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ABSTRACT

In this paper, we derive analytical expressions and numerical recipes for finding the effective observed position of sources close
enough on-sky that their point spread functions (PSFs), modelled as Gaussian profiles, overlap. In particular, we derive these for an
elongated PSF, with a long and short axis, such as we would see from an instrument with a rectangular or elliptical mirror (relevant,
for example, for the Gaia mission). We show that in this case the problem can be reduced to a one-dimensional brightness profile
with extrema along the line connecting the two sources, with an effective PSF width that depends on the relative orientation of the
PSF and its degree of elongation. The problem can then be expressed in units of this effective width to be a function of the relative
separation and light ratio alone (thus reducing to a rescaling of the un-elongated case). We derive the minimum light ratio, for a
given separation and effective width, above which two sources will be resolved. We map out numerical procedures for finding the
positions of these extrema across all possible cases. Finally, we derive the positional offset and deviance associated with observing

a fixed pair of blended sources from a variety of orientations, showing that this can be a significant source of excess noise.
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1 INTRODUCTION

Fundamental physical limits on the diffraction of light cause any
point-like source of light observed via a lens (or curved mirror) to
produce an image of finite width. This finite point spread function
(PSF) has a characteristic angular width 6 ~ X/d, where X is the
wavelength of the light and d is the diameter of the lens/mirror.

Thus, when we observe a distant physical object of size R at
distance D (3> R), we can resolve it only when R/D 2 6; otherwise
it is unresolved and we see all the incident light spread over the PSF
of width 6.

The vast majority of visible stars (whether observed by eye or
modern telescopes) fall well below this resolvable limit. A second
star may reside close enough on-sky to the first (at a separation
r < DO) that the two cannot be separately resolved and an image of
the pair appears to be a single PSF with the blended properties of the
two sources, visually indistinguishable from a single source.

This applies to pairs of sources that are truly close in physical
space (e.g. perhaps a gravitationally bound binary system) or that are
at very different distances from the observer and each other but appear
close in projection. It is also eminently possible for more than two
sources to be blended — for example, whole clusters of stars appear
as a bright point source in extragalactic observations (Harris 1991).
In fact, we may expect many blended sources to be contributing to
an observed image (e.g. planets and asteroids around a star, or many
more distant background stars); although if these systems contribute
a negligible fraction of the observed light, their influence is small.

Any inference we might make about an observed source is altered
by the knowledge that they are in fact multiple sources blended.

* E-mail: zephyrpenoyre @ gmail.com
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For example, we might hope to translate a measurement of a star’s
brightness and distance into an estimate of mass, but this often
assumes a single star, or relies on knowing the fractional contribution
of each source to the blended image.

Binary stars (and higher multiples) are ubiquitous in most astro-
physical environments. Only very wide systems, or those very close
to the observer, are resolvable; however, multiplicity affects many
facets of their behaviour and evolution. To some, they are objects
of interest in their own right; to others, a nuisance to be removed
or compensated for when making observations. Only a subset can
be identified, and only a subset of those can have their properties
measured. The number of known multiples is rapidly increasing, both
by resolving wide systems (e.g. Tokovinin 2024) or, for unresolved
systems, by identifying variable or excess motion (spectroscopically
or astrometrically; see El-Badry 2024 for a recent review) or light
(e.g. Pr§a & Zwitter 2005; Wallace 2024).

The Gaia survey has been crucial to the improvement in our
capacity to detect stellar multiples, as well as greatly expanding our
knowledge of the position and motion of stars in the Milky Way (Gaia
Collaboration 2016, 2023). It is, at least in part, an astrometric survey
— scanning repeatedly over the sky and making many measurements
of the positions of sources, from which their motion can be inferred
(Lindegren et al. 2021). In Penoyre et al. (2020), we mapped out how
the orbits of unresolved binaries contribute to this motion, due to the
offset between their photocentre (or centre of light) and their centre
of mass. In appendix A of that paper, we derived the simple first-
order photocentre offset distance, without including an important
nuance to Gaia’s functionality: the fact that its mirror is rectangular,
measuring 1.45 x 0.5 m? (Gaia Collaboration 2016), and hence its
subsequent PSF is extended along the direction corresponding to the
short axis of the mirror.

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium,

provided the original work is properly cited.

920z 1y 10 U0 1s9nB Aq 0¥ 1S #8/29058ZI/NSel/E601 0 L/I0p/l0IE/MSEl/WOo0"dno-ojwapese//:sdny woly papeojumoq


http://orcid.org/0000-0003-0244-4919
mailto:zephyrpenoyre@gmail.com
http://creativecommons.org/licenses/by/4.0/),which

2 Z. Penoyre

In this paper, we update this calculation, identifying when this
nuance significantly alters observations of a system. In Section 2 we
find the brightness profile of an unresolved system given an elongated
PSF. In Section 3 we go on to find analytically the conditions for
such a brightness profile to be resolvable as two sources, and the
position of the peak (or peaks). This applies equally to any close
pair of sources on-sky (regardless of whether they are gravitationally
bound) and thus it is as appropriate for modelling blending with
background sources as it is for unresolved multiple systems. Finally,
in Section 4 we focus on the case of a pair of sources in a fixed relative
configuration measured over a range of observing angles, appropriate
for long-period binaries, distant sources, or chance pairs that move
in the same fashion. We find the positional offset and excess noise
that would be inferred when fitting these as a single source.

2 BRIGHTNESS PROFILES

Throughout this paper, we work with Gaussian PSFs. These are
vastly simplified from real diffraction patterns. Idealized forms of
elongated PSFs include convolutions of two sinc? functions for a
rectangular aperture, or an elongated form of the well-known Airy
disc for an elliptical aperture (Airy 1835; Raman 1919).

Idealized PSFs are defined in terms of a single wavelength, but
detectors are sensitive to a range of wavelengths (which may be
quite broad, 330-1000 nm in Gaia for example). The image of such a
source will be the convolution of each PSF with the source’s apparent
brightness at that wavelength.

Idealized diffraction patterns generally have secondary (and
higher) maxima of lower amplitude. Though these may be smoothed
out by convolving over the wavelength, or the physical limitations of
the instrument, this still leads to a small but not insignificant amount
of brightness at large separations from the centre of the image.

True PSFs will be further altered by any non-ideal aberrations
to the mirror, optical path, or detector. For example, in their fig.
7, Fabricius et al. (2016) show a typical Gaia PSF, which as ex-
pected resembles a smoothed sinc? function, but displays significant
asymmetry and strong diagonal spikes. Real observations are then
further altered by pixelation, losing more information as the incident
flux is binned over a finite number of pixels. Very bright sources can
oversaturate these pixels, spilling charge and thus apparent brightness
into neighbouring pixels, and further deforming the PSFE.

