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CHAPTER 1

Introduction

1.1 Background

This thesis studies mathematical models describing the propagation of waves af-
fected by random disturbances. Focusing on a paradigm nonlinear wave model—the
Korteweg—de Vries equation—this work explores how random fluctuations in energy
modulate the amplitude of solitary waves, both rigorously and through formal anal-
ysis. While the subject matter is rooted in physics, this thesis deals with the rich
mathematical theory underlying wave phenomena. As such, the topic sits at the
intersection of Dynamical Systems, to describe wave dynamics, and Probability The-
ory, accounting for random effects. Chapters form the main body of this thesis
and contain its mathematical contributions. The aim of this introductory chapter is
to provide both an intuitive and a mathematical foundation for the reader regarding
the core concepts of this thesis. We unpack the thesis title—Stochastic Amplitude
Modulation of Nonlinear Dispersive Waves—back to front:

1. Waves

2. Dispersion
3. Nonlinear (Structure)
4. Amplitude Modulation

5. Stochastics

Waves

Wave phenomena have long been prevalent in physics, both classical and modern.
While it remains an active field of research, its fundamental concepts are easily
accessible. Most people are familiar with waves in nature: sound waves used for
communication, surface waves on bodies of water, or even visible light. The com-
mon feature among these examples is that something propagates. Sound consists of
pressure differences propagating through air. In bodies of water, fluid flow organizes
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to carry disturbances across the surface. Maxwell’s laws of electromagnetism de-
scribe how electric and magnetic fields interact to transmit light through a vacuum.
In each case, the underlying physics result in propagation of disturbances through
the medium(]

The wave phenomenon that inspired the topic of this thesis was first observed
in 1834 by civil engineer and shipbuilder John Scott Russell:

“I was observing the motion of a boat which was rapidly drawn along a
narrow channel by a pair of horses, when the boat suddenly stopped—not
so the mass of water in the channel which it had put in motion; it accu-
mulated round the prow of the vessel in a state of violent agitation, then
suddenly leaving it behind, rolled forward with great velocity, assuming
the form of a large solitary elevation, a rounded, smooth and well-defined
heap of water, which continued its course along the channel apparently
without change of form or diminution of speed. I followed it on horse-
back, and overtook it still rolling on at a rate of some eight or nine miles
an hour, preserving its original figure some thirty feet long and a foot
to a foot and a half in height. Its height gradually diminished, and after
a chase of one or two miles I lost it in the windings of the channel.
Such, in the month of August 1834, was my first chance interview with
that singular and beautiful phenomenon which I have called the Wave of
Translation.” 93]

Russell describes a remarkable type of water wave: a solitary elevation that
continues along the channel without change of form or diminution of speed. Or
rather, almost without change of form, as he notes that the wave height gradually
diminished. Russell’s encounter was, of course, not the first observation ever made
of a water wave. The surprise lies in the fact that, out of a seemingly chaotic setting
(“violent agitation”), a well-defined structure emerged and propagated undisturbed.
Interestingly, the gradual loss of height—presumably due to imperfections in the
environment—closely aligns with the topic of this thesis. Russell’s observations later
sparked mathematical interest: in 1871, Boussinesq derived a model for shallow
water dynamics that explained the wave phenomenon [15]. His work was extended
in 1895 by Korteweg and de Vries [68]. The resulting Korteweg—de Vries (KdV)
equation has since become a paradigm model in nonlinear wave theory.

Wave models Mathematically, the physics of wave phenomena—Ilike many topics
in classical physics—are described by partial differential equations (PDEs), encoding
the continuous dependence of quantities on space and time. Waves are modeled as
solutions u(t,z) to a PDE, where t € R denotes physical time and z € R? denotes
physical space in d > 1 dimensions. The function-value u(¢, ) models an evolving
physical quantity at time ¢ and position z, and can be R"- or C"-valued (n > 1)
depending on the physical context.

IStrictly speaking, light is not carried by a medium, as demonstrated by the famous Michelson-
Morley experiment [83].
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Models for Russell’s ‘Wave of Translation’ usually take x € R for the position
along the canal, assuming that no relevant dynamics occur in the directions trans-
verse to propagation. The scalar-valued function u then models the height of the
water as it evolves over time. A traveling wave, is a solution that admits the repre-
sentation u(t, z) = ¢(x — ct), where ¢ : R — R is a fixed wave profile propagating
at velocity c. A solitary wave as described by Russell concerns the case that ¢ is
continuous and meets asymptotic decay conditions.

A word of caution: wave phenomena are not synonymous with the wave equa-
tion. The wave equation is a second order linear PDE whose solutions are described
via d’Alemberts principle: disturbances propagate left- and rightward. Hence, in
the classic wave-equation, all initial conditions give rise to a superposition of wave
solutions. It is called the wave equation because it can be derived for simple wave
phenomena such as waves on a string and electromagnetic waves. However, our in-
terest lies in systems which admit a traveling wave solution. Meaning, the (unique)
existence of a profile which propagates and retains its shape under the PDE dy-
namics. Traveling waves are among the many coherent structures that arise in
nonlinear PDEs—such as stripes, spirals, breathers or spots—which form specific
and nontrivial subclasses of solutions.

Chapters of this thesis deal with (adaptations of) the KdV equation:
ue(t, x) = —03u(t, x) — 0 (u?(t, 1)), tc Rtz cR. (1.1)

This equation was originally derived by Boussinesq based on the physics of shallow
water flow with a free boundary, which, after several approximations, simplifies
to (1.1). The model admits traveling wave solutions u(t, x) = ¢.(z — ct), where the
wave profiles

ge(x) = 3¢ sech?(v/cx/2), ¢ >0, (1.2)
solve the traveling wave equation
*Car¢c($) - 7ag¢c(x) - 3z(¢3($))7 z eR. (13)

We remark that the solitary waves ¢, travel only to the right, i.e. towards +oo, due
to the fact that breaks reflection symmetry. As seen in , the traveling
waves ¢. appear as a family of waves with various amplitudes proportional to their
velocity ¢. The family satisfies the self-similarity property ¢.(z) = cé1(y/cx).
This is a direct consequence of the scaling invariance

u(t, ) = o*u(a’t, ax) (1.4)

of the KdV equation, meaning that any solution u(t, z) to gives rise to rescaled
solutions via the transformation , with a € R.

In the final chapter of this thesis we turn our attention to a discrete wave-model
related to the KAV equation: the Fermi-Pasta-Ulam-Tsingou (FPUT) lattice sys-
tem. Contrary to , which models water-surface height as a function of continu-
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ous space, the FPUT system describes the evolution of a countable set of quantities.
The FPUT system was famously used to help pioneer the field of numerical math-
ematics in the 1950s [39]. It models an infinite collection of coupled oscillatorsﬂ, or
simply, masses connected by springs. The FPUT system describes how the chain
of masses oscillates when brought out of equilibrium. Like in the KdV equation,
the FPUT system gives rise to solitary waves. In fact, the dynamics of the particle
chain are approximated by the KdV equation in an appropriate continuum limit
[109].

Waves as an equilibrium Since waves retain their shape in an otherwise dy-
namic environment, it is natural to view them as a ‘balance’ point, or equilibrium.
From an observer’s perspective, like Russell chasing the Wave of Translation on
horseback, a wave is a fixed object. We might compare this to a marble placed at
the bottom of a convex bowl: it rests at a spot where it can sit perfectly still. The
marble can be pushed slightly out of place, after which it would settle back to its
equilibrium. Such an equilibrium is stable. If the marble, on the other hand, is
placed on top of an inverted bowl, the situation becomes different. Any disturbance
would cause the marble to roll off. We can ask the same question about a wave:
Would a disturbance of the wave profile cause it to collapse? Or would the physics
of the system attract it back to equilibrium?

Mathematically, we study equilibria in systems of ordinary differential equations
through the linearization around the equilibrium point. More specifically, the eigen-
values of the matrix associated with the linearized dynamics around equilibrium
indicate whether disturbances in the associated eigendirection grow or decay. The
same approach applies to equilibria in PDE models, like traveling waves. The lin-
earized dynamics around the equilibrium are described by a linear operator, whose
spectral properties provide criteria for stability. In the context of strongly continu-
ous semigroups on Hilbert spaces, this relation is formalized by the Gearhart-Priiss
theorem [32, Theorem V.1.11].

The linearized dynamics around the solitary waves are governed by the
linear operator

L.=—02+c0p —20.(¢e), ¢>0, (1.5)

which has a double eigenvalue at zero. The presence of a zero eigenvalue is a typical
feature of the linearization around traveling waves. Indeed, any spatial translate of
the wave profile,

d)c (IE - f)a E € Ra
also satisfies (|1.3), so the derivative of the wave profile with respect to x forms

2After their involvement in the Manhattan Project, the researchers from whom the FPUT
system derives its name sought a problem suitable for probing the facility’s state-of-the-art early
computer, MANIAC. Instead of an infinite collection of oscillators, they considered only 64, with
boundary conditions. Their hypothesis was that the system would thermalize after short time—
i.e., that all vibrational modes would be excited evenly—a prediction that was contradicted by
the numerical results.
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Im(X) Im(\)

Re(M)

A

=
20
>

Figure 1.1: Spectrum of £. on L*(R) (left) and on the exponentially weighted space
L*(R; e*dx) with a € (0,+/c) (right). Both contain an isolated double eigenvalue at 0.

a neutral mode. As a result, perturbations of the wave generally lead to phase
shifts, and stability must be considered modulo phase shifts. The free amplitude
parameter in introduces a second neutral mode, giving rise to the double
eigenvalue at zero. Consequently, perturbations in the KdV setting additionally
produce amplitude effects. On L?(R), the continuous spectrum of £, lies on the
imaginary axis, which implies that the system is not spectrally stable. For KdV
solitons, this issue is often addressed by working in exponentially weighted L2-
spaces. This viewpoint effectively suppresses perturbations behind the solitary wave
and shifts the continuous spectrum into the stable half-plane. See Figure [[.1]

Dispersion

Aside from their relevance to the stability of waves, the linearized dynamics provide
more fundamental insights into the principal physics of the system, and shed light
on the formation of waves. As previously discussed, waves can be viewed as an
equilibrium, arising as a balance between linear restorative forces and nonlinear
destabilizing effects. In the case of water waves described by the KdV equation,
the role of restorative linear mechanism is played by dispersion. Dispersion refers
to linear dynamics that admit plane wave solutions

ei(kmfw(k)t)
of different wave numbers k € R, which travel at a frequency-dependent velocity
w(k)/k. The relation w(k) is called the dispersion relation.

The linear dynamics of the KdV equation around zero are given by the Airy
equation

wi(t,z) = —w(t,x), tcRY zeR, (1.6)

which satisfies a dispersion relation w(k) = —3k2. Solutions can be explicitly rep-
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resented by the convolution
wit, ) = (3)7A((3) 7 ) s w(0,0), t£0,

with its oscillatory fundamental solution given by the Airy function

[es} 3
Ai(z) = l/ cos <’; + xk) dk, «€R. (1.7)
0

™

Figure 1.2: The Airy function Ai(z) describes the fundamental solution of the linear
system (|1.6]), representing the response to an initial state concentrated at x = 0.

The restorative effect of the dispersive dynamics lies in the fact that the supre-
mum (maximum) of localized initial conditions decay over time. More precisely,

lw(t, )|z < CltT2|[w(0,)l|L1, t#0, (1.8)

for some C' > 0. In particular, solitary waves cannot be supported by the linear
dynamics alone! The bound follows from the boundedness of the Airy function,
and requires careful handling of the oscillatory integral (L.7). In many respects,
dispersion is trickier to work with than its parabolic counterpart, diffusion. The
main difference is that dispersion causes spatial modes to oscillate, whereas diffusion
damps them. Consequently, the associated continuous spectrum covers all of the
imaginary axis. For this reason, the stability of dispersive waves is typically studied
in settings that provide additional stability. In this work, we consider weighted
spaces which suppress persisting disturbances in the wake of a solitary wave.

As a consequence of its oscillatory nature, dispersion offers limited smoothing,
since high-frequency components do not decay. The linear flow defined through
only provides smoothing in an averaged sense [67]. The intuition behind this disper-
sive smoothing, is that in view of the dispersion relation w(k) = —k?, high-frequency
components are rapidly transported to —oco. This lack of straightforward smoothing
complicates the local well-posedness theory for , the starting point of any rigor-
ous analysis. Since the KdV nonlinearity —8,(u?) = —2ud,u—see (L.1)—contains
a derivative, it is hard to close estimates for a fixed-point argument. Nevertheless,
this has been accomplished using delicate harmonic analysis in L?-based spaces |10}
66], the most modern approach being due to Bourgain [14]. Consequently, we are
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somewhat restricted to L2-based spaces in our study of the solitary waves and their
stability.

This leads to a significant limitation that recurs throughout this thesis. Much of
our analysis concerns the wake that forms behind a soliton when its propagation is
disturbed. This wake typically extends far behind the soliton (see also Figure ,
and stability studies of KdV solitons therefore often disregard these persisting dis-
turbances. The guiding idea is that the principal wave persists in front, while a
long but low-magnitude wake trails behind. Consequently, the wake’s L2-norm
may grow large over time, even though its L°°-norm remains small. Exploiting this
observation is difficult, however, since much of developed theory confines us to L2-
based spaces. Still, linear theory supports the intuition that the maximum of the
wake remains small. This stems from the oscillatory nature of the Airy function, in
particular, from the fact that

sup|/ Ai(t)dt| < oo.
z —o0

Nonlinear Structure

As mentioned above, this work and most research in the field concerns nonlinear
PDEs. While this simply means that the PDE is not linear, research typically
focuses on PDEs featuring some other nonlinear structure. Many PDE models
arise from physical conservation laws, enforcing a natural dynamical structure. The
KdV equation forms a good example. A key feature of its nonlinear structure is
that it belongs to the class of Hamiltonian systems, since it has the form

up = O, H' (u), (1.9)

where H is the Hamiltonian
H(u) = / 1(0,u)? — Lutde, (1.10)
R

and H'(u) is its functional derivative, or L?-gradient, defined through the identity

d

— = ' H'.
P SZO’H(u + ev) /]R’H (wv dz, Vve

A straightforward computation shows that for the Hamiltonian , we have
H'(u) = —0?u — u?. The key structural point is that the operator 9, in is
skew-symmetric on L?. Consequently, the evolution conserves the Hamiltonian
H(u), since the dynamics are orthogonal to the L2-gradient of H:

O H(u) = /R’H/(u)ut dz = /R”H/(u)azﬂ/(u) dz =0.
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Further details can be found in [65, §5.2]. The FPUT lattice system, studied
in Chapter [f] satisfies an analogous structure, with the Hamiltonian and skew-
symmetric operator both acting on the sequence space £ x ¢2. In addition to the
Hamiltonian, the KdV dynamics conserve an infinite number of integral expres-
sions such as , the simplest being the L?-norm. The conserved quantities of
the KdV equation form a hierarchy of ‘integrals of motion’, featuring an increasing
number of derivatives. By Noether’s Theorem |90, Chapter , each of these stems
from a symmetry of the KdV equation, such as scaling invariance . They play
a key role in the global well-posedness of the KAV equation: conserved quantities
featuring the first & derivatives yield a priori bounds on the H*-norm of solutions.
The conservation of an infinite number of quantities forms a powerful tool. It turns
out that the conserved quantities restrict the KdV dynamics to the extent that they
can be decomposed into a dispersive part, and a number of right-traveling waves
of the form [48]. In the language of dynamical systems, the KdV equation is
completely integrable, and can be solved using the inverse scattering transform.

The KdV nonlinearity, given by —9,(u?) = —2ud,u, has a direct physical inter-
pretation on its own. Upon ignoring the dispersion in (L.1)), we obtain the nonlinear
transport equation

vi(t, ) = —20(t, x)0xv(t, x).

This transport-type equation describes how a field v at position x is transported
at a speed proportional to its height. This nonlinear steepening effect forms the
destabilizing mechanism that, counteracted by dispersion, leads to the formation of
the solitary waves . It is evident that, like any solution to the KdV equation,
the traveling wave u(t,z) = ¢.(x — ct) conserves the Hamiltonian and other
conserved integrals of motion. Indeed, all such conserved quantities are translation-
invariant. In other words, the position of a wave does not affect its energy. However,
the wave family contains a more interesting degree of freedom: the parameter
¢ > 0, which describes both the amplitude and speed of propagation. The conserved
quantities do vary with this degree of freedom. In particular, the L%-norm ||¢.[|2, =
6¢3/2 increases with amplitude. This leads to a central question that is explored in
this thesis:

Q1: How is the propagation of solitary waves affected by external variation in
energy?

Amplitude Modulation

Before giving a qualitative answer to this question, let us first clarify what is meant
by ‘external variation in energy’. Although the principal physics of shallow water
physics is captured by , secondary effects may alter the conservative structure
in realistic settings. For instance, slow energy loss may occur through viscous dissi-
pation, or variable material properties such as bottom topography may effectively
supply energy. In this thesis, we focus primarily on the mathematical structure of
the forcing mechanism. We consider perturbations to of the multiplicative
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u E=1
Initial solito
E=1/2
Nliton with tail
paNEVAN /\ g
7\ \/

Figure 1.3: An initial solitary wave with energy 1 (blue) propagates through a dissipative
medium, resulting in a total energy 1/2. The resulting wave (red) has formed a dispersive
tail, and has slightly less than half the original energy.

form
ug(t,x) = —02u(t,x) — 0, (u?(t, x)) + o&(t, x)ult, ), teRt zeR, (1.11)

where £(t,2) models a generic forcing effect and o > 0 is a small parameter that
controls its strength. The multiplicative form of ensures that changes in
energy occur proportional to surface height. As a result of the O(o) forcing, the
KdV invariants such as the L?-norm undergo slow changes. For the most part in
this thesis, with the exception of Chapter [3| we consider forcing mechanisms £(¢, )
of a random nature. More on that later.

To understand how multiplicative forcing affects soliton propagation, let us
briefly recap what we know so far. There exist solitary waves solutions to the
unperturbed KdV equation, which come in a family of different amplitudes, and
travel at a proportional velocity. Each amplitude corresponds to an energy level,
and each associated wave profile is stable. Say we start with a wave of L?-norm,
or energy, £ = 1. We wait until a dissipative forcing mechanism has reduced that
to E = 1/2. The original wave cannot survive: there is not enough energy in the
system to support it. But what then will this result in? Will a wave form with
amplitude corresponding to half the energy? The answer is largely yes! But some
important limitations apply.

A1l: Slow energy change leads to amplitude modulation: most of the energy
change remains concentrated in the solitary wave, affecting its amplitude. A smaller
part of the energy manifests in a dispersive tail behind the solitary wave.

Thus, when a solitary wave is perturbed, it is no longer a pure wave given by
the profile equation . One of the main goals of this work is to understand the
dispersive tail that forms behind the wave, and to precisely determine the resulting
amplitude.

Q2: How exactly are the wave position and amplitude modulated by the energy
change?

Q3: How much amplitude modulation can a solitary wave undergo before it loses
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coherence?

Question 2 is addressed in Chapter [2| of this thesis, where we present and study
a method to track the amplitude and position of modulated solitons. Question 3 is
more technical, and is rigorously treated in Chapter [3] and Chapter [d One of the
main technical challenges lies in the fact that we do not simply study the stability
of a single object. Rather, we encounter a phenomenon of metastability: forced
dynamics near an attracting manifold of stable wave profiles. Thus, we study dy-
namics near a time-varying equilibrium. Even in finite-dimensional systems, linear
stability properties of equilibria in general do not persist to a time-varying setting
[107]. In Chapter [3| and Chapter 4] we explore two different methods of leveraging
the linear stability properties of the wave family .

Chapter [2] and Chapter [3] address this issue by analyzing the dispersive tail, or
wake, in a rescaled frame. This rescaling neutralizes the amplitude changes of the
soliton, thereby removing the time-dependence of the equilibrium. A key difficulty
arises from the fact that the appropriate rescaling is generated by the operator
I+ %m@x, as seen from the identity

Oepe(x) = 711 + %x@x)(bc(x).

By the chain rule, the evolution of the dispersive tail v(¢,z) in the rescaled frame
contains a linear contribution of the form

v(t,z) = (14 $2d,)v(t,z) + ... (1.12)

The factor z is problematic, since it obstructs closing estimates in LP-spaces. In
Chapter we address this issue by adapting the commonly used exponentially
weighted framework for studying soliton stability in the KdV setting. We introduce
time-varying exponential weights that adjust according to the applied rescaling.

Stochastics

As the title suggests, this thesis focuses primarily on random mechanisms that
affect soliton propagation. In particular, two chapters of this thesis study wave
propagation through stochastic partial differential equations (SPDEs). While this
is a modern topic that introduces several complications, most of the probabilistic
tools used in this work are by now standard, and our technical contributions are
principally deterministic in nature.

Chapter [2 and Chapter [4] consider the stochastic KdV equation

du = —(8u + 2ud,u) dt + ou dAWS. (1.13)

Here, the noise process WtQ is a cylindrical Wiener process taking values in L?(R)
and the small parameter ¢ > 0 controls the strength of the random forcing. The
noise is white in time and colored in space with translation-invariant statistics given

10
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by the formal identity
E[WQ(t,2)W9(t,y)] = ¢(z — y)min{s,t}, z,y€R, s,t>0.

For those unfamiliar with SPDEs, (1.13]) should be thought of as (L.11)), with £(¢, )
being a random field, statistically independent at each time t, and spatially corre-
lated as

E[S(t, 2)¢(t,y)] = q(z —y).

For technical reasons, this interpretation cannot fully be justified and there truly is
a need to resort to (infinite dimensional) stochastic calculus. We refer to [23] and
[74] for introductions into this topic.

Some physical motivation for studying SPDE models such as lies in the
fact that many PDE models are derived as a continuum limit from random particle
models. In this context, stochastic forcing serves as a tool for studying such models
in circumstances where higher-order contributions play a role. Another motivation
is that random forcing can be useful substitute for studying rough environmental
conditions, such as an irregular bottom topography in the case of Russell’s wave.
While a rough bottom topography is not a random object, it can be insightful to
model it as such. A derivation of in a specific physical context can be found
in [59).

It is important to distinguish SPDEs from various other settings that include
randomness into PDE dynamics. Specifically, the dynamics resulting from
are not just those of the KdV equation disturbed by noise after the fact. Rather,
the effect of random forcing interacts with the dynamics of the PDE, resulting in
a true random dynamical system. To appreciate this point, let us briefly return to
the example of a marble resting at the bottom of a convex bowl. In the stochastic
setting, we consider the marble to be disturbed by random kicks. For example, by
turbulent wind conditions. One needs to take into consideration that the random
kicks may displace it to a point where it exits the bowl! Hence, the stochastic forcing
may lead it into regions where the physics of the system act drastically different.
This is a much more complicated setting than, say, observing a marble resting at
the bottom of a bowl through noisy measurements.

To illustrate one of the technical challenges that arise in the SPDE setting,
recall that one of our approaches for handling the time dependence of the linear
operator governing tail formation is to apply a rescaling generated by I + z0,.
In the deterministic setting, this produces linear contributions of the form .
In the SPDE setting, however, such coordinate transformations are governed by
the It6 formula, or stochastic chain rule, which introduces an additional term of the
form (I+3z8,)?. This contribution cannot be readily handled using the techniques
developed in Chapter [3] In Chapter [d] we analyze the dispersive tail without using
a scaling transformation, which leaves the challenge of working near a time-varying
equilibrium. We address this by combining local and global tracking mechanisms.
The local tracking mechanisms provide stability over time intervals where the wave
amplitude varies little. The global tracking mechanism monitors the accumulation
of these fluctuations and integrates the stability results from the local intervals.
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1.2. Contributions of this Thesis

The answers to our guiding questions Q1-Q3 should be reconsidered in this
stochastic context: The fluctuations of the solitary wave amplitude are random in
nature (see Figure , as is the formation of its dispersive tail. Whether the wave
loses coherence within a given time window is a random event, whose distribution
depends on the forcing strength o. Even so, the stochastic forcing may cause ‘de-
terministic’ effects such as slow amplitude attenuation (Chapter . These research
questions belong to the subfield of stochastic traveling waves, which has become
a major area of interest within the field of SPDEs. Most earlier work considers
traveling waves in reaction-diffusion equations, focusing on stochastic effects on the
wave position. The main contribution of this thesis is that it studies stochastic
traveling waves in a setting where position modulation and amplitude fluctuations
are coupled. We develop both qualitative insights and rigorous results on nonlinear
dispersive waves undergoing large stochastic amplitude fluctuations.

|
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Space

Figure 1.4: Schematic representation of a solitary wave undergoing random changes in
amplitude. Three snapshots (purple) show the solitary wave as it moves rightward through
space. The red line traces the random trajectory of the wave amplitude.

1.2 Contributions of this Thesis

The main body of this thesis is composed of Chapters 2H5] based on four scientific
papers that resulted from this research.

Chapter 2} Amplitude tracking

[102] R.W.S. Westdorp, H.J. Hupkes, Long- Timescale Soliton Dynamics in the
Korteweg-de Vries Equation with Multiplicative Translation-Invariant Noise, Phys-
ica D.

In this chapter, we present our mechanism for tracking the amplitude and po-

sition of KdV solitons affected by stochastic forcing. We introduce an effective
position £(t) and amplitude c(t) of the stochastic waves, and characterize solutions

12



Chapter 1. Introduction

u to (|1.13)) near the wave-family (1.2)) through a decomposition

u(t,z) = ¢er)(x —&(t)) + dispersive tail. (1.14)
——r
full solution modulated soliton

Our construction of the position £(¢) and amplitude ¢(t) corresponds to the varia-
tional phase, and is based on the linear stability properties of the wave family
on exponentially weighted spaces [91]. The effective position and amplitude are
stochastic processes; solutions to SDEs driven by the stochastic forcing. We char-
acterize their evolution with help of the scaling invariance (|1.4]).

In order to gain insight into the stochastic soliton dynamics described by our
method, we present an approximation procedure for the processes c(t) and £(t). A
complicating factor is that the evolution of the amplitude is coupled to the dis-
persive tail. In order to account for this, we developed a non-standard nested
approximation procedure, which produces SDE approximations for ¢(¢) that have
random coefficients. These approximations can be computed at any desired order
in the noise strength o.

In case the noise process WtQ in is a scalar Brownian motion, we find that
the amplitude process c(t) behaves primarily according to a geometric Brownian
motion. The soliton velocity follows the amplitude process c(t), with additional
correction due to the noise. The amplitude process ¢(t) experiences an almost linear
positive drift which develops on the time-scale O(c0?t). The explicit predictions of
our method are verified throughout Chapter [2| via extensive numerical simulations,
showcasing the predictive power of our work.

Chapter [} Deterministic Stability

[103] R.W.S. Westdorp, H.J. Hupkes, Soliton Amplification in the Korteweg-de
Vries Equation by Multiplicative Forcing, Communications on Pure and Applied
Analysis

The decomposition describes solutions to as near-solitons, as long
as the dispersive tail remains small. In Chapter[3] we rigorously establish this fact in
the context of deterministic forcing, using a novel stability analysis involving time-
varying weights. In particular, we establish the orbital stability of the traveling-wave
family under the influence of deterministic multiplicative forcing. We show
that solitons evolving via the forced KdV equation

up = —03u — 2udyu + f(t)u (1.15)

remain close to the family in the energy norm, while undergoing a large change
in amplitude. The deterministic equation forms a stepping stone for our study
of the SPDE . Chapter [3| contains no stochastic elements, and is hence more
broadly accessible to readers focused on deterministic PDEs. We uncover several
technical aspects regarding the coherence of solitary waves subject to amplitude
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1.2. Contributions of this Thesis

modulation. In particular, we gain understanding in the dual role of weighted and
unweighted spaces to characterize the formation of the dispersive tail behind the
soliton.

Chapter [t Stochastic Stability

[104] R.W.S. Westdorp, H.J. Hupkes, Stability of Stochastically Forced Solitons
in the Korteweg-de Vries Equation (preprint)

Chapter [ collects our rigorous results on the stability of KdV solitons subject
to multiplicative stochastic forcing. Building on the stability results of Chapter [3]
we return to the stochastic setting of Chapter [2] and assert that KdV solitons re-
main coherent while possibly undergoing large fluctuations in amplitude. While the
methods of Chapter |3 rely on the global scaling invariance , in Chapter 4] we
combine local stability methods that follow the amplitude fluctuations of the wave.
This method proves to be better adapted to the stochastic setting, as it requires no
coordinate transformation. As in Chapter [3] our analysis consists of two comple-
mentary parts: we control disturbances of the waves using linear stability tools on
weighted spaces, and we employ energy methods to characterize the growth of the
dispersive tail in unweighted spaces.

Chapter [5} Lattice Waves

[63] H.J. Hupkes, J.A. McGinnis, R.W.S. Westdorp, and J.D. Wright, Radiating
Solitary Waves in an FPUT Lattice with Random Coefficients (preprint)

This last chapter of the thesis departs from the continuous setting of the KdV
equation, and turns to the Fermi-Pasta-Ulam-Tsingou (FPUT) lattice system. This
discrete system models an infinite chain of masses connected by springs. In this
chapter, we consider wave propagation in the FPUT lattice system affected by ran-
dom variation in the linear spring force. In absence of random forcing, the FPUT
lattice system shares a famous connection to the KdV equation. In an appropriate
continuum limit, its dynamics are described by an effective KdV equation. More-
over, the lattice system admits solitary waves which, in the long-wave limit, behave
like the KdV solitons. Unlike the stochastic forcing in Chapters the random
spring coefficients respect the Hamiltonian structure of the FPUT system. As such,
solitary waves propagate largely undisturbed. However, they slowly radiate energy
in the form of a dispersive tail. As a consequence, their amplitude slowly decreases
with time. Exploiting the connection of the FPUT lattice to the KdV equation,
we explicitly characterize the amplitude attenuation caused by the random environ-
ment, showcasing the broader applicability of our methods.
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CHAPTER 2
Amplitude tracking

This chapter studies the behavior of solitons in the Korteweg-de Vries
equation under the influence of multiplicative noise. We introduce stochas-
tic processes that track the amplitude and position of solitons based on a
rescaled frame formulation and stability properties of the soliton family.
We furthermore construct tractable approximations to the stochastic
soliton amplitude and position which reveal their leading-order drift.
We find that the statistical properties predicted by our method agree
well with numerical evidence.

2.1 Introduction

In recent years, stochastic traveling waves and more general stochastic pattern dy-
namics have become major areas of interest in the field of SPDEs. This Chapterﬂ
employs modern stochastic phase-tracking techniques to study traveling waves in
stochastic Korteweg-de Vries (KdV) equations with multiplicative noise, such as

du = —(33u + 2udyu) dt + ou - dWS2. (2.1)

Here u is a real-valued process on (¢,z) € R x R, and the scalar parameter o > 0
encodes the noise strength. The noise WtQ is a cylindrical @Q-Wiener process on a
separable Hilbert space H, and - denotes a suitable product between elements of
H and L?(R). Both multiplicative space-time noise and multiplicative scalar noise
can be treated in this setting.

In the deterministic case (o = 0), it is well-known that admits soliton
solutions u(t, z) = ¢.(x — ct) of the form

¢e(z) = 2 sech?(VVex/2), ¢ > 0. (2.2)

1The contents of this chapter have been published as R.W.S. Westdorp, H.J. Hupkes, Long-
Timescale Soliton Dynamics in the Korteweg-de Vries Equation with Multiplicative Translation-
Invariant Noise, Physica D, see [102]
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2.1. Introduction

We describe the evolution u(t, x) of such a soliton under the influence of the multi-
plicative stochastic forcing (o > 0) by using the modulation Ansatz

u(t, z) = ey (z = £(1)) + (L, @), (2.3)

Here, ¢(t) and £(t) are stochastic processes that track the amplitude and position
of the modulated soliton, respectively, while the perturbation r remains small in
a suitable sense. Numerical evidence based on these phase definitions strongly
suggests that such solutions remain close to the soliton family for exponentially
long times. We furthermore construct tractable approximations to the modulation
parameters which reveal their leading-order drift.

Solitons in the Korteweg-de Vries equation The family of solitons has
been central to the analysis of the deterministic KdV equation (¢ = 0). At the
time of its introduction by Boussinesq [15] and rediscovery by Korteweg and de
Vries [68] in the late nineteenth century, the KdV equation was primarily used as
a model for shallow water waves along a canal. The equation has since appeared
as an amplitude equation to describe a wide variety of physical wave phenomena,
such as internal waves in stratified oceans [21] and acoustic waves in plasmas [64].
Let us specifically mention the Fermi-Pasta-Ulam-Tsingou (FPUT) chain, whose
dynamics in the continuum regime can be described by the KdV equation [41] [42]
62).

As a dispersive system, the dynamics generated by the KdV equation spread out
localized initial conditions. Yet, due to nonlinear effects, with 0 = 0 admits
the family of traveling wave solutions that can have arbitrary amplitude,
propagating at the proportional velocity. The relation ¢.(z) = cé1(y/cx) apparent
in is a direct consequence of the fact that the KdV equation enjoys the scaling
invariance

u(t, z) — o?u(a’t, ax), (2.4)

in addition to its translational symmetry.

Zabusky and Kruskal observed in numerical experiments [109] that, asymp-
totically, solutions to the KdV evolution decompose into several solitons of the
form followed by a radiation component, which undergoes a dispersive evo-
lution. See the work of Schuur [95] for rigorous results in this direction. Another
key property of the deterministic KdV equation is that it is a completely integrable
system, and consequently has an infinite number of conserved quantities [97]. For
example, the KdV evolution conserves the energy [, u?(t,z)dx.

Deterministic stability In the deterministic setting, the family of solitons in
was shown to be orbitally stable by Bona, Souganidis and Strauss [11]. Their work
asserts that a slightly perturbed soliton remains, upto translations, within an H'-
neighborhood of the initial soliton. This result was improved upon by Pego and
Weinstein, who established asymptotic stability of the soliton family [91]. More
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Chapter 2. Amplitude tracking

precisely, the authors show that if w(¢,x) is initially a small perturbation of the
soliton ¢, (- — &), then there exists a final velocity ¢ > 0 and a final phase-shift
¢ € R such that

u(t,-+&+ct) —¢d.—0 as t71 oo,

in the weighted spaces
L% = [*(R,e*"dx), 0<a</c. (2.5)

Here, the final velocity ¢ and phase-shift ¢ contain small corrections to their starting
values ¢, and &,. The exponential weight ensures that disturbances in the wake of
the soliton decay at an exponential rate. The result holds under the assumption
that the initial perturbation and its derivative lie in L2 N L2. This assumption was
later relaxed by Merle and Vega [82] to accommodate general L2-perturbations,
with convergence in L? .

The proof of Pego and Weinstein relies on the spectral stability of the lineariza-
tion of the KdV evolution around a soliton ¢., encoded by the operator

Lo= =024 (c—20:)0y — 20,0 = =02 + cOp — 20, [¢e]. (2.6)

As a linear operator on the space L?(R), the operator £. has spectrum iR. Em-
bedded in the continuous spectrum is a double eigenvalue at 0 with an associated
two-dimensional generalized kernel spanned by 0,¢. and 0.¢.. Considering the op-
erator L. on a weighted space L2 with 0 < a < /c moves the essential spectrum
to the left of the imaginary axisﬂ Its (formal) adjoint £* on the space L?, has a
generalized kernel spanned by the soliton ¢. and the primitive

Cc(x) = [ ac¢c(y)dy € Lz—a'

This primitive (. is not a localized function, which is evident from the fact that
Ce(x) tends to fR Oededz = 3¢ /2 as © — co. Pego and Weinstein show that L.
generates an exponentially stable Co-semigroup {e“<!};>0 on the subspace of L2
consisting of functions v € L2 which satisfy the orthogonality conditionsﬁ

<v7<c>L2 = <'U7¢c>L2 =0. (27)

Stochastic KdV equations Several stochastic versions of the KdV equation
have been introduced in the literature, which incorporate random perturbations
that affect the propagation of solitons. In [59], Herman derives a KdV equation
perturbed by a single Brownian motion to model the propagation of an ion-acoustic
soliton in the presence of noise. Since the KAV equation arises as an approximation

2The width of the resulting spectral gap is a(c — a?), which is maximal at @ = /c/3. In the

literature, one often encounters the restriction 0 < a < y/¢/3. This avoids the use of spaces which
are more restrictive without gaining a faster decay rate.
3In expression (2.7) we slightly abuse notation, as C. ¢ L2. The product fR v¢c dz is, however,

a well-defined real number, since e=%%¢, € L? and e*®v € L2.
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2.1. Introduction

for more involved models, such as for fluid dynamics or wave dynamics in the FPUT
lattice, stochastic KAV equations also serve as starting point for studying the effects
of random perturbations in such systems [81, |4].

In [26], de Bouard and Debussche establish the well-posedness of in the
space H!(R), in the case that the covariance operator @ is a translation-invariant
and non-negative convolution operator on L?(R) given by

Qf(x) = / 4@ — 4)f () dy, (2.8)

with a convolution kernel ¢ in H'(R) N L*(R). The same authors also prove the
existence of solutions to in two cases that approximate a space-time white
noise on L2(R) [28, 27], corresponding to Q = Ipz.

The multiplicative forcing in breaks the conservative nature of the KdV
equation, which can readily be seen in the scalar case where WtQ is a real-valued
Brownian motion g;. Indeed, by formally applying It6’s lemma to the SPDE

du = —(02u + 2ud,u) dt + ou dp,
one finds

d(u, u) 2 = [—2(u, 03u+ 2ud,u) 2 + 0 (u,u) 2] dt
+ 20 {u,u) 2 df;
= o (u,u) 2 dt 4 20 (u,u) > dp, (2.9)

which shows that the energy f]R u?(t, 7)dx undergoes a geometric Brownian motion
with positive drift. See |26, Proposition 3.1] for a similar result in the case of
space-time noise. As the stochastic forcing slightly perturbs the soliton continually,
its aggregated effect produces a stochastic phase-shift and a substantially varying
soliton parameter c¢(t).

The conservative nature of the equation is, however, not entirely lost. One
easily verifies that the average L?-norm of solutions to the stochastic KAV equation
is conserved:

Ellu(t, )lzz] = lluolze-

Due to its diffusion, the same does not hold for nonzero powers p € R of the L2-
norm. In this context it is worthwhile to point out that the soliton parameter c is
related to the L2-energy as ||¢¢||2, = 6¢/2. This hints at a relation between the
stochastic soliton parameter ¢(¢) and the process

2

_ 245214453,
lu(t, Y135 = [luo|| 35 e 3"+ 305, (2.10)

a basic prediction that the results in this chapter will reproduce and refine.

Stochastic traveling waves The effect of noise on traveling waves has been
previously been analyzed in various settings, primarily for equations of reaction-
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Chapter 2. Amplitude tracking

diffusion type. The subject has seen considerable activity in the physics literature,
see for instance the works by Garcifa-Ojalvo and Schimansky-Geier[47} [73] which in-
troduce stochastic corrections to traveling waves in bistable RDEs. One well-known
example of a noise-induced velocity correction is the Brunet-Derrida conjecture |17,
16], which describes a speed correction for traveling fronts in randomly perturbed
Fischer-KPP equations and was proved by Mueller [87]. We also refer to the works
[76, |75, which analyze numerical methods for the simulation of stochastic traveling
waves and provide numerous intriguing observations.

Various contributions have appeared in the mathematics literature to give (fur-
ther) rigorous meaning to such results. Kriiger and Stannat introduced a multiscale
expansion of a stochastic phase for traveling waves in bistable RDEs [70} 96]. This
method was later applied to the FitzHugh-Nagumo equation in [31] and extended
upon in [77]. Hamster and Hupkes have developed a phase-tracking method in the
setting of reaction-diffusion equations that tracks stochastic traveling waves over ex-
ponentially long timescales [56| [58, [57]. We refer to the review by Kuehn [71] for a
more detailed overview of results on stochastic traveling waves in reaction-diffusion
equations.

Stochastic KdV waves The stochastic dynamics of solitons in a randomly per-
turbed KdV equation was first considered by Wadati [99], who derived statisti-
cal properties of solitons in the KdV equation with additive scalar noise using a
Galilean coordinate transformation. See also the works [100}, |49], which expand on
this method.

De Bouard and Debussche analyzed the stochastic soliton dynamics produced
by the KdV equation with multiplicative space-time noise in [25]. Similar
to the approach taken in this work, the authors consider a decomposition of the
form and formulate modulation equations for the soliton parameters. The
authors, moreover, estimate the exit-time of the solution from a neighborhood of
the modulated soliton. See also the works [24} [29], where the same authors study
solitons in the KdV equation with additive noise and a stochastic Gross-Pitaevskii
equation.

While the method in [25] yields rigorous stability results, it only allows for a
small variation of the soliton parameter ¢(¢). The resulting modulation equations,
therefore, do not incorporate the full dynamics of the soliton amplitude and are
valid only on timescales of order O(1/0?), where the parameter c(t) remains close
to its starting value c,. Our method allows for large variations in the parameter ¢(t)
by not only translating the solution, but also rescaling the solution in accordance
with the natural scaling u(t,-) — a?u(t, a-) of the soliton family (2.2).

In a more recent work by Cartwright and Gottwald [19], the authors apply a
collective coordinate framework developed in [18] to in the scalar case, where
WtQ in is a scalar Brownian motion S;. One version of their approach modu-
lates the amplitude and width of the soliton independently, whereas another version
requires that the modulated soliton remains in the family (2.2)). The former method
is found to be advantageous in case the perturbations are large. The authors de-
velop an O(o) modulation system based on this method. Our work here enables
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2.1. Introduction

the inclusion of higher order effects, which are essential to capture the dominant
behaviour of fundamental soliton features such as the width.

Soliton tracking In this chapter, we introduce a soliton-tracking method that
adapts a phase-tracking method developed in [58] by Hamster and Hupkes for trav-
eling waves in reaction-diffusion equations. The method relies on a transformation
of that translates and rescales a solution u(t, z) to closely match a fixed soliton
¢c, at the origin. More precisely, we introduce the process

o(t,z) = 2 (u(t, alt)z + £(t)) — de, (2), (2.11)

which is the remaining difference between the translated and rescaled solution, and
the fixed soliton ¢.,. From the scaling process «(t), we can recover the effective
soliton parameter c(t) of the solution u(t,x) as c(t) = c.a™2(t).

The translation process £(t) and scaling process a(t) are a-priori not specified.
Their drift and martingale components bring about four degrees of freedom. We
formulate an SPDE that governs the dynamics of the remainder v produced by
translation and rescaling as in by noise-driven processes £(t) and a(t). We use
the four degrees of freedom brought about by £(¢) and «(t) to ensure that v satisfies
the orthogonality conditions of at all times. Intuitively, this should mean that
the remainder v continuously experiences exponential damping, and will remain
small. This argument has been made rigorous by Hamster and Hupkes for traveling
waves in reaction-diffusion equations in [57], where the authors establish exit-times
on the remainder which are exponentially long with respect to the parameter 1/o.

We restrict ourselves in this work to formal arguments to support the construc-
tion of the soliton-tracking method. Our method produces a coupled SPDE system
that describes the evolution of v(t),c(t) and £(t), which we characterize in con-
siderable detail. On the one hand, this is intended to facilitate the re-use of our
ideas in other contexts. On the other hand, we view this chapter as the basis for
ongoing efforts to rigorously establish long-time stability of the KdV soliton under
stochastic perturbations. We complement the presentation of our general method
with three worked-out examples, which allow us to showcase the strong predictive
power of our method, as validated by extensive numerical simulations.

Although we anticipate that a meta-stability result based on the methods pre-
sented in this work is possible, one needs to control transformations of the pertur-
bation due to the rescaling. It seems that this requires spatial information on the
linearized frozen-frame evolution beyond the semigroup bounds obtained in [91].

Stochastic soliton dynamics In order to gain insight into the stochastic soliton
dynamics described by our method, we design an approximation procedure for the
processes «(t) and £(¢). In contrast to the stochastic wave position studied in [56]
and [58], the evolution of the perturbation v(¢) does not decouple from the rescaling
process «(t). This significantly complicates our analysis, since «(t) develops signif-
icant fluctuations on short timescales. In order to account for this, we first expand
the perturbation v(t) in terms of the small parameter o, using « as an external input.
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Chapter 2. Amplitude tracking

Expanding the modulation equation for «(t) in terms of v subsequently produces
SDE approximations for «(t) that have random coefficients. Solving these SDEs
then provides the desired final approximations, which can in principle be computed
at any desired order in ¢. This non-standard nested approximation procedure is
discussed in detail in

We find that the soliton velocity primarily follows the amplitude process c¢(¢),
with additional correction due to the noise. The amplitude process c(t) experiences
an almost linear positive drift which develops on the time-scale O(ct). Numerical
simulations of show that this drift is captured quite well by an approximation
of ¢(t) that takes into account coupling terms that are quadratic in o.

