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A B S T R A C T 

In this paper, we derive analytical expressions and numerical recipes for finding the effective observed position of sources close 
enough on-sky that their point spread functions (PSFs), modelled as Gaussian profiles, overlap. In particular, we derive these for an 

elongated PSF, with a long and short axis, such as we would see from an instrument with a rectangular or elliptical mirror (relevant, 
for example, for the Gaia mission). We show that in this case the problem can be reduced to a one-dimensional brightness profile 
with extrema along the line connecting the two sources, with an effective PSF width that depends on the relative orientation of the 
PSF and its degree of elongation. The problem can then be expressed in units of this effective width to be a function of the relative 
separation and light ratio alone (thus reducing to a rescaling of the un-elongated case). We derive the minimum light ratio, for a 
given separation and effective width, above which two sources will be resolved. We map out numerical procedures for finding the 
positions of these extrema across all possible cases. Finally, we derive the positional offset and deviance associated with observing 

a fixed pair of blended sources from a variety of orientations, showing that this can be a significant source of excess noise. 

Key words: methods: analytical – methods: numerical – techniques: photometric – astrometry – binaries: visual –
Instrumentation. 
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 I N T RO D U C T I O N  

undamental physical limits on the diffraction of light cause any 
oint-like source of light observed via a lens (or curved mirror) to
roduce an image of finite width. This finite point spread function 
PSF) has a characteristic angular width θ ∼ λ/d , where λ is the 
avelength of the light and d is the diameter of the lens/mirror. 
Thus, when we observe a distant physical object of size R at

istance D ( � R), we can resolve it only when R/D � θ ; otherwise
t is unresolved and we see all the incident light spread over the PSF
f width θ . 
The vast majority of visible stars (whether observed by eye or
odern telescopes) fall well below this resolvable limit. A second 

tar may reside close enough on-sky to the first (at a separation
 � Dθ ) that the two cannot be separately resolved and an image of
he pair appears to be a single PSF with the blended properties of the
wo sources, visually indistinguishable from a single source. 

This applies to pairs of sources that are truly close in physical
pace (e.g. perhaps a gravitationally bound binary system) or that are 
t very different distances from the observer and each other but appear
lose in projection. It is also eminently possible for more than two
ources to be blended – for example, whole clusters of stars appear 
s a bright point source in extragalactic observations (Harris 1991 ). 
n fact, we may expect many blended sources to be contributing to
n observed image (e.g. planets and asteroids around a star, or many
ore distant background stars); although if these systems contribute 
 negligible fraction of the observed light, their influence is small. 

Any inference we might make about an observed source is altered 
y the knowledge that they are in fact multiple sources blended. 
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or example, we might hope to translate a measurement of a star’s
rightness and distance into an estimate of mass, but this often
ssumes a single star, or relies on knowing the fractional contribution
f each source to the blended image. 
Binary stars (and higher multiples) are ubiquitous in most astro- 

hysical environments. Only very wide systems, or those very close 
o the observer, are resolvable; however, multiplicity affects many 
acets of their behaviour and evolution. To some, they are objects
f interest in their own right; to others, a nuisance to be removed
r compensated for when making observations. Only a subset can 
e identified, and only a subset of those can have their properties
easured. The number of known multiples is rapidly increasing, both 

y resolving wide systems (e.g. Tokovinin 2024 ) or, for unresolved
ystems, by identifying variable or excess motion (spectroscopically 
r astrometrically; see El-Badry 2024 for a recent review) or light
e.g. Prša & Zwitter 2005 ; Wallace 2024 ). 

The Gaia survey has been crucial to the improvement in our
apacity to detect stellar multiples, as well as greatly expanding our
nowledge of the position and motion of stars in the Milky Way (Gaia
ollaboration 2016 , 2023 ). It is, at least in part, an astrometric survey
scanning repeatedly over the sky and making many measurements 
f the positions of sources, from which their motion can be inferred
Lindegren et al. 2021 ). In Penoyre et al. ( 2020 ), we mapped out how
he orbits of unresolved binaries contribute to this motion, due to the
ffset between their photocentre (or centre of light) and their centre
f mass. In appendix A of that paper, we derived the simple first-
rder photocentre offset distance, without including an important 
uance to Gaia ’s functionality: the fact that its mirror is rectangular,
easuring 1.45 × 0.5 m2 (Gaia Collaboration 2016 ), and hence its 

ubsequent PSF is extended along the direction corresponding to the 

hort axis of the mirror. 

is is an Open Access article distributed under the terms of the Creative
permits unrestricted reuse, distribution, and reproduction in any medium,
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In this paper, we update this calculation, identifying when this
uance significantly alters observations of a system. In Section 2 we
nd the brightness profile of an unresolved system given an elongated
SF. In Section 3 we go on to find analytically the conditions for
uch a brightness profile to be resolvable as two sources, and the
osition of the peak (or peaks). This applies equally to any close
air of sources on-sky (regardless of whether they are gravitationally
ound) and thus it is as appropriate for modelling blending with
ackground sources as it is for unresolved multiple systems. Finally,
n Section 4 we focus on the case of a pair of sources in a fixed relative
onfiguration measured over a range of observing angles, appropriate
or long-period binaries, distant sources, or chance pairs that move
n the same fashion. We find the positional offset and excess noise
hat would be inferred when fitting these as a single source. 

 B R IGHTN ESS  PROFILES  

hroughout this paper, we work with Gaussian PSFs. These are
astly simplified from real diffraction patterns. Idealized forms of
longated PSFs include convolutions of two sinc 2 functions for a
ectangular aperture, or an elongated form of the well-known Airy
isc for an elliptical aperture (Airy 1835 ; Raman 1919 ). 
Idealized PSFs are defined in terms of a single wavelength, but

etectors are sensitive to a range of wavelengths (which may be
uite broad, 330–1000 nm in Gaia for example). The image of such a
ource will be the convolution of each PSF with the source’s apparent
rightness at that wavelength. 
Idealized diffraction patterns generally have secondary (and

igher) maxima of lower amplitude. Though these may be smoothed
ut by convolving over the wavelength, or the physical limitations of
he instrument, this still leads to a small but not insignificant amount
f brightness at large separations from the centre of the image. 
True PSFs will be further altered by any non-ideal aberrations

o the mirror, optical path, or detector. For example, in their fig.
, Fabricius et al. ( 2016 ) show a typical Gaia PSF, which as ex-
ected resembles a smoothed sinc 2 function, but displays significant
symmetry and strong diagonal spikes. Real observations are then
urther altered by pixelation, losing more information as the incident
ux is binned over a finite number of pixels. Very bright sources can
versaturate these pixels, spilling charge and thus apparent brightness
nto neighbouring pixels, and further deforming the PSF. 

In contrast, a Gaussian profile has a single central maximum,
nd diminishing brightness at large separations. It is thus generally
n imperfect proxy for a true PSF. It is, however, a reasonable
pproximation for the central core of the PSF, which, as we show,
ominates our resolvability criteria. It also has many mathematical
onveniences, including the fact that any slice of an elongated two-
imensional (2D) Gaussian profile is itself a Gaussian profile. 