In contrast, a Gaussian profile has a single central maximum,
and diminishing brightness at large separations. It is thus generally
an imperfect proxy for a true PSF. It is, however, a reasonable
approximation for the central core of the PSF, which, as we show,
dominates our resolvability criteria. It also has many mathematical
conveniences, including the fact that any slice of an elongated two-
dimensional (2D) Gaussian profile is itself a Gaussian profile.

2.1 Imaging close sources

Let us start by imagining two sources separated by an on-sky distance,
' As we are imagining systems where r is relatively small, they may
be close in physical space (e.g. a binary) or far apart and simply close
in projection on-sky (e.g. blended background and foreground stars).

! As this paper focuses only on observed systems on-sky we use x, y, and r
as on-sky distances (measured as an angle). For a true instantaneous physical
distance R and a separation aligned at angle 6 from the line of sight, r =
@ (R /au) sin(#), and the unit of r is the same as that used for parallax @ .
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‘We imagine that both sources are observed in a single image with
an instrument that has an elongated Gaussian PSF of width « in the
short direction and 8 (> «) in the long direction.

For derivations in this paper, we work entirely in units of «
and B (and hence we do not need numerical values specific to a
given instrument). However, as Gaia is the most currently relevant
point of comparison, we note that its full width at half-maximum is
approximately 0.1 arcsec (Fabricius et al. 2016) in the along-scan
direction, and hence o ~ 0.04 arcsec. Given that the ratio of side
lengths of the mirror is 1.45:0.5, we expect 8 ~ 3.

Ifr > «, B, then we expect the two sources to be clearly resolved;
but the case of interest to us is where r is sufficiently small that the
two PSFs overlap significantly. For a system of fixed physical size
and an instrument of fixed PSF width, this is equivalent to observing
from a large enough distance (small enough parallax, @).

In the unresolved limit (r < «, B), the image will appear to be
approximately that of a single source. As r increases, it will start
to noticeably deform, and around r ~ «, § (a transition we quantify
more carefully later in the paper) the two peaks will be on the edge
of being resolvable separately; we call this regime ‘semi-resolved’.

We are interested in the small offset of the inferred position of the
pair in the unresolved limit, how this behaves as we approach the
semi-resolved regime, and at what point resolving the two sources
separately becomes possible.

To approach this algebraically, we make two strong assumptions
about what measurements we would infer for such a system, based
on the brightness profile of the image convolved with the PSF. These
assumptions are that:

(1) an unresolved pair will be measured to have a position corre-
sponding to the maximum brightness;

(ii) a pair of sources is resolved when there is a minimum in
the one-dimensional (1D) brightness profile (or saddle-point in 2D)
between the two sources, and correspondingly two distinct maxima.

Real observations may use a more complex PSF fitting technique
(e.g. Rowell et al. 2021; Harrison et al. 2023), but the above
assumptions provide a reasonable approximation that is well defined
mathematically.

We can label the two sources A and B, and can define a light ratio
between the two,
1= (1)

Fa
where F; is the flux observed from source /. We take [ < 1 always,
such that the primary, A, is the object that we are more able to see.

We can work in coordinates x, y (which we take to be on-sky
angles), aligned with the separation of the two sources and centred
on A, such that ry = (xa, ya) = (0,0) and rg = (r, 0).

Let us take the alignment of our instrument (and hence the
orientation of the PSF) to be at a scan-angle, ¢, relative to the vector
from A to B.

The observed brightness profile of one source, at a position Ar =
(Ax, Ay) from its centre is thus

A Av)?
E(Ax. Ay) = exp [_w}

202
(—spAx + cpAy)?
2p2 '
using the shorthand s, = sin(x) and similarly for cos. The first term

is the result of projection of the offset position along the short axis,
and the second is due to the projection along the long axis.

X exp {— @)
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Figure 1. A grid of example images — as given by b(x, y) (equation 3) — of two sources with light ratio / = 0.5 observed at different separations r (rows) and
angles ¢ (columns) by an instrument with an elongated PSF with relative width 8 = 3. We work in coordinates x, y, and on-sky distances are in units of «, with
the primary at the origin and the secondary on the line y = 0. The two white circles show the positions of the two point sources. Red + symbols denote maxima
of the brightness profile, and where present orange x symbols denote a saddle-point (in which case, there are two maxima). The red—orange—yellow contour
lines show 10 contours of equal brightness evenly spaced between the maximum value and 0. Straight lines show the along- and across-scan positions of the
primary (black), primary maximum (red), and where present the saddle-point (dashed orange) and secondary maximum (dashed red). Unresolved systems (no
orange x or line) occur at low separation, but also at larger separations if the PSF is oriented such that the long axis is close to parallel with the line separating

the pair.

Then, the combined brightness of the pair (up to an arbitrary
rescaling) is

blx,y) = E(x,y)+IE(x —r,y). 3

2.2 Maxima and minimum

Any extrema in b(x, y) occur at a position r, = (X, ym) such that
0.b|, = 0,b],, =0.

Returning to the single source profile (equation ), it can clearly
be seen that it peaks at Ax = Ay = 0. Thus, if the two sources are
well separated (r > «, B, such that at the location of one source, the
contribution of the other is negligible) there will be two maxima. In
contrast, if they are very close (r < «, §, such that both contribute
significantly to the brightness at or near their individual peaks) we
will have one single maximum somewhere between the two.

A series of example images is shown in Fig. 1, which show
both unresolved and resolved systems depending on separation and
scan-angle. Crucially, a system with constant » can be resolved or
unresolved depending on ¢, specifically if the long axis of the PSF
is close to aligned with the direction of separation.

To find the derivatives of b, we can first find

Ax Ay
0, E(Ax, Ay)=— ( =5 + =7 ) E(Ax, Ay) @
y v

and
A A
9,E(Ax, Ay) = — <—f + —f) E(Ax, Ay), s)
v w
where
1 cé sé
F = E + E, (6)
1 sg, C<21>
pe) = o2 + E, @)
and
1 1 1

A useful way to understand y and w is to note that they are
the width of the ellipsoid projected along the x-axis and y-axis,

respectively.
With these, we can find
l X y I r
0,b = —E(x, I+— | |{=+5)——— 9
“ y)K +A) (V2+V2) Ayz} ©
and
l X y L r
0, =—EGr.y) |1+ (EJFE) it (10)

RASTI 5, 1-13 (2026)
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where

AGey) = ) (an
Ex—r,y)
is the ratio of the PSF brightnesses, ignoring the relative flux, at some
position x, y.
As E(x,y) > 0 always, the condition 9,6 = 0 is simply that the
term in square brackets is O (and equivalently for 0,b = 0). These
conditions are satisfied when

Ym =0 (12)
and
Ir (13)
Xm = —>»
Am +1

where A, = A(xp, 0).