The amplitude growth rate and velocity correction are determined by statistical
properties of the perturbation with respect to the modulated soliton. This further
motivates the use of the frozen-frame formulation , which keeps the stochastic
traveling wave in a fixed reference frame and facilitates analysis of the perturba-
tion shape. We emphasize that the general approach is not restricted to the KdV
equation but can also be used in other settings where (approximate) self-similarity
properties hold.

Outlook This work extends the phase-tracking results of [56] and [58] to a system
where stochastic perturbations not only induce a translation, but also a rescaling
of the traveling wave. Numerical simulations indicate that our method tracks the
KdV soliton over exponentially long times. However, this work does not provide
a rigorous stability result to support this claim. We hope that the decompositions
and approximations obtained here will provide a pathway towards such a result.

Outline This chapter is organized as follows. In §2.2] we provide a detailed
derivation of our phase-tracking approach and the resulting modulation system for
the soliton parameters. We also introduce the three example systems that we use
throughout the work to illustrate our techniques and results. In we formulate
an expansion of the SPDE system that governs the dynamics of «(t) and wv(t),
and from there derive the leading-order behavior of the mean and variance of the
effective soliton parameter ¢(t) and position £(¢). We verify these findings via
numerical simulations throughout

2.2 Stochastic soliton tracking

In this section, we introduce a system of modulation equations to describe the
evolution of the solution w(t,z) to the stochastic KdV equation in a stochastic
co-moving frame. In particular, we consider the SPDE

du = —(8u + 2ud,u)dt + o M (u)[dWS], (2.12)

with initial condition u(0, x) = ¢, (), where ¢, is the soliton defined in (2.2)). The
noise term M (u) is of general multiplicative form and is driven by a translation-
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invariant noise process WtQ, which we both describe in more detail in

We introduce a position process &, which (roughly) keeps the stochastically
evolving soliton centered at the origin, and a rescaling process «, which neutralizes
its amplitude fluctuations. More precisely, we introduce the remainder

olt,) = o*(u(t, alt)r +E(1) — be. (), (2.13)

which describes the deviation from the soliton ¢, in a frame where the solution
u(t,x) has been translated and rescaled according to the natural scaling ¢.
a?¢.(a) of the soliton family. The aim is to choose the processes o and ¢ in a
fashion that keeps the perturbation v in the space characterized by , where the
linearized evolution is stable.

First, in we describe the forms of multiplicative noise that can be treated
by our method. We introduce three concrete settings that will appear throughout
the chapter: scalar noise, translation-invariant colored noise and space-time white
noise. In we derive an SPDE that describes the evolution of the perturbation
v in the co-moving frame, which we use in to prescribe the dynamics of our
processes £ and «. This results in a modulation system of the form

dv =a” [ﬁ v+0( )] dt +020(1) dt + 0O(1) TodW,
[a720(0?) + 0*74(v, @)] dt + 0O(1) TodW2,
[~

2(cx + O(0?)) + 0% Tg(v, )] dt + 0aO(1) TodWE.

Here, L., is the linear operator introduced in and the operator T}, corrects for
the spatial rescaling by «. The drift terms 7,(v, ) and fi (v, @) are both O(1) in
v, but their dependence on « varies per noise type. We explore these differences by
returning to the three example settings.

Finally, we illustrate the effectiveness of our decomposition in via nu-
merical simulations. Since our approach keeps v in the stable subspace of L., , we
expect that the perturbation v only grows logarithmically in time. Our numerical
simulations strongly suggest that this is indeed the case.

2.2.1 Stochastic set-up

Let us outline the setting of in more detail. We follow the approach of [23]
and [74], and consider noise from a separable Hilbert space H with the inner product
(-,-)» and an orthonormal basis {e,}7°,. We then pick a covariance operator Q
that satisfies the following properties:

Assumption 2.2.1. The operator Q) : H — H is linear and bounded, and for each
h,g € ‘H we have

e (Qh,h)y > 0; (non-negativity)

o (Qh,g)u = (h,Qg)n. (symmetry)
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With this assumption in place, we let WtQ be a Q-cylindrical Wiener process on
H; cf. [23, §4.1.2] and (74}, §2.5.1]. This H-valued Wiener process has the property
that for each h € H, the process (WtQ, h) defines a real-valued Brownian motion,
which satisfies the correlation identity

E[(W2, ) (W, g)] = (¢ A 5)(Qh, g),

for t,s > 0 and h,g € H.
In order to define a stochastic integral with respect to WtQ, we follow (23] |74
and introduce the space Hq = Ql/Q(’H). Equipped with the inner product

<U7w>7'lQ = <Q71/2’U,Q71/2’LU>H,

Hq is a separable Hilbert space for which {QY Zex 132, is an orthonormal basis. Let
us furthermore introduce the notation HS(Hq, H) for the space of Hilbert-Schmidt
operators between Hg and H. We recall that HS(Hg, H) is a Hilbert space with
the inner-product

o0

(A, B)usiuon) = »_(AIQ"?ex], BIQ'?exr]),,.
k=0

We refer to [23, §4.2.1] and [74}, §2.5.2] for the construction of the stochastic
integral
t
| o) awe (2.14)
0

with respect to WtQ, which defines an H-valued stochastic process for HS(Hg, H)-
valued integrands ® that satisfy the integrability condition

t
B[ 196 s 0 ds < .

For convenience, we also introduce a rescaling and translation transformation
T,.¢, which acts on functions u € L?(R) as

Toeu = u(a-+E). (2.15)
This allows us to write (2.13) as
o(t,z) = a2(t)Ta(t)’£(t)u(t, x) — de, (). (2.16)

With these preliminaries in place, we impose the following conditions on the noise-
term M (u) and its relation to the scaling operators Ty ¢.
Assumption 2.2.2. For each u € L*(R):

1. M(u) defines a Hilbert-Schmidt operator from H¢ to L?(R). If furthermore
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2.2. Stochastic soliton tracking

u € H*(R), then M (u) defines a bounded linear operator from H to L2(R).

2. For each 3 € R and h € H we have the identity[]
BM(u)[h] = M(Bu)[h].

3. There exists a bounded linear operator Taﬁ on H, such that for each o > 0
and £ € R we have

T e [M(u)[h]] = M(Tc)[Toch].

4. There exists a linear operator 9, on H¢ such that we have?

9, [M (w)[h]] = M (uz)[h] + M (u)[0:h],
for every h € Hg and u € H*(R).
5. The translation invariance identities
ToeQTr e = ToQT: and  Th0,QT = T00,QT

hold for each @ > 0 and £ € R, where rf’a is shorthand for Ta@ and T&“g
denotes the H-adjoint of TA,LE.

The operator M takes on the role of multiplication between u and an element
of H. We remark that for each u € H'(R) the operator M(u) has an adjoint
M*(u) : L?(R) — H, which by definition satisfies

(Mu)B], ) 2y = (he M (w)[£]),, (2.17)
for each h € H and f € L*(R).

Solution types With this assumption in place, we can assign a rigorous meaning
to the SPDE (12.12). Based on the flow S(t) = e~19% generated by the linear equation
u; = —03u, we call an H'-valued process u a mild solution to with initial
condition u(0, -) = ug if the mild formula

u(t) = S(t)up — /0 S(t — s)0y (uQ(s)) ds + O'-/O S(t— s)M(u(s))[dWSQ] (2.18)

holds for all t > 0. The integral equation ([2.18)) generalizes the variation of constants
formula, or Duhamel formula, to the SPDE setting and allows for solutions of lower

4Ttems 2 and 4 of Assumption restrict the setting to linear noise terms, in order to keep
our computations tractable. More general noise terms can be treated by applying a function
g : R = R point-wise and considering the noise term M(g(u)) Items 2 and 4 then generalise to

BM (g(w)) (] = M (Bg(w)) [h] and 8, [M (g(w)) [A]] = M (g (w)uz) (1] + M (9(u)) (0.
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Chapter 2. Amplitude tracking

regularity. As is the case with PDEs, a mild solution is also classical if it takes
values in the domain of the linear operator.

Alternatively, one can also consider weak solutions: an H'-valued process u is
a weak solution to with initial condition u(0,-) = wg if the identity

(u(t), Q)r2 = (uo, ()2 — /0 (ug(s),02C) 12 — 2(u(s)ug(s), C) 2 ds

to / (M (u(s))[AW ], €)1 (2.19)
0

holds for all ¢ € H%(R) and t > 0. See for instance [46], which asserts the existence
of weak solutions for posed on a bounded domain with scalar noise. This
solution type is, however, less common in the stochastic KdV literature. We refer
to [74, Appendix G] for an overview of various solution concepts for SPDEs and the
relationships between them.

Let us illustrate the broad applicability of this abstract setting with three ex-
amples, which we use throughout the chapter to showcase our results.
Example I: Scalar multiplicative noise

As a first example, consider the KdV equation perturbed by a single Brownian
motion (;, which we write as

du = —(03u + 2ud,u) dt + ou dB;. (2.20)

Here, the Brownian motion takes values in the Hilbert space H = R. Since the
perturbation is uniform in space, the covariance operator acts trivially as @ = Ig.
In this case, we have Hy = R and the multiplication between the noise and the
function u is simply given by M7 (u) : R — L?(R), which acts on h € R as

M;(u)[h] = hu.
By the defining identity 7 the formal adjoint M7 (u) must satisfy
(hu, f)r2 = hMj (w)[f],
which implies that Mj (u) : L*(R) — R acts on f € L*(R) as
M7 (W)[f] = (u, flrem)-
We furthermore compute

Ta,g [M[(u) [h]] = hTa,gu = M[(Ta@u)[h],
Oy [MI(U) [h]] = huy = MI(Ux)[h]a
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2.2. Stochastic soliton tracking

which shows that M fits items 3 and 4 of Assumption with T, ¢ = I and 9,
acting as d,h = 0 for all h € R.

As pointed out in [19], we remark that (2.20) can be transformed into a KdV
equation with a random coefficient. Indeed, by factoring out the geometric Brown-
ian motion

o2
a(t) = =Tt

1

as v =g~ u, we find

dv = —(02v + 2g(t)vd,v) dt.

This reduces matters of well-posedness to the well-posedness of a KdV equation
where the nonlinearity is multiplied with a varying coefficient. We are, however,
unaware of results that establish the well-posedness of such an equation with a
non-smooth coefficient.

Example II: Translation-invariant colored noise

Our setting also allows for space-time noise from the Hilbert space H = L?(R), with
the usual inner product. We consider translation-invariant noise, with a spatial
correlation structure given by an even function ¢ € H'(R) N L'(R) that has a non-
negative Fourier transform ¢. We then introduce the covariance operator ) that
acts on f € L%(R) as the convolution

Qf(x) = / 4z - ) f(y) dy (2.21)

with respect to the kernel q. The integrability of ¢ ensures that @) is a bounded
operator on L?(R), and the non-negativity of the Fourier transform ¢ provides the
remaining properties of () in Assumption [2.2.1

Well-posedness in this setting is asserted in [26], where the authors construct
mild solutions as per . We have the formal covariance identity

E[dWC (z,t)dW(y, s)] = 6(t — s)q(z — y),

which quantifies how ¢ determines the spatial correlation of the noise, depending
only on the distance between two points.

Using the kernel ¢, it is possible to provide an explicit formulation of the operator
Q2. To this end, note that Q acts as a Fourier multiplier with symbol §. It
follows from the assumption ¢ € H'(R) N L'(R) and elementary properties of the
Fourier transform that ¢ lies in L!'(R) and is bounded. As a consequence, the
function £ — 1/¢(&) is also bounded, and defines a Fourier multiplier which is
bounded on L?(R). Denoting the inverse Fourier transform of /g by ¢ /2 allows us

to characterize Q/2 as

Q2 f(z) = / a12(z — ) () dy.
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Chapter 2. Amplitude tracking

For future reference, it is convenient to introduce here a rescaled family {Qq}a>0
of the convolution operator ), which rescales correlation lengths of the kernel g as

Qaf = ag(ar) * f. (2:22)
Similarly, we set
(Ql/z)af = Ol(h/z(a') * f.
In applications, one often encounters the Gaussian kernel

—na?

1
—e 4¢2 2.23
ale) = 5 (223)
where the parameter ( > 0 is a measure for the correlation length. In this case, ¢
is given by

(o= L e
Q(E)_mCQB

We note that, with the kernel (2.23), Q. acts as

—naZg?

Q&f_?e ¢? *f7

so that the correlation length ¢ of the Gaussian kernel is effectively rescaled to ¢/a.
In the setting of this example, the space-time noise enters the KdV equation
via the operator My (u) : L?(R) — L?(R) that acts on h € L?(R) as the point-wise

multiplication
(M (w)[B]) (2) = ha)u(a).

In order to verify that My (u) is in the class HS(Lg), L*) for each u € L*(R), we
compute

oo

||M11(u)||12qs(1;é,1;2) = ZWQl/Qek UQ1/26k>L2

_Z/ Q1/2 )»ek>izdx

:/RU(JJ)2<Q1/2($*~),ql/z(x*')>L2dx: g2l lullZ2-

We then note that
larj2l?e = 1Valli> = lldl e,

via Parseval’s theorem, and we conclude that the operator M (u) is indeed Hilbert-
Schmidt.
Applying the adjoint identity (2.17) to the multiplication operator My yields

(h, f)r2 = (b, My (w)[f]) 2
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2.2. Stochastic soliton tracking

which reveals that My (u) is self-adjoint:

My(u)[f] = uf = My(u)[f].
We can furthermore compute

Taé [Mﬂ(u)[h]] = Ta75uTa,§h = M]](Ta7§u)[Ta75h],
0y [My(u)[h] = ugh + why = My (ug)[h] + My (u)[hs],

which shows that M satisfies items 3 and 4 of Assumption with 7, e =Toe
and éz = 0,. Lemma then shows that we have the identities

T0eQTre=0a"'Qa and Toed,QT = a 2Qads, (2.24)

where we recall that the operator @, is defined in (2.22)). Consequently, item 5 of
Assumption 2:2.2] is met.

Example IlI: Space-time white noise

The setting described above formalizes translation-invariant space-time noise with
arbitrary correlation length. It is inviting to consider the limiting case where the
correlation length ¢ in (2.23)) tends to zero. This leads to a space-time white noise
W, which is completely uncorrelated in space and time as specified by the formal
identity

E[dW (z,t)dW (y, s)] = §(t — )d(z — y).

Upon doing so, the regularising effect of the convolution with respect to the kernel
q is lost. As a consequence, it is unclear how to interpret the noise term My (u)dWs,
since My (u) is not in the class HS(L?, L?) and violates item 1 of Assumption
Indeed, to our knowledge, no well-posedness theory is currently available for the
KdV equation with multiplicative space-time white noise.

Despite these limitations, we can proceed formally by considering the covariance
operator (Q = Ij2, since convolution with respect to the Dirac distribution acts as
the identity operator I;2. We stress that this procedure only amounts to a formal
computation, but as we shall see in the sequel the results are very insightful. In
this case, the translational invariance identities simplify to

T.QT: =a™' and T,0,QT = a~20,.

2.2.2 Frozen-frame transformation

In this section, we formulate an SPDE that governs the evolution of the remainder
v in the co-moving frame introduced in (2.16). We postulate that the rescaling and
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Chapter 2. Amplitude tracking

translation processes a and ¢ satisfy the system

da =~ (v,a) dt + 77 (v, o, &) thQ, (2.25)
d¢ = pG (v, ) dt + pZ (v, 0, €) dW2, (2.26)
where 7, 1§ are real-valued and 77, g are linear operators from #H to R. The drift

components 77, 1 and martingale components v7, 17 will be explicitly provided in
§2.2.3] For now we note that v¢ and pg can be written as

72 (0,0, €)[h] = —oa(Taeh, 7, (0))n, (2.27)
ug (v, 0, §)[h) = —oa(Tu eh, i, (0)) 1, (2.28)

where 7, and Ti, are H-valued, depending only on v. In addition, the drift compo-
nents v and pg are of the form

73(1}7 Ot) - _a_nyg( ) + UQﬁd(Ua Oé), (229)
a

pg(v,a) = coa™ —a ?fg(v) + 0’ my(v, ) (230)

where 79, 19, 7, and Ji, are real-valued.
In we apply Itd’s lemmeﬂ to show that the remainder v defined in (2.13])
with £ and « as in (2.25)—(2.26) satisfies the SPDE

dv=a"3L, v dt+ R (v,a) dt + oS (v) [Ty gdW 1, (2.31)

where the drift term R (v, a) is of the form
R (v,a) = a ®[N(v) + Ro(v +O'QZR (v, @) (2.32)

Here N(v) is the KAV nonlinearity

while Ry through Rg are given by

) = —7q(0)(2 + 20:)[pe. +v] — H(v)Dx[de, + ],
) = 3|Q* T, )|, e+,
Ra(v, ) = ||QY2T37,(v) |5, (32202 + 220, + 1)[g, + ],
s(v,0) = (QVPT;7,(v), QT T, (v)),, (€02 + 20,) e, + v,

5There are several Ito-type formulas available in the literature, tailored to different solution
types. In we apply the regular It6 formula |23 Theorem 4.32] to the weak formulation .
Applying the mild It6 formula [22] Theorem 1] to the mild formulation gives, after tedious
computations, an equivalent result.

=]
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2.2. Stochastic soliton tracking

Ra(v,0) = =2M(¢e. +0)[TaQTi7,(0)] — M (Osde. +v2) [T0QT374(v)]

— azM(¢e, +0)[TdeQT7,(v)],
Rs(v,) = =M (0s6c, +v2) [TaQT71,(v)] — aM (gc. +0)[T00:QT 7, (v)],
Rs(v,0) = a~? (Wd(v, a)(2 4 20,)[pe, + V] + Tg(v, @) Or[de, + v}) (2.33)

In addition, the operator S in (2.31)) acts on h € H as

S()[h] = M(e. +v)[h] = (202 + 2)[¢e. + v](h, 75 (v))n
= O[ge. + v](h, Ty (0)) - (2.34)

Note that the noise term in (2.31) has been transformed via T, ¢. The trans-
lation invariance of T, QT o (see item 5 of Assumption | implies that the

transformed noise process TaéWtQ does, in distribution, not depend on &. In what
follows, we therefore omit the dependence of the noise transformation on £. We
do stress that it should be taken into account during numerical simulations if a
pathwise correspondence is desired.

2.2.3 Modulation equations

The SPDE describes the evolution of the remainder where the shift
&(t) and rescaling by «a(t) are of the form (2.27)—(2.30). This leaves the freedom
to make an informed choice for the drift components 7, u§ and the martingale
components ¥, fi, of a(t) and £(¢). The objective underlying this choice is to ensure
that the remainder v remains small in the weighted spaces L? defined in , with
0<a<. /.

We note that is a non-autonomous semi-linear equation on account of
the fact that the linear operator L., carries a (,w)-dependent factor a=3(t,w).
This comes at no surprise in view of the scaling symmetry , where the time-

variable receives a factor a®. By transforming the time-variable ¢ path-wise as

(t,w) — fot a~3(s,w) ds, we can scale out the (t,w)-dependent factor in (2.31)) as
Ao = L., 0 d7 + &3R% (0, @) dr + a3/20S(0)[T5dW Y], (2.35)

where v, & and é are time-transformed versions of v, o and £. For details, we refer to
[56, Lemma 6.2], where the same argument is carried out in the setting of reaction-
diffusion equations. After this transformation, is semi-linear, and we can
recast it into the mild form

o(r) = / &3ele-T-TIRY (5, &) dr’ + / a*2ele TS () [TadWES].  (2.36)
0 0

In order to control the drift and martingale components of v, and equivalently v,
we demand that the drift component R (v,«) only takes values in the subspace
of L? characterized by (2.7), where the semigroup generated by L., is contractive.
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Chapter 2. Amplitude tracking

Similarly, we demand that the stochastic integrand S(v) defined in (2.34)) maps H
into this stable subspace.

Martingale components Let us determine what form the martingale compo-
nents of o and £ must have to ensure that S, as defined in (2.34), maps into the
stable subspace. More precisely, we require that

(S@)IA], Ce.) 2 = (S()[A], e, ) > =0,

for each v € L?(R) and h € H. This is achieved if 7,, i, are chosen in such a way
that

o [T @))s ] _ [(M(v+6e)[B], ¢e,) o
Kw) [<h7us(v>>ﬂ - [<M(v+¢c*)[h],cc*>p}

holds for all v € L?(R) and h € H, where K (v) is the matrix

B <(1'8z +2)[de, + ], ., >L2 <arva Pe. >L2

K(v) = [<(x8x +2)[¢e, +0],Ce.) s (Oalde, + U]’Cc*>L2:| . (2.37)

The matrix K(v) is invertible in case [v||pz < ¢ for some § > 0, since K(v) is
invertible at v = 0 and the mapping v — det K (v) is continuous from L2 to R. We
then set

i) = [ i) =

Drift components Applying the orthogonality conditions (2.7)) to the drift com-
ponent R? (v, a) also gives rises to a system of two linear equations

<Ra(vv CV),CC*>L2 = <RJ(U7 a)a ¢c*>L2 =0,

which is solved by setting

[ZZM oy [(30) deie], 2.39)

together with

[Zjﬁﬁjiﬂ )Y {(Ré(v,a)’éﬁc*)L?] _ (2.40)

We collect that the position and scaling processes ¢ and « are governed by the
modulation system

dv=a 3L, v dt + R (v, ) At + oS (v)[Tod W], (2.41)
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da = [—a™*3%(v) + 0*4(v, )] dt — Uoz<if’athQ,78(v)>H, (2.42)
d¢ = [eoa™ — a7 a4(v) + 0y (v, @) dt — 0a<TathQ,ﬁs(v)>H, (2.43)

and remark that the v-dependence on the right-hand side of (2.41]) can be sum-

marised as
dv = a"*[Le, v+ O(w?)] dt +02O(1) dt + 0 O(1) T,dW.

We now return to the examples presented in Sections which allows var-
ious terms in the modulation system (2.41)—(2.43]) to be simplified.

Example I: Modulation equations for scalar noise

In the setting of §2.2.1] the modulation system takes the form

dv=a"*L. v dt+ RI(v,a) dt + oS (v) dj, (2.44)
da = [—047272(’0) + Gz&id;](v)} dt — O'Oéis;l(’l}) dﬂta (245)
d¢ = [c.a™ = a7 ?my(v) + o’ afig,; (v)] dt — oafiy, (v) dB;. (2.46)

Here the drift component is given by

6
T(v,a) =« 3[N(v) + Ro(v)] + 0?2 ZRi;I(U),
=1
where
Ryr(v) = %ﬁs;l(v)Qﬁi[gbc* + ], 2.47
Roi1(v) =7,.,(0)* (3207 + 220, + 1)[¢e. + v], 2.48
Ves1 (V)

(v) (2.47)
(v) (2.48)
(v) = Ty, 1 (Vg 1 (V) (2D + 202) e + 0], (2.49)
Ryr(v) = = (2751 (0)(¢e. +v) + 274, 1(v) (One. + vz)), (2.50)
(v) (2.51)
(v) (2.52)

Re.1(v) = 54,1 (0)(2 + 20;)[be, + 0] + g, (v)Or[@e, + V],
while the martingale component is given by

SI (U) = (bc* +v— 275;1(/0)[?250* + U] - 75;1(’0).’)381 [¢C* + U] - ﬁs;](v)aw [¢C* + ’U].

The martingale components %,.; and fi,,; are real-valued and take the form

o) <o [Gsnes] a9

Ms;[(v)
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where we recall that the matrix K(v) is defined in (2.37). The drift components
a1 and Ji4.; are given by

[Vd;l(v)} = Ty (v)? [Zig

Md;l(v)

~—~ —

Nd( )

. _ <ZC8 +2 ¢c —|—’U ¢C*> 2
+’75;I(U)K(v) ! <;(;6 +2 ¢c*+v] Cc*>IL:2

300 [0 = Tor ) 740

— - < [Pe., + 0] ¢c*> 2
FRar @B (o 16, + .60 (254
where the terms 7%, ..., %5 and [}, ..., 75 are defined by the expressions

Fa)] _ 1 [3(03[¢e. + 0], 0. 2}
22105 ) B MG N i (2:58)
g ()] _ 1 [((52203 + 220, + 1) ¢, +v] Pe.) o
_ﬁ%(v)_ = K(v) 1 <(% 232 + 220, + 1)[¢e. + V] Cc*>L2 (2.56)
Fa0)] _ gy [((@0% + 20)[¢e. + 0], fe. ) }
)] = O @0k + 20,16 + 0l Gyl (257)

We remark that 7,,; and fi,,; induce an O(c?) drift on a and &.

Example II: Modulation equations for translation-invariant colored noise

In the setting of translation-invariant colored noise of §2.2.1] the modulation equa-
tions for v, o and £ take the form

dv = a 3L, v dt + R (v, ) At + 0.5, (v)[TLdWS2],

da = [—a_Qﬁg(v) + UQVd;H(v, oz)] dt — aa<TathQ,Wo(v)>L2,

d¢ = [e.a™? — o Hg(v) + 0% ig,; (v, @0)] dt — 0a<TathQ,ﬁo(v)>L2
Here, the martingale component S, (v) acts on h € L?(R) as

So(v)[h] = (¢c. +v)h — (20 +2)[ge. + v](h, 7o (v))
- aw [‘éc* + UKha ﬁo(v)>L2' (2'58)

The functions 7, and fi, are L2-valued and given by

f-eefasyl e

The drift component RY(v,«) follows from the general formulation (2.32)), where
one evaluates the terms Ry and Rs using (2.24]). These identities also show that
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the inner products in Ry, Ry and R3 can be computed for f,g € L%(R) as
QT f, QYT g e = (ToQT5f,9) 12 = o~ QY f. Q%) 12

where ), is a rescaled version of the covariance operator @ as introduced in (2.22)).
The drift components %,.;, and 1z, , are given by the expression

i) = leym ol (0] - oo, G
—(QM*7_(v), QY21 (v 74(v)
<Qa 70( )7Qa Uo( )>L2 |:'u§(1)):|
< 0, + 2 (bc* +'U]Qa'y<>(v)7¢c*>L2:|

(20, +2)[¢.. +v]Qa%(v>7<c*>Lz

-1 <a ¢P* JerapJO *> 2}
RO 1o, 6. +anuo oS

[(2Qa 027, (v +Qa xuo(v))(% +0), P, )
< Q0027 (V) + Qalz iy (v))(He, +U)7Cc*>L2

+ K(v)™!

] . (2.60)

where we recall that the terms 79,...,55 and 73,...,75 are defined in (2.39)

and (55) (25D

Example IlI: Modulation equations for space-time white noise

In the setting of space-time noise of §2.2.1] the modulation system takes a slightly
simpler form, in the sense that the dependence on the rescaling process « is more
straightforward:

dv=a 3L, v dt + Ry (v,a) dt + oS, (v)[TodW], (2.61)

da = [—a ’yd(v) + o 'yd;m(v)] dt — aa<Tath,70(v)>L2, (2.62)

d¢ = [eoa™? —a?m@5(v) + Uzﬁd;m(v)] dt — oo (TadWy, 11, (0)) (2.63)
where

R%(U,O{):O{ig[ ( )+R0 +O' Oéilsz]]]

and
Rl;l[[ (’U) 2 H,uo HH ¢C* + U]
Ro.(v) = |[7, H% 2?07 + 220, +1)[ge, + 1]
Ram(v) = < > (x82 +20;)[ge. + ]
R4;UI(U) ((bc* + U)'Vo( ) — 2(Onbe, + 'Ux)ﬁo(v)

— 2(¢e, +v)0:7,(v)
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R5;IH('U) = —(02¢c, + Um‘)ﬁo(v) — (¢e, +v)0xfi,(v)
RG;lH(U) = 7d;111<v)(2 + 20z)[¢e, + 0] + ﬁd;m(“)a:r [pe., + v].

The martingale components S,, 7, and 7, are as in (2.59)) and the drift components
of a and ¢ take the form

Femtel] -t ()] - v [
- a0 (0) )]

oyt [(@0e +2)[e, + 07, (), e ) s
+ K(v) | (20 + 2)[¢e, + V|7, v)7CC*>;]

+Kw>1<x%wwmoacﬁp]

(
< [Pe., + v]E, (v 7Cc*>
(v))

L
)1 < (207, (v +6IM<> 0))(¢e. +U)7¢c*> 2
+E() < 10,7, (V) + 02l (V) (Pe., + U)aCc*>;:| ) (264)

2

We recall again that the terms 7Y,...,55 and @9,...,75 are defined in (2.39)

and 253 (259,

2.2.4 Numerical simulations

Having fully laid out the modulation systems in the stochastic co-moving frame for
our three example setups, we now explore the dynamics that the systems produce via
numerical simulations. We restrict ourselves to simulations of scalar noise (Example
I) and space-time white noise (Example 1), as the modulation systems for these
examples are the most tractable. See [2.7] for the numerical schemes that were
employed to simulate the stochastic KdV equation and the modulation systems
(2.44)—(2.46]) and (2.62)—(2.63]).

Pathwise simulation It is widely acknowledged that accurate numerical simu-
lations of SPDEs are challenging to obtain [75]. In order to validate our results, we
present a numerical comparison between our constructed modulation parameters
and soliton parameters derived from a direct simulation. Figure 2.I]shows one real-
ization obtained from a simulation of the KdV equation with multiplicative
scalar noise in both the original frame and co-moving frame.

In Figure we observe that the soliton propagates approximately at a con-
stant velocity, and at times slightly speeds up or slows down when it increases
or decreases in amplitude, respectively. The transformation from the stochastic
KdV equation to the modulation system f allows us to ‘freeze’
the stochastic soliton. In Figure the soliton remains centered and roughly
has constant amplitude. To the left of the soliton we observe slight perturbations
due to the noise. These can be observed more clearly upon removing the soliton
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Figure 2.1: Simulation of the KdV equation with scalar noise of strength o = 0.25.
Panel (a) shows the original frame realization u(¢, x), from a simulation of (2.20). Panel
(b) shows ¢, (z) + v(t,x), from simulation in the frozen frame of (2.44)—(2.46) with the
same realization of the noise. Panels (c) and (d) show the perturbation with respect to
the soliton, that is u(t,z) — ¢ ( — £(t)) with the phase-definitions in panel (c),
and v(¢,z) in panel (d).

in Figure which reveals the ‘wake’ of the stochastic soliton. The stochastic
perturbations encountered by the soliton result in a radiation field to the left of
the soliton. In Figure [2.1dl we furthermore observe that the radiation field has
undergone a rescaling in the z-direction, as is evident from the distortion of the
radiation waves. The effect of the stochastic frozen-frame transformation can also
be visualised in the case of space-time white noise, see Figure [2.11]in [2.8

For comparison purposes, we define ‘fitted’ versions of the position &g4(t) and
amplitude cgt(t) of a solution u(t, x) to implicitly via the identities

(u(t, -+ &t () = begty Cenn(t)) o = 05 (2.65)
<U(t, -+ gﬁt (t)) - d)Cfit(t)’ ¢Cfit(t)>L2 =0,

which we solve numerically. This allows us to compare the evolution of soliton pa-
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Chapter 2. Amplitude tracking

rameters obtained by direct simulation of (2.12)) and the modulation system ([2.41])—
(2.43). Recall therefore that the amplitude process ¢(t) can be recovered from the
rescaling process a(t) as c(t) = c,a”2(t). We also introduce the phase shift pro-
cesses

Q) = £(t) — /O o(s) ds and Qi (t) = Eae(t) — /0 cei(s) ds,  (2.66)

which track the deviation of the soliton position from the integrated stochastic
velocities ¢(t) and cg(t) and isolate the noise-induced effects.

Figure 2.2: Path-wise comparison of soliton amplitudes c(t) to cqt(t) (left) and phase
shifts Q(t) to Qa¢(t) (right) at noise strength o = 0.25 and initial amplitude ¢, = 3.
The parameters cq¢(t) and Qg¢(t), defined in and (2.66)), are obtained from direct
simulation in the original frame of (2.20). The soliton amplitude c(t) and phase shift €(t)
are obtained from simulation of the frozen frame system 72.46.

Figure shows the correspondence between the evolution of the soliton am-
plitude and phase shift in both frames. Note that the soliton amplitude in this
realization attains almost twice its original value at ¢ = 2. The phase shifts 2 and
Qg¢ develop a small discrepancy over time, which we attribute mainly to truncation
effects and the fact that errors in cgy are compounded through the integral in .

Stability The construction of the modulation system in should ensure that
the perturbation v remains small in the exponentially weighted spaces L2 defined
in . Figure shows the average growth of the in L2-norm of the perturbation
v with respect to the soliton. The spatial norm of the perturbation appears to grows
logarithmically, as indicated by Figure [2.3b] where we observe a linear growth of
the perturbation size on logarithmic scale. For the case of space-time white noise
we refer to Figure [2.12

The logarithmic growth strongly suggests that our soliton-tracking method is
valid over exponentially long timescales. A logarithmic growth of the remaining
perturbation is also observed in Figure 3.8], where the spirit of our approach is
applied to traveling waves in reaction-diffusion equations. Using this fact, Hamster
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(a) Perturbation size over time. (b) Perturbation size over time, log-
scale.

Figure 2.3: Sample mean of the process sup,, ||v(s)||12(—50,20) for scalar noise,
see (2.44)), computed over 500 realisations for o € {0.05,0.075,0.1,0.125} and c. = 3. The
exponential weight €2 in the L2-norm strongly amplifies numerical effects entering from
the right boundary of the computational domain [—50, 50]. We take care to avoid these by
computing the LZ-norm on [—50, 20], with a = 0.5. For the initial soliton-parameter used
in this simulation, the relevant dynamics occur well within [—50,20] (see Figure .

and Hupkes rigorously prove in [57] that the exit-time from the soliton family is
exponentially long with respect to the parameter 1/o.

2.3 Soliton dynamics

In this section, we set out to derive explicit, tractable expansions to uncover the
effects of the multiplicative noise on the soliton amplitude ¢ and position £. In
we have seen that the dynamics of the soliton parameters ¢ and £ are governed by
the rescaling process a and the infinite dimensional perturbation v, which follow
the coupled equations

o(t) = I (v, o, t),
a(t) =12 (v, a,t). (2.67)

For v, we choose to work with the mild formulation

¢
I7(v,a,t) = / els o7 (W)at Le. R? (v, ) ds (2.68)
0

t
+0_/ efs a3 (YAt Lo, S(U)[Tadwg],
0
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Chapter 2. Amplitude tracking

which follows from ([2.36]) by undoing the time transformation. This has the advan-
tage of being suitable for constructing explicit approximations. For I we use the
strong form

I7(0,ant) =1+ / [~a~25%(0) + 0%7 (0, )] ds
~o [ alfudW27, 0 (2.69)

which corresponds to (2.45]).

To develop our approximation procedure, it is relevant to note that the process
« exhibits significant fluctuations, while the perturbation v remains relatively small
due to the damping of the semigroup. Indeed, we observe that o grows as O(ov/1),
which can be anticipated by noting that I contains no damping terms. On the
other hand, Figure indicates that v grows at a slower rate, namely O(cInt). As
such, a carefully tailored approximation procedure is required to accurately capture
the interplay between « and v. To construct approximations of « that account for
the influence of the perturbation v, we introduce SDEs based on an expansion of
the v-dependent coupling terms. In broad terms, we will expand the o dynamics in
terms of v, while expanding the v dynamics in terms of o, treating o as an external
input.

Below, in we describe the expansions of the coupled system
in more detail. Combining these, we obtain a sequence of increasingly refined ap-
proximations for the modulation parameters, which we present in §2.3.4 We pro-
ceed by evaluating the first few approximations for the cases of Example I (scalar
noise) and Example I (space-time white noise) in and respectively.
In the first setting, the soliton amplitude roughly behaves as a geometric Brownian
motion. The explicit approximations are used to compute leading-order statistical
properties, which we compare with sample statistics of the numerical observations

crit and Qg defined in (2.65) and ([2.66)).

2.3.1 Expansion of the rescaling process

In order to unravel how the rescaling process « is influenced by the perturbation v,
we introduce an expansion of « in terms of v. As a first step, consider the situation
where the perturbation v is set to zero in . That is, we introduce a process
Ag which satisfies

Ao(t) = 15(0, Ao, t) (2.70)

and we supply this SDE with the initial condition Ap(0) = 1. The process Ag
then constitutes a relatively crude first approximation to «, which we subsequently
refine by increasing the order of the perturbation v that we take into account. In
particular, let us now include terms in the Ité form IZ (v, o, t) that depend linearly
on v. We assume that there is an approximation of v available, for which we
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2.3. Soliton dynamics

introduce the variable v;. This variable should be thought of as approximating v
with an error of O(c?). The next approximation A;, given the process 1, is defined
through the SDE

Ay (01,t) = I5(0, Ap, t) + [IZ] D (513 Ay, ).

Here, [I7]1V) is defined as

1210 (05, 1) = o / 7O w;a) ds — o / W(Tod W, (7,0 (),

with [7,](Y and [7,]®") denoting the linear parts of the mappings v — 7,(v, a) and
v+ 7,(v). We remark that the functional 79(v) in contains no linear part,
and is therefore not included in the definition of [IZ](1).

In general, if f is a map from a Banach space X into a Banach space Y that is
N + 1 times differentiable at v = 0, we write

N

f0) =Y [N +0o(lvlx*)

k=0

where [f]**) (v) ~ v* is the symmetric k-linear map that collects the order k powers
of v in f(v). Alternatively, one can say that [f](*)(v) denotes the order k term in
the Taylor expansion of v — f(v) around zero.

This expansion procedure extends naturally to higher orders. For the next ap-
proximation, we also include quadratic terms. Furthermore, we base this approxi-
mation on an additional variable 95, which should be thought of as an approximation
to v with error O(03). Given two processes 01, 02, we define Ay as the solution to

Ao (01,09, t) = IS(0, Ag, t) 4 [IZ] NV (D5 Ag, t) + [I2]P) (31; Aa, t).

In general, A; is defined implicitly in terms of the processes o1, ..., 7 via the
SDE
k .
Ag(01, ..., 0k, ) = IZ(0, A, t) + Z[—rg](l)(ﬁ@;z‘lkvt) (2.71)
i=1
with

T2 (v, ) = / [~ 2[M () + 71 (v;0)] ds

_ U/O a<TadW?= [75](“(”»%'
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Chapter 2. Amplitude tracking

2.3.2 Expansion of the phase shift

Following the same procedure, we expand the modulation equation for the position
& in terms of v. In we have seen that & can be recovered from the identity

£(t) = /Olc(s) ds + I5(v, o t),

where

t t t
Ig (v, a,t) = —/ a~?ag(v) ds + 0'2/ 7g(v, @) ds — a/ a<TadWsQ,ﬁs(v)>,H.
0 0 0

Note that the position primarily follows the velocity c(t), with additional noise-
induced corrections resulting in the phase shift

Qt) = £(t) _/0 c(s) ds = I§ (v, a, t). (2.72)

Analogously to (2.70)) and ([2.71]), we define approximations to the phase shift Q(t)
as

Qo(a,t) = 13(0, a, t),

and for k£ > 1

k
Qk(ﬂlv ce Upy @ t) = 16(0, Q, t) + Z[Ig]u) (@L%ya)t)

i=1

2.3.3 Expansion of the perturbation

We now turn to the complementary problem and examine how the perturbation
v depends on the rescaling process a. Treating o as an input, we expand the
perturbation v in terms of the small parameter o as

Vi(a,t) = oV (a,t) + ...+ "V ® (1) (2.73)

based on the integral form (2.67)). Here, V(*) collects all terms of O(c*) in the It6
form (2.67). Collecting all O(c) terms in I7, gives

t
VD (a,t) =070, a,t) = / els @7 WA Ler g0 [T, dWE.
0

In order to find the subsequent term V() in the expansion (2.73), we note first

that the drift component in the Ité form (2.68) satisfies R%(v,a) = O(v? + o?).
Consequently, we can explicitly define V(2 in (2.73)) using V(D). Indeed, collecting
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2.3. Soliton dynamics

the O(0?) terms in 17, we arrive at

t
V@ (a,t) = / a~Bels Pl Le, {N(V(l)(a, s)) + [Ro]® (V(l)(a,s))} ds
0

t 6
+/ efs,af?»(t/)dt/ﬁc* ZRi(0>a) ds
0

i=1

t
+ / el o WAL [0 (VD (a, 5)) [TodW2).
0

Any subsequent term V) in (2.73) can now be found by continuing systemati-

cally. In general, we have

t
V(1) = / a~tel e WL [\ ()N (V) (a,5)) + D[RO (VIF) (@, )] ds
0 ilk

t 6 -
+/ ell e WAL SN RO (V5 (a, 8);a) ds
0 i=1 j|(k—2)

t
_|_/ efs a~3(t)dt Lo, Z [S](l)(V(k%)(aas))[fadW,?L
0 .
il(k=1)

where x(k) =1 if k is even and x(k) = 0 otherwise.

2.3.4 The combined system approximation

We now combine the expansion of o in v and the expansion of v in ¢ to construct
our full approximations to the coupled system (2.67). We define for k£ > 0 approx-
imations aj to a as

a(t) = Ag (Vl(ak_l, Vyeooy Vie(ag—1, o),t),
and approximations j to € as

Qi(t) = U (Vilow, ), ..., Vilow, -), o, t).
For k > 1 we furthermore introduce the approximations

v (t) = Vi (ag—1,1),

to v.
The soliton amplitude directly follows from the rescaling process « via the rela-
tion ¢(t) = c.a~2(t). We can therefore define approximations cg, c1,ca, ... to ¢ by

directly writing
L = c*a,;2 for k>0.
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Chapter 2. Amplitude tracking

We now examine what these approximation constructions produce for the ex-
amples discussed in §2.2]

2.3.5 Example I: Soliton dynamics for scalar noise

We first turn to the setting of Example I outlined in §2.2.11 Here, v, and &
follow the modulation system ([2.44)—(2.46|). We observe that the fully decoupled
approximation in this setting satisfies the SDE

2y 2
=( 73‘%5 + igs)a oo dt — %0040 dB;

with ag(0) = 1. Here we have used Table to evaluate the constants. This SDE
admits the explicit solution

— —2 2 - 2 2
Oé()(t) — e(Vd;I(O)_%VS;I(O))U t_’Ys;I(O)‘TBt — 8(%+i05 )o t—%ﬂﬁt’

which is a geometric Brownian motion.
At first order, the perturbation is given by

t
Ul(t) — O'/ efs aa3(t/)dt’£c* SI(O) dﬁs
0
where we remark that

S1(0) = — Lo, — 2o, + 20,0

The subsequent approximation a; to the rescaling process is the geometric Brow-
nian motion

day = o?K} M (Hay dt — o K7 (t)ay dy,

with random coefficients K}’l(t), K?’l(t) that are given explicitly by

K}’l(t) =74.1(0) + Wd;[](l) (v1(t)),
K7 (1) = 351(0) + e (01(8)).
The second order approximation for the perturbation is given explicitly by

va(t) = oV (g, t) + 62V (ay, t),

using

t
V(l)(a,t) :/ ef: a*B(t/)dt’L'c* S](O) d/Bs
0
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2.3. Soliton dynamics

and

t
V@ (a,t) = / o (s)el WL N (VD (0, 5)) + [Ro] @ (VD (0, )| ds
t t 3 6
+/ €f5 a3 (t)dt' L., ZRz,I(O) ds
0 i=1

t
+/ el 0™ W) Lo (1) (VD () dB.
0

This approximation collects the leading-order drift effects in the perturbation wv.
The sample mean of v and v, are displayed in Figure [2:4] which shows the devel-
opment of an average radiation field induced by the noise. These sample means are
computed by first subtracting the process v1, which has mean zero. This eliminates
the leading-order fluctuations and speeds up convergence to the mean. In contrast
to wave profiles in the stochastic (FitzHugh)-Nagumo equations analysed in [5§],
the average perturbation does not localise around the wave profile and does not
seem to converge in time. Rather, the noise leads to an average pattern of radiation
waves that expands far behind the soliton.
Using v, the approximation «y is defined through the scalar SDE

dag = [-KY?(t)ay? + 02K () ag] dt — o K72 (t)an dBy
with random coefficients
Kp?(6) = {3 (oV O (au, 1)),
Kzl’z(t) =%4.1(0) + Wd;l](l)(w(t)) + Wd;l]@) (aV(l)(al,t)),
K?Q (t> = 75;1(0) + [ﬁs;l](l) (U2 (t)) + [WS;I](2) (Uv(l) (a17 t)) .
Amplitude The first approximation for the soliton amplitude ¢(t) is the geometric
Brownian motion

colt) = crag?(t) = ce= (s His)otH 00,

We remark that for small noise strengths o, the dynamics of ¢o(t) are largely de-
termined by the factor e398t. Note that this factor is also present in (2.10)), which
heuristically explains how the leading-order stochastic dynamics of ¢(t) arise. Using
the exact expression

. . 2
2 ( 64 167 160'2t

Varco(t)] = cie'135 ~ 7405 )UQt(e? - 1), (2.74)

we compare the variance of ¢o(t) to the sample variance of cqi(t) in Figure
Although the approximation cq is fully decoupled from the perturbation v, we see
that its variance already agrees quite well with that of ¢(t).

