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Matching theoretical predictions to experimental data remains a central challenge in hadron spectroscopy.
In particular, the identification of new hadronic states is difficult, as exotic signals near threshold can arise
from a variety of physical mechanisms. A key diagnostic in this context is the pole structure of the scattering
amplitude, but different configurations can produce similar signatures. The mapping between pole
configurations and line shapes is especially ambiguous near the mass threshold, where analytic control
is limited. In this work, we introduce an uncertainty-aware machine learning approach for classifying pole
structures in S-matrix elements. Our method is based on an ensemble of classifier chains that provide both
epistemic and aleatoric uncertainty estimates. We apply a rejection criterion based on predictive uncertainty,
achieving a validation accuracy of nearly 95% while discarding only a small fraction of high-uncertainty
predictions. Trained on synthetic data with known pole structures, the model generalizes to previously
unseen experimental data, including enhancements associated with thePcc̄ð4312Þþ state observed by LHCb.
In this, we infer a four-pole structure, representing the presence of a genuine compact pentaquark in the
presence of a higher channel virtual state pole with nonvanishing width. While evaluated on this particular
state, our framework is broadly applicable to other candidate hadronic states and offers a scalable tool for
pole structure inference in scattering amplitudes.

DOI: 10.1103/1jn6-l5vq

I. INTRODUCTION

Recent observations of near-threshold phenomena by
different experimental collaborations present an opportunity
to deepen our understanding of the nonperturbative nature
of strong interaction dynamics [1–4]. Candidate hadronic
states located below certain two-hadron thresholds are
typically associated with the formation of hadronic mole-
cules [5]. However, such a straightforward interpretation
remains contested. In particular, some studies suggest that
the observed exotic signals may originate from multiquark
states beyond the conventional quark model [6,7]. Other
competing interpretations are entirely kinematical, such as

threshold cusps or triangle singularities [8], and do not
require the formation of unstable quantum states. Once
these kinematical effects are unambiguously ruled out, the
next step is to determine the nature of the unstable
hadronic state.
Such candidate hadrons manifest as pole singularities in

the scattering amplitude, and their distribution across
different Riemann sheets encodes essential information
about their internal structure [9–11]. The identification of
these pole structures can, in principle, be performed in a
model-independent manner. However, different pole con-
figurations can produce nearly indistinguishable line
shapes in the invariant mass distributions of the final-state
particles. For instance, an enhancement resulting from a
hadronic molecule may closely resemble that of a genuine
resonance whose profile is modified by coupled-channel
effects. As a result, conventional fitting procedures often
yield ambiguous conclusions, particularly when comple-
mentary data from other processes is unavailable. To
address this challenge, alternative approaches beyond
conventional amplitude fits are required to distinguish
such subtle scenarios.
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Machine learning has recently emerged as a promising
tool in hadron spectroscopy, offering new strategies to
resolve these ambiguities. Neural networks have demon-
strated the ability to classify pole types and spin-parity
assignments directly from synthetic or experimental line
shapes [12–14]. However, many existing approaches share
one central limitation: the absence of rigorous uncertainty
quantification.
In this work, we develop a machine learning framework

that directly addresses this shortcoming. Synthetic line
shapes are generated using a fully analytic, coupled-channel
S-matrix model [12]. Pole configurations are constructed
independently using a uniformized variable formalism,
enabling precise control over the number and placement
of singularities across Riemann sheets. This model-agnostic
setup avoids assumptions about pole trajectories and ena-
bles the construction of a balanced, diverse training dataset.
We design a machine learning pipeline that optimizes all

critical stages of the learning process: from data represen-
tation to confidence-based sample rejection, as visualized
in Fig. 1. An ensemble of gradient boosting [15,16]
classifier chains [17–19] is trained to classify pole struc-
tures from line shapes while also quantifying uncertainty
via posterior sampling.
We begin by constructing a set of informative input

features and formulating an efficient representation of the
learning task. We then perform extensive model selection to
identify the architecture that yields the best learning
performance. Finally, we show how predictive uncertainty
can be used for confidence-based sample selection, enabling
the model to reject unreliable predictions and improve
overall robustness.
We apply this framework to the Pcc̄ð4312Þþ enhance-

ment and find that the line shape is most consistent with the
pole configuration ½bt� ¼ ½1�, ½bb� ¼ ½2�, and ½tb� ¼ ½1�—a
novel result in machine-learned line shape analysis. Here,
½bt�, ½bb�, and ½tb� are the names of different Riemann sheets
which are detailed below. This structure supports the

interpretation of a compact hidden-charm pentaquark, con-
sistent with the GlueX observations reported in [20,21]. Our
analysis shows that this configuration is favored with high
model-based confidence, while alternative interpretations
receive only marginal support. By combining rigorous
S-matrix modeling with uncertainty-aware machine learn-
ing, our approach offers a powerful and generalizable tool
for classifying resonance structures in hadron spectroscopy.
We furthermore validate the framework on the Δð1232Þ
resonance.
A previous study [22] has investigated the classification

of the Pcc̄ð4312Þþ enhancement. Our work builds upon
and extends this analysis in three key aspects: First, we
introduce a general framework capable of resolving full pole
structures across multiple Riemann sheets, extending
beyond the bound vs virtual pole distinction near the
threshold employed in the earlier work. Second, we imple-
ment comprehensive uncertainty quantification, where clas-
sification probabilities are systematically computed to
assess predictive reliability throughout the analysis.
Third, unlike the effective range parametrization used in
the previous study, which is restricted to poles on the ½bt�
and the ½tb� Riemann sheets, our analysis employs an
S-matrix formalism that accommodates poles of arbitrary
multiplicity across all unphysical sheets.
The remainder of this manuscript is organized as follows:

Section II outlines the theoretical framework underlying the
scattering analysis and S-matrix parametrization. Section III
introduces the machine learning pipeline, including the
formulation of the learning task, model selection, and
prediction of uncertainties. Section IV presents our analysis
of the Pcc̄ð4312Þþ line shape and the inferred pole struc-
tures. Finally, Sec. V summarizes the key findings and
discusses future directions.

II. THEORETICAL BACKGROUND

Our analysis of near-threshold line shapes is based on
coupled-channel scattering theory. We begin by reviewing

(a) (b) (c)

FIG. 1. Overview: work flow for learning pole structures using predictive uncertainty estimation. (a) Time-series features are extracted
from raw line shapes, and a subset of relevant features is selected for model training. (b) A predictive model is trained to infer pole
structures based on the selected features. (c) Model uncertainty is leveraged to filter predictions: all predictions are initially visualized
(top), with sphere size indicating model confidence. Predictions below a chosen confidence threshold are discarded, reducing outliers
and increasing reliability.
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the analytic structure of the scattering amplitude in multi-
channel systems, focusing on the role of Riemann sheets
and the interpretation of resonance poles. By introducing a
uniformization procedure, we provide a compact represen-
tation of the coupled-channel S-matrix in terms of a single
complex variable, making the classification of pole con-
figurations more tractable. We parametrize the S-matrix
using Jost-like functions in a flexible and physically
consistent manner, which allows for the independent
placement of poles across different sheets while preserving
unitarity and analyticity. To generate training data, we
apply this framework to the case of the Pcc̄ð4312Þþ,
outlining the generation of synthetic line shapes from
model amplitudes and the labeling of pole configurations
that form the basis for the machine learning task.

A. Coupled-channel scattering

The analytic structure of scattering amplitudes is char-
acterized by two fundamental types of singularities: poles
and branch points. Bound states correspond to the discrete
spectrum of the system’s Hamiltonian and manifest as
simple poles of the scattering amplitude located below
the lowest threshold. Branch points, on the other hand, are
associated with scattering thresholds and arise from the
multivalued nature of the amplitude along the continuous
spectrum of scattering energy. These singularities directly
manifest in the Green’s operator associated with the two-
particle Hamiltonian. Specifically, for a spherically sym-
metric Hamiltonian, where ðl; mÞ are good quantum
numbers, the Green’s operator takes the form

