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Multi-task reinforcement learning and meta-reinforcement learning have been developed to 
enhance the learning capabilities on new tasks, but they tend to focus on maximizing rewards, 
leading to poor performance in exploration. To address this issue, we propose Meta Generative 
Flow Networks (GFlowMeta): an integration of Generative Flow Networks (GFlowNets) into meta-

learning algorithms. By leveraging the unique capabilities of GFlowNets to generate diverse 
candidate solutions, GFlowMeta exhibits enhanced exploration of tasks. However, GFlowMeta’s 
performance deteriorates when confronted with heterogeneous transitions from distinct tasks, 
leading to a decrease in its effectiveness. Therefore, we subsequently introduce a personalization 
approach called personalized Meta Generative Flow Networks (pGFlowMeta), which combines 
task-specific personalized policies with a meta policy. Each personalized policy balances the 
loss on its personalized task and the difference from the meta policy, while the meta policy 
aims to minimize the average loss of all tasks. The theoretical analysis shows that the proposed 
pGFlowMeta converges at a sublinear rate. Furthermore, extensive experiments demonstrate the 
superiority of pGFlowMeta over state-of-the-art reinforcement learning algorithms.

1. Introduction

Reinforcement learning (RL) techniques strive to discover optimal policies through engagement with the environment to maximize 
expected rewards [38]. Although reinforcement learning has been successfully applied in various fields [34,4,19], it often has 
difficulty adapting to new tasks, resulting in suboptimal performance on unseen tasks. This is because the optimal policy for a new 
task may be significantly different from the optimal policy for a previously learned task. Furthermore, traditional reinforcement 

✩ This work is supported by the Postdoctoral Fellowship Program of CPSF under Grant Number GZC20232038.

* Corresponding author.

E-mail addresses: jixinyuan1996@stu.xjtu.edu.cn (X. Ji), zhang.xu@xidian.edu.cn (X. Zhang), xiwei@xjtu.edu.cn (W. Xi), wanghaozhi@tju.edu.cn (H. Wang), 
o.gadyatskaya@liacs.leidenuniv.nl (O. Gadyatskaya), liyinchuan@huawei.com (Y. Li).
Available online 10 April 2024
0020-0255/© 2024 Published by Elsevier Inc.

1 Equal contribution.

https://doi.org/10.1016/j.ins.2024.120569

Received 28 June 2023; Received in revised form 1 April 2024; Accepted 5 April 2024

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/ins
mailto:jixinyuan1996@stu.xjtu.edu.cn
mailto:zhang.xu@xidian.edu.cn
mailto:xiwei@xjtu.edu.cn
mailto:wanghaozhi@tju.edu.cn
mailto:o.gadyatskaya@liacs.leidenuniv.nl
mailto:liyinchuan@huawei.com
https://doi.org/10.1016/j.ins.2024.120569
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ins.2024.120569&domain=pdf
https://doi.org/10.1016/j.ins.2024.120569


Information Sciences 672 (2024) 120569X. Ji, X. Zhang, W. Xi et al.

Fig. 1. Averaged Empirical 𝐿1 Error of GFlowMeta on similar and distinct tasks in the ‘Frozen lake’ environment. This highlights the performance gap of GFlowMeta 
on distinct and similar tasks.

learning methods that maximize expected rewards also face challenges in exploring diverse high-reward candidate sets. Therefore, 
these methods perform poorly in new tasks when given sparse rewards and the goal of discovering interesting candidates.

To quickly adapt to new tasks with minimal additional training, researchers have introduced multi-task reinforcement learning 
(multi-task RL) and meta-reinforcement learning (meta-RL) techniques. Preliminary studies on multi-task reinforcement learning 
mainly focused on transfer learning. It involves transferring knowledge from relevant training tasks to test tasks in order to improve 
the performance of the policy employed in the target task. Subsequent studies have introduced alternative approaches, including 
the utilization of common representation [31,8,40,42], gradients’ similarity [43,7], and policy distillation [41,26,37]. Additionally, 
there are also Meta-RL methods proposed, such as Model-Agnostic Meta-Learning (MAML) [11], E-MAML [36], and Probabilistic 
Embeddings for Actor-critic meta-RL (PEARL) [30] aiming to enable the policy model to leverage the knowledge learned from prior 
training tasks to facilitate rapid adaptation to new tasks. However, these methods usually prioritize maximizing the expected reward 
while ignoring the diversity of the candidate set. As a result, policy models may struggle to explore a wider range of high-reward 
candidates, leading to suboptimal performance.

To facilitate rapid adaptation to new tasks and enhance exploration performance on tasks, a solution that integrates Generative 
Flow Networks (GFlowNets) [5,17,6] into meta-learning is proposed, leading to a variant called Meta Generative Flow Networks 
(GFlowMeta). GFlowMeta combines the advantages of GFlowNet and meta-reinforcement learning. It exploits the power of GFlowNet 
to generate diverse candidate solutions through approximate sampling techniques guided by a given reward function. Additionally, 
GFlowMeta incorporates meta-learning techniques that enable it to efficiently adapt to new tasks by leveraging knowledge learned 
from previous tasks. However, it should be noted that GFlowMeta achieves significant performance improvements mainly when 
the trained tasks exhibit similarities to each other. Unfortunately, in cases where tasks are distinct, i.e., there are significantly 
different characteristics between tasks, the performance improvement achieved by GFlowMeta is relatively limited. This can be 
observed in Fig. 3, which depicts the distribution of sampling transitions between tasks, highlighting clear differences. To further 
emphasize this distinction, a performance comparison is provided in Fig. 1 showing the impact of training GFlowMeta in the ‘Frozen 
Lake’ environment on similar and distinct tasks. The results clearly show significant differences in performance between these two 
scenarios, increasing the challenge of adapting GFlowMeta to distinct tasks.

In this paper, a personalized Meta Generative Flow Networks (pGFlowMeta) is proposed, as depicted in Fig. 2, to address the 
limited performance improvements exhibited by GFlowMeta when dealing with distinct tasks in the discrete environments. The 
framework utilizes a combination of a meta policy, which is trained on all tasks, and personalized policies, which are trained specif-

ically for each individual task. The meta policy aims to minimize the cumulative loss across all tasks by aggregating the auxiliary 
meta parameters on each task. On the other hand, each personalized policy aims to strike a balance between minimizing the loss on 
its respective task and minimizing the discrepancy from the meta policy. To accomplish this framework, an alternating minimization 
algorithm specifically designed for the pGFlowMeta framework is introduced to enable effective personalization on distinct tasks. The 
algorithm formulates a bi-level optimization problem and iteratively updates the personalized policies through an approximate solu-

tion of their corresponding lower-level problems, thereby penalizing the discrepancy between the meta policy and the personalized 
policies. Simultaneously, auxiliary meta parameters used for aggregating the meta policy are updated to ensure their alignment with 
the desired objectives. A convergence analysis is provided for the proposed algorithm, which proves that the algorithm converges 
sublinearly as the outer loop increases. Besides, a convergence analysis of the personalized policies to the meta policy is provided: 
the personalized policies on average converge to a neighborhood of the meta policy with a sublinear rate.

The paper makes the following primary contributions:

• GFlowMeta is proposed to facilitate rapid adaptation to new tasks and enhance exploration performance on tasks. Compared 
with state-of-art methods, GFlowMeta utilizes the capabilities of GFlowNets to generate diverse candidate solutions through 
2

approximate sampling techniques guided by a given reward function.
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Fig. 2. System diagram for personalized Meta Generative Flow Networks (pGFlowMeta). Consider a meta-learning problem in which there are 𝑁 tasks. In each task, 
the agent learns two policy models: the personalized policy 𝜃𝑖 and the meta policy Θ. The training process involves alternating updates between the personalized 
policy and meta policy models for a specified number of iterations (𝑅). Following the updates, the meta policy models are aggregated using the formula Θ𝑡+1 =
(1 − 𝛽)Θ𝑡 + 𝛽

𝑁

∑𝑁

𝑖=1 Θ
𝑡
𝑖
, where 𝛽 is a weighting parameter and 𝑁 represents the number of tasks. This framework enables the agent to learn both personalized policies 

for individual tasks and a meta-level policy that captures common knowledge across tasks.

• pGFlowMeta is proposed to address the challenge of GFlowMeta posed by distinct tasks. pGFlowMeta simultaneously optimizes 
the meta policy (MP) and the personalized policies (PP) to facilitate rapid learning on new tasks, and to improve the performance 
on each distinct task.

• An alternating minimization algorithm is introduced to accomplish the pGFlowMeta framework. Specifically, a bi-level opti-

mization problem is formulated to optimize two policies simultaneously, and a proximal operator into the lower-level objective 
function to discourage divergence between MP and PP.

The remainder of the paper is organized as follows. In Section 2 presents a literature review. In Section 3 the preliminaries 
are introduced. Section 4 presents the theoretical frameworks of GFlowMeta and pGFlowMeta. Section 5 delves into the theoretical 
analysis of pGFlowMeta. The details of the experimental design and the analysis of the experimental results are presented in Section 6. 
Following that, Section 7 discusses insights into real-world applications and the limitations of the work. Finally, Section 8 concludes 
the paper and outlines potential future research directions.

2. Related work

This section provides a comprehensive review of research closely related to pGFlowMeta, including meta-reinforcement learning, 
multi-task learning, and GFlowNets.

Meta-reinforcement learning. Meta-reinforcement learning (meta-RL) focuses on learning a policy that can make an agent 
efficiently learn on test tasks [18,9]. Specifically, meta-RL can develop policies by leveraging the knowledge and experience ac-

quired from previous tasks [11,30]. The meta-reinforcement learning literature covers a range of methods, which can be divided 
into two main categories: model-free methods and model-based methods. Model-free methods such as, for example, MAML [11], 
ProMP [32], E-MAML [36], MAESN [13], and ES-MAML [35] directly learn a policy in training tasks without explicitly modeling 
the environment of the tasks. In contrast, model-based methods take a different approach by learning a model to construct the 
task’s environment information. This learned model is then utilized to simulate various scenarios and generate training transition 
data for the meta policy. For instance, PEARL [30], and CaDM [20] learn a task inference network to extract task-specific infor-

mation from the environment, which is represented as task latent variable and a meta policy network with task latent variables 
capturing the shared patterns and dynamics of state transitions. They plan agent policies by inferring task information and adapting 
the state transition model accordingly. The aforementioned methods achieve fast adaptation to new tasks by training on multiple 
similar tasks. However, they often encounter model divergence when applied to tasks with low similarity due to environmental 
heterogeneity.

Multi-task learning & multi-task reinforcement learning. Multi-task learning (MTL) aims to improve a model’s ability to 
adapt to new tasks by simultaneously learning multiple related tasks [24,27]. In the realm of reinforcement learning, employing MTL 
is an avenue to boost the effectiveness of RL agents. By simultaneously training the agent to perform multiple related tasks, it can 
potentially learn to generalize better and more efficiently than a single-task agent. Several approaches and techniques based on multi-

task RL have been proposed to further improve the effectiveness of RL. Much of the research in this area, such as that by [29] has 
centered around transfer learning, in which knowledge learned from the related tasks is re-used on new tasks. Subsequent studies have 
introduced alternative approaches, including the utilization of common representation [31,40,42,28], gradients similarity [43,7], and 
3

policy distillation [41,26,37]. For example, Policy Distillation [37,41] and Actor-Mimic [26] leverage the technology of distillation 
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to achieve multi-task RL. The central concept here is that the features learned by a complex model can be compressed into a smaller 
and more efficient model.

Generative Flow Networks. Generative Flow Networks (GFlowNets) were initially introduced by Bengio et al. [5] as a generative 
modeling framework for sampling from a distribution. Since then, GFlowNets have been studied extensively [25,21,16,23,17]. Madan 
et al. [23] propose SubTB(𝜆), a training objective for GFlowNets, which leverages the bias-variance trade-off to improve convergence 
and enable training in environments where action sequences are lengthier and rewards are sparsely distributed. Jain et al. [16]

introduced an active learning algorithm that combines epistemic uncertainty estimation with GFlowNets. This integration enables the 
generation of diverse and valuable candidate solutions specifically for the design of biological sequences. Zhang et al. [44] introduced 
a framework that establishes connections between deep generative models and GFlowNets. They provide a unifying perspective by 
examining the learning process with Markovian trajectories. Li et al. [21] addressed the challenge of handling continuous control 
tasks in generative modeling by proposing generative continuous flow networks (CFlowNets). Their work introduced a theoretical 
formulation and a training framework, and demonstrated the superior exploration ability of CFlowNets compared to reinforcement 
learning methods through experimental results.

3. Preliminaries

This section introduces some important foundational concepts in reinforcement learning and GFlowNets.

