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CHARACTERISING THE ILL-POSEDNESS
OF PROSAIL INVERSION FOR
PARAMETER ESTIMATION

In the previous two chapters, we focused on addressing Challenge 1 (data inconsis-
tency). Through VPint, we can interpolate our in-situ validation datasets, covering
a limited set of locations over a region of interest, into a full gridded dataset, while
VPint2 allows us to obtain full satellite imagery without data gaps. We now turn our
attention to Challenge 2 (noise and ill-posedness. In this chapter!, we will address
this challenge by answering RQ3: What makes parameter estimation an ill-posed
problem, and which factors affect the reliability of parameter estimation results?
We will map out the properties of PROSAIL inversion as a prominent example of a
parameter estimation task, establish how reliable parameter estimation solutions
are, and which properties are the likely causes of ill-posedness. This knowledge
can then be used to inform further methodological contributions alleviating Chal-
lenge 2.

5.1. INTRODUCTION

The estimation of biophysical parameters is an important task for the monitoring
of ecosystems, planning interventions where appropriate, and modelling their im-

IThe contents of this chapter are based on the journal article: Laurens Arp, Peter van Bodegom, Hol-
ger H. Hoos, and Mitra Baratchi. (2026). Characterising the Ill-posedness of PROSAIL Inversion for
Biophysical Parameter Retrieval. European Journal of Remote Sensing, 59(1). Taylor and Francis.
https://doi.org/10.1080/22797254.2026.2632518
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pacts on other predictive tasks. For some parameters it is possible to perform in-
situ measurement campaigns to directly measure the values of these parameters
[187, 188]. However, as explained in Sections 2.1.1 and 2.2.1, such campaigns are
costly and time-intensive, and can only cover smaller, individual areas at a particu-
lar time, leading to scalability and representability issues for regular, global moni-
toring applications. This necessitates indirect inference methods to estimate these
parameters from remote sensing data instead [35]. The parameter estimation per-
formance can then be validated using available in-situ data [35].

Among parameter estimation efforts, those reliant on airborne spectral data
are larger in scale than in-situ missions, but are expensive and difficult to scale up
further, while the retrieved variables may be less reliable. Due to the cost- and scale
constraints, estimations from spaceborne sensors are preferred for regular, global
monitoring applications, but performing the parameter estimation required for
this task is not a trivial problem.

A common method of estimating these parameters is through the use of radia-
tive transfer model (RTM) inversion [189], which we explain in detail in Section
2.2.1. Possibly the most commonly used RTM for vegetation applications is PRO-
SAIL [190, 191], consisting of the leaf- and canopy vegetation parameters from its
constituent models PROSPECT [43] and 4SAIL [44], used to estimate soil and veg-
etation parameters. Since the PROSAIL model is based on the causal relationship
between biophysical parameters and light spectra, while light spectra can be read-
ily observed through remote sensing technologies, these models must be inverted
to perform parameter estimation. As explained in Sections 1.1.2 and 2.2.1, this
RTM inversion task is widely considered to be an ill-posed problem: multiple solu-
tions may fit the observations equally well [57, 58, 59]. However, the ill-posedness
of this problem is not yet well understood.

In this chapter, we aim to address the gap in the knowledge about PROSAIL in-
version for vegetation parameter retrieval, through a thorough empirical study of
the theoretical properties of the ill-posedness of the problem. We do this through
the lens of the inversion loss landscape. This landscape quantifies the goodness-
of-fit of all possible combinations of parameters, when comparing their simulated
output to observed spectra. By empirically studying the properties of this loss
landscape, we can verify whether PROSAIL inversion meets the formal definition
of an ill-posed problem, and if not, what could be other possible causes of ill-
posedness for parameter retrieval.

With this knowledge, we hope to enable practitioners to focus their efforts to
alleviate ill-posedness on the factors that contribute strongly to the ill-posedness
of biophysical parameter retrieval. Through our experiments, we found that PRO-
SAIL inversion is not ill-posed; however, parameter estimation as a whole is. These
results encourage future work to focus not on further improving the effectiveness
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of finding the optimal solution to the PROSAIL inversion problem, which is actu-
ally well-posed, but rather on addressing key limitations of the data of the param-
eter retrieval problem such as noise or spectral mixing.

Through our analyses, we aimed to answer the following chapter research ques-
tions (CRQs):

¢ CRQ1: Does PROSAIL inversion meet the formal requirements of an ill-posed
problem?

¢ CRQ2: What are the possible causes of the ill-posedness of biophysical pa-
rameter retrieval through PROSAIL inversion?

* CRQ3: How does adding priors to the parameter ranges impact the ill-posedness

of biophysical parameter retrieval through PROSAIL inversion?

5.2. RELATED WORK

RTM inversion can be performed based on two main approaches. Traditionally,

numerical optimisation techniques have been used [47, 49, 48]. More recently, hy-
brid modelling approaches, where a machine learning model is trained on a look-
up table (LUT) of simulations, have gained popularity [50, 51, 45, 53, 54, 55], in part

because they can always provide an estimation for the parameters to retrieve, even
for ill-posed problems where traditional inversion methods may fail to provide a
prediction.

However, there is a danger that hybrid models obscure the ill-posedness. The
reason is that, when the underlying problem is ill-posed, there may be more than
one valid result to the inversion problem, which may be disjoint from the area
around a point prediction, while the metrics for validating the performance of
these models only evaluate performance based on (the confidence interval of)
one of these many solutions. Similarly, applying conventional machine learning
approaches (as opposed to RTM inversion), such as training regression models on
spectral observations and in-situ measurements, will be difficult because the train-
ing data are necessarily limited to a specific study area (see, e.g., [192, R D;
we discuss this in more detail in Section 2.2.1. Moreover, these regression models
may be affected by the same ill-posedness as model inversion methods, if this is
an inherent property of the spectral information.

Given the challenges it causes, much work on PROSAIL inversion has incor-
porated measures to reduce the ill-posedness. Most commonly, the ill-posedness
is reduced by adding prior knowledge (priors) to the model, representing domain
knowledge on, for example, certain types of vegetation known to be dominant in
a study area [195, , , , ]. Based on this prior domain knowledge, the
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ranges of some key parameters can be reduced, which has previously been found
to improve estimation performance by addressing ill-posedness [57]. Similarly, in
the case of hybrid models, the ill-posedness can be reduced by training specialised
models on simulated training data with reduced parameter ranges that are statis-
tically probable for a specific study area [45, 52, 46]. Numerous active learning
heuristics have been proposed to improve hybrid models [45], such as approaches
sampling points with the highest uncertainty or automatically matching an ex-
pected distribution [52, 46].

While such methods may have succeeded in improving performance on ill-
posed problems on specific study areas, little work has been done on character-
ising the ill-posedness underlying the problem in more depth, investigating possi-
ble causes and analysing the impact of the mechanisms through which approaches
such as constraining parameter ranges could reduce ill-posedness. Without a clear
understanding of the critical characteristics of the ill-posed problem and its causes,
it will be difficult to establish how to overcome ill-posedness, or even if it is a prob-
lem of PROSAIL inversion specifically, or a symptom of the overarching parame-
ter estimation problem. Such knowledge is critical to design scalable biophysical
parameter estimation models that are generalisable to a diverse range of environ-
ments, and is, therefore, the focus of the work in this chapter.