ĜðzÞ ¼ ðz − ĤÞ−1

¼
X
n

jnihnj
z − En

þ
Z

∞

Eth

dE
X
l;m

jE;l; mihE;l; mj
z − E

; ð1Þ

where fjnign forms the discrete spectrum and
fjE;l; migE;l;m for the continuous spectrum. The first term
contains simple poles in the complex z variable while the
second term will result into multivaluedness when z
approaches the real energy axis above the threshold,
E > Eth. These singularities of the Green’s operator are
inherited by the scattering amplitude via the Lippmann-
Schwinger equation.
The nature of branch point singularities is clarified by

invoking the two-body unitarity condition of the scattering
process, which implies that the reciprocal of the scattering
amplitude is proportional to the two-body phase space.
Since the phase space depends on the momentum, which
scales as the square root of the scattering energy, the
singularity appears as a square-root branch point. More
precisely, in a two-particle system, the invariant mass

ffiffiffi
s

p
relates to the center-of-mass momentum of channel i as

pi ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
s − ϵ2i

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − ϵiðϵi − 4μiÞ

p
2

ffiffiffi
s

p ; ð2Þ

where ϵi is the threshold energy of channel i and μi is the
reduced mass. The scattering region is defined by

ffiffiffi
s

p
≥ ϵi,

placing the square-root branch point at the thresholdffiffiffi
s

p ¼ ϵi. Near this threshold, it is convenient to define
qi ∝

ffiffiffiffiffiffiffiffiffiffiffiffi
s − ϵ2i

p
, which captures the correct analytic behavior

of the amplitude in the vicinity of the singularity.
In the single-channel case, the complex qi plane is

divided into upper and lower half-planes. The upper half-
plane corresponds to the physical Riemann sheet, which
contains the scattering region. Bound-state poles reside on
the upper imaginary axis of the momentum plane, as their
associated wave functions are normalizable. Due to cau-
sality, the physical sheet must be free of singularities, aside
from bound-state poles below the lowest threshold [23,24].
In contrast, the lower half-plane defines the unphysical
Riemann sheet, which is not constrained by analyticity.
Virtual poles appear on the lower half of the imaginary axis
and are not associated with physical states. Nevertheless,
they can still produce enhancements in the scattering
amplitude. Resonance poles are also found in the lower
half-plane, but above the line Repþ Imp ¼ 0, and are
associated with unstable states. Poles below this line, but
with a nonzero imaginary part, are known as virtual state
poles with a nonvanishing width [25]. Like ordinary virtual
poles, these are not associated with physical states but can
still influence the amplitude near the threshold. Moreover,
the analytic structure of the S-matrix, specifically the
Schwarz reflection principle, requires that poles with non-
zero imaginary parts appear in complex-conjugate pairs.
In the multichannel case, the number of Riemann sheets

increases as 2n, where n is the number of channels. These
Riemann sheets are distinguished by the signs of the
imaginary parts of the channel momenta. The physical
sheet, or first Riemann sheet, is defined as the region of the
complex energy plane where Impi > 0 for all channels i.
Other sign combinations of Impi are generally referred to as
the unphysical sheet. In the case of two-channel scattering,
there are three such unphysical sheets. The first is the ½bt�
sheet, also known as the second Riemann sheet, which is
directly connected to the physical scattering region between
the two thresholds. Here, “b” indicates that channel 1 is
analytically continued to the lower half of its momentum
plane ðImp1 < 0Þ, while “t” means that channel 2 remains
on the upper half ðImp2 > 0Þ. The next is the ½bb� sheet, or
third Riemann sheet, which is connected with the scattering
region beyond the second threshold; in this case, both Imp1

and Imp2 are negative. Finally, the ½tb� sheet, or the fourth
Riemann sheet, which is the farthest from the physical
scattering region and corresponds to Imp1 > 0 and
Imp2 < 0. Importantly, the ½bt�, ½bb�, and ½tb� sheets are
distinct unphysical sheets with different connections to the
physical region, and poles on these sheets have different
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physical implications. We therefore treat poles on ½bt�, ½bb�,
and ½tb� as separate categories in our classification scheme.
The distinction among these sheets arises from how the
analytic continuation is performed across the branch cuts
introduced by the channel thresholds, and each sheet plays a
crucial role in understanding the analytic structure of the
scattering amplitude.

B. Uniformization

In two-channel scattering, the complex momentum plane
for each channel exhibits branch cuts induced by the
presence of the other channel. To simplify the analytic
structure and remove these cuts, we introduce a uniformiz-
ing variable ω defined as

ω ¼ q1 þ q2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ22 − ϵ21

p and
1

ω
¼ q1 − q2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ϵ22 − ϵ21
p : ð3Þ

This transformation maps the four-sheeted energy surface
of the two-channel problem onto a single complex ω plane,
allowing all Riemann sheets to be visualized within a
unified representation, as shown in Fig. 2(a).
The effect of a pole confined to a specific unphysical

sheet can already be inferred from this mapping. For
instance, a single pole in the lower half of the ½bb� sheet
produces an enhancement only above the second threshold,
while a pole in the upper half of the ½tb� sheet gives rise to a
cusp precisely at the second threshold. When multiple poles
are present across different sheets, the resulting interference
patterns and threshold behavior become significantly more
complex, complicating the task of identifying the under-
lying line shape structure.

C. Independent S-matrix poles

Constructing a balanced training dataset of line shapes
requires precise control over the placement of poles across
various unphysical Riemann sheets. Moreover, the pole
configurations must remain independent of any specific
pole trajectories, which are typically tied to particular
dynamical models. To ensure physical consistency, the
parametrization must satisfy the minimal requirements of
unitarity, analyticity, and correct threshold behavior. These
conditions can be fulfilled by directly expressing the
S-matrix in terms of independently specified Jost-like
functions [26,27].
We follow the formulation in Refs. [27,28] to directly

parametrize the S-matrix. The Jost-like function for our
two-channel system takes the form

Dmðq1; q2Þ ¼ DmðωÞ ð4Þ

¼ 1

ω2
ðω − ωmÞðωþ ω�

mÞðω − ωm0 Þðωþ ω�
m0 Þ; ð5Þ

where ωm denotes the physical pole, which can be freely
assigned, and ωm0 is a regulator pole chosen to satisfy
jωmωm0 j ¼ 1. We designate ωm as the relevant pole by
placing it closer to the scattering region, while ωm0 is
assigned a phase of e−iπ=2 to minimize its impact on the
line shape.
The structure of an unstable hadronic state is encoded in

the distribution of poles across Riemann sheets [29–31]. To
account for various possible configurations, we specify the
desired number of poles and construct the full Jost-like
function as

FIG. 2. Coupled-channel scattering overview: (a) regions in the ω-plane mapped to distinct energy Riemann sheets. Subscripts þ and
− indicate the upper and lower halves of each sheet, respectively. The points ω ¼ i and ω ¼ 1 correspond to the thresholds ϵ1 and ϵ2.
The solid arc (red) of the unit circle maps to the scattering region between these thresholds, while the solid segment along the real axis
beyond ω ¼ 1 maps to the region above the second threshold. (b) The line shape, showing a peak below the second threshold, can be
reproduced by either (c) a single pole located in the ½bt� sheet or (d) a configuration involving three poles.

FELIX FROHNERT et al. PHYS. REV. D 113, 056019 (2026)

056019-4



Dðq1; q2Þ ¼
YM
m¼1

Dmðq1; q2Þ; ð6Þ

where M is the total number of poles. The elements of the
two-channel S-matrix are then given by

S11 ¼
Dð−q1; q2Þ
Dðq1; q2Þ

; S22 ¼
Dðq1;−q2Þ
Dðq1; q2Þ

;

det S ¼ Dð−q1;−q2Þ
Dðq1; q2Þ

: ð7Þ

The relevant observable is the scattering amplitude, given
as a linear combination of T-matrix elements, with
S ¼ 1þ 2iT. The structure of Eq. (7) ensures unitarity
of the S-matrix and guarantees Hermiticity below the
lowest threshold [32,33]. Analyticity is also preserved
since pole types can be independently specified without
violating the analytic structure.
The freedom to assign S-matrix poles independently

allows us to expose the inherent ambiguity in interpreting
line shapes. As illustrated in Fig. 2, two distinct pole
configurations may result in identical near-threshold
enhancements. This ambiguity stems from the cancellation
of poles in one of the diagonal elements of the S-matrix. For
example, a pole in the ½bb� sheet can cancel the effect of a
pole in the ½tb� sheet, effectively removing their combined
contribution from the S11 element. Nevertheless, these
poles still influence the S22 element, allowing for a
potential distinction between configurations. In practice,
however, access to such complementary S-matrix elements
requires additional experimental data from other processes,
which is often unavailable.
To explicitly demonstrate the cancellation of poles, we

adopt the general αβ representation in Ref. [11] of
Dmðq1; q2Þ:

Dmðq1; q2Þ ¼ αmðEÞ þ iβm1ðEÞq1 þ iβm2ðEÞq2; ð8Þ

where αm and βmi (i ¼ 1, 2) are analytic functions of
E ¼ ffiffiffi

s
p

. This form generalizes the Flatté parametrization,
replacing the constant couplings gmi with energy-depen-
dent functions βmiðEÞ and ReðEmÞ − E with αmðEÞ.
Suppose that Dmðq1; q2Þ vanishes at ðE ¼ Em; q1 ¼

q1m; q2 ¼ q2mÞ such that Im q1m < 0 and Im q2m < 0.
This condition introduces a pole of the S-matrix on the
½bb� sheet. To generate an additional pole, we introduce
another Jost-like function Dnðq1; q2Þ in the product rep-
resentation Eq. (6), defined as Dnðq1; q2Þ ¼ Dmð−q1; q2Þ.
This function vanishes at exactly the same energy pole
E ¼ En ¼ Em but with q1n ¼ −q1m and q2n ¼ q2m.
Consequently, the inclusion of Dnðq1; q2Þ in the product
introduces another pole of the S-matrix, this time in the
½tb� sheet.