.1 Imaging close sources 

et us start by imagining two sources separated by an on-sky distance,
. 1 As we are imagining systems where r is relatively small, they may
e close in physical space (e.g. a binary) or far apart and simply close
n projection on-sky (e.g. blended background and foreground stars).
ASTI 5, 1–13 (2026)

 As this paper focuses only on observed systems on-sky we use x , y , and r 
s on-sky distances (measured as an angle). For a true instantaneous physical 
istance R and a separation aligned at angle θ from the line of sight, r = 

 ( R/au ) sin ( θ ), and the unit of r is the same as that used for parallax � . 

u  

i  

a

We imagine that both sources are observed in a single image with
n instrument that has an elongated Gaussian PSF of width α in the
hort direction and β ( > α) in the long direction. 

For derivations in this paper, we work entirely in units of α
nd β (and hence we do not need numerical values specific to a
iven instrument). However, as Gaia is the most currently relevant
oint of comparison, we note that its full width at half-maximum is
pproximately 0.1 arcsec (Fabricius et al. 2016 ) in the along-scan
irection, and hence α ∼ 0 . 04 arcsec. Given that the ratio of side
engths of the mirror is 1.45 : 0.5, we expect β ∼ 3 α. 

If r � α, β, then we expect the two sources to be clearly resolved;
ut the case of interest to us is where r is sufficiently small that the
wo PSFs overlap significantly. For a system of fixed physical size
nd an instrument of fixed PSF width, this is equivalent to observing
rom a large enough distance (small enough parallax, � ). 

In the unresolved limit ( r � α, β), the image will appear to be
pproximately that of a single source. As r increases, it will start
o noticeably deform, and around r ∼ α, β (a transition we quantify

ore carefully later in the paper) the two peaks will be on the edge
f being resolvable separately; we call this regime ‘semi-resolved’. 
We are interested in the small offset of the inferred position of the

air in the unresolved limit, how this behaves as we approach the
emi-resolved regime, and at what point resolving the two sources
eparately becomes possible. 

To approach this algebraically, we make two strong assumptions
bout what measurements we would infer for such a system, based
n the brightness profile of the image convolved with the PSF. These
ssumptions are that: 

(i) an unresolved pair will be measured to have a position corre-
ponding to the maximum brightness; 

(ii) a pair of sources is resolved when there is a minimum in
he one-dimensional (1D) brightness profile (or saddle-point in 2D)
etween the two sources, and correspondingly two distinct maxima.

Real observations may use a more complex PSF fitting technique
e.g. Rowell et al. 2021 ; Harrison et al. 2023 ), but the above
ssumptions provide a reasonable approximation that is well defined
athematically. 
We can label the two sources A and B, and can define a light ratio

etween the two, 

 = FB 

FA 
, (1) 

here FI is the flux observed from source I . We take l ≤ 1 always,
uch that the primary, A , is the object that we are more able to see. 

We can work in coordinates x, y (which we take to be on-sky
ngles), aligned with the separation of the two sources and centred
n A , such that r A = ( xA , yA ) = (0 , 0) and r B = ( r, 0). 
Let us take the alignment of our instrument (and hence the

rientation of the PSF) to be at a scan-angle, φ, relative to the vector
rom A to B. 

The observed brightness profile of one source, at a position 	r =
 	x , 	y ) from its centre is thus 

( 	x , 	y ) = exp 

[
− ( cφ	x + sφ	y)2 

2 α2 

]

× exp 

[
− ( −sφ	x + cφ	y)2 

2 β2 

]
, (2) 

sing the shorthand sx = sin ( x) and similarly for cos . The first term
s the result of projection of the offset position along the short axis,
nd the second is due to the projection along the long axis. 
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Figure 1. A grid of example images – as given by b( x , y ) (equation 3 ) – of two sources with light ratio l = 0 . 5 observed at different separations r (rows) and 
angles φ (columns) by an instrument with an elongated PSF with relative width β = 3 α. We work in coordinates x , y , and on-sky distances are in units of α, with 
the primary at the origin and the secondary on the line y = 0. The two white circles show the positions of the two point sources. Red + symbols denote maxima 
of the brightness profile, and where present orange × symbols denote a saddle-point (in which case, there are two maxima). The red–orange −yellow contour 
lines show 10 contours of equal brightness evenly spaced between the maximum value and 0. Straight lines show the along- and across-scan positions of the 
primary (black), primary maximum (red), and where present the saddle-point (dashed orange) and secondary maximum (dashed red). Unresolved systems (no 
orange × or line) occur at low separation, but also at larger separations if the PSF is oriented such that the long axis is close to parallel with the line separating 
the pair. 
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Then, the combined brightness of the pair (up to an arbitrary 
escaling) is 

( x , y ) = E( x , y ) + l E ( x − r, y) . (3) 

.2 Maxima and minimum 

ny extrema in b( x , y ) occur at a position r m 

= ( xm 

, ym 

) such that
 x b |r m = ∂ y b |r m = 0. 
Returning to the single source profile (equation ), it can clearly 

e seen that it peaks at 	x = 	y = 0. Thus, if the two sources are
ell separated ( r � α, β, such that at the location of one source, the

ontribution of the other is negligible) there will be two maxima. In
ontrast, if they are very close ( r � α, β, such that both contribute
ignificantly to the brightness at or near their individual peaks) we 
ill have one single maximum somewhere between the two. 
A series of example images is shown in Fig. 1 , which show

oth unresolved and resolved systems depending on separation and 
can-angle. Crucially, a system with constant r can be resolved or
nresolved depending on φ, specifically if the long axis of the PSF
s close to aligned with the direction of separation. 

To find the derivatives of b, we can first find 

 x E( 	x , 	y ) = −
(

	x 

γ 2 
+ 	y 

ν2 

)
E( 	x , 	y ) (4) 
nd 

 y E( 	x , 	y ) = −
(

	x 

ν2 
+ 	y 

ω2 

)
E( 	x , 	y ) , (5) 

here 

1 

γ 2 
= c2 

φ

α2 
+ s2 

φ

β2 
, (6) 

1 

ω2 
= s2 

φ

α2 
+ c2 

φ

β2 
, (7) 

nd 

1 

ν2 
= sφcφ

(
1 

α2 
− 1 

β2 

)
. (8) 

A useful way to understand γ and ω is to note that they are
he width of the ellipsoid projected along the x-axis and y-axis,
espectively. 

With these, we can find 

 x b = −E( x , y )

[(
1 + l 


 

)(
x 

γ 2 
+ y 

ν2 

)
− l 


 

r 

γ 2 

]
(9) 

nd 

 y b = −E( x , y )

[(
1 + l 


 

)( x 

ν2 
+ y 

ω2 

)
− l 


 

r 

ν2 

]
, (10) 
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Figure 2. One-dimensional brightness profiles of two sources along their 
connecting line, y = 0 and thus b( x , y ) ⇒ b( x , 0) = bx ( x ) (equation 14 ). We 
work in units of the effective width, γ ( φ) (see equation 16 ), ρ = r/γ , and 
χ = x/γ , and thus are able to remove any φ dependence from the functional 
form. The top panel shows sources of fixed ρ = 3 and varying l and the bottom 

panel shows sources of fixed l = 0 . 5 and varying ρ. The black dashed line 
shows the profile of the primary (always fixed), coloured dotted lines show 

the profile of the secondary, and solid coloured lines the total brightness. 
Maxima are denoted by full circles and minimum (where present) by an open 
circle. Black vertical lines show the position of the primary, and in the top 
panel also the (fixed) position of the secondary. 
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here 

 ( x , y ) = E( x , y ) 

