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CHAPTER 5

Lattice waves

We study the propagation of solitary waves in a Fermi–Pasta–Ulam–
Tsingou (FPUT) lattice with small random heterogeneity in the linear
spring force. Perturbed by the random environment, solitary waves lose
energy through a radiative tail, resulting in gradual amplitude attenu-
ation. As long as the wave remains coherent, we track its position and
amplitude via a modulation approach. An expansion of the resulting
modulation equations provides explicit predictions for the slow average
amplitude decay, which we verify through numerical simulations.

5.1 Introduction

When solitary waves in dispersive systems interact with spatial inhomogeneity, nu-
merical simulations demonstrate that the waves emit a radiative tail [3, 5, 7, 9,
106]. This is decidedly so in Fermi–Pasta–Ulam–Tsingou (FPUT) lattices where
the phenomenon has been observed in a variety of settings [92, 79, 72, 50, 89].
The study of lattices with spatially varying material coefficients has a long history
[78, 30], as disorder naturally arises in crystals through mechanisms such as atomic
replacement, isotopic variation, or structural defects [6]. It is well-known that ho-
mogeneous FPUT lattices support exact solitary wave solutions [41, 42]. In lattices
with periodic heterogeneity, propagation of localized solitary waves is obstructed by
slow energy loss caused by oscillations in the tail [20, 45, 84]. However, periodic lat-
tices do support the propagation of generalized solitary waves such as micropterons
and nanopterons [60, 35, 34, 37], which consist of an exponentially localized core
accompanied by a (typically) non-vanishing periodic tail. By contrast, lattices with
randomly varying coefficients do not necessarily support such coherent propagation,
and it is precisely this phenomenon that motivates the present study.

In this chapter1, we explore the generation of radiating tails caused by random
heterogeneity in FPUT lattices. Recent work [81, 80] shows that long waves in
such lattices will remain coherent over (somewhat) long time scales, depending on

1The contents of this chapter have been submitted for publication and are available as H.J.
Hupkes, J.A. McGinnis, R.W.S. Westdorp, and J.D. Wright, Radiating Solitary Waves in an
FPUT Lattice with Random Coefficients, see [63].
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features of the randomness; this is accomplished by proving rigorous approximations
by either wave or Korteweg-de Vries (KdV) equations. Nonetheless, over very long
times the radiation has substantial effects on the principal solitary wave, causing
(by virtue of energy conservation) a marked attenuation of the amplitude. We use
techniques devised in the previous chapters to study random perturbations in KdV
equations to analyze this attenuation.

FPUT We study the FPUT lattice equation

ṙ(j, t) = δ+p(j, t), (5.1)

ṗ(j, t) = δ−[V ′
σ(r)](j, t), j ∈ Z,

where
δ+f(j) = f(j + 1)− f(j) and δ−f(j) = f(j)− f(j − 1)

are the right and left finite-difference operators and

Vσ(r) =
1

2
(1 + σκ)r2 +

1

3
r3

is the spring potential. The random sequence κ models variations in the linear
spring force, and the parameter σ ≥ 0 controls the strength of this random effect.
This terminology stems from the second-order form of the system

ÿ(j, t) = V ′
σ

(
y(j + 1)− y(j)

)
− V ′

σ

(
y(j)− y(j − 1)

)
, (5.2)

upon identifying r(j) = y(j + 1) − y(j) and p(j) = ẏ(j). In this form, the system
has the interpretation of a chain of masses connected by springs. The quantity y(j)
models the displacement of the j-th mass from equilibrium, and (5.2) is Newton’s
second law of motion.

In the absence of heterogeneity (σ = 0), the lattice differential equation (5.1)
is also known as the FPUT-α lattice, referring to its cubic interaction potential.
Upon introducing the Hamiltonian

Hσκ(r, p) =
∑
j∈Z

1

2
p(j, t)2 +

1

2

(
1 + σκ(j)

)
r(j, t)2 +

1

3
r(j, t)3

and the skew-symmetric operator

J :=

[
0 δ+
δ− 0

]
,

we may alternatively write[
ṙ
ṗ

]
= JH ′

σκ(r, p) = JH ′
0(r, p) + σJ

[
κr
0

]
. (5.3)
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Here, H ′
σκ is the gradient of Hσκ with respect to the ℓ2(Z;R2) inner-product. Thus,

the random coefficients we consider respect the Hamiltonian structure of the FPUT
system. We assume the following:

Hypothesis 1. The coefficients κ(j), j ∈ Z, are i.i.d.2 random variables with mean
zero and variance 1. The support of κ(j), j ∈ Z, is furthermore contained in an
interval [−α, α], and the parameter σ ≥ 0 satisfies σα < 1.

Probabilities associated with κ are represented by P and expectations by E. The
local well-posedness of (5.1) in ℓ2(Z;R2) is a straightforward consequence of the fact
that JH ′

σκ is locally Lipschitz on ℓ2(Z;R2).

Solitary waves Solitary waves in FPUT lattices were extensively studied by
Friesecke and Pego in the series [41, 42, 43, 44]. Notably, there exists a constant
c+ > 1, such that for all c ∈ (1, c+] there exists a smooth, exponentially decaying
function ϕc = (rc, pc)

⊤ : R → R2 so that

u(j, t) = ϕc(j − ct) (5.4)

solves (5.1) with σ = 0 [41]. The profile function satisfies the advance-delay system:

−cϕ′c = JH ′
0(ϕc). (5.5)

The invariance of (5.5) with respect to shifts in the profile coordinate x implies
that, for any ξ ∈ R,

ϕξ,c =

[
rξ,c
pξ,c

]
:=

[
rc(· − ξ)
pc(· − ξ)

]
also solves (5.5). Thus, the solitary waves form a two-parameter solution family,
whose energy is independent of the phase ξ and increases with the wave speed c
[41, Theorem 1.1]:

d

dc
H0(rc, pc) > 0.

The FPUT lattice famously shares a strong connection with the KdV equation: in
an appropriate continuum limit, the lattice dynamics are governed by an effective
KdV equation [109, 94]. In this long-wave limit, the wave profiles ϕc approach the
sech2 shape of KdV solitons [41, Theorem 1.1]:

rc(x) ≈ −pc(x) ≈
ϵ2

8
sech2(ϵx/2), (5.6)

where the small parameter ϵ > 0 is defined through c = 1 + ϵ2/24. This gives
the speed c a second interpretation: c − 1 is proportional to the (approximate)

2We suspect that we can also handle more general translation-invariant covariance between the
random coefficients, of the form

E[κ(i)κ(j)] = q(|i− j|),
assuming appropriate decay conditions on (q(j))j∈N. For simplicity, we restrict ourselves in this
chapter to i.i.d. coefficients.
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wave-amplitude.

Random Coefficients In [80], McGinnis and Wright derived effective KdV equa-
tions that govern the dynamics of an FPUT lattice with randomly varying mass
coefficients. Central to this approximation is a transparency condition on the ran-
dom variation, enforcing that the random coefficients appear as a perfect discrete
Laplacian. Numerical simulations reveal that, if the masses are instead perturbed
by i.i.d. random variables, a KdV approximation is no longer appropriate. Notably,
solitary waves undergo an amplitude attenuation, inconsistent with KdV dynamics.
In this chapter, we consider a random variation in spring coefficients rather than in
the masses. This perturbation is somewhat more straightforward, as it arises purely
at the linear level. We emphasize that our method can be applied more broadly,
but we restrict ourselves here to spring force heterogeneity to keep the exposition
transparent.

We study the effect of the random heterogeneity σκ in (5.1) on the propagation
of the solitary waves by supplying (5.1) with the initial condition[

r(j, 0)
p(j, 0)

]
=

[
rc∗(j)
pc∗(j)

]
, j ∈ Z, (5.7)

for some c∗ ∈ (1, c+). In the deterministic setting, the solitary wave family is known
to be asymptotically stable, meaning that initial conditions close to the wave family
asymptotically converge to it. Consequently, when the solitary wave is perturbed
by the random coefficients κ, it does not fully disintegrate. Rather, it slowly loses
energy over time and descends to lower speeds/amplitudes. In Figure 5.1, we can
observe from a numerical simulation with i.i.d. coefficients (cf. Hypothesis 1) that
the loss of energy manifests in the formation of a random radiative ‘tail’ behind the
wave.
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Figure 5.1: A particular realization of the r-component of numerical solutions to (5.1)
with initial condition (5.7). In this realization, σ = 0.07, c∗ = 1.015 and κ(i) is drawn from
a uniform distribution on [−

√
3,
√
3]. See Section 5.11 for details regarding the numerical

schemes used throughout this chapter.

Figure 5.2 shows how the effective amplitude c(t)—which we define more pre-
cisely below—gradually decays with time as a consequence of the energy loss. Al-
though the change in amplitude is random, a clear attenuation emerges over time.
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Figure 5.2: Left: Amplitude parameter c(t) over time, for two realizations with σ ∈
{0.035, 0.07}, c∗ = 1.015, and κ(i) drawn from a uniform distribution on [−

√
3,
√
3]. Right:

Sample mean E[c(t)] computed over 2000 realizations, for σ ∈ {0.1, 0.2, 0.3, 0.35} and
c∗ = 1.015. We emphasize the σ2-scaling on the temporal axis.

Our main objective in this chapter is to formally derive the attenuation induced
by the random coefficients σκ. Using modulation theory, we obtain an explicit
O(σ2) prediction for the average amplitude decay, E[ċ(t)], expressed in terms of
integrals/sums involving the wave profiles ϕc and the Green’s function associated
to the linearized dynamics near ϕc; see (5.9) below. The latter plays a central role
in the emission of a radiative tail behind the wave, which is the key mechanism
driving amplitude attenuation. Our most explicit (and crudest) approximation is
based on the kernel associated with the discrete wave equation, which can be written
in closed form using Bessel functions. This leads to an explicitly solvable system
that describes the radiation of the solitary wave and is able to reproduce the decay
profile that emerges from Figure 5.2 (right) in the limit σ ↓ 0; see Figure 5.10 ahead.
This outcome is comparable in spirit to [106], but now derived directly from the
physically relevant FPUT model. Our method is based on the linear stability theory
for the wave profiles ϕc, which we outline below.

Linear stability The linearized dynamics around a solitary wave ϕc(· − ξ) are
encoded by the operator JLξ,c, where Lξ,c is the self-adjoint operator that acts on
η = (ηr, ηp)

⊤ ∈ ℓ2(Z;R2) as

Lξ,cη = H ′′
0 (ϕξ,c)η =

[
ηr + 2rc(· − ξ)ηr

ηp

]
. (5.8)

Indeed, linearizing (5.1) with σ = 0 around the traveling wave (5.4), we arrive at
the system

ẇ(j, t) = JLct,cw(j, t) = JH ′′
0 (ϕc(· − ct))w(j, t). (5.9)

Note that the homogeneous part of JLct,c is the discrete wave operator J , whose
continuous spectrum is contained in the imaginary axis. Differentiating (5.5) with
respect to x and c shows that

(JLξ,c + c∂x)∂ξϕξ,c = 0, and (JLξ,c + c∂x)∂cϕξ,c = ∂ξϕξ,c.
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Hence, ∂ξϕξ,c and ∂cϕξ,c are generalized eigenfunctions of JLξ,c + c∂x, operating
on functions of the real line. Here, c∂x generates translations at the wave speed c,
which are not directly represented in the linearization due to the discrete setting.
Next, let δ−1

+ and δ−1
− be given by

δ−1
+ f(j) =

−1∑
d=−∞

f(j + d) and δ−1
− f(j) =

0∑
d=−∞

f(j + d), f ∈ ℓ1(Z;R).

These are the (formal) inverses of δ±. Then let

J−1 :=

[
0 δ−1

−
δ−1
+ 0

]
.

This is the (formal) inverse of J . The bilinear form

Ω(f, g) := ⟨J−1f, g⟩ℓ2(Z;R2), f, g ∈ ℓ1(Z;R2),

is the symplectic form for the FPUT system. This symplectic form characterizes a
subspace that avoids the neutral modes ∂ξϕξ,c and ∂cϕξ,c, within which the linear
flow defined in (5.9) is exponentially stable.

Proposition 5.1.1 ([43], Theorem 1.2; [44], Theorem 2.2). Let c− ∈ (1, c+). Then
there exist positive constants a, b and K such that the following holds. For all
c ∈ [c−, c+] and w0 satisfying ea·w0 ∈ ℓ2(Z;R2) with

Ω(∂ξϕc, w0) = Ω(∂cϕc, w0) = 0, (5.10)

the solution to the linearized evolution equation (5.9) with w(·, 0) = w0 admits the
bound

∥ea(·−ct)w(t)∥ℓ2(Z;R2) ≤ Ke−bt∥ea·w0∥ℓ2(Z;R2), t ≥ 0.

