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CHAPTER 3

Deterministic stability

We study the stability and dynamics of solitons in the Korteweg-de
Vries (KdV) equation with small multiplicative forcing. Forcing breaks
the conservative structure of the KdV equation, leading to substantial
changes in energy over long times. We show that, for small forcing, the
inserted energy is almost fully absorbed by the soliton, resulting in a
drastically changed amplitude and velocity. We decompose the solution
to the forced equation into a modulated soliton and an infinite dimen-
sional perturbation. Assuming slow exponential decay of the forcing,
we show that the perturbation decays at the same exponential rate in a
weighted Sobolev norm centered around the soliton.

3.1 Introduction

In this chaptelﬂ we study the forced Korteweg-de Vries equation
up = —03u — 2udyu + ef (et E)u, (3.1)

where u is a real-valued function on (t,z) € (RT,R) and f is an integrable time-
dependent forcing term. The small parameter € > 0 controls the amplitude of the
forcing, while the (potentially large) parameter E > 0 is a measure for the total
supplied energy. Our main goal is to understand the effect of this forcing on the
family of soliton solutions to the unforced system.

Forced KdV equations such as appear in the study of wave-phenomena
subject to external disturbing mechanisms. Motivated by physical considerations
(such as pressure inhomogeneities or bottom topographies), various types of forcing
have been considered; see for instance [40} (2,108, 55, |33}, |53}, [54]. The multiplicative
form of the forcing term in can be thought of as a generic mechanism to modify
the amount of energy present in the system. For our purposes, constitutes a

1The contents of this chapter have been published as R.W.S. Westdorp, H.J. Hupkes, Soliton
Amplification in the Korteweg-de Vries Equation by Multiplicative Forcing, Communications on
Pure and Applied Analysis, see |103]
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3.1. Introduction

toy model that facilitates the rigorous study of perturbed waved phenomena. In
particular, we view this work as a step towards establishing rigorous long-time sta-
bility of the KAV solitary waves under stochastic forcing, extending the preliminary
results in Chapter

In the absence of forcing (f(¢t) = 0), is the well-known KdV equation: a
well-studied dispersive PDE that first appeared in the description of shallow water
waves in a longitudinal canal [68]. Among its most notable features is the existence
of soliton solutions u(t, x) = ¢.(x — ct) of the form

de(z) =% sech?(v/ex/2), ¢ >0, (3.2)

which mark a balance between dispersive and nonlinear effects. As seen in (3.2,
the solitary waves ¢, satisfy the self-similarity property ¢.(x) = cé1(y/cz), owing
to the scaling invariance

u(t, ) = o*u(a’t, ax) (3.3)

of the KdV equation.

Another celebrated quality of the KdV equation is that it is completely inte-
grable, which means that it enjoys an infinite amount of conserved quantities. In
particular, the KAV flow conserves the L2-norm

Nu] = /]Ru2da:

and the Hamiltonian

Hlu] = / L(@,u)? — Lutda.
R

Introducing the forcing term in (3.1)) breaks this conservative structure. The L2-
norm, for instance, evolves as

Nu(t)] = Nu(0)]e2E Ji'" £(s)ds, (3.4)

With N, H, and other KdV-invariants undergoing slow (but eventually large)
changes, we may expect significant consequences for the propagation of the soli-
tons . Using and the relation N[¢.] = 6¢3/2, we can heuristically predict
that the amplitude of a soliton starting at ¢(0) > 0 will approximately evolve ac-
cording to

Cap(t) = c(0)eF BT 1(s)ds, (3.5)

We will show that this description is valid to leading-order in the small parameter
e. If, for instance, f(t) = e~¢ and F = %ln 2, then the soliton amplitude roughly
doubles in size over time. Letting c(t) denote the evolution of the soliton amplitude
over time, we furthermore derive that the soliton phase, starting at a position
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Chapter 3. Deterministic stability

£(0) € R, evolves according to

Eap(t) = £(0) +/O c(s)ds + %e ; fc(f/i/(g)ds, (3.6)

to leading-order in e.

In this work, we establish the orbital stability of the traveling-wave family (3.2))
under the influence of multiplicative forcing. We show that solitons evolving via
remain close to the family in the H!'-norm, while undergoing a potentially large
change in amplitude. In particular, we supply with the initial condition

u(0,2) = ¢, () + Ui (2) (3.7)

for some ¢, > 0, where v, € H? and e“?v, € H! are suitably small for some weight
w € (0,4/cx/3). If the forcing term f is assumed to be exponentially decaying,
then the solution actually converges to a limiting wave profile in H! with an ex-
ponential weight centered around the soliton. Our main interest in pursuing this
line of work is to open up rigorous stability results for solitons undergoing large
amplitude changes. As such, we view this work as a step towards understanding
the stability of solitons under more general perturbations, such as stochastic forcing
(Chapter , as well as the stability of KdV-like quasi-solitons such as micropterons
and nanopterons in systems/lattices with periodic structure |37, [80L |36, 60, |38].
Indeed, these gradually decrease in amplitude over time when perturbed due to the
presence of small oscillatory tails that interact with the perturbation.

Soliton stability

Stability of the soliton family under small initial perturbations in the KdV
equation has long been established in various forms |11} |91, 82]. The pioneering
work [11] by Bona, Souganidis and Strauss proves that the soliton family is
orbitally stable in H! via energy methods. Pego and Weinstein expand on this
result in [91] by showing that, up to a small change in the speed and the phase of
the soliton, small perturbations decay when measured in the exponentially weighted
spaces
I2(R) = {g: e""g € LA(R)} with [lgllz2 = [|e"g] 12

and
Hy,(R)={g:e""g e H'(R)} with |g|g = [le”gllm (3-8)

for w € (0, /¢4/3).

Our main theorem generalizes this classic stability result to the setting of .
The main new feature is that we are able to track the amplitude and phase changes
introduced by the forcing, which can be of arbitrary size.

Theorem 3.1.1 (See Section [3.7). Pick c., Emax > 0, w € (0,,/¢./3), and p €

[0, i) There exist a weight wo, € (0,w) and constants 01, C1, Cmin, Cmax > 0 with
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3.1. Introduction

Cmin < Cx < Cmax Such that the following holds true. For each E € (0, Epax], each
€ € (0,1] that satisfies

e+ < /E, €P<E, e<§E,

each v, € H? N HY, for which ||[v.|%: + |v||%: < 61€/E, and each continuous
function f : RT — R that satisfies the bound

f) <e”, t>0, (3.9)

there exist modulation functions c¢,& € CY(RT;R) associated to the solution u

of (3.1) with (3.7) that satisfy the following properties:

1. In the weighted space H}Um, we have the exponential decay

sup e/ lutt, -+ €(6)) = Suplln,, < Co (¢! + [0 lan + 15
t2

)

2. In the unweighted space H', we have the stability bound

sup [u(t,+ + £(8)) = eyl < CE(E™ + [0 + [, )

E _
+ Cl;(llv*l\ip +oalEr)-

3. The amplitude function c(t) takes values in [Cmin, Cmax), and can be approxi-
mated by

sup |c(t) = cap(t)| < Cul|vallmy, + CLE (€' + [[v.]l 112)
t>0

E, _
+ Cr— (ol + 1917,
where cap(t) is defined in (3.5). Moreover, c(t) converges ast — oo.
4. The position function £(t) satisfies

Sup (1) = €up(t)| < 1.y + CLE(E ™ + [ 1)
t>
E, _
O (13 + 1% ),

where &,p(t) is defined in (3.6).

Remark 3.1.2. 1. The classic result in [91] can be retrieved by letting e =
01E — 0, up to a small loss in the weight (since we < w), which is further
discussed in Section In this case, it is required that p = 0 through the
assumption €? < 01/E. The case of large amplitude modulation (E > 0)
requires that p > 0.
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Chapter 3. Deterministic stability

2. In case we replace the assumption on 7, by the stronger assumption ||| g1 +
sz, < 61€/ E, the bounds in items 2-4 simplify to

sup [u(t, -+ €(0)) = by [ < CLEE 4 Cu(E +60) ([l + . ),
t>

and
sup |c(t) — cap(t)| + sup [£(t) — ap(t)] < 2C1 EBe' = 4 3C1 ||v.| 1,
>0 >0
+204(B + )7 .

3. Property (3.9) is needed to obtain exponential decay of [|[v(t)[| g1 . We believe

that this condition can be relaxed to f € L*(0,00) N L>(0,00). In this case,
exponential decay over time of the weighted norm can not be expected.

4. The integrability of f ensures that c(t) and ¢~!(¢) remain bounded, which
prevents technical complications. First, it allows us to construct bounds that
do not depend on ¢(t). Second, it guarantees that we can apply a minimal
exponential weight on the modulated soliton ¢;)-

5. The assumption v, € H? N H} fits the well-posedness results established in
[91, Appendix A]. It would be interesting to see if this assumption can be
relaxed to U, € L? by following the arguments of [86].

6. The assumption w < %‘/c* is slightly stricter than the common assumption

w < y/cx/3. We require this stricter bound at various points to establish
sharper bounds than previous works.