5.3. METHODS

In the following, we will explain the details of our methods and experimental setup.
To this end, we will first introduce the terms and formal definitions that will be
used throughout this section, many of which follow the conventions we introduced
in Chapters 1 and 2.

Definition 5.1 ((biophysical) parameter). A variable describing a component of a
biophysical system (vegetation in the case of PROSAIL), often a target variable to
retrieve.

We denote an individual parameter as p € P, where P is the set of all free pa-
rameters under study. Following Definition 2.3 in Chapter 2, we denote a configu-
ration as 0, represented by a vector containing concrete value assignments for the
parameters p € P, where every jth value 8/ in 8 corresponds to the jth parameter
p’ in P.

Definition 5.2 (parameter space (search space)). A |P|-dimensional space of all
possible configurations (also known as the search space in optimisation contexts),
where every point corresponds to a specific configuration.

We denote the parameter space as Dp, and for all configurations it holds that
0 € Dp.
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For spectral information, we use x to denote an observed spectrum, consisting
of individual measurements x” at multiple spectral bands b. Our experiments con-
tained 12 bands b, corresponding to the spectral bands of the popular Sentinel-2
satellite (level 2A data products; cirrus band B10 dropped after atmospheric cor-
rection).

Definition 5.3 (instance). One specific problem scenario to solve, consisting of an
observed spectrum x;, and an unknown true configuration 8" to approximate.

A simulated spectrum can be obtained by running PROSAIL, denoted as M, on
a configuration 6, which performs a simulation to generate the simulated spec-
trum X = M (). This allows us to define a spectral loss function for a configuration
0, given the observed spectral information x:

Definition 5.4 ((spectral) loss function). A function measuring the distance be-
tween a simulated spectrum and an observed spectrum, that can be used to mea-
sure the goodness-of-fit of candidate solutions for optimisation purposes.

We denote the loss function as £(M(8),x) = d(X,x), where d can be any dis-
tance metric between X and x. In our experiments, we used the proportional mean
absolute error (PMAE) and the spectral angle mapper (SAM). PMAE is a variant of
the mean absolute error (MAE) whose proportionality results in an equal weighting
between the lower spectral bands (with lower intensities) and the infrared bands
(with higher intensities). SAM focuses on the relationship between bands rather
than absolute values, and may therefore measure complementary properties com-
pared to standard error metrics like MAE (for details, see Appendix A.1.1).

If the loss function £(M (0),x) were evaluated for every point @ in Dp, a |P|-
dimensional manifold in |P| + 1-dimensional space would emerge, such that all
possible coordinates (representing parameter configurations 8 € Dp) are associ-
ated with a goodness-of-fit value quantified by the loss function. This manifold is
known as a loss landscape:

Definition 5.5 (loss landscape). A |P|-dimensional manifold in |P|+1-dimensional
space, measuring loss function values for every possible configuration 8 € Dp.

Finally, we denote an optimum (or minimum) minimising the loss function £
for an observed spectrum x as 6.

Definition 5.6 (optimum). A configuration 0 Dp for which the loss function
value is minimised compared to its direct neighbourhood (local optimum) or for
the entire loss landscape (global optimum).
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Parameter Abbreviation Distribution Range Default Unit

Leaf area index LAI N(3.88,1.98) (0.1-10.0) 3.88 m? leaf / m? soil
Chlorophyll a+b Cap N (32.81,18.87) (0.3-106.72)  32.81 uglem?
Average leaf angle | ALA 14(0,90) (0-90) 45 o

Leaf water content | C,, N(0.0129,0.0073)  (0.0043-0.07) 0.0129 cm

Table 5.1: PROSAIL parameters with their names, ranges, values, and distributions, for the parameters
we kept variable in our experiments. A distribution of A/(y, o) refers to a normal distribution with
mean p and standard deviation o, and a distribution of U (min, max) refers to a uniform distribution
within the specified bounds. The ranges were determined through the parameter ranges specified in
the documentation of the PROSAIL implementation?.

The objective of PROSAIL inversion, therefore, is to find this optimum 9, us-
ing the RTM inversion objective of Equation 2.1. It is possible for more than one
configuration @ to minimise the loss function, if multiple configurations share the
same loss function value.

5.3.1. GENERAL EXPERIMENTAL SETUP

Our general study design was as follows. First, we used PROSAIL to generate sim-
ulated instances i. The sampling strategy used to select initial generating config-
urations 6 took the prior distributions of individual parameters (see Table 5.1 for
details) into account. We generated a simulated look-up table (LUT) D, consist-
ing of 1000 instances i combining the true configurations 8; and the associated
simulated spectra x;. We mapped the raw PROSAIL outputs, which contain 1300
hyperspectral bands (wavelengths of 400-2700nm in steps of 1nm), to the mul-
tispectral format of the popular Sentinel-2 satellite using the spectral responses
provided by the European Space Agency (ESA), thereby conforming to a realistic
application setup.

5.3.2. PARAMETER IMPORTANCE AND CORRELATION

The PROSAIL model contains 15 numerical parameters that could be explored,
although 3 of these concern observer- and solar geometry, which are known in
practice, resulting in 12 potential free parameters. Not all of these parameters are
equally impactful to the spectral loss, making some more appropriate to retrieve
through PROSAIL inversion than others, while exploring all parameters also makes
the problem prohibitively computationally expensive. In the interest of efficiency,
we selected the most impactful parameters based on their importance in a pre-
liminary experiment, determined by functional ANOVA (fANOVA) [199] and Sobol
indices [200].

Ihttps: //github.com/jgomezdans/prosail
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Figure 5.1: Parameter importance for the spectral loss landscape determined using functional ANOVA
[199] (5.1a, 5.1b) and Sobol indicies [200] (5.1c, 5.1d). The PROSAIL parameters shown in these plots
are leaf area index (LAI), chlorophyll a + b content (C,j), average leaf angle (ALA), hotspot, structural
N, leaf dry matter content (Cy;,), leaf water content (Cy,), leaf brown pigment content (Cp; 1),
carotenoid concentration (Cgr), anthocyannins (C,¢p,), soil moisture (G,) and soil brightness (Gp).
The relative importance of parameters can be heavily reliant on the spectral loss function used:
proportional mean absolute error (PMAE) or spectral angle mapper (SAM).
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In fANOVA, the variance of a surrogate model approximating a target function
(in our case PROSAIL forward simulations) is partitioned per input parameter. By
using a surrogate model, the multiple function evaluations necessary to determine
the variance of the model can be computed efficiently for potentially complex,
high-dimensional functions. The change in output can be computed as a function
of changes in the input, resulting in sensitivity indices that give an indication of
parameter importance. Similarly, Sobol indices can be computed by decomposing
the total variance of the output into the fraction of the total variance explained by
every parameter. These indices can also be computed for higher-order indices; we
included both individual contributions and parameter interactions. Parameters
with a high sensitivity have a large impact on simulated spectra, while parameters
with a low sensitivity have a low impact on the spectra. Therefore, we performed
experiments on parameters with a high impact on the spectra, since these are the
most suitable parameters to retrieve via PROSAIL inversion.

