recall that if I is
an isotropic rank 1 sublattice of L and U(I)Q is the unipotent part of the stabilizer of I in
O+ (L⊗Q), the group of translations defining the Fourier expansion of F at the cusp associated
with I is U(I)Q ∩ Γ, whereas the lattice of translations around the cusp I in the Γ-action is
given by U(I)Q ∩ ⟨Γ,−Id⟩. When these two groups do not coincide, I is called an irregular cusp
[Ma24]. Irregular 1-dimensional cusps are defined in a similar fashion, and their existence can be
reduced to the 0-dimensional case.

Proposition 2.2 ([Ma24, Corollary 6.5]). Let Γ ⊂ O+(L) be a finite-index subgroup. If Ω(L)
has no irregular 0-dimensional cusps for Γ, then it has no irregular 1-dimensional cusps.

After Freitag’s result (2.7), the fundamental link between the existence of low-weight cusp
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forms and the Kodaira dimension of orthogonal Shimura varieties is the following theorem due
to Gritsenko–Hulek–Sankaran, with a correction by Ma.

Theorem 2.3 ([GHS07, Theorem 1.1] and [Ma24, Theorem 1.2]). Let L be a lattice of signature
(2, q) with q ⩾ 9 and Γ ⊂ O+(L) a finite-index subgroup with no irregular cusps. Then the
modular variety Ω(L)/Γ is of general type if there exist a character χ and a cusp form F in
Sa(Γ, χ) of weight a < q that vanishes with order at least 1 at the ramification divisor of the
projection Ω(L) → Ω(L)/Γ. Moreover, if Sq(Γ, det) ̸= 0, then Ω(L)/Γ has non-negative Kodaira
dimension.

Remark 2.4. The condition of Γ not having irregular cusps is fairly mild, and for our purposes
it will be satisfied with the possible exception of very few cases. This hypothesis can be dropped
by requiring that F vanishes with certain order at the boundary of a toroidal compactification
of the modular variety; see [Ma24, Theorem 1.2] for details.

An immediate observation is that if −Id ∈ Γ, then Γ has no irregular cusps. We now explain a
second criterion ensuring the non-existence of irregular cusps. Suppose that I ⊂ L is an isotropic
sublattice defining a 0-dimensional cusp. Consider the lattice

L(I) :=
(
I⊥/I

)
⊗ I ,

and let Γ(I)Q be the stabilizer of I in O+(L ⊗ Q). For m ⊗ l ∈ L(I)Q, the Eichler transvection
Em⊗l ∈ Γ(I)Q is defined by

Em⊗l(v) = v − (m̃, v)l + (l, v)m̃− 1
2(m,m)(l, v)l

for any v ∈ LQ, where m̃ ∈ I⊥Q is an arbitrary lift of m ∈
(
I⊥/I

)
Q; see [Eic74, Sca87]. The

construction induces a canonical isomorphism

L(I)Q −→ U(I)Q ⊂ Γ(I)Q , m⊗ l 7−→ Em⊗l . (2.8)

Proposition 2.5 ([Ma24, Proposition 3.1]). The 0-dimensional cusp I is irregular for Γ ⊂ O+(L)
if and only if −Id ̸∈ Γ and −Ew ∈ Γ ∩ Γ(I)Q for some w ∈ L(I)Q.

In Section 5, we use [Ma24, Proposition 1.1] together with Propositions 2.2 and 2.5 to rule
out the existence of irregular cusps in the cases we consider.

2.4 The Borcherds modular form and quasi-pullback

Cusp forms of low weight are rare in nature. As in [GHS07, GHS10, GHS11, TV19], we produce
the necessary cusp form to apply Theorem 2.3 by using the Borcherds form found in [Bor95]:

Φ12 ∈M12

(
O+(II2,26), det

)
,

where II2,26 is the unique even unimodular lattice of signature (2, 26) given by

II2,26 := U⊕2 ⊕ E8(−1)⊕3 . (2.9)

We denote by R(II2,26) the set of (−2)-roots, and for a primitive embedding of lattices L ↪→ II2,26,
we denote by R

(
L⊥) the set of (−2)-roots in the orthogonal complement L⊥ ⊂ II2,26. Let

r ∈ R
(
L⊥), and let σr ∈ O+(II2,26) be the reflection with respect to r:

σr(v) = v − 2(v, r)

(r, r)
r . (2.10)
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The definition (2.6) of a modular form implies that for any Z in the σr-invariant hyperplane

Hr := r⊥ ∩ Ω•(II2,26) ⊂ II2,26 ⊗ C ,

one has Φ12(Z) = −Φ12(Z). In particular, Φ12(Z) vanishes along Hr. Furthermore, Φ12 vanishes
only at the union of all Hr with r ∈ R(II2,26), and the vanishing multiplicity is 1; see [Bor95,
Section 10, Example 2] and [BKPS98]. Note that Hr = H−r and the image of the induced embed-
ding Ω•(L) → Ω•(II2,26) lands inside Hr for any ±r ∈ R

(
L⊥). To get a non-zero modular form

on Ω•(L) by means of restricting Φ12, one has to divide by the corresponding linear factors (Z, r),
one for each ±r ∈ R

(
L⊥).

We fix a choice of positive roots, that is, a subset R
(
L⊥)

>0
⊂ R

(
L⊥) such that R

(
L⊥)

>0
and

−R
(
L⊥)

>0
are disjoint and their union is all of R

(
L⊥). We call −R

(
L⊥)

>0
the set of negative

roots and denote it by R
(
L⊥)

<0
. The function on Ω•(L) defined by

F (Z) =
Φ12(Z)∏

r∈R
(
L⊥
)
>0

(Z, r)

∣∣∣∣
Ω•(L)

(2.11)

is called the quasi-pullback of Φ12 to Ω•(L). Observe that for t ∈ C∗,

F (tZ) = t−(12+|R>0|)F (Z) . (2.12)

On the other hand, the second condition of (2.6) is not always guaranteed for the full group
O+(L) and a given character χ. Let us assume that g ∈ O+(L) is the restriction of g̃ ∈ O+(II2,26).
Then g̃|L⊥ permutes the roots in R

(
L⊥), and for Z ∈ Ω•(L),∏

r∈R>0

(g(Z), r) =
∏

r∈R>0

(g̃(Z), r) =
∏

r∈R>0

(
Z, g̃−1(r)

)
= (−1)M

∏
r∈R>0

(Z, r) ,

where M is the number of sign-changing roots via g̃, that is,

M =
∣∣g̃−1(R>0) ∩R<0

∣∣ = ∣∣g̃(R>0) ∩R<0

∣∣ . (2.13)

Lemma 2.6. The quasi-pullback F of Φ12 is modular with respect to χ : Γ → C∗ for a finite-index
subgroup Γ ⊂ O+(L) if for every g ∈ Γ, there exists an extension g̃ ∈ O+(II2,26) such that

χ(g) = (−1)M · det(g̃) ,

where M is the number of sign-changing roots via g̃ in R
(
L⊥) defined in (2.13).

Proof. This follows immediately from the definitions:

F (g(Z)) =
det(g̃)Φ12(Z)

(−1)M
∏

r∈R>0
(Z, r)

= (−1)Mdet(g̃)F (Z) .

As an immediate consequence, we have the following.

Corollary 2.7. For any finite-index subgroup Γ ⊂ Õ+(L), the quasi-pullback F is modular
with respect to det : Γ → C∗.

Proof. Every element g in Γ ⊂ Õ+(L) admits an extension g̃ ∈ O+(II2,26) such that g̃ restricts
to the identity on L⊥ ⊂ II2,26; see [Nik80, Theorem 1.6.1 and Corollary 1.5.2] and also [Huy16,
Chapter 14, Proposition 2.6]. In particular, M = 0 and det(g) = det(g̃).

Provided that there are no irregular cusps for Γ ⊂ O+(L), in order to use Theorem 2.3, it is
not enough to show that the quasi-pullback F of the Borcherds modular form Φ12 is modular
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and of low weight; one also has to ensure that it vanishes at all of the cusps and along the
ramification divisor of the projection

πL : Ω(L) −→ Ω(L)/Γ .

Let us place our attention on the latter. The ramification divisor of the projection πL is given
by the union of all reflective divisors

Ram(πL) =
⋃

r∈L primitive
(r,r)<0

σr or −σr∈Γ

Dr , (2.14)

where Dr = {[Z] ∈ Ω(Λh) | (Z, r) = 0} and σr is the reflection with respect to r ∈ L; see
[GHS07, Corollary 2.13]. An element r ∈ L of negative square (r, r) < 0 such that σr or −σr
lies in Γ ⊂ O+(L) is called a reflective element for Γ. The condition ±σr ∈ Γ in general imposes
strong restrictions on the numbers (r, r) and div(r). For instance, for σr to be integral, that is,
an element in O(L), one has to have

(r, r) ∈ {div(r), 2div(r)} . (2.15)

An immediate consequence of the description of the ramification divisor in terms of reflective
divisors is the following.

Lemma 2.8. Let G ∈ Modk(Γ, det), and assume rk(L) ≡ k mod 2. Then G vanishes at Ram(πL).

Proof. Let [Z] ∈ Dr. If σr ∈ Γ, then the modularity of G for det : Γ → C∗ and the fact that
σr(Z) = Z if (Z, r) = 0 imply that we have G(Z) = G(σr(Z)) = −G(Z) and that G vanishes at
Dr. If −σr ∈ Γ, then the modularity implies

G(−Z) = G(−σr(Z)) = (−1)rk(L)+1G(Z) and G(−Z) = (−1)kG(Z) .

If rk(L) and k have the same parity, then G(Z) = −G(Z) and G vanishes at Dr.

As II2,26 is unimodular, if σr or −σr ∈ O+(II2,26), then (r, r) = ±2. Moreover, the Borcherds
form Φ12 ∈ M12(II2,26, det) vanishes with order 1 at all reflective divisors associated with (−2)-
roots r ∈ II2,26; see [Bor95, BKPS98] (see also [GHS07, Section 6]).

Proposition 2.9. Let L be an even lattice of signature (2, q) with 3 ⩽ q ⩽ 26 and L ↪→ II2,26
a primitive embedding. Assume that the quasi-pullback F of the Borcherds form Φ12 to Ω(L)
is modular with character det : Γ → C∗. Let Lr = r⊥ ⊂ L be the orthogonal complement of
a reflective element r ∈ L, and consider the induced primitive embedding Lr ↪→ II2,26. If for
every reflective element r ∈ L, we have∣∣R(L⊥)∣∣ < ∣∣R(L⊥

r

)∣∣ ,
then F vanishes along the ramification divisor of the modular projection πL : Ω(L) → Ω(L)/Γ.

Proof. The components of the ramification divisor (2.14) are given by reflective divisors

Dr = {[Z] ∈ Ω(L) | (Z, r) = 0} ∼= Ω(Lr) ⊂ Ω(L) , (2.16)

where (r, r) < 0 and σr or −σr ∈ Γ. If σr ∈ Γ, then the modularity of F with respect to det gives
us the vanishing we want. So assume −σr ∈ Γ. Recall that for any primitive (2, q)-sublattice
S ⊂ II2,26, the Borcherds form Φ12 vanishes at Ω(S) ⊂ Ω(II2,26) with order

∣∣R(S⊥)∣∣/2. In
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particular, the order of vanishing of Φ12 at Dr is
∣∣R(L⊥

r

)∣∣/2, and by construction (2.11), the
quasi-pullback F vanishes at Dr with order

ordDr(F ) =

∣∣R(L⊥
r

)∣∣− ∣∣R(L⊥)∣∣
2

> 0 .

2.5 Monodromy groups, moduli spaces, and components

Let X be a projective hyperkähler manifold X. The second cohomology group H2(X,Z) comes
endowed with a lattice structure induced by a quadratic form qX known as the Beauville–
Bogomolov–Fujiki form. From now on, we focus on those X of OG10- or K3[n]-type. In these
cases, the lattice H2(X,Z) is isomorphic to

Λ = U⊕3 ⊕ E8(−1)⊕2 ⊕ L , (2.17)

where L = A2(−1) if X is of OG10-type and L = ⟨−2(n − 1)⟩ if X is of K3[n]-type. We call an
isomorphism η : H2(X,Z) → Λ a marking . Let H be a polarization on X with first Chern class
h ∈ H2(X,Z) that we assume to be primitive. The O(Λ)-orbit of η(h) is called a polarization type;
it is by definition independent of the marking. We denote the polarization type of h by h. There
is a moduli space MΛ,h parametrizing pairs (X,H), where X is a projective hyperkähler variety
as above, H is a primitive polarization, H2(X,Z) ∼= Λ, and the O(Λ)-orbit of η(c1(H)) is h for
any marking η; see [Vie95]. The degree 2d and divisibility γ are constant for any polarization of
a given polarization type, but there may be more than one polarization type for the same pair
(deg,div) = (2d, γ). We denote by Mγ

K3[n],2d
the union of all moduli spaces

Mγ

K3[n],2d
=

⋃
deg(h)=2d
div(h)=γ

MΛ,h , (2.18)

where Λ is the K3[n] lattice defined in (2.17). The definition of Mγ
OG10,2d is analogous. Note

that for each polarization type h, the moduli space MΛ,h may have several components. In the
OG10 case, after fixing 2d and γ, there is at most one polarization type [Son23, Proposition 3.6],
and by [Ono22b, Ono22a], the moduli spaces Mγ

OG10,2d are irreducible; see also [Son23, Propo-
sition 3.4].

Let h ∈ H2(X,Z) be the first Chern class of a primitive polarization on X of degree given
by qX(h) = 2d. Recall the following classical result [GHS11, Lemma 3.3] known as Eichler’s
criterion.

Theorem 2.10. Let L be an even lattice containing two copies of the hyperbolic lattice U . Two
primitive elements h, h′ are in the same Õ(L)-orbit if and only if they have the same square
(h, h) = (h′, h′) and the same class h∗ = h′∗ in D(L).

In particular, two primitive elements h, h′ ∈ Λ with the same degree and discriminant class
define the same polarization type. In light of the criterion, if X is of K3[n]-type, we can always
assume h = γ(e+ tf)− aℓ for appropriate t and a, where {e, f} is the standard basis of a copy
of U , ℓ is the generator of the last factor ⟨−2(n− 1)⟩, and γ is the divisibility of h. Similarly, if
X is of OG10-type, we can choose h of the form h = γ(e + tf) + v with v = 0 or v a primitive
element in A2(−1). We will make these choices explicit later on.
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Let (X,H) be a primitively polarized hyperkähler variety of K3[n]- or OG10-type. After fixing
a marking η for (X,H), the group of monodromy operators acting on Λ fixing h is denoted by
Mon2(Λ, h) = η ◦Mon2(X,h) ◦ η−1. In both cases, we have

Mon2(X,h) = Ô+(Λ, h) ; (2.19)

see [Mar11, Ono22b]. In particular, the definition does not depend on the choice of (X,H) or η.

Note that D(Λ) = Z/3Z and Ô+(Λ) = O+(Λ) in the OG10 case. The Torelli theorem for
primitively polarized hyperkähler varieties of K3[n]- or OG10-type with polarization of fixed
divisibility γ and degree 2d reads as follows.