Two related results for different forcing types are available in [61, [110]. The
result in [61] deals with finite time stability, and in [110], the authors use a factor-
ization technique that is not available in the current setting.

Approach

Our approach is based on the stability theory of the solitons ¢. in the exponentially
weighted spaces (3.8)) developed in [91]. The exponential weight facilitates stronger
stability properties of the operator

Lo= =024 (c—20:.)0p — 20,0 = =02 + c0p — 20, (d."), (3.10)

which is associated with the linearization of the KdV equation around the soliton
¢.. Pego and Weinstein established that L. generates a Cy-semigroup {ecct}tzo on
L2 which is exponentially stable on the subspace of functions v € L2 that satisfy
the orthogonality conditions

<U7CC>L2 = <’U>¢c>L2 =0, (3.11)
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3.1. Introduction

where (. is the primitive
)= [ dodmaye 1,

see Section for further details. The conditions play a central role in our
approach.

The main obstacle in proving Theorem [3.1.1] using the linear stability tools
developed in [91] is that, due to the large changes in ¢(t), it is not feasible to
linearize around a soliton with fixed amplitude. Instead, we move to a co-
moving frame where the solution is not only translated, but also rescaled according
to the natural scaling of the soliton family . More precisely, we introduce the
remainder

v(t,x) = a2(t)u(t, a(t)r + 5(15)) — e (), (3.12)

in reference to a soliton ¢., with fixed amplitude and position. The remainder v
then follows an evolution equation of the form

v = a3 Legv + ZLaduv + Oe +0?),
o

which allows us to leverage the linear stability properties of L., on exponentially
weighted spaces. The term zd,v arising from the dilation of u in causes
significant technical complications. In order to estimate xd,v in terms of v, one
needs to obtain some extra control at |x| — co. For v supported on [0, 00), we do
so by estimating

w0l

w

2, < Csll0pvlrz

for some small 5 > 0, which establishes control of the troublesome term viewed
as an operator between different exponentially weighted spaces. We arrive at a
consistent argument by continuously decreasing the exponential weight over time.
This, however, presents another difficulty on short-time scales, since the constant
Cp blows up as | 0. We remedy this problem by employing the classical stability
argument of [91] on short time-scales where ¢(t) only undergoes small fluctuations.

As has been argued by Pego & Weinstein, stability in exponentially weighted
spaces still requires control of the unweighted H'-norm of the perturbation, due
to the nonlinearity in which would otherwise require double the exponential
weight. This is established in [91] by exploiting the fact that ¢, is a critical point
of the conserved functional

Eclu] = Hu] + LeNTu]. (3.13)

We generalize this argument to accommodate for large fluctuations in ¢(¢) by ana-
lyzing the evolution of & [u(t)] over time. We compute that

O (Ecy[u(®)] = Eery [Pe(n]) = Olev +v?),
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Chapter 3. Deterministic stability

which allows us to control the H' norm of the perturbation in terms of itself and
the weighted norm.

Our combined argument lifts the restrictions on the size of |c, — ¢(t)| inherent
to previous approaches to establish stability. This is particularly useful for study-
ing the KdV soliton in settings where ¢(t) naturally undergoes large fluctuations
on short time-scales. Indeed, we are pursuing the techniques developed in this
chapter in order to achieve stability on long time-scales in the setting of stochastic
multiplicative forcing (Chapter [2).

Outline

The chapter is organized as follows. In Section[3.2] we derive a system of modulation
equations that governs the behavior of the soliton amplitude c(t), the position &(t)
and remainder v(¢). Then, in Section we introduce the function spaces that
are central to our stability argument, and assert stability and smoothing properties
of the operator L. on these spaces. We proceed by establishing control of the
remainder v over short-timescales by adapting a Duhamel argument of [91], and
introduce the notion of time-varying weights. Thereafter, in Section |3.5] we show
that the remainder v can be controlled over long time-scales in a weighted norm.
The evolution of unweighted norms of v is then analyzed in Section [3.6] We finally
provide the proof of Theorem [3.1.1] in Section [3.7]

3.2 Modulation system

In this section, we introduce our decomposition of solutions to (3.1]), which forms the
basis for our arguments. For convenience and brevity, we introduce the parameter
v = ¢/E and recast (3.1)) in the form

g = —03u — 2ud,u + ef (yt)u. (3.14)

In order to track how constants depend on the system parameters and the various
choices that we make, we collect the various assumptions that we make throughout
the chapter in a number of labeled ‘settings’. The first of these relates to the global
parameters (¢y, Emax, w) and the initial condition for .

S1  We have ¢, > 0 together with En.x > 0 and w € (0,,/c,/3). The initial
condition for (3.14) satisfies

u(0,2) = @, (x) +Ti(x), V. € H N Hy,
and the forcing term f is continuous and lies in the space L*°(0,00).

We now start by making an observation regarding the regularity of solutions to (3.14)).

71



3.2. Modulation system

Lemma 3.2.1. Assuming and letting ¢,y > 0, the solution u to (3.14]) has

regularity

u € C([0,T], H? (3.15)
eV u € C([0,T], H') n C*([0,T), H™3), (3.16)

)
Q

2
5
&

for any T > 0.

Proof. This result is established in [91, Appendix A] for f(¢) = 0 by modifying
a well-posedness result of Kato [66]. To see that the arguments for local well-
posedness (i.e. small T > 0) remain valid upon including the forcing term ef(~t),
we note that is equivalent to a time-dependent KdV equation. Indeed, wu(t)

solves (3.14) if and only if z(t) = e~ (/M J3" F()dsy, (1) solves
2= —0%% — 2 /NI F(9)ds 5 o

The arguments for global well-posedness (i.e. arbitrary 7" > 0) rely on an a
priori bound for the H2-norm. We show here that such a bound remains available
upon including the forcing term ef(vt). Indeed, writing u(t) = u for some t > 0

and using (3.14]) we compute that
B19)
BullullZs B2 —2(u, 83w + 2ud,u) + 2¢f (4) (u, u) = 2ef (4t) [ul|Z,
leading to the identity
lu(®)[|72 = €/ J" S92 0) 2.

Moving on to the first derivative, an application of the Gagliardo-Nirenberg inequal-
ity yields

Joculs = 2l + 3 [ wbdo < 2fptlul] + ClulN0sul

This inequality is of the form z* < A + Blx| with A, B > 0, from which we may
conclude z* < 2(A + B*/3), i.e.

[9ul3s < 4|H{u]| +20Y3ul (3.17)

We then compute

L(uy)? — tude = /

Uplgr — wlupdr = — / (Uge + u?)upde
R

R

OH[u] = 0 /

R
(3.14)

D (4 0 e+ (4)e — ef (1)) :ef(w:)nawuu?—ef(yt)/Rzﬁdx

= ef (7t) (3H[u] — 5/|0sulZ2),
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Chapter 3. Deterministic stability

which leads to
0[] < 5el £ () |PLd| + el F )|l 1

and, via an application of Gronwall’s inequality, to the a priori bound

‘H[U(t)]’ < (H[U(O)] + 504/3 /Oﬁ |f(s)|ds sup Hu(s)”lL‘g/?’) 5e/v [ot 1f(s)lds

0<s<t

Via (3.17)), this provides an a priori bound on ||d,u(t)||%.. Using the fact that the
integral

Efu] = /]R(Bgu)2 — Du(9,u)” + Su'da

is conserved for the unperturbed KdV flow, we may use the bound ||ul|. < 4|ul|%,:
to estimate

l02ule = £afi) + % [ w(rupde—§ [ wtdo < [ealul] + Bl + Bl

One may furthermore verify that

0,Exu] = 2¢f(40)Exlu] + ef(41) / 104(0,0)? 4 04 da,
R

so that
|01Ealul| < 261 £ ()| alul| + el O (RNl + 2l ),

through which one arrives at an a priori bound on & [u(t)] and hence ||u(t)||gz. O

With these preliminaries in place, let us introduce our decomposition of solutions
to (3.14), which is based on Lemma Provided that |[v.[/z2 is small enough,
there exist unique parameters £, € R and ¢y > 0 that allow for the orthogonal
decomposition

’U,(071' + 50) = ¢co(x) + ﬁo(x) with <@07 ¢Co> = <§07 Cco> = 07

where Up € H?> N H}. From there, we decompose the solution u(t, z) to (3.14) for
t > 0 via

o(t, ) = ult, z + £(1)) — Pe(r) (2), (3.18)

where the perturbation v satisfies

(©(t,-), bery) = (0(t; ), Cery) = (3.19)
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3.2. Modulation system

and &, ¢ are time-dependent modulation parameters. The existence, uniqueness, and
continuous time-dependence of this decomposition is guaranteed by Lemma [3.8:2] as
long as |[9(t)]| .2, is kept below some constant da > 0. Based on this decomposition,
we introduce a phase-shift parameter 2 through

t
() =¢ +/ c(s) ds + Q(¢t).
0
Lastly, we introduce a scaling parameter o and a rescaled perturbation v through
v(t,z) = P (tu(t, a(t)z +£(t)) — ¢eo(x) with  c(t) = coa™?(t), (3.20)

in which u is rescaled in accordance with the scaling symmetry (3.3]). Below, we
collect various properties of v and T, including the relation between their (distinct!)
weighted norms.

