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CHAPTER 3

Deterministic stability

We study the stability and dynamics of solitons in the Korteweg-de
Vries (KdV) equation with small multiplicative forcing. Forcing breaks
the conservative structure of the KdV equation, leading to substantial
changes in energy over long times. We show that, for small forcing, the
inserted energy is almost fully absorbed by the soliton, resulting in a
drastically changed amplitude and velocity. We decompose the solution
to the forced equation into a modulated soliton and an infinite dimen-
sional perturbation. Assuming slow exponential decay of the forcing,
we show that the perturbation decays at the same exponential rate in a
weighted Sobolev norm centered around the soliton.

3.1 Introduction

In this chapter1, we study the forced Korteweg-de Vries equation

ut = −∂3xu− 2u∂xu+ ϵf(ϵt/E)u, (3.1)

where u is a real-valued function on (t, x) ∈ (R+,R) and f is an integrable time-
dependent forcing term. The small parameter ϵ > 0 controls the amplitude of the
forcing, while the (potentially large) parameter E > 0 is a measure for the total
supplied energy. Our main goal is to understand the effect of this forcing on the
family of soliton solutions to the unforced system.

Forced KdV equations such as (3.1) appear in the study of wave-phenomena
subject to external disturbing mechanisms. Motivated by physical considerations
(such as pressure inhomogeneities or bottom topographies), various types of forcing
have been considered; see for instance [40, 2, 108, 55, 33, 53, 54]. The multiplicative
form of the forcing term in (3.1) can be thought of as a generic mechanism to modify
the amount of energy present in the system. For our purposes, (3.1) constitutes a

1The contents of this chapter have been published as R.W.S. Westdorp, H.J. Hupkes, Soliton
Amplification in the Korteweg-de Vries Equation by Multiplicative Forcing, Communications on
Pure and Applied Analysis, see [103]
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toy model that facilitates the rigorous study of perturbed waved phenomena. In
particular, we view this work as a step towards establishing rigorous long-time sta-
bility of the KdV solitary waves under stochastic forcing, extending the preliminary
results in Chapter 2.

In the absence of forcing (f(t) ≡ 0), (3.1) is the well-known KdV equation: a
well-studied dispersive PDE that first appeared in the description of shallow water
waves in a longitudinal canal [68]. Among its most notable features is the existence
of soliton solutions u(t, x) = ϕc(x− ct) of the form

ϕc(x) =
3c
2 sech2(

√
cx/2), c > 0, (3.2)

which mark a balance between dispersive and nonlinear effects. As seen in (3.2),
the solitary waves ϕc satisfy the self-similarity property ϕc(x) = cϕ1(

√
cx), owing

to the scaling invariance

u(t, x) 7→ α2u(α3t, αx) (3.3)

of the KdV equation.
Another celebrated quality of the KdV equation is that it is completely inte-

grable, which means that it enjoys an infinite amount of conserved quantities. In
particular, the KdV flow conserves the L2-norm

N [u] =

∫
R
u2dx

and the Hamiltonian

H[u] =

∫
R

1
2 (∂xu)

2 − 1
3u

3dx.

Introducing the forcing term in (3.1) breaks this conservative structure. The L2-
norm, for instance, evolves as

N [u(t)] = N [u(0)]e2E
∫ ϵt/E
0 f(s)ds. (3.4)

With N , H, and other KdV-invariants undergoing slow (but eventually large)
changes, we may expect significant consequences for the propagation of the soli-
tons (3.2). Using (3.4) and the relation N [ϕc] = 6c3/2, we can heuristically predict
that the amplitude of a soliton starting at c(0) > 0 will approximately evolve ac-
cording to

cap(t) = c(0)e
4
3E

∫ ϵt/E
0 f(s)ds. (3.5)

We will show that this description is valid to leading-order in the small parameter
ϵ. If, for instance, f(t) = e−t and E = 3

4 ln 2, then the soliton amplitude roughly
doubles in size over time. Letting c(t) denote the evolution of the soliton amplitude
over time, we furthermore derive that the soliton phase, starting at a position
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ξ(0) ∈ R, evolves according to

ξap(t) = ξ(0) +

∫ t

0

c(s)ds+ 2
3ϵ

∫ t

0

f(ϵs/E)

c1/2(s)
ds, (3.6)

to leading-order in ϵ.
In this work, we establish the orbital stability of the traveling-wave family (3.2)

under the influence of multiplicative forcing. We show that solitons evolving via (3.1)
remain close to the family (3.2) in theH1-norm, while undergoing a potentially large
change in amplitude. In particular, we supply (3.1) with the initial condition

u(0, x) = ϕc∗(x) + v∗(x) (3.7)

for some c∗ > 0, where v∗ ∈ H2 and ewxv∗ ∈ H1 are suitably small for some weight
w ∈ (0,

√
c∗/3). If the forcing term f is assumed to be exponentially decaying,

then the solution actually converges to a limiting wave profile in H1 with an ex-
ponential weight centered around the soliton. Our main interest in pursuing this
line of work is to open up rigorous stability results for solitons undergoing large
amplitude changes. As such, we view this work as a step towards understanding
the stability of solitons under more general perturbations, such as stochastic forcing
(Chapter 2), as well as the stability of KdV-like quasi-solitons such as micropterons
and nanopterons in systems/lattices with periodic structure [37, 80, 36, 60, 38].
Indeed, these gradually decrease in amplitude over time when perturbed due to the
presence of small oscillatory tails that interact with the perturbation.

Soliton stability

Stability of the soliton family (3.2) under small initial perturbations in the KdV
equation has long been established in various forms [11, 91, 82]. The pioneering
work [11] by Bona, Souganidis and Strauss proves that the soliton family (3.2) is
orbitally stable in H1 via energy methods. Pego and Weinstein expand on this
result in [91] by showing that, up to a small change in the speed and the phase of
the soliton, small perturbations decay when measured in the exponentially weighted
spaces

L2
w(R) = {g : ewxg ∈ L2(R)} with ∥g∥L2

w
= ∥ewxg∥L2

and

H1
w(R) = {g : ewxg ∈ H1(R)} with ∥g∥H1

w
= ∥ewxg∥H1 (3.8)

for w ∈ (0,
√
c∗/3).

Our main theorem generalizes this classic stability result to the setting of (3.1).
The main new feature is that we are able to track the amplitude and phase changes
introduced by the forcing, which can be of arbitrary size.

Theorem 3.1.1 (See Section 3.7). Pick c∗, Emax > 0, w ∈ (0,
√
c∗/3), and p ∈

[0, 14 ). There exist a weight w∞ ∈ (0, w) and constants δ1, C1, cmin, cmax > 0 with
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cmin < c∗ < cmax such that the following holds true. For each E ∈ (0, Emax], each
ϵ ∈ (0, 1] that satisfies

ϵp + ϵ1−4p ≤ δ1/E, ϵ1−p ≤ E, ϵ ≤ δ1E,

each v∗ ∈ H2 ∩ H1
w for which ∥v∗∥2H1 + ∥v∗∥2H1

w
≤ δ1ϵ/E, and each continuous

function f : R+ → R that satisfies the bound

|f(t)| ≤ e−t, t ≥ 0, (3.9)

there exist modulation functions c, ξ ∈ C1(R+;R) associated to the solution u
of (3.1) with (3.7) that satisfy the following properties:

1. In the weighted space H1
w∞

, we have the exponential decay

sup
t≥0

eϵt/E∥u(t, ·+ ξ(t))− ϕc(t)∥H1
w∞

≤ C1

(
ϵ1−2p + ∥v∗∥H1 + ∥v∗∥H1

w

)
.

2. In the unweighted space H1, we have the stability bound

sup
t≥0

∥u(t, ·+ ξ(t))− ϕc(t)∥2H1 ≤ C1E
(
ϵ1−4p + ∥v∗∥H1 + ∥v∗∥H1

w

)
+ C1

E

ϵ

(
∥v∗∥2H1 + ∥v∗∥2H1

w

)
.

3. The amplitude function c(t) takes values in [cmin, cmax], and can be approxi-
mated by

sup
t≥0

∣∣c(t)− cap(t)
∣∣ ≤ C1∥v∗∥H1

w
+ C1E

(
ϵ1−4p + ∥v∗∥H1

)
+ C1

E

ϵ

(
∥v∗∥2H1 + ∥v∗∥2H1

w

)
,

where cap(t) is defined in (3.5). Moreover, c(t) converges as t→ ∞.

4. The position function ξ(t) satisfies

sup
t≥0

|ξ(t)− ξap(t)| ≤ C1∥v∗∥H1
w
+ C1E

(
ϵ1−4p + ∥v∗∥H1

)
+ C1

E

ϵ

(
∥v∗∥2H1 + ∥v∗∥2H1

w

)
,

where ξap(t) is defined in (3.6).

Remark 3.1.2. 1. The classic result in [91] can be retrieved by letting ϵ =
δ1E → 0, up to a small loss in the weight (since w∞ < w), which is further
discussed in Section 3.5. In this case, it is required that p = 0 through the
assumption ϵp ≤ δ1/E. The case of large amplitude modulation (E ≫ 0)
requires that p > 0.
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2. In case we replace the assumption on v∗ by the stronger assumption ∥v∗∥H1 +
∥v∗∥H1

w
≤ δ1ϵ/E, the bounds in items 2-4 simplify to

sup
t≥0

∥u(t, ·+ ξ(t))− ϕc(t)∥2H1 ≤ C1Eϵ
1−4p + C1(E + δ1)

(
∥v∗∥H1 + ∥v∗∥H1

w

)
,

and

sup
t≥0

∣∣c(t)− cap(t)
∣∣+ sup

t≥0
|ξ(t)− ξap(t)| ≤ 2C1Eϵ

1−4p + 3C1∥v∗∥H1
w

+ 2C1(E + δ1)∥v∗∥H1 .

3. Property (3.9) is needed to obtain exponential decay of ∥v(t)∥H1
w∞

. We believe

that this condition can be relaxed to f ∈ L1(0,∞) ∩ L∞(0,∞). In this case,
exponential decay over time of the weighted norm can not be expected.

4. The integrability of f ensures that c(t) and c−1(t) remain bounded, which
prevents technical complications. First, it allows us to construct bounds that
do not depend on c(t). Second, it guarantees that we can apply a minimal
exponential weight on the modulated soliton ϕc(t).

5. The assumption v∗ ∈ H2 ∩ H1
w fits the well-posedness results established in

[91, Appendix A]. It would be interesting to see if this assumption can be
relaxed to v∗ ∈ L2 by following the arguments of [86].

6. The assumption w < 1
3

√
c∗ is slightly stricter than the common assumption

w <
√
c∗/3. We require this stricter bound at various points to establish

sharper bounds than previous works.

Two related results for different forcing types are available in [61, 110]. The
result in [61] deals with finite time stability, and in [110], the authors use a factor-
ization technique that is not available in the current setting.

Approach

Our approach is based on the stability theory of the solitons ϕc in the exponentially
weighted spaces (3.8) developed in [91]. The exponential weight facilitates stronger
stability properties of the operator

Lc = −∂3x + (c− 2ϕc)∂x − 2∂xϕc = −∂3x + c∂x − 2∂x(ϕc·), (3.10)

which is associated with the linearization of the KdV equation around the soliton
ϕc. Pego and Weinstein established that Lc generates a C0-semigroup {eLct}t≥0 on
L2
w which is exponentially stable on the subspace of functions v ∈ L2

w that satisfy
the orthogonality conditions

⟨v, ζc⟩L2 = ⟨v, ϕc⟩L2 = 0, (3.11)
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where ζc is the primitive

ζc(x) =

∫ x

−∞
∂cϕc(y)dy ∈ L2

−w;

see Section 3.8 for further details. The conditions (3.11) play a central role in our
approach.

