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SUMMARY

Estimating physical parameters from observations is a core theme in AI for science,
with broad relevance across diverse scientific fields and real-world applications.
These parameters, which define the state of physically governed systems, are often
not directly observable: we can only infer them from their observed outcomes. In
this thesis we focus on developing AI solutions for reliably estimating Earth sys-
tem parameters from satellite data, which are critical for, e.g., environmental pro-
tection, disaster response, and agriculture. Two core challenges complicate this
estimation: 1) spatio-temporal gaps in the available data hamper model training
and consistency, and 2) multiple physical states of the parameters can produce
the same observations, leading to multiple possible solutions for an observation.
In this dissertation, we address four research questions, two of which are related
to the first challenge and two others to the second.

The first research question addresses spatio-temporal gaps in ground truth
datasets and how to fill them in effectively. In Chapter 3, we propose a novel spatial
interpolation method to mitigate this issue. Ground truth data, representing the
‘true’ parameter values that we need to estimate, often covers only sparse mea-
surement points, while we require a complete map of predictions at every point
in an area. Inspired by Markov reward processes, our method iteratively propa-
gates the available information through a system of unknown values, producing
an interpolated grid of ground truth values. We demonstrate the strength of our
proposed method on simulated data and real-world GDP and COVID-19 datasets.

The second research question addresses spatio-temporal gaps in satellite data,
such as those caused by cloud cover. In Chapter 4, we propose a novel method that
adapts our spatial interpolation approach from Chapter 3 for image reconstruc-
tion. Our method uses a fully observable, but outdated, reference image to guide
the reconstruction process. We demonstrate its effectiveness on a popular cloud
removal dataset and a diverse dataset that we collected, which we make publicly
available for further scholarly work.

The third research question explores multiple solutions in parameter estima-
tion. While using a common radiative transfer model (RTM) inversion approach,
we unexpectedly found only a single solution, contradicting prior expectations. In
Chapter 5, we present an empirical study on RTM-simulated data to investigate
how problems with a single solution might still exhibit multiple solutions in prac-
tice. Our analysis shows that the problem meets all the criteria of well-posedness
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(i.e., a unique solution exists), and experiments on real-world satellite data con-
firm that this property is retained in non-simulated settings. Further experiments
revealed that observation noise is likely the primary cause of multiple apparent
solutions. Even if a unique solution exists for a given observation, errors in the
observation itself can lead to incorrect solutions.

The final research question addresses computing the set of solutions for pa-
rameter estimation problems. In Chapter 6, we formalise and theoretically sup-
port a framework to make this computation tractable, and we propose a method
based on constrained black-box optimisation to automatically approximate the set
of possible solutions. This solution set enables a wide array of novel analyses and
applications. We validate both the theoretical framework and our practical approx-
imation method through empirical experiments across physical, statistical, and
machine learning models.

In conclusion, in this dissertation we address two core challenges in Earth sys-
tem parameter estimation: spatio-temporal data gaps and multiple solutions for
the same observations. Through four distinct contributions contained in Chapters
3—6, we advance the understanding of these challenges and improve the reliabil-
ity of estimation methods. While the impact of these challenges likely cannot be
eliminated altogether within the scope of a single dissertation, our work provides
tangible advances and actionable pointers for future research. We encourage other
scholarly work to build on these findings and contribute toward interdisciplinary
efforts aimed at estimating the state of the Earth.



SAMENVATTING

Het inschatten van wetenschappelijke parameters op basis van observaties is een
centraal thema in wetenschappelijke AI, met brede relevantie voor diverse weten-
schappelijke vakgebieden en applicaties. Deze parameters beschrijven de status
van een fysiek systeem, en zijn vaak niet direct te observeren: we kunnen ze al-
leen inschatten via geobserveerde uitkomsten. In dit proefschrift ligt de focus
op het ontwikkelen van betrouwbare AI-oplossingen om aardwetenschappelijke
parameters in te schatten met behulp van satellietdata. Deze parameters zijn es-
sentiëel voor, onder andere, milieubescherming, rampenbestrijding en landbouw.
Er zijn echter twee centrale uitdagingen die deze inschatting bemoeilijken: 1) in
onze data ontbreken grote hoeveelheden spatiëel-temporele informatie, waardoor
het trainen van modellen wordt bemoeilijkt en de consistentie van voorspellingen
wordt verminderd, en 2) meerdere verschillende fysieke omstandigheden kunnen
dezelfde observaties genereren, waardoor er meerdere goed passende oplossingen
zijn voor een observatie. In dit proefschrift beantwoorden we vier onderzoeksvra-
gen, waarbij er twee gewijd zijn aan de eerste uitdaging, en twee aan de tweede
uitdaging.

De eerste onderzoeksvraag betreft ontbrekende informatie in spatiëel-temporele
ground truth datasets, en hoe deze op een effectieve manier ingevuld kunnen wor-
den. In Hoofdstuk 3 stellen we een nieuwe spatiële interpolatiemethode voor, om
zo de invloed van dit probleem te verminderen. Ground truth data, die de ‘echte’
waardes bevat voor de parameters die we moeten inschatten, beslaat vaak slechts
een groep specifieke meetpunten verspreid over een onderzoeksgebied, terwijl we
meestal geïnteresseerd zijn in een volledige kaart met voorspellingen op alle pun-
ten in het gebied. Onze methode, geïnspireerd door Markov reward processes,
propageert iteratief de beschikbare informatie door een systeem van onbekende
waardes, met als eindresultaat een geïnterpoleerd raster met ground truth waar-
des. We tonen de effectiviteit van onze methode aan op zowel gesimuleerde data
als echte BBP en COVID-19 datasets.

De tweede onderzoeksvraag betreft ontbrekende spatiëel-temporele informa-
tie in satellietdata, bijvoorbeeld veroorzaakt door wolkendekking. In Hoofdstuk
4 stellen we een nieuwe methode voor die onze interpolatiemethode van Hoofd-
stuk 3 aanpast voor het reconstrueren van afbeeldingen. Onze nieuwe methode
stuurt het interpolatiealgoritme via een volledig geobserveerde maar verouderde
referentie-afbeelding, en vult hiermee de missende data in. We tonen de effectivi-
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vi SAMENVATTING

teit van deze methode aan op zowel een populaire dataset voor het verwijderen van
wolkendekking, als op een dataset met hoge diversiteit die wij zelf hebben gecre-
ëerd. Wij maken deze dataset publiek toegankelijk voor verder wetenschappelijk
onderzoek.

De derde onderzoeksvraag betreft de meerdere passende oplossingen bij het
inschatten van parameters. Bij het gebruik van een veel gebruikte inversietech-
niek voor radiative transfer models (RTMs) kwamen we onverwacht tot de ont-
dekking dat er slechts een enkele oplossing mogelijk was, in tegenstelling tot onze
verwachtingen. In Hoofdstuk 5 voeren we een empirisch onderzoek uit op data
gesimuleerd door een RTM, om te begrijpen hoe problemen met een enkele op-
lossing zich in de praktijk toch als meerdere passende oplossingen kunnen pre-
senteren. Uit onze analyse komt naar buiten dat het probleem alle criteria van
een well-posed probleem (namelijk dat er een unieke oplossing bestaat), en ex-
perimenten op echte satellietdata bevestigen dat deze eigenschap behouden blijft
buiten een puur gesimuleerde context. Uit verdere experimenten blijkt dat ruis op
de observaties waarschijnlijk de voornaamste oorzaak is van meerdere passende
oplossingen. Zelfs als er een unieke oplossing bestaat voor een observatie, leiden
fouten in de observatie zelf tot fouten in de oplossingen.

De laatste onderzoeksvraag betreft het berekenen van de set van passende op-
lossingen voor het inschatten van parameters. In Hoofdstuk 6 formaliseren we
dit probleem, en geven we een theoretische onderbouwing voor een kader om
deze berekening computationeel haalbaar te maken. We stellen ook een methode
voor, gebaseerd op constrained black-box optimalisatie, om automatisch de set
van mogelijke oplossingen te benaderen. We valideren zowel het theoretische ka-
der als onze praktische benaderingsmethode via empirische experimenten met
natuurkundige-, statistische- en machine learning-modellen.

Samenvattend: in dit proefschrift leveren wij een bijdrage aan twee centrale
uitdagingen voor de inschatting van aardwetenschappelijke parameters: ontbre-
kende spatiëel-temporele informatie in de data, en meerdere passende oplossin-
gen voor dezelfde observaties. Via vier specifieke contributies, beschreven in Hoofd-
stukken 3—6, hebben wij de kennis over deze uitdagingen verbreed, en de be-
trouwbaarheid van inschattingsmethodes verbeterd. Hoewel de invloed van deze
uitdagingen niet geheel verwijderd kan worden binnen het kader van een enkel
proefschrift, vertegenwoordigt ons onderzoekswerk zowel concrete vooruitgang
als uitvoerbare aanbevelingen voor verder onderzoek. Wij moedigen andere we-
tenschappelijk onderzoekers aan om verder te gaan in onze onderzoeksrichting,
en om bij te dragen aan verder multidisciplinair onderzoek, met als doel om ver-
beteringen te realiseren in het inschatten van de status van de Aarde.
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1
INTRODUCTION

Earth system parameters are all around us. These physical parameters are scien-
tific variables, whose values describe the Earth at a certain time and place. For
example, the Leiden office in which this thesis is being written on a spring after-
noon could be described by the following parameters: a temperature of 22.4 de-
grees Celsius, an air humidity of about 50%, a leaf area index of 0 (sadly; this pa-
rameter describes the concentration of the leaves of vegetation) and a P M10 fine
dust concentration of about 17 µg /m3.

Of course, this set of parameters P can differ per use case. Whereas atmo-
spheric scientists may be interested in parameters such as CO2, NO2, P M10 and
P M2.5 concentrations in the atmosphere [1, 2], oceanographers may focus on sea
surface salinity, pH and ocean wind speed [3] and environmental biologists may
care more about chlorophyll a +b content, soil moisture and leaf area index (LAI)
[4]. The unifying factor differentiating these physical parameters from conven-
tional variables is that they are measurable quantities representing the state of a
physical system governed by physical laws. In our case, this physical system is the
Earth system: a highly complex physical system consisting of multiple sub-systems
including meteorological processes, ocean dynamics and ecosystems, with possi-
ble interactions between these sub-systems.

Although the relevance of these parameters to scientific applications is clear,
one pertinent question would be how we can know the correct values of these
parameters for our situation in the first place, like the parameter configuration
θ = [22.4,0.5,0.0,17] described above for an office at Leiden University. In fact,
many of the parameters we may be interested in cannot be directly measured.
Others may be directly measurable, but doing so may be costly in terms of human
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labour, financial investment, or damage to the very system we are trying to mea-
sure (for example, cutting down trees to measure their properties in a laboratory).
As an alternative to this in-situ approach to data collection, we could instead opt to
estimate or infer these parameters indirectly from data sources that are both mea-
surable and plentiful. When working with Earth system parameters, arguably the
most appealing of such data sources is spaceborne Earth observation data: infor-
mation on the planet obtained by satellites orbiting the Earth, such as the Sentinel
satellites from the European Space Agency (ESA) and the Landsat satellites by the
American National Aeronautics and Space Administration (NASA).

Earth observation (EO) data can be obtained in various forms; we provide a
brief overview hereof in Section 2.1. However, the main focus of our methods is on
spaceborne EO data in the form of satellite data. EO satellites continuously orbit
the Earth, and transmit their measurements back for further analysis. However,
the quantities being measured are generally electromagnetic waves, measured in
the form of optical light spectra denoting the intensity of light at the wavelengths
of b spectral bands. Many of the physical parameters describing the Earth impact
how sunlight gets reflected back into space. This allows us to use light spectra,
measured by EO satellites, as feature data to estimate the values of physical param-
eters on Earth, such as the concentration of gases in the atmosphere or chlorophyll
in plant matter. In some fields using EO data, this task is referred to as parameter
retrieval; throughout this thesis, we will use the standard machine learning ter-
minology of the estimation of the physical parameters as target variables, unless
stated otherwise.

Definition 1.1 (physical parameter estimation). The estimation of the values θ of a
set of physical parameters (target variables) P that describe the state of the Earth,
based on an observed feature vector x of Earth observation data. The estimated
values are denoted as θ̂.

Parameter estimation, therefore, is an inference problem where the configura-
tion of true values for P , θ, must be inferred from the features x: θ̂ = f (x). The
mapping function f : X → DP , where x ∈ X (observation domain; in our case,
these are light spectra with b bands in Rb) and θ ∈ DP (domain for the parameters
P ), is generally unknown in advance. For example, in astronomy, we know how
large celestial bodies might bend beams of light, because they are derived from
well-studied fundamental causal properties of gravity. However, when merely ob-
serving a beam of light, it can be challenging to infer whether there was a celestial
body that changed its trajectory, let alone which specific object, and the nature of
its impact. As will become apparent in Section 1.1, there are challenges associated
with parameter estimation using EO data that are specific to this problem setting.
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Although we will maintain generality in most of our methods, we will have a
particular focus on the estimation of biophysical parameters (ecological variables
describing the state of an ecosystem) throughout this work as the main use case,
specifically those related to vegetation. These parameters, such as leaf area index,
chlorophyll content and water content, play a vital role in the health of vegetation
and its role in the ecosystem, which, in turn, can strongly affect other Earth sys-
tems (e.g., the impact of vegetation and algae on climate through photosynthesis).

1.1. MOTIVATION
In addition to the typical challenges associated with inference problems, the specifics
of the problem setting for parameter estimation result in the following two core
technical challenges:

1. Many sources of data are inconsistent, resulting in spatial and temporal gaps
in the dataset (missing data) and potential biases. For example, sensor net-
works can only measure a target variable at a few specific locations, and
cloud cover can introduce substantial gaps in satellite imagery.

2. The inference problem could be ill-posed due to insufficiently informative
or noisy input data, meaning that multiple solutions could be equally valid
for a given input. For example, if two parameters affect light, and therefore
the satellite imagery, in the same way (e.g., they both increase near-infrared
reflectance), it is unclear which parameter the observed patterns should be
attributed to.

These challenges, while differentiating parameter estimation using EO data
from conventional inference- and machine learning tasks, such as image classi-
fication or house price prediction, are likely to be present in a class of similar in-
ference problems, whose shared properties with EO-based parameter estimation
result in the same challenges. Applications in such related problems may benefit
from the contributions contained in this work.

Inference problems are likely to contain similar challenges to those presented
in this work if they share (a subset of) the following properties: i) the input x con-
sists of noisy, real-world data, ii) the ground truth data θ is difficult to measure
precisely, iii) there are (non-uniformly distributed) data gaps in the input x and/or
the ground truth data θ, such as missing groups of pixels in images, and iv) the
data generating mechanism in the real world consists of causal, physical relation-
ships from the parameters θ to the outcomes x, but in the inference problem, x
forms the observations while θ are the target parameters (inverse modeling). In-
tuitively, fields such as astronomy [5, 6] and medical imaging [7, 8, 9] are likely to
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share many of these characteristics with the Earth science settings considered in
this work.

1.1.1. CHALLENGE 1: DATA INCONSISTENCY
Data inconsistency can affect both the ground truth parameter data θ and the EO
feature data x.

The target variables P , whose values θ we are aiming to estimate, are inher-
ently spatio-temporal. A parameter describing the Earth does so for a specific lo-
cation at a certain time. However, the datasets we have available to train or eval-
uate predictive models may not have measurements for the full region of interest.
For example, a sensor network (see Section 2.1.1) takes measurements at various
locations in a region, but the number of locations is necessarily limited. Similarly,
sensor defects, transmission errors, inhospitable terrain and other unpredictable
factors can prevent measurements from being taken for every possible location in
a study area. This results in both systematic and random spatial gaps in the ground
truth data θ. Similarly, not all measurements in a dataset may have been taken at
the same time, or the temporal resolution of measurements could be low (e.g., due
to the cost of measurement), resulting in temporal gaps in the data. These spatio-
temporal data gaps can make it challenging to train and evaluate predictive models
that, for example, return a full image where every pixel represents a prediction for
the corresponding geographical location at the same time.

To improve data consistency and enable the training and evaluation of pre-
diction models, we need a method to interpolate the spatio-temporal gaps in the
data. The interpolated data should reflect local spatial structure, such as similar
neighbours or abrupt changes, as well as global spatial structure, such that spa-
tial interactions can take place over any distance. This led to research question 1
(RQ1), which aims at developing a method that satisfies these requirements:

RQ1 How can we effectively interpolate spatial data such that both local and global
spatial properties are retained?

In contrast to the ground truth data described above, the EO data x is usu-
ally already a full satellite image covering a geographical area, while the regular
orbit ensures consistent revisits (although certain orbits may prioritise frequent
revisits over particular geographical areas). Nonetheless, this type of data is still
strongly affected by spatio-temporal data gaps. Unlike the sensor networks de-
scribed above, which often have a consistent pattern to the data gaps, missing EO
data is generally caused by unpredictable factors. These factors include invalid
pixels (e.g., due to solar glint), sensor faults (e.g., Landsat ETM+ SLC-off data [10]),
transmission errors and, most prominently, cloud cover (for details, see Section
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2.1.3). The spatio-temporal data gaps caused by these factors are often not uni-
formly distributed. For example, cloud cover can be affected by the season (more
clouds in winter than in summer) and geographical location (more clouds in trop-
ical regions than in deserts). Therefore, this data inconsistency forms a major ob-
stacle for the training of predictive models, and can introduce biases in the trained
models. Furthermore, without the feature data x available at a specific time and
place of interest, direct parameter estimation for this spatio-temporal point will
not be possible with a typical prediction model mapping features x to parameters
θ.

To address these limitations, we need a method to interpolate missing data in
our input EO data x, thereby greatly improving the consistency of our estimations.
We took a particular interest in cloud cover, as one of the most prominent causes
of missing EO data, but the method should generalise to other types of missing
data. Unlike general spatial interpolation problem settings, most satellite-based
EO data comes in the form of images. This results in an image processing gap fill-
ing task, where the spatial relationships between pixels can have a far greater in-
tensity and variability than in general spatial interpolation settings, while requiring
greater precision. Moreover, this spatial structure may change over time, to which
the method should be robust. It should be easy to apply the method to any type
of EO image data, without the need to re-train a model for every possible type of
satellite, and the resulting reconstructed images should be of high quality, such
that they can be used in downstream parameter estimation tasks. This leads to the
following research question:

RQ2 How can we effectively and easily interpolate unpredictable, spatially clus-
tered missing data in Earth observation imagery?

1.1.2. CHALLENGE 2: NOISE AND ILL-POSEDNESS

When performing parameter estimation as θ̂ = f (x), regardless of the method used
to approximate f , we are implicitly assuming that the function f is a one-to-one
mapping fromX to DP . Any uncertainty on θ̂ would then be caused solely by flaws
in the approximation of f (e.g., the errors of a machine learning model). However,
it may be the case that there is not enough information contained in x to uniquely
estimate the correct θ. As a result, f could be a one-to-many mapping, where
many different θ̂ could be the appropriate solution for the same x. For example, if
the observations were generated as x = θ2, and we observed x = 100, there would
be two possible answers: θ = 10 or θ = −10. This is one of the ways in which a
parameter estimation problem can be ill-posed (see Section 2.2.2 for details).

Alternatively, noise on the observations x can result in ill-posedness. As ex-
plained in Section 2.1.3, the EO input data is necessarily noisy (for example, due
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to atmospheric interference in the optical data). Consequently, the parameter es-
timation result θ̂ we obtain as a best fit for this noisy data may not be the true
θ representing the state of the Earth. Instead, any configuration that could have
been the parameter estimation result, if the random noise on the EO observations
had been different, could possibly be the true solution. Without knowing the noise
on the observations, it will not be possible to judge with certainty which is the true
solution, making a commitment to any particular solution inappropriate and re-
sulting in ill-posedness.

These examples illustrate how multiple factors could result in ill-posedness for
parameter estimation. These factors may reduce the reliability of parameter esti-
mation results, but their impact is not well understood, complicating the develop-
ment of strategies to alleviate them. Therefore, a thorough analysis of the impact
of these factors on the solution reliability is necessary. From this analysis, it should
be clear what the factors are, and how they can be alleviated. This is the scope of
the following research question:

RQ3 What makes parameter estimation an ill-posed problem, and which factors
affect the reliability of parameter estimation results?

When a problem is ill-posed, finding appropriate solutions can be extremely
challenging, but this is not necessarily the case. Even problems known to be ill-
posed could be solved at a satisfactory level of accuracy, depending on the problem
setting. For example, if there are only a few possible solutions θ̂, all at a negligible
distance from each other in the parameter space DP , the ill-posedness is unlikely
to cause major issues for the parameter estimation task. However, if there are many
solutions spread around DP , each of which could be an appropriate solution for
the observed EO data x, performing a reliable estimation may be infeasible based
on the information available.

Therefore, we need a method to automatically extract all the possible solutions
to noisy inference problems. The set of solutions should be accurately approxi-
mated, and should include solutions that could have been the parameter estima-
tion result if the noise had been different. This would then allow us to, for example,
establish how severely ill-posed a parameter estimation problem instance is. Our
final research question, therefore, is as follows:

RQ4 How can we automatically extract the set of possible solutions to a noisy infer-
ence problem?

An overview of the research questions, and the challenges they address, is shown
in Figure 1.1.
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Figure 1.1: Overview of the research questions, the chapters of this work addressing them, which part
of the parameter estimation pipeline they address, and the challenges they correspond to. In RQ1, the

parameter values θ are known for some locations (1 and 3), but are unknown for another (2),
necessitating a spatial interpolation method for the target values. In RQ2, the satellite measurements

of the light reflected by the parameters are blocked by factors such as cloud cover, necessitating a
missing data interpolation method for satellite data. In RQ3, random noise causes the spectrum to

change shape, resulting in the wrong parameter configuration being returned as a solution, and
necessitating an investigation into noise and ill-posedness. In RQ4, there are many possible spectra

that random noise could create, resulting in multiple potential solutions and necessitating a method
that finds all these potential solutions.
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1.2. CONTRIBUTIONS
The work covered in this thesis will present the following key contributions to the
artificial intelligence and remote sensing communities:

• To address RQ1, we created a spatial interpolation method, called VPint,
that provides a novel perspective on spatial interpolation problems and ex-
ploits covariates with minimal assumptions. The key idea of our proposed
method is its system-oriented perspective, enabling global spatial interac-
tions through a chain of local spatial relationships. We performed extensive
empirical experiments on synthetic data, as well as real-world datasets on
GDP levels and COVID-19 incidence rates, and compared the performance
of VPint to that of representative baseline methods including Kriging meth-
ods, spatial autoregressive models, and convolutional neural networks. We
found VPint to perform better than competing methods on average in terms
of mean absolute error (MAE), root mean squared error (RMSE), peak signal-
to-noise ratio (PSNR) and structural similarity index (SSIM). This contribu-
tion is contained in Chapter 3, and has given rise to the following journal
article:

Laurens Arp, Mitra Baratchi, and Holger H. Hoos. (2022). VPint: value
propagation-based spatial interpolation. Data Mining and Knowledge
Discovery, 36:1647–1678. Springer.

• To address RQ2, we adapted the VPint algorithm to VPint2, which applies the
concepts of VPint to the image processing-like problem of cloud removal in
Earth Observation data. We also created a cloud removal benchmark dataset,
SEN2-MSI-T, enabling a validation of our proposed method and supporting
the development of future cloud removal methods. VPint2 can be easily ap-
plied without prior training and requires only a single reference image of the
same sensor. The modifications and extensions we made allowed the algo-
rithm to be successfully applied to cloud removal and EO data, which in-
troduce particular complications distinct from general spatial interpolation
problems, due to variable spatial autocorrelation structures that could be dy-
namic over time. We compared our proposed method to baseline methods
including mosaicking, automated machine learning, neighbourhood simi-
lar pixel interpolation and previously published cloud removal deep learn-
ing models, and found it to perform significantly better in terms of mean
absolute error (MAE), mean absolute percentage error (MAPE), structural
similarity index (SSIM) and downstream task performance in 17 out of 20
conditions. This contribution is contained in Chapter 4, and has given rise
to the following journal article:
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Laurens Arp, Holger H. Hoos, Peter van Bodegom, Alistair Francis, James
Wheeler, Dean van Laar, and Mitra Baratchi. (2024). Training-free thick
cloud removal for Sentinel-2 imagery using value propagation interpo-
lation. ISPRS Journal of Photogrammetry and Remote Sensing, 216:168–
184. Elsevier.

• To address RQ3, we carried out a thorough empirical study aimed at char-
acterising the ill-posedness of vegetation parameter estimation through ra-
diative transfer model (RTM) inversion (for details on RTM inversion, see
Section 2.2.1). We systematically tested whether the formal properties of ill-
posedness (see Section 2.2.2) are met when performing RTM inversion. Next,
we performed experiments aimed at gaining insight into the relationship be-
tween noise on the observed EO data and ill-posedness. Finally, we tested
the mechanisms through which common strategies to reduce ill-posedness
are effective. Our empirical experiments found that RTM inversion met all
the requirements of a well-posed problem, but that noise on the EO data
resulted in ill-posedness for the parameter estimation problem. Based on
this knowledge, we recommend future work to focus on data-centric contri-
butions, such as improving the quality of the EO data. This contribution is
contained in Chapter 5, and has given rise to the following journal article:

Laurens Arp, Peter van Bodegom, Holger H. Hoos, and Mitra Baratchi.
(2026). Characterising the Ill-posedness of PROSAIL Inversion for Bio-
physical Parameter Retrieval. European Journal of Remote Sensing, 59(1).
Taylor and Francis.

• To address RQ4, we formalise the concept of ϵ-manifolds, and propose eMMI,
a method to efficiently approximate the ϵ-manifold. Based on our findings
on ill-posedness, we found that noise on the observations of an inference
problem can cause the inference problem to become ill-posed. An ϵ-manifold
is a set of all possible solutions to an inference problem, whose suitability is
characterised by a loss function value threshold ϵ. Therefore, approximating
the ϵ-manifold enables us to automatically extract the set of all possible so-
lutions to a noisy inference problem. Our proposed approximation method,
eMMI, efficiently performs a search around the point prediction based on
diversity optimisation, and trains a classifier on the sampled points. We vali-
dated our proposed method on simulation models including RTMs, simulation-
based inference simulators and machine learning tasks, and compared against
statistical methods such as Gaussian processes, Bayesian neural networks
and approximate Bayesian computation. Our empirical experiments found
that ϵ-manifolds are significantly better than statistical uncertainty quan-
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tification at containing the true solution, and eMMI approximated the ϵ-
manifold significantly better than the baseline methods. This contribution
is contained in Chapter 6, and has given rise to the following journal article:

Laurens Arp, Peter van Bodegom, Nguyen Dang, Holger H. Hoos, Alis-
tair Francis, and Mitra Baratchi. (2025). Inference from Noisy Observa-
tions through Model Inversion: Constructing ϵ-Manifolds of Potentially
Valid Solutions. Under review.

All contributions in this thesis are accompanied by the code required to use the
methods developed, as well as the code required to reproduce our results. Other
resources, such as datasets created for the projects, can either be downloaded di-
rectly, or can be reproduced using the provided scripts.

1.3. ORGANISATION OF THIS DISSERTATION
The rest of the dissertation is structured as follows. In Chapter 2, we provide the
necessary background information to allow readers to put our work in context.
The following four chapters (Chapters 3 – 6) cover our key contributions, following
the structure of the research questions (RQs) and contributions described in Sec-
tions 1.1 and 1.2. We conclude the dissertation in Chapter 7 with a discussion on
the work contained therein, and recommendations for future research directions.
Since the interdisciplinary nature of this work virtually guarantees that readers will
be unfamiliar with parts of the subject matter, we provide a glossary of key terms
at the end of this dissertation.



2
BACKGROUND

The work contained in this dissertation is highly inter-disciplinary, combining con-
cepts from remote sensing, Earth science, physics, environmental biology, and ar-
tificial intelligence (AI). The intersection of these fields entails specific challenges
that may be unfamiliar to an audience of experts specialised in one of these fields.
The information contained in this chapter is intended to improve readability for
experts from these different fields, enabling them to more easily follow the con-
tent from other fields in the main chapters of the dissertation.

First, Section 2.1 contains information about Earth observation data, which
is the main type of input data for parameter estimation tasks. Second, Section
2.2 elaborates on radiative transfer models (RTMs) and the motivation for using
them for parameter estimation. Finally, Section 2.3 covers the basics of the main
computational methods that can be applied to parameter estimation from Earth
observation data.

2.1. EARTH OBSERVATION DATA

In this section, we will cover the background of Earth Observation (EO) data. Sec-
tion 2.1.1 will cover the main types of EO data available and motivate our goal of
leveraging satellite data for physical parameter estimation. Next, we provide some
general information on optical EO data, which we will be focusing on throughout
this dissertation, in Section 2.1.2, and highlight some of the challenges arising in
this context.

11
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(a) Netherlands ground water
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Figure 2.1: Examples of sensor network-based in-situ datasets. Figure 2.1a shows the ground water
quality in the Netherlands as assessed by the Dutch National Institute for Public Health and the

Environment [15] (image credits RIVM). Figure 2.1b shows the concentrations of fine dust (PM10
particles) in the atmosphere at the measuring stations of various districts in Seoul, South Korea,

measured by AIRKOREA [12].

2.1.1. TYPES OF EO DATA

Earth observation data is a collective term for data that has been obtained from
sensors measuring some properties of the Earth. For example, the Dutch RIVM,
a government organisation responsible for national health and environment, op-
erates a sensor network of 350 measuring stations, spread across the country, to
monitor the quality of ground water in the Netherlands [11]. Other examples of
this type of EO data includes the atmospheric fine particulate matter (fine dust)
measuring stations in South Korea [12], the seismic activity and earthquake moni-
toring network in Japan [13] and various ecological measurements undertaken by
NEON in the United States [14].

These sensor networks are examples of in-situ EO data: they enable direct mea-
surements of the quantities we are interested in. We show two examples of this
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type of data, namely the aforementioned ground water and fine dust examples, in
Figure 2.1. The data from these sensor networks is typically represented as spatio-
temporal point data, where every point is a station where sensors directly measure
some quantity. In the ground water example, every measuring station in the sen-
sor network measures water quality at a specific time and location. As a result, this
type of data generally needs to be interpolated to enable users to derive estima-
tions of a variable (such as ground water quality) at an arbitrary location; our work
in Chapter 3 considers this type of data in more detail and will present a method
to effectively perform this interpolation task.

In contrast, the largest part of EO data comes in the form of remote sensing
data. In remote sensing, sensors are deployed remotely, which then observe the
object of study from a distance. The main sources of remotely sensed EO data
are aerial imagery, obtained by airborne sensors mounted on aircraft, and satel-
lite imagery, obtained by spaceborne sensors mounted on satellites orbiting the
Earth. The advantage of remotely sensed EO data over in-situ data is that it can
be collected at a larger scale and obtain measurements for the full spatial area it is
observing (a line determined by an orbit or flight path, with a width that is referred
to as its swath). The resulting geo-referenced image can be directly used without
requiring interpolation, and remotely sensed data is usually less expensive to set
up and maintain at scale than in-situ data.

On the other hand, this type of data (especially aerial data) can still be ex-
pensive, is dependent on a sufficient spatial- and temporal resolution to produce
meaningful results, and can typically only measure proxy variables such as the in-
tensity of reflected light at different wavelengths (see Section 2.1.2) instead of the
actual quantities of interest. This necessitates further processing to be converted
into usable data products, thereby potentially introducing additional inaccuracies
into the process. Most remotely sensed EO data is partially processed prior to data
distribution, converting the raw data streams obtained by the sensors into a geo-
referenced image with a predetermined map projection (usually WGS84), infor-
mative metadata and quality flags per pixel. Such images usually contain multiple
data bands, where every band is an additional dimension containing an image for
a different variable. For example, in optical imagery, the data often contains mul-
tiple bands measuring the intensity of reflected light at different spectral wave-
lengths, and synthetic aperture radar data contains multiple bands for different
scene polarisations.

Once in orbit, spaceborne EO sensors can obtain continuous observations with-
out major further interventions from the ground level, providing a large volume of
raw data to its operators. For example, the Sentinel satellite platforms alone, oper-
ated by the European Space Agency (ESA) for the European Commission’s Coperni-
cus programme, transmitted 45 pebibytes (about 5.1 ·1016 bytes) worth of EO data
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(a) Sentinel-1 (b) Sentinel-2

Figure 2.2: Examples of satellite imagery from the Sentinel EO satellites by the European Space Agency
(ESA). Figure 2.2a shows an example of Sentinel-1 synthetic aperture radar (SAR) data over the

Netherlands (image credits ESA). Figure 2.2b shows an example of Sentinel-2 optical data over the
Karavasta Lagoon in Albania (image credits ESA).

over the year 2023, with over 40000 data products published every day [16]. This
large scale makes satellite data an attractive type of EO data to build applications
on: if reliable algorithms are created to estimate physical parameters from satel-
lite data, this will provide us with a constant stream of information on the state of
the Earth at any given time. Our focus will, accordingly, be on the development of
algorithms applicable to spaceborne EO data.

On the other hand, satellite data also comes with significant drawbacks. Com-
pared to aerial data, the increased distance between the sensor and the observa-
tion target results in lower spatial resolutions and an increased susceptibility to in-
terference from, e.g., atmospheric conditions. Moreover, a substantial part of the
collected data is unusable due to cloud cover (see Section 2.1.3, as well as Chapter 4
for our proposed method to remove clouds from satellite imagery). The validation
of satellite-derived estimations can also be challenging, due to their large scale and
low resolution, which usually cannot be directly compared to in-situ data. Instead,
satellite-derived data products are often validated using derivations from airborne
data, which are, in turn, validated using either in-situ data or further intermediate
levels of abstraction, such as ground-based spectrometer data.

Although this hierarchical validation approach has resulted in the best evalua-
tion of data products currently possible, it entails that the inaccuracies and error
rates of lower-level EO data (such as in-situ data) inevitably trickle up to higher-
level data (such as satellite data), with an additional information loss at every con-
version between two levels of EO data. This can pose challenges for the application
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of conventional machine learning and deep learning methods to EO data, because
some of the central concepts, such as ground-truth data and reliable metrics to op-
timise for, are not necessarily available for all types of applications. On the other
hand, when building applications that are not reliant on large amounts of accu-
rate ground truth data, certain deep learning techniques can be highly effective,
such as transfer learning [17], representation learning [18, 19], self-supervised and
semi-supervised methods [20, 21] and foundation models [22, 23, 24]. Further-
more, the models can be trained and evaluated more reliably in problem settings
where labels can be reliably generated by human annotators (e.g., land cover clas-
sification [25, 26] and segmentation tasks [27, 28, 29]).

2.1.2. OPTICAL EO DATA

The large majority of remotely sensed EO data comes in the form of optical data
(shown in Figure 2.2b); a discussion of other forms of remote sensing data, such
as radar, lidar and synthetic aperture radar (SAR) (shown in Figure 2.2a), is be-
yond the scope of this work. The sensors used for optical data are referred to as
spectrometers, which measure the intensity of light at certain wavelengths of the
electromagnetic spectrum. In addition to the red (∼ 665nm), green (∼ 560nm) and
blue (∼ 490nm) wavelengths that are visible to the human eye, spectrometers can
measure light intensity for ultraviolet (≤ 400nm) and (near-)infrared (≥ 780nm)
light. This light energy in invisible wavelengths can be highly informative to var-
ious applications; for example, red-edge and near-infrared (relatively low wave-
length infrared) light is known to be heavily affected by vegetation and photosyn-
thesis [30, 31], while ultraviolet light has applications in, e.g., aerosol detection
[32]. A typical light spectrum would not contain the same intensity at every part of
the spectrum; for example, light intensity at visible wavelengths tends to be much
lower than near-infrared wavelengths; this can be observed in all the spectra visu-
alised in Figure 2.3.

Spaceborne optical sensors measure sunlight reflected by the Earth at a set of
pre-determined wavelengths, called spectral bands. Most spaceborne spectrom-
eters produce multispectral data, which contains multiple spectral bands spread
around the spectrum. Although there are no strict rules, optical data containing
tens of spectral bands is generally referred to as multispectral data. Historically,
the NASA Landsat and MODIS satellites have provided multispectral data; over
the last decade or so, the ESA Sentinel-2 satellites have gained much traction as a
source of optical data. Most of the work in this dissertation will focus on applica-
tions based on Sentinel-2 data, since this is the most popular satellite data at the
time of writing. An example spectrum measured by Sentinel-2 for a field to the
south of Leiden, the Netherlands, on a spring day, can be found in Figure 2.3a.



2

16 2. BACKGROUND

(a) Sentinel-2 (b) PROSAIL hyperpsectral (c) PROSAIL multispectral

Figure 2.3: Visualisation of example spectra: a) a real-world spectrum measured by the Sentinel-2
multispectral satellite at a field to the south of Leiden, the Netherlands; b) a simulated hyperspectral
spectrum simulated by the PROSAIL RTM (see Section 2.2), using the best fitting parameters to the
Sentinel-2 observations of Figure 2.3a; c) the same simulation using PROSAIL as in Figure 2.3b, but
after converting the hyperspectral output to a multispectral format matching the spectral bands of

Sentinel-2 observations.

In addition to multispectral data, there are also sensors producing hyperspec-
tral data. The best-fitting hyperspectral simulation for the Sentinel-2 observations
in Figure 2.3a, determined using RTM inversion as described in Section 2.2, can
be found in Figure 2.3b, and its corresponding multispectral version can be found
in Figure 2.3c. Hyperspectral data is similar to multispectral data, but contains
many spectral bands (high tens, hundreds or thousands). The increased spectral
resolution may improve parameter estimation approaches by increasing the infor-
mation content of the data, as illustrated in Figure 2.3 by the extra details in the
hyperspectral image in Figure 2.3b compared to the multispectral images in Fig-
ures 2.3a and 2.3c. This could potentially reduce ill-posedness in parameter esti-
mation settings; however, the improvements to spectral resolution may come at an
expense of lower sensor accuracy, or sacrificing other types of resolution (spatial,
temporal). The increased multi-collinearity of the band values may also require
additional processing.

Since there are few hyperspectral satellite platforms currently in operation at
the time of writing, and the hyperspectral satellite data that is available is often
commercial (e.g., the Tanager satellites by Planet Labs or the GHOst satellites by
Orbital Sidekick) or otherwise not publicly available for all locations and times
(e.g., the PRISMA satellite by the Italian Space Agency), we will focus our methods
on multispectral data. Throughout this work, we will specifically focus on Level-2A
Sentinel-2 data products, which are optical images that have been atmospherically
corrected.
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2.1.3. EO DATA CHALLENGES: QUALITY, QUANTITY, AND DIVERSITY
Given the large volumes of EO data available, combined with the scale of EO im-
agery and the spatial and temporal relationships that are often contained in the
data, large deep learning models form an appealing option for many EO tasks,
including parameter estimation. However, deep learning models usually require
large amounts of labelled data to train. While the EO feature data x may be plen-
tiful, collecting ground truth data for the physical parameters θ can be expensive,
challenging, or even impossible for parameter estimation in particular, resulting in
small dataset sizes for this type of problem. For example, when creating a ground
truth dataset for leaf area index (LAI), data collection missions involve sending a
team of researchers to an area of interest, who then systematically take measure-
ments at a regular spatial grid that may cover thousands of square metres. Even if
such a full grid is sampled, the study area is only a fraction of the total area covered
by a single Sentinel-2 data product. Additionally, some parameters may involve
extensive lab work (e.g., to test for certain chemicals) which can be destructive to
the environment, or may not be directly measurable (for example, even at ground
level, LAI is often measured using spectrometers).

The geographical and seasonal diversity of the available data can also be a key
factor reducing the effectiveness of parameter estimation models. A low data di-
versity would not be representative of all possible inputs x ∈ X , thereby forcing
models to extrapolate beyond training data (a task known to be challenging for
deep learning models in particular [33]). For example, in the context of global veg-
etation monitoring, given the great diversity of species, ecosystems, climates, land
cover types, lighting conditions and more, creating a representative dataset of all
these conditions would be highly challenging. Additionally, the feasibility and cost
of collecting ground truth data may only be acceptable to certain parts of the world
(e.g., wealthy countries). This can bias models to only perform well on applications
matching the training data, thereby mainly benefiting countries that are already
wealthy. The use of physics-aware approaches, such as physics-informed neural
networks [33, 34] and simulation-based hybrid models [35, 36] may improve the
generalisability of prediction models.

Even if there is a large, representative ground truth dataset available, the relia-
bility of this data must also be considered. Unlike typical machine learning prob-
lems with well-defined benchmark datasets containing reliable, human-defined
ground truth labels (e.g., MNIST, CIFAR10 [37]), the ground truth data in param-
eter estimation concerns physical quantities that must be measured, such as the
temperature, humidity, LAI and P M10 concentrations in the example of Chapter 1.
For many parameters, the accuracy of these measurements is limited, and they fre-
quently involve a tradeoff between accuracy and scale (see Section 2.1.1). This type
of data is typically not directly derived from true measurements, but rather based
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on estimations derived from a measured light spectrum. The measurements (that
may be at a microscopic scale) must then be aggregated over a 10×10m2 grid cell
(assuming a reasonably high spatial resolution), whose conditions can greatly vary
within the spatial coverage of the cell.

Finally, the EO data x passed to the model will always be noisy, due to limita-
tions of the sensors themselves, atmospheric interference, and spatial aggregation
artefacts (e.g., spectral mixing [38]).

CLOUD COVER AND OPTICAL DATA

One of the most important drawbacks of optical data compared to, e.g., synthetic
aperture radar (SAR) data, is that the signal measured by the spectrometer can be
blocked by cloud cover. When the spectrometer encounters clouds, it becomes
impossible to measure light at the ground level, while observing ground-level pro-
cesses is generally the objective of optical data. At any time, 55% to 72% of the
Earth is covered by clouds on average [39], with oceans accounting for the higher
end of this range. Moreover, this cloud cover can be affected by spatial- and tem-
poral autocorrelation, exacerbating the issue. For example, tropical regions will
experience large amounts of cloud cover at any time of year, while temperate re-
gions may experience long stretches of constant cloudy conditions during winter,
followed by long stretches of clear conditions in summer. As a result, cloud cover
can be a large obstacle to the use of satellite-based optical data for parameter esti-
mation. In some cases, it can take months before a cloud-free observation can be
made, resulting in large temporal gaps in the data. Removing clouds to fill these
data gaps is an active area of research (see, e.g., [40, 41, 42]), and existing cloud
removal methods are usually limited by a combination of poor scalability, limited
reliability of ground truth data and poor transferability between different types of
EO data.

Due to these limitations, cloud cover is one of the key challenges for parameter
estimation using EO data. Therefore, we propose a novel cloud removal method
in Chapter 4, through which we aim to increase the amount of usable optical data,
thereby improving parameter estimation. Our approach aims to overcome some
of the limitations of existing methods through computational efficiency, and by
requiring no model training, thereby avoiding ground truth quality and transfer-
ability limitations.

2.2. RADIATIVE TRANSFER MODELS
Given the challenges and limitations of optical EO data described in Section 2.1.3, a
conventional application of machine learning models is not always feasible when
estimating parameters using Earth observation data: ground truth data may not
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be available, may not be accurate enough to train high-quality estimators on, or
may not be representative of all conditions in which the model would be deployed.
However, the Earth system is studied by numerous scientific disciplines, many of
which contain a wealth of scientific domain knowledge on the physical processes
affecting this system. This domain knowledge can be used to alleviate some of the
drawbacks of purely data-driven approaches, by simulating synthetic data. Since
we are interested in parameter estimation from Earth observation data, we would
need to use a domain knowledge-based (physical) model to simulate spectral data,
corresponding to light spectra as measured by optical Earth observation satellites,
for a specified parameter configuration. This type of simulation model is known
as a radiative transfer model:

Definition 2.1 (radiative transfer model). A radiative transfer model (RTM) is a
simulation model M : DP →X whose parameterisation θ ∈ DP represents the state
of physical parameters on Earth. It simulates a light spectrum x ∈ X (where X is
usually a space in Rd containing d spectral bands) that could be produced by the
specified conditions.

RTMs are based on well-studied physical laws and domain knowledge. They
model how a beam of light is affected as it is absorbed or reflected by the media
it encounters, such as particles and gas concentrations in the atmosphere [1, 2],
ocean water and microorganism production [3], or vegetation canopies and leaves
[4, 43, 44]. An RTM takes a physical parameter configuration θ, such as the exam-
ple configuration described in Section 1, as input, and uses this to simulate what a
hypothetical beam of light would have looked like under these conditions. These
domain knowledge-driven models play a pivotal role in parameter estimation ap-
plications where purely data-driven approaches cannot be easily applied.

The RTM we will focus on in Chapters 5 and 6 is PROSAIL, which combines the
PROSPECT leaf model [43] and the 4SAIL canopy model [44], and is widely used in
state-of-the-art vegetation parameter estimation methods [35, 45, 46]. However,
many of our findings, especially those in Chapter 6, are likely to generalise to other
RTMs.

2.2.1. RTM INVERSION

An RTM simulates a light spectrum x = M(θ) based on the input parameters θ it
received. However, the data observed by optical satellites (see Section 2.1.2) al-
ready contains the light spectrum x. Instead, the unknown physical parameters
are the targets needing estimation, while these form the input parameters θ of the
RTM. Therefore, RTMs must be inverted (model inversion) in order to use them for
parameter estimation through EO data.
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Definition 2.2 (RTM inversion). Given an RTM M : DP →X , where x = M(θ), RTM
inversion refers to computing the inverse function M−1 : X → DP of M such that
θ = M−1(x).

When inverting RTMs for parameter estimation, an analytical inversion is gen-
erally not possible to directly formulate M−1. This is because the complex in-
ternal structure of the RTM M , often containing highly non-linear relationships
and partial- or ordinary differential equations, is ill-suited to the derivation of an
inverse function M−1 of M . Instead, the RTM inversion problem can be inter-
preted as a black-box numerical optimisation problem (for details, see Section
2.3.1). Here the task is to find a parameter configuration θ̂ for which, when com-
paring the associated simulated spectrum M(θ̂) and the observed spectrum x, the
difference between these spectra should be minimal:

θ̂ ∈ argmin
θ∈DP

L
(
M(θ),x

)
(2.1)

Here L is a loss function measuring the goodness-of-fit between the observed
spectrum x and the simulated spectrum M(θ) for a given parameterisation θ. This
traditional approach to RTM inversion has been applied successfully to parameter
estimation using PROSAIL and EO data [47, 48], although some authors note that
its primary purpose is to validate the RTMs themselves [49]. Any of the black-box
optimisation methods described later, in Section 2.3.1, could be used to find θ̂ by
optimising the loss function L. In Figure 2.3, the hyperspectral (Figure 2.3b) and
multispectral (Figure 2.3c) spectra both contain a PROSAIL simulation using the
configuration θ̂ as identified through Equation 2.1.

In recent years, much of the research focus for RTM inversion has been on so-
called hybrid models [50, 51, 52, 45, 53, 54, 55, 46]. Hybrid models, sometimes re-
ferred to as inverted simulators or inverted emulators, combine knowledge-driven
RTM simulations with data-driven machine learning models performing the in-
version [35]. First, the RTM is used to generate a look-up table (LUT) of input pa-
rameters θ and the simulated light spectra x; this LUT can optionally be combined
with a tabular dataset containing real-world data [56]. A machine learning model
can then be trained on this dataset, taking the spectral data x as input features to
predict the parameters θ used by the RTM to generate that spectrum.

This hybrid modeling approach amortises the main computational cost of RTM
inversion to a machine learning model training procedure. Therefore, parameter
estimations can be performed much more efficiently in this manner compared to
an approach requiring a new, high-dimensional optimisation procedure for ev-
ery new problem instance, which may be highly relevant for, e.g., global mapping
applications. Recent work on hybrid models often focuses on different sampling
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strategies and heuristics through active learning [51, 45], enabling efficient and ef-
fective training in parts of the space where, for example, uncertainty is the highest.
Although hybrid models can be an effective tool for efficiently performing the in-
version of RTMs, they, like other parameter estimation methods, are limited by the
ill-posedness of the problem. We explore this further in Chapters 5 and 6.

2.2.2. ILL-POSEDNESS
The inversion of RTMs is generally considered an ill-posed problem [57, 58, 59]. Ill-
posed problems are problems that do not meet the requirements of well-posedness;
the following must hold for an arbitrary problem to be considered well-posed [60]:

1. The problem has a valid solution. In the context of parameter estimation,
this means that there exists a configuration of target parameters θ that ex-
plains the observed light spectrum x: ∃θ : M(θ) ≈ x.

2. The solution to the problem is unique. There should be only one configura-
tionθ that explains the observed light spectrum x: |argminθ∈DP

L
(
M(θ),x

)| =
1.

3. The solution moves continuously with regard to the inputs. In parameter
estimation, when visualising a point moving through the space X of pos-
sible input spectra x, every movement in this space should correspond to
a smooth movement of the solution θ̂ in the parameter space DP , with no
sudden jumps to other parts of the space or other discontinuities. If f is
the function mapping x to θ̂, this function should be continuous: ∀x′ ∈ X :
f (x′) ∈ DP ∧ limx′→x f (x′) ∈ DP ∧ limx′→x f (x′) = f (x).

Although RTM inversion is generally considered an ill-posed problem, due to a
violation of requirement 2 (unique solution), this ill-posedness is not yet well un-
derstood, and, to our knowledge, there had been no structured, formal analysis of
the phenomenon. Therefore, we aimed to fill this knowledge gap in Chapter 5 by
systematically evaluating the ill-posedness of PROSAIL inversion, i.e., the inver-
sion of an RTM that is widely used for vegetation parameter estimation applica-
tions.

2.3. ESTIMATION METHODOLOGIES
Within the scope of this work, two main strategies are considered for performing
parameter estimation: black-box optimisation and machine learning. As a result,
many of the chapters in this thesis assume some knowledge of these techniques,
which form the backbone of our methodological contributions, but do not pro-
vide much background on these methods for readers who may not be familiar with
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them. In this section, we will explain the relevant methods in more detail, such that
the rest of the chapters can be more easily understood.

2.3.1. BLACK-BOX OPTIMISATION
Optimisation problems are pervasive in many different fields, including logistics
[61], operations research [62] and industrial design [63]. Mathematically, suppose
we are interested in a set of variables P1,P2, ...,Pd , whose domain is denoted as DP

(in continuous settings, this would be the d-dimensional space of real numbers
Rd ). When assigned a specific value, these variables form a configuration θ:

Definition 2.3 (configuration). A d-dimensional vector θ ∈ DP containing con-
crete value assignments θ1,θ2, ...,θd for the variables P1,P2, ...,Pd , representing the
current state of a physical system in parameter estimation.

We also have access to an objective function g (θ):

Definition 2.4 (objective function). A function g : DP →R mapping an input con-
figuration θ to a scalar g (θ), indicating the quality of the configuration (typically
indicated by the distance between M(θ) and x in parameter estimation).