Lemma 3.2.2. Assuming let v(t) € H>N H} for some t > 0 and b > 0.
Furthermore, let v(t) and a(t) be defined through (3.20). It then holds that

1. v(t,z) = o2 (t)v(t, a(t)r);
2. <U(t7 ')7 ¢co> = <’U(t, ‘)v <60> =0;
3. v(t) € H*nN H(lx(t)b with

lo@)llz,,, = a®2@OI@)llz  and (80022, , = o™ (1)]|0:5(t)]] 2.

a(t)b

Proof. Ttem 1 follows from (3.18]) by substituting y = a(t)z = \/co/c(t)x. In the
(3-19)

same way, item 2 follows from . Finally, we compute the norms

||U(7f)||i(2l(t)b = AUZ(t,x)eQQ(t)bmdx = a4(t)/Rﬁz(t’a(t)x)e2o¢(t)bxdx

= a%(t) [ Pz = a0l

and
H(?mv(t)HQLi(t)b = A(azU)Q(t,x)eQG(t)b“dx _ aﬁ(t)/}R((?J)Q(t,a(t)az)em(t)b’”dx
=a’(t) /R (8:0)° (¢, y)e™ da = (1) 8:(¢) |72,
which yield item 3. =

Modulation equations

Below, we derive a system of evolution equations that governs the behavior of the
modulation parameters v(t), a(t) and Q(t). An application of the chain rule to (3.20))
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Chapter 3. Deterministic stability

yields
vy =a ?(Le,v+ N)) + R(t,v;0,Q), (3.21)
where N is the KdV nonlinearity N(v) = —2v0;v and
Q
R(tvi0,2) = 22 4 00,) (e, +0) + 000, +0) + S (M) (b0, +0). (3:22)

We claim that the modulation parameters o and €2 follow the system of equations

M — acf(H)E () [% o %ﬂ () [<N (v), "*"q (3.23)

Qt <¢Co + v, CCo> <N(U), Cco>
where
v) = <(£E8x + 2)(¢Co + U)a ¢Co> <832U7 ¢co>
O PR DA S s LAY I LT
and

Indeed, this implies that
(a3N(v) + R(t,v;0,Q), ¢, ) = (0> N(v) + R(t,v;0,Q), (oo ) = 0, (3.25)

which is necessary to ensure that (v, ¢¢,) = (v,(c,) = 0 and equivalently (T, ¢.)) =

(0, Ce(ry) = 0. The matrix K (v) is invertible in case |[v|| Lz is suitably small, since

K (0) is invertible and v ~ det K (v) is continuous from L2, to R. Consequently, the

system (3.21), (3:23) is well-defined as long as [|[v(t)|| 2 remains suitably bounded.
Setting v = 0 reduces (3.23)) to

—3/2 3/2 2
oy 1 e 0 6c 3 ]
=— t)= 0 | =— t 3
[Qt] aef(y )9 [2052 2651/21 { 9 ] aef(t) {_gco 1/2

and gives rise to the leading-order approximations c,p(t) and &, (t) defined in (3.5)

and .

We conclude this section by noting that, as a result of Lemma[3.2.1] the evolution
equation (3.21)) is initially well-posed in H, 3 on [0,T) for some T > 0 and any

be (O,wtg[loi’r%] a(t)).

In particular, the term x0,[¢¢, +v] in (3.22)) lies in L7 since there exists a constant
C > 0, for which we have

|20, u(

lads by + )11z to +8)s; = 0¥ ed,ul ;|

[0)



3.3. Linear stability on weighted spaces

< C((b/a) MOzl L2 + (w = b/a) "M |Osul L2 );

see also Lemma [B3.3.2] below.

3.3 Linear stability on weighted spaces

The orbital stability proof of [91] relies on stability and smoothing properties of the
evolution generated by the linear operator £, defined in ; see Theorem m
These properties hold on exponentially weighted spaces after applying the projection
Q. = I — P., where P, is the spectral projection corresponding to the 0-eigenvalue
of L., given by

Pof = (f,n)060 + (f,02) 0t

Here, ! and n? are linear combinations of ¢. and (. that are defined in . As
such, the subspace of L2 characterized by corresponds to ker P, C L2. We
review this classical result in Section [3.8] where it is stated as Theorem [3.8.1]

The spaces L2, however, are unsuitable for controlling the term x0,v present
in . One can for instance not expect that

20,02 < Cllvllmy

for a constant C' and all v € L2, due to the unbounded and non-integrable factor
x. It is, however, true that

') 0 oo
faoliy = [~ et se [ g [T

— 00

for b < w < by, some constant C' > 0, and functions g for which the above
quantity is well-defined. This leads us to introduce the notion of asymmetrically-
weighted spaces. For every w = (w_,w,) € R?, we introduce the weighted space

L2, ={g:e""g€ L*(—0,0) and e“+ge L*(0,00)}

with norm

0 0o
lole = [ et [T e (3.26)

— 00
Writing g4 (2) = g(#)xz>0(z) and g (z) = g(x)xz<o(z), we have

lolzs, = llg- 125 +llg+I3s - (3.27)

The following result asserts that the stability and smoothing properties of {e£<'};>o
provided in Theorem [3.8.1| extend to the asymmetrically-weighted spaces.
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Chapter 3. Deterministic stability

Proposition 3.3.1. Let ¢ > 0 and w_, w4 € (0,+/c). For all 8 > 0 that satisfy
B < min{w_(c — w?),wy(c—w?)},

there exists a constant M > 0 such that for all g € L%, t > 0, and k € {0,1} we
have

1055 Qegllrs, < Mt~ 2P| gl 1. (3.28)

Proposition [3.3.1]is easily proved using some elementary observations regarding
the norm (3.26)). Items 2 and 3 will be used in later sections.

Lemma 3.3.2. If w,b € R? satisfy b_ < w_, by > w4 and g € L}, then g,xg €
L2, and

Lo lgllez, < lglles, +llgllez,
2. lgllrz, < llgllzz;
3. gl < e 20 —w) Pl +e s —ws) gl
Proof. Ttem 1 follows directly from . For item 2, we estimate
lgllze = llg-l7z +lg+lze < lo-l7z + H9+H%g+ = lgll7: -

Similarly, we prove item 3 by estimating

lzgll7e, = llzg-Il72 + ||x9+\|ig+
< sup eI lg |2+ supate b g, 2,
z<0 b— >0 by
= e (b —w_)?llg-l7; +e by — w+)‘2|\g+\lig+- O

Proof of Proposition[3.3.1} For g € L2, we may use item 1 of Lemma and
Theorem to compute

0Fe” ' QegllLz, < |05e“ Qeg— L2, + 105e“" Qegy L2,
< |05 Qeg-l2, + HafeﬂthcgfnLiq_
+ ||6];€£Cthg+| 2+ ||8’;e‘cthg+| L2

e oy
B72)
<

M2 gl + g lzs, )
< Mt_k/Qe_BtHwHL‘z”. O
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3.4 Short-time control

In this section, we establish control over the perturbation in the original frame in
asymmetrically-weighted spaces over short time-scales. Using our rescaled frame
description on short time-scales leads to problematic complications arising
from the term 20, in . Instead, we rely on classical results valid for small am-
plitude fluctuations. We follow the argument of Pego & Weinstein [91, Proposition
6.1], which uses the evolution

U = L:c(t)@ + N(@) - Ctac¢c(t) + 40, (6 + ¢c(t)) + Gf(’yt) (@ + ¢c(t))a

for the perturbation in the original frame ¥ (initially justified in H~! via (3.15))).
This argument relies heavily on an approximation of the form

‘Cc(t) = ‘CCO + O(|CO - C(t)‘)

In our setting, we pick t, > 0 and linearize around the fixed soliton ¢..,) by
writing

Ti(to +8) = Le(t,)0(to + 5) + Y (to, 5,7;¢,9Q), (3.29)
where

Y(to,5,75¢,9Q) = (Le(tors) = Le(te))V(to + 8) + N(0(to + 5)) — co(to + 8)DePe(t,+s)
+ Qi (to + 5)0 (E(to +5) + ¢c(to+s))
+ ef('Y(to + 3))(5(750 + 5) + ¢c(to+s))~ (3~30)

We recall that c(t) is related to the rescaling process through c(t) = coa2(t), so that
c(t) follows the modulation equation ¢; = —2coa~3a; where a4 is given by .
Throughout this section, we will assume that both a and ¢ can be bounded away
from zero. More precisely, we make the following assumptions and and
formulate a condition that underlies most of the results in this section.

S2 The constants Qmin, Omax € R satisfy 0 < amin < 1 < Qmax-
S3 The constant wpin, € R satisfies 0 < wpin < w.

C1 Given T > 0, the functionv € C([0,T], H*)NCL([0,T], H') satisfies
while the function o € C*([0,T],R) solves . In addition, we have the
inclusion

a(t) € [omin, Omax], t € [0,T].