Concretely, we generated 200 additional instances, keeping all 12 parameters
as free parameters. For ANOVA, we sampled 200 possible configurations with their
spectral loss for every instance. For Sobol indices, we sampled 2048 configurations
with their spectral loss, since this approach likely needed a larger sample size for
reliable results. For both methods, this approach allowed us to compute the impor-
tance of different parameters for specific instances, which we then aggregated over
all 200 additional instances. We performed this preliminary experiment for both
the PMAE and SAM loss functions, and the resulting distributions can be found
in Figure 5.1. Some parameters that were very important for PMAE (such as av-
erage leaf angle — ALA), were far less important for SAM, and vice versa (such as
leaf water content — C,,). The results for ANOVA and Sobol indices largely over-
lapped, although the places of LAI and C,j;, were switched for PMAE. The results
mainly started to differ starting from the fourth-most important parameter (e.g.,
soil moisture G;). The most impactful parameters tended to have the highest im-
pact on specific spectral bands; details can be found in Appendix B.1.2.

Based on the information in Figure 5.1, we opted to include all parameters that
were in the top 3 most impactful parameters for either of the loss functions and ei-
ther parameter sensitivity method. This resulted in a parameter selection of leaf
area index (LAI), chlorophyll a + b content (C,p), average leaf angle (ALA), and
leaf water content (C,,). A description of these parameters, along with and their
ranges, prior distributions and default values, can be found in Table 5.1. All other
parameters were kept at default values (as in the study by De Sa et al. [50]).



5.4. EXPERIMENTS 105

Experiment | Description Research question

El Testing for unimodality VS multimodality. CRQ1

E2 Testing for continuity of the relationship between CRQI
input spectra and the identified optimum.
Testing for the average shift in optimum found for various

E3 ; . X CRQ2
levels of Gaussian noise on the spectral observations.

4 Test}ng for tbe 1n.1pact of spectral mixing on the CRQ2
retrieval estimations.
Testing for the mechanism through which range constraint

E5 ; o X ) CRQ3
priors alleviate ill-posedness in retrieval problems.

Table 5.2: Summary of experiments and their target research questions.

5.3.3. PROSAIL INVERSION APPROACH

Since we are interested in the characteristics of the inversion loss landscape, our
experiments were based on numerical optimisation. Numerical optimisation meth-
ods, such as black-box optimisation techniques (e.g., stochastic local search pro-
cedures [64], evolutionary algorithms [201] and swarm-based metaheuristic algo-
rithms [202]), can provide richer insight into the underlying loss landscape of the
inversion problem compared to the point predictions (or distribution parameteri-
sation) of hybrid models, because they sample along the loss landscape.

We used a greedy local search algorithm with a budget of 10000 function eval-
uations (simulations with loss function value computations) as an optimisation
algorithm. Greedy local search can converge quickly to the global optimum in uni-
modal settings, though it may get stuck in local optima in multimodal settings. In
our experiments, the downside of local optima worked to our advantage, because
it allowed us to check for the number of optima in loss landscape by determining
whether the optimisation algorithm converged to different local minima. It also
enabled us to cover a larger part of the parameter space than the 1000 instances
included in our dataset, as part of the 10000 function evaluation budget used for
finding the optimum was spent on exploring the search space, further increasing
the probability that, if there are local irregularities in the search space, they would
be encountered along the way. For further details on the optimisation algorithm,
we refer to Appendix A.1. The budget was sufficient for our experiments; this can
be validated through the plots in Appendix B.1.1.

5.4. EXPERIMENTS

In this section, we will describe our experiments aimed at answering the chapter
research questions of Section 5.1. A summary of the experiments and the chapter
research questions they correspond to can be found in Table 5.2.
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5.4.1.ILL-POSEDNESS CHARACTERISTICS (CRQ 1)
IlI-posed problems are problems that do not meet the requirements of well-posedness,
as defined in Section 2.2.2: a problem is well-posed if and only if i) there is a so-
lution to the problem, ii) this solution is unique, and iii) the appropriate solution
changes continuously with changes in the observations (no sudden jumps in the
parameter space).

Therefore, the first characteristics to test for are whether the conditions of well-
posedness are met in PROSAIL inversion. Our experimental setup for these tests
are as follows.

A SOLUTION EXISTS.

The objective of PROSAIL inversion is to find a configuration 6 that minimises the
spectral loss L(%,x) (see Equation 2.1).

If there exists any solution § minimising the loss function £, this property is
satisfied. In continuous problems without constraints or undefined operations
(e.g., zero divisions), this property is trivially satisfied: if any configuration @ has a
valid output M(8), there will be at least one configuration minimising £(M(8),x).
In PROSAIL inversion, assuming the ranges of the parameters have been set up
correctly, this will always be the case.

THE SOLUTION IS UNIQUE.

There is no guarantee that the optimum to a PROSAIL inversion problem is unique.
If there are multiple optima (modalities) in the parameter space that would explain
the observed spectra equally well, or perfectly flat areas with exactly the same op-
timal loss, the inversion problem is ill-posed by violating property 2 of well-posed
problems (unique solution). Therefore, we tested for multimodality in our first ex-
periment.

Experiment 1 (E1): In this experiment, we iterated over instances in D, and
performed iterated greedy local search (see Appendix A.1.2 for details) [64] 5 times
with a random initialisation sampled uniformly (overriding the normal distribu-
tions described in Table 5.1, as this could bias the experiment), resulting in a new
local optimum for every iteration. For every instance, we computed the largest dis-
tance between any pair of optima out of the 5 optima in the set. If the landscape
is unimodal, the optimisers should all converge to the same point in the param-
eter space regardless of their initialisation, resulting in a low maximum distance.
If the landscape is multimodal, the optimisers can converge to different points in
the space, resulting in a large maximum distance.

If more instances contain greater distances than can be explained through mi-
nor approximation inaccuracies of the optimisation algorithm (because the op-
timum for continuous optimisation problems will generally not match the true
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configuration exactly: @ =~ 8*), we can conclude that the landscape is likely multi-
modal, and the PROSAIL inversion problem is ill-posed.

SOLUTION CONTINUOUS WITH OBSERVATIONS.

Unlike the previous two characteristics, which focused on the optimal solutions
to the problem, this characteristic describes the underlying loss landscape. In-
tuitively, well-posed problems should not have sudden ‘jumps’ in their solution
space: if the inputs (in this case: spectra) shift by a certain amount, the shift ob-
served in the outputs (in this case: optimal solution) should be proportional to this
shift. Concretely, for any input spectrum x and its associated optimum 0, given
another spectrum x’ and its associated optimum ', the new optimum 6’ should
converge to the original optimum 0 as the new spectrum x’ approaches the origi-
nal spectrum x. If this property is not satisfied, errors in some parts of the parame-
ter space could become unpredictable, as negligible inaccuracies could still result
in a large error due to a ‘jump’ through the space.

Experiment 2 (E2). We tested for this property by (deterministically) mapping
the observed spectrum x into a perturbed spectrum x’ by perturbation levels § of
-10%, —1%, —0.1%, 0%, 0.1% 1% and 10% of the mean band value (x’b = xb+,B #xb),
and computing the optimum. We compared the change between perturbations
and their associated change in the optima. If the distance between the perturbed
optima and the original optima converges to 0 as the perturbation intensity ap-
proaches 0, PROSAIL inversion likely meets the continuous input-output relation-
ship requirement of well-posedness.

5.4.2. CAUSES OF ILL-POSEDNESS (CRQ2)

When aiming to understand the source of ill-posedness in parameter estimation
through PROSAIL inversion, it can be beneficial to disentangle the parameter esti-
mation task from the (PROSAIL) model inversion task.