Figure compares the mean of cgi(t) with that of the increasingly refined
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25" T T T T T T 2%

— — v3(0.5) T5r— — vp(1)

Figure 2.4: Sample mean of v (dashed) and the approximation v (solid) as the pertur-
bation develops between ¢t = 0.5 and t = 2. Computed over 3000 realisations for o = 0.03.

approximations c¢q(t), ¢1(t) and ca(t), using

32 _ 8x2

Elco(t)] = c e 15~ 55 )0°t (2.75)

for ¢o(t). The means of ¢ (t) and co(t) are not as easily computed analytically due to
the dependence on o and v in the random coefficients K% (t), K;(t) and K7 (t).
We therefore consider their sample means. We see in Figure that the mean of
cat(t) is not well-approximated by that of cy(t) or ¢;(t). The sample mean of co(t),
however, agrees well with that of cs¢(t), indicating that the quadratic terms of v
contribute significantly to the evolution of the mean amplitude.

Phase shift The first approximation to the phase shift process Q(¢) defined
in (2.66) is given by

t t
Q(t) = (0)0° [ an(s) ds+ 3% [ aols) dsi.
0 0
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Figure 2.5: Sample variance of the process cqi(t)/cs for scalar noise and space-time
white noise at various noise strengths o. Solid lines indicate the sample variance, dashed
lines indicate the variance of ¢o (¢) as in and , respectively. The sample variance
is computed over 204 - 10* and 8 - 10* realizations, respectively.
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(a) Mean of cae(t)/c. at various noise (b) Means of cqt(t)/cs and approxima-
strengths. tions co(t) and ca(t).

Figure 2.6: Sample mean of the process cs;(t)/c. computed over 2 - 10* realisations for
scalar noise. The mean of c2(t) (dashed) agrees well with that of ca¢(t) at the simulated
noise strength values o € {0.1,0.15,0.2}, whereas the mean of co(t) (dash dot) as in
fails to capture the correct amplitude drift. The mean of ¢;(t) provides no improvement,
it can not be distinguished from that of ¢g(¢) at these simulation values.

We remark that numerical computations of Qg¢(¢) are unsuitable for ensemble sim-
ulations, due to a large truncation error (see Figure . We therefore consider
ensemble simulations of the more robust process (t). Figure shows that the
soliton position, on average, develops a phase lag from the velocity ¢(¢) which ap-
pears to grow almost linearly in time. The mean of the lowest approximation Qg (%)
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is evaluated as

t
BL00(0)] = as0) | Elaos)] ds
16m° _ 34).~1/2 2
G 90T ), 27
135 T 205

For the variance, we write
¢
Var[Q(t)] = 2c; 'o” Var [/ ao(s) dBs]
0
s t ¢
+ 3¢ ﬁd;l(())cr3 Cov(/O ap(s) ds,/O ao(s) dBs)

+ g, (0)%0* Var[/o ap(s) ds],

and explicitly compute the leading-order term

2

o2 Var[/ot co(s) dBs] = 4e'0%E </0t ao(s) dﬂs>

t
= 36;102/ E[ag(s)] ds
0

208 4 8n2y 2
= 720*(7485%»%2) (6( 55T 305)0 t _ 1) (277)
In Figure [2.7| we compare these statistics of Qg(¢) to sample statistics of (t). The
sample variance agrees well with the prediction (2.77). The sample mean, however,
differs slightly from the prediction (2.76). We observe that the approximation is
significantly improved upon considering the sample mean of Qs (t).

Remainders In order to confirm that our approximation procedure only neglects
higher-order noise effects, we numerically investigate the resulting error. Figure [2.§]
shows the growth of the remainders |[v(t) — vi(t)||r2 and [c(t) — ca()[. Indeed, the
size of the remainders |[v(t) —v1(t)||z2 and |e(t) — c2(t)| decreases significantly with
decreasing values of . An estimation of the order 8 at which these remainders
depend on o (see Figure in reveals that the remainders [[v(t) — vy (t)]|z2
and |c— ca| scale with a power of o higher than 2 and 3, respectively. This indicates
that ¢ indeed captures all effects of O(c?).

2.3.6 Example Ill: Soliton dynamics for space-time white noise

We now turn to the setting of space-time white noise, introduced in §2.2.1} where «
and ¢ follow the modulation equations (2.62)—(2.63). A key difference in this exam-
ple is that the noise is space-dependent. The modulation equations are formulated
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Figure 2.7: Sample statistics of the process Q(t) for scalar noise. Computed over 3 -10°
realizations for o € {0.1,0.15,0.2}. Dash-dotted lines indicate the theoretical mean and
(leading-order) variance of Qo(t) as in and (2:77), respectively. Panel (a) also shows
the sample mean of Q2(t) (dotted), which gives significant improvement over the mean of

Qo(t).
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Figure 2.8: The error made by approximating v with the first order expansion v; and ¢
with the second order expansion cz, for scalar noise. Computed over 200 simulations, for
o € {0.05,0.075,0.1,0.125}.

in the stochastic co-moving frame, where the noise undergoes a spatial rescaling by
T,. We discuss this noise transformation in [2.5] where we show that the process
W, = a'2T, W, generates the same statistics as the white noise W,. In what
follows, we formulate the modulation equations 7 using the space-time
white noise W;.

The first approximation to the rescaling process « is then defined as the process
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g which satisfies the SDE
daO = 7d;u1 (0)02 dt — 0’04(1J/2 <th7 70(0)>L2’ (278)

with ag(0) = 1. Note that, in distribution, the Brownian motion driving this SDE
equals

T d = /
_U<Wt7 70(0)>L2 = ||70(0)||L2U/Bt = %61/40615’
so that (2.78)) is of the form
AdX (t) =& dt + sX2(t) dB,. (2.79)

The solution to (2.79) with 6 > 0 is known as a squared Bessel process [52]. The
squared Bessel process X (t) remains strictly positive for § > %,92, and therefore the

drift component 7., (0) ~ 0.093c2/? > %ciﬂ in (2.78) is large enough to ensure

that ag(t) remains strictly positive. The mean of the approximation «q is easily
computed aff|

Eloo(t)] = 1+ 74,(0)0% ~ 1+ 0.093¢, 02t
At first order, the perturbation is given by

t
’Ul(t) — 0,/ Oé_l/Q(S)efs' oy (t)dt' L., SQ(O)[dWS],
0

where

Se(0)[h] = Ge.h — 5% (@0, + 2) e, (h, ¢2.) 12
— 20,00, (b, 202 — ¢ P00 Co ) e (2.80)

The second order approximation for the perturbation is given explicitly as
va(t) = oV (1) + V@ (e, 1),
using
t
V(l)(a, t) _ / ail/Q(S)ef; a3 (t)dt' L., SO(O)[dWS]
0
and

t
V@ (a,t) = / o ¥ (s)el WL N (VD (0, 5)) + [Ro]® (VD (0, )| ds
0

6Higher order and negative moments can in principle be computed explicitly by using that a
Bessel process X (t) as defined by (2.79) has the noncentral Chi-square distribution ﬁX (t) ~

Xia/s2 (%X(O))’
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t 6
+/ Oz_l(s)efs a~3(t)dt Lo, ZRi;lll(O) ds
0

i=1

t
- / a2 (s)els TN 5] (VO (a, 5)) [dWV).
0

The subsequent approximation «; to the rescaling process satisfies the square root
SDE

doy = 0'2K11H’1(t) dt — 00&}/2<th’ KIQIil(t)>L27

with random coefficient
1,1 _ _
Ky (t) = 'Yd;m(o) + ['Yd;m](l) (Ul (t))7
where Kﬁ;l is the process

KIQIIJ(t) = 70(0) + [70](1) (vl(t))'

Subsequently, the approximation as is given by the SDE
day = [~ Ky* (o + 02 K (1)] dt — oay* (AW, K3 (1)) .

with random coefficients

where K22 (t) is the process
K3 (t) = 7,(0) + ]V (va(t)) + [7]® (VW (0, 1)),

Amplitude Using It6’s lemma and (2.78)), we find that the first approximation
co(t) = caag 2(t) for the amplitude process ¢(t) has the It6 form

t

co(t) = cu + 20*0/ a65/2<dW5770(0)>L2
0

t

0?2 (0) + 3|7, (0)2:] / ag? ds.

We compute the leading-order variance
t 2
Varfeo()] = 4028 ([ a3 (aw. 7.(00)) | + 0t
0

¢
= 40%3”70(0)”?2 /0 E[a(ﬁ] ds 4+ O(c?)
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Chapter 2. Amplitude tracking

¢
= %0202/2/ E[ag®] ds+ O(c®) (2.81)
0
and compare this expression to the sample variance of cg4(t) in Figure m
Figure compares the mean of cgi(t) with that of the increasingly refined
approximations ¢g(t), ¢1(t) and co(t). Here we use

Eleo()] = ¢ + a0 [~ 27, 0) + 3|7 O[] /0 Elag(s)] ds  (2.82)
~ e, +0.16¢2 202 /tE[aOS(s)] ds, (2.83)
0

and numerically compute the negative moment E[ag 3(t)] For the means of ¢;(t)
and cy(t) we, once more, resort to the sample mean. As is the case for scalar noise,
the quadratic terms of v contribute significantly to the mean amplitude, and the
mean of ¢q¢(t) is not well-approximated by that of ¢o(t). We see in Figure that
the amplitude drift is well-approximated by the mean of ca(t).

1.03 1.03

—0 =015 —cie(t)/ex
—o0 =011 ——c(t)/ex
1.025 o =0.07 4 ‘0257—4—4(:0(25)/(:,, A4

1.015 | 1015 -

1.005 1.005 -

(a) Mean of cae(t)/c at various noise (b) Means of cqt(t)/cs and approxima-
strengths. tions co(t) and ca(t).

Figure 2.9: Sample mean of the process cg(t)/ce computed over 36 - 10 realisations
for space-time white noise. The mean of c2(t) (dashed) agrees well with that of cg¢(t) at
the simulated noise strength values o € {0.07,0.11,0.15}, whereas the mean of co(t) (dash
dot) as in fails to capture the correct amplitude drift. The mean of ¢1(t) provides
no improvement, it can not be distinguished from that of co(¢) at these simulation values.

"We remark that, alternatively, this moment can be evaluated numerically by repeated integra-
tion of the moment generating function of ag(t), which has a noncentral Chi-square distribution.
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2.3. Soliton dynamics

Phase shift The first approximation Q¢ (¢) to the phase shift process Q(t) defined
in (2.66) is given by
t
() = 0%y O~ 0 [ /(A 71, (0)) . (2.8)
0

We can explicitly compute the variance of the phase shift approximation Q¢(¢):

Var[(1)] = o°E ( / t aé/2<dv~vs,uo<o>>m)2

- 02H<"ﬁ<>(0)>L2Hf{s(Lz,R)/0 E[ao(s)] ds

_ 2 _
2|73 (0) || 2 (t + 57, (0)0*t%)
~ 0.435¢, /%02t + 0.020M2. (2.85)

This expression agrees well with the sample variance of Q(t), as shown in Fig-

ure 2.10al

(a) Sample variance of (b) Sample mean of Q(¢). (c¢) Means of Qg¢(t) and
Q). approximations (¢) and
Qo (t).

Figure 2.10: Sample statistics (solid) of the process Q(t) for space-time white noise,
at noise strengths o € {0.07,0.11,0.15}. Dashed lines indicate the theoretical variance of
Qo(t) as in and the sample mean of Q3(t), respectively. The dash-dotted line in
panel (¢) shows the mean of Qo(t), see , which fails to capture the correct phase
drift. The sample variance is computed over 2500 realizations and the sample mean over
10* realizations.

The mean phase shift from the primary velocity ¢(t) is influenced by quadratic
terms of the perturbation v. We thus consider the process

t t
Qo (t) = —/0 M,OU’Q(s)aQ_Q(s) ds + 02/0 M,},’Q(s) ds

t
—0/ ay* (AW, M3 (5))
0
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Chapter 2. Amplitude tracking

with random coefficients

My (t) = [7)® (Vi (s, 1)),
MJ%fQ(t) = ﬁd;m(o) —+ [.ud;m}(l) (VQ(O‘% t)) =+ [ﬁd;m}(z) (Vl(O‘Qv t))

and where M7 is the process
Mii(8) = i, (0) + [,V (Va (2. ) + [1,] ) (Vi(az, 1))

We compare a numerical evaluation of the mean

E[Qy(t)] = — / E[Mp?(s)ay %(s)] ds + o> / E[My*(s)] ds

0 0

to the sample mean of Q(t) in Figure [2.10b| and observe that they agree quite well.

2.4 Frozen-frame transformation

Our goal here is to derive the SPDE for the remainder v = T, cu — ¢,
where we recall that the processes « and ¢ satisfy (2.25) and , respectively.
We define @, cu = azTa,gu so that v = &, cu — ¢, . For an arbitrary test-function
¢, we now characterize the evolution of the real-valued process

<vaC>L2 = < o, — ¢c*v<>

To this end, we collect the first and second-order (Fréchet) derivatives of the map-
ping (u, o, &) — (Pq cu, () 2. For the derivatives with respect to u,a and & we can
write

Ou(Paeu, C)r2[v] = a®(Th ev,() 12
o (Po e, Q)12 = 20(T ¢, () 12 + @ (2T gy, ) 12
85<<I>a7§u, <>L2 = a2 <Ta,§uz, C>L2,

and for the second derivatives we find

02(D,, ,gu CYp2lv,w] =0,
< a,tU, ¢z = 2(T, a,tU, C)p2 + dalaT, EumaOL? + <x To E“ranL?
< a,et, <>L2 EUII7C>L2
Oat (Pa,et, () r2 = 20(Th ez, () 12 + a2 (Ty cUga, ()2,
QualPagu, Q) r2[v] = 2a(Ta v, ()r2 + o <$Ta £Vz, Q)12
Oug(®agu, Q)2 [v] = 0*(Tagva, Q) 12

(T,
(
(T
(T.
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2.4. Frozen-frame transformation

Upon choosing an orthonormal basis {e;}72, of H, It6’s lemma |23, Theorem 4.32]
now gives

=3 R (o £,0) db + 57 (u, o, €, Q)[AW2],

=0
where
Rg (ua «, 57 C) = 8u<q)oc7§ua C>L2 [_ua::mc - 2““90]7
RT (u7 «, 57 C) = % Z 7;7 [Ql/Qek]Qai<¢a7§ua C>L27
k=0
Eg (U, «, 5’ C) = % Z Mg [Q1/2ek}2a§2 <(I)0¢,Eu7 <>L2,
k=0
(1, 0,€,¢) = sz Q' ex]ug[Q?er)One (Pa e, C) L
Ry(u,0,6,¢) = UZWZ Q%) Oua(Pa e, C) 12 [M(w)[Q%ex]],
k=0
Ry (u,0,6,0) = 0> pI[Q"?er)Oue(Pa e, O) 12 [M(w)[Q"%ex]],
k=0
RZ (U, «, 67 C) = ’Ygaa«ba,fua <>L2 + Hgaf <(I)O<,§u7 C>L2
and

g" (uv Qa, ga C)[h] = 00y <(I)Oé,fuv <>L2 [M(u)[hn + aa<q)04wfu7 C>L2’7g [h]
+ O¢ (Pa,eu, Q) r2pg [].

In the term R;(u, a, &, (), we simplify the summation as

D RV erlug QY er] = o 0422 ToeQ"er, V)1 (To e Q" er, i) u

k=0

=o’a <Q1/2 Vs Q ﬁs>7-£

where we have used that 7 is of the form (2.27). In the mixed derivative

Oae(Pa,eu, ()2 = 20(Th ez, C) 2 + ao? (2T etzg, C) L2
we substitute

Toeldju] = a” 28], + 0], (2.86)
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Chapter 2. Amplitude tracking

for j = 1,2 and find
Ry (u,0,6,¢) = 20%(Q*T] 7, QP10 el ) w(Balde. + 0], C)re
+ QYT 4, QYT B ) (@D e, + ], () 2
An analogous computation shows that
R (u,0,€,0) = QP T3 7, 113 (2(0e. +v,C)re
+ 420z [be. + 0], ()2 + <x28§[¢c* + 0], C>L2)

and
Eg (’LL, Q, 57 g) = 02||Q1/2T;,§ﬁs”g-l<aﬂc [(rb(!* + U], <>L2-
In order to simplify the term E‘; (u, , &, C), we rewrite the summands as

1 [QY2e)02: (Paeu, )2 [M(u)[QY%er]]
= —00*(Ta Q" ?er, i) 11 (T, 0 M (1) [Q"?e1], ) 12
= 00 (ex, Q'*Ty ¢Ti ) mer, Q' M* ()0, T (1),
so that
R (u, 0,€,¢) = 0a®(QYV?T} (i, QP M* (u)[0: T C),
= —0°0"(Tn,e0: M (u) [QT;,gﬁsL C)re
= —020*(M(To 1) [T, e QT3 T5), ) 12
— 0% 0 (M(To ) [T, 0, QT (11, C) L2
After substituting (2.86]) for j = 0,1 we find
RS (u,0,6,¢) = =0 (M (x[e. + 0])[Ta,eQT5 i) C) s
— 0’ a(M (e, +0)[Tae0:QT c11,], ) 12
An analogous computation shows that
RZ (U7 a,§, C) = —20" <M(¢C* + U)[TanTa*,fis]a <>L2
— 0 (M (0u[de. +0)) [T eQTL 7). C) s
- 0—20<IM(¢C* + IU)[TOL,EaA.%QT;,fWSjL C>L2 .
In the term Rg(u, a, &, ¢) we substitute (2.86) for j =0,1,3 and

_85 [ch* + 'U] - 2[¢c* + ’U}az [¢c* + 1)] =L v+ N('U) — Oy [ch* + U]
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2.5. Noise rescaling

to obtain B (
Ro(u,0,&,¢) = a™(Le, v+ N(v) — c.0y[de. +v],() 2.

In the martingale component S~ , we substitute the derivatives and (12.27)—(2.28),
which gives

§U (uv a,§, C) [h] =oa? <M(TO@EU) [Ta,ih]v C>L2
— 0(20*(Tu,eu, Q) 2 + 0 (2T gz, Q) 12) (T gh 7 )
- O'Oé3 <To¢,5uz7 <>L2 <Ta,§hvﬁs>7-['
Substituting (2.86]) then yields
57 (u, @, €, Q)] = (oS (0)[Ta hl, €) 12,
where S is defined in ([2.34]). We collect also that
Rg(u,0,6,0) = (0L, v, ¢z + (R (1,0,6). () 12

and .
R'L' (U,O[,S,C) = <RZ‘(U70‘7§)7C>L2,

fori=1,...,6, where R{,..., R are defined in (2.33)). Since the test function ¢
was arbitrary, we conclude that (2.31)) follows.

2.5 Noise rescaling

In this appendix we collect several useful properties of the family {Qq}a>0 defined
in (2.22) in relation to the transformation operators T, ¢ defined in (2.15]).

Lemma 2.5.1. Let a, > 0 and § € R. Denote by T}, . the L%(R)-adjoint of Ty .
Then we have the identities

L. (Qa)1/2 = (Ql/z)a;
2. ToeQp = QpaTlag;
3. T(;k e = a_lTa—l,_aflf.

Proof. Recall that ¢ denotes the Fourier transform of the convolution kernel ¢, and
q12 == F{/4}, where F~! denotes the inverse Fourier transform. Let f € L*(R).

1. We compute

g o) % quyo(a) * f = }-—1{\/&(&—1.)\/5(0[—1.)]@}
=F i) f} = aga) = f = Qaf-
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2. Substituting y = az + &, we have
ToelQsf] = B / a(Blaz + € — ) f(y) dy
— o [ a(Bate ~ )f(az+6) ds
R
= Baq(Bor) * To ¢[f] = QpaTaelf]-

3. Substituting y = ax + £, we have
Tuclfl. )iz = [ Flaa+ (o) do
R
—a [ fwgta v - €) dy
R

= <f7 ailTafl,fozflf[gDLz- O

We now discuss the effect of the transformation T, on the space-time white noise
Wy. A defining property of the space-time white noise W; is the isometry

E[/O 1<dW8aw1>L2 /0 2<dWs>w2>L2] = (tl /\t2)<’w1,’w2>L2, (2.87)

which holds for ¢1,¢2 > 0 and wi,ws € L?(R). From the isometry (2.87) one
obtains, upon differentiating with respect to ¢; and ¢; and choosing w; = §, and
wy = dy, the formal covariance identity

dWs, () dWi, (y)

]E[ dt dit

| =6(t1 — t2)0(z — ).

Let us consider the covariance structure that results from rescaling the space-time
white noise W; via T,,. Picking an orthonormal basis {ex }32, of L*(R), we compute

<T04(-3]C7 Ta6j>L2 = /

[ cufaa)es(ow) do =7 [ enweso) do

which shows that {a!/?T,e;,}2, is also an orthonormal basis of L?(R). We then
find via It6’s isometry that,

t1 ta
]E[/O <041/2Ta[dWst1>L2/0 (@' T [AW,] ws) 2]

t1Nt2
= E/ Z<0¢1/2Ta6k7w1>L2 <a1/2Taek,w2>Lz ds,
0 k=0
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2.6. Expansions

H Constant /Function ‘ Defining equation ‘ Value H

Ya.1(0) (]mb % er %
fiq.1(0) 59 (% - %‘51)6*_1 ’
4o (0) 2.64 ~ 0.093c;/
Tigm (0) 2.64 ~—0.1
Ys:1(0) 2.53 3
Fs;1(0) (2.53) —%0;1 ’
7(0) 259 o202,
7, (0)1[Z (59 e’
s 0) (2:59) e2¢2 —se oG,
177 (0) 13 59) ~ 0.435c, "

Table 2.1: Values of various constants that appear in

which via (2.87)) gives the covariance identity
tl t2
E[/ (al/zTadWS,w1>L2 / <Oél/2TadW5,w2>L2] = (tl /\t2)<w1,w2>L2. (288)
0 0

Here we have used that {a!/?T,e;}32 is an orthonormal basis of L%(R). We thus

observe that the process W, := a2, W, generates the same statistics as the white
noise W;.

2.6 Expansions

Table collects evaluations the various constants that appear in the expansion
of the modulation system in §2.3] The evaluations denoted with the symbol ‘=’
have been computed numerically. For the exact evaluations, we have used that
the defining equations consist of inner products between ¢.,, (., and derivatives
thereof. These can be written as integrals over hyperbolic functions, for which
exact evaluations are available.

We proceed by outlining how the expansions of the functionals 59, 19, 7, 7i; and
mappings 7., ., Ro and S that appear in can be computed. Since these map-
pings are defined as products with the matrix K ~1(v), we first derive an expansion

K~ (v) = K71(0) + KW (0) + [K1®(0) + O(°).

We therefore write
962/2 0 bl bQ
) = [ 9 —%cim + bs b4’
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Chapter 2. Amplitude tracking

where by, ba, b and by denote the functionals

b1:<(x8 + 2)v, ¢C*>L2’
= (020, ¢c. ) 125
= (202 +2)v,¢c. ) 1
b47<a v Cc*>L2

We furthermore write

1/2
K=t (o] 2% 0
det K —1 02/2

by by
J{—bg by D

det K = —8L¢? +9¢¥%by — 2¢1/%by — 9by + biby — babs.

and compute

2

Using ﬁ = i - S+ 5+ O(x?), we expand m as
1 73/2 0
-1
K (0 - 5 [ _20;1/2 )
- = 2 |6t 26 % ¢ %,
81 | ¢y 2bs + 262 "by — ¢ by — 26,4 —2¢; by + 2¢5 7 %by
and

_ 5/2 —7/2 —4 by  —bo
[K 1](2) 729( 2¢y by + cy b1 + 2c¢; bg) [ by by :l

+ 755 (740;%3 — 5% — 4c b2 + 2¢ b1 by
**61/2 0
+8c. " hoby — des by + 20841)362) [ o 03/2]

We then collect that

50;3/2 <7}, 'Uax(bc*)LQ
_ —1/2 )
%<'U,”U(C* Qazd)c* — Cx / ac¢c*)>

[Ro]®) (v) = =[73] P (0) (2 + 202) e, — [E) P (0) s

For the functionals 7, and fi, we obtain

o] =0 [t « oo [G]
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2.7. Numerical schemes

and

H%%ggzg] — KD () {M*(v)[[@*]} + K@ () {M*(ic*)[[%*]} '

S

Using these expressions, we have

[S) D () [h] = M(0)[A] — (20, + 2)ée. (b 7]V (0)),
— (-’L’@gg + 2)’U<h,%(0)>H — Oz Pe, <h? [ﬁs](l)(v)>7{ - 893U<h’ ﬁ3(0)>7'l

Lastly, we have

and

2.7 Numerical schemes

Here, we describe the numerical schemes that were employed to simulate the stochas-
tic KdV equation and the modulation system 7, in the cases of
scalar noise and space-time white noise. We employ a semi-implicit finite-difference
scheme from (75|, as was also used in [19].

In space, we use N+1 grid points z,, = nAz—L forn =1,..., N+1, where Az =
% and L > 0 is the right-boundary of the computational domain [—L, L]. We de-
note the numerical solution to at time jAt by U7 = [U,UJ,... Ui, ..., UZ{,H]T,
and denote by Dy, Dy and D3 the (N 4 1) x (N + 1) centered finite difference ma-
trices of second order for the differential operators 9,02 and 93, respectively. We

initialize by using an Euler-Maruyama step as
U =U° — At(D3 x U° +2U% D, + U%)) + cU AW,

where the noise is discretized as AW ~ v/ AtN(0, 1) in the case of scalar noise, and
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Chapter 2. Amplitude tracking

as
AW = Wy, Wa, ..., Wy, ..., Wni]"

with W, e %N(O, 1) for n = 1,...,N 4+ 1 in the case of space-time white
noise. Thereafter, for 7 > 1, the scheme continues with a semi-implicit step and a
two-step Adam-Bashforth discretization for the nonlinear term as

—1
Uit = <1 + A;Dg) [(I - AztD3> « U7 4+ oU’ AW
— 3AtUI(Dy x U7) + AtUI~H(Dy + U7 |

To simulate (2.41)), we also employ a semi-implicit method. Denote by V/ =

[Vlj,VQj,... \%4 ...,V]{,+1]T and A7 = [A{,A%,... Al ""A§V+1]T the numerical

» Y Y n?’

solutions to (2.41)) and (2.42)), respectively. For j > 0, the numerical solution V7!
to (2.41) at time jAt is computed as

1
VIt = <I - Azt%) [(I+ A;L0> * VI = 204(A7) VI (Dy % V)

2
+ ALY RI(VI,AT) 4 aS(Vﬂ‘)AW} ,

=0

where
LO = —D3 + C*Dl — 2D1 * Dlag((bo)

and Diag(®g) is a diagonal matrix with entries

¢e. (L), ¢e. (=L + Az), ..., de. (=L +nlx), ..., ¢ (L)

on the diagonal. o 4
The numerical solutions 47! and X7+1 = [X{, X3, ... X7, ..., X} ,]" to (2.42)

and (2.43)) at time jAt, are respectively given for j > 0 by

AT = A 4 [ (A7) 2 39(V) + 02 A7, (V)] AL — 0 AT (V) AW,

XIH = X7 4 [—(A) P ag(V7) + 0 Al (V) At — o AT (VI AW,
in the case of scalar noise, and as

AT = AT 4 [—(AN) (V) + 0% 4 (V) AL — 0 AT (AW, 7, (V7)),

X = X7+ [—(A) 2 Lig(V7) + 0l (V7)) AL — 0 AT (AW, 71, (V7))

in the case of space-time white noise. We remark that, to obtain path-wise corre-
spondence in this latter case between numerical solutions to ([2.12)) and the mod-

ulation system ([2.41)—(2.43)), realizations of the noise AW should be shifted and
rescaled via the map T, ¢.
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2.8. Supplementary figures

2.8 Supplementary figures

.
;
N
2
.
N
-15 -10 -5 0 5 10 15 ’
xT

(a) Original frame. (b) Stochastic co-moving frame.

(¢) Original frame, soliton removed.  (d) Stochastic co-moving frame, soliton
removed.

Figure 2.11: Simulation of the KdV equation with space-time white noise of strength
o = 0.05. The original frame realization shows w(t,z), from a simulation of (2.12). The
frozen frame simulation shows ¢, (x) + v(¢, ), from simulation of (2.41)(2-43) with the
same realization of the noise. Figure and Figure show the perturbation with
respect to the soliton. The original frame realization shows u(t, ) — ¢c)(z — £(t)) with
the phase-definitions , and the frozen frame simulation shows v(t, ).
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—o0 =0.125
[[—o=0.1
08l o =0.075
o =0.05

0 . . . . . . . . . 02 L
4 02 04 06 08 1 1.2 14 16 18 2 10" 10°

t t

(a) Perturbation size over time. (b) Perturbation size over time, log-
scale.

Figure 2.12: Sample mean of the process sup, <, [|v(s)| 12 (40,10} for space-time white

noise, computed over 200 realisations for o € {0.05,0.075,0.1,0.125}. This simulation was
computed on the computational domain [—40, 40], with values ¢, = 3 and a = 0.15.
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3.5 T T T T T T T T T

25 5

1.5 1

05— il
— B
1 1 1 1 1 1 1 1 1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

t

Figure 2.13: Estimation of the orders 81 and B2 at which the remainders |c — c2| and
[v(t)—v1(t)|| L2 depend on the noise strength o. Here, B1(t) is obtained from a least squares

fit of Esup, ., |e(s) — c2(s)| (as in Figure 2.8) to k1(t)o” (). Similarly, the exponent S (t)
is obtained from a least squares fit of Esup,, [[v(s) —vi(s) 2 to ko (t)o?2®),
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CHAPTER 3

Deterministic stability

We study the stability and dynamics of solitons in the Korteweg-de
Vries (KdV) equation with small multiplicative forcing. Forcing breaks
the conservative structure of the KdV equation, leading to substantial
changes in energy over long times. We show that, for small forcing, the
inserted energy is almost fully absorbed by the soliton, resulting in a
drastically changed amplitude and velocity. We decompose the solution
to the forced equation into a modulated soliton and an infinite dimen-
sional perturbation. Assuming slow exponential decay of the forcing,
we show that the perturbation decays at the same exponential rate in a
weighted Sobolev norm centered around the soliton.

3.1 Introduction

In this chaptelﬂ we study the forced Korteweg-de Vries equation
up = —03u — 2udyu + ef (et E)u, (3.1)

where u is a real-valued function on (t,z) € (RT,R) and f is an integrable time-
dependent forcing term. The small parameter € > 0 controls the amplitude of the
forcing, while the (potentially large) parameter E > 0 is a measure for the total
supplied energy. Our main goal is to understand the effect of this forcing on the
family of soliton solutions to the unforced system.

Forced KdV equations such as appear in the study of wave-phenomena
subject to external disturbing mechanisms. Motivated by physical considerations
(such as pressure inhomogeneities or bottom topographies), various types of forcing
have been considered; see for instance [40} (2,108, 55, |33}, |53}, [54]. The multiplicative
form of the forcing term in can be thought of as a generic mechanism to modify
the amount of energy present in the system. For our purposes, constitutes a

1The contents of this chapter have been published as R.W.S. Westdorp, H.J. Hupkes, Soliton
Amplification in the Korteweg-de Vries Equation by Multiplicative Forcing, Communications on
Pure and Applied Analysis, see |103]
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3.1. Introduction

toy model that facilitates the rigorous study of perturbed waved phenomena. In
particular, we view this work as a step towards establishing rigorous long-time sta-
bility of the KAV solitary waves under stochastic forcing, extending the preliminary
results in Chapter

In the absence of forcing (f(¢t) = 0), is the well-known KdV equation: a
well-studied dispersive PDE that first appeared in the description of shallow water
waves in a longitudinal canal [68]. Among its most notable features is the existence
of soliton solutions u(t, x) = ¢.(x — ct) of the form

de(z) =% sech?(v/ex/2), ¢ >0, (3.2)

which mark a balance between dispersive and nonlinear effects. As seen in (3.2,
the solitary waves ¢, satisfy the self-similarity property ¢.(x) = cé1(y/cz), owing
to the scaling invariance

u(t, ) = o*u(a’t, ax) (3.3)

of the KdV equation.

Another celebrated quality of the KdV equation is that it is completely inte-
grable, which means that it enjoys an infinite amount of conserved quantities. In
particular, the KAV flow conserves the L2-norm

Nu] = /]Ru2da:

and the Hamiltonian

Hlu] = / L(@,u)? — Lutda.
R

Introducing the forcing term in (3.1)) breaks this conservative structure. The L2-
norm, for instance, evolves as

Nu(t)] = Nu(0)]e2E Ji'" £(s)ds, (3.4)

With N, H, and other KdV-invariants undergoing slow (but eventually large)
changes, we may expect significant consequences for the propagation of the soli-
tons . Using and the relation N[¢.] = 6¢3/2, we can heuristically predict
that the amplitude of a soliton starting at ¢(0) > 0 will approximately evolve ac-
cording to

Cap(t) = c(0)eF BT 1(s)ds, (3.5)

We will show that this description is valid to leading-order in the small parameter
e. If, for instance, f(t) = e~¢ and F = %ln 2, then the soliton amplitude roughly
doubles in size over time. Letting c(t) denote the evolution of the soliton amplitude
over time, we furthermore derive that the soliton phase, starting at a position
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£(0) € R, evolves according to

Eap(t) = £(0) +/O c(s)ds + %e ; fc(f/i/(g)ds, (3.6)

to leading-order in e.

In this work, we establish the orbital stability of the traveling-wave family (3.2))
under the influence of multiplicative forcing. We show that solitons evolving via
remain close to the family in the H!'-norm, while undergoing a potentially large
change in amplitude. In particular, we supply with the initial condition

u(0,2) = ¢, () + Ui (2) (3.7)

for some ¢, > 0, where v, € H? and e“?v, € H! are suitably small for some weight
w € (0,4/cx/3). If the forcing term f is assumed to be exponentially decaying,
then the solution actually converges to a limiting wave profile in H! with an ex-
ponential weight centered around the soliton. Our main interest in pursuing this
line of work is to open up rigorous stability results for solitons undergoing large
amplitude changes. As such, we view this work as a step towards understanding
the stability of solitons under more general perturbations, such as stochastic forcing
(Chapter , as well as the stability of KdV-like quasi-solitons such as micropterons
and nanopterons in systems/lattices with periodic structure |37, [80L |36, 60, |38].
Indeed, these gradually decrease in amplitude over time when perturbed due to the
presence of small oscillatory tails that interact with the perturbation.

Soliton stability

Stability of the soliton family under small initial perturbations in the KdV
equation has long been established in various forms |11} |91, 82]. The pioneering
work [11] by Bona, Souganidis and Strauss proves that the soliton family is
orbitally stable in H! via energy methods. Pego and Weinstein expand on this
result in [91] by showing that, up to a small change in the speed and the phase of
the soliton, small perturbations decay when measured in the exponentially weighted
spaces
I2(R) = {g: e""g € LA(R)} with [lgllz2 = [|e"g] 12

and
Hy,(R)={g:e""g e H'(R)} with |g|g = [le”gllm (3-8)

for w € (0, /¢4/3).

Our main theorem generalizes this classic stability result to the setting of .
The main new feature is that we are able to track the amplitude and phase changes
introduced by the forcing, which can be of arbitrary size.

Theorem 3.1.1 (See Section [3.7). Pick c., Emax > 0, w € (0,,/¢./3), and p €

[0, i) There exist a weight wo, € (0,w) and constants 01, C1, Cmin, Cmax > 0 with
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Cmin < Cx < Cmax Such that the following holds true. For each E € (0, Epax], each
€ € (0,1] that satisfies

e+ < /E, €P<E, e<§E,

each v, € H? N HY, for which ||[v.|%: + |v||%: < 61€/E, and each continuous
function f : RT — R that satisfies the bound

f) <e”, t>0, (3.9)

there exist modulation functions c¢,& € CY(RT;R) associated to the solution u

of (3.1) with (3.7) that satisfy the following properties:

1. In the weighted space H}Um, we have the exponential decay

sup e/ lutt, -+ €(6)) = Suplln,, < Co (¢! + [0 lan + 15
t2

)

2. In the unweighted space H', we have the stability bound

sup [u(t,+ + £(8)) = eyl < CE(E™ + [0 + [, )

E _
+ Cl;(llv*l\ip +oalEr)-

3. The amplitude function c(t) takes values in [Cmin, Cmax), and can be approxi-
mated by

sup |c(t) = cap(t)| < Cul|vallmy, + CLE (€' + [[v.]l 112)
t>0

E, _
+ Cr— (ol + 1917,
where cap(t) is defined in (3.5). Moreover, c(t) converges ast — oo.
4. The position function £(t) satisfies

Sup (1) = €up(t)| < 1.y + CLE(E ™ + [ 1)
t>
E, _
O (13 + 1% ),

where &,p(t) is defined in (3.6).

Remark 3.1.2. 1. The classic result in [91] can be retrieved by letting e =
01E — 0, up to a small loss in the weight (since we < w), which is further
discussed in Section In this case, it is required that p = 0 through the
assumption €? < 01/E. The case of large amplitude modulation (E > 0)
requires that p > 0.
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2. In case we replace the assumption on 7, by the stronger assumption ||| g1 +
sz, < 61€/ E, the bounds in items 2-4 simplify to

sup [u(t, -+ €(0)) = by [ < CLEE 4 Cu(E +60) ([l + . ),
t>

and
sup |c(t) — cap(t)| + sup [£(t) — ap(t)] < 2C1 EBe' = 4 3C1 ||v.| 1,
>0 >0
+204(B + )7 .

3. Property (3.9) is needed to obtain exponential decay of [|[v(t)[| g1 . We believe

that this condition can be relaxed to f € L*(0,00) N L>(0,00). In this case,
exponential decay over time of the weighted norm can not be expected.

4. The integrability of f ensures that c(t) and ¢~!(¢) remain bounded, which
prevents technical complications. First, it allows us to construct bounds that
do not depend on ¢(t). Second, it guarantees that we can apply a minimal
exponential weight on the modulated soliton ¢;)-

5. The assumption v, € H? N H} fits the well-posedness results established in
[91, Appendix A]. It would be interesting to see if this assumption can be
relaxed to U, € L? by following the arguments of [86].

6. The assumption w < %‘/c* is slightly stricter than the common assumption

w < y/cx/3. We require this stricter bound at various points to establish
sharper bounds than previous works.

Two related results for different forcing types are available in [61, [110]. The
result in [61] deals with finite time stability, and in [110], the authors use a factor-
ization technique that is not available in the current setting.

Approach

Our approach is based on the stability theory of the solitons ¢. in the exponentially
weighted spaces (3.8)) developed in [91]. The exponential weight facilitates stronger
stability properties of the operator

Lo= =024 (c—20:.)0p — 20,0 = =02 + c0p — 20, (d."), (3.10)

which is associated with the linearization of the KdV equation around the soliton
¢.. Pego and Weinstein established that L. generates a Cy-semigroup {ecct}tzo on
L2 which is exponentially stable on the subspace of functions v € L2 that satisfy
the orthogonality conditions

<U7CC>L2 = <’U>¢c>L2 =0, (3.11)
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where (. is the primitive
)= [ dodmaye 1,

see Section for further details. The conditions play a central role in our
approach.

The main obstacle in proving Theorem [3.1.1] using the linear stability tools
developed in [91] is that, due to the large changes in ¢(t), it is not feasible to
linearize around a soliton with fixed amplitude. Instead, we move to a co-
moving frame where the solution is not only translated, but also rescaled according
to the natural scaling of the soliton family . More precisely, we introduce the
remainder

v(t,x) = a2(t)u(t, a(t)r + 5(15)) — e (), (3.12)

in reference to a soliton ¢., with fixed amplitude and position. The remainder v
then follows an evolution equation of the form

v = a3 Legv + ZLaduv + Oe +0?),
o

which allows us to leverage the linear stability properties of L., on exponentially
weighted spaces. The term zd,v arising from the dilation of u in causes
significant technical complications. In order to estimate xd,v in terms of v, one
needs to obtain some extra control at |x| — co. For v supported on [0, 00), we do
so by estimating

w0l

w

2, < Csll0pvlrz

for some small 5 > 0, which establishes control of the troublesome term viewed
as an operator between different exponentially weighted spaces. We arrive at a
consistent argument by continuously decreasing the exponential weight over time.
This, however, presents another difficulty on short-time scales, since the constant
Cp blows up as | 0. We remedy this problem by employing the classical stability
argument of [91] on short time-scales where ¢(t) only undergoes small fluctuations.

As has been argued by Pego & Weinstein, stability in exponentially weighted
spaces still requires control of the unweighted H'-norm of the perturbation, due
to the nonlinearity in which would otherwise require double the exponential
weight. This is established in [91] by exploiting the fact that ¢, is a critical point
of the conserved functional

Eclu] = Hu] + LeNTu]. (3.13)

We generalize this argument to accommodate for large fluctuations in ¢(¢) by ana-
lyzing the evolution of & [u(t)] over time. We compute that

O (Ecy[u(®)] = Eery [Pe(n]) = Olev +v?),
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which allows us to control the H' norm of the perturbation in terms of itself and
the weighted norm.

Our combined argument lifts the restrictions on the size of |c, — ¢(t)| inherent
to previous approaches to establish stability. This is particularly useful for study-
ing the KdV soliton in settings where ¢(t) naturally undergoes large fluctuations
on short time-scales. Indeed, we are pursuing the techniques developed in this
chapter in order to achieve stability on long time-scales in the setting of stochastic
multiplicative forcing (Chapter [2).

Outline

The chapter is organized as follows. In Section[3.2] we derive a system of modulation
equations that governs the behavior of the soliton amplitude c(t), the position &(t)
and remainder v(¢). Then, in Section we introduce the function spaces that
are central to our stability argument, and assert stability and smoothing properties
of the operator L. on these spaces. We proceed by establishing control of the
remainder v over short-timescales by adapting a Duhamel argument of [91], and
introduce the notion of time-varying weights. Thereafter, in Section |3.5] we show
that the remainder v can be controlled over long time-scales in a weighted norm.
The evolution of unweighted norms of v is then analyzed in Section [3.6] We finally
provide the proof of Theorem [3.1.1] in Section [3.7]

3.2 Modulation system

In this section, we introduce our decomposition of solutions to (3.1]), which forms the
basis for our arguments. For convenience and brevity, we introduce the parameter
v = ¢/E and recast (3.1)) in the form

g = —03u — 2ud,u + ef (yt)u. (3.14)

In order to track how constants depend on the system parameters and the various
choices that we make, we collect the various assumptions that we make throughout
the chapter in a number of labeled ‘settings’. The first of these relates to the global
parameters (¢y, Emax, w) and the initial condition for .

S1  We have ¢, > 0 together with En.x > 0 and w € (0,,/c,/3). The initial
condition for (3.14) satisfies

u(0,2) = @, (x) +Ti(x), V. € H N Hy,
and the forcing term f is continuous and lies in the space L*°(0,00).

We now start by making an observation regarding the regularity of solutions to (3.14)).
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Lemma 3.2.1. Assuming and letting ¢,y > 0, the solution u to (3.14]) has

regularity

u € C([0,T], H? (3.15)
eV u € C([0,T], H') n C*([0,T), H™3), (3.16)

)
Q

2
5
&

for any T > 0.

