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WHEN, WHERE, AND HOW MANY
EXOPLANETS END UP IN ORBITAL
RESONANCES?

The theory of Type I migration has been widely used in many studies. Transiting multi-
planet systems offer us the opportunity to examine the consistency between observation and
theory, especially for those systems harbouring planets in Mean Motion Resonance (MMR).
The displacement these resonant pairs show from exact commensurability provides us with
information on their migration and eccentricity-damping histories. Here, we adopt a proba-
bilistic approach, characterized by two distributions — appropriate for either the resonant or
non-resonant planets — to fit the observed planet period ratio distribution. With the Markov
chain Monte Carlo (MCMC) method, we find that #15% of exoplanets are in first order (j+1:j)
MMRs, the ratio of eccentricity-to-semi-major axis damping is too high to allow overstable
librations and that the results are by-and-large consistent with Type-I migration theory. In
addition, our modeling finds that a small fraction of resonant pairs is captured into reso-
nance during migration, implying late planet formation (gas-poor). Most of the resonant
pairs park themselves at the migration barrier, indicating early planet formation (gas-rich).
Furthermore, after improving the criterion on two-body resonant trapping, we obtain an
upper limit of the disc surface density at the time the planets are locked in resonance.

S. Huangx, C. W. Ormel (2023) When, where, and how many planets end up in first-order
resonances? MNRAS, 522, 828
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2.1 Introduction

Since the first discovery of exoplanets around solar-type stars (Mayor & Queloz 1995), the
number of exoplanets has ballooned in the last three decades, exceeding 5200 as of the
present day. It is therefore appropriate to conduct population-level analyses to examine
planet formation theories (Mordasini et al. 2015; Zhu & Dong 2021). When independent
mass and radius measurements are available, planet bulk density and their composition can
be inferred (Fortney et al. 2007; Seager et al. 2007; Piaulet et al. 2022), with which their
mass accretion history and post-formation evolution can be constrained. The core accretion
model successfully predicted the so-called "planet dessert" (Ida & Lin 2004), which refers to
the paucity of planets with tens of Earth-mass within 3 au. The "radius valley" (Fulton et al.
2017) is manifested at a planet radius ~2Rg, which has been attributed to photoevaporation-
driven mass loss (Owen & Wu 2013, 2017), planet formation location with respect to snow
line (Luque & Pallé 2022; Izidoro et al. 2022), or core-powered mass loss (Ginzburg et al.
2018).

The physical principles underlying migration of low-mass planets in gaseous discs (Type I
migration) have long been established (Goldreich & Tremaine 1979; Lin & Papaloizou 1979).
The total torque exerted on planets by the surrounding disc is typically negative, result-
ing in inward planet migration on time-scales shorter than the disc lifetimes (e.g., Ward
1997; Tanaka et al. 2002; Ribas et al. 2014; Winter et al. 2019). However, the direction of mi-
gration can be reversed at special locations where conditions materialize that render a net
positive torque, resulting in migration traps. These locations include the region where the
horseshoe saturates, i.e when the (positive) co-rotation torque compensates the (negative)
Lindblad torque (Goldreich & Tremaine 1980; Ward 1991; Paardekooper et al. 2010, 2011),
the disc inner edge (Liu et al. 2017; Romanova et al. 2019; Ataiee & Kley 2021) where the
torque becomes one-sided, and the regions where the disc switches from optically thin to
optically thick (0.1 — 1 au) (Masset et al. 2006). In addition, in the pebble accretion paradigm,
the infalling dust can efficiently induce (positive) thermal torque onto the planets (Benitez-
Llambay et al. 2015; Masset 2017; Guilera et al. 2019, 2021).

Although the present close-in positions of exoplanets indirectly hint at planet migration,
itis hard to quantitatively test the theory based only on single-planet systems. Instead, multi-
planet systems, especially those with planet pairs in Mean Motion Resonance (MMR) leave
richer dynamical imprints against which the theory can be tested (Snellgrove et al. 2001;
Papaloizou & Szuszkiewicz 2005). It is likely that such resonant architecture results from
migration in a gas-rich environment (i.e., the disc) as energy dissipation is needed to trap
planets in resonance (Terquem & Papaloizou 2007; Raymond et al. 2008; Rein 2012; Batygin
2015). One famous example is PDS 70, which harbours two directly imaged near-resonance
planets in its protoplanetary disc (Bae et al. 2019; Benisty et al. 2021). Besides, a chain of
planets in resonance might sculpt the asymmetry disc structure in HD 163296 (Isella et al.
2018; Garrido-Deutelmoser et al. 2023a). In particular, there tends to be an excess of systems
with planets’ period ratio just wide of commensurability (Fabrycky et al. 2014; Steffen &
Hwang 2015), indicating that a certain fraction of planet pairs are truly in resonance.

Formally, two planets are said to be in (j+1) : j resonance if at least one of their resonance
angles (¢12 = (j + 1)A2 — jA; — @12, with A; the mean longitudes and ®; the longitude of
pericentres) librate around a fixed value. However, the values of the resonance angles are
poorly constrained because it is hard to constrain ®@; for near-circular orbits. We therefore
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turn our attention to their period ratios and define the dimensionless parameter
P, j+1
Py J

A= (2.1)
to measure the offset of the period ratio away from a first-order (j+ 1) : j commensurability.
Here, P; is the period of the inner planet and P, that of the outer. If two planets are in a
(j + 1) : j resonance, the offset A must be close to zero. Xie (2014) and Ramos et al. (2017)
emphasize that the exact value of A is determined by migration and eccentricity damping,
linking the observed quantity A to planet migration (Charalambous et al. 2022). It offers us an
opportunity to examine planet-disc interaction histories through planets in MMR in multi-
planet systems. The migration history of such specific multi-planet systems like TRAPPIST-
1 (Gillon et al. 2017; Luger et al. 2017; Huang & Ormel 2022), K2-24 (Petigura et al. 2018;
Teyssandier & Libert 2020) and TOI-1136 (Dai et al. 2022), can be reconstructed.