These poles in the ½bb� and ½tb� sheets do not appear in
the S11 element, as shown by

S11 ¼
�� � �
� � �

��
Dmð−q1; q2Þ
Dmðq1; q2Þ

��
Dnð−q1; q2Þ
Dnðq1; q2Þ

�
; ð9Þ

where the prefactor ð� � � = � � �Þ denotes other regular terms
in Eq. (6). Because of the reversed sign of q1 in the
numerator, the pole factors in the square brackets cancel
each other in S11. However, inspection of the other
elements of the S-matrix in Eq. (7) shows that the pole
factors remain in S22 and S12. Thus, while the poles remain
genuine singularities of the full S-matrix, potentially
corresponding to unstable quantum states, their cancella-
tion in S11 highlights the need to study additional reactions
that probe other elements in order to fully uncover the pole
structure.
Another noteworthy feature of the S-matrix pole struc-

ture is the disappearance of the threshold cusp, which
depends on the pole distribution. Returning to the αβ
representation in Eq. (8), we introduce a Jost-like function
defined as Dnðq1; q2Þ ¼ Dmðq1;−q2Þ. This Dnðq1; q2Þ
generates a pole in the ½bt� sheet. The product

Dmðq1; q2ÞDnðq1; q2Þ
¼ ½αmðEÞ þ iβm1ðEÞq1�2 þ β2m2ðEÞq22 ð10Þ

transforms the dependence on q2 into q22. As a result, even
when the poles on the ½bt� and ½bb� sheets lie close to the
threshold, no branch point appears at the second threshold.
In this case, the ½bt� and ½bb� poles play the role of pole-
shadow pair, which is a characteristic of a genuine reso-
nance. Moreover, the poles in the ½bt� and ½bb� sheets do not
cancel in S11 and therefore produce an enhancement in the
line shape. However, this enhancement, despite being
located near the threshold, exhibits no cusping effect
because the dependence on q2 has been transformed into q22.
These examples illustrate how different pole configura-

tions can create ambiguity in the interpretation of line
shapes. The decomposition into independent Jost-like
functions in Eq. (5) is sufficiently general to accommodate
all such combinations. When employed to generate the
training dataset, this framework therefore spans a broader
model and interpretation space, ensuring that diverse pole
structures are systematically represented.

D. Problem setup: Analyzing the Pcc̄ð4312Þ+
In this manuscript, the end goal is to examine the

conflicting interpretations of the Pcc̄ð4312Þþ signal. This
candidate hadronic resonance is the lowest-mass hidden-
charm pentaquark state, observed as an enhancement in the
J=ψp invariant mass spectrum from the three-body decay
Λ0
b → J=ψpK− [34,35]. The enhancement appears near the

Σþ
c D̄0 threshold, prompting numerous studies to propose a
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meson-baryon molecular interpretation [36–38]. However,
alternative scenarios remain viable: Some propose a com-
pact pentaquark state, while others interpret it as a virtual
state tied to the Σþ

c D̄0 channel.
We restrict our analysis to the narrow energy window

around the Σþ
c D̄0 threshold, from 4200 to 4350 GeV. This

choice ensures that the extracted pole structure corresponds
to the enhancement region with well-defined significance,
as shown in Fig. 3. Furthermore, we assume that the nature
of the enhancement is due to poles near the scattering
region since the triangle singularity interpretation is already
ruled out [34,39].
We model the reaction using the diagram in Fig. 4. The

vertex directly connecting Λ0
b to the three-body intermedi-

ate state is parametrized by the three-body phase space and
a given production rate constant. The important part of the
analysis is encoded in the two-body interaction connecting
the initial intermediate channel to the final state. Using
these considerations, we use the fitting function

dN
d

ffiffiffi
s

p ¼ ρ½jFðsÞj2 þ BðsÞ�; ð11Þ

where ρ is a phase space factor and BðsÞ encodes the
smooth background contribution, which will suffice for our

present purpose. We parametrize the background BðsÞ
using a sixth-degree polynomial BðsÞ ¼ P

6
n¼0 αnð

ffiffiffi
s

p Þn,
where αn ∈ ð0; 3.25Þ for n ¼ 0; 1;…6. Thus, we restrict
BðsÞ to a representative range in this work. A systematic
study varying the signal-to-background ratio and quantify-
ing its impact on classification accuracy is beyond our
current scope and is left for future investigation.
The signal term is modeled as FðsÞ ¼ P

2
i¼1 βiT1iðsÞ,

where βi denotes the production strength of channel i
sampled in the interval βi ∈ ð0.1; 1.5Þ and T1i is an element
of the T-matrix:

T ¼
�
T11 T12

T21 T22

�
¼
�
TJ=ψp→J=ψp TJ=ψp→ΣcD̄

TΣcD̄→J=ψp TΣcD̄→ΣcD̄

�
: ð12Þ

We adopt a quasi-two-body approximation where the
intermediate propagator is absorbed into the effective
production strength βi
Synthetic line shapes used for training are generated

from Eq. (11), with pole structures defined via the assigned
singularities of the T-matrix. For this study, we consider
configurations containing up to four poles distributed
across the unphysical Riemann sheets: ½bt�, ½bb�, and
½tb�. The four-pole restriction is enough to accommodate
the possibility of two genuine resonances which requires
two pole-shadow pairs. To ensure systematic coverage,
poles are sampled within the relevant region of each sheet,
bounded by proximity to the Σþ

c D̄0 threshold and con-
strained to lie within a narrow complex energy strip around
the physical axis. That is,

8>><
>>:

T2 − 50 ≤ ReEpole ≤ 4350 all RS

−100 ≤ ImEpole < 0 ½bt� and ½bb�
0 < ImEpole ≤ 100 ½tb�:

ð13Þ

This sampling strategy ensures that the generated line
shapes reflect physically plausible near-threshold dynamics
without relying on specific pole trajectories.

III. ALGORITHM

This section presents a machine learning framework for
inferring pole configurations from data, along with esti-
mates of predictive uncertainty. The primary goals are to
construct effective input representations from the generated
data, identify suitable model architectures for the learning
task, and establish methods for estimating and interpreting
uncertainty in the model’s predictions. To that end, we
describe the structure of the training data, the extraction of
task-relevant features, and the application of gradient
boosting models tailored to this problem. We also explore
different model variants and discuss how uncertainty-aware
inference can be used to identify unreliable predictions and
guide model interpretation.

FIG. 3. The relevant region of the invariant mass distribution of
J=ψp from Ref. [34]. The vertical dashed line marks the Σþ

c D̄0

threshold.

FIG. 4. The reaction process for the decay Λ0
b → J=ψpK−.
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A. Dataset

The dataset X contains 3.5 × 105 individual measure-
ments, referred to as raw features in Fig. 1(a). Each data
point x∈X is a real-valued vector in R75, where the 75
dimensions correspond to evaluations of a synthetic line
shape at discrete energy values. More precisely, each
feature represents the value of the distribution dN

d
ffiffi
s

p at a

specific energy point, as defined in Eq. (11). This distri-
bution incorporates contributions from the coupled-channel
T-matrix elements via the function FðsÞ and captures
relevant physical phenomena such as resonance peaks,
interference effects, and threshold behavior arising from
different pole configurations. The samples span 35 distinct
pole configurations, each corresponding to a unique com-
bination of pole counts in the ½bt�, ½bb�, and ½tb� regions,
which together define the dataset labels y. For example, a
configuration labeled as ð½3�; ½1�; ½0�Þ corresponds to three
poles placed on the ½bt� sheet, one pole on the ½bb� sheet,
and none on the ½tb� sheet. These configurations include all
non-negative integer combinations such that the total
number of poles satisfies ½bt� þ ½bb� þ ½tb� ≤ 4, with each
region containing between zero and four poles.