Our main result in this section provides short-time control over ©. More precisely,
on time intervals where ¥ and the fluctuations of ¢ are small enough, the growth
of ¥ measured in the Hi-norm can be explicitly controlled by the small forcing
amplitude € > 0 and the length of the time interval § > 0.
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Chapter 3. Deterministic stability

Proposition 3.4.1 (Short-time control). Assuming there exist constants
b4, Cy > 0 such that the following holds true for each €, > 0. If[C1] holds for some
T >0, then for each t,§ >0 witht +6 < T, and each W = (W_,w, ) € R? with

Cmin \/5/3 :|a S € [0; 5];

oWy € [a(t—&-s)’ a(t+s)

the bound

(4 s (I + )y + 1700+ 5)m + e +9) = ) (V3 + 8%) < by

(3.31)
implies

sup [[(t + )y, < Ca(I5(0) [y, + € sup |f(3(t+)I(VE+6%)).  (3:32)
s€[0,9] s€[0,6]

In order to apply this result to the perturbation v in the rescaled frame, it is
essential to note that transforms into an estimate between different weighted
spaces due to the time-dependent rescaling in the z-direction via a(t). To remedy
this, and to deal with the problematic zd,v term in (3.49), we introduce time-
dependent weights w(t) = (w_(t), w4 (t)) that increase/decrease at a rate sufficient
to compensate rescaling by «. More precisely, we assume the following.

C2 Given T > 6 > 0, the increasing function w_ : RT — RT and decreasing
function wy : RT — R* satisfy

w_(t + s/2) alt) w4 (t + s/2)
w_(t+ s) = a(t+ s) = wy (t+ s)

(3.33)

for each s € [0,0] and t € [0,T — s|. Furthermore,
Winin < W4 (t) <w, te& [O,T]

way () w—(t)
a(t) a(t)

on [0, T], which essentially means that the weight-functions retain their monotonic-
ity after rescaling. Since w_ and wy are evaluated at t+s/2 in (3.33)), it furthermore

follows that there is a lower bound on their absolute growth rate in the sense that

Assumption implies that ¢ — is decreasing and t — is increasing

log (%)/(t) > Llog(w_)'(t) and log (%)/(t) < Llog(wy)'(t), te][0,T).

With this condition in place, we formulate the following corollary to Proposi-

tion 3471

Corollary 3.4.2. Assuming [STHS3, there exist constants 05,C5 > 0 so that the
following holds true for each €,y > 0. If[CT] and [CZ hold for some T > & > 0, then
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3.4. Short-time control

for each t € [0,T — ¢], the bound

(e+ sup (ot + 9, + o+ )l +le(t +5) = e(t)]) ) (V3 + %) < 65

s€10,0] w(tts)
implies

< Cs(llo® iy, , +€ sup |F((E+9)(VE+8%).

sup [[v(t + s)| g2 wt+e/2)  sel0,6]

s€[0,4] wit+e)

In preparation for the proof of Proposition we examine and show
that ay, 2y can be controlled by the perturbation v. In contrast to [91], we deal
with the presence of the forcing term and require slightly sharper control on the
modulation parameters.

Lemma 3.4.3. Assuming [S1] and [S3 there exist constants §¢,Cs > 0 so that the
following holds true for each e,y > 0. If[C1] holds for some T' > 0, then for each
b = (b_,b;) € R? with b_,by € (0,/c,/3] and t € [0,T], the bound

lo(t)lz2 < bY/20
implies

e () + 2a()ef (7)] + 1 (1) — 2eg Palt)ef (11| < Coel £ (rt) b3 Ilv(®)| 2
+ Collo(®)]12, (3.34)

and hence
ae()] + 12 0] < Co (el F DI+ 5.l ) + o)) (335)
Proof. Let us write v = v(t) for brevity, and rewrite (3.23)) as

o+ 2a(t)ef ()

= —qe —1 v <Ua¢co>
Q- 3001/2a(t)€f(7t)} = —aef (KT () [<v,<co>]

el - K20 [ )
_ a—QK—l(U) |:<N(”U), ¢co>:| . (3.36)

Here we have used that

o] [ah]
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Chapter 3. Deterministic stability

Setting out to control K~!(v), we note that

9¢32
K(O) [ 9 903/2]
2

is invertible, so that we can find constants C;,Cy > 0 that ensure ||[A~1||,, < Co
for all A € R?*2 which satisfy
Ay = Ky (0 < Cr, - (6,4) € {1,2)%,
Here, | - ||op denotes the operator-norm on (R?, |- ||1), chosen for convenience in the
computations below. Now note that
K5 (0) = KigO) "= (260 + Dl0cbealliz, + 100122, )llvllzz
+ (ICeollze, + 120cdeollzz, )10l

for all (i,7) € {1,2}2. Since d.¢., and d,¢., decay exponentially as |z| — oo,

we can estimate their weighted norm by a constant that does not depend on b.

The function (,, however, tends to [, d.¢c,dz = 3¢, 1/2
L2-function. We therefore estimate

0 00
HCCOH%E :/ 6_2b T ( )d:I,‘—l—/ e—2b+m<30(l,)dx

IS0l
/ CCO dx + 2b+

as x — oo, and is not an

and we thus have
|3 (v) — Ki(0)] < Csby ol 2 (3.37)

for all (i,7) € {1,2}? and some constant C3 > 0. In case dg < bi/zg—;,

via (3:37) that ||[K~(v)|lop < C2. Turning to the term K~ (v) — K~(0) in ,
we note that
157 (w) = K7H0)llop = 1K~ (0) (K (v) = K(0) K~ (0)llop
< ETHO) o[l K (v) = K (0) lop [ K~ (v) lop
< Cuby 2|l .z

it follows

We proceed by estimating

(N (0), beo)| + [N V), Ceo)| = 1002 (%), b )| + [0 (?), o)

(v%, 0nhey )| + 1(v?, Octcy )|
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3.4. Short-time control

< [le™* Xazo(|026c, | + 10ctco|)]| < 01172

S 65 ||U||%2ba
together with

~ 1—1/2
(0, beo)| + (0, Ceo)| < llbeo 2 0]l 2z + Csby 2 [Ivlla
We conclude via (3.36) that
e + Za(t)ef (v)] + 19 — 2, Pa(t)ef (10)]
< Cmaxel FOR)ICa (6 llzz, [0l 2z + Coby [0l 1z )

+%mwwm@m%w%+ww@m)”ﬁMm
C2C5HU||L2

mln

O

Using Lemma|3.4.3] it is now straightforward to control the term Y (¢, s,7; ¢, Q)
introduced in (3.30) in terms of . We note, though, that Lemma provides
control over o and {2 in terms of a weighted norm of v, instead of v. We remedy

this using item 1 of Lemma taking care to apply a rescaled weight.

Corollary 3.4.4. Assuming [SIHS3, there exists a constant C; > 0 so that the
following holds true for each e,y > 0. If[CT| holds for some T > 0, then for any

to, 5> 0 withto +s € [0,T] and W = (W_,w,) € R? with

min 3
E_,@_;,_ € |: - ) \/CT)/ i|>
alte +8) alte + 5)
the bound
[5(to + 8|12 < alto + )" dw}/>
implies

1Y (o, 5,056, Q)| 2. < C7(\C(t<> +8) = clto)| + el f(V(to + ) I(1 + [V(to + 5) Il rz,)

+ [t + 8)lI3 + 9t + )l ) [9t0 + ),
+ Cﬁ’f(’y@<> +5)) ’

(3.38)

Proof. We write ¥ = (t, + s) and estimate the various components in (3.30).

Firstly, we have

|(Le(tots) = Legts))T \Lz H (to 4 5) = c(t6)) 020 — 205 ((Pe(tots) — Pe(ts))V)

< le(to +5) — C(to)lllaz@HL%
+ 20|02 (De(to+s) = Peto)) o= 1]l 22,
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Chapter 3. Deterministic stability

+2(Pe(tots) = Peto)llLoe 102Dl L2 -
Hence, we see that
I(Legtors) = Lewo)Tlzz, < Cule(ts + ) — clto) D]l
for some constant C; > 0, since ¢ — ¢ + 0, ¢, is Lipschitz from R to L>°. Next,

we apply (3.35) at t, + s with weight a(t, + s)W to obtain

[Qulte + 5)| < Coel F((te + ))(1+ alto + 5) /2T |[o(te + 5)| 12

a(to+s)W)
+ Cg,||v(t<> + 8) ||iz

a(tQ+S)W.

Substituting v(t,, ) = @ (ts)0(ts, a(ts)z), we then find that
1920(to + $)02 (B(te + ) + degroso))ll 2,
< Co((elf(r(to + I+ [0(ts + ) 122) + [5(ta + )[32 ) (1 + 027(t + )1 12)

for some constant Cy > 0. Clearly, the term ||¢;(t, + 5)0cPe(ty+s) L2 satisfies the

same bound upon increasing Cy > 0if necessary. Lastly, we estimate
IN@)llz, = 2[00, 2, < 2V2|[0]|r1 (10,7 12 , (3.39)
using the continuous embedding H'(R) < L>(R). O

With this, we are equipped to prove Proposition [3.4.1} Another slight complica-
tion compared to [91] is that T, is not completely in the stable subspace characterized
by . This is a result of the fact that our construction of the modulation pa-
rameters ensures that v, satisfies the orthogonality conditions (see (3.25))), whereas
v does not. We therefore decompose v; using I = P.+Q., where we recall that P, is
the spectral projection corresponding to the 0-eigenvalue of L. as defined in .

