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In many realistic systems, such as neural networks in the brain, the coupling strength between neurons is
not fixed, but adaptively adjusts according to their activities. The suprachiasmatic nucleus (SCN), as the main
clock in the mammalian brain, has been found to be a plastic neural network, and the coupling strength between
neurons is highly dynamical. An important function of the SCN is entrainment, reflecting the ability of the
SCN to synchronize with the external light-dark cycle. The entrainment ability is reflected by the entrainment
range, which is a period range for the external light-dark cycle to which the SCN can entrain. In this article, we
investigated whether the entrainment range of the SCN is affected by the adaptive coupling. We use a modified
Kuramoto model with external light-dark cycle. We found that when the light sensitivity is larger than the fixed
coupling strength (the coupling strength without adaptive rules), adaptive coupling can widen the entrainment
range. Our findings help to understand the impact of the adaptive coupling between oscillatorty neurons on the
collective behavior of the SCN, and provides a possible explanation for the plasticity of coupling in the master
clock network.

DOI: 10.1103/PhysRevE.110.034212

I. INTRODUCTION

It is well known that neurons in the brain are coupled with
each other to form neural networks. The coupling strength is
an important factor in studying the dynamical behaviors of
these complex networks [1,2]. In many practical networks, it
has been found that the coupling strength between neurons
can be adjusted adaptively according to the activities of neu-
rons or the changes of the networks themselves [3–7]. This
adaptive coupling is motivated by the phenomenon of synaptic
plasticity [8,9]. Abbott et al. observed synaptic plasticity in
neurophysiological networks, where the rate of signal propa-
gation between neurons depends on their state [10]. Freeman
et al. found that the circadian network is plastic and flexible,
i.e., the synaptic coupling between neurons through the neu-
rotransmitter GABA is plastic and their interaction strength is
also highly dynamical [11].

The ability to adapt to changes in the coupling strength
has attracted widespread attention from researchers [12–16]
and has been widely applied in the field of complex networks,
including the vascular network [17], the glymphatic network
of the brain [18,19], osteocyte network formation [20], and
in neural networks in the brain [21,22]. The renowned neu-
robiologist Cajal proposed that the changes in the coupling
strength between two neurons should be related to learning.
Juttner et al. studied a general adaptive learning rule with three
parameters (strength of adaptivity, adaptivity offset, adap-
tivity shift) and simulated the learning paradigms based on
peak-time-dependent plasticity, using the minimum model of
Kuramoto phase oscillators [7]. Juttner et al. found that the
nonadaptive models exhibit very simple dynamic behavior,
while the nontrivial bifurcation structures collapse when the
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adaptation strength exceeds a critical threshold, resulting in
more interesting and rich dynamic phenomena [7]. Huang
et al. found that a simple adaptive law for coupling strength
could induce global synchronization in weighted networks
[23]. Wu et al. found that the resonance of adaptive coupling
can reach a much larger value than that of fixed coupling,
because the adaptive coupling can stimulate increasingly more
elements to respond to external signals [5]. In addition, the
synchronization of the whole system with the adaptive cou-
pling is better than that with the fixed coupling, which was
consistent with the results reported by Huang et al. [23].
Therefore, to improve functional robustness and synchroniza-
tion in complex networks, such as brain networks, adaptive
coupling should be the preferred mode of coupling above
static coupling [21,24–26].

In addition to synchronization, entrainment is an important
collective dynamical behavior in complex networks, espe-
cially in the field of circadian rhythms [27–29]. In mammals,
the circadian rhythms are controlled by the suprachiasmatic
nucleus (SCN) located in the brain [30]. The SCN is com-
posed of approximately 20,000 neuronal oscillators, which are
coupled through neurotransmitters to form a network, thereby
outputting a unified periodic rhythm [31,32]. However, it is
unclear how the SCN circadian rhythm is so robust and flex-
ible. Gu et al. have conducted extensive research on both
the SCN neuronal networks and neuronal characteristics to
explain the collective behaviors of the SCN, but these stud-
ies were based on the assumption that the coupling strength
between neuronal oscillators is fixed over time [33,34]. How-
ever, experimental evidence has shown that the SCN network
is plastic and flexible, and the neural connections of the SCN
vary over time at different time scales [35]. In addition, Free-
man et al. found that the synaptic coupling between neurons
through the neurotransmitter GABA is plastic, and their in-
teraction strength is also highly dynamical [11]. Here, we are
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focused on how the changes in coupling strength affect the
collective behaviors of the SCN, such as entrainment.