It is perhaps unsurprising that y, = 0 (i.e. that the extrema
necessarily lie on the line between the two sources) as both PSFs
clearly decline for |Ay| > 0. From now on, we only consider directly
points on the line y = 0 and thus define the slightly simplified

2
bo(x) = b(x, 0) = exp <_2x72) (1 n %) (14)
and
Ax) = A(x, 0) = exp {’(’2;)/22’6)} . (15)

We can see that now the effective width term that sets the behaviour
of the source is the orientation-dependent y. We can rewrite this in
the more direct form

y(@) = ‘ :
V1@ /) 1153

This takes values o« < y < B, with y = « in the aligned (¢ = 0 or
) case and y = f in the perpendicular (¢ = £(71/2)) case.

We visualize b,, the much simpler 1D brightness profile, in
Fig. 2. Here we work in units of y, which allows us to remove the
dependence of angle ¢ from the profiles (though it is still important in
setting the overall scale, and thus observed separations). Starting with
the top panel, varying / for fixed p = r/y, we see that a minimum
(corresponding to a saddle-point in the 2D image, and thus a resolved
system) can exist for larger /, effectively disappearing at the moment
the minimum and secondary maximum meet. In the second panel,
varying p at fixed /, we again see unresolved systems at smaller
separations. Also, we can see more clearly now that the largest
photocentre offset in unresolved pairs occurs at intermediate (small)
p, here at p ~ 1, and reduces at larger p even before the system
becomes resolvable. In Appendix A, we extend these calculations to
find the conditions that give the maximum possible offsets. Equations
(14) and (15) are the equivalent of equation (64) in Lindegren
(2022). However, their calculation only includes the along-scan PSF
width, o (u in their notation), implicitly assuming 8 > « (and hence
vy — a/lcgl). This significantly overestimates the effective width as
lcgl = 0.

16)

2.2.1 Approximate forms

As Ap, is a function of x,,, equation (13) cannot be solved analytically.
However, we can see that as A,, = 00, x,, — 0 (i.e. a peak at the
primary) and as A, — 0, x,, — r (i.e. a peak at the secondary).
These solutions only exist if A can take such extreme values in the
range 0 < xp,, < 7.

RASTI §, 1-13 (2026)
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Figure 2. One-dimensional brightness profiles of two sources along their
connecting line, y = 0 and thus b(x, y) = b(x, 0) = b,(x) (equation 14). We
work in units of the effective width, y(¢) (see equation 16), p = r/y, and
X = x/y, and thus are able to remove any ¢ dependence from the functional
form. The top panel shows sources of fixed p = 3 and varying / and the bottom
panel shows sources of fixed / = 0.5 and varying p. The black dashed line
shows the profile of the primary (always fixed), coloured dotted lines show
the profile of the secondary, and solid coloured lines the total brightness.
Maxima are denoted by full circles and minimum (where present) by an open
circle. Black vertical lines show the position of the primary, and in the top
panel also the (fixed) position of the secondary.

Asr/y — 0,1 — 1 and

Ir
1+
where xo is the much simplified zeroth-order equation for the
photocentre reported in Penoyre et al. (2020).

It is only in the marginally unresolved (r < y) case where A,
approaches order unity and x;, is significantly affected by y. In
Appendix B, we derive the correction accurate up to fourth order
(equation B7):

x2 r4
Xm = Xo (1_1702>+O(7)' (18)

3 RESOLVABILITY OF SOURCES

Xm —> Xo =

A7)

Now we work in relative separations

r X
P = — and X = (19)
4 4

which allows us to express all relevant expressions independently
of y(¢). The on-sky positions of any point of interest do scale
with y, but this needs only to be reintroduced at the end of the
calculation. Similarly, there is a nuance introduced in that pairs with
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afixed p do not have a fixed or independent separation or orientation.
Nevertheless, it is very convenient that all the form of a brightness
profile can be parametrized (and solved) in terms of p and / only.

We can return to equation (13) but now express it in a way more
amenable to numerical solution. We can define

(oo = 5 — 2= (20)
gxlp, D= x— I
where
-2
Ax1p) = exp [M] : 1)

Extrema in the brightness profile occur at zeros of g. These
expressions can immediately (but not trivially) be solved numerically
for g = 0, but instead we explore the space of possible solutions
analytically first, to give more insight into the behaviour.

If x is large and positive, A — 0 and g — x and thus g is positive.
Large negative x gives A — oo and again g — x and thus g is neg-
ative. Thus, we can see that there is always at least one real solution,
but depending on / and p there may be up to three real solutions.

A single real solution corresponds to a single maximum, whilst
three real solutions corresponds to two maxima with a minimum
between them (a saddle-point in the 2D image). The limiting case,
when there are two real solutions, corresponds to a repeated larger
root and marks the transition from an unresolved pair (one maximum)
to a resolvable pair (two maxima).

We can rearrange the previous expressions to write

p  Ini
X=§_7- (22)
and

p [ A—1 2Ini
g=5<m—7 . (23)

This form is particularly useful if we consider the sign of InA
(remembering A > 0 for all x), which is positive for x < p/2, 0
at p/2, and negative for larger x.

For InX > 0 (x < p/2), it is always possible to find A </ such
that g = 0; this corresponds to the ever-present maximum near the
primary. For InA < 0, in equation (23) the term on the right-hand
side within the parentheses is positive, and for any root the term on
the left-hand side must be negative (i.e. more solutions may exist for
0 < A < [). For any given A, the term on the left-hand side is larger
(negative) for larger /, and the term on the right-hand side is smaller
(positive) for larger p. Thus, as we have already seen (see Fig. 3),
multiple real solutions only occur at larger / and p.