Proof of Proposition[3./.1 The unscaled perturbation satisfies

Bt +7) = erﬁc(to)@(to) +/ e(r=5)Leto) (pc(to) + Qc(to))Y(to,Sﬁ; ¢, Q) ds
0
(3.40)

for r € [0,9] and t, € [0,T — 6], which is the mild form of (3.29). Since the
orthogonality condition (3.19) ensures P, yv(t,) = 0, we have

lb
lem“eorn(to) |y, < Me™|[o(to) |y,

)
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3.4. Short-time control

for B = %coa;éxwmm, where we use that
8. 2 g 2y 2
S o0 tmin < min{@_(e(ts) — ), W4 (elt) — W)},

To account for the projection onto the stable subspace, we use the stability and
smoothing properties of ewo(thC(to) to obtain

/ e(rfs)ﬁc(to)Qc(to)Y(to, $,U; ¢, Q) ds
0

HL
B23) 4 s
2 M/ B9 (5 — )12V (s, 5,7 ¢, Q) 2 ds.

i 2

Writing

v = sup (50t + 5)lay + [5(te + 9lan +lelto +3) = clto)),
s€|0,

Corollary [3:4.4] can be used to derive that

sup [|Y (to, 5,736, Q) 12, < Cr(er + el floo(l + 1) + ) sup [o(te + 5)|lmy,
s€[0,0] s€[0,6]

+ Cge sup |f(7(t<> + s))| (3.41)
s€[0,0]

Using furthermore that f06(5 — 5)712ds = 2V/5, we find that

for some constant C; > 0. To estimate the component in (3.40) with the projection
P,t,), we recall that

/ e(r_s)LC“O)QC(tO)Y(tO,875;C,Q> ds
0

< Ci(e+ea)Vs sup [[v(to +8)| g
HL s€[0,6] v

+ CheVs sup |f(’Y(t<> + 3)>|
s€[0,6]

Pc(to)Y(t<>7 5767 & Q) = <Y<t<>7 S, ia ) Q)7 ni(to)>8a:¢c(to)
+ <Y(t<>7 S, Ev ¢, Q)a ng(t)>60¢c(to)

where L.(,)0:¢c(t,) = 0 and Le(1,)0che(t,) = OxPe(r,)- Thus,

e(rfs)tc(to)Pc(to)Y(to, 5,75 ¢,Q) = (Y(to,s,7;¢,9), né<t0)>3w¢c(to)
+ <Y(t0a S, E; c, Q)a 773(,50) >ac(bc(t<>)
+ <Y(t<>a S, E; c, Q)a 773(,50)>(5 - S)axqsc(to)y
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Chapter 3. Deterministic stability

and we may estimate

He(r_s)ﬁc(%)Pc(to)Y(to, s,v; ¢, Q)HHL
<Y (toy 5,75 ¢, Dl 2 1oy 22 N beeo) |1 12,

—w

+ Y (to, 5,73 c, Q)”L%Hng(to)HL{WHac(ZSc(tO)”H‘%
Y (o, 5,03,z 102, 12, (r = $)10beeo) m,
< C~12||}/(t<>1 s, 75 ¢, Q)HLl(l +4 - 5)7
for some constant Co > 0. Integrating this inequality, it follows via (3.41) that
there exists a constant C'5 > 0 for which

We collect that

< Cs(e+e)(d+06%) sup [t + 5)| g1
le s€1[0,6] w

+ Cse(6 +62) sup |f(v(to +5))]|.

s€[0,0]

/ e Eetto) Py Y (Lo, 8,75 ¢, Q) ds
0

[0(ts + 8) | g < Me™*|[T(ts )| o, + €(C1V3 + C36 + C562) sup |F(7(ts +9))|
s€lo,

+ (e+ 61)(01\/5 +Cs0 + 6'352) sup [[o(to + 8)|| gy
s€[0,4] v

for s € [0,6]. The result follows by taking a supremum over s € [0, ¢], and choosing
64 small enough such that sup,c(g 5 [[0(s + 8)[| g2 can be brought to the left. [

We conclude this section with the proof of Corollary Essentially, we apply
Lemma [3:2.2] to translate Proposition to the rescaled frame. Recall that
implies that ¢t — woj(g) is decreasing and t — wa*(g) is increasing on [0,7]. This

guarantees that the weight-functions are also monotone in the original frame.

Proof of Corollary[3.4.3 Setting b = Z((ttig)) , we have

sup [0t + 8)[| g1 < sup, [0t + )|l a2 < Crosup ot +5)||u:
se|0,

)
sel0.3) wera /e = Gy )

for some constant C; > 0, where we have used Lemma in the last step. If 5
is small enough, then we can apply Proposition [3.4.1] to obtain

sup [[5(t+ )| s < Ca([0(0)]1 s + € sup | F((t+5))[(V3 +6%)).
s€[0,0] b b s€[0,4]
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3.5. Long-time control

Choosing C5 large enough, we have

sup [Jo(t+ )]l §C5(HU(1€)||H1 +e sup |f(y t+s))|(\/5+52))
s€[0,4] +0)b «()b s€[0,0]
(3.42)
via Lemma [3.2.2] It follows that
ot + 8l ,,,, = oG+ )

(13.42)

a(t+8)b

Cs(Io®llm, +e sup |f(2(t+9)[(V+06%)

s€[0,6]

and the conclusion follows via (3.33) and Lemma O

3.5 Long-time control

In this section, we establish control of the perturbation v over long time inter-
vals under the assumption that the forcing term is exponentially bounded. As a
preparation, we fix the minimum weight wmyin in [S3] and an intermediate weight
Weo € (Winin, w) by Writingﬂ

_ 1/2 _ 1/2
0—4C6 Bmax(2+86)e 206 Bmax(2+d6)e” /= (3.43)

Wmin = W and we = we

using the constants Cg and Jg from Lemma [3.4.3] In particular, this choice only
depends on and In addition, we introduce functions W_ : Rt — [Wimin, Weo)
and W, : RT = (weo, w] through

e )T W () = w(e=) (3.44)

Wmin

W_(t) = Win(

de.oN
w

see Figure We then claim that the weight-function w(t) = (w_(t), w4 (t))
defined by
w () = W_(38), wy(t) = Wy (ot) (3.45)

satisfies provided that the following conditions are met.

C3 We have p € |0, i) together with € € (0,1] and v > 0. In addition, we have
& = € P together with the inequalities

P S ,yfl’.

1 —
o v < gamixwmin(co - wIQnin);
b 6/7 < Frnax-

2In principle, the constant Emax in (3.43) can be replaced by E = ¢/v. For clarity, however,
we work with Emax so that the weights do not depend on € and ~.
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w
W (t)
Wog bommomce e e T
W_(t)
Wmin
t

Figure 3.1: Graph of the weight-functions W_ and W, defined in (3.44). We remark
that wmin and we defined in (3.43) approach w upon letting Emax . 0.

C4 The forcing term f is continuous and bounded as

If(H)] <e’t, t>0.

C5 Given T > 0, the function v € C([0,T], H*) N C*([0,T], H™') satisfies (3.21)
while o € C1([0,T],R) solves (3.23)). In addition, we have the inclusion

Ol(t) 6 [amina amax]a t 6 [07T]

Lemma 3.5.1 (See Section [3.9). Assume [S1] and the choice ([3.43) for[S3 If
and [C) are satisfied, and [CH holds for some T > 0, then the bound

o)Lz, < min{ewl?, (Bmaxy)'/?}, € [0,7T], (3.46)

implies that the functions w_ and wy defined in (3.45) satisfy[CY

Our main result here provides exponential control for the perturbation v mea-
sured with respect to the time-varying spatial weight-functions w(t) defined in (3.45]).
It requires a priori controﬂ over the terms in the expression

ettp
Keplt) = et =+ sup (" fols)

@l 77 ol ),
s€[0,4] wis) w(s)

(3.47)

which we have introduced for notational convenience. We note in particular that
the condition (3.46)) is satisfied if K ,(t) is sufficiently small.

Proposition 3.5.2 (Long-time control). Assuming and the choice (3.43))
for[S3, there exist constants ds,Cs > 0 so that the following holds true. If[C3| and

3This control is established in the proof of Theorem m
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[C] are satisfied, and[CH holds for some T > 0, then the bound
Ko (T) < 6 (3.48)

implies
sup e"[lo(®)ll gy, < Ca(lTallar + [Tullzry, + € 77).
0<t<T

The proof of Proposition is based on the evolution equation (3.21f), in which
we isolate the precarious term “txd,v as

v = a3 Lev+ %x@zv + M(t,v;a, Q) (3.49)
with

M(t,v;a,Q) = of3N(v) + %((2 + x0y)be, + 21)) + %c’h(gﬁcg +v)
+ ef (V) (deo + V).