Yet, most exoplanets are obviously not in resonance because of their large offsets A. Var-
ious scenarios have been proposed to explain the overall observed non-resonant planetary
architecture statistically. These include dynamical instability (Izidoro et al. 2017, 2021), disc
winds (Ogihara et al. 2018), in situ formation of sub-Netunes (Dawson et al. 2015; Choksi &
Chiang 2020), planetesimal scattering (Chatterjee & Ford 2015; Ghosh & Chatterjee 2022),
stellar tides (Lithwick & Wu 2012; Delisle & Laskar 2014; Xie 2014; Sanchez et al. 2020), and
stochastic forces (Rein & Papaloizou 2009; Goldberg & Batygin 2022). However, many of
these works introduce additional free parameters in order to match the only observed quan-
tity — the period ratio distribution. Overfitting may occur. One way to improve on this is to
include more observational quantities. For example, Goldberg & Batygin (2022) and Choksi
& Chiang (2022) find that by additionally accounting for the TTV signatures of hundreds
of Kepler planets, a laminar disc alone cannot reproduce the observed TTV features. Either
additional planets (perturbers) are required (Choksi & Chiang 2022) or their birth proto-discs
are turbulent (Goldberg & Batygin 2022).

In this work, we introduce a statistical approach to study all transiting exoplanets and
try to answer when, where, and how many planets are captured in resonance. The observed
planetary radii, orbital periods, and host stellar masses are taken into account. By assuming
that the period ratio distribution is characterized by two distributions, representing both
resonant and non-resonant planets, the probability that a planets pair is in resonance is
evaluated. Whether the migration and eccentricity damping is consistent with migration
theory is determined. In addition, our approach allows us to constrain the timing and the
location, of the resonance trapping, which implies the pathway of planet formation.

The paper is structured as follows: We first introduce our statistical model in Sect. 2.2.
Using the MCMC method, we constrain the relation between eccentricity damping time-
scale and migration time-scale in Sect. 2.4. Along with the resonance trapping criterion that
we improve on (Sect. 2.3), we address when, where, and how many planets are in resonance
Sect. 2.5. The discussion and conclusion of this study are presented in Sect. 2.6 and Sect. 2.7,
respectively.

2.2 Methodology

In this section, we describe our disc model and migration (Type I), and construct the likeli-
hood function needed for the Monte Carlo Markov Chain (MCMC) simulations of Sect. 2.4.
Since our migration model is linear with planet mass (Type I), we focus on the planets with
relatively low planet-to-star mass ratios which are not likely to open a gap when they are in
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the protoplanet disc. We assume that the relevant disc quantities follow power-law distribu-
tion (Sect. 2.2.1). We describe the migration model in Sect. 2.2.2. The equilibrium dynamics
of planets trapping in resonance are described in Sect. 2.2.3. The masses of observed planets
are calculated from a mass-radius (M-R) relationship. Its prescription is given in Sect. 2.2.4.
The total log-likelihood function we construct for the MCMC is detailed in Sect. 2.2.5.

2.2.1 Disc model

As most observed transiting planets are located within ~1 au of their host star, we will de-
scribe the possible structures of the inner disc. We assume that the gas surface density always
follows a power-law distribution:

3(r) = Zau (ﬁ)s (2.2)

where 314, is the gas surface density at 1au and s is its slope. The gas aspect ratio also
follows a power-law distribution:

h(r) = hiau (ﬁl)q (2.3)

where hiay is the gas aspect ratio at 1au and q is its slope. Different assumptions about
the disc structure, e.g., heating mechanisms, result in distinct values of s, g, 214y, and hyay.
Typically, the inner disc is optically thick and the main heating energy comes from viscous
dissipation (Ruden & Lin 1986), while the outer disc is optically thin and stellar irradiation
mainly heat the disc onto its surface layer (Chiang & Goldreich 1997).

For discs dominated by stellar radiation, we make use of the disc structure from Liu et al.
(2019). The gas surface density is:

. 9 2
M, M \® (L7 -4
Sgir =250 | ———— | [==] | (L) “gem™ (2.4)
g 1078M®/yr M@ LO au
where Mg is stellar accretion rate and Ly is the star luminosity. The aspect ratio is:
-4)7 1/7
M, L 2/7
hgir =0.0245 | — = (L) : (2.5)
g 1M@ 1LO 1au

For stars of mass between 0.43M, and 2M,, which covers most of our star sample, the mass-
luminosity relation is well represented by Ly /Lo = (M /My)* (Duric 2004). Therefore, the
disc aspect ratio simplifies to:

r 2/7
hg i = 0.0245 (—) (2.6)
lau
independent of stellar mass.
If the inner disc is dominated by viscous heating, its temperature structure is highly

related to the viscous accretion rate and opacity. Following Liu et al. (2019), s and q are
taken to be —3/8 and —1/16, while 31, and hy,, are not specified.
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2.2.2 Type I migration