E( x − r, y ) 
(11) 

s the ratio of the PSF brightnesses, ignoring the relative flux, at some
osition x , y . 
As E( x , y ) > 0 always, the condition ∂ x b = 0 is simply that the

erm in square brackets is 0 (and equivalently for ∂ y b = 0). These
onditions are satisfied when 

m 

= 0 (12) 

nd 

m 

= lr 

λm 

+ l 
, (13) 

here λm 

= 
 ( xm 

, 0). 
It is perhaps unsurprising that ym 

= 0 (i.e. that the extrema
ecessarily lie on the line between the two sources) as both PSFs
learly decline for | 	y| > 0. From now on, we only consider directly
oints on the line y = 0 and thus define the slightly simplified 

x ( x) = b( x, 0) = exp 

(
− x2 

2 γ 2 

) (
1 + l 

λ

)
(14) 

nd 

( x) = 
 ( x, 0) = exp 

[
r( r − 2 x) 

2 γ 2 

]
. (15) 

We can see that now the effective width term that sets the behaviour
f the source is the orientation-dependent γ . We can rewrite this in
he more direct form 

( φ) = α√ 

1 + [(α2 /β2 ) − 1] s2 
φ

. (16) 

his takes values α ≤ γ ≤ β, with γ = α in the aligned ( φ = 0 or
) case and γ = β in the perpendicular ( φ = ±(π/ 2)) case. 
We visualize bx , the much simpler 1D brightness profile, in

ig. 2 . Here we work in units of γ , which allows us to remove the
ependence of angle φ from the profiles (though it is still important in
etting the overall scale, and thus observed separations). Starting with
he top panel, varying l for fixed ρ = r/γ , we see that a minimum
corresponding to a saddle-point in the 2D image, and thus a resolved
ystem) can exist for larger l, effectively disappearing at the moment
he minimum and secondary maximum meet. In the second panel,
arying ρ at fixed l, we again see unresolved systems at smaller
eparations. Also, we can see more clearly now that the largest
hotocentre offset in unresolved pairs occurs at intermediate (small)
, here at ρ ∼ 1, and reduces at larger ρ even before the system
ecomes resolvable. In Appendix A , we extend these calculations to
nd the conditions that give the maximum possible offsets. Equations
 14 ) and ( 15 ) are the equivalent of equation (64) in Lindegren
 2022 ). However, their calculation only includes the along-scan PSF
idth, α ( u in their notation), implicitly assuming β � α (and hence
→ α/ | cφ | ). This significantly overestimates the effective width as

 cφ | → 0. 

.2.1 Approximate forms 

s λm 

is a function of xm 

, equation ( 13 ) cannot be solved analytically.
owever, we can see that as λm 

→ ∞ , xm 

→ 0 (i.e. a peak at the
rimary) and as λm 

→ 0, xm 

→ r (i.e. a peak at the secondary).
hese solutions only exist if λ can take such extreme values in the

ange 0 < xm 

< r . 
ASTI 5, 1–13 (2026)
As r/γ → 0, λ → 1 and 

m 

→ x0 = lr 

1 + l 
, (17) 

here x0 is the much simplified zeroth-order equation for the
hotocentre reported in Penoyre et al. ( 2020 ). 
It is only in the marginally unresolved ( r � γ ) case where λm 

pproaches order unity and xm 

is significantly affected by γ . In
ppendix B , we derive the correction accurate up to fourth order

equation B7 ): 

m 

= x0 

(
1 − x2 

0 

lγ 2 

)
+ O

(
r4 

γ 4 

)
. (18) 

 RESOLVABI LI TY  O F  S O U R C E S  

ow we work in relative separations 

= r 

γ
and χ = x 

γ
, (19) 

hich allows us to express all relevant expressions independently
f γ ( φ). The on-sky positions of any point of interest do scale
ith γ , but this needs only to be reintroduced at the end of the

alculation. Similarly, there is a nuance introduced in that pairs with

art/rzaf062_f2.eps
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 fixed ρ do not have a fixed or independent separation or orientation.
evertheless, it is very convenient that all the form of a brightness
rofile can be parametrized (and solved) in terms of ρ and l only. 
We can return to equation ( 13 ) but now express it in a way more

menable to numerical solution. We can define 

( χ | ρ, l) = χ − lρ

l + λ
(20) 

here 

( χ | ρ) = exp 

[
ρ( ρ − 2 χ ) 

2 

]
. (21) 

Extrema in the brightness profile occur at zeros of g. These 
xpressions can immediately (but not trivially) be solved numerically 
or g = 0, but instead we explore the space of possible solutions
nalytically first, to give more insight into the behaviour. 

If χ is large and positive, λ → 0 and g → χ and thus g is positive.
arge negative χ gives λ → ∞ and again g → χ and thus g is neg-
tive. Thus, we can see that there is always at least one real solution,
ut depending on l and ρ there may be up to three real solutions. 

A single real solution corresponds to a single maximum, whilst 
hree real solutions corresponds to two maxima with a minimum 

etween them (a saddle-point in the 2D image). The limiting case, 
hen there are two real solutions, corresponds to a repeated larger 

oot and marks the transition from an unresolved pair (one maximum) 
o a resolvable pair (two maxima). 

We can rearrange the previous expressions to write 

= ρ

2 
− ln λ

ρ
. (22) 

nd 

 = ρ

2 

(
λ − l 

λ + l 
− 2 ln λ

ρ2 

)
. (23) 

his form is particularly useful if we consider the sign of ln λ
remembering λ ≥ 0 for all χ ), which is positive for χ < ρ/ 2, 0
t ρ/ 2, and negative for larger χ . 

For ln λ ≥ 0 ( χ ≤ ρ/ 2), it is always possible to find λ ≤ l such
hat g = 0; this corresponds to the ever-present maximum near the
rimary. For ln λ < 0, in equation ( 23 ) the term on the right-hand
ide within the parentheses is positive, and for any root the term on
he left-hand side must be negative (i.e. more solutions may exist for
 < λ < l). For any given λ, the term on the left-hand side is larger
negative) for larger l, and the term on the right-hand side is smaller
positive) for larger ρ. Thus, as we have already seen (see Fig. 3 ),
ultiple real solutions only occur at larger l and ρ. 
A necessary but not sufficient criterion for multiple maxima is that 

 has a turning point; that is, ∂ χg ≤ 0 for some χ (or equivalently
 λg ≥ 0 for some λ). Using ∂ χλ = −ρλ, we can find 

 χg = 1 − lλ

( l + λ)2 
ρ2 , (24) 

hich tends to 1 for large | χ | . 
Defining the critical point at which this zero of the derivative exists

s χc such that ∂ χg|χc = 0, we can find, in terms of the corresponding
c = λ( χc ), the quadratic solution 

c = l

[ 

ρ2 

2 

( 

1 −
√ 

1 − 4 

ρ2 

) 

− 1

] 

. (25) 

he larger χc (smaller λc ) solution is always the minimum of g and
hus we discard the positive root. Real solutions only exist for ρ ≥ 2;
hat is, double-peaked brightness profiles can only occur for r ≥ 2 γ
though again this is a necessary and not sufficient criterion; whether
 minimum is visible for a given ρ ≥ 2 depends on l). 