Proof. This result is established in [91, Appendix A] for f(¢) = 0 by modifying
a well-posedness result of Kato [66]. To see that the arguments for local well-
posedness (i.e. small T > 0) remain valid upon including the forcing term ef(~t),
we note that is equivalent to a time-dependent KdV equation. Indeed, wu(t)

solves (3.14) if and only if z(t) = e~ (/M J3" F()dsy, (1) solves
2= —0%% — 2 /NI F(9)ds 5 o

The arguments for global well-posedness (i.e. arbitrary 7" > 0) rely on an a
priori bound for the H2-norm. We show here that such a bound remains available
upon including the forcing term ef(vt). Indeed, writing u(t) = u for some t > 0

and using (3.14]) we compute that
B19)
BullullZs B2 —2(u, 83w + 2ud,u) + 2¢f (4) (u, u) = 2ef (4t) [ul|Z,
leading to the identity
lu(®)[|72 = €/ J" S92 0) 2.

Moving on to the first derivative, an application of the Gagliardo-Nirenberg inequal-
ity yields

Joculs = 2l + 3 [ wbdo < 2fptlul] + ClulN0sul

This inequality is of the form z* < A + Blx| with A, B > 0, from which we may
conclude z* < 2(A + B*/3), i.e.

[9ul3s < 4|H{u]| +20Y3ul (3.17)

We then compute

L(uy)? — tude = /

Uplgr — wlupdr = — / (Uge + u?)upde
R

R

OH[u] = 0 /

R
(3.14)

D (4 0 e+ (4)e — ef (1)) :ef(w:)nawuu?—ef(yt)/Rzﬁdx

= ef (7t) (3H[u] — 5/|0sulZ2),
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which leads to
0[] < 5el £ () |PLd| + el F )|l 1

and, via an application of Gronwall’s inequality, to the a priori bound

‘H[U(t)]’ < (H[U(O)] + 504/3 /Oﬁ |f(s)|ds sup Hu(s)”lL‘g/?’) 5e/v [ot 1f(s)lds

0<s<t

Via (3.17)), this provides an a priori bound on ||d,u(t)||%.. Using the fact that the
integral

Efu] = /]R(Bgu)2 — Du(9,u)” + Su'da

is conserved for the unperturbed KdV flow, we may use the bound ||ul|. < 4|ul|%,:
to estimate

l02ule = £afi) + % [ w(rupde—§ [ wtdo < [ealul] + Bl + Bl

One may furthermore verify that

0,Exu] = 2¢f(40)Exlu] + ef(41) / 104(0,0)? 4 04 da,
R

so that
|01Ealul| < 261 £ ()| alul| + el O (RNl + 2l ),

through which one arrives at an a priori bound on & [u(t)] and hence ||u(t)||gz. O

With these preliminaries in place, let us introduce our decomposition of solutions
to (3.14), which is based on Lemma Provided that |[v.[/z2 is small enough,
there exist unique parameters £, € R and ¢y > 0 that allow for the orthogonal
decomposition

’U,(071' + 50) = ¢co(x) + ﬁo(x) with <@07 ¢Co> = <§07 Cco> = 07

where Up € H?> N H}. From there, we decompose the solution u(t, z) to (3.14) for
t > 0 via

o(t, ) = ult, z + £(1)) — Pe(r) (2), (3.18)

where the perturbation v satisfies

(©(t,-), bery) = (0(t; ), Cery) = (3.19)

73



3.2. Modulation system

and &, ¢ are time-dependent modulation parameters. The existence, uniqueness, and
continuous time-dependence of this decomposition is guaranteed by Lemma [3.8:2] as
long as |[9(t)]| .2, is kept below some constant da > 0. Based on this decomposition,
we introduce a phase-shift parameter 2 through

t
() =¢ +/ c(s) ds + Q(¢t).
0
Lastly, we introduce a scaling parameter o and a rescaled perturbation v through
v(t,z) = P (tu(t, a(t)z +£(t)) — ¢eo(x) with  c(t) = coa™?(t), (3.20)

in which u is rescaled in accordance with the scaling symmetry (3.3]). Below, we
collect various properties of v and T, including the relation between their (distinct!)
weighted norms.

Lemma 3.2.2. Assuming let v(t) € H>N H} for some t > 0 and b > 0.
Furthermore, let v(t) and a(t) be defined through (3.20). It then holds that

1. v(t,z) = o2 (t)v(t, a(t)r);
2. <U(t7 ')7 ¢co> = <’U(t, ‘)v <60> =0;
3. v(t) € H*nN H(lx(t)b with

lo@)llz,,, = a®2@OI@)llz  and (80022, , = o™ (1)]|0:5(t)]] 2.

a(t)b

Proof. Ttem 1 follows from (3.18]) by substituting y = a(t)z = \/co/c(t)x. In the
(3-19)

same way, item 2 follows from . Finally, we compute the norms

||U(7f)||i(2l(t)b = AUZ(t,x)eQQ(t)bmdx = a4(t)/Rﬁz(t’a(t)x)e2o¢(t)bxdx

= a%(t) [ Pz = a0l

and
H(?mv(t)HQLi(t)b = A(azU)Q(t,x)eQG(t)b“dx _ aﬁ(t)/}R((?J)Q(t,a(t)az)em(t)b’”dx
=a’(t) /R (8:0)° (¢, y)e™ da = (1) 8:(¢) |72,
which yield item 3. =

Modulation equations

Below, we derive a system of evolution equations that governs the behavior of the
modulation parameters v(t), a(t) and Q(t). An application of the chain rule to (3.20))
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yields
vy =a ?(Le,v+ N)) + R(t,v;0,Q), (3.21)
where N is the KdV nonlinearity N(v) = —2v0;v and
Q
R(tvi0,2) = 22 4 00,) (e, +0) + 000, +0) + S (M) (b0, +0). (3:22)

We claim that the modulation parameters o and €2 follow the system of equations

M — acf(H)E () [% o %ﬂ () [<N (v), "*"q (3.23)

Qt <¢Co + v, CCo> <N(U), Cco>
where
v) = <(£E8x + 2)(¢Co + U)a ¢Co> <832U7 ¢co>
O PR DA S s LAY I LT
and

Indeed, this implies that
(a3N(v) + R(t,v;0,Q), ¢, ) = (0> N(v) + R(t,v;0,Q), (oo ) = 0, (3.25)

which is necessary to ensure that (v, ¢¢,) = (v,(c,) = 0 and equivalently (T, ¢.)) =

(0, Ce(ry) = 0. The matrix K (v) is invertible in case |[v|| Lz is suitably small, since

K (0) is invertible and v ~ det K (v) is continuous from L2, to R. Consequently, the

system (3.21), (3:23) is well-defined as long as [|[v(t)|| 2 remains suitably bounded.
Setting v = 0 reduces (3.23)) to

—3/2 3/2 2
oy 1 e 0 6c 3 ]
=— t)= 0 | =— t 3
[Qt] aef(y )9 [2052 2651/21 { 9 ] aef(t) {_gco 1/2

and gives rise to the leading-order approximations c,p(t) and &, (t) defined in (3.5)

and .

We conclude this section by noting that, as a result of Lemma[3.2.1] the evolution
equation (3.21)) is initially well-posed in H, 3 on [0,T) for some T > 0 and any

be (O,wtg[loi’r%] a(t)).

In particular, the term x0,[¢¢, +v] in (3.22)) lies in L7 since there exists a constant
C > 0, for which we have

|20, u(

lads by + )11z to +8)s; = 0¥ ed,ul ;|

[0)
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< C((b/a) MOzl L2 + (w = b/a) "M |Osul L2 );

see also Lemma [B3.3.2] below.

3.3 Linear stability on weighted spaces

The orbital stability proof of [91] relies on stability and smoothing properties of the
evolution generated by the linear operator £, defined in ; see Theorem m
These properties hold on exponentially weighted spaces after applying the projection
Q. = I — P., where P, is the spectral projection corresponding to the 0-eigenvalue
of L., given by

Pof = (f,n)060 + (f,02) 0t

Here, ! and n? are linear combinations of ¢. and (. that are defined in . As
such, the subspace of L2 characterized by corresponds to ker P, C L2. We
review this classical result in Section [3.8] where it is stated as Theorem [3.8.1]

The spaces L2, however, are unsuitable for controlling the term x0,v present
in . One can for instance not expect that

20,02 < Cllvllmy

for a constant C' and all v € L2, due to the unbounded and non-integrable factor
x. It is, however, true that

') 0 oo
faoliy = [~ et se [ g [T

— 00

for b < w < by, some constant C' > 0, and functions g for which the above
quantity is well-defined. This leads us to introduce the notion of asymmetrically-
weighted spaces. For every w = (w_,w,) € R?, we introduce the weighted space

L2, ={g:e""g€ L*(—0,0) and e“+ge L*(0,00)}

with norm

0 0o
lole = [ et [T e (3.26)

— 00
Writing g4 (2) = g(#)xz>0(z) and g (z) = g(x)xz<o(z), we have

lolzs, = llg- 125 +llg+I3s - (3.27)

The following result asserts that the stability and smoothing properties of {e£<'};>o
provided in Theorem [3.8.1| extend to the asymmetrically-weighted spaces.
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Proposition 3.3.1. Let ¢ > 0 and w_, w4 € (0,+/c). For all 8 > 0 that satisfy
B < min{w_(c — w?),wy(c—w?)},

there exists a constant M > 0 such that for all g € L%, t > 0, and k € {0,1} we
have

1055 Qegllrs, < Mt~ 2P| gl 1. (3.28)

Proposition [3.3.1]is easily proved using some elementary observations regarding
the norm (3.26)). Items 2 and 3 will be used in later sections.

Lemma 3.3.2. If w,b € R? satisfy b_ < w_, by > w4 and g € L}, then g,xg €
L2, and

Lo lgllez, < lglles, +llgllez,
2. lgllrz, < llgllzz;
3. gl < e 20 —w) Pl +e s —ws) gl
Proof. Ttem 1 follows directly from . For item 2, we estimate
lgllze = llg-l7z +lg+lze < lo-l7z + H9+H%g+ = lgll7: -

Similarly, we prove item 3 by estimating

lzgll7e, = llzg-Il72 + ||x9+\|ig+
< sup eI lg |2+ supate b g, 2,
z<0 b— >0 by
= e (b —w_)?llg-l7; +e by — w+)‘2|\g+\lig+- O

Proof of Proposition[3.3.1} For g € L2, we may use item 1 of Lemma and
Theorem to compute

0Fe” ' QegllLz, < |05e“ Qeg— L2, + 105e“" Qegy L2,
< |05 Qeg-l2, + HafeﬂthcgfnLiq_
+ ||6];€£Cthg+| 2+ ||8’;e‘cthg+| L2

e oy
B72)
<

M2 gl + g lzs, )
< Mt_k/Qe_BtHwHL‘z”. O
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3.4 Short-time control

In this section, we establish control over the perturbation in the original frame in
asymmetrically-weighted spaces over short time-scales. Using our rescaled frame
description on short time-scales leads to problematic complications arising
from the term 20, in . Instead, we rely on classical results valid for small am-
plitude fluctuations. We follow the argument of Pego & Weinstein [91, Proposition
6.1], which uses the evolution

U = L:c(t)@ + N(@) - Ctac¢c(t) + 40, (6 + ¢c(t)) + Gf(’yt) (@ + ¢c(t))a

for the perturbation in the original frame ¥ (initially justified in H~! via (3.15))).
This argument relies heavily on an approximation of the form

‘Cc(t) = ‘CCO + O(|CO - C(t)‘)

In our setting, we pick t, > 0 and linearize around the fixed soliton ¢..,) by
writing

Ti(to +8) = Le(t,)0(to + 5) + Y (to, 5,7;¢,9Q), (3.29)
where

Y(to,5,75¢,9Q) = (Le(tors) = Le(te))V(to + 8) + N(0(to + 5)) — co(to + 8)DePe(t,+s)
+ Qi (to + 5)0 (E(to +5) + ¢c(to+s))
+ ef('Y(to + 3))(5(750 + 5) + ¢c(to+s))~ (3~30)

We recall that c(t) is related to the rescaling process through c(t) = coa2(t), so that
c(t) follows the modulation equation ¢; = —2coa~3a; where a4 is given by .
Throughout this section, we will assume that both a and ¢ can be bounded away
from zero. More precisely, we make the following assumptions and and
formulate a condition that underlies most of the results in this section.

S2 The constants Qmin, Omax € R satisfy 0 < amin < 1 < Qmax-
S3 The constant wpin, € R satisfies 0 < wpin < w.

C1 Given T > 0, the functionv € C([0,T], H*)NCL([0,T], H') satisfies
while the function o € C*([0,T],R) solves . In addition, we have the
inclusion

a(t) € [omin, Omax], t € [0,T].

Our main result in this section provides short-time control over ©. More precisely,
on time intervals where ¥ and the fluctuations of ¢ are small enough, the growth
of ¥ measured in the Hi-norm can be explicitly controlled by the small forcing
amplitude € > 0 and the length of the time interval § > 0.
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Proposition 3.4.1 (Short-time control). Assuming there exist constants
b4, Cy > 0 such that the following holds true for each €, > 0. If[C1] holds for some
T >0, then for each t,§ >0 witht +6 < T, and each W = (W_,w, ) € R? with

Cmin \/5/3 :|a S € [0; 5];

oWy € [a(t—&-s)’ a(t+s)

the bound

(4 s (I + )y + 1700+ 5)m + e +9) = ) (V3 + 8%) < by

(3.31)
implies

sup [[(t + )y, < Ca(I5(0) [y, + € sup |f(3(t+)I(VE+6%)).  (3:32)
s€[0,9] s€[0,6]

In order to apply this result to the perturbation v in the rescaled frame, it is
essential to note that transforms into an estimate between different weighted
spaces due to the time-dependent rescaling in the z-direction via a(t). To remedy
this, and to deal with the problematic zd,v term in (3.49), we introduce time-
dependent weights w(t) = (w_(t), w4 (t)) that increase/decrease at a rate sufficient
to compensate rescaling by «. More precisely, we assume the following.

C2 Given T > 6 > 0, the increasing function w_ : RT — RT and decreasing
function wy : RT — R* satisfy

w_(t + s/2) alt) w4 (t + s/2)
w_(t+ s) = a(t+ s) = wy (t+ s)

(3.33)

for each s € [0,0] and t € [0,T — s|. Furthermore,
Winin < W4 (t) <w, te& [O,T]

way () w—(t)
a(t) a(t)

on [0, T], which essentially means that the weight-functions retain their monotonic-
ity after rescaling. Since w_ and wy are evaluated at t+s/2 in (3.33)), it furthermore

follows that there is a lower bound on their absolute growth rate in the sense that

Assumption implies that ¢ — is decreasing and t — is increasing

log (%)/(t) > Llog(w_)'(t) and log (%)/(t) < Llog(wy)'(t), te][0,T).

With this condition in place, we formulate the following corollary to Proposi-

tion 3471

Corollary 3.4.2. Assuming [STHS3, there exist constants 05,C5 > 0 so that the
following holds true for each €,y > 0. If[CT] and [CZ hold for some T > & > 0, then
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3.4. Short-time control

for each t € [0,T — ¢], the bound

(e+ sup (ot + 9, + o+ )l +le(t +5) = e(t)]) ) (V3 + %) < 65

s€10,0] w(tts)
implies

< Cs(llo® iy, , +€ sup |F((E+9)(VE+8%).

sup [[v(t + s)| g2 wt+e/2)  sel0,6]

s€[0,4] wit+e)

In preparation for the proof of Proposition we examine and show
that ay, 2y can be controlled by the perturbation v. In contrast to [91], we deal
with the presence of the forcing term and require slightly sharper control on the
modulation parameters.

Lemma 3.4.3. Assuming [S1] and [S3 there exist constants §¢,Cs > 0 so that the
following holds true for each e,y > 0. If[C1] holds for some T' > 0, then for each
b = (b_,b;) € R? with b_,by € (0,/c,/3] and t € [0,T], the bound

lo(t)lz2 < bY/20
implies

e () + 2a()ef (7)] + 1 (1) — 2eg Palt)ef (11| < Coel £ (rt) b3 Ilv(®)| 2
+ Collo(®)]12, (3.34)

and hence
ae()] + 12 0] < Co (el F DI+ 5.l ) + o)) (335)
Proof. Let us write v = v(t) for brevity, and rewrite (3.23)) as

o+ 2a(t)ef ()

= —qe —1 v <Ua¢co>
Q- 3001/2a(t)€f(7t)} = —aef (KT () [<v,<co>]

el - K20 [ )
_ a—QK—l(U) |:<N(”U), ¢co>:| . (3.36)

Here we have used that

o] [ah]
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Chapter 3. Deterministic stability

Setting out to control K~!(v), we note that

9¢32
K(O) [ 9 903/2]
2

is invertible, so that we can find constants C;,Cy > 0 that ensure ||[A~1||,, < Co
for all A € R?*2 which satisfy
Ay = Ky (0 < Cr, - (6,4) € {1,2)%,
Here, | - ||op denotes the operator-norm on (R?, |- ||1), chosen for convenience in the
computations below. Now note that
K5 (0) = KigO) "= (260 + Dl0cbealliz, + 100122, )llvllzz
+ (ICeollze, + 120cdeollzz, )10l

for all (i,7) € {1,2}2. Since d.¢., and d,¢., decay exponentially as |z| — oo,

we can estimate their weighted norm by a constant that does not depend on b.

The function (,, however, tends to [, d.¢c,dz = 3¢, 1/2
L2-function. We therefore estimate

0 00
HCCOH%E :/ 6_2b T ( )d:I,‘—l—/ e—2b+m<30(l,)dx

IS0l
/ CCO dx + 2b+

as x — oo, and is not an

and we thus have
|3 (v) — Ki(0)] < Csby ol 2 (3.37)

for all (i,7) € {1,2}? and some constant C3 > 0. In case dg < bi/zg—;,

via (3:37) that ||[K~(v)|lop < C2. Turning to the term K~ (v) — K~(0) in ,
we note that
157 (w) = K7H0)llop = 1K~ (0) (K (v) = K(0) K~ (0)llop
< ETHO) o[l K (v) = K (0) lop [ K~ (v) lop
< Cuby 2|l .z

it follows

We proceed by estimating

(N (0), beo)| + [N V), Ceo)| = 1002 (%), b )| + [0 (?), o)

(v%, 0nhey )| + 1(v?, Octcy )|
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3.4. Short-time control

< [le™* Xazo(|026c, | + 10ctco|)]| < 01172

S 65 ||U||%2ba
together with

~ 1—1/2
(0, beo)| + (0, Ceo)| < llbeo 2 0]l 2z + Csby 2 [Ivlla
We conclude via (3.36) that
e + Za(t)ef (v)] + 19 — 2, Pa(t)ef (10)]
< Cmaxel FOR)ICa (6 llzz, [0l 2z + Coby [0l 1z )

+%mwwm@m%w%+ww@m)”ﬁMm
C2C5HU||L2

mln

O

Using Lemma|3.4.3] it is now straightforward to control the term Y (¢, s,7; ¢, Q)
introduced in (3.30) in terms of . We note, though, that Lemma provides
control over o and {2 in terms of a weighted norm of v, instead of v. We remedy

this using item 1 of Lemma taking care to apply a rescaled weight.

Corollary 3.4.4. Assuming [SIHS3, there exists a constant C; > 0 so that the
following holds true for each e,y > 0. If[CT| holds for some T > 0, then for any

to, 5> 0 withto +s € [0,T] and W = (W_,w,) € R? with

min 3
E_,@_;,_ € |: - ) \/CT)/ i|>
alte +8) alte + 5)
the bound
[5(to + 8|12 < alto + )" dw}/>
implies

1Y (o, 5,056, Q)| 2. < C7(\C(t<> +8) = clto)| + el f(V(to + ) I(1 + [V(to + 5) Il rz,)

+ [t + 8)lI3 + 9t + )l ) [9t0 + ),
+ Cﬁ’f(’y@<> +5)) ’

(3.38)

Proof. We write ¥ = (t, + s) and estimate the various components in (3.30).

Firstly, we have

|(Le(tots) = Legts))T \Lz H (to 4 5) = c(t6)) 020 — 205 ((Pe(tots) — Pe(ts))V)

< le(to +5) — C(to)lllaz@HL%
+ 20|02 (De(to+s) = Peto)) o= 1]l 22,
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Chapter 3. Deterministic stability

+2(Pe(tots) = Peto)llLoe 102Dl L2 -
Hence, we see that
I(Legtors) = Lewo)Tlzz, < Cule(ts + ) — clto) D]l
for some constant C; > 0, since ¢ — ¢ + 0, ¢, is Lipschitz from R to L>°. Next,

we apply (3.35) at t, + s with weight a(t, + s)W to obtain

[Qulte + 5)| < Coel F((te + ))(1+ alto + 5) /2T |[o(te + 5)| 12

a(to+s)W)
+ Cg,||v(t<> + 8) ||iz

a(tQ+S)W.

Substituting v(t,, ) = @ (ts)0(ts, a(ts)z), we then find that
1920(to + $)02 (B(te + ) + degroso))ll 2,
< Co((elf(r(to + I+ [0(ts + ) 122) + [5(ta + )[32 ) (1 + 027(t + )1 12)

for some constant Cy > 0. Clearly, the term ||¢;(t, + 5)0cPe(ty+s) L2 satisfies the

same bound upon increasing Cy > 0if necessary. Lastly, we estimate
IN@)llz, = 2[00, 2, < 2V2|[0]|r1 (10,7 12 , (3.39)
using the continuous embedding H'(R) < L>(R). O

With this, we are equipped to prove Proposition [3.4.1} Another slight complica-
tion compared to [91] is that T, is not completely in the stable subspace characterized
by . This is a result of the fact that our construction of the modulation pa-
rameters ensures that v, satisfies the orthogonality conditions (see (3.25))), whereas
v does not. We therefore decompose v; using I = P.+Q., where we recall that P, is
the spectral projection corresponding to the 0-eigenvalue of L. as defined in .

Proof of Proposition[3./.1 The unscaled perturbation satisfies

Bt +7) = erﬁc(to)@(to) +/ e(r=5)Leto) (pc(to) + Qc(to))Y(to,Sﬁ; ¢, Q) ds
0
(3.40)

for r € [0,9] and t, € [0,T — 6], which is the mild form of (3.29). Since the
orthogonality condition (3.19) ensures P, yv(t,) = 0, we have

lb
lem“eorn(to) |y, < Me™|[o(to) |y,

)
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3.4. Short-time control

for B = %coa;éxwmm, where we use that
8. 2 g 2y 2
S o0 tmin < min{@_(e(ts) — ), W4 (elt) — W)},

To account for the projection onto the stable subspace, we use the stability and
smoothing properties of ewo(thC(to) to obtain

/ e(rfs)ﬁc(to)Qc(to)Y(to, $,U; ¢, Q) ds
0

HL
B23) 4 s
2 M/ B9 (5 — )12V (s, 5,7 ¢, Q) 2 ds.

i 2

Writing

v = sup (50t + 5)lay + [5(te + 9lan +lelto +3) = clto)),
s€|0,

Corollary [3:4.4] can be used to derive that

sup [|Y (to, 5,736, Q) 12, < Cr(er + el floo(l + 1) + ) sup [o(te + 5)|lmy,
s€[0,0] s€[0,6]

+ Cge sup |f(7(t<> + s))| (3.41)
s€[0,0]

Using furthermore that f06(5 — 5)712ds = 2V/5, we find that

for some constant C; > 0. To estimate the component in (3.40) with the projection
P,t,), we recall that

/ e(r_s)LC“O)QC(tO)Y(tO,875;C,Q> ds
0

< Ci(e+ea)Vs sup [[v(to +8)| g
HL s€[0,6] v

+ CheVs sup |f(’Y(t<> + 3)>|
s€[0,6]

Pc(to)Y(t<>7 5767 & Q) = <Y<t<>7 S, ia ) Q)7 ni(to)>8a:¢c(to)
+ <Y(t<>7 S, Ev ¢, Q)a ng(t)>60¢c(to)

where L.(,)0:¢c(t,) = 0 and Le(1,)0che(t,) = OxPe(r,)- Thus,

e(rfs)tc(to)Pc(to)Y(to, 5,75 ¢,Q) = (Y(to,s,7;¢,9), né<t0)>3w¢c(to)
+ <Y(t0a S, E; c, Q)a 773(,50) >ac(bc(t<>)
+ <Y(t<>a S, E; c, Q)a 773(,50)>(5 - S)axqsc(to)y
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Chapter 3. Deterministic stability

and we may estimate

He(r_s)ﬁc(%)Pc(to)Y(to, s,v; ¢, Q)HHL
<Y (toy 5,75 ¢, Dl 2 1oy 22 N beeo) |1 12,

—w

+ Y (to, 5,73 c, Q)”L%Hng(to)HL{WHac(ZSc(tO)”H‘%
Y (o, 5,03,z 102, 12, (r = $)10beeo) m,
< C~12||}/(t<>1 s, 75 ¢, Q)HLl(l +4 - 5)7
for some constant Co > 0. Integrating this inequality, it follows via (3.41) that
there exists a constant C'5 > 0 for which

We collect that

< Cs(e+e)(d+06%) sup [t + 5)| g1
le s€1[0,6] w

+ Cse(6 +62) sup |f(v(to +5))]|.

s€[0,0]

/ e Eetto) Py Y (Lo, 8,75 ¢, Q) ds
0

[0(ts + 8) | g < Me™*|[T(ts )| o, + €(C1V3 + C36 + C562) sup |F(7(ts +9))|
s€lo,

+ (e+ 61)(01\/5 +Cs0 + 6'352) sup [[o(to + 8)|| gy
s€[0,4] v

for s € [0,6]. The result follows by taking a supremum over s € [0, ¢], and choosing
64 small enough such that sup,c(g 5 [[0(s + 8)[| g2 can be brought to the left. [

We conclude this section with the proof of Corollary Essentially, we apply
Lemma [3:2.2] to translate Proposition to the rescaled frame. Recall that
implies that ¢t — woj(g) is decreasing and t — wa*(g) is increasing on [0,7]. This

guarantees that the weight-functions are also monotone in the original frame.

Proof of Corollary[3.4.3 Setting b = Z((ttig)) , we have

sup [0t + 8)[| g1 < sup, [0t + )|l a2 < Crosup ot +5)||u:
se|0,

)
sel0.3) wera /e = Gy )

for some constant C; > 0, where we have used Lemma in the last step. If 5
is small enough, then we can apply Proposition [3.4.1] to obtain

sup [[5(t+ )| s < Ca([0(0)]1 s + € sup | F((t+5))[(V3 +6%)).
s€[0,0] b b s€[0,4]
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3.5. Long-time control

Choosing C5 large enough, we have

sup [Jo(t+ )]l §C5(HU(1€)||H1 +e sup |f(y t+s))|(\/5+52))
s€[0,4] +0)b «()b s€[0,0]
(3.42)
via Lemma [3.2.2] It follows that
ot + 8l ,,,, = oG+ )

(13.42)

a(t+8)b

Cs(Io®llm, +e sup |f(2(t+9)[(V+06%)

s€[0,6]

and the conclusion follows via (3.33) and Lemma O

3.5 Long-time control

In this section, we establish control of the perturbation v over long time inter-
vals under the assumption that the forcing term is exponentially bounded. As a
preparation, we fix the minimum weight wmyin in [S3] and an intermediate weight
Weo € (Winin, w) by Writingﬂ

_ 1/2 _ 1/2
0—4C6 Bmax(2+86)e 206 Bmax(2+d6)e” /= (3.43)

Wmin = W and we = we

using the constants Cg and Jg from Lemma [3.4.3] In particular, this choice only
depends on and In addition, we introduce functions W_ : Rt — [Wimin, Weo)
and W, : RT = (weo, w] through

e )T W () = w(e=) (3.44)

Wmin

W_(t) = Win(

de.oN
w

see Figure We then claim that the weight-function w(t) = (w_(t), w4 (t))
defined by
w () = W_(38), wy(t) = Wy (ot) (3.45)

satisfies provided that the following conditions are met.

C3 We have p € |0, i) together with € € (0,1] and v > 0. In addition, we have
& = € P together with the inequalities

P S ,yfl’.

1 —
o v < gamixwmin(co - wIQnin);
b 6/7 < Frnax-

2In principle, the constant Emax in (3.43) can be replaced by E = ¢/v. For clarity, however,
we work with Emax so that the weights do not depend on € and ~.
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Chapter 3. Deterministic stability

w
W (t)
Wog bommomce e e T
W_(t)
Wmin
t

Figure 3.1: Graph of the weight-functions W_ and W, defined in (3.44). We remark
that wmin and we defined in (3.43) approach w upon letting Emax . 0.

C4 The forcing term f is continuous and bounded as

If(H)] <e’t, t>0.

C5 Given T > 0, the function v € C([0,T], H*) N C*([0,T], H™') satisfies (3.21)
while o € C1([0,T],R) solves (3.23)). In addition, we have the inclusion

Ol(t) 6 [amina amax]a t 6 [07T]

Lemma 3.5.1 (See Section [3.9). Assume [S1] and the choice ([3.43) for[S3 If
and [C) are satisfied, and [CH holds for some T > 0, then the bound

o)Lz, < min{ewl?, (Bmaxy)'/?}, € [0,7T], (3.46)

implies that the functions w_ and wy defined in (3.45) satisfy[CY

Our main result here provides exponential control for the perturbation v mea-
sured with respect to the time-varying spatial weight-functions w(t) defined in (3.45]).
It requires a priori controﬂ over the terms in the expression

ettp
Keplt) = et =+ sup (" fols)

@l 77 ol ),
s€[0,4] wis) w(s)

(3.47)

which we have introduced for notational convenience. We note in particular that
the condition (3.46)) is satisfied if K ,(t) is sufficiently small.

Proposition 3.5.2 (Long-time control). Assuming and the choice (3.43))
for[S3, there exist constants ds,Cs > 0 so that the following holds true. If[C3| and

3This control is established in the proof of Theorem m
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[C] are satisfied, and[CH holds for some T > 0, then the bound
Ko (T) < 6 (3.48)

implies
sup e"[lo(®)ll gy, < Ca(lTallar + [Tullzry, + € 77).
0<t<T

The proof of Proposition is based on the evolution equation (3.21f), in which
we isolate the precarious term “txd,v as

v = a3 Lev+ %x@zv + M(t,v;a, Q) (3.49)
with

M(t,v;a,Q) = of3N(v) + %((2 + x0y)be, + 21)) + %c’h(gﬁcg +v)
+ ef (V) (deo + V).

In preparation, we show that M (¢, v;a, Q) can be controlled in terms of v. Addi-
tionally, we bound the fluctuations of ¢(t) over a time-step ¢ in terms of v and 4.
Recalling that dg is the constant introduced in Lemma we prove the following.

Lemma 3.5.3. Assuming and the choice (3.43)) for there exists a con-
stant Co > 0 so that the following holds true for each €,y > 0. If[C3 holds for some

T > 0, then for each b = (b_,by) € R? with b_, by € [wiin, /¢+/3] and t € [0,T],
the bound [|v(t)[[L2 < (56b1+/2 implies
M (t,v(t); 0, Q)| Lz < Coel fF(yOI(L + (0@ |z ) v ()]
+ Co(0®llmg + 10 g + 0Ol ) [oOl
+ Coe|f(vt)]. (3.50)
If, furthermore, 6 > 0 satisfiest+ 9 < T and

sup |lv(t + S)HLE, < (56b1+/2,
s€1[0,6]

then
sup [e(t+3) = c(t)] < Cod(e(1+ sup_[[oft+)lz3) + sup_[[o(t+ )2 ).
0<s<6 s€[0,4] s€[0,4] bt
(3.51)
Proof. Writing v(t) = v, the estimate (3.50) follows by computing

min

— g
1Mt 00, Dl < 0 INQ)Izg +2 |2

13+ 5202)6c + ][,
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&

10 (¢eo +0)llLz + el fF (VD) Pey + vllzz,

estimating || N (v)|| 2 asin (3.39), and applying the estimate (3.35)). To prove (3.51)),
we estimate

t+6
sup |c(t+s)—c(t)|§/ ()|,
s€[0,6] t

and write

e1 = sup [v(t+s)z-
s€10,0]

Using ¢; = —2cpa 30y and (3.35)), we obtain

t+6
51[1p] le(t + s) —c(t)| < QCOO[mlnCﬁ/ (e|f(’yt/)|(1 + b;l/Qel) + e?)dt'
s€[0,0

< 2e00;2 Cs0 (|| flloo(1 + wint/er) + €3). O

min
As a final preparation for the proof of Proposition [3.5.2] we establish control of
v(t) in the space H} w(tt6/2)- We do so based on the integral equation

U(t) — eLeo JEa3 )dt

[ttt O (S ) s arssotsa@)as (352)

which holds for all ¢ > 0 and is the mild form of (3.49)). Note that the weight is
evaluated at time t+ /2, whereas v is evaluated at ¢. This gap allows us to estimate
the z0,v term in ([3.52) without introducing a singularity.

Lemma 3.5.4. Assumz’ng and the choice (3.43) for there exists a con-
stant Co > 0 so that the following holds true. If[C3| and [CY) are satisfied, and[CH
holds for some T > 0, then for each t € [0,T] the bound

sup 675||U(S)HH3V(S) < min{dgwl/? 1}
s€0,t] )

implies

" [lo(®)]| ax < CroEey(t) sup eflo(s)llmy |+ Cro(lallm + [Tl +€),

w(t+6/2) SE[O ﬂ

where K. ~(t) is defined in (3.47).
Proof. Pick t € [0,T] and set

€1 = sup e%||v(s)] g2 and ey = sup [|v(s)|lg1-
s€[0,t] wie) s€[0,t]
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Using (3.52)), we estimate

Bt 3/2
lo(t )IIHWW/Z) < Y Me- ol sy, , 0 + Mmm(l + 1), (3.53)
fOT 5 % mixwmln (CO - w12nin) Wlth

L= [ estou_ 912 a e ds (3.54)
0 afs) Litersrm :
t

I :/ e P (4 — )TV M (s,v(s); a, Q)| 12 ds. (3.55)
0 w(t+35/2)

Here we have used that f:a 3(hdt” > a2 (t —s). Using Lemma and
Lemma [3.8:2] we estimate

ol s . < 00l < IWollay + 0ol < Coll[oullar + [04lla)
in (3.53). Focusing on I;, we use Lemma to estimate
—1
leda(s)lzs,,, , < e alts.0) o), (3.56)
where
— 1
a(t,5,9) = s —w ) T w e e (3.57)

We furthermore use Lemma [3.4.3] to estimate

a(s)

a(s)

8.3 —1 —1/2
< aphCo (el F(9)l(1 + w2 u(s)lzz,

)+ o), )
mmc'6 (66 75(]‘ + w 12 61) + 6%6_278)
< 01 (4 €2)e s (3.58)

for some constant C; > 0. Substituting (3.56)) and ( into (3.54)) yields

t
el < Cle_l(e—i—e%)/ V(t,s,8)e” PN (1 — )71 2ds sup || v(s)|| g
0 s€[0,t] wie)
where we have used
eVt Bt=s) — o=(B=7)(t=5),7s (3.59)
Invoking Lemma to estimate

C
sup e 7°lq(t,s,8)| < —

s€[0,¢] 7o
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for some C’g > 0, we find

e < C3(v0) Me+€) sup e |[o(s)||
s€[0,t] Wi

where

Cy = 6’102671/ e~ (B=Ms571/245 < 0.
0

Recalling that § = ¢™P per we have thus shown that

eI < C3K. () sup e*||v(s)|p .
s€0,t] w()

Turning to Iz, we find via (3.59)) and Lemma that

t
eIy < / e~ B=ME=9)(t — )1 2e7%|| M (s, v(s); a, Q)| 2 )ds.
0 wi(s

(
Applying Lemma [3.5.3] yields

1M (s, v(s); 0, Qe < Cole(l+e1) + e+ €2+ €)lvls) ]y,
+ Cyee™7®

)

so that

e, < 64(6 +e +e) sup e%v(s)||gr  + Cye
s€[0,1] wie

for some C,; > 0. The conclusion follows by setting Cyp = Ma/? (C’g + C~'4). O

min

We finally move on to the proof of Proposition We first control the fluc-
tuations of ¢(t) during the time-step § through Lemma This allows us to
use the short-time result Corollary after which we apply the long-time result
Lemma [3.5.4]

Proof of Proposition[3.5.2 We collect from (3.48) that

(e + sup (flu(t+ S)HH&,(HS) + ot + s)HHl))(SQ <oy,
s€[0,8]

Furthermore, Lemma [3.5.3] applied with weight we, provides the bound
sup |c(t +s) — c(t)[6? < Cy63 (e(l + sup [[v(t+s)|lgz )+ sup [jv(t+ B )
s€[0,9] s€[0,9] * s€[0,9] Weo
< Cy (5é—3p(1 + 58) + 63—31))'
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3.6. Energy evolution

Picking ds small enough, we may apply Corollary [3:4.2] at time ¢, which yields

) sup ot +5)|
s€[0,4] w(tts)

Applying Lemma we hence find

D) sup ot +s)lmy, < Crlen(t) sup @ o(s)lm,
s€(0,0] s€[0,t]

+ Cr ([T e + o]

< C5 (7 Jo(t) | 2

+ 2667(t+5)6_7t52).
- w(t+8/2)

)

HI —|—6+6(52),

w

where C; = C5(Cho + 2)e. Taking the supremum over ¢ € [0, — 6] and extending
the supremum on the right-hand side shows that

sup_elo(t) sy, < CrFen(T) sup_ e lo(t)]az,
0<t<T 0<t<T

+CL([oellm + (7]

Hl +6+652).

w

For §g small enough, we have Cy K. ,(T) < 1/2 and hence

sup e o(®)llms,, <20 ([Tl + [ullay + e+ 2P). 0
0<t<T

3.6 Energy evolution

In this section, we establish control of the perturbation in the unweighted spaces
L? and H'. Since the latter norm appears explicitly in @ , this is a crucial step
towards applying the long-time results developed in Section [3.5]

Using the decomposition and the fact that (v(t), ¢.)) = 0, we observe
via Pythagoras’ theorem that

D172 = lult, - + E@DIIT2 = Noewlze = lu®)lZ> = lbew I (3.60)

We set out to control the L2-norm of the perturbation ¥ by estimating the time-
derivative of . The key point is that, in the right-hand side of below,
the term |[o(¢)[|7> comes with an integrable factor €| f(yt)|, and the remaining terms
are all integrable and small. Invoking Gronwall’s inequality, this can subsequently
be used to establish the desired control. We recall that dg is the constant introduced
in Lemma

Lemma 3.6.1. Assummg and the choice ([3.43) for there exists a con-
stant C11 > 0 so that the following holds true for each €,y > 0. If[CH holds for
someT >0 and t € [0,T], then the bound

lo()llza_ < deall?,
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Chapter 3. Deterministic stability

implies
0:[(t)][72| < Oy (e\f(vt)lllﬁ(t)H% +elf()lllv®)llre _ + ||v(t)||%§%o)' (3.61)

Proof. Let us write u = u(t), v = v(t), and ¥ = T(t) for brevity. In the presence of
forcing via ef(yt), we observe that

OulullZe BEY _2(u, 93 + 2ud,u) + 2¢ £ (vt) (u, u)
13.18) _
= 2ef(v)ul2s B2 2 f(t) (1o 12 + 17122
= 126 f(vt)c* 2 () + 2¢f (7¢) ][22, (3.62)

where we have used that [|¢.([|2. = 6¢3/2(t) in the last step. On the other hand,
we may compute

Ol b2 = 60,3/2(t) = 9er(£) /(1) = =265 % (t)au(1). (3.63)

Combining (3.62) and (3.63), and estimating |oy(t) + Za(t)ef(vt)| via (3.34) leads

to the estimate

D4l1B122] = 1oulull3z — Billeo 13|
< Ca(lf IR + el FGt)llelza_ + oll3 ),

for some C’l > 0. O

Lemma 3.6.2. Assummg and the choice ([3.43) for there exists a con-
stant C12 > 0 so that the following holds true for each e,y > 0. If[C] is satisfied,
holds for some T > 0, and €/ < Emax, then the bound

eMo(t)llre < dsall?, 0<t<T,
implies

1

HL  +7

Weo

_ _ €
sup [[5(1) 32 < [Bol}z + Caz (= sup_ e [lo(t)] sup e |u(t)3, ).
<t<T Y 0<t<T 0<t<T Woo

Proof. Writing
€1 = sup e||vg2
0<t<T oo
we have via Lemma [3.6.1]

|0u19l172] < Cra(ee™ [0l + (eex + €f)e™™"),
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3.6. Energy evolution

and applying Gronwall’s inequality yields

C
iz < (”%”%2 + Tiyl(eel + e%))ecns/'y. 0

Control in H' is established using the well-known fact that the soliton ¢, is
a critical point of the functional &:[u] = Lc[jul|2, + H[u]. This is reflected in the
equality

Elbe+ 2] — Eulde] = Lell2]2a + L]10uz]2e + /R e 1 1A,

which is O(2?). Substituting our decomposition into
J(t) = 5c(t) [u(t)] — 5c(t) [d)c(t)]v
we arrive at
T (t) = Ecpylbewy +T(t)] = Ecity[Perr)]

= SOOI + 310501 + [ —0u () + 1 Ode, (369

which generalizes (3.60) in the sense that the right-hand side is O(9?). In fact, we
note that |[(¢)[|%: can be bounded in terms of |7 (t)| and vice versa.

Lemma 3.6.3. Assuming and the choice (3.43) for there exists a con-
stant C13 > 0 so that the following holds true for each €,y > 0. If[CH holds for

some T >0 and t € [0,T], then

[5(8) I3 < 013(|\7(t)| +llo@lZ_ + ||5(t)\|H1||W(f)Hiz>, (3.65)
and

T < Crs(I50) I3 + o(2)]

b IO P@E:).  (3:60)

w

Proof. Estimating

/aﬁc(t)ﬁz(t)dz = a*E’(t)/GScOvQ(t)dl“ < inlle™2 % g | e [l (B)1Z2

R R o
(3.67)

in (3.64) yields

T (#)] < 5 max{eoon,s, OO + agdlle ™ ="0c, [z o(®)]1Z

+ L2|[o(t) || g [0 (1) 2,
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Chapter 3. Deterministic stability

which yields (3.66). On the other hand, rewriting (3.64) as
seOIT@Z + 510:5(t) 172 = —T (¢) + /R Pe(yT*(t) — 37°(t)da,
and applying (3.67) provides

KB 5 < 170+ apdlle™ =" bog | e llo() 72+ S 1000) | [0(2)]7,

Weo

in case k < min{%, %coofz , which establishes (3.65]). O

min

We now establish an estimate of ;7 (t), which we use to control ||| g1 via a
Gronwall argument, analogous to the proof of Lemma Note also in (3.68])
below, that the term ||v(¢)[|%,, carries a factor €| f(~t)].

Lemma 3.6.4. Assuming and the choice (3.43) for there exists a con-
stant C14 > 0 so that the following holds true for each e,y > 0. If[CH holds for
some T >0 and t € [0,T], then the bounds
lo(®)llra_ < min{1, 80022} and [5@)llse < 1,
imply
0:T ()] < Cra <€|f(7f)|||5(75)||?q1 +elfOD)lllv@®)zz  + 014||v(t)\|%3,00)- (3.68)

Proof. We once more abbreviate v = u(t), v = v(t), and v = ©(t), and compute
that

at H [’LL]

8t/ %(Um)2 - %u?’dx = / Uzp Uzt — Uzutd:r = _/(uzaz + u2)utd{IJ
R R R

<
I
&

(Upz + 0P U + (u?)g — ef (yt)u) = ef (y8)[|0pul|® — ef (1t) / u’da.
R
Substituting (3.18]), we have

OHlu] = ef (Ol — ef(2t) [ wbde = s o) (0t 3 — [ o)
+ Ef(’}/t) (2<ax¢c(t)7 8x6> - 3<¢3(t)76>)

+ ef('yt)(”az@H%z — / 3¢c(t)@2 +®3dx),
R

where the leading-order term evaluates to

102ete |22 — / §3 iz = —6c5/2(2).
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3.6. Energy evolution

On the other hand,
OH[beqr)] = — 20,72 (t) = = 2e, ()2 (t) = 9¢) > a0 () (t)
and we note via that 0 H[u] = 0;H[¢)] in case v = 0. Moreover, estimating
an(®) + 2a(ef ()] < Cr (el Dol s + 0l2 )
for some C; > 0 leads to
|0 H[u) — O H (o] < el £ (V)| (2(Dnber), D2D) — 3(D21), )]
+ el 0N, — [ 3007 +7%da)
+ Gl GOlolzz_ + ol2s ).