In the Type I migration regime, planet migration is the result of a net torque I}e; consist-
ing of the Lindblad (Ward 1986, 1997), corotation (Goldreich & Tremaine 1979; Ward 1992)
and thermal torques (Benitez-Llambay et al. 2015; Masset 2017; Guilera et al. 2019, 2021),
etc. Usually, the net torque is negative and the planet migrates inward. In the Type I limit
the migration speed is proportional to disc mass and planet mass. In the limit of a locally
isothermal disc, which implies that temperature is a function of radius only, T(r), the type I
migration time-scale for the i-th planet at distance r; is:

S L; _ YiTw
“ I-‘net h(ri)z,

2.7)

where L; is the angular momentum of the planet, y; = (2.7 — 1.1s) ! (Tanaka et al. 2002)
is the Type I migration prefactor (D’Angelo & Lubow 2010), and h(r;) is the disc gas aspect
ratio at r;. The characteristic time of the orbital evolution (Tanaka & Ward 2004) is:
1 My, h(r i)4
T, = — 5
i 2(ri)ry Qi (ri)

, (2.8)

where y; is the mass ratio of the i-th planet over its host star and Qg (r;) = /GM,/ rl.3 is the
Keplerian angular velocity at distance r;. The eccentricity damping rate is proportional to
the local surface density and planet mass. It is given by:
_ CeTw, _ Ce 5

Te, = =
17078 0.78y;

Tas (2.9)

where C, stands for eccentricity damping efficiency. Although Cresswell & Nelson (2008)
gives C, ~ 1, lower values are needed in other studies to reproduce specific systems. TRAPPIST-
1 planets demand C, =~ 0.1 (Huang & Ormel 2022) and K2-24 requires C, = 0.28 (Teyssandier
& Libert 2020). A recently discovered ~100 Myr old exoplanet system TOI-1136, on the other
hand, suggest C, ~ 10 (Dai et al. 2022). We are therefore agnostic about the value of C,,
which value we intend to constrain through our MCMC fitting.

2.2.3 Dynamics of resonance trapping

Resonance trapping is a natural outcome of convergent disc migration and eccentricity damp-
ing, especially for first-order resonances (j + 1):j. When two planets are in first-order res-
onance, their eccentricities and period ratio librate around their equilibrium values. Such
equilibrium has been studied by Goldreich & Schlichting (2014) and Terquem & Papaloizou
(2019). They both give the equilibrium eccentricity (the eccentricity where tidal damping
equals resonant excitation) of the inner planet:

2 Tey/Tay — Te, [ Ta
€leq = - (2.10)

; J_ H ANIARS
20+ D1+ Fqge ) [T+ o (7)) \F) =
where « is ratio of the inner-to-outer semi-major axis . Here, and in the following, the

subscription ’1” stands for the inner planet and ’2’ for the outer planet. The relationship
between the eccentricities of the inner and outer planets is:

. 2
G _ (”_Lfi) (211)
e’ ap j+1 £ °
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where fi and f are coefficients tabulated in Terquem & Papaloizou (2019, their Table A1).
The equilibrium value for the offset from exact resonance is:

11
Neq = ~fy 1~ . (2.12)
J eZ,eq

At this distance, the resonance repulsion equals the Type-I inward migration.

In order to calculate the period ratios for planets in resonance, we need to know what
their equilibrium eccentricities are. This calculation can be done only after the values of
Te, [ Tey» Te, [ Ta, and 7., /7,4, are known. Combining the disc model and migration model, we

have

4q—s-0.5

To _f2 (_) 2.13)
Te, Hi1 \T2

and

T _Te T _ Cehlr) o (2)4”‘$_°'5 (214)

Ta, - Ta, Te, B 0.78yr 1 \ro

where s and q are gas surface density and aspect ratio gradient.
For the eccentricity-to-semi-major axis damping of the inner planet, we distinguish it
between two cases:

1. Migrating pair. If resonances are formed during migration and the ambient disc

disperses before the planet pairs reach a migration barrier, planet migration and ec-
centricity damping follow Eq. (2.7) and Eq. (2.9). Therefore,

Tey _ Ceh(rl)2

2.15
o,  0.78y; (215)

1

It requires that the outer planet migrates faster than the inner planet to guarantee
convergent migration.

2. Braking pair. On the other hand, if resonances are formed before/after the inner

planet’s migration is halted by a barrier (could be disc inner edge or the radius where
reverse migration occurs), there is no net torque on the two planets. Angular momen-

tum conservation gives 7, /74, = —+/pa71/p2r2. Hence,

4q—-s—1
ri a=s
r2

rolw

& _ _Ceh(rZ)z (/ﬁ)

Ta, 0.78yr \ 1 (2.16)
:_Ceh(rl)z (ﬂ); (r_l)Zq—s—l
0.78yr \ ry

For the outer planet 7,,/7,, = Cch(r2)?/0.78y; is always true. It is also apparent that the
resonant equilibrium does not depend on disc mass (Z1,,) but on power law indices and
aspect ratio (s, q, and hy,y).