In preparation, we show that M (¢, v;a, Q) can be controlled in terms of v. Addi-
tionally, we bound the fluctuations of ¢(t) over a time-step ¢ in terms of v and 4.
Recalling that dg is the constant introduced in Lemma we prove the following.

Lemma 3.5.3. Assuming and the choice (3.43)) for there exists a con-
stant Co > 0 so that the following holds true for each €,y > 0. If[C3 holds for some

T > 0, then for each b = (b_,by) € R? with b_, by € [wiin, /¢+/3] and t € [0,T],
the bound [|v(t)[[L2 < (56b1+/2 implies
M (t,v(t); 0, Q)| Lz < Coel fF(yOI(L + (0@ |z ) v ()]
+ Co(0®llmg + 10 g + 0Ol ) [oOl
+ Coe|f(vt)]. (3.50)
If, furthermore, 6 > 0 satisfiest+ 9 < T and

sup |lv(t + S)HLE, < (56b1+/2,
s€1[0,6]

then
sup [e(t+3) = c(t)] < Cod(e(1+ sup_[[oft+)lz3) + sup_[[o(t+ )2 ).
0<s<6 s€[0,4] s€[0,4] bt
(3.51)
Proof. Writing v(t) = v, the estimate (3.50) follows by computing

min

— g
1Mt 00, Dl < 0 INQ)Izg +2 |2

13+ 5202)6c + ][,
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&

10 (¢eo +0)llLz + el fF (VD) Pey + vllzz,

estimating || N (v)|| 2 asin (3.39), and applying the estimate (3.35)). To prove (3.51)),
we estimate

t+6
sup |c(t+s)—c(t)|§/ ()|,
s€[0,6] t

and write

e1 = sup [v(t+s)z-
s€10,0]

Using ¢; = —2cpa 30y and (3.35)), we obtain

t+6
51[1p] le(t + s) —c(t)| < QCOO[mlnCﬁ/ (e|f(’yt/)|(1 + b;l/Qel) + e?)dt'
s€[0,0

< 2e00;2 Cs0 (|| flloo(1 + wint/er) + €3). O

min
As a final preparation for the proof of Proposition [3.5.2] we establish control of
v(t) in the space H} w(tt6/2)- We do so based on the integral equation

U(t) — eLeo JEa3 )dt

[ttt O (S ) s arssotsa@)as (352)

which holds for all ¢ > 0 and is the mild form of (3.49)). Note that the weight is
evaluated at time t+ /2, whereas v is evaluated at ¢. This gap allows us to estimate
the z0,v term in ([3.52) without introducing a singularity.

Lemma 3.5.4. Assumz’ng and the choice (3.43) for there exists a con-
stant Co > 0 so that the following holds true. If[C3| and [CY) are satisfied, and[CH
holds for some T > 0, then for each t € [0,T] the bound

sup 675||U(S)HH3V(S) < min{dgwl/? 1}
s€0,t] )

implies

" [lo(®)]| ax < CroEey(t) sup eflo(s)llmy |+ Cro(lallm + [Tl +€),

w(t+6/2) SE[O ﬂ

where K. ~(t) is defined in (3.47).
Proof. Pick t € [0,T] and set

€1 = sup e%||v(s)] g2 and ey = sup [|v(s)|lg1-
s€[0,t] wie) s€[0,t]
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Using (3.52)), we estimate

Bt 3/2
lo(t )IIHWW/Z) < Y Me- ol sy, , 0 + Mmm(l + 1), (3.53)
fOT 5 % mixwmln (CO - w12nin) Wlth

L= [ estou_ 912 a e ds (3.54)
0 afs) Litersrm :
t

I :/ e P (4 — )TV M (s,v(s); a, Q)| 12 ds. (3.55)
0 w(t+35/2)

Here we have used that f:a 3(hdt” > a2 (t —s). Using Lemma and
Lemma [3.8:2] we estimate

ol s . < 00l < IWollay + 0ol < Coll[oullar + [04lla)
in (3.53). Focusing on I;, we use Lemma to estimate
—1
leda(s)lzs,,, , < e alts.0) o), (3.56)
where
— 1
a(t,5,9) = s —w ) T w e e (3.57)

We furthermore use Lemma [3.4.3] to estimate

a(s)

a(s)

8.3 —1 —1/2
< aphCo (el F(9)l(1 + w2 u(s)lzz,

)+ o), )
mmc'6 (66 75(]‘ + w 12 61) + 6%6_278)
< 01 (4 €2)e s (3.58)

for some constant C; > 0. Substituting (3.56)) and ( into (3.54)) yields

t
el < Cle_l(e—i—e%)/ V(t,s,8)e” PN (1 — )71 2ds sup || v(s)|| g
0 s€[0,t] wie)
where we have used
eVt Bt=s) — o=(B=7)(t=5),7s (3.59)
Invoking Lemma to estimate

C
sup e 7°lq(t,s,8)| < —

s€[0,¢] 7o
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Chapter 3. Deterministic stability

for some C’g > 0, we find

e < C3(v0) Me+€) sup e |[o(s)||
s€[0,t] Wi

where

Cy = 6’102671/ e~ (B=Ms571/245 < 0.
0

Recalling that § = ¢™P per we have thus shown that

eI < C3K. () sup e*||v(s)|p .
s€0,t] w()

Turning to Iz, we find via (3.59)) and Lemma that

t
eIy < / e~ B=ME=9)(t — )1 2e7%|| M (s, v(s); a, Q)| 2 )ds.
0 wi(s

(
Applying Lemma [3.5.3] yields

1M (s, v(s); 0, Qe < Cole(l+e1) + e+ €2+ €)lvls) ]y,
+ Cyee™7®

)

so that

e, < 64(6 +e +e) sup e%v(s)||gr  + Cye
s€[0,1] wie

for some C,; > 0. The conclusion follows by setting Cyp = Ma/? (C’g + C~'4). O

min

We finally move on to the proof of Proposition We first control the fluc-
tuations of ¢(t) during the time-step § through Lemma This allows us to
use the short-time result Corollary after which we apply the long-time result
Lemma [3.5.4]

Proof of Proposition[3.5.2 We collect from (3.48) that

(e + sup (flu(t+ S)HH&,(HS) + ot + s)HHl))(SQ <oy,
s€[0,8]

Furthermore, Lemma [3.5.3] applied with weight we, provides the bound
sup |c(t +s) — c(t)[6? < Cy63 (e(l + sup [[v(t+s)|lgz )+ sup [jv(t+ B )
s€[0,9] s€[0,9] * s€[0,9] Weo
< Cy (5é—3p(1 + 58) + 63—31))'
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3.6. Energy evolution

Picking ds small enough, we may apply Corollary [3:4.2] at time ¢, which yields

) sup ot +5)|
s€[0,4] w(tts)

Applying Lemma we hence find

D) sup ot +s)lmy, < Crlen(t) sup @ o(s)lm,
s€(0,0] s€[0,t]

+ Cr ([T e + o]

< C5 (7 Jo(t) | 2

+ 2667(t+5)6_7t52).
- w(t+8/2)

)

HI —|—6+6(52),

w

where C; = C5(Cho + 2)e. Taking the supremum over ¢ € [0, — 6] and extending
the supremum on the right-hand side shows that

sup_elo(t) sy, < CrFen(T) sup_ e lo(t)]az,
0<t<T 0<t<T

+CL([oellm + (7]

Hl +6+652).

w

For §g small enough, we have Cy K. ,(T) < 1/2 and hence

sup e o(®)llms,, <20 ([Tl + [ullay + e+ 2P). 0
0<t<T

3.6 Energy evolution

In this section, we establish control of the perturbation in the unweighted spaces
L? and H'. Since the latter norm appears explicitly in @ , this is a crucial step
towards applying the long-time results developed in Section [3.5]

Using the decomposition and the fact that (v(t), ¢.)) = 0, we observe
via Pythagoras’ theorem that

D172 = lult, - + E@DIIT2 = Noewlze = lu®)lZ> = lbew I (3.60)

We set out to control the L2-norm of the perturbation ¥ by estimating the time-
derivative of . The key point is that, in the right-hand side of below,
the term |[o(¢)[|7> comes with an integrable factor €| f(yt)|, and the remaining terms
are all integrable and small. Invoking Gronwall’s inequality, this can subsequently
be used to establish the desired control. We recall that dg is the constant introduced
in Lemma

Lemma 3.6.1. Assummg and the choice ([3.43) for there exists a con-
stant C11 > 0 so that the following holds true for each €,y > 0. If[CH holds for
someT >0 and t € [0,T], then the bound

lo()llza_ < deall?,
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Chapter 3. Deterministic stability

implies
0:[(t)][72| < Oy (e\f(vt)lllﬁ(t)H% +elf()lllv®)llre _ + ||v(t)||%§%o)' (3.61)

Proof. Let us write u = u(t), v = v(t), and ¥ = T(t) for brevity. In the presence of
forcing via ef(yt), we observe that