Henceforth, we fix c− ∈ (1, c+) and a > 0 as above. In [41], the authors compute
how the symplectic form Ω acts on the eigenfunctions. They report that:

Ω(∂ξϕξ,c, ∂ξϕξ,c) = 0

Ω(∂cϕξ,c, ∂cϕξ,c) = α1(c)

and
Ω(∂ξϕξ,c, ∂cϕξ,c) = −Ω(∂cϕξ,c, ∂ξϕξ,c) = α0(c),

where

α0(c) :=
1

c

d

dc
H(ϕc) > 0 and α1(c) := −

(
d

dc

∫
R
rc(x)dx

)
d

dc

(
c

∫
R
rc(x)dx

)
.

(5.11)
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Approach Motivated by the linear stability theory, we study the decomposition[
r(j, t)
p(j, t)

]
=

[
rc(t)(j − ξ(t))
pc(t)(j − ξ(t))

]
+

[
ηr(j, t)
ηp(j, t)

]
, j ∈ Z (5.12)

characterized by the orthogonality conditions

Ω
(
∂ξϕc(t)(· − ξ(t)), η(t)

)
= Ω

(
∂cϕc(t)(· − ξ(t)), η(t)

)
= 0. (5.13)

Here, η = (ηr, ηp)
⊤ denotes the deviation from the wave manifold

M = {ϕc(· − ξ) | ξ ∈ R, c ∈ (c−, c+)},

and avoids the neutral modes of the linearized flow. The result is that we can
understand (5.1) through the modulation coordinates (ξ, c), where ξ has the inter-
pretation of wave position and c of wave amplitude (see (5.6)). It is furthermore
convenient to introduce a phase shift parameter γ(t) through

γ(t) = ξ(t)−
∫ t

0

c(s) ds. (5.14)

In these coordinates, the exact wave solution (5.4) for σ = 0 takes the form(
γ(t), c(t), η(t)

)
= (0, c∗, 0).

For general σ ≥ 0, the dynamics deviate from this exact solution and are governed
by a coupled system of the form

γ̇(t) = Γσκ(ξ(t), c(t), η(t)), (5.15)

ċ(t) = Cσκ(ξ(t), c(t), η(t)), (5.16)

η̇(t) = JLξ(t),c(t)η(t) + Tσκ(ξ(t), c(t), η(t)). (5.17)

We study the resulting dynamics through a (formal) expansion of the system in the
small parameter σ around the deterministic solitary wave. In addition, we provide
rigorous results to describe the asymptotic behavior of the expansion functions.
We validate our findings through numerical simulations. In summary, we find that
quadratic terms in the equation for ċ—namely bilinear combinations of η and κ—are
the primary cause of the attenuation.

Outline First, we derive the modulation equations that govern the evolution of
(γ, c, η) in Section 5.2, and present an expansion in σ and η. Then, we introduce an
expansion of the modulation system and resulting explicit approximations in Sec-
tion 5.3. Next, we construct explicit solutions for linear approximations to the tail
η in Section 5.4. We then derive concrete predictions for the amplitude attenuation
in Section 5.5. Finally, we discuss directions for future research in Section 5.6.
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5.2 Modulation system

We first establish some fundamental properties of the decomposition (5.12) charac-
terized by the orthogonality conditions (5.13). Our goal in this section is to derive
the mappings Γσκ, Cσκ and Tσκ in the modulation system (5.15)–(5.17). We recall
that the phase shift γ(t) is related to the position ξ(t) via (5.14), which implies
that (5.15) is equivalent to

ξ̇(t) = c(t) + Γσκ(ξ(t), c(t), η(t)). (5.18)

We will see that the mapping Tσκ in (5.17) is given by

Tσκ(ξ, c, η) = JN [ηr, ηr]− Γσκ(ξ, c, η)∂ξϕξ,c − Cσκ(ξ, c, η)∂cϕξ,c + σ

[
0

δ−
(
κ(rξ,c + ηr)

)] ,
where N [ηr, ηr] is the quadratic nonlinearity

N [ηr, η̃r](j) =

[
ηr(j)η̃r(j)

0

]
.

The mappings Γσκ and Cσκ are given by[
Γσκ(ξ, c, η)
Cσκ(ξ, c, η)

]
= (A(c)−B(ξ, c)[η])−1

[
Ω(∂ξϕξ,c,JN [ηr, ηr])
Ω(∂cϕξ,c,JN [ηr, ηr])

]
− σ(A(c)−B(ξ, c)[η])−1

[
⟨∂ξrξ,c, κ(rξ,c + ηr)⟩ℓ2(Z;R)
⟨∂crξ,c, κ(rξ,c + ηr)⟩ℓ2(Z;R)

]
, (5.19)

where A(c) and B(ξ, c)[η] are the matrices

A(c) =

[
Ω(∂ξϕc, ∂ξϕc) Ω(∂ξϕc, ∂cϕc)
Ω(∂cϕc, ∂ξϕc) Ω(∂cϕc, ∂cϕc)

]
=

[
0 α0(c)

−α0(c) α1(c)

]
,

and

B(ξ, c)[η] =

[
Ω(∂2ξξϕξ,c, η) Ω(∂2cξϕξ,c, η)

Ω(∂2ξcϕξ,c, η) Ω(∂2ccϕξ,c, η)

]
. (5.20)

We remark that for all c ∈ (c−, c+), the coefficient α0(c) is strictly positive
(see (5.11)), so that A(c) is invertible with inverse

A−1(c) =
1

α2
0(c)

[
α1(c) −α0(c)
α0(c) 0

]
. (5.21)

Near the wave family M, the unique existence and differentiability of our decom-
position are guaranteed by the following result.

Proposition 5.2.1. Assuming Hypothesis 1, there exists a constant δ∗ > 0 such
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that the following holds for all T > 0. Let u(t) = (r(t), p(t)) be the unique solution
to (5.1) with initial condition (5.7) on [0, T ]. If u(t) satisfies

inf
ξ∗∈R,c∗∈(c−,c+)

∥ea(·−ξ∗)
(
u(t)− ϕc∗(· − ξ∗)

)
∥ℓ2(Z;R2) ≤ δ∗, t ∈ [0, T ],

then for each t ∈ [0, T ], there exist unique modulation parameters (ξ(t), c(t), η(t))
that satisfy (5.12) with (5.13). Furthermore, the map t 7→ (ξ(t), c(t), η(t)) is differ-
entiable on [0, T ] and satisfies the modulation equations (5.16), (5.17) and (5.18).

Proof. The unique existence of the orthogonal decomposition (5.12) with (5.13)
near the wave manifold is proved in [42, Proposition 2.2]. We derive (5.17) by
differentiating (5.12) with respect to time:

η̇(t) = JH ′
0(ϕξ(t),c(t) + η(t))− ξ̇(t)∂ξϕξ(t),c(t) − ċ(t)∂cϕξ(t),c(t)

+ σJ
[
κ(rξ(t),c(t) + ηr(t))

0

]
(5.22)

where

JH ′
0(ϕξ,c + η) = J

[
rξ,c + ηr + (rξ,c + ηr)

2

pξ,c + ηp

]
= J

[
rξ,c + r2ξ,c

pξ,c

]
+ J

[
ηr + 2rξ,cηr

ηp

]
+ J

[
η2r
0

]
= c∂ξϕξ,c + JLξ,cη + JN [ηr, ηr].

To derive (5.15) and (5.16), we differentiate (5.13):[
Ω(∂ξϕξ(t),c(t), η̇(t))
Ω(∂cϕξ(t),c(t), η̇(t))

]
+B(ξ(t), c(t))[η(t)]

[
Γκ(σ, ξ(t), c(t), η(t)) + c(t)

Cκ(σ, ξ(t), c(t), η(t))

]
= 0.

(5.23)

We furthermore computeΩ(∂ξϕξ(t),c(t), η̇(t))
Ω
(
∂cϕξ(t),c(t), η̇(t)

) (5.22)
=

Ω(∂ξϕξ(t),c(t),JLξ(t),c(t)η(t) + JN [ηr(t), ηr(t)]
)

Ω
(
∂cϕξ(t),c(t),JLξ(t),c(t)η(t) + JN [ηr(t), ηr(t)]

)
−A(c(t))

[
γ̇(t)
ċ(t)

]

+ σ

Ω
(
∂ξϕξ(t),c(t),J

[
κ(rξ(t),c(t) + ηr(t))

0

])
Ω

(
∂cϕξ(t),c(t),J

[
κ(rξ(t),c(t) + ηr(t))

0

])
 .
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The term linear in η can be rewritten as[
Ω(∂ξϕξ,c,JLξ,cη)
Ω(∂cϕξ,c,JLξ,cη)

]
= −

[
⟨∂ξϕξ,c,Lξ,cη⟩ℓ2(Z;R2)

⟨∂cϕξ,c,Lξ,cη⟩ℓ2(Z;R2)

]
(5.8)
= −

[
⟨∂ξH ′

0(ϕξ,c), η⟩ℓ2(Z;R2)

⟨∂cH ′
0(ϕξ,c), η⟩ℓ2(Z;R2)

]
= −

[
Ω(J ∂ξH ′

0(ϕξ,c), η)
Ω(J ∂cH ′

0(ϕξ,c), η)

]
(5.5)
= −c

[
Ω(∂2ξξϕξ,c, η)

Ω(∂2ξcϕξ,c, η)

]
= −c

[
B11(ξ, c, η)
B21(ξ, c, η)

]
,

and cancels with B(ξ, c)[η](c, 0)⊤ in (5.23). The O(σ) term reduces toΩ
(
∂ξϕξ,c,J

[
κ(rξ,c + ηr)

0

])
Ω

(
∂cϕξ,c,J

[
κ(rξ,c + ηr)

0

])
 = −

Ω
(
J ∂ξϕξ,c,

[
κ(rξ,c + ηr)

0

])
Ω

(
J ∂cϕξ,c,

[
κ(rξ,c + ηr)

0

])


= −


〈
∂ξϕξ,c,

[
κ(rξ,c + ηr)

0

]〉
ℓ2(Z;R)〈

∂cϕξ,c,

[
κ(rξ,c + ηr)

0

]〉
ℓ2(Z;R)


= −

[
⟨∂ξrξ,c, κ(rξ,c + ηr)⟩ℓ2(Z;R)
⟨∂crξ,c, κ(rξ,c + ηr)⟩ℓ2(Z;R)

]
.

Finally, we note(
A(c(t))−B(ξ(t), c(t))[η(t)]

)[
Γκ(σ, ξ(t), c(t), η(t))
Cκ(σ, ξ(t), c(t), η(t))

]

=

Ω(∂ξϕξ(t),c(t),JN [ηr(t), ηr(t)]
)

Ω
(
∂cϕξ(t),c(t),JN [ηr(t), ηr(t)]

)
− σ


〈
∂ξrξ(t),c(t), κ(rξ(t),c(t) + ηr(t))

〉
ℓ2(Z;R)〈

∂crξ(t),c(t), κ(rξ(t),c(t) + ηr(t))
〉
ℓ2(Z;R)

 .
Following (5.21), the invertibility of A(c)−B(ξ, c)[η] is guaranteed for c ∈ (c−, c+)
and η satisfying ∥ea·η∥ℓ2(Z;R2) ≤ δ∗, upon decreasing δ∗ if necessary.

Expansion The modulation system (5.15)–(5.17) describes how a small hetero-
geneity σ > 0 affects the exact traveling wave

(
γ(t), c(t), η(t)

)
= (0, c∗, 0). It

introduces O(σ) fluctuations in c(t), and leads to an O(σ) phase shift γ(t). The
heterogeneity also develops an O(σ) tail η(t), which we expect to remain small for
a long time, due to the stabilizing effect of the linearized dynamics. In order to
expose the structure of the coupled modulation system (5.15)–(5.17), we expand
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the system in the parameters σ and η:

Γσκ(ξ, c, η) = σ
(
Γ1,0(ξ, c)[κ] + Γ1,1(ξ, c)[κ, η]

)
+ Γ0,2(ξ, c)[ηr, ηr] +O(ση2) +O(η3),

Cσκ(ξ, c, η) = σ
(
C1,0(ξ, c)[κ] + C1,1(ξ, c)[κ, η]

)
+ C0,2(ξ, c)[ηr, ηr] +O(ση2) +O(η3),

(5.24)

Tσκ(ξ, c, η) = σ
(
T 1,0(ξ, c)[κ] + T 1,1(ξ, c)[κ, η]

)
+ T 0,2(ξ, c)[ηr, ηr] +O(ση2) +O(η3).