3.1. Reinforcement learning

As one of the artificial intelligence approaches [2,3], reinforcement learning (RL) [18] algorithms are specifically developed 
to tackle problems that involve making sequential decisions in a complex and uncertain environment. In RL, an agent continuously 
interacts with an environment. The Agent takes Actions based on Observations obtained from perceiving the Environment. These Actions

are then fed back into the Environment, which responds by providing the next Observations and a Reward based on the agent’s chosen 
Actions. The goal of the RL is to learn the optimal Policy to maximize the Rewards obtained from the environment as much as 
possible.

RL methods exhibit the Markovian property, which means that taking action 𝑎𝑡 in the current state 𝑠𝑡 and transitioning to 
the next state 𝑠𝑡+1 does not depend on previous states 𝑠1, ..., 𝑠𝑡−1. Such processes can be mathematically formulated as a tuple 
 = ⟨ ,, ,, 𝛾⟩. Here,  is a set of states,  is a set of actions in the decision-making process, 𝑟𝑡 =(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1) is the reward 
which depicts the immediate reward of performing a certain action 𝑎𝑡 in the state 𝑠𝑡 to the next state 𝑠𝑡+1 in the 𝑡-th time step. The 
function (𝑠𝑡+1 ||𝑠𝑡 , 𝑎𝑡) represents the state transition probability, indicating the probability of transitioning from the current state 𝑠𝑡
to the next state 𝑠𝑡+1. Additionally, the discount factor 𝛾 ∈ [0,1) is used to emphasize delayed rewards. Based on these definitions, 
the agent can aim to learn the optimal policy 𝜋∗ = argmax𝜋

∑
𝜏 𝑃 (𝜏|𝜋)𝑅(𝜏) by maximizing the expected rewards, where 𝜏 represents 

a trajectory, 𝜏 =(𝑠1, 𝑎1, 𝑠2, 𝑎2, 𝑠3, 𝑎3, . . . , 𝑠𝑇 , 𝑎𝑇 ), and 𝑇 represents the number of time steps in the trajectory.

By continuous trial-and-error process, RL can acquire the optimal policy without a large amount of direct instruction infor-

mation. The agent must exploit the existing knowledge to gain rewards while also exploring to allow for better future action 
selection.

3.2. Generative Flow Network

GFlowNets are primarily designed for environments where direct instruction information is limited, resulting in sparse re-

wards and requiring increased exploration. Let 𝑋 ∈  represent a set of terminal states, referring to all the states where multiple 
episodes terminate in an environment. The primary objective of GFlowNets is to transform a given return function into a genera-

tive policy 𝜋(𝑎|𝑠) to satisfy 𝜋(𝑥) ∝ 𝑅(𝑥), where 𝑅(𝑥) > 0 is a reward for a terminal state 𝑥. GFlowNets sees the Markov Decision 
Process (MDP) as a flow network, that is, they leverage the Directed Acyclic Graph (DAG) structure of the MDP. Let 𝑇 (𝑠, 𝑎)
be the next state of state-action pair (𝑠, 𝑎). Let  (𝑠′) =

{
𝑠|∃𝑎 ∈, 𝑇 (𝑠, 𝑎) = 𝑠′∈ 

}
to be a set of all states flowing to state 𝑠′, 

(𝑠′) =
{
𝑠|∃𝑎 ∈, 𝑇 (𝑠′, 𝑎) = 𝑠 ∈ 

}
as the set of all states that diverge from state 𝑠′ . For any state 𝑠′, it can have multiple parent 

states, i.e., | (𝑠′)| ≥ 1, except for the root node represented as 𝑠0, which has no parent states. Similarly, for any state 𝑠′, it can 
have multiple actions, i.e., |(𝑠′)| ≥ 1, except for the sink node denoted as 𝑥, which has no actions. Let us define the action flow 
𝐹 (𝑠 → 𝑠′) as the flow passing through an edge from state 𝑠 to state 𝑠′. The flow consistency equations are employed, where 𝑅(𝑠′) = 0
for interior nodes and 𝑇 (𝑠′, 𝑎) =∅ for leaf (sink/terminal) nodes:∑

𝑠∈ (𝑠′)
𝐹 (𝑠→ 𝑠′) =𝑅

(
𝑠′
)
+
∑

𝑠∈(𝑠′)
𝐹
(
𝑠′ → 𝑠

)
, (1)

This implies that for any node 𝑠′ in the network, the incoming flow of information is equal to the outgoing flow of information, 
which is denoted as the total flow 𝐹 (𝑠′). With 𝐹 being a flow, 𝐹 (𝑠 → 𝑠′) > 0, ∀𝑠. The unknown function 𝐹 with parameters Θ is 
parameterized and denoted as 𝐹Θ. This yields the following objective for a trajectory 𝜏 :

(Θ) =
∑
𝑠′∈𝜏≠𝑠0

(∑
𝑠∈ (𝑠′) 𝐹Θ(𝑠→ 𝑠′) −𝑅

(
𝑠′
)
−
∑
𝑠∈(𝑠′) 𝐹Θ

(
𝑠′ → 𝑠

))2
. (2)
4
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Algorithm 1 GFlowMeta: A Meta Generative Flow Network.

1: Input: training tasks {𝑖}𝑁𝑖=1 sampled from 𝑝 ( ), Θ0 , 𝜂
2: for 𝑡 = 1 𝑡𝑜 𝑇 do

3: for 𝑖 = 1 𝑡𝑜 𝑁 parallel do

4: Θ𝑡
𝑖,1 = Θ𝑡

5: for 𝑟 = 1, ⋯ , 𝑅 do

6: Sample trajectories {𝜏𝑘
𝑖
}𝐾
𝑘=1 from Task 𝑖

7: Evaluate ∇𝑖(Θ𝑡𝑖,𝑟) using {𝜏𝑘
𝑖
}𝐾
𝑘=1

8: Compute updated parameters by solving Eq. (6) with gradient descent: Θ𝑡
𝑖,𝑟+1 = Θ𝑡

𝑖,𝑟
− 𝜂∇𝑖(Θ𝑡𝑖,𝑟)

9: end for

10: end for

11: Update meta parameters Θ𝑡+1 = 1
𝑁

∑𝑁

𝑖=1 Θ
𝑡
𝑖,𝑅

12: end for

13: Output: meta parameters Θ𝑇

4. Personalized Meta Generative Flow Networks

This section introduces a personalized Meta Generative Flow Network model (pGFlowMeta) for distinct tasks in reinforcement 
learning. To make this easier to follow, a Meta Generative Flow Network model (GFlowMeta) is first presented for similar tasks. The 
algorithms for GFlowMeta and pGFlowMeta are shown in Algorithm 1 and Algorithm 2, respectively.

4.1. Meta Generative Flow Networks

The Meta Generative Flow Network (GFlowMeta) is a framework that focuses on learning a meta stochastic policy capable of 
adapting to new tasks with limited samples in reinforcement learning. The objective is to ensure that the generated objects from the 
policy have probabilities that are proportional to the corresponding given rewards associated with the new tasks. Let the tasks {𝑖}
follow the distribution 𝑝( ), i.e., 𝑖 ∼ 𝑝( ). Assume that 𝑁 tasks are sampled from the task distribution 𝑝( ). A parameterized flow 
function 𝐹Θ can be learned by the following objective function:

min
Θ∈ℝ𝑑

{
(Θ) ∶= 1

𝑁

𝑁∑
𝑖=1

𝑖(Θ)

}
, (3)

where 𝑖(Θ) = 𝔼𝜏∼𝑝𝑖(𝜏)

[ ∑
𝑠′∈𝜏≠𝑠0

( ∑
𝑠∈ (𝑠′)

𝐹Θ(𝑠→ 𝑠′) −𝑅
(
𝑠′
)
−
∑

𝑠∈(𝑠′)
𝐹Θ
(
𝑠′ → 𝑠

))2
]
. (4)

Here, Θ ∈ℝ𝑑 denotes the parameter of the flow function 𝐹Θ to be learned, and 𝑝𝑖(𝜏) denotes the trajectory distribution of the task 
𝑖.

Assuming 𝐾 trajectories are sampled from each trajectory distribution 𝑝𝑖(𝜏), then the objective function becomes

min
Θ∈ℝ𝑑

{
(Θ) ∶= 1

𝑁

𝑁∑
𝑖=1

̃𝑖(Θ)

}
, (5)

where ̃𝑖(Θ) =
1
𝐾

𝐾∑
𝑘=1

[ ∑
𝑠′
𝑖
∈𝜏𝑘
𝑖
≠𝑠𝑖,0

( ∑
𝑠𝑖∈ (𝑠′

𝑖
)
𝐹Θ(𝑠𝑖 → 𝑠′

𝑖
) −𝑅

(
𝑠′
𝑖

)
−
∑

𝑠𝑖∈(𝑠′
𝑖
)
𝐹Θ
(
𝑠′
𝑖
→ 𝑠𝑖
))2
]
. (6)

Here, 𝜏𝑗
𝑖

denotes the 𝑗-th trajectory of the task 𝑖.
For non-convex objectives (3) and (4), GFlowMeta has the potential to learn a shared prior over model parameters, resulting in 

a global model by averaging models in the parameter space based on the tasks. The complete pseudo-code for GFlowMeta can be 
found in Algorithm 1. The training process of GFlowMeta primarily consists of two loops: an outer loop for the aggregation of the 
meta policy model and an inner loop for the updates of the meta policy model on each task. In the 𝑡-th round of the outer loop, 
every task 𝑖 samples trajectories {𝜏𝑘

𝑖
}𝐾
𝑘=1 and the meta policy model is updated in the inner loop based on Θ𝑡

𝑖,𝑟
to optimize objective 

(6). The updated meta policy model after the 𝑟-th update in the 𝑡-th round is denoted as Θ𝑡
𝑖,𝑟+1. Once all tasks have completed the 

inner loop training procedure, the new meta policy model Θ𝑡+1 is obtained by aggregating the inner updates of the tasks through 
averaging.

While GFlowMeta can be effective for similar tasks, it may encounter significant performance degradation when applied to tasks 
that are not closely related. For instance, if the tasks involve disparate datasets or exhibit different input features, GFlowMeta 
may struggle to capture the underlying data structure and yield subpar performance. Similarly, if the tasks involve distinct control 
dynamics, GFlowMeta may struggle to generalize to new tasks with different dynamics. As a result, GFlowMeta might not be suitable 
for different tasks. It is crucial to carefully consider the task characteristics and assess the compatibility between GFlowMeta and the 
5

specific task requirements before applying this approach.
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Algorithm 2 pGFlowMeta: a personalized Meta Generative Flow Network.

1: Input: training tasks {𝑖}𝑁𝑖=1 sampled from 𝑝 ( ), Θ0 , 𝜂, 𝛽
2: for 𝑡 = 1 to 𝑇 do

3: for 𝑖 = 1 to 𝑁 parallel do

4: Θ𝑡
𝑖,1 = Θ𝑡

5: for 𝑟 = 1 to 𝑅 do

6: Sample trajectories {𝜏𝑘
𝑖
}𝐾
𝑘=1 from Task 𝑖

7: Evaluate ∇𝓁𝑖(𝜃𝑖) using {𝜏𝑘
𝑖
}𝐾
𝑘=1

8: Update personalized parameters by solving Eq. (12) inexactly to obtain a 𝜁 -approximate 𝜃̂𝑖(Θ𝑡𝑖,𝑟)
9: Update auxiliary meta parameters

Θ𝑡
𝑖,𝑟+1 = Θ𝑡

𝑖,𝑟
− 𝜂𝜆(Θ𝑡

𝑖,𝑟
− 𝜃̂𝑖(Θ𝑡𝑖,𝑟))

10: end for

11: end for

12: Update meta parameters Θ𝑡+1 = (1 − 𝛽)Θ𝑡 + 𝛽

𝑁

∑𝑁

𝑖=1 Θ
𝑡
𝑖,𝑅

13: end for

14: Output: meta parameters Θ𝑇 and personalized parameters {𝜃𝑇
𝑖,𝑅
}𝑁
𝑖=1

4.2. Personalized Meta Generative Flow Networks

To deal with distinct tasks, a personalized meta Generative Flow Network (pGFlowMeta) is proposed, where, similarly with [15], 
it embodies the ‘divide and conquer’ strategy, but it learns the same network on multiple different yet related tasks and has an 
innovative design of the personalized policy. In the pGFlowMeta, a meta policy is learned that can adapt to multiple distinct tasks, 
while also learning a personalized policy specific to each individual task. Assume that 𝑁 distinct tasks are sampled from the task 
distribution 𝑝( ). The goal of pGFlowMeta is to optimize the following objective function

min
Θ∈ℝ𝑑

{
(Θ) ∶= 1

𝑁

𝑁∑
𝑖=1

𝑖(Θ)

}
, where 𝑖(Θ) = min

𝜃𝑖

𝓁𝑖(𝜃𝑖) + 𝜆𝑓 (Θ, 𝜃𝑖) (7)

with

𝓁𝑖(𝜃𝑖) = 𝔼𝜏𝑖∼𝑝𝑖(𝜏)