In parameter estimation, the objective is to obtain an estimate @ of the true
configuration @7 that is as close as possible to the real configuration values, such
that a estimation loss function Lg (é,9+) (e.g., mean squared error) is minimised.
Convsersely, PROSAIL inversion is a model inversion problem, and solving this
model inversion problem is one of the methods to obtain parameter estimation
estimates. In model inversion, the objective is to obtain an optimal configuration
6 for which its simulated spectrum M () matches the observed spectrum x as well
as possible, minimising the spectral loss function value L[M (é),x). The implicit
assumption here is that the 6 found through PROSAIL inversion corresponds to
the 0 of the parameter retrieval problem.

TlI-posedness on the PROSAIL inversion problem indicates that a unique solu-
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tion cannot be reliably found (e.g., due to parameter non-identifiability through
compensation effects among parameters or spectral ambiguity, particularly in the
infrared bands of Sentinel-2), or that the loss landscape is non-continuous. In
contrast, ill-posedness on the parameter retrieval problem can indicate that the
retrieval problem may be underdetermined or ill-defined, due to the information
contained in the spectral data x being insufficient to uniquely determine , or be-
cause there is a mismatch between real-world measured data and the input data
expected by PROSAIL. If PROSAIL inversion is ill-posed, the parameter retrieval us-
ing it is also ill-posed, but PROSAIL inversion is not necessarily ill-posed if param-
eter estimation is. This is a highly relevant distinction because, if the parameter
estimation is ill-posed, but not the PROSAIL inversion, this implies that tweaks to
the inversion techniques (e.g., LUT-based hybrid models) or fully data-driven ap-
proaches, would still suffer from ill-posedness. In this vein, we hypothesise three
possible main causes of the ill-posedness experienced by practitioners when per-
forming parameter estimation through PROSAIL inversion.

First, as model inversion is often assumed to be an ill-posed problem (see, e.g.,
Darvishzadeh et al. [203] and Verrelst et al. [35, 1), the PROSAIL inversion prob-
lem may indeed be ill-posed, which we already test for in E1 and E2. However, even
if the PROSAIL inversion problem itself is not ill-posed, the overarching parame-
ter estimation problem could still be. It is possible that noise and uncertainty in
the observed data are causing the uncertainty of solutions for different instances
to overlap, resulting in ill-posedness for the inference task. Moreover, it is possible
that there are observable spectra for which there are no realistic solutions, for ex-
ample, due to limitations of the scope of the simulation model, or due to the effects
of spectral mixing [38].

Therefore, in addition to PROSAIL inversion itself, we consider two possible al-
ternative causes through which parameter estimation through PROSAIL could be
ill-posed: noise combined with ill-conditionedness, where small amounts of spec-
tral noise can overpower the signal of matching simulated and observed spectra,
and spectral mixing, where the observed spectra originate from multiple hetero-
geneous source spectra, whose combination may not correspond to a meaningful
configuration. These characteristics prominently differentiate real-world settings
from idealised simulation settings, making them appealing candidates to evaluate.
We performed duplicate versions of Experiments 1 and 2 for each of these condi-
tions, to verify that the well-posedness of the PROSAIL inversion still holds, even
in these changed conditions. Furthermore, since there is no guarantee that our list
of possible cuases of ill-posedness was exhaustive, we included experiments on
real-world Sentinel-2 data (details can be found in Appendix A.2). If the patterns
hold even for real-world data, this means that PROSAIL inversion is not the source
of the ill-posedness.
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We will explain our experiments to test these possible causes in the following.

NOISE AND CONDITIONING

Noise on the spectral observations, for example, through interference on or sensor
limitations of the spectrometer used, has previously been found to have a strong
impact on parameter estimation performance [50]. When there is noise on the ob-
servations x, the spectrum is perturbed into a new position X inthe spectral space.
When this happens, the optimal solution @ will shift away from the true configu-
ration 8% (we later show examples of this in Figure 5.3), because the loss function
L to minimise is now considering the perturbed spectrum X instead of the noise-
free version x. Since the noise per instance is unknown a priori, two instances i;
and iy, with highly similar spectra x’l.1 = x;.Z, could have entirely dissimilar true so-
lutions @ # 0, because their original, dissimilar noise-free spectra x;, # x;, were
pushed together through unpredictable noise. This problem can be exacerbated
depending on the level of conditioning of the problem, which can be interpreted
as the sensitivity of the loss landscape to perturbations to the spectral observations
[205, 206].

Experiment 3 (E3). We tested for this property in Experiment 3 by perturbing
dataset D by adding various levels  of randomly sampled Gaussian noise in con-
trast to the deterministic perturbations of E2) at 1%, 2%, 5%, 10% and 20% of the
mean band value X;, in D) to the spectral data per band b: x’b =x,+N (0, B%Xp). We
then computed the average shift of the optima between the noise-free version of
the data, and the noisy versions thereof. If this shift is high, especially for relatively
low amounts of noise (indicating ill-conditionedness), any point in the parame-
ter space that an optimum could have shifted from, can be considered a potential
true solution to the problem. In this case, noise on the observed spectra can be
considered a source of ill-posedness for the parameter estimation problem.

SPECTRAL MIXING

In real-world applications, spectral mixing is effectively inevitable. PROSAIL can
only model a single set of parameters (though some of the structural parameters
are already aggregates), thereby assuming a homogeneous vegetation cover for the
entire area covered by a pixel (which can be interpreted as, for example, a mean of
the vegetation types in the area). Spaceborne observations by the Sentinel-2 satel-
lite cover, at best, an area of 100/m2, which may contain a combination of several
highly diverse vegetation types, or even land cover not related to vegetation (such
as buildings or geological features). There is no guarantee that, if the spectra from
different vegetation sources are mixed at a certain proportion, their optimal pa-
rameter values would consist of, e.g., a weighted average with the same propor-
tional representation. Therefore, the optimum for an observed spectrum, when
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mixed, may not correspond to a meaningful parameter configuration.

Experiment 4 (E4). In Experiment 4, we tested whether a clear solution can
still be found for observations where spectral mixing has occurred. We modified
the LUT generation procedure to generate new instances as a weighted combina-
tion of three randomly sampled configurations and their simulated spectra, pa-
rameterised by the randomly sampled weight parameters a;, az and a3 (where
a1 +ap + a3 =1). This results in three distinct, independent spectra x;, X, and x3,
simulated from their true parameter configurations 87, 87 and 67, that are com-
bined into a single mixed spectral observation x’ = a1X; + @2X, + a3x3. We then ran
our optimisation setup for X' to find the predicted configuration 8, and compared
this to the individual true configurations 67, 85 and 63, as well as their weighted
mean a;0] + 20, + az0;. In parameter estimation settings, the weighted mean
of configurations is a likely target quantity to predict for mixed spectra.

Ifthe estimation performance for all these cases (particularly the mean) is worse
than the performance in cases without spectral mixing, spectral mixing can be
considered a cause of ill-posedness in parameter estimation. The parameter es-
timation problem would then become ill-defined, since the spectrum no longer
corresponds to any single configuration, thereby violating characteristic 1 (a so-
lution exists) of well-posed problems, despite being trivially satisfied for PROSAIL
inversion itself. It is also possible that the problem would violate characteristic 2
(the solution is unique) of well-posed problems, because the underlying mecha-
nisms of the spectral mixing can be considered a type of random noise. In these
cases, it may be advisible for future work to further explore the impact of spectral
unmixing techniques [38, ) ] on parameter retrieval through multispectral
data.