Entrainment, as an important function of the SCN, refers to
the ability of the SCN to entrain to the external cycle. Specif-
ically, the minimum period of the external cycle that the SCN
can entrain to is called the lower limit of entrainment (LLE),
and the maximum period of the external cycle is called the
upper limit of entrainment (ULE) [36,37]. The range between
the LLE and the ULE is called the entrainment range, which
is an indicator of the flexibility of the SCN to adapt to the
external environmental changes [38]. The entrainment range
varies from species to species. For example, a human can be
entrained from 20.5 h to 29.0 h, a deer mouse can be entrained
from 22.5 h to 25.1 h, and a southern flying squirrel can be
entrained from 23.5 h to 24.9 h [31].

Generally speaking, the external signal of circadian en-
trainment is light [39]. In the SCN, not all the neuronal
oscillators are sensitive to the light information [29]. Accord-
ing to the difference in sensitivity of neuronal oscillators to
the light information, the SCN is divided into two subgroups,
in which the neuronal oscillators in one subgroup are sensitive
to the light information, which we call the ventrolateral (VL)
subgroup, and the neuronal oscillators in the other subgroup
are not sensitive to the light information, which we call the
dorsomedial (DM) subgroup [39,40]. The VL and the DM
synchronize their periods through a coupled pathway of the
neurotransmitter GABA [41].

Because of the lack of specific rules for the variation of the
coupling strength in the SCN, in this article, we take adaptive
coupling to study its influence on the entrainment range of the
SCN. The remainder of this article is arranged as follows. In
Sec. II, a generalized Kuramoto model is introduced, which
includes adaptive coupling. In Sec. III, the influence of the
adaptive coupling on both the coupling strength within and
between the VL and the DM, and the SCN entrainment range
are systematically examined. In Sec. IV, the numerical simu-
lation results in Sec. III are theoretically analyzed. Our results
are summarized and discussed in Sec. V.

II. METHODS

The typical Kuramoto model can be applied to describe
the neural network of the SCN [42]. It only considers the
phase information of the neuronal oscillators and focuses on
the interactions between different oscillatory neurons [43].
In this article, an extended Kuramoto model is introduced to
mimic the SCN network exposed to an external periodic sig-
nal, where the coupling strength is adaptive [7,44]. In order to
distinguish the VL and the DM, the SCN network composed
of N neuronal oscillators is subdivided into two groups of
neurons (VL and DM), and can be written as

θ̇i = 2π

τ
+ 1

N

N∑
j=1

gi j sin(θ j − θi ) + L sin

(
2π

T
t − θi

)
,

i = 1, 2, . . . , pN,

θ̇i = 2π

τ
+ 1

N

N∑
j=1

gi j sin(θ j − θi ), i = pN + 1, . . . , N,

(1)

where the overdot denotes differentiation with respect to time
t , and the subscript i represents the ith neuronal oscillator. The
variable θi is the phase of the ith neuronal oscillator in the
absence of mutual interactions and external periodic signals.
The parameters τ and N are the intrinsic period of the neu-
ronal oscillator and the total number of neuronal oscillators in
the SCN network, respectively. The neuronal oscillators i and
j interact through a sine function. Note that an all-to-all cou-
pling scheme is used here, as we do not investigate different
network structures in this paper.

gi j is the coupling strength between neuronal oscillators
i and j. Adaptive coupling is applied by introducing a cosine
function that is adaptable by an adaptation strength [7,45], and
can be defined as

ġi j = ε(a + b cos(θi − θ j ) − gi j), (2)

where i �= j. The adaptive coupling strength gi j increases at
a rate of change related to the phase difference between the
neuronal oscillators i and j. The coupling strength increases
proportionatly to the synchronization difference in order to
suppress the difference. The key parameter b is introduced
to represent the adaptation strength, i.e., the impact level of
interaction between two neuronal oscillators on the coupling
strength. The parameter a is a constant that does not change
with time, i.e., a fixed coupling strength without adaptive
coupling rules (b = 0). The last term of gi j ensures the bound-
edness of the coupling strengths. The time scale at which
adaptation may occur is set by ε. Because cos(θi − θ j ) =
cos(θ j − θi ), the coupling strength gi j is symmetric coupling,
i.e., gi j = g ji.