The main obstacle in proving Theorem 3.1.1 using the linear stability tools
developed in [91] is that, due to the large changes in c(t), it is not feasible to
linearize (3.1) around a soliton with fixed amplitude. Instead, we move to a co-
moving frame where the solution is not only translated, but also rescaled according
to the natural scaling of the soliton family (3.2). More precisely, we introduce the
remainder

v(t, x) = α2(t)u
(
t, α(t)x+ ξ(t)

)
− ϕc0(x), (3.12)

in reference to a soliton ϕc0 with fixed amplitude and position. The remainder v
then follows an evolution equation of the form

vt = α−3Lc0v +
αt

α
x∂xv +O(ϵ+ v2),

which allows us to leverage the linear stability properties of Lc0 on exponentially
weighted spaces. The term x∂xv arising from the dilation of u in (3.12) causes
significant technical complications. In order to estimate x∂xv in terms of v, one
needs to obtain some extra control at |x| → ∞. For v supported on [0,∞), we do
so by estimating

∥x∂xv∥L2
w
≤ Cβ∥∂xv∥L2

w+β
,

for some small β > 0, which establishes control of the troublesome term viewed
as an operator between different exponentially weighted spaces. We arrive at a
consistent argument by continuously decreasing the exponential weight over time.
This, however, presents another difficulty on short-time scales, since the constant
Cβ blows up as β ↓ 0. We remedy this problem by employing the classical stability
argument of [91] on short time-scales where c(t) only undergoes small fluctuations.

As has been argued by Pego & Weinstein, stability in exponentially weighted
spaces still requires control of the unweighted H1-norm of the perturbation, due
to the nonlinearity in (3.1) which would otherwise require double the exponential
weight. This is established in [91] by exploiting the fact that ϕc is a critical point
of the conserved functional

Ec[u] = H[u] + 1
2cN [u]. (3.13)

We generalize this argument to accommodate for large fluctuations in c(t) by ana-
lyzing the evolution of Ec(t)[u(t)] over time. We compute that

∂t
(
Ec(t)[u(t)]− Ec(t)[ϕc(t)]

)
= O(ϵv + v2),
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which allows us to control the H1 norm of the perturbation in terms of itself and
the weighted norm.

Our combined argument lifts the restrictions on the size of |c∗ − c(t)| inherent
to previous approaches to establish stability. This is particularly useful for study-
ing the KdV soliton in settings where c(t) naturally undergoes large fluctuations
on short time-scales. Indeed, we are pursuing the techniques developed in this
chapter in order to achieve stability on long time-scales in the setting of stochastic
multiplicative forcing (Chapter 2).

Outline

The chapter is organized as follows. In Section 3.2, we derive a system of modulation
equations that governs the behavior of the soliton amplitude c(t), the position ξ(t)
and remainder v(t). Then, in Section 3.3, we introduce the function spaces that
are central to our stability argument, and assert stability and smoothing properties
of the operator Lc on these spaces. We proceed by establishing control of the
remainder v over short-timescales by adapting a Duhamel argument of [91], and
introduce the notion of time-varying weights. Thereafter, in Section 3.5, we show
that the remainder v can be controlled over long time-scales in a weighted norm.
The evolution of unweighted norms of v is then analyzed in Section 3.6. We finally
provide the proof of Theorem 3.1.1 in Section 3.7.

3.2 Modulation system

In this section, we introduce our decomposition of solutions to (3.1), which forms the
basis for our arguments. For convenience and brevity, we introduce the parameter
γ = ϵ/E and recast (3.1) in the form

ut = −∂3xu− 2u∂xu+ ϵf(γt)u. (3.14)

In order to track how constants depend on the system parameters and the various
choices that we make, we collect the various assumptions that we make throughout
the chapter in a number of labeled ‘settings’. The first of these relates to the global
parameters (c∗, Emax, w) and the initial condition for (3.14).

S1 We have c∗ > 0 together with Emax > 0 and w ∈ (0,
√
c∗/3). The initial

condition for (3.14) satisfies

u(0, x) = ϕc∗(x) + v∗(x), v∗ ∈ H2 ∩H1
w,

and the forcing term f is continuous and lies in the space L∞(0,∞).

We now start by making an observation regarding the regularity of solutions to (3.14).
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Lemma 3.2.1. Assuming S1 and letting ϵ, γ > 0, the solution u to (3.14) has
regularity

u ∈ C([0, T ], H2) ∩ C1([0, T ], H−1), (3.15)

ewxu ∈ C([0, T ], H1) ∩ C1([0, T ], H−3), (3.16)

for any T > 0.

Proof. This result is established in [91, Appendix A] for f(t) ≡ 0 by modifying
a well-posedness result of Kato [66]. To see that the arguments for local well-
posedness (i.e. small T > 0) remain valid upon including the forcing term ϵf(γt),
we note that (3.14) is equivalent to a time-dependent KdV equation. Indeed, u(t)

solves (3.14) if and only if z(t) = e−(ϵ/γ)
∫ γt
0

f(s)dsu(t) solves

zt = −∂3xz − 2e(ϵ/γ)
∫ γt
0

f(s)dsz∂xz.

The arguments for global well-posedness (i.e. arbitrary T > 0) rely on an a
priori bound for the H2-norm. We show here that such a bound remains available
upon including the forcing term ϵf(γt). Indeed, writing u(t) = u for some t ≥ 0
and using (3.14) we compute that

∂t∥u∥2L2

(3.14)
= −2⟨u, ∂3xu+ 2u∂xu⟩+ 2ϵf(γt)⟨u, u⟩ = 2ϵf(γt)∥u∥2L2 ,

leading to the identity

∥u(t)∥2L2 = e2(ϵ/γ)
∫ γt
0

f(s)ds∥u(0)∥2L2 .

Moving on to the first derivative, an application of the Gagliardo-Nirenberg inequal-
ity yields

∥∂xu∥2L2 = 2H[u] + 2
3

∫
R
u3dx ≤ 2

∣∣∣H[u]
∣∣∣+ C∥u∥5/2L2 ∥∂xu∥1/2L2 .

This inequality is of the form x4 ≤ A + B|x| with A,B ≥ 0, from which we may
conclude x4 ≤ 2(A+B4/3), i.e.

∥∂xu∥2L2 ≤ 4
∣∣∣H[u]

∣∣∣+ 2C4/3∥u∥10/3L2 . (3.17)

We then compute

∂tH[u] = ∂t

∫
R

1
2 (ux)

2 − 1
3u

3dx =

∫
R
uxuxt − u2utdx = −

∫
R
(uxx + u2)utdx

(3.14)
=

〈
uxx + u2, uxxx + (u2)x − ϵf(γt)u

〉
= ϵf(γt)∥∂xu∥2 − ϵf(γt)

∫
R
u3dx

= ϵf(γt)(3H[u]− 1
2∥∂xu∥

2
L2),
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which leads to ∣∣∣∂tH[u]
∣∣∣ ≤ 5ϵ|f(γt)|

∣∣∣H[u]
∣∣∣+ ϵ|f(γt)|C4/3∥u∥10/3L2

and, via an application of Grönwall’s inequality, to the a priori bound∣∣∣H[u(t)]
∣∣∣ ≤ (H[u(0)] +

ϵ

γ
C4/3

∫ γt

0

|f(s)|ds sup
0≤s≤t

∥u(s)∥10/3L2

)
e5ϵ/γ

∫ γt
0

|f(s)|ds.

Via (3.17), this provides an a priori bound on ∥∂xu(t)∥2L2 . Using the fact that the
integral

E2[u] =
∫
R
(∂2xu)

2 − 10
3 u(∂xu)

2 + 5
9u

4dx

is conserved for the unperturbed KdV flow, we may use the bound ∥u∥4L4 ≤ 4∥u∥4H1

to estimate

∥∂2xu∥2L2 = E2[u] + 10
3

∫
R
u(∂xu)

2dx− 5
9

∫
R
u4dx ≤

∣∣∣E2[u]∣∣∣+ 10
3 ∥u∥3H1 + 20

9 ∥u∥4H1 .

One may furthermore verify that

∂tE2[u] = 2ϵf(γt)E2[u] + ϵf(γt)

∫
R
− 10

3 u(∂xu)
2 + 10

9 u
4 dx,

so that ∣∣∣∂tE2[u]∣∣∣ ≤ 2ϵ|f(γt)|
∣∣∣E2[u]∣∣∣+ ϵ|f(γt)|

(
10
3 ∥u∥3H1 + 10

9 ∥u∥4H1

)
,

through which one arrives at an a priori bound on E2[u(t)] and hence ∥u(t)∥H2 .

With these preliminaries in place, let us introduce our decomposition of solutions
to (3.14), which is based on Lemma 3.8.2. Provided that ∥v∗∥L2

w
is small enough,

there exist unique parameters ξ0 ∈ R and c0 > 0 that allow for the orthogonal
decomposition

u(0, x+ ξ0) = ϕc0(x) + v0(x) with ⟨v0, ϕc0⟩ = ⟨v0, ζc0⟩ = 0,

where v0 ∈ H2 ∩H1
w. From there, we decompose the solution u(t, x) to (3.14) for

t ≥ 0 via

v(t, x) = u(t, x+ ξ(t))− ϕc(t)(x), (3.18)

where the perturbation v satisfies

⟨v(t, ·), ϕc(t)⟩ = ⟨v(t, ·), ζc(t)⟩ = 0, (3.19)

73



3

3.2. Modulation system

and ξ, c are time-dependent modulation parameters. The existence, uniqueness, and
continuous time-dependence of this decomposition is guaranteed by Lemma 3.8.2 as
long as ∥v(t)∥L2

w
is kept below some constant δ2 > 0. Based on this decomposition,

we introduce a phase-shift parameter Ω through

ξ(t) = ξ0 +

∫ t

0

c(s) ds+Ω(t).

Lastly, we introduce a scaling parameter α and a rescaled perturbation v through

v(t, x) = α2(t)u
(
t, α(t)x+ ξ(t)

)
− ϕc0(x) with c(t) = c0α

−2(t), (3.20)

in which u is rescaled in accordance with the scaling symmetry (3.3). Below, we
collect various properties of v and v, including the relation between their (distinct!)
weighted norms.

Lemma 3.2.2. Assuming S1, let v(t) ∈ H2 ∩ H1
b for some t ≥ 0 and b > 0.

Furthermore, let v(t) and α(t) be defined through (3.20). It then holds that

1. v(t, x) = α2(t)v(t, α(t)x);

2. ⟨v(t, ·), ϕc0⟩ = ⟨v(t, ·), ζc0⟩ = 0;

3. v(t) ∈ H2 ∩H1
α(t)b with

∥v(t)∥L2
α(t)b

= α3/2(t)∥v(t)∥L2
b

and ∥∂xv(t)∥L2
α(t)b

= α5/2(t)∥∂xv(t)∥L2
b
.

Proof. Item 1 follows from (3.18) by substituting y = α(t)x =
√
c0/c(t)x. In the

same way, item 2 follows from (3.19). Finally, we compute the norms

∥v(t)∥2L2
α(t)b

=

∫
R
v2(t, x)e2α(t)bxdx = α4(t)

∫
R
v2(t, α(t)x)e2α(t)bxdx

= α3(t)

∫
R
v2(t, y)e2bydx = α3(t)∥v(t)∥2L2

b

and

∥∂xv(t)∥2L2
α(t)b

=

∫
R
(∂xv)

2(t, x)e2α(t)bxdx = α6(t)

∫
R
(∂xv)

2(t, α(t)x)e2α(t)bxdx

= α5(t)

∫
R
(∂xv)

2(t, y)e2bydx = α5(t)∥∂xv(t)∥2L2
b
,

which yield item 3.

Modulation equations

Below, we derive a system of evolution equations that governs the behavior of the
modulation parameters v(t), α(t) and Ω(t). An application of the chain rule to (3.20)
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yields

vt = α−3
(
Lc0v +N(v)

)
+R(t, v;α,Ω), (3.21)

where N is the KdV nonlinearity N(v) = −2v∂xv and

R(t, v;α,Ω) =
αt

α
(2 + x∂x)(ϕc0 + v) +

Ωt

α
∂x(ϕc0 + v) + ϵf(γt)(ϕc0 + v). (3.22)

We claim that the modulation parameters α and Ω follow the system of equations[
αt

Ωt

]
= −αϵf(γt)K−1(v)

[
⟨ϕc0 + v, ϕc0⟩
⟨ϕc0 + v, ζc0⟩

]
− α−2K−1(v)

[
⟨N(v), ϕc0⟩
⟨N(v), ζc0⟩

]
(3.23)

where

K(v) =

[〈
(x∂x + 2)(ϕc0 + v), ϕc0

〉 〈
∂xv, ϕc0

〉〈
(x∂x + 2)(ϕc0 + v), ζc0

〉 〈
∂x(ϕc0 + v), ζc0

〉] (3.24)

and
α(0) = 1, Ω(0) = 0.