OulullZe BEY _2(u, 93 + 2ud,u) + 2¢ £ (vt) (u, u)
13.18) _
= 2ef(v)ul2s B2 2 f(t) (1o 12 + 17122
= 126 f(vt)c* 2 () + 2¢f (7¢) ][22, (3.62)

where we have used that [|¢.([|2. = 6¢3/2(t) in the last step. On the other hand,
we may compute

Ol b2 = 60,3/2(t) = 9er(£) /(1) = =265 % (t)au(1). (3.63)

Combining (3.62) and (3.63), and estimating |oy(t) + Za(t)ef(vt)| via (3.34) leads

to the estimate

D4l1B122] = 1oulull3z — Billeo 13|
< Ca(lf IR + el FGt)llelza_ + oll3 ),

for some C’l > 0. O

Lemma 3.6.2. Assummg and the choice ([3.43) for there exists a con-
stant C12 > 0 so that the following holds true for each e,y > 0. If[C] is satisfied,
holds for some T > 0, and €/ < Emax, then the bound

eMo(t)llre < dsall?, 0<t<T,
implies

1

HL  +7

Weo

_ _ €
sup [[5(1) 32 < [Bol}z + Caz (= sup_ e [lo(t)] sup e |u(t)3, ).
<t<T Y 0<t<T 0<t<T Woo

Proof. Writing
€1 = sup e||vg2
0<t<T oo
we have via Lemma [3.6.1]

|0u19l172] < Cra(ee™ [0l + (eex + €f)e™™"),
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3.6. Energy evolution

and applying Gronwall’s inequality yields

C
iz < (”%”%2 + Tiyl(eel + e%))ecns/'y. 0

Control in H' is established using the well-known fact that the soliton ¢, is
a critical point of the functional &:[u] = Lc[jul|2, + H[u]. This is reflected in the
equality

Elbe+ 2] — Eulde] = Lell2]2a + L]10uz]2e + /R e 1 1A,

which is O(2?). Substituting our decomposition into
J(t) = 5c(t) [u(t)] — 5c(t) [d)c(t)]v
we arrive at
T (t) = Ecpylbewy +T(t)] = Ecity[Perr)]

= SOOI + 310501 + [ —0u () + 1 Ode, (369

which generalizes (3.60) in the sense that the right-hand side is O(9?). In fact, we
note that |[(¢)[|%: can be bounded in terms of |7 (t)| and vice versa.

Lemma 3.6.3. Assuming and the choice (3.43) for there exists a con-
stant C13 > 0 so that the following holds true for each €,y > 0. If[CH holds for

some T >0 and t € [0,T], then

[5(8) I3 < 013(|\7(t)| +llo@lZ_ + ||5(t)\|H1||W(f)Hiz>, (3.65)
and

T < Crs(I50) I3 + o(2)]

b IO P@E:).  (3:60)

w

Proof. Estimating

/aﬁc(t)ﬁz(t)dz = a*E’(t)/GScOvQ(t)dl“ < inlle™2 % g | e [l (B)1Z2

R R o
(3.67)

in (3.64) yields

T (#)] < 5 max{eoon,s, OO + agdlle ™ ="0c, [z o(®)]1Z

+ L2|[o(t) || g [0 (1) 2,
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Chapter 3. Deterministic stability

which yields (3.66). On the other hand, rewriting (3.64) as
seOIT@Z + 510:5(t) 172 = —T (¢) + /R Pe(yT*(t) — 37°(t)da,
and applying (3.67) provides

KB 5 < 170+ apdlle™ =" bog | e llo() 72+ S 1000) | [0(2)]7,

Weo

in case k < min{%, %coofz , which establishes (3.65]). O

min

We now establish an estimate of ;7 (t), which we use to control ||| g1 via a
Gronwall argument, analogous to the proof of Lemma Note also in (3.68])
below, that the term ||v(¢)[|%,, carries a factor €| f(~t)].

Lemma 3.6.4. Assuming and the choice (3.43) for there exists a con-
stant C14 > 0 so that the following holds true for each e,y > 0. If[CH holds for
some T >0 and t € [0,T], then the bounds
lo(®)llra_ < min{1, 80022} and [5@)llse < 1,
imply
0:T ()] < Cra <€|f(7f)|||5(75)||?q1 +elfOD)lllv@®)zz  + 014||v(t)\|%3,00)- (3.68)

Proof. We once more abbreviate v = u(t), v = v(t), and v = ©(t), and compute
that

at H [’LL]

8t/ %(Um)2 - %u?’dx = / Uzp Uzt — Uzutd:r = _/(uzaz + u2)utd{IJ
R R R

<
I
&

(Upz + 0P U + (u?)g — ef (yt)u) = ef (y8)[|0pul|® — ef (1t) / u’da.
R
Substituting (3.18]), we have

OHlu] = ef (Ol — ef(2t) [ wbde = s o) (0t 3 — [ o)
+ Ef(’}/t) (2<ax¢c(t)7 8x6> - 3<¢3(t)76>)

+ ef('yt)(”az@H%z — / 3¢c(t)@2 +®3dx),
R

where the leading-order term evaluates to

102ete |22 — / §3 iz = —6c5/2(2).
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3.6. Energy evolution

On the other hand,
OH[beqr)] = — 20,72 (t) = = 2e, ()2 (t) = 9¢) > a0 () (t)
and we note via that 0 H[u] = 0;H[¢)] in case v = 0. Moreover, estimating
an(®) + 2a(ef ()] < Cr (el Dol s + 0l2 )
for some C; > 0 leads to
|0 H[u) — O H (o] < el £ (V)| (2(Dnber), D2D) — 3(D21), )]
+ el 0N, — [ 3007 +7%da)
+ Gl GOlolzz_ + ol2s ).

Rescaling the terms that contain the soliton and introducing an exponential weight
yields

|2<aa:¢c(t)7 a:v§> - 3<¢¢2:(t)7@>| < é?|2<am¢coa 895’U> - 3<¢§0,’U>|
< Co020c, + 02, M2, _lvlls,

and

<G < Cylle™ " ey || oo 0172
oo

‘/3¢C(t)v2dx /3¢C0v2d3:
R R

for some constant Cy > 0. The cubic term is controlled by estimating

[

where we have used ||t]|z2 < 1. Collecting our results so far yields

< [ollz=[7li7: < V2l

|0 H[u] — OH[e(o]| < (L+V2)el FO)IIIBIF + Cael F(xt) (vl e+ llvlZs )
+ Calloll3s
for some C3 > 0. Computing
0T (t) = ci(t)|[0]|72 + c(t)D|[0]1 72 + O H[u] — By H[de(r)],
applying Lemma and estimating |c;| via Lemmathen gives the result. [

We are now ready to state and prove the main result of this section, which
establishes control over the H'-norm of the perturbation.
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Chapter 3. Deterministic stability

Proposition 3.6.5. Assuming and the choice ((3.43) for there exists a
constant C15 > 0 so that the following holds true for each e,y > 0. If[C]| is satisfied,
holds for some T > 0, and €¢/v < Epax, then the bounds

sup e"[[v(t)]|z2 < min{dgwl/?, 1},
0<t<T oo

sup [[o(t)][m < 1,

0<t<T

imply

sup_[[v(®) 13 < Crs([[vallFn + [19:l17)
0<t<T

€
+Cis (= sup o)+ s ol )
Y o<t<T e 0<t<T weo

Proof. We again write

e1= sup e|jv]l2  and e = sup |77
0<t<T = 0<t<T

Applying (3.65]), we obtain

513 < CualT ()] + CaallvlZa,_ + sl 113
t
sc&z@ﬁ«m/N@ﬂﬂm+cm%+@x
0

which, using Lemma [3.6.4] leads to the bound

t
1812 < CuslT(0)] + CrsCia / ce™ [0(s) 2 ds + Cus (& + €2)
0
€ €2
+ C13C14(*(€1 +e2) + *)~
Y v
Applying Gronwall’s inequality finally yields

2
€ € €
||5H%11 < (Clg|j(0)‘ + 013(6? + 62) + 013014(;(61 + 62) + i))ecmcl“v .