B. Feature extraction

Machine learning models benefit from input representa-
tions that are both mathematically and computationally
convenient to process [40–42]. In general, there are two
complementary approaches to obtaining such representa-
tions: representation learning and feature engineering.
Representation learning encompasses techniques that en-
able models to automatically infer useful representations
from raw data, tailoring them to the task at hand through
training [43]. Feature engineering involves the deliberate
transformation of raw data into more informative and
structured inputs, typically guided by domain expertise
[44,45]. Both approaches share a common goal: to expose
relevant information to the machine learning model in order
to improve predictive performance.
In recent years, representation learning, particularly

through deep neural networks, has become the dominant
paradigm in domains such as computer vision [46,47] and
natural language processing [48,49]. This trend is largely
motivated by the challenges of handcrafting generalizable
features for complex, high-dimensional data such as images,
videos, and natural language. Modern deep learning archi-
tectures can effectively discover hierarchical representations
directly from raw inputs, reducing or eliminating the need
for manual feature design.
Nonetheless, feature extraction remains highly relevant

in settings where domain-specific insights can guide the
identification of informative structures in the data—espe-
cially when working with structured or tabular formats
[50,51]. In such contexts, carefully engineered features can
be both interpretable and enable accurate predictions.

In this study, we perform extensive feature engineering
with the goal of capturing representations that effectively
distinguish between different pole structures. Our prior
knowledge that the one-dimensional signals under study
are sequential and ordered by an independent variable
(energy) naturally motivates the use of techniques from
time-series analysis [52–55].
As illustrated in Fig. 1(a), we begin by extracting a

comprehensive set of time-series features from the raw line
shapes and their associated energy values. To reduce
dimensionality and retain only the most informative fea-
tures, we then apply statistical selection methods, following
the procedure described in Ref. [52]. The selected features
can be grouped into several categories: statistical descrip-
tors, temporal descriptors, frequency-domain characteris-
tics, distribution descriptors, entropy-based measures, and
(non)linear correlations.
To evaluate the impact of feature selection on model

performance, we compare predictive models trained on raw
input features with those using extracted features. As a
baseline, we first train a gradient boosting classifier on the
complete respective dataset to obtain a ranked list of feature
importances derived from the model [15]. These importance
scores are based on the total gain accumulated across all tree
splits where a feature is used, allowing us to rank features by
their predictive utility. In tree-based models like gradient
boosting, each split partitions the data to reduce the
prediction error, and features that contribute more to this
error reduction are considered more important. This
approach effectively quantifies how useful a feature is in
improving accuracy during model training, making it a
useful tool for feature selection. We then train additional
models on subsets of the most important features, retaining
varying percentages of the top-ranked features. This pro-
cedure allows us to assess how model accuracy depends on
the number of features used and highlights which types of
information contribute most substantially to the learning
task. As shown in Fig. 5, models trained on extracted
features consistently outperform those trained on raw line
shapes. While raw line shape data contain the same
information as extracted features, the extracted features
yield significantly better classification performance. This
difference arises because raw data require the machine
learning model to simultaneously learn feature extraction
and classification. By precomputing a variety of features, we
reduce the learning complexity, allowing the network to
focus solely on classification rather than discovering these
transformations from scratch. Moreover, we observe dimin-
ishing returns when retaining more than the top 30% of
features, indicating that most of the predictive signal is
captured by a relatively small subset. All results are
averaged using fivefold cross-validation, where the dataset
is split into five parts, and each part is used once as a
validation set while the remaining four are used for training.
This provides a robust estimate of model performance
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across different data partitions, with error bars reflecting the
standard deviation across folds. Finally, this approach
allows us to select the top 30% of features as the final
subset, which rounds up to the top 128 extracted distinct
features comprising the modified data corpus X̃ . The
complete list of extracted features with their importance
scores is provided together with the source code in the
accompanying repository [56]. A systematic exploration of
feature engineering techniques that optimally support train-
ing on synthetic data and inference on experimental data is
left for future studies.

C. Model selection

The tabular features extracted in Sec. III B naturally
motivate the use of gradient boosting methods, which are
regarded as the state of the art for tabular data [15,57,58]. In
this manuscript, we use CatBoost, which offers a particu-
larly efficient and robust implementation of gradient
boosting with decision trees [16,59].
In general, gradient boosting builds an ensemble of weak

learners, typically decision trees, by iteratively training each
new model to correct the residual errors of the previous
ones. At every step, the algorithm fits a tree to the gradient
of the loss function with respect to the current model
prediction, progressively improving the overall accuracy. A
feature of tree-based models like CatBoost is their invari-
ance to monotonic transformations of input features [59],
which allows us to directly train on the extracted features
without additional preprocessing. Training details of the
gradient boosting model implementation are discussed in
Appendix A.

D. Designing the learning task

A central challenge in this work is the formulation of the
learning task for the machine learning model. In the most
general setting, the goal is to learn a function f∶X̃ ↦ Y that
maps input data x∈ X̃ to corresponding target labels y∈Y.
The learning process involves minimizing a loss function
L ¼ P

lðy; fðxÞÞ, which quantifies the sum of discrepan-
cies between predicted and true outputs over the training
dataset. The structure of the label space Y and the choice of
the loss function L play a crucial role in shaping the learning
dynamics and influencing generalization [42]. We consider
two distinct formulations of the learning problem: (i) multi-
class learning over the complete pole structures simulta-
neously and (ii) a decomposed approach where the learning
task is separated by pole type. The motivations behind the
two formulations are twofold: First, the structure and
dimensionality of the target labels directly shape the training
dynamics; second, the per-pole-type prediction approach,
unlike the per-class formulation, yields more detailed
insights into the model’s behavior, which we expect to
provide a clearer understanding of how the underlying
physics manifests in the learning task.
In general, the learning task is to predict the non-negative

integer pole counts ki ∈Z≥0 that satisfy

Xs
i¼1

ki ≤ n; ð14Þ

where s denotes the number of distinct Riemann sheets, ki
is the number of poles in the ith Riemann sheet, and n
specifies the total number of poles.
In the multiclass formulation, which has been studied in

previous works [12,60,61], the label space is defined as
y∈ f0; 1gKðn;sÞ, where

Kðn; sÞ ¼
�
nþ s

s

�
: ð15Þ

This formulation treats each valid pole configuration as a
distinct class. In the setting considered in this manuscript,
with s ¼ 3 and n ¼ 4, valid configurations correspond to
all non-negative integer tuples ðk1; k2; k3Þ satisfying k1 þ
k2 þ k3 ≤ 4 [e.g., ð½bt�; ½bb�; ½tb�Þ ¼ ð0; 0; 0Þ, (0, 0, 4), or
(1, 1, 2)], each mapped to a unique class index and
represented as a one-hot vector. The size of the label space
grows polynomially with n for fixed s and polynomially
with s for fixed n.
We propose an alternative formulation of the learning

problem by decomposing the target by pole type, which
yields a matrix Y ∈ f0; 1gs×ðnþ1Þ, where each row i corre-
sponds to sheet i and contains a one-hot encoding of the
pole count ki ∈ f0; 1;…; ng for that sheet. This yields a
structured output in which the information on pole counts
for each sheet is encoded independently rather than

FIG. 5. Feature selection: performance comparison between
models trained on raw features and those trained on extracted
features. A baseline model is first trained on the full dataset to
rank feature importance. Subsequent models, whose performance
is shown here, are independently trained on subsets containing
varying percentages of the top-ranked features. The results show
that extracted features consistently outperform raw features, with
diminishing performance gains beyond the top 30% of features.
Results are averaged using fivefold cross-validation; error bars
represent the standard deviation across folds.
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encoding the entire configurations jointly. In the case of
s ¼ 3 and n ¼ 4, this corresponds to predicting a 3 × 5
binary matrix, where each row is a one-hot vector specifying
the number of poles (0–4) for sheets ½bt�, ½tb�, and ½bb�,
respectively. A key advantage of this formulation is that the
label dimensionality scales linearly, in contrast to the
combinatorial growth of the multiclass approach. This
may lead to improved training efficiency and scalability,
particularly in regimes where either n or s is large.
Moreover, from an explainability perspective, the decom-
posed formulation enables per-sheet prediction analysis,
offering more granular insight into the model’s behavior and
decision process. An additional regression-style labeling
approach is discussed in Appendix C.
However, this latter formulation introduces an additional

challenge: constructing a machine learning model which
predicts matrices Y ∈ f0; 1gs×ðnþ1Þ, where each row corre-
sponds to a probability distribution over the possible pole
counts at a given position. In this manuscript, we make the
choice to decouple the rows of Y such that each label
encodes the predicted number of poles at the respective
sheet: Y0∶ ybt ∈ f0; 1gnþ1, Y1∶ ybb ∈ f0; 1gnþ1, and
Y2∶ ytb ∈ f0; 1gnþ1. Exploring additional modeling strate-
gies is left for future research.
The following analysis examines how these two for-

mulations influence the learning dynamics. We evaluate the
performance of the following models:

(i) C1. A single model trained on the full discretized
label space, y∈ f0; 1gKðn;sÞ, treating each pole con-
figuration as a distinct class.