A practitioner may be interested in finding the optimum for g ; that is, a config-
uration θ∗ for which the value of g is either maximised (for example, the best en-
vironmental conditions to make crops grow as fast as possible) or minimised (for
example, the best water management approaches to ensure the risk of forest fires
is as low as possible). In the context of physical parameter estimation, this opti-
mum θ∗ would become the prediction θ̂. Assuming the objective function should
be minimised, the goal of optimisation is to find:

θ∗ ∈ argmin
θ∈DP

g (θ) (2.2)

In ideal cases, the optimum θ∗ can be computed analytically; for example, by
solving for θ after setting the derivative g ′(θ) = 0. Unfortunately, in most practical
optimisation problems, it is not possible to analytically compute θ∗, because i)
the objective function g may be unknown entirely (black-box optimisation), ii) the
objective function may be known, but not differentiable (for example, if g involves
complex simulations), or iii) there may be an unknown number of local optima
θ∗

1 ,θ∗
2 , ...,θ∗

n (as opposed to a single global optimum θ∗) where g ′(θ∗
1 ) = g ′(θ∗

2 ) =
... = g ′(θ∗

n ) = 0.
Black-box optimisation refers to general-purpose optimisation methods where

the objective function g is unknown. In this case, the optimisation task requires a
search over the search space DP , where only the output of the objective function
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g , but not the function itself, can be used to guide the search. Examples of such
methods include stochastic local search methods [64], evolutionary algorithms
[65], metaheuristic algorithms such as particle swarm optimisation [66] and ant
colony optimisation [67], as well as surrogate model-based Bayesian optimisation
[68]. Black-box optimisation often involves a tradeoff between exploration (cover-
ing as much of the search space as possible) and exploitation (quickly reaching a
local optimum for promising regions in the search space).

A typical black-box optimisation setting is limited by its reliance on the objec-
tive function g . Although there are methods that are more robust to noisy objective
function evaluations [69], such methods cannot make a difference in cases where
the signal from the objective function itself is unreliable. For example, the choice
of objective function could be inappropriate for the problem instance, or may be
a loosely correlated proxy function to an unknown true objective function, which
may converge to a solution that is incorrect for the problem. Therefore, even if
the global optimum θ∗ can be found reliably, this may not always mean that the
identified optimum is also the true solution. If the objective function g is not fully
reliable, there may be other points in the search space that consistently evaluate
to a worse objective function value, but are actually the true solution. We explore
and address this problem in detail in Chapter 5, where black-box optimisation is
used extensively in the experiments to characterise the loss landscape of RTM in-
version, and Chapter 6, where black-box optimisation is an important component
in our proposed method to for approximating the set of potential solutions to in-
ference problems (including RTM inversion).

In addition, Chapters 3, 4 and 6 all rely on black-box optimisation techniques
for automated algorithm configuration; in this problem setting, the hyperparam-
eters of the methods used (such as machine learning models, whose automated
configuration is also known as AutoML) are automatically tuned using optimisa-
tion approaches based on their performance on validation data.

2.3.2. SUPERVISED MACHINE LEARNING

Much of machine learning (ML) consists of supervised ML, which refers to a wide
range of predictive models whose model parameters can be tuned (trained) via
data. Popular examples of traditional supervised machine learning models in-
clude linear regression, support vector machines (SVM) and Gaussian processes
[70]. The training of supervised machine learning models is an optimisation prob-
lem, like those described in Section 2.3.1, where the objective function g to be min-
imised consists of a loss function L, such as the mean squared error (MSE), mean
absolute error (MAE), or accuracy. The loss function measures the predictive per-
formance of the machine learning model by comparing the predictions made by
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the model (under some parameterisation) to the ground truth values they should
approximate (thus ‘supervising’ the model). Unlike black-box optimisation, the
optimisation procedure for training a machine learning model can usually be per-
formed efficiently via gradient-based methods.

ML models can be used to estimate parameters from the EO data x, referred
to as features, to predict θ. At the same time, the training of ML models is itself
an inference problem, where the parameterisation θ of a machine learning model
must be inferred from the observed training data.

In the context of EO, deep learning models (a type of ML model using large neu-
ral networks containing many artificial neurons) are often preferred, due to their
ability to take advantage of the large volumes of (largely unlabelled) training data,
as well as the scale of their predictions (e.g., full images). Given their suitability
for image data and modelling local spatio-temporal patterns, convolutional neu-
ral networks (CNNs) are particularly popular in EO settings, and have been applied
successfully to various problems, such as land cover classification [71, 72], crop
classification [73], semantic segmentation [74] and super-resolution [75]. More
recently, many proposed models incorporate some form of attention mechanism
[76, 77, 78], and transformer architectures have seen a rise in popularity, partic-
ularly in zero-shot settings [79, 80], where a model, trained on a problem with a
certain set of classes, needs to make accurate predictions for a problem with a dif-
ferent set of classes, without any additional training for this new task. Deep neural
networks are a natural choice for data fusion approaches, where information from
multiple sensors (e.g., optical data from Sentinel-2 and SAR data from Sentinel-1)
can be combined automatically in a latent representation [40, 41, 81].

Unlike the examples above, parameter estimation is a more difficult inference
problem to perform using conventional machine learning and deep learning ap-
proaches (see Section 2.1.3 for details). Although there are deep learning-based
data products [82], and prediction models [83, 84] available to perform the esti-
mation for, e.g., LAI, it is difficult to train and evaluate such models for global ap-
plications when the ground truth data used for this may be insufficient in terms
of quantity and/or quality (see Section 2.1.3). Because the training and validation
data would have similar drawbacks, inaccuracies and biases in the model would
be difficult to diagnose with the available data. This may, in part, explain why RTM
inversion-based hybrid approaches (see Section 2.2.1) remain popular, often using
traditional machine learning methods such as Gaussian processes.

In summary, deep learning-based approaches can be highly effective at a large
number of typical Earth observation problems, can exploit the large volumes of
input data available, and, once trained, scale well to rapidly process large image
datasets and produce predictions for, e.g., all the pixels in such images. On the
other hand, these approaches run into similar problems as traditional methods,
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such as ill-posedness (see Section 2.2.2), while diagnosing those problems may be
more difficult for deep learning models compared to traditional approaches. Our
work in Chapter 4 may help improve the input data consistency for datasets to be
used by deep learning methods, while our work in Chapter 6 can shed light on the
nature of the parameter estimation problem, to help diagnose ill-posedness that
deep learning models would also be affected by.





3
VPINT: VALUE PROPAGATION-BASED

SPATIAL INTERPOLATION

In this chapter1, we start addressing the research questions from Chapter 1.1. Specif-
ically, this chapter will cover RQ1: How can we effectively interpolate spatial data
such that both local and global spatial properties are retained? Answering this re-
search question allows us to address part of Challenge 1: much Earth observa-
tion data, especially from in-situ data sources, is collected at a limited number of
measuring stations, while a full grid of parameter values is desired. The method
proposed in this chapter addresses this problem by introducing a novel spatial in-
terpolation algorithm called VPint.

3.1. INTRODUCTION
Under perfect lab conditions, a data scientist can train models, infer variables of
interest and discover new knowledge from neatly organised, consistent and com-
plete datasets. However, in real-world scenarios, one is rarely so lucky. Whether it
is random measurement noise, inconsistent annotation, missing data or another
problem, real-world data can be messy, and tricky to process in such a way that
downstream models and processes can use it effectively.

In this chapter, we aim to address the problem of missing data in the specific
case of spatial gridded data by proposing a computational method for spatial in-

1The contents of this chapter are based on the journal article: Laurens Arp, Mitra Baratchi, and Holger
H. Hoos. (2022). VPint: value propagation-based spatial interpolation. Data Mining and Knowledge
Discovery, 36:1647–1678. Springer. https://doi.org/10.1007/s10618-022-00843-2
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terpolation. Prominent examples of such missing data in real-world scenarios, es-
pecially in Earth observation settings, can be found in Chapter 2.1, and include
satellite imagery [85], the mapping of ecological field measurements and samples
collected at a limited set of locations [86], and local precipitation forecasting from
meteorological measuring stations covering a limited set of locations [87]. As such,
spatial interpolation is a problem highly relevant to many fields, and a large body
of literature is dedicated to it in statistical domains [88, 89, 90]. Data in spatial set-
tings is particularly susceptible to missing values, due to, among other reasons, (i)
limited and/or variable spatial and temporal resolutions, (ii) limited availability of
measuring locations, (iii) measurements being acquired at different times and dif-
ferent locations, and (iv) the characteristics of the locations in question (e.g., cloud
cover or inaccessible areas). As a simplified example, consider the task of mapping
the temperature at a certain time throughout the Himalayas. Since resources are
limited and parts of the terrain are inaccessible, it is infeasible to collect measure-
ments at every 100m2. This gives rise to the problem of filling in the entire grid
based on measurements from a limited number of locations. In this case, we could
also use additional information on the elevation of the terrain to help inform our
decisions – a location with a higher elevation than a reference value will likely have
a lower temperature, and vice versa.

Spatial interpolation methods, such as Kriging (also known as Gaussian pro-
cesses) [89, 91], tend to be founded on an assumption of autocorrelation, mean-
ing that values are more strongly correlated with one another the closer their spa-
tial proximity is. Our method is no exception in this regard. However, existing
methods can be categorised into local methods and distance-based methods. Lo-
cal methods, such as spatial autoregressive models [92, 93] or convolutional neu-
ral networks [94, 95], rely on adding the information of a strictly defined local
neighbourhood around a target cell to enhance their predictions. The downside
of these methods is that potentially valuable information outside the predefined
neighbourhood is disregarded. Moreover, if local information is not available, local
methods may require imputation methods to perform their estimations. Distance-
based methods, on the other hand, most notably including various Gaussian process-
based approaches [89, 91], can use any measurement available, but rely on a distance-
based weighting to use this information for their predictions. The downside of
these methods is that, in most spatial settings, paths cannot be assumed to be ho-
mogeneous, and thus distance alone may not be sufficient to reliably predict val-
ues. For example, in the case of temperature measurements in the Himalayas, the
difference in elevation between pairs of locations may vary despite the distance
being the same. This problem is further exacerbated by the two-dimensionality
of spatial problems, allowing for the existence of multiple paths between any two
locations, some of which may be more important than others for the propagation
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Figure 3.1: Local (left), distance-based (middle) and system-oriented (right) perspectives. In local and
distance-based perspectives, the predicted value of the green cell is determined by the yellow cells

(equal weights if local, unequal weights if distance-based). In the system-oriented perspective (used
by our proposed method), the green cell is predicted using the yellow neighbours, which were in turn

affected by their own neighbours (blue, yellow and green cells).

of values (for example, a longer path around a mountain as opposed to a shorter
path over it).

In this chapter, we propose a method that incorporates a system-oriented per-
spective, illustrated in Figure 3.1. In this perspective, we use a local neighbour-
hood to perform estimations, but we rely on recursion to propagate known values
through direct neighbours over a network of (mostly indirectly) mutually interact-
ing cells, iteratively updated until an equilibrium is reached. At every recursive
call, a weight is applied to the values being propagated to represent spatial auto-
correlation. This weight can furthermore be assigned dynamically in a data-driven
manner, based on the features of the underlying spatial configuration. This allows
for higher autocorrelation weights between, for example, two neighbouring blocks
of a city, and lower weights between an industrious port and the open sea. The
update rules for every cell were based on the Bellman equation for Markov reward
processes [96], canonically used to estimate the value of a particular state (cell).
With this perspective, we can address both the limitations of local methods and
distance-based methods.

Our main contributions in this chapter are as follows:

• We propose a novel method, VPint, for spatial interpolation, incorporating a
system-oriented perspective aimed at overcoming the limitations of existing
local- or distance-based methods.

• We introduce two variants of our value propagation interpolation algorithm,
both of which incorporate elements of Markov reward processes: SD-MRP,
using a static discount throughout the grid and requiring no additional data,
and WP-MRP, exploiting spatial features to predict neighbour-specific spa-
tial weights.
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• We provide a vectorised implementation of our methods allowing for high
degrees of parallel processing to speed up the algorithm running time, which
we make publicly available2.

• We empirically evaluate our methods on synthetic data and two real-world
datasets and compare their performance against that of popular baselines
from the Kriging, machine learning and deep learning fields in terms of mean
absolute error, root mean squared error, peak signal-to-noise ratio and struc-
tural similarity. We also conducted experiments testing convergence, scal-
ability, and whether the proposed method generalises to spatio-temporal
data.

3.2. RELATED WORK
To date, various spatial interpolation methods, both local and distance-based, have
been proposed. We will discuss a selection of popular methods in this section.

Gaussian processes. Given its widespread use, the first set of methods of note
are Gaussian processes (GP), also known as Kriging [97]. GPs [91, 98] are a set of
interpolation techniques based on learning the covariance of target values over
distance using variogram (kernel) functions fitted to the data. Popular variants of
GPs are discussed in [89] and include ordinary Kriging (OK), universal Kriging (UK)
and regression Kriging (Kriging after detrending). Contemporary contributions
to GP methods include a scalable gradient-based surrogate function method [99]
and a neural network-based method to overcome GPs’ limitation of disregarding
the characteristics of intermediate locations in paths between pairs of locations
[100]. Although the assumptions made differ per variant, all GP-based methods
are limited by their reliance on pair-wise distance-based covariance models. More-
over, traditional GP methods tend to scale poorly to larger datasets (O((nm)4)). An
overview of modern GP methods aimed at increasing the viability of GPs for large-
scale datasets is given in [88], including local approximate GPs [101], stochastic
partial differential equation approaches [102] and multi-resolution approximations
[103].

Gapfill. Gapfill [104] is a local method utilising no explanatory variables that,
unlike GPs, does not build an explicit statistical model. Instead, as a local method,
it relies on using subsets of the available data for its predictions. Although its lo-
cal perspective and cell-specific independent predictions allow gapfill to be highly
parallelised, its performance in terms of accuracy tends to fall short of GPs [88],
and its dependency on the presence of sufficient amounts of non-missing values
within its neighbourhood renders it infeasible for cases where missing values are

2https://github.com/ADA-research/VPint

https://github.com/ADA-research/VPint
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clustered together.
Belief propagation. This family of methods, particularly loopy belief propaga-

tion [105], has been used successfully for image denoising [106], image restoration
[107] and image completion tasks [108]. It generally considers graphical models
[109], such as Markov random fields, and gridded datasets can also be converted
to this representation. The key idea is to compute the marginal distributions of
nodes in a network, based on the beliefs (estimations) of the values of the child
nodes connected to them. This is done through a process of message passing,
which iteratively propagates beliefs over the network. Conceptually, this type of
method is similar to our proposed method, although it does not leverage the Bell-
man equation or data-driven spatial weights, and unlike belief propagation, our
method computes predicted values rather than distributions thereof. While belief
propagation can be considered to take the system-oriented perspective, its exact
form operating on junction trees scales poorly to larger graphs (O(M ·N 3), where
M denotes the number of nodes and N is the number of discrete states per node)
[110] and high precision continuous variables [111], rendering it computationally
infeasible for most practical applications of grid-based interpolation tasks. Simi-
larly, the standard approximate loopy belief propagation algorithm may have high
errors compared to other methods [112], or even oscillate rather than converge
[113].

Spatial regression. Spatial autoregressive models [92] (SAR) have remained
relatively consistent, but have been expanded in some recent work [114] [115].
Moving average (MA) models are often used in the context of time-series modelling
[116], but can also be used for spatial regression problems using the “MA by AR”
approach [93]. Highly related to SAR and MA models, autoregressive moving aver-
age (ARMA) models have seen recent work of particular relevance to the COVID-19
pandemic, modelling a transmission network of influenza [117]. Apart from SAR,
MA, and ARMA models, which include additional features for the spatial lag and/or
residuals, there are also approaches using an explicit spatial, temporal or spatio-
temporal data representation, such as the tensor decomposition-based work by
Corizzo et al [118]. This latter work seems particularly relevant for spatial interpo-
lation problems where collinearity exists within the explanatory variables. Given
that the explanatory variables are being leveraged for their shared spatial structure
with the target variable, collinearity in the explanatory variables is a likely scenario.
However, unlike our method, these types of method are not interpolation methods,
aiming instead at predicting target values directly from the spatio-temporal fea-
tures or a latent representation thereof. Other recent work using spatial regression
approaches include house price estimation using geographically weighted regres-
sion [119], varying coefficient spatio-temporal regression [120], ambient black-
carbon prediction [121] and an analysis of the spatial patterns of COVID-19 [122].
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The spatial autoregressive regression models suffer from the limitations of a local
perspective: their use of a pre-defined local neighbourhood dismisses information
outside of the neighbourhood radius.

Neural networks and deep learning. Deep learning techniques, and convolu-
tional neural network (CNN) in particular, have been used to great effect in many
computer vision applications [94, 95]. These computer vision-based interpolation
CNNs could also be applied to general spatial interpolation. Moreover, in their
2020 publication, Hashimoto and Suto formulated a CNN architecture for the spe-
cific purpose of spatial interpolation [123]. Apart from CNNs, graph neural net-
works (GNNs) have also been applied recently to spatio-temporal interpolation by
Wu et al [124], utilising fully connected networks with distance-based weights de-
termined using a random subgraph sampling strategy. Like autoregressive mod-
els, CNNs have a local perspective and therefore, dismiss potentially meaning-
ful information outside their predefined neighbourhood. Conversely, similar to
GPs, GNNs suffer from the reliance on distance-based weights, dismissing poten-
tial non-homogeneity of intermediate locations on paths between locations.

By adopting a system-oriented perspective, the method we propose in this
chapter aims to be situated between these two main categories of existing work
(local and distance-based). Moreover, like Gapfill, it offers a computational alter-
native to existing methods with an emphasis on explicit statistical spatial mod-
elling.

3.3. PROBLEM STATEMENT
Let us define a spatial grid G as an (n ×m) matrix, where n corresponds to the
number of rows and m to the number of columns. We consider a target variable
y and its value yc at a specific location (grid cell) c in G, where c = Gi , j and i and
j correspond to the row and column indices in G, respectively. In parameter esti-
mation settings, y usually corresponds to in-situ ground truth measurements of a
parameter p ∈ P , where at every location c, there is a configuration of parameters θ
such that yc ∈ θ. At every location c, there exists a true value y∗

c that may be either
known or unknown. If y∗

c is known, we set the cell value yc = y∗
c . If it is not known,

we mark this location as unknown: yc =∅. The (n×m) matrix Y contains yc for all
c in G.

We further define a feature grid Z as an (n ×m × f ) tensor, where f denotes
the number of features per cell. Thus zc in Z is a feature vector corresponding to
location c in G. In parameter estimation, these features are generally not the target
parameters P nor the satellite observations x, but rather covariates used for the
spatial interpolation task outside of the parameter estimation problem. We can
now define a prediction model Mi nt (Y,Z) that takes as input the available data in
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Y, along with the corresponding feature vectors per location in Z, and returns a
prediction matrix Ŷ. The objective of spatial interpolation is to find a model M∗

i nt
that minimises the mean absolute error (MAE) for all locations c in G, given the
predictions in Ŷ. Concretely:

M∗
i nt ∈ argmin

Mi nt

∑
c∈G

|ŷc − y∗
c | (3.1)

3.4. METHODS
In this section, we will describe our proposed interpolation method, VPint, in four
steps. The general procedure and main philosophy will first be illustrated, after
which we introduce some background for our update rules, and propose the two
concrete variants of our method that we implemented. Finally, we will discuss our
approach for ensuring efficient computation allowed by parallel matrix operations.

3.4.1. GENERAL INTERPOLATION PROCEDURE
The core of our proposed method relies on iterative element-wise updates to an
estimation grid. We first instantiate Ŷ, with missing values given by Y being set
to arbitrary real values as initial predictions (the mean of known values in our ex-
periments). Next, for every cell c ∈ G, if Yc is known, we use it as a static predic-
tion. If it is not known, we update its value using the estimated value of its neigh-
bours {c ′ : c ′ ∈ NS (c)}, where NS (c) denotes the set of spatial neighbours to cell c.
Thus, by iterating this procedure, our algorithm recursively propagates known val-
ues throughout chains of estimated values in Ŷ, through all possible paths in the
system, anchored by known values.

3.4.2. BACKGROUND: UPDATE RULE
Our update rule is based on Markov reward processes (MRPs). MRPs [96] are mod-
els of the form M = {S,T,R}, where S is a set of states {s1, s2, ..., s|S|}, T is an |S|× |S|
matrix of transition probabilities T(s,s′) between all pairs of states s and s′, and
R is a set of rewards {rs1 ,rs2 , ...,rs|S| } associated with being in a state s. MRPs ex-
tend Markov chains, which do not incorporate rewards R, and have been success-
fully used to model the behaviour of a single variable over time [125, 126]. In
these temporal models, a state s represents a set of attribute values at a particu-
lar time t in a sample trajectory over time. At every t a state s can probabilisti-
cally transition from s to any of a set of successor states (given the current state)
S′|s = {s′|s1, s′|s2, ..., s′|s|S|} based on transition probabilities given by T(s,s′), until an
absorbing state is reached from which no further transitions are possible: |S′|s| = 0.
Since MRPs are Markovian, the transition probability to go from s to s′ are contin-
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gent solely on s, and are unaffected by the history of previous states in the trajec-
tory. If a reward rs is associated with the state s, this gives information about the
desirability of state s. However, aside from this immediate reward rs , intuitively the
expected future rewards E(s′) from all s′ ∈ S′|s should also be considered, as states
leading to successor states with high future rewards would be more desirable. This
leads to a notion of state values, where the rewards of all possible successor states
s′ are used to recursively compute state values v(s) for all s ∈ S. This is typically
done by iterating the Bellman equation [96], where the immediate reward r(s,s′) is
added to the discounted (using the discount parameter γ) average expected values
of the successor states:

s′ : v(s) = 1

|S′|s| ·
∑

s′∈S′|s
r(s) +γ ·E(s′) (3.2)

We opted to use this equation as our interpolation update rule. In the case of
interpolation, a location c (at a certain time) can be seen as a state s, with the set
of spatial neighbours NS (c) being analogous to the set of successor states S′|s in
MRPs. The state values v(s), then, would be the target variable ŷc to be estimated,
with immediate rewards given by known values and the discount γ representing
spatial autocorrelation. Using the Bellman equation as an update rule, we can de-
fine the set of spatial neighbours NS (c) as the cells {c ′ : c ′ ∈ G} that share a border
with c, such that our spatial interpolation algorithm takes the form of:

ŷc =
{

yc if yc known,

AS (c) otherwise
(3.3)

Here, AS (c) denotes an aggregation function over the spatial neighbourhood of c.
While in principle, it is possible to add any user-defined aggregation function, we
opted to stay close to the canonical Bellman equation, by taking the mean (spatial
lag) of NS (c):

AS (c) = 1

|NS (c)| · ∑
c ′∈NS (c)

γ · ŷc ′ (3.4)

Using Equation 3.4 also allows us to provide an efficient vectorised implementa-
tion of our method. While the method runs for a set amount of iterations in prin-
ciple, it can also incorporate an early stopping criterion by introducing a variable
δ, representing the change of a configuration over iterations, and using ŷ (−1)

c to
denote the predictions from the previous iteration:

δ= 1

m ·n
· ∑

c∈Y
|ŷc − ŷ (−1)

c | (3.5)
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This then allows for the early stopping of the algorithm if δ drops below a user-
specified threshold.

One could also consider generalising this approach to spatio-temporal inter-
polation problems. In that case, the algorithm cannot solely rely on Equation 3.3.
Whereas two spatial dimensions share the same scale, and can thus both use the
same weight γ as a spatial discount, a temporal dimension may behave very dif-
ferently. As a result, to generalise to a spatio-temporal domain, we need to intro-
duce an additional parameter τ for discounts representing temporal autocorrela-
tion. This also leads to the set of temporal neighbours NT (c), which represent the
same location at different time steps. Thus, the spatio-temporal update rule be-
comes:

Ŷc =
{

Yc if Yc known

AS (c)+ AT (c) otherwise,
(3.6)

where AT (c) will generally use the temporal lag aggregation function:

AT (c) = 1

|NT (c)| · ∑
c ′t∈NT (c)

τ · Ŷc ′t (3.7)

3.4.3. VARIANTS
We propose two variants of our value propagation interpolation method. The first,
SD-MRP (static discount-MRP), uses a single spatial weight parameter γ for the
entire dataset, which can be tuned using random search on subsampled data from
known values. The second variant, WP-MRP (weight prediction-MRP) exploits
spatial data as explanatory variables to inform its prediction of neighbour-specific
weights. Unlike SD-MRP, WP-MRP would therefore not assume isotropy (the same
spatial effects in all directions), although it would necessitate the use of Equation
3.4 as an aggregation function. The two variants applied to the example of Figure
3.2b, visualising the interpolation problem of temperature measurements in the
Himalayas, are shown in Figure 3.2.

BASIC STATIC DISCOUNTS: SD-MRP
The most basic variant of our proposed method stays closest to the canonical form
of the Bellman equation in Equation 3.3. It uses a single discount parameter γ,
ranging between 0 and 1, to represent spatial autocorrelation. This means that, for
SD-MRP, values can only decrease over subsequent recursive calls, making known
values reminiscent of a light source in the fog, radiating values around itself and
merging with other light sources, but decaying over distance. In the example of
spatial interpolation of temperatures, it would propagate the known temperature
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Figure 3.2: Comparison of the interpolation procedures of SD-MRP (3.2a) and WP-MRP (3.2c) for the
example in Figure 3.2b. The values in each cell represent temperature measurements, and the colour

of a cell indicates the elevation of a location, where darker colours represent higher elevation. We wish
to interpolate these values, such that all ‘?’ are filled with estimated values instead, based on the
known values 20 and 5. In SD-MRP, a static discount of γ= 0.75 was used, meaning values only

decrease over distance, but do merge with one another. Meanwhile, for WP-MRP, the information on
elevation was used to inform the interpolation, where in this case, the weight was chosen to be

inversely proportional to the difference in features (higher elevation led to weights lower than 1 and
vice versa).

values over the grid, at an intensity decreasing with every recursive call, like a heat
source dissipating over distance. This can be seen in Figure 3.2a. The advantage of
this method is that it does not require additional features to be applied to a dataset,
nor does it require a prediction model to be explicitly trained. It will also regress to
the initialisation value (such as 0, or the mean value) over distance, which can be
a desirable property as uncertainty increases, but can also be considered a down-
side as it does not provide much additional information. Its main hyperparameter
γ also requires tuning, which can be done automatically by subsampling known
values and performing interpolation using randomly searched γ settings. Further-
more, the spatial characteristics of the grid are not taken into account, and isotropy
is assumed. SD-MRP has a time complexity of O(4 · |Y| ·k), if k is the number of
times Equation 3.3 is iterated (every c ∈ Y can have at most 4 neighbours).

WP-MRP
In an ideal case, rather than using a single static weight γ, we would use a method
allowing us to use location-specific weights γc ′,c . For example, when spatially in-
terpolating temperatures in the Himalayas, knowing the difference in elevation be-
tween two neighbouring locations would enable us to know whether one value
is likely to be the same, lower, or higher than the other, as illustrated in Figure
3.2c. To this end, we created the weight prediction variant WP-MRP, in which we



3.4. METHODS

3

37

use the spatial feature vectors zc ∈ Z and zc ′ ∈ Z as inputs to a weight prediction
model Mw . This model predicts an individual weight of the location pair (c,c ′)
as γc ′,c = Mw (zc ′ ,zc ) from spatial data describing the locations (such as houses,
shops and land use). Mw could consist of any machine learning model, ensem-
ble or pipeline, but could also leverage functions directly operating on the feature
space such as distance measures and inverse similarity metrics. Mapping features
to a dense data manifold of lower dimensionality could also be considered.

In the case of machine learning models and pipelines, in order to train the
model, we use the available cells with known true values in Y to supervise the
training. For all pairs of neighbours {(c,c ′) : c,c ′ ∈ Y∧ yc ̸=∅∧ yc ′ ̸=∅}, we would

compute the true weight using the fraction γ∗c ′,c = y∗
c

y∗
c′

, resulting in a ground truth

vector Γ∗ that can be used as the targets for the training of a regression model. The
method for matching the elements of Γ∗ to predictive features is a design choice:
the location features zc ′ and zc of every location pair (c ′,c) would need to be com-
bined, and this could be done in any manner the situation calls for, such as adding
the vectors or computing a distance metric. In our experiments we opted to simply
concatenate zc ′ and zc . Thus, with Γ∗ and zc ′ , zc for all (c ′,c) pairs, we can train a
regression model M∗

w (z′,z), such that, if YN := {(c ′,c) : (c ′,c ∈ Y)∧ (c ′ ∈ N (c))}:

M∗
w ∈ argmin

Mw

1

|Γ∗| · ∑
(c ′,c)∈YN

|Mw (zc ′ ,zc )−γ∗c ′,c | (3.8)

Here we propose to train Mw on Γ∗ using any regression (machine learning)
algorithm. The full pipeline of WP-MRP using machine learning weight prediction
is outlined in Algorithm 1 (which assumes available functions for model fitting).
Lines 1-7 generate the elements of the true weight vector Γ∗, and line 8 fits a weight
prediction model to the weights found in line 4. Lines 9-22 show the iterative up-
dates of cells in Y, and lines 23-27 create and return the predictions in the form
of a grid Ŷ. The time complexity to run WP-MRP is the same as that of SD-MRP,
but with the added cost of the model used for Mw (which can be chosen freely):
O(4|Y| ·k)+OMw , if OMw is the time complexity of making predictions with Mw .
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Algorithm 1: VPint (WP-MRP)

Input: Target matrix Y , feature matrix Z, maximum MRP iterations max_i ter
Result: Interpolated matrix Ŷ

1: for all c ∈ Ytr ai n do
2: for all c ′ ∈ NS (c) do
3: if yc ̸=∅ and yc ′ ̸=∅ then

4: γ∗c ′,c = y∗
c

y∗
c′

▷ NS (c) denotes neighbours of c

5: Mw := f i t_model (Z,Γ∗);
6: i ter := 0;
7: while i ter < max_i ter do
8: for all c ∈ Y do
9: if yc =∅ then

10: ŷc := 0;
11: for all c ′ ∈ NS (c) do
12: ŷc := ŷc +Mw (zc ′ ,zc ) · ŷc ′ ; ▷ NS (c) denotes neighbours of c

13: else
14: ŷc := yc ;

15: i ter := i ter +1;

16: Ŷ := Y;
17: for all c ∈ Y do
18: Ŷc := ŷc ;

19: return Ŷ;

3.4.4. VECTOR-BASED UPDATE RULE FOR PARALLEL COMPUTATION

For the efficient processing of the main iterative loop of lines of our algorithms
as in lines 7-15 Algorithm 1, we reformulated our update function as a series of
matrix operations, allowing updates to be carried out in a highly parallelised man-
ner through vectorisation. This approach does, however, necessitate the use of
weighted averaged (spatial lag) as an aggregation function. We will illustrate the
procedure on the simpler case (spatial MRP), but the approach can be generalised
to spatio-temporal MRP as well. The main idea of this approach is to shuffle neigh-
bouring values around in matrices and tensors Tyi , where the subscript y indi-
cates this tensor contains values, and i indicates the stage of operations the data is
currently in, with the accompanying neighbour weights in Tγi , where γ indicates
this tensor contains weights. These operations are performed in order to compute
weighted sums of neighbouring values for all cells in the grid as a matrix dot prod-
uct in Equation 3.11.

Concretely, let Ŷ denote a matrix of size (n ×m) containing predicted values ŷc

at every cell where the true value is not known, and yc otherwise. We first turn this
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matrix into a three-dimensional tensor Ty0 of size (n×m×d), where d denotes the
maximum number of neighbours max(|NS (c)|) for any cell c ∈ G (in practice, this
will generally be 4 as a cell can share at most 4 edges in a grid). For all c, the entries
along the d-axis of Ty0 will contain the values of the neighbours of c. Concretely:

Ty0

c,d j
= ŷc ′ : c ′ ∈ NS (c) (3.9)

If |NS (c)| < d , the remaining values of the third dimension of Ty0
c are set to 0. We

similarly construct a tensor Tγ0 of size (h×w×d), of which the entries match those
of Ty0 . However, the values of this tensor contain weights γc ′,c from neighbour c ′
to cell c, rather than the values:

Tγ0

c,d j
= Γc ′,c : c ′ ∈ NS (c) (3.10)

Next, we systematically stack all columns of Ty0 and Tγ0 as additional rows, result-
ing in the new matrices Ty1 and Tγ1 of size (h ·w ×d). Now every row represents
a single location c in a single dimension, although the information on the origi-
nal columns of Y is kept through the order of the rows. The columns of Ty1 now
show the values of the neighbouring values for a row’s location’s neighbours NS (c),
and the columns of Tγ1 contain the corresponding weights. We now perform an
MRP update by computing the dot product of Ty1 and the transpose of (Tγ1 ), and
placing its diagonal values into a new vector Ty2 of size (h ·w):

Ty2 = di ag (Ty1 · (Tγ1 )⊺) (3.11)

Since this vector has the same order as the rows of Ty1 , we can reshape this vector
into a matrix Ty3 of size (h × w), corresponding to the shape of Ŷ. We now cre-
ate another (h × w) matrix Tn , where Tn

c = |NS (c)|, allowing us to divide Ty3 /Tn

element-wise, resulting in an updated prediction matrix Ŷ:

Ŷ = Ty3

Tn (3.12)

Finally, since this operation needlessly updated known values, we substitute orig-
inal known values in Ŷ: Ŷc = Yc for all c : Yc ̸=∅.

Using this vectorised approach, we found that the complexity of our algorithms
in terms of wall-clock time improved by a factor between 10 and 100. In order to
adapt this approach to spatio-temporal MRP interpolation, which adds an extra
dimension for time, Y is of size (h ×w × t ), Ty0 and Tγ0 are of size (h ×w × t ×d),
and d becomes equal to 6, as any cell can now have up to 6 neighbours. Since
all neighbours are already included in the fourth dimension, there is no reason to
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keep the spatial and temporal dimensions separate. Thus, we can still generate the
2D matrices Ty1 and Tγ1 , as we simply add another dimension to the stacking op-
eration (resulting in h ·w ·t rows instead of h ·w). As a result, with these exceptions,
the pipeline can remain the same as it was for the spatial case.

3.5. EXPERIMENTS
In this section, we will share the details of our experiments. We will first introduce
the research questions we were interested in, after which we will list the baselines
we compared our method to and the datasets used in our experiments.

3.5.1. RESEARCH QUESTIONS
We were interested in answering the following chapter research questions with our
experiments:

• CRQ1: How does VPint compare to baseline methods in terms of mean abso-
lute error, root mean squared error, peak signal-to-noise ratio and structural
similarity?

• CRQ2: Does VPint converge to stable prediction values?

• CRQ3: Can VPint be generalised to spatio-temporal problems?

• CRQ4: Can WP-MRP leverage spatial features to perform better than SD-
MRP, given sufficiently informative features?

• CRQ5: How do VPint and baseline methods scale as the size of the dataset
increases?

In addition to these main research questions, we were also interested in whether
different patterns of missing data would give different results.

3.5.2. BASELINES
Our selection of baselines was aimed at including competitive interpolation and
regression methods used for spatial and geo-spatial modelling in practice. The
selection we made consists of:

• Ordinary Kriging (OK), using an implementation by the Python library PyKrige
[127]. Like our proposed methods, ordinary Kriging predicts values using
weighted sums:

ŷc =
∑

c ′∈NS (c)

γc ′,c · yc ′ (3.13)
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Here γc ′,c is the distance-based weight between known cell c ′ and unknown
cell c. However, OK uses yc ′ instead of ŷc ′ , NS (c) will contain more cells than
only direct neighbours, and weights are determined using a distance-based
variogram model.

• Universal Kriging (UK), also using PyKrige’s implementation. UK is highly
similar to OK, but it compensates for the possible existence of a trend in the
data. For both OK and UK, while more advanced methods exist, such as local
approximate Gaussian processes [101], as these are aimed at improving the
scalability of Kriging rather than its accuracy, we consider OK and UK to be
suitable representative methods for this class of algorithm.

• Loopy belief propagation, using a Python implementation for denoising im-
ages3, which can be applied to interpolation problems by treating missing
values as noise (generated from a uniform distribution centred around the
mean of the known values, with a range based on their standard deviation).
In a basic form, belief propagation is centred around the equation:

L(ŷc ) =Πc ′∈NS (c)λ(ŷc ′ ) (3.14)

Here, L(ŷc ) refers to the likelihood of y∗
c being equal to ŷc , and λ(ŷc ′ ) is the

likelihood of the neighbouring values (children) c ′ ∈ NS (c). To ultimately
produce a single predicted value, the most likely value can be used:

ŷc ∈ argmaxL(ŷc ) (3.15)

• Non-spatial regression, using auto-sklearn [128] to select the best perform-
ing regression model (or ensemble) and hyperparameter settings out of a
large collection of algorithms, including linear regression, support vector
regression, gradient boosted methods and others.4 We denote this model,
which will typically be an ensemble of multiple powerful machine learning
models, asF . The resulting general form of the predictions from non-spatial
regression is:

ŷc =F (zc ) (3.16)

We allowed auto-sklearn 150 seconds per run to find the best performing
ensemble.

3Source code used: https://github.com/sanjeevg15/loopy-bp-denoise
4auto-sklearn is an automated machine learning (AutoML) package that allows automatic algorithm

selection, hyperparameter optimisation and feature preprocessing ensuring that a high-performing
pipeline is selected on given dataset

https://github.com/sanjeevg15/loopy-bp-denoise


3

42 3. VPINT: VALUE PROPAGATION-BASED SPATIAL INTERPOLATION

• Spatial autoregressive (SAR), moving average (MA) and autoregressive mov-
ing average (ARMA) models, using auto-sklearn to find the best perform-
ing regression model. Canonically, these models are ordinary least squares
(OLS)-based linear regression methods, with extra spatial (SAR) or error (MA)
terms (both in the case of ARMA). However, since we use auto-sklearn, though
OLS is also a possible model, the final model will generally have a different
formula, such as the potentially non-linear support vector regression mod-
els. For SAR, the spatial term is based on a spatial weight matrix WM and
a vector y containing all the known values of the grid, corresponding to the
rows of WM. The general form of SAR is:

ŷc =F (zc ,WM,y) (3.17)

For MA models, we used the “MA by AR” approach [93]. Its formula, using
the prediction error vector ϵ instead of SAR’s y, is:

ŷc =F (zc ,WM,ϵ) (3.18)

Following the “MA by AR” approach, before we can use Equation 3.18, we
first needed to determine ϵ using:

ϵc = yc −Fs (zc ) (3.19)

Here, Fs represents a separate non-spatial regression model, as in Equation
3.16, to compute prediction errors on all known values. These errors can
then be used by Equation 3.18 by putting the values of ϵc for all c into a sin-
gle vector ϵ. For ARMA, we again use the “MA by AR” approach for the MA
component. As ARMA is a combination of SAR and MA, its formula is:

ŷc =F (zc ,WM,y,ϵ), (3.20)

where ϵ is obtained using Equation 3.19.

• Convolutional neural networks (CNN), optimised using automated neural
architecture search (NAS). The CNN regression predicted ŷc from zc and zc ′
for all c ′ ∈ NS (c), where NS (c) is determined by the convolutional filters of
the network, similar to CNN approaches used in computer vision [94, 95].
We used NAS implemented by auto-keras [129] for all training sets (50 tri-
als, 1000 epochs). Although the model architectures for CNNs can be quite
complex, on an abstract level these networks are still regression models of
the same form as Equation 3.16.
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3.5.3. DATASETS
Our main experiments involved a synthetic spatial dataset as well as two real-world
datasets (GDP and COVID-19 trajectories), with an additional synthetic spatio-
temporal dataset used to address CRQ3. The implementation of our data gener-
ation algorithms used to create the experimental synthetic datasets is included in
our public code repository; likewise, the real-world datasets are available for pub-
lic use at their respective sources, allowing others to reproduce our results.

SYNTHETIC DATA

Spatial targets. For this synthetic dataset, based on a parameterised mean µ and
standard deviation σ, the interpolation grid Y of user-specified size (n ×m) (set
to n = 50 and m = 50 in our experiments) was generated, where each cell c was
assigned a base value yb

c by sampling from the normal distribution N (µ,σ). Next,
to assign true values y∗ affected by spatial interaction, we updated every cell c as
a weighted average (based on a spatial autocorrelation parameter as ) of its own
value and the mean of its neighbouring values:

y∗
c = (1−as ) · yb

c +as · 1

|NS (c)| ·
∑

c∈NS (c)
yb

c (3.21)

Spatio-temporal targets. To address CRQ3, we also generated synthetic spatio-
temporal data. For this type of data we introduced additional parameters for the
number of timesteps d and the temporal autocorrelation coefficient at . We then
built a three-dimensional tensor Y of size (n×m×d) by using Equation 3.21 at every
time step. Since, at this point, the temporal layers of Y are still fully independent,
we use the temporal neighbourhood function NT (c) to perform a final update on
the cells of Y ensuring temporal interaction:

y∗
c = (1−at ) · yb

c +at · 1

|NT (c)| ·
∑

c∈NT (c)
yb

c (3.22)

Synthetic features. For our synthetic data, we created a feature vector z =
(zb

c1
, zb

c2
, ..., zc|zb | ) for every location c ∈ Y. Every base feature zb

ci
∈ zb

c was gener-

ated using a uniform distribution U (mi n,max) with user-specified mi n and max
values. These features were then updated in a similar manner to the cell values y ,
using a parameter called the feature correlation coefficient f :

xck = (1− f ) · xb
ck
+ f · y∗

c (3.23)

A feature correlation coefficient f of 0 would result in fully random features, whereas
a coefficient of 1 would result in features identical to the targets.
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REAL-WORLD DATA

In the case of real-world data, the variables being measured, such as GDP or COVID-
19 incidence, are generally not gridded in nature. As a result, to generate these
datasets, data needs to be aggregated, e.g., by taking the mean (estimated) GDP per
capita for residents in the area covered by a grid cell, or the sum of COVID-19 in-
cidence at that location. The granularity of these datasets thus introduces a trade-
off: a high granularity increases the computational cost and may result in relatively
sparse datasets (as was the case in our COVID-19 dataset), but does provide a high
level of detail. Meanwhile, a low granularity may result in data too low-grained to
draw meaningful conclusions from, or cells that simply all regress to a global mean
due to the erasure of local spatial patterns, but will be faster to compute and likely
results in a higher density dataset. There is no minimal or maximum granularity
cutoff point at which an interpolation method becomes infeasible. However, when
gauging how applicable an interpolation method is to a users’ gridded dataset, this
trade-off merits consideration.

Gross domestic product (GDP) targets. For GDP data, we used a gridded spa-
tial dataset containing worldwide GDP estimates sourced from World Bank [130]
at a resolution of 1km × 1km. We specifically looked at the city of Taipei in Tai-
wan and its surroundings, including both heavily populated urban areas expected
to have high GDP values, and surrounding sparsely populated mountainous areas
with low GDP values. The resulting grid had a size of 51×51 pixels.

Aggregated COVID-19 trajectory targets. This dataset consisted of trajectories
of confirmed COVID-19 patients prior to their diagnosis in South Korea [131]. Al-
though this data was spatio-temporal in principle, we opted to aggregate over time
both due to the relative sparsity of the data (as it was gathered at the start of the
COVID-19 pandemic), and to alleviate potential privacy-related concerns in this
relatively sensitive dataset. Thus, every c ∈G had a value corresponding to the to-
tal number of visits by people infected with COVID-19 over the entire time period.
The city of interest in this dataset was Daegu, which was the main hotspot of the
epidemic in South Korea at the time the data was collected. A visualisation of this
data can be found in Figure 3.3b. Since the target data did not come in gridded
form, we set the resolution of this dataset to 35×51 pixels, putting it at a similar
scale to the GDP dataset used for Taipei.

Map-based features. To generate features for GDP and COVID-19 trajectories
in South Korea and Taiwan, we aggregated a selection of vector and point map
data sourced from OpenStreetMap [132]. For all c ∈ G, every element in zc rep-
resented the count of all objects in the map data corresponding to a certain type,
such as apartments, houses and shops. There are various design choices available
for preprocessing this type of data, such as dealing with objects without an anno-
tated type (drop or replace), feature selection (none, manually created high-level
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Figure 3.3: Visualisation of the GDP data in Taipei (a) and the COVID-19 dataset in Daegu (b). Due to
the heavily localised infection clusters, we limited the data from (b) to a range of [0,10] (all values > 10

were set to 10) for greater visibility (the experiments used the raw values instead).

taxonomy, or keeping the most frequent types) and feature normalisation (none,
unit length scaling, mean normalisation or Z-score normalisation). In accordance
with the design philosophy of programming by optimisation (PbO) [133], we did
not commit to any of these choices, and instead used a commonly used Bayesian
optimisation-based automated algorithm configurator, version 0.12.0 of SMAC3
[134], to select the best possible feature construction pipeline per method (time
budget 24 hours per algorithm per dataset).

3.5.4. EXPERIMENTAL SETUP
The following section will explain the procedures and experimental conditions
necessary to carry out our experiments.

MISSING DATA PROCEDURES.
In order to evaluate our methods, we required data that was fully available to com-
pute error metrics, while also having access to grids with missing data. To this
end, we introduced two methods for ‘hiding’ known values, resulting in different
patterns of missing data.

Random missing values. This missing value approach was straightforward.
Given a proportion of known values p, for all other cells there is a probability of
being randomly obscured if a number z = U (0,1) sampled from a uniform distri-
bution between 0 and 1 is smaller than p. That is, for every cell c ∈G :

yc =
{

y∗
c if z < p,

∅ otherwise
(3.24)

In our experiments, p was set to 0.8.



3

46 3. VPINT: VALUE PROPAGATION-BASED SPATIAL INTERPOLATION

Algorithm 2: Spatially clustered missing values

Input: Location grid G, true grid Y∗ = (n,m), number of points k, number of
walks w , number of steps per walk r

Result: Interpolation grid with missing values Y
1: Y := zer os(n,m)
2: num_poi nt s := 0
3: while num_poi nt s < k do
4: i :=U (0,n)
5: j :=U (0,m)
6: c :=Gi , j
7: num_w alks := 0
8: while num_w alks < w do
9: num_steps := 0

10: while num_steps < r do
11: Yc :=∅
12: c := r andom_sel ect i on(N (c))
13: num_steps := num_steps +1

14: num_w alks := num_w alks +1

15: num_poi nt s := num_poi nt s +1

Spatially clustered hidden values. Much like the spatial data itself, the missing
data points in a grid may not be independent, and instead subject to spatial auto-
correlation themselves. For example, some locations may have missing data due to
natural barriers making measurements difficult, or due to local phenomena such
as clouds obscuring parts of the measurements. In this missing value approach,
we were inspired by optical satellite data, where clouds are the biggest source of
missing data in the field. This approach is also why algorithms like Gapfill [104]
could not be considered for our experiments, as it requires a part of the data in a
neighbourhood to be available. Our method for creating clusters of missing data
was based on random walks. Given a number of points k, a number of walks w and
the number of steps per walk r , the algorithm creating artificial clusters is outlined
in Algorithm 2. When applied to spatio-temporal data, the spatially missing data
was applied independently to every time step.

EXPERIMENTAL SETUP.
The general form of our experiments was to run 10 algorithms (SD-MRP, WP-MRP
and 8 baselines) 30 times for two types of missing data (random and spatially clus-
tered) on every dataset (3 in total, with 1 additional dataset for spatio-temporal
data), including both synthetic data and real-world datasets and addressing CRQ1
and CRQ3. The performance of the methods was compared according to their



3.6. RESULTS

3

47

ranks based on the Wilcoxon signed-rank test [135], which is similar to a t-test but
does not assume normality.

For spatial synthetic data we set the size of the grid to n = 100 and m = 100,
and for the spatio-temporal synthetic data used to address CRQ3, we set the size
to n = 50, m = 50 and the number of timesteps d = 5. Tracking δ allowed us to
visualise the convergence of our method (CRQ2), using different settings for f in
Equation 3.23 allowed us to gauge the effectiveness of WP-MRP relative to SD-MRP
as a function of the correlation between the features and true values of locations
(CRQ4), and varying n and m allowed us to see how well all methods scaled to
larger datasets (CRQ5). Thus, in addition to the general performance results, we
used the synthetic data to run additional experiments to address research ques-
tions 2 through 5. Conversely, we used the real-world datasets to gauge how well
the performance on synthetic data, and the analysis thereof, would generalise to
real-world cases. For the scalability analysis we set n = m, with n ranging from 20
to 200 in steps of 20. The spatially clustered missing data was generated using k = 5
centre points, r = n+m

2 steps per walk, and w = r
2 walks.

For every combination of a dataset with a type of missing data, all algorithms
were run 30 times, and used automated algorithm configuration (for the feature
preprocessing pipeline explained in Section 3.5.3.2), automated machine learning
(methods using auto-sklearn, automating the selection of machine learning algo-
rithms and their hyperparameters, as explained in Section 3.5.2), NAS (in the case
of CNN, automating the neural network architecture explained in Section 3.5.2)
and random search (in the case of SD-MRP’s γ, explained in Section 3.4.3.1).

All experiments were run on a computing cluster consisting of 26 homoge-
neous nodes containing 94 GBs of memory and using Intel Xeon E5-2683 v4 CPUs
running at 2.10GHz.

3.6. RESULTS

In this section, we will report on the results of our experiments. We first explain
the performance metrics used, after which we will cover detailed results for all in-
dividual datasets (synthetic spatial data, GDP and COVID-19). These results were
computed as the mean of 30 runs per algorithm and dataset for every performance
metric. After covering the dataset-specific performance metrics, we investigate
other properties of VPint: qualitative visual plausibility, the convergence of Equa-
tion 3.3, the degree to which it can be generalised to spatio-temporal problems, the
required feature correlation for WP-MRP to perform better than SD-MRP, and the
scaling of different methods to larger datasets. Finally, we will provide a high-level
summary our findings.
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3.6.1. PERFORMANCE METRICS
Since multiple properties can be desirable in an interpolation method, we evalu-
ated our method based on 4 performance metrics. The first of these was the mean
absolute error (MAE):

M AE(Ŷ,Y∗) = 1

|Y| ·
∑
c∈Y

|ŷc − y∗
c | (3.25)

MAE is the main error metric reflecting the accuracy of the predictions obtain from
the methods we studied, with all errors weighted equally. We also added root mean
squared error (RMSE), which penalises extreme errors relatively more severely:

RMSE(Ŷ,Y∗) =
√

1

|Y| ·
∑
c∈Y

(ŷc − y∗
c )2 (3.26)

In addition to MAE and RMSE as basic error metrics, we also included two metrics
common in the computer vision and image processing fields. The first of these is
peak signal-to-noise ratio (PSNR):

PSN R(Ŷ,Y∗) = 20 · log10
max(Y∗)

RMSE
(3.27)

PSNR is highly related to the root mean squared error (RMSE) metric, and in fact
contains it as a component. It computes the logarithm of the RMSE scaled by the
maximal (true) value max(Y∗); as such, it is expected to show similar patterns to
RMSE. The main motivation for using PSNR is that it scales values by the maxi-
mal (true) value max(Y∗); therefore, PSNR results will have a similar range for the
GDP dataset (where errors of over 30000 were common) and the COVID-19 dataset
(where errors were typically under 10). Finally, we looked at the structural similar-
ity index (SSIM):

SSI M(Ŷ,Y∗) = (2 ·µŶ ·µY∗ ) · (2 ·σŶY∗ + c2)

(µ2
Ŷ
+µ2

Y∗ + c1) · (σ2
Ŷ
+σ2

Y∗ + c2)
(3.28)

SSIM aims to quantify the similarity of two images in a manner consistent with
human perception, emphasising spatial structure over absolute errors.