Indeed, this implies that〈
α−3N(v) +R(t, v;α,Ω), ϕc0

〉
=
〈
α−3N(v) +R(t, v;α,Ω), ζc0

〉
= 0, (3.25)

which is necessary to ensure that ⟨v, ϕc0⟩ = ⟨v, ζc0⟩ = 0 and equivalently ⟨v, ϕc(t)⟩ =
⟨v, ζc(t)⟩ = 0. The matrix K(v) is invertible in case ∥v∥L2

w
is suitably small, since

K(0) is invertible and v 7→ detK(v) is continuous from L2
w to R. Consequently, the

system (3.21), (3.23) is well-defined as long as ∥v(t)∥L2
w
remains suitably bounded.

Setting v = 0 reduces (3.23) to[
αt

Ωt

]
= −αϵf(γt)1

9

[
c
−3/2
0 0

2c−2
0 −2c

−1/2
0

] [
6c

3/2
0

9

]
= −αϵf(γt)

[ 2
3

− 2
3c

−1/2
0

]
and gives rise to the leading-order approximations cap(t) and ξap(t) defined in (3.5)
and (3.6).

We conclude this section by noting that, as a result of Lemma 3.2.1, the evolution
equation (3.21) is initially well-posed in H−3

b on [0, T ] for some T > 0 and any

b ∈
(
0, w min

t∈[0,T ]
α(t)

)
.

In particular, the term x∂x[ϕc0 + v] in (3.22) lies in L2
b since there exists a constant

C > 0, for which we have

∥x∂x(ϕc0 + v)∥L2
b

(3.20)
= ∥x∂xα2u(t, α ·+ξ)∥L2

b
= α3/2∥x∂xu∥L2

b/α
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≤ C
(
(b/α)−1∥∂xu∥L2 + (w − b/α)−1∥∂xu∥L2

w

)
;

see also Lemma 3.3.2 below.

3.3 Linear stability on weighted spaces

The orbital stability proof of [91] relies on stability and smoothing properties of the
evolution generated by the linear operator Lc defined in (3.10); see Theorem 3.8.1.
These properties hold on exponentially weighted spaces after applying the projection
Qc = I − Pc, where Pc is the spectral projection corresponding to the 0-eigenvalue
of Lc, given by

Pcf = ⟨f, η1c ⟩∂xϕc + ⟨f, η2c ⟩∂cϕc.

Here, η1c and η2c are linear combinations of ϕc and ζc that are defined in (3.71). As
such, the subspace of L2

w characterized by (3.11) corresponds to kerPc ⊆ L2
w. We

review this classical result in Section 3.8, where it is stated as Theorem 3.8.1.
The spaces L2

w, however, are unsuitable for controlling the term x∂xv present
in (3.22). One can for instance not expect that

∥x∂xv∥L2
w
≤ C∥v∥H1

w

for a constant C and all v ∈ L2
w, due to the unbounded and non-integrable factor

x. It is, however, true that

∥xg∥2L2
w
=

∫ ∞

−∞
e2wxx2g2(x)dx ≤ C

∫ 0

−∞
e2b−xg2(x)dx+ C

∫ ∞

0

e2b+xg2(x)dx

for b− < w < b+, some constant C > 0, and functions g for which the above
quantity is well-defined. This leads us to introduce the notion of asymmetrically-
weighted spaces. For every w = (w−, w+) ∈ R2, we introduce the weighted space

L2
w =

{
g : ew−xg ∈ L2(−∞, 0) and ew+xg ∈ L2(0,∞)

}
with norm

∥g∥2L2
w
:=

∫ 0

−∞
e2w−xg2(x)dx+

∫ ∞

0

e2w+xg2(x)dx. (3.26)

Writing g+(x) = g(x)χx≥0(x) and g−(x) = g(x)χx≤0(x), we have

∥g∥2L2
w
= ∥g−∥2L2

w−
+ ∥g+∥2L2

w+

. (3.27)

The following result asserts that the stability and smoothing properties of {eLct}t≥0

provided in Theorem 3.8.1 extend to the asymmetrically-weighted spaces.

76



3

Chapter 3. Deterministic stability

Proposition 3.3.1. Let c > 0 and w−, w+ ∈ (0,
√
c). For all β > 0 that satisfy

β < min{w−(c− w2
−), w+(c− w2

+)},

there exists a constant M > 0 such that for all g ∈ L2
w, t > 0, and k ∈ {0, 1} we

have

∥∂kxeLctQcg∥L2
w
≤Mt−k/2e−βt∥g∥L2

w
. (3.28)

Proposition 3.3.1 is easily proved using some elementary observations regarding
the norm (3.26). Items 2 and 3 will be used in later sections.

Lemma 3.3.2. If w,b ∈ R2 satisfy b− < w−, b+ > w+ and g ∈ L2
b, then g, xg ∈

L2
w and

1. ∥g∥L2
w
≤ ∥g∥L2

w+
+ ∥g∥L2

w−
;

2. ∥g∥L2
w
≤ ∥g∥L2

b
;

3. ∥xg∥2L2
w
≤ e−2(b− − w−)

−2∥g−∥2L2
b−

+ e−2(b+ − w+)
−2∥g+∥2L2

b+

.

Proof. Item 1 follows directly from (3.27). For item 2, we estimate

∥g∥2L2
w
= ∥g−∥2L2

w−
+ ∥g+∥2L2

w+

≤ ∥g−∥2L2
b−

+ ∥g+∥2L2
b+

= ∥g∥2L2
b
.

Similarly, we prove item 3 by estimating

∥xg∥2L2
w
= ∥xg−∥2L2

w−
+ ∥xg+∥2L2

w+

≤ sup
x≤0

x2e2(w−−b−)x∥g−∥2L2
b−

+ sup
x≥0

x2e2(w+−b+)x∥g+∥2L2
b+

= e−2(b− − w−)
−2∥g−∥2L2

b−
+ e−2(b+ − w+)

−2∥g+∥2L2
b+

.

Proof of Proposition 3.3.1. For g ∈ L2
w, we may use item 1 of Lemma 3.3.2 and

Theorem 3.8.1 to compute

∥∂kxeLctQcg∥L2
w

≤ ∥∂kxeLctQcg−∥L2
w
+ ∥∂kxeLctQcg+∥L2

w

≤ ∥∂kxeLctQcg−∥L2
w−

+ ∥∂kxeLctQcg−∥L2
w+

+ ∥∂kxeLctQcg+∥L2
w−

+ ∥∂kxeLctQcg+∥L2
w+

(3.72)

≤ Mt−k/2e−βt(∥g−∥L2
w−

+ ∥g+∥L2
w+

)

≤Mt−k/2e−βt∥w∥L2
w
.
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3.4 Short-time control

In this section, we establish control over the perturbation in the original frame in
asymmetrically-weighted spaces over short time-scales. Using our rescaled frame
description (3.21) on short time-scales leads to problematic complications arising
from the term x∂x in (3.22). Instead, we rely on classical results valid for small am-
plitude fluctuations. We follow the argument of Pego & Weinstein [91, Proposition
6.1], which uses the evolution

vt = Lc(t)v +N(v)− ct∂cϕc(t) +Ωt∂x(v + ϕc(t)) + ϵf(γt)(v + ϕc(t)),

for the perturbation in the original frame v (initially justified in H−1 via (3.15)).
This argument relies heavily on an approximation of the form

Lc(t) = Lc0 +O
(
|c0 − c(t)|

)
.

In our setting, we pick t⋄ > 0 and linearize around the fixed soliton ϕc(t⋄) by
writing

vt(t⋄ + s) = Lc(t⋄)v(t⋄ + s) + Y (t⋄, s, v; c,Ω), (3.29)

where

Y (t⋄, s, v; c,Ω) =
(
Lc(t⋄+s) − Lc(t⋄)

)
v(t⋄ + s) +N(v(t⋄ + s))− ct(t⋄ + s)∂cϕc(t⋄+s)

+Ωt(t⋄ + s)∂x
(
v(t⋄ + s) + ϕc(t⋄+s)

)
+ ϵf(γ(t⋄ + s))

(
v(t⋄ + s) + ϕc(t⋄+s)

)
. (3.30)

We recall that c(t) is related to the rescaling process through c(t) = c0α
−2(t), so that

c(t) follows the modulation equation ct = −2c0α
−3αt where αt is given by (3.23).

Throughout this section, we will assume that both α and c can be bounded away
from zero. More precisely, we make the following assumptions S2 and S3, and
formulate a condition C1 that underlies most of the results in this section.

S2 The constants αmin, αmax ∈ R satisfy 0 < αmin < 1 < αmax.

S3 The constant wmin ∈ R satisfies 0 < wmin < w.

C1 Given T > 0, the function v ∈ C([0, T ], H2)∩C1([0, T ], H−1) satisfies (3.29)
while the function α ∈ C1([0, T ],R) solves (3.23). In addition, we have the
inclusion

α(t) ∈ [αmin, αmax], t ∈ [0, T ].

Our main result in this section provides short-time control over v. More precisely,
on time intervals where v and the fluctuations of c are small enough, the growth
of v measured in the H1

w-norm can be explicitly controlled by the small forcing
amplitude ϵ > 0 and the length of the time interval δ > 0.
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Proposition 3.4.1 (Short-time control). Assuming S1–S3, there exist constants
δ4, C4 > 0 such that the following holds true for each ϵ, γ > 0. If C1 holds for some
T > 0, then for each t, δ > 0 with t+ δ ≤ T , and each w = (w−, w+) ∈ R2 with

w−, w+ ∈
[ wmin

α(t+ s)
,

√
c0/3

α(t+ s)

]
, s ∈ [0, δ],

the bound(
ϵ+ sup

s∈[0,δ]

(
∥v(t+ s)∥H1

w
+ ∥v(t+ s)∥H1 + |c(t+ s)− c(t)|

))
(
√
δ + δ2) ≤ δ4

(3.31)

implies

sup
s∈[0,δ]

∥v(t+ s)∥H1
w
≤ C4

(
∥v(t)∥H1

w
+ ϵ sup

s∈[0,δ]

|f(γ(t+ s))|(
√
δ + δ2)

)
. (3.32)

In order to apply this result to the perturbation v in the rescaled frame, it is
essential to note that (3.32) transforms into an estimate between different weighted
spaces due to the time-dependent rescaling in the x-direction via α(t). To remedy
this, and to deal with the problematic x∂xv term in (3.49), we introduce time-
dependent weights w(t) =

(
w−(t), w+(t)

)
that increase/decrease at a rate sufficient

to compensate rescaling by α. More precisely, we assume the following.

C2 Given T ≥ δ > 0, the increasing function w− : R+ → R+ and decreasing
function w+ : R+ → R+ satisfy

w−(t+ s/2)

w−(t+ s)
≤ α(t)

α(t+ s)
≤ w+(t+ s/2)

w+(t+ s)
(3.33)

for each s ∈ [0, δ] and t ∈ [0, T − s]. Furthermore,

wmin ≤ w±(t) ≤ w, t ∈ [0, T ].

Assumption C2 implies that t→ w+(t)
α(t) is decreasing and t→ w−(t)

α(t) is increasing

on [0, T ], which essentially means that the weight-functions retain their monotonic-
ity after rescaling. Since w− and w+ are evaluated at t+s/2 in (3.33), it furthermore
follows that there is a lower bound on their absolute growth rate in the sense that

log
(w−

α

)′
(t) ≥ 1

2 log(w−)
′(t) and log

(w+

α

)′
(t) ≤ 1

2 log(w+)
′(t), t ∈ [0, T ].

With this condition in place, we formulate the following corollary to Proposi-
tion 3.4.1.