(ii) C3. A decomposed approach using three separate
models, each dedicated to one pole type. The models
are trained independently to predict ybt, ytb, and ybb,
respectively.

(iii) C3r. A sequential model chain consisting of three
submodels, where each model predicts one pole type
(ybt, ytb, ybb) and passes its prediction as additional
input to the next model in the chain. The model
chain is trained using the full structured target
representation Y ∈ f0; 1gs×ðnþ1Þ, where each sub-
model learns the pole count distribution for a
specific sheet. Unlike the C3 baseline, the submo-
dels in this chain are conditionally dependent,
allowing the model to capture correlations between
different pole types.

(iv) C3re. The same as C3r, but using an ensemble ofM
predictor chains. In addition to enabling uncertainty
estimation, ensembles are also known to improve
predictive performance through variance reduction
and model averaging.

To evaluate how different formulations of the learning
task affect predictive performance, we compare four mod-
eling strategies using fivefold cross-validation. The result-
ing validation accuracy is shown in Fig. 6. Model C1,
trained on directly discretized labels, achieves higher

accuracy than model C3, which uses separate classifiers
for each pole type. This gap in performance can be
attributed to the fact that the C3 models are trained
independently and do not share information, making it
difficult to learn global structural constraints, such as
½bt� þ ½bb� þ ½tb� ≤ 4, that describe the complete pole
configuration. Model C3r addresses this limitation by
correlating the outputs through a recursive chain, effectively
passing information between the submodels. The order of
the chain is chosen based on the validation accuracies
achieved by the C3 model: Since not only additional
information, but also prediction errors propagate through
the chain, we place the label with the highest accuracy, ½bt�,
first, followed by ½bb�, and finally the most challenging, ½tb�.
Finally, C3re, an ensemble of such chained predictors,
achieves performance comparable to C1 while benefiting
from a more scalable label space. Moreover, C3re retains
the explainability of per-pole-type predictions, which is
crucial for estimating uncertainty in the next section.

E. Uncertainty estimation

In many machine learning applications, particularly those
with a low tolerance for error, such as medical diagnostics or
autonomous driving, it is not sufficient to rely solely on the
model’s prediction for decision making [62–64]. Equally
important is an assessment of how confident the model is in
its output [65,66]. This consideration is also central to our
work, where incorrect inferences about the underlying pole

FIG. 6. Designing the learning task: fivefold cross-validation
accuracy for various modeling strategies used to formulate the
learning task. The model labeled with 1 is trained using directly
discretized labels in the space y∈ f0; 1gKðnÞ, whereas those
labeled with 3 use structured labels in Y ∈ f0; 1gs×ðnþ1Þ. C1
and C3 denote standard classification models with one and three
output heads, respectively. C3r and C3re are chained (recursive)
models, with C3re representing an ensemble of such chains. The
results compare the predictive performance of different classi-
fication formulations discussed in the text. All models are trained
to predict pole configurations across the ½bt�, ½tb�, and ½bb�
regions, using either shared or factorized label representations
accordingly.
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structure could lead to misleading or unjustified conclusions
about the physical interpretation.
To address this, we rely on predictive uncertainty

estimation—a framework that quantifies the confidence
associated with model outputs [67]. Uncertainty is typically
divided into two main categories: aleatoric and epistemic
[64]. Aleatoric (statistical) uncertainty arises from inherent
noise or ambiguity in the data, such as overlapping classes.
It is a property of the data distribution itself and cannot be
reduced even by collecting more data or training a better
model [68]. Epistemic uncertainty, in contrast, reflects the
model’s lack of knowledge, for instance due to insufficient
or nonrepresentative training data. It captures uncertainty
over the model parameters and is high in regions of the
input space not well covered by the training distribution.
Unlike aleatoric uncertainty, it can be reduced by gathering
additional data in those regions [68].
To jointly quantify both sources of uncertainty, we

employ an ensemble of models, each trained independently
on the same dataset. In classification tasks, the resulting
class probability vectors can be analyzed using entropy-
based measures, which provide a natural quantification of
predictive uncertainty [69].
Let ffiðxÞgMi¼1 be an ensemble of M trained models

making predictions on an input x. Each model fi outputs a
class probability vector pi ¼ fiðxÞ, where pi ∈ ½0; 1�C andP

C
c¼1 pi;c ¼ 1. Here, C denotes the number of possible

classes, and c indexes the class dimension within each
probability vector. The ensemble thus produces a set of M
such class probability vectors: fpigMi¼1, where i indexes the
models in the ensemble. The total predictive uncertainty is
then computed as the entropy of the ensemble-averaged
prediction [69]:

total uncertainty ¼ Hðp̄Þ ¼ −
XC
c¼1

p̄c log p̄c; ð16Þ

where p̄ ¼ 1
M

P
M
i¼1 pi is the mean class probability vector

across the ensemble. Intuitively, if the individual models fi
strongly disagree (i.e., assign high probability mass to
different classes), the averaged distribution p̄ becomes
more uniform, leading to a higher entropy Hðp̄Þ and, thus,
a higher total uncertainty. The aleatoric uncertainty is
estimated as the mean entropy of the individual model
predictions:

aleatoric uncertainty ¼ 1

M

XM
i¼1

HðpiÞ; ð17Þ

where HðpiÞ ¼ −
P

C
c¼1 pi;c logðpi;cÞ is the entropy of the

class probability vector from model i. The epistemic
uncertainty is then obtained as the difference between
the total and aleatoric uncertainty:

epistemic uncertainty ¼ Hðp̄Þ − 1

M

XM
i¼1

HðpiÞ: ð18Þ

This decomposition allows us to distinguish uncertainty
arising from inherent data ambiguity (aleatoric) from that
due to limited model knowledge or variability across the
ensemble (epistemic).
Using the ensemble model C3re introduced in

Sec. III D, we extract the (total) predictive uncertainty
estimates for each individual pole. We emphasize that such
per-pole-type uncertainty quantification is only possible
with C3-style models. In contrast, C1-style models yield
only per-class uncertainties, making it impossible to
disentangle which specific pole contributes to the uncer-
tainty in a given prediction. The results are presented in
Fig. 7. Each panel of the figure corresponds to one of the
three pole regions (½bt�, ½bb�, and ½tb�) and visualizes
classification performance alongside uncertainty. In each
panel, the confusion matrix is shown using circles: The
position encodes the predicted vs true number of poles,
the size reflects the number of samples in that bin, and the
color encodes the cumulative mean predictive uncertainty
(measured via entropy). Darker colors indicate lower
uncertainty. In this context, cumulative refers to the need
to account for the correlation between uncertainties and the
sequential nature of predictions in a classifier chain. The
first model in the chain, f½bt�, makes a prediction that is
passed to the next model, f½bb�, and so on. However, during
training, these models do not have access to the predictive
uncertainty of previous stages, as uncertainty estimates are
only available at inference time through posterior sam-
pling. To obtain a consistent notion of uncertainty across
the chain, we define cumulative uncertainty as follows:
H̄½bt� ≔ H½bt�, H̄½bb� ≔ H½bt� þH½bb�, and H̄½tb� ≔ H½bt� þ
H½bb� þH½tb�. This approach allows us to analyze how
uncertainty propagates through the chain and influences
downstream predictions and is motivated in Appendix B.
On the right of each panel, horizontal bars indicate the per-
class accuracy, with the color encoding the cumulative
average predictive uncertainty for each class. In the top-left
corner of each subplot, summary statistics report the
overall accuracy and the average uncertainty, broken down
into correct and incorrect predictions. A perfect classifier
would result in diagonal matrices with dark spheres.
We note several key observations: The model performs

best on ½bt� predictions (97% accuracy), followed by ½bb�
(86%) and ½tb� (86%). This trend likely reflects intrinsic
differences in data ambiguity between the regions. While
both the ½bt� and ½bb� sheets are relatively close to the
physical sheet, the model’s superior performance on ½bt�
can be attributed to the fact that more data points in the
chosen energy region are directly connected to the ½bt�
sheet, whereas significantly fewer points are connected to
the ½bb� sheet. This imbalance in direct connectivity likely
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accounts for the observed hierarchy. Although the ½tb� sheet
can only produce a structure exactly at the threshold, its
poles still influence the amplitude in the nearby energy

region, both below and above the threshold, allowing the
model to make use of surrounding points. This likely
explains why ½tb� accuracy is comparable to ½bb�, despite
the ½tb� sheet’s structural constraints.
The largest misclassification errors occur predominantly