For any ρ ≥ 2, there is a critical minimum lc ( ρ) – or equivalently
 ρc ( l) for any l – below which double-peaked profiles cannot occur.
his occurs when g( λc ) = 0 (i.e. the turning point in g occurs at the

oot). 
Two trivial cases exist: 

(i) when ρ = 2, λc = l, which satisfies g( λc ) = 0 when l = 1,
hat is, lc (2) = 1, showing that the closest pair which can be resolved
onsists of two equally bright sources; 

(ii) as ρ → ∞ , λc → l/ρ2 � l and thus 

( λc ) → ρ

2 

[
−1 − 2 ln ( l/ρ2 ) 

ρ2 

]
, 

hich equals 0 for lc ( ρ → ∞ ) → ρ2 e−(ρ2 / 2) , showing that at very
arge distances the secondary must be much dimmer to be unresolved
less bright than the PSF wings of the primary). 

For any l ≥ lc ( ρ), or ρ ≥ ρc ( l), there exists a minimum of the
rightness profile between χ = ρ/ 2 and ρ/ 2 ≤ χc ≤ 1 (which can be
ound by substituting equation 25 into equation 22 ) and a secondary
aximum between χc ≤ χ ≤ ρ. 
We can summarise all this using the shorthand 

( ρ) = ρ2 

2 

( 

1 −
√ 

1 − 4 

ρ2 

) 

, (26) 

uch that λc = l( κ − 1), where κ takes values between 2 at ρ = 2
nd κ → 1 + (1 /ρ2 ) as ρ → ∞ (thus 1 < κ ≤ 2). The brightness
rofile is double-peaked if and only if ρ ≥ 2 (such that κ has real
alues) and 

c = g( λ = λc ) = ρ

2 

{
κ − 2 

κ
− 2 ln [ l( κ − 1)] 

ρ2 

}
≤ 0 . (27) 

his can be rearranged to find explicitly the minimum light ratio,
hich will give a double-peaked profile for a given ρ: 

c ( ρ) = 1 

κ − 1 
exp 

[
ρ2 

2 

(
κ − 2 

κ

)]
. (28) 
RASTI 5, 1–13 (2026)
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Figure 4. Numerically derived positions of the primary maximum, x1 , and 
where they exist [ l > lc ( ρ)] the minimum xmin and secondary maximum x2 . 
Here we show all quantities in units of r . The solid black line corresponds 
to the critical point beyond which three solutions (two peaks and a minima) 
exist, as described by equations ( 28 ) and ( 29 ). The dashed black line shows 
the ρ that maximizes x1 for a given l, as detailed in Appendix A . 

4
P

I  

p  

a  

P
 

m  

o  

a  

p  

s  

a  

m  

c  

o
 

n  

D
ow

nloaded from
 https://academ

ic.oup.com
/rasti/article/doi/10.1093/rasti/rzaf062/8415440 by guest on 01 April 2026
Using κ , we can also write a shorthand form for χc of 

c = ρ

2 

{
1 − ln [ l( κ − 1)] 

ρ2 

}
, (29) 

here we note that the value of the logarithm is always ≤ 0 and thus
c ≥ ρ/ 2 as expected. 
Note that lc ( ρ) cannot be easily inverted to find ρc ( l), which is a

hame as this is perhaps the more useful form (imagine two sources
f fixed brightness moving relative to each other), but the inversion
an be done numerically. 

.1 Numerical solutions 

or a given system with known l and ρ, we can immediately calculate
c ( ρ) (equation 28 ) and χc ( ρ, l) (equation 29 ). 

We seek the solution(s), xm 

, of equation ( 13 ). This can be expressed
s the root(s) of g( χm 

) = 0, which can be reliably found by any
oot-solver that operates over a range a < χ < b such that g( a) and
( b) have opposite signs and there is a single root in this range; for
xample, the van Wijngaarden–Deker–Brent method (Brent 1973 )
mplemented as brentq in scipy.optimize . 

In all cases, there exists a first root near the primary, at on-sky
osition x1 , with 0 < χ < ρ/ 2; note that g(0) ≤ 0 (with equality
hen l = 0) and g( ρ/ 2) ≥ 0 (with equality when l = 1) always. 
If l > lc ( ρ), then there exist two more roots: an interstitial
inimum, at xmin , and a maximum near the secondary source, at x2 . In

his case, g( χc ) < 0 and the minimum lies in the range ρ/ 2 ≤ χ < χc 

with equality when l = 1). Note that g( ρ) > 0 always and thus,
hen it exists, the secondary maximum can be found in the range
c < χ < ρ. 
In the case l = lc ( ρ), both the minimum and secondary maximum

oincide at a stationary inflection point at χc (and hence we do not
eed to resort to numerical root finding). 

The other problem case occurs when l = 1 (and, to some extent,
 = 0, but this is a trivial case). In this case, g( ρ/ 2) = 0 and some root
nders will fail; also, the minimum (if it exists, ρ ≥ 2) is trivially at
= ρ/ 2, and the other two roots can be found by taking the limits of

he range to be ( ρ/ 2) ± ε (where ε � ρ is some minuscule increment
o avoid the 0 point). If there is no minimum ( l < lc ), the maximum
s situated at χ = ρ/ 2. If l = 1 = lc (which implicitly means that
= 2), then all three turning points coincide at χ = ρ/ 2, effectively

iving a single maximum at that point. 
The on-sky position, xm 

, of any extrema can be found from the
umerical solution χm 

by multiplying back through by the effective
idth γ . 
The numerically derived position of each root is shown for a variety

f l and ρ in Fig. 4 . For small separations ( ρ < 1), the primary
aximum is located close to the first-order solution, as found in
enoyre et al. ( 2020 ): xm 

∼ x0 . As ρ increases, the relative offset
ecreases, fastest for smaller l, and thus the first-order solution is a
ood approximation for small ρ and an overestimate for ρ � 1. In
ppendix A , we derive the conditions that maximize x1 , as is also

hown in the figure. At low l, the photocentre offset is maximized at
= 1, and as l increases, this goes to ρ = 2. 
We can clearly see the line, l > lc ( ρ), above which minima and

econdary maxima exist. Close to this boundary (particularly for low
), the minima occur very close to the secondary source and at larger
, it tends to the middle point ( xmin → r/ 2). Near the l ≥ lc ( ρ)
oundary, the secondary maximum occurs close to the mid-point
particularly for large l) but rapidly tends to the position of the
econdary source. 
ASTI 5, 1–13 (2026)
 REPEATED  O B S E RVAT I O N S  O F  A  FIXED  

A IR  O F  S O U R C E S  

f two sources are fixed, in relative orientation and distance, then re-
eated observations taken at different angles, φ, can mimic apparent
strometric positional offset and also, in the case of an elongated
SF, astrometric motion. 
This is relevant for true binary systems, provided they have
inimal relative motion (i.e. a period substantially longer than that

ver which observations are taken). In general, blended foreground
nd background sources will likely have different parallaxes and
roper motions and thus vary their distance and orientation on time-
cales of months. Very distant bright sources, with negligible motion,
nd closer pairs with fortuitously matching parallax and proper
otion, will also have negligible relative motion. This analysis

an also apply in any case where the time-span over which the
bservations were taken was short enough ( � 1 yr). 
Cases with some relative motion can of course be modelled

umerically, but for the rest of this section we focus on the most
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Figure 5. The variation of the position of the observed maxima, as a function 
of scan-angle φ, of a system with l = 1 / 2 and a range of r . As in Fig. 1 we 
use β/α = 3. The two largest separation systems (darkest blues) are resolved 
at some angles (small | sφ | ) as shown with a thicker line, and with the position 
of the minima and secondary maxima also shown as dotted and solid lines, 
respectively. As all expressions involved are even functions of φ, we need 
only show the behaviour for 0 ≤ φ ≤ π. 
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Figure 6. Similar to Fig. 5 , we show the variation of the along-scan (top) 
and across-scan (bottom) position of the observed maxima, now in units of 
their relative width. Here we show the absolute value, noting that the actual 
sign of the observed offset is the same as the sign of the trigonometric term. 
In the across-scan plot, we also show (dashed lines) the offset as would be 
calculated taking β → ∞ . 
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nalytically tractable case of a pair of sources that maintain their 
elative configuration. 