Corollary 3.4.2. Assuming S1–S3, there exist constants δ5, C5 > 0 so that the
following holds true for each ϵ, γ > 0. If C1 and C2 hold for some T ≥ δ > 0, then
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for each t ∈ [0, T − δ], the bound(
ϵ+ sup

s∈[0,δ]

(
∥v(t+ s)∥H1

w(t+s)
+ ∥v(t+ s)∥H1 + |c(t+ s)− c(t)|

))
(
√
δ + δ2) ≤ δ5

implies

sup
s∈[0,δ]

∥v(t+ s)∥H1
w(t+s)

≤ C5

(
∥v(t)∥H1

w(t+δ/2)
+ ϵ sup

s∈[0,δ]

|f(γ(t+ s))|(
√
δ + δ2)

)
.

In preparation for the proof of Proposition 3.4.1, we examine (3.23) and show
that αt,Ωt can be controlled by the perturbation v. In contrast to [91], we deal
with the presence of the forcing term and require slightly sharper control on the
modulation parameters.

Lemma 3.4.3. Assuming S1 and S2, there exist constants δ6, C6 > 0 so that the
following holds true for each ϵ, γ > 0. If C1 holds for some T > 0, then for each
b = (b−, b+) ∈ R2 with b−, b+ ∈ (0,

√
c∗/3] and t ∈ [0, T ], the bound

∥v(t)∥L2
b
≤ b

1/2
+ δ6

implies

|αt(t) +
2
3α(t)ϵf(γt)|+ |Ωt(t)− 2

3c
−1/2
0 α(t)ϵf(γt)| ≤ C6ϵ|f(γt)|b−1/2

+ ∥v(t)∥L2
b

+ C6∥v(t)∥2L2
b
, (3.34)

and hence

|αt(t)|+ |Ωt(t)| ≤ C6

(
ϵ|f(γt)|(1 + b

−1/2
+ ∥v(t)∥L2

b
) + ∥v(t)∥2L2

b

)
. (3.35)

Proof. Let us write v = v(t) for brevity, and rewrite (3.23) as[
αt +

2
3α(t)ϵf(γt)

Ωt − 2
3c

−1/2
0 α(t)ϵf(γt)

]
= −αϵf(γt)K−1(v)

[
⟨v, ϕc0⟩
⟨v, ζc0⟩

]
− αf(γt)(K−1(v)−K−1(0))

[
⟨ϕc0 , ϕc0⟩
⟨ϕc0 , ζc0⟩

]
− α−2K−1(v)

[
⟨N(v), ϕc0⟩
⟨N(v), ζc0⟩

]
. (3.36)

Here we have used that

K−1(0)

[
⟨ϕc0 , ϕc0⟩
⟨ϕc0 , ζc0⟩

]
=

[ 2
3

− 2
3c

−1/2
0

]
.
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Setting out to control K−1(v), we note that

K(0) =

[
9c

3/2
0 0

9 9
2c

1/2
0

]

is invertible, so that we can find constants C̃1, C̃2 > 0 that ensure ∥A−1∥op ≤ C̃2

for all A ∈ R2×2 which satisfy

|Aij −Kij(0)| ≤ C̃1, (i, j) ∈ {1, 2}2.

Here, ∥ · ∥op denotes the operator-norm on (R2, ∥ · ∥1), chosen for convenience in the
computations below. Now note that

|Kij(v)−Kij(0)|
(3.24)

≤
(
(2c0 + 1)∥∂cϕc0∥L2

−b
+ ∥∂xϕc0∥L2

−b

)
∥v∥L2

b

+
(
∥ζc0∥L2

−b
+ ∥x∂cϕc0∥L2

−b

)
∥v∥L2

b

for all (i, j) ∈ {1, 2}2. Since ∂cϕc0 and ∂xϕc0 decay exponentially as |x| → ∞,
we can estimate their weighted norm by a constant that does not depend on b.

The function ζc0 , however, tends to
∫
R ∂cϕc0dx = 3c

−1/2
0 as x → ∞, and is not an

L2-function. We therefore estimate

∥ζc0∥2L2
−b

=

∫ 0

−∞
e−2b−xζ2c0(x)dx+

∫ ∞

0

e−2b+xζ2c0(x)dx

≤
∫ 0

−∞
ζ2c0(x)dx+

∥ζc0∥2L∞

2b+

and we thus have

|Kij(v)−Kij(0)| ≤ C̃3b
−1/2
+ ∥v∥L2

b
(3.37)

for all (i, j) ∈ {1, 2}2 and some constant C̃3 > 0. In case δ6 ≤ b
1/2
+

C̃1

C̃3
, it follows

via (3.37) that ∥K−1(v)∥op ≤ C̃2. Turning to the term K−1(v)−K−1(0) in (3.36),
we note that

∥K−1(v)−K−1(0)∥op = ∥K−1(0)
(
K(v)−K(0)

)
K−1(v)∥op

≤ ∥K−1(0)∥op∥K(v)−K(0)∥op∥K−1(v)∥op
≤ C̃4b

−1/2
+ ∥v∥L2

b
.

We proceed by estimating

|⟨N(v), ϕc0⟩|+ |⟨N(v), ζc0⟩| = |⟨∂x(v2), ϕc0⟩|+ |⟨∂x(v2), ζc0⟩|
= |⟨v2, ∂xϕc0⟩|+ |⟨v2, ∂cϕc0⟩|
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≤
∥∥e−2b−·χx≤0(|∂xϕc0 |+ |∂cϕc0 |)

∥∥
L∞∥v∥2L2

b

≤ C̃5∥v∥2L2
b
,

together with

|⟨v, ϕc0⟩|+ |⟨v, ζc0⟩| ≤ ∥ϕc0∥L2
−b

∥v∥L2
b
+ C̃3b

−1/2
+ ∥v∥L2

b
.

We conclude via (3.36) that

|αt +
2
3α(t)ϵf(γt)|+ |Ωt − 2

3c
−1/2
0 α(t)ϵf(γt)|

≤ αmaxϵ|f(γt)|C̃2

(
∥ϕc0∥L2

−b
∥v∥L2

b
+ C̃3b

−1/2
+ ∥v∥L2

b

)
+ αmaxϵ|f(γt)|C̃4

(
∥ϕc0∥2L2 + |⟨ϕc0 , ζc0⟩|

)
b
−1/2
+ ∥v∥L2

b

+ α−2
minC̃2C̃5∥v∥2L2

b
.

Using Lemma 3.4.3, it is now straightforward to control the term Y (t⋄, s, v; c,Ω)
introduced in (3.30) in terms of v. We note, though, that Lemma 3.4.3 provides
control over αt and Ωt in terms of a weighted norm of v, instead of v. We remedy
this using item 1 of Lemma 3.2.2, taking care to apply a rescaled weight.

Corollary 3.4.4. Assuming S1–S3, there exists a constant C7 > 0 so that the
following holds true for each ϵ, γ > 0. If C1 holds for some T > 0, then for any
t⋄, s ≥ 0 with t⋄ + s ∈ [0, T ] and w = (w−, w+) ∈ R2 with

w−, w+ ∈
[ wmin

α(t⋄ + s)
,

√
c0/3

α(t⋄ + s)

]
,

the bound
∥v(t⋄ + s)∥L2

w
≤ α(t⋄ + s)−1δ6w

1/2
+

implies

∥Y (t⋄, s, v; c,Ω)∥L2
w
≤ C7

(
|c(t⋄ + s)− c(t⋄)|+ ϵ|f(γ(t⋄ + s))|(1 + ∥v(t⋄ + s)∥H1

w
)

+ ∥v(t⋄ + s)∥2H1
w
+ ∥v(t⋄ + s)∥H1

)
∥v(t⋄ + s)∥H1

w

+ C6ϵ
∣∣f(γ(t⋄ + s)

)∣∣. (3.38)

Proof. We write v = v(t⋄ + s) and estimate the various components in (3.30).
Firstly, we have

∥(Lc(t⋄+s) − Lc(t⋄))v∥L2
w

(3.10)
=

∥∥(c(t⋄ + s)− c(t⋄))∂xv − 2∂x((ϕc(t⋄+s) − ϕc(t⋄))v)
∥∥
L2

w

≤ |c(t⋄ + s)− c(t⋄)|∥∂xv∥L2
w

+ 2∥∂x(ϕc(t⋄+s) − ϕc(t⋄))∥L∞∥v∥L2
w
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+ 2∥ϕc(t⋄+s) − ϕc(t⋄)∥L∞∥∂xv∥L2
w
.

Hence, we see that

∥(Lc(t⋄+s) − Lc(t⋄))v∥L2
w
≤ C̃1|c(t⋄ + s)− c(t⋄)|∥v∥H1

w

for some constant C̃1 > 0, since c 7→ ϕc + ∂xϕc is Lipschitz from R to L∞. Next,
we apply (3.35) at t⋄ + s with weight α(t⋄ + s)w to obtain

|Ωt(t⋄ + s)| ≤ C6ϵ|f(γ(t⋄ + s))|
(
1 + α(t⋄ + s)−1/2w

−1/2
+ ∥v(t⋄ + s)∥L2

α(t⋄+s)w

)
+ C6∥v(t⋄ + s)∥2L2

α(t⋄+s)w
.

Substituting v(t⋄, x) = α2(t⋄)v(t⋄, α(t⋄)x), we then find that

∥Ωt(t⋄ + s)∂x(v(t⋄ + s) + ϕc(t⋄+s))∥L2
w

≤ C̃2

(
ϵ|f(γ(t⋄ + s))|(1 + ∥v(t⋄ + s)∥L2

w
) + ∥v(t⋄ + s)∥2L2

w

)
(1 + ∥∂xv(t⋄ + s)∥L2

w
)

for some constant C̃2 > 0. Clearly, the term ∥ct(t⋄ + s)∂cϕc(t⋄+s)∥L2
w

satisfies the

same bound upon increasing C̃2 > 0 if necessary. Lastly, we estimate

∥N(v)∥L2
w
= 2∥v∂xv∥L2

w
≤ 2

√
2∥v∥H1∥∂xv∥L2

w
, (3.39)

using the continuous embedding H1(R) ↪→ L∞(R).

With this, we are equipped to prove Proposition 3.4.1. Another slight complica-
tion compared to [91] is that vt is not completely in the stable subspace characterized
by (3.19). This is a result of the fact that our construction of the modulation pa-
rameters ensures that vt satisfies the orthogonality conditions (see (3.25)), whereas
vt does not. We therefore decompose vt using I = Pc+Qc, where we recall that Pc is
the spectral projection corresponding to the 0-eigenvalue of Lc as defined in (3.70).

Proof of Proposition 3.4.1. The unscaled perturbation satisfies

v(t⋄ + r) = erLc(t⋄)v(t⋄) +

∫ r

0

e(r−s)Lc(t⋄)
(
Pc(t⋄) +Qc(t⋄)

)
Y (t⋄, s, v; c,Ω) ds

(3.40)

for r ∈ [0, δ] and t⋄ ∈ [0, T − δ], which is the mild form of (3.29). Since the
orthogonality condition (3.19) ensures Pc(t⋄)v(t⋄) = 0, we have

∥erLc(t⋄)v(t⋄)∥H1
w

(3.28)

≤ Me−βr∥v(t⋄)∥H1
w
,
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for β = 4
9c0α

−2
maxwmin, where we use that

8
9c0α

−2
maxwmin ≤ min{w−(c(t⋄)− w2

−), w+(c(t⋄)− w2
+)}.

To account for the projection onto the stable subspace, we use the stability and
smoothing properties of etLc(t⋄)Qc(t⋄) to obtain∥∥∥∥∫ r

0

e(r−s)Lc(t⋄)Qc(t⋄)Y (t⋄, s, v; c,Ω) ds

∥∥∥∥
H1

w

(3.28)

≤ M

∫ δ

0

e−β(δ−s)(δ − s)−1/2∥Y (t⋄, s, v; c,Ω)∥L2
w
ds.