2.2.4 Mass-radius relations

Planets’ masses are also needed to calculate the equilibrium period ratios in resonance. How-
ever, most transiting planets have poorly constrained masses compared to their radii.
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Figure 2.1. Mass-radius (M-R) relationship for exoplanets. Planets are selected based on the data of
transiting planets in the NASA Exoplanet Archive. Only planets with mass lower than 200Mg, radii
smaller than 20Rg and periods longer than 5 days are included in the sample. Planets’ masses and radii
are indicated by black dots, with 1o error bars. The green colour indicates the fit result from Ramos
et al. (2017), orange colour is the updated fit result by this work (Eq. (2.17)). The values within their 1o
dispersion (o, = 0.374 for our fit) are contained within the light green and orange region respectively.

If the planet mass is not yet constrained from e.g., Transit Timing Variation (TTV Agol
et al. 2005) or Radial Velocity (RV), we then obtain the planet mass using a mass-radius rela-
tion. The planet sample for fitting the mass-radius relation is based on the data of transiting
planets from the NASA Exoplanet Archive!. Planets with masses lower than 200Mg, radii
smaller than 20Rg, or periods longer than 5 days (see Sect. 2.4.1) are selected while planets
with periods shorter than 5 days are excluded.

Our fitting approach is identical to Ramos et al. (2017). They use a broken power law
expression, which fits two different power law relations for larger bodies (R > Rit) and
smaller bodies (R < Rit).

M a+blog, (&) ifR <Ry
logy, (_l) = . (R$> B (2.17)

Ms c+dlog,, (g_e) i R > Ret
where M; and R; is the mass and radius of the i-th planet. We make use of the Maximum
Likelihood Estimator (MLE) to maximize a Gaussian likelihood centered at Eq. (2.17). The
critical radius R is also fitted. It estimates that: a = 0.69, b = 0.78, ¢ = 0.11,d = 1.7,
Rurit = 4.23Rg and the corresponding dispersion o, = 0.374. The best-fitting relation is
shown in Fig. 2.1 in comparison with the relation fitted by Ramos et al. (2017). They do not
differ significantly. The estimated value for R is consistent with Teske et al. (2021) who
suggest a single power law relation for planets with R < 3.25Rg.

Equation (2.17) allows us to calculate the planet mass and therefore the resonance offset
(Eq. (2.12)). Moreover, the log-normal dispersion in planet mass enables us to check our
model consistency. The reason is that any uncertainty in the mass, will propagate, through

https://exoplanetarchive.ipac.caltech.edu
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Eq. (2.10) and Eq. (2.12). Therefore, we expect that the obtained value for o5 from MCMC
fitting is similar to, or exceeds, oy,.

The log-normal dispersion in planet mass significantly simplifies our analysis. There are
arguably more sophisticated forms of M-R relationships, e.g., the one given by Wolfgang
et al. (2016) and improved by Teske et al. (2021). However, they assume planet mass follows
a normal dispersion instead of a log-normal. In that case, the resulting A would follow a
complicated form of the ratio distribution?.

2.2.5 A statistical model of resonant and non-resonant planets

We define the posterior distribution as: p(6|Agbsi, Xk) = P(Aobsk|0, Xi)p (0] Xobsk)- If the
disc structure is not specified (without knowing the specific values of s, q in Eq. (2.2) and
Eq. (2.3)), the unknown model parameters are 6 = (log,,(Cch%,,), oa, s, q) and the known
parameters X = (My, My, Ma, 11,15, j). The index k indicates the k-th planet pair. If a disc
structure is specified, the unknown model parameters are 8 = (log,, Ce, 0a) for the irradi-
ation disc and € = (log,, (Cehfau), op) for the viscous disc, and the known parameters are
Xi = (M, My, M2, 11,72, j, h1au, S, q). We assume that the prior p(0]|Xj) follows a uniform
distribution (Table 2.1). The resonance index j is regarded as one of the known parameters
such that we can analyse all pairs at once.

As mentioned, resonance trapping naturally results from convergent migration: either
two planets get trapped into resonance during migration (both inward) with the outer planet
migrating faster than the inner one, or the inner planet reaches a migration barrier with
the outer planet arriving at a later time. Following the discussion in Sect. 2.2.4, we assume
that the period ratio of a planet pair that is in resonance obeys a log-normal distribution

logo A ~ N (log,o Amys(6, Xk), 03):

Pres,m/s(A|0’ Xk)d 10%10 A
1 [ [log;y A — log; Amys (6, Xi) ]
= exXp | —

/ 2
27TO'A

where Ap /s indicates the resonance commensurability calculated by Eq. (2.12). The reso-
nance offset Ay, indicates the value calculated for Migrat ing pairs using Eq. (2.15), while
A is for Braking pairs and is calculated using Eq. (2.16).

In the Type I migration regime, if the inner planet is more massive (migrates faster), con-
vergent migration can only occur when the inner planet has reached the migration barrier.
On the other hand, if the inner planet’s migration is slower than the outer, migration is al-
ways convergent. In that case, trapping can occur when both planets migrate inward or when
the inner planet has reached the migration barrier. For ease of the likelihood calculation, we
further divide the resonant planet pairs into three categories:

(2.18)

dlog,, A,
ZO'i gl()

Group 1: The inner planet migrated slower (75, > 7,,) and it did not reach a migration barrier
(N1);

Group 2: The inner planet migrated slower (z,, > 7,,) and it reached a migration barrier (N);

Group 3: The inner planets migrated faster (z,, < 7,,) and it reached a migration barrier (Ns).