For an elongated PSF, we can think of α and β as the width
f the PSF along-axis and across-axis, respectively. 2 As we have 
lready shown, the offset of the photocentre (or primary maxima if
he brightness profile is multi-peaked), x1 , is a function of r , l, and
he projected width of the ellipsoid along the scan-angle, γ ( φ). 

In Fig. 5 , we show the variation of x1 as a function of φ, for an
xample system with l = 1 / 2 and a variety of r . We use a ratio of
/α = 3, the approximate elongation of the Gaia PSF, throughout 

he rest of this section. For small separations, x1 is roughly constant 
tending to [ l/ (1 + l )] r – but for r � α we see visible variation in

he photocentre as a function of scan-angle. 
The maximum inferred separation occurs when | sφ | → 1 and γ

s close to its maximum value of β; hence, the two sources are
aximally blended. For larger separations, the secondary maximum 

s resolved for scan-angles such that | sφ | is small (where γ is close
o its minimum value of α). 

A system will be partially resolved, appearing as a single source 
or some scan-angles and two sources for others, if 

< r/ρc ( l) < β (30) 

see Section 3 ). Systems that are more compact than this will always
e unresolved, whilst wider systems will always have two visible 
rightness peaks. 
We can consider the along-scan and across-scan positions of the 

hotocentre as two separate measurements: δal = cφ x1 and δac = 

φ x1 with associated widths α and β, respectively. 
In Fig. 6 , we show the along-scan and across-scan positions for

he same l = 1 / 2 system. Though the photocentre displacement is
aximum when φ = ±(π/ 2), this corresponds to the pair lying 

erpendicular to the scan and hence δal = 0. At small separations, δal 

s largest close to the scan direction (small | sφ | ) but for more distant
 For the Gaia mission, these correspond to the directions parallel and 
erpendicular to the path the telescope’s field-of-view traces out on the sky 

s  

o
 

t  
ources, the asymmetry in γ leads to the maximum offset occurring 
hen the pair is close to perpendicular ( | sφ | close to but less than 1).
ote that δac is always largest for perpendicular scans. 
We also show the across-scan position that one would find if
→ ∞ , as is implicitly assumed by the calculation in Lindegren

 2022 ). This would lead to greater predicted offsets, especially at
arge separations, as any source observed at an angle such that | cφ | �
/r would appear to be completely blended. 

.1 Binary offset and error 

t has been convenient to work in coordinates ( x , y ) relative to the
osition of the primary, but if we were to consider a single source at an
ffset position ( ˜ x , ˜ y ) it would have apparent along-scan and across- 
can displacements of dal = ˜ x cφ + ˜ y sφ and dac = − ˜ x sφ + ˜ y cφ . In- 
erting this argument, some photocentre shift can be captured as a
imple position offset (and thus just a shift of the apparent location
f the source). 
We can assume that this shift, much like the photocentre, lies along

he line connecting the sources, such that ˜ y = 0. Averaged over φ,
RASTI 5, 1–13 (2026)
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Figure 7. The left panels show the fitted position offset, k, and excess noise, D, of a stationary pair of sources (e.g. a long period binary) observed over a range 
of scan-angles. The excess noise is shown in a form rescaled to match excess RUWE (see text) with significant values being � 0 . 1. In the right panels, we 
compare these with the equivalent fits using only the along-scan measurements, k′ and D′ , where k′ is always < k and D′ always > D. To the left of the thick 
solid line, both sources are always unresolved; to the right of the dashed line, both are always resolved (and hence we do not perform the fit); and between the 
lines, the sources are unresolved at some angles (see equation 30 ). 
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here will be some best-fitting ˜ x = k that minimizes the apparent
rror in the source position. 

We can define the photocentre offsets along and across the scan
irection as 

al = cφ ( x1 − k) and 	ac = sφ ( x1 − k) . (31) 

The precision to which the position of a source can be measured
epends on the width of the PSF and how well sampled it is. For
 samples (i.e. measured photons) of a distribution with PSF width
, we might expect a positional uncertainty of ∼ N−(1 / 2) σ . Other
bservational constraints, such as saturation of CCD pixels, can
imit the possible precision. Lindegren et al. ( 2021 ) (specifically
ASTI 5, 1–13 (2026)
heir appendix A) detail the current along-scan astrometric precision
f Gaia , showing that it is photon-noise-dominated for systems
ith apparent magnitude mG � 14, and for brighter sources it is

pproximately constant, with σal ∼ 0 . 2 milliarcsec. 
More generally, we can define μ = σal /α. For Gaia , μ ∼ 1 / 200

or bright sources and decreases for mG � 14. We assume that this
atio is the same for across-scan measurements. 

The total relative offset, normalized by the precision, thus follows

¯ 2 = 	2 
al 

σ 2 + 	2 
ac 

σ 2 
= ( x1 − k)2 

μ2 γ 2 
. (32) 
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We denote the average over all φ3 as 〈 〉 such that 

 q〉 = 1 

2π

∫ 2π

0 
q d φ. (33) 

f φ was non-uniformly sampled, then 〈 q〉 could instead be reimag- 
ned as the weighted average over the distribution p( φ), though we
ssume uniformity for the rest of this section. 

We can define 

 ( k ) = 〈
	̄2 

〉
, (34) 

he average (normalized) deviance between the photocentre and the 
ffset position. 
The value of k that minimizes D will obey ∂ k D = 0 and hence we

an find 

 =
〈

1 

γ 2 

〉−1 〈
x1 

γ 2 

〉
(35) 

nd thus 

 = 1 

μ2 

[ 〈
x2 

1 

γ 2 

〉
−

〈
1 

γ 2 

〉−1 〈
x1 

γ 2 

〉2 
] 

. (36) 

We also note one quirk of Gaia , that for all but the brightest sources
nly the along-scan measurements are included in the astrometric fit. 
he equivalent best-fitting offset, k′ , thus corresponds to the minimal 
alue of 

′ ( k′ ) =
〈

	2 
al 

σ 2 
al 

〉
, (37) 

hich has the solution 

′ = 2
〈
x1 c

2 
φ

〉
(38) 

nd 

′ = 1 

μ2 α2 

(〈
x2 

1 c
2 
φ

〉 − 2
〈
x1 c

2 
φ

〉2 
)

. (39) 

ote that while these omit the across-scan measurements, the across- 
can error still appears in γ and thus affects x1 . 

.2 Observational expectations 

e can consider the relevance of this calculation to a fit performed
n a real observational data set, with associated noise. From a series
f observations, at a variety of times and scan-angles, it is possible
o estimate the position of a source, and also its motion. 

Assuming a single source (as the main Gaia source catalogue 
oes), this motion is a combination of proper motion and parallax. If
he scans are frequent and randomly oriented, we would not expect 
ny consistent behaviour that could mimic astrometric motion; thus, 
e only consider the position offset in detail in this paper. However,

f there is some aliasing or coherent time evolution of scan-angles 
nd times, then the varying positional offset may mimic motion, as
een in Holl et al. ( 2023 ). 