Here, the first index k ∈ {0, 1} in Γk,n, Ck,n and T k,n refers to the accompanying
factor σk in (5.24), whereas the second index n ≥ 0 indicates that the mapping is
purely of order O(ηn). To compute these expansion terms, we note that the matrix
inverse in (5.19) can be expanded through a Neumann series:(

A(c)−B(ξ, c)[η]
)−1

=
(
I −A−1(c)B(ξ, c)[η]

)−1
A−1(c)

=

∞∑
k=0

(
A−1(c)B(ξ, c)[η]

)k
A−1(c).

For each ξ ∈ R and c ∈ (c−, c+), the maps Γ1,0(ξ, c) and C1,0(ξ, c) are linear
operators from ℓ∞(Z;R) to R that act as[

Γ1,0(ξ, c)
C1,0(ξ, c)

]
[f ] = − 1

2A
−1(c)

[
⟨∂ξr2c (· − ξ), f⟩ℓ2(Z;R)
⟨∂cr2c (· − ξ), f⟩ℓ2(Z;R)

]
. (5.25)

At order O(η2), we find that Γ0,2(ξ, c)[·, ·] and C0,2(ξ, c)[·, ·] : are the bilinear maps
from ℓ∞(Z;R)× ℓ∞(Z;R) to R that act as[

Γ0,2(ξ, c)
C0,2(ξ, c)

]
[f, g] : = −A−1(c)

[
⟨∂ξrc(· − ξ), fg⟩ℓ2(Z;R)
⟨∂crc(· − ξ), fg⟩ℓ2(Z;R)

]
. (5.26)

In particular, Γ0,2(ξ, c)[·, ·] and C0,2(ξ, c)[·, ·] can be seen as weighted inner products
when restricted to ℓ2(Z;R) × ℓ2(Z;R). Lastly, Γ1,1(ξ, c)[·, ·] and C1,1(ξ, c)[·, ·] are
bilinear maps from ℓ∞(Z;R)× ℓ∞(Z;R2) to R which act as[

Γ1,1(ξ, c)
C1,1(ξ, c)

]
[f, h] = A−1(c)B(ξ, c)[h]

[
Γ1,0(ξ, c)
C1,0(ξ, c)

]
[f ] +

[
Γ0,2(ξ, c)
C0,2(ξ, c)

]
[f, hr]. (5.27)

The expansion of (5.15)–(5.17) up to second-order is completed by the linear map
T 1,0(ξ, c) : ℓ∞(Z;R) → ℓ2(Z;R2) that acts as

T 1,0(ξ, c)[f ] = −Γ1,0(ξ, c)[f ]∂ξϕξ,c − C1,0(ξ, c)[f ]∂cϕξ,c +

[
0

δ−
(
frξ,c

)] , (5.28)

and the bilinear maps

T 1,1(ξ, c)[·, ·] : ℓ∞(Z;R)× ℓ∞(Z;R2) → ℓ2(Z;R2)
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and
T 0,2(ξ, c)[·, ·] : ℓ∞(Z;R)× ℓ∞(Z;R) → ℓ2(Z;R2)

that act as

T 1,1(ξ, c)[f, h] = −Γ1,1(ξ, c)[f, h]∂ξϕξ,c − C1,1(ξ, c)[f, h]∂cϕξ,c +

[
0

δ−
(
fhr

)] ,
T 0,2(ξ, c)[f, g] = −Γ0,2(ξ, c)[f, g]∂ξϕξ,c − C0,2(ξ, c)[f, g]∂cϕξ,c + JN [f, g].

Although higher-order contributions can be identified in the same manner, we will
only make use of the O(σ), O(ση) and O(η2) contributions identified above. This is
because they suffice for our purposes of studying the O(σ2) amplitude attenuation
of c(t), given that η develops at order O(σ). See also Figure 5.2. In the following
section, we construct explicit approximations based on these second-order terms to
facilitate further analysis.

5.3 System expansion

Having derived the modulation system (5.15)–(5.17), we turn our attention to the
resulting dynamics. We emphasize that the modulation parameters (γ, c, η) are,
through a coordinate transformation, equivalent to the original system (r, p). Hence,
solving for c(t) should reveal the observed amplitude attenuation. However, due to
its coupled nature, this information is hard to extract directly from (5.15)–(5.17).

Inspired by Section 2.3, this section introduces explicit approximations based on
the expansion (5.24). The key issue is that the expansion coefficients Γk,n, Ck,n and
T k,n depend explicitly on the pair (ξ, c). At each step in the expansion procedure
one can choose to treat this pair as free functions that must be solved for, but it is
also possible to insert an a-priori approximation. The approximations developed in
Section 2.3 to describe soliton propagation in the KdV equation were based on the
former approach. The main reason is that the random forcing that was considered
broke the Hamiltonian structure of the system. In particular, fluctuations appearing
at order O(σ) lead to significant deviations from the original amplitude on short
time scales, requiring the use of an adaptive approach to account for the short-time
fluctuations.

In this chapter however, the random coefficients in (5.1) preserve the Hamilto-
nian structure of the FPUT system. As a consequence, the dynamics of c(t) induced
by terms at O(σ) do not accumulate significantly over time—see Proposition 5.3.1
ahead. In the present context, c(t) remains close to its initial value c∗ over time
scales proportional to σ−2, leading to a separation of time scales. In particular,
transient dynamics such as the development of the tail η(t) occur at an exponential
rate independent of σ—see Corollary 5.5.3 ahead. We therefore depart from an
adaptive approach, and simply expand the modulation system (5.15)–(5.17) in the
small parameter σ, around the deterministically propagating soliton ϕc∗(· − c∗t):

γ(t) = σγ1(t) + σ2γ2(t) +O(σ3), (5.29)
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c(t) = c∗ + σc1(t) + σ2c2(t) +O(σ3), (5.30)

η(t) = ση1(t) +O(σ2). (5.31)

Since the phase shift γ(t) is related to the position ξ(t) through (5.14), we have an
equivalent expansion

ξ(t) = c∗t+ σξ1(t) + σ2ξ2(t) +O(σ3),

with

ξi(t) = γi(t) +

∫ t

0

ci(s) ds, i = 1, 2.

In principle, the expansion can be continued up to any desired order in σ, but we will
only consider the explicit terms appearing in (5.29)–(5.31). In Section 5.5 ahead,
we compute the expected attenuation of the amplitude approximation c∗+σc1(t)+
σ2c2(t). Although c(t) deviates significantly from its initial value after long times,
the expansion captures the attenuation occurring over intermediate timescales. In
this sense, the attenuation computed from an expansion around ϕc∗(· − c∗t) can be
interpreted as representing tangents to the curves in Figure 5.2 at E[c(t)] = c∗. See
Figure 5.10 in Section 5.5 for further details.

Leading-order phase and amplitude Collecting O(σ) terms in (5.15)
and (5.16) yields[

γ̇1(t)
ċ1(t)

]
=

[
Γ1,0(c∗t, c∗)
C1,0(c∗t, c∗)

]
[κ], with

[
γ1(0)
c1(0)

]
=

[
0
0

]
. (5.32)

These leading-order terms ignore η altogether, since it forms an O(η2) ∼ O(σ2)
contribution. We note that[

Γ1,0(c∗t, c∗)
C1,0(c∗t, c∗)

]
[κ] = − 1

2A
−1(c∗)

∑
j∈Z

κ(j)

[
(∂ξr

2
c∗)(j − c∗t)

(∂cr
2
c∗)(j − c∗t)

]
,

through which we arrive at the explicit solution

c1(t) =
1
2α

−1
0 (c∗)

∑
j∈Z

κ(j)

∫ t

0

(r2c∗)
′(j − c∗s)ds

= −α
−1
0 (c∗)

2c∗

∑
j∈Z

κ(j)[r2c∗(j − c∗t)− r2c∗(j)]. (5.33)

The bracketed terms in (5.33) form (shifting) windows that select the lattice sites
at which the random coefficients contribute. Similarly, we compute that γ1(t) =
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γ1;I(t) + γ1;II(t) with

γ1;I (t) = −α
−2
0 (c∗)α1(c∗)

2c∗

∑
j∈Z

κ(j)[r2c∗(j − c∗t)− r2c∗(j)] (5.34)

and

γ1;II (t) =
1

2α0(c∗)

∑
j∈Z

κ(j)

∫ t

0

∂cr
2
c∗(j − c∗s)ds. (5.35)

We note that ∫ x

−∞
∂cr

2
c∗(y)dy →

∫
R
∂cr

2
c∗(y)dy > 0, as x→ ∞.

Thus, the integral in (5.35) acts as a widening window, selecting an increasing
amount of lattice sites with time. Hence, γ1;II resembles a continuous random
walk, and its variance grows linearly with time. Below, we collect some elementary
properties regarding the statistics of c1(t) and γ1(t).

Proposition 5.3.1 (See Section 5.7). Assume Hypothesis 1 and let c∗ ∈ (c−, c+).
Then

1. c1(t) is a mean-zero random process, whose variance is uniformly bounded in
time as

E[c21(t)] ≤
α−2
0 (c∗)

c2∗
∥rc∗∥4ℓ4(Z;R), t ≥ 0. (5.36)

2. γ1(t) is a mean-zero random process, whose variance is bounded linearly in
time as

E[γ21(t)] ≤
(
C1 + C2t

)
, t ≥ 0,

where the constants C1, C2 > 0 depend only on c∗.

Figure 5.3 shows simulations of the first-order parameters (c1(t), γ1(t)). The ap-
proximation c∗+σc1(t) captures the leading-order effect of the random coefficients:
the solitary wave experiences an O(σ) ‘shaking’, but the disturbances do not accu-
mulate with time. See the left panel of Figure 5.3: The approximation c∗ + σc1(t)
does not capture the attenuation of the soliton.

Tail approximations Analogously, we identify the leading-order expansion term
ση1 of η by isolating O(σ) contributions in (5.17). In particular, we find

η̇1(t) = JLc∗t,c∗η1(t) + T 1,0(c∗t, c∗)[κ] (5.37)

= JLc∗t,c∗η1(t) +

[
∂ξϕc∗t,c∗
∂cϕc∗t,c∗

]⊤
A−1(c∗)

[
⟨∂ξrc∗t,c∗ , κrc∗t,c∗⟩ℓ2(Z;R)
⟨∂crc∗t,c∗ , κrc∗t,c∗⟩ℓ2(Z;R)

]
+ J

[
κrc∗t,c∗

0

]
,
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Figure 5.3: Comparison of first-order approximations c∗+σc1(t) and σγ1(t) of amplitude
and position, for a particular realization with σ = 0.07 and c∗ = 1.015. The random
coefficients κ(i) are drawn from a uniform distribution on [−

√
3,
√
3]. The parameters

c1(t) and γ1(t) correspond to a numerical simulation of the approximation (5.32). These
processes capture fluctuations, but do not capture the attenuation affecting c(t).

supplemented with the initial condition η1(0, j) = 0, j ∈ Z. This is now a lin-
ear equation, forced by the random coefficients κ. We recall that Lc∗t,c∗ is the
linearization around the solitary wave ϕc∗(· − c∗t), that acts as

Lc∗t,c∗η =

[
ηr
ηp

]
+ 2

[
rc∗(· − c∗t)ηr

0

]
. (5.38)

These time-dependent operators generate an exponentially stable evolution in
weighted spaces (Proposition 5.1.1), provided the neutral modes are avoided via
the orthogonality conditions (5.10). The term T 1,0 introduces forcing to (5.37)
which preserves orthogonality with respect to ϕc∗(· − c∗t). In particular,

Ω
(
∂ξϕc∗(· − c∗t), η1(t)

)
= Ω

(
∂cϕc∗(· − c∗t), η1(t)

)
= 0, t ≥ 0. (5.39)

Additionally, we consider a cruder ‘homogeneous’ linear approximation of the
tail η(t) that neglects the localized linear term:

η̇h1 (t) = J ηh1 (t) + T 1,0(c∗t, c∗)[κ]. (5.40)

In comparison to (5.37), the linear operator Lc∗t,c∗ has been replaced by I. This
simplifies the analysis: (5.40) is a forced discrete wave equation, for which we can
derive explicit solution formulas (Section 5.4). Despite the seemingly large difference
between the definitions (5.37) and (5.40), the resulting ‘tails’ do not differ much from
each other. See Figure 5.4, which shows the difference ∥η1(t)− ηh1 (t)∥ in proportion
to ∥η1(t)∥ + ∥ηh1 (t)∥ over time. Although the wave profile in (5.38) introduces
secular modes, the map Tκ avoids these by design. This structural aspect is shared
by (5.40), since the discrete wave equation ẇ = Jw contains no secular modes.
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Figure 5.4: Relative difference
∥η1(t)−ηh

1 (t)∥
∥η1(t)∥+∥ηh

1 (t)∥ , for a particular realization with c∗ =

1.015 and κ(i) ∈ Unif([−
√
3,
√
3]). The differences remain below 0.25, indicating a strong

correspondence.