The parameter p represents the ratio of the number of
neuronal oscillators that can directly receive external peri-
odic signals to the total number of neuronal oscillators in the
SCN network. For simplicity, if the neuronal oscillator i is
located in the VL subgroup, i.e., 0 < i � pN , we assume that
the neuronal oscillator receives external periodic signals. If
the neuronal oscillator i is located in the DM subgroup, i.e.,
pN < i � N , we assume that the neuronal oscillator does not
receive external periodic signals. L sin( 2π

T t − θi ) is an external
periodic signal, which in this article refers to the external
light-dark cycle. The parameter L is the amplitude of the
external periodic signal, which is the light sensitivity, and T
is the period of the external light-dark cycle.

If the mean-square deviation (MSE) between the period T
of the external light-dark cycle and the entrained periods Ti

of the SCN neuronal oscillators was smaller than 10−5 h, we
defined that the SCN was synchronized or entrained to the
external cycle.

The details for the numerical simulations are presented as
follows. The parameters were set as τ = 24, ε = 0.2, and
p = 0.50 throughout the present article [7,42]. In the follow-
ing sections, we will examine whether the entrainment range
of the SCN is affected by the adaptation strength b, so the
adaptation strength b was examined from 0 to 0.2. The fixed
coupling strength a was set to 0.05, 0.10, and 0.15. Since there
was no evidence to show whether the coupling effect is larger
than the light effect or vice versa, the value of a was adjusted
accordingly. When a = 0.05, the value of L was set to 0.03,
0.04, 0.05, 0.06, and 0.07. For a = 0.10, the value of L was
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FIG. 1. The temporal evolutions of the two subgroups with typ-
ical adaptation strength b and light sensitivity L exposed to a 20 h
external light-dark cycle. The value of light sensitivity is L = 0.08
in (a) and (b), and L = 0.12 in (c) and (d). The value of adaptation
strength is b = 0.00 (a), (c) and b = 0.10 (b), (d). The fixed coupling
strength a = 0.10 and the ratio p = 0.50. The grey regions and the
white regions represent the night time and day time, respectively.

set as 0.06, 0.08, 0.10, 0.12, and 0.14. For a = 0.15, the value
of L was set as 0.09, 0.12, 0.15, 0.18, and 0.21.

In the present article, the fourth-order Runge-Kutta method
was applied with a time increment of 0.01 h for our numerical
simulations. The initial 1 000 000 time steps were neglected
in order to avoid the effect of transients, and the next 200 000
time steps were selected. The initial conditions of variable
θi were selected randomly from a uniform distribution in
the range from 0 to 2π for each neuronal oscillator. In the
following sections, we take N = 4 as an example to show the
results.

III. NUMERICAL RESULTS

A. The effect of the adaptive coupling on the phase of oscillators

Current experimental studies have shown that the intrinsic
period of the SCN neuronal oscillators ranges from 22 h to
28 h [46]. Because of the flexibility of the Kuramoto model
in non-24-hour external cycles, the simulated value of the
entrainment range may be relatively large compared to the
actual value. That is, the value of LLE may be smaller than
22 h, and the value of ULE may be larger than 28 h. We take
the light-dark cycle exposed to 20 h as an example. When the
fixed coupling strength a is 0.10, the influence of adaptation
strength b on the temporal evolutions of the two subgroups
with selected values of parameters L are shown in Fig. 1.
When the light sensitivity L is 0.08 (L < a), whether b = 0.00
(a) or 0.10 (b), the period of the VL subgroup and the DM
subgroup deviates considerably from the period of the external
cycle. This means that the subgroups are both not entrained to
the external 20 h cycle. When the light sensitivity L is 0.12
(L > a), if b = 0.00 (c), the VL and the DM oscillators have
distinct periods and therefore the phase differences between
the two subgroups are changing from cycle to cycle. Interest-
ingly, if the value of b increases to 0.10 (d), each neuronal
oscillator is entrained to the external cycle, which leads to a
stable phase difference between the two subgroups. Therefore,
it can be seen that the effect of b on the entrainment range is
different between the cases of L = 0.08 and 0.12.