between neighboring classes, suggesting a form of local
ambiguity in label space. For example, in the ½tb� region
(Fig. 7), a common error is predicting class 0 when the true
label is 1, indicating overlap in feature space between
adjacent classes. As the distance between true and predicted
classes increases, misclassifications become less frequent.
Notably, the model rarely confuses class 0 with class 4. This
trend is visually reflected in the decreasing size of off-
diagonal circles and the overall dropoff in error frequency
with increasing class distance from the diagonal.
Notably, predictive uncertainty correlates strongly with

prediction correctness. In the ½bt� region, predictions for
class 0 are correct in 98% of cases, and the associated mean
predictive entropy is close to zero (visualized in black),
indicating that the ensemble’s mean probability vector is
sharply peaked on a single class. Conversely, higher
uncertainty is associated with misclassifications. In the
½bb� region, for instance, off-diagonal elements, corre-
sponding to false predictions, appear progressively lighter
in color as one moves away from the diagonal. This
indicates that larger classification errors are accompanied
by higher predictive uncertainty. Also on the diagonal,
classes with lower per-class accuracy tend to appear lighter,
reflecting the model’s uncertainty in more ambiguous
cases. For example, a mean entropy of around 0.5 for
predicted class 1 in the ½bb� sheet indicates that the model
favors class 1 but still assigns appreciable probability mass
to neighboring classes such as 0 and 2. This distribution
reflects mild disagreement within the ensemble or local
ambiguity in the feature space surrounding class 1. In the
½tb� region, some predictions exhibit mean uncertainty
values exceeding 1, indicating cases where the mean
probability vector is relatively uniform and/or the previous
predictions were very uncertain. These typically arise when
multiple stages of the classifier chain are both uncertain and
incorrect, leading to compound errors and a near-uniform
predictive distribution.
Finally, the summary statistics reveal a consistent gap in

average entropy between correct and incorrect predictions
across all regions. In practice, this means that incorrect
predictions tend to have more uniform (spread-out) prob-
ability distributions, while correct predictions tend to be
more sharply peaked around a single class. As a result,
computing the entropy of a model’s output probability
vector provides a reliable indication of its confidence:
Lower entropy corresponds to higher certainty, and vice
versa. These findings support the conclusion that the
model’s uncertainty estimates are meaningful and system-
atically reflect its prediction confidence. We note that our
analysis focuses on the total predictive uncertainty and does

FIG. 7. Estimating the uncertainty: visualization of classifica-
tion performance and associated uncertainty for the three pole
types: ½bt�, ½bb�, and ½tb�. Each panel displays a confusion matrix,
where the position of each circle encodes predicted vs true
number of poles in the sheet, circle size reflects the number of
samples in that category, and color indicates the cumulative mean
predictive uncertainty (entropy). Darker colors correspond to
lower uncertainty. Horizontal bars to the right of each panel show
per-class accuracies, with numerical values annotated. Summary
statistics in the top-left corner of each subplot report the overall
accuracy, along with separate average predictive entropy values
for correctly and incorrectly predicted samples. This representa-
tion highlights not only the distribution of model errors, but also
their associated uncertainty, revealing systematic differences in
model confidence across prediction types and pole types.
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not separately visualize the aleatoric and epistemic com-
ponents. This choice is justified by the fact that we restrict
ourselves to in-distribution data, where the data-dependent
(aleatoric) uncertainty is minimal and does not warrant
separate investigation. However, in scenarios involving out-
of-distribution samples, such as test cases with a pole count
not seen during training, e.g., a configuration with six total
poles, one could leverage the data uncertainty to identify
such deviations from the training distribution.
Overall, the visualization in Fig. 7 not only captures the

per-pole-type predictions of the model, but also how
confident it is in those predictions, exposing structured
patterns in both error frequency and uncertainty across pole
regions and class labels.

F. Rejecting uncertain predictions

In the inference stage of machine learning models, it is
(naturally) essential to avoid being misled by incorrect
predictions [67]. To this end, having access to a meaningful
estimate of the model’s uncertainty or confidence is
valuable, as it enables one to identify predictions that are
likely to be incorrect. As shown in Sec. III E, the uncertainty
values produced by the ensemble appear to be strongly
correlated with the correctness of the model’s output.
Building on this observation, we now investigate whether
predictive uncertainty can be used as a rejection criterion:
that is, whether one can systematically discard uncertain
predictions to improve the overall reliability of the retained
subset.
We define a range of uncertainty (and confidence)

thresholds and evaluate the model only on those samples
whose predictive certainty exceeds each threshold. If the
uncertainty estimates are well calibrated, then the subset of
retained predictions, those with the lowest uncertainty,
should be more accurate on average. Conversely, discarding
high-uncertainty (or low-confidence) predictions should
improve the reliability of the model’s output [67].
The C3re ensemble model is trained to classify the

presence of poles in the ½bt�, ½tb�, and ½bb� regions. Figure 8
summarizes the results of this uncertainty-based rejection
strategy. In Fig. 8(a), we show a calibration plot, where
accuracy is evaluated across different bins of predictive
uncertainty Hðp̄Þ. All three curves approximately follow
the diagonal, indicating that the model’s uncertainty esti-
mates are well calibrated and meaningfully reflect the true
likelihood of correctness.
Figure 8(b) displays the accuracy-rejection curve, where

predictions are progressively filtered by removing the most
uncertain samples. As the rejection threshold increases, the
accuracy of the retained predictions steadily improves,
demonstrating that uncertainty estimates can indeed serve
as a reliable indicator of prediction quality.
For completeness, we replicate this analysis using

the model’s confidence score, defined as maxc p̄c, in
Appendix D, and observe a qualitatively similar trend.

One has to note that the model’s predictive uncertainty is
not formally equivalent to the σ intervals commonly used in
high-energy physics to define confidence levels, but
importantly, our results demonstrate that it is nonetheless
well calibrated in an operational sense. Our results show-
case that uncertainty estimates derived from posterior
sampling can be effectively used as post hoc filters,
allowing practitioners to systematically trade prediction
coverage for reliability.

IV. INFERENCE ON EXPERIMENTAL DATA

The primary application of the developed framework is
to infer the pole structure of experimentally observed line
shapes. We now demonstrate its use on a dataset of 5 × 103

measured line shapes, processed using the feature extrac-
tion pipeline introduced in Sec. III B. We apply the C3re
model, trained on synthetic data as described in Sec. III C,
to infer the pole configurations for the experimental
samples. The relationship between predicted class distri-
butions, their associated probabilities, and uncertainties is
visualized in Fig. 9.

(a)

(b)

FIG. 8. Prediction-rejection ratio. The C3re ensemble model is
trained to predict the pole structures ½bt�, ½tb�, and ½bb�. The figure
shows two complementary visualizations for evaluating predic-
tive uncertainty. (a) Calibration plot showing the fraction of
correct predictions as a function of the predicted uncertainty
Hðp̄Þ. All three curves follow the linear trend on the diagonal,
meaning that the uncertainty estimates reflect actual accuracy,
indicating well-calibrated classifier. (b) Accuracy-rejection curve
based on cumulative predictive entropy Hðp̄Þ. Accuracy is
computed after discarding an increasing percentage of high-
uncertainty samples. As more uncertain predictions are rejected,
accuracy of the retained predictions steadily improves, confirm-
ing that the model’s uncertainty estimates are linked to correct-
ness and can serve as a reliable rejection criterion.
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For each of the three predicted pole types (½bt�, ½bb�,
and ½tb�), we sort the predictions by increasing uncertainty
(x axis) and display the corresponding class probability
vectors (y axis). Each subplot shows stacked, filled areas
indicating the predicted class probabilities per sample,
overlaid with a dashed line representing the model’s
predictive uncertainty. Confident predictions (left side of
each panel) exhibit more peaked distributions largely
dominated by a single class, while uncertain predictions
(right side) show more diffuse or multimodal distributions.
The model predicts the configurations ½bt� ¼ ½1�, ½bb� ¼ ½2�,
and ½tb� ¼ ½1� with high confidence. At the highest con-
fidence, the model assigns class probabilities of 0.97, 0.93,
and 0.98, respectively. The predictive uncertainties for these
dominant predictions are also low, further supporting their
reliability. Based on the analysis in Sec. III F, we interpret
these results with high model-based confidence, suggesting
that the inferred pole structure is consistent with the model’s
internal uncertainty calibration. Alternatively, the model’s
predictive uncertainty can be used to support interpretation
from a different perspective: Predictions assigning two poles
to the ½bt� sheet occur predominantly in high-uncertainty
regions and can therefore be deemed unreliable and
rejected.
This result differs from the analysis in Ref. [70], which

favored a configuration of ½bt� ¼ ½1�, ½bb� ¼ ½1�, and ½tb� ¼
½1� for the Pcc̄ð4312Þþ state. Crucially, the referenced study
restricts the total pole count to n ≤ 3 due to its use of a fully
discretized label space with polynomial scaling in n. In
contrast, our approach combines improved feature extrac-
tion with a more flexible model formulation, allowing for
predictions that include higher-order pole configurations, in
our case, up to n ¼ 4, and thus captures structural varia-
tions that were previously inaccessible.