If there is excess unmodelled astrometric motion (e.g. from 

inarity), then there will be a poor astrometric fit. Because of the
biquity of binaries and higher multiples (accounting for around half 
f all systems; Raghavan et al. 2010 ), persistently poor fits can be
sed to identify probable multiple systems (see, e.g. Belokurov et al. 
020 ; Penoyre et al. 2020 ; Penoyre, Belokurov & Evans 2022b ). 
 For all quantities of interest in this section, the full behaviour is actually 
aptured by any individual quadrant, so we can reduce the cost of numerical 
ntegration by only averaging over 0 ≤ φ ≤ π/ 2. 

p
b
d

 

p  
It is common to quantify the goodness-of-fit with a measure such as
he reduced chi-squared, χ2 

r , the difference between the observations 
nd a model, normalized by observational error, which we expect to
e close to one for a well-fitting model. On top of the random noise,
e would expect our excess noise to inflate the error, leading to 

2 
r ∼ 1 + D. (40) 

The significance of the excess noise depends on the survey, 
rimarily through the number of observations. We can compare 
irectly with the renormalized unit weight error (RUWE) values 
ublished in Gaia Data Release 3 (DR3), which record the square
oot of the χ2 

r values of the astrometric fit. Using equation ( 40 ), we
an approximate the excess RUWE as 

UWE − 1 ∼ √ 

1 + D − 1 . (41) 

n Gaia DR3, a system can be distinguished as a significantly
ad fit (whether due to internal motion or other contaminants) if
he excess RUWE is � 0 . 25(Penoyre, Belokurov & Evans 2022a ;
astro-Ginard et al. 2024 ). 
We should note though that the D value for a given system and

nstrument is constant, whilst longer observation times can reduce 
he other sources of noise, making D more significant (as will be the
ase in future Gaia data releases; see, e.g. Guerriero et al. 2025 ). 

.2.1 Observable offset and error 

n Fig. 7 , we show the offset, k, and deviance, D, for a variety of
ystems of different r and l (always with β/α = 3). We can find x1 

qually well in the resolved and unresolved cases, though we note
hat in the partially resolved region (between the black lines) we
ould also expect to sometimes separately resolve the secondary 

and thus have extra evidence of its properties, and that the system is
 binary). 

We see that the position offset, k, is maximal for l = 1 and r = 2 α
which also corresponds to the maximum of x1 ; see Appendix A ).
t lower radii ( r � α), the offset is well approximated by x0 =

 l/ (1 + l )] r , a constant with no angular dependence, and hence D is
mall. Significant offsets are mostly associated with high light ratios, 
nd remain significant even at relatively small separations. 

We see the largest deviations from good astrometric fits, 
 

1 + D − 1, at high light ratios and in the partially resolved region.
he excess noise can be very large, well above the threshold of 0.25
ppropriate for current Gaia data. Even excluding the semi-resolved 
egion, excesses of up to 50 are possible. This is an upper limit, and
grees well with the maximum RUWE seen in sources separated by
round 1 arcsec (see fig. 5 of Belokurov et al. 2020 ). 

In contrast to the offset, the excess noise is significant only for
elatively large separations ( r � α) but down to relatively small light
atios ( � 10−2 ). 

This suggests three regimes of blended binaries affecting observed 
strometry: 

(i) offset and error, r � α, l � 0 . 1, where sources are significantly
ffset with high excess noise, which should make them easy to flag
s erroneous; 

(ii) offset, no error, r � α, l � 0 . 1, where sources are significantly
ffset but with negligible associated noise (as, in this regime, the
hotocentre offset is not scan-angle dependent), and would thus likely 
e considered single stars, though the measured positions would be 
isplaced from their true value; 
(iii) error, no offset, r � α, 0 . 1 � l � 0 . 01, where the observed

osition of these sources is essentially correct, but they still have large
RASTI 5, 1–13 (2026)
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rrors associated with the scan-angle dependence of the elongated
SF. 

Outside of these regimes, a static binary has little impact on the
easured astrometry. 

.2.2 Observational complications 

ystems in the ‘offset and error’ regime are the most amenable to
etection with other methods, more observations, or in later surveys.
he large light ratios make them easier to discern from single sources,
ither from elongated photometry or from two discernible profiles
n their spectra. Gaia includes flags, based on the image parameter
etermination (IPD) pipeline, that record deviations from expected
oint-source brightness profiles, which can be used to flag some
ources in this regime (see, e.g. appendix B of Penoyre et al. 2022b ).
he pipeline for Gaia DR4 will identify and fit secondary peaks
here possible, though the regime of interest here is at the edge
f, or below, the threshold of resolvability; thus, it will mitigate the
ffects mostly of the partially resolved systems. 

One caveat here is background noise, both instrumental error and
he integrated light from distant stars. In general, if the brightness
f the secondary drops below this background, the effect should be
iminished – if not entirely negated. 
Another concern for Gaia observations is that these large astro-
etric deviations may interfere with the assignment of individual
easurements to a given source. This is done by spatial clustering

ver a scale of typically 0.1 arcsec, or about 2.5 α (see, e.g. Fabricius
t al. 2016 ; Torra et al. 2021 ). The photocentre offset should never
e more than α, suggesting that the pipeline should be relatively
obust, but some semi-resolved systems are approaching the limiting
hreshold and thus we may expect occasional contamination/lost
easurements. This problem compounds in dense fields, where
ultiple sources may be blended in some measurements and recorded

eparately at other times. 

.2.3 Along-scan only measurements 

e also compute k′ and D′ , the equivalent measures when only along-
can measurements are used in the fit. k′ is always an underestimate,
s we are leaving out the extra contribution of the across-scan motion.
he difference is small for r < 2 α but by r = 4 α it is approximately
 factor of 2. Conversely, D′ is always a slight overestimate, due to
gnoring the across-scan noise β. This is true even at low r where
he inflation factor tends to constant ∼2–3 per cent. D′ /D is largest
t 3 < r/α < 5 and is smallest close to r = 2 α, l = 1. 

Depending on the use case, the degree of agreement between k and
′ , and between D and D′ , may be either heartening or troubling.
he measured offset is accurate for essentially all r � α binaries,
nd whilst the overestimate of the noise is persistent, it is small (of
he order of a few per cent). However, if the focus was on partially
esolved binaries ( r � α), we can see that we are losing significant
nformation when restricted to across-scan data only, especially about
he true offset (and hence the inferred separation and light ratio). 

 C O N C L U S I O N S  

n this paper, we have derived analytical expressions for the positions
f maximal brightness of blended sources, the conditions under
hich one or both sources would be resolvable, and the impact of

onsistently blended sources on repeated astrometric observations. 
In Section 2 , we began with an elongated Gaussian PSF, as is

ppropriate for surveys, such as the Gaia mission, with a rectangular
ASTI 5, 1–13 (2026)
ocusing mirror. We have shown that this more general case can
e reduced to a 1D problem, and thus converges with the circular
SF case when normalized by a scan-angle dependent effective
SF width, γ ( φ) (equation 16 ). Thus, any general case can be
xpressed in terms of ρ = r/γ , where r is the on-sky separation
f the sources. This introduces a further dependence on the relative
rientation of the sources and our instrument, and shows that when
his orientation changes over multiple measurements the variation in
bserved photocentre can provide extra information about the relative
eparation and light ratio of the sources. Such variations have indeed
een observed in Gaia already, as detailed in Holl et al. ( 2023 ). 