Theorem 2.11 ([Ver13], [Mar11, Theorem 8.4]). Let Y be an irreducible component of Mγ

K3[n],2d

or Mγ
OG10,2d. Then there exists an algebraic open embedding

Y −→ Ω(Λh)/Ô
+(Λ, h) , (2.20)

where Λh is the orthogonal complement of h in Λ and Ô+(Λ, h) acts on Ω(Λh) via the restriction
map Ô+(Λ, h) −→ O+(Λh).

In particular, (2.20) is a birational map, and the Kodaira dimension of every component Y
of the moduli space Mγ

K3[n],2d
or Mγ

OG10,2d is given by the Kodaira dimension of the modular

variety Ω(Λh)/Ô
+(Λ, h), where

Λ =

{
U⊕3 ⊕ E8(−1)⊕2 ⊕ ⟨−2(n− 1)⟩ for K3[n]-type ,

U⊕3 ⊕ E8(−1)⊕2 ⊕A2(−1) for OG10-type .
(2.21)

The map (2.20) depends not only on the polarization type, but also on the monodromy orbit of
h ∈ Λ. The number of connected components of MΛ,h is equal to the number of Mon(Λ)-orbits
in h. The number of such orbits has been computed in the K3[n] case in [Apo14a] (see also [Son23,
Proposition 3.4]). We recall the Mukai lattice

Λ̃ = U⊕4 ⊕ E8(−1)⊕2 . (2.22)

For (X,H) fixed, there is a canonical choice [Mar11, Corollary 9.5] of primitive embedding
iX : H2(X,Z) ↪→ Λ̃ up to the action of O(Λ̃). The number of connected components of MΛ,h

is the number of isometries of a rank 2 lattice T fixing iX(h), where T is the saturation in Λ̃

of iX(h) ⊕ iX
(
H2(X,Z)

)⊥
. This has discriminant 4d(n− 1)/γ2, and h⊥T = ⟨ℓ⟩ with (ℓ, ℓ) =

−2(n− 1). Moreover, the isomorphism class of the modular variety in the target of (2.20) does
not depend on the monodromy orbit, but only on the polarization type. This in particular means
that any two components of MΛ,h are birational.

2.6 Sums of squares

The representability of a positive integer by a quadratic form is a very classical problem and
essential in many of our arguments. It was already known to Gauss that a positive integer n can
be expressed as a sum of three squares if and only if n is not of the form 4k · u with u ≡ −1
mod 8; see [Iwa97, Chapter 11]. In this paper, we make use of several finer representability results
due to Halter-Koch [Hal82].

Theorem 2.12 ([Hal82, Korollar 1]). Let n be a positive integer such that n ̸≡ 0, 4, 7 mod 8.
Then n can be expressed as a sum of three positive coprime squares if and only if

n /∈ {1, 2, 5, 10, 13, 25, 37, 58, 85, 130, ⋆} ,
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where ⋆ is a number that is at least 5 · 1010 whose existence is unknown. Moreover, n can be
expressed as a sum of three pairwise distinct coprime squares if and only if

n /∈
{

1, 2, 3, 6, 9, 11, 18, 19, 22, 27, 33, 43, 51,
57, 67, 99, 102, 123, 163, 177, 187, 267, 627, ⋆

}
.

An immediate consequence of this theorem that will be used later is the following.

Corollary 2.13. Let n be a positive even integer. Then either n or n− 2 can be expressed as
the sum of three pairwise distinct coprime squares, with the exception of

n ∈ {2, 4, 6, 8, 18, 20, 22, 24, 102, 104, ⋆, ⋆+ 2} .

As for quadratic forms of rank 4, every positive integer can be expressed as the sum of four
squares. In the case of primitive representations of odd numbers, we have the following.

Theorem 2.14 ([Hal82, Satz 3]). An odd number n ∈ N can be expressed as the sum of four
pairwise distinct positive coprime squares if and only if

n /∈
{

1, . . . , 37, 41, 43, 45, 47, 49, 55, 59, 61,
67, 69, 73, 77, 83, 89, 97, 101, 103, 115, 157

}
.

Checking by hand the n listed as exceptions in the above theorem, one concludes as follows.

Corollary 2.15. Every odd number n can be expressed as a sum of four positive coprime
squares, with the exception of n ∈ {1, 3, 5, 9, 11, 17, 29, 41}. The numbers 9, 11, 17, 29, 41 can be
expressed as sums of three positive coprime squares.

Combining Theorem 2.12 and Corollary 2.15 then yields the following.

Corollary 2.16. Any integer n ⩾ 3 with n ̸= 5 such that n ̸≡ 0 mod 4 can be written as a
sum of four coprime squares at most one of which is zero.

3. Monodromy, period domains, and ramification for K3[n]-type

Let X be a hyperkähler variety of K3[n]-type. Recall that the Beauville–Bogomolov–Fujiki lattice
H2(X,Z) is isometric to

Λ = U⊕3 ⊕ E8(−1)⊕2 ⊕ Zℓ ,
where (ℓ, ℓ) = −2(n − 1), and for a fixed primitive element of positive square h ∈ Λ, the mon-
odromy group acting on Ω(Λh) is given by the restriction to Λh of

Mon2(Λ, h) = Ô+(Λ, h) .

Recall moreover that div(h) = γ divides gcd(2d, 2(n− 1)).

Proposition 3.1. The moduli space Mγ

K3[n],2d
is non-empty if and only if there exists an a ∈ Z

coprime to γ such that

2d

γ
≡ −2(n− 1)

γ
a2 (mod 2γ) . (3.1)

In particular, once n and γ are fixed, the degree 2d of any class h in a polarization type h for
which the corresponding moduli space Mh is non-empty must satisfy

d = γ2t− (n− 1)a2 (3.2)

for some (t, a) with a coprime with γ.
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Remark 3.2. Once a triple (n, γ, a) is fixed, d and t determine each other. In view of our lattice
computations, it will be easier to keep track of t instead of d.

Proof of Proposition 3.1. First, assume Mγ

K3[n],2d
̸= ∅. Suppose (X,H) ∈ Mγ

K3[n],2d
and that

η : H2(Λ,Z) → Λ is a marking, and let h = η(c1(H)). Write h = αx − aℓ, with x primitive in
U⊕3 ⊕ E8(−1)⊕2. Unimodularity implies div(x) = 1 and (ℓ,Λ) = 2(n − 1)Z. We are under the
assumption

div(h) = γ = gcd(α, 2a(n− 1)) = gcd(α, 2(n− 1)) ,

the last inequality following from the fact that h is primitive and thus α and a are coprime. Take
t, d′, k, α′ such that 2t = (x, x), 2d = γd′, 2(n− 1) = γk, and α = γα′. By hypothesis, we have
2d = (αx− aℓ)2 = 2tα2 − 2(n− 1)a2, so d′ ≡ −ka2 (mod 2γ).

Conversely, let a ∈ Z be an integer coprime to γ and satisfying equation (3.1). Then for some
integer t, one has 2d = 2tγ2 − 2(n− 1)a2. Note that h = γ(e+ tf)− aℓ is a primitive element of
divisibility γ and degree 2d. Let

Ωmarked =
{
[ω] ∈ P(Λ⊗ C) | (w,w) = 0 and (ω, ω) > 0

}
be the period domain for marked hyperkähler varieties. By choosing [ω] ∈ Ωmarked very general
in the hyperplane P

(
h⊥ ⊗ C

)
∩ Ωmarked, one concludes that the only integral point in ω⊥ is h.

Then, the surjectivity of the period map for marked hyperkähler varieties [Huy99] implies that
there is a marked hyperkähler variety (X, η) such that η(Pic(X)) = hZ. Since h2 > 0, up to a
sign, the class H = η−1(h) ∈ Pic(X) is ample of degree 2d. In particular, (X,H) ∈ Mγ

K3[n],2d
.

Remark 3.3. When γ = 1, we can fix a = 0 so that t = d. In this case, the moduli space Mγ

K3[n],2d

is never empty. This is the only divisibility with this property. When γ = 2, we can take a = 1,
and then Mγ

K3[n],2d
is non-empty if and only if d ≡ −(n − 1) mod 4, that is, d = 4t − (n − 1)

for some t > (n− 1)/4.

Lemma 3.4. For all h ∈ Λ primitive of positive square and divisibility γ, there exist a, t, with a
coprime to γ, such that γ(e+ tf)− aℓ lies in the Õ(Λ)-orbit of h, where {e, f} are the standard
generators of the first copy of U in Λ.

Proof. Let (h, h) = 2d and h = αx − aℓ as in the proof of Proposition 3.1. In particular, γ
divides α and a is coprime to γ. Write h′ = γ(e+ tf)− aℓ, where t = (d+ (n− 1)a2)/γ2. Then
(h′, h′) = (h, h), and in D(Λ), we have

h∗ =
h

γ
≡ −aℓ

γ
= −2a(n− 1)

γ
ℓ∗ = h′∗ .

It follows from Theorem 2.10 that h and h′ are in the same Õ(Λ)-orbit.

Proposition 3.5. The connected components of Mγ

K3[n],2d
are in one-to-one correspondence

with the a ∈
{
0, . . . , ⌊γ/2⌋

}
coprime with γ satisfying (3.1) (note that a = 0 if and only if

γ = 1).

Proof. The moduli space Mγ

K3[n],2d
is a disjoint union of moduli spaces with fixed polarization

type h as in (2.18), each of which has a connected component for every Ô(Λ)-orbit in h; see [Son23,
Proposition 3.4]. Hence, the connected components of Mγ

K3[n],2d
are in one-to-one correspondence

with the Ô(Λ)-orbits of all primitive h ∈ Λ with square 2d and divisibility γ. Since the map (2.1) is
surjective, the proof of Lemma 3.4 shows that classes h = γ(e+ tf)−aℓ and h′ = γ(e+ t′f)− a′ℓ

122



Kodaira dimension of moduli of HK varieties

with the same square 2d are in the same Ô(Λ)-orbit if and only if h∗ = −a(2(n− 1)/γ)ℓ∗ equals
±h′∗ = ±(−a′(2(n− 1)/γ)ℓ∗) in D(Λ). This holds if and only if a ≡ ±a′ mod γ.

We will denote the connected component corresponding to a by Mγ,a

K3[n],2d
.

Remark 3.6. Using [Son23, Lemma 3.2], one sees that in Proposition 3.5, two such integers a
give rise to the same polarization type h if and only if the corresponding discriminant classes h∗
and h′∗ are related via O(D(Λ)).

By Lemma 3.4, the orthogonal complement of h in Λ is given by

Λh = U⊕2 ⊕ E8(−1)⊕2 ⊕Qh(−1) ,

where Qh(−1) is generated by

z1 =
2a(n− 1)

γ
f − ℓ and z2 = e− tf . (3.3)

In particular, the Gram matrix of Qh is

Qh =

(
2(n− 1) −2a(n−1)

γ

−2a(n−1)
γ 2t

)
. (3.4)

Moreover, by equation (3.2) we have

|D(Λh)| = |D(Qh)| =
4d(n− 1)

γ2
. (3.5)

Recall, see (2.19), that the monodromy group in the polarized K3[n] case is given by Ô+(Λ, h).

Lemma 3.7. Let n ⩾ 2 and h ∈ Λ be a primitive element of positive square. Then the index of
Õ(Λ, h) ⊂ Ô(Λ, h) is given by[

Ô(Λ, h) : Õ(Λ, h)
]
=

{
1 if n = 2 or div(h) ⩾ 3 ,

2 otherwise .
(3.6)

The same holds for
[
Ô+(Λ, h) : Õ+(Λ, h)

]
. Moreover, when γ ∈ {1, 2} and n ⩾ 3, the group

Ô+(Λ, h) is generated by Õ+(Λh) and the restriction to Λh of the reflection σz1 ∈ O(Λ) with
respect to z1 defined in equation (3.3).

Proof. Note that [
Ô(Λ) : Õ(Λ)

]
= |{±IdD(Λ)}| ⩽ 2 (3.7)

and equality holds when n ⩾ 3. In particular,[
Ô(Λ, h) : Õ(Λ, h)

]
⩽ 2 . (3.8)

By Lemma 3.4, we can assume h = γ(e+ tf)− aℓ. Suppose that there exists a g ∈ O(Λ, h) such
that g=− IdD(Λ). Write

g(x) = u+ rℓ and g(ℓ) = u′ + sℓ

for some integers r, s and u, u′ ∈ ℓ⊥. The condition

h = g(h) = γu+ au′ + (γr + as)ℓ

implies that a(s − 1) = −γr. Since γ and a are coprime, it follows that γ divides s − 1. Now
sℓ∗ = g(ℓ∗) = −ℓ∗ implies that s ≡ −1 mod 2(n− 1), so γ must divide s− 1 = 2(n− 1)k− 2 for
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some k ∈ Z. Since γ divides 2(n−1), it follows that γ divides 2. This shows that Ô(Λ, h) = Õ(Λ, h)
when γ ⩾ 3, proving the first statement of the lemma. To finish, we assume that γ is 1 or 2.
By (3.8), it is enough to exhibit an element in Ô(Λ, h) not acting as the identity on D(Λ). Let
σz1 : Λ⊗Q → Λ⊗Q be the reflection (see (2.10)) with respect to z1. Concretely, σz1 is given by

e 7−→ e+

(
2

γ

)2

a2(n− 1)f − 2

γ
aℓ , f 7−→ f , ℓ 7−→ 4

γ
a(n− 1)f − ℓ (3.9)

and is the identity on (U ⊕ ⟨ℓ⟩)⊥ ⊗Q. One checks [Mar11, Proposition 9.12] that σz1 ∈ Ô(Λ, h)
and σz1(ℓ∗) = −ℓ∗ if and only if γ ∈ {1, 2}. As σz1 is a reflection with respect to a negative-square
primitive element, it preserves orientation; see [Mar11, Section 9].

Lemma 3.7 and the following generalization of [GHS10, Proposition 3.12(i)] will yield the
modularity of the quasi-pullback when n = 2 or γ ⩾ 3 (see Corollary 2.7).

Proposition 3.8. In the above setting, the restriction map O(Λ, h) → O(Λh) induces an iso-
morphism Õ(Λ, h) ∼= Õ(Λh).

Proof. First observe that D(Λh) = D(Qh(−1)). Consider the following elements in Qh(−1)⊗Q:

u =
γ

2d
(az1 + γz2) and v =

γ2

2d(n− 1)

(
tz1 + a

n− 1

γ
z2

)
.

From (3.2) and (3.4) one checks that

(u, z1) = (v, z2) = 0 and (v, z1) = (u, z2) = −1 .

In particular, {u, v} forms a basis of Qh(−1)∨, and {u∗, v∗} generates the discriminant group
D(Qh(−1)).

Now, since the inclusion Õ(Λh) ⊂ Õ(Λ, h) holds by Lemma 2.1, for the proposition we just
need to show the reverse inclusion. So, let g ∈ Õ(Λ, h), acting on Λh via restriction. We have to
show that g|Λh

is in Õ(Λh), meaning that

g(u) ≡ u and g(v) ≡ v mod Λh . (3.10)

From (3.2) it follows that u, v ∈ Λ⊗Q can be expressed as

u =
γ

2d
h− f and v =

a

2d
h− 1

2(n− 1)
ℓ . (3.11)

Since g(h) = h and g(ℓ∗) = ℓ∗ in D(Λ), one has g(v) = v + w with w ∈ Λ. Moreover, we have

0 = (h, v) = (h, g(v)) = (h,w) .