FIG. 2. The time evolutions of the coupling strength g at the LLE
and the ULE. (a) The periods of the VL and the DM subgroups when
the external period T ranges from 19.00 h to 31.00 h. (b) The time
evolutions of the values of g at the LLE when time t ranges from 0 h
to 12 000 h. (c) The time evolutions of the values of g at the LLE
when time t ranges from 0 h to 200 h. (d) The time evolutions of
the values of g at the ULE when time t ranges from 0 h to 12 000 h.
(e) The time evolutions of the values of g at the ULE when time t
ranges from 0 h to 200 h. The value of light sensitivity is L = 0.10.
The fixed coupling strength a = 0.10 and the ratio p = 0.50.

B. The effect of adaptation strength

When the total number of neuronal oscillators N = 4 and
the ratio p = 0.50, we assume that neuronal oscillators “1”
and “2” are located in the VL subgroup, and neuronal os-
cillators “3” and “4” are located in the DM subgroup. From
Eq. (2), it can be seen that g12 and g21 represent the coupling
strength within the VL subgroup, g34 and g43 represent the
coupling strength within the DM subgroup, and g12 = g21 =
g34 = g43. In the following, g1 is applied to represent the cou-
pling strength within the VL subgroup and the DM subgroup.
g13, g14, g23, g24, g31, g32, g41, and g42 represent the coupling
strength between the VL subgroup and the DM subgroup,
and g13 = g14 = g23 = g24 = g31 = g32 = g41 = g42. In the
following, g2 is applied to represent the coupling strength
between the VL subgroup and the DM subgroup.

In Fig. 2, we take b = 0.10 as an example to show that
the period TV L of the VL subgroup and the period TDM of
the DM subgroup when the external period T ranges from
19.00 h to 31.00 h (a), as well as the time evolutions of the
values of g at the LLE [(b) and (c)] and the ULE [(d) and (e)].
From Fig. 2(a), we can observe that when 20.16 h � T �
29.66 h, the values of TV L, TDM , and T are equal, i.e., the
oscillators of the VL and the DM subgroups are all entrained
by the external period T . We show the time evolutions of
the coupling strength g for T = 20.16 h (LLE) in (b), where
time t ranges from 0 h to 12 000 h. Note that for the sake
of clarity, the coupling strength g1 within the VL subgroup
and the DM subgroup is represented in blue, and the coupling
strength g2 between the VL subgroup and the DM subgroup
is represented in black. We can see that the values of g1 and
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FIG. 3. The impact of the adaptation strength b on both the entrainment range and the coupling strength within and between the two
subgroups. (a)–(e) The relationship between the entrainment range (ER) and b under five typical values of the light sensitivity L, as well as
how the coupling strength between the two subgroups (g2) varies with the increase of b within the entrainment range. Note that the red-dashed
line represents the free running period (the period in constant darkness, FRP), the black-dashed line represents the LLE, the gray-dashed
line represents the ULE, and the white-dashed line represents the variation trend of g2 within the entrainment range of different values of b.
(f) The effect of b on the LLE. (g)–(k) The variation trend of the coupling strength within and between the two subgroups within the entrainment
range in five typical values of b. Note that the red dashed line and the blue solid line represent g1 and g2, respectively. (l) The effect of b on g2.
The number of neurons are N = 4. The fixed coupling strength a = 0.10 and the ratio p = 0.50.

g2 tend to stabilize with time t . To avoid transient effects, we
take the stabilized value of g as the coupling strength at the
LLE. To better demonstrate the initial evolutions of the value
of g, we show the time evolutions of the value of g in the
first 200 h in Fig. 2(c), where the values of g at t = 0 h are
given randomly. Accordingly, Figs. 2(d) and 2(e) correspond
to Figs. 2(b) and 2(c), respectively, with the only difference
being the time evolutions of the value of g at T = 29.66 h
(ULE).