3.6.2. EMPIRICAL PERFORMANCE (CRQ1)
The results presented in this subsection are dedicated to answering CRQ1. We ran
detailed experiments on the synthetic spatial dataset as well as the real-world GDP
per capita and COVID-19 datasets.

Synthetic spatial data. The results for synthetic spatial data are shown in



3.6. RESULTS

3

49

Algorithm
MAE RMSE PSNR SSIM

random clustered random clustered random clustered random clustered
Ordinary Kriging 2.392 2.59 9.004 10.446 0.386 0.379 0.06 -0.009
Universal Kriging 2.381 2.476 9.053 9.609 0.386 0.383 0.062 0.008
Belief propagation 19.981 20.028 408.996 410.901 0.220 0.220 0.000 0.000
Non-spatial regression 2.459 2.418 9.507 9.228 0.384 0.385 0.051 0.088
SAR 2.006 2.333 6.61 8.784 0.399 0.387 0.397 0.156
MA 2.462 2.459 9.549 9.523 0.383 0.383 0.084 0.036
ARMA 1.969 2.297 6.357 8.423 0.401 0.389 0.398 0.16
CNN 341.277 47.391 1.263×103 35.520 0.02 0.288 0.002 -0.0
SD-MRP 3.28 4.71 19.363 42.023 0.37 0.339 0.341 0.156
WP-MRP 1.949 2.248×1010 6.244 1.503×1029 0.402 -0.272 0.402 0.064

Table 3.1: Results for all algorithms on synthetic spatial datain terms of the average MAE, RMSE, PSNR
and SSIM over 30 runs, for randomly hidden and spatially clustered hidden values. All methods were
ranked based on the number of other methods they significantly outperformed, established using a

Wilcoxon signed-rank test (α= 0.05). The method significantly outperforming the most other
methods (ties allowed) has been marked bold in every column.

Algorithm
MAE RMSE PSNR SSIM

random clustered random clustered random clustered random clustered
Ordinary Kriging 3.863 9.375 8.995 31.48 -0.514 -0.558 0.122 0.0
Universal Kriging 3.944 9.822 9.395 37.977 -0.516 -0.568 0.121 0.0
Belief propagation 4.009 4.048 19.026 21.308 -0.445 -0.437 0.045 0.068
Non-spatial regression 8.259 9.022 27.973 32.89 -0.563 -0.563 0.007 0.011
SAR 6.688 7.39 20.76 28.583 -0.55 -0.551 0.055 0.051
MA 8.376 8.491 27.213 32.943 -0.562 -0.559 0.008 0.019
ARMA 6.836 6.664 21.208 24.934 -0.55 -0.538 0.049 0.048
CNN 5.604 8.131 30.985 45.152 -0.568 -0.569 0.002 -0.001
SD-MRP 3.833 5.496 11.924 21.121 -0.524 -0.53 0.155 0.122
WP-MRP 3.48 1.435×1047 9.13 2.311×1095 -0.514 -0.945 0.189 0.14

Table 3.2: Results for all algorithms on GDP data in terms of the average MAE, RMSE, PSNR and SSIM
over 30 runs, for randomly hidden and spatially clustered hidden values. All methods were ranked

based on the number of other methods they significantly outperformed, established using a Wilcoxon
signed-rank test (α= 0.05). The method significantly outperforming the most other methods (ties

allowed) has been marked bold in every column.
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Algorithm
MAE RMSE PSNR SSIM

random clustered random clustered random clustered random clustered
Ordinary Kriging 0.067 0.072 1.176 1.368 0.481 0.555 0.343 0.292
Universal Kriging 0.115 2.36 3.03 2936.144 0.466 0.51 0.452 0.273
Belief propagation 0.470 0.209 13.271 1.335 0.479 0.533 0.320 0.574
Non-spatial regression 0.058 0.055 1.211 0.569 0.478 0.579 0.558 0.498
SAR 0.067 0.07 1.058 1.06 0.49 0.545 0.403 0.382
MA 0.069 0.064 1.169 0.936 0.48 0.571 0.388 0.346
ARMA 0.07 0.066 1.178 1.316 0.481 0.544 0.401 0.449
CNN 0.235 883.369 7.479 6.192×103 0.407 0.182 0.796 0.005
SD-MRP 0.036 0.038 1.175 1.258 0.481 0.552 0.941 0.939
WP-MRP 0.244 0.24 8.327 7.956 0.4 0.448 0.785 0.776

Table 3.3: Results for all algorithms on COVID-19 trajectory data in terms of the average MAE, RMSE,
PSNR and SSIM over 30 runs, for randomly hidden and spatially clustered hidden values. All methods

were ranked based on the number of other methods they significantly outperformed, established
using a Wilcoxon signed-rank test (α= 0.05). The method significantly outperforming the most other

methods (ties allowed) has been marked bold in every column.

Table 3.1. On this data, a fairly consistent pattern can be observed for all per-
formance metrics: on randomly missing data WP-MRP performs best, whereas
ARMA performs best on spatially clustered hidden data. It is not surprising that
ARMA, as well as other regression-based methods, suffer less from missing data
being clustered together since they are based on predicting values directly from
features. It is more surprising that WP-MRP shows very extreme values for this
type of missing data. Since SD-MRP does not suffer from the same problem, it
seems that the problem lies in the weight prediction model Mw , rather than be-
ing inherent to VPint. One possible cause for the behaviour on spatially clustered
missing data may be that a mispredicted (high) weight will get disproportionately
amplified with subsequent recursive calls where the target value is supposed to
go up. Although these types of runs only seemed to happen on the synthetic and
GDP datasets, it is a downside of WP-MRP, and one could consider constraining
weights, or applying normalisation techniques, to alleviate the issue. Apart from
these cases, there was no big difference between the results of randomly missing
and spatially clustered missing data.

GDP per capita. The results for GDP data are shown in Table 3.2. In terms
of MAE and SSIM, WP-MRP was the best performing method among all methods
for randomly missing data. For spatially clustered missing data, while belief prop-
agation performed better than SD-MRP and WP-MRP suffered from extreme val-
ues hampering its performance, both VPint variants still performed well in terms
of SSIM. In terms of RMSE and PSNR, belief propagation performed best in most
cases, though SD-MRP performed best together with belief propagation for spa-
tially clustered missing data, and WP-MRP, OK and UK performed better in terms
of RMSE on randomly hidden data. Also, worth noting is that the performance of
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all methods was rather poor, with all methods achieving high error rates and low
similarity scores. This may imply that it is hard to predict GDP based on spatial
patterns alone (OK, UK, SD-MRP), while the map-based features were also not in-
formative enough to make any worthwhile predictions (all other methods).

COVID-19 trajectories. The results for COVID-19 trajectories are shown in Ta-
ble 3.3. On this dataset, SD-MRP is performing best out of all methods in terms of
MAE and SSIM, though none of the methods was clearly better in terms of RMSE
and PSNR than the others in terms of statistical significance. It is, however, un-
fortunate to see WP-MRP as one of the two only methods performing significantly
worse than all others on this dataset in these metrics, despite a high SSIM com-
pared to baseline methods. Since other methods using feature data (apart from
CNN) perform better than Kriging, it seems unlikely that the map-derived features
are the cause of WP-MRP not performing well on this dataset. Instead, it appears
that they are more effective for directly predicting the COVID-19 incidence at a
particular location, rather than the relationship between neighbouring locations.
This may be caused by the COVID-19 grid being relatively sparse; propagating val-
ues from 0 is difficult to do with a spatial weight alone. Thus, for sparse grids with
mostly 0 values, SD-MRP with its decay over distance may be more appropriate,
whereas WP-MRP, which can increase or decrease values based on the weights that
follow from feature data, may be more appropriate in cases where all cells contain
values in a non-zero range.

3.6.3. OTHER PROPERTIES (CRQ2-CRQ5)
We now present the results of the experiments addressing the remaining research
questions, CRQ2–CRQ5, exploring various properties of our proposed method.

Visual plausibility. An example of hidden synthetic data (n = m = 50) is shown
in Figure 3.4, with a visual comparison between its reconstruction by the different
methods. The reconstructed images caution against relying too much on mean ab-
solute error, as all methods (apart from belief propagation and CNN) were able to
reach a similar mean absolute error as WP-MRP or better (around 2.2 for random,
0.9 for clustered). However, our methods (and WP-MRP in particular) appear to
capture the spatial characteristics of the original image, captured by the structural
similarity index (SSI M = 0.34 for random, SSI M = 0.69 for spatially clustered),
better than OK (which seemingly simply predicts the average value, SSI M = 0.04
for random, SSI M = 0.65 for spatially clustered). Compared to non-spatial regres-
sion, our method delivers less noisy interpolations, while also blurring less than
ARMA. The results for belief propagation and CNN catch particular attention, as
in these cases belief propagation vastly underestimated the values, whereas CNN
overestimated them orders of magnitude higher than other methods. The latter
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(a) Ground truth (b) Random (c) Spatially clustered

(d) SD-MRP
random

(e) SD-MRP
clustered

(f) WP-MRP
random

(g) WP-MRP
clustered

(h) OK
random

(i) OK
clustered

(j) Non-spatial
random

(k) Non-spatial
clustered

(l) SAR
random

(m) SAR
clustered

(n) ARMA
random

(o) ARMA
clustered

(p) BP
random

(q) BP
clustered

(r) CNN
random

(s) CNN
clustered

Figure 3.4: Example of synthetically generated spatial data (a), with random (b) and spatially clustered
(c) missing data, where white pixels represent missing values in the data. Reconstructed images by

SD-MRP (d,e), WP-MRP (f,g), ordinary Kriging (h,i), non-spatial regression (j,k), SAR (l,m), ARMA (n,o),
belief propagation (p,q) and CNN (r,s) are shown in the lower rows of the figure. The results for

universal Kriging and MA were highly similar to those of ordinary Kriging and ARMA, respectively, and
are not shown here.
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implies that there may be a large risk of overfitting for the neural networks, due to
the models being too complex for the limited amount of training data available.

Algorithm convergence (CRQ2). An example of the convergence of WP-MRP
over iterations can be seen in Figure Figure 3.5. As the figure shows, as the algo-
rithm iterates Equation 3.3, it converges to a stable configuration which we use
for our predictions. Moreover, the variability of this convergence was fairly low,
indicating that the running time of the algorithm will be relatively stable regard-
less of the situation. This example considered the convergence of WP-MRP on
randomly hidden synthetic spatial data, but similar behaviour could be observed
for SD-MRP, and on different datasets with spatially clustered hidden data. This
includes the convergence of WP-MRP on spatially clustered hidden data for syn-
thetic spatial data, where Table 3.1 earlier indicated that WP-MRP did not perform
well.

Generalising to spatio-temporal problems (CRQ3). Addressing CRQ3, to gauge
whether our method could also be applied to 3-dimensional spatio-temporal prob-
lems, we ran an additional set of experiments on synthetic spatio-temporal data.
The results of this experiment are shown in Table 3.4. Unfortunately, it appears
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Algorithm
MAE RMSE PSNR SSIM

random clustered random clustered random clustered random clustered
Ordinary Kriging 2.741 3.12 12.025 15.714 0.373 0.362 0.001 0.011
Universal Kriging 2.67 3.118 11.465 15.824 0.375 0.361 0.008 0.002
Belief propagation 3.994 4.012 408.672 412.397 0.220 0.220 0.000 0.000
Non-spatial regression 2.516 2.538 9.871 10.039 0.382 0.381 0.001 0.001
SAR 2.635 2.451 11.369 9.588 0.376 0.383 0.046 0.069
MA 2.466 2.524 9.663 10.025 0.383 0.381 0.001 0.001
ARMA 2.021 2.257 6.668 8.292 0.399 0.389 0.412 0.193
CNN 3.245 4.293 16.646 204.488 0.364 0.344 0.0 0.0
SD-MRP 15.931 14.648 269.688 241.627 0.239 0.249 0.042 0.038
WP-MRP 7.332 8.296 81.403 117.111 0.29 0.275 0.046 0.047

Table 3.4: Results for all algorithms on synthetic spatio-temporal data in terms of the average MAE,
RMSE, PSNR and SSIM over 30 runs, for randomly hidden and spatially clustered hidden values. All

methods were ranked based on the number of other methods they significantly outperformed,
established using a Wilcoxon signed-rank test (α= 0.05). The method significantly outperforming the

most other methods (ties allowed) has been marked bold in every column.

that our proposed method does not (yet) generalise well to 3-dimensional prob-
lems, as both VPint variants were the worst performing out of all methods. How-
ever, other modifications adapting VPint to the spatio-temporal domain may be
more successful. Interestingly, on this synthetic dataset, ARMA performed best
across the board – one might have expected a more inherently spatio-temporal
method, like Kriging, would have performed better. Given this, it may be the case
that the spatio-temporal version of VPint performs badly not due to an inherent
problem with the method, but rather a lack of exploitable patterns in the temporal
dimension of the data. Whereas Kriging methods will tend to give lower weights
to non-informative variables, in its current form, our method weights all dimen-
sions equally, meaning that a non-informative dimension would harm the perfor-
mance of our method rather than helping it. In the synthetic data we used in our
experiments, independent spatial data was generated for all time steps individu-
ally, after which temporal autocorrelation was simulated using Equation 3.22. As
every time step had two essentially independent neighbours, the autocorrelation
between the two may have cancelled out one another on some cells, leading to a
diminished performance. As a result, the model may perform better on real-world
spatio-temporal data under favourable conditions. However, as this is outside the
scope of this work focused on spatial interpolation, further research would be nec-
essary to establish exactly what those favourable conditions would be.

Performance of WP-MRP compared to SD-MRP as a function of feature cor-
relation (CRQ4). To address CRQ4, we ran an additional experiment on synthetic
data with settings of the feature correlation coefficient f in Equation 3.23 ranging
between 0.05 and 1.0 in steps of 0.05. Figure 3.6 compares the performance of the
two methods based on MAE as a function of feature correlations. The figure shows
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Figure 3.7: Running time in seconds of the full pipeline of different methods as a function of grid size
on synthetic spatial data. The results for universal Kriging and CNN were cut off early due to hitting

time-out thresholds. Meanwhile, although the running time of ordinary Kriging was not too different
from other methods, its memory usage became prohibitively large and exceeded its allotted resources

(13GB).

the error distribution acquired from 30 runs. As expected, Figure 3.6 shows that
WP-MRP performs better than SD-MRP for high values of f , and conversely, SD-
MRP appears more successful for low feature-target correlations. However, there
appear to be diminishing returns for higher f after 0.4, and already at a correlation
of 0.1 WP-MRP performed better than SD-MRP on the synthetic data. In conclu-
sion for CRQ4, this experiment shows that WP-MRP leverages spatial features to
perform better than SD-MRP in situations where the features are sufficiently in-
formative.

Scaling to larger datasets (CRQ5). Addressing CRQ5, we ran a scalability anal-
ysis by running every algorithm once on synthetic data for grid sizes ranging from
20 to 200 (height and width) in steps of 20. The results of these experiments, based
on the total running time of methods (including training, if any, but excluding NAS,
SMAC and other algorithm configuration as they are optional) can be seen in Fig-
ures 3.7a (random) and 3.7b (spatially clustered). The figures show that SD-MRP,
while faster than CNNs, does not scale well to larger datasets, and that WP-MRP
scales similarly compared to non-spatial regression, SAR, MA and ARMA. This tells
us that the iterative MRP-derived update rule likely does not account for a large
portion of the running time; instead, it appears that the auto-sklearn training pro-
cedure, much like in the case of non-spatial regression and SAR, MA and ARMA
is the main bottleneck for WP-MRP. The reason, then, for SD-MRP to scale poorly,
would be the random search-based subsampling procedure used to find an opti-
mal static discount γ explained in Section 3.5.4.2.

We can also see in both figures that universal Kriging scales very poorly to larger
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datasets; in fact, its runs timed out after grids of the size 100×100. While CNN was
slightly less affected than UK by the increasing size, its running times were still ex-
ceedingly high, and likewise hit a time-out threshold after 100×100 grids. Similarly,
while the running times of ordinary Kriging were similar to those of other meth-
ods, its memory usage became prohibitively large by exceeding its allotted 13GB
at 120×120 grids. Thus, this experiment showed another weakness of GPs, namely
their high memory usage, which is also detrimental to their scalability. Newer GP
methods, like local approximation GPs [101], may scale better in terms of running
time and memory usage by using local approximations, although this may come
at the expense of a decreased ability to capture global information.

In conclusion for CRQ5, our methods scale better than Kriging to larger datasets,
on par with non-spatial regression, SAR, MA, and ARMA, though SD-MRP did take
longer than these methods on randomly missing data. Generally, our methods use
substantially less memory than ordinary Kriging and universal Kriging.

3.6.4. HIGH-LEVEL SUMMARY

Tables 3.1 through 3.3 show the competitive advantage of the VPint variants, in
terms of MAE and SSIM. For randomly missing data, the two VPint variants to-
gether performed better in terms of MAE than baseline methods on all 3 spatial
datasets, although individually both methods only performed better than all base-
lines on 2 out of 3 datasets. WP-MRP performed better than all other methods
on synthetic and GDP data, though SD-MRP also performed better than baseline
methods on the GDP data, and SD-MRP performed better than all other methods
on the COVID-19 dataset. In terms of SSIM, the two VPint variants together were
again the best performing methods on all 3 datasets, where WP-MRP again per-
formed best on the synthetic (though tied with SAR and ARMA, with SD-MRP fol-
lowing one ranking lower) and GDP datasets, and SD-MRP also performed better
than the baseline methods on GDP data. SD-MRP performed better on the COVID-
19 dataset, where WP-MRP was the third best performing method after CNNs. In
terms of RMSE, the results were less consistent, with no method clearly outper-
forming the others across all datasets, and as expected, the rankings for PSNR and
RMSE were almost always the same. This difference implies that, while the VPint
variants will often perform better on average, when they do fail to produce good
results, the errors will be more extreme than those of baseline methods. This was
seen especially clearly in runs where WP-MRP obtained error values orders of mag-
nitude higher than all other methods.

On spatially clustered missing data, in terms of MAE, SD-MRP still performed
best on the COVID-19 dataset, but was outperformed by belief propagation on
GDP data and by ARMA on synthetic data. WP-MRP also failed to significantly
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outperform baseline methods on any of the datasets for this type of missing data.
However, in terms of SSIM, both VPint variants performed significantly better than
all baselines on GDP and COVID-19 data, and SD-MRP tied with SAR and ARMA
for synthetic data. Since it seems that SD-MRP preserves the spatial structure of
spatially clustered hidden data better than baseline methods on all 3 datasets, and
WP-MRP did so on 2 out of 3 datasets, we conclude that VPint would be a better
option for this type of missing data if the spatial structure of the interpolations
is important. Interestingly, SSIM is higher for all methods for spatially clustered
data; this is likely caused by this type of missing data being considered a substan-
tial structural element, thus affecting SSIM less than random missing data.

Regarding our additional experiments, we found that the convergence of VPint
tends to progress smoothly and has very little variance between runs (as seen in
Figure 3.5). Table 3.4 shows that, in its current form, our method does not yet gen-
eralise well from the spatial case to the spatio-temporal case. Figure 3.6 shows that
WP-MRP will perform better than SD-MRP starting from a feature correlation coef-
ficient f of around 0.1 for synthetic data, implying that a high correlation between
features and targets is not required for the feature data to have added value to the
method. Finally, Figure 3.7 showed favourable scalability of our proposed method,
particularly compared to Kriging.

3.7. CONCLUSION AND FUTURE WORK
In this chapter, we proposed VPint, a value propagation-based method for spatial
interpolation, establishing a system-oriented perspective. To this end, we intro-
duced two variants of our interpolation method (SD-MRP and WP-MRP), the lat-
ter of which exploits spatial features describing the characteristics of the grid. In
our experiments on gridded GDP and aggregated COVID-19 data, VPint was found
to perform significantly better than baseline methods in terms of mean absolute
error and structural similarity on randomly missing data in 3 datasets, and 2 out of
3 datasets for spatially clustered missing data.

Overall, whether VPint is the appropriate choice of algorithm appears to de-
pend on the type of data in question, and the goals of the user. In the common
case where a low error rate is the objective, particularly in a way that preserves
the spatial structure of a grid, VPint (and especially WP-MRP) will generally be the
best option for randomly missing values. Despite the advantages offered by VPint,
if a practitioner is looking for a method that does not suffer from outliers of par-
ticularly bad predictions, and is willing to accept higher average errors as a result,
other methods, such as Kriging or ARMA, may be better options.

On spatially clustered missing data, SD-MRP is usually still a better option
than other methods, but they are more competitive on this type of missing data.
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While still highly effective, the slightly reduced competitive advantage of VPint on
spatially clustered missing data suggests a relative sensitivity to biased missing
data distributions and low spatial sampling rates. When using SD-MRP, the al-
gorithm slowly converges to a mean value prior as the distance from known values
increases. Meanwhile, when using WP-MRP, the errors of the weight prediction
model add up over distance to introduce increasing amounts of uncertainty into
predictions. This may limit the applicability of VPint, in its current form, for prob-
lem instances where data gaps are large (e.g., hundreds of cells), while encouraging
its use particularly in use cases with relatively smaller gaps or lower resolutions.

In future work, it would be interesting to focus on exploring the performance
of our methods on other real-world datasets, particularly when using other sets of
features not derived from map data. Furthermore, we see value in further analy-
sis of the spatio-temporal variant of VPint, focussed on the circumstances under
which it will perform well. Alternatively, a different approach to spatio-temporal
interpolation could be a temporally layered version of WP-MRP, using a represen-
tation similar to the tensor-based approach adopted by Corizzo et al [118]. Such
an approach would eliminate the need for explicit feature data, and would instead
use known values at different time steps as features to derive spatial weights. This
type of approach may well be worth exploring.

Finally, in the next chapter, we will adapt the VPint method to make it applica-
ble to missing data in satellite imagery, particularly due to cloud cover, which can
cause the large data gaps described above that VPint is currently less suited for. As
explained in Section 2.1.3, the need for cloud removal techniques, given that up to
70% of Earth is covered by clouds at any time, is great; existing techniques are lim-
ited and often either difficult to apply for non-experts in deep learning, or fail to
produce actionable new information (such as simply predicting a mean, or replac-
ing cloudy pixels). A data-driven, universally and easily applicable method able to
fill in cloud cover (or gaps caused by faulty sensors), informed by the highly corre-
lated features of previous imagery at the same place, could increase the availabil-
ity of data and therefore the efficacy of the many high-impact methods dependent
thereon to a large extent. This will be the focus of our work in Chapter 4.
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TRAINING-FREE CLOUD REMOVAL

USING VALUE PROPAGATION

INTERPOLATION

In the previous chapter we have addressed RQ1 by introducing VPint, a spatial in-
terpolation method capable of interpolating spatial data, such as in-situ measure-
ments for parameters. In this chapter1, we will address RQ2: How can we effec-
tively and easily interpolate unpredictable, spatially clustered missing data in Earth
observation imagery? Towards this end, this chapter will cover the second compo-
nent of Challenge 1, namely missing data in satellite imagery, with a particular fo-
cus on cloud cover. Our proposed method, VPint2, modifies and extends the VPint
algorithm to be applicable to this image processing-like remote sensing task. As
will become apparent in this chapter, cloud removal (and similar EO imagery inter-
polation tasks) comes with particular challenges such as high contrast, temporal
heterogeneity and exploding values, requiring extensive adaptations of the VPint
algorithm.

1The contents of this chapter are based on the journal article:
Laurens Arp, Holger H. Hoos, Peter van Bodegom, Alistair Francis, James Wheeler, Dean van Laar, and
Mitra Baratchi. (2024). Training-free thick cloud removal for Sentinel-2 imagery using value propa-
gation interpolation. ISPRS Journal of Photogrammetry and Remote Sensing, 216:168–184. Elsevier.
https://doi.org/10.1016/j.isprsjprs.2024.07.030
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4.1. INTRODUCTION

Remote sensing data, such as the data obtained constantly from Earth observa-
tion satellites, is of tremendous importance in monitoring the health of our planet.
However, when working with remote sensing data, data processing pipelines that
could otherwise produce excellent results are often challenged by clouds obscur-
ing parts of a satellite image, as explained in Section 2.1.3. In some cases, these
cloudy images are omitted entirely, even to the point of on-board hardware and
software solutions being developed for satellites to avoid sending cloudy data back
to Earth [136, 137]. Alternatively, cloud-free images are produced by a combination
of cloud masking and mosaicking cloud-free pixels from a previous image onto
the cloudy pixels of a target image [138, 139]. Although such an approach allows
an application to accept the input image, pixel values from dynamic processes get
outdated relatively quickly, and finding recent cloud-free images can be challeng-
ing. This can be a problem for tasks such as vegetation monitoring or the mapping
of extreme events (e.g., floods or fires). Therefore, accurate and up-to-date estima-
tions for cloudy regions would be much preferred, particularly in such dynamic
environments.

Creating these cloud-free estimations for remote sensing images can be a chal-
lenging task. Environmental factors like the sun’s azimuth and zenith angles, at-
mospheric conditions, vegetation, and the landscape change over time. A cloud
removal algorithm would need to account for these changes, which is difficult,
considering the variability of the temporal distance to the last known cloud-free
image. Similarly, the environment may have evolved in unpredictable ways, such
as by extreme events or human activity. In recent years, deep learning-based cloud
removal methods have shown strong performance compared to traditional meth-
ods. However, for downstream users, pre-trained (deep) neural networks may re-
quire very precise combinations of input conditions such as the sensor, resolution
and preprocessing, which may not be feasible for their use case, while developing
new models for specific use cases is generally not trivial because new architectures,
appropriate training configurations and (potentially large-scale) training datasets
would be required.

In this chapter, we present a method to address these challenges by employing
a technique that propagates the information in cloud-free pixels of the same im-
age rather than using old pixel values. Specifically, we present a new cloud removal
algorithm building upon our previously proposed spatial interpolation algorithm
value propagation interpolation (VPint) from Chapter 3. We have extended the al-
gorithm to be suitable for the reconstruction of multispectral imagery. Our method
uses the previously sensed imagery from the same time series as a feature dataset
to inform the interpolation algorithm on the spatial structure of the underlying re-
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gion of interest. It uses this structure to interpolate the reflectance values from the
current, up-to-date image. In doing so, the current environmental conditions will
also be propagated, rather than attempting to estimate these a priori to correct for
them.

Applying VPint to optical remote sensing imagery introduces three main chal-
lenges: cloud removal being a remote sensing image processing rather than a gen-
eral interpolation problem, temporal heterogeneity and exploding values: firstly,
the original VPint algorithm leveraged machine learning models to predict the in-
tensity of spatial autocorrelation between two spatially neighbouring points. How-
ever, in cloud removal, the intricate textures, transitions and objects in the image
must be reproduced exactly, requiring a more precise representation of the spa-
tial structure. Secondly, different sets of pixels may change in different ways be-
tween the feature dataset and target image, such as a (dynamic) crop field next
to a (static) road. The relationship between these objects will change over time,
introducing inaccuracies in the reconstructed target image. We refer to this prob-
lem as temporal heterogeneity. Thirdly, faulty pixels, solar glint or transmission
errors can introduce erroneous values into the feature data, which can result in
unrealistically large pixel value predictions that get propagated throughout the re-
constructed image. We refer to this problem as exploding values. To address these
issues, we propose VPint2, which incorporates a new method for computing spa-
tial weights and includes extensions to the original VPint algorithm that alleviate
problems caused by these phenomena: identity priority and elastic band resis-
tance. Although VPint2 is aimed at improving VPint’s applicability to optical re-
mote sensing data, it is likely that it will similarly enjoy improved performance in
other application areas where similar challenges arise, particularly in image pro-
cessing. Through our experiments, we aimed to gauge the effectiveness of VPint2
as a cloud removal algorithm compared to existing methods, and to investigate
under which conditions its performance is particularly strong.

Our contributions presented in this chapter are as follows:

• We propose a novel cloud removal method, leveraging the spatial structure
from previously sensed imagery to propagate the non-cloudy values of the
up-to-date cloudy image. Our method does not require a training phase and
can be easily applied to any type of land surface data, requiring no additional
data compared to pixel substitution approaches.

• We extended the spatial interpolation algorithm VPint to create VPint2, which
modifies the algorithm to be applicable to remote sensing image processing
problems, and features two enhancements we dub identity priority and elas-
tic band resistance, improving its performance and its applicability to remote
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sensing datasets. We include an auto-adaptation mechanism to allow VPint2
to adapt its configuration to specific patches and bands.

• We created a benchmark dataset of 20 matched (target–cloud mask–temporal
features) sets of top-of-canopy Sentinel-2 imagery, called SEN2-MSI-T. Un-
like existing benchmarks, the true images are available as ground truth, as
the clouds are derived from a different image, and the features are avail-
able at various specific time intervals. This allows for a better evaluation
of methods, and the results from our experiments show that typical evalu-
ation approaches using a recent cloud-free acquisition as ground truth can
be problematic.

• We tested our method on SEN2-MSI-T and the existing SEN12MS-CR-TS
benchmark dataset against mosaicking (temporal replacement), automated-
machine-learning-based regression, similar pixel interpolation and neural-
network-based approaches. Our experiments demonstrate that our method
performs better than competing methods in all 20 conditions we tested in
our main experiments, and in 17 out of 20 conditions in our experiments for
Level 1C data.

4.2. PROBLEM STATEMENT
Cloud removal can be formalised as a general spatial interpolation problem. Let
image O denote the matrix representation of the original input image with clouds
to be removed. This image consists of pixels oi j ∈ O, where i the row index, and j is
the column index of the pixel, corresponding to the spatial position (i , j ). Since all
spectral bands in optical images are affected by thick clouds, cloud removal meth-
ods will typically need to be applied independently to all bands. In the context
of parameter estimation, one pixel would be a vector x = [o1

i j ,o2
i j , ...,ob

i j ] contain-

ing oi j for all b bands. We use T to denote the matrix of the corresponding true
(ground truth) cloud-free image, consisting of pixels ti j ∈ T, which would be un-
known in practice, and F, consisting of pixels fi j ∈ F, as the matrix of the cloud-free
reference (feature) image obtained at some point in time prior to O. Finally, we use
C to denote the set of cloudy target image pixels oi j for O (cloud mask). Our aim is
to find a model Mcloud (O,F,C), taking the target image, feature image and cloud
mask as input, and generating a predicted cloud-free image T̂ with pixels t̂i j ∈ T̂
resembling T as closely as possible. The problem thus becomes to find:

M∗
cloud ∈ argmin

Mcloud

L(T,M(O,F,C)) (4.1)

Here L is the loss function of interest (for example, mean absolute error).
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4.3. RELATED WORK

Given its importance to downstream remote sensing tasks, cloud removal in op-
tical satellite data is of significant interest in the research community. Generally
speaking, cloud removal must be guided by some type of information comple-
mentarity, which may be spatial, multi-modal, temporal, or a mixture of these.
In addition to this, there are also cloud removal methods operating on the spec-
tral domain to remove thin clouds (which, due to partial transparency, retain some
surface information) [140, 141, 142, 143, 144, 145, 146, 147]. However, since we
aim to remove all types of clouds along with their shadows, we do not consider this
type of method further in this section.

Spatial methods rely on patterns within the cloud-free regions of an image to
reconstruct cloudy regions. Much of the work we will refer to in this section con-
tains a spatial component, for example, through the use of convolutional neural
networks (CNNs) or the selection of suitable nearby pixels. However, most of these
methods will also exploit other types of information complementarity. In con-
trast, general-purpose spatial interpolation techniques can also be used for single-
image cloud removal by considering cloudy pixels (and cloud shadows) as missing
data. This approach has been explored for other types of missing data in remote
sensing imagery (sensor faults) by Zhang et al. [148]. However, many interpola-
tion methods suffer from poor scalability, and Shen et al. [42] found that interpo-
lation approaches are primarily effective at filling small gaps, such as the Landsat
ETM+SLC-off dataset [149]. In the case of cloud removal, clouds can cover rela-
tively large parts of an image which, combined with the high resolution of the im-
agery, results in large gaps, for which interpolation methods have not been popular
nor especially successful so far.

Multi-modal methods exploit the information complementarity between dif-
ferent sensors, notably synthetic aperture radar (SAR), which penetrates cloud cover,
to reconstruct cloud-free images. One of the most prominent examples of this
type of cloud removal is DSen2-CR by Meraner et al. [40], which is based on con-
volutional neural networks (CNNs) and leverages SAR data. Xu et al. [150] pro-
posed global-local fusion approaches to minimise performance degradation due
to speckle noise and the domain gap between optical- and SAR data. Han et al.
proposed a transformer-based approach for SAR-optical data fusion-based cloud
removal [151], and Liu et al. proposed an attention-based network fusing Sentinel-
2 and Sentinel-3 data sources [152]. General adversarial network (GAN) methods
performing cloud removal using SAR-optical data fusion include the work by Xu et
al. [153] and Darbaghshahi et al. [154], whereas Jing et al. proposed a method lever-
aging denoising diffusion [155]. Fusing optical data with other data sources, par-
ticularly SAR data, can be a challenging problem due to temporal shift, the noisy
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nature of SAR measurements, incomplete or non-overlapping spatial coverage at
desired time steps, and the complex preprocessing pipelines SAR data typically re-
quire.

Multi-temporal methods exploit the temporal information complementarity
of satellite imagery to gap-fill missing data. Here we differentiate between multi-
temporal methods, which may exploit temporal information in a variety of ways,
and the specific case of time-series modeling methods, which operate on a con-
sistent time-series of images. A commonly used multi-temporal approach is mo-
saicking. Typically, a user would use cloud detection methods [156], such as s2-
cloudless [157] or SEnSeIv2 [29], to automatically detect cloudy pixels, fetch the
most suitable non-cloudy pixel from past imagery (based, for example, on tempo-
ral distance), and mosaic these non-cloudy pixels onto a target image. We refer
to this approach as temporal replacement, for which recent examples of practical
use of this type of method include work on downstream tasks such as ecological
monitoring [158] and (tree extent) mapping [159]. More sophisticated mosaicking
approaches may account for changes in atmospheric conditions, solar azimuth
and zenith angles, and other potentially confounding processes [138], or incor-
porate histogram matching [139, 160]. The accuracy of the reconstructed images
will be greatly dependent on the availability of suitably recent cloud-free images.
Pixel-wise regression models can also be used to directly predict the pixel values
of the target image using pixel values in the reference image as features. Due to
the multicollinearity likely to be present in the different bands of the feature im-
age, partial least squares (PLS) approaches tend to be preferred over ordinary least
squares (OLS) models in remote sensing applications, as they compute inherently
independent components [161, 162, 163]. Some approaches, such as the CHAIN
and CROSS models proposed by Fischer et al. [164], use graphical and probabilis-
tic models instead of grid-based spatial statistical models. Some methods, such as
(M)NSPI [10, 165], WLR [166], STMRF [167], CLMP [168] and STWR [169], use tem-
poral information to predict reconstructed pixel values from a local spatial neigh-
bourhood of matching pixels.

Time-series modeling methods are a specific case of multi-temporal meth-
ods in which the full time-series of (possibly cloudy) regular temporal acquisi-
tions by satellites is exploited for information complementarity. Zhu et al. [170]
proposed the use of three time-series models, at varying levels of complexity, to
predict missing pixel values in time-series of Landsat images, wheras SSTC-CR by
Zheng et al. [171] leverages tensor decomposition to model various relationships
between the spatial, spectral and temporal domains of the time-series of satellite
data. More recently, multiple neural network-based approaches have been pro-
posed for multi-temporal cloud removal, often incorporating multi-modal data
as an additional component. UnCRtain-TS by Ebel et al. [41] combines a multi-
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temporal approach with SAR-optical data fusion, and supports uncertainty esti-
mates on its predictions. Zhang et al. [172] applied a CNN on fused temporal fea-
tures, Zhang et al. [173] applied a CNN on decomposed tensors, Zhao et al. [174]
leveraged diffusion models for cloud removal on time-series data, and Zou et al.
proposed a fast diffusion approach using SAR data [175]. Stucker et al. [176] used
convolutional layers to encode and decode spatial information, while performing
temporal attention on the resulting latent representations of individual time steps.
Multi-temporal approaches are typically less applicable to scenarios where only
one or a few target images are relevant to the user, or when there are large or in-
consistent temporal gaps in data.

In the following, we address weaknesses in the existing work by proposing a
novel cloud removal method called VPint2, which extends the value propagation
interpolation (VPint) algorithm of Chapter 3. Interpolation methods, due to the
weaknesses of existing methods in gap-filling large clusters of missing data, have
not been explored much for the purpose of cloud removal. Our proposed method,
overcoming the weaknesses of existing interpolation methods, therefore offers a
novel branch of research in cloud removal as a multi-temporal (single reference
image) interpolation method.

4.4. METHODS: REVISITING VPINT

The VPint algorithm2 proposed in Chapter 3 was aimed at general spatial interpo-
lation problems. When applied to cloud removal, given a cloudy target image and
a previously sensed non-cloudy image as features, it returns a cloud-free recon-
structed target image. The process is applied independently for all spectral bands,
thus being robust to the typically diverse spatial patterns in different bands of re-
mote sensing imagery, and offering a considerable potential for parallelisation for
imagery with a large number of spectral bands. The general workflow for applying
our proposed VPint2 method to cloud removal is shown in Figure 4.1.

The main benefit of using VPint for cloud removal stems from its support for
location-specific data-driven weights. In the original VPint algorithm, these weights
could be predicted from other, related variables using machine learning models.
This allowed the algorithm to make relatively smooth predictions, based mainly
on spatial autocorrelation. In optical satellite data, images have sharp edges, tex-
tures and other challenging, abrupt changes, calling for a different approach to
computing spatial weights. Therefore, we propose a modification to the core of
VPint to directly compute exact spatial weights at runtime, without the need of an
explicit optimisation or training procedure, making it a training-free method. We

2The code for VPint2 can be found on GitHub at https://github.com/ADA-research/VPint2

https://github.com/ADA-research/VPint2
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Figure 4.1: General workflow for applying VPint2 to cloud removal problems. First, the input- and
feature images are split up into individual bands (for which we show one example in the red band).

Next, for every band, the predicted image is initialised to fill cloudy pixels with the mean value of the
image (other initialisations are possible), and the spatial weights for the neighbours of every pixel are

computed and stored in a 4-channel image, where every channel represents a direction. In this image,
for every pixel, the channels contain weights by which a neighbouring value would need to get

multiplied to form the pixel’s value in the feature image. If identity priority is used, these weights are
then refined into a re-weighted neighbour weight image with lower impact for more extreme weights.
After this, in the update loop, a new image is computed iteratively by multiplying a neighbour value

image (with predicted image values for neighbouring pixels in channels corresponding to those of the
weight image) with the weight image. If using elastic band resistance, the growth of values in the

resulting new predicted image is constrained by comparing the previous predicted image to that of the
current iteration. After auto-termination (or a specified maximum number of iterations has been

reached), the most recent (constrained) predicted image becomes the predicted image for this band.
All bands are then combined again to form the cloud-removed output of VPint2.

will refer to this updated algorithm as VPint2.

In optical satellite data, if two images are taken of the same area at different
times, the spatial structure of the land surface of two co-registered images sensed
at different times would remain (mostly) static. For example, a residential sub-
urb may change in hue as time passes and seasons change (dynamic values), but
whether it is shiny in the sun or snowed over in winter, the similarity between the
pixels within houses, trees and gardens the field will remain relatively high (static
spatial structure). This means that the weights within these structures should re-
main close to 1 (a weight of 1 between a pair of pixels signifies that they are iden-
tical). Similarly, the weights on the border can be expected to be further removed
from 1, as the neighbouring pixels on the border will be more dissimilar from one
another, requiring a transition for the values being propagated.

This intuition gives rise to the notion of objects in an image. Pairs of pixels
belonging to the same object (same-object pairs) will have weights close to 1, and
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pairs of pixels not belonging to the same object (different-object pairs) will have
weights further removed from 1. These objects need not be explicitly defined (i.e.,
no object detection algorithms are necessary). Instead, they are contained in the
spatial weights derived from the reference image.

This consistency of the spatial structure over time is the property we exploit
with VPint2, by assuming temporally static spatial relationships for temporally dy-
namic values, and feeding the reference image as a feature set to the algorithm.
The manner of deriving weights from a feature image can vary, and has a high im-
pact on the behaviour of the method. The predictions from a machine learning
model, as used in the original VPint algorithm, could not easily model the strong
and abrupt changes in remote sensing image processing tasks. However, when
using very precise weights with sufficient variability to be applicable to images,
mistakes and errors can also have a larger impact on performance. Therefore, one
of the challenges in applying VPint to remote sensing (and possibly general image
processing) tasks is to use an approach for deriving spatial weights that is both ex-
act and reliable, while mitigating the risks of large errors that exact, non-smoothed
weights entail.

To address this problem, we can leverage the property of satellite data auto-
matically revisiting the same area at specific time intervals. Although the latest
cloud-free reference image could be months in the past, especially given the tem-
poral autocorrelation of cloudy and rainy weather, we can exploit these reference
images in VPint2 by extracting the spatial structure of a location, using the past
reference image as a feature image to compute highly accurate spatial weights. A
simplified illustration of how this spatial structure is used can be found in Figure
4.2.

Concretely, we instantiate the predicted image T̂ with pixels t̂i j by copying non-
cloudy pixels oi j ∉ C from O, and initialise t̂i j for all cloudy pixels oi j ∈ C as the
mean value of O (other initialisation approaches are possible). Let N (i , j ) denote
the set of neighbouring positions (i ′, j ′) for a given position (i , j ). With τ denoting
the current iteration, we iterate the following update rule:

t̂τ+1
i j =

oi j , if oi j ∉ C
1

|N (i , j )| · ∑
(i ′, j ′)∈N (i , j )

γ
i ′ j ′
i j · t̂τi ′ j ′ , otherwise (4.2)

The update rule of Equation 4.2 contains a number of important elements.
First, all non-cloudy pixels (that is, oi j ∉ C) merely take on the static value of the
input image. For cloudy pixels, at every iteration, a local prediction is computed,
using the weighted average of predicted values of neighbouring unknown pixels (or
static known values where available). Here |N (i , j )| denotes the number of neigh-
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Figure 4.2: A basic, one-dimensional, unidirectional example illustrating the process of VPint2. The
middle two cells in the target image are unknown, whereas the reference image is fully known.

Although the values themselves lie in a different range (multiplied by 10 in this simplified example),
the relationships between neighbouring cells are the same in this example. By computing weights

from the reference image, we can interpolate the unknown values in the target image. In reality,
interactions would bi-directional, and the problem would have two spatial dimensions.

bours to pixel t̂i j (in practice 4 for all pixels apart from the image edges), and γ
i ′ j ′
i j

is the spatial weight between the pixels at positions (i ′, j ′) and (i , j ). This weight is
computed from the corresponding pixels in feature image F as:

γ
i ′ j ′
i j = fi j

fi ′ j ′
(4.3)

Thus the value of every cloudy pixel in T̂ is determined by the values of its local
neighbours, which, if cloudy, are themselves determined by their neighbours. At
every iteration and recursive step, the neighbouring values are multiplied by a spa-
tial weight derived from the feature image, allowing the algorithm to incorporate
complex structures, textures and variability within subsets of the image.

By iterating Equation 4.2, pixel values are updated repeatedly, anchored by
non-cloudy target values that are propagated following the spatial structure given
by F (through γ), until an equilibrium configuration is reached.

4.4.1. VPINT2 PROPERTIES
VPint2 has a number of desirable properties that existing cloud removal methods
do not yet offer. First, VPint2 estimates the current state of the measured quantity,
as opposed to methods merely copying previous information (which was already
known). Second, it offers the advantage of not needing any training, thus avoiding
the problems of methods that need to either attempt to train one general model
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applicable to all cases, extrapolate from a specialised model that does not gener-
alise well, or train on a prohibitively small training set of non-cloudy pixels from
the same image. Third, the results and inner workings of VPint2 can be understood
by analysing the reference image in combination with the update rule of Equation
4.2.

On the other hand, as an interpolation method, VPint2 requires at least one
non-cloudy pixel in the input data, otherwise it would simply reconstruct the fea-
ture image. This might make it less suitable for cloud removal in smaller patches,
where the probability of all pixels being cloudy is higher.

In terms of computational cost and efficiency, the running time of VPint2 will
depend on its implementation. However, the implementation-independent effi-
ciency can be approximated by drawing a parallel with neural networks, which are
often described based on the number of parameters in the network. Since both
neural networks and VPint2 are based on matrix multiplication, the computational
effort mainly stems from the amount of multiplications and matrix elements that
must be multiplied. In the case of VPint2, the time complexity to run on a single
band isO(e ·h ·w ·4), where e is the number of iterations or epochs for which VPint2
will be run (typically around 20), h is the height of the input image, and w is the
width of the image. For example, if we run VPint2 for 100 iterations on a 100×100
image, resulting in 4000000 multiplications, the entire pipeline of VPint2 would be
the equivalent of running inference only on a 4 million parameter neural network,
while not requiring a prior training step. In practice, VPint2 will generally perform
more frequent, smaller matrix operations compared to a typical neural network
with a similar number of parameters, resulting in a slower running time. On the
other hand, the multispectral nature of optical satellite data allows for great op-
portunities in parallelisation over bands, since VPint2 considers these bands inde-
pendently. Therefore, we have extended the original VPint algorithm with a multi-
processing setup for Earth observation imagery, resulting in a substantial speedup
of about 60% to 70% compared to the original algorithm (for empirical results, see
Figure 4.7c). In the future, combining the parallelisation with GPU-accelerated
matrix computations may speed up the algorithm even further.

4.4.2. FURTHER ENHANCING VPINT2 FOR REMOTE SENSING DATA

Applying VPint2 to remote sensing imagery comes with particular challenges, some
of which may also be encountered in general image processing problems. In par-
ticular, VPint2 will perform worse when i) objects in the images changed over time
between the feature and target images in different ways (e.g., one stays constant
while another changes hue), which we will refer to as temporal heterogeneity, and
ii) sensor faults or other inaccuracies are present in the feature set, resulting in
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extremely large weights (and extremely large values that get propagated further),
which we refer to as exploding values.

To illustrate the problem of temporal heterogeneity, recall the concept of ob-
jects introduced in Section 4.4. In the case of removing clouds from optical im-
agery, the within-object relationships (weights close to 1) will typically be easy to
exploit, whereas between-object relationships will be less reliable. For example, a
road next to a forest will remain mostly static throughout the seasons, while the
forest may be shedding and gaining leaves over time. This means that the spa-
tial weights between the road and the forest computed from the reference image
(for example, one from a summer, when the forest was full of green leaves) will no
longer apply to the new between-object relationships (for example, one from an
autumn, when the leaves may be gone, or yellow and brown). At the same time,
the internal homogeneity of both objects will generally be mostly intact. The origi-
nal VPint2 algorithm, however, relies equally on within-object and between-object
weights, and can therefore suffer from artefacts and other inaccuracies caused by
temporal heterogeneity. Visually, such artefacts would look like a fading gradient
of an incorrect colour that is strong at the borders of objects and gradually fades
into the colour hue of the rest of the object.

We consider an image reconstruction to suffer from exploding values when the
VPint2 algorithm is diverging from, rather than converging to, a stable solution.
This problem can arise in rare cases, because image data, and remote sensing im-
agery in particular, can suffer from inconsistencies, faulty pixels and other quality
issues. If this occurs in the target image, these pixels can be treated as ‘missing’
and interpolated along with cloudy pixels, as long as the issues are identified in
advance. However, some possible causes of quality issues in the data, such as solar
glint or transmission errors, are not always easy to detect automatically. Moreover,
if the issue exists in the feature image, it cannot simply be interpolated even if
detected accurately. Because the weights derived from a faulty pixel can introduce
an unrealistically large weight into the system, values multiplied by this weight can
then be amplified too much by other weights and propagated along to other pixels
as well. Similarly, the location of the border between objects can move over time.
If the border between objects lies within the cloudy region in the feature image,
but outside the cloudy region in the target image, it would be wrongly applied, de-
spite the transition having already occurred in the target image (the opposite case
of not being applied at all is also possible). In both of these cases, a disruption in
the balance of the system of weights would cause unreasonably large values to be
estimated, passed on to their neighbours, and grow at an even faster rate in the
next iteration, resulting in ‘exploding values’ in that area.

Addressing these challenges, we propose two technical enhancements to the
VPint2 method, thereby boosting its general performance and its applicability to
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remote sensing imagery.

IDENTITY PRIORITY

Given the problems caused by temporal heterogeneity, our first enhancement of
VPint2 aims to exploit reliable within-object relationships, while minimising the
impact of less reliable between-object relationships. Since between-object rela-
tionships are more likely to suffer from temporal heterogeneity than same-object
relationships (though both are possible), prioritising the information from neigh-
bours belonging to the same object can alleviate the impact of this problem. To
this end, we extended the VPint2 algorithm by incorporating identity priority. Re-
call Equation 4.2, where t̂τ+1

i j for unknown values was updated to the weighted

average of neighbouring values. In effect, this update rule computes four inde-

pendent predictions γi ′ j ′
i j · t̂τi ′ j ′ for every neighbouring pixel at positions (i ′, j ′), and

VPint2 later uses the mean thereof as its prediction. We realise identity priority by
using a weighted mean instead of an average prediction. Specifically, we assign a

priority weightλi ′ j ′
i j (separate from the spatial weight γi ′ j ′

i j ) to an individual predic-

tion based on the spatial weight’s distance to 1 (which would signify a same-object

relationship). By computing λ
i ′ j ′
i j to be equal to γ

i ′ j ′
i j for spatial weights ≤ 1, but

dividing 1 by γi ′ j ′
i j for spatial weights > 1, this distance is equal in both directions.

As a result, we prevent bias towards over- or underestimations, as a spatial weight
indicating a halved value (0.5) would have the same priority weight as a spatial
weight indicating a doubled value (2). Moreover, in some cases it may be bene-
ficial to increase or decrease the degree to which weights close to 1 are favoured.
To control this intensity, we introduce a new parameter β, which determines the
strength of the identity priority procedure. Thus, priority weights are computed
as:

λ
i ′ j ′
i j =

β ·γi ′ j ′
i j , if γi ′ j ′

i j ≤ 1

β · 1

γ
i ′ j ′
i j

, otherwise, (4.4)

and if we denote the sum of priority weights
∑

(i ′, j ′)∈N (i , j )
β ·λi ′ j ′

i j asΛi j , the modified

version of Equation 4.2 becomes:

t̂τ+1
i j =

oi j , if oi j ∉ C
1
Λi j

· ∑
(i ′, j ′)∈N (i , j )

λ
i ′ j ′
i j · γi ′ j ′

i j · t̂τi ′ j ′ , otherwise (4.5)
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The choice for the identity priority intensity parameter β can be highly relevant to
the error rates of the algorithm. If it is set too high, error rates tend to increase on
images (or regions thereof) where the between-object relationships did not change
much in the time between the target and reference images, even if the results still
look plausible to the human eye. Conversely, if β is set too low, some images may
suffer from higher error rates, and visual artefacts may appear due to the temporal
heterogeneity. We opted to automatically adaptβ based on the performance of the
algorithm on a validation set derived from the available cloud-free pixels, using
the procedure described in Section 4.4.2. Regardless of the strength of β, identity
priority cannot fully prevent artefacts from occurring at the borders of objects in
specific cases, namely when two different objects in the target image were part of
the same object in the feature image (thus having weights close to 1).