Thus, w ∈ Λh and g(v) ≡ v mod Λh. For the first congruence in (3.10), observe that we have
[Λ : Λh ⊕ ⟨h⟩] = 2d/γ; see [Huy16, Chapter 14, equation (0.2)] and (3.5). Moreover, f generates
the group H = Λ/(Λh ⊕ ⟨h⟩). Indeed,

2d

γ
f = −az1 − γz2 + h ∈ Λh ⊕ ⟨h⟩

is primitive in Λh ⊕ ⟨h⟩. In particular, the order of the image f of f in the quotient H is
exactly 2d/γ. Recall, see (2.5), that π1 : H → D(Λh) and π2 : H → D(⟨h⟩) are injective and
every element in H can be written uniquely as a sum of an element in π1(H) and one in π2(H).
From the first equation in (3.11), one observes that f = −u+ γh∗, where

π1(f) = −u ∈ D(Λh) and π2(f) = γh∗ ∈ D (⟨h⟩) .
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In particular, π1(H) is generated by u. Finally, by [Nik80, Corollary 1.5.2] (see also [GHS10,
Lemma 3.2]), the image g of g in O (D(Λh)) acts as the identity on π1(H) = ⟨u⟩. This shows the
first congruence in (3.10); thus we have the inclusion Õ(Λ, h) ⊂ Õ(Λh).

We next explain an interesting phenomenon known as strange duality . It was first observed
by Apostolov in [Apo14b, Proposition 3.2] in the case γ ∈ {1, 2} and d = 1, and then generalized
to γ ∈ {1, 2} and d > 1 by Song; see [Deb22, Remark 3.24]. As a consequence of Lemma 3.7
and Proposition 3.8, one can generalize strange duality to all triples (n, d, γ) such that the
corresponding moduli space Mγ

K3[n],2d
is non-empty. For completeness, we prove the result for

all γ ⩾ 1. In Section 6, we will make use of strange duality to propagate general-type results.

Proposition 3.9 (Strange duality). Let (n, d, γ) be a triple such thatMγ

K3[n],2d
is non-empty (see

Proposition 3.1). There is a natural bijection between the connected components of Mγ

K3[n],2d

and those of Mγ

K3[d+1],2(n−1)
such that each component of Mγ

K3[n],2d
is birational to the corre-

sponding component of Mγ

K3[d+1],2(n−1)
.

Proof. To prove the non-emptiness of Mγ

K3[d+1],2(n−1)
, consider an a ∈ Z such that (3.1) holds.

Since gcd(a, γ) = 1, there exist z, a′ ∈ Z such that aa′ = 1 + zγ. Then (3.2) yields

2(n− 1)

γ
= 2γ

(
t(a′)2 − 2(n− 1)

γ
(2z + z2γ)

)
− 2d

γ
(a′)2 .

Let t′ = t(a′)2−(2(n− 1)/γ)(2z+z2γ); then (3.2) holds for a′, t′, d′ = n−1 and n′ = d+1. In fact,
there is a unique a′ ∈

{
0, . . . , ⌊γ/2⌋

}
such that ±a′a ≡ 1 mod γ. Hence by Proposition 3.5,

the map sending Mγ,a

K3[n],2d
to Mγ,a′

K3[d+1],2(n−1)
is a bijection between the sets of components.

Let h ∈ Λ be as in Lemma 3.4. Likewise, let Λ′ = U⊕3 ⊕ E8(−1)⊕2 ⊕ Zℓ′ with (ℓ′, ℓ′) =
−2(n′ − 1) = −2d, and let h′ = γ(e + t′f) − a′ℓ′ ∈ Λ′. To prove that the two corresponding
components of the moduli spaces are birational, by Theorem 2.11 it suffices to provide an isometry
Λh → (Λ′)h′ that identifies the projectivization PÔ+(Λ, h) with PÔ+(Λ′, h′). Let Qh be as
in (3.4), with generators {z1, z2}. Analogously, define Qh′ so that the orthogonal complement
of h′ in Λ is given by Λh′ = U⊕2 ⊕ E8(−1)⊕2 ⊕ Qh′(−1), so Qh′ has generators {z′1, z′2} with
respect to which the Gram matrix is

Qh′ =

(
2d −2a′d

γ

−2a′d
γ 2t′

)
.

One checks that the map Qh → Qh′ sending z1 to a′z′1 + γz′2 and z2 to −(zz′1 + az′2) is an

isomorphism of lattices. The induced isometry α : Λh → (Λ′)h′ identifies Õ(Λh) with Õ((Λ′)h′),
which completes the proof when γ ⩾ 3.

For γ ∈ {1, 2}, first assume n > 2 and d > 1. For γ = 1, we have (a, a′, z) = (0, 0, 1); for
γ = 2, we have (a, a′, z) = (1, 1, 0). In both cases, α(z1) ∈ Qh′ is orthogonal to z′1; hence, we

have σz′1 = −σα(z1). It follows from Lemma 3.7 that α identifies PÔ+(Λ, h) with PÔ+(Λ′, h′).

Finally, for γ ∈ {1, 2} and n = 2 (or, analogously, d = 1), we have Ô+(Λ, h) = Õ+(Λh) and
Ô+(Λ′, h′)/Õ+((Λ′)h′) = {± Id}, so again, α identifies PÔ+(Λ, h) with PÔ+(Λ′, h′).

Given a primitive embedding Λh ↪→ II2,26, the quasi-pullback F of the Borcherds form Φ12

vanishes along the ramification divisor of the modular projection Ω(Λh) → Ω(Λh)/Õ
+(Λh) if for

every reflective element r ∈ Λh for which −σr ∈ Õ+(Λh), there is a root in II2,26 orthogonal to
(Λh)r but not to all of Λh; see Proposition 2.9.
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Proposition 3.10. Let Qh ↪→ E8 be a primitive embedding such that the number of 2-roots
in the orthogonal complement is bounded by

∣∣R(Q⊥
h

)∣∣ ⩽ 54. Then the quasi-pullback F of the
Borcherds form Φ12 to Ω(Λh) with respect to the induced embedding Ω(Λh) ↪→ Ω(II2,26) vanishes

along the ramification divisor of the modular projection Ω(Λh) → Ω(Λh)/Õ
+(Λh).

Proof. Let r ∈ Λh be a reflective element such that σr or −σr lies in Õ+(Λh). If σr ∈ Õ+(Λh),
the modularity of F (see Corollary 2.7) implies that F (Z) = −F (Z) for all Z ∈ Ω•(Λh) such that
[Z] ∈ Dr. In particular, F vanishes along Dr. We now assume −σr ∈ Õ(Λh). Then by [GHS07,
Proposition 3.2], one must have

D(Λh) ∼= D(Qh) ∼= (Z/2Z)m × Z/DZ ,

where m = 0 or m = 1 depending on whether D(Qh) is cyclic or not and

D =
disc(Λh)

2m
=

disc(Qh)

2m
=

4d(n− 1)

2mγ2
.

Moreover, the possibilities for (r, r) < 0 and div(r) are

(i) (r, r) = −2D and div(r) = D,

(ii) (r, r) = −D and div(r) = D, or

(iii) (r, r) = −D and div(r) = D/2.

Therefore,

disc((Λh)r) =

∣∣∣∣(r, r) · disc(Λh)

div(r)2

∣∣∣∣ ∈ {2, 4, 8} ;

see [GHS13, Lemma 7.2]. Since II2,26 is unimodular, the orthogonal complement (Λh)
⊥
r of (Λh)r

in II2,26 has rank 7 and discriminant 2, 4, or 8. By [CS88, Table 1], it contains one of the root
systems E6, E7, D6, D7, or A7. In particular, |R((Λh)

⊥
r )| ⩾ |R(A7)| = 56, and F must vanish

with order at least 1 along Dr; see Proposition 2.9.

Finally, our main proposition before going into lattice embeddings and root counting is the
following.

Proposition 3.11. Let n, d, γ, and a be positive integers satisfying the hypothesis of Proposi-
tion 3.1. Assume further that

d(n− 1)

γ2
> 4 .

If there exists a primitive embeddingQh ⊂ E8 such that the number of roots
∣∣R(Q⊥

h

)∣∣ inQ⊥
h ⊂ E8

is at least 2 and at most 14 (respectively, 16), then the modular variety

Ω(Λh)/Õ
+(Λh)

is of general type (respectively, non-negative Kodaira dimension). In particular, if n = 2 or γ ⩾ 3
and such an embedding exists, then the component of the moduli space Mγ

K3[n],2d
corresponding

to a (see Proposition 3.5) is of general type (respectively, non-negative Kodaira dimension).

Proof. Let Ω(Λh) ⊂ Ω(I2,26) be the induced embedding of period domains and F the correspond-
ing quasi-pullback of the Borcherds form Φ12 ∈M12(O

+(II2,26),det). Then Corollary 2.7 implies

that F ∈ Modk
(
Õ+(Λh),det

)
, with weight k = 12+ |R(Qh)|/2; see (2.12). Moreover, F is a cusp

form that vanishes along the ramification divisor of the projection Ω(Λh) → Ω(Λh)/Õ
+(Λh); see

126



Kodaira dimension of moduli of HK varieties

Proposition 3.10 and [GHS13, Corollary 8.12]. Recall, see (3.5), that the discriminant group of
Λh has order

disc(Λh) =
4d(n− 1)

γ2

and the minimal number of generators is at most two. From [Ma24, Proposition 4.4], one con-
cludes that if 4d(n− 1)/γ2 > 16, then Õ+(Λh) has no irregular cusps. Lemma 3.7 and Proposi-
tion 3.8 imply Ô+(Λ, h) ∼= Õ+(Λh). The proposition now follows from Theorems 2.3 and 2.11.

4. Kodaira dimension for K3[n]-type with divisibility at least 3

4.1 Rank 2 primitive embeddings and root counting

We start with a numerical lemma.

Lemma 4.1. Let C ∈ Z and m1, m2, m3 be pairwise distinct non-negative integers. There is at
most one choice of signs in front of m1, m2, m3 with an even number of + signs such that

C = ±m1 ±m2 ±m3 .

The same holds for an odd number of + signs.

Proof. Suppose that there are two choices of signs both with an even number of + signs such
that C = ±m1 ±m2 ±m3. Then the two equations must differ by two signs. Hence subtracting
the two equations and dividing by ±2 yields an equation of the form

0 = mi ±mj

for some 1 ⩽ i < j ⩽ 3. However, this is impossible since mi and mj are assumed non-negative
and distinct. The argument when the number of + signs is odd is analogous.

A similar analysis shows the following.

Lemma 4.2. Let C, m1, m2, m3 be non-negative integers with C ⩾ 1 and m1 > m2 > m3 ⩾ 0.
Then there are at most three choices of signs such that

m1 ±m2 ±m3 ± C ± C = 0 . (4.1)

We now place ourselves in the following general situation. Let Q be a rank 2 even positive-
definite lattice having Gram matrix (

M N
N P

)
(4.2)

for some basis {z1, z2}. In the interest of applying Proposition 3.11, our goal will be to show that
under certain assumptions on M , N , and P , one can primitively embed Q in E8 in such a way
that the number of roots in E8 orthogonal to Q is between 2 and 14. We start with a lemma.
We view E8 as a sublattice of

(
1
2Z
)⊕8

; see Section 2.1.

Lemma 4.3. Let x = α1e1 + · · · + α8e8 be an integral vector in the lattice E8, that is, with
α1, . . . , α8 ∈ Z. Assume further that x is primitive in Z8, that is, α1, . . . , α8 are coprime. If
x = mv for some integer m and v ∈ E8 \D8, then αi is odd for all i ∈ {1, . . . , 8}.
Proof. Since v ̸∈ D8, we have v ∈ 1

2(e1 + · · ·+ e8) +D8. Writing v = 1
2(e1 + · · ·+ e8) +

∑8
i=1 yiei

with
∑8

i=1 yiei ∈ D8, we have

x =
8∑

i=1

(m
2

+myi

)
ei .
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Since α1, . . . , α8 ∈ Z, it follows that m is even. However, since v ̸∈ D8 and x ∈ Z8 is primitive,
we must have that 4 does not divide m. Hence for each i ∈ {1, . . . , 8}, we have αi = m/2 +myi,
where m/2 is odd and myi is even.

In Proposition 4.4 below, we consider solutions (x1, x2, x3) to an integral linear Diophantine
equation of the form

α1X1 + α2X2 + α3X3 = K , (4.3)

where α1, α2, α3 are fixed coprime integers exactly one of which is even. Further, we require
all the xi to be odd when K is even, and exactly one xi to be even when K is odd. In both
cases, solutions exist. If K is odd, if we put Xi = 2Yi + 1, then the odd solutions that we want
correspond to solutions of

α1Y1 + α2Y2 + α3Y3 =
1
2(K − (α1 + α2 + α3)) ,

which exist because the αi are coprime. If K is even, we can reduce to the odd case: We may
assume without loss of generality that α1 is odd; then if we put X1 = Y1 + 1, X2 = Y2, and
X3 = Y3, the solutions that we want correspond to odd solutions of

α1Y1 + α2Y2 + α3Y3 = K − α1 .

The following proposition constructs the embeddings of the lattice (4.2) into E8 needed to
apply Proposition 3.11 by making essential use of Theorem 2.12. The given embeddings will
depend on the residues of M and P modulo 4.

Proposition 4.4. Let Q be an even lattice of rank 2 with basis and Gram matrix given by (4.2).
Assume further that M > 8 and M ̸∈ {20, 24}. We fix

Ω =


0 if M ≡ 2 mod 4, M ̸∈ {18, 22, 102, ⋆} ,
1 if M ≡ 0 mod 4, M ̸∈ {104, ⋆+ 2} ,
2 if M ∈ {18, 22, 102, ⋆} ,
3 if M ∈ {104, ⋆+ 2}

and write M − 2Ω2 as a sum of three pairwise distinct coprime squares (see Theorem 2.12):

M − 2Ω2 = α2
1 + α2

2 + α2
3

with α1 > α2 > α3 ⩾ 0. Let (x1, x2, x3) be a solution to the equation

α1X1 + α2X2 + α3X3 = N − 2ΩΘ ,

where Θ = 0 if 4|P and Θ = 1 otherwise, and we require all xi to be odd when N is even
and exactly one xi to be even when N is odd. When we have α3 = 0, we set x3 = 1. Let
S = P −

(
x21 + x22 + x23

)
− 2Θ2. If S > 5 and

S ̸∈


{8} if Ω = Θ = 0 ,

{6} if Ω = 0,Θ = 1 ,

{6, 9, 18, 22, 33, 57, 102, 177, ⋆} otherwise ,

there is a primitive embedding Q ↪→ E8 such that the number of roots in the orthogonal com-
plement Q⊥ satisfies

2 ⩽ |R(Q)| ⩽ 14 .
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Proof. Begin by noting that S = P −
(
x21+x

2
2+x

3
3

)
− 2Θ2 must satisfy S ≡ 1, 2, 5, 6 mod 8. We

separate the proof into several cases depending on the values of S. We are under the assumption
S > 5.