Having reduced the general case to a simpler 1D case, we then
ound, in Section 3 , the conditions for which their are two distinct
axima in the brightness profile (which is approximately equivalent

o the condition that the two sources can be distinctly observed).
e find an analytical form of the critical light ratio, lc (equation

8 ), below which a source of a given separation will only have a
ingle brightness maximum. This can be inverted numerically into a
imiting separation for a given light ratio, ρc ( l), below which the two
ources would be blended, the more directly useful case for objects
ith constant luminosity moving relative to each other on-sky. 
The positions of the primary and, where they exist, secondary
axima (which we associate with the positions that would be
easured by an instrument observing the system) can be found

umerically and we provide recipes for doing so in Section 3.1 . 
When two blended sources maintain a fixed orientation, analytical

xpressions for their position offset and induced error can be derived,
s in Section 4 . This is a particular case of interest for long-period
and hence effectively stationary) binaries observed at various times
nd scan-angles. If the separation is small, the blending of the sources
orresponds to a simple shift in the inferred position. As we approach
arge separations ( ρ � 1) the asymmetry of the effective width γ
ntroduces extra angular dependence, which cannot be captured by a
imple offset and leads to excess noise on astrometric fits. Depending
n the pattern of scan-angles with time, this noise may translate
nto a bias in proper motion or parallax (for further discussion,
ee El-Badry et al. 2024 ). Blends between unrelated background
nd foreground stars will show the same behaviour, provided that
heir astrometric motion (parallax and proper motion) is similar or
egligible. 
We show that pairs that are close to being resolved cause a

ersistent and potentially large inflation to the inferred error on an
strometric fit, even at small light ratios, which would likely make
hem otherwise undetectable. This can increase the reduced chi-
quared of such a fit by enough to flag them as a bad single-body
strometric fit, and thus infer that they are likely a binary/blend. 

Thus, a population of long-period semi-resolved binaries also
ontributes to the known population of binaries with significant
nternal astrometric motion (periods of the order of the time-span
f the observations, of the order of years for Gaia ; Penoyre et al.
022a ). With epoch astrometry data (as will be available in the next
aia data release), these two cases can be differentiated, but currently

hey cannot easily be separated, even though they represent markedly
ifferent types of binary. 
Fitting astrometry only to the 1D along-scan positions (as Gaia

oes for dimmer sources) inflates the noise contribution by a few
er cent for almost all systems, with the largest effect for partially
esolved pairs. 

In Appendix A , we find the conditions that maximize the photo-
entre offset of the primary peak; that is, those that give the largest
eviation between the measured position of the blended source and
he true location of the primary. 
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Finally, in Appendix B , we extend the zeroth-order solution for
he position of the photocentre, x0 , to the next-order terms of order
2 . We find the positional offset and associated excess noise in 

his regime, showing that the noise contribution of fixed orientation 
lended sources can be maximized (or minimized) depending on the 
egree of elongation of the PSF. 
The assumption of a smooth Gaussian PSF, which makes much 

f what is discussed here analytically tractable, is obviously a major 
implification. Real PSFs vary between sources and can change over 
ime with degradation and repairs to the instrument. A real PSF can
ontain secondary maxima, asymmetries, and extra components not 
asily predicted from the instrument design. The image is projected 
n to a finite number of CCDs, resulting in pixelated images. A
eformed PSF will likely still obey most of the relations presented 
ere, but with a slight (potentially scan-angle dependent) rescaling 
ompared with the Gaussian case. Secondary maxima are a more 
ignificant challenge, as these can mimic a second source, or overlap 
ith one, and they require detailed PSF modelling. 
For sources moving relative to each other, it is often possible

o predict, from photometric or astrometric time series, when they 
ill be blended. Even simple recipes, such as could be made from

his analysis, to account for this blending can significantly improve 
he accuracy of the inferred brightness and motion of the brighter 
ource, and recover information about the dimmer source that would 
therwise be lost in the blend. 
Sources that remain close over the full time-span of observations 

re more difficult to unpick, although, as we have shown, they may
e detectable through excess noise and other deviations from ideal 
strometry. 

Blended sources are both a ubiquitous nuisance signal for observ- 
ng single objects, and a common prospect for observing binaries 
or higher multiples). They distort the apparent motion and cause 
hanges in the inferred brightness and characteristics of a source. 
owever, if one or both sources is well characterized, the blending 

an provide new insight on the presence of unresolved or under- 
esolved objects. Thus, this fuller depiction of the properties and 
ehaviours of blended point sources may be of relevance and utility 
or any stellar survey, and for better separating physical behaviours 
rom quirks of the projection along which we view them. 

C K N OW L E D G E M E N T S  

e would like to thank Berry Holl and Anthony Brown for the
iscussions and input that led to this piece of work. We would also
ike to thank Emily Sandford, Michael Davidson, Hugh Osborn, and 
he anonymous reviewer for comments and improvements to the 
aper. ZP acknowledges support from European Research Council 
ERC) grant number: 101002511/project acronym: VEGA P. 

ONFLICTS  O F  INTEREST  

he authors declare no conflict of interest. 

ATA  AVA ILA BILITY  

he data underlying this article will be shared on reasonable request 
o the corresponding author. 

EFER ENCES  

iry G. B. , 1835, Transactions of the Cambridge Philosophical Society, 5,
283 

elokurov V. et al., 2020, MNRAS , 496, 1922 
rent R. , 1973, Algorithms for Minimization without Derivatives. Prentice- 
Hall, Upper Saddle River, NJ 

astro-Ginard A. et al., 2024, A&A , 688, A1 
l-Badry K. , 2024, New Astron. Rev. , 98, 101694 
l-Badry K. , Lam C., Holl B., Halbwachs J.-L., Rix H.-W., Mazeh T., Shahaf

S., 2024, The Open J. Astrophys. , 7, 100 
abricius C. et al., 2016, A&A , 595, A3 
aia Collaboration , 2016, A&A , 595, A1 
aia Collaboration , 2023, A&A , 674, A1 
uerriero F. , Penoyre Z., Brown A. G. A., 2025, preprint ( arXiv:2511.02476 )
arris W. E. , 1991, ARA&A , 29, 543 
arrison D. L. , van Leeuwen F., Osborne P. J., Burgess P. W., De Angeli F.,

Evans D. W., 2023, A&A , 679, A158 
oll B. et al., 2023, A&A , 674, A25 
indegren L. , 2022, Expected astrometric properties of binaries in (E)DR3.

Technical note, Lund Observatory, available at: https://dms.cosmos.esa.i 
nt/COSMOS/doc fetch.php?id=1566327 

indegren L. et al., 2021, A&A , 649, A2 
enoyre Z. , Belokurov V., Wyn Evans N., Everall A., Koposov S. E., 2020,

MNRAS , 495, 321 
enoyre Z. , Belokurov V., Evans N. W., 2022a, MNRAS , 513, 2437 
enoyre Z. , Belokurov V., Evans N. W., 2022b, MNRAS , 513, 5270 
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PPENDI X  A :  M A X I M A L  P H OTO C E N T R E  

FFSETS  

n this appendix, we are interested in which ρ [ = r/γ ( φ)] and l 
ive the largest photocentre offsets (i.e. which blended sources will 
ppear most displaced). 