2If variables X and Y follow a dependent (independent) normal distribution with nonzero mean values, the new
variable Z = X /Y follows correlated (uncorrelated) non-central normal ratio distribution (Hinkley 1969; Hayya
et al. 1975).
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Inward migration » Outward migration

non-res + N,
_innerslow ~ migrating +
N, inner slow

non-res +

inner fast
at disk edge +
inner slow

N>

Figure 2.2. Classification of resonant and non-resonant planet pairs. In the pie chart, ‘migrating’
means the pairs lock into resonance before reaching a migration barrier, whereas "at disc edge" indicates
planets lock into resonance at a planet migration trap. "Inner slow” ("fast") means that the inner planet
has a longer (shorter) migration time-scale than its outer planet. Nis is the number of resonant pairs.
N1, N;, and Ns are the numbers of Migrating, Braking, and non- resonant pairs in the pairs with
the inner planets migrating slower than the outer. N3 and N, are the numbers of Braking and non-
resonant pairs among the pairs with inner planets migrating faster than the outer.

N1, N; and Nj represent the number of resonant planet pairs corresponding to each type
of resonance. In addition, Ny (Ns) represents the number of pairs that are not in resonance
with the inner planet migrating faster (slower) than the outer planet. We provide a sketch
to explain the five classes in Fig. 2.2.

If the inner planets migrate faster (z,, < 7,,), those pairs in resonance must be Braking
pairs. However, if the inner planets migrate slower, they could either be Migrating pairs
or Braking pairs. The log,;, A distribution of planets in resonance is therefore (hereafter,
Pres(A) represents pres(Aobs| 0, Xi), etc):

pres,s(A) if Ta, < Tay,

[Pres,s(A) +Pres,m(A)] if Ta, > Tay- (2.19)

Pres (A) = {

The period ratio of planet pairs that are not in resonance is assumed to follow a uniform
distribution:

(In10)A

A max

Prres(A)dlog, A = dlog,, A (2.20)

where Apx is the value above which a planet pair with A is not considered in resonance.
We use Apax = (3j+2)/(3j—1)—(j+1)/j which is the distance from the first order (j+1) : j
resonance to its closest external 3rd order (3j + 2) : (3j — 1) resonance.

Finally, the total log-likelihood is written as:
Npairs
InL = In [pres(Aobs,k) + pn—res(Aobs,k)] > (2.21)

k=1

where Npairs is the number of planet pairs in our sample.
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Parameter Prior
General Irradiation Viscous
log,(Ceh3,,) U(-8,0) - U(-8,0)
log,, Ce - U(-2,2) -
oA U(0,1) U(0,1) U(0,1)
s U(-5,2.4) ~15/14 -3/8
q U(-2,2) 2/7 ~1/16
hiau - 0.0245 -

Table 2.1. Prior bounds or values for the disc parameters of the three models. All priors follow a
uniform distribution U.

2.3 Resonance Trapping criterion for the restricted
3-body problem

In this section, we improve and numerically verify the two-body resonance trapping crite-
rion. This new trapping condition will be used in Sect. 2.5.2 to further constrain the statistical
results of Sect. 2.4.2.3

2.3.1 Theoretical Derivation

In the restricted three-body problem, the outer planet is on a fixed circular orbit. The inner
planet moves outward and its semi-major axis and eccentricity are damped on time-scales of
7, and 7., respectively. Lagrange’s planetary equation for the mean motion (n) then reads:

. . . 3n;  peim
A= —3]af1,ugelnf sin ¢y — - NRE S L (2.22)

a TE

where @ = a;/a,, ¢1, e; and f; are the semi-major axis ratio, resonance angle, the eccen-
tricity of the inner planet, and f; is a numerical factor that depends on the resonance index
Jj (Murray & Dermott 1999; Terquem & Papaloizou 2019). By definition, p = 3 holds when
the eccentricity damping operates at constant angular momentum (Teyssandier & Terquem
2014). Lagrange’s planetary equation for eccentricity is:

é1 = —afipan sin gy — ﬁ, (2.23)
€1
When two planets are in resonance, the values of different orbital properties e.g., e;,  and ¢
librate around their equilibrium values. The equilibrium eccentricity (Goldreich & Schlicht-
ing 2014; Terquem & Papaloizou 2019) is derived by putting é = d = 0 and eliminating sin ¢,
in Eq. (2.22) and Eq. (2.23):
Te

! (2.24)

e = —_—.
beq 2(j + 1)1q,

By inserting the equilibrium eccentricity e eq and aeq = [j/(j + 1)]?/3 into Eq. (2.23), sin ¢;

follows:
1 1
SiN 1 eq = — - 2.25
P1eq afipang \/ 2(j + 1)Te, 74 (225)

Batygin & Petit (2023b) have recently presented an analysis with a trapping condition also predicated on the
equilibrium phase angle, Eq. (2.25), like in this Section. Their findings are consistent with ours.
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Naturally, its absolute value cannot exceed 1. Otherwise, for |sin¢;| > 1, no steady state
exists and the planets will cross the resonance. Combining, é; = 0, Eq. (2.23) and Eq. (2.24)
we can write the resonance trapping condition:

1
Ta,Tey 2= = . 2.26
a%e 2 5 D (afipan)? (2:26)

The classical theory about the resonance trapping criterion is that the time for the planet
to migrate across the libration width is shorter than the libration time-scale (Ogihara &
Kobayashi 2013; Batygin 2015). For comparison, we also provide the criterion derived from
the classical pendulum model (Murray & Dermott 1999; Ogihara & Kobayashi 2013; Huang
& Ormel 2022):

m(j+1)
4(afipm)?