Second-order Phase and Amplitude Corrections It has become clear that
leading-order effects do not capture any attenuation of the amplitude c(t). Next, we
consider second-order contributions in the σ-expansion of the modulation parame-
ters. We identify γ2 and c2 in (5.29) and (5.30) by isolating O(σ2) contributions
in (5.15) and (5.16). In particular, by expanding[
Γ1,0(ξ(t), c(t))
C1,0(ξ(t), c(t))

]
=

[
Γ1,0(c∗t, c∗)
C1,0(c∗t, c∗)

]
+ σξ1(t)∂ξ

[
Γ1,0(c∗t, c∗)
C1,0(c∗t, c∗)

]
+ σc1(t)∂c

[
Γ1,0(c∗t, c∗)
C1,0(c∗t, c∗)

]
+O(σ2),

we find that γ̇2 and ċ2 satisfy an equation of the form[
γ̇2(t)
ċ2(t)

]
= (γ1(t) +

∫ t

0

c1(s) ds)∂ξ

[
Γ1,0(c∗t, c∗)
C1,0(c∗t, c∗)

]
[κ] + c1(t)∂c

[
Γ1,0(c∗t, c∗)
C1,0(c∗t, c∗)

]
[κ]

+

[
Γ1,1(c∗t, c∗)
C1,1(c∗t, c∗)

]
[κ, η(t)] +

[
Γ0,2(c∗t, c∗)
C0,2(c∗t, c∗)

]
[ηr(t), ηr(t)], (5.41)

with initial conditions γ2(0) = 0 and c2(0) = 0. The system (5.41) defines second-
order corrections (γ2, c2) based on a general linear approximation ση to η. In
particular, we retrieve the true second-order corrections (γ2, c2) in (5.29) and (5.30)
upon picking η = η1. Additionally, we obtain corrections (γh2 , c

h
2) based on the

homogeneous tail η = ηh1 introduced in (5.40).
As seen in Figure 5.5, the second-order approximation (γ2, c2) effectively cap-

tures the amplitude attenuation. The second-order corrections capture to a large
extent how much energy radiates away from the soliton as a consequence of its
shaking, leading to an O(σ2) amplitude attenuation.

172



5

Chapter 5. Lattice waves

0 200 400 600 800 1000 1200

t

1.014

1.0145

1.015

1.0155

c(t)

c$ + <c1(t) + <2c2(t)

0 200 400 600 800 1000 1200

t

-5

-4

-3

-2

-1

0

1

<.1(t) + <2.2(t)

.(t)

Figure 5.5: The second-order approximations c∗ + σc1(t) + σ2c2(t) (left) and σγ1(t) +
σ2γ2(t) (right) compared to c(t) (left) and γ(t) (right), respectively. (σ = 0.07, c∗ = 1.015
and κ(i) ∈ Unif([−

√
3,
√
3]).)

Although the tail approximation ηh1 defined through (5.40) neglects a linear
term localized at the soliton location, the second-order corrections (γh2 , c

h
2) based

on ηh1 are remarkably close to the true corrections (γ2, c2)—see Figure 5.6. We
have thus arrived at two tractable approximations to the parameters (γ, c, η) that
capture attenuation. In the next sections, we analyze the linear tails η and resulting
second-order corrections (γ2, c2) in more detail.
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Figure 5.6: The second-order amplitude contribution c2(t) compared to ch2(t) (left) and
the second-order phase contribution γ2(t) compared to γh

2 (t) (right). (c∗ = 1.015 and
κ(i) ∈ Unif([−

√
3,
√
3]).)

5.4 Radiative Tail

In this section, we examine the radiative tail that forms behind the solitary wave
in more detail. In Section 5.3, we have introduced two approximations to the tail η
of the form

η̇(j, t) = JAc∗t,c∗ η(j, t) + T 1,0(c∗t, c∗)[κ](j), with η(j, 0) = 0. (5.42)

The approximation η1 defined in (5.37) features the soliton linearization Ac∗t,c∗ =
Lc∗t,c∗ , while η

h
1 is constructed using the constant-coefficient reduction Ac∗t,c∗ = I;

see (5.40). Our aim here is to characterize the asymptotic behavior of such tails
η(t). In particular, we find that η(t) converges when viewed in a frame that moves
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along with the solitary wave. Besides being interesting on its own, this can be linked
directly to the long-time behavior of c2(t). Indeed, this result allows us to derive a
limit for the expected attenuation E[c2(t)] in Section 5.5. We rely on the following
assumptions on Ac∗t,c∗ , which are met by both I and Lc∗t,c∗ :

Hypothesis 2. We have c∗ ∈ (c−, c+) and {Ac∗t,c∗}t∈R is a family of bounded
linear operators on ℓ2(Z;R2) that satisfies the spatio-temporal shift invariance

[Ac∗t,c∗η](j + d) = [Ac∗t−d,c∗η(·+ d)](j), j, d ∈ Z, t ∈ R. (5.43)

The operators {JAc∗t,c∗}t∈R generate an evolution family {Uc∗(t, s)}t≥s on
ℓ2(Z;R2). There exist constants K, b > 0 such that

∥ea(·−c∗t)Uc∗(t, s)w∥ℓ2(Z;R2) ≤ Ke−b(t−s)∥ea(·−c∗s)w∥ℓ2(Z;R2), t ≥ s, (5.44)

provided

Ω(∂ξϕc∗(· − c∗s), w) = Ω(∂cϕc∗(· − c∗s), w) = 0. (5.45)

We observe numerically (Figure 5.1b) that the tail η(t) starts out as zero, and,
roughly speaking, develops in the interval [−c∗t, c∗t] as the soliton passes through
and excites lattice sites. In particular, when viewed in a co-moving frame traveling
rightward with velocity c∗, the tail is roughly active in the interval [−2c∗t, 0]. This
leads to a limiting situation where all lattice sites behind the soliton are excited,
while all lattice sites ahead remain almost unperturbed. Our tail approximations
η allow us to characterize this limiting situation in more detail. In terms of the
evolution family, (5.42) reads

η(t) =

∫ t

0

Uc∗(t, s)T
1,0(c∗s, c∗)[κ] ds,

in which the forcing term T 1,0(c∗s, c∗) is localized around the soliton site j ≈ c∗s
as it propagates from 0 to c∗t. At times

tn = (n+ p)/c∗, n ∈ N, p ∈ [0, 1),

we shift the tail by an integer ⌊c∗tn⌋ = n, which leads to the identity

η(·+ n, tn) =

∫ tn

0

Uc∗(p/c∗, p/c∗ − τ)T 1,0(p− c∗τ, c∗)[κ(·+ n)] dτ.

We derive such representations using the Green’s function associated to Uc∗ , which
we analyze in Section 5.4.1 ahead. The only dependence of the integrand on n is
through the shift of the random coefficients κ(· + n), which does not affect their
distribution. Combined with the exponential stability of the evolution family Uc∗ ,
this allows us to take the limit n → ∞ and show that this shifted tail approaches
an equilibrium distribution.
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Proposition 5.4.1. Assuming Hypothesis 1 and Hypothesis 2, there exists a (ran-
dom) function η∞ : R → R such that for each j ∈ Z and p ∈ [0, 1), the sequence of
random variables (

η(j + n, (n+ p)/c∗)
)
n≥1

converges in distribution to η∞(j − p).

Remark 5.4.2. A representation of η(x) is given in (5.59) ahead, which we suspect
is (almost surely) continuous in x; see Figure 5.7 ahead. We do not attempt to prove
this here.

The proof of Proposition 5.4.1 is given at the end of Section 5.4.2. In the limit,
the tail is still 1/c∗-periodic in time in some sense, reflecting that the lattice peri-
odicity is traversed with velocity c∗. Here and below, p ∈ [0, 1) denotes the phase
of the soliton (for instance, p = 0 means centered at a lattice point and p = 1/2
means exactly between lattice points). The convergence in Proposition 5.4.1 holds
only in distribution because, roughly speaking, the solitary wave continually en-
counters different random coefficients. Nevertheless, the distribution of the random
coefficients is translation-invariant.

5.4.1 Linear theory

Our strategy will be to work with a decomposition of η in terms of deterministic
functions. More precisely, we analyze the asymptotic behavior of tails η(t) based
on a ‘response’ function R : Z× Z× R+ → R2, defined through

Ṙ(j,m, t) = JAc∗t,c∗R(j,m, t) + T 1,0(c∗t, c∗)[δm](j), with R(j,m, 0) = 0.
(5.46)

Here, δm ∈ ℓ2(Z;R) denotes the sequence with value 1 at j = m and 0 elsewhere.
Hence, the response function expresses the effect of a spring heterogeneity at site
m on the random tail η(t). The advantage of this decomposition is that we can
analyze the asymptotics of the deterministic components R in a co-moving frame,
without directly involving the constantly shifting random coefficients κ. We recall
that T 1,0 is introduced in (5.28), and remark that

T 1,0(c∗t, c∗)[δm](j) =
1

2

[
∂ξϕc∗(j − c∗t)
∂cϕc∗(j − c∗t)

]⊤
A−1(c∗)

[
∂ξr

2
c∗(m− c∗t)

∂cr
2
c∗(m− c∗t)

]
+ rc∗(m− c∗t)

[
0

(δm − δm+1)(j)

]
. (5.47)

Since the wave-profiles and their derivatives are exponentially localized [41, Propo-
sition 5.5], this forcing term satisfies the bound∣∣∣T 1,0(c∗t, c∗)[δm](j)

∣∣∣ ≤ Ce−β|j−c∗t|e−β|m−c∗t| + Ce−β|m−c∗t|(δ0 + δ1)(j −m)

(5.48)
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for some C > 0 and β > a, where a is the weight of Proposition 5.1.1. Below, we
derive the representation of η(t) as a random series. To this end, we note that the
solution to (5.46) can be represented by the Duhamel formula

R(·,m, t) =
∫ t

0

Uc∗(t, s)T
1,0(c∗s, c∗)[δm] ds. (5.49)

Proposition 5.4.3. Assume Hypothesis 1 and Hypothesis 2. For each t ≥ 0, the
random sequence

η(j, t) =
∑
m∈Z

κ(m)R(j,m, t), j ∈ Z, (5.50)

lies almost surely in ℓ2(Z;R2) and solves the linear system (5.42).

Proof. We first show that the series in (5.50) lies in ℓ2(Z;R2). For each m ∈ Z:

∥R(·,m, t)∥ℓ2(Z;R2) =
∥∥∥∫ t

0

Uc∗(t, s)T
1,0(c∗s, c∗)[δm] ds

∥∥∥
ℓ2(Z;R2)

≤ t sup
s∈[0,t]

∥Uc∗(t, s)∥L(ℓ2(Z;R2))∥T 1,0(c∗s, c∗)[δm]∥ℓ2(Z;R2).

From (5.48) we then get

∥T 1(c∗s, c∗)[δm]∥ℓ2(Z;R2) ≤ Ce−β|m−c∗s|
∑
j∈Z

e−β|j−c∗s| + Ce−β|m−c∗s| ≤ C̃e−β|m−c∗s|,

which is summable in m:∥∥∥ ∑
m∈Z

κ(m)R(·,m, t)
∥∥∥
ℓ2(Z;R2)

≤ α
∑
m∈Z

∥R(·,m, t)∥ℓ2(Z;R2) <∞.

The variation of constants formula then shows that (5.42) is solved by

η(j, t) =

∫ t

0

Uc∗(t, s)T
1,0(c∗s, c∗)[κ] ds.

The result follows via (5.49) and the identity

T 1,0(c∗s, c∗)[κ] =
∑
m∈Z

κ(m)T 1,0(c∗s, c∗)[δm].

We proceed with a result regarding the Green’s function associated to JAc∗t,c∗ ,
which will be key to characterizing the asymptotics of the response function
R(j,m, t).

Lemma 5.4.4 (See Section 5.8). Assuming Hypothesis 2, there exists a Green’s
function Gc∗ : R+ × R × R → R2×2 such that the evolution family associated to
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JAc∗t,c∗ admits the representation

Uc∗(t, s)

[
u
v

]
(j) =

∑
k∈Z

Gc∗(t− s, j − c∗t, k − c∗s)

[
u(k)
v(k)

]
,

[
u
v

]
∈ ℓ2(Z;R2).