In Figs. 3(a)–3(e), we systematically examined the re-
lationship between the entrainment range (ER) and the
adaptation strength b under five typical values of the light
sensitivity L, as well as how the coupling strength between the
two subgroups (g2) varies with the increase of b within the en-
trainment range [we do not show the coupling strength within
the two subgroups (g1)]. We observe that when L = 0.06,
0.08, and 0.10, the values of the LLE (black-dashed line) and
the ULE (gray-dashed line) are both constant with the increase
of b, i.e., the introduction of adaptive coupling has no effect on
the entrainment range compared to the fixed coupling strength
(b = 0). It is interesting that when L = 0.12 and 0.14, as b

increases, the value of LLE decreases, while the value of ULE
increases. That is, compared to the fixed coupling strength,
the introduction of adaptive coupling widens the entrainment
range. However, it should be noted that when the adaptation
strength b reaches a certain threshold bc, the entrainment
range is no longer widened. Specifically, when L = 0.12,
bc = 0.08, and when L = 0.14, bc = 0.14, indicating that as
L increases, the threshold bc also increases.

Considering that in the frequency domain, the LLE and the
ULE are symmetric with respect to the intrinsic frequency,
i.e., 2π

LLE − 2π
τ

= 2π
τ

− 2π
ULE , the entrainment range can be rep-

resented by the LLE. Note that, if the value of the LLE is
smaller, the entrainment range is wider, and vice versa. We
summarize the relationship between the entrainment range
(represented by the LLE) and b under different light sensitivi-
ties L in Fig. 3(f). It is obvious that when there is no adaptive
coupling (b = 0), the value of LLE decreases with the increase
of L. When L reaches the threshold Lc = 0.10, continuing to
increase L will no longer decrease the value of LLE, which
has been verified in previous studies [29,42]. When adaptive
coupling is introduced (b > 0), the value of LLE continues
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to decrease when L is larger than 0.10, and as b increases,
the threshold Lc increases. In summary, this indicates that the
introduction of adaptive coupling can widen the entrainment
range when L is large.

From Figs. 3(a)–3(e), it can be seen that as b increases, the
coupling strength between the two subgroups within the en-
trainment range increases. In order to show more clearly how
the coupling strength within and between the two subgroups
varies within the entrainment range of a specific b, we select
five typical values of b in Figs. 3(g)–3(k), namely 0.00, 0.05,
0.10, 0.15, and 0.20. It is obvious that when b = 0, regardless
of the value of L, the values of g1 and g2 are constant and
equal from the LLE to the ULE. As b increases, from the LLE
to the ULE, the value of g1 remains constant but the value
of g2 first increases and then decreases, and the maximum
value is obtained at the external period T = 24 h and is equal
to g1. Note that the values of g2 are equal at the LLE and
the ULE. In short, within the entrainment range, the coupling
strength within the two subgroups is constant, while the cou-
pling strength between the two subgroups is symmetric about
T = 24 h. As L increases, the difference between the value
of g2 and g1 becomes larger at the LLE and the ULE. Since
the value of g1 remains constant and the value of g2 is equal
at the LLE and the ULE, in this article we can use the value
of g2 at the LLE to represent the magnitude of the coupling
strength. Thus we summarize the relationship between the g2

and b under different light sensitivities L in Fig. 3(l). Because
of the difference between the value of g2 at the LLE and the
coupling strength is very small even if L increases, in some
cases, we can assume that the coupling strength between the
two subgroups does not change or changes very little within
the entrainment range.

For comparison, the results are examined with the different
fixed coupling strengths, i.e., a = 0.05 in Fig. S1 and a =
0.15 in Fig. S2 (see the Supplemental Material [47]), respec-
tively. We observe that the numerical results shown in Figs. S1
and S2 are similar to Fig. 3. Based on Fig. 3 and Figs. S1
and S2, it can be concluded that when the light sensitivity
L is small than the fixed coupling strength a, the existence
of adaptive coupling has no effect on the entrainment range.
However, when the light sensitivity L is larger than the fixed
coupling strength a, the existence of adaptive coupling can
widen the entrainment range.