5.4.3. IMPACT OF RANGE CONSTRAINT PRIORS (CRQ3)

A commonly used method for reducing the ill-posedness of PROSAIL inversion is
the addition of priors in the form of range constraints, which was previously found
to improve performance [57]. We consider three possible (not mutually exclusive)
mechanisms through which the ill-posedness of PROSAIL inversion could be re-
duced by adding range constraint priors: i) excluding competing optima, ii) reduc-
ing the maximal magnitude of errors, and iii) parameter dependency. We show
abstract examples of these possible mechanisms in Figure 5.2.

If the loss landscape is multimodal (see Section 5.4.1 for details), the mecha-
nism by which the ill-posedness would be reduced would be intuitive: restricting
the ranges of parameters to known feasible parts of the parameter space would
rule out optima in different parts of the parameter space, making it more likely to
converge to the correct optimum. This mechanism is illustrated in Figure 5.2a.
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Figure 5.2: Examples of landscapes and the possible mechanisms of reduced ill-posedness through
range constraint priors on the xj variable (red vertical lines). In Figure 5.2a, the constraint on the x;
variable excludes the second optimum at (7, 5), thereby reducing ill-posedness through mechanism i).
In Figure 5.2b, there are many points with a value very close to 2 (plotted simply as 2 for illustrative
purposes), but the range constraint prevents errors larger than 1 (the width of the range) through
mechanism ii); without the constraint, the model may have predicted points like (4,6). Finally, in
Figure 5.2c (where, for plotting convenience, we are maximising instead of minimising), due to the
dependency between x; and xp, the range constraint prior on xj reduces the viable range for xp from
about [1,5] to about [1.5,4.5] through mechanism iii).

Meanwhile, if the landscape is unimodal, but it is ill-conditioned (see Section
5.4.2 for details) with a wide range of values evaluating to similar losses, adding
range constraints could shrink the range of potential points with similar loss val-
ues that an optimiser could converge to for noisy spectral observations. In this
case, performance would be improved because the degree to which predictions
can be wrong would be limited; this mechanism is illustrated in Figure 5.2b. How-
ever, in this case it is possible that parameter estimation performance does not
significantly differ from random sampling within the specified prior ranges; if this
is the case, performing any inference at all would not provide any additional poste-
rior information over the already available prior knowledge, which may reduce the
appeal of using priors to reduce ill-posedness for parameter estimation problems.

Finally, if there are dependencies between parameters (for example, more pos-
sible C,}, combinations for low LAI), constraining the ranges of some parameters
may result in reduced ranges for other parameters as well, as illustrated in Figure
5.2c. In the example, the x, parameter has a range of about 1 to 5. However, its
lowest values can only be reached if the value for x; is also low, and its highest val-
ues are only reachable if the value for x; is high. By adding a range constraint to
x1 as prior knowledge, the viable range for x, is also reduced to a range from about
1.5 to 4.5, thereby reducing the ill-posedness.

Experiment 5 (E5). We experimentally gauged in E5 whether the impact of
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adding priors comes from mechanism i), ii) or iii). If our results for the multi-
modality experiment described in Section 5.4.1 show a multimodal landscape, we
can assume that range constraint priors reduce ill-posedness through mechanism
i) (excluding competing optima). To test for mechanisms ii) and iii), we performed
optimisation on the instances in D (with 10% Gaussian noise on spectral obser-
vations as described in Section 5.4.2, to ensure the problem is ill-posed), setting
priors on LAI with a range interval around the true value at 0%, 10%, 30%, 50%
and 100% of the total LAl range. We then repeated this procedure by using random
sampling for LAI within its range interval, as a baseline measurement.

If the parameter estimation performance, measured only on LA], is better for
tighter range intervals than for larger intervals, it is likely that the ill-posedness
was reduced through mechanism ii). However, if there is no difference with the
random sampling-based baseline, though the prior knowledge would improve per-
formance, it is not synergistic with the estimation method, and rather replaces it
entirely, as the posterior equals the prior. Finally, if the parameter estimation per-
formance for other parameters is significantly better with tighter range constraints
for LAI than with a looser or absent constraint, it is likely that reducing the range
of LAI also reduced the viable ranges of other parameters, making mechanism iii)
more likely.

5.5. RESULTS

In the following we will, unless otherwise stated, analyse the results for the PMAE
loss function. Due to their patterns being largely the same as the results for PMAE,
the results for SAM can be found in Appendix B.1.3.

5.5.1. CRQ1: ILL-POSEDNESS CHARACTERISTICS
Experiment 1. We visualised an example loss landscape for PROSAIL inversion in
Figure 5.3. In this example loss landscape, the landscape appears to be unimodal,
as can be seen in Figure 5.3a, with a large plateau of nearly identical spectral loss
values surrounding that optimum that can be seen in Figure 5.3b. The optimum
itself can only be seen when limiting the range of spectral losses by a substantial
margin (in Figure 5.3c: 2.5 to 0.1, a reduction of 96%). Therefore, based on this ex-
ample, PROSAIL inversion appears to be unimodal, but ill-conditioned: given the
small margins of loss function values separating the optimum from the plateau, a
small perturbation to the input spectrum would likely have a large impact on the
output prediction.

To generalise this observation to a general pattern over all instances, we ag-
gregated the results of Experiment 1 over instances by plotting a histogram of the
maximum distances in Figure 5.4. As the figure shows, the optimisation algorithm
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Example PROSAIL inversion loss landscape (3D) E le PROSAIL loss | D
Example PROSAIL inversion loss landscape xample PROSAIL inversion loss [andscape (30)

pectral loss

(a) Loss landscape contour plot (b) Loss landscape 3D plot (c) 3D plot with clipped losses

Figure 5.3: Example of a loss landscape for PROSAIL inversion, as a 2D plot with contour lines at a log
scale emphasising small differences for low values (5.3a), a 3D plot (5.3b), and a 3D plot with clipped
loss values (5.3¢). The landscape is unimodal, meaning only a single point in the landscape locally
minimises the spectral loss function. However, for most of the loss landscape, the differences in the
spectral loss are very small, and only get larger as the parameters near a value of 0 (as indicated by the
concentration of contour lines in Figure 5.3a). In Figure 5.3b, there appear to be no differences in loss
values within a large plateau of configurations with similar spectral losses. Only when artificially
clipping the loss values to set all losses > 0.1 to 0.1 can the global minimum be seen in the 3D loss
landscape (shown in Figure 5.3c).
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Figure 5.4: Histogram and cumulative frequency of the maximal distances between 5 optima
(initialised uniformly randomly) obtained using iterated local search, per instance. The bins on the
x-axis (restricted to 0-0.3 instead of the full 0-1 range for better visibility) represent distance in the
parameter space as a proportion of the total parameter range . For example, for the LAI parameter

with a range of 0 to 10, a proportional distance of 0.1 represents an LAI difference of 1. The results for
the PMAE loss function can be found in in Figure 5.4a, and the results for SAM can be found in Figure
5.4b. Since almost all 200 maximum distances are contained within the first bins with the smallest
distances, the restarted, randomly initialised optimisation procedure appears to converge to the same
local optimum every time, indicating unimodality.