[ ∑
𝑠′
𝑖
∈𝜏𝑖≠𝑠0

( ∑
𝑠𝑖∈ (𝑠′

𝑖
)
𝐹𝜃𝑖 (𝑠𝑖 → 𝑠′

𝑖
) −𝑅(𝑠′

𝑖
) −
∑

𝑠𝑖∈(𝑠′
𝑖
)
𝐹𝜃𝑖

(
𝑠′
𝑖
→ 𝑠𝑖
))2
]
. (8)

Here, 𝑓 (Θ, 𝜃𝑖) =
1
2‖Θ − 𝜃𝑖‖2 is a regularization term that penalizes the difference between Θ and 𝜃𝑖, Θ ∈ℝ𝑑 is the parameter of the 

meta flow function 𝐹Θ and 𝜃𝑖 is the parameter of the personalized flow function 𝐹𝜃𝑖 . 𝜆 is the hyperparameter that balances the loss 
on its personalized policies 𝜃𝑖 and the difference from the meta policy Θ. Let 𝜃⋆

𝑖
be the solution of (7), i.e.,

𝜃⋆
𝑖
(Θ) = arg min

𝜃𝑖∈ℝ𝑑
𝓁𝑖(𝜃𝑖) + 𝜆𝑓 (Θ, 𝜃𝑖). (9)

Assuming 𝐾 trajectories are sampled from each trajectory distribution 𝑝𝑖(𝜏), then the objective function in (7) becomes

̃𝑖(Θ) = min
𝜃𝑖

𝓁𝑖(𝜃𝑖) + 𝜆𝑓 (Θ, 𝜃𝑖) (10)

with

𝓁𝑖(𝜃𝑖) =
1
𝐾

𝐾∑
𝑘=1

[ ∑
𝑠′
𝑖
∈𝜏𝑘
𝑖
≠𝑠0

( ∑
𝑠𝑖∈ (𝑠′

𝑖
)
𝐹𝜃𝑖 (𝑠𝑖 → 𝑠′

𝑖
) −𝑅(𝑠′

𝑖
) −
∑

𝑠𝑖∈(𝑠′
𝑖
)
𝐹𝜃𝑖

(
𝑠′
𝑖
→ 𝑠𝑖
))2
]
. (11)

Define 𝜌𝑖Θ(𝜃𝑖) = 𝓁𝑖(𝜃𝑖) + 𝜆𝑓 (Θ, 𝜃𝑖) and 𝜌̃𝑖Θ(𝜃𝑖) = 𝓁𝑖(𝜃𝑖) + 𝜆𝑓 (Θ, 𝜃𝑖). Let 𝜃̂𝑖(Θ) be the inexact solution of Eq. (10)

𝜃̂𝑖(Θ) ≈ arg min
𝜃𝑖∈ℝ𝑑

𝜌̃𝑖Θ(𝜃𝑖), (12)

such that 𝜃̂𝑖(Θ) is the 𝜁 -approximation of 𝜃⋆
𝑖
(Θ), i.e., 𝔼

[‖𝜃̂𝑖(Θ) − 𝜃⋆𝑖 (Θ)‖2] ≤ 𝜁2. The gradient of ̃𝑖(Θ) with respect to Θ used for the 
updates of meta policy model is

∇̃𝑖(Θ) = 𝜆(Θ − 𝜃𝑖(Θ)). (13)

As illustrated in Algorithm 2, the training process of pGFlowMeta consists of two main steps. In the outer loop, the meta policy 
is aggregated, while in the inner loop both the auxiliary meta policy model and the personalized policy are updated for each task. 
In the 𝑟-th inner update of the 𝑡-th round, every task 𝑖 samples trajectories {𝜏𝑘

𝑖
}𝐾
𝑘=1 and firstly updates the personalized policy by 

solving (12) inexactly. Then the auxiliary meta policy model is updated by using gradient descent, i.e.,
6

Θ𝑡
𝑖,𝑟+1 = Θ𝑡

𝑖,𝑟
− 𝜂∇𝑖(Θ𝑡𝑖,𝑟) = Θ𝑡

𝑖,𝑟
− 𝜂𝜆(Θ𝑡

𝑖,𝑟
− 𝜃̂𝑖(Θ𝑡𝑖,𝑟)). (14)
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After 𝑅 rounds of inner updates, the new meta policy model Θ𝑡+1 is aggregated by Θ𝑡+1 = (1 − 𝛽)Θ𝑡 + 𝛽

𝑁

∑𝑁
𝑖=1 Θ

𝑡
𝑖,𝑅

, where 
𝛽 > 0 is introduced to accelerate the convergence of the algorithm. These steps are executed repeatedly until reaching the 𝑇 th 
round.

For ease of analysis, the updates with concise symbols are rewritten as follows

Θ𝑡
𝑖,𝑟+1 = Θ𝑡

𝑖,𝑟
− 𝜂𝜆(Θ𝑡

𝑖,𝑟
− 𝜃̂𝑖(Θ𝑡𝑖,𝑟)) = Θ𝑡

𝑖,𝑟
− 𝜂𝜆𝑔𝑡

𝑖,𝑟
(15)

Θ𝑡+1 = (1 − 𝛽)Θ𝑡 + 𝛽

𝑁

𝑁∑
𝑖=1

Θ𝑡
𝑖,𝑅

=Θ𝑡 − 𝜂𝛽𝑅 1
𝑁𝑅

𝑁∑
𝑖=1

𝑅∑
𝑟=1

(Θ𝑡
𝑖,𝑟
− 𝜃̂𝑖(Θ𝑡𝑖,𝑟))

≜Θ𝑡 − 𝜂̃𝑔𝑡, (16)

where 𝑔𝑡
𝑖,𝑟

= Θ𝑡
𝑖,𝑟

− 𝜃̂𝑖(Θ𝑡𝑖,𝑟), 𝜂̃ ≜ 𝜂𝛽𝑅 and 𝑔𝑡 ≜ 1
𝑁𝑅

∑𝑁
𝑖=1
∑𝑅
𝑟=1(Θ

𝑡
𝑖,𝑟

− 𝜃̂𝑖(Θ𝑡𝑖,𝑟) ≜
1
𝑁𝑅

∑𝑁,𝑅
𝑖,𝑟=1 𝑔

𝑡
𝑖,𝑟

. Here, 𝜂̃ represents the step size or the 
learning rate used in the optimization process of the outer loop. Similarly, 𝑔𝑡 refers to the approximate gradient utilized during the 
outer loop.

5. Theoretical analysis

This section establishes the convergence guarantees for pGFlowMeta. The proofs are presented in Appendix A. To facilitate the 
following analysis, some reasonable assumptions are first made.

Assumption 1. The variance of stochastic gradients across various tasks during the meta-training process is bounded

𝔼
[‖‖‖∇𝓁𝑖(𝜃𝑖) − ∇𝓁𝑖(𝜃𝑖)

‖‖‖2 ] ≤ 𝜅21 . (17)

The variance of each local gradient to the average of all local gradients is bounded

‖‖‖‖∇𝓁𝑖(Θ) − 1
𝑁

𝑁∑
𝑗=1

∇𝓁𝑗 (Θ)
‖‖‖‖
2
≤ 𝜅22 . (18)

Remark 1. Since 𝔼[𝓁𝑖(𝜃𝑖)] = 𝓁𝑖(𝜃𝑖), and the variance 𝔼[‖∇𝓁𝑖(𝜃𝑖) −∇𝓁𝑖(𝜃𝑖)‖2] decreases with the increase of 𝐾 , the assumption (17)

can be easily satisfied for arbitrary 𝜅1 with a sufficiently large 𝐾 . The assumption (18) is standard to bound the diversity of all 
tasks.

Assumption 2. The functions {𝐹𝜃𝑖}
𝑁
𝑖=1 are 𝐵-bounded, 𝐿0-Lipschitz continuous and 𝐿1-Lipschitz gradients, i.e.,

‖𝐹𝜃𝑖‖ ≤𝐵, (19)

‖𝐹𝜃𝑖 − 𝐹𝜃′𝑖 ‖ ≤𝐿0‖𝜃𝑖 − 𝜃′𝑖‖, (20)

‖∇𝐹𝜃𝑖 −∇𝐹𝜃′
𝑖
‖ ≤𝐿1‖𝜃𝑖 − 𝜃′𝑖‖. (21)

Remark 2. The assumption (19) is due to the flow consistency equations (1) and the boundness of the rewards. The assumptions 
(20) and (21) are considered to guarantee the function 𝐹𝜃𝑖 is Lipschitz-continuous and smooth, limiting the function to not fluctuate 
too much.

In the reinforcement learning environments with discrete actions, it is reasonable to assume that the sets of possible states and 
the rewards in the environment are finite or bounded.

Assumption 3. The states in the GFlowNets are finite. The maximum length of the trajectories sampled from {𝑖}𝑁𝑖=1 is 𝐻1, and the maximum 
number of parent nodes and child nodes for all states is 𝐻2 , where 0 <𝐻1, 𝐻2 <∞ are positive integers.

Assumption 4. The rewards are finite with a maximum 𝐻0.

Next, important properties for the lower-level and upper-level objective functions are presented, demonstrating their respective 
smoothness.

Lemma 1. Assuming the Assumptions 2, 3 and 4 are true, then 𝓁𝑖(⋅) is 𝐿𝓁 -smooth, where[ ]

7

𝐿𝓁 = 4𝐻1 (𝐻0 + 2𝐻2𝐵)𝐻2𝐿1 + 2𝐻2
2𝐿

2
0 . (22)
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Fig. 3. Two examples illustrating the generation of distinct tasks. (a) Distinct tasks in the ‘Frozen Lake’ environment. These tasks were characterized by variations 
in the location of holes. Different tasks may have holes placed at different positions, resulting in varying levels of difficulty. (b) Distinct tasks in the ‘Cliff Walking’ 
environment. These tasks were characterized by variations in the length of the cliff. Each task may have a different cliff length, leading to varying levels of risk and 
difficulty. On distinct tasks, the agent’s transitions would differ across tasks despite using the same policy.

Lemma 2. If 𝜆 > 2𝐿𝓁 , then the functions  and 𝑖 are 𝐿-smooth with 𝐿 ≜ 𝜆.

This following theorem shows that a 𝜁 -approximation of 𝜃⋆
𝑖
(Θ) can be obtained when 𝜃̂𝑖(Θ) satisfies ‖∇𝜌̃𝑖Θ(𝜃̂𝑖(Θ))‖ ≤ 𝛿, which 

can serves as a stopping criterion of solving (12) inexactly.

Theorem 1. Let 𝜃⋆
𝑖
(Θ) be the solution of (9), and 𝜃̂𝑖(Θ) satisfy ‖∇𝜌̃𝑖Θ(𝜃̂𝑖(Θ))‖ ≤ 𝛿, if 𝜆 >𝐿𝓁 , then

𝔼
[‖𝜃̂𝑖(Θ) − 𝜃⋆𝑖 (Θ)‖2] ≤ 𝜁2 ≜ 2(𝜅21 + 𝛿

2)
(𝜆−𝐿𝓁)2

. (23)

Remark 3. Theorem 1 presents that the mean squared error decreases as 𝜅1 and 𝛿 decrease. This is reasonable since the variance of 
stochastic gradients across various tasks and the stopping tolerance for the inexact solution get reduced with the decrease of 𝜅1 and 
𝛿. Theorem 1 also demonstrates that the mean squared error decreases as 𝜆 increases. This is because 𝜌𝑖Θ(𝜃𝑖) and 𝜌̃𝑖Θ(𝜃𝑖) get more 
similar with the increase of 𝜆.

Finally, the convergence guarantee of the pGFlowMeta algorithm is provided.

Theorem 2. Suppose that Assumptions 1-4 are true. Let the step size satisfy 𝜂 ≤min
{
𝜂̃𝑜

𝛽𝑅
, 1
2𝐿

√
(1+𝑅)𝑅

}
, where 𝜂̃𝑜 ≜

1
70𝐿𝜆

2 and 𝜆2 −8𝐿2
𝓁 ≥

1. Let 𝑡 be sampled uniformly from the index set {1, … , 𝑇 }. Then the following inequalities hold

𝔼[‖∇(Θ𝑡)‖2] ≤

(
Δ
𝜂̃𝑜𝑇

+
3

√
Δ2𝐿2


(𝜆2𝜁2 + 𝜅2


)

𝛽2𝑇 2 +

√
Δ𝐿𝜅

2


𝑇
+ 𝜆2𝜁2

)
, (24)

and

1
𝑁

𝑁∑
𝑖=1

𝔼
[‖𝜃̂𝑖(Θ𝑡) − Θ𝑡‖2] ≤

(
𝜁2 +

𝜅2


𝜆2

)
+
(
𝔼
[‖∇(Θ𝑡)‖2]), (25)

where 𝜅2

=

𝜆2𝜅22
𝜆2−8𝐿2

𝓁

, Δ ≜ (Θ1) −(Θ⋆) and Θ⋆ is the optimal solution of (Θ).