The result now follows by controlling e via Lemma controlling | 7(0)]
via (3.66]) and applying item 1 of Lemmam O
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3.7. Proof of main result

3.7 Proof of main result

Building upon the results of the previous sections, we set out to prove Theorem3.1.1
Assuming [ST] we fix the constants appearing in [S2] by writing

= mf 3 Bmax [5 f(s)ds  apq Qmax = 2Sup 3 Bmax [5 f(s)ds (3.69)
>0 >0

amln -

Recall that the weight wp, of |S_’3| and the asymptotic weight w., are then deter-
mined through , in which dg and Cy are the constants introduced in Lemma
which depend only on [S1|and As a final preparation, we estimate the deviation
of the modulation parameters from their leading-order approximations. Recall that

E(t) = &0 — Jy c(s) ds = Q(¢).
Lemma 3.7.1. Assume and the choices and for and . If

is satisfied and[CH| holds for some T > 0, then for each €,y > 0, the bound
Mot)lre < dgwl?, 0<t<T

implies

sup
t€[0,T7]

+ sup
t€[0,T]

Qt) — 2 ") ds‘

3 Jo ¢72(s)

log(a *6/ f(ys)ds

€ C
< Cowyl = sup e|[v(t)rs_ + — sup e|o(t)][72
7 telo,T] = Y telo,1] oo

Proof. Estimating (3.23)) for ¢ € [0,T] as in (3.34) yields

5 f(t)

|0 log(a(t)) + 2ef ()| + 561/2( )

a0(t) —

< Couzd e o0l
+ C6H'U(t)||2L12voo

The result now follows by integrating. O
For each ¢, E > 0 and v, € H?> N H., we now introduce the sets

01 = {T 2 0: " u(t) 1y, < Ca(loe

Oy ={T>0:[v(t)|3 < ady, forall 0 <t < T},

A+ Ol + € 7) forall 0 < ¢t < T4,

w

where Cy is the constant from Proposition and we recall that the weight-
function w(t) = (w_(t), w(t)) is defined in (3.45). We then define Trpax (€, v, V) €
[0, 00] as

Tmax(ﬂ'%E*) = sup(01 N 02)

Recalling that E = ¢/, the key ingredient toward establishing Theorem is to
show that Tinax(€,v,7s) = 00.
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Chapter 3. Deterministic stability

Proof of Theorem[3.1.1} Pick € € (0,1] and v > 0 that satisfies €/ € (0, Emax] and
TP <Gy, 2y, y<a,

and consider an initial condition 7, € H*NH,, that satisfies ||[v, |4, 4|0, [|%: < 617.
Then, the conditions in Theorem [3.1.1| are met, and we note that

€< 51Emax and ||5*||H1 + ||§*HH&} < \/551

Suppose, for the sake of contradiction, that Ti,.x < co. By construction of Op, we
have

sup )e”tllv(t)llﬂgvm < Cs(ITellmy, + 1ol mr + €7%) < Cs(V2+ 1)d,
t€0,Tmax

and

[ﬁ?rp )v’le“’fllv(t)llélm <303y ([T lFr, + ([0l Fn + €7%) < 6CE6:.
te[0,Tmax wit

In particular, L
sup e ||o(t)[|gz, < min{dswi/?, 1}
t€[0,Tmax)

for 07 sufficiently small. Thus, we may use Lemma to obtain

sup
t€[0,Timax)

log(a(t) + 3¢ [ frs)ds

< CoCaw > S ([Tl s, + 18]l + €72)
v

w

+ CoC2y (Imully, + 10l arr + €727)°
< OGCS’UJ;}/Q(\/iEmaxal + 61) + 60608251
and in particular
Omin < o(t) < Omax, t € [0, Tinax),

for 6 sufficiently small. By construction of Os and Lemma [3.2.2] we have

sup |[o(t)]|%: < 1.
t€[0,Tmax)

Via Proposition [3.6.5] we may improve this bound to

_ _ € _ _ _
sup v 13 < Crs([llZs + 1503 )+ CisCs— ([Tl s, + [0 ]| a1 + €727)
t€[0,Tmax) oo Y

+ CisC2y (|0l s, + ([l + €12)

< C150? + C1503(V2Emaxd1 + 01) + 6C15C30;.
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Combining our results so far, we find via (3.47) that

Ken(Tnax =) < sup ([o(s)]lms + €0y, +77" e 0(s) 3 )
$€[0, Tmax) e wis)
+ EmaX(Sl + 61

<dg
for any g € (0, Tiax], decreasing the size of §; > 0 if necessary. By continuity of
t— e”tHv(t)HHlm and t— ||v(t)] g,

there must be a small r > 0 for which
Ke,'y(Tmax —q + ’I") S 58-

Having established a priori control on K., we may apply Proposition to
obtain
< 08(||@*||H}U + [Vl + 6172p)~

sup e u(t)]
tE[OyTlnax7Q+T] wi(t)

Choosing ¢ < 7 shows that Ti,.x is not maximal, allowing us to conclude that,
indeed, Tihax = 00.
To complete the proof, we now observe that

sup e o(t)l|my < supe™ o)y < Ca(lTallay + [0ullm +€77),
t>0 = t>0 w

w

which establishes item 2. Items 3 and 4 follow by applying Lemma[3.7.1] while item
1 follows from Proposition O

3.8 Decompositions

Our work makes frequent use of the linear stability theory of the operator L. de-
veloped in [91]. Let us briefly review these results here, based on the exposition
in [86]. Introducing the exponential weight ¢“® on L? moves the essential spec-
trum of the operator £, from the imaginary axis into the stable halfplane, leaving a
double eigenvalue at 0. This 0-eigenvalue has a two-dimensional generalized kernel
spanned by 9,¢. and J.¢.. In particular, it is easily verified that £.0,¢. = 0 and
L:0c¢. = Oz¢.. The operator L. is related to its (formal) adjoint £* on the space
L2, via the relation 9, £ = —L.0,. In particular, £ has a two-dimensional kernel
spanned by ¢. and the primitive

C(-(l‘) = Lx ac¢c(y)dya
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Chapter 3. Deterministic stability

which satisfies (. € L? . The spectral projection onto the generalized kernel of L..
is given by

P.f = (f,n2)0uc + (f.02)0cte, (3.70)

where
me =220+ 2. and 2 =2, (3.71)

and we write Q. = I — P, for the complementary projection. Based on the spectral
properties of L., the following can be concluded about the flow generated by this
operator.

Theorem 3.8.1 (|91]). Let ¢ > 0 and 0 < w < +/c. Then, L. is the generator of
a Co-semigroup on HE for any real s. For all 3 > 0 which satisfy 8 < w(c — w?),
there exists a constant C' > 0 such that, for all g € L2, t > 0 and k € {0,1}, we
have

|0Fe ' Qegllrz < CtH2e P g| 2 . (3.72)

w

We conclude here with a result regarding the orthogonality conditions arising
from the projection P.. This result ensures that the decomposition (3.18)) underlying
the arguments in this chapter is uniquely defined.

Lemma 3.8.2 ([86]). Let c. > 0 and w € (0,/cs). Then, there exist constants
b2, Co > 0 such that, for each U, € H,,, the bound |[v.||r2 < 0y implies that there
exist unique parameters cg > 0 and £y € R such that

e, (2) +0:(2) = Py (z = §0) +Vo(x — o) with (o, dey) = (V0,Ceo) = 0

and
1ol 3, + [§o| + lex — col < Collvsl|ma
[Toll e < Colllvallan + [l a2,)-
3.9 Time-varying weights

Our goal here is to establish several properties of the time-dependent weights w(t) =
(w—(t), w4 (t)) given by

1—e™ 7t w 1—e= 7t
) )

w—(t) = wmin (5,2 ;o wi(t) = w(*

that were used to control the perturbation over long time-scales in Section In
particular, we prove Lemma [3.5.1]

101
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Proof of Lemma[3.5.1 Writing

er= sup e"[|u(t)|
t€[0,7]

L2

we note that for s € [0, §], we may compute

t+s
|log (a(t)) —log (a(t +5))| = /t log(a(r))'dr

(35) t+s
< Cs / e (1 + w3 2ee7) 4+ e P dr
t

t+s
S 06(6(1 + ’LUO_ol/261) + 6%) / e_’yrd’l“
t

= 06’7/71 (6(1 + wgol/Qel) —+ e%)ef'yt(l _ ef'ys)
< 2C6Emax(2 + 56)61/2(6—7(t+s/2) . 6_7(t+s))7
where we have used that 1 —e™* < 2(1 — e~/?) for all # > 0 and applied the

assumptions €; < min{éﬁwéf, (nymax)l/z} and 5 < Fnax. Taking an exponential
then gives

(£2C0 B (2406)e !/ 2)e ™ CFD (4 g /9)

a(t)

<

R P o A BT (e
and /2 g=(t+s)
alt+s) _ (e2CoPmax(2+ds)erTy—e™ _ w_(t+s) O
all) = (0B 50 P) e (1 4 5/2)

We finally establish a bound for the quantity

_ 1 1
4(4,5,9) = v e T wre e /)

which is used in the proof of Lemma [3.5.4

Lemma 3.9.1. Assuming[S1] and[S3, there exists a constant Cy5 > 0 such that

X eV9/2
sup e "%q(t, 5,0)] < Crs—,
s€[0,t] 76
for all t,~v,6 > 0.
Proof. We first remark that
e s w? 1

sup = — sup ,
s€[0,t] w+(s) - U}+(t + 6/2) Woo z€[0,vt] B(l‘)
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where
o= (t4+5/2)

Ba) = () — ()
We now claim that B is decreasing on [0,7t], so that its infimum is attained at ~t.

To see this, we compute the derivative

B/(x) = e (1 +log(“=)e ™) ()¢ = (32)
and use 1+ log(“=)e™" = 1 4 log((%=)¢") < (%=)¢" to find
B(w) < et (1= () ) <,

since —% > 1.
Woo . .
Using our claim, we may now estimate

wi () = wi (t+6/2) > S|w) (t+5/2)|
)
2

7 log(a) ()1 e/,

which yields
et (wz:in ) 675/2

< A .
wi (t) —wi(t+6/2) = “log(min) 4§

A similar bound for the remaining term involving w_ can be established analogously,
completing the proof. O
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