Case 1. Assume

S ̸∈

{
{10, 13, 25, 37, 58, 85, 130, ⋆} if Ω = Θ = 0 ,

{6, 9, 18, 22, 33, 57, 102, 177, ⋆} otherwise .

Let x6 ⩾ x7 ⩾ x8 be non-negative integers such that

S = x26 + x27 + x28 ,

where if Ω = Θ = 0, we ask that x6, x7, x8 are positive and coprime, and if Θ, Ω are not both
zero, then we ask the xi to be pairwise distinct and coprime; see Theorem 2.12. Consider the
embedding Q ↪→ E8 given by z1 7→ v1, z2 7→ v2, where

v1 = α1e1 + α2e2 + α3e3 +Ωe4 +Ωe5 ,

v2 = x1e1 + x2e2 + x3e3 +Θe4 +Θe5 + x6e6 + x7e7 + x8e8 .

Note that (v1, v1) = M , (v1, v2) = N , and (v2, v2) = P . Moreover, as M and P are even, the
sums of the coefficients of each of v1 and v2 are even; hence v1 and v2 are primitive elements in
D8 ⊂ Z8. In order to check the primitivity of the embedding, assume that there exist coprime
integers r, s such that

rv1 + sv2 = mv

is a multiple of an element v ∈ E8. If v ∈ D8, then m divides sx6, sx7, and sx8. Since x6, x7, x8
are coprime, it follows that m divides s. Similarly, m must divide rαi + sxi for i ∈ {1, 2, 3}, and
as α1, α2, α3 are coprime, it follows that m divides r. But r and s are assumed to be coprime;
thus m = ±1. If v ∈ E8 \D8, since neither M nor S is congruent to 3 modulo 8, we know that
at least one αi and one of x6, x7, x8 must be even. Primitivity then follows from Lemma 4.3.

We now count the roots in Q⊥. If Ω = Θ = 0, one observes that the integral roots are

(i) ±e4 ± e5,
(ii) ±(e3 − ej) for j ∈ {6, 7, 8} if α3 = 0 and 1 = xj ,
(iii) ±(ei − ej) for 6 ⩽ i < j ⩽ 8 if xi = xj .

Note that since S ̸= 3, there are at most 4 roots of type (ii), and since x6, x7, x8 are coprime, there
are at most 2 roots of type (iii). Hence there are between 4 and 10 integral roots in Q⊥ ⊂ E8.
Moreover, if α3 ̸= 0, there are at most 6 integral roots.

If Ω and Θ are not both 0, the integral roots in Q⊥ are

(i) ±(e4 − e5),
(ii) ±(ek − ei) for k ∈ {1, 2, 3} and i ∈ {4, 5} if αk = Ω and xk = Θ,
(iii) ±(e3 − ej) for j ∈ {6, 7, 8} if α3 = 0 and xj = 1,
(iv) ±(ei − ej) for i = 4, 5 and j ∈ {6, 7, 8} if Ω = 0 and Θ = xj .

Note that since α1, α2, α3 are distinct, there are at most 4 roots of type (ii). Since x6, x7,
x8 are distinct, there are at most 2 roots of type (iii) and 4 of type (iv). Therefore, in this case
there are between 2 and 12 integral roots in Q⊥. Moreover, if α3 ̸= 0, the number of integral
roots is at most 6 (since in this case (ii) and (iv) cannot happen simultaneously), and if Ω ̸= 0,
the number of integral roots is at most 8.

Next, we count the fractional roots in Q⊥. Suppose that

w = 1
2(±e1 ± e2 ± e3 ± e4 ± e5 ± e6 ± e7 ± e8) (4.4)
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is a fractional root in Q⊥. So, the number of + signs in (4.4) is even. Since (w, v1) = 0, we must
have a choice of signs such that

α1 ± α2 ± α3 ± Ω± Ω = 0 . (4.5)

Let C be the sum x1±x2±x3±Θ±Θ for the same choice of signs as in (4.5). Then as (w, v2) = 0,
we have

C = ±x6 ± x7 ± x8 , (4.6)

where the numbers of + signs in (4.6) and (4.5) have opposite parities. If Ω = Θ = 0, then x6,
x7, x8 are all positive and not necessarily distinct. Begin by noting that since α1 > α2 > α3 and
Ω = 0, the only way for an equation of the form (4.5) to hold is if α1 = α2+α3, so the first three
signs in w are ±(e1 − e2 − e3). Moreover, since α1, α2, α3 are distinct, this can only happen if
α3 ̸= 0. Hence when Ω = Θ = 0, if there are fractional roots, there are at most 6 integral roots.

Note moreover that in the case Ω = Θ = 0, if there are two choices of signs differing by
one sign such that (4.6) holds, then subtracting the two equations will yield 0 = ±2xi for some
i ∈ {6, 7, 8}. But this is impossible since x6, x7, x8 are assumed to be non-zero.

If there are two choices of signs differing by two signs such that (4.6) holds, then adding the
two equations yields 2xi = ±2C for some i ∈ {6, 7, 8}, and subtracting the two equations yields
2xj ± 2xk = 0 for j, k ∈ {6, 7, 8} and j, k ̸= i. Since x6, x7, and x8 are coprime and positive,
we then know that xj and xk cannot also be equal to ±C and moreover C ̸= 0. It follows that
the choices of signs such that C = ±x6 ± x7 ± x8 are precisely C = C ± (x− x). Hence possible
fractional roots in this case are of the form

w = ±1
2(e1 − e2 − e3 ± e4 ± e5 − (e6 ± (e7 − e8))) ,

where the number of + signs is even. Possible fractional roots in this case satisfy

±w = 1
2(e1 − e2 − e3 ± e4 ± e5 − (e6 ± (e7 − e8)))

= 1
2(e1 − e2 − e3 ± (e4 + e5)− e6 ± (e7 − e8)) ,

as the number of + signs on the right-hand side must be even. In particular, there are at most 8
fractional roots.

The only remaining way to have two choices of signs such that equation (4.6) holds is if the
two choices differ by three signs. In this case C = 0, so by the previous analysis, we cannot
have any additional choices of signs such that C = ±x6 ± x7 ± x8. These two choices will each
correspond to at most 4 fractional roots. We have shown that when Ω = Θ = 0, there are at
most 6 integral and 8 fractional roots; in particular,

2 ⩽ |R(Q)| ⩽ 14 .

Now consider the case where Ω and Θ are not both 0. Then x6, x7, x8 are pairwise distinct, and
by Lemma 4.1, there is at most one choice of signs such that (4.6) holds. It follows that for each
choice of signs such that (4.5) holds, there are at most 2 fractional roots in Q⊥ (of the form ±w).
However, by Lemma 4.2, there are at most three choices of signs such that equation (4.5) holds.
Hence there are at most 6 fractional roots in Q⊥.

Note moreover that when Ω ̸= 0, there are at most 8 integral roots in Q⊥, so the total number
of roots in Q⊥ is between 2 and 14. If Ω = 0 and Θ ̸= 0, then as α1 > α2 > α3, the only way to
have equation (4.5) hold is if α1 = α2 + α3, meaning in particular that α3 ̸= 0. It follows that
if Ω = 0, Θ ̸= 0, and there are fractional roots, then there are most 6 integral roots. Hence the
total number of roots is between 2 and 12.
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Case 2. Assume Ω = 0 and

S ∈

{
{13, 25, 37, 58, 85, 130, ⋆} if Θ = 0 ,

{33, 57, 102, 177, ⋆} if Θ = 1 .

We fix Ξ = 2 if Θ = 0 and Ξ = 3 if Θ = 1. Observe that R := S + 2Θ− 2Ξ2 can be written
as a sum of three different coprime squares, R = y26 + y27 + y28, where without loss of generality
y6 > y7 > y8. Note, moreover, that R ≡ S mod 8; thus in particular, R is not congruent to 3
modulo 8. Hence one of y6, y7, y8 must be even. In this case, consider the embedding Q⊥ ⊂ E8

given by z1 7→ v1 and z2 7→ v2, where

v1 = α1e1 + α2e2 + α3e3 ,

v2 = x1e1 + x2e2 + x3e3 + Ξe4 + Ξe5 + y6e6 + y7e7 + y8e8 .

As with the previous case, note that the vi are in D8. From

gcd(α1, α2, α3) = gcd(y6, y7, y8) = 1

together with the fact that one of the αj and one of the yj must be even, we see that the
embedding is primitive; see Lemma 4.3.

The integral roots for the above embedding are the same as those listed for the previous
embedding in the case where Ω and Θ are not both 0. Thus there are between 2 and 12 integral
roots in Q⊥, with at most 6 integral roots when α3 ̸= 0. The analysis of the fractional roots
is also the same as in the previous case where Ω and Θ are not both 0. In particular, because
Ω = 0, in order to have fractional roots, we must have α3 ̸= 0, and there are at most 6 fractional
roots. Since in this case, there are at most 6 integral roots, it follows that the total number of
roots is between 2 and 12.

For the next cases, we only give the embedding. The primitivity and root counting arguments
are analogous to the first two cases.

Case 3. Assume Ω = 0, Θ = 0, and S = 10. In this case, the embedding Q⊥ ⊂ E8 is
given by

z1 7−→ v1 = α1e1 + α2e2 + α3e3 ,

z2 7−→ v2 = x1e1 + x2e2 + x3e3 + e4 + e5 + 2e6 + 2e7 .

Case 4. Assume Ω = 0, Θ = 1, and S = 9. In this case, the embedding Q⊥ ⊂ E8 is
given by

z1 7−→ v1 = α1e1 + α2e2 + α3e3 ,

z2 7−→ v2 = x1e1 + x2e2 + x3e3 + 3e6 + e7 + e8 .

Case 5. Assume Ω = 0, Θ = 1, and S = 18. In this case, the embedding Q⊥ ⊂ E8 is
given by

z1 7−→ v1 = α1e1 + α2e2 + α3e3 ,

z2 7−→ v2 = x1e1 + x2e2 + x3e3 + e4 + e5 + 3e6 + 3e7 .

Case 6. Assume Ω = 0, Θ = 1, and S = 22. In this case, the embedding Q⊥ ⊂ E8 is
given by

z1 7−→ v1 = α1e1 + α2e2 + α3e3 ,

z2 7−→ v2 = x1e1 + x2e2 + x3e3 + e4 + e5 + 3e6 + 3e7 + 2e8 .

We have exhausted all cases of the proposition.
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4.2 General-type results for divisibility at least 3

If γ ⩾ 3, then combining Propositions 3.11 and 4.4 yields the following result.

Theorem 4.5. Let n, d, γ, a be positive integers satisfying the hypothesis of Proposition 3.1 such
that n ⩾ 6, n ̸∈ {11, 13}, γ ⩾ 3, and d(n− 1)/γ2 > 4. Let M = 2(n− 1), N = −a(2(n− 1)/γ),
and P = 2t. Then, in the notation of Proposition 4.4, if S > 5 and

S ̸∈


{8} if Ω = Θ = 0 ,

{6} if Ω = 0,Θ = 1 ,

{6, 9, 18, 22, 33, 57, 102, 177, ⋆} otherwise ,

the component of Mγ

K3[n],2d
corresponding to a (see Proposition 3.5) is of general type.

We spell out an example below to show that the above result can give different bounds on d
for different components of the moduli space Mγ

K3[n],2d
.

Example 4.6. Consider the moduli space M5
K3[26],2d

given by taking n = 26 and γ = 5. Then the

number M in Proposition 4.4 is 2(n− 1) = 50, and Ω = 0. Note that there are exactly two ways
to write 2(n− 1) = 50 as a sum of three distinct coprime squares:

50 = 72 + 12 + 02 = 52 + 42 + 32 .

We can take (α1, α2, α3) to be (7, 1, 0) or (5, 4, 3). The numbers N and P are, respectively, −10a
and 2t = 2d/25 + 2a2, where a ∈ {1, 2} (see (3.2)). If we consider the component M5,1

K3[26],2d
of

M5
K3[26],2d

corresponding to a = 1, we then consider odd solutions to the equations, for the two

possibilities of (α1, α2, α3), respectively

7x1 + x2 = −10 and 5x1 + 4x2 + 3x3 = −10 .

The minimal-norm solutions are then respectively

(x1, x2, x3) = (−1,−3, 1) and (x1, x2, x3) = (1,−3,−1) ,

both of which have norm 11. The number Θ is 0 when 2t ≡ 0 mod 4 and is 1 otherwise, and
we find S = 2

(
t − Θ2

)
− 11. The bounds given in Proposition 4.4 imply, via Proposition 3.11,

that M5,1

K3[26],2d
is of general type when t ⩾ 10, that is, d ⩾ 225. By contrast, if we consider

the component M5,2

K3[26],2d
, we take odd solutions to the equations, respectively

7x1 + x2 = −20 and 5x1 + 4x2 + 3x3 = −20 .

The minimal-norm solutions are then respectively

(x1, x2, x3) = (−3,−1, 1) and (x1, x2, x3) = (−1,−3,−1) ,

both of which again have norm 11. Hence, M5,2

K3[26],2d
is of general type when t ⩾ 10, that is,

d ⩾ 150.

The above illustrates for instance that the moduli space M5
K3[26],300

has one connected com-

ponent (corresponding to a = 2) that our results show is of general type and one connected
component (corresponding to a = 1) for which our results do not yield a statement about the
Kodaira dimension.

Given particular (n, γ, a), Theorem 4.5 allows one to compute a lower bound on d after which
the given connected component of Mγ

K3[n],2d
is of general type. However, since obtaining this

132



Kodaira dimension of moduli of HK varieties

bound requires computing α1, α2, α3 as well as x1, x2, x3, Theorem 4.5 is not so useful for
understanding uniformly when Mγ

K3[n],2d
is of general type. For this, we will compute a much

coarser bound obtained by using the following.

Lemma 4.7 ([BFRT89, Main Theorem]). Let α1X1+α2X2+· · ·+αNXN = b be a linear equation
with integer coefficients. If it admits an integral solution, then it has a solution (x1, . . . , xN ) such
that max |xi| ⩽ max{|a1|, . . . , |aN |, |b|}.

Theorem 4.8. Let (n, d, γ) be a triple such that the moduli space Mγ

K3[n],2d
is non-empty (see

Proposition 3.1). We assume further that n ⩾ 6, n ̸∈ {11, 13}, and γ ⩾ 3. Then every component
of Mγ

K3[n],2d
is of general type provided

d ⩾ 6γ2
(
n+ 3 +

√
2(n− 1)

)2
,

except for one possible value of d ⩾ 5·1010 for each n that is odd or in the set
{
10, 12, 52, ⋆/2+1

}
.

Proof. Let Qh be the lattice

Qh =

(
2(n− 1) −a2(n−1)

γ

−a2(n−1)
γ 2t

)
,

where a and t satisfy

2d

γ
≡ −2(n− 1)

γ
a2 mod 2γ and d = γ2t− (n− 1)a2 .

Observe that if d ⩾ 6γ2
(
n + 3 +

√
2(n− 1)

)2
, then certainly d(n− 1)/γ2 > 4 and so by

Proposition 3.11, we need only verify that the hypotheses of Proposition 4.4 are satisfied.