The predicted pole structure can now serve as a guide in
the formulation of a dynamical model. The real part of the
½bt� pole lies below the Σþ

c D̄0 threshold, as it is the only
extracted pole capable of directly producing the enhance-
ment observed in Fig. 3. Moreover, the absence of a
peaking structure above the Σþ

c D̄0 threshold implies that
the two ½bb� poles must also reside below this threshold.
The ½bt� pole, together with one of the ½bb� poles, resembles
a pole-shadow pair, which can be associated with a genuine
resonance decaying into the J=ψp channel. In contrast, the
remaining ½tb� pole and the other ½bb� pole form a shadow-
pole pair characteristic of a virtual state pole with width
[25] associated with the higher Σþ

c D̄0 channel.
In the zero channel coupling limit, such a virtual state

pole with finite width can arise from an energy-dependent
single-channel interaction, analogous to the Weinberg-
Tomozawa contact term [25,71]. For instance, in a sepa-
rable-type interaction, the potential may take the form

vðp; p0Þ ¼ λðE −MÞ Λ2

p2 þ Λ2

Λ2

p02 þ Λ2
; ð19Þ

where E ¼ p2=2μþm1 þm2 is the on-shell scattering
energy, λ is the coupling constant, Λ is a cutoff parameter,
and M is a mass parameter. The resulting scattering
amplitude will produce nearby poles which can manifest
as enhancements in the scattering data. We use the follo-
wing dimensionless quantities to make the discussion
more general: η ¼ λπΛ3=4, ε ¼ 2μðϵΣþ

c D̄0 −MÞ=Λ2, and
kΣþ

c D̄0 ¼ p=Λ. As η is tuned more negatively from zero, the
scattering amplitude develops a pole that traces the trajec-
tory shown in Fig. 10. If the coupling becomes sufficiently
strong, this pole can cross the threshold kΣþ

c D̄0 ¼ 0,

FIG. 9. Class probabilities and predictive uncertainty for experimental data: predicted class probabilities (stacked bar chart) and
associated uncertainties (dashed line) for the pole structures ½bt�, ½bb�, and ½tb�. Each panel shows the predicted class distribution for one
target, sorted by increasing predictive entropy Hðp̄Þ. Stacked color bands indicate the predicted class probabilities for each sample,
while the dashed black line shows the corresponding uncertainty. Samples with high uncertainty exhibit more diffuse class distributions,
whereas confident predictions are sharply peaked. The model expresses the highest overall certainty for ½bt� ¼ ½1�, ½bb� ¼ ½2�,
and ½tb� ¼ ½1�.
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producing a bound state. However, the pole structure
extracted in our present analysis indicates that the Σþ

c D̄0

interaction strength is insufficient to form a bound state and
instead gives rise to a virtual state pole with width. When
coupled to the J=ψp channel, this manifests as a pole-
shadow pair located in the ½bb� and ½tb� sheets. Finally, we
leave models trained with pole configurations involving
total counts n > 4 to future studies, as the current analysis
yields predictions with sufficiently low total uncertainty for
the specific experimental data considered. For further
reference, validation on the well-established Δð1232Þ res-
onance is provided in Appendix E.

V. CONCLUSION AND OUTLOOK

A central goal in hadron spectroscopy is to identify and
characterize exotic hadronic states emerging near two-
particle thresholds. These near-threshold enhancements
often allow for multiple competing interpretations, ranging
from hadronic molecules and compact multiquark states to
purely kinematical effects. Disentangling these scenarios
requires new approaches that go beyond traditional ampli-
tude analysis and can rigorously handle the inherent
ambiguity of the data.
In this work, we introduced a machine learning frame-

work for inferring pole structures in coupled-channel
scattering amplitudes, with a particular focus on quantify-
ing and leveraging predictive uncertainty. By combining
problem-inspired feature extraction with ensemble-based
classifier chains, our approach accurately identifies the
underlying configuration of S-matrix poles across different
Riemann sheets. We demonstrated that incorporating pre-
dictive uncertainty not only improves classification reli-
ability through confidence-based sample rejection, but also

provides deeper insight into the ambiguity inherent in near-
threshold phenomena.
Using synthetic data generated from a model-agnostic,

analytically tractable S-matrix, we demonstrated that the
framework can resolve subtle differences between pole
configurations across Riemann sheets. Importantly, we
further applied our trained model to experimental data
associated with the Pcc̄ð4312Þþ enhancement and identi-
fied a pole configuration of ½bt� ¼ ½1�; ½bb� ¼ ½2�; ½tb� ¼ ½1�
with low uncertainty, consistent with the presence of a
compact hidden-charm resonance. The framework’s uncer-
tainty estimates allowed us to reject alternative interpreta-
tions above 95% confidence. This demonstrates the utility
of our method for model-independent interpretation of
exotic hadronic signals, where conventional fitting proce-
dures may fail due to degeneracies in line shapes.
Looking ahead, this framework opens several promising

directions. Extensions to more complex multichannel
systems and higher-dimensional label spaces could widen
the method’s applicability to a broader class of near-
threshold phenomena. Integrating complementary experi-
mental observables, such as angular distributions or other
decay channels, may further reduce ambiguities and
strengthen physical interpretations. Lastly, incorporating
active learning strategies could guide data acquisition
toward regions of high epistemic uncertainty, optimizing
both model training and interpretation.
Overall, this work lays the foundation for uncertainty-

aware, data-driven spectroscopy of hadronic resonances,
offering a scalable and interpretable alternative to tradi-
tional amplitude analysis.
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FIG. 10. Pole trajectory in the single Σþ
c D̄0 channel. The

dashed line corresponds to the line RekΣþ
c D̄0 þ ImΣþ

c D̄0 ¼ 0.
The virtual state with width pole (⋆) will produce a pole-shadow
pair in the ½bb� and ½tb� sheets when coupled to the lower-mass
J=ψp channel.
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APPENDIX A: TRAINING DETAILS

In this manuscript, we implement the gradient
boosting classification models using the CatBoost Python

library [16] and all models are trained using the
CatBoostClassifier. The loss function is set to
MultiClass, which is appropriate for our multiclass
classification setting and optimizes the cross-entropy
loss across all classes. Hence, the model output spans n
classes, in our case five, corresponding to pole counts
f0; 1; 2; 3; 4g. Consequently, it is not possible to predict
pole counts outside of this range, as these lie outside the
defined output. To include larger pole counts, the output
dimension of the model would need to be extended. We
train for up to 1000 boosting iterations, a value that offers a
good trade-off between model capacity and computational
cost. The learning rate is fixed at 0.03, which empirically
resulted in stable convergence during model training. Each
tree in the ensemble has a maximum depth of 6, a
commonly used setting that balances model expressiveness
and generalization. We employ early stopping with a
patience of 15 rounds on a held-out validation set, allowing
training to terminate automatically if no improvement in
validation loss is observed. This prevents unnecessary
computation and helps mitigate overfitting.

APPENDIX B: MOTIVATING CUMULATIVE
UNCERTAINTY

In Sec. III E, we motivated the C3re model through two
key advantages of the classifier chain architecture: First,
C3-style models provide per-pole-type predictions with
meaningful uncertainty estimates. Second, the chain struc-
ture captures correlations across pole types, improving
overall performance (Fig. 6). However, this correlated
prediction mechanism introduces a critical challenge;
errors themselves become correlated. When the chain
mispredicts at an early stage, this error propagates forward,
contaminating subsequent predictions in what we call
cascading errors. To characterize this phenomenon by a
single number across the entire chain, we introduce the
cumulative uncertainty.
To illustrate this concept, we examine predictions from

Fig. 7, focusing on class 2 in the ½tb� sheet (representing the
½0; 0; 2� configuration). Table I illustrates the entropy
patterns between successful and failed predictions, report-
ing means with bootstrapped standard errors.
For successful predictions in Table I, the individual

entropy values remain relatively low throughout the chain,
while failed predictions exhibit an entropy spike at the
mispredicted ½bb� stage that cascades forward. Crucially,
entropy measures predictive calibration rather than

accuracy; a model can have nonzero entropy yet make
correct predictions. What entropy captures is the model’s
confidence distribution. In cascading failures, individual
stages may appear deceptively confident despite upstream
corruption.
This motivates our cumulative entropy approach. By

defining cumulative measures as H̄½bt� ≔ H½bt�, H̄½bb� ≔
H½bt� þH½bb�, and H̄½tb� ≔ H½bt� þH½bb� þH½tb�, we cap-
ture the compounded effect of upstream uncertainties. This
cumulative metric gives us a single variable that serves as
an effective proxy for sample rejection; high cumulative
entropy reliably flags predictions compromised by cascad-
ing errors, even when individual stages appear confident.
Without this cumulative perspective, such failure modes
might remain hidden.