Rescaling the terms that contain the soliton and introducing an exponential weight
yields

|2<aa:¢c(t)7 a:v§> - 3<¢¢2:(t)7@>| < é?|2<am¢coa 895’U> - 3<¢§0,’U>|
< Co020c, + 02, M2, _lvlls,

and

<G < Cylle™ " ey || oo 0172
oo

‘/3¢C(t)v2dx /3¢C0v2d3:
R R

for some constant Cy > 0. The cubic term is controlled by estimating

[

where we have used ||t]|z2 < 1. Collecting our results so far yields

< [ollz=[7li7: < V2l

|0 H[u] — OH[e(o]| < (L+V2)el FO)IIIBIF + Cael F(xt) (vl e+ llvlZs )
+ Calloll3s
for some C3 > 0. Computing
0T (t) = ci(t)|[0]|72 + c(t)D|[0]1 72 + O H[u] — By H[de(r)],
applying Lemma and estimating |c;| via Lemmathen gives the result. [

We are now ready to state and prove the main result of this section, which
establishes control over the H'-norm of the perturbation.

96



Chapter 3. Deterministic stability

Proposition 3.6.5. Assuming and the choice ((3.43) for there exists a
constant C15 > 0 so that the following holds true for each e,y > 0. If[C]| is satisfied,
holds for some T > 0, and €¢/v < Epax, then the bounds

sup e"[[v(t)]|z2 < min{dgwl/?, 1},
0<t<T oo

sup [[o(t)][m < 1,

0<t<T

imply

sup_[[v(®) 13 < Crs([[vallFn + [19:l17)
0<t<T

€
+Cis (= sup o)+ s ol )
Y o<t<T e 0<t<T weo

Proof. We again write

e1= sup e|jv]l2  and e = sup |77
0<t<T = 0<t<T

Applying (3.65]), we obtain

513 < CualT ()] + CaallvlZa,_ + sl 113
t
sc&z@ﬁ«m/N@ﬂﬂm+cm%+@x
0

which, using Lemma [3.6.4] leads to the bound

t
1812 < CuslT(0)] + CrsCia / ce™ [0(s) 2 ds + Cus (& + €2)
0
€ €2
+ C13C14(*(€1 +e2) + *)~
Y v
Applying Gronwall’s inequality finally yields

2
€ € €
||5H%11 < (Clg|j(0)‘ + 013(6? + 62) + 013014(;(61 + 62) + i))ecmcl“v .

The result now follows by controlling e via Lemma controlling | 7(0)]
via (3.66]) and applying item 1 of Lemmam O
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3.7. Proof of main result

3.7 Proof of main result

Building upon the results of the previous sections, we set out to prove Theorem3.1.1
Assuming [ST] we fix the constants appearing in [S2] by writing

= mf 3 Bmax [5 f(s)ds  apq Qmax = 2Sup 3 Bmax [5 f(s)ds (3.69)
>0 >0

amln -

Recall that the weight wp, of |S_’3| and the asymptotic weight w., are then deter-
mined through , in which dg and Cy are the constants introduced in Lemma
which depend only on [S1|and As a final preparation, we estimate the deviation
of the modulation parameters from their leading-order approximations. Recall that

E(t) = &0 — Jy c(s) ds = Q(¢).
Lemma 3.7.1. Assume and the choices and for and . If

is satisfied and[CH| holds for some T > 0, then for each €,y > 0, the bound
Mot)lre < dgwl?, 0<t<T

implies

sup
t€[0,T7]

+ sup
t€[0,T]

Qt) — 2 ") ds‘

3 Jo ¢72(s)

log(a *6/ f(ys)ds

€ C
< Cowyl = sup e|[v(t)rs_ + — sup e|o(t)][72
7 telo,T] = Y telo,1] oo

Proof. Estimating (3.23)) for ¢ € [0,T] as in (3.34) yields

5 f(t)

|0 log(a(t)) + 2ef ()| + 561/2( )

a0(t) —

< Couzd e o0l
+ C6H'U(t)||2L12voo

The result now follows by integrating. O
For each ¢, E > 0 and v, € H?> N H., we now introduce the sets

01 = {T 2 0: " u(t) 1y, < Ca(loe

Oy ={T>0:[v(t)|3 < ady, forall 0 <t < T},

A+ Ol + € 7) forall 0 < ¢t < T4,

w

where Cy is the constant from Proposition and we recall that the weight-
function w(t) = (w_(t), w(t)) is defined in (3.45). We then define Trpax (€, v, V) €
[0, 00] as

Tmax(ﬂ'%E*) = sup(01 N 02)

Recalling that E = ¢/, the key ingredient toward establishing Theorem is to
show that Tinax(€,v,7s) = 00.
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Chapter 3. Deterministic stability

Proof of Theorem[3.1.1} Pick € € (0,1] and v > 0 that satisfies €/ € (0, Emax] and
TP <Gy, 2y, y<a,

and consider an initial condition 7, € H*NH,, that satisfies ||[v, |4, 4|0, [|%: < 617.
Then, the conditions in Theorem [3.1.1| are met, and we note that

€< 51Emax and ||5*||H1 + ||§*HH&} < \/551

Suppose, for the sake of contradiction, that Ti,.x < co. By construction of Op, we
have

sup )e”tllv(t)llﬂgvm < Cs(ITellmy, + 1ol mr + €7%) < Cs(V2+ 1)d,
t€0,Tmax

and

[ﬁ?rp )v’le“’fllv(t)llélm <303y ([T lFr, + ([0l Fn + €7%) < 6CE6:.
te[0,Tmax wit

In particular, L
sup e ||o(t)[|gz, < min{dswi/?, 1}
t€[0,Tmax)

for 07 sufficiently small. Thus, we may use Lemma to obtain

sup
t€[0,Timax)

log(a(t) + 3¢ [ frs)ds

< CoCaw > S ([Tl s, + 18]l + €72)
v

w

+ CoC2y (Imully, + 10l arr + €727)°
< OGCS’UJ;}/Q(\/iEmaxal + 61) + 60608251
and in particular
Omin < o(t) < Omax, t € [0, Tinax),

for 6 sufficiently small. By construction of Os and Lemma [3.2.2] we have

sup |[o(t)]|%: < 1.
t€[0,Tmax)

Via Proposition [3.6.5] we may improve this bound to

_ _ € _ _ _
sup v 13 < Crs([llZs + 1503 )+ CisCs— ([Tl s, + [0 ]| a1 + €727)
t€[0,Tmax) oo Y

+ CisC2y (|0l s, + ([l + €12)

< C150? + C1503(V2Emaxd1 + 01) + 6C15C30;.
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Combining our results so far, we find via (3.47) that

Ken(Tnax =) < sup ([o(s)]lms + €0y, +77" e 0(s) 3 )
$€[0, Tmax) e wis)
+ EmaX(Sl + 61

<dg
for any g € (0, Tiax], decreasing the size of §; > 0 if necessary. By continuity of
t— e”tHv(t)HHlm and t— ||v(t)] g,

there must be a small r > 0 for which
Ke,'y(Tmax —q + ’I") S 58-

Having established a priori control on K., we may apply Proposition to
obtain
< 08(||@*||H}U + [Vl + 6172p)~

sup e u(t)]
tE[OyTlnax7Q+T] wi(t)

Choosing ¢ < 7 shows that Ti,.x is not maximal, allowing us to conclude that,
indeed, Tihax = 00.
To complete the proof, we now observe that

sup e o(t)l|my < supe™ o)y < Ca(lTallay + [0ullm +€77),
t>0 = t>0 w

w

which establishes item 2. Items 3 and 4 follow by applying Lemma[3.7.1] while item
1 follows from Proposition O

3.8 Decompositions

Our work makes frequent use of the linear stability theory of the operator L. de-
veloped in [91]. Let us briefly review these results here, based on the exposition
in [86]. Introducing the exponential weight ¢“® on L? moves the essential spec-
trum of the operator £, from the imaginary axis into the stable halfplane, leaving a
double eigenvalue at 0. This 0-eigenvalue has a two-dimensional generalized kernel
spanned by 9,¢. and J.¢.. In particular, it is easily verified that £.0,¢. = 0 and
L:0c¢. = Oz¢.. The operator L. is related to its (formal) adjoint £* on the space
L2, via the relation 9, £ = —L.0,. In particular, £ has a two-dimensional kernel
spanned by ¢. and the primitive

C(-(l‘) = Lx ac¢c(y)dya
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Chapter 3. Deterministic stability

which satisfies (. € L? . The spectral projection onto the generalized kernel of L..
is given by

P.f = (f,n2)0uc + (f.02)0cte, (3.70)

where
me =220+ 2. and 2 =2, (3.71)

and we write Q. = I — P, for the complementary projection. Based on the spectral
properties of L., the following can be concluded about the flow generated by this
operator.

Theorem 3.8.1 (|91]). Let ¢ > 0 and 0 < w < +/c. Then, L. is the generator of
a Co-semigroup on HE for any real s. For all 3 > 0 which satisfy 8 < w(c — w?),
there exists a constant C' > 0 such that, for all g € L2, t > 0 and k € {0,1}, we
have

|0Fe ' Qegllrz < CtH2e P g| 2 . (3.72)

w

We conclude here with a result regarding the orthogonality conditions arising
from the projection P.. This result ensures that the decomposition (3.18)) underlying
the arguments in this chapter is uniquely defined.

Lemma 3.8.2 ([86]). Let c. > 0 and w € (0,/cs). Then, there exist constants
b2, Co > 0 such that, for each U, € H,,, the bound |[v.||r2 < 0y implies that there
exist unique parameters cg > 0 and £y € R such that

e, (2) +0:(2) = Py (z = §0) +Vo(x — o) with (o, dey) = (V0,Ceo) = 0

and
1ol 3, + [§o| + lex — col < Collvsl|ma
[Toll e < Colllvallan + [l a2,)-
3.9 Time-varying weights

Our goal here is to establish several properties of the time-dependent weights w(t) =
(w—(t), w4 (t)) given by

1—e™ 7t w 1—e= 7t
) )

w—(t) = wmin (5,2 ;o wi(t) = w(*

that were used to control the perturbation over long time-scales in Section In
particular, we prove Lemma [3.5.1]
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3.9. Time-varying weights

Proof of Lemma[3.5.1 Writing

er= sup e"[|u(t)|
t€[0,7]

L2

we note that for s € [0, §], we may compute

t+s
|log (a(t)) —log (a(t +5))| = /t log(a(r))'dr

(35) t+s
< Cs / e (1 + w3 2ee7) 4+ e P dr
t

t+s
S 06(6(1 + ’LUO_ol/261) + 6%) / e_’yrd’l“
t

= 06’7/71 (6(1 + wgol/Qel) —+ e%)ef'yt(l _ ef'ys)
< 2C6Emax(2 + 56)61/2(6—7(t+s/2) . 6_7(t+s))7
where we have used that 1 —e™* < 2(1 — e~/?) for all # > 0 and applied the

assumptions €; < min{éﬁwéf, (nymax)l/z} and 5 < Fnax. Taking an exponential
then gives

(£2C0 B (2406)e !/ 2)e ™ CFD (4 g /9)

a(t)

<

R P o A BT (e
and /2 g=(t+s)
alt+s) _ (e2CoPmax(2+ds)erTy—e™ _ w_(t+s) O
all) = (0B 50 P) e (1 4 5/2)

We finally establish a bound for the quantity

_ 1 1
4(4,5,9) = v e T wre e /)

which is used in the proof of Lemma [3.5.4

Lemma 3.9.1. Assuming[S1] and[S3, there exists a constant Cy5 > 0 such that

X eV9/2
sup e "%q(t, 5,0)] < Crs—,
s€[0,t] 76
for all t,~v,6 > 0.
Proof. We first remark that
e s w? 1

sup = — sup ,
s€[0,t] w+(s) - U}+(t + 6/2) Woo z€[0,vt] B(l‘)
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where
o= (t4+5/2)

Ba) = () — ()
We now claim that B is decreasing on [0,7t], so that its infimum is attained at ~t.

To see this, we compute the derivative

B/(x) = e (1 +log(“=)e ™) ()¢ = (32)
and use 1+ log(“=)e™" = 1 4 log((%=)¢") < (%=)¢" to find
B(w) < et (1= () ) <,

since —% > 1.
Woo . .
Using our claim, we may now estimate

wi () = wi (t+6/2) > S|w) (t+5/2)|
)
2

7 log(a) ()1 e/,

which yields
et (wz:in ) 675/2

< A .
wi (t) —wi(t+6/2) = “log(min) 4§

A similar bound for the remaining term involving w_ can be established analogously,
completing the proof. O

103






CHAPTER 4
Stochastic stability

We study the stability and dynamics of solitons in the Korteweg-de
Vries (KdV) equation in the presence of noise and deterministic forcing.
The noise is space-dependent and statistically translation-invariant. We
show that, for small forcing, solitons remain close to the family of trav-
eling waves in a weighted Sobolev norm, with high probability. We
study the effective dynamics of the soliton amplitude and position via
their variational phase, for which we derive explicit modulation equa-
tions. The stability result holds on a time scale where the deterministic
forcing induces significant amplitude modulation.

4.1 Introduction

This Chaptetﬂ studies the stochastic KdV equation
du = —(8u + 2ud,u) dt + ef(H)u dt + ou AW, (4.1)

where v is a real-valued process on (t,z) € R x R. The scalar parameters ¢ > 0
and o > 0 introduce deterministic and random multiplicative forcing to the KdV
dynamics, respectively. The noise process WtQ is a Wiener process taking values in
L?(R). The noise is white in time and colored in space with translation-invariant
statistics given by the formal identity

E(WO(t,z)Wty)] =q(z—y)(sAt), z,yeR, s,t>0,

with ¢ € H'(R)NL(R). The deterministic forcing depends only on time, prescribed
by the scalar-valued function f : Rt — R. We study the effect of this forcing on
the family of solitary waves associated to the unforced KdV equation ((4.1) with
e = o = 0). In particular, we establish the stability of forced solitons on time

1The contents of this chapter have been submitted for publication and are available as R.W.S.
Westdorp, H.J. Hupkes, Stability of Stochastically Forced Solitons in the Korteweg-de Vries Equa-
tion, see [104].
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4.1. Introduction

scales where the forcing €, 0 > 0 causes drastic amplitude modulation. This chapter
complements our formal analysis in Chapter [2] with a rigorous stability result, and
extends our deterministic results in Chapter [3] to space-dependent noise.

The Korteweg-de Vries equation is a well-known nonlinear dispersive PDE origi-
nally introduced as a model for shallow-water waves [15,|68]. It famously possesses a
family of right-traveling wave solutions u(t, ) = ¢.(x — ct) with velocity dependent
wave-profiles explicitly given by

be(x) = %sechQ(\/Eac/Q)7 ¢>0. (4.2)

Note that the velocity dependence of the wave profiles satisfies the simple scaling
¢c(z) = c¢1(y/cx). The traveling waves ([.2), or solitons, arise due to a balance of
dispersion and nonlinear effects. They are of key importance for the KdV dynamics:
inverse scattering theory provides exact solutions to the KdV equation in terms of
right-traveling solitons and a remaining dispersive component [48].

Many variations on have been introduced in the literature to incorporate
various (random) forcing mechanisms. In particular, we mention [59], which first
considered the stochastic KAV equation. We refer to Chapter[2] Chapter [3| and ref-
erences therein for more background on stochastic forcing and deterministic forcing,
respectively, in the context of the KdV equation.

Deterministic stability The stability of solitons with respect to an initial
perturbation has been extensively studied, for instance, by energy methods [82].
These rely on the conservative nature of the KdV dynamics: an infinite number of
‘integrals of motion’, such as the L?-norm, is conserved under the KAV flow [85].
The family is, as a consequence of dispersion, only marginally linearly stable
in L2. Indeed, the linearized dynamics around the soliton ¢, are detailed by the
operator

L.=—024c0, — 20.(pe), (4.3)

which, viewed as an operator on L%, has spectrum iR. In this chapter we rely
heavily on the stability theory for the exponentially weighted spaces
LEU(R) = {g ceg e LQ(R)} with  ||g] L2 = le““ gl L2, (4.4)
Hy(R)={g:e""ge H'(R)} with |g|lm = [l““g|m (4.5)

w

that was developed by Pego and Weinstein in the classic work [91]. The exponen-
tial weight e®* (w > 0) shifts the continuous spectrum of the operator £, with
V¢ > w into the stable half-plane, leaving a spectral gap of size w(c — w?) and
a double eigenvalue at 0. Physically, the exponential weight dampens persisting
disturbances outrun by the soliton. The linearized dynamics contain two neutral
modes, associated with infinitesimal changes of ¢. with respect to the space variable
x and the amplitude parameter c. These spectral properties ensure that the linear
flow {eﬁct}tzo on L2 generated by the operator is exponentially stable on a
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subspace where the neutral eigenvalue is avoided. This subspace of L2 consists of
functions v that satisfy the orthogonality conditions

<’U, ¢C> = <Ua <c> =0, (46)

where

Co(a) = /_ " Ou0uly)dy.

Based on these properties, Pego and Weinstein [91] established the orbital stability
of the traveling wave family with respect to a small initial perturbation in
H'N HL. In fact, such an initial perturbation only causes a small asymptotic
phase-shift and amplitude change in the soliton.

Stochastic stability Stability of the wave family with respect to small
stochastic forcing has been previously considered in [25]. Based on energy methods,
de Bouard and Debussche show that solutions to with € = 0 and small o > 0
stay close to the wave family for times small with respect to ¢~2. Their method
relies on the fact that the soliton amplitude remains close to its starting value on
this time scale. This is a significant restriction, as the result does not cover any
(significant) modulation of the soliton. These stochastic modulations have, however,
been explored to some degree in a formal sense. For example, the work [19] uses a
collective coordinate approach to treat the case where WtQ is replaced by a scalar
Brownian motion. The numerical and analytical results in Chapter [2] cover both
scalar and space-dependent noise and provide explicit Taylor expansions for the
behavior of the modulation parameters.

Present work In the present work, we consider deterministic and stochastic forc-
ing of the soliton family 7 leading to stochastic modulations of the amplitude
and position over time. We establish the orbital stability of in a setting where
the stochastic amplitude modulations can have arbitrary size. This is primarily
due to the deterministic forcing mechanism (e > 0) present in (4.I), which in-
creases/decreases the energy present in the system after time ¢ by a factor e€ I5 f(s)ds
(Chapter . In this setting, it is vital to explicitly account for the dynamics of the
soliton amplitude. In particular, we will show that, to leading order in the small
parameters € and o, this amplitude evolves according to the SDEH

deap = [Scapef(t) + 02gq(cap)] dt + 2c 20 (02, dWP), (4.7)

9 ~ap Cap

in which the function gg : R — R will be made explicit in Section This
allows us to demonstrate that stochastic stability is not limited to trivial changes
in amplitude.

2The process Cap introduced in (4.7)) approximates the soliton amplitude only in distribution.
As will be made clear later on, the soliton amplitude is driven by a translated version of WtQ .
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Main result We study solutions u to (4.1) in the (relatively standard) setting
[ST}—see Section [£.2] ahead—through the modulation Ansatz

u(t,x + E(t)) = poqry (@) + v(t, ).

Here, c(t) and £(t) are stochastic processes that track the soliton amplitude and
position, respectively, which we fully define later on. In particular, we supply (4.1))
with the initial condition

u(0,2) = ¢, (x),

for some ¢, > 0. The remainder v(¢, ) constitutes the error resulting from our mod-
ulation approach. The main contribution of this chapter concerns the probabilistic
behavior of the exit time

tse(n) = sup {t > 0 Jo(t)|[m;, < n},

which signals a deviation from the modulated soliton description.

The parameter E in our result below provides a-priori (but unlimited) control
over the total potential impact of the deterministic forcing. This is related to the
fact that the linear stability properties of the soliton family ¢, are limited by the
soliton amplitude c. Indeed, the w(c — w?)-wide spectral gap of the linear operator
L. on L2 is at most %03/2 (take w = /c/3). The constants appearing in many
of our estimates therefore require ¢ to be kept within a fixed range [¢min, Cmax] that

is controlled by F.

Theorem 4.1.1 (See Section . Pick c., E > 0 and w € (0,,/c./3]. Assuming
there exist constants 1y, C,§ > 0 such that the following holds true. For all
n € [0,m0], Co,Ce € [0,n], each T > 1, and each continuous function f: RT — R
for which

sup |[f(t)] <1, and 6/00 |f(®)|dt < E, (4.8)
>0 0

the exit time tgy satisfies
Plt(n) < T] < CTo”log(1/0) + CTe 17", (4.9)

The probability bound contains two contributions. The exponential part
Te=9"°/7" stems from the linear stability properties of the wave family on
weighted spaces, and matches modern phase-tracking results valid on time scales
that are exponentially long with respect to the ratio n%/0? (12} 13| 58| 77, 51]. The
contribution T'o?log(1/c), however, limits the time-scale on which stability can be
obtained to times T that are small with respect to 0=2log(1/0)~!, but independent
of the size-parameter 7.

The limiting factor is that we rely on a-priori control of the remainder v in the
unweighted space L?. In this space, the solitons ¢. are not linearly stable, and the
norm ||v(t)||2, grows linearly in time. The factor 02 log(1/c) stems from an It6 drift
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term proportional to o2, combined with a factor log(1/c) that we need to account
for the potentially large fluctuations of the soliton amplitude.

We emphasize that within the timescale discussed above, the deterministic forc-
ing (¢ > 0) can cause significant modulation of the soliton amplitude ¢(¢). Thus,
the main point of our results is that they demonstrate that the stability of the wave
family is not limited to small fluctuations. To showcase this, we obtain a result
on the exit time

tap(A) =sup {t > 0: [c(t) — cap(t)] < A},

which describes the validity of the approximation (|4.7]).

Theorem 4.1.2 (See Section[1.9). Assuming the setting of Theorem for each
A > 0 that satisfies
A <min{ie.e 3, ¢, 3}

)

the exit times to, and ts satisfy
o2
Pltap(N) < T] < C—-log(1/0). (4.10)

Approach The field of stochastic traveling waves has witnessed rapid develop-
ment in recent years. Several approaches have emerged to study stochastic traveling
waves in various PDE settings. These typically feature a decomposition of the solu-
tion in terms of a traveling wave modulated by a stochastic phase-shift. The exact
definition of this phase-shift is where the various methods differ. Let us mention the
phase-lag method [69, 31|, variational-phase |12} |13 |58, |77] and isochronal-phase
[1], all applied in the context of reaction-diffusion equations. In dispersive settings,
(adaptations of) the variational phase have been applied in [25] |24, 29, |103] 51]. Let
us also mention the recent work [105], which presents a phase-tracking mechanism
for general symmetry groups.

In the present context, where we study the wave family , we follow our
approach in Chapter [3|and decompose the solution u to as

u(t,x + &) = ey (x) + 0(t, ).

Here, c¢(t) and &(t) are processes that track the soliton amplitude and position, and
ensure the orthogonality conditions

<U(t, ')7 ¢c(t)> = <U(t, ')7 Cc(t)> =0, t=>0. (411)

We point out a technical but essential difference with Chapter [3] where we decom-
posed u in terms of a fixed soliton ¢., in a rescaled frame. We do not employ
this coordinate-transformation here, to avoid It6 correction terms in the evolution
equation of the remainder v. This leaves the challenge of harnessing the linear
stability properties of a time-varying soliton ¢.(;). In spirit of [77], we employ the
linear stability properties at some time 7" > 0 of L7y on an interval [T, T + AT].
On such intermediate intervals, the soliton amplitude ¢(¢) does not deviate much
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from ¢(T). We furthermore introduce local modulation parameters on the interval
[T, T+ AT] resulting in a local remainder v which enjoys exponential damping by
the linear flow {e£e(M'},5q. For t € [T, T + AT}, the local remainder can be used
to control the global remainder v(t).

Challenges Classically, analysis of the L2 -norm of v(t) requires complementary
control on the unweighted L?-norm of v(¢). This is due to the nonlinearity ud,u
present in (4.1]), which is typically estimated in the weighted L?-norm as

[ @@ < ulk [ v < ulfp i, @12)
R R v

The unweighted H!-norm of v(t) can in turn be analyzed via energy methods, see
Section A formal application of the It6 lemma shows that, in the presence of
stochastic forcing (o > 0), the energy of solutions to (4.1)) evolves as

dluli = o [ull3s dt +2ef (1) [ull} dt + 20 (u,u dWE).

As we will see later on, due to an It6 drift correction, the energy in v(t) grows
proportionally to o2t at leading order. We incur a further log(1/0) penalty as a
consequence of the O(v?) terms, leading to the first term in (L.9).

At present, we can hence not carry out our arguments on a time-interval [0, Tyyax0 2]
for any Tmax > 0, which we believe should be attainable with more refined argu-
ments in the special case € = 0. Indeed, inspecting the approximation with
€ = 0, we see that the effective soliton amplitude c¢ is driven by the noise aWtQ. We
can hence expect ¢ to be kept within the range [¢imin, Cmax] On time scales propor-
tional to o2 and the (arbitrary) size of this range.

Furthermore, the bound shows that it is in fact sufficient to control the
supremum norm of v(¢), instead of an energy norm. Preliminary numerical inves-
tigations suggest that this norm remains under control for timescales longer than
02, showing that the dynamics of ¢ are indeed dominant. However, bounds of this
nature will require us to depart from energy-based methods, which are only avail-
able in L2-based spaces. We envision that future work in this direction will center
on a careful (and challenging) direct pointwise analysis of the dispersive dynamics
that drive the remainder v(¢) in the wake of the soliton. We emphasize however
that the framework developed here to control the weighted norm of v can readily
accommodate such a refinement.

Outline This chapter is organized as follows. In Section[4.2] we outline the setting
of in more detail and recall classical linear stability results regarding the
operator L. defined in . Then, in Section E we analyze the modulation
system brought forth by the conditions (4.11). Following this, in Section we
introduce local approximations to this system. In Section [I.5] we carry out time-
discretized stability arguments for the local remainder v” in the weighted spaces
H!. We supplement this with an analysis of the local modulation parameters in
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Section In Section we develop global control of the unweighted L?-norm
of the remainder v, as well as the global amplitude parameter c¢(t). Finally, we
combine our results in Section and Section for the proofs of Theorem [4.1.1
and Theorem £1.2]

4.2 Preliminaries

Below, we describe the setting of (4.1) in more detail and collect several results
regarding the linear stability of the soliton family (4.2)) as developed in [91].

Stochastic set-up We work in the following setting, which we recall from Sec-
tion 222,11
S1 We have ¢, > 0, and supply (4.1) with the initial condition

u(0,x) = ¢, (z). (4.13)

The operator Q € L(L?) is defined as the convolution with an even function
g€ H' N L' through

Qf = /Rq(w —y)f(y)dz.

Moreover, the Fourier transform ¢ of the kernel q is non-negative. Lastly, the
forcing term f : RT — R is continuous and bounded as

[f®) <1, t>0.

By Young’s convolution inequality, the integrability assumption ¢ € L! ensures
that Q is a bounded operator on L?(R). The non-negativity of the Fourier transform
¢ furthermore ensures that @) is a symmetric and non-negative operator. Thus, @
can be used to construct an L2-valued cylindrical Brownian motion WtQ on a filtered
probability space (2, F,F,P) cf. [23] |74], which satisfies the formal covariance
identity

E[dW® (2, t)dW(y,s)] = 6(t — s)g(z —y), z,y€R, s,t>0.
Since ¢ is an even function, the spatial correlation of WtQ depends only on the
distance |z —y| between two points z,y € R and preserves the translation-invariance

of (4.1). We recall furthermore from Section that the non-negative operator
Q has a square-root Q/2 that acts as the convolution

Q2 f(x) = / @120z — 1) f () dy,
R

where q; /5 is the inverse Fourier transform of V4.
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Let us now introduce some notation related to stochastic integration with re-
spect to the noise W, Letting {ex}?2, be an orthonormal basis of L?(R), and
introducing the space L?Q = QY2 (L?) equipped with the inner product

<U7 w>L?g = <Q_1/QU7 Q_1/2w>L27

we note that L2Q is a separable Hilbert space for which {Q'/ 2ex 172, is an orthonor-
mal basis. We furthermore denote by HS(L2Q,’H) the space of Hilbert-Schmidt
operators between L2Q and a Hilbert space H, equipped with the inner-product

(o}

<147 B>HS(L%,H) = Z<A[Ql/26k],B[Q1/2€k]>H.
k=0

In the setting de Bouard and Debussche [26] showed that admits
unique mild solutions for purely stochastic forcing (¢ = 0). For deterministic forcing
(o0 =0), the well-posedness of has been established in Lemma Combin-
ing these results yields the following well-posedness property, in which {e_agt}teR
denotes the Cy-group of isometries on L? associated to the Airy equation.

Lemma 4.2.1. [[24}, 103]] Assuming (4.1) has a unique mild solution u €
L3(Q; C(RT; L%(R)), that satisfies

3 t 3 ’ t 3 ’
u(t) =e’amtuO—/ e*f’m“*”ax(u?(t’))dt’+e/ (e %=yt )at
0

0

¢
—l—a/ e‘ai(t_t/)u(t')thc?,
0
and has paths that are almost surely in C(RT; H1(R)).

Linear stability tools Our arguments rely heavily on the linear stability proper-
ties of the operator £ defined in (4.3), that were developed in [91]. We recall from
this work that L. satisfies the eigenvalue relations £.0,¢. = 0 and L.0.¢. = 0z ¢,
giving rise to a two-dimensional generalized kernel. The (formal) adjoint £} also
has a two-dimensional kernel, spanned by ¢, and the primitive

Cola) = /_ " Ouuly)dy.

This function satisfies (. € L?, (but not ¢, € L?). With this notation in place, we
note that the projection onto the generalized kernel of L. is given by

Pof = (f,2¢7%¢ + 2¢72600)0ptpe + (f. 272 00) Oche. (4.14)

We write Q. = I — P, for the complementary projection, and note that Ker(P.)
coincides with the subspace where the conditions (4.6]) hold. We collect the following
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properties of the flow generated by L., which demonstrate the parabolic nature of

—02 on the weighted spaces L2, after projecting out the neutral modes. First, let

us fix limits ¢pmin, Cmax and a weight w as follows.

S2 The constants Cmin, Cmax, W € R satisfy

0 < Cmin < ¢ < Cmax  and 0 < w < \/Cmin/3.

Theorem 4.2.2 ([91,86]). Let ¢ € [Cmin, Cmax)- Then, L. is the generator of a Cy-
semigroup {e<t};>0 on H, for any real s. For allb > 0 which satisfy b < w(c—w?),
there exists a constant M > 0 such that, for all g € L?, t > 0 and k € {0,1}, we
have

|05 e Qegll Lz, < Mt™*/2e™||g] L3, (4.15)
while for all g € L. we have

||8§e[/Cthg||Lﬁ) < Mt—(2k+1)/4e—bt||g|

L (4.16)

w

4.3 Global modulation system
With these preliminaries in place, we are in shape to introduce the decomposition

u(t,z +£(t) = ey (z) +v(t, 2) (4.17)

characterized by the orthogonality conditions

<U(t7 ')7 ¢c(t)> = <U(t7 ')7 Cc(t)> =0. (418)

As a consequence of Lemma the remainder v introduced through has
paths that are almost surely in C(R*; H}(R)). The decomposition is equiv-
alent to that in Chapter [2] and Chapter [3 albeit phrased in a different frame of
reference. The unique existence of decomposition is guaranteed as long as
[[v(t)[|L2 remains sufficiently small, essentially as a result of the implicit function
theorem.

Lemma 4.3.1 ([86]). Assuming[S3, there exist constants 61,Cy > 0 such for each
ve € HENHY with [vsllz2, < 01 and ¢ € [Cmins Cmax], there exist unique parameters
c>0,¢ € R and a unique function v € HL N H' that together satisfy the identities

b, () + () = ge(x = §) +v(x = &) with (v, ¢:) = (v,() =0
and the bounds

[oll g, + 1] + lew = ¢l < Crlfoe]lny,,
vl < Cr(lvallm + llvallay)-
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For convenience, we introduce a phase-shift function (¢) through £(t) fo tdt'+
Q(t). Our goal in this section is to describe the evolution of the modulation param-
eters ¢(t) and Q(¢) via SDEs of the form

de = ¢7(v,¢,t) dt + o (cy(v, ¢), TedW2), (4.19)
dQ = Q7 (v, ¢, t) dt + o(Qy(v, ¢), TedW2). (4.20)

For £ € R, the operator T¢ above denotes the translation by &, ie. (T¢f)(z) =
f(xz+&). We thus set out to find mappings ¢, ¢,, Q7 and Q that ensure the

conditions (4.18]). Formally applying the Itd lemma |23 Theorem 4.32] to (4.17))
with (4.19) and (4.20)), yields, after tedious computations

dv = [Lopyv + Y (v, ¢,1)] dt + 0 Z(v,c) TedWS? (4.21)
where

Y7v,¢,t) = N(v) + €f () (¢e + v) + Q5 (v, ¢, 1) 0x(dc + v)
— 70, ¢,t)0ctc + 02 Yy(v, c).

Here, N(v) = —9,(v?) is the KdV nonlinearity, the drift contribution Yy is given
by

Ya(v,¢) = 1[|QY2Qu (v, 0)||2.0%0 + 1[|QY20 (v, ¢) || 3,020 + L[| @V 2¢s(v, ¢)||2.020.
and the stochastic component is defined by
Z(v,¢)[h] = (h + (04 (v, ), h>6w>v + (h +{Q4(v,¢), B)Oy — {ea(v, ), h>8c) e
The formal adjoint of Z is given by
Z*(v,0)g] = (g + de)v + Qs (v, ¢) (g, 0u (b +v)) — ¢5(v,¢){g, Detpe)-

The evolution of <U(t),¢c(t)> can now formally be obtained by applying the Ito
product rule. However, we can not expect - ) to hold in the strong sense, as v
is not regular enough for L.v and 02v to be well-defined. We take care of this
technical issue in Section [4.11] by resorting to a mild It6 formula. The result is as
follows.

Lemma 4.3.2 (See Section [I.11)). Assume[S]] and[S4 For each t > 0, the inequal-
1ties
o)z <61 and c(t') € [cmin, Cmax], T € [0,1]
imply that
A(u(t), D) = (€7 (0, )0, Buboqy) + (Y7 (0,0,1), b))

+30%[1Q" e (v,0)|[1. (v, 82600 dt
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+ 02<Q1/2Z* (Ua C) [8C¢c(t)]v Ql/ch (Uv C)> de

+ 0 (0, Detpe(ry) (cs (v, €), TedW2) + o (Z (v, ¢)[TedW?), ¢C(t)( ) |
4.29

and

d<v(t), Cc(t)> = (cg’e(v, ¢, t)(v, 0cCe(r)) + <Y”’€(v, c,t), Cc(t)>) dt
+ 302 Q120,032 (0, 926,00 (.23
+02(QY2Z" (v, 0)[0cCo)), QP s (v, ¢)) dt
+ 0 (0, 8eCo(r)) (¢5 (v, €), TedW ) + 0{ Z(v, ) [TedW], (o)) (4.24)
hold P-almost surely.

Remark 4.3.3. In (4.22)) and (4.24]) above, derivatives on v are interpreted in the
weak sense.

Solving for solutions ¢, (v, ¢) and Q4 (v, ¢) to the system

oo n s o e [}, wen,

reveals that

o]~ [ 3]

for all h € LQQ, where K.(v) is the matrix

_ <_¢c + v, ac¢c> (83511, ¢c>
K””Luaawﬁam@a @A@+m¢a}

This implies that the mappings ¢;s(v, ¢) and Qs(v, ¢) are given by

0] - [ 98]

We solve for ¢ and Q5 by decomposing

ey (v,e,t) = (v, c) + ef(t)es(v,e) + o?cq(v, ),
Q7 (v, ¢, t) = (v, c) + ef(t)Q(v,c) + o?Qq(v, ),

and isolating the 02 and e dependent terms in (4.22)) and (4.24)). This yields

) [R032)
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together with

] = e (B ] - ettt [
|

We remark that, in the absence of deterministic forcing (e = 0), the modulation
system derived above is equivalent to the system found in Section [2.2.3] and in
the absence of stochastic forcing (o = 0) to that in Section Evaluating the
modulation system at v = 0 gives rise to the approximation c,, defined in 7
with gg(c) = cq(0,¢). Now that the modulation system has taken concrete form,
we can establish control on the modulation parameters, which will be important for
our stability arguments later on.

Lemma 4.3.4. Assuming [S3, there exist constants §3,Coy > 0 such that for all
o € L2, that satisfy ||0]|L2, < 02 and each ¢ € [cmin, Cmax] we have

Q"7 (0,8) = Q2¢u(0,8)]| . + [|QV2% (3.0~ Q*2(0,3)

< Collol 1z, (4.25)

|ca(@,&)| + (0, ¢)| < Col|8]|7 , (4.26)

|ca T) — 2a(0,8)] + [Qa(?,8) — 2a(0,8)| < Co(1+[|5]172) 102, (4.27)
|cp(8,8) = cp(0,8)] + [Qp(8,8) — Qr(0,8)] < Co|0| 2. (4.28)

Proof. Setting out to control K; (%), we note that

9 [&/2 0
K:(0) = 9 {6—1 51/2]

is invertible, so that we can find constants Cy,Cs > 0 that ensure A |op < Co
for all A € R?*2 which satisfy

|Aij — [Ka(0)]i5] < C1,  (3,4) € {1,2}2%

Here, || - [|op denotes the operator-norm on (R, - [|1), chosen for convenience in
the computations below. Now note that

[[Ka(0))i; — [Ka(0)]s5] < (’<ﬁvac¢é>‘ + |(8, 0u002) | + ‘(@@-Cé”)
< (10etellLz | + 1020zllLz  + 19cCellLz ) 1DllLe,

for all (i,§) € {1,2)%. Ensuring 6, < (|0:ell 2, +0e0ellz2, +10:Gel 2 ) 'O,
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it follows that HKE_I(TJ)HOP < Cs. Estimating

(0 >+kmw%@>
(@ mﬁ+y ,0cpe)|

Hﬂ%

(N (@), 6c)

+| (v @).¢o)

| /\

where

65 = sup (|€72wx8I¢5($)| + ‘672““80(;56(3:”)

<0

establishes (4.26). Writing

e dom] =@ (G a] - wor o) |

establishes (4.28]). Writing

g arnom) =0 (i)

1/2( 42
+ (Kfl(()) - K ( )) [Q%/Q(é:bg))]

together with

PN ~ 1/2
1Q"2gll> = 1v/aglle> < 141203l < llall2lgllz2, g € L2

and
106l 2 + 10l 2 < (I9allze, +11ellzz )10l ze,

establishes (4.25]). Lastly, (4.27) follows in the same way, using
Kn@éfmma@>

‘HQUZQ

}(Yd (#,8) — Ya(0,6), C:)

o] (100202 00)| + | (@200,
+ 41102, @, 0)[7. — 19"2es(0,)|[3 | (| (0202, 62)] + [(026%, )] )
+ 31Q120(3,8) 5. (0, 0262 + (8,02¢:)])

< Cb(14—anLa-+anLi)nana

- [lQ20.(0.9)][2

and

|z .8 -z 0.9)l ,
< H(g + ¢5)"7HL2 + HQé(@’E) - QS(O’E)|‘L2‘<6$97¢5 + 17>|
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+ |22, 0) ]| 2 [(02g, 0)| + [|es(,8) — ¢s(0,8)|| 2| (g, Dette) |
§é7(1+||@||Lﬁj)Hﬁ|L2' O

w

4.4 Local modulation system

Now that we have set up the modulation system (v(t), c(t),£(t)), we turn our at-
tention to the main goal of this paper: asserting that the remainder v(t) defined
through

u(t, x) = u(t’ T+ f(t)) - (bc(t) (z)

remains small (measured in the norm H}). However, we do not base our arguments
on the operator L. that represents the linear part of . The main reason
is that L. is non-autonomous, which complicates stability arguments based on
the stability properties of the flow generated by L.. A second reason is that v is
defined through a stochastic shift of u, and hence (4.21)) contains the term 92v,
which presents regularity issues.
Given T > 0, we therefore introduce a local modulation system m” := (vT, c’, ST)

through

vT(s,2) = u(T + s,z + &(T) + ¢(T)s) — @7 (m” (s), s,2), (4.29)
where we have abbreviated
" (m" (s),5,2) := gor(s) (x + E(T) + ¢(T)s — £ (s)).

The local remainder v” (s) is defined by shifting u with constant velocity ¢(T). This
freezes the wave around the origin in the absence of forcing, while avoiding an It6
correction term of the form 92. The parameter £7(s) then has the interpretation
as soliton position, and accounts for corrections due to the forcing. The local mod-
ulation parameters ¢’ (s) and ¢7(s) are uniquely determined through the condition

<UT(8)7 ¢C(T)> = <UT(S)> CC(T)> =0. (430)

In particular, we have

(v7(0),¢7(0),£7(0)) = (v(T),e(T),&(T)).

In the absence of noise and forcing, with v(T') = 0, the local modulation parameters
keep their constant value ¢ (s) = ¢(T) and ¢T(s) = £(T). The unique existence
of the decomposition (4.29) is guaranteed by the following lemma, a variation on

Lemma tailored to the condition (|4.30)).

Lemma 4.4.1. Assuming[S3, there exists a constant 63 > 0 so that for each v, €
Hy N H" and c.,co € [Cmin, Cmax] with |[v.]|r2 ,|c. — co| < 3, there exist unique
parameters ¢ > 0,6 € R and a unique function v € HY N H' that together enforce
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the identities

QJ)C* ($> + U*(‘T> = (bc(x - 5) + ’U(.’E - 5) with <’U7 ¢Co> = <7}, CCO> = 0.

Existence of the local decomposition is thus guaranteed as long as the remainder
v (s) and the difference |c(T) — ¢?(s)| remain under d3. The advantage of defining
the local system through the conditions is that it demands orthogonality with
respect to fired eigenfunctions ¢y and (.(r), facilitating the use of the stability
properties of {e£<M!},5¢ to control the growth of vT(s). Rewriting as

v (s,2) =v(T+s,2+&(T) +c(T)s — &(T + 5))
+ Ge(T+s) (x +&(T)+c(T)s — &(T + s)) — @T(mT(s), 8, ),
we observe that as long as the local modulation parameters ¢’ (s) and £7'(s) do not
deviate substantially from their global counterparts ¢(T + s) and {(T" + s), then

neither do v7(s) and v(T +s). As long as this holds, we can understand the growth
of v(T + s) through vT (s). The following lemma asserts this correspondence.

Lemma 4.4.2. Assuming[S1] and[S3, there exists a constant Cy > 0 such that the
following holds true. For all T,s,0 > 0, the inclusions
(s),e(T+s) e [ Cmins 2Cmax]
and the bound
|c"(s) = o(T + 5)| + [¢7(s) = &(T +5)| < 6,

imply
ol + )|y — e EDHD=STN T

< C4d.

Proof. We compute

‘He“"v(T T 8,)|[,n — e EDIHADI—ET+) | iy T(5 |

= ‘He“"v(T + s, )HH1 - ||e“"vT(s, —&(T) — c(T)s +&(T + s))HH1

Using the reverse triangle inequality, we get

‘Hew'v(T t5,)| gy — EUEDHDI—ET+D [y T (5 )|

O R IR G R )|
-

The result now follows by exploiting the O(e~V¢l*!) decay of the wave-profile

Pe(+s) = Ger (o) (- HE(T +5) = €7(5)) HH,l '

6c
(e—\ﬁr/Z + e\/Ez/Q)Q

do() = 3 sech® (v/ex/2) =
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4.4. Local modulation system

and its derivatives 0,¢., 02¢e, Depe and 02,¢.. Indeed, it implies that the map

Xr

e e h.(z) + €0 p.(x) is Lipschitz from [0, 2cmax] to L2 O

Let us proceed by describing the dynamics of the local modulation system. We
once again introduce a phase-shift parameter Q7 (s) through

- | T ()ds 4 T (s)

and will see that ¢’ and Q7 satisfy SDEs of the form
dc? = ¢ (m7 (s),5) ds + o(cl(mT(s), s),Tg(T)+C(T)SdW:,Q+S>, (4.31)
AT = Q7" (m7(s),s) ds + a(Qf (m7(s), s), Tg(T)+c(T)de'_zC?+s>- (4.32)
A formal application of It6’s lemma then shows that

do? = EC(T)UT ds + YT (m7T (s),5) ds + 0 Z7 (m” (s), s) Tﬁ(T)+c(T)de1(?+sa
(4.33)

where
Yool (m? s) = YI‘T’G’T(rnT7 s) 4+ ef (T + s)vT (4.34)
with

Y7o (m",5) = 20, ((der) — @ (m",5))0") + N(©") + ef (T + 5)2" (m", s)
(4.35)
— 7T (mT, 5)9,07 (m?, s) + Q7" (m?, 58,87 (m7, 5)
2 2
302 [IQVET T 2,02 + Q20T () [20%] .
and
Z"(m",s)[h] = (" (m",s) +v")h

+ (= (T, 5), h)0. + (L (mT, ), 1), ) @7 (m,s).  (4.36)

In (4.34) and ([4.36]), 9.®T should be interpreted as
9.2"(m", s,x) := Ocpor (x + &(T) + ¢(T)s — £T).