almost always converged to the same optimum after being randomly restarted, in-
dicated by the heavy skew toward the lowest value bins. For this experiment, we
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Figure 5.5: The continuity of the output for PROSAIL inversion (predicted configuration 8) with
respect to perturbations to the input (spectrum). Figure 5.5a shows an example of a single instance
(with only the LAI and C,;, parameters free), with colours representing its loss values, forming a loss

landscape. The true configuration 7 is visualised as a star, which the noise-free optimum @ (the red

dot) matches nearly perfectly. The blue +-signs represent the shifted versions of the optimum 6,

where points with lower opacity represent a larger perturbation to the spectral input. Figure 5.5b
aggregates this phenomenon (mean) over all 1000 instances, normalised to a 0-1 range based on the
bounds of the parameter range, showing that it is a consistent pattern.

include the results for SAM (Figure 5.4b) because, while they were similar to those
of PMAE (Figure 5.4a), the skew was slightly less extreme, though most maximal
differences were still within a 5% distance of the parameter ranges. Overall, these
results provide empirical evidence that there exists only a single local and global
optimum in the loss landscape of PROSAIL inversion, leading to a unimodal prob-
lem. Therefore, PROSAIL inversion meets requirement ii) of well-posedness.

Experiment 2. The continuity between inputs (spectra) and outputs (optimal
solution) for PROSAIL inversion tested in Experiment 2 can be seen in Figure 5.5.
In the example from Figure 5.5a, the blue points marked by a +-sign form a clear
line through the parameter space, where the points with a lower perturbation (high
opacity) are closer to the optimum for the unperturbed spectrum, while the points
with a higher perturbation (low opacity) are further removed from this original op-
timum. This indicates that, in this example, the location of the optimum (output)
shifts smoothly and continuously with changes to the input (observed spectrum),
thereby meeting requirement iii) of well-posedness. As Figure 5.5b shows, this pat-
tern continues to hold when aggregated over all 1000 instances: for all parameters,
a smooth, convex shape can be observed, indicating that optima converged to the
optimum of a specific spectrum as their spectra approached this spectrum. If the
property of input-output continuity would not have been met, there would be in-
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stances where small perturbations would result in sudden, large jumps across the
parameter space, which would not result in the parabola-like shapes in Figure 5.5b
that we observe. Therefore, we conclude that PROSAIL inversion meets require-
ment iii) of well-posedness.

In conclusion for CRQ1, the results from Experiments 1 and 2 imply that PRO-
SAIL inversion is not an ill-posed problem: there is always a solution, this solution
is unique, and the output moves continuously with respect to the input.

5.5.2. CRQ2: ILL-POSEDNESS CAUSES

Our results for the additional runs of E1 and E2 for noisy, spectrally mixed and
real-world data can be found in Figure 5.6. As the figure shows, the PROSAIL in-
version loss landscape continues to show unimodal patterns, with a large skew to-
ward convergence to the same optimum every time. The input-output continuity
likewise remains intact, with the exception of real-world data in Figure 5.6f. This
shows that some PROSAIL inversion loss landscapes may sometimes violate re-
quirement 3 of well-posedness for real-world spectral data, although there would
still only be a single optimum in this case (though it would be harder to find). It is
also worth noting is that, while the continuity for the PROSAIL inversion loss land-
scape remained intact, the normalised error rates for no perturbations (0%) were
often larger than 0. This suggests that the best fitting simulated spectrum does not
perfectly match the observed real-world spectrum, thereby potentially resulting
in a violation of property 1 of well-posedness (a solution exists) for the parameter
retrieval problem (but not the PROSAIL inversion problem).

Given our findings that the PROSAIL well-posedness appears to hold for noisy,
spectrally mixed and real-world data, we will test for the impact of our hypothe-
sised causes of parameter retrieval ill-posedness in the following.

Experiment 3. For Experiment 3, we visualised the impact of random noise
in the spectral inputs on retrieval performance in Figure 5.7, with an example
loss landscape visualised in Figure 5.7a. A prediction error on the optimum due
to noise on the observations can be interpreted as a ‘shift’ of the optimum 6 in
the loss landscape, away from the unknown true configuration 8%, represented
by the grey, magenta and blue markers in Figure 5.7a. As illustrated in the fig-
ure, each time a Gaussian noise was re-applied to an originally ‘clean’ spectrum
(as described in Section 5.4.2), a new point in the parameter space globally min-
imised the spectral loss, for which we visualised 10 examples per noise level in the
figure. The shifts were fairly small for 3% spectral noise, noticeable for 5%, and
highly disruptive with large outliers (e.g., reaching the maximum LAI value of 10)
for 10% noise —a realistic setting, as the Sen2Cor atmospheric correction algorithm
alone can introduce substantial noise to a spectrum [209, 50, ]. For example,
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Figure 5.6: Repeat of Experiments 1 and 2 for noisy (5.6a and 5.6b), spectrally mixed (5.6c and 5.6d),
and real-world (5.6e and 5.6f) data.

the RMSE for Sen2Cor per band reported by Sola et al. [209] represents around
14% to 20% of the average band values in our real-world dataset, with one outlier
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Figure 5.7: The impact of spectral noise on retrieval performance. Figure 5.7a shows an example of a
single instance (with only the LAI and C,;, parameters free), with colours representing its loss values,
forming a loss landscape. The true configuration @ is visualised as a star, which the noise-free
optimum 6 (the red dot) matches nearly perfectly. The grey, magenta and blue markers represent the
shifted versions of the optimum ), when Gaussian spectral noise at an intensity f of 3%, 5% and 10%
is applied 10 times to the same instance (every repeat sampling a new, unpredictable noise term).
Figure 5.7b aggregates this ‘shifted optimum’ phenomenon over all 1000 instances, showing that itis a
consistent pattern, and the intensity of the shifts increases as the noise level increases.

at nearly 40%. Because, for any given result, we cannot know the degree to which
this optimum has been noise-shifted away from 87, nor the direction in which it
was shifted, any point on the loss landscape that the optimum @ could have shifted
from, could be considered a potential solution to the inference problem, thereby
violating requirement ii) of well-posedness.

In Figure 5.7b, we aggregated the numerical results and plotted the mean ab-
solute error for parameter estimation (normalised as a proportion of the total pos-
sible range of the parameter, e.g., 0-10 for LAI) against the intensity of Gaussian
noise added to the spectral observations. As might be expected, the mean abso-
lute error increased with the noise added to the spectra; this is consistent with
results reported by De Sa et al. [50]. In the results for PMAE shown in Figure 5.7b,
the normalised loss for all parameters shows a linear relationship with the noise
level. In the SAM results, which can be found in Appendix B.1.3, the patterns for
ALA and LAI parameters were not linear, but instead sharply increased for low lev-
els of noise, while increasing only marginally for higher noise levels. However, in
all cases higher levels of noise resulted in higher parameter retrieval error rates.