Remark 4. Theorem 2 demonstrates that the algorithm converges with a sublinear convergence rate 1∕
√
𝑇 . Besides, the personalized 

policies converge on average to a neighborhood of the meta policy with a sublinear rate. The radius of the neighborhood is ((𝜆2 +
1)𝜁2 +𝜅2


∕𝜆2), which is determined by the regularization parameter 𝜆, the approximation error 𝜁 , and the parameter 𝜅. In particular, 

the radius gets smaller with the decrease of 𝜁 and 𝜅. Besides, a suitable choice of 𝜆 should be made to balance the two terms of the 
8

radius.
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6. Experiments

In this section, the performance of pGFlowMeta is comprehensively verified with three goals in mind: 1) Show that pGFlowMeta 
finds higher rewards and more diverse end states faster than state-of-art baselines. 2) Demonstrate that pGFlowMeta can effectively 
solve the problem of performance degradation when encountering distinct tasks. 3) Explore the effects of 𝛽 and 𝜆.

6.1. Environments setting

Four environments are considered: the environment ‘Grid World’ defined in [5] and three Gym environments, namely ‘Frozen 
Lake’, ‘Cliff Walking’, and ‘Mountain Car’. The settings of ‘Frozen Lake’ and ‘Cliff Walking’ are modified to have sparse positive 
rewards and trajectories forming Directed Acyclic Graphs (DAGs), as discussed in the following paragraphs. Table 1 displays the 
task variables assigned for each environment, leading to generating diverse transitions and distinct tasks. For the ‘Grid World’ 
environment, different 𝑅0 are set for distinct tasks. For ‘Frozen Lake’, different positions of holes are set for distinct tasks. For ‘Cliff 
Walking’, different lengths of cliff walking are set for distinct tasks. Fig. 3 provides two examples that illustrate the generation of 
distinct tasks.

Frozen Lake The ‘Frozen Lake’ environment is structured as a grid, with each grid cell categorized into four types: Start (S), Frozen 
(F), Hole (H), and Goal (G). The agent’s objective is to navigate from the start cell to the goal cell while avoiding falling into any 
of the holes. The agent is restricted to four possible movement directions: up, down, left, or right, and each move has a chance of 
slipping and moving the agent in a direction different from the intended direction. An episode in the ‘Frozen Lake’ environment 
concludes when the agent successfully reaches the goal cell or falls into a hole, resulting in a termination of the episode. The rewards 
are set as follow: reaching a hole (H) or a frozen cell (F) yields a reward of 0, while reaching the goal (G) yields a reward of 1.

The original ‘Frozen Lake’ environment is modified to make the rewards positive and the trajectories form DAGs. In this modified 
version, the agent is restricted to taking actions that only move downwards or to the right. An episode terminates when the agent 
achieves one of the following conditions: reaching the goal, falling into a hole, or reaching the boundary of the lake. The rewards are 
set for reaching a hole (H) or a frozen cell (F) as 0.1, and the reward for reaching the goal (G) as 1. It should be noted that different 
valid maps are created to generate distinct tasks, ensuring that each task has a valid path from the start to the goal and defined valid 
parents for each state.

Cliff Walking In the original ‘Cliff Walking’ environment, an agent is placed in a grid-world environment represented as a grid of 
cells. The agent’s goal is to move from the starting point located at the lower-left corner to the goal point at the lower-right corner 
while ensuring that it avoids the hazardous cliff area in the center-bottom. There is a 4 × 12 grid matrix in the environment, where 
the starting position is located at the coordinates [3, 0], the goal position at the coordinates [3, 11], and the cliff positions span from 
[3, 1] to [3, 10]. The agent has the capability to perform actions that allow it to move in four different directions: upward, downward, 
toward the left, or toward the right. If the agent steps on a cliff position, it is immediately returned to the start position. An episode 
concludes when the agent successfully reaches the desired goal position. The agent receives a reward of -1 at each time step, and if 
it mistakenly enters the hazardous cliff area, a more significant penalty of -100 is incurred. Note that there are 3 × 12 + 2 possible 
states in the original environment. The agent cannot step on the cliff; it can occupy all positions of the first 3 rows, as well as the 
bottom-left cell and the goal position.

The original Cliff Walking environment is modified to make the rewards positive and the trajectories form DAGs. In the modified 
environment, the starting position is [0, 0] at the top-left, and the agent is restricted to taking actions that only move it downwards 
or to the right. The episode concludes when the agent accomplishes one of the following: reaching the goal position, falling into the 
cliff area, or reaching the boundary of the grid world. The rewards are set to reach the cliff as 0.01, the goal as 1, and other positions 
as 0.1. The length of the cliff varies from 5 to 11 to generate distinct tasks.

Mountain Car The goal of ‘Mountain Car’ is to strategically accelerate the car to reach the goal position on the right of a sinusoid. 
The states are the position 𝑝, velocity 𝑣, and step 𝑠 of the car, and the actions consist of accelerating to the left, and right, and no 
acceleration. The episode concludes when the position of the car is greater than or equal to the goal position or the car has taken a 
maximum of 200 steps. The transition dynamics for the mountain car problem can be described as follows:

𝑣𝑡+1 = 𝑣𝑡 + (𝑎− 1)𝐹 −𝐺 cos3 ⋅ 𝑝𝑡
𝑝𝑡+1 = 𝑝𝑡 + 𝑣𝑡+1
𝑠𝑡+1 = 𝑠𝑡

(26)

where 𝑎 = 0, 1, 2 represent accelerating to the left, right, and no acceleration, respectively. The force 𝐹 = 0.01 and gravity 𝐺 = 0.025. 
Sparse rewards for concluding the trajectory at 𝑥 are defined as follows:

𝑅(𝑥) = 5 − 0.1 ∗ 𝑠+ 0.1 (27)

Distinct tasks with different sine waves are generated by setting various offsets 𝜉, where the relative position of the starting point 
and the goal are not changed. In addition, the observation states are discrete and form a finite state space (64 * 64) according to the 
9

Eq. (28) to satisfy the assumption that the sequences must be of finite length for GFlowNets.
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Table 1

Goal positions and generating distinct tasks in diverse environments. Distinct tasks are gener-

ated by the ‘Distinct Task Variable’. The range of this variable is recorded in the ‘Range’ row. 
Furthermore, each environment is associated with a specified ‘Goal Position’. In cases where no 
specific goal position exists for a particular environment, it is denoted by the symbol ‘-’.

Environment Grid World Frozen Lake Mountain Car Cliff Walking

Distinct task variable 𝑅0 Hole position offsets 𝜉 Cliff length

Range [0, 0.1) [0, 7] X [0, 7] (−0.3,0.3) [8, 11)

Goal position 1 [1, 1] [0, 7] 0.5 [3, 7]

Goal position 2 [1, 7] [7, 4] - -

Goal position 3 [7, 1] [7, 7] - -

Goal position 4 [7, 7] - - -

Table 2

The hyperparameter settings of pGFlowMeta on different environments.

Hyperparameters Value

Grid World Frozen Lake Cliff Walking MountainCar

Personalized learning rate 1𝑒−3 1𝑒−3 1𝑒−3 1𝑒−3
Global update round 𝑇 30 30 30 30
Batch size 16 16 16 16
Policy network [256,256] [256,256] [256,256] [256,256]
Personalized update round 𝑅 20 20 20 20
Parameter 𝜆 15 15 15 15
Learning rate 𝜂 0.005 0.005 0.005 0.005
Discount factor 𝛾 0.99 0.99 0.99 0.99

(𝑝𝑑, 𝑣𝑑 ) = ( 𝑛∗(𝑝−𝑚𝑖𝑛(𝑝))
𝑚𝑎𝑥(𝑝) −𝑚𝑖𝑛(𝑝)

,
𝑛∗(𝑣−𝑚𝑖𝑛(𝑣))
𝑚𝑎𝑥(𝑣) −𝑚𝑖𝑛(𝑣)

) (28)

6.2. Experiment details

We conducted the experiments on the NVIDIA Tesla K80 environment. The code was implemented using the Python programming 
language. All the code and the environments in this paper can be referred to at https://github .com /jixinyuan1996 /pGFlowMeta. The 
fixed random seed is used to mitigate the potential impact of random factors and allow replication. Table 1 and Table 2 present 
detailed information regarding the distinct tasks and parameters used in pGFlowMeta. A neural network model is employed as the 
policy model, featuring an input layer dimension equal to the observation space dimension, 2 hidden layers with 256 neurons each, 
and an output layer dimension equal to the action space dimension. ‘Batch size’ refers to the size of trajectories rather than individual 
transitions. Additionally, the critical hyperparameter settings are provided for pGFlowMeta in the four environments: ‘Grid World’, 
‘Frozen Lake’, ‘Cliff Walking’, and ‘Mountain Car’. The other parameters of pGFlowMeta are set to be the same as in [5]. Other 
compared algorithms were trained for the same number of training steps as pGFlowMeta. As baselines, the native GFlowNets [5], 
non meta-RL methods PPO [33], GFlowMeta, and meta-RL methods like PEARL [30], MAML [11] were considered to compare their 
performance with pGFlowMeta, which includes both the meta policy (MP) and personalized policy (PP).

The Empirical 𝐿1 Error [5] is used to test whether the algorithm generates transitions proportional to the given positive returns. 
The Empirical 𝐿1 Error is calculated by Empirical 𝐿1 Error = 𝔼[|𝑝(𝑥) − 𝜋(𝑥)|], where 𝑝(𝑥) = 𝑅(𝑥)∑

𝑥∈ 𝑅(𝑥)
represents the known distribu-

tion of positive rewards in the environment, and 𝜋(𝑥) is estimated by repeated sampling and counting frequencies for each possible 
end state 𝑥. Modes Found [5] is used to evaluate the exploration performance. It represents the number of modes with at least one 
visited state as a function of the total number of visited states. The Averaged Rewards metric is used to measure the performance of 
an agent in a specific task or environment. It is calculated by taking the mean of the batch end-state rewards from sampled trajec-

tories of test tasks. These evaluation metrics provide valuable insights into the algorithm’s performance and its ability to generate 
appropriate transitions, explore the environment effectively, and achieve high rewards in distinct tasks.

6.3. Comparison to the state-of-the-art methods

The experiments are designed to compare the performance of pGFlowMeta with state-of-the-art methods in four environments. 
These environments have been described in detail in the section 6.1.

Empirical 𝐿1 error Fig. 4 shows the evaluation results of Empirical 𝐿1 Error on four environments. Fig. 4 demonstrates that 
GFlowNets, GFlowMeta, pGFlowMeta achieve lower Empirical 𝐿1 Error compared to the PEARL and PPO methods. This suggests 
that the methods within the GFlowNets class have the capability to generate transitions proportional to positive rewards, which is 
valuable in exploration tasks. Traditional RL methods like PPO and PEARL show higher Empirical 𝐿1 Error because they typically 
10

generate transitions associated with the highest reward, while ignoring other high-reward transitions. One of the reasons for PPO’s 

https://github.com/jixinyuan1996/pGFlowMeta
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Fig. 4. Empirical L1 Error of various algorithms in the environment ‘Grid World’, ‘Frozen Lake’, ‘Cliff Walking’, and ‘Mountain Car’.

Fig. 5. Modes Found of various algorithms in the environment ‘Grid World’ (left), ‘Frozen Lake’ (middle), and ‘Mountain Car’.

Fig. 6. Averaged rewards of various algorithms in the environment ‘Grid World’, ‘Frozen Lake’, ‘Cliff Walking’, and ‘Mountain Car’.

stable L1 Error performance across different cases is that PPO is primarily designed for single tasks, and it may not adapt well to 
different tasks, often focusing on one or very few candidate end states in various tasks. PEARL shows lower Empirical L1 Error 
compared to PPO, because PEARL is designed for multi-tasks, and it can end up with different candidate states for different tasks. 
Among the methods compared, pGFlowMeta shows the lowest Empirical 𝐿1 Error, which aligns with the experimental expectations. 
This shows that pGFlowMeta effectively adapts to distinct tasks compared to GFlowMeta.

Modes Found Fig. 5 illustrates the Modes Found in four different environments. It depicts the number of modes visited at least 
once for various methods, as the number of visited states increases. The total number of Modes Found is primarily influenced by the 
specific design of the reward function. If there are 𝑛 end states with positive rewards, the total number of Modes Found equals 𝑛. 
From Fig. 5, it can be observed that pGFlowMeta can frequently achieve faster visits to all the end states in different environments. 
That is, pGFlowMeta has the best exploration in general situations, which helps to visit all the interesting modes faster.

Rewards The average rewards of different methods are shown in Fig. 6, which demonstrates that pGFlowMeta achieves the best 
average rewards compared to other methods in ‘Grid World’, ‘Frozen Lake’, and ‘Cliff Walking’. In contrast, pGFlowMeta does not 
perform well in the ‘Mountain Car’ environment. Since the rewards in ‘Grid World’, ‘Frozen Lake’, and ‘Cliff Walking’ are more evenly 
distributed, these three tasks are more inclined to exploration. pGFlowMeta has a better exploration ability and hence can converge 
11

stably. As for the ‘Mountain Car’ environment, its reward distribution is relatively steep, and sampling near the maximum reward 
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Table 3

Ranking comparison of algorithms on the Friedman test.