However, we can not rigorously justify (4.33)), as v”' is not regular enough for £pv”
to be well-defined. We therefore pass to a mild formulation with respect to the flow
generated by the linear equation w; = L (ryw (see Theorem [4.2.2)).

Proposition 4.4.3 (See Section [1.11)). Assume[S]] and[S3 For each T,s > 0, the
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Chapter 4. Stochastic stability

inequalities
[0 ()2, <05 and " (s') € [3Cmin, 2emax), 5 € [0, 5]

imply that
vT (s) = eLemsy(T) —I—/ eﬁc(T)(S_s,)Y”’E’T(mT(s’), s')ds
0
+a/0 Lo =D 2T (mT(s'), 8') Teeryroim)s AW, o, (4.37)

P-almost surely.

It follows straightforwardly that

A0 (s), decr)) = < Y7ot (m (s), 5), der) ) ds
< Z7(m" (5), 8) [Te(r)e(r)s AW, ¢C(T)>7

d(v"(s) Cc(T)>*<Y”T(mT )¢c(T>
+ (27 (m" (), 5) [TecryoimrsdWRy . Cocr )-

For the orthogonality conditions (4.30) to hold, we must have

<ZT<mT,s>[hL¢C<T>>] _ 2
rmr 0] =0 e
This shows that

)| = )t |Gl ) L)

where

m? . s <(9 q)T( ) ¢c > _<awq)T(mT7S)7¢c(T)>
K 5) = |0 Galma ) i D )]

“T and QZ’E’T follow by solving

|:<YU,E,71:(m71:, 8), ¢C(T)> =0
(Yoet(m?,s), () |

The drift components ¢

leading to

7T (m", s) = eyt (m”,s) + ef (T + s)cf (m”, s) + 0% (m”, 5)
QZ’E’T(mT, ) = Qg T(mT, s)+ef (T + s)Q?(mT, 5) + o2QL (m” ) s)
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4.4. Local modulation system

AT (T s) ("), bc
B W” ks {2 o) o
J [(0-((Guar) — 0. s))vT),¢>c<T>>]

+2(KT)~
< m( <Z)C(T) - (PT(mTa S))UT) ’ CC(T)>

cf (m?,s) (@7 (m”, 5) + 07, $ory)

pi T (T)

[Q?(mT’S)} (K ) ( )|:< T(mT )+U 7Cc(T)>:|

CT(mT’S) — L1028 (mT . 5|12 V-1 s ag‘bT(mT,S), c(T)>
)] = e e ) i 9 o

<3§@T(mT’ s), ¢C(T)>

+311Q2QY (m™, )| 72 (KT) " (mT, s)
" <8§@T(mT7 S), CC(T)>

2l

We now establish control on the local modulation parameters, assuming a-priori
control of the quantity

Ry (s) = [l ()l g, + |e(T) = ()| + [€(T) + e(T)s — €7 (). (4.38)

Lemma 4.4.4. Assuming and [S3, there exist constants &5,Cs > 0 such that
following holds true. For all T,s > 0, the bounds

c(T),cT(s) € [%cmin,Qcmax] and Rg(s) < 5

imply
0. 0o 9 SO Ol (40
2 (o) + 97 (05| < CuRLIT Sz (440
|e(m”(s), s)| + 24 (m" (5),5)| < C (1 + T (s)llzz),  (4.41)
lea(m™ (s),s)| + |Qa(m”(s),s)| < Cs(1 + [lv”( $)le2).  (4.42)
Proof. As in the proof of Lemma note that
T, T _ [{Oche(r); Pe(T)) 0
K (m(0),0) |:<ac¢c(T)7<c(T)> (0 Pe(rys Ce(m)) |

In particular, we can find constants C;,Cy > 0 that ensure |[A~!||,, < Cs for all
A € R?*2 which satisfy

Ay = K mT(0),0)] < Gy, (i) € 1,2},
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Chapter 4. Stochastic stability

Recalling that ®7 (m”(s), s) = ¢er(s) (- +&(T) +¢(T)s — &7 (s)), the Lipschitz prop-
erties of ¢. imply

‘KZ(mT(s)7s) — ngf(muo),o)‘ < ég(\g(:r) o) — €7(s)| + |7 (s) - C<T)|)

for all (4, §) € {1,2}2. In case 05 < C5'C}, it follows that H(KT)_l(mT,s)Hop < Cy.
Estimating

(00 (D) = @7 (07, )07 (5)), Beiry )| + (D ((Geiry — @7 (m” (5),8)07 (5)), ey )|
< (102 6etr) oo + 102 ety loe) 90y = O (@ (), )llnz 107 (3)] 22

establishes (4.40). The estimates (4.39), (4.41) and (4.42) follow by applying the
Cauchy-Schwarz inequality. O

We conclude this section with a result on the deterministic integral in .
This is provided by Corollary below and forms the basis of our stability argu-
ments. Our estimates for the deterministic terms (o = 0) in are similar to
those in [91], save for our treatment of the nonlinearity N(vT) = —0,(vT)2. Here
we follow the approach of Mizumachi and Tzvetkov [86] which uses property .
This allows us to control the nonlinear term based on the condition that ||vT||. is
small. This is an improvement over the standard argument used in [91], which re-
quires control of ||,v” |12 and consequently a more cumbersome energy argument.

Lemma 4.4.5. Assuming[S1] and[S3, there exists a constant Cg > 0 such that for
each T,s > 0 the inequalities

e(T),c"(s) € [%cmin,Qcmax] and RL(s) <05

imply

[v7eT (9,9 | < Cor? 1+ 1o ($)za)? + Coe

L}

+ Co([l" ()= + RE(s) )17 ()13

Proof. The various terms in YIU’E’T (mT(s),s)—see (4.35)—can be controlled as
follows. The inequality

202 ((6eiry = @7 (m (5), 5))07) |
< 2||beer) = @ (" (5), )| 1 [[0" ()] 1y

< G (Je() = ()] + [6(T) + e(T)s = 7)) [0 ()] 1y

follows from the fact that ¢ — ¢.(x) + 0. (z) is Lipschitz from [0, cpax] to L?. Via
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4.4. Local modulation system

Lemma [4.4.4] we find

\H 7 T<s>’s>8c+QZ"T<mT<s>7s>az]‘1>T(mT(s>,s)\

Ly,
< Go|eq T (" (s), ) + Q7 (" (s), 5)
< C2C5RL(s)|[o” (s )z s
where Cs is a constant large enough to ensure
1027 (m” (s), 5)l|1, + |0:@7 (m" (s), 5) |11, < o

Similarly,

Q2T (m” (5), )7 ]| 0207 (m" (s, )|, < C(1+ 110" (s)]1ez)",

and
Q20T (m (s), 5)][ . [|0207 (0 (5), 5)]] ., < Ca(1+ 17 (5)]12)".
Lastly,
o), <27 ) lee e (5)
and

Hef(TJrs)@T(mT(s),s)HLh < Cye. O

Corollary 4.4.6. Assuming [S1] and [S3, there exists a constant C7 > 0 such that
for each T, s > 0 the inequalities

Cmin < ¢7(8') < cmax  and RL(s') <45, s’ €]0,5]

imply that

H/ eﬁc(T)(S*SI)YU,GaT (mT(s'),sl)ds'
0

L <Crs swp ([07() 2+ RE)) |07 ()]
w 0<s'<s w
+ Cr (0% + €)s, (4.43)
holds P-almost surely.
Proof. Consider the decomposition
YU,E,T (I,I,IT(S/)7 S/) _ YIU,S,T (mT(S/), 8’) + €f(T + S/)UT(S,) ]

. i 2
in L1 in L2

w
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Chapter 4. Stochastic stability

Both terms are contained in the stable subspace of {e<«'} _ . We have via (4.15)

S S
H/ eLC(T)(s_S/)[f(T—i—s’)vT(s')]ds’ . < M/ e P65 (s—s) 7124’ sup v ()|, -
0 w 0 w

s'€[0,s]

Here, b and M are the constants appearing in the semigroup-bounds (4.15)) and (4.16)).
We remark also that

S
sup/ e =) (s — ) 712ds < 0.
s>0J0

Using (4.16)), on the other hand, we have

H1

w

YIU,G,T (InT(S/)7 S/)

H/ eLe(ry(s=5") [YIJ’E’T(mT(S/),s/)}dSI
0

< M/ e 6= (s — ¢')73/%ds  sup
0

)

s’€[0,s] L3,
where also s
sup/ e b= (5 — §') 3/ 4ds < oo.
s>0J0
The result now follows by applying Lemma [4.4.5 O

4.5 Weighted norm control

In this section, we control the local remainder v on time intervals [0, AT]. We do
so by exploiting the stability properties of the linear flow {e'cc(T)t}tZO on weighted
spaces. As pointed out, control of the local remainder v’ transfers to the global
remainder v via Lemma [£:4.2] The main result of this section is Proposition [£.5.]
below, which bounds the probability that v?" grows large on a time interval [0, AT].
We show that [|[vT|| 5 1 only grows large with small probability, provided that

— the soliton amplitude remains within fixed bounds;
— the unweighted L?-norm of v” remains small;
— the difference between global and local modulation parameters remains small.

An important ingredient for ensuring that we can repeat our stability argument on
time intervals of size AT is the exponential decay of the semigroup after time AT
in the first term of . We thus require that AT is large enough to guarantee
significant decay. We formulate this in the following condition, and fix constants
04, no for later use.

C1 The constants AT, 0, > 0 and ny > 0 satisfy
— AT =log(6M)/b;
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4.5. Weighted norm control

. 1 1., .1 1 .

— 04 < min {m, 41 Cmin; 5Cmax; 2130, }7
. 1

— no < min {4,,d5, 1, m}'

The constants Cy, Cs, 85 and C7 have been introduced in Lemma[4.4.2] Lemma[£.4.4]
and Corollary [£.4.6] respectively. The constants b, M are introduced in the semigroup-

bounds ([4.15)). To keep track of the weighted norm [[v” (s)| #: , we define for each

T,n > 0 the stopping time 7% as

72 (n) = sup {s>0: HUT(S)HH; <n}.
We furthermore introduce stopping times 7., 7L, 7L  and Tg;

Te > Ten> Tamp which encode the
conditions for stability:

S

l=sup{s > 0:c(T + 5) € [$cmin: 2max] };

o) =sup {s > 0: o7 (s)| . <n}:
amp () =sup {s>0:|e(T) —c"(s)| < dun};
amp, 2(n) =sup {5 >0: |c(T+s —T(s)] < .um);
pos () =sup {s>0:[&(T) +c(T)s — £ (s)| < 2AT6.n};
Toos2(1) = sup {5 > 0 |§(T+ s) — €7(s)| < 2AT8.},

and we define

Timod (1) = Tainp 1 (1) A T 2 (1) A Tyos 1 (1) A Tyos 2 (1)-
Our result is then as follows.
Proposition 4.5.1 (Short-time control). Assuming . . 159 and |C1| . there exist
constants 09 > 0 and Cy > 1 such that the following holds true. For all n € [0,n0],
Coo,Coe € [0,m] and T > 0 the events
& = {75 (n) < AT A7, (8:) A Toa (M) ATC }
and
= {[o"(AD)]| = gt} N {7 () AT (82) ATia(n) A TS > AT}
satisfy

Be: 0 ()l < 7}] + P& (oD, < )] 7", @ag)

Our main tool for establishing Proposition [£.5.1] is based on the results of Sec-
tion [4.4] We recall that the constant C7 was introduced in Corollary [4.4.6]

Lemma 4.5.2. Assume [S1] and [S4  For all 0,¢,T,s,6 > 0, each 6. > 0 and
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Chapter 4. Stochastic stability

n € [0, min{d,, J5, 1}] that satisfy

and max{o?s,es} < o (4.45)

2
<
s+ s 307,

0
~ 6C76,

the inequalities
[v" ()| < and 07 (s)]IL2 + RL(s) < 6.(1+2s), s €10,s]
imply

1" )y, < Me™[[o(D)]] 1y +0m

S
+UH/O eLe(m(s—s )ZT(mT(S/)7S’) Tg(T)+c(T)s’dW79+s’ HL (446)
Proof. We apply Corollary to estimate (4.37)):
||UT(S)HH1 < Me_bsHv(T)HH1 + Cr(0? + €)s + 2075,(s + s*)n
3 L. s—s") 7T T Q
+ UH A e (1) ( )Z (m (3/)73/) Tg(T)+c(T)s’dWT+s/ i
The result hence follows from the assumptions (4.45)). O]

We remark that the constants d., 1o introduced in ensure that Lemma
may be applied on the interval [0, AT]. With Lemma established, we further-
more require control of the stochastic convolution present in (4.46)). Our main tool
for doing so is the following.

Theorem 4.5.3 (Gaussian tails of stochastic convolution, see Section [4.11)). There
exists a constant K > 0 such that the following holds true. Suppose that S(t)}t>0
is a Cy-semigroup on a Hilbert space H satisfying B

S(t <M
ggll Ol ) <

for some M > 1, and g € LP(Q; L?(0, T} HS(LZQ,H)) satisfies

T
P
| Ello®lsius )t < BT 92
for some B > 0. Then, for A\ > eBKM~/T we have the inequality
t
]P’[ sup H S(t— s)g(s)dWSQHH > )\} < e (eBEM)TENT
te(0,T) 0

In the sequel, we will apply Theorem[£.5.3]to stochastic convolutions with respect
to the semigroup {e“<(Mt};~0, as well as ordinary stochastic integrals. In the latter
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case, we take the semigroup in Theorem to be the trivial semigroup, i.e.
the identity operator. Below, we explicitly compute the norms of various Hilbert-
Schmidt operators used in the sequel.

Lemma 4.5.4. Assuming[S1] and[S3, there exists a constant Cho such that for all
fER g€ L% and h € H},, we have

1T - llas(zz,, 1) < Crollhllay
19, Tg) |y 12,111 = 1Q" gl L2 |1l ez,
H<ga I HHS(LZQ,R) = ||Q1/2g”L27
while for all g € L' we have

H(g, HHS(L2 R) < Cuollgllr:-

Proof. We compute that pointwise multiplication with a function h € H} leads to
the identity

||th~ ) ||%IS(L2Q7H1 Z Hth/2€k||H1
_ Z/ 2wz h2 + h2( ))<q1/2(x . ‘),€k>2dl’
+ Z/ —|—e2wxh2(x)<qi/2(x - -),ek>2dx

= llgwj2llZ2 0I5y, + llai joll 72 1202z -

w

Inner products against a function g € L? lead to

o Te) lfisqaz iy = 2 109: TeQ el = 1@ 2gll3.
k=0

and hence also

||<97T£'>h||12+13(L2 HL) Z H<9’Q1/26k>h”jﬂv = H<g’Tf.>Hf—IS(L?J,R)”hH§ﬂ;
k=0
= Q" gl 72113 -

For g € L':

19 Te) s o,y = 1220122 < IV/al3 11 = Nl gl
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Here we note that ¢ € L, since ¢ is assumed to be an element of H' in[S1|and
A R 1 ~
JalEs < [ (@4 PP x | rsde < Culal. =
R r 1+ |w|
With these preliminaries in place, control on the stochastic integral in (4.46) is

provided by the following lemma.

Lemma 4.5.5. Assuming [S1] and [S, there exists a constant C11 > 0 so that for
each T)s > 0 and £ € R, the bounds

o(T),c"(s) € [3cmins 20max]  and  RL(s) < 65

imply

HZT(mT(s),s)T

éHHS(L’Z‘Q,H@) < Cu (1 + HUT(S)‘ Hl)

Proof. From (4.30)), a straightforward application of the triangle inequality yields
the P-a.s. bound

||ZT(mT(s)’s)Té’|HS(L2 ) S [(@7(m"(s), 5) + ”T(s))TE' HHS(L2 JHY)

+ H(cf(mT(SL $), Tg - )0.@" (m" (s), S)HHS(L2 HY)

0T (m? T: 9,07 (m” H .
+H< s (m7(s),5), T; )0:@" (m’ (s), s) HS(L2, H1)

Applying Lemma yields
||ZT(mT(S)7 S)TéHHS(L2 JHL)
< Cao (14 Q2L (" (s), )| + | QV/22F (m (5), 5)||.» )
+ Cuollo” ()1
and applying Lemma provides the result. O

Having established control on v” via Lemma and Lemma we are
ready to prove the main result of this section: Proposition

Proof of Proposition[.5.1l Let us fix Co = 18C7AT. Writing
7 = min {7 (1), 7oy (0), Tehoa (), 7, AT},

we may establish control of ||v”(7)||g1 by applying Lemma with § = 1/3:

T
Hv (T)HH}U < MHU(T)HH}U +n/3+ O-OSSsl;pATI(S),
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4.5. Weighted norm control

where we have abbreviated

s
9= / e =01 ()27 (" (), 8') Teryrorr)s dWr, o
0

Suppose now that 71 (n) < AT, meaning that the stopping time 721 is activated

because the bound 7 is reached on [0, AT, while also

Tst (77) < min { mod T}

Then,

0= ot Oy, = " )y < My +0/3+ 0 swp 1(s).

It follows that the event & N {|lv(T)|| 1 < 577} can only happen if

M
o sup I(s)>n/3,

so that

Plen {llo(llmy < 5} <Plo swp 1(s) = n/3].

v 0<s<AT

To control this probability, note that Lemma implies that P-almost surely

< 011(1 + 77) s e [O, AT]

Lo, ()| Z7 (m"(s), ') Ter) ey

HS(L3,HY)

By applying Theorem with the semigroup {eﬁc(T)t}tZO restricted to its stable
subspace, and by increasing Cy to meet Cy > 2eC7r K/ AT, we find

P[U sup I(s) > n/S} < 6_69"2/‘72,
0<s<AT

with
5o = (2eC;M~'K) 7% /AT.

It remains to establish the same bound on &. To this end, suppose that
7=AT and |v(T)||g; < 517, but HUT(AT)HH1 > on7

Upon increasing Cy to ensure that Lemma may be applied on [0, AT] with
d =1/36M, we obtain

oir < [v" (ATl gy, <G[0 gy + 55l + o L(AT),

where produces the factor % above. The conclusion follows, upon decreasing dg
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to
S = (72eC-K) % /AT,

via the tail bound

P|:52 n ||U(T)||H1 < ﬁ} < P[UI(AT) > 36%] < 67697}2/02. 0

4.6 Local control of modulation parameters

In this section, we establish several facts regarding the modulation parameters c, £
and their local counterparts. Our goal is to address one of the conditions for stability
formulated in Section[£:5} an estimate on the local modulation parameters, encoded
by the stopping time

Tgod(n) = Tgmp,l(n) A Tgmp,2 (77) A T§>571(77) A Tg:)s72 (77)

introduced in Section where

Tamp (1) =sup {s > 0 [e(T) = " (s)| < d.n};

Tamp2() = sup {s 2 0: [c(T + 5) — ¢' ()] < b}

7;571(7]) = sup {s >0: |§(T) +¢(T)s — ET(5)| < ZAT(S,J]};
7’3;5’2(77) = sup {s >0: ‘S(T—i— s) — fT(s)‘ < 2AT5*77}.

We show that the probability that one of the stopping times above is activated
on [0, AT], while the local perturbation v” is small and the global amplitude is
within the bounds [¢min, Cmax], Satisfies an exponential tail estimate. Recall from
Section 5] that

71 = sup {s >0:¢(T+s) € [%cmichmaX]},
Tat(n) = sup {s > 0 0" (s)| , <},
and let us furthermore introduce the stopping time
te =sup{t > 0: c(t) € [mins Cmax] }
which signals that c(t) exits its bounds [¢min, Cmax]-

Proposition 4.6.1 (Control of modulation parameters). Assuming and
@ there exist constants d12,C12 > 0 such that the following holds true. For all
n € [0,m0], all C120,Ch2¢ € [0,m] and T > 0 the stopping times 11 4, 7L and t.
satisfy

P[{rLoa(n) < 75 (0) A AT} N {T + 154 (n) < t.}] < e~/

We first treat the stopping time Tgmm by estimating the local amplitude ¢’
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4.6. Local control of modulation parameters

through

CZ’E’T (mT(s’), s') ds’

C —CTS )
|e(T) <>!g/0

+U‘/ <CsT(mT(3/)73')7T§(T)+C(T)s/dW7@+S/>. (4.47)
0

This is obtained straightforwardly from (4.31]). We recall that 19 below is introduced
in Proposition

Lemma 4.6.2. Assuming and [CT}, there exist constants d13,C13 > 0 such
that the following holds true. For all n € [0,10], all Ci30,Ci3¢ € [0,n] and T > 0
the stopping times Tgmp71,7£571,75 and T satisfy

P [TT (n) < 7T

amp,1 pos,1

(n) A ng(n) A TCT A AT] < 6—513772/02.

Proof. Writing 7 = min{7.} 1 (n), Tos1 (), 7o (1), 72}, we apply Lemma

to (4.47) and find
o(T) — T (s)| < Cs / RI(s) [0 (/)| 2 ds’
0
+c5e/ f(T+s’)(1+||vT(s’)\|L%U)ds'+C502/ (14 07 (s")]|z2 ) ds’
0 0

7

+C” /0 (e (m" ("), 8'), Teeryre(ryw AW, o)

P-almost surely for s’ € [0, 7]. We thus have

|e(T) = " (7)| < C5AT (5*(2 + 2AT) 0% + 2(e + 02)) + 00<81ipAT C(s),

where we have abbreviated

C(S) = ’/O 1[0,T](SI)<05 (mT(sl)v3/)7T£(T)+C(T)s’dw7€2+s’>

We note via Lemma that P-almost surely for s’ € [0, 7], the integrand above
satisfies

2

(e (T (), ), Tegrysecmrer ) < G214 0" ()l122)” < 20+ )2

HS(L? R)

Suppose now that 7., 1(n) < 7. 1(n) A7E(n) A7l and that the stopping time

T;Tmp’l is activated because the bound 4.7 is reached on [0, AT]. In this case,

8. = ‘c(T) — cT(T)| < 6,m/4+205AT (e +0%) +0 sup C(s),
0<s<AT
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Chapter 4. Stochastic stability

where we have used that C5ATS, (2 + 2AT)n? < 6,n/4 via Ensuring that also
2C5 AT (e + %) < 6,n/4 via Cy3, this can only happen if

o sup C(s)>d.n/2.

0<s<AT
Ensuring furthermore that ov AT < Msﬁw, Theorem implies the tail
bound
]P’{O’ sup C(s) > 5*/2} < 67613772/02, (4.48)
0<s<AT
with )
(513 = (2605(1 + no)K)i 53/AT
Hence,
2 2
P[Tgmp,l(n) S Tg:)s,l(n) A ng(n) A T;T A AT] S 6_5137’ /o . O

Next, we set out to control the stopping time 7'505’1 via the estimate

|€(T) + e(T)s — €7 (s) / |cT(s) — ()| + |Q7°T (mT(s"),s')|ds’  (4.49)

+o QT Ter AW
S
‘/ ) &(T)+c(T)s T+s' >

on the local soliton position ¢7. Note here the dependence on [¢” (s") — ¢(T) |, which
is under control before time Tgmp 1-

Lemma 4.6.3. Assuming [ST], [S9 and [CT}, there exist constants §14,C14 > 0 such
that the following holds true. For all n € [0,n0], all C140,Crae € [0,n] and T > 0
the stopping times T, aTmp 2 g:)g 9, tst and t. satisfy

Pl () < 75 1 () ATE() ATE AAT] < =017/

pos,1 amp,

Proof. Let us once more write 7 = min{72,, 1 (1), 7. 1 (1), 74 (1), 77}, From (4.49)
we obtain the inequality

20T 6,n = |E(T) + o(T)T — £"(7)|
< 8. ATn+ C5AT(6,(2 + 2AT)n + €(1 + 1) + 0*(1 + 1))

+o sup ’/ 0,78 (m"(5), ), Te(ry oy dWE o ) |-
0<s<AT

Ensuring C (6, (24+2AT)n* +e(1+n)+0?(141n)) < d.n/2 as well as 0 < 50— m
via C14, the result follows from the tail bound

U sup ‘/ OT] <QT( ) Tf(T)+c(T)s’dWT+s ’ 2 ATU/Z} <e ~ouan” /0
0<s<AT
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4.6. Local control of modulation parameters

where

* 9

analogous to ([4.48)). O
Control of the global amplitude is established by estimating (4.19)) as

814 = AT (2eC5(1 4 o) K) 287

T+s
|e(T) — (T +5)| < /T e (v(t), e(t'),t")| dt’

T+s
+ O" / {es(v(t), c(t’)),Tg(t/)thC?)).
T
The difference between the local and global positions is controlled via

€T +5) — €7 (s)| < |&(T) + e(T)s — €7 (s)| + [&(T) + c(T)s — &(T + )],

where
T+s
|E(T) + o(T)s — &(T + 5)| S/T |e(T) = c(t)] + Q7 (v(t), c(t'), ') |4

T+s
+o’/T (Qs(v(t’),c(t’)),Tg(t/)th% .

This leads to the following estimates on Tgmp 5 and T

Lemma 4.6.4. Assuming @ and@ there exist constants d15,C15 > 0 such

that the following holds true. For all n € [0,10], all Ci50,Ci5e € [0,n] and T > 0
the stopping times T, gmp 2 gos 2, tst and L. satisfy

052

—§1em2 /o2
P[{Tgmp72(n) S T}ZZ)S,Z( ) A AT} N {T + 7, amp 2(77) S tbt(zn) A tc}] S € ki ’

and

P{rhe () < 750 2(m) AATY N AT + 15 5(1) < t(20) At}] < 07/,

Proof. These bounds follow from computations fully analogous to those in the proofs
of Lemma [£.6.2] and Lemma, [£.6.3] O

As a last preparation, we show how the correspondence between the local per-
turbation v(7T + s) and global perturbation v”(s) manifests in the stopping times
7'571: and its global counterpart ts;. We recall that

tse(n) = sup {t > 0 lu(t) ||y, < n}-

Lemma 4.6.5. Assume. . cmd, For each T > 0 andn € [0,n], the stopping

T
times 7L, 7L 1 te and ty satisfy

min{7T + 75 (1), T + Tioa (6:1), e} < tse(2m),
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P-almost surely.
Proof. Writing 7 = min{rL (n),7Z_,(n),t. — T}, we have
(T + 8) € [emin, Cmax), and ‘CT(S) — (T + s)| < 20,nm, for se]l0,71]
Since 6, < min{icmin, %cmax} via it follows that also
c'(s) e [ Cmins 20max], s € [0, 7).

Lemma 4.2 now gives

“\”(T + S)HH; _ w(E(T)+e(T)s—E(T+s)) HUT(S)H%

We then obtain the bound
[o(T + s)||l g1 < e“’(f(T)+c(T)s_f(T+s))||vT(s)HHL1“ +3Cum < €2M58,m + 3C48.n < 21,
for all s € [0, 7], where we have used that §, < (e? + 3Cy)~! Via O

We are then ready to collect our results and establish control of T;ﬂod. We note
that the event

Tood(M) ST () AAT  while T +7.4(n) < te

m

implies that one of the events

s1(m A amp,z(n)/\Tst( YJAAT} N {T + 7, amp1( ) <te}s
(77) '1mp2(77)/\7-st( /\AT}Q{T‘F posl( Stc}§
d()/\Tst( NATF AT + 7 ampz ) <te);
aMATEM) NATY 0T + 71 2(n) <t}

{ ampl

T
P
{ T
osl Tam
B3_{amp2 ) r:g
T

Tmo

34_{ 052

holds, depending on which of 7, P ;;FOS ; and T OS o is smallest.

amp 1> "amp,

Proof of Proposition[{.6.1 We bound the probability of the events By, Ba, Bs and
By. In case By or By holds, note that t. — T A7) 5(n) < 77 Indeed,

|cT(s) —c(T+s)<n and (T +5) € [Cmins Cmax)

implies that ¢’'(s) € [%cmm, 2cmax]. Thus, the probability of By U By is controlled

by Lemma and Lemma [£.6.3] respectively.
In case Bs holds, Lemma implies T + 7.5 5 (1) < ts(2n). Similarly, the

event By implies T+71L pos.2() < tst (2n). Hence, the probability of BsUBy is bounded
via Lemma 6.4 ]
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4.7. Global control

4.7 Global control

In this section, we establish long-time control of the global modulation system
(v(t), c(t),£(t)) introduced in Section Our first result controls the probability
that the soliton amplitude ¢(t) exits its bounds [¢min, Cmax]- Secondly, we analyze the
growth of the remainder v(¢) in the unweighted space L?. Besides being interesting
in its own right, this is a crucial ingredient toward controlling the weighted norm of
v via Proposition Since the traveling-wave operator L. is not exponentially
stable on L2, it is standard to analyze the unweighted norm via energy arguments
[91}, 1103].

Henceforth, we assume an integrability condition on the forcing term f, limiting
the total energy contribution of the deterministic forcing in .

C2 The constant EE > 0 satisfies

3E 3E

Cmin < Cx€™ and  Cmax > C4€

The forcing term f lies in Ll([O,oo)) and the constant ey € (0,00] is small
enough to ensure

mAwWQM<E

With this condition in place, the soliton amplitude ¢(t) stays within the bounds
[¢mins Cmax] for times that are small with respect to o2. Recall the notation

te=sup{t >0:c(t) € [cmin, Cmax] },
tau(n) = sup {¢ > 0 [lo(®)llmy <0}

the global counterparts of 77" and 71 (n) from Section The constant d17 below
will be introduced in Lemma [1.7.3]

Proposition 4.7.1. Assume and [C3 For each n € [0,10], each € €
[0,¢e0], and o, T > 0 that satisfy o*>T,n*T < §17 we have

Plt, < T Ata(n)] < e %7/,
The second main result of this section concerns the stopping time
ten(n) = sup {t 2 0: H’U(t)HL2 S 77}7

a global counterpart of 72 of Section The probability that ||v(t)||r2 remains
small on an interval [0, T is controlled by the forcing parameters o and e.

Proposition 4.7.2. Assume[S]] [S3 and[C3 There exist constants Cig, 616 > 0
such that for all o, T, X > 0 satisfying o®T < 816, eachn € [0,10] and each € € [0, €],
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Chapter 4. Stochastic stability

we have
P[ten(N) < T Ate Ataa(n)] < CrA ™ (T (02 + e+ 0%) + VTom).

We first establish Proposition [£.7.1} making use of the evolution equation

ey (v(t), ¢ V¢ (u(t), ¢ .
dlog(c(t)) — < d ( (Ct()tﬂ) (t)vt) _UQHQ écgt()t) (t))HL ) dt

{es (v(t), e(t)), Ted W)
c(t) ’

which one finds by applying the It6 lemma [23, Theorem 4.32] to (4.19). In partic-
ular, as an intermediate result, we control the stopping time

(4.50)

+ 0o

4 t
fog = sup{t > 0 log(c(t)/c.) = ge [ 1£(¢)a¢| < B,

It is then ensured that ¢(t) remains within the limits [¢min, ¢max] before tog, and
consequently t. > tiog.

Lemma 4.7.3. Assuming [S1], [S3, and[C3, there exists a constant 617 > 0 such
that the following holds true. For each n € [0,m0], each € € [0,€], and 0,T > 0
satisfying 02T, n*T < §17 we have

P[tlog < tst(n) A T] < 67517/”2'1“’

Proof. Using the identity ¢~'¢;(0,¢) = 3, we estimate (£.50) as

log(c(t)fe) =3¢ [ 17(®)]ar
)DL on e elt)) = es Ot
§/0 ‘dT‘“W”" () | at

et e)) ) |Q72e (), e®))]2a
vt [T wwy

es(w(t), e(t')), TedW,?)
+o] /0 () |
t
< Cot(n” +0°) + Caen | | f(¢")]dt’
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4.7. Global control

for ¢t € [0, tiog A tst(n)]. Condition |C2| now gives
t
en [ 11(¢)lae < B,
0
Ensuring CoT'(n? + 02) + CoEn < L/2, the inequality tioq < tst(n) AT implies

B = [tog(ettoe) /o) = 5 [ 17(0)

[ i) AT

<E/2+ 0 sup
0<t<T

and consequently

t !
<CS( ( ),C(t )) jfd '> E/2
‘ , t ‘ > .
[0) 0<bt<l)T ’ \/(; 1[ ),t]og/\t:;t(”)]( ) C( 6’) — /

The probability of this event is bounded by the tail estimate Theorem O

Proof of Proposition[{.7.1 The result now follows as an immediate corollary to
Lemmam in view of the fact that t. > tiog. O

We now turn our attention to the energy result, Proposition £.7.2] Our first
result regarding the global modulation system outlined in Section is as follows.

Lemma 4.7.4. Assume[S1] and[S9 For each t > 0, the inequalities
||1}(LL/)||L%J <& and c(t') € [Cmin, Cmax], t €0,1]

imply that

t
o0l = [ (562 = ca(whel’® = QY 2estv, ) [/ + o)
t t
-9 / (v, c)ct?at + e / 7 (20132 = 9(es(v,0) = 4(0,0)) ) ar
0 0

t t
- 90/ cl/2<cs(v7c) —¢5(0,¢), th(,g> + 20/ (2¢cv + ’U2,T5thc,g>
0 0
(4.51)
holds P-almost surely.

Proof. We observe that

o)z = lu®lzz = o2 (4.52)
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by Pythagoras’ theorem and the orthogonality condition (4.18]). Via It6’s lemma
[22, Theorem 1] applied to the functional M (u) = ||u||3-, we obtain

Allull2: = o||ull2> dt + 2ef(t)||ull22 dt + 20 (u,u W) (4.53)
= (02 +2ef()) (6¢¥2(t) + ||v]|22) dt +20($? + 2pcv + 0%, TedWS2).
Here we have used that M : L? — R is twice differentiable with Fréchet derivatives

dM (u)[v] = 2(u,v), d*>M(u)[v,w] = 2(v,w),

and that the Airy group {e_agt}teR is a Cy-group of isometries on L?, in the sense
that

M(e %) = ul|22,  dM(e=%u)[e% ] = 2(u,v)
and
dzM(efaitu)[efagtv, efagtw] = 2(v, w).
On the other hand, we can also employ It6’s lemma to compute
d‘|¢c(t)“%2 = d(603/2(t)) = (903’6(1),0, 75)01/2 + %JQHQl/zcs(v,c)H;c*l/z) dt

(4.54)
+ 9001/2<cs (v, 0), ngWtQ>,

where we recall that
ey (v, e, t) = (v, c) + ef(t)er(v,e) + o%cq(v,c).

Note here that 9c/2¢,(0,c) = 2¢2, thus the leading-order diffusion term in d||ul|2,
equals that in d|¢e[|7.. Similarly,

c7(0,¢,t) = 3ef(t)c+ 02cq(0,¢)

shows that the leading-order e-dependent term in d||ul|?, equals that in d|[¢qq) 3.

The result now follows by subtracting (4.54) from (4.53]).
O

Control on the stochastic integrals in (4.51)) is provided in the following lemma.

Lemma 4.7.5. Assuming [S1] and [S3, there exists a constant Cig > 0 such that
for all © € L2 satisfying ||1~1||ng < b2, all £ € R and é € [¢min, Cmax] we have the
inequalities

12620 + 9% Te Ml 12, 1) < Cls(Hﬁlngu + II@II%Q)
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4.7. Global control

and

[[{cs(,6) — 05(0,6),T5->||HS(L%7R) < Ch)|9]

L3
Proof. Applying Lemma we have

12620 + 7, Te) s 2,y < 21Q(Ge0)ll12 + Croll 12

< llall®lgellcz 5]z + Crollll3e,
and
{ea(.8) = €0(0,0). Te) |l ygu2, ) = 1@V €x(0.) = Q/%¢.(0,2)] -
The result follows by applying Lemma [£.3.4] O

Proof of Proposition[{.7.9 Using (4.51]), we may P-almost surely estimate
t
[o(®)]172 < 02/ (0% + 2¢[ fF(E))[o ()| 72dt" + Cat (0 + en +1?)
0
t t
+90] / (es(v,6) = €5(0,¢), AWF)| + 20] / (200 + 0%, TedWg)),
0 0

for ¢t € [0,t. A tst(n)], where we have controlled the modulation parameters in the
deterministic integrals via Lemmal[4.3.4] After taking a supremum and expectations,

T
E sup lo()]22 < 02/ (0% +2f(ONE  sup o) |20dt
0

0Lt/ <T AteAter (1) 0Lt <tAteAter(n)

(4.55)
+ CoT (0 + en+n°) + oI(T),

where we have abbreviated

t
I(T) = 9E sup ‘ / (es(v,¢) — es(0,¢), thC}2>‘
0<t<TAtcAtse(n) ' J0O
t
+2E  sup ‘/ (2000 + 0% TedWS)).
0<t<TAtcAtse(n) ' JO

The Burkholder-Davis-Gundy inequality [98, proposition 2.1] together with
Lemma yields the control

T AteAtse(n) 1/2
rm) < cus[( [ o3 + lo(®)lEdt) ]

< CisnVT + CisVTE sup [o(t)]1Z-

0<t<TAteAtsy(n)
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If 616 is small enough to ensure Clga\/T < 1/2, we may bring this last term to the
left in (4.55)):

T
sE sup lv(®)lI7> < Cz/ (0 +2¢|f (1)) E sup lo(t)|I7-dt
0

0<t<TAteAtg () 0<t! <tAtoAter ()

+ CoT (02 +en+ 772) + ChoV/T).

Gronwall’s inequality then yields

E sup [0(t)][22 < 2C5eC27° T 2C2¢ J5 11 (D)1dt (T (c* +en+n°) + a\/Tn).
0<t<TAt:Atst(n)

Noting that [C2 implies
T
e/ F(0)]dt < E,
0

the result now follows via Markov’s inequality:

IP’{ sup lv()||32 > )\} < 2C,ef2016 202 E )1 (T(02 +en+n®) + Uﬁn).
OStST/\tCAtst(n)
O

4.8 Nonlinear stability

In this section, we collect our results and prove the stability result Theorem
Our goal here is to show that the event ¢ () > T occurs with high probability, by
ensuring that

— the unweighted L?-norm of v(t) remains under control on [0,7] (Proposi-

tion [4.7.2));

— the difference between the local and global modulation parameters remains
under control on [0, 7] (Proposition |4.6.1));

— the weighted norm of v(¢) remains under control on [0, 7] (Proposition [4.5.1)).

Although our primary interest lies in the latter, our proof requires all of the above
to hold. Since the stability results of Section and Section [4.6] hold on intervals
of length AT, we partition the interval [0, T] into

[T/AT]-1
0,71 |J AT, (n+1)AT),

n=0

and seek to establish stability on each intermediate interval [nAT,(n + 1)AT).
Consider, therefore, for each n € Ny the stability event S, (n) C Q, defined as the
set of w € ) for which:
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4.8. Nonlinear stability

(i) the local stopping times at nAT satisfy

TnAT(T]) 7_7LAT(6*) TnAT(n) Z AT;

mod > en ) Ist
(ii) at the end point (n + 1)AT we have

[0"AT(AD) 1y, < o Ilo((n+ DAT) |y < 52

The following result allows us to establish high probability of the local stability
events in a recursive manner: we bound the probability that S, (n) fails to hold,
provided S,,_1(n) occurred. We do so under the condition that the global modula-
tion system is under control. In particular, for each n € N, we define the stability
event G, (n) as the set of w € Q for which the global stopping times ¢, and t, reach

testen(84/2) > nAT + min{r"8T (n), 7727 (5,), AT ()}, (4.56)

en ) Ist
Below, S¢ denotes the complement Q \ S,,.

Proposition 4.8.1. Assuming [S3 and [C1), there exist constants Cig, 819 > 0,
such that for each n € N and each n € [0,19] the stability events Sp—1,Sn(n) and

Gn(n) satisfy
P[Snfl(n) NGn(n) N s;(n)} < Chge= 019717,

Proof. Let us write
t=teAten(0,/2) and 7 =71"2T () ATIAT(5,) ATIAT (7).

Assuming S, _1, we distinguish three scenarios through which condition (i) in S,
can fail to hold:
= {7iod (n) < AT} N {nAT + il (n) < 80 {mpad () < 7%
{”AT ) < AT} N {nAT + TnAT(5,) <ty n {16, <7}
= {72 () < AT} N {nAT + 72" () < T n {72 () < 7).

\]

The events A;, A; and Az categorize which of the stopping times was first activated
before time (n + 1)AT. Thus, the event that item (i) of S, fails to hold coincides
with

A=A UAy U As.

We proceed by estimating the probabilities of the events A;, Ay and As.

1. The event A; while also S,,_1(7n) implies

el () < TRAT() AAT  and  nAT +704(n) < te.

m
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Proposition then gives

PS,o1(1) 1 Galn) (1 1] < 007"

2. The event Ay while also S,,—1(n) implies
0 < 7m8T(5,) < 78T () and nAT 4+ 7727(6,) < ten(0./2) Ate.  (4.57)
This event has probability zero. Indeed, we have
cT'(8),e(T + 8) € [3Cmins 2emax], for s € [0, 7257 () A (te — nAT)].
Lemma then gives
[0 ()|l < 20+ [[o(T + 8) || < 0,

which contradicts (4.57)).

3. The event Aj while also S,,—1(n) implies

AT () < AT while  [v(nAT)||m < 54

and
722 () < min {7227 (8.), hod (n), AT}

» 'mod
Via Proposition we then obtain

P[Snfl(n) N Gn(n) N .«43} < gm0’ /o*,

Summarizing our results so far, we have shown that
]P’[Sn_l(n) NGn(n) N A} < em0un’/ot | o=don*/0"

To complete the proof, we turn our attention to item (ii) of S,,, which fails to hold
in the event that

B = {|[[v"2T(AT) g1 > 5%} U{llo((n + DAT) |11 > 52}
Note that the event

[0" 2T (AT) || gy > g4 while S,_1(n) and A° hold

occurs with probability less than e=%om*/o” through Proposition In the likely
case that

" S (AT) [y, < g3
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it follows via Lemma [4.4.2] that also

[o((n + DAT) a1, < 537-

Hence,
P [sn,l(n) N Gu(n) N BN AC} < e~don*/o*,

The proof is then completed by noting that

St (1) NG (1) 185 = (a1 () N G (1) 1 A) U (S1(n) N1 Gu () N1B),

where the probability of the latter can be estimated as
P[sn_l(n)mgn(n)ms} < P[sn_l(n)mgn(n)m} +P[sn_1(n)mgn(n)msm,40] 0

We are now in shape to prove Theorem Given ¢, E > 0, we fix cpin and
Cmax Via Picking w € (0, v/cmin/3) then ensures that we are in the setting of
[S2] Lastly, let the constants AT, 4, and no satisfy We set out to control the
probability of the slightly larger event

C(n) = {min{ts(2n), te, ten(6:/2)} < T}
Writing ¢ = min{ts(29), te, ten(0+/2) }, we categorize C(n) into three scenarios:

Ci(n) = {te <T}nN{t. <t};
Ca(n) = {ten(0:/2) < T} N {ten(0./2) < T}
Cs(n) = {tst(2n) < T} N {ts(2n) < T},

corresponding to which of the stopping times is hit first. We now subdivide the event
Cs(n) by noting that for each realisation w € Cs(n), the stopping time t4(2n)(w) is
contained in an interval

[n(w)AT, n(w)AT + AT), n(w) € {0,1,...,[T/AT] - 1}.
In view of Lemma [£.6.5] we in turn find that

n(w)AT + min{7}; 2T () (w), 72T () (@)} <t (20) ().

’ "mod
Hence, C3(n) implies that either

[T/AT]—1

Coat) = U (SeatnnGuln) 1 S5)):

n=1

i.e. the ‘chain’ of stable events was interrupted, or stability failed on the first interval

Caii(n) == S5(n) N Go(n).
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In summary, we have obtained
C(n) € C1(n) UCa(n) UCsi(n) U Csyii (). (4.58)
Each of these events can be readily controlled using our prior results.