Let M = 2(n − 1), N = −a(2(n− 1)/γ), and P = 2t. Then fix Ω, α1, α2, α3, (x1, x2, x3),
Θ, and S as in the statement of Proposition 4.4. Then since M − 2Ω2 = α2

1 + α2
2 + α2

3, for all
i ∈ {1, 2, 3}, we have

0 ⩽ αi <
√
M − 2Ω2 . (4.7)

Additionally, the fact that 0 < a < γ implies

0 < −N < M . (4.8)

Let us first consider the case N even. Recall that odd solutions (x1, x2, x3) to the Diophantine
equation

α1X1 + α2X2 + α3X3 = N − 2ΩΘ

are (by setting Xi = 2Yi + 1) equivalent to integral solutions of

α1Y1 + α2Y2 + α3Y3 =
1
2(N − 2ΩΘ− (α1 + α2 + α3)) . (4.9)

Lemma 4.7 implies the existence of a solution (y1, y2, y3) to (4.9) satisfying

max |yi| ⩽ max
{
α1, α2, α3,

1
2(−N + 2ΘΩ+ α1 + α2 + α3)

}
.

Also note that

α1 + α2 + α3 ⩽
√
α2
1 + α2

2 + α2
3 =

√
M − 2Ω2. (4.10)

Equations (4.8) and (4.10) give us

1
2(−N + 2ΩΘ+ (α1 + α2 + α3)) <

1
2

(
M + 2ΩΘ+

√
M − 2Ω2

)
.
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Moreover, note that for all integers M > 0, we have

0 <
√
M − 2Ω2 < 1

2

(
M + 2ΩΘ+

√
M − 2Ω2

)
.

Therefore, when N is even,

max |yi| < 1
2

(
M + 2ΩΘ+

√
M − 2Ω2

)
and max |xi| < M + 2ΩΘ+ 1 +

√
M − 2Ω2 .

We now turn to the case where N is odd. As discussed before Proposition 4.4, we may produce
a solution (x1, x2, x3) with exactly one xi even to the equation

α1X1 + α2X2 + α3X3 = N − 2ΩΘ ,

where αi is odd. By setting Xi = 2(Yi+1) and Xj = 2Yj+1 for i ̸= j, such a solution (x1, x2, x3)
can be obtained from an integral solution (y1, y2, y3) to

α1Y1 + α2Y2 + α3Y3 =
1
2(N − 2ΩΘ− αi − (α1 + α2 + α3)) .

Lemma 4.7 implies that such a solution (y1, y2, y3) satisfies

max |yi| ⩽ max
{
α1, α2, α3,

1
2(−N + 2ΩΘ+ αi + (α1 + α2 + α3))

}
.

Hence using the bounds (4.7), (4.8), and (4.10), when N is odd, we get

max |yi| < 1
2

(
M + 2ΩΘ+ 2

√
M − 2Ω2

)
and max |xi| < M + 2ΩΘ+ 2 + 2

√
M − 2Ω2.

Comparing the bounds on |xi| in the N even and N odd cases, we see that for any N ,

x21 + x22 + x23 < 3
(
M + 2ΩΘ+ 2 + 2

√
M − 2Ω2

)2
. (4.11)

It follows that

S > P − 3
(
M + 2ΩΘ+ 2 + 2

√
M − 2Ω2

)2 − 2Θ2 . (4.12)

However, the assumption d ⩾ 6γ2
(
n+ 3 +

√
2(n− 1)

)2
can be rewritten as

Pγ2 −Ma2 ⩾ 3γ2
(
M + 8 +

√
M
)2
.

In particular, we have

P ⩾ 3
(
M + 8 +

√
M
)2
. (4.13)

Now a verification shows that for all M ⩾ 10, Ω ∈ {0, 1, 2, 3}, and Θ ∈ {0, 1}, we have

3
(
M + 8 +

√
M
)2 − 3

(
M + 2ΩΘ+ 2 + 2

√
M − 2Ω2

)2 − 2Θ2 > 600 .

In particular, (4.12) implies that S > 600, which by Proposition 4.4 finishes the proof.

5. Monodromy and pullbacks for K3[n]-type with low divisibility

In this section, we treat the case γ ∈ {1, 2}. The main difficulty lies in the fact that the mono-
dromy group Ô+(Λ, h) and the stable orthogonal group Õ+(Λh) are no longer isomorphic. For
a primitive embedding Λh ↪→ II2,26, the quasi-pullback F (Z) defined in (2.11) is not necessarily

modular for Ô+(Λ, h), so we have to choose the embedding carefully to ensure that Ô+(Λ, h)
satisfies the hypothesis of Lemma 2.6. Recall that the restriction O(Λ, h) → O(Λh) induces an
isomorphism Õ+(Λh) ∼= Õ+(Λ, h); see Proposition 3.8. When γ ∈ {1, 2} and n ⩾ 3, the group
Ô+(Λ, h) is generated (see Lemma 3.7) by Õ+(Λh) and σv ∈ O(Λ), where

v =
2a(n− 1)

γ
f − ℓ ∈ Λ .
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In order to treat the case γ ∈ {1, 2}, we need to ensure that the reflection σv ∈ Ô+ (Λ, h)
of Lemma 3.7 extends to II2,26 after choosing our embedding Qh ↪→ E8. Let σ ∈ O(E8) be an
involution on E8 and V+, V− the invariant and anti-invariant lattices, respectively. Note that
both V− and V+ are primitive, V− = (V+)

⊥, and the sublattice V− ⊕ V+ ⊂ E8 has finite index.
Moreover, the unimodularity of E8 implies that there is an isometry

ϕ : D(V+) −→ D(V−)

(up to a sign) and the finite-index extension V− ⊕ V+ ⊂ E8 corresponds (see Section 2.1) to the
isotropic subgroup

Hϕ = {(x, ϕ(x)) ∈ D(V+ ⊕ V−) | x ∈ D(V+)} ⊂ D(V+ ⊕ V−) .

Moreover, an isometry of the form

g = g− ⊕ g+ ∈ O(V− ⊕ V+)

extends to an isometry on E8 if g fixes Hϕ, which is equivalent to

ϕ ◦ g+ = g− ◦ ϕ ; (5.1)

see [Nik80, Corollary 1.5.2]. Recall that a lattice L is called n-elementary if D(L) is isomorphic
to a direct sum of cyclic groups of order n. An immediate consequence is then the following.

Lemma 5.1. Let Q ⊂ E8 be a primitive sublattice and σr ∈ O(Q) a reflection with respect to an
element r ∈ Q. Let M be the orthogonal complement of r in Q. The following are equivalent:

(i) There exists a 2-elementary primitive sublattice V+ ⊂ E8 such that M ⊂ V+ and r ∈ V− =
(V+)

⊥.

(ii) The map σr extends to an involution on E8 acting as Id on V+ and as −Id on V−.

Proof. Assume that statement (i) holds. Then g = −Id⊕ Id ∈ O(V−⊕V+) extends the reflection
σr ∈ O(Q). Moreover, g extends to an element of O(E8) since V− is 2-elementary, − Id acts as
the identity on D(V−) ∼= D(V+), and (5.1) is immediately satisfied. The other implication is
[GHS07, Lemma 3.5].

Lemma 5.2. Let Q ⊂ E8 be a primitive embedding and σr ∈ O(Q) a reflection with respect to
a primitive element r ∈ Q that extends to an involution σ̃r ∈ O(E8). As before, we write V+
and V− for the invariant and anti-invariant sublattices of σ̃r. Denote by R

(
r⊥ ∩ V−

)
the set

of roots in r⊥ ∩ V−. Let L = U⊕2 ⊕ E8(−1)⊕2 ⊕ Q(−1), and consider the induced primitive
embedding L ↪→ II2,26. If

rk(V−) +
1
2

∣∣R(r⊥ ∩ V−
)∣∣ ≡ 1 mod 2 , (5.2)

then the quasi-pullback of Φ12 ∈ M12(O
+(II2,26),det) to Ω•(L) is modular with respect to

det : Γ → C∗ for the subgroup Γ ⊂ O+(L) generated by Õ+(L) and σr.

Proof. Let R>0 ∪R<0 be a sign-partition of the set of roots R
(
Q⊥) in E8 orthogonal to Q (see

Section 2.4). Let M be the number of roots that change sign under σ̃r; see (2.13). By Lemma 2.6
and Corollary 2.7, it is enough to check that det(σr) = (−1)M · det(σ̃r) or, equivalently,

M + rk(V−) ≡ 1 mod 2 .

Note that for any root η ∈ R>0, if η ∈ V+, then σ̃r(η) = η ∈ R>0, and if η ∈ V−, then
σ̃r(η) = −η ∈ R<0. If η ̸∈ V− ∪ V+, then σ̃r(η) ̸= ±η. Let {η1, . . . , ηk} be all roots in R>0 not in
V− ∪ V+. Then σ̃r induces an injection

{η1, . . . , ηk} ↪−→ {η1, . . . , ηk,−η1, . . . ,−ηk}
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with σ̃r(ηi) ̸= ±ηi. One immediately sees that if σ̃r(ηi) = −ηj , then σ̃r(ηj) = −ηi; thus∣∣{σ̃r(η1), . . . , σ̃r(ηk)} ∩ {−η1, . . . ,−ηk}
∣∣ ≡ 0 mod 2

and M ≡ |R>0 ∩ V−| mod 2. Finally, we have Q ∩ V− = ⟨r⟩ and

|R>0 ∩ V−| = 1
2R
(
Q⊥ ∩ V−

)
= 1

2R
(
r⊥ ∩ V−

)
.

We have to choose our embedding Qh ↪→ E8 not only to have a controlled number of roots in
the orthogonal complement, but also in such a way that the reflection σv defined in Lemma 3.7
can be extended to an involution σ̃v ∈ O(E8) satisfying (5.2). Note that if γ ∈ {1, 2}, by
Proposition 3.5, we may choose

a =

{
0 when γ = 1 ,

1 when γ = 2 .
(5.3)

In particular, by Lemma 3.4, the element h ∈ Λ can be chosen as

h =

{
e+ df when γ = 1 ,

2(e+ tf)− ℓ when γ = 2 ,
(5.4)

where d = 4t− (n− 1) when γ = 2; see Proposition 3.1.

Recall that Qh(−1) = ⟨h⟩⊥ ⊂ U ⊕ ⟨ℓ⟩ is generated by {(2a(n− 1)/γ)f − ℓ, e− tf
}
, and

Qh =

(
2(n− 1) 0

0 2d

)
if γ = 1 , Qh =

(
2(n− 1) −(n− 1)
−(n− 1) 2t

)
if γ = 2 . (5.5)

Summarizing the discussion above, and adding the conditions for modularity of the quasi-
pullback in Lemma 2.6, the vanishing at the ramification in Proposition 2.9, and a numerical
condition ensuring that Ô+(Λ, h) has no irregular cusps, we have the following.

Proposition 5.3. Let Qh be the lattice defined in (5.5), Qh ↪→ E8 a primitive embedding, and
Λh ↪→ II2,26 the induced embedding. Assume further that the following hold:

(i) There exists a primitive 2-elementary sublattice V+ ⊂ E8 such that

z1 =
2a(n− 1)

γ
f − ℓ ∈ V− := (V+)

⊥ ⊂ E8 and (z1)
⊥ ∩Qh ⊂ V+ .

(ii) The number of roots
∣∣R(Q⊥

h

)∣∣ in the orthogonal complement Q⊥
h ⊂ E8 is at least 2 and at

most 14 (respectively, 16).

(iii) The rank of V− and half the number of roots orthogonal to Qh in V− have opposite parities:

rk(V−) +
1
2

∣∣R((z1)⊥ ∩ V−
)∣∣ ≡ 1 mod 2 .

(iv) One of the following holds:

(a) The number |R(Q⊥
h )|/2 is even.

(b) For any r ∈ Λh ⊂ II2,26 such that −σr ∈ Ô+(Λ, h), one has∣∣R(Λ⊥
h

)∣∣ < ∣∣R((Λh)
⊥
r

)∣∣ ,
where (Λh)r is the orthogonal complement of r in Λh and the orthogonal complements
in the inequality are taken in II2,26.

(v) We have 2d/γ ̸∈ {1, 2, 4, 8}.
Then the modular variety Ω(Λh)/Ô

+(Λ, h) is of general type (respectively, has non-negative
Kodaira dimension).
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Proof. By Lemmas 5.2 and 3.7, the quasi-pullback F of the Borcherds form Φ12 to Ω•(Λh) is
modular with character det : Ô+(Λ, h) → C∗ and weight 12 + |R(Q⊥

h )|/2; see (2.12). Moreover,
since 2 ⩽

∣∣R(Q⊥
h

)∣∣ ⩽ 16, the form F is a cusp form [GHS13, Corollary 8.12]. We claim that F
vanishes along the ramification divisor of the modular projection

π : Ω(Λh) −→ Ω(Λh)/Ô
+(Λ, h) .

Indeed, if the embedding Qh ↪→ E8 satisfies assumption (iv)(a), this follows from Proposition 2.9.
If the embedding satisfies assumption (iv)(b), it follows from Lemma 2.8, where we use that
rk(Λh) = 22. The proposition now follows from Theorem 2.3 once we have shown that Ω(Λh) has
no irregular cusps for Ô+(Λ, h). By Proposition 2.2, it is enough to show this for 0-dimensional
cusps. Let I ⊂ Λh be a rank 1 primitive isotropic sublattice corresponding to a 0-dimensional
cusp of Ω(Λh). Assume that I is irregular for Ô+(Λ, h); then by Proposition 2.5 (see also the
proof of [Ma24, Proposition 4.11]), we have −Id ̸∈ Ô+(Λ, h) and −Ew ∈ Γ(I)Q ∩ Ô+(Λ, h) for
some w ∈ L(I)Q. Since I has rank 1, the vector w can be written as m ⊗ l with m ∈

(
I⊥/I

)
Q

and l ∈ IQ. Then by Lemma 3.7,

E2m⊗l = (−Em⊗l) ◦ (−Em⊗l) ∈ Γ(I)Q ∩ Õ+(Λh) .

The isomorphism (2.8) when restricted to Õ+(Λh) induces an isomorphism L(I) ∼= U(I)∩Õ+(Λh);
see [Ma24, Lemma 4.1]. In particular, 2m ⊗ l ∈ L(I). We choose a lift m̃ ∈ 1

2I
⊥ of m; then for

any u ∈ (Λh)Q, we have

−Em⊗l(u) = −u+ (m̃, u)l − (l, u)m̃+ 1
2(m,m)(l, u)l . (5.6)

Moreover, any g ∈ Ô+(Λ, h) fixes the class u ∈ D(Λh) of any u ∈ (z1)
⊥ ⊂ (Λh)

∨ (see Lemma 3.7).
In particular, for any such u, we have −Em⊗l(u) ∈ u+Λh. From (5.6), since (2m̃, u), (l, u), and
(2m,m) are integers, it follows that

2u ∈ 1
4Λh ,

so 8u ∈ Λh and ord(u) divides 8. Take u = (γ/2d) (az1 + γz2) as in the proof of Proposition 3.8.
Indeed, then (u, z1) = 0 and thus σz1(u) = u. The order of the class u in D(Λh) is 2d/γ. In
particular, we have 2d/γ ∈ {1, 2, 4, 8}.