Average Rewards

Algorithms Grid World Frozen Lake Cliff Walking Mountain Car Averaged ranking

PPO 5 5 7 7 6

GFlowNets 6 4 6 6 5.5

GFlowMeta 4 3 5 4 4

PEARL 3 7 4 5 4.75

MAML 7 6 3 1 4.25

pGFlowMeta (MP) 2 1 2 3 2

pGFlowMeta (PP) 1 2 1 2 1.5

Empirical L1 Error

Algorithms Grid World Frozen Lake Cliff Walking Mountain Car Averaged ranking

PPO 6 6 7 6 6.25

GFlowNets 4 4 4 4 4

GFlowMeta 3 3 3 3 3

PEARL 5 5 5 5 5

MAML 7 7 6 7 6.75

pGFlowMeta (MP) 2 2 2 2 2

pGFlowMeta (PP) 1 1 1 1 1

Modes Found

Algorithms Grid World Frozen Lake Cliff Walking Mountain Car Averaged ranking

PPO 7 7 6 6 6.5

GFlowNets 4 4 4 4 4

GFlowMeta 2 3 1 3 2.25

PEARL 6 6 5 7 6

MAML 5 5 7 5 5.5

pGFlowMeta (MP) 1 1 3 2 1.75

pGFlowMeta (PP) 3 2 2 1 2

Fig. 7. Effect of 𝜆 on the convergence of pGFlowMeta in ‘Grid World’ environment. 𝑅 = 20, 𝛽 = 1.

can achieve faster convergence. It is reasonable for pGFlowMeta to perform worse than other baselines in this environment in terms 
of reward.

Friedman test This section reports the results of the Friedman test applied to assess the existence of significant differences among 
multiple algorithms [12]. First, the rankings of different algorithms are listed on four environments as shown in Table 3, including 
Average Rewards, Empirical 𝐿1 Error, and Modes Found. This table shows that pGFlowMeta consistently ranks higher than other 
considered algorithms. The test statistic is computed according to Eq. (29)

𝜒2
𝐹
= 12𝑁
𝑘(𝑘+ 1)

[∑
𝑗

𝑅2
𝑗
− 𝑘(𝑘+ 1)2

4

]
𝑎𝑛𝑑 𝐹𝐹 =

(𝑁 − 1)𝜒2
𝐹

𝑁(k − 1) − 𝜒2
𝐹

, (29)

where 𝑅𝑗 is the averaged ranking of algorithm 𝑗, 𝑘 is the number of algorithms and 𝑁 is the number of datasets [12]. The value 𝑄1
= 4.72 (Averaged Rewards), the value 𝑄2 = 221 (Empirical 𝐿1 Error), and the value 𝑄3 = 21.89 (Modes Found).

According to the scipy package [39], the critical value for an 𝐹 distribution with 6 (i.e., 𝑘) and 18 (i.e., (𝑘 − 1)(𝑁 − 1)) degrees 
of freedom for 5% of the significance level is 2.661. All the calculated 𝑄 values are greater than the critical value of 𝑄 for the 
0.05 significance level. As 𝑄𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 > 𝑄𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 , hence the null hypotheses 𝐻0 can be rejected that the evaluated results of different 
algorithms are all the same. Thus, the Friedman test demonstrates that pGFlowMeta reliably outperforms the other considered 
12

algorithms.
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Fig. 8. Effect of 𝛽 on the convergence of pGFlowMeta in ‘Grid World’ environment. 𝑅 = 20, 𝜆 = 15.

Table 4

The averaged reward comparison results for each algorithm.

Algorithms Grid World Frozen Lake Cliff Walking

GFlowNets∗ 2.42 ± 0.03 1.00 ± 0.00 0.77 ± 0.04

GFlowNets 1.42 ± 0.07 0.86 ± 0.07 0.11 ± 0.02

GFlowMeta 1.92 ± 0.07 0.94 ± 0.04 0.32 ± 0.06

pGFlowMeta (MP) 2.34 ± 0.03 1.00 ± 0.00 0.75 ± 0.03

pGFlowMeta (PP) 2.38 ± 0.03 1.00 ± 0.00 0.76 ± 0.04

6.4. Effect of 𝛽 and 𝜆 values

Another important aspect that requires investigation is the impact of the 𝛽 and 𝜆 values on pGFlowMeta. These experiments are 
run in the ‘Grid World’ environment. Fig. 7 shows the performance of pGFlowMeta with different values of 𝜆, while keeping 𝐵 = 16, 
𝑅 = 20, 𝜂 = 0.005, 𝛽 = 1. 𝜆 is set to control the distance between the meta policy and the personalized policy. A larger value of 𝜆
discourages personalization, while a smaller value of 𝜆 encourages it. Fig. 7 indicates that 𝜆 = 15 can make pGFlowMeta to converge 
faster. Therefore, the parameter 𝜆=15 is recommended in all the environments in this paper. However, it is worth noting that larger 
𝜆 may also cause pGFlowMeta to diverge. Hence, carefully selecting 𝜆 for different environments can further improve performance.

In Fig. 8, the influence of 𝛽 (𝛽 ≥ 1) on both the personalized and meta policies in pGFlowMeta is explored, using 𝐵 = 16, 
𝑅 = 20, 𝜂 = 0.005, 𝜆 = 15. 𝛽 is set to control the convergence speed of the aggregated meta policy. It is recommended to set 𝛽
to a larger value in order to achieve faster convergence. However, turning 𝛽 carefully is also important to prevent the divergence 
and instability of pGFlowMeta. Here, 𝛽 = 1 implies that the aggregation of the meta policy in pGFlowMeta is the same as that in 
GFlowMeta. As depicted in Fig. 8, different evaluation indices exhibit distinct optimal 𝛽 values. Notably, a 𝛽 value of 1.5 yields the 
best performance in terms of Empirical L1 Error, while 𝛽 = 1 demonstrates the optimal performance for test loss. Hence, the selection 
of 𝛽 should be done thoughtfully, taking into account the specific use case or the objective at hand. In this paper, the parameter 𝛽=1 
is recommended for all the considered environments.

Furthermore, it is important to highlight that the personalized policy consistently outperforms the meta policy in pGFlowMeta, 
regardless of the chosen metric. This can be attributed to the fact that the personalized policy is capable of adapting to the unique 
characteristics and requirements of individual tasks, whereas the meta policy serves as a general policy applied to all tasks.

6.5. Ablation experiments

The comparison of the performance of pGFlowMeta is conducted with GFlowNets, GFlowNets∗, and GFlowMeta, and the results 
are presented in Table 4, which shows the averaged rewards achieved by each algorithm. GFlowNets∗ represents the averaged 
rewards obtained by the optimal GFlowNets policy for each task, while GFlowNets represents the averaged rewards achieved by the 
GFlowNets policy across multiple tasks.

From Table 4, our personalized policy (PP) is considerably closer to the optimal policy compared to the meta policy (MP), indi-

cating that it performs well in adapting to the specific requirements of individual tasks. Additionally, our meta policy outperforms 
the other algorithms, suggesting that it exhibits superior overall performance. Figs. 4, 5, 6 provide further insights into the compar-

ison, indicating that the personalized policy outperforms the meta policy in terms of suitability for its specific task. This discovery 
highlights the generalization capacity of the personalized policy within the constraints imposed by the meta policy. Furthermore, the 
performance of meta policy in pGFlowMeta is better than that in GFlowMeta, indicating that personalized policy can improve the 
performance of meta policy in pGFlowMeta.

6.6. Performance on similar / distinct tasks

In this experiment, the comparison between pGFlowMeta and GFlowMeta methods on two types of tasks is conducted: distinct 
13

tasks and similar tasks. The purpose is to assess the performance difference between GFlowMeta and pGFlowMeta in these task 
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Table 5

The averaged reward comparison results on similar and distinct tasks for each 
algorithm.

Environments Algorithms Similar Tasks Distinct Tasks

Grid World

GFlowMeta 1.96 ± 0.08 1.92 ± 0.07

pGFlowMeta (MP) 2.36 ± 0.03 2.34 ± 0.03

pGFlowMeta (PP) 2.38 ± 0.04 2.38 ± 0.03

Frozen Lake

GFlowMeta 0.96 ± 0.05 0.94 ± 0.04

pGFlowMeta (MP) 1.00 ± 0.00 1.00 ± 0.00

pGFlowMeta (PP) 0.99(8) ± 0.00(2) 1.00 ± 0.00

Cliff Walking

GFlowMeta 0.36 ± 0.13 0.32 ± 0.06

pGFlowMeta (MP) 0.78 ± 0.01 0.75 ± 0.03

pGFlowMeta (PP) 0.76 ±0.04 0.76 ± 0.04

Fig. 9. Illustration of the weight divergence for the policy with similar tasks and distinct tasks.

scenarios. The experiments are conducted five times, and the results are then averaged to obtain the final outcome. For each run, 
distinct tasks are generated according to the instructions provided in Section 6.1 and Table 1. To be fair, the different parameters of 
tasks are used to create similar tasks for each experiment run.

Table 5 presents the averaged rewards for GFlowMeta and pGFlowMeta, with the best results on each environment highlighted 
in bold. As expected, both pGFlowMeta and GFlowMeta experience a decrease in performance when dealing with distinct tasks. 
This decrease can be attributed to the differences between the task distributions. Fig. 9 provides an illustration to help understand 
this phenomenon. When tasks are similar, the divergence between the policy on task 𝑘 and the meta policy is small. Even after the 
𝑚-th synchronization, the policy on task 𝑘 remains still close to the meta policy. However, when tasks are distinct, the divergence 
between the policy on task 𝑘 and the meta policy becomes much larger and accumulates rapidly due to the differences in the 
data distribution. This results in a significant increase in divergence. Furthermore, pGFlowMeta demonstrates lower performance 
degradation compared to GFlowMeta, indicating its higher robustness to distinct tasks. This showcases the advantage of pGFlowMeta 
in adapting and maintaining performance even when faced with varying and diverse task scenarios.

6.7. Performance on unseen tasks

In the evaluation of GFlowMeta and pGFlowMeta (MP) algorithms on unseen tasks in various environments, reported in Ta-

ble 6, significant performance differences are evident. Notably, the averaged rewards of pGFlowMeta(MP) consistently outperform 
GFlowMeta in the ‘Grid World’, ‘Cliff Walking’, and ‘Mountain Car’ environments, as seen in Table 6. This indicates that the meta 
policy of pGFlowMeta can adapt and excel in complex scenarios. This trend is also reflected in the Empirical 𝐿1 Error and the 
Modes Found, where pGFlowMeta (MP) demonstrates greater flexibility and exploration capability, finding more candidates with 
high rewards.

Overall, these results suggest that pGFlowMeta (MP) is particularly well-suited for intricate and dynamic environments, where 
it consistently outperforms GFlowMeta. Its adaptability, high rewards, and accuracy in value predictions make pGFlowMeta (MP) a 
promising choice for a variety of applications, especially those with complex and evolving task scenarios.

7. Discussion

In summary, our experimental results demonstrate that pGFlowMeta significantly outperforms the state-of-the-art methods 
on the Modes Found in the discrete environments. Moreover, pGFlowMeta can further adapt well to distinct tasks. To en-

hance the practical deployment of pGFlowMeta, this section provides insights into real-world applications and limitations of 
14

pGFlowMeta.
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Table 6

The performance on unseen tasks for GFlowMeta, pGFlowMeta (MP) algorithm.