Writing

ϵ1 = sup
s∈[0,δ]

(
∥v(t⋄ + s)∥H1

w
+ ∥v(t⋄ + s)∥H1 + |c(t⋄ + s)− c(t⋄)|

)
,

Corollary 3.4.4 can be used to derive that

sup
s∈[0,δ]

∥Y (t⋄, s, v; c,Ω)∥L2
w
≤ C7

(
ϵ1 + ϵ∥f∥∞(1 + ϵ1) + ϵ21

)
sup

s∈[0,δ]

∥v(t⋄ + s)∥H1
w

+ C6ϵ sup
s∈[0,δ]

∣∣f(γ(t⋄ + s)
)∣∣. (3.41)

Using furthermore that
∫ δ

0
(δ − s)−1/2ds = 2

√
δ, we find that∥∥∥∥∫ r

0

e(r−s)Lc(t⋄)Qc(t⋄)Y (t⋄, s, v; c,Ω) ds

∥∥∥∥
H1

w

≤ C̃1(ϵ+ ϵ1)
√
δ sup
s∈[0,δ]

∥v(t⋄ + s)∥H1
w

+ C̃1ϵ
√
δ sup
s∈[0,δ]

∣∣f(γ(t⋄ + s)
)∣∣

for some constant C̃1 > 0. To estimate the component in (3.40) with the projection
Pc(t⋄), we recall that

Pc(t⋄)Y (t⋄, s, v; c,Ω) =
〈
Y (t⋄, s, v; c,Ω), η

1
c(t⋄)

〉
∂xϕc(t⋄)

+
〈
Y (t⋄, s, v; c,Ω), η

2
c(t)

〉
∂cϕc(t⋄)

where Lc(t⋄)∂xϕc(t⋄) = 0 and Lc(t⋄)∂cϕc(t⋄) = ∂xϕc(t⋄). Thus,

e(r−s)Lc(t⋄)Pc(t⋄)Y (t⋄, s, v; c,Ω) =
〈
Y (t⋄, s, v; c,Ω), η

1
c(t⋄)

〉
∂xϕc(t⋄)

+
〈
Y (t⋄, s, v; c,Ω), η

2
c(t⋄)

〉
∂cϕc(t⋄)

+
〈
Y (t⋄, s, v; c,Ω), η

2
c(t⋄)

〉
(δ − s)∂xϕc(t⋄),
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and we may estimate

∥e(r−s)Lc(t⋄)Pc(t⋄)Y (t⋄, s, v; c,Ω)∥H1
w

≤ ∥Y (t⋄, s, v; c,Ω)∥L2
w
∥η1c(t⋄)∥L2

−w
∥∂xϕc(t⋄)∥H1

w

+ ∥Y (t⋄, s, v; c,Ω)∥L2
w
∥η2c(t⋄)∥L2

−w
∥∂cϕc(t⋄)∥H1

w

+ ∥Y (t⋄, s, v; c,Ω)∥L2
w
∥η2c(t⋄)∥L2

−w
(r − s)∥∂xϕc(t⋄)∥H1

w

≤ C̃2∥Y (t⋄, s, v; c,Ω)∥L2
w
(1 + δ − s),

for some constant C̃2 > 0. Integrating this inequality, it follows via (3.41) that
there exists a constant C̃3 > 0 for which∥∥∥∥∫ r

0

e(r−s)Lc(t⋄)Pc(t⋄)Y (t⋄, s, v; c,Ω) ds

∥∥∥∥
H1

w

≤ C̃3(ϵ+ ϵ1)(δ + δ2) sup
s∈[0,δ]

∥v(t⋄ + s)∥H1
w

+ C̃3ϵ(δ + δ2) sup
s∈[0,δ]

∣∣f(γ(t⋄ + s)
)∣∣.

We collect that

∥v(t⋄ + s)∥H1
w
≤Me−βs∥v(t⋄)∥H1

w
+ ϵ
(
C̃1

√
δ + C̃3δ + C̃3δ

2
)

sup
s∈[0,δ]

∣∣f(γ(t⋄ + s)
)∣∣

+ (ϵ+ ϵ1)
(
C̃1

√
δ + C̃3δ + C̃3δ

2
)

sup
s∈[0,δ]

∥v(t⋄ + s)∥H1
w

for s ∈ [0, δ]. The result follows by taking a supremum over s ∈ [0, δ], and choosing
δ4 small enough such that sups∈[0,δ] ∥v(t⋄ + s)∥H1

w
can be brought to the left.

We conclude this section with the proof of Corollary 3.4.2. Essentially, we apply
Lemma 3.2.2 to translate Proposition 3.4.1 to the rescaled frame. Recall that C2

implies that t → w+(t)
α(t) is decreasing and t → w−(t)

α(t) is increasing on [0, T ]. This

guarantees that the weight-functions are also monotone in the original frame.

Proof of Corollary 3.4.2. Setting b = w(t+δ)
α(t+δ) , we have

sup
s∈[0,δ]

∥v(t+ s)∥H1
b
≤ sup

s∈[0,δ]

∥v(t+ s)∥H1
w(t+s)/α(t+s)

≤ C̃1 sup
s∈[0,δ]

∥v(t+ s)∥H1
w(t+s)

,

for some constant C̃1 > 0, where we have used Lemma 3.2.2 in the last step. If δ5
is small enough, then we can apply Proposition 3.4.1 to obtain

sup
s∈[0,δ]

∥v(t+ s)∥H1
b
≤ C4

(
∥v(t)∥H1

b
+ ϵ sup

s∈[0,δ]

∣∣f(γ(t+ s)
)∣∣(√δ + δ2)

)
.
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Choosing C5 large enough, we have

sup
s∈[0,δ]

∥v(t+ s)∥H1
α(t+s)b

≤ C5

(
∥v(t)∥H1

α(t)b
+ ϵ sup

s∈[0,δ]

∣∣f(γ(t+ s)
)∣∣(√δ + δ2)

)
(3.42)

via Lemma 3.2.2. It follows that

∥v(t+ δ)∥H1
w(t+δ)

= ∥v(t+ δ)∥H1
α(t+δ)b

(3.42)

≤ C5

(
∥v(t)∥H1

α(t)b
+ ϵ sup

s∈[0,δ]

∣∣f(γ(t+ s)
)∣∣(√δ + δ2)

)
and the conclusion follows via (3.33) and Lemma 3.3.2.

3.5 Long-time control

In this section, we establish control of the perturbation v over long time inter-
vals under the assumption that the forcing term is exponentially bounded. As a
preparation, we fix the minimum weight wmin in S3 and an intermediate weight
w∞ ∈ (wmin, w) by writing2

wmin = we−4C6Emax(2+δ6)e
1/2

and w∞ = we−2C6Emax(2+δ6)e
1/2

, (3.43)

using the constants C6 and δ6 from Lemma 3.4.3. In particular, this choice only
depends on S1 and S2. In addition, we introduce functions W− : R+ → [wmin, w∞)
and W+ : R+ → (w∞, w] through

W−(t) = wmin(
w∞
wmin

)1−e−t

, W+(t) = w(w∞
w )1−e−t

; (3.44)

see Figure 3.1. We then claim that the weight-function w(t) =
(
w−(t), w+(t)

)
defined by

w−(t) =W−(γt), w+(t) =W+(γt) (3.45)

satisfies C2, provided that the following conditions are met.

C3 We have p ∈ [0, 14 ) together with ϵ ∈ (0, 1] and γ > 0. In addition, we have
δ = ϵ−p together with the inequalities

• δ ≤ γ−1;

• γ ≤ 1
3α

−3
maxwmin(c0 − w2

min);

• ϵ/γ ≤ Emax.

2In principle, the constant Emax in (3.43) can be replaced by E = ϵ/γ. For clarity, however,
we work with Emax so that the weights do not depend on ϵ and γ.
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W−(t)

W+(t)

t

wmin

w

w∞

Figure 3.1: Graph of the weight-functions W− and W+ defined in (3.44). We remark
that wmin and w∞ defined in (3.43) approach w upon letting Emax ↓ 0.

C4 The forcing term f is continuous and bounded as

|f(t)| ≤ e−t, t ≥ 0.

C5 Given T > 0, the function v ∈ C([0, T ], H2) ∩ C1([0, T ], H−1) satisfies (3.21)
while α ∈ C1([0, T ],R) solves (3.23). In addition, we have the inclusion

α(t) ∈ [αmin, αmax], t ∈ [0, T ].

Lemma 3.5.1 (See Section 3.9). Assume S1, S2 and the choice (3.43) for S3. If
C3 and C4 are satisfied, and C5 holds for some T > 0, then the bound

eγt∥v(t)∥L2
w∞

≤ min{δ6w1/2
∞ , (Emaxγ)

1/2}, t ∈ [0, T ], (3.46)

implies that the functions w− and w+ defined in (3.45) satisfy C2.

Our main result here provides exponential control for the perturbation v mea-
sured with respect to the time-varying spatial weight-functionsw(t) defined in (3.45).
It requires a priori control3 over the terms in the expression

Kϵ,γ(t) = ϵ+
ϵ1+p

γ
+ sup

s∈[0,t]

(
eγs∥v(s)∥H1

w(s)
+ ∥v(s)∥H1 + γ−1e2γs∥v(s)∥2H1

w(s)

)
,

(3.47)

which we have introduced for notational convenience. We note in particular that
the condition (3.46) is satisfied if Kϵ,γ(t) is sufficiently small.

Proposition 3.5.2 (Long-time control). Assuming S1, S2 and the choice (3.43)
for S3, there exist constants δ8, C8 > 0 so that the following holds true. If C3 and

3This control is established in the proof of Theorem 3.1.1.
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C4 are satisfied, and C5 holds for some T > 0, then the bound

Kϵ,γ(T ) ≤ δ8 (3.48)

implies
sup

0≤t≤T
eγt∥v(t)∥H1

w(t)
≤ C8

(
∥v∗∥H1 + ∥v∗∥H1

w
+ ϵ1−2p

)
.

The proof of Proposition 3.5.2 is based on the evolution equation (3.21), in which
we isolate the precarious term αt

α x∂xv as

vt = α−3Lc0v +
αt

α
x∂xv +M(t, v;α,Ω) (3.49)

with

M(t, v;α,Ω) = α−3N(v) +
αt

α

(
(2 + x∂x)ϕc0 + 2v

)
+

Ωt

α
∂x(ϕc0 + v)

+ ϵf(γt)(ϕc0 + v).

In preparation, we show that M(t, v;α,Ω) can be controlled in terms of v. Addi-
tionally, we bound the fluctuations of c(t) over a time-step δ in terms of v and δ.
Recalling that δ6 is the constant introduced in Lemma 3.4.3, we prove the following.

Lemma 3.5.3. Assuming S1, S2, and the choice (3.43) for S3, there exists a con-
stant C9 > 0 so that the following holds true for each ϵ, γ > 0. If C5 holds for some
T > 0, then for each b = (b−, b+) ∈ R2 with b−, b+ ∈ [wmin,

√
c∗/3] and t ∈ [0, T ],

the bound ∥v(t)∥L2
b
≤ δ6b

1/2
+ implies

∥M(t, v(t);α,Ω)∥L2
b
≤ C9ϵ|f(γt)|(1 + ∥v(t)∥H1

b
)∥v(t)∥H1

b

+ C9

(
∥v(t)∥H1

b
+ ∥v(t)∥2H1

b
+ ∥v(t)∥H1

)
∥v(t)∥H1

b

+ C9ϵ|f(γt)|. (3.50)

If, furthermore, δ > 0 satisfies t+ δ ≤ T and

sup
s∈[0,δ]

∥v(t+ s)∥L2
b
≤ δ6b

1/2
+ ,

then

sup
0≤s≤δ

|c(t+ s)− c(t)| ≤ C9δ
(
ϵ(1 + sup

s∈[0,δ]

∥v(t+ s)∥L2
b
) + sup

s∈[0,δ]

∥v(t+ s)∥2L2
b

)
.

(3.51)

Proof. Writing v(t) = v, the estimate (3.50) follows by computing

∥M(t, v;α,Ω)∥L2
b
≤ α−3

min∥N(v)∥L2
b
+ 2

∣∣∣αt

α

∣∣∣ ∥∥(1 + 1
2x∂x)ϕc0 + v

∥∥
L2

b
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+

∣∣∣∣Ωt

α

∣∣∣∣ ∥∂x(ϕc0 + v)∥L2
b
+ ϵ|f(γt)|∥ϕc0 + v∥L2

b
,

estimating ∥N(v)∥L2
b
as in (3.39), and applying the estimate (3.35). To prove (3.51),

we estimate

sup
s∈[0,δ]

|c(t+ s)− c(t)| ≤
∫ t+δ

t

|ct(t′)|dt′,

and write
ϵ1 = sup

s∈[0,δ]

∥v(t+ s)∥L2
b
.