APPENDIX C: REGRESSION APPROACH

In Sec. III D, we introduced the learning task of
predicting the non-negative integer pole counts ki ∈Z≥0
subject to the constraint

Xs
i¼1

ki ≤ n; ðC1Þ

where s denotes the number of distinct Riemann sheets
(or pole types) and n specifies the maximum total pole
count. In the main text of this manuscript, we framed this
task as a classification problem by one-hot encoding either
the full pole configuration or the per-position pole counts. A
natural alternative representation of this framework is to
treat the problem as a multivariate regression task, where the
labels are given by vectors y ∈Zs, and the model directly
predicts the pole counts at each sheet. In the case considered
in this manuscript, with s ¼ 3, the label might be, for
example, y ¼ ð1; 1; 0Þ. The key advantage of this formu-
lation is that the label dimensionality scales linearly with s
and is independent of the maximum pole count n. The

TABLE I. Illustration of cascading errors in the classifier chain.
Failed predictions exhibit a entropy spike at the mispredicted ½bb�
stage (0.81 vs 0.19), which then propagates downstream. Com-
puting the cumulative entropy lets us diagnose a faulty prediction
in the chain by a single number, flagging the entire prediction as
unreliable.

Successful prediction breakdown for ½0; 0; 2�
True labels: ½0; 0; 2�
Predicted: ½0; 0; 2�
Entropies: ½0.06� 0.002�, ½0.19� 0.005�, ½0.24� 0.006�
Failed prediction breakdown for ½0; 0; 2�
True labels: ½0; 0; 2�
Predicted: ½0; 1; 2�
Entropies: ½0.06� 0.024�, ½0.81� 0.024�, ½0.44� 0.038�
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information content of the training data and labels is
identical for regression and classification based approaches;
the only difference is how the machine learning model is
trained. However, this approach presents a different chal-
lenge: The choice of the loss function when training a
machine learning model implicitly assumes properties of the
underlying distribution of the learning targets [42]. The
standard loss for regression is the mean squared error, which
assumes Gaussian-distributed labels and is designed for
continuous output spaces. This may not be appropriate for
our learning goal of predicting discrete integers ki ∈Z≥0.
To assess the feasibility of this approach, we train a

multivariate gradient boosting regression model to predict
labels in Zs. Integer-valued predictions are obtained by
rounding the model’s continuous outputs. The resulting
fivefold validation accuracy of 63%� 2% is lower than that
of the classification-based models shown in Fig. 6. This
suggests that, despite the attractive scaling properties, the
regression formulation suffers from a misalignment between
the label structure and the assumptions of the regression
loss. We leave possible further refinements to adapt the
learning task to regression-style models for future work.

APPENDIX D: CONFIDENCE-BASED
REJECTIONS

In Sec. III F, we explored the use of predictive uncer-
tainty as a rejection criterion to systematically filter out
unreliable predictions. In this, uncertainty was quantified
via the entropy of the predicted class probabilities, as
defined in Eq. (16).
Here, we extend this analysis by evaluating an alternative

and widely used criterion: model confidence, defined as the
maximum predicted class probability, maxc p̄c. While
entropy captures the overall uncertainty across all classes,
confidence focuses solely on the most likely prediction. We
therefore assess whether this metric can also serve as an
effective basis for selective prediction.
Following the same procedure as in Sec. III F, we define

a range of confidence thresholds and evaluate model
performance only on those samples whose confidence
exceeds the given threshold. If model confidence is well
calibrated, then higher-confidence predictions should, on
average, be more accurate. Conversely, discarding low-
confidence samples should improve the reliability of the
retained predictions [67].
Again, the C3re ensemble model is trained to classify

the presence of poles in the ½bt�, ½tb�, and ½bb� regions.
Figure 11 illustrates the confidence-based rejection strat-
egies: Fig. 11(a) shows a calibration plot using model
confidence maxc p̄c, where accuracy is evaluated across
different confidence bins. All three curves approximately
follow the diagonal, indicating that the model confidences
are well calibrated and informative. Figure 11(b) presents
the accuracy-rejection curve using confidence as
the rejection criterion. As low-confidence predictions

are progressively removed, the accuracy of the retained
predictions improves steadily, mirroring the trend observed
with uncertainty-based rejection in Fig. 8.
These results confirm that both uncertainty and con-

fidence can be used as post hoc filtering mechanisms,
enabling practitioners to trade off prediction coverage for
reliability. However, while confidence is easier to compute
and interpret, it lacks the richer distributional information
provided by entropy. The choice between them should
therefore depend on the requirements of the downstream
application.

APPENDIX E: VALIDATION ON THE Δð1232Þ
RESONANCE

To validate the robustness of our machine learning
framework and its ability to generalize to experimental
data, we perform inference on the scattering line shapes of
the Δð1232Þ baryon. Unlike the exotic Pcc̄ð4312Þþ state,
the Δð1232Þ is a well-established resonance with a con-
sensus pole structure, making it a meaningful benchmark
for our model.

(a)

(b)

FIG. 11. Prediction-rejection ratio. The C3re ensemble model
is trained to predict the pole structures ½bt�, ½tb�, and ½bb�. The
figure shows two complementary visualizations for evaluating the
model confidence. (a) Calibration plot showing the fraction of
correct predictions as a function of the predicted confidence
maxc p̄c. All three curves follow the linear trend on the diagonal,
meaning that the model confidences reflect actual accuracy,
indicating well-calibrated classifier. (b) Accuracy-rejection curve
based on cumulative predicted confidence. Accuracy is computed
after discarding an increasing percentage of low-confidence
samples. As more low-confidence predictions are rejected,
accuracy of the retained predictions steadily improves, confirm-
ing that the model’s confidence estimates are linked to correct-
ness and can serve as a reliable rejection criterion.

FELIX FROHNERT et al. PHYS. REV. D 113, 056019 (2026)

056019-16



The methodology follows the pipeline detailed in Sec. IV.
Time-series features are extracted from synthetic training
data and used to train the C3re ensemble model. For
validation, we use a dataset of experimentally measured
line shapes of the Δð1232Þ resonance. In this case, the
feature extraction pipeline introduced in Sec. III B includes
one additional preprocessing step. Specifically, unlike in
Sec. III B, both training and validation features are stand-
ardized prior to running the extraction pipeline. Empirically,
we find that for the Δð1232Þ dataset this step reduces the
cumulative predictive uncertainty in the inference stage. In
contrast, for the Pcc̄ð4312Þþ data this preprocessing leads to
a pronounced increase in cumulative uncertainty during
inference. This difference in behavior can most likely be
attributed to differences in the complexity of the two
datasets. A systematic study of the optimal preprocessing
and feature extraction pipeline for transferring from syn-
thetic to experimental data is left for future work. The final
validation set consisted of 104 bootstrap samples derived
from elastic πN scattering data. The model predicts a
dominant pole configuration of ½bt�¼1, ½bb� ¼ 0, ½tb�¼0
with the highest certainty among all predicted configura-
tions. As shown in Table II, this prediction is associated with
low predictive uncertainty (entropy), indicating high model
confidence in this assignment. The predicted configuration
with the second-lowest entropy, ½bt� ¼ 1; ½bb� ¼ 2; ½tb� ¼ 0,
can be rejected due to the increased entropy assigned.
The inferred result of ½bt� ¼ 1 with no accompanying

poles on the ½bb� or ½tb� sheets is physically consistent with
the standard interpretation of the Δð1232Þ as a canonical
elastic resonance. The presence of a single pole on the ½bt�
sheet (the second Riemann sheet) corresponds to a simple
resonance pole in the single-channel πN scattering that is
connected directly to the physical scattering region. This

agrees with the Particle Data Group (PDG) listing for the
Δð1232Þ, which identifies a single pole position at approx-
imately 1210 − 50i MeV [73].
Furthermore, the model predicts zero poles on the ½bb�

(third) and ½tb� (fourth) sheets. In our coupled-channel
formalism, poles on these sheets typically arise from
threshold effects (cusps) or inelastic shadow poles asso-
ciated with nearby channel openings. The Δð1232Þ is an
elastic resonance far from significant inelastic thresholds;
thus, the absence of these poles confirms that the model is
not generating spurious complexity where none exists.
This result serves as a critical validation of the frame-

work. It demonstrates that the feature extraction pipeline
and C3re model can correctly distinguish between the
complex, multipole structures of near-threshold exotic
states (like the Pc) and the simpler single-pole structures
of standard resonances.
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