We conclude that spectral noise seems to be a contributing factor to the ill-
posedness of parameter estimation using spectral information, which can be the
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Normalised MAE target
Parameter | a10] +a»0, +a30; | 6] 0, 03
LAI 0.117+0.089 0.164+£0.151 | 0.158+0.149 | 0.161+0.151
Cab 0.048 +£0.048 0.125+0.106 | 0.12+0.101 0.121 £0.104
ALA 0.106 £0.134 0.236+0.193 | 0.237+0.196 | 0.238+0.187
Cy 0.033+0.045 0.077+0.064 | 0.079+0.065 | 0.083 +£0.067

Table 5.3: Results for E4 on the impact of spectral mixing. Every cell represents the (normalised) MAE
between the optima found for the mixed spectrum x’ and the quantities listed in the columns. The
first column represents the weighted mean of the true configurations of the constituent spectra xj, X
and x3, while the other columns represent the MAE compared to these individual constituent
configurations. This suggests that the solution for mixed spectra matches the weighted mean of the
constituent configurations more closely than the configuration of any individual constituent
spectrum.

case even when PROSAIL inversion itself is well-posed. This effect is likely exacer-
bated by the ill-conditionedness found in Figure 5.3: relatively small perturbations
on the spectral observations caused by noise could result in large jumps across
the loss landscape, given the large plateau-like region of the loss landscape where
noise could relatively easily overpower the signal of the loss function.

Experiment 4. In this experiment, we tested whether spectral mixing could
be an additional explanation for the ill-posedness experienced when performing
parameter estimation. The results for this experiment can be found in Table 5.3.
The cells in this table contain normalised mean absolute error rates for different
parameters (rows), when the predictions in @ are compared to 4 different types of
‘true’ values (columns): the weighted mean of the configurations that correspond
to the 3 mixed spectra that formed the observations, and the parameter values of
these 3 configurations themselves.

As Table 5.3 shows, there is a notable drop in parameter estimation perfor-
mance, especially for LAI, compared to the performance expected for noise-free
data that was not mixed. For example, the loss values for the weighted mean of the
mixed configurations in Table 5.3 appear comparable to the loss values for spec-
tra with 2.5% to 10% Gaussian noise applied to them in Figure 5.7b, while the ex-
pected loss for non-mixed noise-free spectra based on this figure is close to 0. This
decreased performance suggests that the optimum for a mixed spectrum, while
consistently converging to a target quantity most closely related to the weighted
mean of the optima of the constituent spectra, and thereby retaining some fidelity,
does not perfectly align with such a target. The behaviour of the optimal outcomes
6 in response to a linear mixture of input spectra appears to be governed by com-
plex, non-linear and unpredictable mechanisms. While these complex mechanics
are unknown, if a user is interested in retrieving, e.g., the weighted mean of the
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Parameter LAI prior range constraint size
0% 10% 30% 50% 100%
LAI (uniform) | [1]0.0+0.0 [2]0.473+£0.289 | [3]1.413+0.863 | [4]2.214+1.37 [5]2.978 £2.124
LAI [1]0.0+0.0 [2]10.479+0.341 | [3]0.808+0.835 | [4]0.955+1.133 | [4]0.972+1.167
Cap [1]17.737£11.865 | [2]8.143+11.575 | [3]8.262+11.559 | [2]8.235+11.358 | [3]8.23 +11.401
ALA [115.978 £5.95 [2]8.151£9.201 | [3]8.795+9.488 | [4]8.943+9.685 | [3]8.868+9.373
Cw [1]0.003+£0.006 | [2]0.004+0.006 | [3]0.004+0.005 | [4]0.004+0.005 | [3]0.004+0.005

Table 5.4: Mean absolute error rates for parameter retrieval performance for the four different
parameters (rows), with columns representing the interval size of a range constraint prior on LAI (with
100% covering the full original parameter range). The ‘LAI (uniform)’ row represents the performance

of estimating LAI through uniform random sampling, while in other columns, performance is

acquired through optimisation. In each row, the prior range size in a column marked with a lower
number (e.g., [1]) retrieves a parameter significantly better (significance level a = 0.05) than one with a
higher number (e.g., [2]). Adding range constraint priors on LAI greatly improved LAI retrieval
performance, while also improving ALA (but not Cj, and Cy) retrieval performance.

true parameter configurations, there are many points around the optimum that
could correspond to this desired quantity. Therefore, the ill-posedness caused by
spectral mixing appears similar to that of random Gaussian noise in E3, as long as
the underlying non-linear mechanics remain unpredictable.

Although the magnitude of this effect is relatively small for an extreme type of
spectral mixing (fully independently generated configurations), these results sug-
gest that spectral mixing is a contributing factor to ill-posedness for parameter re-
trieval by violating at least one of characteristics 1 and 2 of well-posedness.

Out of the types of true values we compare to in he columns of Table 5.3, the
parameter estimation performance was best for the mean of the configurations
from the 3 generating configurations 8 for all parameters, indicating that the op-
timum 6 of a mixed spectrum x’ = a1X] + @»X» + a3x3 corresponds most closely to
the weighted mean of their constituent configurations a0 + a,0; + a3607, albeit
with a drop in performance compared to non-mixed spectra.

In conclusion for CRQ2, we consider the impact of spectral noise to be the most
likely cause of the ill-posedness experienced in parameter estimation from multi-
spectral data, with a possible additional contribution by spectral mixing.

5.5.3. CRQ3: IMPACT OF RANGE CONSTRAINT PRIORS

Experiment 5. In this experiment, we were interested whether prior information
in the form of range constraint priors can indeed reduce ill-posedness, and if so,
through what mechanisms it is effective. Given our results for Experiment 1 in
Figure 5.4, showing PROSAIL inversion to be a unimodal problem, mechanism i)
(excluding competing optima) is unlikely to be a big factor. The results for mech-
anisms ii) (reducing the maximal magnitude of errors) and iii) (parameter depen-
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dency) are shown in Table 5.4.

As the table shows, the parameter estimation error for LAI increased as the
size of the prior range size increased. For prior range sizes up to 10% the perfor-
mance was very similar to that of uniform sampling within the range, indicating
that the posterior after performing inference was equal to the prior knowledge.
The range of ill-posed solutions likely extended beyond this prior range; therefore,
introducing a range constraint reduced the ill-posedness. In this case, perform-
ing parameter estimation would not add any additional information. However,
for larger range constraints, performing parameter estimation resulted in better
performance than uniform sampling in the range interval, while the performance
also deteriorated with larger intervals. These results indicate that mechanism ii) is
a likely factor in the efficacy of range constraint priors for improving ill-posed pa-
rameter estimation performance, usually without the prior knowledge replacing
the inference method outright.

For mechanism iii), as Table 5.4 shows, the parameter estimation performance
of C,p and Cy, do not appear to be strongly affected by the LAI prior range interval
size, while the parameter estimation performance of ALA appears to be correlated
due to its errors increasing with the increased prior range interval, though this was
mainly the case for highly precise (< 10%) intervals. Therefore, while it is likely that
mechanism iii) plays some part in improving parameter estimation performance,
its impact may be limited.

We conclude for CRQ3 that range constraint priors help improve parameter
estimation performance primarily through mechanism ii), but mechanism iii) may
also contribute in some cases.

5.6. DISCUSSION

In this chapter, we set out to analyse the ill-posedness of PROSAIL inversion (CRQ1),
to establish possible causes for the ill-posedness experienced by domain practi-

tioners (CRQ2), and to confirm that a commonly used strategy for reducing ill-

posedness, adding range constraint priors, indeed reduces the ill-posedness of the

problem (CRQ3).