ELASTIC BAND RESISTANCE

The problems caused by exploding values can be substantial, particularly due to
the value propagation-based nature of VPint2 propagating these errors through-
out the entire image. To some extent, the impact of such errors can be mitigated
by clipping the possible values in an image, but in this case, the exploded values
would still greatly hamper performance by filling parts of the image with the user-
defined maximal value. Moreover, such a hard threshold would leave little room
for unlikely, but physically meaningful, high values. Therefore, we propose to com-
bine a conservatively used hard threshold (that should, ideally, never be met) with
a soft additional enhancement to VPint’s update rule, which we refer to as elastic
band resistance. This enhancement is aimed at improving performance on spe-
cific pixels, as well as preventing unreasonable predictions from propagating and
possibly amplifying further, while still allowing exceptionally large increases in val-
ues where exceptional circumstances call for it. As an analogy, we can compare
the increase of values at a certain pixel to stretching an elastic band. Up to a cer-
tain threshold, in this case the length of the elastic band, it can be moved freely.
However, beyond this threshold, the further one stretches the band, the higher the
resistance will be, and the more force needs to be applied to achieve even a tiny
amount of additional length. This behaviour can be modelled using Hooke’s law:

F = k ·∆L (4.6)

Here, F is the force required to stretch an elastic band for an additional length
∆L. This is controlled by the resistance k, where high values for k require higher
amounts of force for smaller stretching lengths.

We can adapt Equation 4.6 to our update function. If we define µ as the thresh-
old beyond which we wish to apply resistance and ∆t̂τ+1

i j as the amount of change
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between t̂τi j and t̂τ+1
i j after running Equation 4.2 or 4.5, we can update an old pixel

value t̂τi j to its new value t̂τ+1
i j as:

t̂τ+1
i j =

{
t̂τi j +∆t̂τ+1

i j , if t̂τ+1
i j <µ

t̂τi j +∆t̂τ+1
i j −k · t̂τi j , otherwise

(4.7)

Since we use t̂τi j instead of ∆t̂τ+1
i j as our penalty term, Equation 4.7 deviates some-

what from Hooke’s law as stated in Equation 4.6. However, this provides us with
the desired property: the larger the absolute difference between the previously
predicted value t̂τi j and µ, the stronger the resistance applied by k · t̂τ+1

i j will be,

even if the force remains constant.
By applying this penalty term to the VPint2 update rule, drastic increases in

values caused by exploding values could be dampened to a great extent, while this
dampening would be much weaker on lower, more reasonable values. As a result,
this functionality can address the problem of exploding values, provided the pa-
rameters µ and k are set appropriately. Much like β, overly aggressive settings for
these parameters would result in higher error rates, due to values being unable to
increase as far as they should. Thus, for these parameters as well, proper config-
uration is key in the performance of VPint2 for cloud removal, which we achieved
through auto-adaptation.

AUTO-ADAPTATION

Identity priority and elastic band resistance introduce new parameters, which we
propose to set automatically using auto-adaptation. When using proper config-
urations for β, µ and k, these extensions successfully alleviate problems VPint2
would encounter when applied to remote sensing imagery. They may also be ef-
fective at alleviating similar problems in other applications that suffer from faulty
pixels or changing spatial structure, such as video processing or pipelines reliant
on noisy measurements. However, as explained in Section 4.4.2 and 4.4.2, inappro-
priate settings can have deleterious effects on the performance of VPint2. More-
over, the best performing parameter settings tend to vary greatly between scenes,
patches within a scene, and even the spectral bands within the same image. As a
result, a single configuration for a full image will not perform optimally, since the
performance gains in one area may come at the expense of losses in another. On
the other hand, manually selecting the appropriate parameter settings for all 12
bands of all 400 patches in a scene would not be feasible. Therefore, the automatic
configuration of VPint2 is essential to its successful application.

We added a self-adaptive mechanism for automatically setting β, µ and k to
appropriate values. This mechanism leverages the available data by sub-sampling
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(a) Cropland (b) Forest (c) Herbaceous (d) Shrubs (e) Urban/built up

Figure 4.3: Example target patches for the five land cover classes of our benchmark dataset. Figure 4.3a
shows a patch from cropland in Hungary, Figure 4.3b shows a patch from a forested area in Angola (for

which the target is from a dry period, but features for 6 months are green), Figure 4.3c shows a patch
with herbaceous vegetation from Kazakhstan, Figure 4.3d shows a patch with shrubland from Mexico,

and Figure 4.3e shows an urban patch from the US.

known datapoints into a validation set, where pixels with the greatest mismatch
between the target and feature images are prioritised. The adaptation algorithm
can then search for appropriate parameter settings by sampling from the parame-
ter space of possible configurations, and running VPint2 on the image with addi-
tional datapoints missing. This allows the algorithm to assign a validation loss to
every parameter configuration that is sampled. The algorithm supports grid search
and random search in its current implementation, but in principle, any black-box
optimisation algorithm can be used. To ensure that performance will be at least
on par with the original VPint algorithm, a configuration with no identity priority
or elastic band resistance is always sampled first, although it is possible that the
available validation pixels are not representative for some patches.

4.5. EXPERIMENTS
This section explains the experimental setup used to evaluate the performance of
VPint2 on cloud removal tasks. We first explain the chapter research questions
that motivated our study and then cover the data we use in our experiments, the
methods against which we compare, and our experimental setup.

4.5.1. CHAPTER RESEARCH QUESTIONS ADDRESSED IN OUR EXPERI-
MENTS

Our experiments were aimed at answering the following chapter research ques-
tions (which we later refer to as CRQ1 through CRQ5):

1. Can identity priority and elastic band resistance improve VPint2’s applica-
bility to remote sensing imagery? We lead with this question, as the answer
to it will determine how VPint2 is used throughout the rest of our experi-
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ments.

2. Can VPint2 achieve significantly better results than competing methods?
We quantitatively evaluate this across scenes of different land cover classes,
taking advantage of the diversity in our dataset to allow different methods to
perform well on images from different types of ecosystems and geography.

3. How do the temporal distance between target and feature images, and the
percentage of cloud cover in the input image, affect the relative perfor-
mance of the methods? In many cases it can be difficult to procure recent
cloud-free images, and interpolation methods are typically better at gap-
filling small amounts of missing data, making these meaningful variables to
study. Moreover, since VPint2 requires a cloud-free reference image as fea-
tures, it should still be able to perform well for higher temporal distances.
We measure the performance against four temporal distances of 1 week, 1
month, 3 months, and 6 months, and per-patch performance against the
percentage of cloudy pixels in the patches.

4. How well does VPint2 perform in terms of running time compared to com-
peting methods? Running time can be an important factor in the practical
use of a cloud removal method. We compare the average running time for
different levels of cloud cover, as this is often a key factor in the computa-
tional efficiency of cloud removal methods.

5. What is the overlap between the errors produced by different methods,
and how could complementary strengths be exploited? We visualise er-
rors between methods, and explore the impact of ensembling strategies for
improved performance.

4.5.2. DATA
In our experiments, we focused on multi-spectral Sentinel-2 imagery (level 2A) as
a use case for our method. The two Sentinel-2 satellites from the European Space
Agency (ESA) measure reflectance values at 13 wavelength bands. The RGB bands
(2,3,4) and band 8 have a spatial resolution of 10 m2, bands 5,6,7,8A,11 and 12 have
a spatial resolution of 20 m2, and bands 1,9 and 10 have a resolution of 60 m2. Band
10 is dropped in level 2A images, as it is mainly used for atmospheric correction,
leaving 12 spectral bands to remove clouds from. We found existing benchmarks
datasets to be scarce, and the few available benchmarks, such as SEN12MS by
Schmitt et al. [177], its derivative SEN12MS-CR by Meraner et al. [40] and WHUS2-
CRv by Li et al. [146], typically use previous cloud-free acquisitions as ground truth
values and do not contain past imagery at various time intervals as feature data,



4

76 4. TRAINING-FREE CLOUD REMOVAL USING VALUE PROPAGATION INTERPOLATION

making them inapplicable to our use case. Therefore, we created the SEN2-MSI-T
benchmark dataset (referring to Sentinel-2, the optical multi-spectral instrument
used by Sentinel-2, and the temporal aspect of the dataset) for our experiments,
inspired by the existing datasets mentioned above.

SEN2-MSI-T. This dataset contains co-located optical imagery and a cloud mask
for the five most common land cover classes in the Copernicus Global Land Cover
[178] dataset: cropland, forest, herbaceous (vegetation), shrubs, and urban/built
up area. For every type of land cover, we manually defined multiple search ar-
eas predominantly filled with the same land cover, and automatically searched for
candidate scene locations meeting our requirements, from which we selected 4
per land cover class, resulting in a total of 20 scenes. Each of these scenes, which
we strove to obtain from diverse geographical locations from Europe, Asia, Africa,
the Americas and Australia, contains a cloud-free target image sensed at time s. It
also contains a matching cloud mask, obtained from a cloudy image from a time as
close as possible to s. It furthermore contains four feature images at different (ap-
proximate) time intervals: s −1 week, s −1 month, s −3 months, and s −6 months.
Thus, every scene consists of 6 different co-located large images in total. Each
scene was partitioned into non-overlapping patches of 256×256 pixels, examples
of which can be seen in Figure 4.3. Candidate solutions were identified, visualised
and manually inspected using SentinelHub, and were downloaded as full level 2A
data products using SentinelSat. At runtime, patches were loaded using windowed
reading and resampled to a 10×10m2 resolution. We provide the code to generate
the dataset, along with download locations for the (compressed) raw data, in the
code repository accompanying this article.

In many existing cloud removal datasets, such as SEN12MS-CR [40], SEN12MS-
CR-TS [179] and WHUS2-CRv [145], model training supervision and performance
evaluation is performed by matching cloudy target images with cloud-free acqui-
sitions from one or two satellite revisits before the target (in the case of Sentinel-
2, the revisit time is generally 5 days). The advantage of this approach is that real
cloudy input data is used, whereas synthetic data experiments may have poor gen-
eralisability to real-world data, due to unrealistic cloud profiles, the common types
of clouds in real data varying based on geographic properties, and the visual rep-
resentation of the cloud itself. However, even with small temporal distances, the
pixel values of a scene may have changed substantially, potentially reducing the
reliability of this type of evaluation approach (our results in Section 4.6.3 will sup-
port this intuition empirically). Therefore, to allow for an accurate validation of our
cloud removal approach, the clouds used in our experiments were masked from a
separate image, which was then applied to a cloud-free image, as this allowed us to
compute accurate, up-to-date performance measures. Our evaluation approach,
therefore, offers a middle ground between accurate performance metric computa-
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tion, and realistic cloud cover suitable for the specific geographical location of the
scenes. A similar approach was recently successfully employed by U-TILISE [176],
although unlike in our approach, missing (cloudy) pixels were denoted using the
maximal pixel value, instead of using explicitly missing data points.

SEN12MS-CR-TS [179]. This dataset contains time-series of multiple ROIs with
Sentinel-2 Level 1C imagery. The ROIs are split into 256×256 pixel patches, with
30 potentially cloudy images available for every patch. By performing experiments
on this dataset we were able to compare our method against many state-of-the-art
methods, such as STGAN [180], U-TAE [181] and UnCRtainTS [41], while also serv-
ing as a frame of reference to compare against future methods that are evaluated
on this dataset. However, we note that our method was not intended to be used
for time-series cloud removal, and could therefore only run on a subset of the test
dataset, as determined by the following criteria. To evaluate our proposed method,
we required i) a cloudy target image with at least one non-cloudy pixel, ii) a cloud-
free reference image, and iii) a cloud-free ground-truth image for evaluation. We
could simulate a dataset satisfying these criteria by computing cloud masks for
every time step for the patches in SEN12MS-CR-TS, and selecting the patches for
which we could identify a combination of temporally close ground truth and target
images, with a cloud-free reference image available at some time step prior to the
target.

When making use of VPint2 for cloud removal on real-world cloudy input data,
such as SEN12MS-CR-TS, users should take care to incorporate a high quality cloud
masking algorithm. In our experiments on SEN12MS-CR-TS, we used the SEnSeI-
v2 cloud detection model [29] to generate cloud masks, whereas experiments on
SEN2-MSI-T used the cloud probability band of the Sentinel-2 Level 2A data prod-
ucts. In general, recall should be prioritised over precision for cloud masks for
VPint2. Although high recall may come at the cost of lower precision, needlessly
interpolating a few cloud-free pixels will not have a large impact on the perfor-
mance of the algorithm. On the other hand, wrongly accepting cloudy pixels as
true values, and thus propagating cloudy pixel values throughout the image, could
have a substantial negative impact. In a similar vein, buffering cloud masks is rec-
ommended to ensure full masking around the edges of clouds.

4.5.3. COMPETING AND ALTERNATIVE METHODS

We compared the performance of VPint2 to that of several alternative state-of-the-
art methods. We strove to include in our selection representative methods from all
the categories listed in Section 4.3 (apart from interpolation methods due to scal-
ability issues of competitive methods). Therefore, we compare the performance of
VPint2 to that of temporal replacement, automated machine learning (AutoML)-
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based regression ensembling, and a deep neural network specifically designed for
cloud removal. The approach most comparable to our proposed method is tempo-
ral replacement, since it also requires no training and only relies on a past cloud-
free reference image. The AutoML regression and deep neural network methods
have more requirements, due to their reliance on training (as well as model selec-
tion and hyperparameter tuning), but represent advances in artificial intelligence
and deep learning that may offer greater accuracy. Therefore, we consider them to
be important competitors as well. Specifically, we selected the following methods
for our comparative performance analysis:

• Temporal pixel replacement [138]. Here we perform mosaicking by copy-
ing fi j for all oi j ∈C :

t̂i j =
{

oi j , if oi j ∉ C
fi j , otherwise

(4.8)

Temporal pixel replacement is similar to the frequently used mosaicking set-
ting ‘LeastCloudy’ in popular Earth observation data frameworks, such as
Google Earth Engine [182]. Temporal replacement is a method highly reliant
on the availability of recent cloud-free feature images, although in practice,
such recent feature data will often not be available. Although we did explore
an approach incorporating basic histogram matching [139], we found the
original version of the method to perform better numerically on the atmo-
spherically corrected level 2A images used in our experiments. Moreover,
other types of mosaicking, such as taking the median of the most recent
cloud-free values, would require more data than other methods have access
to (a time-series of past data). As a result, we selected the original temporal
replacement algorithm from Equation 4.8 as the representative method for
this approach.

• AutoML regression ensembling. Many machine learning algorithms can be
used for regression tasks, and can be combined using ensembling to fur-
ther boost performance. To ensure that the best ensemble model is config-
ured in our experiments, we remain agnostic about the type of models in
question (for example, linear regression, support vector machines or gradi-
ent boosting) and their hyperparameters, and instead automate this process
using the AutoML system auto-sklearn [128]. In AutoML, the choice of ma-
chine learning model and the optimisation of its hyperparameter settings
are automated, resulting in more specific, fine-tuned models over general
models. In the case of auto-sklearn, multiple machine learning models are
optimised using Bayesian optimisation [183], and subsequently combined
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into an ensemble. The available regression models include Gaussian pro-
cesses, adaboost and random forests, as well as neural networks in the form
of multi-layer perceptrons (MLPs). If we denote the ensemble found by auto-
sklearn as E , we compute t̂i j as:

t̂i j =
{

oi j , if oi j ∉ C
E( fi j ), otherwise

(4.9)

The Auto-sklearn model was trained on the available data per patch to coun-
teract generalisation problems, as well as to ensure that this method has ac-
cess to the same amount of data as the other methods.

• Modified Neighborhood Similar Pixel Interpolator (MNSPI) [10, 165]. NSPI
is an interpolation method originally created for the gap-filling of the rela-
tively small gaps of Landsat 7 ETM+ data [10]. In this method, a variable
spatial window is used around a missing pixel, computing the target pixel
value as a weighted sum of the values of similar pixels. NSPI combines a
spectro-spatial prediction, based on the spectral similarity between pixels in
the same image, with a spectro-temporal prediction, based on the spectral
difference in a cloud-free reference image. The method was later modified
to be applied to thick cloud removal for Landsat imagery. As an interpola-
tion method, MNSPI may perform worse on larger gaps, particularly if the
gaps are larger than the maximal spatial window, whereas making the win-
dow overly large would render the algorithm computationally infeasible. In
our experiments, we used a maximum window size of 17 pixels, as suggested
in the original papers [10, 165].

• DSEN2-CR [40] and UnCRtain-TS [41] (deep learning). We opted to also ex-
plore the effectiveness of deep learning techniques specifically designed for
cloud removal tasks, since this type of method is most commonly explored
in recent publications, boasting impressive performance. To our knowledge,
no cloud removal neural networks currently exist that are specifically aimed
at cloud removal using a past cloud-free reference image, and our own pre-
liminary explorations into effectively adapting a network to such data proved
to be challenging and out of the scope of this work. Nonetheless, since these
methods represent to a large degree the state of the art in cloud removal in
recent years, we decided to compare VPint2 to the performance of the popu-
lar deep learning-based DSen2-CR [40] model, which leverages SAR-optical
data fusion, and UnCRtain-TS, which is a multi-temporal model (also using
SAR data), but can be used for a single time step. For both methods, we used
the official code repositories made available by the original authors, with
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adaptations to the data loading procedure to load the SEN2-MSI-T dataset.
This comparison did entail extra acquisitions of SAR data and ran on level
1C input data instead of level 2A, meaning the comparison between these
models and VPint2 could only be performed on a separate experiment with
level 1C targets, as explained in Section 4.5.4. Since both DSen2-CR and
UnCRtain-TS were originally proposed for data fusion- and multi-temporal
cloud removal, respectively, this comparison can shed light on whether such
models could be successfully applied to this problem setting as well.

4.5.4. EXPERIMENTAL SETUP

The general approach of our experiments was as follows.

First, for every patch in SEN2-MSI-T, we transferred the cloud mask to the tar-
get image as missing values, allowing us to simultaneously have access to realistic
cloudy images and ground truth values, providing a middle ground between syn-
thetic and real-world dataset evaluation.

Second, we ran all methods on all scenes and their patches with all available
feature sets (1 week, 1 month, 3 months and 6 months), and saved the recon-
structed images as three-dimensional arrays. Following the standard of existing
work [40, 41], input values were clipped to 10000. For our analysis, we also dropped
combinations of images where the alignment was incorrect, and patches on the
edges of the swath where part of the patch contained no data.

To compare against DSen2-CR and UnCRtain-TS, we ran additional experi-
ments with VPint2 and these neural networks on the level 1C (L1C) version of the
target image, along with recent SAR acquisitions (though this was only used by
the neural networks). In these experiments, we simulated realistic clouds using
Satellite Cloud Generator [184], which the original authors found to be suitable
for DSen2-CR, using cloud cover percentages sampled from the real cloud cover
percentages in the main dataset. Five scenes did not have recent SAR data avail-
able and were therefore not used in this experiment. Similarly, we dropped scenes
where the alignment between the L1C targets and level 2A (L2A) feature images
was imperfect, and patches that the SAR data product did not cover. As a result,
the dataset and sample size we used for this experiment was substantially smaller
than what we used for our main experiments. The L1C and SAR data products are
included in our dataset specification, and were resampled to a 10m2 resolution
and collocated using the SNAP tool by the European Space Agency.

All data used by DSen2-CR and UnCRtain-TS were preprocessed as described
in the respective publications [40, 41]. The feature dataset used by VPint2 con-
sisted of the reference image from 1 month before the target, still at a L2A process-
ing level, but resampled to 10m2 to match the L1C targets. We should note, though,
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that this is not the ideal use case for VPint2, as it was designed to be used with the
same type of data. Cloud probability masks were obtained from the Satellite Cloud
Generator model directly, removing cloud detection quality as a variable, and the
derived binary masks were buffered in 5 passes (5 iterations of considering pixels
next to currently cloudy pixels in the mask as cloudy).

Additionally, we performed an experiment on SEN12MS-CR-TS, as described
in Section 4.5.2. For every patch in the dataset, we loaded all 30 time steps and
computed their cloud masks using the SEnSeIv2 cloud detection algorithm [29].
We then checked whether there was any combination of time steps where a cloud-
free target image followed a cloudy input image, with a cloud-free feature image
available at some point in the past. For all patches where these conditions were
met, we ran VPint2 on the input image to create a cloud-free reconstruction, and
evaluated using the cloud-free next time step.

For our numerical evaluation, we utilised several performance metrics, some
of which overlap with those used in Chapter 3, but whose formulation we reiter-
ate here with our cloud removal-specific notation. Firstly, we used mean absolute
error (MAE):

MAE (T̂,T) = 1

|T| ·
∑

t̂i j ∈T̂

|t̂i j − ti j | (4.10)

Secondly, we were interested in the utility of the images produced by different
cloud removal methods for downstream tasks. We therefore computed the MAE
on a normalised difference vegetation index (NDVI) computation task:

NDVI (xi j ) =
x8

i j −x4
i j

x8
i j +x4

i j

(4.11)

Here, xi j represents a one-dimensional vector containing the band dimension of a
single pixel at index i j , and the band superscripts correspond to the near-infrared
(band 8) and red (band 4) bands in Sentinel-2 images (different sensors may re-
quire different bands). We then computed the MAE on the NDVI as the MAE be-
tween an NDVI derived from the reconstructed image T̂ and an NDVI derived from
the ground truth image T:

MAE V (T̂,T) = 1

|T|
∑

t̂i j ∈T̂

|N DV I (t̂i j )−N DV I (ti j )| (4.12)

Thirdly, we included mean absolute percentage error (MAPE), as this gives an
indication of errors regardless of the range of the underlying data, which varied



4

82 4. TRAINING-FREE CLOUD REMOVAL USING VALUE PROPAGATION INTERPOLATION

(a) Input (b) Feature (c) Target

(d) Replacement (e) AutoML regression (f) MNSPI (g) VPint2

(h) Input (full scene) (i) VPint2 (full scene)

Figure 4.4: Example reconstruction visualisations for VPint2, temporal replacement, AutoML
regression and MNSPI. The visualised patch originated from a scene in Iowa, USA, with a cropland

land cover class. The top row shows the feature-, target- and input images, the middle row shows the
reconstructions by the different methods, and the bottom row shows the input and reconstruction of a

full-sized scene.
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(a) Cloudy input image (b) SEnSeIv2 cloud mask (c) VPint2 reconstruction (d) Target

(e) Cloudy input image (f) SEnSeIv2 cloud mask (g) VPint2 reconstruction (h) Target

Figure 4.5: Two example reconstructions with an average performance by VPint2 on the
SEN12MS-CR-TS dataset (4.5c, 4.5g), along with the input images (4.5a, 4.5e), cloud mask (4.5b, 4.5f;
white pixels denote clouds or cloud shadow) and the temporally close target image (4.5d, 4.5h). The

cloud-free regions of the input images are dark in the visualisation due to the relatively high
reflectance values of the clouds.

between patches and between the bands within a patch:

MAPE (T̂,T) = 1

|T| ·
∑

t̂i j ∈T̂

|t̂i j − ti j |
ti j

(4.13)

Finally, we included the structural similarity index measure (SSIM) [185] as an
indication of the quality of the produced images in terms of human perception:

SSIM (T̂,T) = (2 ·µT̂ ·µT) · (2 ·σT̂T + c2)

(µ2
T̂
+µ2

T + c1) · (σ2
T̂
+σ2

T + c2)
(4.14)

Here, µ and σ represent the mean and standard deviation of the pixel values of
the given image, respectively, and c1 and c2 are constants, for which we used the
default values c1 = (0.01 ·L)2, c2 = (0.03 ·L)2 (where L = max(T)−min(T)).

Additionally, our experiments on SEN12MS-CR-TS included the peak signal-
to-noise ratio (PSNR), root mean squared error (RMSE) and spectral angle mapper
(SAM) performance metrics, as these are the metrics methods are compared to in
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VPint2
VPint2
(no IP)

VPint2
(no EB)

Replacement
AutoML
regression

MNSPI

Cropland
↓ MAE 357.00±291.72 367.65±303.88 370.11±310.79 614.23±450.28 460.19±293.43 363.15±331.40
↓ MAEV 0.0918±0.0787 0.0929±0.0799 0.0921±0.0809 0.1563±0.1145 0.1239±0.0765 0.0995±0.0983
↓ MAPE 24.398±58.405 25.028±58.235 25.511±59.640 27.258±29.552 28.979±61.704 27.277±63.188
↑ SSIM 0.8378±0.1907 0.8317±0.1936 0.8332±0.1954 0.7028±0.2562 0.7994±0.1889 0.8021±0.2368

Forest
↓ MAE 199.29±227.73 206.64±253.55 199.19±223.86 421.39±473.35 402.28±620.58 214.35±341.47
↓ MAEV 0.0374±0.0274 0.0377±0.0282 0.0368±0.0256 0.0758±0.0691 0.0857±0.0971 0.0494±0.0520
↓ MAPE 6.442±4.508 6.620±5.422 6.469±4.676 14.683±14.343 12.183±9.188 7.003±8.109
↑ SSIM 0.9445±0.0705 0.9404±0.0855 0.9448±0.0712 0.8756±0.1586 0.8731±0.1599 0.8662±0.2172

Herbaceous
↓ MAE 192.91±125.64 191.18±128.91 193.45±127.75 549.80±1392.8 264.27±145.17 222.86±201.32
↓ MAEV 0.0361±0.0451 0.0359±0.0463 0.0354±0.0450 0.0476±0.0552 0.0394±0.0273 0.0426±0.0477
↓ MAPE 7.624±6.015 7.543±6.080 7.621±6.093 22.021±54.523 10.280±6.510 9.271±8.738
↑ SSIM 0.9400±0.0881 0.9397±0.0947 0.9404±0.0896 0.8718±0.2988 0.9321±0.0705 0.8397±0.1873

Shrubs
↓ MAE 162.40±153.25 160.95±150.84 163.03±155.49 315.76±202.21 286.42±235.04 209.88±229.97
↓ MAEV 0.0229±0.0273 0.0233±0.0290 0.0226±0.0271 0.0379±0.0452 0.0293±0.0308 0.0312±0.0477
↓ MAPE 8.780±81.345 9.680±108.487 9.595±100.018 12.647±22.941 10.977±9.593 12.064±117.163
↑ SSIM 0.9661±0.0599 0.9646±0.0632 0.9663±0.0602 0.9466±0.0658 0.9427±0.0819 0.8357±0.1873

Urban
↓ MAE 314.58±183.26 335.39±201.86 318.48±199.24 553.24±494.50 590.15±390.03 388.52±231.95
↓ MAEV 0.1057±0.0782 0.1166±0.0903 0.1054±0.0784 0.1465±0.1415 0.1487±0.0546 0.1244±0.1301
↓ MAPE 18.421±18.116 21.635±30.842 19.106±21.157 46.597±99.988 32.683±36.395 22.264±28.840
↑ SSIM 0.7857±0.1575 0.7695±0.1692 0.7755±0.1772 0.7180±0.2386 0.6674±0.1660 0.6563±0.2764

Table 4.1: Numerical results of our experiments. The best performing method per metric, where ↓
indicates a measure to be minimised and ↑ indicates a measure to be maximised, was computed using
a one-sided Wilcoxon signed-rank test at a significance level α= 0.05, and has been marked bold (ties

allowed).

the original UnCRtain-TS paper [41]. We computed the metrics using the imple-
mentation provided with the code of UnCRtain-TS.

4.6. RESULTS AND DISCUSSION

A visual example of a SEN2-MSI-T patch, with its feature image, cloudy version
and example reconstructions by the different methods, can be found in Figure 4.4.
The bottom row contains results for VPint2 for a full scene reconstruction that was
not split into patches, showing that VPint2 can be applied to larger images as well.
In the figure, the reconstruction by temporal replacement contains outdated infor-
mation for the vegetation in the target image. AutoML regression, due to conflict-
ing relationships between pixels in the old image and the new, where some contain
more vegetation in the target image while other pixels remained similar, ended up
predicting mainly a mean value somewhere in between. MNSPI created blurry
and occasionally outdated (similar to temporal replacement) visually plausible re-
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sults within its spatial window, but failed to make a prediction for pixels outside of
its window (while increasing this window further would render it computationally
infeasible). The reconstruction by VPint2, seems the most visually plausible and
seems to contain the most up-to-date information out of these methods on this
example patch, with its greatest visual weakness appearing to be the propagation
of incorrect colours in small parts of the image.

Two visual examples of SEN12MS-CR-TS patches, with cloudy inputs and their
cloud masks, VPint2 reconstructions, and the cloud-free target images of the next
time step, can be found in Figure 4.5. In this figure, the reconstructions appeared
visually plausible, although the hue of the images were different between the VPint2
reconstruction and the target image. This was likely caused by a difference in at-
mospheric conditions between the Level 1C feature- and target images, and sup-
ports our intuition that a use case on atmospherically corrected Level 2A images
would be preferred.

In the following, we report the results for specific chapter research questions in
detail.

4.6.1. CRQ1: IDENTITY PRIORITY AND ELASTIC BAND RESISTANCE

To answer CRQ1, we investigated the effect of the extensions we made to the VPint2
algorithm as described in Section 4.4.2. These extensions were identity priority,
aimed at reducing the impact of artefacts appearing on the edges of objects due
to temporal heterogeneity, and elastic band resistance, aimed at preventing an ex-
plosion of extremely high values caused by, for example, quality issues in the data.
To gauge the impact of these extensions, we performed an ablation experiment
by running the main experiments for VPint2 three times: once with all features
enabled, once with identity priority disabled (denoted as ‘no ID’), and once with
elastic band resistance disabled (denoted as ‘no EB’). These results can be found
in Table 4.1 and show that the added value of our extensions depends on the land
cover type.

Identity priority appears to be particularly effective at improving performance
on the urban- and cropland scenes. This is in line with expectations, since urban
areas contain many smaller objects for which the between-object spatial relation-
ship may change (such as bright reflections on roofs), resulting in temporal het-
erogeneity that can be alleviated using identity priority. Similarly, on cropland, the
growth and harvest cycles may not have been applied uniformly to all fields, re-
sulting in temporally heterogenous between-object spatial relationships. Elastic
band resistance appears to be important on the cropland scenes, but not signif-
icantly different from the normal VPint2 results on other land covers. This fur-
ther underlines that exploding values are rare, but if the phenomenon does occur,
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performance can be significantly improved by enabling this enhancement. There-
fore, elastic band resistance can be an important tool for cloud removal on certain
scenes, but will not be necessary for most other problem settings.

In conclusion, the enhancements of VPint2, appear to improve the performance
of VPint2 when enabled, although they are mainly necessary on specific land cover
classes. Since VPint2 performed significantly better than the versions without our
extensions in these cases, while the results for VPint2 on other land cover classes
was generally not significantly worse than those without the extra functionalities,
we will report the results for VPint2 with both enhancements enabled in subse-
quent experiments.

4.6.2. CRQ2: COMPARATIVE ANALYSIS

The numerical results of our empirical performance comparison on SEN2-MSI-T
can be found in Table 4.1, and the distribution of the performance of the differ-
ent methods has been visualised per land cover class in Figure 4.6. As the table
and figure show, VPint2 achieved an improvement in performance over tempo-
ral replacement, AutoML regression and NSPI in all cases, which was statistically
significant in all cases but the comparison with NSPI on cropland and forest land
cover classes. The relatively similar performance of NSPI on these two land cover
classes may indicate that the use of local spatial information in the input image,
which both VPint2 and MNSPI exploit, is especially important for land cover with
more vegetation. The spread of the performance by VPint2, as seen in Figure 4.6,
tended to be smaller as well.

All methods performed worse on the cropland and urban scenes compared to
other land covers, reflecting their challenge as dynamic land cover types (both in
terms of values and spatial structure). AutoML regression often ended up predict-
ing close to the target mean value, as can be seen in Figure 4.4e. This was likely
caused by conflicting relationships between feature and target pixels in their re-
spective images. For example, in Figures 4.4b and 4.4c, almost all feature pixels
are a similar brown, whereas the target pixels for some fields were deep green, and
some were light brown. In these cases, the algorithm seemingly converged to mod-
els predicting the mean, due to inconsistency of the pixel-wise feature-to-target
relationships. We conclude that VPint2 would be a better cloud removal method
than temporal replacement, AutoML regression and MNSPI in most cases.

The results for the experiment comparing against DSen2-CR and UnCRtain-TS
on L1C targets can be found in Table 4.2. In this experiment, VPint2 performed bet-
ter than UnCRtain-TS, and better than DSen2-CR on almost all land cover classes,
with the exception of MAEV on cropland and urban land covers, and a non-significant
improvement on SSIM for cropland. The performance of VPint2 was stronger in
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this experiment for SSIM on urban and cropland scenes, in particular, compared
to the main experiments from Table 4.1. This was likely caused by the use of 1
month-old feature images boosting performance, although the relatively low con-
trast on L1C targets compared to L2A products may have also played a role.

VPint2 DSen2-CR
UnCRtain-TS
(single time step)

Cropland
↓ MAE 189.88±60.90 218.95±60.58 734.71±364.02
↓ MAEV 0.0650±0.0271 0.0445±0.0275 0.1260±0.1429
↓ MAPE 20.254±9.273 51.780±49.219 28.338±17.161
↑ SSIM 0.9182±0.0704 0.9133±0.0548 0.3180±0.4199

Forest
↓ MAE 163.67±43.35 939.84±68.69 1109.16±342.80
↓ MAEV 0.0357±0.0126 0.1424±0.0225 0.2875±0.0634
↓ MAPE 6.257±1.923 41.174±2.808 53.265±7.515
↑ SSIM 0.9760±0.0169 0.8145±0.0506 0.5667±0.3323

Herbaceous
↓ MAE 182.07±64.27 757.43±116.02 1147.27±342.80
↓ MAEV 0.0142±0.0070 0.0634±0.0221 0.1241±0.1106
↓ MAPE 7.106±3.107 31.502±3.303 47.309±12.217
↑ SSIM 0.9650±0.0308 0.8484±0.0500 0.7254±0.1210

Shrubs
↓ MAE 159.29±60.51 684.01±343.74 1016.05±521.61
↓ MAEV 0.0225±0.0194 0.0332±0.0361 0.1171±0.1086
↓ MAPE 7.182±3.592 30.066±11.997 39.309±14.875
↑ SSIM 0.9704±0.0263 0.8877±0.0573 0.8026±0.1238

Urban
↓ MAE 182.22±53.50 327.81±95.03 512.64±318.79
↓ MAEV 0.0379±0.0211 0.0282±0.0222 0.0784±0.0832
↓ MAPE 12.756±5.370 36.782±32.532 23.576±13.883
↑ SSIM 0.9628±0.0234 0.9272±0.0414 0.8817±0.1030

Table 4.2: Numerical results of our experiments on L1C data for the subset of SEN2-MSI-T for which
additional Sentinel-1 SAR data was available. The best performing method per metric, based on a
one-sided Wilcoxon signed-rank test at significance level α= 0.05, has been marked in boldface.

The comparison to DSen2-CR is generally favourable for VPint2, despite being
used outside of its intended application of using the exact same type of feature
data, and the mean absolute error for DSen2-CR was higher than expected given
the performance reported in Meraner et al. [40] for the forest, herbaceous and
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Method ↓ RMSE ↑ PSNR ↑ SSIM ↓ SAM
DSen2-CR 0.079 26.04 0.810 12.147
STGAN 0.060 25.42 0.818 12.548
CR-TS Net 0.057 26.68 0.836 10.657
U-TAE 0.051 27.05 0.849 11.649
UnCRtainTS 0.051 27.84 0.866 10.160

VPint2 (suitable subset of data) 0.042 30.38 0.928 6.541

Table 4.3: Comparison of the results of VPint2 on a subset of SEN12MS-CR-TS, against the
multi-temporal performance of methods on the full dataset reported by Ebel et al. [41] Since this

comparison is only for reference, and the methods were evaluated on different parts of the dataset, we
do not mark the best performance.

shrubs scenes. However, the (value-independent) SSIM was on par, or sometimes
better than, what was reported in this paper. As a result, the higher MAE may have
been caused by the range of the values themselves in different land cover classes,
rather than a truly worse performance, especially considering the relatively similar
MAPE for all the land cover classes. UnCRtain-TS, a method intended for multi-
temporal cloud removal, had the highest error rates and greatest variation in per-
formance. A possible cause for this behaviour may lie in differences between the
dataset it was trained on and our benchmark dataset.

Addressing this type of concern, the results for our experiment on SEN12MS-
CR-TS, shown in Table 4.3, demonstrate that VPint2 performs very well on this
dataset, in comparison with existing methods on a task they were designed for. We
stress that this comparison is mainly included to put the results of our proposed
method in perspective compared to a majority of recent state-of-the-art methods;
since our method is only suitable for a subset of problem instances in the dataset,
these results cannot be used to conclude that one method performs better than
another, as competing methods might have also performed better on this subset.
However, the results do indicate that, on a subset of suitable instances, there can
be numerical advantages to using VPint2 over existing methods.

4.6.3. CRQ3 AND CRQ4: PATCH PROPERTIES AND COMPUTATIONAL

EFFICIENCY

To answer CRQ3, we plotted the relationship between the temporal distance of
the feature image and the percentage of cloud cover in the target image, with the
performance achieved by the different methods, while for CRQ4, we also plotted
the average (out of 20 randomly selected patches per level) end-to-end running
time in seconds for the different methods for different levels of cloud cover. We
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Figure 4.6: Box plots of the distributions of error rates (MAE) of the different methods for the five land
cover classes. The visualisation has been limited to error rates of 3000, due to the outliers of the

different methods reducing the legibility of the plots.

show these visualisations in Figure 4.7.

In the case of temporal distance, the results are as expected: Temporal replace-
ment performs very well for temporal distances of 1 week, but quickly loses its ef-
fectiveness as the temporal distance increases. VPint2 and MNSPI are also affected
by the temporal distance, presumably due to cases where the spatial structure of
a scene was altered over time, but the effect is fairly mild. AutoML regression ap-
pears to not be affected by this variable, though slightly lower errors can be ob-
served for larger temporal distances. However, this effect is small enough (386.27
at 1 week, 363.36 at 6 months), that this was likely caused by chance, rather than a
true pattern. The temporal distance was especially important for herbaceous land
cover scenes, which were exceptionally static on shorter temporal distances, but
also changed exceptionally strongly for longer temporal distances due to seasonal
effects (mainly snow cover).

The results in Figure 4.7a carry implications for the evaluation approach of
cloud removal methods. In our experiments, we transferred cloud masks from a
cloudy image at the same location as the target image, giving us access to real-
istic cloud cover as well as real ground truth values. On the other hand, many
of the popular real-world cloud removal datasets used in high-profile work, such
as SEN12MS-CR [40] and SEN12MS-CR-TS [179], rely on evaluating (and training)
models by treating a co-located recent cloud-free acquisition as ground truth (with
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Figure 4.7: The sensitivity of different methods to the temporal distance of the feature image (4.7a),
the cloud cover percentage of the input image (4.7b), based on mean absolute error (MAE), and the
average running time in seconds out of 20 random patches per cloud cover percentage (4.7c). For

Figure 4.7b, the figure was created by computing the average error for whole percentages and
smoothing the resulting curve using splines interpolation. We added error bars for the standard
deviation, to maintain an indication of the variability of results. The peak in errors for temporal

replacement, which is a pixel-based method and should not be affected by the cloud cover percentage,
was likely caused by the exceptionally large errors on particular problem instances (such as

snowed-over herbaceous scenes at a distance of 6 months), that happened to contain a relatively large
cloud cover percentage.

the closest possible time interval for Sentinel-2 being one 5-day revisit). Similarly,
the feature image with a temporal distance of 1 week in our dataset consisted of 1
(preferred) or 2 (if necessary) revisits, which temporal replacement mosaicked into
the target image as a cloud removal method. Therefore, the results for temporal re-
placement at 1 week in Figure 4.7a are an indication of the reliability that could be
expected of real-world datasets. Although temporal replacement performed better
at this temporal distance than other methods, its MAE at 1 week (140.97) reached
levels comparable to the magnitude of the errors of VPint2 for all tested temporal
distances (195.64 to 291.82).

These results suggest that, when using a purely real-world evaluation approach,
the magnitude of the aleotoric uncertainty of the dataset would be comparable
to the magnitude of the performance of cloud removal methods themselves, re-
sulting in noisy and potentially unreliable evaluation. We therefore recommend
further research to consider using a cloud mask transfer-based approach, as we
have employed in SEN2-MSI-T, to evaluate cloud removal methods more reliably.
Although this may not have been possible for neural networks, which do not use
explicit cloud masks, and must therefore represent clouds realistically in the input
image, recent advances in cloud simulation [184] may allow even neural networks
to be trained on data with true ground-truth values available.

In the case of cloud cover percentage, a few observations can be made. First,
VPint2 was not as heavily affected by larger percentages as might be expected from
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(a) Cropland (b) Forest (c) Herbaceous (d) Shrubs (e) Urban

Figure 4.8: Visualisation of reconstruction errors (normalised and scaled to a 0-1 range) by VPint2
(red) and AutoML regression (blue) for an example patch from every land cover class, with a purple

colour indicating overlapping errors. The existence of areas with mostly blue or red colours, as
opposed to a constant purple colour, indicates complementary strengths between the two methods.

interpolation methods based on previous work [42]. Although there is an increase
in errors (and variability) from 60% to 100%, there is no point where VPint2 clearly
performs worse than the alternative methods apart from 100% cloud coverage.
Second, temporal replacement was not affected by this variable, with the excep-
tion of a spike between 60% and 80%. Since this method is purely pixel-based,
it is unlikely that a property of these particular clouds caused the spike. Instead,
it is more likely that the performance on a specific challenging condition (for ex-
ample, herbaceous land cover at 6 months) simply contained more patches with
large clouds. Third, VPint2 and AutoML regression contain similar spikes in error
rates, implying that similar patches are more challenging for both methods. How-
ever, VPint2 had lower error rates than AutoML regression, except for the high-
est cloud cover percentages, where performance was highly similar. Finally, MN-
SPI achieved results comparable to VPint2 for low cloud cover percentages, but its
MAE increased steeply for higher cloud cover percentages. Overall, it appears that
VPint2 is effective at addressing this weakness of interpolation methods, with the
caveat that its competitive advantage over competing (non-interpolation) meth-
ods does slightly decrease for very high percentages, where it performs on par with
the most competitive alternative method.

In terms of running time, Figure 4.7c shows that temporal replacement was
by far the fastest method, with a running time on the order of magnitude of 0.01
throughout. VPint2 was the second fastest method, with its parallelised version
reducing the average running times from about 100 seconds to between about 30
to 40 seconds. A mild increase in running time can be observed as the cloud cover
percentage increases. MNSPI had a running time comparable to the serial version
of VPint2 for low cloud cover, but rose to a running time exceeding 1000 seconds
after about 20% cloud cover, likely caused by the need for larger window sizes. Au-
toML regression had a running time slightly above 1000 seconds; however, this
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Cropland Forest Herbaceous Shrubs Urban
Oracle pixel 295.19±342.45 152.36±246.99 180.44±161.64 178.14±240.31 277.34±210.43
Oracle pixel (no VPint) 308.36±326.58 169.70±253.35 182.67±151.80 189.76±230.23 312.70±211.84
Oracle patch 344.10±310.40 208.26±268.57 164.42±132.12 182.22±192.00 317.78±208.48
Oracle patch (no VPint) 406.90±298.48 259.37±270.76 183.82±136.31 244.56±183.21 344.47±219.70
Best individual method 357.00±291.27 199.19±223.86 191.18±128.91 160.95±150.84 314.58±183.26

Table 4.4: Numerical results of our ensembling explorations (MAE only). The oracle approaches could
not be used in practice, and serve as a lower bound of what a perfect ensemble could achieve with
these methods. The best individual method is shown for every land cover class as reference, and

corresponds to the strongest method for that land cover class in Table 4.1.

includes training as well as algorithm selection and hyperparameter optimisation
time, which was limited by a user-supplied parameter. Therefore, since its infer-
ence impact is negligible, its running time depends mainly on how long a user will
allow it to search for good configurations (but a lower budget may result in worse
numerical performance).

4.6.4. CRQ5: COMPLEMENTARY STRENGTHS AND ENSEMBLING

Although VPint2 achieved strong performances in our experiments, as seen in Ta-
ble 4.1, a method that performs best on average is not necessarily the strongest on
all instances. This is especially the case for Earth observation data, which is inher-
ently diverse in terms of sensors, spectral bands, landscape, atmospheric condi-
tions and more. As a result, when evaluating new algorithms applicable to this type
of data, it is potentially problematic to merely consider average performance over
a diverse collection of datasets. Instead, we believe that it is preferable to assess
the relative strength of new approaches on individual datasets, and in particular,
to focus algorithm development on scenarios where currently available methods
appear to perform relatively poorly.

From this perspective, when comparing the performance of different meth-
ods, it is important to assess the complementarity of the strengths of the methods.
We therefore visualised the reconstruction errors for VPint2 vs AutoML regression
in Figure 4.8. In this figure, VPint2 errors were visualised in the red band, and Au-
toML regression errors were visualised in the blue band, meaning that only regions
with a purple colour would show a strong overlap in performance. Since Figure 4.8
shows many regions with either red or blue colours, it is clear that both methods
have strengths that the other does not.

We explored this idea further by probing the potential of ensembling approaches.
Although a fully functional ensembling approach would entail addressing non-
trivial challenges, such as finding informative features for automated algorithm
selection, and is therefore beyond the scope of this work, we wish to show the po-
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tential of this type of approach using an “oracle”-based experiment. We show the
results in terms of MAE that can be achieved in this way in Table 4.4; we only con-
sidered MAE, since the ranking of the methods we studied was consistent across
all performance metrics.

The experiments whose results are reported in the table were carried out as
follows. First, we ran preliminary experiments using an “oracle” ensemble on a
pixel level, selecting the most accurate predicted value out of VPint2, AutoML re-
gression and temporal replacement, for every pixel. This produces a lower bound
of the error rates achievable by a perfect ensemble. As shown in Table 4.4, this ap-
proach consistently significantly outperforms the best individual method for every
scene, which demonstrates that in principle, an ensemble (when accurately select-
ing methods) could achieve substantially better results than any single method.
We also ran this oracle setup without including VPint2 and observed a significantly
reduced performance, further underlining the degree to which VPint2 contributes
to the state of the art in cloud removal. Finally, we included a setup selecting meth-
ods per patch instead of per pixel, which could be used to assess whether the com-
plementary strengths of methods occurred at the patch- or pixel-level. The re-
sults for patch-level ensembling were much closer to the best individual method.
This suggests that a perfect ensemble nearly always selects the same method for
every patch as the overall best method for the land cover class, and that proper-
ties of the patch do not contribute strongly toward which method performs best.
Moreover, we observe that complementary strengths occur at pixel- rather than at
patch-level.

4.7. CONCLUDING REMARKS AND FUTURE DIRECTIONS
In this chapter, we have extended the spatial interpolation algorithm VPint [186] to
create VPint2, which is aimed at addressing optical remote sensing cloud removal
problems. We made four key technical contributions to the original VPint algo-
rithm, namely the use of exact weights computed directly from co-located past
imagery, a running time speedup using parallel computing over bands, identity
priority and elastic band resistance, addressing the temporal heterogeneity and
exploding values problems in remote sensing data and allowing VPint2 to perform
well on optical Earth observation data. Our proposed method does not use any
additional data compared to temporal replacement, and requires no training pro-
cedure. It also automatically adapts its parameters to the best values based on
the available data, which is necessary, because the appropriate settings can vary
greatly even within a single image.

We created an evaluation benchmark dataset called SEN2-MSI-T, consisting
of 20 geographically diverse scenes for the five most common land cover classes,
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enabling us to evaluate cloud removal methods on a diverse set of environmen-
tal conditions and spatial patterns that also provides users with true ground truth
values. The results from our experiments indicate that this method of evaluation
is more reliable than common approaches using fully real-world datasets. Addi-
tionally, we performed an experiment on a subset of the popular SEN12MS-CR-TS
dataset to better place our work in the context of recent work.

Our empirical results show that VPint2 significantly outperforms alternative
methods on all land cover classes on average. We have also found that VPint2 is
only mildly affected by the temporal distance of its reference image, which algo-
rithms should be robust to as it may take several months to acquire cloud-free im-
agery during a rainy season. If no cloud-free data is available at all, this limits the
applicability of VPint2 as a cloud removal algorithm, because weights could not be
computed in such cases. However, the low sensitivity to temporal distance of the
reference image suggest that the pool of past imagery to draw from is substantial.
On the other hand, more outdated reference imagery increases the probability of
altered spatial structure (e.g., through human activity). Although our empirical ex-
periments have shown the average numerical impact hereof to be limited, in part
due to our methodological extensions to mitigate it, the fidelity of specific recon-
structed images may be reduced.

We also found a low sensitivity to the percentage of cloud cover in a patch,
allowing it to be applied to a wide range of cloud cover conditions, and our exper-
iments showed that VPint2 is more computationally efficient than existing cloud
removal interpolation methods such as MNSPI. Moreover, our newly introduced
parallelisation further cut the running time for VPint2 by about 60% to 70%. How-
ever, VPint2 requires at least one non-cloudy pixel in the input image to propagate
values; if there are no non-cloudy pixels at all, the algorithm can only return the
feature data as a reconstruction (equivalent to temporal replacement), limiting its
advantages under such boundary conditions.

Our findings also encourage the adoption of an approach where new cloud re-
moval methods are evaluated based on their specialist utility in a certain subset
of use cases, as general methods tend to perform worse in inherently diverse do-
mains, such as Earth observation data. Our “oracle”-based experimental results
show that ensembling approaches using the strengths of multiple methods, espe-
cially on a pixel level, hold great potential for further performance improvements.
We believe that identifying useful instance features for practically applicable en-
sembling approaches would be a fruitful endeavour in future work.

Other future work could explore the potential efficacy of VPint2 for time-series
cloud removal, deriving weights from the cloud-free regions of the images in the
time-series and combining these into one set of weights; we will discuss this fur-
ther in Section 7.2.2. It may also be worthwhile to explore the impact of adding
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feature data of different sensor modalities, such as SAR.
In conclusion, VPint2, as an easy-to-apply and effective cloud removal method,

has shown its potential in terms of performance, as well as its complementarity
with existing methods.