(5.51)

Remark 5.4.5 (See Lemma 5.8.1). In the constant-coefficient case JAc∗t,c∗ = J ,
the evolution family Uc∗ reduces to the unitary C0-group {eJ t}t∈R. In particular,
these solution operators admit an explicit kernel representation

Uc∗(t, s)

[
u
v

]
(j) = eJ (t−s)

[
u
v

]
(j) =

∑
k∈Z

Φ(j − k, t− s)

[
u(k)
v(k)

]
, j ∈ Z, t ∈ R,

(5.52)

with

Φ(j, t) :=

[
J2j(2t) −J2j+1(2t)

−J2j−1(2t) J2j(2t)

]
. (5.53)

Here, Jn : R → R are Bessel functions of the first kind, and for n ∈ Z− we use the
convention that Jn(x) = (−1)nJ−n(x). Hence, the Green’s function associated to
the discrete wave operator J satisfies (5.51), with

Gc∗(α, β, γ) = Φ(β − γ + c∗α, α).

5.4.2 Asymptotic response

We proceed by analyzing the asymptotic behavior of (5.46) in the co-moving frame,
based on the Green’s function representation (5.51). We will see that at times

tn = (n+ p)/c∗, n ∈ N, p ∈ [0, 1),

we have a representation of the (shifted) response function R(j+ ⌊c∗t⌋,m+ ⌊c∗t⌋, t)
as

R(j + n,m+ n, tn) =

∫ tn

0

(
Uc∗(p/c∗, p/c∗ − τ)T 1,0(p− c∗τ, c∗)[δm]

)
(j) dτ

=

∫ tn

0

∑
k∈Z

Gc∗(τ, j − p, k − p+ c∗τ)T
1,0(p− c∗τ, c∗)[δm](k) dτ.

Hence, this collects the effect of a heterogeneity at site m on site j as the solitary
wave travels from −n to p. In this ‘co-moving frame’, stationary forcing competes
with an exponentially stable linear flow. This allows us to take n → ∞ and arrive
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at the limiting response function R
∞

: Z× Z× [0, 1] → R2, defined as

R
∞
(j,m, p) =

∫ ∞

0

∑
k∈Z

Gc∗(τ, j − p, k − p+ c∗τ)T
1,0(p− c∗τ, c∗)[δm](k) dτ. (5.54)

Note that in the constant-coefficient case (Lemma 5.8.1), the kernel in (5.54) is
explicitly given by

Gc∗(τ, j − p, k − p+ c∗τ) = Φ(j − k, τ).

Lemma 5.4.6. Assume Hypothesis 2. For each j,m ∈ Z and p ∈ [0, 1), we have
the pointwise limit

lim
n→∞

R(j + n,m+ n, (n+ p)/c∗) = R
∞
(j,m, p). (5.55)

Proof. Let p ∈ [0, 1) and

tn = (n+ p)/c∗, n ∈ N.

Then (5.49) gives

R(j + n,m+ n, tn)

=

∫ tn

0

∑
k∈Z

Gc∗(tn − s, j + n− c∗tn, k − c∗s)T
1,0
δm+n

(c∗s, c∗)(k) ds

=

∫ tn

0

∑
k′∈Z

Gc∗(tn − s, j − p, k′ + n− c∗s)T
1,0(c∗s, c∗)[δm+n](k

′ + n) ds.

Using

T 1,0(c∗s, c∗)[δm+n](k
′ + n) = T 1,0(c∗s− n, c∗)[δm](k′) = T 1,0(p− c∗(tn − s), c∗)[δm](k′),

and substituting τ = tn − s, we obtain that

R(j + n,m+ n, tn) =

∫ tn

0

∑
k′∈Z

Gc∗(τ, j − p, k′ − p+ c∗τ)T
1,0(p− c∗τ, c∗)[δm](k′) dτ

(5.56)

→ R
∞
(j,m, p) as n→ ∞.

Thus, we have established (5.55): pointwise convergence in j and m.

We will in fact require a stronger form of convergence for our purposes of an-
alyzing the asymptotics of E[c2(t)] in Section 5.5. Recall that the weight a > 0 is
introduced in Proposition 5.1.1. We then define the exponentially weighted spaces

ℓ2a(Z2;R2) :=
{
f : Z2 → R2

∣∣ ∥f∥ℓ2a(Z2;R2) <∞
}
,
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with norm
∥f∥2ℓ2a(Z2;R2) =

∑
m∈Z

∑
j∈Z

e2aj
(
f2r (j,m) + f2p (j,m)

)
.

Proposition 5.4.7. Assume Hypothesis 2. The response function R(·, ·, (n+p)/c∗)
converges to R

∞
(·, ·, p) in ℓ2a(Z2;R2) at an exponential rate: there exist constants

C, q > 0 such that

∥R(·+ n, ·+ n, (n+ p)/c∗)−R
∞
(·, ·, p)∥ℓ2a(Z2;R2) ≤ Ce−qn, n ∈ N. (5.57)

Before giving the proof, we prepare two intermediate results. The first regards
the weighted norm of the forcing term in (5.54).

Lemma 5.4.8. Assuming Hypothesis 2, there exist constants C, γ > 0, such that
for each p ∈ [0, 1), m ∈ Z and τ ≥ 0, we have

∥ea(·+c∗τ)T 1,0(p− c∗τ, c∗)[δm]∥ℓ2(Z;R2) ≤ C̃e−γ|m+c∗τ |.

Proof. The estimate (5.48) provides

∥ea(·+c∗τ)T 1,0(p− c∗τ, c∗)[δm]∥ℓ2(Z;R2)

≤ Ce−β|m+c∗τ |∥ea(·+c∗τ)e−β|·+c∗τ |∥ℓ2(Z;R)
+ Ce−β|m+c∗τ |∥ea(·+c∗τ)(δ0 + δ1)(· −m)∥ℓ2(Z;R),

where we note that
ea(·+c∗τ)e−β|·+c∗τ | ∈ ℓ2(Z;R),

since γ := β − a > 0. We furthermore compute

∥ea(·+c∗τ)(δ0 + δ1)(· −m)∥ℓ2(Z;R) =
(∑

j∈Z
e2a(·+c∗τ)(δ0 + δ1)(j −m)

)1/2
= (1 + e2a)1/2ea(m+c∗τ),

and the result follows.

We proceed by asserting that both R(·, ·, t) and R
∞
(·, ·, p) are well-defined in

ℓ2a(Z2;R2).

Lemma 5.4.9. Assume Hypothesis 2. For each t ≥ 0 and p ∈ [0, 1), the response
function R(·, ·, t) and its limit R

∞
(·, ·, p) are contained in ℓ2a(Z2;R2).

Proof. From (5.54), we compute

∥R∞
(·,m, p)∥2ℓ2a(Z2;R2)

=
∑
m∈Z

∥∥∥∫ ∞

0

∑
k∈Z

ea·Gc∗(τ, j − p, k − p+ c∗τ)T
1,0(p− c∗τ, c∗)[δm](k) dτ

∥∥∥2
ℓ2(Z;R2)
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=
∑
m∈Z

∥∥∥∫ ∞

0

ea·Uc∗(p/c∗, p/c∗ − τ)T 1,0(p− c∗τ, c∗)[δm] dτ
∥∥∥2
ℓ2(Z;R2)

.

We then apply the exponential stability bound (5.44):

∥R∞
(·,m, p)∥2ℓ2a(Z2;R2)

≤
∑
m∈Z

(∫ ∞

0

∥ea·Uc∗(p/c∗, p/c∗ − τ)T 1,0(−c∗τ, c∗)[δm]∥ℓ2(Z;R2) dτ
)2

≤ K2
∑
m∈Z

(∫ ∞

0

e−bτ∥ea(·+c∗τ)T 1,0(p− c∗τ, c∗)[δm]∥ℓ2(Z;R2) dτ
)2
.

Via Lemma 5.4.8, we then obtain

∥R∞
(·,m, p)∥2ℓ2a(Z2;R2) ≤ K2C̃2

∑
m∈Z

(∫ ∞

0

e−bτe−γ|m+c∗τ |dτ
)2
.

A straightforward computation shows that for each t ≥ 0

∫ ∞

t

e−bτ e−γ|m+c∗τ |dτ =


e−γ(c∗t+m) e−bt

b/c∗ + γ
, c∗t+m ≥ 0,

ebm/c∗ − eγ(c∗t+m)e−bt

γ − b/c∗
+

ebm/c∗

b/c∗ + γ
, c∗t+m ≤ 0.

(5.58)

In particular,

∑
m∈Z

(∫ ∞

0

e−bτe−γ|m+c∗τ |dτ
)2

≤ C̃
( ∞∑

m=0

e−2m + e−2bm
)
<∞.

We have thus shown that R
∞
(·, ·, p) lies in ℓ2a(Z2;R2). An analogous computa-

tion based on (5.56) shows that R(· + n, · + n, tn)—and consequently its translate
R(·, ·, tn)—is also contained in ℓ2a(Z2;R2).

We are then ready to prove Proposition 5.4.7.

Proof of Proposition 5.4.7. We apply the same estimates as in Lemma 5.4.9 to the
difference

Rn : =
∑
m∈Z

∥ea·
(
R(·+ n,m+ n, tn)−R

∞
(·,m, p)

)
∥2ℓ2(Z;R2)

=
∑
m∈Z

∥∥∥ ∫ ∞

tn

ea·Uc∗(p/c∗, p/c∗ − τ)T 1,0(p− c∗τ, c∗)[δm] dτ
∥∥∥2
ℓ2(Z;R2)

.
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Applying the stability bound (5.44) gives

Rn ≤ K2
∑
m∈Z

(∫ ∞

tn

e−bτ∥ea(·+c∗τ)T 1,0(p− c∗τ, c∗)[δm]∥ℓ2(Z;R2) dτ
)2

≤ K2C̃2
∑
m∈Z

(∫ ∞

tn

e−bτe−γ|m+c∗τ |dτ
)2
.

Inspecting (5.58), we now arrive at∑
m∈Z

(∫ ∞

t

e−bτe−γ|m+c∗τ |dτ
)2

≤ C̃
(
e−2bt

∑
m≥−t

e−2(t+m) +
∑

m≤−t

e2bm + e−2bt
∑

m≤−t

e2(t+m)
)

≤ 3C̃
e2b

e2b − 1
e−2bt,

which shows (5.57).

5.4.3 Asymptotic tail

Following the convergence of R to R
∞
, we now turn to Proposition 5.4.1, concerning

the convergence of the shifted tail to η∞. We will see that η∞ can be represented
by the random series

η∞(x) =
∑
m∈Z

ζ(m− ⌈x⌉)R∞
(⌈x⌉,m, ⌈x⌉ − x), x ∈ R, (5.59)

where ζ(j), j ∈ Z is an i.i.d. sequence with the same distribution as the random
coefficients κ(j). Regarding the continuity of this representation (Remark 5.4.2),
we note that

R
∞
(j,m, 1) = R

∞
(j − 1,m− 1, 0), j,m ∈ Z,

which shows that the specific representation (5.59) satisfies

lim
x↓j

η∞(x) = η∞(j), j ∈ Z.

In between lattice points x /∈ Z, the continuity of η∞ is determined by that of
R

∞
(j,m, p) in the p-variable, for which we do not pursue a proof here. The covari-

ance of η∞ = (η∞r , η
∞
p )⊤ is given by

E
(
η∞r (x)η∞r (y)

)
=
〈
R

∞
r (⌊x⌋, ·, x− ⌊x⌋), R∞

r (⌊y⌋, ·, y − ⌊y⌋)
〉
ℓ2(Z;R)

,

with an analogous expression for η∞p . See Figure 5.7 for a numerical evaluation.
We are then ready to prove the main result of this section.
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Figure 5.7: Realization (left) and standard deviation (right) of the limiting tail η∞,
based on η = ηh

1 . ( c∗ = 1.015 and ζ(i) ∈ Unif([−
√
3,
√
3]).)

Proof of Proposition 5.4.1. Once again, we pick p ∈ [0, 1) and write tn = (n+p)/c∗,
so that at x = j − p, the representation (5.59) reads

η∞(j − p) =
∑
m∈Z

ζ(m− j)R
∞
(j,m, p),

where ζ(j), j ∈ Z is an i.i.d. sequence with the same distribution as the random
coefficients κ(j). We introduce

Yn(j) =
∑
m∈Z

ζ(m− j)R(j + n,m+ n, tn),

which, for each n ∈ N and j ∈ Z, has the same law as

η(j + n, tn) =
∑
m∈Z

κ(m+ n)R(j + n,m+ n, tn).