Proof of Theorem|[/.1.1 For ease of exposition, we consider 7" > 1 for which
T/(AT) € N. We proceed by bounding the probability of each of the events

C1(n), C2(n), Ca:i(n) and Csyii(n) in (4.58).
1. Proposition [£.7.1] gives
P[Cy (n)] < e~ 017/ T), (4.59)
2. Proposition [£.7.2] gives

P [CQ (77)] < Cyg(6./2) 7" (T(J2 +2en + 49%) + 2\/Tm;). (4.60)

3. Applying Proposition on the T/AT — 1 intervals yields

T
P[Cs;i(n)] < (E - 1)0196_51977 /o* (4.61)
Similarly,
P[Cs,i4(n)] < Crge 107"/ (4.62)

The bounds (4.59)), (4.60]), (4.61) and (4.62) together with the union bound

P[C(n)] < P[C1(n)] + P[Ca(n)] + P[C5,:(n)] + P[Cs;i(n)]
imply that
Pltst(2n) < T] < N(n,0,T), (4.63)

where
N(n,0,T) = CT(n? + e~ 7/7%),

for a sufficiently large constant C' > 0. Observe now that for any 7 € [0,7)], it
P-almost surely holds that t4(27) < ts(21). We hence have the inclusion

{tst(277) < T} C {tst(zﬁ) < T},
allowing (4.63)) to be improved to

P
Pltst(2n) <T] < Oglr%fgnN(n, o,T).
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4.9. Validity of reduced dynamics

For 02 < 619, we compute that N(n, o, T) is minimized at 7? = log(i—) and

}71%% N(n,o,T) = gTU (log (619) + 1)

Hence, in case n* < & log(i—) we have

Pty (2n) < T] < N(n,0,T) < CT (glg (%) et/

On the other hand, for n? > 7= log(i—) we find

. o 510
Pltw(21) < T] < inf N(1.0.7) = 5~To? <log( 2)+1).

Both estimates can be absorbed by the bound (4.9)), completing the proof. O

4.9 Validity of reduced dynamics

Our goal here is to establish the remaining approximation result Theorem [£.1.2]
This result concerns the validity of the approximation cap,(t) defined in (4.7) for the
soliton amplitude ¢(t). We thus set out to analyze the evolution equation

d(c(t) = cap(t)) = (v, ¢) dt + ef (t) (cp(v,¢) — Fcap) At + 0 (ca(v,¢) — ca(0, cap)) di
+o{cs(v,e) — 2oy 202 TedW?), (4.64)

ap

which one finds by subtracting (4.7)) from (4.19). Recalling the constants Cy and
82 introduced in Lemma we obtain the following useful bounds on the terms
above.

Lemma 4.9.1. Assuming [S1] and [S3, there exists a constant Coo > 0 so that for
all ¢1,¢9 € [ Cmin, 2Cmax] and all v € L2 that satisfy Hv||L2 < 85, we have

ler(vier) = gea| < Coflv]lrz, + 5ler — eal,
|calv, 1) — Cd(o )| < Co(1+ Jollzz, + [lollZ2 ) [0l 2, + Caoler — eal,
HQl/ch@ 1) — Q1/2[2 *1/2

02)|l 2 < Callvllz, + Caoler — cal.

Proof. Recalling that c;(0,c) = 4c, we estimate

3
’Cf(v,cl) - %CQI < |Cf(U,C1) - Cf(0701)| + |%C1 — %C2|-

Applying Lemma to estimate the first term yields

|cf(v,cl) — %cz‘ < CQ||U||L%U + %\cl — cal.
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Chapter 4. Stochastic stability

The remaining inequalities follow analogously through the Lipschitz bound
lca(0, e1) — ca(0, e2)| + |Q"2¢5(0,c1) — QY?¢5(0, c2)| 2 < Cagler — ca

on [%cmin, 2Cmax]- O

As a further preparation, we establish control on the stochastic integral in (4.64).
Recall the notation

tap(A) =sup {t > 0: |c(t) — cap(t)| < A},
and let A\g = min{3cmin, Cmax }-

Lemma 4.9.2. Assuming [S1] [S and [CT}, there exists a constant Co1 > 0 so that
for each T >0 and n € [0, 2] we have

E ‘/ (ca(v, ) = 2ea) P82 ,TedW,2)
O<t<T/\tC/\tap(>\0)/\tst(n)

<CuVTE  sup  [o()|ze
0<t' <T Atee(n)

+ CoVTE sup le(t') = cap(t')]-

0<t/ <TAteAtap(Xo)

Proof. Let us write t = t.Atap(Ao) Atst(n). The Burkholder-Davis-Gundy inequality
[98, proposition 2.1] provides control of the stochastic integral:

E sup
0<t<TAt

séluz[(/o 1@ 20, - QL2 62, l2a¢) "]

Lemma then yields

¢
/0 (cs(v,c) — 7071/2¢2 TEthC?)‘

t
E sup B /<CS(U76) gca‘pl/2 Cap 7T§th§?>’
0<t<TAT' JO
~ TAt 1/2
<CaE[( [ ol + e cala)
0
<GVTE s ol +CGVTE s e(t) —cwp(®). O

0<t<TAtst(n) 0<t<TAtcAtap(Xo)

We are now ready to control |c(t) — cap(t)] via a Gronwall argument, resulting
in conditional control of the stopping time 5.

Lemma 4.9.3. Assuming [S1], [S3, and [CY, there exists a constant Caa > 0 so
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4.9. Validity of reduced dynamics

that for each T > 1,m € (0,d2], each o,e € [0,m] and each A € (0, \g], we have

5 2
P[tap(A) < T Nt (n) Ate > T] < CpoTe” T"T

Proof. Applying Lemma and Lemma to the SDE (4.64) yields

t
L2 dt’+§e/o |f()||e = cap|dt’

w

t t
()~ cap(®)] < Ca [ olf3z e+ Cac [ o
0 0

t t
+Ca0? [ (W ol lolliadt + Cano? [ fe—capl
0 0

ap Cap )

t
+0‘/0 (cs(vy¢) — 2292 TedWS)

for all ¢ € [0,tc A tap(Ao)]. Let us once more write t = t. A tap(Ao) A tsy(n). In
addition, we introduce the notation

E(t):=E sup |c(t')—cap(t)], t>0.
o<t/ <tAt

Inspecting the bound above implies
T
E(T) < CyTn? + CaeTn + 3¢ / | ()| E(t)dt
0
T
+ Co0®T(1 + n?)n + Cyo? / E(t)dt
0
+ 0O VT (n + E(T)). (4.65)

Imposing the restriction ov/7T < ﬁ, we may bring the last term in (4.65)) to the
left to find

T
LE(T) < CyT? + CocTry + e /O F(O)|E(t)dt
T
+ CQJ2T(]. + ’172)77 + 02002 / E(t)dt + 021077\/?.
0
Gronwall’s inequality then yields
r 4
$E(T) < Cyexp (/0 Caoo” + gf\f(mdt)

X (Tn2 + €Ty + o?T(1 +n*)n + %anﬁ),
2
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Chapter 4. Stochastic stability

in which [C2] ensures
r 4 4
exp (/ Caoo? + ge\f(t)|dt) < exp (CQOJQT + §E)
0
Markov’s inequality finally yields

Pl swp felt)) —cap(t)] 2 M| <
0<t'<TAt

%Cg exp (CQOO'QT + %E)

C
X (Tn2 + T+ o*T(1+n*)n+ —C?l Unﬁ).
2
To complete the proof, note that t.,(\) < T while ts(n) A t. > T implies

sup e(t') — cap(t)] > A O
0<t' <TAE

Proof of Theorem[{.1.9 For any n > 0, we have the union bound
Pltap(A) < TT < Pltap(N) < T Ntse(n) Ate > T+ Plts(n) Ate < T
and hence

P[tap()‘) < T} < H>1% (P[tap()‘) <Tn tst(n) Nte > T} + ]P)[tst(n) Nt < T])
n>
Applying Theorem and Lemma [£.9.3 now gives
n2 2 2
Pltap(A) <T] < (C+ C)T ir>1% (7 + e /e ) + CTo*log(1/0).
n>

In case 02 < A, the infimum is attained at
2
2_ T 10 (N
= 1) log (02)
yielding
o? Ad
< — phet 2 )
Bltap(A) < T] < (€' + Coo)T 5 (1og (55 ) + 1) + CTo? log(1/0)

Upon increasing the constant C' if necessary, we obtain the result (4.10)). O

4.10 Stopping times

Here, we provide an overview of the various stopping times introduced throughout
the chapter. In relation to the global modulation system (v(t), ¢(t), £(t)) introduced
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4.11. Technical proofs

in Section [4-3] we use the stopping times
te = sup{t > 0: c(t) € [Cmins Cmax) };
4 t
tog = sup{t > 0 : [log(c(t)/c.) — 36/ [F(t)1dt] < E};
0

ta(m) = sup {t > 0 o(®)l|z, < n};
ten(n) = sup {t >0: Hv(t)HL2 < n};
tap(7) = sup {£ > 0 |e(t) — eap(t)] < 7}

For each T' > 0, the followmg stopping times are related to the local modulation
system (v (s ) T(s),£%(s)) introduced in Sectlon

() = sup {5 2 0: o7 (3) ], <}
78 =sup{s>0:c(T +5) € [Semin, 20max] };

o) =sup {s > 0: |07 (s)|| . <n}:
rhpa(n) =sup {s >0 |c(T) - T(s)| < dun};
amp2(77) =sup{s>0: |C(T+s —c"'(s)| < 6k
pos () =sup {s>0:[§(T) +c(T)s — £ (s)| < 2AT68.n};
Taosa(n) =sup {s > 0: |§(T+ s) — €T (s)| < 2AT6.n},

and
Tohod (1) = Tompd (1) A T 2(1) A Tk 1 (1) A Trios 2(0)-

4.11 Technical proofs

Here, we provide the proofs of various lemmas which were omitted in Section .3

Section [4.4] and Section (4.5

Proof of Lemma[.3.4 We derive the evolution equation for (v(t), ¢.(t)), noting
that the remaining evolution equation for <v(t), (c(t)> follows analogously. First,
we introduce the notation

(v(t), dery) = (ult, + E(1)), bery) = (De(t)s De(y) = (W(t), dery (- — E(1))) — 6%/ 2(2)
L F(u(t), c(t), £(1)).

We now apply the mild It6 formula to the functional F : H' x R x R — R. We
therefore interpret the tuple (u, ¢, ) as a mild process with respect to the Cyp-group
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Chapter 4. Stochastic stability

{S(t)}+er given by

—03t 0 0
St)=1] 0 Iz 0|, teR
0 0 Ip

We collect that F' is twice Fréchet differentiable, with first derivatives

duF(u7c7 5)[”] = <’U7 (bc( o £)>’
deF(u,¢,€) = (1, 0u6c(- — €)) — 912,
dEF(u, c, f) = *<u, am¢c( - €)>’

and second derivatives

dqu(u ¢, §)[v,w] =0,
F(u,e,€) = (u 32¢c &) —
d&F(u ¢, &) = (u,02¢.(- — )),
d?_ F(u,c, &[] = <v 3C¢C —£) >
A2 F(u, ¢, )] = —(v, Buéc( £)>7
5F(u ¢, &) = <u 02 ¢ >

9.-1/2

2

b

For any orthonormal basis {ex}3°, of L2, [22, Theorem 1] then yields:

F(u(t), c(t),&(t)) zF(e_aitqbc*,c*,O)—i—/o Fl(t,t’)dt’—i—az/o Fy(t,t')dt" (4.66)

with

Fi(t,t)

Ryt t') =

F3(t,t' k)

Fy(t, t")[h]

[e%e] t t
+022/ Fg(t,t’,k)dt’+a/ Fy(t, t)dwe,
k=070

0

=, F (e Du,e,€) [em %07 (<0, (u?) + f ()u)]

+d F(efaz(t*t/)u, c, E)cg’e + dgF(efag(tft,)u, c, 5)52’67
8344/ a3 (4_+!
142 F(e a5 (t t)%C’f)HlecsH%z+%d§§F(€ o5 (t t)u,c,§)||Q1/2§sH%2

2 ce

a3 44!
+dgf (6 ot t)ua C7£)<Q1/2§$7Q1/2CS>7

= a2 F (e %y, ¢, €)[e 2@l 2e) (s, TeQ  2ex)

+ A2 F (e %0y, ¢, €) [P 0@ ey (€4, TeQY 2es),

= duF(e*QS(t*t/)u, ¢ €) [efag(t*t/)uh}

+ ch(e_ag(t_t/)u, c, f) (cs, Teh) + dgF(e_ag(t_tl)u, c, f) (€, Teh).
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4.11. Technical proofs

Above, we have suppressed the dependence of ¢, £7° on (v(t'),c(t'),t') and of
¢s, & on (v(t'),c(t')). Substituting the derivatives, this becomes

F(e %9, c.,0) = (e % .., ) — 6617,

Fi(t,t') = (e %0 (0, (u?) + ef(t')u), ge(- — €))

+ ((e_az(t_t/)u, Ocpe(- — €)) — 901/2)03’E
(e, 9,0.(- — €))ET,

Fa(t,t') = L((e % u, 92¢.(- — €)) — 3¢ 1/2)(|Q%¢ |12
+ 3%y, 920, (- — ) IQY2E, |2
(0, 00— O)QV?6, Q)

F3(t,t' k) = <e_ai(t_t/)uQ1/Qek,8c¢c(- — §)><08,T5Q1/26k>
— (e % uQ ey, (- — €)) (€4, TeQY %),
Fy(t,t')[h] = (e uh, ¢ (- — €))
+ ({72, Bepe(- — €)) — 9¢Y/?) (cs, Teh)
— (e %0, 9, ¢0(- — €)) (s, Teh).

We now show how to convert the mild expression (4.66)) into a strong formEl, focusing
on the case o = € = 0 for ease of exposition. Differentiating <v(t)7 qﬁc(t)) via Leibniz’
rule gives

t
O (v(t), beqry) = O F (u(t), c(t),£(t)) = 8tF(e_63t¢c*,c*70) + Fy(t,t) +/ O Fy (t,t))dt,
0

and thus
O (V(t), be(ry) = (€% be,, B ) = (Du(u(1)), be(- — &)
- /O t (0, (W2(t)), 2193 (- — £))dt!
+ ((u(t), Depe(- = €)) = 9¢17?) ey (v(t))
+f (e, P01 380,6.(- — )l (u(#))
— (u(t), Oxte(- — €))E3 (v (1))
~ /O t (u(t'), %= P00 (- — )Y€ (u(t)))at,

where we have moved the semigroup to the other side of the inner products via the

3This computation resembles the procedure for passing from a mild to strong solution in case
sufficient regularity is available.
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Chapter 4. Stochastic stability

adjoint relation (e=9:¢)* = ¢%*. Now we recognize the mild formula

(u(t), Bpe(- =€) = (e %', 30..) — / =000l - )3
+/ <U(t/)aeaz(t7t aiacgﬁC('*g»Cd(v(t/))dt/
0
—/0 <u(t’),eai(t_t/)8§8ac¢c('_f)>fg(v(t/>)dtl'

We thus we arrive at the strong form

d(v(t), de(r)) = (u(t), 02de(- — &) dt — (0: (u? (1)), 6c(- — €)) dt

+ (< ( )’ c¢c(' - §)> 901/2)02( ( ) dt — <’LL ij)c( —5)>€3(’U(t)) dt

After substituting u(¢,- + &) = ¢, + v(t):
d(v(t), der)) = (v(t), 3e) dt = (Du(ge + v(1))?, dc) dt
+ ({fe +v(t), 0ctrc) — 9 /2) 5 (v(t)) dt — (v(t), Due)ES(v(t)) dt
where rewriting
(On(e +0(t)*, dc) = =2(v(t), deOre) — (N (v(t)), bc)

leads to

< ¢c(t)> < as@b(‘ + 2¢r z¢c - Caﬂc¢c> dt + <N(U(t>)7¢c> dt
(<<z>c +0(t), Detpe) — 92 (0(t)) dt — (v(t), D)5 (v(t)) dt.

Using the traveling wave identity 93¢, + 2¢.0;¢. — cOz¢. = 0, we arrive at the
result

d(v(t), bery) = (N (1)), be) At + ({Ge + v(t), Dedre) — 9¢'/2) G (v (1)) dt
—(v(t), 8x0¢)Q9 (v(t)) dt.

The o- and e-dependent terms in (4.66]) can be treated analogously, which completes
the proof. O

Proof of Proposition[{.4.3 We compute the mild form of
o7 (s,2) = u(T + s,z + &(T) + ¢(T)s) — @7 (m" (s), s,2).
Recalling that

T (m” (s),s,2) 1= o) (z + £(T) + c(T)s — £ (s)),
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a straightforward application of It6’s lemma yields
407 = |9.07c7 " + 0,07 ((T) — " — Q7T ds
2
+ T 0207 11Q 2T 32 + 0207 QYT 32 s
+ 0202, 0T(QY2T, Q'V2%¢T \ds

+ 0027 (el Tery o) AWy s) + 0.8 (€] Teryvom)sdWr )

where we have suppressed the dependence of <I>T,0276’T, g’E’T7cST and ¢ on
(m®(s),s). Using the traveling wave identity

0=-020" — 9,(®7)% + 70,07
= Loy ®" + (7 = (1)) 0:8" = 0,((27)?) — 20 (¢e(r)@”)

we may pass to the mild form
B7(5) = 0%y [ B[ = 0, (@7)) - 20, (6ury#T)]05' (467)
+ /S eLer) (s=s") [GCQTCZ’G’T — 8$<I>TQZ’6’T ds’
0
+ % [ B 0T QUAT e + 0207 QT o
e / L= 52 a7 (QU2AT Q1T as
0
e /0 e N0l Teery o) dWE, )
o / efng, a7 Te(ryte(m) AWE, o).

0

Next, we derive a mild formula for w(T' + s,z + {(T) + ¢(T)s) based on the identity

S
w(T + 5) = e %5u(T) — /0 e %= g, (w*(T + s))ds’

+ e/ F(T+8)e %26~y (T + §')ds’
0

+ 0/ e 02 (=) (T + s')dWTQJrS,.
0
The mild Ité formula [22] now yields
u(T + s, +&(T) + ¢(T)s)
= e_ag“"u(T7 z+&(T))
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- /05 e~ (=g, (W (T + s, +&T) +c(T)s))ds’
€ /O F(T +8)e %26 (T + &', + £(T) + (T)s')ds'

+¢(T) /O e 0T (T + 8, + €(T) + ¢(T)s) ds’

+o /OS efaﬁ(sfsl)u(T +s,-+&(T) + c(T)s/)Tg(T)+C(T)S/dW$+s/.

Using —93 +¢(T)0, = L7y +20:(dc(T)"), We rephrase the formula above in terms
of the semigroup {e<™*},5 to find:

u(T + s, 2+ &(T) + c(T)s)
= eLeny(T,z + &(T)) (4.68)

+ 2/ eLen (s=s) g ((ﬁC(T)u(T +5, -+ &(T) + c(T)s’))ds’
0
- / Lem =g (uP(T + ', + &(T) + ¢(T)s"))ds'
0
e/ F(T + 8")ePem =Dy (T 4 o - 4 &(T) + ¢(T)s')ds’
0

+ 0/ eLem =Ny (T 4 &', + &(T) + c(T)s/)Tg(T)+C(T)S/dW$+S,.
0

Subtracting the mild formula (4.67)) from (4.68)), we arrive at

vl (s) = eﬁc(T>sv(T) — / eLer) (s=s") [3w((vT)2) + 28z((¢c(T) — @T)UT)}ds’
0
+ E/( f(T 4 S/)GLC(T>(S_S/) [@T + ’UT] dSI
0

- [ ermt o0t e T~ 0,0t as
0

2 S
=5 [ et [T QU . + 0267 Q1T as
0
_02/ e‘cC(T)(575,)3§C<I’T<Q1/2CZ,Q1/2£sT>ds'
0

Lo =90 (el Te(r) oy sr AW

-0 T+s>

Lo =09, ST (L Teiryy o(ry AW, )

S

+ 0o

|
;)

eLC(T) (S—s/) [@T + UT]TE(T)J,-C(T)S/dWIQJFS”
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as desired. 0
Proof of Theorem[/.5.3. Applying [88, Theorem 4.5] gives

T
E sup || St—s) ()AWE?, < (K, MypPTE ! / E [0 Ws iz, 2] 4t
t€[0,T 0 Q

for p € (2, 00), where limsup,, , ., Kj, < oo. Assume without loss of generality that
K, < K for p > 2. By our assumption,

E sup ||/0 S(t — 5)g(s)dW2|}, < (BKM/pVT)?,

t€[0,T]

for p > 2. Markov’s inequality then gives

IP[ sup H/o S(t—s)g(s)dWsQH];_L 2)\”} < (AT'BKM/pVT)P.

te[0,T]

For A\ > eBK M~/T we may choose p = (eBKM)~2\2/T to conclude

t t
_ Q — _ QP
P[teSE(JJ,F;F] I ; S(t— s)g(s)dWy H?—L > /\} = P[tes[%%] H/o S(t — s)g(s)dWy ||H > )\P}

< 87(eBKM)*2)\2/T. 0
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CHAPTER 5

Lattice waves

We study the propagation of solitary waves in a Fermi—Pasta—Ulam—
Tsingou (FPUT) lattice with small random heterogeneity in the linear
spring force. Perturbed by the random environment, solitary waves lose
energy through a radiative tail, resulting in gradual amplitude attenu-
ation. As long as the wave remains coherent, we track its position and
amplitude via a modulation approach. An expansion of the resulting
modulation equations provides explicit predictions for the slow average
amplitude decay, which we verify through numerical simulations.

5.1 Introduction

When solitary waves in dispersive systems interact with spatial inhomogeneity, nu-
merical simulations demonstrate that the waves emit a radiative tail 3} [5l |7, |9,
106]. This is decidedly so in Fermi-Pasta—Ulam-Tsingou (FPUT) lattices where
the phenomenon has been observed in a variety of settings [92, |79, (72, |50, [89).
The study of lattices with spatially varying material coefficients has a long history
[78,30], as disorder naturally arises in crystals through mechanisms such as atomic
replacement, isotopic variation, or structural defects [6]. It is well-known that ho-
mogeneous FPUT lattices support exact solitary wave solutions [41} 42]. In lattices
with periodic heterogeneity, propagation of localized solitary waves is obstructed by
slow energy loss caused by oscillations in the tail |20} 45} [84]. However, periodic lat-
tices do support the propagation of generalized solitary waves such as micropterons
and nanopterons [60, |35, 134, [37], which consist of an exponentially localized core
accompanied by a (typically) non-vanishing periodic tail. By contrast, lattices with
randomly varying coefficients do not necessarily support such coherent propagation,
and it is precisely this phenomenon that motivates the present study.

In this chapterﬂ we explore the generation of radiating tails caused by random
heterogeneity in FPUT lattices. Recent work [81} [80] shows that long waves in
such lattices will remain coherent over (somewhat) long time scales, depending on

1The contents of this chapter have been submitted for publication and are available as H.J.
Hupkes, J.A. McGinnis, R.W.S. Westdorp, and J.D. Wright, Radiating Solitary Waves in an
FPUT Lattice with Random Coefficients, see [63].
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features of the randomness; this is accomplished by proving rigorous approximations
by either wave or Korteweg-de Vries (KdV) equations. Nonetheless, over very long
times the radiation has substantial effects on the principal solitary wave, causing
(by virtue of energy conservation) a marked attenuation of the amplitude. We use
techniques devised in the previous chapters to study random perturbations in KdV
equations to analyze this attenuation.

FPUT We study the FPUT lattice equation

7(j,t) = 64p(4, 1), (5.1)
P, t) = 6-Vo(Ml(G.t),  JEZ,

where
6+ f(0)=fG+1)—f(j) and 6_f(j) = f(j)—f(G—1)

are the right and left finite-difference operators and
1 1
Vo (r) = 5(1 + oKr)r? + 57“3

is the spring potential. The random sequence x models variations in the linear
spring force, and the parameter o > 0 controls the strength of this random effect.
This terminology stems from the second-order form of the system

G0,t) = Vo (v +1) — () = Vo (wl) —u(G - 1)), (5.2)

upon identifying r(j) = y(j + 1) — y(j) and p(§) = y(4). In this form, the system
has the interpretation of a chain of masses connected by springs. The quantity y(j)
models the displacement of the j-th mass from equilibrium, and is Newton’s
second law of motion.

In the absence of heterogeneity (o = 0), the lattice differential equation
is also known as the FPUT-« lattice, referring to its cubic interaction potential.
Upon introducing the Hamiltonian

Honlr,p) = 3 30,00 + 5 (1 oni))r G 0 + 57, 0)°
JEZ

and the skew-symmetric operator

o &
\.7 - |:6_ O:| )
we may alternatively write
m = JH,,.(r,p) = THy(r,p) + 0T {’g] . (5.3)
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Here, H!, is the gradient of H,, with respect to the ¢?(Z; R?) inner-product. Thus,
the random coefficients we consider respect the Hamiltonian structure of the FPUT
system. We assume the following;:

Hypothesis 1. The coefficients k(j), j € Z, are i.i.dE| random variables with mean
zero and variance 1. The support of x(j), j € Z, is furthermore contained in an
interval [—«, o, and the parameter o > 0 satisfies oo < 1.

Probabilities associated with k are represented by IP and expectations by E. The

local well-posedness of in £2(Z;R?) is a straightforward consequence of the fact
that JH! . is locally Lipschitz on ¢?(Z;R?).
Solitary waves Solitary waves in FPUT lattices were extensively studied by
Friesecke and Pego in the series [41} |42} 43, 44]. Notably, there exists a constant
¢+ > 1, such that for all ¢ € (1,cy] there exists a smooth, exponentially decaying
function ¢. = (r¢, pe)’ : R — R? so that

u(j t) = ¢e(j — ct) (5-4)

solves (5.1) with ¢ = 0 |[41]. The profile function satisfies the advance-delay system:
—cd. = T Hy(¢e)- (5.5)

The invariance of (5.5)) with respect to shifts in the profile coordinate x implies
that, for any £ € R,
_ (el . |Te(: _5)}
Pe e [ng : [pc(. —€)

also solves (5.5). Thus, the solitary waves form a two-parameter solution family,
whose energy is independent of the phase £ and increases with the wave speed ¢
[41, Theorem 1.1]:

d
&H@(Tc,pc) > O

The FPUT lattice famously shares a strong connection with the KdV equation: in
an appropriate continuum limit, the lattice dynamics are governed by an effective

KdV equation [109}94]. In this long-wave limit, the wave profiles ¢. approach the
sech? shape of KAV solitons |41, Theorem 1.1]:

2
re(z) & —pe(x) = 3 sech?(ex/2), (5.6)

where the small parameter ¢ > 0 is defined through ¢ = 1 + €2/24. This gives
the speed ¢ a second interpretation: ¢ — 1 is proportional to the (approximate)

2We suspect that we can also handle more general translation-invariant covariance between the
random coeflicients, of the form
Elx(i)s(5)] = q(li = 41),

assuming appropriate decay conditions on (g(j));en. For simplicity, we restrict ourselves in this
chapter to i.i.d. coefficients.
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wave-amplitude.

Random Coefficients In [80], McGinnis and Wright derived effective KdV equa-
tions that govern the dynamics of an FPUT lattice with randomly varying mass
coefficients. Central to this approximation is a transparency condition on the ran-
dom variation, enforcing that the random coefficients appear as a perfect discrete
Laplacian. Numerical simulations reveal that, if the masses are instead perturbed
by i.i.d. random variables, a KdV approximation is no longer appropriate. Notably,
solitary waves undergo an amplitude attenuation, inconsistent with KdV dynamics.
In this chapter, we consider a random variation in spring coefficients rather than in
the masses. This perturbation is somewhat more straightforward, as it arises purely
at the linear level. We emphasize that our method can be applied more broadly,
but we restrict ourselves here to spring force heterogeneity to keep the exposition
transparent.

We study the effect of the random heterogeneity ok in on the propagation
of the solitary waves by supplying with the initial condition

8-t ve

for some ¢, € (1,c¢4). In the deterministic setting, the solitary wave family is known
to be asymptotically stable, meaning that initial conditions close to the wave family
asymptotically converge to it. Consequently, when the solitary wave is perturbed
by the random coefficients x, it does not fully disintegrate. Rather, it slowly loses
energy over time and descends to lower speeds/amplitudes. In Figure m we can
observe from a numerical simulation with i.i.d. coefficients (cf. Hypothesis|l]) that
the loss of energy manifests in the formation of a random radiative ‘tail’ behind the
wave.

0.05 0.05 0.05

0.04 - 0.04 . 0.04
0.03 o 0.03 . 0.03
002 o 0.02 . 0.02

0.01 L. 0.01 - 0.01

FOURDURPESE, DY SO — L N N —
0 120 100 80 60 0 20 0 20 40 60 00 80 60 0 20 0 2 40 60 80 100 1050 1100 1120 1140 1160 1150 1200 1220 1240 1260 1250

(a) t=0. (b) ¢ = 40. (c) t = 1200.

Figure 5.1: A particular realization of the r-component of numerical solutions to
with initial condition (5.7). In this realization, o = 0.07, ¢« = 1.015 and (i) is drawn from
a uniform distribution on [—+/3,+/3]. See Section for details regarding the numerical
schemes used throughout this chapter.

Figure [5.2] shows how the effective amplitude c(#)—which we define more pre-
cisely below—gradually decays with time as a consequence of the energy loss. Al-
though the change in amplitude is random, a clear attenuation emerges over time.
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Figure 5.2: Left: Amplitude parameter c(t) over time, for two realizations with o €
{0.035,0.07}, c. = 1.015, and (i) drawn from a uniform distribution on [—+/3, v/3]. Right:
Sample mean E[c(t)] computed over 2000 realizations, for ¢ € {0.1,0.2,0.3,0.35} and
¢. = 1.015. We emphasize the o?-scaling on the temporal axis.

Our main objective in this chapter is to formally derive the attenuation induced
by the random coefficients k. Using modulation theory, we obtain an explicit
O(c?) prediction for the average amplitude decay, E[¢(t)], expressed in terms of
integrals/sums involving the wave profiles ¢, and the Green’s function associated
to the linearized dynamics near ¢.; see below. The latter plays a central role
in the emission of a radiative tail behind the wave, which is the key mechanism
driving amplitude attenuation. Our most explicit (and crudest) approximation is
based on the kernel associated with the discrete wave equation, which can be written
in closed form using Bessel functions. This leads to an explicitly solvable system
that describes the radiation of the solitary wave and is able to reproduce the decay
profile that emerges from Figure (right) in the limit o | 0; see Figure ahead.
This outcome is comparable in spirit to [106], but now derived directly from the
physically relevant FPUT model. Our method is based on the linear stability theory
for the wave profiles ¢., which we outline below.

Linear stability The linearized dynamics around a solitary wave ¢.(- — £) are
encoded by the operator JL¢ ., where L¢ . is the self-adjoint operator that acts on
n= (1, np)" € C(L;R?) as

r + 27ﬁc " T
Leen = Hi (deen = |” =&

. (5.8)

Indeed, linearizing (5.1) with o = 0 around the traveling wave (5.4), we arrive at
the system

w(]a t) = jﬁct,cw(ja t) ng(d’C( - Ct))w(ja t)~ (5'9)

Note that the homogeneous part of J L . is the discrete wave operator 7, whose
continuous spectrum is contained in the imaginary axis. Differentiating (5.5) with
respect to  and ¢ shows that

(jﬁg,c + Caa;)agd)&c =0, and (jﬁ&c + Caw)ac(ﬁg,C = (95(;5&,0.
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5.1. Introduction

Hence, Os¢¢.c and O.¢¢ . are generalized eigenfunctions of JL¢ . + c0,, operating
on functions of the real line. Here, ¢, generates translations at the wave speed ¢,
which are not directly represented in the linearization due to the discrete setting.
Next, let (5;1 and 0~! be given by

—1 0
0 G = ] fG+d) and 5T = Y f(i+d), feNZR).

d=—00 d=—o0
These are the (formal) inverses of d-. Then let
4 [o &t
g = [ e
This is the (formal) inverse of 7. The bilinear form

Q(fa g) = <j71fa g>Z2(Z;R2)7 fvg € gl(Z;RZ)a

is the symplectic form for the FPUT system. This symplectic form characterizes a
subspace that avoids the neutral modes ¢ ¢¢ . and O.¢¢ ., within which the linear
flow defined in (5.9) is exponentially stable.

Proposition 5.1.1 ([43], Theorem 1.2; [44], Theorem 2.2). Let c_ € (1,¢4+). Then
there exist positive constants a,b and K such that the following holds. For all
c € lc_,cy] and wy satisfying e* wo € £2(Z; R?) with

Q(3§¢07w0) = Q(acd)c;wO) =0, (510)

the solution to the linearized evolution equation (5.9) with w(-,0) = wy admits the
bound
1e*C=Dw(t)] 2 (zm2y < Ke e wolle2(zm2),  t > 0.

Henceforth, we fix c_ € (1,¢4) and a > 0 as above. In [41], the authors compute
how the symplectic form ) acts on the eigenfunctions. They report that:

Q(6§¢§,Cva§¢f,c) =0
Q(ac(bﬁ,cv 80(;55’6) = CY1(C>

and
Qe e e Oce,c) = —UDetgc: Ocde ) = ao(c),
where
ap(c) :== %%H(qﬁc) >0 and aq(c):=— (;c /ch(x)dx) % (c/ch(x)da:> .

(5.11)
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Chapter 5. Lattice waves

Approach Motivated by the linear stability theory, we study the decomposition

[ e e e o R R T

characterized by the orthogonality conditions
QDo (- = E0) (1)) = QB (- — €W m®) =0.  (5.13)

Here, 7 = (0, 1) denotes the deviation from the wave manifold

M={de(~€) | E€R, c€ (coep)},

and avoids the neutral modes of the linearized flow. The result is that we can
understand through the modulation coordinates (&, ¢), where £ has the inter-
pretation of wave position and ¢ of wave amplitude (see (5.6)). It is furthermore
convenient to introduce a phase shift parameter v(¢) through

¢
y(t) = &(t) —/ c(s) ds. (5.14)
0
In these coordinates, the exact wave solution (5.4]) for o = 0 takes the form

(v(t), e(t), n(t)) = (0, ., 0).

For general o > 0, the dynamics deviate from this exact solution and are governed
by a coupled system of the form

V() = Tor(&(t), c(t), n(t)), (5.15)
¢(t) = Con(&(t), c(t),n(t)), (5.16)
(1) = T Lew).eryn(t) + Tox(E(1), c(t),n(t))- (5.17)

We study the resulting dynamics through a (formal) expansion of the system in the
small parameter ¢ around the deterministic solitary wave. In addition, we provide
rigorous results to describe the asymptotic behavior of the expansion functions.
We validate our findings through numerical simulations. In summary, we find that
quadratic terms in the equation for ¢—mamely bilinear combinations of n and k—are
the primary cause of the attenuation.

Outline First, we derive the modulation equations that govern the evolution of
(7,¢,m) in Section and present an expansion in ¢ and 7. Then, we introduce an
expansion of the modulation system and resulting explicit approximations in Sec-
tion Next, we construct explicit solutions for linear approximations to the tail
7 in Section[5.4] We then derive concrete predictions for the amplitude attenuation
in Section [5.5} Finally, we discuss directions for future research in Section [5.6
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5.2. Modulation system

5.2 Modulation system

We first establish some fundamental properties of the decomposition charac-
terized by the orthogonality conditions . Our goal in this section is to derive
the mappings 'y, Csx and Ty, in the modulation system 7. We recall
that the phase shift y(¢) is related to the position £(t) via (5.14), which implies

that (5.15) is equivalent to
£(t) = c(t) + Ton(&(1), c(t), n(t))- (5.18)
We will see that the mapping T, in (5.17) is given by

T05(§7 c, 77) = jN[n'm 777“] - Fm@(év c, U)35¢§,c - Cam(fa c, n)80¢§,c +o |:6 (Iﬁ:(?“goc + 77r>):| 5

where N|[n,,n,] is the quadratic nonlinearity

Vi) = | OO

The mappings I',, and Cy,, are given by

Fo’li(§7ca 77) _ _ c —1 Q(aﬁ¢£,C7JN[77T777r])
[cm<57c, 77)] = (4(9) = B(&,9)lnD) [Q(ﬁcaﬁg,c,JN[m,m])}

Oere e K(Tee + 1)) 2z
~ o(A(0) ~ B(&.c) )~ [Eaié;, HETZ; N Zi%g] . (5.19)

where A(c) and B(§, ¢)[n] are the matrices

— Q(6§¢078§¢C) Q(Gf(bcaac(bc) _ 0 ao(c)
Ac) = |:Q(ac¢ca8§¢c) Q(@C¢C,3C¢C):| - [—O&o(c) Oz1(c):| )

and

9(82§¢£,can) Q(%&&,mﬁ)} ) (5.20)

B(& c)ln] = |:Q(8€c¢f,cv77) Q(2.0¢.e,m)

We remark that for all ¢ € (c—,cy), the coefficient «ag(c) is strictly positive
(see (5.11))), so that A(c) is invertible with inverse

A1) = {0‘1(0) 0‘0(‘3)} (5.21)

ag(c) [aole) 0

Near the wave family M, the unique existence and differentiability of our decom-
position are guaranteed by the following result.

Proposition 5.2.1. Assuming Hypothesis [1], there exists a constant 0, > 0 such
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that the following holds for all T > 0. Let u(t) = (r(t),p(t)) be the unique solution
to (5.1) with initial condition (5.7) on [0,T]. If u(t) satisfies

inf al=&) (u(t) — e, (- — & : <é,, te€lo,T1],
@eR,ciIé(c_,ch) le (u(t) = de, (- — &) ez zirey < [0,7]

then for each t € [0,T), there exist unique modulation parameters (§(t),c(t),n(t))

that satisfy (5.12)) with (5.13)). Furthermore, the map t — (£(t),c(t),n(t)) is differ-
entiable on [0,T] and satisfies the modulation equations (5.16), (5.17) and (5.18]).

Proof. The unique existence of the orthogonal decomposition (5.12) with (5.13))
(5-17) by

near the wave manifold is proved in Proposition 2.2]. We derive
differentiating ([5.12)) with respect to time:

n(t) = TH(Pew),er) + 1(t)) = E(8)Ocbee),e(ty — E(1)Dee(r) ct)
+ O'j [H(Tf(t),C(t(; + nT(t)):| (522)

where

Tc+77r+<r50+777‘>2
THy(bec+m) =T { & ’
0o(P¢c +m) Pec + My

C 2 T 2 clir 2
-7 |:’I“§’ +Tf,c:| +J |:77 +2reen :l +J |:77r:|
De.c P 0

= Oede.c + T Leenn + TNy nrl.
To derive (5.15)) and (5.16)), we differentiate (5.13)):

Q¢ de(t),e(t), N(t)) c Ly(0,6(t), c(t),n(t)) +c(t)|
sz(acqsi(t),cm(t»] T BE®, D) n(?) [ Culo,£(8),clt), (1)) } =0

We furthermore compute

QU Ocbet),ct), M) ) | gz |2 Oebet).et)s T Lery,eryn(t) + T N (t), ()]

Q ee(1).ctr)» (1) QU 0ebety.e(t)s T Le(t).eoyn(t) + TN 0o (t), 7 (1)]
y(t
— A(c(t)) [Z((t))]
Q| Ocde(t),et), T n(rg(t),c(t& +0.(1))

-0
S) (‘) ¢ K 7”6 t).c
¢ E(t),c(t), J ( ( )’ (t) }7 ( ))
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5.2. Modulation system

The term linear in 1 can be rewritten as
QO be jﬁg,cn)] {@5% o Leem) 42(2 R2):| { OcHy(¢¢.c),n >€2(Z;R2):|
Q(0cte,c, T Leen) (Octe,c, Le M) ez (z:72) (OcH)(Pe,c)s Moz (z:m2)

[ @ ey
0(Pe.c)sm) Q( §c¢§cv 1)
<o)

and cancels with B(¢,¢)[n](c, 0)T in (5.23). The O(o) term reduces to

K(T¢g.c+ Ny [ K(T¢.c +Mp
Q0 85¢5,C,J (5,0 77) QO jag(lsg,c, (5,0 77)

Q(Oetpe.c, T K(Tf’co+nr) O ( T0ete e, W“OJF”T)

[(occe.. | "ot )
£2(Z;R)

o e
L ’ 02(Z;R)

(Ocre.c, i(ree + 1)) 2 z.m)
_<8crﬁ,c; H(rﬁ,c + nr)>é2(Z;]R)

Finally, we note

(et - o) 1 63 6

QU Oede(t),et), TN e (t
Dete(t, ety TN (1),

<357‘£<t>,c<t>’ Arew et +e(0)))

02(Z;R)
<<9 Te),e(t) B(Tet),e(t) + nv'(t))>

— O

£2(Z;R)

Following ([5.21)), the invertibility of A(c) — B(&,¢)[n] is guaranteed for ¢ € (c_,cy)
and 7 satisfying |[e* n||¢2(zr2) < d«, upon decreasing d, if necessary. O

Expansion The modulation system (5.15)~(5.17) describes how a small hetero-
geneity o > 0 affects the exact traveling wave (v(t),c(t),n(t)) = (0,¢.,0). It
introduces O(c) fluctuations in ¢(t), and leads to an O(o) phase shift v(¢). The
heterogeneity also develops an O(o) tail 7(t), which we expect to remain small for
a long time, due to the stabilizing effect of the linearized dynamics. In order to
expose the structure of the coupled modulation system 7, we expand
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the system in the parameters o and 7:

Los(&sem) = o(PH0(E O] + TV €, )i, n] ) + TO2(E )l ] + Oo®) + O,

Con(€,e,m) = o (CHO(E, 0)[K] + CHH(E, ) [k, 17]) + OV (&, ey ne] + O(on?) + O(n),
(5.24)

Ton(€sem) = 0 (TO(E O] + THHE ), 1] ) + TO2(6, )l ] + O(07) + OGP

Here, the first index k € {0,1} in Tk CF" and T*" refers to the accompanying
factor o in , whereas the second index n > 0 indicates that the mapping is
purely of order O(n™). To compute these expansion terms, we note that the matrix
inverse in (5.19) can be expanded through a Neumann series:

(A(€) = B&. ) " = (1 = A7 (@B )l
=Y (A (BE ) AT ().

k=0

TATe)

For each ¢ € R and ¢ € (c_,cy), the maps T'0(¢,¢) and CHO(¢,¢) are linear
operators from ¢*°(Z;R) to R that act as

1’\1,0(5’0) _ 1 <a T ( g)af> 2( )
{cw(s,c)} = =347) {@i 5. — &) P i)] (5.25)

At order O(n?), we find that T'%2(¢, ¢)[-, ] and C%2(¢,¢)[, ] : are the bilinear maps
from ¢>°(Z;R) x £>°(Z;R) to R that act as

o2 (¢ ) i [(Berel — ). S0
oot g o= a0 [ G ] oo

In particular, T%2(¢, ¢)[-, -] and C%2(&, ¢)[-, -] can be seen as weighted inner products

when restricted to 62(2 R) x (2(Z;R). Lastly, TV1(¢, ¢)[-, -] and CYL(E, e)[-, -] are
bilinear maps from £>°(Z;R) x £>°(Z;R?) to R which act as

e ) 1.0 = a7 @l | faoll | 11+ | foall | Ul 521

The expansion of (5.15)—(5.17) up to second-order is completed by the linear map
TYO(E,¢)  £°(Z; R) — (2(Z; R?) that acts as

7106 Q1) = T (E N 0c0es - OO Ao+ |5 ()] 629)
and the bilinear maps

THE O ) (2 R) X (2(Z:R?) — (Z:R)
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5.3. System expansion

nd
) TO2(&, o)l ] : €°(Z; R) x £°(Z;R) — £*(Z; R?)

that act as

THYE o)[f, b = =TV (E o) [f, hOede.c — CM (€, ¢)[f, hOcte.c + [5 (‘}hr)] :
TO2(¢, ¢)[f,g] = —T2(&, 0)[f, 9)0c .. — CV2(€, ¢)[f, 9]0cte,c + TNIf, g)-

Although higher-order contributions can be identified in the same manner, we will
only make use of the O(c), O(on) and O(n?) contributions identified above. This is
because they suffice for our purposes of studying the O(o?) amplitude attenuation
of ¢(t), given that 7 develops at order O(o). See also Figure In the following
section, we construct explicit approximations based on these second-order terms to
facilitate further analysis.

5.3 System expansion

Having derived the modulation system 7, we turn our attention to the
resulting dynamics. We emphasize that the modulation parameters (v,c,n) are,
through a coordinate transformation, equivalent to the original system (r, p). Hence,
solving for ¢(t) should reveal the observed amplitude attenuation. However, due to
its coupled nature, this information is hard to extract directly from 7.