In addition, we examine whether the number of neuronal
oscillators N has an effect on the results. Without loss of
generality, we considere the case of N = 10, 100, and 200,
and the results are shown in Figs. S3, S4, and S5 (see the
Supplemental Material [47]), respectively. We observe that the
results are not affected by the number of neuronal oscillators.
We also examine whether the main results are affected by
the ratio p of the number of neuronal oscillators that can
directly receive external periodic signals to the total number
of neuronal oscillators in the SCN network [42,48]. Therefore,
we investigate the case of p = 0.25 (Fig. S6) and p = 0.75
(Fig. S7) (see the Supplemental Material [47]), and the re-
sults are consistent with those shown in Fig. 3. Experimental
studies have found that the intrinsic periods of the neuronal
oscillators in the VL subgroup and the DM subgroup are
different [49]. Considering that the neuronal oscillators in the
DM subgroup run faster than those in the VL subgroup, the

FIG. 4. The impact of the ratio between the light sensitivity and
the fixed coupling strength ρ on both the LLE and the coupling
strength within and between the two subgroups under five typical
values of the adaptation strength b. (a) The relationship between
the LLE and ρ under five typical values of b. The effect of ρ on
the coupling strength within and between the two subgroups in the
cases of (b) b = 0.00, (c) b = 0.05, (d) b = 0.10, (e) b = 0.15, and
(f) b = 0.20, respectively. The number of neurons are N = 4. The
parameter K = 0.20 and the ratio p = 0.50. Note that the coupling
strength here is obtained at the LLE.

intrinsic period τ of the VL subgroup is set to 24.5 h and the
DM subgroup is set to 23.5 h (see the Supplemental Material
[47]). The results shown in Fig. S8 (within the Supplemental
Material [47]) are qualitatively consistent with Fig. 3.

C. The effect of ratio between the light sensitivity
and the fixed coupling strength

Considering that the relationship between the light sen-
sitivity L and the fixed coupling strength a can affect the
influence of adaptive coupling on the entrainment range, a key
parameter ρ is introduced to represent the ratio between the
light sensitivity and the fixed coupling strength, i.e., ρ = L

a .
For comparison, another parameter K = L + a is introduced
to represent the sum of the light sensitivity and the fixed
coupling strength, where K is set to 0.20. When the ratio
ρ = 1, we obtain L = a; when the ratio ρ < 1, we obtain
L < a; when the ratio ρ > 1, we obtain L > a.

Next, we further examine the effect of the ratio ρ between
the light sensitivity and the fixed coupling strength on the en-
trainment range (represented by the LLE) in Fig. 4(a), where
the ratio ρ ranges from 0 to 2. We can see that whether there
is adaptive coupling or not, the relationship between the LLE
and the ratio ρ is parabolic-like, meaning that as the ratio ρ

increases, the value of LLE first monotonically decreases and
then monotonically increases. Specifically, when the ratio ρ is
smaller than 1, the value of b has no effect on the LLE, and the
LLE monotonically decreases with the increase of the ratio ρ.
When the ratio ρ = 1, the value of LLE is minimal in the case
of b = 0, which means the maximum entrainment range is
obtained. Continuing to increase the ratio ρ, when b = 0, the
value of LLE increases, indicating that the entrainment range
begins to narrow. However, when b �= 0, the value of LLE
continues to decrease, indicating that the entrainment range
can continue to widen. In particular, when b = 0.05, 0.10,
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0.15, and 0.20, the maximal entrainment ranges are obtained
at ratios ρ = 1.1, ρ = 1.4, ρ = 1.8, and ρ > 2, respectively.
In summary, when L is larger than a, the existence of adaptive
coupling can widen the entrainment range.

Observing Figs. 4(b)–4(f), it can be seen that when b = 0,
the values of g1 and g2 are equal and both decrease with the
increase of ρ. When b �= 0, as ρ increases, the values of g1 and
g2 both decrease but g1 > g2. van Beurden et al., estimated
the coupling strength between and within neuronal subgroups
in a two-community noise Kuramoto model [50]. They found
a negative linear relationship between the coupling strength
within subgroups and the coupling strength between sub-
groups. Although it is not possible to determine the specific
magnitude relationship between the coupling strength within
subgroups and the coupling strength between subgroups, the
coupling strength within neuronal subgroups is larger than
that between subgroups within the possible linear constraint
range. In this article, the addition of adaptive coupling spon-
taneously leads to g1 > g2, which is similar to their findings.
Moreover, we also verify the effect of K = 0.10 on the result
in Fig. S9 (see the Supplemental Material [47]), and find that
the result is qualitatively consistent with Fig. 4.