Indeed, the i.i.d. sequences κ and ζ follow the same distribution. We furthermore
have

Yn(j)− η∞(j − p) =
∑
m∈Z

ζ(m− j)
(
R(j + n,m+ n, tn)−R

∞
(j,m, p)

)
and as a consequence of Proposition 5.4.7:

E[(Yn(j)− η∞(j − p))2] =
∑
m∈Z

(
R(j + n,m+ n, tn)−R

∞
(j,m, p)

)2
→ 0

as n→ ∞. In particular, Yn(j)
d−→ η∞(j − p). It follows that also

η(j + n, tn)
d−→ η∞(j − p).
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5.5 Amplitude Attenuation

We finally return to the main goal of this chapter: capturing the amplitude attenua-
tion that affects the propagation of solitary waves in (5.1). We build on the results of
Section 5.4, where we analyzed linear tail approximations η based on a general time-
dependent linearization JAc∗t,c∗ ; see (5.42) and Hypothesis 2. The representation
of η(t) as a random series (Proposition 5.4.3) allows us to compute expectations
of the second-order corrections γ2(t) and c2(t), defined via (5.41). Although the
random coefficients κ—and by extension the linear tail η(t)—are mean-zero, the
quadratic terms in (5.41) lead to a non-zero expectation of γ̇2(t) and ċ2(t).

In Proposition 5.5.2 below, we give an explicit representation for the amplitude
attenuation via the bilinear maps Γ1,1,Γ0,2, C1,1 and C0,2 introduced in (5.26)–
(5.27), and the response function R introduced in (5.46). Recall that ℓ2a(Z2;R2)
denotes the exponentially weighted spaces

ℓ2a(Z2;R2) :=
{
f : Z2 → R2

∣∣ ∥f∥ℓ2a(Z2;R2) <∞
}
,

with norm
∥f∥2ℓ2a(Z2;R2) =

∑
m∈Z

∥ea·f(·,m)∥2ℓ2(Z;R2).

For ξ ∈ R, c ∈ (c−, c+), we define the linear map M1,1(ξ, c) : ℓ2a(Z2;R2) → R2 via

M1,1(ξ, c)[α] =
∑
m∈Z

[
Γ1,1(ξ, c)
C1,1(ξ, c)

]
[δm, α(·,m)], (5.60)

and the bilinear map M0,2(ξ, c) : ℓ2a(Z2;R2)× ℓ2a(Z2;R2) → R2 by

M0,2(ξ, c)[α, β] =
∑
m∈Z

[
Γ0,2(ξ, c)
C0,2(ξ, c)

]
[αr(·,m), βr(·,m)]. (5.61)

Both M1,1 and M0,2 are bounded (see Section 5.9) and we recall that R(·, ·, t) is
contained in ℓ2a(Z2;R2) for each t ≥ 0 on account of Lemma 5.4.9. Finally, we define
M1,0

I (ξ, c), . . . ,M1,0
IV (ξ, c) as the correlations

M1,0
I (ξ, c) = −α

−2
0 (c)α1(c)

2c
E
∑
j∈Z

κ(j)[r2c (j − ξ)− r2c (j)]∂ξ

[
Γ1,0(ξ, c)
C1,0(ξ, c)

]
[κ], (5.62)

M1,0
II (ξ, c) =

1

2cα0(c)
E
∑
j∈Z

κ(j)

∫ ξ

0

∂cr
2
c (j − s)ds ∂ξ

[
Γ1,0(ξ, c)
C1,0(ξ, c)

]
[κ], (5.63)

M1,0
III (ξ, c) = −α

−1
0 (c)

2c2
E
∑
j∈Z

κ(j)
(∫ ξ

0

r2c (j − s) ds− ξr2c (j)
)
∂ξ

[
Γ1,0(ξ, c)
C1,0(ξ, c)

]
[κ],

(5.64)
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and

M1,0
IV (ξ, c) = −α

−1
0 (c)

2c
E
∑
j∈Z

κ(j)[r2c (j − ξ)− r2c (j)]∂c

[
Γ1,0(ξ, c)
C1,0(ξ, c)

]
[κ]. (5.65)

We refer to Section 5.10 for a fully deterministic representation. As a preparation,
we make the following observation regarding these correlations.

Lemma 5.5.1 (See Section 5.10). Assume Hypothesis 1 and Hypothesis 2. For
each ξ ∈ R, c ∈ (c−, c+) and i ∈ {I, . . . , IV }, the correlation M1,0

i (ξ, c) can be
decomposed as

M1,0
i (ξ, c) =M1,0

i,per(ξ, c) +M1,0
i,trans(ξ, c),

with M1,0
i,per(ξ, c) periodic in ξ:

M1,0
i,per(ξ, c) =M1,0

i,per(ξ + d, c), d ∈ Z,

and M1,0
i,trans(ξ, c) exponentially decaying in |ξ|: there exist constants C, q > 0 such

that
|M1,0

i,trans(ξ, c)| ≤ Ce−q|ξ|.

Upon introducing

M1,0(ξ, c) =M1,0
per(ξ, c) +M1,0

trans(ξ, c)

=M1,0
I (ξ, c) +M1,0

II (ξ, c) +M1,0
III (ξ, c) +M1,0

IV (ξ, c),

we then obtain the following.

Proposition 5.5.2. Assume Hypothesis 1 and Hypothesis 2. For each t ≥ 0, we
have

E
[
γ̇2(t)
ċ2(t)

]
=M1,0(c∗t, c∗) +M0,2(c∗t, c∗)[R(·, ·, t), R(·, ·, t)] +M1,1(c∗t, c∗)[R(·, ·, t)].

(5.66)

Proof. By Hypothesis 1, the random coefficients satisfy

E[κ(j)] = 0 and E[κ(i)κ(j)] = δij , i, j ∈ Z.

We proceed by computing the expectation of (5.41) using the representation

η(j, t) =
∑
m∈Z

κ(m)R(j,m, t).
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Via the definitions (5.62)–(5.65), the gradient terms in (5.41) satisfy

E γ1,I (t)∂ξ

[
Γ1,0(c∗t, c∗)
C1,0(c∗t, c∗)

]
[κ] =M1,0

I (c∗t, c∗),

E γ1,II (t)∂ξ

[
Γ1,0(c∗t, c∗)
C1,0(c∗t, c∗)

]
[κ] =M1,0

II (c∗t, c∗),

E
∫ t

0

c1(s) ds∂ξ

[
Γ1,0(c∗t, c∗)
C1,0(c∗t, c∗)

]
[κ] =M1,0

III (c∗t, c∗),

and

E c1(t)∂c

[
Γ1,0(c∗t, c∗)
C1,0(c∗t, c∗)

]
[κ] =M1,0

IV (c∗t, c∗).

Here, we recall that the components in γ1,I (t) and γ1,II (t) sum to γ1(t), and are
defined in (5.34) and (5.35), respectively. We proceed with the O(η2r) term in (5.41).
The bilinearity of Γ0,2(c∗t, c∗) and C

0,2(c∗t, c∗) implies

E
[
Γ0,2(c∗t, c∗)
C0,2(c∗t, c∗)

]
[ηr(t), ηr(t)]

= E
[
Γ0,2(c∗t, c∗)
C0,2(c∗t, c∗)

] [ ∑
m∈Z

κ(m)Rr(·,m, t),
∑
m′∈Z

κ(m′)Rr(·,m′, t)
]

=
∑
m∈Z

∑
m′∈Z

E[κ(m)κ(m′)]

[
Γ0,2(c∗t, c∗)
C0,2(c∗t, c∗)

]
[Rr(·,m, t), Rr(·,m′, t)]

=M0,2(c∗t, c∗)[R(·, ·, t), R(·, ·, t)].

Similarly,

E
[
Γ1,1(c∗t, c∗)
C1,1(c∗t, c∗)

]
[κ, η(t)] = E

[
Γ1,1(c∗t, c∗)
C1,1(c∗t, c∗)

] [ ∑
m∈Z

κ(m)δ(· −m),
∑
m′∈Z

κ(m′)R(·,m′, t)
]

=
∑
m∈Z

∑
m′∈Z

E[κ(m)κ(m′)]

[
Γ1,1(c∗t, c∗)
C1,1(c∗t, c∗)

] [
δm, R(·,m′, t)

]
=M1,1(c∗t, c∗)[R(·, ·, t)].

As a consequence of Proposition 5.4.7—the convergence of R to R
∞

(defined
in (5.54)) in the weighted space ℓ2a(Z2;R2)—implies that the amplitude attenuation
E[ċ2(t)] also converges in a periodic sense.

Corollary 5.5.3. Assume Hypothesis 1 and Hypothesis 2. For each p ∈ [0, 1), we
have

lim
n→∞

E
[
γ̇2
(
(n+ p)/c∗

)
ċ2
(
(n+ p)/c∗

)] =M1,0
per(p, c∗) +M0,2(p, c∗)[R

∞
(·, ·, p), R∞

(·, ·, p)]
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+M1,1(p, c∗)[R
∞
(·, ·, p)].

The convergence holds with the same exponential rates as Proposition 5.4.7 and
Lemma 5.5.1, which is independent of σ.

Proof. Using the shift invariance

M1,1(c∗t, c∗)[α] =M1,1(c∗t− j, c∗)[α(·+ j, ·+ j)], j ∈ Z,

and

M0,2(c∗t, c∗)[α, β] =M0,2(c∗t− j, c∗)[α(·+ j, ·+ j), β(·+ j, ·+ j)], j ∈ Z,

we rewrite (5.66) as

E
[
γ̇2(t)
ċ2(t)

]
=M0,2

(
c∗t− ⌊c∗t⌋, c∗

)[
R(·+ ⌊c∗t⌋, ·+ ⌊c∗t⌋, t), R(·+ ⌊c∗t⌋, ·+ ⌊c∗t⌋, t)

]
+M1,0(c∗t, c∗) +M1,1

(
c∗t− ⌊c∗t⌋, c∗

)[
R(·+ ⌊c∗t⌋, ·+ ⌊c∗t⌋, t)

]
.

Thus, for p ∈ [0, 1) and
tn = (n+ p)/c∗, n ∈ N,

we have

E
[
γ̇2(tn)
ċ2(tn)

]
=M1,0(n+ p, c∗) +M0,2(p, c∗)

[
R(·+ n, ·+ n, tn), R(·+ n, ·+ n, tn)

]
+M1,1(p, c∗)

[
R(·+ n, ·+ n, tn)

]
.

The result now follows from the convergence

M1,0(n+ p, c∗) =M1,0
per(p, c∗) +M1,0

trans(n+ p, c∗) →M1,0
per(p, c∗),

through Lemma 5.5.1, and the convergence of

R(·+ n, ·+ n, tn) → R
∞
(·, ·, p)

in ℓ2a(Z2;R2) (Proposition 5.4.7). Indeed, the linear operator M1,1(p, c∗) and bilin-
ear map M0,2(p, c∗) are bounded on ℓ2a(Z2;R2) (Section 5.9).

Since E[ċ2(t)] converges to a 1/c∗-periodic function, the quantity which effec-
tively captures the decay-rate of the solitary wave amplitude is the second compo-
nent of[

Qγ(c∗)
Qc(c∗)

]
: = c−1

∗

∫ 1

0

M1,0
per(p, c∗) +M0,2(p, c∗)[R

∞
(·, ·, p), R∞

(·, ·, p)]dp

+ c−1
∗

∫ 1

0

M1,1(p, c∗)[R
∞
(·, ·, p)] dp. (5.67)
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In particular, we write Qc(c∗) for the version of Qc(c∗) that arises by taking
Ac∗t,c∗ = Lc∗t,c∗ in (5.42). Similarly, we write Qh

c (c∗) for the version of Qc(c∗)
corresponding to the constant coefficient reduction Ac∗t,c∗ = I in (5.42). Associ-
ated to these quantities, we can define the limiting ODEs

ċlim(τ) = Qc(clim(τ)), with clim(0) = c∗, (5.68)

and

ċhlim(τ) = Qh
c (c

h
lim(τ)), with chlim(0) = c∗, (5.69)

which capture the substantial deviations of c from c∗ in the slow time variable
τ = σ2t.