Compared to Eq. (2.27), the new criterion (Eq. (2.26)) has the same dependence on planet-
to-star mass ratio y; and the orbital frequency n; but differs regarding the resonance index

J-

Ta,Te, = (2.27)

2.3.2 Comparison with simulation

We compare the new resonance trapping criterion above against the numerical simulation.
The fiducial accelerations accounting for migration and eccentricity of planets in the simu-
lations are expressed by:

ay = ——, (2.28)
21,
(v-r)r
. = — 2.29
¢ 2rar, (2.29)

(Papaloizou & Larwood 2000; Cresswell & Nelson 2006, 2008). We make use of the WHf ast
integrator of the open-source N-body code REBOUND (Rein 2012). The migration and ec-
centricity damping on planets are implemented through REBOUNDX (Tamayo et al. 2020).

We fix the outer planet on a circular orbit at [(j + 1)/j]*? au. The inner planet starts
to migrate outward at 0.8 au on a time-scale of 7,. Its eccentricity is damped on a time-
scale of 7,. The planet mass is fixed at 10 Mg and the host mass is 1 My. We vary two
parameters in the simulation: 7, from 10* yr (fast migration) to 107 yr (slow migration),
and 7,/t, ranging from 10' (inefficient eccentricity damping) to 10* (efficient eccentricity
damping). Each parameter is sampled by 100 grid points evenly distributed in log-space. In
order to capture the probabilistic behavior of resonance trapping, we run five simulations
for each point in the 7, /7.7, parameter space, where we evenly sample the initial longitude
of the inner planet.

We conduct simulations for j = 1 (2:1 resonance) and j = 2 (3:2 resonance). We run
the simulation until t = 7,, but we take a snapshot at t = 0.27,. If the period ratio P,/P;
decreases below (j + 1)/, we classify the simulation outcome as a resonance crossing. The
results are shown in Fig. 2.3 and Fig. 2.4 for j = 1 and j = 2 respectively. Resonance crossing
cases are in white and resonance trapping cases are in green. The red dashed line indicates
the boundary below which the trapping solution becomes overstable,

“ 1 32 \%*
(T—) =— (—L) (2.30)
Te | overstable S(J + 1) afl.uz
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Figure 2.3. Resonance trapping and crossing for the 2:1 resonance. For each point in the param-
eter space, we run five simulations with different initial conditions to obtain the probabilistic re-
sult of resonance trapping (green shading). The blue line is the resonance trapping criterion de-
rived from the pendulum model (Eq. (2.27)) while the orange line is our newly derived criterion
(Eq. (2.26)). The grey solid lines are the contours of sin ¢, with corresponding values labelled in
white. The red dashed line (Eq. (2.30)) corresponds to the transition from stable resonance trapping
(above) to overstable resonance (below). Below this line, the simulations progressively evolve into
the overstable territory, see https://raw.githubusercontent.com/shuohuangGIT/
Infer-migration-history/main/q1l.mp4.

(Goldreich & Schlichting 2014), which evaluates to 7,/7, ~170 for y; = 3 x 107>, both for
Jj = 1 and 2. Above this line, all systems are either trapped in resonance or not. The top-
right corner indicates the parameter space where the two planets both get captured and
permanently stay in resonance and the top-left indicates resonance crossing. Below this
line, some systems are still evolving and resonance trapping is only temporary.

We indicate the trapping criterion derived from the pendulum model in blue and the im-
proved trapping criterion (Eq. (2.26)) with the orange line. From Fig. 2.3 and 2.4 it is clear
that the pendulum model criterion for resonance trapping (blue line) fails to quantitatively
match the numerical simulations. Our new criterion (orange line), however, fits the simu-
lations perfectly. The equilibrium value of sin ¢; for the simulation snapshots is calculated
by averaging its value over a time span of 0.17, before and after the snapshot time, e.g.,
0.1-0.37, for the snapshot at ¢ = 0.27,. The values of sin ¢ ¢ is indicated by grey solid lines
(contour) in Fig. 2.3 and 2.4. sin ¢ q increases as getting closer to the orange line, which
is also expected by Eq. (2.25). The picture of resonance trapping/crossing over the entire
parameter space of the migration time-scale and eccentricity damping time-scale has now
been clarified. Migration plays a role in exciting the planet’s eccentricity, while eccentricity
damping reduces it. On one hand, if a planet pair is in resonance, the eccentricity damp-
ing balances its excitation and finally librates near the equilibrium value. If the migration
speed is so fast that there is no steady state solution for the resonance angle ¢ q (Eq. (2.26)),
the resonance is crossed. Otherwise, resonance trapping is ensured. On the other hand, if
eccentricity is excited to be high enough, planets can be captured into resonance, but only
temporarily, because of the continuous increase of the resonance libration amplitude (over-
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Figure 2.4. Same as Fig. 2.3, but for the 3:2 resonance. = The video can be down-

loaded on Github: https://raw.githubusercontent.com/shuohuangGIT/
Infer-migration-history/main/q2.mp4.

stability, cf. Goldreich & Schlichting 2014). Although not evident from the figures presented,
all simulations located in the large green corner above the red dashed line exhibit permanent
libration of sin ¢, indicating that the planets are captured in resonance permanently. The
amplitude of sin ¢; during libration increases as the ratio 7,/7. decreases, and approaches
the red dashed line denoting overstability in Fig. 2.3 and 2.4. The green region situated be-
low the red dashed line represents simulations in which planets are temporarily captured in
resonance, with their amplitude of sin ¢; increasing over time and circulating at the end of
the simulation. In conclusion, both efficient eccentricity damping (z,/7. is high) and slow
migration are required for permanent resonance trapping.