Averaged Rewards

Environments Algorithms task 1 task 2 task 3 task 4 task 5 task 6 task 7 task 8 task 9 task 10 Average

Grid World
GFlowMeta 1.94 1.96 1.95 1.94 1.93 1.95 1.93 1.98 1.98 1.93 1.95 ± 0.02

pGFlowMeta(MP) 2.34 2.36 2.35 2.34 2.33 2.35 2.33 2.38 2.38 2.33 2.35 ± 0.02

Frozen Lake
GFlowMeta 1.00 0.10 1.00 1.00 1.00 1.00 1.00 0.10 1.00 1.00 0.82 ± 0.36

pGFlowMeta(MP) 1.00 0.10 1.00 1.00 1.00 1.00 1.00 0.10 1.00 1.00 0.82 ± 0.36

Cliff Walking
GFlowMeta 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 ± 0.00

pGFlowMeta(MP) 0.77 0.77 0.77 0.77 0.77 0.77 0.77 0.77 0.77 0.77 0.77 ± 0.00

Mountain Car
GFlowMeta 0.45 0.34 0.39 0.43 0.52 0.39 0.53 0.26 0.23 0.54 0.41 ± 0.10

pGFlowMeta(MP) 0.73 0.59 0.67 0.73 0.82 0.66 0.83 0.46 0.45 0.86 0.68 ± 0.14

Mode Founds

Environments Algorithms task 1 task 2 task 3 task 4 task 5 task 6 task 7 task 8 task 9 task 10 Average

Grid World
GFlowMeta 2.64 2.54 2.63 2.49 2.65 2.64 2.65 2.79 2.67 2.62 2.63 ± 0.08

pGFlowMeta(MP) 2.76 2.71 2.58 2.71 2.65 2.72 2.74 2.76 2.75 2.85 2.72 ± 0.07

Frozen Lake
GFlowMeta 2.88 1.71 2.90 2.91 2.67 2.86 2.89 1.96 2.95 2.89 2.66 ± 0.42

pGFlowMeta(MP) 2.94 1.65 2.84 2.92 2.78 2.89 2.95 1.94 2.93 2.92 2.68 ± 0.45

Cliff Walking
GFlowMeta 0.98 0.95 0.97 0.97 0.97 0.99 0.98 0.97 0.93 0.99 0.97 ± 0.02

pGFlowMeta(MP) 0.99 0.97 0.94 0.99 0.98 0.97 0.95 0.99 0.99 0.99 0.98 ± 0.02

Mountain Car
GFlowMeta 82.32 67.57 79.84 88.01 94.28 73.30 92.11 44.58 42.91 94.83 75.97 ± 18.19

pGFlowMeta(MP) 127.01 105.53 111.77 126.57 136.85 113.17 132.39 81.70 74.40 138.69 114.81 ± 21.16

Empirical 𝐿1 Error

Environments Algorithms task 1 task 2 task 3 task 4 task 5 task 6 task 7 task 8 task 9 task 10 Average

Grid World
GFlowMeta 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 ± 0.00

pGFlowMeta(MP) 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 ± 0.00

Frozen Lake
GFlowMeta 0.05 0.08 0.06 0.06 0.06 0.06 0.06 0.08 0.05 0.06 0.06 ± 0.01

pGFlowMeta(MP) 0.05 0.08 0.05 0.05 0.06 0.05 0.06 0.09 0.05 0.06 0.06 ± 0.01

Cliff Walking
GFlowMeta 0.07 0.07 0.07 0.07 0.07 0.08 0.07 0.08 0.07 0.07 0.07 ± 0.00

pGFlowMeta(MP) 0.04 0.04 0.04 0.04 0.04 0.05 0.04 0.05 0.04 0.04 0.04 ± 0.01

Mountain Car
GFlowMeta 4.29e-04 4.39e-04 4.31e-04 4.28e-04 4.25e-04 4.35e-04 4.24e-04 4.48e-04 4.48e-04 4.25e-04 4.33e-04 ± 8.60e-06

pGFlowMeta(MP) 4.16e-04 4.28e-04 4.21e-04 4.17e-04 4.12e-04 4.23e-04 4.12e-04 4.39e-04 4.40e-04 4.11e-04 4.22e-04 ± 1.02e-05

Applications Similar to real-world applications of GFlowNets, pGFlowMeta can also be utilized for causal inference, molecule 
design, candidate generation, etc. pGFlowMeta can distinguish itself by its ability to rapidly learn and adapt to different tasks within 
these specific domains.

(1) Causal inference: pGFlowMeta can be used to learn causal structures and mechanisms from data, enabling causal reasoning and 
interventions. For instance, the posterior distribution of causal graphs can be inferred from data, and new causal graphs can be 
sampled from it.

(2) Molecule design: pGFlowMeta can be employed in designing molecules with specific properties, facilitating drug discovery 
and materials science. For example, a probability distribution can be learned from protein, DNA, or RNA sequences, and new 
sequences can be sampled from it.

(3) Candidate generation: pGFlowMeta can be used to generate diverse and high-quality candidates, thereby improving the efficiency 
of tasks such as search, recommendation, and decision-making. A probability distribution can be learned from user queries or 
contexts, and relevant and interesting candidates can be sampled from it.

Limitations Nevertheless, it’s important to note that pGFlowMeta does have some limitations, including:

(1) Although pGFlowMeta achieves excellent performance in the discrete environments when compared to other baselines, it can-

not be applied to continuous environments due to its dependency on the limitations of the naive GFlowNets. This is because 
GFlowNets need to compute the flow-matching loss by traversing the inflows and outflows of each node in the trajectory.

(2) pGFlowMeta involves combining personalized policies with a meta policy, which could add extra complexity to the learning 
process, requiring additional computational and storage resources to implement and scale. However, it is a necessary trade-off 
to enhance its performance on distinct tasks. In cases where tasks are similar, using GFlowMeta is recommended, offering a less 
complex alternative.

(3) Although pGFlowMeta can achieve excellent performance in sparse and discrete environments, it still suffers from problems 
of brittleness. Understanding and incorporating uncertainty into pGFlowMeta is critical to success in real-world situations and 
15

robustness to new environments [1,10,22].
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8. Conclusions and future work

Although existing multi-task and meta-reinforcement learning methods can adapt to new tasks quickly with less additional train-

ing, they ignore exploration to find a diverse candidate set. This paper proposes GFlowMeta that builds on the capabilities of 
GFlowNets to generate diverse candidate solutions. Based on the limited performance of GFlowMeta on distinct tasks, a personalized 
Meta Generative Flow Network called pGFlowMeta is proposed. pGFlowMeta achieves dual learning: acquiring a meta policy that 
applies to all tasks, while also acquiring personalized policies tailored to each individual task. This is facilitated by incorporating a 
personalization constraint into the objective function.

Numeral experiments are conducted to compare the proposed GFlowMeta and pGFlowMeta with the state of art methods. Exper-

imental results showcase the effectiveness of GFlowMeta and pGFlowMeta, as it outperforms several advanced algorithms on Modes 
Found in sparse and discrete control tasks. Moreover, experimental results highlight the capability of pGFlowMeta to achieve superior 
performance on distinct tasks compared to GFlowMeta, demonstrating the effectiveness of personalizing policies for individual tasks 
within the meta policy framework.

However, at present, pGFlowMeta is only suitable for discrete environments. In the future, efforts will be directed towards 
extending pGFlowMeta to continuous environments, broadening its applicability to a wider range of scenarios.
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Appendix A. Proof of Main Theorems

Firstly, some useful existing inequalities are provided in Appendix A.1, including Jensen’s inequality and Young’s inequality. Next, 
important lemmas are proven in Appendix A.2 and the proofs of Theorems 1 and 2 are given in Appendix A.3 and Appendix A.4, 
respectively.

A.1. Some useful results

Fact 1 (Jensen’s inequality).‖‖‖‖‖‖
1
𝑀

𝑀∑
𝑖=1
𝑥𝑖

‖‖‖‖‖‖
2

≤
1
𝑀

𝑀∑
𝑖=1

‖‖𝑥𝑖‖‖2 and

‖‖‖‖‖‖
𝑀∑
𝑖=1
𝑥𝑖

‖‖‖‖‖‖
2

≤𝑀

𝑀∑
𝑖=1

‖‖𝑥𝑖‖‖2 (A.1)

Fact 2 (Young’s inequality). For any vector 𝑥1, 𝑥2 ∈ℝ𝑑 and any 𝜀 > 0, then

2 ⟨𝑥1, 𝑥2⟩ ≤ 1
𝜀
‖‖𝑥1‖‖22 + 𝜀‖‖𝑥2‖‖22 , and ‖‖𝑥1 − 𝑥2‖‖22 ≤ (1 + 1

𝜀

)‖‖𝑥1‖‖22 + (1 + 𝜀)‖‖𝑥2‖‖22 , (A.2)

A.2. Useful lemmas

Lemma 3. If 𝜂̃2 ≤ 𝛽2𝑅
4(1+𝑅)𝐿2



, the task drift error is upper-bounded

𝔼
[‖𝑔𝑡

𝑖,𝑟
−∇𝑖(Θ𝑡)‖2] ≤ 2𝜆2𝜁2 +

32𝜂̃2𝐿2


𝛽2

(
𝔼
[‖∇𝑖(Θ𝑡)‖2]+ 2𝜆2𝜁2

)
. (A.3)

Lemma 4. By considering the fulfillment of Assumption 1, 𝜆 > 2
√
2𝐿𝓁 , then

1
𝑁∑‖‖‖∇𝑖(Θ) − ∇(Θ)‖‖‖2 ≤ 2𝜅2 +

8𝐿2
𝓁

2 2
‖‖‖∇(Θ)‖‖‖2, (A.4)
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where 𝜅2

=

𝜆2𝜅22
𝜆2−8𝐿2

𝓁

.

A.3. Proof of Theorem 1

Since 𝓁𝑖(⋅) is 𝐿𝓁 -smooth and 𝑓𝑖(⋅, Θ) is 𝜆-strongly-convex, the 𝜌Θ(⋅) is (𝜆 − 𝐿𝓁)-strongly convex. Besides, 𝜃⋆
𝑖
(Θ) is the unique 

solution of 𝜌Θ(𝜃) and ∇𝜌Θ(𝜃⋆𝑖 (Θ)) = 0. Together with the strongly-convexity of 𝜌Θ(𝜃), one obtains

‖‖‖𝜃̂𝑖(Θ) − 𝜃⋆𝑖 (Θ)‖‖‖2 ≤ 1
(𝜆−𝐿𝓁)2
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= 1
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2
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‖‖‖2 + 𝛿2), (A.5)

In the 2nd inequality, Jensen’s inequality is applied, and in the final inequality, the assumption |∇𝜌̃𝑖Θ(𝜃̂𝑖(Θ))| ≤ 𝛿 is utilized. By taking 
the expectation over the trajectories, the following implication can be deduced

𝔼
[‖‖‖𝜃̂𝑖(Θ) − 𝜃⋆𝑖 (Θ)‖‖‖2 ] ≤ 2

(𝜆−𝐿𝓁)2
(
𝜅21 + 𝛿

2), (A.6)

Serving as the concluding step in the proof, (A.6) demonstrates the desired result.

A.4. Proof of Theorem 2

Since (⋅) is 𝐿-smooth, then

𝔼[(Θ𝑡+1) −(Θ𝑡)] ≤ 𝔼[⟨∇(Θ𝑡),Θ𝑡+1 −Θ𝑡⟩] + 𝐿

2
𝔼
[‖‖‖Θ𝑡+1 − Θ𝑡‖‖‖2 ]

= −𝜂̃𝔼[⟨∇(Θ𝑡), 𝑔𝑡⟩] + 𝜂̃2𝐿

2
𝔼
[‖‖𝑔𝑡‖‖2 ]

= −𝜂̃𝔼[‖∇(Θ𝑡)‖2] − 𝜂̃𝔼[⟨∇(Θ𝑡), 𝑔𝑡 −∇(Θ𝑡)⟩] + 𝜂̃2𝐿

2
𝔼
[‖‖𝑔𝑡‖‖2 ]. (A.7)

By using the fact that 2| ⟨𝑥, 𝑦⟩ | ≤ ‖𝑥‖2 + ‖𝑦‖2 for any vectors 𝑥, 𝑦 ∈ℝ𝑑 , one obtains

𝔼[(Θ𝑡+1) −(Θ𝑡)] ≤− 𝜂̃

2
𝔼[‖∇(Θ𝑡)‖2] + 𝜂̃

2
𝔼[‖𝑔𝑡 −∇(Θ𝑡)‖2] + 𝜂̃2𝐿

2
𝔼
[‖‖𝑔𝑡‖‖2 ]. (A.8)

By using AM-GM inequality and Jensen’s inequality, the obtained result is

‖‖𝑔𝑡‖‖2 ≤3[‖‖‖‖ 1
𝑁𝑅

𝑁,𝑅∑
𝑖,𝑟=1

𝑔𝑡
𝑖,𝑟
− 1
𝑁

𝑁∑
𝑖=1

∇𝑖(Θ𝑡)
‖‖‖‖
2
+
‖‖‖‖ 1𝑁

𝑁∑
𝑖=1

∇𝑖(Θ𝑡) − ∇(Θ𝑡)
‖‖‖‖
2
+
‖‖‖‖∇(Θ𝑡)‖‖‖‖

2]

≤
3
𝑁𝑅

𝑁,𝑅∑
𝑖,𝑟=1
‖𝑔𝑡
𝑖,𝑟
−∇𝑖(Θ𝑡)‖2 + 3

𝑁

𝑁∑
𝑖=1

‖‖‖‖∇𝑖(Θ𝑡) − ∇(Θ𝑡)
‖‖‖‖
2
+ 3
‖‖‖‖∇(Θ𝑡)‖‖‖‖

2
. (A.9)

Incorporating (A.9) into (A.8) and using Jensen’s inequality, one obtains

𝔼[(Θ𝑡+1) −(Θ𝑡)] ≤−
𝜂̃(1 − 3𝐿𝜂̃)

2
𝔼[‖∇(Θ𝑡)‖2] + 3𝜂̃2𝐿

2
1
𝑁

𝑁∑
𝑖=1

𝔼
[‖‖‖∇𝑖(Θ𝑡) − ∇(Θ𝑡)‖‖‖2]

+
𝜂̃(1 + 3𝜂̃𝐿)

2
1
𝑁𝑅

𝑁,𝑅∑
𝑖,𝑟=1

𝔼
[‖𝑔𝑡

𝑖,𝑟
−∇𝑖(Θ𝑡)‖2]. (A.10)

By using Lemma 3, one obtains

𝔼[(Θ𝑡+1) −(Θ𝑡)] ≤−
𝜂̃(1 − 3𝐿𝜂̃)

2
𝔼[‖∇(Θ𝑡)‖2] + 3𝜂̃2𝐿

2
1
𝑁

𝑁∑
𝑖=1

𝔼
[‖‖‖∇𝑖(Θ𝑡) − ∇(Θ𝑡)‖‖‖2]

+
𝜂̃(1 + 3𝜂̃𝐿)

(
2𝜆2𝜁2 +

32𝜂̃2𝐿2


2

( 1
𝑁∑

𝔼
[‖∇𝑖(Θ𝑡)‖2]+ 2𝜆2𝜁2

))
. (A.11)
17

2 𝛽 𝑁
𝑖=1
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Using the fact that 1
𝑁

∑𝑁
𝑖=1
‖‖𝑥𝑖‖‖2 = ‖𝑥̄‖2 + 1

𝑁

∑𝑁
𝑖=1
‖‖𝑥𝑖 − 𝑥̄‖‖2, where 𝑥̄ = 1

𝑁

∑𝑁
𝑖=1 𝑥𝑖, expression (A.12) can be obtained, shown in 

the following.