Corresponding to Figs. S3, S4, S5, S6, S7, and S8 (see
the Supplemental Material [47]), we examine the number of
neuronal oscillators N = 10, 100, and 200, the ratios p = 0.25
and 0.75, as well as the intrinsic period of the VL subgroup is
24.5 h and that of the DM subgroup is 23.5 h, as shown in
Figs. S10, S11, S12, S13, S14, and S15 (see the Supplemental
Material [47]). The results are consistent with those shown in
Fig. 4.

IV. ANALYTICAL RESULTS

In this section, analyses are provided to explain the cor-
responding results of the numerical simulation. Because the
results of p = 0.25, 0.50, and 0.75 are qualitatively consistent,
we take p = 0.50 as an example. To simplify the analysis, we
set the number of neuronal oscillators as N = 4, i.e., neuronal
oscillators “1” and “2” are located in the VL subgroup, and
neuronal oscillators “3” and “4” are located in the DM sub-
group. Then, Eqs. (1) and (2) can be reduced to

θ̇1 = 2π

τ
+ 1

4

4∑
j=1

g1 j sin(θ j − θ1) + L sin

(
2π

T
t − θ1

)
,

θ̇2 = 2π

τ
+ 1

4

4∑
j=1

g2 j sin(θ j − θ2) + L sin

(
2π

T
t − θ2

)
,

θ̇3 = 2π

τ
+ 1

4

N∑
j=1

g3 j sin(θ j − θ3),

θ̇4 = 2π

τ
+ 1

4

N∑
j=1

g4 j sin(θ j − θ4),

ġi j = ε[a + b cos(θi − θ j ) − gi j], i, j = 1, 2, 3, 4, (3)

where i �= j.
When all the neuronal oscillators are entrained to the exter-

nal cycle, the period between the neurons within the VL and

the DM subgroups is the same and there is no phase differ-
ence, and we have θ1 = θ2, θ3 = θ4, and θ̇1 = θ̇2 = θ̇3 = θ̇4 =
�, where � is the angular frequency. The period between
the VL neurons and the DM neurons is the same but there
is a phase difference, so we assume that the phase difference
between the VL neurons and the DM neurons is β = θ1 −
θ3 = θ1 − θ4 = θ2 − θ3 = θ2 − θ4 and φi = θi − �t . Because
of the fact that the coupling strength is stabilized at a fixed
value after adaptive rules, we assume that ġi j = 0.

Since θ1 = θ2, θ3 = θ4, and cos(θi − θ j ) = cos(θ j − θi ),
we can get g12 = g21 = g34 = g43, and g13 = g14 = g23 =
g24 = g31 = g32 = g41 = g42. In order to simplify Eq. (3),
the coupling strength within the two subgroups is rep-
resented by g1, i.e., g1 = g12 = g21 = g34 = g43, and the
coupling strength between the two subgroups is represented
by g2, i.e., g2 = g13 = g14 = g23 = g24 = g31 = g32 = g41 =
g42. Substituting them into Eq. (3), we obtain

� = 2π

τ
− 1

2
g2 sin β − L sin φ1,

� = 2π

τ
+ 1

2
g2 sin β,

g1 = a + b,

g2 = a + b cos β. (4)

Since the entrainment range can be expressed in terms of the
LLE, and the value of the coupling strength can be expressed
in terms of the value of the coupling strength at the LLE,
we next explain the changing trend of coupling strength within
and between the two subgroups, as well as the changing trend
of the LLE, as the adaptation strength b increases under dif-
ferent light sensitivity L and fixed coupling strength a. Below,
we will discuss it in two cases, i.e., L < a and L > a.