2.4 MCMC analysis

In this section, we first discuss how we select our sample in Sect. 2.4.1. Then we conduct an
MCMC fitting to constrain the model parameters.

2.4.1 Sample selection

Our sample selection and all analysis are based on the NASA Exoplanet Archive. Our atten-
tion is drawn to planets detected through transits and TTV. As shown in Sect. 2.2.3, we need
planets’ masses to calculate the equilibrium eccentricities and period ratios in resonance. If
only the radius is available, the M-R relationship described in Sect. 2.2.4 is used to calculate
the masses of those transiting planets. Additionally, the semi-major axes and stellar masses
are extracted.

We do not consider short-period planets in our sample. We take this simple step to re-
duce the effects of both photo-evaporation and stellar tides on the M-R relationship. First,
photo-evaporation can alter the M-R relationship for planets with low-density atmospheres
on time-scale of 1 Gyr (Fulton & Petigura 2018). It is believed to have triggered the so-called
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Figure 2.5. Planet mass versus stellar mass in the sample. Planet pairs with period ratios larger than
(j +1)/j and smaller than (3j + 2)/(3j — 1) are chosen. We take j equal to 1, 2, 3 and 4. Planet masses
and their host masses are indicated by black dots, with 1o error bar. If the planet mass is inferred from
its radius through the M-R relation, its uncertainty of the masses is assigned to be oy, = 0.374 dex. The
grey dashed line indicates the position where the planet-to-star mass ratio equals 1 = 1074, We assume
planets to the left of this line to follow Type I migration and otherwise Type II. Only Type I migrating
planets are included in our analysis.

‘radius gap’ (Fulton et al. 2017). When planets get closer to their host stars, this effect is
more obvious (Fulton & Petigura 2018). Second, stellar tides alter close-in planets’ orbital
properties (Lithwick & Wu 2012; Batygin & Morbidelli 2013; Charalambous et al. 2018; Pa-
paloizou et al. 2018) and blur the information of the planets inherited from their protoplanet
disc. Both mechanism are very sensitive to planets’ semi-major axes. Excluding the planets
with a cutoff period shorter than 5 days, though crude, can suppress the interference from
stellar tides (Choksi & Chiang 2020) and photo-evaporation (Fulton & Petigura 2018) on our
sample.

We display the planet mass versus their host mass in Fig. 2.5. The average planet mass
is 10Mg and the average stellar mass is 1 Mp. The planets’ and stars’ mass uncertainties
are indicated by error bars. If the planet mass is inferred from the M-R relation, the log-
normal standard deviation is then o, = 0.374 (Eq. (2.17)). The migration speed of low-mass
planets in the proto-planetary disc scales linearly with planet mass, as dictated by the Type I
migration limit. As planets become massive enough to perturb their surrounding disc, their
migration gradually switches to Type II (Kanagawa et al. 2018; Pichierri et al. 2022). We set
the boundary between two types of migration as piyans = 10~%. Since our interests focus on
Type I migration only planets with p < pians are included in our sample.

Finally, the sample size is reduced to 371 and the period ratios for all planet pairs are given
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Figure 2.6. Distribution of the period ratio of all observed planet pairs in our sample (green his-
tograms). We highlight the four windows in the vicinity of four different first-order resonances: 2:1,
3:2, 4:3 and 5:4. The left boundary of each window is (j+1)/j and the right boundary is (3j+2)/(3j—1).
The total number of pairs is 371 in the green histogram and 128 in the windows.

by Fig. 2.6. The selected planets come from systems with two and more planets, including
those with resonance chains.

To calculate the resonance offset, the resonance number j is required. There are excesses
of systems ('peaks’) just wide of the integer period ratios, which is suggestive of resonances.
We only consider first-order resonances: 2:1, 3:2, 4:3, and 5:4. We assume that planets with
period ratios slightly larger than the integer ratios are potentially in resonance until the
period ratio "hits" the third-order resonance, because the resonant interaction is weaker as
they become further from exact commensurability. Planet pairs with period ratios larger
than (j + 1)/ but smaller than (3j + 2)/(3j — 1) are possibly in (j + 1)/j resonance. Here,
(3j+2)/(3j—1) is the location of the closest third-order resonance. The selection of a period
ratio limit for identifying planets in 2:1 resonance may seem arbitrary, given that the period
ratio can extend up to 2.5, where planet pairs are unlikely to be in resonance. However, a
slightly smaller window for the 2:1 resonance would not affect our conclusions. Nonethe-
less, this choice is useful for identifying planets in 3:2, 4:3, and higher j first-order resonances
because planets located near these resonance locations are close to nearby higher-order res-
onances, and may therefore be more easily perturbed. The satisfied period ratio windows
are highlighted in Fig. 2.10 (top panel) and the four lower panels zoom in on these four win-
dows, for j =1, 2, 3, 4, where we instead show the distribution of the offset from resonance,
A. Planets out of the windows may still be in first-order resonance, but their fraction must
be very low and it is not covered by our analysis. We ignore other first-order resonances and
all higher-order resonances.

2.4.2 Implication on planet-disc interaction from MCMC

We use emcee (Foreman-Mackey et al. 2013) to perform the MCMC analysis. We implement
three different models:

1. General model. The disc structure is not specified and the MCMC is used to fit log,,(C.h
OA, S, 4.

2. Irradiation model. Stellar irradiation is assumed to be the main heating source and the
MCMC is used to fit log,, C. and oa.