Using ct = −2c0α
−3αt and (3.35), we obtain

sup
s∈[0,δ]

|c(t+ s)− c(t)| ≤ 2c0α
−3
minC6

∫ t+δ

t

(
ϵ|f(γt′)|(1 + b

−1/2
+ ϵ1) + ϵ21

)
dt′

≤ 2c0α
−3
minC6δ

(
∥f∥∞ϵ(1 + w

−1/2
min ϵ1) + ϵ21

)
.

As a final preparation for the proof of Proposition 3.5.2, we establish control of
v(t) in the space H1

w(t+δ/2). We do so based on the integral equation

v(t) = eLc0

∫ t
0
α−3(t′)dt′v0

+

∫ t

0

eLc0

∫ t
s
α−3(t′)dt′

(αt(s)

α(s)
x∂xv(s) +M(s, v(s);α,Ω)

)
ds, (3.52)

which holds for all t ≥ 0 and is the mild form of (3.49). Note that the weight is
evaluated at time t+δ/2, whereas v is evaluated at t. This gap allows us to estimate
the x∂xv term in (3.52) without introducing a singularity.

Lemma 3.5.4. Assuming S1, S2 and the choice (3.43) for S3, there exists a con-
stant C10 > 0 so that the following holds true. If C3 and C4 are satisfied, and C5
holds for some T > 0, then for each t ∈ [0, T ] the bound

sup
s∈[0,t]

eγs∥v(s)∥H1
w(s)

≤ min{δ6w1/2
∞ , 1}

implies

eγt∥v(t)∥H1
w(t+δ/2)

≤ C10Kϵ,γ(t) sup
s∈[0,t]

eγs∥v(s)∥H1
w(s)

+ C10

(
∥v∗∥H1 + ∥v∗∥H1

w
+ ϵ
)
,

where Kϵ,γ(t) is defined in (3.47).

Proof. Pick t ∈ [0, T ] and set

ϵ1 = sup
s∈[0,t]

eγs∥v(s)∥H1
w(s)

and ϵ2 = sup
s∈[0,t]

∥v(s)∥H1 .
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Using (3.52), we estimate

∥v(t)∥H1
w(t+δ/2)

(3.28)

≤ Me−βt∥v0∥H1
w(t+δ/2)

+Mα
3/2
min(I1 + I2), (3.53)

for β = 1
2α

−3
maxwmin(c0 − w2

min) with

I1 =

∫ t

0

e−β(t−s)(t− s)−1/2

∣∣∣∣αt(s)

α(s)

∣∣∣∣ ∥x∂xv(s)∥L2
w(t+δ/2)

ds; (3.54)

I2 =

∫ t

0

e−β(t−s)(t− s)−1/2∥M(s, v(s);α,Ω)∥L2
w(t+δ/2)

ds. (3.55)

Here we have used that
∫ t

s
α−3(t′)dt′ ≥ α−3

max(t − s). Using Lemma 3.3.2 and
Lemma 3.8.2, we estimate

∥v0∥H1
w(t+δ/2)

≤ ∥v0∥H1
w(0)

≤ ∥v0∥H1
w
+ ∥v0∥H1 ≤ C2(∥v∗∥H1 + ∥v∗∥H1

w
)

in (3.53). Focusing on I1, we use Lemma 3.3.2 to estimate

∥x∂xv(s)∥L2
w(t+δ/2)

≤ e−1q(t, s, δ)∥v(s)∥H1
w(s)

, (3.56)

where

q(t, s, δ) := 1
w−(t+δ/2)−w−(s) +

1
w+(s)−w+(t+δ/2) . (3.57)

We furthermore use Lemma 3.4.3 to estimate∣∣∣∣αt(s)

α(s)

∣∣∣∣ (3.35)≤ α−1
minC6

(
ϵ|f(γs)|(1 + w−1/2

∞ ∥v(s)∥L2
w(s)

) + ∥v(s)∥2L2
w(s)

)
≤ α−1

minC6

(
ϵe−γs(1 + w−1/2

∞ ϵ1) + ϵ21e
−2γs

)
≤ C̃1(ϵ+ ϵ21)e

−γs (3.58)

for some constant C̃1 > 0. Substituting (3.56) and (3.58) into (3.54) yields

eγtI1 ≤ C̃1e
−1(ϵ+ ϵ21)

∫ t

0

e−γsq(t, s, δ)e−(β−γ)(t−s)(t− s)−1/2ds sup
s∈[0,t]

eγs∥v(s)∥H1
w(s)

,

where we have used

eγte−β(t−s) = e−(β−γ)(t−s)eγs. (3.59)

Invoking Lemma 3.9.1 to estimate

sup
s∈[0,t]

e−γs|q(t, s, δ)| ≤ C̃2

γδ
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for some C̃2 > 0, we find

eγtI1 ≤ C̃3(γδ)
−1(ϵ+ ϵ21) sup

s∈[0,t]

eγs∥v(s)∥H1
w(s)

where

C̃3 = C̃1C̃2e
−1

∫ ∞

0

e−(β−γ)ss−1/2ds <∞.

Recalling that δ = ϵ−p per C3, we have thus shown that

eγtI1 ≤ C̃3Kϵ,γ(t) sup
s∈[0,t]

eγs∥v(s)∥H1
w(s)

.

Turning to I2, we find via (3.59) and Lemma 3.3.2 that

eγtI2 ≤
∫ t

0

e−(β−γ)(t−s)(t− s)−1/2eγs∥M(s, v(s);α,Ω)∥L2
w(s)

ds.

Applying Lemma 3.5.3 yields

∥M(s, v(s);α,Ω)∥L2
w(s)

≤ C9

(
ϵ(1 + ϵ1) + ϵ1 + ϵ2 + ϵ21

)
∥v(s)∥H1

w(s)

+ C9ϵe
−γs

so that

eγtI2 ≤ C̃4(ϵ+ ϵ1 + ϵ2) sup
s∈[0,t]

eγs∥v(s)∥H1
w(s)

+ C̃4ϵ

for some C̃4 > 0. The conclusion follows by setting C10 =Mα
3/2
min(C̃3 + C̃4).

We finally move on to the proof of Proposition 3.5.2. We first control the fluc-
tuations of c(t) during the time-step δ through Lemma 3.5.3. This allows us to
use the short-time result Corollary 3.4.2, after which we apply the long-time result
Lemma 3.5.4.

Proof of Proposition 3.5.2. We collect from (3.48) that(
ϵ+ sup

s∈[0,δ]

(
∥v(t+ s)∥H1

w(t+s)
+ ∥v(t+ s)∥H1

))
δ2 ≤ δ1−2p

8 .

Furthermore, Lemma 3.5.3 applied with weight w∞ provides the bound

sup
s∈[0,δ]

|c(t+ s)− c(t)|δ2 ≤ C9δ
3
(
ϵ(1 + sup

s∈[0,δ]

∥v(t+ s)∥L2
w∞

) + sup
s∈[0,δ]

∥v(t+ s)∥2L2
w∞

)
≤ C9

(
δ1−3p
8 (1 + δ8) + δ2−3p

8

)
.
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Picking δ8 small enough, we may apply Corollary 3.4.2 at time t, which yields

eγ(t+δ) sup
s∈[0,δ]

∥v(t+ s)∥H1
w(t+s)

≤ C5

(
eγ(t+δ)∥v(t)∥H1

w(t+δ/2)
+ 2ϵeγ(t+δ)e−γtδ2

)
.

Applying Lemma 3.5.4, we hence find

eγ(t+δ) sup
s∈[0,δ]

∥v(t+ s)∥H1
w(t+s)

≤ C̃1Kϵ,γ(t) sup
s∈[0,t]

eγs∥v(s)∥H1
w(s)

+ C̃1

(
∥v∗∥H1 + ∥v∗∥H1

w
+ ϵ+ ϵδ2

)
,

where C̃1 = C5(C10 + 2)e. Taking the supremum over t ∈ [0, T − δ] and extending
the supremum on the right-hand side shows that

sup
0≤t≤T

eγt∥v(t)∥H1
w(t)

≤ C̃1Kϵ,γ(T ) sup
0≤t≤T

eγt∥v(t)∥H1
w(t)

+ C̃1

(
∥v∗∥H1 + ∥v∗∥H1

w
+ ϵ+ ϵδ2

)
.

For δ8 small enough, we have C̃1Kϵ,γ(T ) < 1/2 and hence

sup
0≤t≤T

eγt∥v(t)∥H1
w(t)

≤ 2C̃1

(
∥v∗∥H1 + ∥v∗∥H1

w
+ ϵ+ ϵ1−2p

)
.

3.6 Energy evolution

In this section, we establish control of the perturbation in the unweighted spaces
L2 and H1. Since the latter norm appears explicitly in (3.47), this is a crucial step
towards applying the long-time results developed in Section 3.5.

Using the decomposition (3.18) and the fact that ⟨v(t), ϕc(t)⟩ = 0, we observe
via Pythagoras’ theorem that

∥v(t)∥2L2 = ∥u(t, ·+ ξ(t))∥2L2 − ∥ϕc(t)∥2L2 = ∥u(t)∥2L2 − ∥ϕc(t)∥2L2 . (3.60)

We set out to control the L2-norm of the perturbation v by estimating the time-
derivative of (3.60). The key point is that, in the right-hand side of (3.61) below,
the term ∥v(t)∥2L2 comes with an integrable factor ϵ|f(γt)|, and the remaining terms
are all integrable and small. Invoking Grönwall’s inequality, this can subsequently
be used to establish the desired control. We recall that δ6 is the constant introduced
in Lemma 3.4.3.

Lemma 3.6.1. Assuming S1, S2 and the choice (3.43) for S3, there exists a con-
stant C11 > 0 so that the following holds true for each ϵ, γ > 0. If C5 holds for
some T > 0 and t ∈ [0, T ], then the bound

∥v(t)∥L2
w∞

≤ δ6a
1/2
∞ ,
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implies

|∂t∥v(t)∥2L2 | ≤ C11

(
ϵ|f(γt)|∥v(t)∥2L2 + ϵ|f(γt)|∥v(t)∥L2

w∞
+ ∥v(t)∥2L2

w∞

)
. (3.61)

Proof. Let us write u = u(t), v = v(t), and v = v(t) for brevity. In the presence of
forcing via ϵf(γt), we observe that

∂t∥u∥2L2

(3.14)
= −2⟨u, ∂3xu+ 2u∂xu⟩+ 2ϵf(γt)⟨u, u⟩

= 2ϵf(γt)∥u∥2L2

(3.18)
= 2ϵf(γt)

(
∥ϕc(t)∥2L2 + ∥v∥2L2

)
= 12ϵf(γt)c3/2(t) + 2ϵf(γt)∥v∥2L2 , (3.62)

where we have used that ∥ϕc(t)∥2L2 = 6c3/2(t) in the last step. On the other hand,
we may compute

∂t∥ϕc(t)∥2L2 = 6∂tc
3/2(t) = 9ct(t)c

1/2(t) = −2c
3/2
0 α−4(t)αt(t). (3.63)

Combining (3.62) and (3.63), and estimating |αt(t) +
2
3α(t)ϵf(γt)| via (3.34) leads

to the estimate

|∂t∥v∥2L2 | = |∂t∥u∥2L2 − ∂t∥ϕc(t)∥2L2 |

≤ C̃1

(
ϵ|f(γt)|∥v∥2L2 + ϵ|f(γt)|∥v∥L2

w∞
+ ∥v∥2L2

w∞

)
,

for some C̃1 > 0.

Lemma 3.6.2. Assuming S1, S2 and the choice (3.43) for S3, there exists a con-
stant C12 > 0 so that the following holds true for each ϵ, γ > 0. If C4 is satisfied,
C5 holds for some T > 0, and ϵ/γ ≤ Emax, then the bound

eγt∥v(t)∥L2
w∞

≤ δ6a
1/2
∞ , 0 ≤ t ≤ T,

implies

sup
0≤t≤T

∥v(t)∥2L2 ≤ ∥v0∥2L2 + C12

( ϵ
γ

sup
0≤t≤T

eγt∥v(t)∥H1
w∞

+ γ−1 sup
0≤t≤T

e2γt∥v(t)∥2H1
w∞

)
.