From the last two lines of Eq. (4), it can be seen that as b in-
creases, g1 and g2 both increases, indicating an increase in the
coupling strength within and between the two subgroups. Be-
cause 0 < cos β < 1, g1 > g2 can be obtained, which means
that the coupling strength within the two subgroups is larger
than the coupling strength between the two subgroups. This
also shows that the difference between the coupling strength
within the two subgroups and the coupling strength between
the two subgroups is caused by the phase difference β of the
oscillators in different subgroups.

Note that LLE is equal to 2π
�max

. When the light sensitivity
is smaller than the fixed coupling strength, the phase differ-
ence β between the neuronal oscillators located in the two
subgroups is very small, thus sin β ≈ β. Here, β is a very
small positive value. By adding the first and second lines of
Eq. (4), we obtain �max = 2π

τ
− L

2 sin φ1. Therefore, �max is
a constant, which is independent of b.

Generally speaking, when the light sensitivity is larger than
the coupling strength, �max depends on the slower oscillator
with smaller � and sin β should be close to 1. Correspond-
ingly, we obtain �max = 2π

τ
+ 1

2 g2. As g2 increases with the
increase of b, an increase in �max can be obtained.

Therefore, when the light sensitivity is larger than the fixed
coupling strength, the adaptive coupling has no effect on the
entrainment range. When the light sensitivity is smaller than
the coupling strength, the adaptive coupling can widen the
entrainment range. This is qualitatively consistent with the
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numerical simulation results. In addition, with the increase
of the adaptation strength b, the coupling strength within the
two subgroups and between the two subgroups both increase,
and g1 > g2, which is also qualitatively consistent with the
numerical simulation results.

V. CONCLUSIONS AND DISCUSSION

The SCN is the main region that helps maintain the body’s
circadian rhythm, allowing endogenous rhythms to entrain to
the external light-dark cycle [30]. The SCN is a heterogeneous
neural network composed of approximately 20,000 oscillatory
neurons, in which coupling plays an important role as the
connecting edge of the network [31,32]. Previous studies have
found that the entrainment range of the SCN depends on the
coupling strength and the light sensitivity [33]. However, most
previous studies have overlooked the plasticity of synaptic
coupling between the neurons. The entrainment is partially
attributable to the plasticity of the SCN network, and cou-
pled plasticity has been proven to play an important role in
memory and other advanced cognitive functions in the brain
[11,35].

In this article, we considered the adaptive coupling based
on the general Kuramoto model, where the interaction be-
tween neuronal oscillators is adaptively adjusted according to
the phase difference of the neurons. We found that compared
to a fixed coupling strength, when the light sensitivity is larger,
the SCN networks with adaptive coupling strength show a
broader range of external light-dark conditions to which they
are able to entrain. This means that the adaptive coupling
makes the circadian system more flexible to react to external
influences. As a result, this flexibility may result in coping
better with jet-lag or night shifts.

It was interesting to note that in the case of the adaptive
coupling, the coupling strength within the two subgroups was

spontaneously larger than that between the two subgroups,
which is similar to the results speculated by van Beurden et al.
within the possible linear constraint range [50]. Our research
reveals the impact of adaptive coupling on the collective be-
havior of the SCN, and provides a possible explanation for the
plasticity of coupling in the master clock network.

The results from this paper are generalizable to all systems
that can be described by the Kuramoto model that has external
forcing. For these systems, adaptive coupling results in a flex-
ible system, where synchronization can occur more easily in a
broader range of external conditions. There is evidence to sug-
gest that the influence of light in nocturnal animals is higher
than in diurnal (light-active) animals, including humans [51].
Therefore, the adaptive coupling may play a more important
role in nocturnal species than in diurnal species.

In this article, we introduce adaptive coupling in the SCN
networks. The influence of adaptive coupling on the entrain-
ment range of the SCN is briefly studied, and the focus is
on the adaptation strength. In our model, there is only a
difference in the coupling strength within and between the two
subgroups, meaning that there is no difference in the coupling
strength between the two subgroups (without direction). Ear-
lier study has found that the coupling strength from the VL
subgroup to the DM subgroup is larger than that from the DM
subgroup to the VL subgroup [52]. In future studies, we will
consider the direction of the coupling strength in the adaptive
rules to make our model more realistic, and investigate its
impact on the ollective behavior of circadian rhythms.
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