Recall that for γ ∈ {1, 2}, the moduli space Mγ

K3[n],2d
is connected when non-empty; see

Proposition 3.5. As a corollary, we have the following.

Corollary 5.4. Let (n, d, γ) be a triple such that γ ∈ {1, 2} andMγ

K3[n],2d
is non-empty. Assume

that there exists an embedding Qh ↪→ E8 satisfying the hypothesis of Proposition 5.3, with at
most 14 (respectively, 16) roots in assumption (ii). Then Mγ

K3[n],2d
is of maximal (respectively,

non-negative) Kodaira dimension.

Proof. This follows from Proposition 5.3 together with Theorem 2.3.

6. Kodaira dimension for K3[n]-type with divisibility 1

From now on we concentrate on the split case γ = 1. Recall that in this case, the moduli space
M1

K3[n],2d
is irreducible; see Proposition 3.5. Note that in this case a = 0, and the element z2 in

Proposition 5.3 is given by

z2 =
2a(n− 1)

γ
f − ℓ = −ℓ .
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Proposition 6.1. Consider the two primitive 2-elementary orthogonal sublattices of E8 given by

V− := ⟨e1 − e5, e2 − e6, e3 − e7, e4 − e8⟩ ∼= A⊕4
1 ,

V+ := ⟨e1 + e5, e2 + e6, e3 + e7, e4 + e8⟩ ∼= A⊕4
1 .

Let Qh be as in (5.5), which in the case γ = 1 has basis

z1 =
2a(n− 1)

γ
f − ℓ = −ℓ and z2 = e− tf = e− df . (6.1)

Assume further that n − 1 > 6, n − 1 ≡ 1, 2 mod 4, and n − 1 ̸∈ {10, 13, 25, 37, 58, 85, 130, ⋆}.
Then for any d ⩾ 3 with d ̸≡ 0 mod 4, there is a primitive embedding Qh ↪→ E8 sending z1
to V− and z2 to V+ such that the following hold:

(i) The number 1
2

∣∣R((z1)⊥ ∩ V−
)∣∣ is odd.

(ii) The number of roots
∣∣R(Q⊥

h

)∣∣ in the orthogonal complement Q⊥
h ⊂ E8 satisfies

2 ⩽
∣∣R(Q⊥

h

)∣∣ ⩽ 14 .

(iii) If, moreover, d ̸≡ 7 mod 8 and d ̸∈ {5, 10, 13, 25, 37, 58, 85, 130, ⋆}, then the primitive em-
bedding Qh ↪→ E8 may be chosen so that

∣∣R(Q⊥
h

)∣∣ ≡ 0 mod 4.

Proof. By Theorem 2.12, we may write n− 1 = α2
1 +α2

2 +α2
3, where α1, α2, α3 are coprime and

positive. Moreover, since n− 1 ̸≡ 3 mod 4, we may assume without loss of generality that α1 is
even and α2 is odd. Similarly, by Corollary 2.16, we may write

d = x21 + x22 + x23 + x24 , (6.2)

with x1 ⩾ 0 and xi > 0 for i ∈ {2, 3, 4} (except in the case d = 5, where x1 = x2 = 0). Since
we know d ̸≡ 0 mod 4, we may without loss of generality take x1 to be even and x4 odd. In the
case where d ̸≡ 7 mod 8 and d ̸∈ {10, 13, 25, 37, 58, 85, 130, ⋆}, we let x1 = 0 (which is possible
by Theorem 2.12).

Consider the embedding Qh ↪→ E8 given by

z1 7−→ v1 = α1e1 + α2e2 + α3e3 − α1e5 − α2e6 − α3e7 ,

z2 7−→ v2 = x1e1 + x2e2 + x3e3 + x4e4 + x1e5 + x2e6 + x3e7 + x4e8 .
(6.3)

Using Lemma 4.3 together with our assumptions on the xi and αi, one checks that the em-
bedding (6.3) is primitive. Moreover, the given embedding has the property that v1 ∈ V− and
v2 ∈ V+. The intersection v⊥1 ∩ V− contains the single root e4 − e8. In particular, the number of
roots in v⊥1 ∩ V− is odd.

Now we count roots in Q⊥
h ⊂ E8. We first assume d ̸∈ {5, 6}. Then, in particular, xi > 0 for

i ∈ {2, 3, 4}. The integral roots are then

(i) ±(e4 − e8),

(ii) ±(e1 + e5) if x1 = 0,

(iii) ±(ei − ej) and ±(ei+4 − ej+4) for i, j ∈ {1, 2, 3} if αi = αj and xi = xj .

Since α1, α2, α3 are coprime and thus in particular cannot all coincide, there are either 0 or 4
roots of type (iii). Hence the total number of integral roots is either 2 or 6 if x1 ̸= 0 and is
either 4 or 8 if x1 = 0.

Suppose that w is a fractional root in Q⊥
h . Then w is of the form

w = 1
2(±e1 ± e2 ± e3 ± e4 ± e5 ± e6 ± e7 ± e8) , (6.4)
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where the number of + signs is even. Hence, the number of indices i ∈ {1, 2, 3, 4} such that ei
and ei+4 have the same sign in (6.4) must be even.

Case 1. There is no i ∈ {1, 2, 3} such that ei and ei+4 have the same sign in (6.4). The
equation (w, v1) = 0 implies that there is a choice of signs such that

±2α1 ± 2α2 ± 2α3 = 0 .

Hence the αi must satisfy a relation of the form αℓ = αj + αk. But α1, α2, α3 are positive and
coprime, and n − 1 > 6, so if such a relation holds, no two αi can be equal. So if there are any
fractional roots of this type, there must be exactly 4, given by

±1
2((eℓ − eℓ+4)− (ej − ej+4)− (ek − ek+4)± (e4 − e8)) .

Case 2. There is exactly one index i ∈ {1, 2, 3} such that ei and ei+4 have the same sign
in (6.4). Then e4 and e8 must have the same sign in (6.4). Moreover, (w, v2) = 0 implies that
there is a choice of sign such that

±2xi ± 2x4 = 0 .

Since xi is non-negative and x4 is positive, it follows that xi = x4. Additionally, (w, v1) = 0
implies that there is a choice of sign such that

±2αj ± 2αk = 0 ,

where j, k ̸= i, and so αj = αk. Thus, since α1, α2, α3 cannot all be equal, if there are any
fractional roots of this type, there must be exactly 4, given by

1
2 (±(ei + ei+4 − e4 − e8)± (ej − ej+4 − ek + ek+4)) .

Case 3. There are exactly two indices i ∈ {1, 2, 3} such that ei and ei+4 have the same sign
in (6.4). In this case, the equation (w, v1) = 0 implies that there is a j with 2αj = 0. This
contradicts our assumptions on αj .

Case 4. All indices i ∈ {1, 2, 3} are so that ei and ei+4 have the same sign in (6.4). In this
case, e4 and e8 must have the same sign in (6.4). Since (w, v2) = 0, there is a choice of sign such
that

±x1 ± x2 ± x3 ± x4 = 0 . (6.5)

Note that each choice of signs such that (6.5) holds corresponds to exactly 1 fractional root
in Q⊥

h . The number of choices of signs such that (6.5) holds is twice the number of choices of
signs such that

x1 = ±x2 ± x3 ± x4 . (6.6)

Note that if x1 = 0 and there is a choice of signs such that (6.6) holds, then the opposite choice
of signs also makes (6.6) hold. In general, if there are two choices of signs such that (6.6) holds,
the choices of signs differ by either one, two, or three signs, where the latter only occurs if x1 = 0.
If two such equations differ by one sign, subtracting the equations yields xi = 0 for some i ̸= 1,
which is not possible. If two such equations differ by two signs, we have relations x1 = xi for some
i ∈ {1, 2, 3} (in particular, x1 ̸= 0) and xj = xk for j, k ̸= i. Hence there are at most two choices
of signs such that (6.6) holds, and if x1 = 0, there are exactly two such choices. It follows that
there are at most 4 fractional roots of this type and that if x1 = 0 and there are any fractional
roots of this type, there must be exactly 4.

This gives us the root count for d ̸∈ {5, 6}. Indeed, if α1, α2, α3 are all different, then there
are at most 4 integral roots, 4 fractional roots from Case 1, and 4 fractional roots from Case 3.
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Hence there are between 2 and 12 roots in Q⊥
h . If moreover x1 = 0, then there either 8 or 12

roots in Q⊥
h .

If two of the αi are equal and x1 ̸= 0, then there are at most 6 integral roots, no fractional
roots from Case 1, 4 fractional roots from Case 2, and 4 fractional roots from Case 4. Hence
there are between 2 and 14 roots.

Finally, assume that two of the αi are equal and x1 = 0. If x2, x3, x4 are all different, then
the only roots are 4 integral roots and either 0 or 4 fractional roots from Case 4. If two of x2,
x3, x4 are equal, then the only roots are either 4 or 8 integral roots and either 0 or 4 fractional
roots from Case 2 (Case 4 cannot occur because x2, x3, x4 are coprime and d ̸= 6). Hence there
are 4, 8, or 12 roots in Q⊥

h . This finishes the count for d ̸∈ {5, 6}.
When d = 5, we take (x1, x2, x3, x4) = (0, 0, 2, 1). Since α1 ̸= α2, there are 6 integral roots:

±(e4−e8), ±(e1+e5), ±(e2+e6). Moreover, if w is a fractional root in Q⊥
h , then (w, v2) = 0 implies

that the signs of e3 and e4 are opposite to the signs of e7 and e8 in (6.4). Then αℓ = αj + αk,
in which case there are 4 fractional roots (as in Case 1). Therefore, there are between 6 and 10
roots in Q⊥

h in this case.

When d = 6, we take (x1, x2, x3, x4) = (0, 2, 1, 1). Then there are 4 integral roots. Moreover,
there are either 0 or 4 fractional roots in Case 1, no fractional roots in Case 2 (since α1 ̸= α2),
and either 0 or 4 fractional roots in Case 4. Hence there either 4, 8, or 12 roots in Q⊥

h . This
finishes the proof for d ⩾ 3.

In light of Proposition 5.3, the only missing ingredient in the proof of Theorem 1.6 is the
vanishing of the quasi-pullback of the Borcherds form along the ramification divisor of the mod-
ular projection π : Ω(Λh) → Ω(Λh)/Ô

+(Λ, h). When d satisfies the conditions of part (iii) of
Proposition 6.1 above, this follows from Lemma 2.8: Note that the weight of the pullback of the
Borcherds form to Ω(Λh) is 12+

1
2

∣∣R(Q⊥
h

)∣∣ by (2.12). For other d, the vanishing along the rami-
fication divisor is the content of Proposition 6.4. In order to prove it, we have to put constraints
on the possible r ∈ Λ such that ±σr lies inside the modular group Ô+(Λ, h). Recall that we are
under the assumption that Qh is of the form (5.5) with basis (6.1). We keep the same basis for
Qh(−1). Recall that

D(Λh(−1)) ∼= D(Qh) =

〈
z1

2(n− 1)

〉
⊕
〈 z2
2d

〉
∼= Z/2(n− 1)Z⊕ Z/2dZ .

As usual, we regard Ô+(Λ, h) as a subgroup of O(Λh) via restriction. Elements g ∈ Ô+(Λ, h) act
on D(Qh) as ±Id⊕ Id.

Lemma 6.2. Let r ∈ Λh be a reflective element such that −σr ∈ Ô+(Λ, h) and −σr ̸∈ Õ+(Λh).
Then r2 = −2d, and div(r) is either d or 2d.

Proof. Recall, see (2.15), that if −σr ∈ Ô+(Λ, h), then

(r, r) ∈ {div(r), 2div(r)} . (6.7)

Let r = Au+Bz1+Cz2 with u ∈ U⊕2⊕E⊕2
8 primitive in the unimodular part of Λh(−1) and A,

B, C coprime integers. Write (r, r) = 2m. Unimodularity and (6.7) imply that m divides A.
Furthermore, since

−σr
(

z1
2(n− 1)

)
≡ − z1

2(n− 1)
and − σr

( z2
2d

)
≡ z2

2d
mod Λh(−1) ,
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one has
B

m
r ≡ 0 and

C

m
r ≡ 1

d
z2 mod Λh(−1) .

As r is primitive, it follows that m divides B and dC. Since gcd(A,B,C) = 1, the integer
m cannot divide C. Comparing orders in the second equation together with our primitivity
assumption on r gives us that m = d.

Lemma 6.3. Assume that both d and n−1 are not divisible by 4. Then for any reflective element
r ∈ Λh such that −σr ∈ Ô+(Λ, h), there exists an isometry g ∈ O(Λh) such that

g(r) =

{
de+ z2 when div(r) = d ,

z2 when div(r) = 2d ,
(6.8)

and −σg(r) acts as −Id⊕ Id on D(Λh). In particular, −σg(r) ∈ Ô+(Λ, h). Moreover, if d is an odd

prime and (n− 1)d ≡ 2, 3 mod 4, then we can take g ∈ Ô+(Λ, h).

Proof. As before, let r = Au+ Bz1 + Cz2 ∈ Λh(−1) with gcd(A,B,C) = 1. Since 2d = (r, r) =
A2(u, u) − B2 · 2(n − 1) − C2 · 2d, see Lemma 6.2, and d divides A and B, then d must divide
C2 − 1. Consider the map ϕ : D(Λh(−1)) → D(Λh(−1)), given by

(z1)∗ 7−→ (z1)∗ and (z2)∗ 7−→

{
C(z2)∗ if C is odd ,

(C + d)(z2)∗ if C is even .
(6.9)

One checks that this map is a group isomorphism, and d ̸≡ 0 mod 4 implies that it preserves
the quadratic form, that is, ϕ ∈ O(D(Λh(−1))). Now if div(r) = d and we write r = A′du +
B′dz1 + Cz2, then

r∗ =
r

div(r)
= A′u+B′z1 +

C

d
z2 ≡ 2C

z2
2d

= 2C(z2)∗ mod Λh(−1) .

Note that via (6.9), the element 2C(z2)∗ is in the same O(D(Λh(−1)))-orbit as 2(z2)∗ if C is
odd, and as 2(d+ 1)(z2)∗ = 2(z2)∗ if C is even. Since

2
z2
2d

≡ de+ z2
d

=
de+ z2

div(de+ z2)
mod Λh(−1)

and the projection map O(Λh(−1)) → O(D(Λh(−1))) is surjective, Eichler’s criterion (Theo-
rem 2.10) gives us the lemma when div(r) = d. The case div(r) = 2d and B even is treated
analogously. If div(r) = 2 and B is odd, we have C2−1+(n−1)d ≡ 0 mod 4d. Under the addi-
tional assumption n− 1 ̸≡ 0 mod 4, it follows that C is even. Using the map ϕ ∈ O(D(Λh(−1))
that sends (z1)∗ to n(z1)∗+d(z2)∗ and (z2)∗ to (n−1)(z1)∗+C(z2)∗, one shows that r is equivalent
to z2 under O(Λh(−1)).