Figure 5.8 shows that the dependence of the integrand in (5.67) on p is very
minimal. The right panel of Figure 5.9 displays the nonlinear dependence on the

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

p

-2

-1.5

-1

-0.5

0
#10!4

Figure 5.8: Asymptotic mean attenuation limn→∞ E[ċ2((n + p)/c∗)] (marked with ◦)
and limn→∞ E[ċh2((n+ p)/c∗)] (marked with ×), as given by Corollary 5.5.3, for p ∈ [0, 1).

decay rates Qc(c) and Qh
c (c) on the amplitude c. This sheds light on the nature of

the amplitude decay through (5.68). A polynomial fit on the datapoints in Figure 5.9
suggests a relation of the form Qc(c) ∼ −(c − 1)2, corresponding to a polynomial
decay c(t)−1 ∼ 1

σ2t . Figure 5.10 confirms that the limiting ODEs (5.68) and (5.69)
track the amplitude decay remarkably well over long timescales.
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Figure 5.9: The left panel shows a realization of c(t) and the asymptotic means c∗ +
Qc(c∗)σ

2t (dashed) and c∗+Qh
c (c∗)σ

2t (dotted), via a numerical implementation of (5.67).
For this realization, σ = 0.07, c∗ = 1.015 and κ(i) ∈ Unif([−

√
3,
√
3]). The right panel

displays numerical evaluations of Qc(c) (marked with ◦) and Qh
c (c) (marked with ×), for

various values of c; see Section 5.11. The solid lines represent fitted power laws.
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=
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Figure 5.10: Figure 5.2 revisited. The solid curves represent the sample mean E[c(t)],
with t = τ/σ2, computed over 100 realizations, for σ = 0.1, c∗ = 1.015, and κ(i) drawn
from a uniform distribution on [−

√
3,
√
3]. The dashed lines in the left panel have slope

Qc(c) for c ∈ {1.015, 1.008, 1.006}, and are vertically shifted to intersect the E[c(t)] curve
at the point where E[c(t)] = c. The dashed and dotted curves in the right panel represent
clim(τ) and chlim(τ), respectively, with c∗ = 1.015. Observe that the dashed curve coincides
with the solid curve.

5.6 Outlook

While the second-order expansion terms identified in Section 5.3 reveal the O(σ2)
attenuation affecting the propagation of solitary waves in (5.1), our future goal is to
rigorously justify its effect on the exact amplitude c(t). This requires, presumably
among other things, asserting that the solitary waves remain coherent as they slowly
decay in amplitude. That is, η(t) must stay small in some (weighted) norm, at least
for times proportional to σ−2. The main difficulty towards establishing this via
the linear stability tool Proposition 5.1.1 is to control the nonlinearity η2r present
in (5.17). Classically, this is controlled by estimating the weighted norm

∥ea(·−ξ(t))η2r(t)∥ℓ2(Z;R) ≤ ∥ηr(t)∥ℓ∞(Z;R)∥ea(·−ξ(t))ηr(t)∥ℓ2(Z;R)

188



5

Chapter 5. Lattice waves

≤ ∥ηr(t)∥ℓ2(Z;R)∥ea(·−ξ(t))ηr(t)∥ℓ2(Z;R),

where the unweighted norm ∥ηr(t)∥ℓ2(Z;R) can in turn be understood via energy
methods. However, since the tail ηr(t) expands behind the soliton, its squared
ℓ2(Z;R)-norm grows linearly with time. Indeed, the amplitude attenuation goes
hand-in-hand with the formation of a tail. We anticipate that future work will focus
on controlling the supremum norm ∥ηr(t)∥ℓ∞(Z;R). The right panel of Figure 5.7

suggests that the linear tail η(t) = ηh1 (t) satisfies uniform bounds in space and time.
The challenge will be to develop a pointwise analysis for the nonlinear tail η(t).

We also briefly discussed the near-sonic behavior of the amplitude attenuation,
i.e. the nature of the decay as c ↓ 1. Future work can analyze the derivatives of
Qc(c) (Section 5.5) at c = 1 in more detail, to identify the lowest non-zero coefficient
in an expansion

Qc(c) = k1(c− 1) + k2(c− 1)2 + . . . .

This could confirm if the decay is of the form

c(t)− 1 ∼ 1

σ2t
.

5.7 Statistics of leading-order phase and ampli-
tude

Below, we prove elementary statistical properties of the leading-order phase and
amplitude contributions (γ1(t), c1(t)) in (5.29) and (5.30).

Proof of Proposition 5.3.1. From the explicit solutions (5.33), (5.34), (5.35) and the
assumption

E[κ(i)] = 0, E[κ2(i)] = 1, i ∈ Z

we immediately obtain

E[c1(t)] = c∗, E[γ1(t)] = 0, t ≥ 0.

Turning to the covariance, we compute

E[c1(t)c1(s)]

=
α−2
0 (c∗)

4c2∗

∑
j∈Z

∑
j′∈Z

E[κ(j)κ(j′)](r2c∗(j − c∗t)− r2c∗(j))(r
2
c∗(j

′ − c∗s)− r2c∗(j
′)).

Since the κ(j)’s are independent, this reduces to

E[c1(t)c1(s)] =
α−2
0 (c∗)

4c2∗

∑
j∈Z

(r2c∗(j)− r2c∗(j − c∗t))(r
2
c∗(j)− r2c∗(j − c∗s))

189



5

5.8. Statistics of leading-order phase and amplitude

and the variance bound (5.36) then follows directly. Moving on to the variance of
γ1(t) = γ1,I (t) + γ1,II (t), we obtain in an analogous way from (5.34) that

E[γ21,I (t)] ≤
α−4
0 (c∗)α

2
1(c∗)

c2∗
∥rc∗∥4ℓ4(Z;R).

Furthermore, we obtain from (5.35) that

E[γ21,II (t)] =
α−2
0 (c∗)

4

∑
j∈Z

(∫ t

0

∂cr
2
c∗(j − c∗s)ds

)2
=
α−2
0 (c∗)

4

∑
j∈Z

(∫ j

j−c∗t

∂cr
2
c∗(y)dy

)2
≤ C

α−2
0 (c∗)

4

∑
j∈Z

(∫ j

j−c∗t

e−β|y|dy
)2
.

Here, we used that ∂cr
2
c∗ is exponentially localized [41, Proposition 5.5]:

∂cr
2
c∗(x) ≤ Ce−β|x|

for some C, β > 0. Note that

∫ j

j−c∗t

e−β|y| dy =


β−1

(
eβj − eβ(j−c∗t)

)
, if j ≤ 0,

β−1
(
2− eβ(j−c∗t) − e−βj

)
, if 0 < j ≤ c∗t,

β−1
(
e−β(j−c∗t) − e−βj

)
, if j > c∗t.

Hence,

∑
j∈Z

(∫ j

j−c∗t

e−β|y|dy
)2

≤ 2β−2
∑
j≤0

e2βj + 4c∗t+ 2β−2
∑
j>ct

e−2βj

≤ 4β−2

1− e−2β
+ 4c∗t,

and

E[γ21,II (t)] ≤ C
α−2
0 (c∗)

4

( 4β−2

1− e−2β
+ 4c∗t

)
.

The result now follows by estimating

E[γ21(t)] = E[γ21,I (t)] + 2E[γ1,I (t)γ1,II (t)] + E[γ21,II (t)] ≤ 2E[γ21,I (t)] + E[γ21,II (t)].

190



5

Chapter 5. Lattice waves

5.8 Kernel representations

Here, we derive the explicit kernel formula (5.53) and prove Lemma 5.4.4 regarding
the Green’s function associated to general time/shift invariant linear operators.

Lemma 5.8.1. Let u0, v0 ∈ ℓ2(Z;R). The linear system[
u̇(t, j)
v̇(t, j)

]
= J

[
u(t, j)
v(t, j)

]
, with

[
u(0, j)
v(0, j)

]
=

[
u0(j)
v0(j)

]
is solved by [

u(t, j)
v(t, j)

]
=
∑
k∈Z

Φ(j − k, t)

[
u0(k)
v0(k)

]
, j ∈ Z, t ∈ R.

Proof. We note that the Bessel functions satisfy Jn(0) = 0 for all n ∈ Z \ {0} and
meet the recurrence relation

2J ′
n(x) = Jn−1(x)− Jn+1(x), (5.70)

see for instance [101, §2.12]. Consider initial conditions given by the basis vectors
(u0, v0)

⊤ = (δ0, 0)
⊤ and (u0, v0)

⊤ = (0, δ0)
⊤. These give rise to the fundamental

solutions

ϕ(j, t) =

[
J2j(2t)

−J2j−1(2t)

]
and ψ(j, t) =

[
−J2j+1(2t)
J2j(2t)

]
for the discrete wave operator J . Indeed, through the recurrence relation (5.70)
one verifies that

ϕ̇(j, t) = J ϕ(j, t), with ϕ(j, 0) =

[
δ0(j)
0

]
and

ψ̇(j, t) = Jψ(j, t), with ψ(j, 0) =

[
0

δ0(j)

]
.

For arbitrary initial conditions (u0, v0)
⊤ ∈ ℓ2(Z;R2), we obtain the solution (5.52)

through a convolution with the fundamental solutions.

We then move on to the proof of Lemma 5.4.4. We refer to [8, Theorem 4.2] for
a constructive proof in the context of the discretized conservation laws.

Proof of Lemma 5.4.4. In terms of the shift-operation Sη = η(·+ 1), (5.43) reads

SdAc∗t,c∗ = Ac∗t−d,c∗S
d, d ∈ Z.
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We claim that this translates to the following property of the associated evolution
family:

SdUc∗(t, s) = Uc∗(t− d/c∗, s− d/c∗)S
d, d ∈ Z. (5.71)

We prove the case d = 1 by first differentiating the left-hand side:

∂t(SUc∗(t, s)) = SAc∗t,c∗Uc∗(t, s) = Ac∗t−1,c∗SUc∗(t, s).

On the other hand:

∂t(Uc∗(t− 1/c∗, s− 1/c∗)S) = Ac∗t−1,c∗Uc∗(t− 1/c∗, s− 1/c∗)S.

Hence, both terms satisfy the (operator-valued) ODE

ẋ(t) = Ac∗t−1,c∗x(t) with x(s) = S.

Next, we observe that for each t ≥ s, the bounded operator Uc∗(t, s) admits a kernel
representation

Uc∗(t, s)

[
α
β

]
(j) =

∑
k

Φc∗(t, s; j, k)

[
α(k)
β(k)

]
.

Identity (5.71) has immediate consequences for the structure of the kernel Φc∗ :∑
k

Φc∗(t, s; j + d, k)

[
α(k)
β(k)

]
=
(
Uc∗(t− d/c∗, s− d/c∗)

[
α(·+ d)
β(·+ d)

])
(j)

=
∑
k

Φc∗(t− d/c∗, s− d/c∗; j, k)

[
α(k + d)
β(k + d)

]
=
∑
k′

Φc∗(t− d/c∗, s− d/c∗; j, k
′ − d)

[
α(k′)
β(k′)

]
and consequently

Φc∗(t, s; j, k) = Φc∗(t− d/c∗, s− d/c∗; j − d, k − d), d ∈ Z. (5.72)

Through a basis transformation of the arguments (t, s; j, k), we obtain a kernel G̃c∗

which satisfies
Φc∗(t, s; j, k) = G̃c∗(t− s, j − c∗t, k − c∗s, k).

In view of (5.72), G̃c∗ is constant in its last variable. It follows that the kernel only
depends on three effective variables:

Φc∗(t, s; j, k) = Gc∗(t− s, j − c∗t, k − c∗s).
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5.9 Continuity of (bi)linear maps

Here, we prove that the linear map M1,1(ξ, c) : ℓ2a(Z2;R2) → R2 defined via

M1,1(ξ, c)[α] =
∑
m∈Z

[
Γ1,1(ξ, c)
C1,1(ξ, c)

]
[δm, α(·,m)],

and the bilinear map M0,2(ξ, c) : ℓ2a(Z2;R2)× ℓ2a(Z2;R2) → R2 defined by

M0,2(ξ, c)[α, β] =
∑
m∈Z

[
Γ0,2(ξ, c)
C0,2(ξ, c)

]
[αr(·,m), βr(·,m)],

used in Section 5.5, are continuous on exponentially weighted spaces

ℓ2a(Z2;R2) :=
{
f : Z2 → R2

∣∣ ∥f∥ℓ2a(Z2;R2) <∞
}
,

with norm
∥f∥2ℓ2a(Z2;R2) =

∑
m∈Z

∥ea·f(·,m)∥2ℓ2(Z;R2).

We recall that the weight a > 0 was introduced in Proposition 5.1.1, and that
Γ1,1,Γ0,2, C1,1 and C0,2 are expansion terms of the modulation system, as intro-
duced in Section 5.2.

Lemma 5.9.1. For each p ∈ [0, 1) and c ∈ (c−, c+), the linear operator M1,1(p, c)
is bounded from ℓ2a(Z2;R2) to R2.