𝔼[(Θ𝑡+1) −(Θ𝑡)]

≤ −
𝜂̃(1 − 3𝐿𝜂̃)

2
𝔼[‖∇(Θ𝑡)‖2] + 3𝜂̃2𝐿

2
1
𝑁

𝑁∑
𝑖=1

𝔼
[‖‖‖∇𝑖(Θ𝑡) − ∇(Θ𝑡)‖‖‖2]

+
𝜂̃(1 + 3𝜂̃𝐿)

2

(
2𝜆2𝜁2 +

32𝜂̃2𝐿2


𝛽2

( 1
𝑁

𝑁∑
𝑖=1

𝔼
[‖∇𝑖(Θ𝑡) − ∇(Θ𝑡)‖2]+ 𝔼

[‖∇(Θ𝑡)‖2]+ 2𝜆2𝜁2
))

= 𝜂̃(1 + 3𝜂̃𝐿)𝜆2𝜁2
(
1 +

32𝜂̃2𝐿2


𝛽2

)
+
(16𝜂̃3(1 + 3𝜂̃𝐿)𝐿2



𝛽2
−
𝜂̃(1 − 3𝐿𝜂̃)

2

)
𝔼[‖∇(Θ𝑡)‖2]

+
(16𝜂̃3(1 + 3𝜂̃𝐿)𝐿2



𝛽2
+

3𝜂̃2𝐿

2

)(
1
𝑁

𝑁∑
𝑖=1

𝔼
[‖‖‖∇𝑖(Θ𝑡) − ∇(Θ𝑡)‖‖‖2]

)
. (A.12)

By using Lemma 4, one can then obtain

𝔼[(Θ𝑡+1) −(Θ𝑡)]

≤ 𝜂̃(1 + 3𝜂̃𝐿)𝜆2𝜁2
(
1 +

32𝜂̃2𝐿2


𝛽2

)
+
(32𝜂̃3(1 + 3𝜂̃𝐿)𝐿2



𝛽2
+ 3𝜂̃2𝐿

)
𝜅2

+ 𝜂̃
[16𝜂̃2(1 + 3𝜂̃𝐿)𝐿2



𝛽2
𝜆2

𝜆2 − 8𝐿2
𝓁

−
(1 − 3𝐿𝜂̃)

2
+

12𝜂̃𝐿𝐿
2
𝓁

𝜆2 − 8𝐿2
𝓁

]
𝔼[‖∇(Θ𝑡)‖2]

≤ 2𝜂̃𝜆2𝜁2 + 3𝜂̃2𝐿𝜅
2
 +

64𝜂̃3𝐿2

(𝜆2𝜁2 + 𝜅2


)

𝛽2

− 𝜂̃
[
1
2
− 𝜂̃𝐿

(
3
2
+ 16𝜆2

𝜆2 − 8𝐿2
𝓁

+
12𝐿2

𝓁

𝜆2 − 8𝐿2
𝓁

)]
𝔼[‖∇(Θ𝑡)‖2], (A.13)

where 2nd inequality uses 𝜂̃ ≤ 𝛽

2𝐿
, 𝛽 ≥ 1 and 1 + 3𝜂̃𝐿 ≤ 1 + 3

70𝜆2 < 2 since 𝜂̃ ≤ 1
70𝐿𝜆

2 and 𝜆2 − 8𝐿2
𝓁 ≥ 1. Using 𝜆2 − 8𝐿2

𝓁 ≥ 1 again 
implies

𝐿

(
3
2
+ 16𝜆2

𝜆2 − 8𝐿2
𝓁

+
12𝐿2

𝓁

𝜆2 − 8𝐿2
𝓁

)
≤𝐿

(
3
2
+ 16𝜆2 + 12𝐿2

𝓁

)
≤

35
2
𝐿𝜆

2. (A.14)

Using the assumption that 𝜂̃ ≤ 1
70𝐿𝜆

2 ≜ 𝜂̃𝑜 yields

1
2
− 𝜂̃𝐿

(
3
2
+ 16𝜆2

𝜆2 − 8𝐿2
𝓁

+
12𝐿2

𝓁

𝜆2 − 8𝐿2
𝓁

)
≥

1
4
, (A.15)

then one obtains

𝔼[(Θ𝑡+1) −(Θ𝑡)] ≤ 2𝜂̃𝜆2𝜁2 + 3𝜂̃2𝐿𝜅
2
 +

64𝜂̃3𝐿2

(𝜆2𝜁2 + 𝜅2


)

𝛽2
− 𝜂̃

4
𝔼[‖∇(Θ𝑡)‖2], (A.16)

By reorganizing the above inequality and telescoping, one obtains

1
4𝑇

𝑇∑
𝑡=1

𝔼[‖∇(Θ𝑡)‖2] ≤ 𝔼[(Θ1) −(Θ𝑇+1)]
𝜂̃𝑇

+
64𝜂̃2𝐿2


(𝜆2𝜁2 + 𝜅2


)

𝛽2
+ 3𝜂̃𝐿𝜅

2
 + 2𝜆2𝜁2, (A.17)

Let Θ⋆ represent the optimal solution for the objective function (Θ). Define Δ ≜ (Θ1) −(Θ⋆). It’s obvious that

Δ ≜ (Θ1) −(Θ⋆) ≥ 𝔼[(Θ1) −(Θ𝑇+1)]. (A.18)

The upper bound can be discussed in two cases: 1) if 𝜂̃𝑜 ≥min
{√

Δ
3𝑇𝐿𝜅

2


, 3
√

𝛽2Δ
64𝑇𝐿2


(𝜆2𝜁2+𝜅2


)

}
≜ 𝑐𝑜, choosing 𝜂̃ = 𝑐𝑜 implies

1
4𝑇

𝑇∑
𝑡=1

𝔼[‖∇(Θ𝑡)‖2] ≤ 2
3

√
64Δ2𝐿2


(𝜆2𝜁2 + 𝜅2


)

𝛽2𝑇 2 + 2

√
3Δ𝐿𝜅

2


𝑇
+ 2𝜆2𝜁2. (A.19)
18

2) if 𝜂̃𝑜 ≤ 𝑐𝑜, choosing 𝜂̃ = 𝜂̃𝑜 implies
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1
4𝑇

𝑇∑
𝑡=1

𝔼[‖∇(Θ𝑡)‖2] ≤ Δ
𝜂̃𝑜𝑇

+
3

√
64Δ2𝐿2


(𝜆2𝜁2 + 𝜅2


)

𝛽2𝑇 2 +

√
3Δ𝐿𝜅

2


𝑇
+ 2𝜆2𝜁2. (A.20)

Therefore, combining (A.19) and (A.20) implies that

1
𝑇

𝑇∑
𝑡=1

𝔼[‖∇(Θ𝑡)‖2] = 𝔼[‖∇(Θ𝑡)‖2] ≤

(
Δ
𝜂̃𝑜𝑇

+
3

√
Δ2𝐿2


(𝜆2𝜁2 + 𝜅2


)

𝛽2𝑇 2 +

√
Δ𝐿𝜅

2


𝑇
+ 𝜆2𝜁2

)
, (A.21)

where 𝑡 is sampled uniformly from the index set {1, … , 𝑇 }.

Next, one obtains

1
𝑁

𝑁∑
𝑖=1

𝔼
[‖𝜃̂𝑖(Θ𝑡) − Θ𝑡‖2] ≤ 1

𝑁

𝑁∑
𝑖=1

2
(
𝔼
[‖𝜃̂𝑖(Θ𝑡) − 𝜃⋆(Θ𝑡)‖2]+ 𝔼

[‖Θ𝑡 − 𝜃⋆(Θ𝑡)‖2])

≤ 2𝜁2 + 2
𝑁

𝑁∑
𝑖=1

𝔼
[‖∇𝑖(Θ𝑡)‖2]

𝜆2

= 2𝜁2 + 2
𝑁

𝑁∑
𝑖=1

𝔼
[‖∇𝑖(Θ𝑡) − ∇(Θ𝑡)‖2 + ‖∇(Θ𝑡)‖2]

𝜆2

≤ 2𝜁2 +
2𝜅2



𝜆2
+ 2
𝜆2 − 8𝐿2

𝓁

𝔼[‖∇(Θ𝑡)‖2], (A.22)

In the 1st inequality, Jensen’s inequality is employed, while in the 2nd inequality, the 𝜁 -approximation and Eq. (13) is utilized. The 
third line utilizes the fact that 1

𝑁

∑𝑁
𝑖=1
‖‖𝑥𝑖‖‖2 = ‖𝑥̄‖2 + 1

𝑁

∑𝑁
𝑖=1
‖‖𝑥𝑖 − 𝑥̄‖‖2, and the final inequality is derived from the application of 

Lemma 4.

By taking the average over 𝑡 from 1 to 𝑇 for Eq. (A.22), one obtains:

1
𝑇𝑁

𝑇∑
𝑡=1

𝑁∑
𝑖=1

𝔼
[‖𝜃̂𝑖(Θ𝑡) − Θ𝑡‖2] ≤ 2𝜁2 +

2𝜅2


𝜆2
+ 2
𝜆2 − 8𝐿2

𝓁

1
𝑇

𝑇∑
𝑡=1

𝔼[‖∇(Θ𝑡)‖2]. (A.23)

Together with Eq. (A.20), the proof is finished with

1
𝑁

𝑁∑
𝑖=1

𝔼
[‖𝜃̂𝑖(Θ𝑡) − Θ𝑡‖2] ≤

(
𝜁2 +

𝜅2


𝜆2

)
+
(
𝔼
[‖∇(Θ𝑡)‖2]). (A.24)

A.5. Proof of important lemmas

A.5.1. Proof of Lemma 1

Define

𝛿𝐹 (𝜃𝑖, 𝑠′)

=
∑

𝑠𝑖∈ (𝑠′
𝑖
)
𝐹𝜃𝑖 (𝑠𝑖 → 𝑠′

𝑖
) −𝑅(𝑠′

𝑖
) −
∑

𝑠𝑖∈(𝑠′
𝑖
)
𝐹𝜃𝑖

(
𝑠′
𝑖
→ 𝑠𝑖
)
,

𝛿∇𝐹 (𝜃𝑖, 𝑠′)

=
∑

𝑠𝑖∈ (𝑠′
𝑖
)
∇𝜃𝑖𝐹𝜃𝑖 (𝑠𝑖 → 𝑠′

𝑖
) −
∑

𝑠𝑖∈(𝑠′
𝑖
)
∇𝜃𝑖𝐹𝜃𝑖

(
𝑠′
𝑖
→ 𝑠𝑖
)
. (A.25)

For each 𝜃𝑖, 𝜃′𝑖 ∈ℝ𝑑 , using triangle inequality yields

‖∇𝓁𝑖(𝜃𝑖) − ∇𝓁𝑖(𝜃′𝑖 )‖
=𝔼𝜏𝑖∼𝑝𝑖(𝜏)

[ ∑
𝑠′
𝑖
∈𝜏𝑖≠𝑠0

(
𝛿𝐹 (𝜃𝑖, 𝑠′)𝛿∇𝐹 (𝜃𝑖, 𝑠′) − 𝛿𝐹 (𝜃′𝑖 , 𝑠

′)𝛿∇𝐹 (𝜃′𝑖 , 𝑠
′)
)]