We assume only one maximum is present – i.e. l < lc ( ρ) (equation
8 ) – and thus a single solution, xm 

= x1 , for equation ( 13 ). We want
o maximize xm 

, or equivalently χm 

( = xm 

/γ ), which satisfies 

m 

= lρ

l + λm 

, (A1) 

here 

m 

= exp 

[
ρ( ρ − 2 χm 

) 

2 

]
(A2) 

We have already shown that the separation, x1 , has a maximum
alue → x0 as ρ → 0 (Fig. 3 ). Here we derive the maximum absolute
eparation. 

Differentiating equation ( A1 ), we have 

 ρχm 

= l 

( l + λm 

)2 

(
l + λm 

− ρ ∂ ρλm 

)
(A3) 

nd 

 l χm 

= ρ

( l + λm 

)2 
( λm 

− l ∂ l λm 

) . (A4) 

Differentiating equation ( A2 ), we have 

 ρλm 

=
(

ρλm 

l + λm 

− ρ ∂ ρχm 

)
λm 

(A5) 

nd 

 l λm 

= −ρλm 

∂ l χm 

. (A6) 
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R

Figure A1. Solid line: maximum possible displacement of the primary peak, 
χmax = xmax /γ , as a function of l. Dashed line: the overestimated value that 
would be derived from assuming χ = ρl/ (1 + l). Dotted line: the limiting 
value at low l of l e−(1 / 2) . 
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Putting these together and rearranging, we find 

 ρχm 

= l 

l + λm 

( l + λm 

)2 − λ2 
m 

ρ2 

( l + λm 

)2 − lλm 

ρ2 
(A7) 

nd 

 l χm 

= λm 

ρ

( l + λm 

)2 − lλm 

ρ2 
. (A8) 

The common denominator of equations ( A7 ) and ( A8 ) is always
ositive. Thus, xm 

is maximized for l = 1 (as ∂ l χm 

> 0 always). 
Let us denote the maximal xm 

for a given l as xmax ( l) (with
orresponding χmax , λmax , and ρmax ). Setting ∂ ρχ0 |xmax = 0, we find 

max = l 

ρmax − 1 
(A9) 

discarding a negative root) and putting this into equation ( A1 ) we
nd 

max = ρmax − 1 = l 

λmax 
. (A10) 

Equation ( A9 ) can be combined with equation ( A2 ) and solved
umerically. In the limit of small l, ρmax → 1 + l e−(1 / 2) , and thus
max → l e−(1 / 2) . 
We can solve this to find xmax ( l) as shown in Fig. A1 (in natural

nits of γ ). As expected, it is maximal for l = 1, where χmax = 1.
he solution drops off faster than the idealized overestimation of
0 = ρl/ (1 + l) and quickly tends to the limiting value of l e−(1 / 2) ,
ecoming visually indistinguishable for l � 1 / 3. 

PPENDIX  B:  APPROX IMATE  F O R M  F O R  LOW  

s ρ = r/γ → 0, λ → 1 and the single zeroth-order approximate
olution to equation ( 13 ) is xm 

≈ x0 = (lr ) / (1 + l ). In this ap-
endix, we wish to find the next term in an expansion for low ρ. 
We start with the form 

m 

= rl 

λm 

+ l 
= r 

2 

(
1 − 2 ln λm 

ρ2 

)
, (B1) 

here the latter equality comes from rearranging equation ( 22 ). 
Assuming ρ < 2 (which we see later must be the case for this

ow-order expansion to be accurate), there is only maximum, near
ASTI 5, 1–13 (2026)
he primary source at xm 

= x1 ≤ r/ 2 and thus λm 

≥ 1. We make the
ssumption that λm 

− 1 � 1 and hence define 

ln λm 

= ε � 1 . (B2) 

imilarly, expanding λm 

= eε = 1 + ε + O( ε2 ) and substituting
oth into equation ( B1 ), we find 

 − 2 ε

ρ2 
= 2 l 

l + 1 + ε + O( ε2 ) 
= 2 l 

1 + l 

[
1 − ε

1 + l 
+ O( ε2 )

]
(B3) 

nd rearranging we find 

+ O( ε2 ) = ρ2 

2 

1 − l 

1 + l 

[
1 − lρ2 

(1 + l)2 

]−1 

. (B4) 

rom this, we can see that the requirement that ε � 1 is equivalent
o ρ2 � 1 and thus we can further simplify to 

= ρ2 

2 

1 − l 

1 + l 

[
1 + lρ2 

(1 + l)2 

]
+ O( ρ4 ) . (B5) 

ubstituting this into the second equality of equation ( B1 ), we obtain 

m 

= lr 

1 + l 

[
1 − l 

(1 + l)2 
ρ2 

]
+ O( ρ4 ) , (B6) 

hich can be written in terms of x0 as 

m 

≈ x0 

(
1 − x2 

0 

lγ 2 

)
(B7) 

note that as l → 0, x0 → l and hence the right-hand term → 0). 
We learn two significant things from this: that the next-order

orrection to x = x0 is O( ρ2 ), and that this is the lowest order
t which γ , the orientation-dependent effective width, affects the
olution. 

.1. Offset and error 

e can repeat the analysis of Section 4 to find the observed positional
ffset and associated error for this second-order solution. Equations
 35 ) and ( 36 ) can now be written as 

 = x0 − x3 
0 

l 

〈
γ −4 

〉〈
γ −2 

〉 + O( ρ4 ) (B8) 

nd 

 = x6 
0 

l2 

( 〈
γ −6 

〉 −
〈
γ −4 

〉2 〈
γ −2 

〉
) 

+ O( ρ8 ) (B9) 

where we note that the latter equation remains true when we include
he terms of order ρ4 in xm 

). 
Written in terms of α and η = α2 /β2 ( ≤ 1), we find 

〈
γ −2 

〉 = 1 

2 α2 
(1 + η) , (B10) 

〈
γ −4 

〉 = 1 

8 α4 
(3 + 2 η + 3 η2 ) , (B11) 

nd 〈
γ −6 

〉 = 1 

16 α6 
(5 + 3 η + 3 η2 + 5 η3 ) . (B12) 

Thus, in terms of α and η

 = x0 − x3 
0 

4 lα2 

3 + 2 η + 3 η2 

1 + η
+ O( ρ4 ) (B13) 
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nd 

 = x6 
0 

32 l2 α6 

1 + 4 η − 10 η2 + 4 η3 + η4 

1 + η
+ O( ρ8 ) . (B14) 

For a circular PSF, η = 1, k goes to its minimum value of xm 

(as
iven by equation B7 ) and D = 0, as here the image has no angular
ependence. Reducing η, starting from a value of 1, k and D in-
rease, with both reaching their limiting value at η = (2 /

√ 

3 ) − 1 ≈
 . 1547 where D ≈ 0 . 03775(x6 

0 /l
2 α6 ). The existence of η, which

aximizes D, suggests the possibility of an optimal instrument 

The Author(s) 2026.
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esign for detecting the presence of subresolution binaries in images 
or, alternatively, a worst-case design if one wanted to avoid the ex-
ess noise that such sources cause). As one final interesting serendip-
ty, the Gaia mission design, with η ≈ 1 / 3 gives almost identical k 
nd D as the η = 0 case (though this ceases to be true outside of the
� 1 case). 
RASTI 5, 1–13 (2026)
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