Proof. Let p ∈ [0, 1), c ∈ (c−, c+), and α = (αr, αp)
⊤ ∈ ℓ2a(Z2;R2). From (5.60),

we get ∣∣∣M1,1(p, c)[α]
∣∣∣ ≤ ∑

m∈Z

∣∣∣ [Γ1,1(ξ, c)
C1,1(ξ, c)

]
[δm, α(·,m)]

∣∣∣ ≤ S1 + S2,

with

S1 =
∑
m∈Z

∣∣∣ [Γ0,2(p, c)
C0,2(p, c)

]
[δm, αr(·,m)]

∣∣∣,
and

S2 =
∑
m∈Z

∣∣∣A−1(c)B(p, c, α(·,m))

[
Γ1,0(p, c)
C1,0(p, c)

]
[δm]

∣∣∣.
We estimate∣∣∣ [Γ0,2(p, c)
C0,2(p, c)

]
[δm, αr(·,m)]

∣∣∣ ≤ C
(
|∂ξrc(m− p)αr(m,m)|+ |∂crc(m− p)αr(m,m)|

)
,
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so that

S1 ≤ C
∑
m∈Z

(
|∂ξrc(m− p) + |∂crc(m− p)|

)
|αr(m,m)|

≤ C
(∑

m∈Z
e2am|αr(m,m)|2

)1/2(∑
m∈Z

e−2am
(
|∂ξrc(m− p) + |∂crc(m− p)|

)2)1/2
≤ C̃

(∑
m∈Z

∥ea·αr(·,m)∥2ℓ2(Z;R)
)1/2

≤ C̃∥α∥ℓ2a(Z2;R2).

We proceed with

S2 ≤
(∑

m∈Z

∣∣∣A−1(c)B(p, c, α(·,m))
∣∣∣2)1/2(∑

m∈Z

∣∣∣ [Γ1,0(p, c)
C1,0(p, c)

]
[δm]

∣∣∣2)1/2,
where∑

m∈Z

∣∣∣ [Γ1,0(p, c)
C1,0(p, c)

]
[δm]

∣∣∣2 ≤ C
∑
m∈Z

(
|∂ξr2c (m− p)|+ |∂cr2c (m− p)|

)2
<∞.

The result then follows by estimating∣∣∣A−1(c)B(p, c, α(·,m))
∣∣∣ ≤ CW∥ea·(α(·,m))∥ℓ2(Z;R2),

with

W : = ∥e−a·J−1∂2ξξϕc(· − p)∥ℓ2(Z;R2) + 2∥e−a·J−1∂2ξcϕc(· − p)∥ℓ2(Z;R2)

+ ∥e−a·J−1∂2ccϕc(· − p)∥ℓ2(Z;R2).

In particular∑
m∈Z

∣∣∣A−1(c)B(p, c, α(·,m))
∣∣∣2 ≤ C2W 2

∑
m∈Z

∥ea·(α(·,m))∥2ℓ2(Z;R2) = C2W 2∥α∥2ℓ2a(Z2;R2).

We proceed with the bilinear map M0,2.

Lemma 5.9.2. For each p ∈ [0, 1) and c ∈ (c−, c+), the bilinear form M0,2(p, c) is
bounded from ℓ2a(Z2;R2) × ℓ2a(Z2;R2) to R2. In particular, there exists a constant
C > 0 such that

|M0,2(p, c)[α, β]| ≤ C∥α∥ℓ2a(Z2;R2)∥β∥ℓ2a(Z2;R2),

for all α, β ∈ ℓ2a(Z2;R2).
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Proof. Let p ∈ [0, 1) and c ∈ (c−, c+). Let furthermore

α = (αr, αp)
⊤, β = (βr, βp)

⊤ ∈ ℓ2a(Z2;R2).

From (5.61), we estimate

|M0,2(p, c)[α, β]| ≤
∑
m∈Z

(∣∣∣ [Γ0,2(p, c)
C0,2(p, c)

]
[αr(·,m), βr(·,m)]

∣∣∣).
For all m ∈ Z, we have∣∣∣ [Γ0,2(p, c)

C0,2(p, c)

]
[αr(·,m), βr(·,m)]

∣∣∣ ≤ C|⟨∂ξrc(· − p), αr(·,m)βr(·,m)⟩ℓ2(Z;R)|

+ C|⟨∂crc(· − p), αr(·,m)βr(·,m)⟩ℓ2(Z;R)|
≤ C sup

j∈Z
e−2aj

(
|∂ξrc(j − p)|+ |∂crc(j − p)|

)
× |⟨ea·αr(·,m), ea·βr(·,m)⟩ℓ2(Z;R)|

≤ C̃∥ea·αr(·,m)∥ℓ2(Z;R)∥ea·βr(·,m)∥ℓ2(Z;R),

so that

|M0,2(p, c)[α, β]| ≤ C̃
∑
m∈Z

∥ea·αr(·,m)∥ℓ2(Z;R)∥ea·βr(·,m)∥ℓ2(Z;R)

≤ C̃
(∑

m∈Z
∥ea·αr(·,m)∥2ℓ2(Z;R)

)1/2(∑
m∈Z

∥ea·βr(·,m)∥2ℓ2(Z;R)
)1/2

≤ C̃∥α∥ℓ2a(Z2;R2)∥β∥ℓ2a(Z2;R2).

5.10 Correlations

Here, we prove Lemma 5.5.1 regarding the correlations M1,0
I , . . . ,M1,0

IV introduced
in (5.62)–(5.65). By Hypothesis 1, we have

E[κ(j)] = 0 and E[κ(i)κ(j)] = δij , i, j ∈ Z.

This allows us to explicitly compute

M1,0
1 (ξ, c) =

α−2
0 (c)α1(c)

4c

∑
j∈Z

[r2c (j − ξ)− r2c (j)]A
−1(c)

[
(∂2ξξr

2
c )(j − ξ)

(∂2ξcr
2
c )(j − ξ)

]
,

M1,0
2 (ξ, c) = −α

−1
0 (c)

4c

∑
j∈Z

∫ ξ

0

∂cr
2
c (j − s)dsA−1(c)

[
(∂2ξξr

2
c )(j − ξ)

(∂2ξcr
2
c )(j − ξ)

]
,
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M1,0
III (ξ, c) = −α

−1
0 (c)

4c2

∑
j∈Z

(∫ ξ

0

r2c (j − s) ds− ξr2c (j)
)
A−1(c)

[
(∂2ξξr

2
c )(j − ξ)

(∂2ξcr
2
c )(j − ξ)

]
,

together with

M1,0
IV (ξ, c) =

α−1
0 (c)

4c

∑
j∈Z

[r2c (j − ξ)− r2c (j)]∂cA
−1(c)

[
(∂ξr

2
c )(j − ξ)

(∂cr
2
c )(j − ξ)

]

+
α−1
0 (c)

4c

∑
j∈Z

[r2c (j − ξ)− r2c (j)]A
−1(c)

[
(∂2cξr

2
c )(j − ξ)

(∂2ccr
2
c )(j − ξ)

]
.

Proof of Lemma 5.5.1. We prove that

M1,0
III (ξ, c) =M1,0

III ,per(ξ, c) +M1,0
III ,trans(ξ, c),

with M1,0
III ,per(ξ, c) 1-periodic in ξ and M1,0

III ,trans(ξ, c) exponentially decaying in |ξ|.
The proof for the remaining mappings is then analogous. Decomposing

R ∋ ξ = n+ p, n ∈ Z, p ∈ [0, 1),

we observe that

M1,0
III (ξ, c) = −α

−1
0 (c)

4c2

∑
j∈Z

∫ n+p

0

r2c (j + n+ p− s− p) dsA−1(c)

[
(∂2ξξr

2
c )(j − p)

(∂2ξcr
2
c )(j − p)

]

+
α−1
0 (c)

4c2

∑
j∈Z

(j + n)r2c (j + n)A−1(c)

[
(∂2ξξr

2
c )(j − p)

(∂2ξcr
2
c )(j − p)

]

= −α
−1
0 (c)

4c2

∑
j∈Z

∫ n+p

0

r2c (j − p+ τ) dτA−1(c)

[
(∂2ξξr

2
c )(j − p)

(∂2ξcr
2
c )(j − p)

]

+
α−1
0 (c)

4c2

∑
j∈Z

(j + n)r2c (j + n)A−1(c)

[
(∂2ξξr

2
c )(j − p)

(∂2ξcr
2
c )(j − p)

]
.

Hence, we identify

M1,0
III ,per(ξ, c) = −α

−1
0 (c)

4c2

∑
j∈Z

∫ ∞

0

r2c (j − p+ τ) dτA−1(c)

[
(∂2ξξr

2
c )(j − p)

(∂2ξcr
2
c )(j − p)

]
,

and

M1,0
III ,trans(ξ, c) =

α−1
0 (c)

4c2

∑
j∈Z

∫ ∞

n+p

r2c (j − p+ τ) dτA−1(c)

[
(∂2ξξr

2
c )(j − p)

(∂2ξcr
2
c )(j − p)

]

+
α−1
0 (c)

4c2

∑
j∈Z

(j + n)r2c (j + n)A−1(c)

[
(∂2ξξr

2
c )(j − p)

(∂2ξcr
2
c )(j − p)

]
,
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which sum toM1,0
III (ξ, c). The componentM1,0

III ,per(ξ, c) is clearly periodic with period

1. It remains to be shown that M1,0
III ,trans(ξ, c) is exponentially decaying in |ξ| = |n+

p|. The exponential decay of the wave profiles and their derivatives [41, Proposition
5.5] provides

∑
j∈Z

(j + n)r2c (j + n)

∣∣∣∣A−1(c)

[
(∂2ξξr

2
c )(j − p)

(∂2ξcr
2
c )(j − p)

]∣∣∣∣ ≤ C
∑
j∈Z

e−β|j+n|e−β|j−p| ≤ C̃e−β̃|n|,

for some C, C̃, β > 0. For the integral component, we similarly find

∑
j∈Z

∫ n+p

0

r2c (j − p+ τ) dτ

∣∣∣∣A−1(c)

[
(∂2ξξr

2
c )(j − p)

(∂2ξcr
2
c )(j − p)

]∣∣∣∣ ≤∑
j∈Z

∫ n+p

0

e−β|j−p+τ |e−β|j−p| dτ

≤ C̃e−β̃|n|,

upon increasing C̃ if necessary.

5.11 Numerical Schemes

Our direct simulations of the FPUT system (5.1) were carried out using a fourth-
order Runge–Kutta scheme. We extracted the modulation parameters from the
numerical solution by enforcing the orthogonality conditions (5.13) through a non-
linear solver. Specifically, given the numerical solution u(t) = (r(t), p(t))⊤ to (5.1)
at time t, we determined parameters cfit(t) and ξfit(t) from the equations

Ω
(
∂ξϕcfit(t)(· − ξfit(t)), u− ϕcfit(t)(· − ξfit(t))

)
= 0,

and
Ω
(
∂cϕcfit(t)(· − ξfit(t)), u− ϕcfit(t)(· − ξfit(t))

)
= 0.

We computed the wave profiles and their derivatives by solving the traveling wave
equation (5.5) following the approach outlined in [37, Section 3.1]. The phase
parameter γfit was then obtained via the numerical integration

γfit(t) = ξfit(t)−
∫ t

0

cfit(s) ds.

For comparison, the theoretically equivalent parameters cmod(t) and γmod(t) were
computed by numerically integrating (5.15)–(5.17), again with a fourth-order
Runge–Kutta method. Figure 5.11 demonstrates the close agreement between the
“fitted” and “modulation” parameters, with discrepancies limited to negligible trun-
cation errors. Throughout the numerical figures in this chapter, we have used
c(t) = cfit(t) and γ(t) = γfit(t).

For the numerical evaluation of the asymptotic tail η∞ in Figure 5.7, based
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Figure 5.11: Comparison of cfit(t) with the theoretically equivalent parameter cmod(t)
(left) and comparison of γfit(t) with cmod(t) (right).

on η = ηh1 , we computed the corresponding asymptotic response function R
∞

di-
rectly from a discretization of (5.54) with the explicit kernel representation from
Lemma 5.8.1. Additionally, we computed the response function R

∞
based on η = η1

using the true soliton linearization Ac∗t,c∗ = Lc∗t,c∗ , performing a numerical inte-
gration of (5.46) until satisfactory convergence was achieved. We then used the
resulting R

∞
functions to determine the asymptotic attenuation rate Qc(c∗) ac-

cording to Corollary 5.5.3 and (5.67), in which the periodic quantity M1,0
per(p, c∗)

was evaluated by computing M1,0(p+ n, c∗) for sufficiently large n.
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