A necessary but not sufficient criterion for multiple maxima is that
g has a turning point; that is, 9,g < 0 for some x (or equivalently
058 = 0 for some 1). Using 0,1 = —pA, we can find

In )
-l
+21)
which tends to 1 for large |x|.
Defining the critical point at which this zero of the derivative exists

as x. such that 9, g|,. = 0, we can find, in terms of the corresponding
Lo = A(xc), the quadratic solution

I R A
eif2 (- 2]

The larger x. (smaller .) solution is always the minimum of g and
thus we discard the positive root. Real solutions only exist for p > 2;
that is, double-peaked brightness profiles can only occur for » > 2y

d,g=1 24)
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Figure 3. Here we show, as a function of p, the relative location of the
primary maxima (solid line) and where present the secondary maximum
(dashed line) and the minimum (dotted line), for various /. The dashed
vertical lines show the critical p.(I) above which a minimum exists. The
wide translucent horizontal lines show x;, = x¢, the asymptotic solution for
the position of the primary maximum when p < 1.

(though again this is a necessary and not sufficient criterion; whether
a minimum is visible for a given p > 2 depends on /).

For any p > 2, there is a critical minimum /.(p) — or equivalently
a pc(1) for any / — below which double-peaked profiles cannot occur.
This occurs when g(A.) = O (i.e. the turning point in g occurs at the
root).

Two trivial cases exist:

(i) when p =2, A, = [, which satisfies g(A.) =0 when [ =1,
thatis, [.(2) = 1, showing that the closest pair which can be resolved
consists of two equally bright sources;

(i) as p = 00, Ae = [/p? < I and thus

p 21In(l/p?)
g0 — 5 [—1— 2d/eD],
2 P
which equals 0 for I.(p — 00) — p?e~**/2), showing that at very
large distances the secondary must be much dimmer to be unresolved
(less bright than the PSF wings of the primary).

For any [ > I.(p), or p > pc(l), there exists a minimum of the
brightness profile between x = p/2and p/2 < x. < 1 (whichcanbe
found by substituting equation 25 into equation 22) and a secondary
maximum between x. < x < p.

We can summarise all this using the shorthand

p? 4
/c(p)z7 1— 1—? , (26)

such that A, = [(x — 1), where k takes values between 2 at p = 2
and k —> 1+ (l/pz) as p — oo (thus 1 < k < 2). The brightness
profile is double-peaked if and only if p > 2 (such that « has real
values) and

<0. (27)

gc:g(kzlc)zg{'(_z_21n[l(;(_1)]}

K p?
This can be rearranged to find explicitly the minimum light ratio,
which will give a double-peaked profile for a given p:

1 o (k=2
K_lexp{?< » )} (28)

RASTI S, 1-13 (2026)
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Using «, we can also write a shorthand form for x. of

_P _ In[l(k — 1)]
xc—z{l e } 29)

where we note that the value of the logarithm is always < 0 and thus
Xc > p/2 as expected.

Note that /.(p) cannot be easily inverted to find p.(/), which is a
shame as this is perhaps the more useful form (imagine two sources
of fixed brightness moving relative to each other), but the inversion
can be done numerically.

3.1 Numerical solutions

For a given system with known / and p, we can immediately calculate
l.(p) (equation 28) and x.(p, /) (equation 29).

We seek the solution(s), x,, of equation (13). This can be expressed
as the root(s) of g(xm) = 0, which can be reliably found by any
root-solver that operates over a range a < x < b such that g(a) and
g(b) have opposite signs and there is a single root in this range; for
example, the van Wijngaarden—Deker—Brent method (Brent 1973)
implemented as brentqin scipy.optimize.

In all cases, there exists a first root near the primary, at on-sky
position x;, with 0 < x < p/2; note that g(0) < 0 (with equality
when [/ = 0) and g(p/2) > 0 (with equality when / = 1) always.

If I > 1.(p), then there exist two more roots: an interstitial
minimum, at X, and a maximum near the secondary source, at x,. In
this case, g(x.) < 0and the minimum lies in therange p/2 < x < xc
(with equality when / = 1). Note that g(p) > 0 always and thus,
when it exists, the secondary maximum can be found in the range
Xe < X < p.

In the case [ = I.(p), both the minimum and secondary maximum
coincide at a stationary inflection point at . (and hence we do not
need to resort to numerical root finding).

The other problem case occurs when / = 1 (and, to some extent,
[ = 0, but this is a trivial case). In this case, g(p/2) = 0 and some root
finders will fail; also, the minimum (if it exists, p > 2) is trivially at
X = p/2, and the other two roots can be found by taking the limits of
the range tobe (p/2) & € (where € < p is some minuscule increment
to avoid the 0 point). If there is no minimum (/ < [.), the maximum
is situated at x = p/2. If I =1 =, (which implicitly means that
p = 2), then all three turning points coincide at x = p/2, effectively
giving a single maximum at that point.

The on-sky position, x,,, of any extrema can be found from the
numerical solution x,, by multiplying back through by the effective
width y.

The numerically derived position of each root is shown for a variety
of [ and p in Fig. 4. For small separations (p < 1), the primary
maximum is located close to the first-order solution, as found in
Penoyre et al. (2020): x,, ~ xo. As p increases, the relative offset
decreases, fastest for smaller /, and thus the first-order solution is a
good approximation for small p and an overestimate for p 2 1. In
Appendix A, we derive the conditions that maximize x;, as is also
shown in the figure. At low /, the photocentre offset is maximized at
p = 1, and as [ increases, this goes to p = 2.

We can clearly see the line, [ > [.(p), above which minima and
secondary maxima exist. Close to this boundary (particularly for low
1), the minima occur very close to the secondary source and at larger
p, it tends to the middle point (xpy, — r/2). Near the [ > I.(p)
boundary, the secondary maximum occurs close to the mid-point
(particularly for large /) but rapidly tends to the position of the
secondary source.
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Figure 4. Numerically derived positions of the primary maximum, x;, and
where they exist [/ > I.(p)] the minimum xp,;, and secondary maximum x;.
Here we show all quantities in units of r. The solid black line corresponds
to the critical point beyond which three solutions (two peaks and a minima)
exist, as described by equations (28) and (29). The dashed black line shows
the p that maximizes x; for a given /, as detailed in Appendix A.

4 REPEATED OBSERVATIONS OF A FIXED
PAIR OF SOURCES

If two sources are fixed, in relative orientation and distance, then re-
peated observations taken at different angles, ¢, can mimic apparent
astrometric positional offset and also, in the case of an elongated
PSF, astrometric motion.

This is relevant for true binary systems, provided they have
minimal relative motion (i.e. a period substantially longer than that
over which observations are taken). In general, blended foreground
and background sources will likely have different parallaxes and
proper motions and thus vary their distance and orientation on time-
scales of months. Very distant bright sources, with negligible motion,
and closer pairs with fortuitously matching parallax and proper
motion, will also have negligible relative motion. This analysis
can also apply in any case where the time-span over which the
observations were taken was short enough (< 1 yr).