If d is an odd prime, then c2 − 1 ≡ 0 mod d implies c ≡ ±1 mod d. Hence when div(r) = d,
the class r∗ = 2p(z2)∗ ∈ D(Λh(−1)) is equivalent to ±2(z2)∗, and the statement follows. When
div(r) = 2d and B is even, we have c2 − 1 ≡ 0 mod 4d and therefore c ≡ ±1 mod 2d. The
class r∗ = p(z2)∗ is equivalent to ±(z2)∗, and the statement follows. Finally, when div(r) = 2d
and B is odd, we have c2− 1+ (n− 1)d ≡ 0 mod 4d, which cannot happen when (n− 1)d ≡ 2, 3
mod 4.

Proposition 6.4. Suppose γ = 1 and that d is prime, that either n − 1 ≡ 1 and d ≡ 3 mod 4
or n − 1 ≡ 2 and d ≡ 1 mod 4, and that n − 1 > 6 and n − 1 /∈ {10, 13, 25, 37, 58, 85, 130, ⋆}.
In particular, assertions (i) and (ii) of Proposition 6.1 hold. Let Qh ↪→ E8 be the primitive
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embedding defined in (6.3), and consider the induced embedding Λh ↪→ II2,26. Then for any

r ∈ Λh such that −σr ∈ Ô+(Λ, h), one has∣∣R(Λ⊥
h

)∣∣ < ∣∣R((Λh)
⊥
r

)∣∣ .
In particular, the quasi-pullback F of the Borcherds form Φ12 to Ω•(Λh) is modular with respect
to det : Ô+(Λ, h) → C∗, and it vanishes along the ramification divisor of the modular projection
π : Ω(Λh) → Ω(Λh)/Ô

+(Λ, h).

Proof. If −σr ∈ Õ+(Λh), the statement follows from Proposition 3.10. If −σr is in Ô+(Λ, h) and
not in Õ+(Λh), then in light of Lemma 6.3, we may assume r = de+ z2 or r = z2. First assume
r = z2; then

(Λh)
⊥
r = (Zz1)⊥ ⊂ E8(−1) ,

and under the embedding (6.3) restricted to ⟨z1⟩, our counting argument in Proposition 6.1 leads
to more than 14 roots only orthogonal to z1. Indeed, recall that by assumption if d > 1, then
x1, . . . , x3 in (6.2) are not all equal to zero. If xi ̸= 0 with i ∈ {1, 2, 3}, then ei+ei+4 is orthogonal
to z1 but not to z2, that is,

ei + ei+4 ∈ R
(
(Λh)

⊥
r

)
\R
(
Λ⊥
h

)
.

Now assume r = de+ z2. Then

(Λh)r = U ⊕ E8(−1)⊕2 ⊕ ⟨e, z1, 2f − z2⟩ .

Note that (ei, ei+4) = −4xi. In particular, there is always a root s ∈ E8(−1) such that (s, z1) = 0
and (s, z2) = 2k for some non-zero integer k. Consider the root given by t = ke+s ∈ II2,26. Then
one immediately checks that t is orthogonal to e, z1, and 2f − z2, but not orthogonal to z2. In
particular, t ∈ R

(
(Λh)

⊥
r

)
\R
(
Λ⊥
h

)
.

Summarizing, we have proved the following.

Theorem 6.5. Let n, d be two positive integers such that

(i) n− 1 > 6,

(ii) n− 1 ≡ 1, 2 mod 4,

(iii) n− 1 ̸∈ {10, 13, 25, 37, 58, 85, 130, ⋆}, and
(iv) d satisfies one of the following:

(a) d ⩾ 3, d ̸≡ 0, 4, 7 mod 8, and d /∈ {5, 10, 13, 25, 37, 58, 85, 130, ⋆};
(b) d is an odd prime and d ≡ 3 mod 4.

Then M1
K3[n],2d

is of general type.

Proof. Note that under our assumptions, d ⩾ 3 and (n−1)d ≡ 2, 3 mod 4. If assumption (iv)(a)
holds, the statement follows from Proposition 6.1 and Corollary 5.4. If instead assumption (iv)(b)
holds, we additionally use Proposition 6.4, where we note that under our assumptions, d ⩾ 3
and (n− 1)d ≡ 2, 3 mod 4.

Similarly to the strange duality phenomenon, one can construct various generically finite

rational maps between moduli spaces Mγ

K3[n]2d
using lattice morphisms. This has already been

done by O’Grady [O’G89, Appendix, p. 163] (see also [Kon93, Kon99]) in the surface case; our

argument is similar. We restrict to the cases γ ∈ {1, 2}. The following are examples in a much
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larger class of generically finite maps that one can construct between the moduli spacesMγ

K3[n],2d
.

We will use them to prove Theorems 1.6 and 1.8.

Lemma 6.6. Let d, r, n be positive integers with n ⩾ 2.

(i) The moduli spaces M1
K3[n],2dr2

and M1
K3[(n−1)r2+1],2d

admit dominant rational maps to

M1
K3[n],2d

.

(ii) Assume n− 1 = k2 with k odd. The space M2
K3[n],2d

is non-empty if and only if M2
K3[2],2d

is, and the former admits a dominant rational map to the latter.

Proof. Consider the elements h1 = e+ (dr2)f and h2 = e+ df in the lattices

Λ1 := U⊕3 ⊕ E8(−1)⊕2 ⊕ ⟨−2(n− 1)⟩ and Λ2 := U⊕3 ⊕ E8(−1)⊕2 ⊕
〈
−2
(
(n− 1)r2

)〉
,

respectively. Let h = e+ df in the standard lattice Λ (see equation (2.17)). Then

(Λi)hi
= U⊕2 ⊕ E8(−1)⊕2 ⊕Qi(−1)

with

Q1 = ⟨x1, y1⟩ =
(
2(n− 1) 0

0 2dr2

)
and Q2 = ⟨x2, y2⟩ =

(
2(n− 2)r2 0

0 2d

)
.

As usual Λh = U⊕2 ⊕ E8(−1)⊕2 ⊕ Qh(−1), with Qh as in (5.5) with basis {z1, z2}. Con-
sider the lattice morphism Q1 → Qh given by x1 7→ z1 and y1 7→ rz2, and the induced
map ψ1 : Λ1,h1 → Λh. Via ψ1, the group Õ+((Λ1)h1) is identified with a finite-index subgroup

of Õ+(Λh); see [GHS13, Lemma 7.1]. The reflection σx1 ∈ Ô+(Λ1, h1), which generates the
quotient Ô+(Λ1, h1)/Õ

+((Λ1)h1), is the restriction to ψ1(Λ1,h1) of σz1 ∈ Ô+(Λ, h). This shows

that ψ1 identifies Ô(Λ1, h1) with a finite-index subgroup of Ô(Λ, h). Therefore, ψ1 induces a fi-
nite morphism Ω((Λ1)h1)/Ô

+(Λ1, h1) → Ω(Λh)/Ô
+(Λh) and hence a dominant rational map

M1
K3[n],2dr2

99K M1
K3[n],2d

. The argument for M1
K3[(n−1)r2+1],2d

is analogous. In the case γ = 2,

by (3.1) both moduli spacesM2
K3[n],2d

andM2
K3[2],2d

are non-empty if and only if d ≡ −1 (mod 4)

since k is odd. Denote by Λ′ and Q′ the corresponding lattices for (n, d, γ, a) =
(
k2 + 1, d, 2, 1

)
with basis {z′1, z′2} for Q′, and by Λ, Q the lattices for (n, d, γ, a) = (2, d, 2, k), with {z1, z2} the
standard basis of Q. Then the lattice morphism inducing the finite map on period domains is
given by z′1 7→ kz1 and z′2 7→ z2. One checks that this map descends to the quotient.

Proof of Theorem 1.6. The first statement follows from Lemma 6.6 as M1
K3[2],2d

is of general

type for all d ⩾ 12; see [GHS10]. For statement (ii)(a), we may assume e = 0 by Lemma 6.6. The
statement then follows from Theorem 6.5. Similarly, for statement (ii)(b), we may assume r = 1
by Lemma 6.6. Then for p = 1, the theorem follows from strange duality, Proposition 3.9, since
our assumptions on k imply n − 1 ⩾ 12. For p prime with p ≡ 3 mod 4, the statement follows
from Theorem 6.5.

7. Non-split fourfolds of K3[2]-type and the K3[n] divisibility 2 case

In this section, we establish general-type results in the 4-dimensional case and then use Lemma 6.6
to generalize to higher dimensions. Recall that the moduli space M2

K3[2],2d
is irreducible when

non-empty; see [Apo14a]. Let Λ be as in (2.21) of K3[2]-type. The discriminant group D(Λ) is
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cyclic of order 2; thus γ ∈ {1, 2}, and when γ = 2, the moduli space Mγ

K3[2],2d
is non-empty if

and only if d ≡ −1 mod 4. Note that Id = −Id in D(Λ); in particular,

Õ(Λ, h) = Ô(Λ, h) .

We fix h ∈ Λ of degree 2d = 8t − 2 and divisibility div(h) = γ = 2. In light of Theorem 2.10,
we may assume h = 2(e+ tf)− ℓ, where as usual {e, f} are the standard generators of the first
copy of U and ⟨ℓ⟩ = ⟨−2⟩ a generator of the last factor of Λ in (2.21); see Lemma 3.4. Moreover,
by [GHS10, Proposition 3.12], the natural inclusion in Lemma 2.1 is an equality

Õ+(Λh) = Õ+(Λ, h) . (7.1)

Let Λh = U⊕2 ⊕ E8(−1)⊕2 ⊕Qt(−1), where

Qt =

(
2 −1
−1 2t

)
. (7.2)

As a consequence of (7.1), we have the following special case of Proposition 3.11.

Proposition 7.1. Let d = 4t − 1 > 16, and assume that there exists a primitive embedding
Qt ⊂ E8 such that the number of roots

∣∣R(Q⊥
t

)∣∣ is at least 2 and at most 14 (respectively, 16).

Then the modular variety Ω(Λh)/Õ
+(Λh) is of general type (respectively, non-negative Kodaira

dimension). In particular, if such embedding exists, the moduli space Mγ

K3[2],2d
is of general type

(respectively, non-negative Kodaira dimension) for d = 4t− 1 and γ = 2.

Now we can prove our theorem about the moduli space M2
K3[2],2d

.

Proof of Theorem 1.1. The cases t = 10 and t = 12 are treated in [GHS13, Proposition 9.2], so
we assume t ⩾ 13. Let x1 be the unique positive integer such that

x21 + (x1 + 1)2 + 6 < 2t < (x1 + 1)2 + (x1 + 2)2 + 6 . (7.3)

Note that x21 + (x1 + 1)2 + 6 and (x1 + 1)2 + (x1 + 2)2 + 6 are odd, and the above inequalities
are strict. Now consider the odd number R = 2t− (x21 + (x1 + 1)2). From (7.3) we have

6 < R < (x1 + 1)2 + (x1 + 2)2 + 6−
(
x21 + (x1 + 1)2

)
= 4x1 + 10 . (7.4)

By Corollary 2.15, we may write R = x25 + x26 + x27 + x28, where x5 ⩾ x6 ⩾ x7 ⩾ x8 are coprime
integers with x8 positive except in the cases where R ∈ {9, 11, 17, 29, 41}, where we take x8 = 0
and x7 positive. Consider the embedding Qt ↪→ E8 given by z1 7→ v1, z2 7→ v2, where {z1, z2} is
the basis of (7.2) and

v1 = e1 + e2 , v2 = x1e1 − (x1 + 1)e2 + x5e5 + x6e6 + x7e7 + x8e8 . (7.5)

Note that (v1, v1) = 2, (v2, v2) = 2t, and (v1, v2) = −1. As in the proof of Proposition 4.4, the
primitivity of the embedding follows from Lemma 4.3. Note that the integral roots of E8 in the
orthogonal complement Q⊥

t are

(i) ±e3 ± e4,

(ii) ±ei ± e8 for i ∈ {3, 4} if x8 = 0,

(iii) ±(ej − ek) for j, k ∈ {5, 6, 7, 8} if xj = xk.

Observe that if x8 ̸= 0, there are at most 6 roots of type (iii), and so there are between 4 and
10 total integral roots in Q⊥. If x8 = 0, then there are at most 2 roots of type (iii), and so there
are between 12 and 14 total integral roots.
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We now we count fractional roots of E8 in the orthogonal complement Q⊥
t . Suppose that w

is such a fractional root. Since (w, v1) = (w, v2) = 0, we must have a choice of signs such
that

2x1 + 1 = ±x5 ± x6 ± x7 ± x8 . (7.6)

Since 2x1 + 1, x5, x6, x7, x8 are all non-negative, it follows that

2x1 + 1 ⩽ x5 + · · ·+ x8 . (7.7)

The above inequality together with (7.4) imply

8∑
i=5

(xi − 1)2 = R− 2
8∑

i=5

xi + 4 ⩽ 4x1 + 9− 2(2x1 + 1) + 4 = 11 .

Then, either x5 = 4, in which case x6, x7 ⩽ 2 and x8 ⩽ 1, or x5, x6 ⩽ 3 and x7, x8 ⩽ 2. Since∑8
i=5 xi is odd, we must have

∑8
i=5 xi ⩽ 9 and x1 ⩽ 4. In particular, if t ⩾ 34, there are no

fractional roots in Q⊥
t ⊂ E8 and

4 ⩽
∣∣R(Q⊥

t

)∣∣ ⩽ 14 .

It remains to count fractional roots when 13 ⩽ t ⩽ 33. This is done case by case; the full list
of lattice embeddings together with the count of fractional roots for each embedding is in the
appendix.

Finally, Lemma 6.6 together with Theorem 1.1 give us Theorem 1.8.

Proof of Theorem 1.8. Write n − 1 = k2 for some odd integer k. By Proposition 3.1, we then
have that M2

K3[n],2d
is non-empty precisely when d ≡ −1 mod 4 (as in the n = 2 case). Since

γ = 2, we know (k, γ) = 1. Hence by Lemma 6.6, we have that M2
K3[n],2d

dominates M2
K3[2],2d

.

The result then follows from Theorem 1.1.

8. Non-split hyperkähler tenfolds of OG10-type

LetX be a hyperkähler variety of OG10-type. Recall that the Beauville–Bogomolov–Fujiki lattice
(H2(X,Z), qX) is isometric to

Λ = U⊕3 ⊕ E8(−1)⊕2 ⊕A2(−1) ,

and after fixing a marking, by [Ono22b], one has Mon2(Λ) = Ô+(Λ) = O+(Λ).

As a direct consequence, we obtain (see also [Ono22a, Section 1]) the following.

Proposition 8.1 ([Ono22b, Ono22a, Son23]). The moduli space Mγ
OG10,2d is irreducible and

non-empty when γ = 1 and when γ = 3 and 2d ≡ 12 mod 18.