Having proposed methods addressing both components of Challenge 1 (VPint
for spatial interpolation, and VPint2 for interpolating satellite imagery), in the next
chapter, we will move on to Challenge 2 (noise and ill-posedness). Even when all
EO data is consistently available, and our validation datasets cover the full grids of
our study areas, the nature of the parameter estimation inference problem itself
can still result in substantial hurdles to reliable estimations. In the next chapter,
we will dive into the properties of parameter estimation using EO data, and map
the reliability of the estimations we can make in this manner.





5
CHARACTERISING THE ILL-POSEDNESS

OF PROSAIL INVERSION FOR

PARAMETER ESTIMATION

In the previous two chapters, we focused on addressing Challenge 1 (data inconsis-
tency). Through VPint, we can interpolate our in-situ validation datasets, covering
a limited set of locations over a region of interest, into a full gridded dataset, while
VPint2 allows us to obtain full satellite imagery without data gaps. We now turn our
attention to Challenge 2 (noise and ill-posedness. In this chapter1, we will address
this challenge by answering RQ3: What makes parameter estimation an ill-posed
problem, and which factors affect the reliability of parameter estimation results?
We will map out the properties of PROSAIL inversion as a prominent example of a
parameter estimation task, establish how reliable parameter estimation solutions
are, and which properties are the likely causes of ill-posedness. This knowledge
can then be used to inform further methodological contributions alleviating Chal-
lenge 2.

5.1. INTRODUCTION
The estimation of biophysical parameters is an important task for the monitoring
of ecosystems, planning interventions where appropriate, and modelling their im-

1The contents of this chapter are based on the journal article: Laurens Arp, Peter van Bodegom, Hol-
ger H. Hoos, and Mitra Baratchi. (2026). Characterising the Ill-posedness of PROSAIL Inversion for
Biophysical Parameter Retrieval. European Journal of Remote Sensing, 59(1). Taylor and Francis.
https://doi.org/10.1080/22797254.2026.2632518
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pacts on other predictive tasks. For some parameters it is possible to perform in-
situ measurement campaigns to directly measure the values of these parameters
[187, 188]. However, as explained in Sections 2.1.1 and 2.2.1, such campaigns are
costly and time-intensive, and can only cover smaller, individual areas at a particu-
lar time, leading to scalability and representability issues for regular, global moni-
toring applications. This necessitates indirect inference methods to estimate these
parameters from remote sensing data instead [35]. The parameter estimation per-
formance can then be validated using available in-situ data [35].

Among parameter estimation efforts, those reliant on airborne spectral data
are larger in scale than in-situ missions, but are expensive and difficult to scale up
further, while the retrieved variables may be less reliable. Due to the cost- and scale
constraints, estimations from spaceborne sensors are preferred for regular, global
monitoring applications, but performing the parameter estimation required for
this task is not a trivial problem.

A common method of estimating these parameters is through the use of radia-
tive transfer model (RTM) inversion [189], which we explain in detail in Section
2.2.1. Possibly the most commonly used RTM for vegetation applications is PRO-
SAIL [190, 191], consisting of the leaf- and canopy vegetation parameters from its
constituent models PROSPECT [43] and 4SAIL [44], used to estimate soil and veg-
etation parameters. Since the PROSAIL model is based on the causal relationship
between biophysical parameters and light spectra, while light spectra can be read-
ily observed through remote sensing technologies, these models must be inverted
to perform parameter estimation. As explained in Sections 1.1.2 and 2.2.1, this
RTM inversion task is widely considered to be an ill-posed problem: multiple solu-
tions may fit the observations equally well [57, 58, 59]. However, the ill-posedness
of this problem is not yet well understood.

In this chapter, we aim to address the gap in the knowledge about PROSAIL in-
version for vegetation parameter retrieval, through a thorough empirical study of
the theoretical properties of the ill-posedness of the problem. We do this through
the lens of the inversion loss landscape. This landscape quantifies the goodness-
of-fit of all possible combinations of parameters, when comparing their simulated
output to observed spectra. By empirically studying the properties of this loss
landscape, we can verify whether PROSAIL inversion meets the formal definition
of an ill-posed problem, and if not, what could be other possible causes of ill-
posedness for parameter retrieval.

With this knowledge, we hope to enable practitioners to focus their efforts to
alleviate ill-posedness on the factors that contribute strongly to the ill-posedness
of biophysical parameter retrieval. Through our experiments, we found that PRO-
SAIL inversion is not ill-posed; however, parameter estimation as a whole is. These
results encourage future work to focus not on further improving the effectiveness
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of finding the optimal solution to the PROSAIL inversion problem, which is actu-
ally well-posed, but rather on addressing key limitations of the data of the param-
eter retrieval problem such as noise or spectral mixing.

Through our analyses, we aimed to answer the following chapter research ques-
tions (CRQs):

• CRQ1: Does PROSAIL inversion meet the formal requirements of an ill-posed
problem?

• CRQ2: What are the possible causes of the ill-posedness of biophysical pa-
rameter retrieval through PROSAIL inversion?

• CRQ3: How does adding priors to the parameter ranges impact the ill-posedness
of biophysical parameter retrieval through PROSAIL inversion?

5.2. RELATED WORK
RTM inversion can be performed based on two main approaches. Traditionally,
numerical optimisation techniques have been used [47, 49, 48]. More recently, hy-
brid modelling approaches, where a machine learning model is trained on a look-
up table (LUT) of simulations, have gained popularity [50, 51, 45, 53, 54, 55], in part
because they can always provide an estimation for the parameters to retrieve, even
for ill-posed problems where traditional inversion methods may fail to provide a
prediction.

However, there is a danger that hybrid models obscure the ill-posedness. The
reason is that, when the underlying problem is ill-posed, there may be more than
one valid result to the inversion problem, which may be disjoint from the area
around a point prediction, while the metrics for validating the performance of
these models only evaluate performance based on (the confidence interval of)
one of these many solutions. Similarly, applying conventional machine learning
approaches (as opposed to RTM inversion), such as training regression models on
spectral observations and in-situ measurements, will be difficult because the train-
ing data are necessarily limited to a specific study area (see, e.g., [192, 193, 194]);
we discuss this in more detail in Section 2.2.1. Moreover, these regression models
may be affected by the same ill-posedness as model inversion methods, if this is
an inherent property of the spectral information.

Given the challenges it causes, much work on PROSAIL inversion has incor-
porated measures to reduce the ill-posedness. Most commonly, the ill-posedness
is reduced by adding prior knowledge (priors) to the model, representing domain
knowledge on, for example, certain types of vegetation known to be dominant in
a study area [195, 190, 196, 197, 198]. Based on this prior domain knowledge, the
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ranges of some key parameters can be reduced, which has previously been found
to improve estimation performance by addressing ill-posedness [57]. Similarly, in
the case of hybrid models, the ill-posedness can be reduced by training specialised
models on simulated training data with reduced parameter ranges that are statis-
tically probable for a specific study area [45, 52, 46]. Numerous active learning
heuristics have been proposed to improve hybrid models [45], such as approaches
sampling points with the highest uncertainty or automatically matching an ex-
pected distribution [52, 46].

While such methods may have succeeded in improving performance on ill-
posed problems on specific study areas, little work has been done on character-
ising the ill-posedness underlying the problem in more depth, investigating possi-
ble causes and analysing the impact of the mechanisms through which approaches
such as constraining parameter ranges could reduce ill-posedness. Without a clear
understanding of the critical characteristics of the ill-posed problem and its causes,
it will be difficult to establish how to overcome ill-posedness, or even if it is a prob-
lem of PROSAIL inversion specifically, or a symptom of the overarching parame-
ter estimation problem. Such knowledge is critical to design scalable biophysical
parameter estimation models that are generalisable to a diverse range of environ-
ments, and is, therefore, the focus of the work in this chapter.

5.3. METHODS
In the following, we will explain the details of our methods and experimental setup.
To this end, we will first introduce the terms and formal definitions that will be
used throughout this section, many of which follow the conventions we introduced
in Chapters 1 and 2.

Definition 5.1 ((biophysical) parameter). A variable describing a component of a
biophysical system (vegetation in the case of PROSAIL), often a target variable to
retrieve.

We denote an individual parameter as p ∈ P , where P is the set of all free pa-
rameters under study. Following Definition 2.3 in Chapter 2, we denote a configu-
ration as θ, represented by a vector containing concrete value assignments for the
parameters p ∈ P , where every j th value θ j in θ corresponds to the j th parameter
p j in P .

Definition 5.2 (parameter space (search space)). A |P |-dimensional space of all
possible configurations (also known as the search space in optimisation contexts),
where every point corresponds to a specific configuration.

We denote the parameter space as DP , and for all configurations θ it holds that
θ ∈ DP .
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For spectral information, we use x to denote an observed spectrum, consisting
of individual measurements xb at multiple spectral bands b. Our experiments con-
tained 12 bands b, corresponding to the spectral bands of the popular Sentinel-2
satellite (level 2A data products; cirrus band B10 dropped after atmospheric cor-
rection).

Definition 5.3 (instance). One specific problem scenario to solve, consisting of an
observed spectrum xi , and an unknown true configuration θ+

i to approximate.

A simulated spectrum can be obtained by running PROSAIL, denoted as M , on
a configuration θ, which performs a simulation to generate the simulated spec-
trum x̂ = M(θ). This allows us to define a spectral loss function for a configuration
θ, given the observed spectral information x:

Definition 5.4 ((spectral) loss function). A function measuring the distance be-
tween a simulated spectrum and an observed spectrum, that can be used to mea-
sure the goodness-of-fit of candidate solutions for optimisation purposes.

We denote the loss function as L
(
M(θ),x

) = d(x̂,x), where d can be any dis-
tance metric between x̂ and x. In our experiments, we used the proportional mean
absolute error (PMAE) and the spectral angle mapper (SAM). PMAE is a variant of
the mean absolute error (MAE) whose proportionality results in an equal weighting
between the lower spectral bands (with lower intensities) and the infrared bands
(with higher intensities). SAM focuses on the relationship between bands rather
than absolute values, and may therefore measure complementary properties com-
pared to standard error metrics like MAE (for details, see Appendix A.1.1).

If the loss function L(M
(
θ),x

)
were evaluated for every point θ in DP , a |P |-

dimensional manifold in |P | + 1-dimensional space would emerge, such that all
possible coordinates (representing parameter configurations θ ∈ DP ) are associ-
ated with a goodness-of-fit value quantified by the loss function. This manifold is
known as a loss landscape:

Definition 5.5 (loss landscape). A |P |-dimensional manifold in |P |+1-dimensional
space, measuring loss function values for every possible configuration θ ∈ DP .

Finally, we denote an optimum (or minimum) minimising the loss function L
for an observed spectrum x as θ̂.

Definition 5.6 (optimum). A configuration θ̂ ∈ DP for which the loss function
value is minimised compared to its direct neighbourhood (local optimum) or for
the entire loss landscape (global optimum).
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Parameter Abbreviation Distribution Range Default Unit
Leaf area index LAI N (3.88,1.98) (0.1 – 10.0) 3.88 m2 leaf /m2 soil
Chlorophyll a+b Cab N (32.81,18.87) (0.3 – 106.72) 32.81 µg /cm2

Average leaf angle ALA U (0,90) (0 – 90) 45 ◦
Leaf water content Cw N (0.0129,0.0073) (0.0043 – 0.07) 0.0129 cm

Table 5.1: PROSAIL parameters with their names, ranges, values, and distributions, for the parameters
we kept variable in our experiments. A distribution of N (µ,σ) refers to a normal distribution with

mean µ and standard deviation σ, and a distribution of U (mi n,max) refers to a uniform distribution
within the specified bounds. The ranges were determined through the parameter ranges specified in

the documentation of the PROSAIL implementation2.

The objective of PROSAIL inversion, therefore, is to find this optimum θ̂, us-
ing the RTM inversion objective of Equation 2.1. It is possible for more than one
configuration θ to minimise the loss function, if multiple configurations share the
same loss function value.

5.3.1. GENERAL EXPERIMENTAL SETUP

Our general study design was as follows. First, we used PROSAIL to generate sim-
ulated instances i . The sampling strategy used to select initial generating config-
urations θ+ took the prior distributions of individual parameters (see Table 5.1 for
details) into account. We generated a simulated look-up table (LUT) D , consist-
ing of 1000 instances i combining the true configurations θ+

i and the associated
simulated spectra xi . We mapped the raw PROSAIL outputs, which contain 1300
hyperspectral bands (wavelengths of 400–2700nm in steps of 1nm), to the mul-
tispectral format of the popular Sentinel-2 satellite using the spectral responses
provided by the European Space Agency (ESA), thereby conforming to a realistic
application setup.

5.3.2. PARAMETER IMPORTANCE AND CORRELATION

The PROSAIL model contains 15 numerical parameters that could be explored,
although 3 of these concern observer- and solar geometry, which are known in
practice, resulting in 12 potential free parameters. Not all of these parameters are
equally impactful to the spectral loss, making some more appropriate to retrieve
through PROSAIL inversion than others, while exploring all parameters also makes
the problem prohibitively computationally expensive. In the interest of efficiency,
we selected the most impactful parameters based on their importance in a pre-
liminary experiment, determined by functional ANOVA (fANOVA) [199] and Sobol
indices [200].

1https://github.com/jgomezdans/prosail

https://github.com/jgomezdans/prosail
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Figure 5.1: Parameter importance for the spectral loss landscape determined using functional ANOVA
[199] (5.1a, 5.1b) and Sobol indicies [200] (5.1c, 5.1d). The PROSAIL parameters shown in these plots
are leaf area index (LAI), chlorophyll a +b content (Cab ), average leaf angle (ALA), hotspot, structural

N , leaf dry matter content (Cm ), leaf water content (Cw ), leaf brown pigment content (Cbr own ),
carotenoid concentration (Car ), anthocyannins (Canth ), soil moisture (Gm ) and soil brightness (Gb ).

The relative importance of parameters can be heavily reliant on the spectral loss function used:
proportional mean absolute error (PMAE) or spectral angle mapper (SAM).
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In fANOVA, the variance of a surrogate model approximating a target function
(in our case PROSAIL forward simulations) is partitioned per input parameter. By
using a surrogate model, the multiple function evaluations necessary to determine
the variance of the model can be computed efficiently for potentially complex,
high-dimensional functions. The change in output can be computed as a function
of changes in the input, resulting in sensitivity indices that give an indication of
parameter importance. Similarly, Sobol indices can be computed by decomposing
the total variance of the output into the fraction of the total variance explained by
every parameter. These indices can also be computed for higher-order indices; we
included both individual contributions and parameter interactions. Parameters
with a high sensitivity have a large impact on simulated spectra, while parameters
with a low sensitivity have a low impact on the spectra. Therefore, we performed
experiments on parameters with a high impact on the spectra, since these are the
most suitable parameters to retrieve via PROSAIL inversion.

Concretely, we generated 200 additional instances, keeping all 12 parameters
as free parameters. For fANOVA, we sampled 200 possible configurations with their
spectral loss for every instance. For Sobol indices, we sampled 2048 configurations
with their spectral loss, since this approach likely needed a larger sample size for
reliable results. For both methods, this approach allowed us to compute the impor-
tance of different parameters for specific instances, which we then aggregated over
all 200 additional instances. We performed this preliminary experiment for both
the PMAE and SAM loss functions, and the resulting distributions can be found
in Figure 5.1. Some parameters that were very important for PMAE (such as av-
erage leaf angle – ALA), were far less important for SAM, and vice versa (such as
leaf water content – Cw ). The results for fANOVA and Sobol indices largely over-
lapped, although the places of LAI and Cab were switched for PMAE. The results
mainly started to differ starting from the fourth-most important parameter (e.g.,
soil moisture Gm). The most impactful parameters tended to have the highest im-
pact on specific spectral bands; details can be found in Appendix B.1.2.

Based on the information in Figure 5.1, we opted to include all parameters that
were in the top 3 most impactful parameters for either of the loss functions and ei-
ther parameter sensitivity method. This resulted in a parameter selection of leaf
area index (LAI), chlorophyll a + b content (Cab), average leaf angle (ALA), and
leaf water content (Cw ). A description of these parameters, along with and their
ranges, prior distributions and default values, can be found in Table 5.1. All other
parameters were kept at default values (as in the study by De Sa et al. [50]).
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Experiment Description Research question
E1 Testing for unimodality VS multimodality. CRQ1

E2
Testing for continuity of the relationship between
input spectra and the identified optimum.

CRQ1

E3
Testing for the average shift in optimum found for various
levels of Gaussian noise on the spectral observations.

CRQ2

E4
Testing for the impact of spectral mixing on the
retrieval estimations.

CRQ2

E5
Testing for the mechanism through which range constraint
priors alleviate ill-posedness in retrieval problems.

CRQ3

Table 5.2: Summary of experiments and their target research questions.

5.3.3. PROSAIL INVERSION APPROACH

Since we are interested in the characteristics of the inversion loss landscape, our
experiments were based on numerical optimisation. Numerical optimisation meth-
ods, such as black-box optimisation techniques (e.g., stochastic local search pro-
cedures [64], evolutionary algorithms [201] and swarm-based metaheuristic algo-
rithms [202]), can provide richer insight into the underlying loss landscape of the
inversion problem compared to the point predictions (or distribution parameteri-
sation) of hybrid models, because they sample along the loss landscape.

We used a greedy local search algorithm with a budget of 10000 function eval-
uations (simulations with loss function value computations) as an optimisation
algorithm. Greedy local search can converge quickly to the global optimum in uni-
modal settings, though it may get stuck in local optima in multimodal settings. In
our experiments, the downside of local optima worked to our advantage, because
it allowed us to check for the number of optima in loss landscape by determining
whether the optimisation algorithm converged to different local minima. It also
enabled us to cover a larger part of the parameter space than the 1000 instances
included in our dataset, as part of the 10000 function evaluation budget used for
finding the optimum was spent on exploring the search space, further increasing
the probability that, if there are local irregularities in the search space, they would
be encountered along the way. For further details on the optimisation algorithm,
we refer to Appendix A.1. The budget was sufficient for our experiments; this can
be validated through the plots in Appendix B.1.1.

5.4. EXPERIMENTS
In this section, we will describe our experiments aimed at answering the chapter
research questions of Section 5.1. A summary of the experiments and the chapter
research questions they correspond to can be found in Table 5.2.



5

106 5. CHARACTERISING THE ILL-POSEDNESS OF PROSAIL INVERSION FOR PARAMETER ESTIMATION

5.4.1. ILL-POSEDNESS CHARACTERISTICS (CRQ1)
Ill-posed problems are problems that do not meet the requirements of well-posedness,
as defined in Section 2.2.2: a problem is well-posed if and only if i) there is a so-
lution to the problem, ii) this solution is unique, and iii) the appropriate solution
changes continuously with changes in the observations (no sudden jumps in the
parameter space).

Therefore, the first characteristics to test for are whether the conditions of well-
posedness are met in PROSAIL inversion. Our experimental setup for these tests
are as follows.

A SOLUTION EXISTS.

The objective of PROSAIL inversion is to find a configuration θ̂ that minimises the
spectral loss L(x̂,x) (see Equation 2.1).

If there exists any solution θ̂ minimising the loss function L, this property is
satisfied. In continuous problems without constraints or undefined operations
(e.g., zero divisions), this property is trivially satisfied: if any configuration θ has a
valid output M(θ), there will be at least one configuration minimising L(M(θ),x).
In PROSAIL inversion, assuming the ranges of the parameters have been set up
correctly, this will always be the case.

THE SOLUTION IS UNIQUE.
There is no guarantee that the optimum to a PROSAIL inversion problem is unique.
If there are multiple optima (modalities) in the parameter space that would explain
the observed spectra equally well, or perfectly flat areas with exactly the same op-
timal loss, the inversion problem is ill-posed by violating property 2 of well-posed
problems (unique solution). Therefore, we tested for multimodality in our first ex-
periment.

Experiment 1 (E1): In this experiment, we iterated over instances in D , and
performed iterated greedy local search (see Appendix A.1.2 for details) [64] 5 times
with a random initialisation sampled uniformly (overriding the normal distribu-
tions described in Table 5.1, as this could bias the experiment), resulting in a new
local optimum for every iteration. For every instance, we computed the largest dis-
tance between any pair of optima out of the 5 optima in the set. If the landscape
is unimodal, the optimisers should all converge to the same point in the param-
eter space regardless of their initialisation, resulting in a low maximum distance.
If the landscape is multimodal, the optimisers can converge to different points in
the space, resulting in a large maximum distance.

If more instances contain greater distances than can be explained through mi-
nor approximation inaccuracies of the optimisation algorithm (because the op-
timum for continuous optimisation problems will generally not match the true
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configuration exactly: θ̂ ≈ θ+), we can conclude that the landscape is likely multi-
modal, and the PROSAIL inversion problem is ill-posed.

SOLUTION CONTINUOUS WITH OBSERVATIONS.
Unlike the previous two characteristics, which focused on the optimal solutions
to the problem, this characteristic describes the underlying loss landscape. In-
tuitively, well-posed problems should not have sudden ‘jumps’ in their solution
space: if the inputs (in this case: spectra) shift by a certain amount, the shift ob-
served in the outputs (in this case: optimal solution) should be proportional to this
shift. Concretely, for any input spectrum x and its associated optimum θ̂, given
another spectrum x′ and its associated optimum θ̂′, the new optimum θ̂′ should
converge to the original optimum θ̂ as the new spectrum x′ approaches the origi-
nal spectrum x. If this property is not satisfied, errors in some parts of the parame-
ter space could become unpredictable, as negligible inaccuracies could still result
in a large error due to a ‘jump’ through the space.

Experiment 2 (E2). We tested for this property by (deterministically) mapping
the observed spectrum x into a perturbed spectrum x′ by perturbation levels β of

−10%, −1%, −0.1%, 0%, 0.1% 1% and 10% of the mean band value (x′b = xb+β∗xb),
and computing the optimum. We compared the change between perturbations
and their associated change in the optima. If the distance between the perturbed
optima and the original optima converges to 0 as the perturbation intensity ap-
proaches 0, PROSAIL inversion likely meets the continuous input-output relation-
ship requirement of well-posedness.

5.4.2. CAUSES OF ILL-POSEDNESS (CRQ2)
When aiming to understand the source of ill-posedness in parameter estimation
through PROSAIL inversion, it can be beneficial to disentangle the parameter esti-
mation task from the (PROSAIL) model inversion task.

In parameter estimation, the objective is to obtain an estimate θ̂ of the true
configuration θ+ that is as close as possible to the real configuration values, such
that a estimation loss function LR (θ̂,θ+) (e.g., mean squared error) is minimised.
Convsersely, PROSAIL inversion is a model inversion problem, and solving this
model inversion problem is one of the methods to obtain parameter estimation
estimates. In model inversion, the objective is to obtain an optimal configuration
θ̂ for which its simulated spectrum M(θ̂) matches the observed spectrum x as well
as possible, minimising the spectral loss function value L

(
M(θ̂),x). The implicit

assumption here is that the θ̂ found through PROSAIL inversion corresponds to
the θ̂ of the parameter retrieval problem.

Ill-posedness on the PROSAIL inversion problem indicates that a unique solu-
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tion cannot be reliably found (e.g., due to parameter non-identifiability through
compensation effects among parameters or spectral ambiguity, particularly in the
infrared bands of Sentinel-2), or that the loss landscape is non-continuous. In
contrast, ill-posedness on the parameter retrieval problem can indicate that the
retrieval problem may be underdetermined or ill-defined, due to the information
contained in the spectral data x being insufficient to uniquely determine θ̂, or be-
cause there is a mismatch between real-world measured data and the input data
expected by PROSAIL. If PROSAIL inversion is ill-posed, the parameter retrieval us-
ing it is also ill-posed, but PROSAIL inversion is not necessarily ill-posed if param-
eter estimation is. This is a highly relevant distinction because, if the parameter
estimation is ill-posed, but not the PROSAIL inversion, this implies that tweaks to
the inversion techniques (e.g., LUT-based hybrid models) or fully data-driven ap-
proaches, would still suffer from ill-posedness. In this vein, we hypothesise three
possible main causes of the ill-posedness experienced by practitioners when per-
forming parameter estimation through PROSAIL inversion.

First, as model inversion is often assumed to be an ill-posed problem (see, e.g.,
Darvishzadeh et al. [203] and Verrelst et al. [35, 204]), the PROSAIL inversion prob-
lem may indeed be ill-posed, which we already test for in E1 and E2. However, even
if the PROSAIL inversion problem itself is not ill-posed, the overarching parame-
ter estimation problem could still be. It is possible that noise and uncertainty in
the observed data are causing the uncertainty of solutions for different instances
to overlap, resulting in ill-posedness for the inference task. Moreover, it is possible
that there are observable spectra for which there are no realistic solutions, for ex-
ample, due to limitations of the scope of the simulation model, or due to the effects
of spectral mixing [38].

Therefore, in addition to PROSAIL inversion itself, we consider two possible al-
ternative causes through which parameter estimation through PROSAIL could be
ill-posed: noise combined with ill-conditionedness, where small amounts of spec-
tral noise can overpower the signal of matching simulated and observed spectra,
and spectral mixing, where the observed spectra originate from multiple hetero-
geneous source spectra, whose combination may not correspond to a meaningful
configuration. These characteristics prominently differentiate real-world settings
from idealised simulation settings, making them appealing candidates to evaluate.
We performed duplicate versions of Experiments 1 and 2 for each of these condi-
tions, to verify that the well-posedness of the PROSAIL inversion still holds, even
in these changed conditions. Furthermore, since there is no guarantee that our list
of possible cuases of ill-posedness was exhaustive, we included experiments on
real-world Sentinel-2 data (details can be found in Appendix A.2). If the patterns
hold even for real-world data, this means that PROSAIL inversion is not the source
of the ill-posedness.
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We will explain our experiments to test these possible causes in the following.

NOISE AND CONDITIONING

Noise on the spectral observations, for example, through interference on or sensor
limitations of the spectrometer used, has previously been found to have a strong
impact on parameter estimation performance [50]. When there is noise on the ob-
servations x, the spectrum is perturbed into a new position x

′
in the spectral space.

When this happens, the optimal solution θ̂ will shift away from the true configu-
ration θ+ (we later show examples of this in Figure 5.3), because the loss function
L to minimise is now considering the perturbed spectrum x

′
instead of the noise-

free version x. Since the noise per instance is unknown a priori, two instances i1

and i2, with highly similar spectra x
′
i1
≈ x

′
i2

, could have entirely dissimilar true so-

lutions θ+
i1
̸≈ θ+

i2
, because their original, dissimilar noise-free spectra xi1 ̸= xi2 were

pushed together through unpredictable noise. This problem can be exacerbated
depending on the level of conditioning of the problem, which can be interpreted
as the sensitivity of the loss landscape to perturbations to the spectral observations
[205, 206].

Experiment 3 (E3). We tested for this property in Experiment 3 by perturbing
dataset D by adding various levels β of randomly sampled Gaussian noise in con-
trast to the deterministic perturbations of E2) at 1%, 2%, 5%, 10% and 20% of the
mean band value xb in D) to the spectral data per band b: x′b = xb+N (0,β∗xb). We
then computed the average shift of the optima between the noise-free version of
the data, and the noisy versions thereof. If this shift is high, especially for relatively
low amounts of noise (indicating ill-conditionedness), any point in the parame-
ter space that an optimum could have shifted from, can be considered a potential
true solution to the problem. In this case, noise on the observed spectra can be
considered a source of ill-posedness for the parameter estimation problem.

SPECTRAL MIXING

In real-world applications, spectral mixing is effectively inevitable. PROSAIL can
only model a single set of parameters (though some of the structural parameters
are already aggregates), thereby assuming a homogeneous vegetation cover for the
entire area covered by a pixel (which can be interpreted as, for example, a mean of
the vegetation types in the area). Spaceborne observations by the Sentinel-2 satel-
lite cover, at best, an area of 100m2, which may contain a combination of several
highly diverse vegetation types, or even land cover not related to vegetation (such
as buildings or geological features). There is no guarantee that, if the spectra from
different vegetation sources are mixed at a certain proportion, their optimal pa-
rameter values would consist of, e.g., a weighted average with the same propor-
tional representation. Therefore, the optimum for an observed spectrum, when
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mixed, may not correspond to a meaningful parameter configuration.

Experiment 4 (E4). In Experiment 4, we tested whether a clear solution can
still be found for observations where spectral mixing has occurred. We modified
the LUT generation procedure to generate new instances as a weighted combina-
tion of three randomly sampled configurations and their simulated spectra, pa-
rameterised by the randomly sampled weight parameters α1, α2 and α3 (where
α1 +α2 +α3 = 1). This results in three distinct, independent spectra x1, x2 and x3,
simulated from their true parameter configurations θ+

1 , θ+
2 and θ+

3 , that are com-
bined into a single mixed spectral observation x′ =α1x1+α2x2+α3x3. We then ran
our optimisation setup for x′ to find the predicted configuration θ̂, and compared
this to the individual true configurations θ+

1 , θ+
2 and θ+

3 , as well as their weighted
mean α1θ

+
1 +α2θ

+
2 +α3θ

+
3 . In parameter estimation settings, the weighted mean

of configurations is a likely target quantity to predict for mixed spectra.

If the estimation performance for all these cases (particularly the mean) is worse
than the performance in cases without spectral mixing, spectral mixing can be
considered a cause of ill-posedness in parameter estimation. The parameter es-
timation problem would then become ill-defined, since the spectrum no longer
corresponds to any single configuration, thereby violating characteristic 1 (a so-
lution exists) of well-posed problems, despite being trivially satisfied for PROSAIL
inversion itself. It is also possible that the problem would violate characteristic 2
(the solution is unique) of well-posed problems, because the underlying mecha-
nisms of the spectral mixing can be considered a type of random noise. In these
cases, it may be advisible for future work to further explore the impact of spectral
unmixing techniques [38, 207, 208] on parameter retrieval through multispectral
data.

5.4.3. IMPACT OF RANGE CONSTRAINT PRIORS (CRQ3)
A commonly used method for reducing the ill-posedness of PROSAIL inversion is
the addition of priors in the form of range constraints, which was previously found
to improve performance [57]. We consider three possible (not mutually exclusive)
mechanisms through which the ill-posedness of PROSAIL inversion could be re-
duced by adding range constraint priors: i) excluding competing optima, ii) reduc-
ing the maximal magnitude of errors, and iii) parameter dependency. We show
abstract examples of these possible mechanisms in Figure 5.2.

If the loss landscape is multimodal (see Section 5.4.1 for details), the mecha-
nism by which the ill-posedness would be reduced would be intuitive: restricting
the ranges of parameters to known feasible parts of the parameter space would
rule out optima in different parts of the parameter space, making it more likely to
converge to the correct optimum. This mechanism is illustrated in Figure 5.2a.
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Figure 5.2: Examples of landscapes and the possible mechanisms of reduced ill-posedness through
range constraint priors on the x1 variable (red vertical lines). In Figure 5.2a, the constraint on the x1

variable excludes the second optimum at (7,5), thereby reducing ill-posedness through mechanism i).
In Figure 5.2b, there are many points with a value very close to 2 (plotted simply as 2 for illustrative
purposes), but the range constraint prevents errors larger than 1 (the width of the range) through
mechanism ii); without the constraint, the model may have predicted points like (4,6). Finally, in

Figure 5.2c (where, for plotting convenience, we are maximising instead of minimising), due to the
dependency between x1 and x2, the range constraint prior on x1 reduces the viable range for x2 from

about [1,5] to about [1.5,4.5] through mechanism iii).

Meanwhile, if the landscape is unimodal, but it is ill-conditioned (see Section
5.4.2 for details) with a wide range of values evaluating to similar losses, adding
range constraints could shrink the range of potential points with similar loss val-
ues that an optimiser could converge to for noisy spectral observations. In this
case, performance would be improved because the degree to which predictions
can be wrong would be limited; this mechanism is illustrated in Figure 5.2b. How-
ever, in this case it is possible that parameter estimation performance does not
significantly differ from random sampling within the specified prior ranges; if this
is the case, performing any inference at all would not provide any additional poste-
rior information over the already available prior knowledge, which may reduce the
appeal of using priors to reduce ill-posedness for parameter estimation problems.

Finally, if there are dependencies between parameters (for example, more pos-
sible Cab combinations for low LAI), constraining the ranges of some parameters
may result in reduced ranges for other parameters as well, as illustrated in Figure
5.2c. In the example, the x2 parameter has a range of about 1 to 5. However, its
lowest values can only be reached if the value for x1 is also low, and its highest val-
ues are only reachable if the value for x1 is high. By adding a range constraint to
x1 as prior knowledge, the viable range for x2 is also reduced to a range from about
1.5 to 4.5, thereby reducing the ill-posedness.

Experiment 5 (E5). We experimentally gauged in E5 whether the impact of
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adding priors comes from mechanism i), ii) or iii). If our results for the multi-
modality experiment described in Section 5.4.1 show a multimodal landscape, we
can assume that range constraint priors reduce ill-posedness through mechanism
i) (excluding competing optima). To test for mechanisms ii) and iii), we performed
optimisation on the instances in D (with 10% Gaussian noise on spectral obser-
vations as described in Section 5.4.2, to ensure the problem is ill-posed), setting
priors on LAI with a range interval around the true value at 0%, 10%, 30%, 50%
and 100% of the total LAI range. We then repeated this procedure by using random
sampling for LAI within its range interval, as a baseline measurement.

If the parameter estimation performance, measured only on LAI, is better for
tighter range intervals than for larger intervals, it is likely that the ill-posedness
was reduced through mechanism ii). However, if there is no difference with the
random sampling-based baseline, though the prior knowledge would improve per-
formance, it is not synergistic with the estimation method, and rather replaces it
entirely, as the posterior equals the prior. Finally, if the parameter estimation per-
formance for other parameters is significantly better with tighter range constraints
for LAI than with a looser or absent constraint, it is likely that reducing the range
of LAI also reduced the viable ranges of other parameters, making mechanism iii)
more likely.

5.5. RESULTS
In the following we will, unless otherwise stated, analyse the results for the PMAE
loss function. Due to their patterns being largely the same as the results for PMAE,
the results for SAM can be found in Appendix B.1.3.

5.5.1. CRQ1: ILL-POSEDNESS CHARACTERISTICS
Experiment 1. We visualised an example loss landscape for PROSAIL inversion in
Figure 5.3. In this example loss landscape, the landscape appears to be unimodal,
as can be seen in Figure 5.3a, with a large plateau of nearly identical spectral loss
values surrounding that optimum that can be seen in Figure 5.3b. The optimum
itself can only be seen when limiting the range of spectral losses by a substantial
margin (in Figure 5.3c: 2.5 to 0.1, a reduction of 96%). Therefore, based on this ex-
ample, PROSAIL inversion appears to be unimodal, but ill-conditioned: given the
small margins of loss function values separating the optimum from the plateau, a
small perturbation to the input spectrum would likely have a large impact on the
output prediction.

To generalise this observation to a general pattern over all instances, we ag-
gregated the results of Experiment 1 over instances by plotting a histogram of the
maximum distances in Figure 5.4. As the figure shows, the optimisation algorithm
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Figure 5.3: Example of a loss landscape for PROSAIL inversion, as a 2D plot with contour lines at a log
scale emphasising small differences for low values (5.3a), a 3D plot (5.3b), and a 3D plot with clipped

loss values (5.3c). The landscape is unimodal, meaning only a single point in the landscape locally
minimises the spectral loss function. However, for most of the loss landscape, the differences in the

spectral loss are very small, and only get larger as the parameters near a value of 0 (as indicated by the
concentration of contour lines in Figure 5.3a). In Figure 5.3b, there appear to be no differences in loss

values within a large plateau of configurations with similar spectral losses. Only when artificially
clipping the loss values to set all losses > 0.1 to 0.1 can the global minimum be seen in the 3D loss

landscape (shown in Figure 5.3c).
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Figure 5.4: Histogram and cumulative frequency of the maximal distances between 5 optima
(initialised uniformly randomly) obtained using iterated local search, per instance. The bins on the
x-axis (restricted to 0–0.3 instead of the full 0–1 range for better visibility) represent distance in the
parameter space as a proportion of the total parameter range . For example, for the LAI parameter

with a range of 0 to 10, a proportional distance of 0.1 represents an LAI difference of 1. The results for
the PMAE loss function can be found in in Figure 5.4a, and the results for SAM can be found in Figure

5.4b. Since almost all 200 maximum distances are contained within the first bins with the smallest
distances, the restarted, randomly initialised optimisation procedure appears to converge to the same

local optimum every time, indicating unimodality.

almost always converged to the same optimum after being randomly restarted, in-
dicated by the heavy skew toward the lowest value bins. For this experiment, we
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Figure 5.5: The continuity of the output for PROSAIL inversion (predicted configuration θ̂) with
respect to perturbations to the input (spectrum). Figure 5.5a shows an example of a single instance

(with only the LAI and Cab parameters free), with colours representing its loss values, forming a loss
landscape. The true configuration θ+ is visualised as a star, which the noise-free optimum θ̂ (the red

dot) matches nearly perfectly. The blue +-signs represent the shifted versions of the optimum θ̂,
where points with lower opacity represent a larger perturbation to the spectral input. Figure 5.5b

aggregates this phenomenon (mean) over all 1000 instances, normalised to a 0-1 range based on the
bounds of the parameter range, showing that it is a consistent pattern.

include the results for SAM (Figure 5.4b) because, while they were similar to those
of PMAE (Figure 5.4a), the skew was slightly less extreme, though most maximal
differences were still within a 5% distance of the parameter ranges. Overall, these
results provide empirical evidence that there exists only a single local and global
optimum in the loss landscape of PROSAIL inversion, leading to a unimodal prob-
lem. Therefore, PROSAIL inversion meets requirement ii) of well-posedness.

Experiment 2. The continuity between inputs (spectra) and outputs (optimal
solution) for PROSAIL inversion tested in Experiment 2 can be seen in Figure 5.5.
In the example from Figure 5.5a, the blue points marked by a +-sign form a clear
line through the parameter space, where the points with a lower perturbation (high
opacity) are closer to the optimum for the unperturbed spectrum, while the points
with a higher perturbation (low opacity) are further removed from this original op-
timum. This indicates that, in this example, the location of the optimum (output)
shifts smoothly and continuously with changes to the input (observed spectrum),
thereby meeting requirement iii) of well-posedness. As Figure 5.5b shows, this pat-
tern continues to hold when aggregated over all 1000 instances: for all parameters,
a smooth, convex shape can be observed, indicating that optima converged to the
optimum of a specific spectrum as their spectra approached this spectrum. If the
property of input-output continuity would not have been met, there would be in-
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stances where small perturbations would result in sudden, large jumps across the
parameter space, which would not result in the parabola-like shapes in Figure 5.5b
that we observe. Therefore, we conclude that PROSAIL inversion meets require-
ment iii) of well-posedness.

In conclusion for CRQ1, the results from Experiments 1 and 2 imply that PRO-
SAIL inversion is not an ill-posed problem: there is always a solution, this solution
is unique, and the output moves continuously with respect to the input.

5.5.2. CRQ2: ILL-POSEDNESS CAUSES

Our results for the additional runs of E1 and E2 for noisy, spectrally mixed and
real-world data can be found in Figure 5.6. As the figure shows, the PROSAIL in-
version loss landscape continues to show unimodal patterns, with a large skew to-
ward convergence to the same optimum every time. The input-output continuity
likewise remains intact, with the exception of real-world data in Figure 5.6f. This
shows that some PROSAIL inversion loss landscapes may sometimes violate re-
quirement 3 of well-posedness for real-world spectral data, although there would
still only be a single optimum in this case (though it would be harder to find). It is
also worth noting is that, while the continuity for the PROSAIL inversion loss land-
scape remained intact, the normalised error rates for no perturbations (0%) were
often larger than 0. This suggests that the best fitting simulated spectrum does not
perfectly match the observed real-world spectrum, thereby potentially resulting
in a violation of property 1 of well-posedness (a solution exists) for the parameter
retrieval problem (but not the PROSAIL inversion problem).

Given our findings that the PROSAIL well-posedness appears to hold for noisy,
spectrally mixed and real-world data, we will test for the impact of our hypothe-
sised causes of parameter retrieval ill-posedness in the following.

Experiment 3. For Experiment 3, we visualised the impact of random noise
in the spectral inputs on retrieval performance in Figure 5.7, with an example
loss landscape visualised in Figure 5.7a. A prediction error on the optimum due
to noise on the observations can be interpreted as a ‘shift’ of the optimum θ̂ in
the loss landscape, away from the unknown true configuration θ+, represented
by the grey, magenta and blue markers in Figure 5.7a. As illustrated in the fig-
ure, each time a Gaussian noise was re-applied to an originally ‘clean’ spectrum
(as described in Section 5.4.2), a new point in the parameter space globally min-
imised the spectral loss, for which we visualised 10 examples per noise level in the
figure. The shifts were fairly small for 3% spectral noise, noticeable for 5%, and
highly disruptive with large outliers (e.g., reaching the maximum LAI value of 10)
for 10% noise – a realistic setting, as the Sen2Cor atmospheric correction algorithm
alone can introduce substantial noise to a spectrum [209, 50, 210]. For example,
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(c) Spectrally mixed, E1
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(d) Spectrally mixed, E2
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(e) Real-world, E1

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
Spectral perturbation (percentage)

0.000

0.025

0.050

0.075

0.100

0.125

0.150

0.175

0.200

Av
er

ag
e 

er
ro

r (
no

rm
al

ise
d)

Input-output continuity
LAI
Cab

ALA
Cw

(f) Real-world, E2

Figure 5.6: Repeat of Experiments 1 and 2 for noisy (5.6a and 5.6b), spectrally mixed (5.6c and 5.6d),
and real-world (5.6e and 5.6f) data.

the RMSE for Sen2Cor per band reported by Sola et al. [209] represents around
14% to 20% of the average band values in our real-world dataset, with one outlier
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Figure 5.7: The impact of spectral noise on retrieval performance. Figure 5.7a shows an example of a
single instance (with only the LAI and Cab parameters free), with colours representing its loss values,

forming a loss landscape. The true configuration θ+ is visualised as a star, which the noise-free
optimum θ̂ (the red dot) matches nearly perfectly. The grey, magenta and blue markers represent the
shifted versions of the optimum θ̂, when Gaussian spectral noise at an intensity β of 3%, 5% and 10%

is applied 10 times to the same instance (every repeat sampling a new, unpredictable noise term).
Figure 5.7b aggregates this ‘shifted optimum’ phenomenon over all 1000 instances, showing that it is a

consistent pattern, and the intensity of the shifts increases as the noise level increases.

at nearly 40%. Because, for any given result, we cannot know the degree to which
this optimum has been noise-shifted away from θ+, nor the direction in which it
was shifted, any point on the loss landscape that the optimum θ̂ could have shifted
from, could be considered a potential solution to the inference problem, thereby
violating requirement ii) of well-posedness.

In Figure 5.7b, we aggregated the numerical results and plotted the mean ab-
solute error for parameter estimation (normalised as a proportion of the total pos-
sible range of the parameter, e.g., 0-10 for LAI) against the intensity of Gaussian
noise added to the spectral observations. As might be expected, the mean abso-
lute error increased with the noise added to the spectra; this is consistent with
results reported by De Sa et al. [50]. In the results for PMAE shown in Figure 5.7b,
the normalised loss for all parameters shows a linear relationship with the noise
level. In the SAM results, which can be found in Appendix B.1.3, the patterns for
ALA and LAI parameters were not linear, but instead sharply increased for low lev-
els of noise, while increasing only marginally for higher noise levels. However, in
all cases higher levels of noise resulted in higher parameter retrieval error rates.

We conclude that spectral noise seems to be a contributing factor to the ill-
posedness of parameter estimation using spectral information, which can be the
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Normalised MAE target
Parameter α1θ

+
1 +α2θ

+
2 +α3θ

+
3 θ+

1 θ+
2 θ+

3
LAI 0.117±0.089 0.164±0.151 0.158±0.149 0.161±0.151
Cab 0.048±0.048 0.125±0.106 0.12±0.101 0.121±0.104
ALA 0.106±0.134 0.236±0.193 0.237±0.196 0.238±0.187
Cw 0.033±0.045 0.077±0.064 0.079±0.065 0.083±0.067

Table 5.3: Results for E4 on the impact of spectral mixing. Every cell represents the (normalised) MAE
between the optima found for the mixed spectrum x′ and the quantities listed in the columns. The

first column represents the weighted mean of the true configurations of the constituent spectra x1, x2
and x3, while the other columns represent the MAE compared to these individual constituent

configurations. This suggests that the solution for mixed spectra matches the weighted mean of the
constituent configurations more closely than the configuration of any individual constituent

spectrum.

case even when PROSAIL inversion itself is well-posed. This effect is likely exacer-
bated by the ill-conditionedness found in Figure 5.3: relatively small perturbations
on the spectral observations caused by noise could result in large jumps across
the loss landscape, given the large plateau-like region of the loss landscape where
noise could relatively easily overpower the signal of the loss function.

Experiment 4. In this experiment, we tested whether spectral mixing could
be an additional explanation for the ill-posedness experienced when performing
parameter estimation. The results for this experiment can be found in Table 5.3.
The cells in this table contain normalised mean absolute error rates for different
parameters (rows), when the predictions in θ̂ are compared to 4 different types of
‘true’ values (columns): the weighted mean of the configurations that correspond
to the 3 mixed spectra that formed the observations, and the parameter values of
these 3 configurations themselves.

As Table 5.3 shows, there is a notable drop in parameter estimation perfor-
mance, especially for LAI, compared to the performance expected for noise-free
data that was not mixed. For example, the loss values for the weighted mean of the
mixed configurations in Table 5.3 appear comparable to the loss values for spec-
tra with 2.5% to 10% Gaussian noise applied to them in Figure 5.7b, while the ex-
pected loss for non-mixed noise-free spectra based on this figure is close to 0. This
decreased performance suggests that the optimum for a mixed spectrum, while
consistently converging to a target quantity most closely related to the weighted
mean of the optima of the constituent spectra, and thereby retaining some fidelity,
does not perfectly align with such a target. The behaviour of the optimal outcomes
θ̂ in response to a linear mixture of input spectra appears to be governed by com-
plex, non-linear and unpredictable mechanisms. While these complex mechanics
are unknown, if a user is interested in retrieving, e.g., the weighted mean of the
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Parameter
LAI prior range constraint size

0% 10% 30% 50% 100%
LAI (uniform) [1]0.0±0.0 [2]0.473±0.289 [3]1.413±0.863 [4]2.214±1.37 [5]2.978±2.124
LAI [1]0.0±0.0 [2]0.479±0.341 [3]0.808±0.835 [4]0.955±1.133 [4]0.972±1.167
Cab [1]7.737±11.865 [2]8.143±11.575 [3]8.262±11.559 [2]8.235±11.358 [3]8.23±11.401
ALA [1]5.978±5.95 [2]8.151±9.201 [3]8.795±9.488 [4]8.943±9.685 [3]8.868±9.373
Cw [1]0.003±0.006 [2]0.004±0.006 [3]0.004±0.005 [4]0.004±0.005 [3]0.004±0.005

Table 5.4: Mean absolute error rates for parameter retrieval performance for the four different
parameters (rows), with columns representing the interval size of a range constraint prior on LAI (with
100% covering the full original parameter range). The ‘LAI (uniform)’ row represents the performance

of estimating LAI through uniform random sampling, while in other columns, performance is
acquired through optimisation. In each row, the prior range size in a column marked with a lower

number (e.g., [1]) retrieves a parameter significantly better (significance level α= 0.05) than one with a
higher number (e.g., [2]). Adding range constraint priors on LAI greatly improved LAI retrieval

performance, while also improving ALA (but not Cab and Cw ) retrieval performance.

true parameter configurations, there are many points around the optimum that
could correspond to this desired quantity. Therefore, the ill-posedness caused by
spectral mixing appears similar to that of random Gaussian noise in E3, as long as
the underlying non-linear mechanics remain unpredictable.

Although the magnitude of this effect is relatively small for an extreme type of
spectral mixing (fully independently generated configurations), these results sug-
gest that spectral mixing is a contributing factor to ill-posedness for parameter re-
trieval by violating at least one of characteristics 1 and 2 of well-posedness.

Out of the types of true values we compare to in he columns of Table 5.3, the
parameter estimation performance was best for the mean of the configurations
from the 3 generating configurations θ+ for all parameters, indicating that the op-
timum θ̂ of a mixed spectrum x′ =α1x1 +α2x2 +α3x3 corresponds most closely to
the weighted mean of their constituent configurations α1θ

+
1 +α2θ

+
2 +α3θ

+
3 , albeit

with a drop in performance compared to non-mixed spectra.

In conclusion for CRQ2, we consider the impact of spectral noise to be the most
likely cause of the ill-posedness experienced in parameter estimation from multi-
spectral data, with a possible additional contribution by spectral mixing.

5.5.3. CRQ3: IMPACT OF RANGE CONSTRAINT PRIORS

Experiment 5. In this experiment, we were interested whether prior information
in the form of range constraint priors can indeed reduce ill-posedness, and if so,
through what mechanisms it is effective. Given our results for Experiment 1 in
Figure 5.4, showing PROSAIL inversion to be a unimodal problem, mechanism i)
(excluding competing optima) is unlikely to be a big factor. The results for mech-
anisms ii) (reducing the maximal magnitude of errors) and iii) (parameter depen-
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dency) are shown in Table 5.4.
As the table shows, the parameter estimation error for LAI increased as the

size of the prior range size increased. For prior range sizes up to 10% the perfor-
mance was very similar to that of uniform sampling within the range, indicating
that the posterior after performing inference was equal to the prior knowledge.
The range of ill-posed solutions likely extended beyond this prior range; therefore,
introducing a range constraint reduced the ill-posedness. In this case, perform-
ing parameter estimation would not add any additional information. However,
for larger range constraints, performing parameter estimation resulted in better
performance than uniform sampling in the range interval, while the performance
also deteriorated with larger intervals. These results indicate that mechanism ii) is
a likely factor in the efficacy of range constraint priors for improving ill-posed pa-
rameter estimation performance, usually without the prior knowledge replacing
the inference method outright.

For mechanism iii), as Table 5.4 shows, the parameter estimation performance
of Cab and Cw do not appear to be strongly affected by the LAI prior range interval
size, while the parameter estimation performance of ALA appears to be correlated
due to its errors increasing with the increased prior range interval, though this was
mainly the case for highly precise (< 10%) intervals. Therefore, while it is likely that
mechanism iii) plays some part in improving parameter estimation performance,
its impact may be limited.

We conclude for CRQ3 that range constraint priors help improve parameter
estimation performance primarily through mechanism ii), but mechanism iii) may
also contribute in some cases.

5.6. DISCUSSION
In this chapter, we set out to analyse the ill-posedness of PROSAIL inversion (CRQ1),
to establish possible causes for the ill-posedness experienced by domain practi-
tioners (CRQ2), and to confirm that a commonly used strategy for reducing ill-
posedness, adding range constraint priors, indeed reduces the ill-posedness of the
problem (CRQ3).