3. Viscous model. Viscosity-driven accretion is assumed to be the main heating source
and the MCMC is used to fit log,,(C.h?, ), oa.

lau

2
1

aw)>
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Figure 2.7. Distribution of log,, 7,/7, the semi-major axis-to-eccentricity damping time-scale at the
location of the inner planets averaged over all planet pairs, in General (blue), Irradiation (orange) and
Viscous (green) model. We calculate this quantity based on the posterior distributions of the parameters
in each model. Dashed lines indicate their median values.

The prior distribution of parameters log,,(Cch?, ), log;, Ce, oa, s, q and the values we take
for s, g and hyay for the three different models are shown in Table 2.1. The convergence
of MCMC chains are checked. We make use of the criterion that MCMC converges if the
autocorrection time is shorter than 1/50 times its chain length. We checked that our results
all satisfied the convergence criterion.

For the General model, we examine whether our method is capable to retrieve all the pa-
rameters in Appendix 2.B. It turns out that almost all parameters are degenerate. Therefore,
the fitted values for {log,,(Cch3,,), oa. s, ¢} may not be reliable (Appendix 2.B.1). The result
of the General model is shown and analysed in Appendix 2.A. We also calculate the quantity
log,, 74/ 7, the semi-major axis-to-eccentricity damping time-scale, at the location of the in-
ner planets averaged over all planet pairs. This quantity, however, shows to be independent
of the other parameters and can be reproduced within the 1o error bar (Appendix 2.B.1).

We calculate log,, 74/ 7 in all three models, and their distributions are shown in Fig. 2.7.
Two key points can be made. First, different disc structures result in nearly identical distri-
butions. The parameter log,, 7,/7, is not sensitive to the assumed disc structure. Second,
the value of log,, 7,/7. — peaking at 4 and almost always larger than 3 - is high. The high
semi-major axis-to-eccentricity damping time-scale ratio indicates that temporary capture
(overstable libration) did not operate for the planets in our sample, which would require
74/ Te 170 (Goldreich & Schlichting 2014) in Eq. (2.30).

By specifying the disc structure - the Irradiation or Viscous model - the parameters can
be successfully retrieved within 1o error bar (Appendix 2.B.2). We show the fit result of
{log,o Ce, oa} and {log,,(Cch?, ), oa} for the Irradiation and Viscous model in Fig. 2.8 and
Fig. 2.9, respectively. The python package corner . py (Foreman-Mackey 2016) is used to
generate the plots of the posterior distributions.

The Irradiation model (Fig. 2.8) fits log,, C, = 0.947%%_ For the viscous model, the disc

-0.25°
aspect ratio is sensitive to the stellar accretion rate and disc opacity. Therefore, we fit the
combination Cch?, , and log, (Cch?, ) = —4.60%93 (Fig. 2.9). If we take hiay = 0.0245,
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same value as the irradiation model, then log,, C, = —1.38f%§%. Increasing hy,, (or Ly in
Eq. (2.5)) would result in a smaller value of C, (C, hl_azu)' Theoretically, Tanaka et al.
(2002) and Tanaka & Ward (2004) from the first principle calculate that log,,C, = 0 for
locally isothermal discs. The fitting outcomes from both disk models suggest more efficient
eccentricity damping than theories.

Additionally, the fitted values for op are 0.65f%’£ and 0.79&%'910 for the Irradiation and
Viscous model, respectively. Their values are twice that of the mass dispersion. Indeed, we
expect that the fitted o, is of the same magnitude as oy, (Sect. 2.2.4). However, oy is fitted to
be slightly larger than our expectation. This could be an implication of turbulent discs (Rein
& Papaloizou 2009; Goldberg & Batygin 2022) and/or post-disc perturbations (e.g. Lithwick
& Wu 2012; Chatterjee & Tan 2014; Stock et al. 2020). We further run an MCMC fitting
fixing oa to 0.374, the resulting posterior distribution of log,, C, or log,,(Cch?, ) are not
significantly different from what we present here. It gives log,,(Cch?, ) = —3.95%02 for the
Viscous model and log,, C. = 0.44*%-1% for the Irradiation model.

log10Ce = —0.94182
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Figure 2.8. Corner plot of variables in the MCMC analysis (log,, C. and oa) with 10, 20 and 3¢
confidence contours, for the Irradiation model, which fixes the surface density power law index s =
—15/14 and the disc aspect ratio index g = 2/7. The 10 uncertainty is labelled on the top of each column
and indicated by left and right dashed lines. The middle dashed lines indicate their median values.

In summary, our MCMC model shows that eccentricity damping is effective (log,, 74/7. =
4), making resonant over-stability unlikely. The observed period ratio excess of planets sug-
gests more efficient eccentricity damping than the predictions by Tanaka et al. (2002) and
Tanaka & Ward (2004) (C. =~ 1), irrespective of whether the disk structure is dominated by
irradiation or viscous heating. However, the aspect ratio of a viscous inner disc depends on
the disc opacity and stellar accretion rate (e.g. Liu et al. 2019), which limits our ability to
constrain C,.

2.5 Implications for planet formation

In this section, we adopt the fit result from the Irradiation model and further study the im-
plications of resulting resonant planets statistically. Ramos et al. (2017) and Charalambous
et al. (2022) use similar prescription for their disc st