Note that the discriminant group D(Λ) is cyclic of order 3; hence γ ∈ {1, 3}. This leaves two
possibilities for γ. The first one, known as the split case, is γ = 1. In this case, h can be chosen
(up to the action of Õ(Λ)) as h = e+ df ∈ U , and the orthogonal complement of h in Λ is of the
form

Λh = U⊕2 ⊕ E8(−1)⊕2 ⊕A2(−1)⊕ ⟨−2d⟩ , (8.1)

where the last factor is generated by e − df . This case was treated in [GHS11]. The second
possibility is γ = 3, known as the non-split case. In this case, Mγ

OG10,2d is non-empty if and only
if 2d ≡ 12 mod 18; see [GHS11, Lemma 3.4]. Equivalently, 2d = 18t− 6, and we can choose

h = 3(e+ tf) + (2a1 + a2) ,
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where again {e, f} are standard generators of U and {a1, a2} are standard generators of A2(−1).
In this case,

Λh = U⊕2 ⊕ E8(−1)⊕2 ⊕Qt(−1) , (8.2)

where Qt(−1) is given by

Qt(−1) =

−2 1 0
1 −2 −1
0 −1 −2t

 (8.3)

with generators {a2, e + a1, e − tf} ⊂ U ⊕ A2(−1). Moreover, the discriminant group D(Λh) is
cyclic of order 2d/3; see [GHS11, Theorem 3.1].

Lemma 8.2. In the above setting, the restriction map Ô(Λ, h) → O(Λh) induces an isomorphism

Ô+(Λ, h) ∼= Õ+(Λh) , (8.4)

and the arithmetic group Õ+(Λh) has no irregular cusps.

Proof. The isomorphism (8.4) is [GHS11, Theorem 3.1]. Moreover, D(Λh) is cyclic of order 2d/3,
and by [Ma24, Proposition 1.1], the group Õ+(Λh) has irregular cusps only if D(Λh) ∼= Z/8Z,
but this contradicts the assumption 2d ≡ 12 mod 18.

The following lemma follows immediately from [GHS13, Proposition 8.13] together with the
proof of [GHS07, Theorem 4.2].

Lemma 8.3 ([GHS07, GHS13]). Assume that the exists a primitive embedding Qt ↪→ E8 such
that 2 ⩽

∣∣R(Q⊥
t

)∣∣ ⩽ 16, and let Λh ↪→ II2,26 be the induced lattice embedding. Then the
quasi-pullback F of the Borcherds form Φ12 to Ω•(Λh) is a cusp form of weight 12 +

∣∣R(Q⊥
t

)∣∣/2
and character det : Õ+(Λh) → C∗ that vanishes along the ramification divisor of the modular
projection Ω(Λh) → Ω(Λh)/Õ

+(Λh).

Proof. Since D(Λh) is cyclic, isotropic subgroups are cyclic as well, and the proof of [GHS07,
Theorem 6.2(ii)] applies in this case; see [GHS07, Theorem 4.2]. The vanishing at the ramification
divisor is [GHS13, Proposition 8.13].

Proposition 8.4. If there exists a primitive embedding Qt ↪→ E8 such that the number of roots∣∣R(Q⊥
t )
∣∣ in the orthogonal complement Q⊥

t ⊂ E8 is at least 2 and at most 16, then the non-split
moduli space Mγ

OG10,2d is of general type, where γ = 3 and 2d = 18t− 6.

Proof. The proposition follows from Theorems 2.3 and 2.11 together with Lemma 8.3 for the
modular variety Ω(Λh)/Ô

+(Λ, h) ∼= Ω(Λh)/Õ
+(Λh).

Now we can prove our main result regarding the non-split moduli space M3
OG10,2d. The proof

is very similar to Theorem 1.1, so we omit details.

Proof of Theorem 1.2. The case of t = 4 was proved in [GHS11, Corollary 4.3]. For the moment,
we will assume t ⩾ 7 and then tackle the cases t ∈ {5, 6} subsequently. Let x1 be the unique
non-negative even integer such that

2x21 + (x1 + 1)2 + 12 < 2t < 2(x1 + 2)2 + (x1 + 3)2 + 12 , (8.5)

and consider the odd number R = 2t−
(
2x21 + (x1 + 1)2

)
. Then,

12 < R < 12x1 + 18 . (8.6)
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Recall [Hal82, Satz 1b] that any positive integer n ≡ 5 mod 8 is a sum of three pairwise distinct
coprime squares. In particular, we can assume ⋆ ̸≡ 5 mod 8. Let

Θ =


0 if R ̸≡ 7 mod 8 and R ̸∈ {19, 27, 33, 43, 51, 57, 67, 99, 123, 163, 177, 187, 267, 627, ⋆} ,
1 if R ≡ 7 mod 8 or R ∈ {19, 27, 43, 51, 67, 99, 123, 163, 187, 267, 627} ,
2 if R ∈ {33, 57, 177, ⋆} ,

and consider the integer

S = 2t−
(
2x21 + (x1 + 1)2

)
− 2Θ2 .

Observe that S can be written as a sum of three distinct coprime squares: S = x26+x
2
7+x

2
8, with

x6 > x7 > x8 ⩾ 0. Our embedding Qt ↪→ E8 is given by z1 7→ vi, where {z1, z2, z3} is a basis for
Qt, with matrix given by minus the matrix defined in (8.3), and

v1 = e2−e1 , v2 = e3−e2 , v3 = x1e1+x1e2+(x1+1)e3+Θe4+Θe5+x6e6+x7e7+x8e8 . (8.7)

As in the proof of Proposition 4.4 and Theorem 1.1, primitivity follows from parity considerations
together with Lemma 4.3.

One observes that integral roots in Q⊥
t are given by

(i) ±(e4 − e5),

(ii) ±(e4 + e5) if Θ = 0,

(iii) ±e4 ± e8 and ±e5 ± e8 if Θ = e8 = 0,

(iv) ±(e4 − ei) and ±(e5 − ei) for i ∈ {6, 7, 8} if Θ = xi ̸= 0.

Hence if Θ ̸= 0, there are between 2 and 6 integral roots. If Θ = 0, there are either 4 or 12
integral roots (with 12 occurring only if x8 = 0).

Suppose that w is a fractional root in Q⊥
t . Since (w, vi) = 0 for i ∈ {1, 2, 3}, we must have a

choice of signs such that

3x1 + 1 = ±Θ±Θ± x6 ± x7 ± x8 , (8.8)

where the number of + signs on the right-hand side is even. Since 3x1 + 1, x5, x6, x7, x8 are all
non-negative,

3x1 + 1 ⩽ 2Θ +
8∑

i=6

xi . (8.9)

From (8.6) and (8.9), we have

8∑
i=6

(xi − 2)2 = S − 4
8∑

i=6

xi + 12 ⩽ 12x1 + 17− 2Θ2 − 4(3x1 + 1− 2Θ) + 12

= 25 + 2Θ(4−Θ) ,

where 2Θ(4−Θ) ∈ {0, 6, 8}. In particular, if Θ = 0, then
∑8

i=6(xi − 2)2 ⩽ 25 and
∑8

i=6 xi ⩽ 13.
And if Θ ∈ {1, 2}, then

∑8
i=6 xi ⩽ 15. From (8.9) it follows that either x1 < 6 and Θ < 2, or

x1 < 8 and Θ = 2. In other words, if x1 ⩾ 6, there cannot be fractional roots in Q⊥
t . Moreover,

when x1 = 6, it follows from (8.6) that the only values of R for which Θ = 2 are 33 and 57.
In these cases, taking, respectively, (x6, x7, x8) = (4, 3, 0) and (x6, x7, x8) = (6, 3, 2), the bound
(8.9) is not satisfied; that is, there cannot be fractional roots in Q⊥

t in these cases either. We have
shown the desired result for all t ⩾ 67. The embeddings and root counts in the cases 4 ⩽ t ⩽ 66
are listed in the appendix. This shows that for all t ⩾ 4, there is a primitive embedding Qt ↪→ E8

such that 2 ⩽
∣∣R(Q⊥

t

)∣∣ ⩽ 16, and Proposition 8.4 gives us the result.
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Appendix. Lattice embeddings for low degree

Here we complete the proofs of Theorems 1.1 and 1.2 by listing all the lattice embeddings for
low values of t.

Non-split hyperkähler varieties of K3-type and low degree

We list the corresponding embeddings for 13 ⩽ t ⩽ 33. The embedding is always the one given
by (7.5), except when t = 21 (see below). For t ∈ {19, 20, 22, 31, 32, 33}, the parameters are as
follows:

t x1 R (x5, x6, x7, x8) Fractional roots

19 3 13 (2,2,2,1) 4
20 3 15 (3,2,1,1) 4
22 3 19 (4,1,1,1) 4
31 4 21 (3,2,2,2) 4
32 4 23 (3,3,2,1) 4
33 4 25 (4,2,2,1) 4

In these cases, one shows that there are 4 fractional roots in Q⊥
t given by ±1

2(e1−e2± (e4−e5)−
(e5+e6+e7+e8). Since x8 ̸= 0, there are between 4 and 10 integral roots, so 8 ⩽

∣∣R(Q⊥
t

)∣∣ ⩽ 14.
When 24 ⩽ t ⩽ 30, we take x1 = 4; then we have 7 ⩽ R ⩽ 19. Arguing as in the case t ⩾ 34, one
rules out the possibility of fractional roots in Q⊥

t . For the list

t x1 R (x5, x6, x7, x8) Fractional roots

15 2 17 (3,2,2,0) 0
16 3 7 (2,1,1,1) 0
17 3 9 (2,2,1,0) 0
18 3 11 (3,1,1,0) 0
23 3 21 (3,2,2,2) 0

one checks that there are no fractional roots. For the embeddings

t x1 R (x5, x6, x7, x8) Fractional roots

13 2 13 (2,2,2,1) 4
14 2 15 (3,2,1,1) 8

there are 10 integral roots and 4 fractional roots in Q⊥
t , respectively 6 integral roots and 8 frac-

tional roots given by

±1
2 (e1 − e2 ± (e3 + e4)− e5 − e6 − e7 + e8))

±1
2 (e1 − e2 ± (e3 + e4)− e5 − e6 ± (e7 − e8)) ,

respectively. Finally, when t = 21, the embedding given in (7.5) yields too many roots in Q⊥
t .

However, a method described in [GHS13, Section 9] called the “(12 ++)-algorithm” works in this
case. The embedding Qt ↪→ E8 is given by z1 7→ v1, z2 7→ v2, with

v1 = −e1 + e2 , v2 =
1
2(e1 − e2 + 11e3 + 5e4 + 3e5 + 3e6 + e7 + e8) .

One checks that the embedding is primitive and there are 6 integral roots in Q⊥
t given by

±(e1 + e2),±(e5 − e6),±(e7 − e8) and 8 fractional roots given by

±1
2 (e1 + e2 ± (e3 − e4 − e5 − e6 ± (e7 − e8))) .
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Hence there are a total of 14 roots in Q⊥
t . We have treated all cases t ⩾ 13. Proposition 7.1

together with [GHS13, Proposition 9.2] for t ∈ {10, 12} give the theorem.

Non-split hyperkähler varieties of OG10-type and low degree

Here we complete the proof of Theorem 1.2 by listing the remaining data t, R, and (x6, x7, x8)
defining the embedding Q⊥

t ↪→ E8 given by (8.7) where the number of roots satisfies the in-
equalities 2 ⩽

∣∣R(Q⊥
t

)∣∣ ⩽ 16. Recall that the number of integral roots for t ⩾ 7 is between 2
and 6 when Θ ̸= 0 and between 4 and 12 when Θ = 0, with 12 only occurring when x8 = 0. For
54 ⩽ t ⩽ 66, the parameters are as follows:

t x1 R Θ (x6, x7, x8)
Fractional
roots

54 4 51 0 (6,3,2) 0
55 4 53 0 (7,2,0) 0
56 4 55 1 (7,2,0) 0
57 4 57 2 (6,3,2) 0
58 4 59 0 (7,3,1) 0
59 4 61 0 (6,5,0) 0
60 4 63 1 (6,5,0) 0

t x1 R Θ (x6, x7, x8)
Fractional
roots

61 4 65 0 (7,4,0) 0
62 4 67 1 (7,4,0) 0
63 4 69 0 (7,4,2) 4
64 4 71 1 (7,4,2) 4
65 4 73 0 (8,3,0) 0
66 4 75 0 (7,5,1) 4

The fractional roots in the cases t = 63, t = 64, and t = 66 are

±1
2(e1 + e2 + e3 ± (e4 − e5)− e6 − e7 − e8) .

If 35 ⩽ t ⩽ 53 and t ̸∈ {45, 50, 52}, then 13 ⩽ R ⩽ 49 and (as in the high-degree case) if one
assumes that there is a fractional root, equations (8.6) and (8.9) lead to a contradiction. In these
cases, there are no fractional roots. For t ∈ {45, 50, 52}, the parameters are as follows:

t x1 R Θ (x6, x7, x8) Fractional roots

45 4 33 2 (4,3,0) 0
50 4 43 1 (6,2,1) 0
52 4 47 1 (5,4,2) 0

For the range 15 ⩽ t ⩽ 34 and t ̸∈ {20, 21, 27, 28, 34}, the embedding parameters are as
follows:

t x1 R Θ (x6, x7, x8)
Fractional
roots

15 2 13 0 (3,2,0) 0
16 2 15 1 (3,2,0) 2
17 2 17 0 (4,1,0) 0
18 2 19 1 (4,1,0) 2
19 2 21 0 (4,2,1) 4
22 2 27 1 (4,3,0) 4
23 2 29 0 (4,3,2) 0
24 2 31 1 (5,2,0) 4

t x1 R Θ (x6, x7, x8)
Fractional
roots

25 2 33 2 (4,3,0) 4
26 2 35 0 (5,3,1) 4
29 2 41 0 (5,4,0) 0
30 2 43 1 (5,4,0) 2
31 2 45 0 (5,4,2) 4
32 2 47 1 (5,4,2) 4
33 2 49 0 (6,3,2) 4

In the cases t ∈ {20, 21, 27, 34}, we use the embedding given by (8.7) with parameters as
follows:
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t x1 Θ (x6, x7, x8) Integral roots Fractional roots

20 0 3 (2,1,0) 2 2
21 0 0 (6,2,1) 4 4
27 2 4 (2,1,0) 2 2
34 2 5 (1,0,0) 6 0

When t = 28, one considers the embedding given by zi 7→ vi, where v1 = e2−e1, v2 = e3−e2,
and

v3 = 2e1 + 2e2 + 3e3 + 5e4 + 3e5 + 2e6 + e7 .

One can check that the embedding is primitive with no integral roots and 2 fractional roots in
the orthogonal complement. The embeddings in the cases 8 ⩽ t ⩽ 14 with t ̸∈ {12, 13} are as
in (8.7) with the following parameters:

t x1 R Θ (x6, x7, x8) fractional roots

8 0 15 1 (3,2,0) 12
9 0 17 0 (4,1,0) 0
10 0 19 1 (4,1,0) 2
11 0 21 0 (4,2,1) 4
14 0 27 1 (4,3,0) 12

Finally, the cases t ∈ {5, 6, 7, 12, 13} are given by zi 7→ vi, where v1 = e2 − e1, v2 = e3 − e2
and

v3 = a1e1 + · · ·+ a8e8

with (a1, . . . , a8) as follows:

t (a1, . . . , a8) Integral roots Fractional roots

5 (1,1,2,0,1,1,1,1) 12 0
6 (1,1,2,0,0,2,1,1) 6 0
7 (1,1,2,2,1,1,1,1) 12 0
12 (1,1,2,0,0,4,1,0) 12 0
13 (1,1,2,1,1,4,1,0) 6 2

With these, we have covered all cases 5 ⩽ t ⩽ 66, finishing the proof of Theorem 1.2.
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