Proof. Writing
ϵ1 = sup

0≤t≤T
eγt∥v∥L2

w∞
,

we have via Lemma 3.6.1

|∂t∥v∥2L2 | ≤ C11

(
ϵe−γt∥v∥2L2 + (ϵϵ1 + ϵ21)e

−2γt
)
,
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and applying Grönwall’s inequality yields

∥v∥2L2 ≤
(
∥v0∥2L2 +

C11

2γ
(ϵϵ1 + ϵ21)

)
eC11ϵ/γ .

Control in H1 is established using the well-known fact that the soliton ϕc is
a critical point of the functional Ec[u] = 1

2c∥u∥
2
L2 + H[u]. This is reflected in the

equality

Ec[ϕc + z]− Ec[ϕc] = 1
2c∥z∥

2
L2 + 1

2∥∂xz∥
2
L2 +

∫
R
−ϕcz2 + 1

3z
3dx,

which is O(z2). Substituting our decomposition (3.18) into

J (t) = Ec(t)[u(t)]− Ec(t)[ϕc(t)],

we arrive at

J (t) = Ec(t)[ϕc(t) + v(t)]− Ec(t)[ϕc(t)]

= 1
2c(t)∥v(t)∥

2
L2 + 1

2∥∂xv(t)∥
2
L2 +

∫
R
−ϕc(t)v2(t) + 1

3v
3(t)dx, (3.64)

which generalizes (3.60) in the sense that the right-hand side is O(v2). In fact, we
note that ∥v(t)∥2H1 can be bounded in terms of |J (t)| and vice versa.

Lemma 3.6.3. Assuming S1, S2 and the choice (3.43) for S3, there exists a con-
stant C13 > 0 so that the following holds true for each ϵ, γ > 0. If C5 holds for
some T > 0 and t ∈ [0, T ], then

∥v(t)∥2H1 ≤ C13

(
|J (t)|+ ∥v(t)∥2L2

w∞
+ ∥v(t)∥H1∥v(t)∥2L2

)
, (3.65)

and

|J (t)| ≤ C13

(
∥v(t)∥2H1 + ∥v(t)∥2L2

w∞
+ ∥v(t)∥H1∥v(t)∥2L2

)
. (3.66)

Proof. Estimating∣∣∣∣∫
R
ϕc(t)v

2(t)dx

∣∣∣∣ = ∣∣∣∣α−5(t)

∫
R
ϕc0v

2(t)dx

∣∣∣∣ ≤ α−5
min∥e

−2w∞xϕc0∥L∞∥v(t)∥2L2
w∞

(3.67)

in (3.64) yields

|J (t)| ≤ 1
2 max{c0α−2

min, 1}∥v(t)∥
2
H1 + α−5

min∥e
−2w∞xϕc0∥L∞∥v(t)∥2L2

w∞

+
√
2
3 ∥v(t)∥H1∥v(t)∥2L2 ,
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which yields (3.66). On the other hand, rewriting (3.64) as

1
2c(t)∥v(t)∥

2
L2 + 1

2∥∂xv(t)∥
2
L2 = −J (t) +

∫
R
ϕc(t)v

2(t)− 1
3v

3(t)dx,

and applying (3.67) provides

k∥v(t)∥2H1 ≤ |J (t)|+ α−5
min∥e

−2w∞xϕc0∥L∞∥v(t)∥2L2
w∞

+
√
2
3 ∥v(t)∥H1∥v(t)∥2L2 ,

in case k ≤ min{ 1
2 ,

1
2c0α

−2
min}, which establishes (3.65).

We now establish an estimate of ∂tJ (t), which we use to control ∥v∥H1 via a
Grönwall argument, analogous to the proof of Lemma 3.6.2. Note also in (3.68)
below, that the term ∥v(t)∥2H1 carries a factor ϵ|f(γt)|.

Lemma 3.6.4. Assuming S1, S2 and the choice (3.43) for S3, there exists a con-
stant C14 > 0 so that the following holds true for each ϵ, γ > 0. If C5 holds for
some T > 0 and t ∈ [0, T ], then the bounds

∥v(t)∥L2
w∞

≤ min{1, δ6a1/2∞ } and ∥v(t)∥L2 ≤ 1,

imply

|∂tJ (t)| ≤ C14

(
ϵ|f(γt)|∥v(t)∥2H1 + ϵ|f(γt)|∥v(t)∥L2

w∞
+ C14∥v(t)∥2L2

w∞

)
. (3.68)

Proof. We once more abbreviate u = u(t), v = v(t), and v = v(t), and compute
that

∂tH[u] = ∂t

∫
R

1
2 (ux)

2 − 1
3u

3dx =

∫
R
uxuxt − u2utdx = −

∫
R
(uxx + u2)utdx

(3.14)
=

〈
uxx + u2, uxxx + (u2)x − ϵf(γt)u

〉
= ϵf(γt)∥∂xu∥2 − ϵf(γt)

∫
R
u3dx.

Substituting (3.18), we have

∂tH[u] = ϵf(γt)∥∂xu∥2L2 − ϵf(γt)

∫
u3dx = ϵf(γt)

(
∥∂xϕc(t)∥2L2 −

∫
R
ϕ3c(t)dx

)
+ ϵf(γt)

(
2⟨∂xϕc(t), ∂xv⟩ − 3⟨ϕ2c(t), v⟩

)
+ ϵf(γt)

(
∥∂xv∥2L2 −

∫
R
3ϕc(t)v

2 + v3dx
)
,

where the leading-order term evaluates to

∥∂xϕc(t)∥2L2 −
∫
R
ϕ3c(t)dx = −6c5/2(t).
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On the other hand,

∂tH[ϕc(t)] = − 9
5∂tc

5/2(t) = − 9
2ct(t)c

3/2(t) = 9c
5/2
0 α−6(t)αt(t)

and we note via (3.23) that ∂tH[u] = ∂tH[ϕc(t)] in case v = 0. Moreover, estimating

|αt(t) +
2
3α(t)ϵf(γt)| ≤ C̃1

(
ϵ|f(γt)|∥v∥L2

w∞
+ ∥v∥2L2

w∞

)
for some C̃1 > 0 leads to

|∂tH[u]− ∂tH[ϕc(t)]| ≤ ϵ|f(γt)|
(
2⟨∂xϕc(t), ∂xv⟩ − 3⟨ϕ2c(t), v⟩

]
+ ϵ|f(γt)|

(
∥∂xv∥2L2 −

∫
R
3ϕc(t)v

2 + v3dx
)

+ C̃1

(
ϵ|f(γt)|∥v∥L2

w∞
+ ∥v∥2L2

w∞

)
.

Rescaling the terms that contain the soliton and introducing an exponential weight
yields

|2⟨∂xϕc(t), ∂xv⟩ − 3⟨ϕ2c(t), v⟩| ≤ C̃2|2⟨∂xϕc0 , ∂xv⟩ − 3⟨ϕ2c0 , v⟩|

≤ C̃2∥∂2xϕc0 + ϕ2c0∥L2
−w∞

∥v∥L2
w∞

and ∣∣∣∣∫
R
3ϕc(t)v

2dx

∣∣∣∣ ≤ C̃2

∣∣∣∣∫
R
3ϕc0v

2dx

∣∣∣∣ ≤ C̃2∥e−2w∞xϕc0∥L∞∥v∥2L2
w∞

for some constant C̃2 > 0. The cubic term is controlled by estimating∣∣∣∣∫
R
v3dx

∣∣∣∣ ≤ ∥v∥L∞∥v∥2L2 ≤
√
2∥v∥2H1 ,

where we have used ∥v∥L2 ≤ 1. Collecting our results so far yields∣∣∂tH[u]− ∂tH[ϕc(t)]
∣∣ ≤ (1 +

√
2)ϵ|f(γt)|∥v∥2H1 + C̃3ϵ|f(γt)|

(
∥v∥L2

w∞
+ ∥v∥2L2

w∞

)
+ C̃3∥v∥2L2

w∞

for some C̃3 > 0. Computing

∂tJ (t) = ct(t)∥v∥2L2 + c(t)∂t∥v∥2L2 + ∂tH[u]− ∂tH[ϕc(t)],

applying Lemma 3.6.1, and estimating |ct| via Lemma 3.4.3 then gives the result.

We are now ready to state and prove the main result of this section, which
establishes control over the H1-norm of the perturbation.
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Proposition 3.6.5. Assuming S1, S2 and the choice (3.43) for S3, there exists a
constant C15 > 0 so that the following holds true for each ϵ, γ > 0. If C4 is satisfied,
C5 holds for some T > 0, and ϵ/γ ≤ Emax, then the bounds

sup
0≤t≤T

eγt∥v(t)∥L2
w∞

≤ min{δ6w1/2
∞ , 1},

sup
0≤t≤T

∥v(t)∥H1 ≤ 1,

imply

sup
0≤t≤T

∥v(t)∥2H1 ≤ C15(∥v∗∥2H1 + ∥v∗∥2H1
w
)

+ C15

( ϵ
γ

sup
0≤t≤T

eγt∥v(t)∥H1
w∞

+ γ−1 sup
0≤t≤T

e2γt∥v(t)∥2H1
w∞

)
.

Proof. We again write

ϵ1 = sup
0≤t≤T

eγt∥v∥L2
w∞

and ϵ2 = sup
0≤t≤T

∥v∥2L2 .

Applying (3.65), we obtain

∥v∥2H1 ≤ C13|J (t)|+ C13∥v∥2L2
w∞

+ C13∥v∥H1∥v∥2L2

≤ C13|J (0)|+ C13

∫ t

0

|∂tJ (s)|ds+ C13(ϵ
2
1 + ϵ2),

which, using Lemma 3.6.4 leads to the bound

∥v∥2H1 ≤ C13|J (0)|+ C13C14

∫ t

0

ϵe−γs∥v(s)∥2H1ds+ C13(ϵ
2
1 + ϵ2)

+ C13C14

( ϵ
γ
(ϵ1 + ϵ2) +

ϵ21
γ

)
.

Applying Grönwall’s inequality finally yields

∥v∥2H1 ≤
(
C13|J (0)|+ C13(ϵ

2
1 + ϵ2) + C13C14

( ϵ
γ
(ϵ1 + ϵ2) +

ϵ21
γ

))
eC13C14

ϵ
γ .

The result now follows by controlling ϵ2 via Lemma 3.6.2, controlling |J (0)|
via (3.66) and applying item 1 of Lemma 3.2.2.
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3.7 Proof of main result

Building upon the results of the previous sections, we set out to prove Theorem 3.1.1.
Assuming S1, we fix the constants appearing in S2 by writing

αmin = 1
2 inf
t≥0

e
2
3Emax

∫ t
0
f(s)ds and αmax = 2 sup

t≥0
e

2
3Emax

∫ t
0
f(s)ds. (3.69)

Recall that the weight wmin of S3 and the asymptotic weight w∞ are then deter-
mined through (3.43), in which δ6 and C6 are the constants introduced in Lemma 3.4.3,
which depend only on S1 and S2. As a final preparation, we estimate the deviation
of the modulation parameters from their leading-order approximations. Recall that
ξ(t)− ξ0 −

∫ t

0
c(s) ds = Ω(t).

Lemma 3.7.1. Assume S1 and the choices (3.69) and (3.43) for S2 and S3. If C4
is satisfied and C5 holds for some T > 0, then for each ϵ, γ > 0, the bound

eγt∥v(t)∥L2
w∞

≤ δ6w
1/2
∞ , 0 ≤ t ≤ T

implies

sup
t∈[0,T ]

∣∣∣∣log(α(t)) + 2
3ϵ

∫ t

0

f(γs)ds

∣∣∣∣+ sup
t∈[0,T ]

∣∣∣∣Ω(t)− 2
3ϵ

∫ t

0

f(γs)

c1/2(s)
ds

∣∣∣∣
≤ C6w

−1/2
∞

ϵ

γ
sup

t∈[0,T ]

eγt∥v(t)∥L2
w∞

+
C6

γ
sup

t∈[0,T ]

e2γt∥v(t)∥2L2
w∞

.