Cases with some relative motion can of course be modelled
numerically, but for the rest of this section we focus on the most
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Figure 5. The variation of the position of the observed maxima, as a function
of scan-angle ¢, of a system with / = 1/2 and a range of r. As in Fig. 1 we
use f/a = 3. The two largest separation systems (darkest blues) are resolved
at some angles (small |sg|) as shown with a thicker line, and with the position
of the minima and secondary maxima also shown as dotted and solid lines,
respectively. As all expressions involved are even functions of ¢, we need
only show the behaviour for0 < ¢ < 7.

analytically tractable case of a pair of sources that maintain their
relative configuration.

For an elongated PSF, we can think of « and B as the width
of the PSF along-axis and across-axis, respectively.” As we have
already shown, the offset of the photocentre (or primary maxima if
the brightness profile is multi-peaked), x, is a function of r, /, and
the projected width of the ellipsoid along the scan-angle, y(¢).

In Fig. 5, we show the variation of x; as a function of ¢, for an
example system with / = 1/2 and a variety of r. We use a ratio of
B/o = 3, the approximate elongation of the Gaia PSF, throughout
the rest of this section. For small separations, x; is roughly constant
— tending to [I/(1 + 1)]r — but for r 2 « we see visible variation in
the photocentre as a function of scan-angle.

The maximum inferred separation occurs when |[s,| — 1 and y
is close to its maximum value of 8; hence, the two sources are
maximally blended. For larger separations, the secondary maximum
is resolved for scan-angles such that |s,| is small (where y is close
to its minimum value of ).

A system will be partially resolved, appearing as a single source
for some scan-angles and two sources for others, if

a<r/pl)<p (30)

(see Section 3). Systems that are more compact than this will always
be unresolved, whilst wider systems will always have two visible
brightness peaks.

We can consider the along-scan and across-scan positions of the
photocentre as two separate measurements: 8, = ¢ X; and §,c =
sy x1 with associated widths « and B, respectively.

In Fig. 6, we show the along-scan and across-scan positions for
the same / = 1/2 system. Though the photocentre displacement is
maximum when ¢ = =£(7t/2), this corresponds to the pair lying
perpendicular to the scan and hence 8, = 0. At small separations, &,
is largest close to the scan direction (small |s,4|) but for more distant

For the Gaia mission, these correspond to the directions parallel and
perpendicular to the path the telescope’s field-of-view traces out on the sky
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Figure 6. Similar to Fig. 5, we show the variation of the along-scan (top)
and across-scan (bottom) position of the observed maxima, now in units of
their relative width. Here we show the absolute value, noting that the actual
sign of the observed offset is the same as the sign of the trigonometric term.
In the across-scan plot, we also show (dashed lines) the offset as would be
calculated taking 8 — oo.

sources, the asymmetry in y leads to the maximum offset occurring
when the pair is close to perpendicular (|s,| close to but less than 1).
Note that §,. is always largest for perpendicular scans.

We also show the across-scan position that one would find if
B — 00, as is implicitly assumed by the calculation in Lindegren
(2022). This would lead to greater predicted offsets, especially at
large separations, as any source observed at an angle such that [c,| S
a/r would appear to be completely blended.

4.1 Binary offset and error

It has been convenient to work in coordinates (x, y) relative to the
position of the primary, but if we were to consider a single source at an
offset position (¥, ) it would have apparent along-scan and across-
scan displacements of dy = ¥cy + Js54 and dpc = —Xs5¢ + Ycg. In-
verting this argument, some photocentre shift can be captured as a
simple position offset (and thus just a shift of the apparent location
of the source).

We can assume that this shift, much like the photocentre, lies along
the line connecting the sources, such that § = 0. Averaged over ¢,
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Figure 7. The left panels show the fitted position offset, k, and excess noise, D, of a stationary pair of sources (e.g. a long period binary) observed over a range
of scan-angles. The excess noise is shown in a form rescaled to match excess RUWE (see text) with significant values being 2> 0.1. In the right panels, we
compare these with the equivalent fits using only the along-scan measurements, k” and D', where k’ is always < k and D’ always > D. To the left of the thick
solid line, both sources are always unresolved; to the right of the dashed line, both are always resolved (and hence we do not perform the fit); and between the

lines, the sources are unresolved at some angles (see equation 30).

there will be some best-fitting ¥ = k that minimizes the apparent
error in the source position.

We can define the photocentre offsets along and across the scan
direction as

Ay =cy(x1 —k) and Ay = sy (x; — k). 31)

The precision to which the position of a source can be measured
depends on the width of the PSF and how well sampled it is. For
N samples (i.e. measured photons) of a distribution with PSF width
o, we might expect a positional uncertainty of ~ N~0/?a. Other
observational constraints, such as saturation of CCD pixels, can
limit the possible precision. Lindegren et al. (2021) (specifically
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their appendix A) detail the current along-scan astrometric precision
of Gaia, showing that it is photon-noise-dominated for systems
with apparent magnitude mg = 14, and for brighter sources it is
approximately constant, with o, ~ 0.2 milliarcsec.

More generally, we can define u = oy /. For Gaia, n ~ 1/200
for bright sources and decreases for mg 2 14. We assume that this
ratio is the same for across-scan measurements.

The total relative offset, normalized by the precision, thus follows

A2 — Ai Aic - k)*
T 42 + 2 T 2,2
Tl Oac nwy

(32)
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We denote the average over all ¢* as () such that

1 27t
(q) —/0 q do. (33)

T
If ¢ was non-uniformly sampled, then (g} could instead be reimag-
ined as the weighted average over the distribution p(¢), though we

assume uniformity for the rest of this section.
We can define

D(k) = (A?), (34)

the average (normalized) deviance between the photocentre and the
offset position.

The value of k that minimizes D will obey 0, D = 0 and hence we
can find

1\ !
() G S

and thus

-GN @] e

We also note one quirk of Gaia, that for all but the brightest sources
only the along-scan measurements are included in the astrometric fit.
The equivalent best-fitting offset, k', thus corresponds to the minimal
value of

i Agl
Dk)=(— ), (37)
Oal
which has the solution
K =2(xic) (38)
and
’ 1 2
D= ((2e3) —2(uie3)"). (39)

Note that while these omit the across-scan measurements, the across-
scan error still appears in y and thus affects x;.