5.6.1. SUMMARY OF RESULTS
Our results for Experiment 1 (Figure 5.4) and Experiment 2 (Figure 5.5) show that
PROSAIL inversion itself is unlikely to be ill-posed, since it meets the criteria of
a well-posed problem. Our analysis focused on the estimation of LAI, leaf angle,
chlorophyll content and water content; however, it is possible that the estimation
of other parameters, notably parameters with a limited impact on the spectral out-
put of PROSAIL, could still be ill-posed.
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Our results for Experiment 3 (Figure 5.7) indicate that spectral noise can cause
the predicted configuration for a problem instance to shift away from the true con-
figuration. Since this noise is unknown a priori, any configuration in the param-
eter space that a prediction for an observed spectrum could have shifted from is
a potential true solution to the problem instance, thereby making the inference
problem ill-posed. Spectral mixing also appears to contribute toward ill-posedness
(Experiment 4; Table 5.3).

Given these results, it appears that the ill-posedness experienced by domain
practitioners performing parameter estimation does not stem from the PROSAIL
radiative transfer model, but rather from the inherent limitations of the overarch-
ing parameter estimation task and the information contained in the spectral data.
This would carry strong implications for future work in this field, as multispectral
data would not contain sufficient information to reliably retrieve the parameters
of interest.

Finally, our results for Experiment 5 indicated that the use of range constraints
improved parameter estimation performance more for smaller range intervals, and
less for larger intervals, while performing better than random sampling in the range
interval after interval sizes of 10%. This indicates that mechanism ii) (reduced
magnitudes of errors) is likely to be a factor.

In contrast, mechanism iii) (inter-parameter dependencies) likely has a modest
contribution to the efficacy of range constraint priors to reduce ill-posedness. This
is a surprising result, given that biophysical parameters are highly likely to affect
one another in nature. A possible explanation for this result may be that models
like PROSAIL can perform a simulation for any configuration, regardless of its bi-
ological plausibility, and the relationship between parameters (like the example in
Figure 5.2c) depends solely on whether they amplify one another’s effects on the
spectrum. This is not necessarily related to the degree of co-occurrence of certain
parameter settings in nature. In fact, such natural relationships may be promising
candidates to further constrain the search space.

5.6.2. FUTURE WORK

There are several remaining challenges in understanding the ill-posedness of the
parameter estimation problem. First, performing analyses on labelled real-world
data could evaluate whether fully data-driven approaches, not reliant on PROSAIL,
would indeed be susceptible to the same ill-posedness, as our experimental results
suggest. The data collection involved would be a major obstacle to testing this hy-
pothesis in practice, as it would require extremely accurate ground-truth data for
all parameters simultaneously, as well as effectively noise-free spectral observa-
tions to estimate the impact of noise. Future work in this direction, if the data
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requirements were sufficiently met for such a study to become feasible, would be
valuable.

Though we were able to test two hypothesised causes of ill-posedness and mech-
anisms for the impact of range constraint priors, we cannot be certain that our list
of hypotheses is exhaustive. It is possible that there are other factors involved that
play even larger roles. Therefore, beyond the results of this study itself, we stress
in particular the perspective we adopted to test our hypotheses through a careful
consideration of the loss landscapes underlying the inversion problem. We invite
other scholarly work, should others come up with a set of additional hypotheses,
to similarly test these through systematic computational experiments on the loss
landscape where appropriate.

Our experimental results suggest that ill-posedness could not be overcome solely
with algorithmic contributions that improve the identification of the parameter
configuration that best fits the observations (e.g., through better optimisation or
by performing more efficient learning). Even if the optimum were predicted per-
fectly accurately every time, our findings indicate that this optimum itself is not
a perfect target. Statistical uncertainty quantification techniques may help cap-
ture these uncertainties, although these should be selected with care. Since the ill-
posedness appears to originate in the parameter estimation problem itself, rather
than any particular property of the PROSAIL model and its inversion, it is likely
that purely data-driven methods would be similarly affected by the ill-posedness.

Instead, we would encourage explorations into novel contributions for bio-
physical parameter estimation from a data-centric perspective, focusing on in-
creasing the information content in the observed data (for example, through in-
corporating additional data sources, higher resolution data, hyperspectral data, or
temporal autocorrelation), regardless of whether the method used for mapping the
observations to estimated parameters includes PROSAIL inversion or not. For ex-
ample, the use of specialist hybrid models, that have been trained on a subset of
data that is relevant to a study area (either through manual selection of training
data, or through the use of active learning heuristics combined with a study area-
specific validation set) has already seen successful applications of PROSAIL inver-
sion [52, 46]. Perhaps an automatic generation or selection of appropriate special-
ist models might be a fruitful next step to explore. Alternatively, advances in deep
learning techniques may be able to contribute toward ‘denoising’ the observed
noisy spectra through the application of, e.g., denoising autoencoders [211]. If
noisy spectral data could be reduced to the equivalent of the noise-free simulated
data, this would greatly alleviate the ill-posedness caused by noise; we discuss this
direction further in Section 7.2.2.
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5.7. CONCLUSIONS

Our systematic analysis of PROSAIL inversion and its ill-posedness indicate that
pure PROSAIL inversion for the estimation of the often studied parameters leaf
area index, chlorophyll content, average leaf angle and water content, meets all the
requirements of a well-posed problem: there is a solution, the solution is unique,
and the output moves continuously with respect to the input. Given the ill-posedness
experienced by domain practitioners, these results suggest that PROSAIL inversion
itself is not an ill-posed problem, but rather the associated parameter estimation
problem when relying on multispectral data. This seems mainly caused by spectral
noise, while spectral mixing also appears to play a role.

Finally, we found that range constraint priors can alleviate the ill-posedness of
the parameter estimation problem through a reduction of the magnitude of possi-
ble errors, in addition to possible indirect effects through inter-parameter depen-
dencies.

A problem can only be effectively addressed if it is well understood. Currently,
much focus in parameter estimation work using PROSAIL inversion has focused
on method-centric approaches, for example, by efficiently sampling points using
active learning, or on training specialised hybrid models with reduced ranges for
specific study sites. We hope that, building on the results reported here, future
work can also more efficiently explore novel solutions that might improve the via-
bility of parameter estimation when fewer assumptions (e.g., about the study site)
can be made. In particular, we believe that the exploration of data-centric im-
provements, such as the automatic training or selection of specialist models for
a given application area, spectral denoising or data fusion approaches, may be a
fruitful endeavour.

Based on the findings in this chapter, it is unlikely that any methodological
contribution can eliminate the ill-posedness of noisy inference problems outright,
and instead, data-centric approaches aimed at improving the reliability or infor-
mation content of the input data emerged as the most promising direction to re-
duce the ill-posedness. However, this type of contribution will be largely out of the
control of practitioners making parameter estimations. Although fully eliminating
ill-posedness may not be possible, we can still create methods that can be used
to, e.g., quantify the severity of the ill-posedness on specific problem instances.
For example, even if the loss landscape has two optima (unlike the unimodal PRO-
SAIL inversion loss landscapes of Figure 5.4a), this may not be a big problem, if the
distance between these points is negligibly small, while it could invalidate estima-
tions when this distance is large. Therefore, in the next chapter, we will propose
a novel method, eMMI, to enable this type of analysis. Using the insights gained
in this chapter, the method will be based on the loss landscape of inference prob-
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lems, and given the phenomenon of optimum shifts of Figure 5.7a, observation
noise will take a central role in determining the possible solution set.



6
EMMI: ϵ-MANIFOLDS OF POTENTIAL

SOLUTIONS FOR NOISY INFERENCE

In the previous chapter, we have learned key information about noisy inversion
problems through our analysis of biophysical parameter estimation using EO data
and PROSAIL inversion: observation noise plays a central role in making inference
problems ill-posed, resulting in optimum shifts that appear to follow the loss land-
scape of the inference problem. In this chapter1, we aim to leverage this knowledge
to propose the concept of ϵ-manifolds, which contain all possible solutions to a
model inversion inference problem, and a method, eMMI, to approximate these
ϵ-manifolds. In doing so, we address RQ4: How can we automatically extract the
set of possible solutions to a noisy inference problem?. Although our findings in
Chapter 5 suggest that pure methodological contributions are unlikely to eliminate
ill-posedness from noisy inference problems altogether, the concepts and method
introduced in this chapter will address Challenge 2 by enabling novel types of anal-
yses, enabling users to, for example, make a judgement on whether to trust their
parameter estimations, based on the degree of ill-posedness of their specific prob-
lem instance.

6.1. INTRODUCTION
Inferring a model parameterisation from observations is a fundamental problem
in many scientific domains. Such inference problems are considered model inver-

1The contents of this chapter are based on the article: Laurens Arp, Peter van Bodegom, Nguyen Dang,
Holger H. Hoos, Alistair Francis, and Mitra Baratchi. (2025). Inference from Noisy Observations through
Model Inversion: Constructing ϵ-Manifolds of Potentially Valid Solutions. Under review.
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sion problems when there is a (simulation) model available to simulate observa-
tions from a hypothesised parameter configuration, such that model parameters
are the target values to infer, and the observations consist of data that can be sim-
ulated by the model (e.g., observable variables or class labels). Model inversion-
based inference problems are ubiquitous in many scientific fields, including AI.
Within physical sciences, model inversion is often used when inferring the unob-
servable values of a set of physical parameters that resulted in an observed out-
come [212, 213, 214, 215], whereas in simulation-based inference (SBI), a prob-
abilistic simulation model is used as a likelihood function in a Bayesian infer-
ence setting, where the target parameters are often inferred posterior distribu-
tions, given the observed data [216, 217, 218]. Application areas reliant on model
inversion include fluid dynamics [212, 213], astronomy and astrophysics [5, 6] and
Earth sciences [214, 215]; in these fields, often large amounts of observational data
are available, but few labelled examples, making it challenging to apply conven-
tional supervised machine learning approaches to map observations to labels. In-
stead, physical simulation models are used to estimate these parameters. Within
AI, we are often using machine learning to infer a target variable based on the
observed features, and the training of machine learning models is itself a model
inversion-based inference problem where the model parameterisation must be
learned from the observed training data.

A simulation model cannot be used directly to infer the correct parameters
from real observations. However, it can be used indirectly to evaluate the quality
of a possible parameter configuration by comparing its simulated observations to
the real observations through a loss function. Various approximation techniques
can be used to infer model parameters. These include numerical optimisation [47,
48], specialised simulation-based inference algorithms [219, 218, 217] and training
a machine learning model on simulated data [50, 220, 221].

Model inversion is a non-trivial problem, shown to be NP-hard if addressed
using numerical optimisation [222]. It is often ill-posed, meaning that the inver-
sion of a single observation can lead into multiple different solutions with equal,
or highly similar, quality [57, 223, 224]. It can also be ill-conditioned, meaning that
small perturbations in the observations cause large shifts in the optimal parame-
ter configuration for a problem instance [205, 206, 225]. Moreover, real-world ob-
servations are nearly always noisy, due to limitations of sensing technologies that
gather observations, inaccurate scenario specifications [226], or noisy data anno-
tation, leading to ill-posedness of the inference problem. As a result, even if these
methods reliably find the global optimum of an inference problem, the resulting
configuration may not correspond to the ‘true’ parameter values that generated
the observations. The optimum would thus explain the noisy observations rather
than the true state of the system.



6.1. INTRODUCTION

6

127

Due to these challenges, practitioners may quantify uncertainty by inferring a
distribution over parameter values rather than making point predictions [216, 46,
54, 45]. However, statistical distributions usually assume certain properties (e.g.,
Gaussian parametric form, independence or stationarity). These properties are of-
ten not met, or they differ per instance and cannot be known a priori. If the inver-
sion problem is ill-posed with multimodal or non-continuous distributions, values
will likely not be centred around the mean. For example, for a model y = α2 with
observation y = 100 and a domain α ∈ R, the solution for the parameter α could
be 10 or −10, but not any values in between. Moreover, uncertainty quantification
models a distribution over parameter values, not the degree to which the param-
eter values fit the observations. Therefore, configurations that could effectively
explain the observations, but do not naturally appear in a data set, are unlikely to
be included. This confines the applicability of uncertainty quantification meth-
ods to indicating statistical confidence on a prediction, while deeper analyses of
the inversion problem itself, including solutions that do not occur naturally in the
observational distribution, may be desired.

In this article, for the first time, we aim to retrieve the set of all solutions that
can reasonably explain the observations in model inversion problem settings, form-
ing a manifold we refer to as the ϵ-manifold. The intuition behind ϵ-manifolds is
that they contain configurations for which the loss function value is sufficiently
close to that of the optimal configuration to be considered a potentially feasible so-
lution, given the level of noise ϵdistorting the signal of the observations. Therefore,
using ϵ-manifolds shifts the focus away from distributions over the parameters
based on their posterior probability, toward the inversion loss landscape (land-
scapes consisting of the loss function values for all possible target value configura-
tions). When known, the ϵ-manifold can be used to enable novel types of analysis
of model inversion problems, such as ill-posedness quantification, various types
of robustness analysis and classification difficulty estimation.

Our main contributions in this chapter are as follows:

• We introduce the concept of ϵ-manifolds for noisy model inversion prob-
lems and formalise the problem of capturing the set of potentially valid so-
lutions comprising this ϵ-manifold. To our knowledge, this is the first time
the problem has been defined in this manner.

• We propose a novel method, named eMMI (epsilon-manifolds for model in-
version), to automatically approximate the ϵ-manifold for a given model in-
version problem instance. We provide four variants of our proposed method
(U-eMMI, Conv-eMMI, Seq-eMMI, and Dual-eMMI), with different sampling
strategies and assumptions on the underlying loss landscape.
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• We validate the concept of ϵ-manifolds through an empirical comparison to
statistical uncertainty quantification. We also validate our ϵ-manifold ap-
proximation method on seven simulation models representing model inver-
sion problem settings from physical models, dynamical systems, simulation-
based inference and machine learning. We compare performance against
baseline methods from uncertainty estimation methods such as Gaussian
processes and Bayesian neural networks, as well as approximate Bayesian
computation.

6.2. RELATED WORK
The problem setting for ϵ-manifolds and our proposed method is model inversion
with noisy observations. There are three main directions of related work to this
setting, which we will discuss in this section. We will start with robust learning, a
specific type of noisy model inversion-based inference task considering machine
learning with noisy labels, that has received considerable attention over the years.
Next, we will discuss two methodologically related directions: simulation-based
inference (SBI) (also referred to as likelihood-free inference), and uncertainty quan-
tification.

Robust learning. There has long been a research interest in the machine learn-
ing community in robust learning: methods that make model training robust to
noisy labels (the observations when training a model) [227, 228, 229]. More re-
cently, Northcutt et al. [230] have proposed confident learning, where confidence
applies to ground truth labels, rather than model predictions. Uma et al. [231]
summarised a body of work on conflicting labels specific to natural language pro-
cessing and computer vision settings, including majority voting, the source-filter
model [232, 233] and the CrowdTruth aggregation approach [234]. Bernhardt et
al. [235] proposed to automatically rank training instances based on the label cor-
rectness and difficulty as estimated by a prediction model, and found this to im-
prove model performance while reducing the reliance on label-correcting experts.
Jiang et al. [236] provided a dataset containing real-world (as opposed to synthetic)
noisy labels and proposed the MentorMix method to overcome these noisy labels
through curriculum learning and vicinal risk minimisation. Huang et al. [237] in-
vestigated the relationship between uncertainty, class imbalance and label noise,
and proposed an uncertainty-aware label correction (ULC) framework, which first
filters noisy labels based on epistemic uncertainty, after which the remaining cor-
rupted labels are filtered by modelling aleotoric uncertainty as logit corruption
with Gaussian noise. Kim et al. [238] proposed to use the relational structure of
the data in the embedded feature space to detect noisy labels. Although classi-
fication problems tend to receive the most attention, some work has focused on
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regression problems as well [239, 240, 241]. In the related predict-then-optimise
problem setting [242, 243] (where unobservable parameters are imperfectly pre-
dicted using machine learning, which enables the optimisation of a second set of
parameters for decision-making), smart predict then optimise (SPO) approaches
[226, 244] can be used to train a machine learning model using a loss based on
the regret between an optimum found using the predicted unobserved parame-
ters and the true optimum, thereby reducing the impact of noise in the predicted
unobserved parameters on the optimisation task.

Unlike the methods above, which are mainly intended to improve the model
performance in terms of predictive accuracy when trained using a training data
set with noisy labels, the objective of our proposed ϵ-manifolds is to find the set
of parameterisations that would all fit the observations (e.g., noisy labels) up to
a tolerance level specified by ϵ. These ϵ-manifolds provide deeper insight over
performance-focused approaches like robust learning, and have broader applica-
tions beyond machine learning model training or robust optimisation, including
ill-posedness- and robustness analyses in general model inversion settings.

Simulation-based inference. In many scientific contexts, great effort has been
put into formulating models that simulate an observation from a set of input pa-
rameters. The goal of simulation-based inference (SBI) is to apply statistical meth-
ods to infer the posterior probability of the input parameters θ, which form the
inference targets, from a vector of observed outcomes x [218, 245, 217]. The like-
lihood of the observations given an input parameter configuration θ is generally
intractable to compute. Following the notation by Cranmer et al. [216], the prob-
lem may be formulated (in the Bayesian case) as computing the posterior p(θ|x),
where x ∼ p(x|θ,z) and zi ∼ pi (zi |θ, z<i ) (z represents the latent internal state of
the simulator). A point prediction for the inference result can be computed using,
e.g., a maximal a posteriori principle θ̂ ∈ argmaxθ p(θ|x). Applications of SBI span
a highly diverse set of scientific fields and topics including astrometry [5], Earth
sciences [246], gravitational waves [247], astrophysics [6], and genomics [248].

Based on the taxonomy by Cranmer et al. [216], we can broadly split SBI meth-
ods into frequentist and Bayesian inference approaches. Frequentist approaches
infer the probability of parameters through estimated kernel densities, while Bayesian
approaches iteratively approximate the posterior probability of the parameters us-
ing observations and prior probabilities. One of the most popular methods for
SBI, approximate Bayesian computation (ABC) [249], samples parameter config-
urations from their prior distributions. It accepts these configurations if the sim-
ulated output matches the true observations at a sufficient goodness-of-fit level
determined by a threshold ϵ. Similar to our proposed methods, this results in
a posterior distribution of possible configurations whose simulated output is ϵ-
approximate to the observed data. Unlike our proposed methods, ϵ is a (some-
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times dynamic) hyperparameter trading off accuracy for computational efficiency.
The posterior distribution depends in part on the prior distribution of the param-
eters being inferred, making them primarily suitable for conventional inference
tasks. ABC methods can often involve Markov chain Monte Carlo (MCMC) [250]
and sequential Monte Carlo (SMC) sampling [251]. Some model inversion meth-
ods in, e.g., environmental biology, may use numerical optimisation techniques
in a manner similar to SBI using ABC [47, 49, 48]. Given the poor scalability of
inferring complex posterior probabilities using a Bayesian approach, variational
methods and amortised versions thereof can also be used [252, 253, 254].

More recently, advances in machine learning have led to the use of inverse
emulation models, often coupled with active learning techniques [50, 51, 52, 45,
53, 54, 255, 55, 46, 54, 45]. These approaches resemble amortised Bayesian infer-
ence methods [256, 257, 258], but the machine learning models are trained on the
parameters themselves, rather than the posterior distribution parameters identi-
fied through Bayesian inference. Other methodological contributions in SBI in-
clude reducing the assumptions of models, such as pre-defined priors, targets and
dimensionalities [259]. Additionally, scalability has been improved through flow
matching for continuous normalising flows [260].

Although SBI research has made many valuable contributions to a wide range
of (especially scientific) application areas, it adopts an inherently statistical ap-
proach to model inversion, inferring posterior distributions over the parameters
instead of capturing characteristics of the loss landscape. Hermans et al. found
many SBI-based methods to be overconfident in their inference results [261], indi-
cating that unlikely solutions that could nonetheless explain the observations well
would generally not be included. In contrast, our proposed ϵ-manifolds aim to
provide insight into the model inversion problem for a given observation based on
the model inversion loss landscape, enabling new types of analyses. Unlike meth-
ods such as ABC, which return a posterior distribution over parameters based on
their goodness-of-fit to the observations and the prior probabilities of the param-
eters, our proposed method does not aim to make a single prediction (inference)
with some degree of uncertainty for a given model inversion instance. Instead, it
aims to find the set of configurations that could explain the observations, regard-
less of how likely such configurations are to naturally occur. This can be a desirable
trait, for example, when considering interventions or adversarial examples (both
of which involve solutions that may not naturally occur in the observational dis-
tribution). Therefore, our proposed ϵ-manifolds and our proposed method to ap-
proximate them could be considered complementary to SBI, by describing the loss
landscape underlying the problem for which SBI is performing inference. Whether
SBI or ϵ-manifolds are the most appropriate tool depends on the use case, as both
have different types of applications (see also Section 6.4.3).
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Uncertainty quantification. The topic of uncertainty quantification (UQ) has
received considerable attention in recent years, and UQ is often a part of SBI.
Typical approaches for UQ include ensembling [262, 263]), Monte-Carlo dropout
[264, 265] and Bayesian neural networks [266, 267]). For a more comprehensive
overview, see, for example, the surveys by Adbar et al. [268] or Gawlikowski et
al. [269]. Recent examples for scientific machine learning in particular include UQ
for physics-informed neural networks [270], physics-constrained surrogate mod-
eling with UQ [271], Monte-Carlo UQ for the Navier-Stokes equations [272], UQ
for neural networks trained on physical simulations [273], and the application of a
Hamiltonian Monte Carlo algorithm for physical model inversion [195].

The core idea of UQ, similar to our proposed ϵ-manifolds, is that the numerical
prediction that seems to explain the observations best may not be the true solu-
tion, due to uncertainty (for example, in the form of noisy observations or prob-
abilistic simulations). The statistical perspective of UQ enables a relatively quick
computation of uncertainty in terms of, usually, a confidence interval around a
(mean) point prediction, but this does not lend itself to the same type of inter-
pretation: a relatively unlikely solution could still explain the observations well,
even if it has not been observed in the training data set. Retrieving such solutions
could be highly relevant to applications related to, e.g., adversarial robustness or
deliberate interventions to achieve a desired outcome. Moreover, the type of rela-
tionships that can be expressed by conventional UQ is limited by the parametric
form of the assumed distribution; for example, a loss landscape for a chaotic or
ill-posed system would be difficult to describe parametrically, especially when the
most suitable distribution type cannot be known a priori.

In contrast, our proposed ϵ-manifolds describe the loss landscape, identifying
a set of solutions that could explain the observations. In doing so, it is possible
to use ϵ-manifolds to gain insight into the nature of the inversion problem itself,
beyond a statistical perspective of observations and possible outcomes.

6.3. PROBLEM DEFINITION
In this section, we briefly introduce the problems addressed in this work. First, we
provide the general problem definition of model inversion, as this is the context
within which our work is situated. Next we provide definitions for two problems at
the core of our investigation: representing a viable solution set for model inversion
(problem 1), and approximating this viable solution set (problem 2).

Context: model inversion. Suppose we are interested in a set of parameters P ,
the values of which are contained in domains DP . A configuration θ, which we will
refer to as a solution in optimisation contexts, is a vector containing the values of
the target variables P for a specific point in DP . The target variables can be ob-
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served indirectly via known variables, whose domain is denoted as X ⊆ Rd . Given
a d-dimensional vector of observations x ∈X , we want to infer the (unknown) cor-
responding true parameter configuration of the system θ+ via a simulation model
M mapping configurations θ to simulated observations x.

Definition 6.1. A simulation model is a probabilistic function M : DP → X that,
under a target parameterisation θ, can produce (i.e., simulate) an outcome x =
M(θ), where M(θ) samples x ∼ p(x|θ).

In other words, we want to search for a configurationθ ∈DP such that f1(M(θ),x)
is minimised, thereby approximating the true configuration θ+ corresponding to
the real observations x. This objective can be considered as a more general version
of the RTM inversion objective of Section 2.2.1. Here f1(.) is an objective function
quantifying the distance between the simulated outcome M(θ) and the observed
outcome x:

θ̂ ∈ argmin
θ∈DP

f1(M(θ),x) ≈ θ+ (6.1)

This optimal configuration θ is denoted as θ̂ and usually forms the point pre-
diction within the inference results of the model inversion problem. Therefore,
unlike the distributions over target values inferred by SBI (whose formulation can
be found in Section 6.2), this objective is concerned with the model inversion loss
landscape for the inference problem. If the search was successful, θ̂ ≈ θ+.

Problem 1: representing the viable solution set (Section 6.4). We assume an
amount of exogenous noise N on the observations x or ill-posedness in the inver-
sion loss landscape, thereby potentially invalidating the optimal solution θ̂ from
Equation 6.1. Instead, we are interested a subset V ⊆ DP of the domain DP con-
taining all solutions that could possibly be the true solution of the model inversion
problem (viable solution set). This set should contain all ill-posed solutions eval-
uating to the same loss function value as θ̂, but also all solutions that evaluate to a
slightly worse loss function value than θ̂, up to a factor of ϵ. The exogenous noise
N and its distribution are often unknown, because noise-free versions of the noisy
data are usually impossible to obtain. However, the impact of this noise on the loss
function (quantified by ϵ) can be extracted purely from validation data for the tar-
get variablesθ, without requiring noise-free observations x+ = x−N to be available.
This allows us to define the viable solution set as:

V = {θ : f1
(
M(θ),x

)≤ f1
(
M(θ̂),x

)+ϵ} (6.2)

Therefore, for problem 1, we need a framework within which we can represent
this set of points V .
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Problem 2: approximating the viable solution set (Section 6.5). Computing
V exhaustively is prohibitively expensive for large dimensions of θ, and impossi-
ble without interpolation techniques for continuous problem settings. We must
therefore find a tractable approximation V̂ of V , by maximising the accuracy on a
set of validation points (Hx , Hy ):

V̂ ∈ argmax
S

L(Hy , Ĥy |S) (6.3)

Here, Hy denotes the true labels (viable or non-viable solution) corresponding
to a sample of points Hx in the target variable space, and Ĥy |S is a vector of pre-
dictions of Hy based on a candidate set of viable solutions S. The function L is a

classification loss function of choice (e.g., accuracy), and V̂ is the set of solutions S
with the best classification performance on the validation data set (Hx , Hy ).

6.4. REPRESENTING THE VIABLE SOLUTION SET
In this section, we will introduce the motivation, concepts and assumptions un-
derlying ϵ-manifolds, which form our representation of the viable solution set for
model inversion problems.

6.4.1. INTRODUCING ϵ-MANIFOLDS
Recall the model inversion objective from Equation 6.1. In practice, there are two
issues with this naïve search approach. Firstly, multiple configurations θ ∈DP can
minimise f1(M(θ),x) equally (ill-posedness), while only one true configuration θ+
corresponds to the state of the real-world system. Secondly, if the observations are
noisy, the vector of observations x has been generated from a vector of true observ-
able values, x+, combined with a vector of exogenous additive noise N: x = x++N.
Therefore, a configuration θ̂ that precisely minimises f1(M(θ),x) is not necessarily
the true configuration θ+. θ̂ would be the appropriate solution for the incorrect
observed values x, not the true state of the system (which would have had its own
optimal solution θ̂+ ≈ θ+ minimising f1(M(θ),x+). For convenience, similarly to
the distinction made by, e.g., Mandi et al. [226], we refer to the optimum θ̂ for the
noisy observations x as the noisy optimum, and the optimum θ̂+ for the original,
noise-free observations x+ as the noise-free optimum.

The optimum shift from the noise-free optimum θ̂+ to the noisy optimum θ̂,
caused by observation noise, makes the inversion problem effectively ill-posed.
There are many potential solutions, each corresponding to the observations with
different added noise. Since the noise is unknown, any of these solutions could
be the true solution to the model inversion problem. This effect is particularly
strong in ill-conditioned problems, where small perturbations on the input (obser-
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Figure 6.1: Optimum shifts when noise is introduced to the observations. (a) Illustration of the
principle of optimum shifts on an abstract loss landscape for target variables p1 and p2. When

random noise is applied to the observations, the point in the space where, after simulating with those
input parameter settings, the simulation output matches the observations optimally, has shifted from
the true parameters (the blue dot, θ+) to new, shifted optima (the red dots, θ̂). The specific point the

optimum shifts to will differ every time the random noise is applied. The blue line represents the
ϵ-boundary; beyond this point, there are no possible points the optimum could shift to, at the current

level of noise. The blue-shaded area represents the ϵ-manifold, containing the set of all points the
optimum could potentially shift to. (b) Example of this phenomenon in practice for one instance from

the physical vegetation model PROSAIL, where the application of 15% additive zero-mean Gaussian
noise on the observations has caused the optimum θ̂ to shift away from the true values θ+ (repeated
for 50 different samples of random noise added to the noise-free observations). The shifts are more

likely for configurations close to the optimum, resulting in a cluster that could possibly be captured by
conventional uncertainty quantification methods, but the shifts tend to follow the loss landscape

(Assumption 1 in Section 6.4) and stay within the ϵ-boundary.

vations) result in large changes in the output (optimum) [205, 206]. We illustrate
this phenomenon with a practical example in Figure 6.1.

As a result of these issues, we need a method describing a set V of all the poten-
tially viable solutions θ. These solutions could, under some expected noise on the
observations, reasonably be the true configuration that generated the observations
x. In simple cases matching the underlying assumptions, uncertainty quantifica-
tion on the optimal configuration θ̂ may be sufficient. For example, if the optimum
shifts follow a Gaussian distribution, a confidence interval could be constructed,
containing all values within two standard deviations σ of the predicted mean µ.
In this case, any point with a probability density higher than some user-specified
threshold could be added to the set V of possible solutions. However, these as-



6.4. REPRESENTING THE VIABLE SOLUTION SET

6

135

f1(θ, x+)

θ

ε

(a)

f1(θ, x)

θ

ε

(b)

Figure 6.2: Illustration of the two key assumptions made by ϵ-manifolds. (a) In the first assumption,
we assume that an optimum for noise-free observations (red dot) will shift to a new location due to

observational noise (yellow dots) based on the loss landscape (parabola function) for noise-free
observations; a higher loss function value results in a lower likelihood of being shifted to due to noise.

(b) In the second assumption, we assume that the probability (green dots, with lower opacity
signifying lower probabilities) that an optimum for noisy observations (yellow dot) was originally

shifted from a noise-free optimum (red dot) is determined by the loss landscape (parabola function)
for the noisy observations.

sumptions are not always met.
The inversion loss landscape for many simulation models, which are often based

on complex ordinary differential equations (ODEs) and partial differential equa-
tions (PDEs), can be complex, asymmetric, biased and highly non-linear – con-
ditions to which statistical uncertainty quantification would be ill-suited. Instead,
by making two key assumptions of loss-dependent shifts and loss-dependent origins
(illustrated in Figure 6.2), this set of points can be represented more accurately us-
ing a concept we dubbed ϵ-manifolds.

We formalise the loss-dependent shifts assumption in Assumption 1. Accord-
ing to this assumption (illustrated in Figure 6.2a), the lower the loss function value
of a point for a noise-free observation, the higher its likelihood of being the opti-
mum of a noisy version of the observations x (optimum shift).

Assumption 1. Let θ1 and θ2 denote two arbitrary points in the target variable
space DP , and let P (θ̂ = θ|x) denote the probability of a point θ being the optimum
for a noisy observation x that was generated through exogenous additive noise N
being added to the original observations x+. The loss-dependent shifts assumption
states that:

f1
(
M(θ1

)
,x+) < f1

(
M(θ2),x+

)⇒ P (θ̂ = θ1|x) > P (θ̂ = θ2|x) (6.4)



6

136 6. EMMI: ϵ-MANIFOLDS OF POTENTIAL SOLUTIONS FOR NOISY INFERENCE

Using this assumption, we could, in principle, set a threshold distance ϵ be-
tween the loss of the noise-free optimum f1(M(θ̂+),x+) and the loss f1(M(θ),x+)
of a new point θ: if this distance is smaller than the threshold, the point can be
considered as a potential location the optimum could shift to. Although there may
be applications for this set of points in, e.g., algorithm robustness [274, 275, 276],
this set of solutions mainly serves as an intermediate step in our problem setting
of model inversion.

Next, we formalise the loss-dependent origins assumption in Assumption 2.
This assumption (illustrated in Figure 6.2b) can be considered the inverse of our
first assumption. In model inversion, given a noisy observation x, we are inter-
ested in a set of solutions in which, at a specified level of confidence, we expect the
true solution θ+ to be included. Under Assumption 2, the lower the loss function
value of a point for a noisy observation, the higher its likelihood of having been the
original, noise-free optimum θ̂+, where θ̂+ ≈ θ+.

Assumption 2. Let θ1 and θ2 denote two arbitrary points in the target variable
spaceDP , and let P (θ̂+ = θ|x) denote the probability of a point θ being the noise-free
optimum θ̂+. The loss-dependent origins assumption states that:

f1
(
M(θ1),x

)< f1
(
M(θ2),x

)⇒ P (θ̂+ = θ1|x) > P (θ̂+ = θ2|x) (6.5)

As before, we set a threshold ϵ for this distance in loss function value; with this,
we can now define the concept of an ϵ-manifold.

Definition 6.2. An ϵ-manifold (eM) is a local connected set of points θ forming a
manifold, where the difference between their loss function values f1(M(θ),x) and
the loss function value of the noisy optimum f1(M(θ̂),x) is equal to or smaller than
the threshold parameter ϵ:

eM = {θ : f1
(
M(θ),x

)≤ f1
(
M(θ̂),x

)+ϵ}

subject to

ØU ,V : U ̸= ;,V ̸= ;,U ∩V =;,eM =U ∪V (connectedness)

(6.6)

Here eM is used to denote the ϵ-manifold for a noisy observation x, and the
constraint requires the ϵ-manifold to be connected (i.e., eM is not split into two
non-empty open subsets U and V such that the union of these sets forms the ϵ-
manifold). In traditional SBI algorithms, the solution θ̂ will generally be a point in
this ϵ-manifold [216, 249].

The ϵ variable in Equation 6.6 matches the ϵ of Equation 6.2, and its value can
be interpreted as the maximum expected change from the objective function value
f1(M(θ̂+),x+) of the noise-free optimum θ̂+ to the objective function value of the
noisy optimum f1(M(θ̂),x). Equivalently, it can be thought of as the maximum
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amount of signal (‘clean’ loss values) that can be distorted or overpowered by noise
on the observations. We refer to the boundary between the ϵ-manifold and the rest
of the target variable space as the ϵ-boundary, and we use the term ϵ-loss to refer
to ϵ added to the loss function value of the optimum f1(M(θ̂),x):

l ϵ = f1
(
M(θ̂),x

)+ϵ (6.7)

6.4.2. PROPERTIES OF ϵ-MANIFOLDS
We will use this section to analyse the theoretical properties of ϵ-manifolds. First,
if there is any solution θ that could be viable solution, this solution is part of an
ϵ-manifold:

Lemma 6.1. Let θ denote an arbitrary point in DP . Then through Equation 6.6,
f1

(
M(θ),x

)≤ l ϵ ⇒∃eM : θ ∈ eM .

In unimodal landscapes, the total set of potential solutions V(Equation 6.2)
exactly matches the ϵ-manifold with the same value of ϵ (V = eM), and the ϵ-
manifold for any point θ where f1(M(θ),x) ≤ l ϵ (Lemma 6.1) will be the same ϵ-
manifold eM . However, in multimodal cases (such as the ill-posed example from
Section 6.1: y =α2, α ∈ R), the loss landscape contains multiple local- or approxi-
mate global optima, some with their own ϵ-manifold (it is also possible for lower-
quality local optima to already be contained in the ϵ-manifold for a higher-quality
optimum). In these cases, the viable solution set V becomes the ϵ-manifold set2:

Definition 6.3. An ϵ-manifold set (eMS) is a set of size m containing ϵ-manifolds
for a single loss landscape, where every element is a disjoint ϵ-manifold for the
ϵ-loss l ϵ, and m is the number of local optima with disjoint ϵ-manifolds:

eMS = {eM1,eM2, ...,eMm} (6.8)

We can use Lemma 6.2 to iteratively construct an ϵ-manifold set:

Lemma 6.2. Let eMS denote a current, potentially incomplete ϵ-manifold set con-
sisting of ϵ-manifolds eM ∈ eMS, and let θ denote a point in DP where ∀eM ∈
eMS : θ ∉ eM . Then f1

(
M(θ),x

)≤ l ϵ ⇒∃eM ′ : θ ∈ eM ′ (Lemma 6.1) that is disjoint
from the existing ϵ-manifolds in the ϵ-manifold set (Definition 6.3) and should be
added to the ϵ-manifold set.

2Although it is convenient to think of ϵ-manifold sets as sets containing individual manifolds, strictly
speaking, the ϵ-manifold set is itself a manifold of which eM1,eM2, ...,eMm are components.
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Based on Lemma 6.2, if there exists any point outside the existing ϵ-manifold
eM with a loss function value lower than the ϵ-loss, there must exist another ϵ-
manifold eM ′ that, by Definition 6.3, is disjoint from eM . This leads to Theorem
6.1, which allows us to check whether an ϵ-manifold set is complete:

Theorem 6.1. Let θ̂−eMS denote the optimum argminθ∈[DP \eMS]

[
f1(M(θ),x)

]
where

the current ϵ-manifold set eMS is excluded from the search spaceDP . If f1
(
M(θ̂),x

)>
l ϵ, there exists no further ϵ-manifold that should be added to the ϵ-manifold set
eMS, and all possible ϵ-manifolds are contained in the ϵ-manifold set.

Proof.

θ̂ ∈ argmin
θ∈[DP \eMS]

[
f1

(
M(θ),x

)]⇒∀θ′ ∈ [DP \ eMS] : f1
(
M(θ′),x

)≥ f1
(
M(θ̂),x

)
f1

(
M(θ̂),x

)> l ϵ ⇒∀θ′ ∈ [DP \ eMS] : f1
(
M(θ′),x

)> l ϵ

f1
(
M(θ̂),x

)> l ϵ ⇒Øθ′ : f1
(
M(θ′),x

)< l ϵ

Therefore, by Lemma 6.2, the ϵ-manifold is complete, and no further ϵ-manifolds
should be added to it.

Whether the ϵ-manifold set for a multimodal landscape contains a single, larger
ϵ-manifold, or multiple disjoint smaller ϵ-manifolds, will depend on the loss land-
scape and the setting of ϵ.

The ϵ-manifolds in the ϵ-manifold set together contain all points in the viable
solution set V :

Theorem 6.2. Let eMS denote the complete ϵ-manifold set of a model inversion
problem, and V the set of viable solutions to the model inversion problem (Equa-
tion 6.2). Then:

V = ⋃
eM∈eMS

eM (6.9)

Proof. Letθ ∈V denote an arbitrary viable solution inV . By Equation 6.2, f1
(
M(θ),x

)≤
l ϵ. Therefore, by Lemma 6.1, ∃eM : θ ∈ eM , and by Equation 6.8 and Theorem 6.1,
this eM ∈ eMS. Therefore, ∀θ ∈V : θ ∈⋃

eM∈eMS eM . Conversely, let θ ∈ eM ∈ eMS
denote an arbitrary viable solution in an arbitrary ϵ-manifold in the ϵ-manifold set.
By Equation 6.6, ∀θ ∈ eM ∈ eMS : f1

(
M(θ),x

) ≤ l ϵ, and by Equation 6.2, θ ∈ V , so
∀θ ∈⋃

eM∈eMS eM : θ ∈V . Therefore, V =⋃
eM∈eMS eM .
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In the illustration of Figure 6.1a we used to show the concept of optimum shifts,
the blue-shaded region within which the optima are shifted forms a visual repre-
sentation of the ϵ-manifold. The appropriate setting of ϵ, similarly to the role of
the significance level α in confidence intervals, will depend on the specific prob-
lem setting, but can be approximated empirically (see Section 6.6.1).

6.4.3. CONTRASTING ϵ-MANIFOLDS AND CONFIDENCE INTERVALS

Our proposed ϵ-manifolds bear some resemblance to the use of confidence in-
tervals in statistical settings, as both concepts represent a type of uncertainty on
predictions made for an observation. The key differences lie in their interpretation
and application. An ϵ-manifold contains all the solutions that could explain the
observations, whereas confidence intervals are concerned with the probability of
different solutions that they did result in the observations.

A confidence interval provides bounds within which the true value is contained
at a probability of 1−α, where α represents the significance level. This statistical
quantity can be computed relatively easily. It treats the underlying processes as
a black-box generating noisy outcomes, focusing on the spread of possible target
values for a given observation, based on the posterior probability of the target vari-
ables given the observations.

If there are configurations that are unlikely to appear in data (far removed from
the point prediction, with a low prior probability), but could explain the obser-
vations equally well (similar loss function value), confidence intervals would be
unlikely to include them. This could be, because such cases were not observed
in the data, or because including them (improving recall) would come at the ex-
pense of an increase in false positives (reducing precision), as illustrated in Figure
6.3. For most distribution types, the probability of target variable values mono-
tonically decreases as distance to the point prediction (the value with the highest
likelihood) increases. The range of the confidence intervals would greatly depend
on the shape of the assumed distribution (usually Gaussian).

Uncertainty quantification in the form of confidence intervals and other sta-
tistical metrics can be a highly effective practical tool for indicating confidence or
uncertainty for concrete prediction tasks, and can answer questions such as ‘how
reliable is my prediction for this specific instance?’. In contrast, an ϵ-manifold pro-
vides insight into the relationship between inputs and outputs irrespective of the
probability of the inputs, functioning as a tool to analyse and gain an understand-
ing of an inversion problem. It allows us to answer questions related to uncer-
tainty, such as ‘what is the set of possible configurations that could have satisfied
these observations?’, but also ‘how ill-posed is this model inversion instance’, ‘is
there a configuration that would satisfy all these observation instances simultane-
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(a) Example landscape, instance 1
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(b) Example landscape, instance 2

Figure 6.3: Comparing the ϵ-boundary (purple) and confidence intervals (means µ± two times the
standard deviation σ, in green for a high recall and red for a high precision) through visualising the

loss landscape for the inversion of two different instances with two parameters using a specific
physical model for vegetation (PROSAIL). Deeper shades of blue on the loss landscape represent a

higher loss function value (plotted at a log scale). (a) An instance where parameter 1 (LAI) is skewed.
(b) An instance where parameter 2 (chlorophyll) is skewed. Relying on rigid assumptions on the shape

of the distribution, the confidence intervals based on the Gaussian distribution cannot realistically
capture the viable solution set for either of the instances, while the ϵ manifolds can flexibly do so in

both scenarios.

ously?’, ‘are there configurations that do not occur naturally that would achieve a
desired outcome?’, or ‘how accurate does my model parameterisation need to be
to still achieve similar performance?’ Rather than indicating confidence through
a summary statistic, ϵ-manifolds enable deeper analyses of problems and prob-
lem instances. Unlike confidence intervals, where the focus is on the target vari-
able space and distances within this space, ϵ-manifolds focus on the loss function
values of solutions, regardless of how these solutions relate to one another in the
target variable space.

Consider the model inversion problems in Figure 6.3. The optimum for Figure
6.3a (which would be the point prediction of a statistical model) for the leaf area
index (LAI) variable is around 1.8, but its ϵ-manifold (ϵ = 0.1) covers LAI values
between 1.5 and its maximal value, 10. This is a known phenomenon in the domain
[277], where the signal from LAI gets ‘saturated’ after a certain point, after which
the observed light spectrum is no longer affected by further increases. As a result,
the ϵ-manifold is asymmetric, which a standard Gaussian distribution could not
represent, as reducing under- or overinclusivity in one direction would increase it
in the other. We show this in Figure 6.3, where ‘high recall’ refers to a confidence
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interval designed to include as many of the points in the ϵ-manifold as possible,
and ‘high precision’ refers to a confidence interval designed to exclude as many of
the points outside the ϵ-manifold as possible. Neither objective can be achieved
without sacrificing the other, illustrating that confidence intervals often cannot
represent the same set of points as ϵ-manifolds. Additionally, phenomena such as
the saturation of LAI values would be difficult to identify if only values close to the
mean (with high prior probabilities) were included.

Finally, even if all possible viable solutions were represented in the data, and
a suitable long-tailed LAI distribution type were found for the problem in Figure
6.3a, the next instance in Figure 6.3b would require a completely different type of
distribution to characterise the shape of the loss landscape for the viable solutions.
Given the high variability of distribution properties between instances, which can-
not be known a priori, it is unlikely that similar analyses to those enabled by ϵ-
manifolds could be achieved through existing frameworks, such as confidence in-
tervals.

For this reason, we consider the use of ϵ-manifolds to be the appropriate choice
when aiming to gain insight into the loss landscape of the inversion problem itself,
rather than treating the inversion as a noisy black box that causes uncertainty on
the inference results. However, their use may come at the expense of a higher com-
putational cost.

6.5. APPROXIMATING THE VIABLE SOLUTION SET
In this section, we will describe our proposed method, called ϵMMI or, more con-
veniently, eMMI (ϵ/epsilon-Manifolds for Model Inversion), for approximating the
ϵ-manifold in practice3. If fully committed to existing statistical frameworks, in
some cases it may be possible to approximate a set of points similar to the ϵ-
manifold as the non-parametric posterior distribution approximated by an ABC
algorithm with a uniform prior over the entire search space, and an acceptance
condition based on the ϵ-loss. However, such an approach would quickly become
computationally expensive, as the number of simulations required to accurately
approximate the posterior for the large search space would quickly become in-
tractable in higher dimensions. If amortised approaches were used to improve
computational efficiency, the reliance on summary statistics would reduce the ap-
plicability of such approaches to ϵ-manifold approximation (see Section 6.4.3).

In contrast, our proposed method, eMMI, aims to efficiently sample points
based on the loss function landscape. In most problem settings, the loss land-
scape will be intractable to compute fully, particularly in high dimensions where

3All code for our proposed method and experiments is publicly available at https://github.com/
ADA-research/eMMI

https://github.com/ADA-research/eMMI
https://github.com/ADA-research/eMMI
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the required number of samples increases exponentially. However, the curse of di-
mensionality can become a blessing in this problem setting. For example, if 50%
of a target variable range is viable per dimension, and dimensionality d = 10, only
(0.5)10 × 100% ≈ 0.1% of the space would be viable, enabling the use of efficient
local sampling strategies. By Theorem 6.2, an effective approximation of the local
ϵ-manifold or ϵ-manifold set, through such an efficient sampling approach, ap-
proximates the viable solution set V as V̂ (Equation 6.3). Therefore, eMMI aims to
exploit the sparsity of the search space through heuristics and assumptions about
the loss landscape. As this will be the first time a method is proposed to explic-
itly approximate the ϵ-manifold, we strove to keep the design of eMMI modular by
splitting its execution into different steps.

6.5.1. EMMI HIGH-LEVEL OVERVIEW

We propose a general three-step approach for approximating the ϵ-manifold in the
loss function landscape for a model inversion problem instance. We consider that
eMMI is given a finite budget of function evaluations (simulations with loss func-
tion value computation) B , which can be split freely between the different steps
and whose division is a tunable hyperparameter of the method. The general steps
of the method are described below:

1. Searching over the target variable space DP for a configuration θ̂ such that
f1

(
M(θ̂),x

)
is minimised.

2. Given θ̂ (found in step 1) and ϵ, conducting a search overDP to find a diverse
set of configurationsΘ around the ϵ-boundary.

3. Approximating the ϵ-manifold using the points sampled in step 2.

We have further provided an overview of eMMI in Algorithm 6.1. We will be
providing additional details to the operations contained in Algorithm 6.1 over the
rest of this section. In Algorithm 6.1, lines 6 through 9 correspond to step 1 as
described above (showing random search as an example for simplicity), lines 11
through 28 correspond to step 2, and lines 29 through 33 correspond to step 3.
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Algorithm 6.1 eMMI algorithm overview

1: Input: observation x; simulator M ; maximal shift ϵ; eMMI variant var ; maximal ϵ-
manifold set size m; optimisation budgets B1,B2; #iterations/population size ni ter

2: Output: ϵ-manifold set eMS
3: eMS ←;, lϵ←∞
4: for n = 1, ...,m do

Begin step 1
5: θ̂← a random solution sampled from DP \ eMS ▷ initialise; can be warm-started
6: for i = 1, . . . ,B1 do
7: θ← a random solution sampled from DP \ eMS ▷ sample a new solution
8: if f1(M

(
θ),x

)≤ f1
(
M(θ̂),x

)
then ▷ f1 from Eq. 6.10

9: θ̂← θ ▷ update optimum

10: if f1(M
(
θ̂),x

)> lϵ then break loop ▷ break loop to return eMS

Begin step 2
11: lϵ← f1

(
M(θ̂),x

)+ϵ ▷ store the ϵ-loss (Eq. 6.7)
12: if var = Seq-eMMI then
13: θ

′ ← θ̂ ▷ search for a point θ
′

on ϵ-boundary
14: for i = 1, . . . ,⌊B2/ni ter ⌋ do
15: θ← a random solution sampled from DP \ eMS
16: if | f1

(
M(θ),x

)−lϵ| ≤ | f1
(
M(θ

′
),x

)−lϵ| then

17: θ
′ ← θ ▷ update solution if new point is closer to ϵ-loss

18: Θ← i ni t i al i se_popul ati on(var, θ̂) ▷ initialise population
19: H ← [] ▷ list to store function evaluations
20: for i = 1, . . . ,⌊B2/ni ter ⌋ do ▷ assuming synchronous updates (Seq/Dual-eMMI)
21: for j = 1, . . . ,ni ter do ▷ flip loops for asynchronous updates
22: θ← a random solution sampled from DP \ eMS
23: if f2

(
M(θ),x

)≤ f2
(
M(Θ j ),x

)
then ▷ f2 from Eq. 6.13, 6.14, Eq. 6.15, 6.16

24: Θ j ← θ ▷ update j -th solution in population

25: y ← 0 ▷ original label is false
26: if f1

(
M(θ),x

)≤ lϵ then
27: y ← 1 ▷ change label to true if in ϵ-manifold

28: append (θ, y) to H

Begin step 3
29: if var = Conv-eMMI then
30: eM ← convex_hull (Θ) ▷ ϵ-manifold becomes convex hull of solutions

31: if var ∈ { U-eMMI, Seq-eMMI, Dual-eMMI} then
32: eM ← tr ai n_cl assi f i er (H) ▷ ϵ-manifold becomes trained classifier

33: append eM to eMS ▷ Add eM to ϵ-manifold set

34: return eMS
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6.5.2. STEP 1: FINDING AN OPTIMUM
In step 1, the system performs a search with an evaluation budget B1 to find the so-
lution θ̂ minimising the main objective function f1. This search can be performed
by any black-box optimisation algorithm; our current implementation supports
random search, greedy local search, CMA-ES [278, 279] and gradient descent (us-
ing finite-difference gradient approximation). Although the objective may vary per
domain, we used the proportional absolute difference between the observation x
and the simulated output M(θ), to avoid observed variables with different ranges
from dominating the loss function:

f1
(
M(θ),x

)= 1

d
·

d∑
j=0

|x j −M(θ) j |
|x j |

(6.10)

Here M(θ) j is the j th element of the model output (simulated observations)

for a sampled configuration θ. The optimum θ̂ can now be searched for as the
solution θ minimising f1:

θ̂ ∈ argmin
θ∈DP

f1
(
M(θ),x

)
(6.11)

Finding the optimum of a function through black-box optimisation can be-
come a challenging and computationally intensive problem in higher dimensions.
To alleviate this problem, we take advantage of the special characteristics of model
inversion. Since forward simulation models are available, it is possible to follow
a ‘hybrid modeling’ approach (see, e.g., Verrelst et al. [35], Binh et al. [45] and
Ranghetti et al. [55]) to warm-start the optimisation algorithm. In hybrid mod-
eling, a machine learning model is trained on a look-up table (LUT) of simulated
data to predict the original inputs from the simulated outputs. Since these mod-
els will have their own inaccuracies, we opted to use their output to warm-start
the optimisation for step 1 in a part of the search space that is likely closer to the
optimum than a random- or mean initialisation would be.