5.6.1. SUMMARY OF RESULTS

Our results for Experiment 1 (Figure 5.4) and Experiment 2 (Figure 5.5) show that
PROSAIL inversion itself is unlikely to be ill-posed, since it meets the criteria of
a well-posed problem. Our analysis focused on the estimation of LAI, leaf angle,
chlorophyll content and water content; however, it is possible that the estimation
of other parameters, notably parameters with a limited impact on the spectral out-
put of PROSAIL, could still be ill-posed.
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Our results for Experiment 3 (Figure 5.7) indicate that spectral noise can cause
the predicted configuration for a problem instance to shift away from the true con-
figuration. Since this noise is unknown a priori, any configuration in the param-
eter space that a prediction for an observed spectrum could have shifted from is
a potential true solution to the problem instance, thereby making the inference
problem ill-posed. Spectral mixing also appears to contribute toward ill-posedness
(Experiment 4; Table 5.3).

Given these results, it appears that the ill-posedness experienced by domain
practitioners performing parameter estimation does not stem from the PROSAIL
radiative transfer model, but rather from the inherent limitations of the overarch-
ing parameter estimation task and the information contained in the spectral data.
This would carry strong implications for future work in this field, as multispectral
data would not contain sufficient information to reliably retrieve the parameters
of interest.

Finally, our results for Experiment 5 indicated that the use of range constraints
improved parameter estimation performance more for smaller range intervals, and
less for larger intervals, while performing better than random sampling in the range
interval after interval sizes of 10%. This indicates that mechanism ii) (reduced
magnitudes of errors) is likely to be a factor.

In contrast, mechanismiiii) (inter-parameter dependencies) likely has a modest
contribution to the efficacy of range constraint priors to reduce ill-posedness. This
is a surprising result, given that biophysical parameters are highly likely to affect
one another in nature. A possible explanation for this result may be that models
like PROSAIL can perform a simulation for any configuration, regardless of its bi-
ological plausibility, and the relationship between parameters (like the example in
Figure 5.2c¢) depends solely on whether they amplify one another’s effects on the
spectrum. This is not necessarily related to the degree of co-occurrence of certain
parameter settings in nature. In fact, such natural relationships may be promising
candidates to further constrain the search space.

5.6.2. FUTURE WORK

There are several remaining challenges in understanding the ill-posedness of the
parameter estimation problem. First, performing analyses on labelled real-world
data could evaluate whether fully data-driven approaches, not reliant on PROSAIL,
would indeed be susceptible to the same ill-posedness, as our experimental results
suggest. The data collection involved would be a major obstacle to testing this hy-
pothesis in practice, as it would require extremely accurate ground-truth data for
all parameters simultaneously, as well as effectively noise-free spectral observa-
tions to estimate the impact of noise. Future work in this direction, if the data




122 5. CHARACTERISING THE ILL-POSEDNESS OF PROSAIL INVERSION FOR PARAMETER ESTIMATION

requirements were sufficiently met for such a study to become feasible, would be
valuable.

Though we were able to test two hypothesised causes of ill-posedness and mech-
anisms for the impact of range constraint priors, we cannot be certain that our list
of hypotheses is exhaustive. It is possible that there are other factors involved that
play even larger roles. Therefore, beyond the results of this study itself, we stress
in particular the perspective we adopted to test our hypotheses through a careful
consideration of the loss landscapes underlying the inversion problem. We invite
other scholarly work, should others come up with a set of additional hypotheses,
to similarly test these through systematic computational experiments on the loss
landscape where appropriate.

Our experimental results suggest that ill-posedness could not be overcome solely
with algorithmic contributions that improve the identification of the parameter
configuration that best fits the observations (e.g., through better optimisation or
by performing more efficient learning). Even if the optimum were predicted per-
fectly accurately every time, our findings indicate that this optimum itself is not
a perfect target. Statistical uncertainty quantification techniques may help cap-
ture these uncertainties, although these should be selected with care. Since the ill-
posedness appears to originate in the parameter estimation problem itself, rather
than any particular property of the PROSAIL model and its inversion, it is likely
that purely data-driven methods would be similarly affected by the ill-posedness.

Instead, we would encourage explorations into novel contributions for bio-
physical parameter estimation from a data-centric perspective, focusing on in-
creasing the information content in the observed data (for example, through in-
corporating additional data sources, higher resolution data, hyperspectral data, or
temporal autocorrelation), regardless of whether the method used for mapping the
observations to estimated parameters includes PROSAIL inversion or not. For ex-
ample, the use of specialist hybrid models, that have been trained on a subset of
data that is relevant to a study area (either through manual selection of training
data, or through the use of active learning heuristics combined with a study area-
specific validation set) has already seen successful applications of PROSAIL inver-
sion [52, 46]. Perhaps an automatic generation or selection of appropriate special-
ist models might be a fruitful next step to explore. Alternatively, advances in deep
learning techniques may be able to contribute toward ‘denoising’ the observed
noisy spectra through the application of, e.g., denoising autoencoders [211]. If
noisy spectral data could be reduced to the equivalent of the noise-free simulated
data, this would greatly alleviate the ill-posedness caused by noise; we discuss this
direction further in Section 7.2.2.
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5.7. CONCLUSIONS

Our systematic analysis of PROSAIL inversion and its ill-posedness indicate that
pure PROSAIL inversion for the estimation of the often studied parameters leaf
area index, chlorophyll content, average leaf angle and water content, meets all the
requirements of a well-posed problem: there is a solution, the solution is unique,
and the output moves continuously with respect to the input. Given the ill-posedness
experienced by domain practitioners, these results suggest that PROSAIL inversion
itself is not an ill-posed problem, but rather the associated parameter estimation
problem when relying on multispectral data. This seems mainly caused by spectral
noise, while spectral mixing also appears to play a role.

Finally, we found that range constraint priors can alleviate the ill-posedness of
the parameter estimation problem through a reduction of the magnitude of possi-
ble errors, in addition to possible indirect effects through inter-parameter depen-
dencies.

A problem can only be effectively addressed if it is well understood. Currently,
much focus in parameter estimation work using PROSAIL inversion has focused
on method-centric approaches, for example, by efficiently sampling points using
active learning, or on training specialised hybrid models with reduced ranges for
specific study sites. We hope that, building on the results reported here, future
work can also more efficiently explore novel solutions that might improve the via-
bility of parameter estimation when fewer assumptions (e.g., about the study site)
can be made. In particular, we believe that the exploration of data-centric im-
provements, such as the automatic training or selection of specialist models for
a given application area, spectral denoising or data fusion approaches, may be a
fruitful endeavour.

Based on the findings in this chapter, it is unlikely that any methodological
contribution can eliminate the ill-posedness of noisy inference problems outright,
and instead, data-centric approaches aimed at improving the reliability or infor-
mation content of the input data emerged as the most promising direction to re-
duce the ill-posedness. However, this type of contribution will be largely out of the
control of practitioners making parameter estimations. Although fully eliminating
ill-posedness may not be possible, we can still create methods that can be used
to, e.g., quantify the severity of the ill-posedness on specific problem instances.
For example, even if the loss landscape has two optima (unlike the unimodal PRO-
SAIL inversion loss landscapes of Figure 5.4a), this may not be a big problem, if the
distance between these points is negligibly small, while it could invalidate estima-
tions when this distance is large. Therefore, in the next chapter, we will propose
a novel method, eMM], to enable this type of analysis. Using the insights gained
in this chapter, the method will be based on the loss landscape of inference prob-
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lems, and given the phenomenon of optimum shifts of Figure 5.7a, observation
noise will take a central role in determining the possible solution set.