4.2 Observational expectations

We can consider the relevance of this calculation to a fit performed
on a real observational data set, with associated noise. From a series
of observations, at a variety of times and scan-angles, it is possible
to estimate the position of a source, and also its motion.

Assuming a single source (as the main Gaia source catalogue
does), this motion is a combination of proper motion and parallax. If
the scans are frequent and randomly oriented, we would not expect
any consistent behaviour that could mimic astrometric motion; thus,
we only consider the position offset in detail in this paper. However,
if there is some aliasing or coherent time evolution of scan-angles
and times, then the varying positional offset may mimic motion, as
seen in Holl et al. (2023).

If there is excess unmodelled astrometric motion (e.g. from
binarity), then there will be a poor astrometric fit. Because of the
ubiquity of binaries and higher multiples (accounting for around half
of all systems; Raghavan et al. 2010), persistently poor fits can be
used to identify probable multiple systems (see, e.g. Belokurov et al.
2020; Penoyre et al. 2020; Penoyre, Belokurov & Evans 2022b).

3For all quantities of interest in this section, the full behaviour is actually
captured by any individual quadrant, so we can reduce the cost of numerical
integration by only averaging over 0 < ¢ < 71/2.
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Itis common to quantify the goodness-of-fit with a measure such as
the reduced chi-squared, sz, the difference between the observations
and a model, normalized by observational error, which we expect to
be close to one for a well-fitting model. On top of the random noise,
we would expect our excess noise to inflate the error, leading to

x2~1+D. (40)

The significance of the excess noise depends on the survey,
primarily through the number of observations. We can compare
directly with the renormalized unit weight error (RUWE) values
published in Gaia Data Release 3 (DR3), which record the square
root of the x?2 values of the astrometric fit. Using equation (40), we
can approximate the excess RUWE as

RUWE — 1 ~+/1+D — 1. 41)

In Gaia DR3, a system can be distinguished as a significantly
bad fit (whether due to internal motion or other contaminants) if
the excess RUWE is 2 0.25(Penoyre, Belokurov & Evans 2022a;
Castro-Ginard et al. 2024).

We should note though that the D value for a given system and
instrument is constant, whilst longer observation times can reduce
the other sources of noise, making D more significant (as will be the
case in future Gaia data releases; see, e.g. Guerriero et al. 2025).

4.2.1 Observable offset and error

In Fig. 7, we show the offset, k, and deviance, D, for a variety of
systems of different r and / (always with /o = 3). We can find x
equally well in the resolved and unresolved cases, though we note
that in the partially resolved region (between the black lines) we
would also expect to sometimes separately resolve the secondary
(and thus have extra evidence of its properties, and that the system is
a binary).

We see that the position offset, k, is maximal for/ = 1 and r = 2«
(which also corresponds to the maximum of x;; see Appendix A).
At lower radii (r S @), the offset is well approximated by xo =
[[/(1 4 D)]r, a constant with no angular dependence, and hence D is
small. Significant offsets are mostly associated with high light ratios,
and remain significant even at relatively small separations.

We see the largest deviations from good astrometric fits,
/1 + D — 1, at high light ratios and in the partially resolved region.
The excess noise can be very large, well above the threshold of 0.25
appropriate for current Gaia data. Even excluding the semi-resolved
region, excesses of up to 50 are possible. This is an upper limit, and
agrees well with the maximum RUWE seen in sources separated by
around 1 arcsec (see fig. 5 of Belokurov et al. 2020).

In contrast to the offset, the excess noise is significant only for
relatively large separations (r 2 «) but down to relatively small light
ratios (= 1072).

This suggests three regimes of blended binaries affecting observed
astrometry:

(i) offsetanderror,r 2 «, I 2 0.1, where sources are significantly
offset with high excess noise, which should make them easy to flag
as erroneous;

(ii) offset,noerror,r < «, I 2 0.1, where sources are significantly
offset but with negligible associated noise (as, in this regime, the
photocentre offset is not scan-angle dependent), and would thus likely
be considered single stars, though the measured positions would be
displaced from their true value;

(iii) error, no offset, r = «, 0.1 2 [ 2> 0.01, where the observed
position of these sources is essentially correct, but they still have large
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errors associated with the scan-angle dependence of the elongated
PSFE.

Outside of these regimes, a static binary has little impact on the
measured astrometry.

4.2.2 Observational complications

Systems in the ‘offset and error’ regime are the most amenable to
detection with other methods, more observations, or in later surveys.
The large light ratios make them easier to discern from single sources,
either from elongated photometry or from two discernible profiles
in their spectra. Gaia includes flags, based on the image parameter
determination (IPD) pipeline, that record deviations from expected
point-source brightness profiles, which can be used to flag some
sources in this regime (see, e.g. appendix B of Penoyre et al. 2022b).
The pipeline for Gaia DR4 will identify and fit secondary peaks
where possible, though the regime of interest here is at the edge
of, or below, the threshold of resolvability; thus, it will mitigate the
effects mostly of the partially resolved systems.

One caveat here is background noise, both instrumental error and
the integrated light from distant stars. In general, if the brightness
of the secondary drops below this background, the effect should be
diminished — if not entirely negated.

Another concern for Gaia observations is that these large astro-
metric deviations may interfere with the assignment of individual
measurements to a given source. This is done by spatial clustering
over a scale of typically 0.1 arcsec, or about 2.5« (see, e.g. Fabricius
et al. 2016; Torra et al. 2021). The photocentre offset should never
be more than «, suggesting that the pipeline should be relatively
robust, but some semi-resolved systems are approaching the limiting
threshold and thus we may expect occasional contamination/lost
measurements. This problem compounds in dense fields, where
multiple sources may be blended in some measurements and recorded
separately at other times.

4.2.3 Along-scan only measurements

We also compute k" and D', the equivalent measures when only along-
scan measurements are used in the fit. k" is always an underestimate,
as we are leaving out the extra contribution of the across-scan motion.
The difference is small for r < 2« but by r = 4 it is approximately
a factor of 2. Conversely, D’ is always a slight overestimate, due to
ignoring the across-scan noise . This is true even at low r where
the inflation factor tends to constant ~2-3 per cent. D’/ D is largest
at3 < r/a < 5 andis smallest close tor = 2a, [ = 1.

Depending on the use case, the degree of agreement between k and
k', and between D and D’, may be either heartening or troubling.
The measured offset is accurate for essentially all » < « binaries,
and whilst the overestimate of the noise is persistent, it is small (of
the order of a few per cent). However, if the focus was on partially
resolved binaries (r = «), we can see that we are losing significant
information when restricted to across-scan data only, especially about
the true offset (and hence the inferred separation and light ratio).