Step 1 will converge to a single (generally global, depending on the landscape
and the choice of optimisation algorithm) optimum in the loss landscape of f1.
If the loss landscape is known to be multimodal and globally non-convex, there
may be solutions of similar quality to the identified θ̂ in other parts of the target
variable space, with their own ϵ-manifold. In this case, it is possible to repeat the
three steps for additional optima to approximate the ϵ-manifold set. After obtain-
ing the ϵ-manifold and adding these points to the ϵ-manifold set eMS, we exclude
those points in subsequent searches in lines 5, 7, 15 and 22 of Algorithm 6.1. This
prevents the algorithm from entering parts of the search space that are already
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(c) Dual-eMMI

Figure 6.4: Illustrations of the sampling strategies of the three optimisation-based variants of eMMI
(U-eMMI would simply uniformly sample the space) in an abstracted 2-dimensional loss landscape.

The green shaded area represents the parameter space DP , the red dot represents the optimum θ̂, and
the blue shaded area represents the ϵ-manifold with its blue border representing the ϵ-boundary. In

Conv-eMMI (Figure 6.4a), the points (purple dots) are optimising for diversity, constrained to not
exceed the ϵ-boundary. In Seq-eMMI (Figure 6.4b), the method first finds any point on the ϵ-boundary

(the green dot), after which it uses diversity optimisation (purple dots), constrained to not deviate
from the ϵ-boundary further than a threshold controlled by a hyperparameter β. In Dual-eMMI

(Figure 6.4c), half of the population (purple dots) is maximising its diversity as well as the distance
from θ̂, constrained to not move outside the ϵ-boundary, while the other half of the population

(orange dots) is maximising diversity and minimising its distance to θ̂, constrained to not move inside
the ϵ-boundary.

part of an ϵ-manifold. By Definition 6.3, any point θ already in an ϵ-manifold
eM j ∈ eMS could not be contained in any other ϵ-manifold eM j , enabling the
deletion of such points from the search space. By Theorom 6.1, if the objective
function value l ϵ = f1(M(θ̂t ),x) for the optimum θ̂t identified at the t th iteration is
greater than the ϵ-loss f1(M(θ̂0),x)+ϵ for the first optimum θ̂0, we consider all op-
tima and their ϵ-manifolds that should be within the ϵ-manifold set to have been
found.

We note that there may be more efficient solutions for multimodal globally
non-convex landscapes possible, especially when there are many viable local op-
tima, by using optimisation algorithms directly converging to multiple local op-
tima in step 1, instead of iterating the entire algorithm. However, in this article, we
focus primarily on unimodal and multimodal globally convex landscapes; further
extensions to improve the efficiency of eMMI for multimodal globally non-convex
landscapes are beyond the scope of this work.
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6.5.3. STEP 2: FINDING A DIVERSE SET OF SOLUTIONS AROUND THE

ϵ-BOUNDARY

For step 2, we perform diversity optimisation to efficiently obtain a set of samples,
usually along the ϵ-boundary. We sample along the ϵ-boundary, because this will
allow us in step 3 (see Section 6.5.4) to either directly approximate the ϵ-manifold
from the final solution set, or take advantage of the efficient sampling strategy
to greatly reduce the number of samples required for training a classification ap-
proach.

There are four different variants of eMMI, which differ mainly in their sam-
pling strategy in step 2 (uniform without heuristics, constrained diversity using
Equation 6.13, along the ϵ-boundary using Equation 6.14, and mutually opposite
objectives and constraints using Equations 6.15 and 6.16). The selection of the ap-
propriate eMMI-variant for a given problem can be automated using hyperparam-
eter optimisation (HPO). The first and simplest variant of our method, U-eMMI,
does not leverage any additional optimisation or heuristics, and instead uniformly
samples the target variable space (sample size B2). This variant may have advan-
tages over the other variants in low-dimensional problem settings with many dis-
joint ϵ-manifolds, as it does not attempt to exploit the locality of viable solutions,
but scales poorly to high-dimensional problems, where it would be strongly af-
fected by the curse of dimensionality (requiring an exponentially growing number
of samples).

The remaining variants of eMMI are founded on diversity optimisation tech-
niques. The appeal of diversity optimisation is that solutions push each other to
the edges of the constrained manifold, where distances are larger, while also main-
taining maximum distance to each other to span the entire manifold. We illustrate
the ideas of these three variants via the examples in Figure 6.4. If we denoteΘ as a
population of points θ obtained in different ways by the different eMMI variants,
every individual θ in the population Θ can be thought of as a single point moving
through the search space. Based on this population, a new objective function, f2

(line 23 in Algorithm 6.1), can then be used to optimise for diversity withinΘ.

The f2 function, therefore, requires a metric to quantify diversity within a pop-
ulation. It can be desirable to keep control over how many neighbours to consider
when computing the diversity metric value. Therefore, when computing the diver-
sity of a new candidate solution θ, we sortΘ based on the distance of its elements
to θ. If j indexes a target variable as the j th element of the vector θ, the generic
form of our diversity term di v(Θ,x,θ) can be written as:

di v(Θ,x,θ) = 1

k
·

k∑
s=0

1

|P | ·
|P |∑
j=1

|Θs
j −θ j | (6.12)
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Here, we select the k-nearest neighbours to θ in Θ, indexed by s. For example,
Θ2

3 would refer to the third variable of the second-closest configuration vector θ in
Θ, after being sorted. This results in a diversity scalar term representing the aver-
age distance between the values of a new solution θ and its k-nearest neighbours
in |P |-dimensional space.

In the following, we will describe the different heuristics enabled by Equation
6.12 to efficiently explore the search space for step 2 of the eMMI algorithm.

CONV-EMMI
In the first variant of our method, we use diversity optimization to push the solu-
tions in the population toward the ϵ-boundary, maximizing diversity to split the
population as equally as possible along the ϵ-boundary, forming an outline of the
boundary through its final solution set.

In the visual example of Figure 6.4a, the solutions θ of the population Θ are
visualised as purple dots, spread around the ϵ-boundary (though some later iter-
ations may start placing points to the centre of the ϵ-manifold, once the diversity
pressure from points on the ϵ-boundary becomes stronger). To achieve this, we
perform an iterative constrained diversity optimisation procedure for ni ter itera-
tions. The total budget for this step, B2, is split evenly between the ni ter iterations
(resulting in an individual budget of B2

ni ter
). In each iteration of this variant, the al-

gorithm searches for a new solution that maximises a new objective function, f2,
which quantifies the diversity of a candidate solution given the current set of solu-
tionsΘ obtained from previous iterations. Motivated by how diversity is measured
in quality diversity (QD) evolutionary algorithms [280], we can define the new ob-
jective f2 (used in line 23 of Algorithm 6.1) through the diversity term from Equa-
tion 6.12, and add a constraint to achieve the desired behaviour. In Conv-eMMI,
the search is constrained to not exceed the ϵ-boundary, only allowing solutions θ
within a distance of ϵ from the f1 value of the optimum θ̂. This can be formalised
as:

maximise
θ

f2(Θ,x,θ,ϵ) = di v(Θ,x,θ)

subject to f1(M(θ),x) ≤ f1(M(θ̂),x)+ϵ
(6.13)

The population Θ is initialised to the optimum found in step 1, encouraging
initial solutions to move to the points in the ϵ-manifold at the furthest distance
from the optimum, and each individual in the population updates sequentially. By
optimising for diversity while constraining the points not to exceed the ϵ-boundary,
the final set of points Θ will create an outline of the shape of the ϵ-manifold (line
30 in Algorithm 6.1).
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Conv-eMMI is conceptually intuitive, can easily integrate with arbitrary opti-
misation frameworks because every iteration essentially searches for a single new
optimum in a new ( f2) loss landscape, and does not rely on an additional approxi-
mation step that may introduce inaccuracies to the algorithm. On the other hand,
this variant will ‘waste’ some computation on filling the space between the opti-
mum and the ϵ-boundary, making it less efficient for large ϵ-manifolds. Moreover,
when representing the ϵ-manifold in step 3, Conv-eMMI can also only use the con-
vex hull-based approach described in Section 6.5.4, because its optimisation only
samples points within the manifold. This can limit its applicability in non-convex
use cases, while the computation of the convex hull can also be impossible for
some solution sets, or become intractable in higher dimensions.

SEQ-EMMI

The next two variants of our proposed method approximate the ϵ-manifold us-
ing classifiers, trained such that their decision boundary corresponds to the ϵ-
boundary, as opposed to the convex hull of the solution set. Although the details of
this procedure will be discussed for step 3 in Section 6.5.4, the efficient training of
such a classifier requires a change in the sampling approach for step 2, with a new
focus on sampling points that contribute most toward training such a classifier.
The history of function evaluations for the points sampled during the optimisa-
tion procedure can later form a training set for a classifier.

The intuition behind the second variant of our proposed method, Seq-eMMI,
is that it aims to sample along the ϵ-boundary. To do this, it first identifies any
point on the ϵ-boundary, and pushes its solutions along the boundary, at a speci-
fied tolerance level.

Visually, in Figure 6.4b, after finding a point on the ϵ-boundary (the green dot),
the solutions in the population move along the ϵ-boundary (the thick blue line)
within some tolerance level (indicated by the thin blue lines), until the budget is
exhausted. To this end, it uses a synchronous population-based update rule for its
diversity optimisation, rather than the asynchronous iterated approach employed
by Conv-eMMI. In Seq-eMMI, the size of this population npop is analogous to the
number of iterations ni ter in Conv-eMMI, and likewise, the individual budget for
every individual in the population is B2

npop
. In this sequential (Seq) version of eMMI,

the optimisation budget of one invdividual in the population is dedicated to find-
ing any point θϵ ∈ argminθ

[| f1(M(θ),x)− l ϵ|] on the ϵ-boundary, which will usu-
ally be relatively close to the optimum (lines 13-17 in Algorithm 6.1).

Once θϵ has been found, we initialise the rest of the population as copies of θϵ,
and optimise for diversity within the population Θ, while constraining the values
to remain close to the ϵ-boundary (parameterised by a tolerance hyperparameter
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β). The new objective function f2 (used in line 23 of Algorithm 6.1) for this variant
then becomes:

maximise
θ

f2(Θ,x,θ,ϵ) = di v(Θ,x,θ)

subject to l ϵ−β≤ f1(M(θ),x) ≤ l ϵ+β
(6.14)

In this variant, the set of solutions Θ contains all the current positions of the
population, and the final set of points, like Conv-eMMI, shows an outline of the ϵ-
boundary (but its function evaluations will contain both points barely inside the
ϵ-manifold and points barely outside of it). Seq-eMMI will not waste function
evaluations on sampling far away from the ϵ-boundary, or be pushed away from
the boundary by an overpowering push from the diversity objective. It also sup-
ports the use of classifiers as the ϵ-manifold representation approach for step 3 as
described in Section 6.5.4. However, it can be an inefficient way of exploring the
ϵ-boundary, because its steps must be made in a precise direction that does not vi-
olate its constraints, and because only the outer-most points in the population can
have a large impact on the diversity objective. For example, when imagining a pop-
ulation spread out over a line, only the two outermost individuals could increase
diversity by moving away from the rest of the population, while diversity improve-
ments in one direction by individuals in the centre of the line would come at the
cost of a reduction of diversity in the other direction, thereby potentially wasting
computation on these function evaluations.

DUAL-EMMI
The intuition behind the last variant of our method is that the population is split
into two ‘competing’ halves, with both sub-populations pushing from opposite
sides against, but unable to exceed, the ϵ-boundary, thus achieving a balanced
data set of in-samples and out-samples in the process.

In Figure 6.4c, the purple dots are trying to ‘push’ the ϵ-boundary outward from
their origin point of the optimum, while the orange dots are trying to push the
ϵ-boundary inward from their origin point outside of the ϵ-manifold. Like Seq-
eMMI, Dual-eMMI uses a population-based approach. The population is split
into sub-population Θa , contained inside the ϵ-manifold (initialised to the opti-
mum), and sub-population Θb , situated outside of it (initialised randomly). The
individuals in Θa will try to maximise their distance from the optimum θ̂, as well
as the diversity within the population Θa , constrained to not move outside of the
ϵ-boundary. Meanwhile, individuals in Θb will still optimise for diversity within
their sub-population Θb , but will also aim to minimise the distance to the opti-
mum θ̂, constrained to not move within the ϵ-boundary. The balance between the
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diversity and distance objectives can be tuned via the hyperparameter α, follow-
ing a scalarisation approach to multi-objective optimisation [281, 282]. Formally,
individuals inΘa solve:

maximise
θ

f2a (Θa ,x,θ,ϵ) =α ·di v(Θa ,x,θ)+ (1−α) ·
|P |∑
j=0

|θ j − θ̂ j |

subject to f1(M(θ),x) ≤ l ϵ
(6.15)

Here l ϵ refers to the ϵ-loss. Meanwhile, individuals inΘb solve:

maximise
θ

f2b (Θb ,x,θ,ϵ) =α ·di v(Θb ,x,θ)− (1−α) ·
|P |∑
j=0

|θ j − θ̂ j |

subject to f1(M(θ),x) ≥ l ϵ
(6.16)

Dual-eMMI is more efficient than Seq-eMMI, obtains more diverse samples
away from the ϵ-boundary and ensures that there is a reasonable balance between
in-samples and out-samples. On the other hand, its two objectives must be com-
bined, with benefits to one objective potentially coming at the expense of the other.
Unlike in typical multi-objective settings, where a Pareto-front of non-dominated
solutions is the desired outcome, our reliance on diversity and need for training
data set samples made this a non-trivial extension to add; however, future work
may look further into the use of other types of multi-objective optimisation ap-
proaches.

6.5.4. STEP 3: APPROXIMATING THE ϵ-MANIFOLD
Finally, in step 3, we use the points sampled in step 2 to approximate the ϵ-manifold.
We required methods applicable to problems of arbitrary dimensionality, because,
unlike the two-dimensional examples used in our visualisations, these boundaries
cannot be trivially drawn using, e.g., contour lines. In our current approach, there
are two options for extracting a representation of the ϵ-manifold from these points.

The first approach is to compute the convex hull of the final set of pointsΘ. The
optimisation procedure would have encouraged points to span the ϵ-boundary,
making the convex hull of the resulting point cloud an intuitive representation of
the ϵ-manifold that follows directly from the final points without further approxi-
mation steps. We used Delaunay triangulation (see, e.g., Lee and Schachter [283])
to check whether a new point is contained in this convex hull. This approach as-
sumes convexity and may fail to compute a convex hull if the assumption is vi-
olated, may be costly in higher dimensions, and does not take advantage of the
many points sampled during the optimisation procedure.
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The second approach is to store the results of the function evaluations for the
points sampled during step 2 in a data set H , consisting of the points Hx sampled
during step 2 and their labels Hy indicating whether their loss is lower or higher
than the ϵ-loss, and train a classifier on these points. Intuitively, the ϵ-boundary
can be viewed as an ideal decision boundary for a binary classification problem,
separating points inside the ϵ-manifold (positive labels) from points outside of it
(negative labels). Therefore, the ϵ-boundary can be approximated by the decision
boundary of a binary classifier trained on positive and negative examples in H , that
had already been sampled during optimisation. The ϵ-manifold them becomes the
space bounded by this decision boundary, or, if finite sets are preferred, the points
in H themselves can be used.

The advantages of using a classifier include reduced assumptions on the loss
landscape (as different types of classifier can model different types of decision
boundaries), improved computational efficiency, and a convenient method of check-
ing whether new points are in the ϵ-manifold. On the other hand, representing
ϵ-manifolds as a classifier may be less intuitive than using a convex hull. There
can also be technical downsides to such an approach: classifiers usually perform
best when presented with balanced data (roughly equal numbers of in- and out-
samples), some classifiers may be unable to extrapolate beyond the neighbour-
hood of the sampled training points (requiring training samples spread through-
out DP ), and using classifiers introduces an additional step of imperfect approxi-
mation.

To make our method more robust to two specific scenarios it may be weak to,
we added two additional options to eMMI. First, we allow users to filter points
in low-density regions out of H for probabilistic simulators or loss functions. The
rationale for this option is that, in probabilistic cases, parts of the search space with
a low sampling density may be misrepresented by one or a few points that returned
an unlikely, non-representative result for a single point. By filtering points based
on their density, this problem can be alleviated (if computational resources are
available for it, it is also possible to sample every point multiple times in these
cases).

The second option is to allow users to spend a proportion of the budget of step
2 (B2) on pure exploration, as in U-eMMI; we refer to this proportion as Bexp . De-
pending on the type of classifier, there may be a benefit of H containing points that
sparsely cover the entire search space, to enable extrapolation beyond the area
in the direct vicinity of the decision boundary. Both options can be controlled
through hyperparameters, which can be tuned automatically through hyperpa-
rameter optimisation.
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Figure 6.5: Examples of Conv-eMMI applied to two-dimensional non-convex optimisation benchmark
functions with increasing difficulty. The three hump camel function (Figure 6.5a) is globally

non-convex, but locally convex around its three local optima with no sub-maxima within the
neighbourhood of the optima. In this case, the optima were close together, so all optima were

contained within the ϵ-manifold. The Ackley function (Figure 6.5b) is globally non-convex and locally
convex for the level of ϵ, but with multiple sub-optima between the optimum and the ϵ-boundary. In
this case, the sub-maxima did not exceed the ϵ-loss, allowing eMMI to effectively extract most of the
ϵ-manifold, but with some lower detail at the border. The Rastrigin function (Figure 6.5c) is globally
and locally non-convex, with the sub-maxima between the optimum and the ϵ-boundary exceeding

the ϵ-loss. In this case, the ϵ-manifold extracted by Conv-eMMI contained many false positives for the
parts of the parameter space where sub-maxima exceeded the ϵ-loss, marking the limits of

Conv-eMMI in its current form.

6.5.5. LIMITATIONS OF THE CURRENT HEURISTICS

The current heuristics for eMMI (excluding U-eMMI, which is generally applicable
but scales poorly) are applicable to loss landscapes where viable solutions are cen-
tred around an optimum. This makes our method directly applicable to unimodal,
globally convex inversion loss landscapes. Even if a full loss landscape is globally
non-convex, our method is still applicable if there is local convexity around the op-
timum. We describe how the method could be applied to this type of multimodal,
locally convex landscape in Section 6.5.2.

Within local convexity, we can further differentiate between monotonic locally
convex landscapes and non-monotonic locally convex landscapes. If the land-
scape is (locally) monotonic, it is also locally convex: if its loss values only strictly
increase or stay equal with distance to the optimum, it is impossible for another
optimum to exist within this local neighbourhood. If the local landscape is non-
monotonic, there may be ‘sub’-minima and maxima within the local neighbour-
hood of the optimum. If these sub-maxima do not exceed the ϵ-loss, eMMI can
still be applied to such non-monotonic local landscapes (because even all of its
highest values lie between the minimum and the ϵ-loss).

Finally, the current heuristics of eMMI would be less well-suited to landscapes
where the sub-maxima of a non-monotonic local landscape exceed the ϵ-loss, in
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which case the ϵ-manifold could contain false positives, while the approximated
ϵ-boundary is likely to have stopped expanding too early. For this type of prob-
lem, we recommend using U-eMMI to avoid the assumption of local convexity, al-
though the lack of efficient sampling heuristics from the other variants may result
in poor scalability.

We have visualised example runs of Conv-eMMI (for details, see Section 6.5.3)
for three non-convex benchmark functions in Figure 6.5: the three-hump-camel
function, which is globally non-convex but monotonically locally convex, the Ack-
ley function [284], which is globally convex, but locally non-monotonically convex,
and the Rastrigin function [285], which is globally and locally non-monotonically
non-convex. As the Figure shows, Conv-eMMI approximated the ϵ-manifold well
for the three hump camel function, performed reasonably well (but showed some
inaccuracies along the ϵ-boundary) for the Ackley function, but contained many
false positives for the sub-maxima in the Rastrigin function. Therefore, this type of
landscape can be considered the limit of the type of ϵ-manifold that can efficiently
be approximated by eMMI with the current heuristics (although U-eMMI could
still approximate it inefficiently, or other, novel heuristics may perform better).

6.6. EXPERIMENTS
In the following, we explain the details of our computational experiments aimed
at answering the following chapter research questions (CRQs):

1. What is the effectiveness of ϵ-manifolds at representing the set of viable so-
lutions D′

P compared to uncertainty quantification approaches?

2. How does the ϵ-manifold approximation performance of eMMI compare to
statistical baseline methods in terms of classification performance on vali-
dation points spread around the target variable space?

3. How large does the eMMI budget need to be to converge to its best perfor-
mance, and how is this impacted by the dimensionality of the problem?

We will first expand on the research questions and the experimental setup we
used to answer them in Section 6.6.1, after which we will introduce the simula-
tors used in our experiments in Section 6.6.2, and the baseline methods in Section
6.6.3.

6.6.1. EXPERIMENTAL SETUP
We will explain the motivation behind the research questions, and the experiments
we created to answer them, individually per research question.
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CRQ1: EFFECTIVENESS OF ϵ-MANIFOLDS

For this research question, we were interested whether a ‘perfect’ ϵ-manifold would
result in a performance increase over generalising existing statistical uncertainty
quantification techniques to this purpose. If these ideal ϵ-manifolds significantly
outperform uncertainty quantification techniques, it suggests that approximating
them is a worthwhile exercise. Conversely, if they do not outperform these meth-
ods, it indicates that the assumptions underlying ϵ-manifolds (loss-dependent shifts
and loss-dependent origins) may not hold. This would imply that a strong approx-
imation performance by eMMI might not necessarily lead to more robust analyses.

To test for this, we introduce two ‘oracle’ style methods. These methods enable
a direct comparison between ϵ-manifolds and confidence intervals, independent
of their approximation efficacy. Given a noisy observation vector x, both methods
return a set of potential solutions V for this model inversion problem. Intuitively,
the solution set of a perfect method should always contain the optimum for the
(unavailable) noise-free observations x+, while excluding any solutions that could
not have been the true solution if the random noise had been different. In this ex-
periment, we iterated over instances, and performed classification for two points:
first, the true values θ+ ≈ θ̂+, which should always be contained in the viable solu-
tion set, and second, a negative example point that should be excluded.

The first oracle-style method concerns ϵ-manifolds. Classifying the noise-free
optimum and any negative example point is straightforward: the pre-computed
noisy optimum θ̂ and its loss function value are already known to the oracle method.
Therefore, for any ϵ, we can compute the ϵ-loss as l ϵ = f1(M(θ̂),x)+ ϵ. We classify
new points θ by computing their loss function value f1(M(θ),x) and comparing it
to the ϵ-loss l ϵ following Equation 6.6. If the loss-dependent origins assumption
holds, we would expect this oracle-based method to classify these points nearly
perfectly, bounded only by the suitability of ϵ to the current instance and the ac-
curacy of the optimum θ̂. If the performance is weaker, it could indicate either a
large variability of the appropriate setting for ϵ between instances, or that the loss-
dependent origins assumption is less strongly satisfied. In other words, a lower
score suggests that the loss landscape for a noisy observation corresponds less
closely to the probability of being the original, noise-free optimum.

As a baseline, we compared our approach to an oracle-based uncertainty quan-
tification approach using a Gaussian distribution parameterised by mean µ and
standard deviation σ. We perform classification using the confidence interval [µ−
2σ,µ+ 2σ] as described in Section 6.6.3. The parameters µ and σ were set us-
ing oracle knowledge, with the mean µ = θ+, and the standard deviation σ de-
rived directly from the evaluation points labelled as being in the ϵ-manifold (see
Section 6.6.2 for details). This setup, using unknown true values and comput-
ing sample statistics directly from the validation points used to evaluate perfor-
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mance, ensured that the Gaussian distribution parameterisation had the strongest
possible performance. We expected this baseline method to perform well on the
simulation-based inference tasks that are based on distribution parameterisation,
but perform worse than ϵ-manifolds for complex loss landscapes, such as those of
physical models or dynamical systems.

CRQ2: EMMI PERFORMANCE FOR APPROXIMATING THE ϵ-MANIFOLD

Having shown that ϵ-manifolds can entail substantial performance improvements
(CRQ1), the next step is to empirically validate the performance of our proposed
approximation method, eMMI.

In all experiments, we set the total function evaluation budget B available to
eMMI at 20000. For the baseline methods (see Section 6.6.3), ABCSMC shared this
budget, while the uncertainty quantification baselines do not rely on sampling or
optimisation at inference time. Instead, these baseline methods were trained on
20000 training instances. Prior to running the methods on our main experiments,
we performed hyperparameter optimisation for all methods using SMAC3 [286] for
48 hours to ensure that the methods were properly configured. For a single hyper-
parameter configuration, we evaluated the performance in batches of 10 instances
to make the procedure more robust to noisy simulations and f1 function evalua-
tions.

We measured the performance of the different methods based on the classifi-
cation performance (notably accuracy) on a balanced set of validation points, as
described in Section 6.6.2. A high classification performance indicates that a large
proportion of the validation points were correctly classified to be either inside or
outside of an oracle ϵ-manifold (as used in CRQ1), thereby indicating effective ap-
proximation.

CRQ3: EMMI BUDGET AND SCALABILITY

The eMMI method requires an optimisation procedure to identify the optimum
θ̂ (step 1), after which it must spend more function evaluations to sample points
around the search space (step 2). As a result, running eMMI will often be more
computationally intensive than running the baseline methods at inference time,
and the applications for eMMI may differ from those of uncertainty quantification
(see Section 6.4.3). For CRQ3, we were interested in how much budget B eMMI
needs to converge to a strong classification performance, and how this budget is
affected by the dimensionality of the problem.

To test this, we ran eMMI on 50 instances for all versions of the multi-dimensional
linear regression simulator (see Section 6.6.2), which we configured for 2, 5, 10, 20
and 50 dimensions. We ran eMMI with a budget of 50000 function evaluations,
and trained a classifier on subsets of the sampled points in steps of 500 additional
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evaluations (i.e., 0− 500, 0− 1000, 0− 1500, etc). This simulated different step 2
sampling budgets B2. We then plotted the average classification performance over
the instances as a function of the budget, for all 5 dimensionalities. This plot will
show how many function evaluations are needed to converge to a stable perfor-
mance, as well as showing whether larger-dimensional problems require a larger
budget to converge.

GENERAL EXPERIMENTAL WORKFLOW

For all experiments described above, we first needed a suitable value for ϵ for every
simulator, based on the expected optimum shift. Although the desired level of con-
fidence is up to the user, we designed the following process to set the value of ϵ to
correspond to the 95% confidence intervals of UQ, thereby allowing a comparison
between the two approaches. To automatically determine this ϵ value, we loaded
the original true target variable configurationθ+ for the validation instances, along
with the pre-computed optimum θ̂ for the noisy observations x of the same in-
stance, and computed the increase in loss value between the simulated output for
the true configuration M(θ+) and the simulated output for the pre-computed op-
timum M(θ̂). Finally, we derived the appropriate value for ϵ as the 95th percentile
of the differences in f1 values between the pre-computed optima and true config-
urations. Here we note that, despite this statistical approach to setting ϵ, the rele-
vant statistics are still loss function values, and not distances in the target variable
space.

Every experiment was run on a compute cluster with an Intel Xeon E5-2683 v4
CPU and 128GB RAM per node, of which we reserved 16GB per experiment.

In the following, we will introduce the data sets (simulators), baselines and per-
formance metrics used in our experiments.

6.6.2. SIMULATION MODELS

Our workflow for the simulators is highly modular, and adding new simulators to
our implementation consists only of adding a description of its input parameters
(target variables) and a function call for the forward simulation, allowing users to
incorporate their own simulators if they wish to. We performed empirical exper-
iments on the following 7 simulator models representing physical models (Earth
science), dynamical systems, simulation-based inference and machine learning
problem settings. We will introduce the simulation models grouped by the type of
model.

Physical models (1 model, 2 versions). As our representative physical model
we used PROSAIL, [190, 43, 44] a radiative transfer model (RTM) that is extensively
used in real-world applications estimating vegetation properties from remotely
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sensed spectral data. We selected the 4 most impactful variables (leaf area in-
dex (LAI), chlorophyll a +b content, average leaf angle, and dry matter content)
of this model to perform our experiments, while fixing the remaining variables to
static values. We also included experiments with only two of the most important
variables, to show the impact of the dimensionality of the problem for physical
models, and enable the visualisations of Figures 6.1b and 6.3.

Dynamical systems (2 models). We used the implementation of dynamical
systems simulation models provided by DAPPER [287], from which we selected the
Two Pendulums (TP) and Lorenz63 models. In dynamical systems, the parameters
of the simulator represent the state of some system, that is updated over multiple
time steps. The observations, in this case, consists of the state of the system af-
ter updating for a user-defined number of time-steps. Inverting this type of model
is often ill-posed, and the system is often considered chaotic (dynamic systems
with a strong sensitivity to the initial conditions) [288]. Finding a set of potential
solutions through uncertainty quantification in such ill-posed landscapes would
be challenging, because it violates the assumptions of the distributions, while the
current versions of eMMI will likewise not be well suited to these landscapes due
to the convexity assumptions (though ϵ-manifolds themselves may still be highly
effective, if they are approximated well). For both simulators, we limited our inver-
sion to a single time step, as the compound of uncertainty over multiple time steps
of inversion may quickly get computationally infeasible.

Simulation-based inference (2 models). We used the Gaussian mixture (GM)
[251] and Two Moons (TM) tasks from the simulation-based inference benchmark
by Lueckmann et al. [219] to evaluate our proposed method. Both were selected for
their tractable execution time, with GM representing a relatively simple problem
conforming to the assumptions made by eMMI and the baseline methods, while
TM represented a more complex, bimodal and often non-convex landscape.

Machine learning parameterisation (1 model, 5 versions). As explained in
Section 6.1, machine learning training is a special kind of model inversion prob-
lem, where its parameterisation (usually model weights) must be set in such a way
that, when combined with a data set of features, its simulated output (predictions)
has a minimal distance to the observations (ground truth data). Therefore, al-
though the predictions and their quality-of-fit are generally the variables of interest
in machine learning, the weight parameters are the variables being inferred during
the training procedure. Although it is unlikely that ϵ-manifolds can be computed
for deep neural networks with numbers of parameters orders of magnitude higher
than typical problem cases, we consider the analyses on traditional machine learn-
ing algorithms enabled by ϵ-manifolds (for example, certain types of robustness
analysis, loss landscape analysis, ill-posedness analysis, and data set difficulty) to
have a high potential for impact.
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Figure 6.6: Visualisation of our data generation pipeline.

The simulation model we used consisted of an d-dimensional linear regression
(LR) model, with d +1 trainable parameters (the weights and a bias term). We in-
cluded problems with a dimensionality d of 2, 5, 10, 20, and 50 weights. For every
dimensionality, we pre-generated d independent feature vectors for 100 examples
(we refer to the instances of the machine learning task as examples to avoid confu-
sion with the model inversion instances), which we kept constant for all instances.
We simulated ground truth data using randomly generated model parameterisa-
tions, after which we perturbed the simulated ground truth to emulate noisy train-
ing data – a realistic scenario, for which ϵ-manifolds could be used in the same
manner as for the other model inversion tasks.

EXPERIMENTAL DATA GENERATION

We visualised the general workflow for data generation in Figure 6.6. We have or-
ganised the data generation steps as phases. The data required by our experiments
consisted of, for every instance of every simulator, i) a true target variable config-
uration θ+ and its simulated output (observations) x+ = M(θ+), ii) a noisy version
x of the observations x+ and the pre-computed true noisy optimum θ̂, and iii), a
balanced set of validation points θcl f with associated labels ycl f , such that ycl f = 1

if and only if f1
(
M(θ),x

)≤ f1
(
M(θ̂),x

)+ϵ, and ycl f = 0 otherwise.
Phase 1: generating noise-free and noisy data. For every simulator M , we gen-

erated a training-, validation- and test set. The training data set was used by eMMI
(if warm-starting the optimisation) and the uncertainty quantification baselines
(for details, see Section 6.6.3), and consisted of 20000 instances. The validation-
and test sets contained 200 instances each. To create these data sets, we gener-
ated individual instances i by randomly sampling a true input vector θ+[i ] from
the target variable space DP , for which we created a noise-free simulated obser-
vation vector x+[i ] by performing a simulation on θ[i ]: x+[i ] = M(θ+[i ]). We then
saved the pair of noise-free observations and true configurations (x+[i ],θ+[i ]) for
all instances i . After this, we created a noisy version x[i ] of the noise-free obser-
vations x+[i ] by adding 10% additive Gaussian noise to the elements j of x+[i ]:
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x[i ]
j = x+[i ]

j +N (0,0.1 · x j ). Here x j is the mean value of target variable P j in the

sample of noise-free observation instances.
Phase 2: pre-computing the noisy optimum. Every instance in the validation-

and test sets required a ‘ground truth’ global optimum θ̂ to the loss landscape of
f1

(
M(θ),x

)
, allowing us to compute the true ϵ-loss and evaluate methods later. To

this end, we performed 50000 iterations of black-box optimisation to pre-compute
the optimum θ̂[i ] of the instance for the noisy observations x[i ] (using random
search with a very high budget to avoid confounding through the choice of op-
timisation algorithm). Because this budget is much larger than the budget used
by eMMI in practice, pre-computing the optima in this manner enabled reliable
and efficient evaluation of method performance later, although the high compu-
tational cost limited our experiments on simulation models with tractable compu-
tational costs. In the interest of conserving computational resources, we did not
pre-compute optima for the training set, where the ground truth values θ+ could
be used for training.

Phase 3: generating validation points. In addition to the simulation instances
themselves, every instance in the validation- and test sets required a sample of
points Θ[i ]

cl f , consisting of individual points θ[i ]
cl f , allowing us to evaluate the clas-

sification performance, as explained in Section 6.5.4, for the ϵ-manifold of that
instance. These points were associated with the label vector y[i ]

cl f , whose labels de-

note if the instance is inside or outside of the ϵ-manifold.
To ensure that we obtained balanced validation data sets (especially in higher

dimensions), we performed random sampling with a large budget of 100000 func-
tion evaluations, and performed post-hoc rejection sampling to obtain a balanced
number of true and false evaluation examples. Computing these evaluation sam-
ples, along with the pre-computed optima mentioned above, is highly compu-
tationally intensive, and these elements together form the largest computational
bottleneck of our experiments. We note that this computational load was used
only to ensure a fair empirical evaluation of the methods, and it would not be a
factor when applying our proposed method or baseline methods to real model in-
version problems.

A summary of the data set characteristics can be found in Table 6.1.

6.6.3. BASELINES AND PERFORMANCE METRICS

In our experiments for CRQ1 we compared ϵ-manifolds to an oracle-based uncer-
tainty quantification (UQ) baseline in the form of parameterised Gaussian distri-
butions; we explain this baseline in Sections 6.6.1, since it does not necessarily rep-
resent any particular method. In contrast, when evaluating eMMI, we compared
the empirical performance of our method to those of concrete baseline methods.
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Property
Data split

Training set Validation set Test set
# noise-free instances 20000 200 200
# noisy instances 20000 200 200
# validation points / instance 0 2 – 100000 2 – 100000
contains noisy optimum × ✓ ✓

Table 6.1: Summary of the data generated for every simulator. Because we used rejection sampling to
generate validation points for every instance, the number of points can vary between 2 and 100000

points.

These methods can be highly effective at their intended purpose of inference and
uncertainty quantification; our empirical comparison will, therefore, not evaluate
the value of the methods themselves, but rather gauge whether such existing meth-
ods can be generalised such that the resulting statistical confidence intervals can
be interpreted as an effective approximation of ϵ-manifolds. We compared against
the following baselines:

• Gaussian processes (GP). We used GPs as an UQ baseline because these are
the primary prediction model preferred by domain users of physical mod-
els [46, 54], where GPs are preferred in part because of their inherent un-
certainty estimation. It is, therefore, useful to test whether the uncertainty
estimation of GPs approximates the actual ϵ-manifold of a problem instance.

• Random forests (RF). RFs are a frequently used ensemble method, allowing
for uncertainty quantification through the standard deviation of the predic-
tions of individual trees following an ensembling approach to uncertainty
quantification [262, 263].

• Bayesian neural networks (BNN). BNNs represent advances in neural network-
based approaches boasting impressive performance. To perform inference
with the BNN, we computed the standard deviation of the predictions of the
model, which, due to the weights being a distribution, are not determinis-
tic. The model itself was based on the implementation provided by Lee et
al. [289], although we automated the selection of the architecture using hy-
perparameter optimisation.

• Approximate Bayesian computation – sequential Monte Carlo (ABCSMC)
[290]. We used this recent variant of ABC as a representative method for
conventional SBI methods. Although SBI methods and ϵ-manifolds are not
strictly competitive (see Section 6.2), in principle, the inherent statistical na-
ture of SBI could be interpreted as an equivalent to ϵ-manifolds, making this
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a meaningful comparison. Since ABC usually infers a (non-parametric) pos-
terior distribution over the target variables, a 95% confidence interval can
be constructed by including points whose weights lie between the 2.5th and
97.5th percentiles.

• Tabular prior-fitted network (TabPFN) [291, 292]. TabPFN is a state-of-the-
art foundation model for tabular data, able to perform zero-shot inference
on tabular data sets, often with a strong performance comparable to spe-
cialised models. When performing inference, the model can include per-
centiles in its predictions, enabling the construction of 95% confidence in-
tervals. To prevent out-of-memory issues, we increased the memory avail-
able to this method fourfold to 64GB.

For all machine learning-based baselines we trained (GP, RF, BNN) or fine-
tuned (TabPFN) the model on 20000 simulated training instances (with noise),
and we also trained the machine learning model used to warm-start the eMMI
optimisation from step 1 (see Section 6.5.2) on this training set. We quantified
uncertainty for the UQ methods as the 95% confidence interval, given by two stan-
dard deviations σ from the mean unless otherwise specified. This confidence in-
terval matches the confidence interval used to derive ϵ, as described in Section
6.6.1. Given a model inversion instance i , for which the UQ methods predict a
mean µ[i ] and a standard deviation σ[i ], and a sample of pre-computed evaluation
points for instance i , the points within the ϵ-manifold should lie within the interval
[µ[i ] −2σ[i ],µ[i ] +2σ[i ]].

To evaluate the performance of the different methods numerically, we com-
puted the accuracy (suitable because we strictly enforced data set balance using
our post-hoc rejection sampling approach) for the different methods on all model
inversion problems. We determine the significance of a performance difference
using Wilcoxon signed-rank tests at a significance level α = 0.05. We note that
the empirical results for these experiments are not designed to test the quality
of the predictions of these methods themselves, but rather the suitability of the
uncertainty quantification components of existing methods for approximating an
ϵ-manifold.

6.7. RESULTS

The empirical results presented in the following are organised per chapter research
question (CRQ).
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Dataset ϵ-manifold Uncertainty quantification
PROSAIL 1.0±0.0 0.84±0.37
PROSAIL 2D 0.68±0.47 0.74±0.44
TP 0.8±0.4 0.62±0.49
Lorenz63 0.9±0.3 0.62±0.48
GM 0.86±0.35 0.89±0.31
TM 0.97±0.17 0.74±0.44
LR 0.86±0.34 0.76±0.43

Table 6.2: Results for the oracle-based ϵ-manifold validation experiment for RQ2, showing accuracy
scores for a classification task where, for every instance, the true values θ+ had to be predicted along

with a negative sample from the validation points. A bold column in the table represents a
significantly better result, determined by a Wilcoxon signed-rank test at a significance level α= 0.05,
where the samples consisted of correct or incorrect classification (thereby enabling the computation

of a standard deviation and rank-based comparisons).

6.7.1. CRQ1: EFFECTIVENESS OF ϵ-MANIFOLDS

The results for CRQ1 can be found in Table 6.2. As the table shows, a perfect ϵ-
manifold performed significantly better than a perfect Gaussian distribution pa-
rameterisation as uncertainty quantification on nearly all tested simulation mod-
els, only tying on the Gaussian mixture and PROSAIL 2D simulators (both of which
have loss landscapes that adhere relatively well to the assumptions of a Gaussian
statistical kernel). This means that an ϵ-manifold for a noisy model inversion in-
stance is more likely to contain the true solution θ+, without needlessly including
infeasible points.

Despite the strong advantage over perfectly parameterised uncertainty quan-
tification, the performance of ϵ-manifolds appears to vary between simulation
models, especially between the full version of PROSAIL (perfect scores) and the
two-dimensional version of PROSAIL (lowest scores out of the tested simulators).
This counterintuitive result implies that higher-dimensional problems are not nec-
essarily more difficult to deal with, in terms of uncertainty quantification, than
higher-dimensional manifolds.

In the case of PROSAIL, this behaviour might be explained through domain
knowledge by examining the properties of the physical model, in which the leaf
area index (LAI) parameter is known to have an impact on the behaviour of other
parameters. In lower-dimensional settings, the relative impact of the complexities
introduced by the LAI parameter is higher than it is in higher-dimensional set-
tings, where the other model parameters may have a more modest and indepen-
dent impact on the loss landscape. It is also possible that the appropriate setting
of ϵ, which we set constant for all instances, is more variable for low-dimensional
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problems than for high-dimensional settings, in which case future work aimed at
further improving the heuristic by which ϵ is set might hold significant promise.

The results for the dynamic systems simulators (Two Pendulums and Lorenz63)
were quite favourable for ϵ-manifolds compared to UQ. This follows expectations,
considering the chaotic nature of these simulators, which a Gaussian distribution
may be ill-suited to represent. The results for the probabilistic simulation-based
inference simulators (GM and TM) also both favoured ϵ-manifolds over uncer-
tainty quantification, as did those for the linear regression (LR) machine learning
model parameterisation task.

We found that the lower accuracy of uncertainty quantification often stemmed
from a combination of near-perfect precision with low recall or, more rarely, high
recall with poor precision (these results can be found in Appendix B.2). This fre-
quent overconfidence may be explained in part by a low prior probability of some
viable solutions, where a solution that is far removed from the point prediction
(and therefore has a low probability) would be considered unlikely, regardless of
whether there is a large difference in the loss function value. Therefore, these re-
sults support the intuition we described in Section 6.4.3 on why statistical uncer-
tainty quantification may not always be an appropriate choice for finding viable
solution sets. Alternatively, the loss landscape may simply have not adhered to
a Gaussian distribution form, such as in the chaotic landscapes of the dynamical
systems simulators (as the particularly low accuracy scores for TP and Lorenz63
also indicate).

In conclusion, regarding CRQ1, perfect ϵ-manifolds appear to be more effec-
tive than perfect uncertainty quantification for identifying the set of potentially
valid solutions in most noisy model inversion problems. This indicates that UQ
methods, while highly valuable when applied to their intended purpose, cannot
be directly generalised to approximate ϵ-manifolds.

6.7.2. CRQ2: EMMI PERFORMANCE

The results for our experiments validating eMMI as a method to approximate ϵ-
manifolds can be found in Tables 6.3 (comparing eMMI to baseline methods) and
6.4 (comparing eMMI variants).

The results in Table 6.3 show that eMMI performed significantly better than
the baseline methods we considered on all tested simulators, with a generally high
accuracy that only dropped for Lorenz63 (a chaotic system) and TM (a bimodal
problem), both of which give rise to loss landscape types for which the current
heuristics were not designed. The baseline methods, as might be expected based
on the results from Table 6.2, often achieved an accuracy close to 0.5, indicating
overconfidence with a low recall (precision and recall results can be found in Ap-
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Method PROSAIL PROSAIL 2D TP Lorenz63 GM TM LR
RF 0.54±0.06 0.55±0.08 0.5±0.0 0.5±0.01 0.88±0.12 0.57±0.19 0.5±0.0
GP 0.74±0.1 0.61±0.13 0.51±0.03 0.5±0.0 0.57±0.16 0.5±0.0 0.5±0.0
BNN 0.53±0.09 0.73±0.16 0.51±0.03 0.5±0.0 0.58±0.13 0.5±0.0 0.5±0.0
ABCSMC 0.52±0.16 0.53±0.2 0.52±0.17 0.49±0.1 0.45±0.18 0.53±0.17 0.5±0.0
TabPFN 0.5±0.0 0.5±0.0 0.5±0.0 0.5±0.0 0.42±0.05 0.5±0.0 0.5±0.0
eMMI 0.87±0.1 0.89±0.09 0.88±0.12 0.57±0.1 0.97±0.07 0.73±0.14 0.89±0.12

Table 6.3: Accuracy of the different methods approximating the ϵ-manifolds, with all hyperparameters
for all methods (including the appropriate eMMI variant) automatically determined through
hyperparameter optimisation. For every simulator, the best performance has been marked in

boldface, with statistical significance determined by a Wilcoxon signed-rank test at significance level
α= 0.05. These results suggest that existing statistical methods cannot be generalised to effectively

approximate ϵ-manifolds, necessitating new, specialised frameworks (i.e., eMMI).

Method PROSAIL PROSAIL 2D TP Lorenz63 GM TM LR
U-eMMI 0.55±0.09 0.72±0.19 0.56±0.07 0.5±0.01 0.99±0.03 0.76±0.17 0.92±0.15
Conv-eMMI 0.68±0.15 0.82±0.1 0.54±0.03 0.5±0.02 0.99±0.04 0.75±0.11 0.51±0.01
Seq-eMMI 0.69±0.17 0.77±0.15 0.55±0.06 0.5±0.01 0.98±0.06 0.68±0.12 0.89±0.11
Dual-eMMI 0.72±0.18 0.88±0.1 0.58±0.08 0.5±0.01 0.97±0.06 0.73±0.14 0.91±0.11

Table 6.4: Accuracy of approximating the ϵ-manifolds by individual eMMI variants. For every
simulator, the best performance has been marked in boldface, with statistical significance determined

by a Wilcoxon signed-rank test at significance level α= 0.05.

pendix B.2). This pattern was likely caused by many solutions that could satisfy ob-
servations with low prior probabilities not being represented in the training data
set. In some cases, such as PROSAIL 2D, the results for eMMI were better than
those for the oracle-based ϵ-manifolds in Table 6.2. This is possible, because the
results in Table 6.2 measure the efficacy of ϵ-manifolds themselves at including
the true solution, while the results in Table 6.3 measure the efficacy of eMMI in
approximating the ϵ-manifold. Therefore, the accuracy would still be expected to
be relatively low for PROSAIL 2D, despite eMMI approximating the ϵ-manifold for
this simulator well.

The results in Table 6.4 indicate that the different variants of eMMI perform
well on different types of simulators, supporting our view that having multiple
eMMI variants (whose selection can be automatically tuned using hyperparame-
ter optimisation, as we did) can be beneficial. U-eMMI, Conv-eMMI and Dual-
eMMI all performed significantly best on 3 simulators (subject to possible ties
in performance); however, out of the four variants we tested, we consider Dual-
eMMI to have achieved strong results most reliably. Even in cases where U-eMMI
performed significantly better than Dual-eMMI (GM, TM and LR), the differences
in performance were very small, while in cases where U-eMMI performed poorly
(PROSAIL), Dual-eMMI performed substantially better.
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(b) B2 = 1000

Figure 6.7: Average classifier accuracy over 50 instances of the linear regression simulator
(dimensionality d of 2, 5, 10, 20, and 50 parameters) when trained on a dataset consisting of points
sampled by eMMI, as a function of the eMMI sampling budget B2, for a maximum budget of 20000

(Figure 6.7a) and 1000 (Figure 6.7b). In all cases, the classifier converged to a stable performance very
early on (< 200 samples), even for the 50-dimensional linear regression model, although the variability

between instances was high.

In conclusion, regarding CRQ2, the current form of eMMI appears to be able to
capture ϵ-manifolds better than UQ-based methods, indicating that even sophis-
ticated UQ methods cannot be generalised to ϵ-manifold approximation. How-
ever, when faced with chaotic systems (such as the dynamical systems simulators),
the performance improvement over UQ can be small. In those cases, none of the
methods performed particularly well. Based on these results, eMMI appears ef-
fective at approximating ϵ-manifolds compared to UQ-based approximations, in a
broad range of applications (physical model inversion, simulation-based inference
and machine learning model parameterisation), but is not yet universally applica-
ble to all possible types of loss landscapes.

6.7.3. CRQ3: BUDGET AND SCALABILITY

The results for our experiment aimed at answering CRQ3 on scalability can be
found in Figure 6.7. As the figure shows, the classifier tend to converge to a sta-
ble performance in fewer than 200 samples, indicating that the budget B2 for step
2 does not need to be overly large for eMMI to achieve good performance on the
simulators we tested. Our results further indicate that the dimensionality of the
problem did not affect this pattern much: although performance on problems of
higher dimensionality tended to be lower than lower dimensional models, this was
not always consistent (e.g., performance was slightly worse for d = 20 than d = 50).
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This result implies that eMMI may be applicable to larger-scale model inversion
problems than expected, because the budget necessary to converge for the largest
problem we tested (up to 50-dimensional linear regression) was less than 1% of
the total budget B we made available in our experiments (20000). Although part
of this budget needs to be spent on finding the optimum θ̂, this cost may be alle-
viated using, e.g., the hybrid model warm-starting approach we deployed in our
experiments.

In conclusion, regarding CRQ3, it appears that eMMI requires a surprisingly
low amount of sampling budget to converge to its final performance level, and that
its convergence speed is not heavily affected by the dimensionality of the prob-
lems under consideration. Efficiently sampling around the optimum θ̂ to train a
classifier, thereby approximating the ϵ-manifold, appears to only require a frac-
tion of the function evaluation budget that would, in any case, need to be spent on
finding the optimum θ̂ in the first place. Therefore, eMMI would be applicable to
many problem settings any SBI or black-box optimisation algorithm is applicable
to, since the marginal cost of approximating the ϵ-manifold would be small.

6.8. CONCLUSIONS AND FUTURE WORK
In this chapter, we addressed the problem of finding viable solution sets to model
inversion problems. Firstly, we introduced ϵ-manifolds, i.e. manifold of poten-
tially valid solutions to a model inversion problem instance. We formalised these
ϵ-manifolds and their core assumptions, as well as ϵ-manifold sets, and derived
several theoretical properties. Secondly, we proposed eMMI, a method to auto-
matically approximate ϵ-manifolds. We introduced four variants of our method
to approximate ϵ-manifolds: U-eMMI, Conv-eMMI, Seq-eMMI and Dual-eMMI,
each of which relies on different sampling heuristics, mostly based on diversity op-
timisation techniques, to extract the ϵ-manifold. We performed computational ex-
periments evaluating the advantages of perfect ϵ-manifolds using an oracle-based
approach, and compared the practical ϵ-manifold approximation performance of
eMMI compared to statistical baseline methods. The results from these experi-
ments demonstrate that ϵ-manifolds are much more effective than an oracle-based
uncertainty quantification approach at including the true solution, indicating that
existing statistical frameworks may not be sufficient to address the problem, thereby
necessitating the use of ϵ-manifolds. The eMMI heuristics were effective at approx-
imating the ϵ-manifold compared to statistical uncertainty quantification baseline
methods.