Proof. Estimating (3.23) for t ∈ [0, T ] as in (3.34) yields

∣∣∂t log(α(t)) + 2
3ϵf(γt)

∣∣+ ∣∣∣∣∂tΩ(t)− 2
3ϵ

f(γt)

c1/2(t)

∣∣∣∣ ≤ C6w
−1/2
∞ ϵe−γt∥v(t)∥L2

w∞

+ C6∥v(t)∥2L2
w∞

.

The result now follows by integrating.

For each ϵ, E > 0 and v∗ ∈ H2 ∩H1
w, we now introduce the sets

O1 =
{
T ≥ 0 : eγt∥v(t)∥H1

w(t)
≤ C8(∥v∗∥H1

w
+ ∥v∗∥H1 + ϵ1−2p) for all 0 ≤ t ≤ T

}
,

O2 =
{
T ≥ 0 : ∥v(t)∥2H1 ≤ α5

min for all 0 ≤ t ≤ T
}
,

where C8 is the constant from Proposition 3.5.2 and we recall that the weight-
function w(t) =

(
w−(t), w+(t)

)
is defined in (3.45). We then define Tmax(ϵ, γ, v∗) ∈

[0,∞] as
Tmax(ϵ, γ, v∗) = sup(O1 ∩O2).

Recalling that E = ϵ/γ, the key ingredient toward establishing Theorem 3.1.1 is to
show that Tmax(ϵ, γ, v∗) = ∞.
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Proof of Theorem 3.1.1. Pick ϵ ∈ (0, 1] and γ > 0 that satisfies ϵ/γ ∈ (0, Emax] and

ϵ1+p + ϵ2−4p ≤ δ1γ, ϵp ≥ γ, γ ≤ δ1,

and consider an initial condition v∗ ∈ H2∩H1
w that satisfies ∥v∗∥2H1+∥v∗∥2H1

w
≤ δ1γ.

Then, the conditions in Theorem 3.1.1 are met, and we note that

ϵ ≤ δ1Emax and ∥v∗∥H1 + ∥v∗∥H1
w
≤

√
2δ1.

Suppose, for the sake of contradiction, that Tmax < ∞. By construction of O1, we
have

sup
t∈[0,Tmax)

eγt∥v(t)∥H1
w(t)

≤ C8

(
∥v∗∥H1

w
+ ∥v∗∥H1 + ϵ1−2p

)
≤ C8(

√
2 + 1)δ1,

and

sup
t∈[0,Tmax)

γ−1e2γt∥v(t)∥2H1
w(t)

≤ 3C2
8γ

−1
(
∥v∗∥2H1

w
+ ∥v∗∥2H1 + ϵ2−4p

)
≤ 6C2

8δ1.

In particular,
sup

t∈[0,Tmax)

eγt∥v(t)∥H1
w(t)

≤ min{δ6w1/2
∞ , 1}

for δ1 sufficiently small. Thus, we may use Lemma 3.7.1 to obtain

sup
t∈[0,Tmax)

∣∣∣∣log(α(t)) + 2
3ϵ

∫ t

0

f(γs)ds

∣∣∣∣ ≤ C6C8w
−1/2
∞

ϵ

γ

(
∥v∗∥H1

w
+ ∥v∗∥H1 + ϵ1−2p

)
+ C6C

2
8γ

−1
(
∥v∗∥H1

w
+ ∥v∗∥H1 + ϵ1−2p

)2
≤ C6C8w

−1/2
∞ (

√
2Emaxδ1 + δ1) + 6C6C

2
8δ1

and in particular
αmin < α(t) < αmax, t ∈ [0, Tmax],

for δ1 sufficiently small. By construction of O2 and Lemma 3.2.2, we have

sup
t∈[0,Tmax)

∥v(t)∥2H1 ≤ 1.

Via Proposition 3.6.5, we may improve this bound to

sup
t∈[0,Tmax)

∥v(t)∥2H1 ≤ C15(∥v∗∥2H1 + ∥v∗∥2H1
w∞

) + C15C8
ϵ

γ

(
∥v∗∥H1

w
+ ∥v∗∥H1 + ϵ1−2p

)
+ C15C

2
8γ

−1
(
∥v∗∥H1

w
+ ∥v∗∥H1 + ϵ1−2p

)2
≤ C15δ

2
1 + C15C8(

√
2Emaxδ1 + δ1) + 6C15C

2
8δ1.

99



3

3.8. Decompositions

Combining our results so far, we find via (3.47) that

Kϵ,γ(Tmax − q) ≤ sup
s∈[0,Tmax)

(
∥v(s)∥H1 + eγs∥v(s)∥H1

w(s)
+ γ−1e2γs∥v(s)∥2H1

w(s)

)
+ Emaxδ1 + δ1

<δ8

for any q ∈ (0, Tmax], decreasing the size of δ1 > 0 if necessary. By continuity of

t 7→ eγt∥v(t)∥H1
w(t)

and t 7→ ∥v(t)∥H1 ,

there must be a small r > 0 for which

Kϵ,γ(Tmax − q + r) ≤ δ8.

Having established a priori control on Kϵ,γ , we may apply Proposition 3.5.2 to
obtain

sup
t∈[0,Tmax−q+r]

eγt∥v(t)∥H1
w(t)

≤ C8

(
∥v∗∥H1

w
+ ∥v∗∥H1 + ϵ1−2p

)
.

Choosing q < r shows that Tmax is not maximal, allowing us to conclude that,
indeed, Tmax = ∞.

To complete the proof, we now observe that

sup
t≥0

eγt∥v(t)∥H1
w∞

≤ sup
t≥0

eγt∥v(t)∥H1
w(t)

≤ C8

(
∥v∗∥H1

w
+ ∥v∗∥H1 + ϵ1−2p

)
,

which establishes item 2. Items 3 and 4 follow by applying Lemma 3.7.1, while item
1 follows from Proposition 3.6.5.

3.8 Decompositions

Our work makes frequent use of the linear stability theory of the operator Lc de-
veloped in [91]. Let us briefly review these results here, based on the exposition
in [86]. Introducing the exponential weight ewx on L2 moves the essential spec-
trum of the operator Lc from the imaginary axis into the stable halfplane, leaving a
double eigenvalue at 0. This 0-eigenvalue has a two-dimensional generalized kernel
spanned by ∂xϕc and ∂cϕc. In particular, it is easily verified that Lc∂xϕc = 0 and
Lc∂cϕc = ∂xϕc. The operator Lc is related to its (formal) adjoint L∗

c on the space
L2
−w via the relation ∂xL∗

c = −Lc∂x. In particular, L∗
c has a two-dimensional kernel

spanned by ϕc and the primitive

ζc(x) =

∫ x

−∞
∂cϕc(y)dy,
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which satisfies ζc ∈ L2
−w. The spectral projection onto the generalized kernel of Lc

is given by

Pcf = ⟨f, η1c ⟩∂xϕc + ⟨f, η2c ⟩∂cϕc, (3.70)

where

η1c = 2
9c

−1/2ζc +
2
9c

−2ϕc and η2c = 2
9c

−1/2ϕc, (3.71)

and we write Qc = I −Pc for the complementary projection. Based on the spectral
properties of Lc, the following can be concluded about the flow generated by this
operator.

Theorem 3.8.1 ([91]). Let c > 0 and 0 < w <
√
c. Then, Lc is the generator of

a C0-semigroup on Hs
w for any real s. For all β > 0 which satisfy β < w(c − w2),

there exists a constant C > 0 such that, for all g ∈ L2
w, t > 0 and k ∈ {0, 1}, we

have

∥∂kxeLctQcg∥L2
w
≤ Ct−k/2e−βt∥g∥L2

w
. (3.72)

We conclude here with a result regarding the orthogonality conditions arising
from the projection Pc. This result ensures that the decomposition (3.18) underlying
the arguments in this chapter is uniquely defined.

Lemma 3.8.2 ([86]). Let c∗ > 0 and w ∈ (0,
√
c∗). Then, there exist constants

δ2, C2 > 0 such that, for each v∗ ∈ H1
w, the bound ∥v∗∥L2

w
≤ δ2 implies that there

exist unique parameters c0 > 0 and ξ0 ∈ R such that

ϕc∗(x) + v∗(x) = ϕc0(x− ξ0) + v0(x− ξ0) with ⟨v0, ϕc0⟩ = ⟨v0, ζc0⟩ = 0

and

∥v0∥H1
w
+ |ξ0|+ |c∗ − c0| ≤ C2∥v∗∥H1

w
,

∥v0∥H1 ≤ C2(∥v∗∥H1 + ∥v∗∥H1
w
).

3.9 Time-varying weights

Our goal here is to establish several properties of the time-dependent weightsw(t) =(
w−(t), w+(t)

)
given by

w−(t) = wmin(
w∞
wmin

)1−e−γt

, w+(t) = w(w∞
w )1−e−γt

that were used to control the perturbation over long time-scales in Section 3.5. In
particular, we prove Lemma 3.5.1.
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Proof of Lemma 3.5.1. Writing

ϵ1 = sup
t∈[0,T ]

eγt∥v(t)∥L2
w∞

,

we note that for s ∈ [0, δ], we may compute

∣∣ log (α(t))− log
(
α(t+ s)

)∣∣ = ∣∣∣∣∫ t+s

t

log(α(r))′dr

∣∣∣∣
(3.35)

≤ C6

∫ t+s

t

ϵe−γr(1 + w−1/2
∞ ϵ1e

−γr) + ϵ21e
−2γrdr

≤ C6

(
ϵ(1 + w−1/2

∞ ϵ1) + ϵ21
) ∫ t+s

t

e−γrdr

= C6γ
−1
(
ϵ(1 + w−1/2

∞ ϵ1) + ϵ21
)
e−γt(1− e−γs)

≤ 2C6Emax(2 + δ6)e
1/2(e−γ(t+s/2) − e−γ(t+s)),

where we have used that 1 − e−x ≤ 2(1 − e−x/2) for all x ≥ 0 and applied the

assumptions ϵ1 ≤ min{δ6w1/2
∞ , (γEmax)

1/2} and ϵ
γ ≤ Emax. Taking an exponential

then gives

α(t)

α(t+ s)
≤ (e2C6Emax(2+δ6)e

1/2

)e
−γ(t+s/2)

(e2C6Emax(2+δ6)e1/2)e−γ(t+s)
=
w+(t+ s/2)

w+(t+ s)
,

and
α(t+ s)

α(t)
≤ (e2C6Emax(2+δ6)e

1/2

)−e−γ(t+s)

(e2C6Emax(2+δ6)e1/2)−e−γ(t+s/2)
=

w−(t+ s)

w−(t+ s/2)
.

We finally establish a bound for the quantity

q(t, s, δ) = 1
w−(t+δ/2)−w−(s) +

1
w+(s)−w+(t+δ/2) ,

which is used in the proof of Lemma 3.5.4.

Lemma 3.9.1. Assuming S1 and S3, there exists a constant C15 > 0 such that

sup
s∈[0,t]

e−γs|q(t, s, δ)| ≤ C15
eγδ/2

γδ
,

for all t, γ, δ > 0.

Proof. We first remark that

sup
s∈[0,t]

e−γs

w+(s)− w+(t+ δ/2)
=

w2

w∞
sup

x∈[0,γt]

1

B(x)
,
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where
B(x) = ex( w

w∞
)e

−x

− ex( w
w∞

)e
−γ(t+δ/2)

.

We now claim that B is decreasing on [0, γt], so that its infimum is attained at γt.
To see this, we compute the derivative

B′(x) = ex
(
(1 + log(w∞

w )e−x)( w
w∞

)e
−x

− ( w
w∞

)e
−γ(t+δ/2)

)
and use 1 + log(w∞

w )e−x = 1 + log((w∞
w )e

−x

) ≤ (w∞
w )e

−x

to find

B′(x) ≤ ex
(
1− ( w

w∞
)e

−γ(t+δ/2)
)
< 0,

since w
w∞

> 1.
Using our claim, we may now estimate

w+(t)− w+(t+ δ/2) ≥ δ
2 |w

′
+(t+ δ/2)|

= δ
2γ log(

wmin

w )(w∞
w )1−e−γ(t+δ/2)

e−γ(t+δ/2),

which yields

e−γt

w+(t)− w+(t+ δ/2)
≤ 2

(wmin

w )

log(wmin

w )

eγδ/2

γδ
.

A similar bound for the remaining term involving w− can be established analogously,
completing the proof.
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