5 CONCLUSIONS

In this paper, we have derived analytical expressions for the positions
of maximal brightness of blended sources, the conditions under
which one or both sources would be resolvable, and the impact of
consistently blended sources on repeated astrometric observations.
In Section 2, we began with an elongated Gaussian PSF, as is
appropriate for surveys, such as the Gaia mission, with a rectangular
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focusing mirror. We have shown that this more general case can
be reduced to a 1D problem, and thus converges with the circular
PSF case when normalized by a scan-angle dependent effective
PSF width, y(¢) (equation 16). Thus, any general case can be
expressed in terms of p = r/y, where r is the on-sky separation
of the sources. This introduces a further dependence on the relative
orientation of the sources and our instrument, and shows that when
this orientation changes over multiple measurements the variation in
observed photocentre can provide extra information about the relative
separation and light ratio of the sources. Such variations have indeed
been observed in Gaia already, as detailed in Holl et al. (2023).

Having reduced the general case to a simpler 1D case, we then
found, in Section 3, the conditions for which their are two distinct
maxima in the brightness profile (which is approximately equivalent
to the condition that the two sources can be distinctly observed).
We find an analytical form of the critical light ratio, /. (equation
28), below which a source of a given separation will only have a
single brightness maximum. This can be inverted numerically into a
limiting separation for a given light ratio, p.(!), below which the two
sources would be blended, the more directly useful case for objects
with constant luminosity moving relative to each other on-sky.

The positions of the primary and, where they exist, secondary
maxima (which we associate with the positions that would be
measured by an instrument observing the system) can be found
numerically and we provide recipes for doing so in Section 3.1.

When two blended sources maintain a fixed orientation, analytical
expressions for their position offset and induced error can be derived,
as in Section 4. This is a particular case of interest for long-period
(and hence effectively stationary) binaries observed at various times
and scan-angles. If the separation is small, the blending of the sources
corresponds to a simple shift in the inferred position. As we approach
large separations (p 2 1) the asymmetry of the effective width y
introduces extra angular dependence, which cannot be captured by a
simple offset and leads to excess noise on astrometric fits. Depending
on the pattern of scan-angles with time, this noise may translate
into a bias in proper motion or parallax (for further discussion,
see El-Badry et al. 2024). Blends between unrelated background
and foreground stars will show the same behaviour, provided that
their astrometric motion (parallax and proper motion) is similar or
negligible.

We show that pairs that are close to being resolved cause a
persistent and potentially large inflation to the inferred error on an
astrometric fit, even at small light ratios, which would likely make
them otherwise undetectable. This can increase the reduced chi-
squared of such a fit by enough to flag them as a bad single-body
astrometric fit, and thus infer that they are likely a binary/blend.

Thus, a population of long-period semi-resolved binaries also
contributes to the known population of binaries with significant
internal astrometric motion (periods of the order of the time-span
of the observations, of the order of years for Gaia; Penoyre et al.
2022a). With epoch astrometry data (as will be available in the next
Gaia datarelease), these two cases can be differentiated, but currently
they cannot easily be separated, even though they represent markedly
different types of binary.

Fitting astrometry only to the 1D along-scan positions (as Gaia
does for dimmer sources) inflates the noise contribution by a few
per cent for almost all systems, with the largest effect for partially
resolved pairs.

In Appendix A, we find the conditions that maximize the photo-
centre offset of the primary peak; that is, those that give the largest
deviation between the measured position of the blended source and
the true location of the primary.
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Finally, in Appendix B, we extend the zeroth-order solution for
the position of the photocentre, x, to the next-order terms of order
p?. We find the positional offset and associated excess noise in
this regime, showing that the noise contribution of fixed orientation
blended sources can be maximized (or minimized) depending on the
degree of elongation of the PSF.

The assumption of a smooth Gaussian PSF, which makes much
of what is discussed here analytically tractable, is obviously a major
simplification. Real PSFs vary between sources and can change over
time with degradation and repairs to the instrument. A real PSF can
contain secondary maxima, asymmetries, and extra components not
easily predicted from the instrument design. The image is projected
on to a finite number of CCDs, resulting in pixelated images. A
deformed PSF will likely still obey most of the relations presented
here, but with a slight (potentially scan-angle dependent) rescaling
compared with the Gaussian case. Secondary maxima are a more
significant challenge, as these can mimic a second source, or overlap
with one, and they require detailed PSF modelling.

For sources moving relative to each other, it is often possible
to predict, from photometric or astrometric time series, when they
will be blended. Even simple recipes, such as could be made from
this analysis, to account for this blending can significantly improve
the accuracy of the inferred brightness and motion of the brighter
source, and recover information about the dimmer source that would
otherwise be lost in the blend.

Sources that remain close over the full time-span of observations
are more difficult to unpick, although, as we have shown, they may
be detectable through excess noise and other deviations from ideal
astrometry.

Blended sources are both a ubiquitous nuisance signal for observ-
ing single objects, and a common prospect for observing binaries
(or higher multiples). They distort the apparent motion and cause
changes in the inferred brightness and characteristics of a source.
However, if one or both sources is well characterized, the blending
can provide new insight on the presence of unresolved or under-
resolved objects. Thus, this fuller depiction of the properties and
behaviours of blended point sources may be of relevance and utility
for any stellar survey, and for better separating physical behaviours
from quirks of the projection along which we view them.
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APPENDIX A: MAXIMAL PHOTOCENTRE
OFFSETS

In this appendix, we are interested in which p [=r/y(¢)] and [
give the largest photocentre offsets (i.e. which blended sources will
appear most displaced).

We assume only one maximum is present —i.e. [ < [.(p) (equation
28) — and thus a single solution, x,,, = x, for equation (13). We want
to maximize x,,, or equivalently x,, (= xn/y), which satisfies

Ip
m = 5 Al
X . (A1)
where
_2 "
Ay = exp {M] (A2)

We have already shown that the separation, x;, has a maximum
value — xg as p — 0 (Fig. 3). Here we derive the maximum absolute
separation.