Access to these ϵ-manifolds can improve the interpretability of model inver-
sion and inference results, contribute to a greater understanding of the scientific
processes underlying the simulation models, and enables novel types of analyses.



6.8. CONCLUSIONS AND FUTURE WORK

6

167

These analyses can extend beyond the traditional domain of simulation-based in-
ference, such as the training of machine learning models and robustness analy-
ses. A large ϵ-manifold may suggest ill-posedness, while the degree to which an
ϵ-manifold shape conforms to statistical priors (e.g., Gaussian) enables practition-
ers to decide whether to trust statistical uncertainty quantification on their infer-
ence predictions. In the context of biophysical parameter estimation, we can use
ϵ-manifolds to describe the behaviour we observed in Chapter 5 and determine its
impact on parameter estimation results. They may also contribute to the discov-
ery of new scientific patterns; for example, if the “LAI saturation” of Section 6.4.3
had not been a known phenomenon, the long-tailed ϵ-manifold for this parameter
dimension in Figure 6.1b would have shown it.

Future work building upon our research presented here could focus on funda-
mental extensions of our proposed framework, as well as exploring novel appli-
cations of ϵ-manifolds. Examples of further explorations we would recommend
include dynamic settings for ϵ, as opposed to the static simulator-wide settings we
have been using, extending the heuristics of eMMI by introducing new objective
functions f2 or constraints, or incorporating surrogate model-based approaches.
Amortised approaches, similar to the amortisation of Bayesian inference methods,
could also be explored, as could approaches optimising in a latent space with re-
duced dimensionality (we explore this idea further in Section 7.2.2). As further
applications, we believe it would be interesting to explore machine learning data
set difficulty analyses through a comparison of viable parameterisations between
instances, identifying manifolds of possible counterfactual predictions for inter-
ventions, or performing adversarial robustness analyses.

This concludes the technical contributions of this thesis. We have now covered
every step of the parameter estimation pipeline shown in Figure 1.1. Chapters 3
and 4 have addressed Challenge 1 by answering RQs 1 and 2, thereby improving
data consistency, while Chapters 5 and 6 addressed Challenge 2 by answering RQs
3 and 4. Although eliminating the ill-posedness of Challenge 2 altogether is likely
infeasible through methodological contributions alone, our work in Chapter 5 re-
sulted in concrete recommendations to alleviate the ill-posedness in a data-centric
manner, while the concepts and method introduced in this chapter enable users
to judge whether their specific parameter estimation results are reliable through
an inspection of the ϵ-manifold.

In the next chapter, we will reflect further on the findings throughout Chapters
3–6, and answer the research questions from Section 1.1.





7
GENERAL DISCUSSION AND

CONCLUSION

We are now ready to look back at the research questions introduced in Chapter 1
and answer them. Over the last four chapters, we have introduced novel methods
and analyses to improve parameter estimation from EO data. These contributions
all tackled the problem from different angles, motivated by the particular chal-
lenges of parameter estimation using EO data (see Section 1.1):

• Challenge 1: Data inconsistency and spatio-temporal gaps (EO and ground
truth)

• Challenge 2: Noise and ill-posedness on the inference problem

The answers to the research questions will contribute toward reducing the im-
pact of these challenges.

7.1. ANSWERING RESEARCH QUESTIONS
We will answer the research questions, explained in Chapter 1, one by one.

7.1.1. RQ1: SPATIAL INTERPOLATION
The first research question we will answer is RQ1: How can we effectively inter-
polate spatial data such that both local and global spatial properties are retained?
(Chapter 3)

169
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For this research question we primarily focused on the spatio-temporal ground
truth data (e.g., sensor network data) that is affected by Challenge 1. Existing
methods were subject to many limitations, mainly regarding the tradeoff between
modelling either local or global spatial relationships, and assumptions, including
stationarity and isotropy. In Chapter 3, we proposed a novel spatial interpolation
method, VPint (value propagation interpolation), capable of addressing these lim-
itations and without assuming stationarity or isotropy. VPint incorporates a novel
system-oriented perspective, as an alternative to the local- or global perspectives
offered by existing methods. In this approach, inspired by Markov reward pro-
cesses (MRPs), the values of known grid cells are propagated through the values of
unknown grid cells, enabling spatial interactions at arbitrary distances and paths,
while enabling specialised local interactions between a cell and all its neighbours.
By iterating the core update rule, this system will converge to a stable state where
all values have been interpolated.

We proposed two variants of VPint in Section 3.4: SD-MRP, which requires no
additional data and propagates values at a static weight (discount rate) at every
cell, and WP-MRP, which leverages additional datasets of covariates that are known
for the full grid, enabling the use of predicted, locally specialised spatial weights
between neighbouring cells. We found VPint, especially WP-MRP, to be a method
that effectively interpolates missing spatial data, that satisfies the requirement of
retaining both local and global spatial properties. In our experiments, VPint per-
formed better than baseline methods representing both powerful interpolation ap-
proaches (Gaussian processes) and advanced machine learning-based approaches
incorporating spatial statistics and automated machine learning techniques. VPint
also converged to a stable state in relatively few iterations (around 20), and WP-
MRP needed only a modest correlation (about 0.1) between the features and target
variables to reliably perform better than SD-MRP. In conclusion, for RQ1, we can
effectively interpolate spatial data such that both local and global spatial properties
are retained through our proposed method, VPint.

Limitations: We found that VPint did not yet generalise well to spatio-temporal
interpolation problems. In spatio-temporal settings the method, in its current
form, should be applied independently for every time step. We also found the per-
formance of VPint to be less favourable for spatially clustered missing data than
for randomly missing data, which hampers its application to, e.g., cloud removal
tasks in EO data. We, therefore, recommend VPint for problems where data gaps
are more uniformly distributed over the space, such as sensor network data or data
with a low sampling rate (few measurement points over a long spatial distance).
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7.1.2. RQ2: EO DATA INTERPOLATION
The second research question we will answer is RQ2: How can we effectively and
easily interpolate unpredictable, spatially clustered missing data in Earth observa-
tion imagery? (Chapter 4)

For this research question we focused on the EO input data that is also affected
by Challenge 1. Although our focus was on missing data due to cloud cover, the
methods proposed for this problem would generalise to any type of missing data
in EO imagery that would share many of the same challenges, such as gaps intro-
duced by non-overlapping spatial coverage or Landsat ETM+ SLC-off data gaps.
Existing state-of-the-art cloud removal methods often come in the form of spe-
cialised deep neural networks, which show impressive numerical performance on
curated datasets, but are difficult to apply in practice and typically need to be
re-trained for every type of sensor, band subset, resolution and type of missing
data. The resulting limited practical uptake means that, most of the time, cloud re-
moval is performed by mosaicking cloud-free pixels from older observations into
the cloudy pixels of new images. Such approaches are convenient, but have sub-
stantial drawbacks in terms of numerical performance.

VPint, presented in Chapter 3, was a good candidate as an alternative cloud re-
moval method with the same requirements as mosaicking approaches, while po-
tentially offering far greater numerical performance. The existing VPint algorithm,
however, could not be applied effectively to this new problem setting without sub-
stantial modifications and extensions.

In our proposed VPint2 algorithm, we kept the core concepts of VPint interpo-
lation, but modified WP-MRP to compute highly precise spatial weights from a ref-
erence image, instead of estimating them from correlated covariates. This weight
computation approach, which is available only in special cases, such as EO data
and similar spatio-temporal settings, where regular measurements of the exact
same spatial area are taken, enabled the application of VPint2 to image processing
tasks. In addition to this modification, we introduced identity priority and elastic
band resistance to the VPint2 update rule. These extensions greatly improved the
stability and performance of the method for EO data, as they limit the impact of
spatial relationships that are likely to have changed between the reference image
and the target cloudy image.

Through our experiments, we found VPint2 to perform significantly better than
competing methods, including specialised deep neural networks, in 17 out of 20
conditions spanning diverse geographical locations, land cover classes and tem-
poral distances of the reference image. Unlike the original VPint algorithm, which
performed notably worse for larger, spatially clustered missing data, VPint2 was
not strongly affected by the size of the clouds being removed. The temporal dis-
tance of the reference image had a modest impact on the performance of VPint2
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and the competing methods. We further found that many of the cloud removal
methods showed a particularly strong performance in different parts of the images,
and an oracle experiment demonstrated great potential for improvement in cloud
removal performance if an effective ensembling method could be found. In con-
clusion, for RQ2, we can effectively and easily interpolate unpredictable, spatially
clustered missing data in Earth observation imagery using our proposed method,
VPint2.

Limitations: The current VPint2 method relies on a single, completely cloud-
free reference image. In some applications, such an image may be difficult to ob-
tain, and a user may instead have access to a time-series of cloudy images. An
adaptation of VPint2 to derive weights from the cloud-free parts of the images in
this time-series may be valuable. Additionally, while our oracle-based experiments
showed the promise of ensembling-based approaches, our work did not include a
practical implementation of such an approach, which may improve performance
beyond that of VPint2 in its current form.

7.1.3. RQ3: PARAMETER ESTIMATION ILL-POSEDNESS

The third research question we will answer is RQ3: What makes parameter esti-
mation an ill-posed problem, and which factors affect the reliability of parameter
estimation results? (Chapter 5)

For this research question, we were interested in how Challenge 2, namely
noise and ill-posedness, affected the reliability of the solutions of parameter es-
timation. In Chapter 5, we focussed on the inversion of the PROSAIL RTM, which
we used as a prominent example of a parameter estimation method using EO data.
The inversion of PROSAIL is generally known as an ill-posed problem, which is
considered a downside of the method; however, we were interested in whether this
ill-posedness was a property of the PROSAIL inversion specifically (where a single,
best-fitting configuration must be found for an observed spectrum), or whether
the parameter estimation problem itself (where the real-world parameter config-
uration must be estimated from noisy spectral observations) was the source of ill-
posedness. We were unable to find any existing systematic analyses of the prob-
lem that could provide evidence for the ill-posedness of PROSAIL inversion specif-
ically in cases where the parameter estimation problem itself was well-posed. This
raised some doubts on whether the challenges encountered by users attempting
PROSAIL inversion to perform parameter estimation, where a unique solution could
often not be found, were truly caused by the ill-posedness of RTM (PROSAIL) in-
version, or rather a general property of the parameter estimation problem.

In Chapter 5, we performed a systematic analysis, testing for the ill-posedness
of RTM inversion (specifically the PROSAIL vegetation model), alternative poten-
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tial causes for effects commonly ascribed to RTM inversion ill-posedness, and how
adding prior knowledge can alleviate the problems. Our empirical results indi-
cated that, unlike what is often assumed, the RTM inversion met all the require-
ments of a well-posed problem. This suggests that the unreliable results obtained
by users were caused not by limitations of the RTM inversion approach, but rather
by inherent properties of the parameter estimation problem. We hypothesised
two possible properties that may cause ill-posedness on the parameter estima-
tion problem as a whole: noise on the spectral observations and spectral mixing.
We found that both factors resulted in ill-posedness on the parameter estimation
problem, despite the RTM inversion procedure correctly identifying the correct so-
lution to the (flawed) input data it received. Finally, we found that, under these
conditions, adding prior knowledge to constrain the search space is an effective
method for reducing the ill-posedness of the problem, even if the ill-posedness is
a part of the parameter estimation problem rather than the RTM inversion proce-
dure.

These findings indicate that the parameter estimation problem will still be ill-
posed, even if other prediction methods (e.g., hybrid models or fully data-driven
models) are used. However, because such methods will always provide an answer
for the input, and because statistical biases in the model may partially compensate
for the ill-posedness, this ill-posedness will be more difficult to diagnose com-
pared to RTM inversion based on numerical optimisation. Our findings point to
data-centric approaches, aimed at reducing spectral noise or adding additional
data sources, as a promising direction for improving parameter estimation per-
formance and reliability. In conclusion, for RQ3, parameter estimation is likely an
ill-posed problem due to flawed input data, with factors such as data noise and
spectral mixing affecting the reliability of parameter estimation results.

Limitations: With the exception of our experiments on the loss landscape prop-
erties of PROSAIL inversion, our analyses were carried out primarily on simulated
data. This was a deliberate choice, because it enabled a highly accurate evalua-
tion approach that would not have been possible with flawed ground truth data
from real-world settings (see Section 2.1.3 for why such data is not suitable for ac-
curate evaluation). In particular, given the subtlety of the differences in the loss
function landscape that results in ill-posedness for small amounts of observation
noise, even small inaccuracies in the ground truth data would have made these
analyses challenging to carry out. However, without a full empirical study on real-
world data, we cannot know with certainty that data-driven approaches trained
fully on real-world data would be affected by the same factors as RTM inversion on
simulated data, despite our results strongly pointing to such an effect.
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7.1.4. RQ4: POSSIBLE SOLUTION SET
The final research question we will answer is RQ4: How can we automatically ex-
tract the set of possible solutions to a noisy inference problem? (Chapter 6)

For this research question we were interested in the severity of the ill-posedness
caused by Challenge 2, through the factors identified in RQ3. We generalised the
findings from parameter estimation to the general problem class of noisy inference
and model inversion problems, of which parameter estimation is an example. Al-
though we have established that noise on the observations (EO data) can cause
ill-posedness for an inference (parameter estimation) task, it is important to be
able to establish the severity of this ill-posedness for specific problem instances.
If the severity is low, the inference results can still be reliable, while high severity
greatly reduces the reliability of any solution to an inference problem.

In Chapter 6, we proposed the concept of ϵ-manifolds. These manifolds con-
tain all the potential solutions to an inference problem that could reasonably ex-
plain the observations. When the observations are noisy, an incorrect solution
will have a lower loss function value than the correct solution. Therefore, any
solution that explains the observations, up to a factor ϵ, should be considered a
viable solution to the inference problem. Here we made two key assumptions:
loss-dependent shifts and loss-dependent origins, where the impact of observa-
tion noise is assumed to be governed by the loss function landscape. This focus
on the loss function landscape differentiates ϵ-manifolds from statistical distribu-
tions, because the (prior) probability is not relevant when we aim to identify all
the solutions that could explain the observations, not those that did. As a result,
ϵ-manifolds enable novel types of analyses, including analysing the ill-posedness
of parameter estimation problems.

We proposed a novel method, eMMI, to automatically approximate the ϵ-manifold
for inference problems. This method was based on constrained diversity optimi-
sation, leveraging different heuristics through its objectives and constraints to ef-
ficiently explore the space around the point prediction. Through our empirical ex-
periments, we found that ϵ-manifolds offer substantial advantages over statistical
interpretations of the problem, and that eMMI approximated these ϵ-manifolds
better than the confidence intervals of baseline methods such as Gaussian pro-
cesses, Bayesian neural networks and approximate Bayesian computation. In con-
clusion, for RQ4, we can automatically extract the set of possible solutions to a noisy
inference problem through the approximation of ϵ-manifolds by our proposed method,
eMMI.

Limitations: Although we introduced a theoretical framework for ϵ-manifolds
that can be applied to multimodal problems (using ϵ-manifold sets) that may be
highly ill-posed, non-convex or chaotic, we tested on unimodal problems, and the
heuristics implemented for the current version of eMMI are based on (weak) as-
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sumptions of local convexity. Extending the implementation of eMMI to approx-
imate ϵ-manifolds in all possible scenarios, though possible within our proposed
framework, was beyond the scope of the work. Instead, we focussed on a thorough
analysis for scenarios that were relevant for our objective of physical parameter
estimation. We also assumed a static ϵ for all instances of a particular simulator,
while in reality, this assumption may not always hold, necessitating an extension
incorporating dynamic settings for ϵ.

7.2. OUTLOOK AND FUTURE WORK
Throughout this dissertation we have introduced four concrete contributions, fo-
cusing on different parts of the pipeline shown in Figure 1.1, to improve parameter
estimation. However, in all these components, there are remaining challenges to
overcome, and further opportunities to explore. We start this section by describ-
ing two research directions we briefly explored, but ultimately did not pursue. We
provide our experience in the hope that other researchers, if they are interested
in this topic, will be aware of the hurdles to these approaches, and the conditions
necessary for them to become feasible in the future. After this, we will provide our
concrete recommendations for the next steps of research that could build on the
work contained in this dissertation.

7.2.1. ALTERNATIVE RESEARCH DIRECTIONS
During the research work contained in this dissertation, there were two research
directions whose merits we partially explored, but which we ultimately did not
pursue. In this section, we will briefly explain our motivation for exploring them,
the barriers to a successful execution that we encountered, and the necessary con-
ditions that, in our view, could render them feasible in the future.

AUTOMATED INSTANCE GENERATION FOR SPECIALIST INVERTED SIMULATORS

When examining the most successful examples of model inversion-based param-
eter estimation, a common theme is that the scope of the study area is narrow and
very clearly defined. For example, the model may be used for specific crops, such
as maize [55, 52], wheat [46, 54] or rice [53], or specific locations [54, 45]. This en-
ables the use of strict range constraint priors when performing model inversion,
as described in Chapter 5, or the biased training of specialised machine learning
models whose training data only includes solutions relevant to the study area. Our
objective was to perform parameter estimation in general problem settings: the
method should be applicable to any location and any species, or indeed, any type
of physical simulation model.

We considered large, generalist models to be unlikely to be effective, because
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of the ill-posedness of parameter estimation. Therefore, we were interested in bor-
rowing concepts from the AutoML community in benchmark instance generation
[293] to automatically generate specialised LUTs for local areas. We intended to
match the distribution of the simulated spectra in the LUT to the distribution of
the observed spectra for the local study area. The principle behind this approach
was that we aimed to avoid a situation where a model would need to predict one
value for one context, and predict another value for the same input data in a dif-
ferent context (e.g., a different geographical area or season). The main obstacle to
this approach was obtaining ground truth data for the simulated data. Although we
could perform post-hoc selection of instances using the simulated spectra, these
matching spectra could still have been generated from very different sets of param-
eters. Therefore, while we maintain that the automated training of specialist mod-
els may be an effective method for global parameter estimation with minimal as-
sumptions, we concluded that the implementation of such a method would be in-
feasible until the ill-posedness of model inversion approaches was addressed. Al-
though we explored this ill-posedness in Chapters 5 and 6 by identifying its sources
and enabling analyses, further work is still needed to truly overcome ill-posedness,
enabling a resumption of this line of research.

PHYSICAL CONSTRAINTS AND EQUATION DISCOVERY

In the real world, physical parameters are often not independent, as these vari-
ables affect and are affected by a large, causal system consisting of many physical
parameters and their relationships [294]. In simulation models, such as the PRO-
SAIL model we have covered extensively in this dissertation, such relationships are
usually not taken into account. For example, in PROSAIL, the physical relation-
ships modelled by the simulator relate to the behaviour of light when encounter-
ing various media described by the physical input parameters of the model, such
as water- and chlorophyll content. These input parameters can be independently
manipulated by the user, and the model will generally perform a valid simulation
using these values, regardless of how physically plausible their combination is. In
reality, many of these input parameters could affect one another (e.g., a high value
for one parameter is only possible if another parameter also has a high value, or
they are mutually exclusive).

This led to the idea that capturing such physical dependencies may be a promis-
ing approach for imposing constraints on the search space of the inversion of phys-
ical models, such as PROSAIL. Imposing such constraints may have resulted in a
similar reduction in ill-posedness as could be seen for range constraints in Chapter
5. Although this approach of constraining the search space using codified domain
knowledge is conceptually appealing, to our knowledge, so far the relationships
between such parameters have not been studied and formalised to an extent that
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would be sufficient to construct, e.g., constraints for an optimisation algorithm.
To overcome this problem, we considered using equation discovery algorithms,

such as ProGED [295], to automatically extract such relationships from data. How-
ever, we found the available data to be insufficient to make this approach feasi-
ble. Although isolated, small datasets exist, such as the ANGERS database [296],
the available data is currently too limited in scope to reliably extract general con-
straints applicable to a global scale. Other, larger datasets may themselves consist
of estimates that may introduce inaccuracies into the equation discovery proce-
dure (e.g., NEON data [297]), or may not contain measurements of all the relevant
parameters. However, should the availability of data improve, or should studies
by domain experts result in formalised relationships between input parameters, a
constraint-based approach to alleviate ill-posedness may become more viable.

7.2.2. FUTURE WORK
We believe that there is great promise in extending our work in the directions de-
scribed in the remainder of this chapter. Our recommendations, like our contri-
butions in Chapters 3–6, will consider the parameter estimation problem from
the perspectives of the different components of the pipeline shown in Figure 1.1.
Together, these directions can be combined to further improve inference perfor-
mance and reliability, and learn even more about the parameter estimation prob-
lem. We will conclude this chapter, and this dissertation, with a hypothesised
pipeline of what such a combined setup could look like in the future.

NEURAL VPINT

In Chapter 3, we introduced VPint as an independent spatial interpolation method
that can fill in missing data in a target dataset. In the WP-MRP method, the spatial
weights of the dataset were computed by a machine learning model based on a
feature dataset of covariates, and the system of grid cell values was iteratively up-
dated using these weights. This approach, while effective, required user input in
the form of suitable feature datasets and choices on how the spatial weights were
computed, while the use cases were fairly specialised (spatial settings where a grid-
ded representation of point data is desired). This limits the applicability of VPint
in parameter estimation settings where relevant covariates cannot be measured –
for example, many of the PROSAIL parameters described in Chapter 5 are equally
difficult to measure.

Moreover, applying VPint independently prior to any downstream deep learn-
ing model risks discarding the advantages (particularly with regard to keeping many
parameters trainable) that deep learning has to offer. The VPint algorithm lends
itself very well to an implementation as a neural network ‘VPint block’. When in-
corporating VPint as a component of a neural network, many of the choices that



7

178 7. GENERAL DISCUSSION AND CONCLUSION

currently need manual input could be automatically learned from data, such as
the computation of the spatial weights or the masking of missing data. Iterations
could be represented by layers, where each cell is connected to its neighbours in
the next layer, and the trainable weights of these connections (the spatial weights
in VPint) are shared between all layers, boosting efficiency. The weights could be
either predicted from covariates via neural network connections, or trained inde-
pendently from a training dataset of the same area of interest. The network could
also, in previous processing steps, learn to identify and mask missing data auto-
matically.

Integrating VPint into deep learning pipelines in this manner, where users only
need to specify a ‘VPint block’ in their network to remove any possible missing
data from their input data, could greatly improve its applicability to general image
processing tasks, as well as EO data specifically. Moreover, the performance of
deep learning models, which represent the state of the art for many problems, may
be significantly improved through the inclusion of a dedicated, efficient block to
explicitly remove missing data. The research question for this approach would
be: How can VPint be integrated into existing deep learning frameworks such that
missing input data can be automatically identified and interpolated in an effective
and efficient manner?

TIME-SERIES VPINT2
When using VPint2 to fill in missing satellite data in particular, as we did in Chap-
ter 4, our proposed method was designed to interpolate missing data (especially
clouds) from a single image, and used a single, fully observable reference image
to guide the reconstruction. While this setup can be convenient in setups where
only a single target image is of interest, other applications may be presented with
a time-series of images with potentially missing data, and require the missing data
in the full time series to be filled in. In existing work, time-series data already
forms an appealing source of information complementarity, exploited by multi-
ple deep learning-based cloud removal methods [41, 172, 174]. It seems probable
that VPint2 could likewise be adapted to this problem setting, particularly when
combining this approach for VPint2 with the neural network version of the origi-
nal VPint described above. This would further reduce the data requirements of the
method, and potentially enable bulk processing to generate full datasets without
missing data.

In a basic version of the algorithm, the spatial weights used by VPint2 could be
computed from the observable parts of the images in the time-series, in a man-
ner similar to that of the current VPint2 algorithm. When multiple images have
cloud-free data available for the same pairs of pixels, algorithm stability could be
improved by computing, e.g., the median of the weights, or a recency bias could



7.2. OUTLOOK AND FUTURE WORK

7

179

be added. If none of the images contain cloud-free data for certain parts of the
image, the algorithm could default to a weight of 1 (identity). The neural network
version of the algorithm could entail substantial advantages by enabling complex,
non-linear relationships between the flawed input time-series data and the spa-
tial weights, enabling the computation of spatial weights using abstract features
from a rich latent space. This approach would also enable the model to learn cloud
masks and other data imperfections, reducing the need for explicitly defined ‘miss-
ing data’. This adaptation of VPint2 may be another valuable contribution to im-
prove the reliability of EO data. The research question for this method would be:
How can missing pixels in a time-series of satellite data be effectively and efficiently
interpolated when a fully observable reference image is not available?

SPECTRAL DENOISING

Moving beyond missing data, much of our focus in Chapters 5 and 6 has been on
the ill-posedness caused by observation noise in parameter estimation and other
inference problems. When this noise, such as atmospheric interference or spec-
tral mixing, is present in the data, our results in Chapter 5 showed that parameter
estimation problems become ill-posed, while our proposed methods in Chapter
6 enabled estimations of the severity of the ill-posedness caused by this noise.
Although it is certainly useful to diagnose the problems, these analyses point to
spectral denoising as a potentially valuable approach to further improve estima-
tion performance. If this denoising task could be performed perfectly, such that
the denoised data exactly matches noise-free simulated data, performing param-
eter estimation would become a regular, well-posed problem, as we found the in-
version of the PROSAIL RTM to be in Chapter 5.

In recent years, there have been considerable advances in deep learning tech-
niques, such as denoising autoencoders [211, 298], and data fusion approaches
[40, 41, 81]. For EO data in particular, the spatial and temporal autocorrelation
of images may enable such deep learning methods to automatically reduce the
level of noise on the spectral data. It is also possible that neural VPint or VPint2
blocks could be used to perform this denoising, by automatically masking out un-
reliable pixel values, or interpolating data with random data masks to perform a
type of implicit regularisation. Performing denoising on EO data to reduce the
ill-posedness of parameter estimation would result in the following research ques-
tion: How could we effectively remove noise from EO data, such that the denoised
data closely resembles the noise-free data as simulated by RTMs?

LATENT SPACE EMMI
Despite the promise of denoising and further improvements to the VPint algo-
rithm, some inaccuracies will be unavoidable, and the inversion some physical
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models (e.g., other RTMs with different properties from PROSAIL) may still be ill-
posed even if the data is noise-free. In this case, we still need ϵ-manifolds and
eMMI to approximate viable solution sets. The results in Chapter 6 showed that ϵ-
manifolds and eMMI are highly effective at approximating the viable solution set of
various inference problems, notably including machine learning. By constructing
ϵ-manifolds for specific instances, users could, for example, find sets of adversar-
ial examples for machine learning models, analyse the ill-posedness of inference
problems, or compare model parameterisations.

For many machine learning EO applications (especially deep learning, which
represents a large part of the state-of-the-art methods), there are concerns about
generalisability and extrapolation, because the complex Earth system is highly di-
verse (we explained this in Section 2.1.3). The robustness analyses enabled by
eMMI would clearly be beneficial to diagnose generalisably problems. However,
most current state-of-the-art machine learning- and deep learning models are far
more complex and high-dimensional than even the 100-dimensional linear regres-
sion models we considered in our experiments in Chapter 6, both in terms of the
number of trainable parameters (for model parameterisation problems) and in-
put parameters (for adversarial examples). This means that the current version of
eMMI is ill-suited to approximating ϵ-manifolds for state-of-the-art models we are
interested in for EO data and data-driven parameter estimation models.

In order to overcome this obstacle and make eMMI directly applicable not
just to approximating ϵ-manifolds of RTM inversion problems, but also the analy-
sis of deep learning model parameterisations or their robustness to certain types
of input, we would need to greatly improve the applicability of eMMI to high-
dimensional parameter spaces. To achieve this, it may be possible to approximate
ϵ-manifolds by optimising in a latent space [299, 300], compressing the informa-
tion contained in the high-dimensional problems associated with large models,
thereby enabling ϵ-manifold-based analyses in more practical machine learning-
and deep learning settings. Since the loss landscapes associated with such latent
spaces would likely be much less favourable than those considered in Chapter 6,
this approach may require some extensions suggested in the future work of Section
6.8, such as a surrogate model-based version of the method, and better support
for multi-modal, highly non-convex landscapes. The research question associated
with this direction would be: How can we approximate ϵ-manifolds in nonlinear
latent spaces for high-dimensional inference problems?

PHYSICS-INFORMED REPRESENTATION LEARNING

Finally, we recommend approaching parameter estimation from EO data from an-
other angle altogether. Although we have mainly focused on addressing the chal-
lenges of parameter estimation through AI techniques, there may be great promise
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in doing the opposite: addressing AI challenges through parameter estimation,
and notably, RTM inversion. In parameter estimation, we often use a form of
hybrid models: machine learning-based models whose training was supervised
using a training dataset generated by an RTM (usually PROSAIL). However, there
are other types of hybrid models, most notably including physics-informed neu-
ral networks (PINNs) [33, 36]. These models can take multiple different forms; the
form most relevant to us consists of a standard neural network encoder, whose
latent representation forms the inputs of a physical model based on differential
equations. The loss of the final output prediction by the physical model can be
propagated back, because its differential equations lend themselves well to back-
propagation.

This type of setup could be replicated by an RTM, where a neural network takes
EO data as input, and encodes this to a latent representation that forms the input
for an RTM. The RTM can then be used to simulate EO data based on these in-
puts, which should match the input spectra provided to the neural network. This
type of physics-informed neural network has recently been successfully applied
to PROSAIL inversion [301], showing the promise of this research direction. The
neural network could learn a mapping from EO data to RTM input parameters,
without needing any ground truth dataset containing these parameters. If desired,
given that this approach would likely still suffer from the same ill-posedness as all
other parameter estimation methods, the model could also learn to predict a di-
verse set of solutions in the ϵ-manifold, obtained by eMMI, and possibly process
these solutions further into a latent representation, to summarise the ϵ-manifold.
This approach would address several key limitations of conventional, fully data-
driven approaches (see Section 2.1.3), by eliminating the need for accurate ground
truth measurements and sufficient support (representation in the training dataset)
for all possible viable solutions.

In addition to direct parameter estimation or the amortised estimation of the
associated ϵ-manifolds, existing representation learning techniques (e.g., for foun-
dation models) could be supplemented by a this latent representation of the ϵ-
manifold for PROSAIL inversion, thereby guaranteeing the inclusion of a set of in-
formative features highly relevant to known physical processes related to, for ex-
ample, vegetation. This would lead to the following research question: How can we
train a model to learn a representation of physically relevant features for EO data,
in a fully unsupervised manner?

IDEALISED FUTURE PIPELINE

Based on the recommendations above, an idealised pipeline (visualised in Figure
7.1) may take the following shape. The user receives a time-series of satellite im-
ages as input, with a goal of returning an estimated distribution of parameter val-
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Figure 7.1: Idealised future parameter estimation pipeline.

ues at every pixel. We use a deep neural network to enable efficient large-scale
processing and take advantage of their state-of-the-art performance, particularly
for problems with large volumes of data available (e.g., EO data), and train this
network as follows.

i) All missing data, such as clouds or faulty pixels, are first processed using a
time-series neural VPint2 block. ii) The user can choose to use the previous VPint2
block to simultaneously perform denoising, or use a separate neural VPint block
for this purpose. iii) The model next maps the time-series data to a latent rep-
resentation using standard deep learning layers. iv) For all valid pixels in the de-
noised input, we use eMMI (possibly its latent version) to estimate the ϵ-manifold
for every pixel in the data (this will be computationally expensive at training time).
v) We estimate summary statistics for the ϵ-manifold from the latent representa-
tion of iii) in a manner similar to amortised Bayesian inference (this will be a lossy
conversion, because ϵ-manifolds are not themselves a statistical distribution). vi)
Based on the estimated statistical distribution, we sample from this distribution
to pass inputs to an RTM, which reconstructs pixel values. vii) We train the net-
work on the either a regression loss (e.g., mean squared error) for the pixel values
throughout the entire time-series, or a pixel-wise classification (segmentation) loss
measuring whether the spectra of reconstructed pixels are within a value of ϵ of the
original spectra.

Of course, the above pipeline is highly idealised, and assumes that every step
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of this procedure functions as intended. Many of these steps could likely become
new research projects on their own. However, if successful, the training pipeline
described above would result in a trained model that a) can perform large-scale
predictions for parameter estimation, b) automatically fills in data gaps and de-
noises the data, c) requires no in-situ ground truth data to train, and d) incorpo-
rates ill-posedness (including for unobserved configurations, which would be a
major limitation of methods not using eMMI, given the generalisation concerns
described above) in the uncertainty of its predictions.

Although this idealised pipeline is still many years of intensive research work
removed from being realised, we consider the recommendations we described in
this chapter to be the most promising concrete next steps to take to bring it closer
to fruition. It is our hope that, one day, we could see a parameter estimation ap-
proach similar to what we described above be implemented and deployed in prac-
tice.

7.3. CONCLUDING REMARKS
Physical parameters describing the current state of the Earth, such as ecological
parameters describing vegetation [191], atmospheric parameters describing gases
and particles in the air [1, 2] and marine parameters describing our oceans [3],
are of tremendous importance to scientific research and informed decision mak-
ing in, for example, environmental policy and public health campaigns. We would
like to estimate these parameters indirectly from the abundant Earth observation
data collected by satellite platforms, thereby creating regular, global maps of im-
portant environmental and scientific parameters. Unfortunately, performing this
estimation is greatly hampered by data gaps, noise and ill-posedness, resulting in
unreliable and inaccurate estimations.

In this dissertation, we have proposed multiple methods for increasing data re-
liability and diagnosing ill-posedness. We have also identified observation noise as
the likely primary cause of ill-posedness for parameter estimation problems, lead-
ing to concrete recommendations for future work to focus on improving the data
quality and information content in the observed data. We believe that these find-
ings are highly relevant to domain practitioners, who depend on accurate param-
eter estimation results to perform their research, but may misattribute inaccurate
results to the methods being deployed, rather than a fundamental characteristic of
the problem. While particularly severe in parameter estimation, data gaps, noise
and ill-posedness are not unique to this problem. We invite any researchers from
different fields, if they are interested in the solutions presented in this work, to ap-
ply them to their own problem settings.

Although, befitting scientific research work, we wrap up this dissertation with
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more questions than we had before we started, it is our hope that the findings and
methods contained in this dissertation contribute to the collective scientific ef-
forts across disciplines to better understand, monitor and maintain the state of
the Earth.
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A.1. PROSAIL INVERSION IMPLEMENTATION DETAILS

A.1.1. LOSS FUNCTIONS
When performing analyses on a loss landscape, the selection of an appropriate loss
function (similarity metric d) can be of great importance. In the case of multispec-
tral data, the simplest approach would be to consider all bands independently, and
apply the mean absolute error (MAE) (or L1 loss) function to compare the simu-
lated spectrum x̂ and the observed spectrum x as:

M AE(x̂,x) = 1

B
·

B∑
b=0

|x̂b −xb | (A.1)

Here B is the number of bands in the spectrum. However, the values of spectral
bands can greatly differ in magnitude, causing the MAE to be biased towards the
bands with the greatest expected reflectance values (such as infrared). A relatively
simple way to alleviate this problem is to use the proportional mean absolute error
(PMAE), which is equivalent to the mean absolute percentage error (MAPE) used
in other work [50], but does not convert the representation to percentages:

P M AE(x̂,x) =
B∑

b=0

|x̂b −xb |
sb

(A.2)

MAE and PMAE are intuitive loss functions for the reconstruction of spectral
data. However, in some applications, the brightness or albedo of a spectrum over-
all is less important than the ratio of band values compared to other band values,
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forming the hue of the spectrum. The spectral angle mapper (SAM) loss function
[302] can be used to try to capture this aspect of a reconstruction, and can be com-
puted as:

S AM(x̂,x) = arccos
x̂ ·x

(x̂ · x̂)∗ (x ·x)
· 180

π
(A.3)

A.1.2. OPTIMISATION PROCEDURE
We treat the numerical optimisation procedure as a black-box optimisation prob-
lem. Within black-box optimisation algorithms, the tradeoff between exploration
(identifying promising new parts of the search space) and exploitation (improv-
ing already known promising solutions until convergence) is often a central con-
cept. In unimodal landscapes, only a single optimum exists, allowing greedy algo-
rithms such as hill climbing or greedy local search (for an overview of stochastic
local search methods, see [64]) to quickly converge to a local optimum, commit-
ting fully to exploitation. If the landscape is multimodal, there are multiple differ-
ent local optima, causing greedy algorithms to get stuck in local optima. In this
case, algorithms that add more exploration to their optimisation heuristics would
be necessary.

Our experiments used greedy local search as an optimisation algorithm. For
every instance, we initialised the current solution c to the mean of the prior distri-
butions of the free parameters. At every optimisation step, we generated a candi-
date new solution θ′ by perturbing the elements of θ: θ′

p = cp +N (0,σp ), where p

is a parameter in θ and σp = 0.05 · max(p)−mi n(p)
2 . Here σp represents the intensity

of the perturbation for a parameter p; we set it to 5% of the middle-way point of
the parameter range (e.g., if a parameter ranges from 0 to 10, its perturbation in-
tensity would be 0.05 · 10−0

2 = 0.25), though other mutation strategies could also be
considered. If L(M(θ′),x) < L(M(θ),x), θ′ becomes the new θ. This procedure is
iterated until the function evaluation budget has been exhausted.

Using greedy local search resulted in two main advantages. First, convergence
will be fast, reducing the computational load of our experiments. Second, using
a greedy algorithm allows us to test for multimodality (since the algorithm could
converge to different optima when repeating an optimisation procedure), which is
important to Section 5.4.1.

We note that, if the results for our experiments described in Section 5.4.1 indi-
cate that PROSAIL inversion is a multimodal problem, a global optimisation method
would need to be used to enable reliable convergence to a global optimum.
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A.2. PROSAIL INVERSION: REAL-WORLD SENTINEL-2 DATA
Although our main experiments in Chapter 5 focussed on simulated data, since
this allowed us access to both noise-free and noisy data, it is possible that there
are other factors, beyond the Gaussian noise and spectral mixing we considered in
Section 5.4.2, that result in ill-posedness for parameter retrieval using real-world
data. To ensure that the patterns we found (well-posedness of PROSAIL inversion)
hold for real-world data as well, we performed additional analyses on real-world
data, as shown in Figure 5.6.

The Sentinel-2 dataset in question that we used was the SEN2-MSI-T cloud re-
moval dataset from Chapter 4. While any Sentinel-2 Level-2A-based dataset would
work, this dataset offered a convenient mix of scale and diversity. The dataset con-
sists of 5 land cover classes, each split into a geographically diverse set of 4 scenes,
resulting in 20 total locations. Every scene contained a cloud-free observation at
5 time steps within a period of 6 months, resulting in a total of 100 geospatially-
and temporally diverse images. From each image, we took the centre pixel as the
representative spectrum for the image (using multiple pixels from the same image
could have biased the evaluation to the specific images of the dataset). Therefore,
this dataset enabled us to evaluate on a curated, diverse set of 100 real-world in-
stances and check if the PROSAIL inversion loss landscapes were still well-posed.
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B.1. PROSAIL INVERSION

B.1.1. OPTIMISATION CONVERGENCE
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Figure B.1: Visualisation of convergence to a stable solution based on the spectral loss function (B.1a),
the retrieval loss for LAI (B.1b), and the retrieval loss for Cab (B.1c). In these plots, every gray line

represents a randomly sampled instance from D , and the red line represents the mean of these runs.
Out of the free parameters in our experiments, LAI took longer than other parameters to converge, but

still did so within the budget limit. On average (the red lines), the parameters converged to stable
values within 1000 iterations, with later iterations only slightly improving the spectral loss further.

We performed this additional experiment to verify that the function evaluation
budget used in our experiments is sufficient to converge to a stable optimum, both
in terms of the spectral loss value and the parameters of the configuration θ. We
performed our optimisation approach on 100 random instances, and plotted the
loss values for the spectrum (which the optimisation algorithm uses to perform
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Figure B.2: Relative importance of different parameters for different wavelengths. Every point on a line
represents the average importance of the parameter of that line in determining the MAE for a

particular spectral band’s wavelength.

optimisation) and for the retrieved parameters in the configuration (which the al-
gorithm does not have access to, and is plotted for evaluation purposes). A very low
rate of improvement for later iterations would indicate that the budget is sufficient
to converge to a stable optimum.

The results of this experiment can be found in Figure B.1. As the figure shows,
the function evaluation budget allotted to the optimisation algorithm is sufficient
to converge to stable values on average, and a convergence of the spectral loss
(Figure B.1a) corresponds to a convergence of the retrieval losses of individual pa-
rameters (Figures B.1b and B.1c). As a result, our experimental setup appears to be
well suited to answer our research questions.

B.1.2. PARAMETER IMPORTANCE PER BAND

In addition to our main parameter importance experiment, we computed the im-
portance of 6 of the globally most important parameters at every Sentinel-2 band,
and plotted this is Figure B.2. As can be seen in the figure, the relative importance
of the parameters can vary greatly between spectral bands. Therefore, parame-
ters with a relatively low global importance may still be relatively easily retrievable,
due to the sensitivity of the loss landscape to these parameters in local, specialised
parts of the parameter space. All parameters from our selection have a part of the
spectrum where they have the highest impact (LAI for ultraviolet and blue, chloro-
phyll for green, red and near-infrared, leaf angle for short-wave infrared, and leaf
water content for infrared).
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B.1.3. PROSAIL INVERSION SAM RESULTS

These supplementary figures contain the results for our experiments for the SAM
loss function, corresponding to the same analyses we provide in Section 5.5 for the
PMAE loss function. We have moved these figures to the supplementary material
because their patterns largely conformed to those for PMAE. Figure B.3 contains
results for Experiment 2, Figure B.4 contains results for Experiment 3, Table B.1
contains results for Experiment 4, and Table B.2 contains results for Experiment 5.
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Figure B.3: The continuity of the output for PROSAIL inversion (predicted configuration θ̂) with
respect to perturbations to the input (spectrum), aggregated over all 1000 instances and normalised to
a 0-1 range based on the bounds of the parameter range. Unlike in the PMAE results, the best solution
for no perturbation (0 on the x-axis) did not have a near-zero error rate for LAI and ALA; this suggests

that SAM may not be an appropriate choice as an optimisation loss function.
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Figure B.4: The impact of spectral noise on retrieval performance, aggregating the ‘shifted optimum’
phenomenon over all 1000 instances, showing that it is a consistent pattern, and the intensity of the

shifts increases as the noise level increases.
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Normalised MAE target
Parameter α1θ

+
1 +α2θ

+
2 +α3θ

+
3 θ+

1 θ+
2 θ+

3
LAI 0.136±0.167 0.199±0.182 0.203±0.187 0.206±0.19
Cab 0.057±0.058 0.128±0.113 0.121±0.109 0.123±0.11
ALA 0.24±0.172 0.296±0.233 0.299±0.241 0.307±0.233
Cw 0.043±0.053 0.082±0.069 0.084±0.072 0.087±0.073

Table B.1: Results for E4 on the impact of spectral mixing. Every cell represents the (normalised) MAE
between the optima found for the mixed spectrum x′ and the quantities listed in the columns. The

first column represents the weighted mean of the true configurations of the constituent spectra x1, x2
and x3, while the other columns represent the MAE compared to these individual constituent

configurations. This suggests that the solution for mixed spectra matches the weighted mean of the
constituent configurations more closely than the configuration of any individual constituent

spectrum.

Range interval
LAI prior range interval size

0% 10% 30% 50% 100%
LAI (uniform) [1]0.0±0.0 [2]0.473±0.289 [3]1.413±0.863 [4]2.214±1.37 [5]2.978±2.124
LAI [1]0.0±0.0 [2]0.755±0.33 [3]1.606±1.054 [4]1.995±1.572 [5]2.151±1.851
Cab [2]10.86±15.61 [1]10.35±15.497 [3]11.455±15.626 [4]12.084±15.965 [5]12.23±16.092
ALA [1]24.908±22.832 [2]30.773±22.476 [3]34.7±23.514 [4]35.712±24.424 [4]35.725±24.357
Cw [1]0.004±0.007 [1]0.005±0.007 [3]0.005±0.008 [4]0.005±0.008 [5]0.005±0.008

Table B.2: Mean absolute error rates for parameter retrieval performance for the four different
parameters (rows), with columns representing the interval size of a range constraint prior on LAI (with
100% covering the full original parameter range). The ‘LAI (uniform)’ row represents the performance

of estimating LAI through uniform random sampling, while in other columns, performance is
acquired through optimisation. In each row, the prior range size in a column marked with a lower

number (e.g., [1]) retrieves a parameter significantly better (significance level α= 0.05) than one with a
higher number (e.g., [2]). Adding range constraint priors on LAI greatly improved LAI retrieval

performance, while also improving ALA (but not Cab and Cw ) retrieval performance.



B.2. EMMI 225

B.2. EMMI

B.2.1. ϵ-MANIFOLD EFFECTIVENESS WITH PRECISION AND RECALL

Dataset
ϵ-manifold Uncertainty quantification

Precision Recall Precision Recall
PROSAIL 1.0 1.0 1.0 0.68
PROSAIL 2D 0.94 0.38 1.0 0.48
TP 0.99 0.6 1.0 0.24
Lorenz63 0.99 0.8 0.85 0.3
GM 0.81 0.94 0.99 0.79
TM 0.96 0.98 0.87 0.56
LR 0.82 0.94 1.0 0.52

Table B.3: Results for the oracle-based ϵ-manifold validation experiment for RQ2, showing precision
and recall scores for a classification task where, for every instance, the true values θ+ had to be

predicted along with a negative sample from the validation points. For these metrics, only a single
score could be computed.

B.2.2. EMMI RESULTS WITH PRECISION AND RECALL

Table B.4: Precision of the different methods approximating the ϵ-manifolds, with all hyperparameters
for all methods (including the appropriate eMMI variant) automatically determined through
hyperparameter optimisation. For every simulator, the best performance has been marked in

boldface, with statistical significance determined by a Wilcoxon signed-rank test at significance level
α= 0.05.

Method PROSAIL PROSAIL 2D TP Lorenz63 GM TM LR
RF 0.67±0.46 0.57±0.37 0.89±0.12 0.51±0.15 0.91±0.17 0.38±0.37 0.05±0.22
GP 0.75±0.09 0.58±0.13 0.51±0.03 0.5±0.0 1.0±0.01 0.5±0.0 0.5±0.0
BNN 0.51±0.09 0.67±0.15 0.51±0.03 0.5±0.0 0.58±0.13 0.5±0.0 0.5±0.0
ABCSMC 0.34±0.31 0.37±0.32 0.38±0.32 0.37±0.24 0.27±0.38 0.32±0.33 0.42±0.48
TabPFN 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0
eMMI 0.84±0.1 0.86±0.12 0.9±0.12 0.59±0.2 1.0±0.0 0.68±0.14 0.96±0.1
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Method PROSAIL PROSAIL 2D TP Lorenz63 GM TM LR
RF 0.09±0.11 0.15±0.16 0.01±0.01 0.03±0.02 0.84±0.23 0.27±0.37 0.0±0.0
GP 0.67±0.21 0.7±0.22 0.97±0.11 1.0±0.01 0.26±0.24 1.0±0.0 1.0±0.0
BNN 0.93±0.2 0.85±0.27 0.98±0.08 1.0±0.0 0.85±0.29 1.0±0.0 1.0±0.0
ABCSMC 0.34±0.37 0.44±0.41 0.32±0.33 0.35±0.32 0.16±0.29 0.4±0.44 0.0±0.0
TabPFN 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0
eMMI 0.95±0.19 0.96±0.07 0.86±0.26 0.43±0.3 0.95±0.14 0.98±0.12 0.79±0.25

Table B.5: Recall of the different methods approximating the ϵ-manifolds, with all hyperparameters for
all methods (including the appropriate eMMI variant) automatically determined through

hyperparameter optimisation. For every simulator, the best performance has been marked in
boldface, with statistical significance determined by a Wilcoxon signed-rank test at significance level

α= 0.05.
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GLOSSARY

automated algorithm configuration an optimisation problem where the hyper-
parameters of algorithms are automatically tuned based on an objective func-
tion 23

AutoML automated machine learning: automated model selection and algorithm
configuration for machine learning problems 23

band a data dimension for an EO image containing measurements for a specific
variable 13

black-box optimisation a type of optimisation problem/algorithm in which only
the inputs and outputs of an objective function g can be observed, with no
knowledge about g itself 22

configuration a vector θ containing concrete value assignments for the physical
parameters P 1, 22

convolutional neural network a type of neural network where local spatial pat-
terns are extracted using convolutional kernels 32

data product a dataset containing estimations for quantities of interest through
the processing of EO data 13

Earth Observation data obtained through sensors observing the Earth 11

hybrid model a machine learning model trained on the inverse of simulated data
produced by an RTM 20

hyperspectral spectral (optical) data containing many spectral bands 16

ill-posed a problem that does not meet the requirements of well-posedness 21

in-situ direct measurements of relevant physical parameters 12

inference the estimation of the properties that generated an observed outcome 2
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Landsat satellites operated by NASA, many of which contain a spectrometer as a
sensor 15

look-up table a tabular dataset generated by an RTM, containing generating pa-
rameters and simulated outcomes 20

loss landscape a surface in d +1-dimensional space describing the loss function
value of every point in the parameter space 101

model inversion the inversion of a (simulation) model capturing the data gener-
ation process for an inference problem 19

MODIS optical satellites operated by NASA with a high temporal resolution and a
low spatial resolution 15

multispectral spectral (optical) data containing multiple spectral bands, often in-
cluding wavelengths outside the visible ranges 15

optical data data containing measurements of a light spectrum 15

parameter estimation an inference setting where the value of a physical parame-
ter p must be inferred from some observed feature data x 2

parameter space (search) space of the parameter domain DP containing all pos-
sible combinations of parameter values 100

physical parameter a variable p in a set of scientific variables P describing the
state of a physical system 1

PROSAIL a radiative transfer model for vegetation, combining the PROSPECT and
4SAIL models 19

radiative transfer model a type of physical model that simulates a light spectrum
based on physical input parameters 19

remote sensing data obtained remotely by sensors not directly interacting with
the object being observed 13

search space space containing all possible combinations of parameter values, through
which we must perform a search to find an optimum 22

sensor network a spatially distributed network of sensors, measuring a target vari-
able at specific points 12
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Sentinel-2 multispectral optical satellites operated by ESA 15

spatial interpolation filling in a spatial grid of missing values in between of a num-
ber of known measurements 27

spectral band a measurement of light intensity for a single wavelength on a light
spectrum 15

spectrometer an optical sensor measuring light intensity at certain wavelengths
15

swath width of a remote sensing sensor passing over a study area 13

VPint our proposed spatial interpolation algorithm founded on a system-oriented
perspective 33

VPint2 our proposed spatial interpolation algorithm suitable for filling in gaps in
optical satellite imagery 66
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