=𝔼𝜏𝑖∼𝑝𝑖(𝜏)
[ ∑
𝑠′
𝑖
∈𝜏𝑖≠𝑠0

(
𝛿𝐹 (𝜃𝑖, 𝑠′)𝛿∇𝐹 (𝜃𝑖, 𝑠′) − 𝛿𝐹 (𝜃𝑖, 𝑠′)𝛿∇𝐹 (𝜃′𝑖 , 𝑠

′) + 𝛿𝐹 (𝜃𝑖, 𝑠′)𝛿∇𝐹 (𝜃′𝑖 , 𝑠
′)

− 𝛿𝐹 (𝜃′𝑖 , 𝑠
′)𝛿∇𝐹 (𝜃′𝑖 , 𝑠

′)
)]

≤𝔼𝜏 ∼𝑝 (𝜏)

[ ∑ (‖‖𝛿𝐹 (𝜃𝑖, 𝑠′) ⋅ [𝛿∇𝐹 (𝜃𝑖, 𝑠′) − 𝛿∇𝐹 (𝜃′, 𝑠′)]‖‖

19

𝑖 𝑖

𝑠′
𝑖
∈𝜏𝑖≠𝑠0

‖ 𝑖 ‖
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+ ‖‖‖[𝛿𝐹 (𝜃𝑖, 𝑠′) − 𝛿𝐹 (𝜃′𝑖 , 𝑠′)]𝛿∇𝐹 (𝜃′𝑖 , 𝑠′)‖‖‖)]. (A.26)

Under Assumptions 2, 3 and 4, then

‖𝛿𝐹 (𝜃𝑖, 𝑠′)‖ ≤𝐻0 + 2𝐻2𝐵, (A.27)

‖𝛿∇𝐹 (𝜃𝑖, 𝑠′) − 𝛿∇𝐹 (𝜃′𝑖 , 𝑠′)‖ ≤ 2𝐻2𝐿1‖𝜃𝑖 − 𝜃′𝑖‖, (A.28)

‖𝛿𝐹 (𝜃𝑖, 𝑠′) − 𝛿𝐹 (𝜃′𝑖 , 𝑠′)‖ ≤ 2𝐻2𝐿0‖𝜃𝑖 − 𝜃′𝑖‖, (A.29)

‖𝛿∇𝐹 (𝜃′𝑖 , 𝑠′)‖ ≤ 2𝐻2𝐿0. (A.30)

Combining (A.27)-(A.30) with (A.26), one obtains

‖∇𝓁𝑖(𝜃𝑖) − ∇𝓁𝑖(𝜃′𝑖 )‖ ≤𝐻1

[
(𝐻0 + 2𝐻2𝐵)2𝐻2𝐿1‖𝜃𝑖 − 𝜃′𝑖‖+ 2𝐻2𝐿0‖𝜃𝑖 − 𝜃′𝑖‖2𝐻2𝐿0

]
=𝐻1

[
(𝐻0 + 2𝐻2𝐵)2𝐻2𝐿1 + 4𝐻2

2𝐿
2
0

]‖𝜃𝑖 − 𝜃′𝑖‖. (A.31)

A.5.2. Proof of Lemma 2

See the proof in Corollary 3.4 b) of [14].

A.5.3. Proof of Lemma 3

By using Jensen’s inequality, the smoothness of ∇𝑖 and 𝜁 -approximation between 𝜃̂𝑖(Θ𝑡𝑖,𝑟) and 𝜃⋆
𝑖
(Θ𝑡

𝑖,𝑟
), one obtains

𝔼
[‖𝑔𝑡

𝑖,𝑟
−∇𝑖(Θ𝑡)‖2] ≤ 2𝔼

[‖𝑔𝑡
𝑖,𝑟
−∇𝑖(Θ𝑡𝑖,𝑟)‖2 + ‖∇𝑖(Θ𝑡𝑖,𝑟) − ∇𝑖(Θ𝑡)‖2]

≤ 2𝜆2𝔼
[‖𝜃̂𝑖(Θ𝑡𝑖,𝑟) − 𝜃⋆𝑖 (Θ𝑡𝑖,𝑟)‖2]+ 2𝐿2

𝔼
[‖Θ𝑡

𝑖,𝑟
−Θ𝑡‖2]

≤ 2𝜆2𝜁2 + 2𝐿2
𝔼
[‖Θ𝑡

𝑖,𝑟
−Θ𝑡‖2]. (A.32)

Next, the upper bound of 𝔼
[‖Θ𝑡

𝑖,𝑟
−Θ𝑡‖2] is given. By replacing Θ𝑡

𝑖,𝑟
with its update rule (15), and applying Young’s inequality and 

Jensen’s inequality, the following inequality can be established for any 𝑞:

𝔼
[‖Θ𝑡

𝑖,𝑟
−Θ𝑡‖2] = 𝔼

[‖Θ𝑡
𝑖,𝑟−1 − 𝜂𝑔

𝑡
𝑖,𝑟−1 −Θ𝑡‖2]

≤

(
1 + 1

𝑞

)
𝔼
[‖Θ𝑡

𝑖,𝑟−1 −Θ𝑡‖2]+ (1 + 𝑞)𝜂2𝔼
[‖𝑔𝑡

𝑖,𝑟−1‖2]
≤

(
1 + 1

𝑞

)
𝔼
[‖Θ𝑡

𝑖,𝑟−1 −Θ𝑡‖2]+ 2(1 + 𝑞)𝜂2𝔼
[‖∇𝑖(Θ𝑡)‖2]

+ 2(1 + 𝑞)𝜂2𝔼
[‖𝑔𝑡

𝑖,𝑟−1 − ∇𝑖(Θ𝑡)‖2]. (A.33)

Incorporating Eq. (A.32) into (A.33), one obtains

𝔼
[‖Θ𝑡

𝑖,𝑟
−Θ𝑡‖2]

≤

(
1 + 1

𝑞

)
𝔼
[‖Θ𝑡

𝑖,𝑟−1 − Θ𝑡‖2]+ 2(1 + 𝑞)𝜂2𝔼
[‖∇𝑖(Θ𝑡)‖2]+ 4(1 + 𝑞)𝜂2(𝜆2𝜁2 +𝐿2

𝔼
[‖Θ𝑡

𝑖,𝑟−1 − Θ𝑡‖2])
=
(
1 + 1

𝑞
+ 4(1 + 𝑞)𝜂2𝐿2



)
𝔼
[‖Θ𝑡

𝑖,𝑟−1 − Θ𝑡‖2]+ 2(1 + 𝑞)𝜂2𝔼
[‖∇𝑖(Θ𝑡)‖2]+ 4(1 + 𝑞)𝜂2𝜆2𝜁2. (A.34)

Let 𝑞 =𝑅. Under the condition that 𝜂̃2 ≤ 𝛽2𝑅
4(1+𝑅)𝐿2



, it follows that 4(1 +𝑅)𝜂2𝐿2

= 4(1 +𝑅)𝐿2


𝜂̃2

𝛽2𝑅2 ≤ 1
𝑅

. Subsequently

𝔼
[‖Θ𝑡

𝑖,𝑟
−Θ𝑡‖2] ≤ (1 + 2

𝑅

)
𝔼
[‖Θ𝑡

𝑖,𝑟−1 − Θ𝑡‖2]+ 4𝜂̃2

𝛽2𝑅
𝔼
[‖∇𝑖(Θ𝑡)‖2]+ 8𝜂̃2𝜆2𝜁2

𝛽2𝑅

≤
4𝜂̃2

𝛽2𝑅

(
𝔼
[‖∇𝑖(Θ𝑡)‖2]+ 2𝜆2𝜁2

)𝑅−1∑
𝑟=0

(
1 + 2

𝑅

)𝑟
≤

16𝜂̃2

𝛽2

(
𝔼
[‖∇𝑖(Θ𝑡)‖2]+ 2𝜆2𝜁2

)
, (A.35)

where the last inequality applies that (1 + 𝑎∕𝑛)𝑛 ≤ 𝑒𝑎 for all 𝑎 ∈ ℝ and 𝑛 ∈ ℕ and 
∑𝑅−1
𝑟=0

(
1 + 2

𝑅

)𝑟
= (1+2∕𝑅)𝑅−1

2∕𝑅 ≤ 𝑒2−1
2∕𝑅 < 4𝑅. By 
20

combining equations (A.32) and (A.35), the proof is completed.
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A.5.4. Proof of Lemma 4

Since the gradient of 𝑖(Θ) is ∇𝑖(Θ) = 𝜆(Θ − 𝜃⋆
𝑖
(Θ)), then

‖‖‖∇𝑖(Θ) − ∇(Θ)‖‖‖2 = ‖‖‖‖𝜆(Θ − 𝜃⋆
𝑖
(Θ)) − 1

𝑁

𝑁∑
𝑘=1

𝜆(Θ − 𝜃⋆
𝑘
(Θ))
‖‖‖‖
2

(A.36)

The first-order optimal condition of Eq. (10) implies that ∇𝓁𝑖(𝜃⋆𝑖 (Θ)) −𝜆(Θ −𝜃⋆
𝑖
(Θ)) = 0. Together with Jensen’s inequality, it follows 

that

‖‖‖∇𝑖(Θ) − ∇(Θ)‖‖‖2 = ‖‖‖‖∇𝓁𝑖(𝜃⋆𝑖 (Θ)) − 1
𝑁

𝑁∑
𝑗=1

∇𝓁𝑗 (𝜃⋆𝑗 (Θ))
‖‖‖‖
2

(A.37)

≤ 2
‖‖‖‖∇𝓁𝑖(𝜃⋆𝑖 (Θ)) − 1

𝑁

𝑁∑
𝑗=1

∇𝓁𝑗 (𝜃⋆𝑖 (Θ))
‖‖‖‖
2

(A.38)

+ 2
‖‖‖‖ 1𝑁

𝑁∑
𝑗=1

∇𝓁𝑗 (𝜃⋆𝑖 (Θ)) −
1
𝑁

𝑁∑
𝑗=1

∇𝓁𝑗 (𝜃⋆𝑗 (Θ))
‖‖‖‖
2
.

By taking the average over 𝑁 tasks, one obtains

1
𝑁

𝑁∑
𝑖=1

‖‖‖∇𝑖(Θ) − ∇(Θ)‖‖‖2 ≤ 2𝜅22 +
2
𝑁2

𝑁∑
𝑖=1

𝑁∑
𝑗=1

‖‖‖‖∇𝓁𝑗 (𝜃⋆𝑖 (Θ)) − ∇𝓁𝑗 (𝜃⋆𝑗 (Θ))
‖‖‖‖
2

(A.39)

≤ 2𝜅22 +
2𝐿2

𝓁

𝑁2

𝑁∑
𝑖=1

𝑁∑
𝑗=1

‖‖‖𝜃⋆𝑖 (Θ) − 𝜃⋆𝑗 (Θ)‖‖‖2 (A.40)

≤ 2𝜅22 +
2𝐿2

𝓁

𝑁2

𝑁∑
𝑖=1

𝑁∑
𝑗=1

[
2‖‖‖𝜃⋆𝑖 (Θ) − Θ‖‖‖2 + 2‖‖‖𝜃⋆𝑖 (Θ) − Θ‖‖‖2] (A.41)

= 2𝜅22 +
4𝐿2

𝓁

𝑁2𝜆2

𝑁∑
𝑖=1

𝑁∑
𝑗=1

[‖‖‖∇𝑖(Θ)‖‖‖2 + ‖‖‖∇𝑗 (Θ)‖‖‖2] (A.42)

= 2𝜅22 +
8𝐿2

𝓁

𝑁𝜆2

𝑁∑
𝑖=1

‖‖‖∇𝑖(Θ)‖‖‖2 (A.43)

= 2𝜅22 +
8𝐿2

𝓁

𝜆2

[
1
𝑁

𝑁∑
𝑖=1

‖‖‖∇𝑖(Θ) − ∇(Θ)‖‖‖2 + ‖‖‖∇(Θ)‖‖‖2
]

(A.44)

In the inequality (A.40), assumption (17) is employed, along with Jensen’s inequality. The inequality (A.41) is derived from Lemma 1. 
The (A.42) inequality is obtained by applying Jensen’s inequality again. The equality (A.40) is based on the relationship ∇𝑖(Θ) =
𝜆(Θ − 𝜃⋆

𝑖
(Θ)), while the equality (A.41) follows from the fact that 1

𝑁

∑𝑁
𝑖=1
‖‖𝑥𝑖‖‖2 = ‖𝑥̄‖2 + 1

𝑁

∑𝑁
𝑖=1
‖‖𝑥𝑖 − 𝑥̄‖‖2, where 𝑥̄ = 1

𝑁

∑𝑁
𝑖=1 𝑥𝑖. 

When 𝜆 > 2
√
2𝐿𝓁 , reorganizing the above inequality yields

1
𝑁

𝑁∑
𝑖=1

‖‖‖∇𝑖(Θ) − ∇(Θ)‖‖‖2 ≤ 2𝜆2𝜅22
𝜆2 − 8𝐿2

𝓁

+
8𝐿2

𝓁

𝜆2 − 8𝐿2
𝓁

‖‖‖∇(Θ)‖‖‖2. (A.45)
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