Differentiating equation (A1), we have

Opdm=———"——=(+An—p 0pin A3
P = g L Hm =0 Ophn) A9
and
0 = 5 G — 1 0. (Ad)
(I + Am)?
Differentiating equation (A2), we have
Phm

a )"m = - a m )"m AS

o (l o P Oex ) (A5)
and
Othm = —PAm 07 Xm- (A6)

RASTI 5, 1-13 (2026)

920z 1y 10 U0 1s9nB Aq 0¥ 1S #8/29058ZI/NSel/E601 0 L/I0p/l0IE/MSEl/WOo0"dno-ojwapese//:sdny woly papeojumoq


http://dx.doi.org/10.1093/mnras/staa1522
http://dx.doi.org/10.1051/0004-6361/202450172
http://dx.doi.org/10.1016/j.newar.2024.101694
http://dx.doi.org/10.33232/001c.125461
http://dx.doi.org/10.1051/0004-6361/201628643
http://dx.doi.org/10.1051/0004-6361/201629272
http://dx.doi.org/10.1051/0004-6361/202243940
http://arxiv.org/abs/2511.02476
http://dx.doi.org/10.1146/annurev.aa.29.090191.002551
http://dx.doi.org/10.1051/0004-6361/202347371
http://dx.doi.org/10.1051/0004-6361/202245353
https://dms.cosmos.esa.int/COSMOS/doc_fetch.php?id=1566327
http://dx.doi.org/10.1051/0004-6361/202039709
http://dx.doi.org/10.1093/mnras/staa1148
http://dx.doi.org/10.1093/mnras/stac959
http://dx.doi.org/10.1093/mnras/stac1147
http://dx.doi.org/10.1086/430591
http://dx.doi.org/10.1088/0067-0049/190/1/1
http://dx.doi.org/10.1103/PhysRev.13.259
http://dx.doi.org/10.1051/0004-6361/202039448
http://dx.doi.org/10.3847/1538-3881/ad72e5
http://dx.doi.org/10.1051/0004-6361/202039637
http://dx.doi.org/10.1093/mnras/stad3789

12 Z. Penoyre
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Figure Al. Solid line: maximum possible displacement of the primary peak,
Xmax = Xmax /¥ as a function of /. Dashed line: the overestimated value that
would be derived from assuming x = pl/(1 + ). Dotted line: the limiting
value at low [ of [ e=(1/2),

Putting these together and rearranging, we find

) (l + )“m)z - )‘ﬁqu

0 = A7
O o U+ 2 — Dhmp? AP
and

A
31 m nf? (A8)

T U F ) — D

The common denominator of equations (A7) and (AS8) is always
positive. Thus, x,, is maximized for / = 1 (as 9; x,,, > 0 always).
Let us denote the maximal x, for a given / as xy,(/) (with
corresponding Xmax» Amax> and Pmax). Setting 0, X0l = 0, we find
l
)"max = (A9)
Pmax — 1
(discarding a negative root) and putting this into equation (Al) we
find

l

(A10)

Xmax = Pmax — 1= Ao

Equation (A9) can be combined with equation (A2) and solved
numerically. In the limit of small /, ppex — 1 +1e™/?, and thus
Kmax — 1e~172,

We can solve this to find xac(/) as shown in Fig. Al (in natural
units of y). As expected, it is maximal for [ = 1, where xu.x = 1.
The solution drops off faster than the idealized overestimation of
xo = pl/(1 +1) and quickly tends to the limiting value of /e~(/?,
becoming visually indistinguishable for I < 1/3.

APPENDIX B: APPROXIMATE FORM FOR LOW
P

As p=r/y — 0, A — 1 and the single zeroth-order approximate

solution to equation (13) is xp, =~ xo = (Ir)/(1 + ). In this ap-

pendix, we wish to find the next term in an expansion for low p.
We start with the form

rl r | 21In Ay ®B1)
Xm = = - 5
Anm+1 2 02

where the latter equality comes from rearranging equation (22).
Assuming p < 2 (which we see later must be the case for this
low-order expansion to be accurate), there is only maximum, near
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the primary source at x,, = x; < r/2 and thus A,, > 1. We make the
assumption that A,, — 1 < 1 and hence define

InA, =€ < 1. (B2)

Similarly, expanding An, =& =1+¢€ + O(?) and substituting
both into equation (B1), we find

2e 21 21 € + O
- — = = — €
p? I+ 1+e+0€?) 1+1 1+1
(B3)
and rearranging we find
2 2 -1
2 p-1-1 Ip
=—— 11— B4
€+ 0 21H{ a+m} (B4)

From this, we can see that the requirement that ¢ < 1 is equivalent
to ,o2 &« 1 and thus we can further simplify to

211 1p?
PR PO
2 141 (1+1)?

Substituting this into the second equality of equation (B1), we obtain

}+aﬁ> (BS)

_ lr | 2
14 a+2’

which can be written in terms of x, as

X
Xm =~ Xg 1- 11/72 (B7)

(note that as / — 0, xo — [ and hence the right-hand term — 0).

We learn two significant things from this: that the next-order
correction to x = xq is O(p?), and that this is the lowest order
at which y, the orientation-dependent effective width, affects the
solution.

Xm

]+am, (B6)

B.1. Offset and error

We can repeat the analysis of Section 4 to find the observed positional
offset and associated error for this second-order solution. Equations
(35) and (36) can now be written as

3 —4
k=m—?§i%+©ﬁ) (B8)
and
6 —4\2
D=$<@%—%%>+aﬂ (B9)

(where we note that the latter equation remains true when we include
the terms of order p* in x,).
Written in terms of « and n = «?/82 (< 1), we find

1
(r7?) =570 +m, (B10)
1
(r™*) =g 7B +2m+31), (B11)
and
1
(y™%) = @(5+3n+3n2+5n3). (B12)

Thus, in terms of & and n

3342 3n?
kxS0 3420430

op* B13
M 1in + O(p") (B13)
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and

x5 1+4n—100* +49* +
32126 147

For a circular PSE, n = 1, k goes to its minimum value of x,, (as
given by equation B7) and D = 0, as here the image has no angular
dependence. Reducing 7, starting from a value of 1, k and D in-
crease, with both reaching their limiting value at n = (2/+/3) — 1 ~
0.1547 where D ~ 0.03775(x$/I>a®). The existence of 5, which
maximizes D, suggests the possibility of an optimal instrument

D= + O(p®). (B14)

Blended point sources 13

design for detecting the presence of subresolution binaries in images
(or, alternatively, a worst-case design if one wanted to avoid the ex-
cess noise that such sources cause). As one final interesting serendip-
ity, the Gaia mission design, with n &~ 1/3 gives almost identical k
and D as the n = 0 case (though this ceases to be true outside of the
p < 1 case).

This paper has been typeset from a TEX/I&TEX file prepared by the author.
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