Inspired by Section this section introduces explicit approximations based on
the expansion . The key issue is that the expansion coefficients I'*", C*™ and
T*" depend explicitly on the pair (£,c). At each step in the expansion procedure
one can choose to treat this pair as free functions that must be solved for, but it is
also possible to insert an a-priori approximation. The approximations developed in
Section to describe soliton propagation in the KdV equation were based on the
former approach. The main reason is that the random forcing that was considered
broke the Hamiltonian structure of the system. In particular, fluctuations appearing
at order O(o) lead to significant deviations from the original amplitude on short
time scales, requiring the use of an adaptive approach to account for the short-time
fluctuations.

In this chapter however, the random coefficients in preserve the Hamilto-
nian structure of the FPUT system. As a consequence, the dynamics of ¢(t) induced
by terms at O(o) do not accumulate significantly over time—see Proposition m
ahead. In the present context, ¢(t) remains close to its initial value ¢, over time
scales proportional to o2, leading to a separation of time scales. In particular,
transient dynamics such as the development of the tail n(¢) occur at an exponential
rate independent of o—see Corollary ahead. We therefore depart from an
adaptive approach, and simply expand the modulation system 7 in the
small parameter o, around the deterministically propagating soliton ¢, (- — c.t):

Y(t) = oy1(t) + o2y (t) + O(a?), (5.29)
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c(t) = co + oci(t) + o?ca(t) + O(0?), (5.30)
n(t) = om(t) + O(c?). (5.31)

Since the phase shift v(t) is related to the position £(¢) through (5.14), we have an
equivalent expansion

§(t) = cut + 061 (t) + 0°&(t) + O(0°),

with .
&i(t) = (1) +/ ci(s) ds, i=1,2.
0

In principle, the expansion can be continued up to any desired order in o, but we will

only consider the explicit terms appearing in (5.29)(5.31). In Section [5.5] ahead,

we compute the expected attenuation of the amplitude approximation ¢, +ocy (t) +
o2cy(t). Although c(t) deviates significantly from its initial value after long times,
the expansion captures the attenuation occurring over intermediate timescales. In
this sense, the attenuation computed from an expansion around ¢, (- — c.t) can be
interpreted as representing tangents to the curves in Figure at E[c(t)] = c.. See
Figure [5.10] in Section [5.5] for further details.

Leading-order phase and amplitude Collecting O(o) terms in (5.15

and (5.16]) yields

[Zigg] N {gl?’((ccii))} [6],  with DI (0)} = H : (5.32)

These leading-order terms ignore 1 altogether, since it forms an O(n?) ~ O(c?)
contribution. We note that

DHet,en)| 10 _ 141 3 [(Oere ) (G — eat)
|:Cl’0(c*t,c*) [K/] - _§A (C*) %KJ(]) (ac’rz*)(.] _ C*t) )
J
through which we arrive at the explicit solution
t
cr(t) = a5 e) S k) [ (12 - cas)ds
JEL 0

= -2 ) S ()2 G - eut) 12 ) (5:33)

2c
o jez

The bracketed terms in (5.33) form (shifting) windows that select the lattice sites
at which the random coefficients contribute. Similarly, we compute that v, (t) =
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5.3. System expansion

Y11 (t) + 1511 (t) with

() =~ D S e ey -2 )] 53)
* JEZ
and
1

() = j%ﬁ:(j) /0 02 (j — eus)ds. (5.35)

2a(cx)

We note that
x
/ 807"3* (y)dy — / 857“3* (y)dy >0, asz — oc.
—00 R

Thus, the integral in acts as a widening window, selecting an increasing
amount of lattice sites with time. Hence, 71,77 resembles a continuous random
walk, and its variance grows linearly with time. Below, we collect some elementary
properties regarding the statistics of ¢ (¢) and 1 ().

Proposition 5.3.1 (See Section . Assume Hypothesis |1l and let c, € (c—,cy).
Then

1. ¢1(t) is a mean-zero random process, whose variance is uniformly bounded in
time as

ag % (cy)
02

*

Elci(t)] < Ire. les z:zy> > 0. (5.36)

2. y1(t) is a mean-zero random process, whose variance is bounded linearly in
time as

E[yi(t) < (C1 + Cat), t>0,
where the constants C1,Co > 0 depend only on c,.

Figure[5.3|shows simulations of the first-order parameters (¢1(t),v1(¢)). The ap-
proximation ¢, 4+ oc¢; (t) captures the leading-order effect of the random coefficients:
the solitary wave experiences an O(o) ‘shaking’, but the disturbances do not accu-
mulate with time. See the left panel of Figure The approximation ¢, + oc; (t)
does not capture the attenuation of the soliton.

Tail approximations Analogously, we identify the leading-order expansion term
oy of n by isolating O(o) contributions in (5.17). In particular, we find

() =T Leve.m(t) + T (cut, c)[x] (5.37)

T
OcTe,tien KTeutien ) p2(7.
= Jﬁc*t,c*nl(t) + |:85¢c*t,c*] A—l(c*) l< T cut e KTeyt, >e (Z:R)

acqsc*t,c* <6crc*t,c* ) ””‘c*t,c*>[2 (Z:R)
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Figure 5.3: Comparison of first-order approximations c.+aoci (t) and oy (¢) of amplitude
and position, for a particular realization with ¢ = 0.07 and ¢, = 1.015. The random
coefficients x(i) are drawn from a uniform distribution on [-v/3,v/3]. The parameters
c1(t) and 71 (t) correspond to a numerical simulation of the approximation (5.32). These
processes capture fluctuations, but do not capture the attenuation affecting c(t).

supplemented with the initial condition 7;(0,5) = 0, j € Z. This is now a lin-
ear equation, forced by the random coefficients x. We recall that L. ;., is the
linearization around the solitary wave ¢., (- — c,t), that acts as

_ | Te, (- — cut)ny
Leten= [mj + 2 [ 0 } . (5.38)

These time-dependent operators generate an exponentially stable evolution in
weighted spaces (Proposition [5.1.1]), provided the neutral modes are avoided via
the orthogonality conditions The term T10 introduces forcing to (5.37))
which preserves orthogonality with respect to ¢, (- — ¢it). In particular,

9(35%(- - C*t)ym(t)) = Q(ac% (-— c*t),m(t)) =0, ¢t>0. (5.39)

Additionally, we consider a cruder ‘homogeneous’ linear approximation of the
tail n(t) that neglects the localized linear term:

() = TnP(t) + T (cut, ci)[K). (5.40)

In comparison to , the linear operator L.,; .. has been replaced by I. This
simplifies the analysis: is a forced discrete wave equation, for which we can
derive explicit solution formulas (Section. Despite the seemingly large difference
between the definitions (5.37) and (5.40), the resulting ‘tails’ do not differ much from
each other. See Figure hich shows the difference |11 (t) — n%(¢)|| in proportion
to [|m(t)]| + |Inh(#)|| over time. Although the wave profile in introduces
secular modes, the map T}, avoids these by design. This structural aspect is shared
by , since the discrete wave equation w = Jw contains no secular modes.
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0.25 T
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1.015 and (i) € Unif([—+/3,+/3]). The differences remain below 0.25, indicating a strong

corresp ondence.

Figure 5.4: Relative difference for a particular realization with ¢, =

Second-order Phase and Amplitude Corrections It has become clear that
leading-order effects do not capture any attenuation of the amplitude ¢(t). Next, we
consider second-order contributions in the o-expansion of the modulation parame-
ters. We identify v5 and cg in and by isolating O(c?) contributions
in and . In particular, by expanding

[Fl’o(f(t)w(t))}
CHO(E(t), c(t))

~[THO(eut, ) TH0(cut, cy) TH0(cut, cy)
B [Cl’o(c*t,c*J T oti(t) {Cl’o(c*t,c*) Foalt)o. CM0(cut, c)

+ (9(02),
we find that 45 and ¢, satisfy an equation of the form

TH0(cut, cy)

N
# e o wmon + | oy o | .m0 (.41)

with initial conditions 7,(0) = 0 and ¢2(0) = 0. The system defines second-
order corrections (7,,¢2) based on a general linear approximation o7 to n. In
particular, we retrieve the true second-order corrections (72, ¢2) in and
upon picking 7 = 7;. Additionally, we obtain corrections (74, c}) based on the
homogeneous tail 77 = 1} introduced in .

As seen in Figure the second-order approximation (7, c2) effectively cap-
tures the amplitude attenuation. The second-order corrections capture to a large
extent how much energy radiates away from the soliton as a consequence of its
shaking, leading to an O(c?) amplitude attenuation.
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Figure 5.5: The second-order approximations c. + oci(t) + o2ca(t) (left) and oyi(t) +

%72(t) (right) compared to c(t) (left) and ~(t) (right), respectively. (o = 0.07, ¢, = 1.015

and r(i) € Unif([—/3,v3]).)

Although the tail approximation 7} defined through neglects a linear
term localized at the soliton location, the second-order corrections (74, c%) based
on 77{‘ are remarkably close to the true corrections (72,c2)—see Figure We
have thus arrived at two tractable approximations to the parameters (v, c,n) that
capture attenuation. In the next sections, we analyze the linear tails 77 and resulting
second-order corrections (75, C2) in more detail.

0 T T T - - 0
-100 -
20.05} - g

~CY -200
o01f -300 - Y —h()

-400 +

L L L L L L L L L
0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
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Figure 5.6: The second-order amplitude contribution cz(t) compared to ¢5(¢) (left) and
the second-order phase contribution ~2(t) compared to v5(t) (right). (c. = 1.015 and

k(1) € Unif([—v/3,+/3]).)

5.4 Radiative Tail

In this section, we examine the radiative tail that forms behind the solitary wave
in more detail. In Section [5.3] we have introduced two approximations to the tail 7
of the form

04, t) = T Ac.ve. (1) + T (et  eu)[6](§),  with 7(j,0) = 0. (5.42)

The approximation 7; defined in features the soliton linearization A. ;.. =
Le.tc., while 77}11 is constructed using the constant-coefficient reduction A. ¢, = I;
see . Our aim here is to characterize the asymptotic behavior of such tails
7(t). In particular, we find that 7j(¢) converges when viewed in a frame that moves
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5.4. Radiative Tail

along with the solitary wave. Besides being interesting on its own, this can be linked
directly to the long-time behavior of ¢a(¢). Indeed, this result allows us to derive a
limit for the expected attenuation E[¢a(t)] in Section We rely on the following
assumptions on A ¢ ¢, , which are met by both I and L. ;..:

Hypothesis 2. We have ¢, € (c_,cy) and {Ac,ic, hrer is a family of bounded
linear operators on £?(Z;R?) that satisfies the spatio-temporal shift invariance

[Ac*t,c* 77] (] + d) = [Ac*t—d,c*n(' + d)](])a j7 d € Z7 teR. (543)

The operators {JAc,i.c, }ter generate an evolution family {U.,(t,s)}i>s on
(2(Z;R?). There exist constants K, b > 0 such that

0001, iz < Ke I Dul gz, 125 (5.44)
provided
Q(0ee, (- — cus),w) = QDepe, (- — cus),w) = 0. (5.45)

We observe numerically (Figure that the tail n(t) starts out as zero, and,
roughly speaking, develops in the interval [—c,t, c.t] as the soliton passes through
and excites lattice sites. In particular, when viewed in a co-moving frame traveling
rightward with velocity c., the tail is roughly active in the interval [—2¢,t,0]. This
leads to a limiting situation where all lattice sites behind the soliton are excited,
while all lattice sites ahead remain almost unperturbed. Our tail approximations
7 allow us to characterize this limiting situation in more detail. In terms of the
evolution family, (5.42) reads

n(t) :/0 Ue, (t, 5)T 0 (cys, c,)[] ds,

in which the forcing term Tl’O(c*s, ¢.) is localized around the soliton site j & c,s
as it propagates from 0 to c.t. At times

th = (n+p)/cx, nmeN, pel0,1),

we shift the tail by an integer |c.t,| = n, which leads to the identity

(- +n,ty) = /0 " Ue.(pfeasp/ec — DT (p — cor, e[k (- +n)] dr.

We derive such representations using the Green’s function associated to U, , which
we analyze in Section ahead. The only dependence of the integrand on n is
through the shift of the random coefficients x(- + n), which does not affect their
distribution. Combined with the exponential stability of the evolution family U.,,
this allows us to take the limit n — oo and show that this shifted tail approaches
an equilibrium distribution.
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Proposition 5.4.1. Assuming Hypothesis and Hypothesis@ there exists a (ran-
dom) function T° : R — R such that for each j € Z and p € [0,1), the sequence of
random variables

(76 +n.tp)fen))

converges in distribution to 7°°(j — p).

Remark 5.4.2. A representation of 7j(x) is given in (5.59) ahead, which we suspect
is (almost surely) continuous in z; see Figure ahead. We do not attempt to prove
this here.

The proof of Proposition [5.4.1]is given at the end of Section [5.4.2] In the limit,
the tail is still 1/c,-periodic in time in some sense, reflecting that the lattice peri-
odicity is traversed with velocity c,.. Here and below, p € [0,1) denotes the phase
of the soliton (for instance, p = 0 means centered at a lattice point and p = 1/2
means exactly between lattice points). The convergence in Proposition holds
only in distribution because, roughly speaking, the solitary wave continually en-
counters different random coefficients. Nevertheless, the distribution of the random
coefficients is translation-invariant.

5.4.1 Linear theory

Our strategy will be to work with a decomposition of 77 in terms of deterministic
functions. More precisely, we analyze the asymptotic behavior of tails 7(t) based
on a ‘response’ function R : Z x Z x Rt — R2, defined through
R(j,m,t) = T Ac,t.c. R(j,m, t) + TV (cut, e.)[6m)(5),  with  R(j,m,0) = 0.
(5.46)

Here, §,, € ¢*(Z;R) denotes the sequence with value 1 at j = m and 0 elsewhere.
Hence, the response function expresses the effect of a spring heterogeneity at site
m on the random tail 7(¢). The advantage of this decomposition is that we can
analyze the asymptotics of the deterministic components R in a co-moving frame,
without directly involving the constantly shifting random coefficients k. We recall
that 710 is introduced in , and remark that

[

X T
T eyt c.)[0m](5) = % [gﬁ 8 ~ ziﬂ A7 e [867"3* (m — cst)

0
+ 7, (M — cyt) {(5 5m+1)(j)] . (5.47)

m T

Oer? (m — c*t)}

Since the wave-profiles and their derivatives are exponentially localized |41, Propo-
sition 5.5], this forcing term satisfies the bound

Tl’o(c*uc*)[ém](j) < ClePli—cxt| ;=Blm—c.t| + Ce—ﬁ\m—c*t\((so 4 51)(j _ m)
(5.48)
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5.4. Radiative Tail

for some C' > 0 and 8 > a, where a is the weight of Proposition Below, we
derive the representation of 7j(t) as a random series. To this end, we note that the
solution to (|5.46) can be represented by the Duhamel formula

R(-,m,t) :/0 Ue, (t,8)T 0 (cus, ¢0)[0m] ds. (5.49)

Proposition 5.4.3. Assume Hypothesis[1] and Hypothesis [ For each t > 0, the
random sequence

nG.t) =Y k(m)R(j,m,t), je€LZ, (5.50)
meZ

lies almost surely in (?(Z;R?) and solves the linear system (5.42)).
Proof. We first show that the series in (5.50) lies in ¢?(Z;R?). For each m € Z:

t
|R(-,m, )|l e2z;r2) = H/ Ue, (t,8)T Y (cus, ) [0m] ds
0

<t sup ||UC*(t,S)H[;(p(Z;RZ))HTl’O(C*S,C*)[ém]“gz(Z;Rz).

£2(Z;R?)

s€[0,t]
From (5.48) we then get
1T (c.s, ) 0m]lle2zir2) < CeAlm=c.s| Z e Plizessl L ge=Blm=cxsl < CeBlm—css|,

JEZ
which is summable in m:

H Z k(m)R(-,m,t)

meZ

<« Z ||§(',m,t)”g2(z;R2) < 0.

£2(Z;R2) =
m

The variation of constants formula then shows that (5.42)) is solved by

t
M. = [ Ve (69T s, co)le] ds.
0
The result follows via (5.49)) and the identity
T (cys,¢.)[K] = Z r(m)T0 (cys, ¢.)[Om). O
meEZ

We proceed with a result regarding the Green’s function associated to JAc +.c, ,
which will be key to characterizing the asymptotics of the response function
R(j,m,1).

Lemma 5.4.4 (See Section [5.8). Assuming Hypothesis [3, there exists a Green’s
function G., : RT x R x R — R2?*2 such that the evolution family associated to
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JAc.t,c. admits the representation

U.. (¢, 5) m () = S Gelt = 5,5 — cut k — c45) mg] , m € (*(Z:R?),
< (5.51)

Remark 5.4.5 (See Lemma [5.8.1]). In the constant-coefficient case JAc.t.c, = J,
the evolution family U., reduces to the unitary Co-group {e”*};cr. In particular,
these solution operators admit an explicit kernel representation

e to) 2] () = [ ) = T a -kt -0) 40 ez ver

k€EZ
(5.52)
with
[ T2t —Japa(20)
®(j,t) := {_J2j1(2t) J2j+(2t) ] (5.53)

Here, J,, : R — R are Bessel functions of the first kind, and for n € Z~ we use the
convention that J,(x) = (—=1)"J_,(z). Hence, the Green’s function associated to
the discrete wave operator J satisfies (5.51]), with

Ge, (o, B,7) = (B — v + cuc, ).

5.4.2 Asymptotic response

We proceed by analyzing the asymptotic behavior of ([5.46)) in the co-moving frame,
based on the Green’s function representation (5.51). We will see that at times

tnz(n+p)/c*, TLEN, p€[071)7

we have a representation of the (shifted) response function R(j+ |c.t], m+ [cit],t)
as

R+ mmnt) = [ " (U fepfen =TT = .m0l ) dr

tn
= / Z Ge (1, j —pk—p+ C*T)TLO(p — T, ¢ )[0m] (k) dT.
0 ez

Hence, this collects the effect of a heterogeneity at site m on site j as the solitary
wave travels from —n to p. In this ‘co-moving frame’, stationary forcing competes
with an exponentially stable linear flow. This allows us to take n — oo and arrive
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5.4. Radiative Tail

at the limiting response function R° : Z x Z x [0,1] — R2, defined as
R Gomp) = [ 32 Ge (i = pik = p+ )T = ) 3,)(0) dr. (550)
0 kez

Note that in the constant-coefficient case (Lemma , the kernel in (5.54) is
explicitly given by

gC*(ij _pak _p+C*T) = (1)(] - k77-)'

Lemma 5.4.6. Assume Hypothesis @ For each j,m € Z and p € [0,1), we have
the pointwise limit

lim R(j+n,m+n,(n+p)/c.) =R (

n—o0

j,m, p). (5.55)
Proof. Let p € [0,1) and
t,=(n+p)/ce, neN
Then gives
R(j+n,m+n,t,)

tn
= / Z Ge,(tn — 8,5 +1n — oty k — C*S)T(iﬂn(c*s, c.)(k) ds
0

keZ

tn
= / Z Ge. (tn = 8,5 — P, k' + 1 — cas)TH0(cus, ) [Bminl (K + 1) ds.
0

k' €L
Using
T (eys, ) B (K + 1) = T0(cus — 1, 60) B ] (F) = THO(p — (b — ), ) [Bm](K),

and substituting 7 = ¢,, — s, we obtain that

tn
E(] + n,m + n, tn) = / Z gc* (Taj - P k/ -p + C*T)Tl’o(p — C«T, C*)[(sm}(k/) dr
0

k€T
(5.56)
— Eoo(j,m,p) as n — oo.
Thus, we have established ([5.55)): pointwise convergence in j and m. O

We will in fact require a stronger form of convergence for our purposes of an-
alyzing the asymptotics of E[éz(t)] in Section Recall that the weight a > 0 is
introduced in Proposition We then define the exponentially weighted spaces

C(Z%R?) = {f: Z° > R | || fllezz2,m2) < o0},
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with norm

||f||?g(Z2;]R2) = Z Zezaj (frz(ja m) + fg(.% m))

mMEZL jEL

Proposition 5 4.7. Assume Hypotheszs@ The response function R(-,-, (n+p)/cs)
converges to R (-,-,p) in (2(Z?;R?) at an exponential rate: there exist constants
C,q > 0 such that

||E( +n,-+n,(n+p)/ee) — Eoo(-, -,p)Hgg(Zz;Rz) <Ce™ ™, neN. (5.57)

Before giving the proof, we prepare two intermediate results. The first regards
the weighted norm of the forcing term in (5.54]).

Lemma 5.4.8. Assuming Hypothesis [3, there exist constants C,y > 0, such that
for each p € [0,1), m € Z and 7 > 0, we have

||ea(~+c*r)T1,0(p — e C*)[5m]||é2(Z;R2) < Ce—Imte.t|
Proof. The estimate ({5.48)) provides
||ea('+c*T)T1,0(p — T, C*)[(sm]le(Z;Rz)
< Cefﬁ|m+c*7| ||6a(~+c*’r)675|.+c*7| ||Z2(Z;]R)

+ Ce—ﬁ|m+c*'r| ||ea('+c*7')(50 4 51)( _ m)Hé?(Z;]R)a

where we note that
el team) g=Blte.t| o EQ(Z;R),

since v := 8 —a > 0. We furthermore compute
a(-+ciT) 2a(-+ciT) 1/2
e +eD (8o +80)( = m)llexzsmy = (30 €20 (6 + 1) ( — m))

JEZL
— (1 + e2a)1/260‘(m—‘,—c*7—)7

and the result follows. O

We proceed by asserting that both R(-,-,t) and Roo(~, -,p) are well-defined in
02(Z2%;R?).

Lemma 5.4.9. Assume Hypotheszs. For each t > 0 and p € [0,1), the response
function R(-,-,t) and its limit R~ (-,,p) are contained in (%(Z?;R?).

Proof. From ([5.54)), we compute
500
R (,m p)”%z (72;R?)

- ZH/ S € G, (7,5 — pok = p+ )T (p — a7, ) (O] () dr

kEZ

2

£2(Z;R?)
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=2 H/ U, (p/cerpfes — TITYp — 07, ¢,) 0] dr|

meZ

2(Z;R?)
We then apply the exponential stability bound (5.44]):
||EOO(7 map)”?g’(ZQ;Rz)
1,0 2
> (/ €% Ue. (/v pfes — 7T (=eur, e2) Bl sy d7)

meEZ

2
< K2 Z (/ 7bT||6a('+C*T)T1’O(p—C*Ty C*)[577L]||€2(Z;R2) dT) .

mEZ
Via Lemma [5.4.8, we then obtain
. _ oo 2
R ('7map)||§2(zz;]1e2) < K*C? Z (/ eib're*'”m+c*7|d7') .
mEeEZ 0
A straightforward computation shows that for each ¢ > 0

6_7(0* t+m) e—bt

oo - - et +m >0,
e~ b7 €_7|m+c*7—‘d7' _ b/c* +
ebm/c* _ e’y(c*t—l-m)e—bt ebm/c*
t
+ , ct+m <0.
v —b/cs b/c. +
(5.58)

In particular,

oo 2 _ oo
Z (/ efb‘ref'ﬂerc*‘r\dT) < C( Z o2m +e—2bm) < 0.
m=0

mEeEZ 0

We have thus shown that ROOCL, p) lies in ¢2(Z?;R?). An analogous computa-
tion based on ([5.56)) shows that R(- +n,-+ n,t,)—and consequently its translate
R(-,,t,)—is also contained in ¢2(Z?; R?). O

We are then ready to prove Proposition

Proof of Proposition[5.4.7 We apply the same estimates as in Lemma [5.4.9] to the
difference

R, := Z ||e (-+n,m+n,t,) — Rm('ymap))H%Q(Z;]RQ)
MEZL
1,0 2
= T’% H / c* p/c*,p/c* - T)T ( = G T, C*)[ém] dr ZQ(Z;RZ)'
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Applying the stability bound (5.44) gives

0 2
R, < K2 Z (/ efb-r||ea(-+c*7')1—v170(p7C*T7 C*)[dm]Hﬁ(Z;R?) dT)
t

mEZ n

< K%C? Z (/00 e_bTe_W‘m+c*T|d7)2.

meZ tn

Inspecting (5.58)), we now arrive at
oo 2
Z (/ efb'ref’y|m+c*'r|d7_)
meZ t
< Cv(e—th Z e 2(t+m) | Z 2bm | =20t Z 62(t+m))

m>—t m<—t m<—t
5 e 2bt
<3C - 7€
which shows (5.57)). O

5.4.3 Asymptotic tail

Following the convergence of R to ﬁoo, we now turn to Proposition concerning
the convergence of the shifted tail to 77°°. We will see that 77°° can be represented
by the random series

7°(x) = Y ((m—[a))R™ ([¢],m,[z] —z), w€R, (5.59)

mEeZ

where ((j), j € Z is an i.i.d. sequence with the same distribution as the random
coefficients x(j). Regarding the continuity of this representation (Remark 7
we note that

R*(j,m,1)=R7(j—1,m—1,0), j,meZ,

which shows that the specific representation ([5.59) satisfies

lim 7™ (@) = 7). J €2

In between lattice points = ¢ Z, the continuity of 7> is determined by that of
R™ (j,m, p) in the p-variable, for which we do not pursue a proof here. The covari-
ance of 7° = (72°, ﬁ;")—r is given by

B @)1 () = (B (L), e = [20), B Lyl — L)) )

2(2ZR)

with an analogous expression for 7;°. See Figure for a numerical evaluation.
We are then ready to prove the main result of this section.
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Figure 5.7: Realization (left) and standard deviation (right) of the limiting tail 7>,
based on 77 = 7. (s = 1.015 and ¢(i) € Unif([—v/3,v/3]).)

Proof of Proposition[5.4.1 Once again, we pick p € [0, 1) and write ¢, = (n+p)/cs,
so that at x = j — p, the representation (5.59)) reads

7@ —p) =Y C(m— )R (j,m,p),
MmeEZL

where ((j), j € Z is an i.i.d. sequence with the same distribution as the random
coefficients k(j). We introduce

Ya(j) = > m—)R(j +n,m+n,ty),

mEZ

which, for each n € N and j € Z, has the same law as

7 +n,t,) = Z k(m+n)R(j +n,m+n,t,).
meZ

Indeed, the i.i.d. sequences k and ( follow the same distribution. We furthermore
have

Yali) =7 =p) = Y Clm =) (RGG +nm +n,ta) =R (j,m.p))

meZ

and as a consequence of Proposition [5.4.7}

E((Y,() ~ 76~ ) = 3 (Bl +nom 4 n.t) ~ B Gom.p) =0

mEZ
as n — o0. In particular, Y,,(7) 4, 7°(j — p). It follows that also

—/ . d _ .
n(j +n,t,) — 770 — ). O
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5.5 Amplitude Attenuation

We finally return to the main goal of this chapter: capturing the amplitude attenua-
tion that affects the propagation of solitary waves in . We build on the results of
Section[5.4] where we analyzed linear tail approximations 7 based on a general time-
dependent linearization JAc,¢c.; see (5.42]) and Hypothesis 2| The representation
of 77(t) as a random series (Propositi allows us to compute expectations
of the second-order corrections ¥,(t) and ¢»(t), defined via (5.41). Although the
random coefficients k—and by extension the linear tail 7j(¢t)—are mean-zero, the
quadratic terms in lead to a non-zero expectation of ¥, (t) and ¢y(t).

In Proposition [5.5.2] below, we give an explicit representation for the amplitude
attenuation via the bilinear maps T'''1, 192, C1! and C%2 introduced in (5.26)—
, and the response function R introduced in . Recall that ¢2(Z?;R?)
denotes the exponentially weighted spaces

52(22 RQ {f 7? — R? ‘ ||f||eg(z2;1R2) < 00}7

with norm

||f||e2 (z2;R2) = Z l[e* f ||e2 (Z;R2)

mEZ

For ¢ € R, ¢ € (c_,cy), we define the linear map M11(€, ¢) : £2(Z%;R?) — R? via

1,1 I(E, )
M> (€, ¢)[a] = 11 [0m, (-, m)], (5.60)
3 [ovie)
and the bilinear map M%2(¢, ¢) : £2(Z%;R?) x (2(Z*;R?) — R? by
MO,Q(E’ C) [av B} = Z |:£Y(2J:22(é: CC)):| [O‘r('a m)a ﬂr('a m)] (561)
meZ

Both M1 and M%? are bounded (see Section and we recall that R(,-,t) is
contained in ¢2(Z?;R?) for each ¢ > 0 on account of Lemma Finally, we define
M}’O(f, C)y.ens M,lvlo(f, ¢) as the correlations

M 0) = - 2905 3 )2 - ) - 2000 [ e O . G62)
JEL ’
1,0
F(e o) = 20&10 / 02~ s 0 | Lol o W 6.0)
1L0(¢ ¢
M (e ) = -2 g Z 6)( / -9 as = 6r200) 0 | ool )| 1

JEL
(5.64)
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and

M6 0 =~ 24 VB SR -9 - 2000 | fiale O] 1 669

JEZ

We refer to Section for a fully deterministic representation. As a preparation,
we make the following observation regarding these correlations.

Lemma 5.5.1 (See Section [5.10) E Assume Hypothesis I 1| and Hypotheszs @ For
each € € R,yc € (c_,cy) and i € {I,...,IV}, the correlation M}°(,¢) can be
decomposed as

M€ €)= M0 (6 ) + ML, 0),

1,per 2,trans

with M} (f, ¢) periodic in &:

i,per
1,0
Mi,per(gv C) - 7 per(g + d C) de Z7

and let?anb(g, ¢) exponentially decaying in |£|: there exist constants C,q > 0 such
that

|M} D ans (€, 0)] < Cem el

2,trans

Upon introducing

Ml,O(g’ ) M]%cg(g ) Mtlrz?ns(gvc)
:Mllo(faC)WLMJ%’O(g»C) 111 (57 )JFMIlV’O(faC)v
we then obtain the following.

Proposition 5.5.2. Assume Hypothesis [1] and Hypothesis[3. For each t > 0, we

E PZ(t)] = M"0(c,t, c,) + M®%(cut, c)[R(-, -, 1), R(-, -, )] + MY (eut, c)[R(-, -, 1)].
(5.66)
Proof. By Hypothesis[I] the random coefficients satisfy
ElR())] =0 and Elk()s()] = 3. ] € Z.

We proceed by computing the expectation of ([5.41) using the representation

N 1) =Y k(m)R(,m,1).

meZ
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Chapter 5. Lattice waves

Via the definitions (5.62)—(5.65)), the gradient terms in (5.41)) satisfy
E v1,,(t)0¢ C10(ce t. e, (K] = MO (cut, cs),
(K] = MYO(cut, cy),

(
(

o

E 11000 | o
(( W] = MO (cat, ),

t
E / c1(s) dso
0 1() 3 c1.0

and

I'tO(c,t, ey
E Cl(t)ac |:Ol,0((C*t c*)):| [H] = Ml'li;o(c*tac*)~

Here, we recall that the components in vy ;(t) and 1 y(t) sum to v1(¢), and are

defined in (5.34) and (5.35)), respectively. We proceed with the O(7?2) term in (5.41)).
The bilinearity of I'%2(c.t, c,) and C%2(c,t, c,) implies

E | ooy o) 0.7, 0)

=Lt o] [ s T om, ), 3 o Tt 0)

mEZ m’'€Z

_ oy [P0t e
- 3 3 Bimis(r) [Caerte)) om0, B )

= M%%(c.t, ) [R(-, 1), R(-, -, 1)].

Similarly,

B | g o] om0 =8 | £ o0 [ 35 wmiate - m), 3 w0

meZ m'€Z
- 5 3 s S
meZm' e’
= Ml’l(c*ta C*)[E('v'vt)]' [

As a consequence of Proposition the convergence of R to R (defined
in (5.54)) in the weighted space £;(Z?; R*)—implies that the amplitude attenuation
E[ca(t)] also converges in a periodic sense.

Corollary 5.5.3. Assume Hypothesz's and Hypothesis @ For each p € [0,1), we
have

nh—bnéoE |:222(((n +p)/c*):| - Ml’o(pv C*) =+ M072(p7 C*)[EOO(7 Wp)?ﬁoo(" ’p)]

(n+p)/cx) per
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5.5. Amplitude Attenuation

+ Ml’l(pa C*)[EOO(’ vp)]

The convergence holds with the same exponential rates as Proposition and
Lemma which is independent of .

Proof. Using the shift invariance
M (eat, e)[o] = MY (eat = joed)[a(-+ 4, + )], €L
and
MO (eut, e, B] = M2 (st = joea)lo- + 4, +3), (- + 5, +3), JEZ,

we rewrite (5.66]) as

E {ZQ(”} =M% (cit — |eat], c) [R(- + Leat), -+ Lest], ), R(- + [eat], - + est], t)]
+ Ml’o(c*t, cx) + Ml’l(c*t — Lc*tj,c*) m( + |eot], -+ Lc*tj,t)].

Thus, for p € [0,1) and
t,=(Mm+p)/cs, neN,

we have

- t . .
. |:222((tn):| = Ml’O(n +p7 C*) + M072(p7 C*) [R( + n,- + natn)7 R( + n,- + natn)]
+ Mlyl(pv C*) m( +n,-+ natn)] .

The result now follows from the convergence

Ml’o(n+p7c*) M;e?(p’c*) Mtlregns(n+p7 C*) M;e(g(pv C*)?

through Lemma and the convergence of
R(-+n,-+n,tn) = R ()

in ¢2(72;R?) (Proposition [5.4.7)). Indeed, the linear operator M11(p, c,) and bilin-
ear map M%2(p,c,) are bounded on ¢2(Z?; R?) (Section .
O

Since E[¢a(t)] converges to a 1/c.-periodic function, the quantity which effec-
tively captures the decay-rate of the solitary wave amplitude is the second compo-
nent of

Bﬂr . :| . 71‘/ M;eg D, C* +M02(pa C*)[ROO(~’.7p)’§00(~,~,p)}dp

+o! / M Y (p,e.) [ (- p)] dp. (5.67)
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Chapter 5. Lattice waves

In particular, we write Q.(c,) for the version of Q.(c,) that arises by taking
Acte. = Leote, in (5.42). Similarly, we write QP(c,) for the version of Q.(c.)
corresponding to the constant coefficient reduction A ¢, = I in . Associ-
ated to these quantities, we can define the limiting ODEs

¢im(7) = Qelcim(7)),  with e (0) = ¢, (5.68)
and

i (T) = Qe(clim (7)), with ¢}, (0) = e, (5.69)
which capture the substantial deviations of ¢ from ¢, in the slow time variable
T =02t

Figure shows that the dependence of the integrand in (5.67)) on p is very
minimal. The right panel of Figure displays the nonlinear dependence on the

—4
0% 10 .

15 O o O O
o x x x x x x x x
) .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 5.8: Asymptotic mean attenuation lim,—c E[¢2((n + p)/c+)] (marked with o)
and limp 00 E[¢5((n + p)/c+)] (marked with x), as given by Corollary |5.5.3} for p € [0, 1).

decay rates Q.(c) and Q"(c) on the amplitude c. This sheds light on the nature of
the amplitude decay through (5.68). A polynomial fit on the datapoints in Figure
suggests a relation of the form Q.(c) ~ —(c — 1)?, corresponding to a polynomial

decay c(t) —1 ~ —%;. Figure confirms that the limiting ODEs ((5.68)) and (5.69))
track the amplitude decay remarkably well over long timescales.
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Figure 5.9: The left panel shows a realization of ¢(t) and the asymptotic means c, +
Q.(cx)o’t (dashed) and c. + QF (c.)o”t (dotted), via a numerical implementation of (5.67).
For this realization, o = 0.07, ¢. = 1.015 and (i) € Unif([—+/3,+/3]). The right panel
displays numerical evaluations of Q.(c) (marked with o) and Q"(c) (marked with x), for
various values of ¢; see Section The solid lines represent fitted power laws.

1.015 : ; i 1015 : , ,
E[c(t)] = Ele(r/0”)] Elc(t)] = Ele(r/0)]
| N
=~ \\
Lotk _ TN 101}
——_ N
AT
N T =0
N =
N ==
N ~Z
1.005 N <z - 1.005 |-
N =~
N =~
N
N
N
N
0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
T T

Figure 5.10: Figure revisited. The solid curves represent the sample mean E[c(t)],
with t = 7/0%, computed over 100 realizations, for & = 0.1, ¢. = 1.015, and (i) drawn
from a uniform distribution on [—+/3,v/3]. The dashed lines in the left panel have slope
Qc(c) for ¢ € {1.015,1.008,1.006}, and are vertically shifted to intersect the E[c(t)] curve
at the point where E[c(t)] = ¢. The dashed and dotted curves in the right panel represent
Clim (7) and ¢, (1), respectively, with c. = 1.015. Observe that the dashed curve coincides
with the solid curve.

5.6 Outlook

While the second-order expansion terms identified in Section reveal the O(o?)
attenuation affecting the propagation of solitary waves in , our future goal is to
rigorously justify its effect on the exact amplitude ¢(¢). This requires, presumably
among other things, asserting that the solitary waves remain coherent as they slowly
decay in amplitude. That is, (t) must stay small in some (weighted) norm, at least
for times proportional to ¢~2. The main difficulty towards establishing this via
the linear stability tool Proposition is to control the nonlinearity n? present

in (5.17). Classically, this is controlled by estimating the weighted norm

e*C 402 (@) |2 gy < (1) e iy e~ ()2 22y
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Chapter 5. Lattice waves

< ||77r(t)||€2(Z;R)Hea(-ig(t))"?r(t)HZ?(Z;R)a

where the unweighted norm ||, (t)||¢2(zr) can in turn be understood via energy
methods. However, since the tail 7,.(¢) expands behind the soliton, its squared
(?(Z;R)-norm grows linearly with time. Indeed, the amplitude attenuation goes
hand-in-hand with the formation of a tail. We anticipate that future work will focus
on controlling the supremum norm |7, (t)|/sezr). The right panel of Figure
suggests that the linear tail 7(¢) = n}'(¢) satisfies uniform bounds in space and time.
The challenge will be to develop a pointwise analysis for the nonlinear tail 7(t).

We also briefly discussed the near-sonic behavior of the amplitude attenuation,
i.e. the nature of the decay as ¢ | 1. Future work can analyze the derivatives of
Q.(c) (Section[5.5) at ¢ = 1 in more detail, to identify the lowest non-zero coefficient
in an expansion

Q.(c) =ki(c—1)+ka(c—1)* +... .

This could confirm if the decay is of the form

5.7 Statistics of leading-order phase and ampli-
tude

Below, we prove elementary statistical properties of the leading-order phase and

amplitude contributions (y1(t),¢1(¢)) in (5.29)) and (5.30)).

Proof of Proposition[5.3.1] From the explicit solutions (5.33), (5.34)), (5-37) and the

assumption

E[k(i)] =0, E[*@)] =1, i€Z
we immediately obtain
Ele1(t)] = ¢, E[m(t)]=0, ¢>0.
Turning to the covariance, we compute
Elei(t)er(s)]

_ QET(Q) Y > ERGRGIE G = est) =12 D)2, (5 = eus) = 2. ().

JEL j'EL

Since the x(j)’s are independent, this reduces to

Eler(Der ()] = 2 $702 () 02 (= ) (2. () — 72 — e.5))

4¢2 4
JEZL
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5.8. Statistics of leading-order phase and amplitude

and the variance bound (5.36]) then follows directly. Moving on to the variance of
Y1 (t) = 71,1(t) + 71,7(t), we obtain in an analogous way from (5.34) that

ag*(ed)oi(e.)

4
2 [Ire. ||€4(Z;]R)'

Furthermore, we obtain from (5.35|) that
B0 = 25 ([0 - i)
JEZ
2
dy)

C* Z / —my|dy

Here, we used that 3&"3* is exponentially localized [41, Proposition 5.5]:

867‘(2:* () < Ce Pl

for some C, 5 > 0. Note that

| B (eI — eBlimest)) | if j <0,

/3 e Pl dy = $ g1 (2 — ePl—eat) — e=BI) | if 0 < j < cnt,

Jj—cat g1 (efﬁ(j—c*t) _ efﬂj) , if j > c,t.

Hence,

3 (/J efmmdyf <2823 fdct 12372 e

jez ~Ji—est J=<0 zet

< % + 4e,t,

and

E[Vi}](t)] <C

The result now follows by estimating

Elyi (t)] = Elyi (0] + 2By, ()71, (0)] + E[yf 4 (8)] < 2E0i (O] + Ebi 4(0)]. O

+4c* )

0452(6*)( 487"
1 \1
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Chapter 5. Lattice waves

5.8 Kernel representations

Here, we derive the explicit kernel formula (5.53)) and prove Lemma regarding
the Green’s function associated to general time/shift invariant linear operators.

Lemma 5.8.1. Let ug,vg € £*(Z;R). The linear system
[u@,j)} _ j[u(t,j)} with [u(o,j)} _ [Uo(j)]
o(t,J I v(0,7 vo(7)
is solved by
L(t,j) 2 2=k |y (py|> T tER

Proof. We note that the Bessel functions satisfy J,,(0) = 0 for all n € Z \ {0} and
meet the recurrence relation

27, () = Jn-1(x) = Jnta (2), (5.70)

see for instance [101, §2.12]. Consider initial conditions given by the basis vectors
(ug, vo)" = (60, 0)" and (ug, vo) " = (0, dp)". These give rise to the fundamental
solutions

(. t) = ijf?z:&)} and  ¢(j,t) = {_iﬁ%ﬁf”}

for the discrete wave operator J. Indeed, through the recurrence relation (5.70)
one verifies that

$(j,t) = To(j,1), with ¢(j,0) = {60(()1')]
and
U(j,t) = Tv(j,t), with (j,0) = {5&)}

For arbitrary initial conditions (ug, vo)" € £2(Z;R?), we obtain the solution (5.52)
through a convolution with the fundamental solutions. O

We then move on to the proof of Lemma [5.4.4f We refer to [8, Theorem 4.2] for
a constructive proof in the context of the discretized conservation laws.

Proof of Lemma[5.4.4} In terms of the shift-operation Sn = n(- + 1), (5.43) reads

SdAc*t,c* = Ac*tfd,c* Sd7 deZ.
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5.9. Kernel representations

We claim that this translates to the following property of the associated evolution
family:

S, (t,s) = U, (t —d/ce,s —d/c.)S?, d €. (5.71)
We prove the case d = 1 by first differentiating the left-hand side:
0 (SU, (t,5)) = SAc.t,e,Uc, (L, 8) = Ac,t—1,e.SUC. (L, 5).
On the other hand:
O (Ue, (t —1/cu,s —1/ci)S) = Acyt—1,6.Ue, (t — 1/, s — 1/cy)S.
Hence, both terms satisfy the (operator-valued) ODE
(t) = Acot—1,c.x(t) with z(s) =S.

Next, we observe that for each ¢t > s, the bounded operator U,, (t, s) admits a kernel
representation

B N )

Identity (5.71) has immediate consequences for the structure of the kernel @ :

> (tsid + ) [gg’;ﬂ = (Ue(t = dfes, s — dfe.) [gg: i jﬂ )G
= zk: D, (t—dfce,s —d/cs; J, k) {gg: i ZH

_ —dfcy,s —d/c,;j, kK — a(kl)

and consequently
O, (t,8;7,k) =P, (t —d/ck,s —d/ce;j —d,k—d), deZ. (5.72)

Through a basis transformation of the arguments (, s; j, k), we obtain a kernel C;C*

which satisfies 3
(bc* (ta S;ja k) — gc* (t - S,j - C*t7 k — CxS, k')

In view of (5.72), G.. is constant in its last variable. It follows that the kernel only
depends on three effective variables:

¢C*(ta3;j7k) :gc*(t—s,j—c*t,k—c*s). D
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Chapter 5. Lattice waves

5.9 Continuity of (bi)linear maps

Here, we prove that the linear map M1 (€, ¢) : £2(Z?;R?) — R? defined via
Z ri(g,0)
1,1 _
M (f,c)[a] - [Cl 1(£ ) [5m7a( m)]v

and the bilinear map M%2(&, ¢) : £2(Z%;R?) x (2(Z?*;R?) — R? defined by

MO0l = 3 | ool o) artem) ool

meZ

used in Section [5.5] are continuous on exponentially weighted spaces
CZ%5R?) = {f:Z* - R* | || fllezz2r2) < o0},

with norm

1122 @2mey = D lle® £ m) [ zipey.

me”ZL

We recall that the weight a > 0 was introduced in Proposition and that
Ll 102 bl and C? are expansion terms of the modulation system, as intro-
duced in Section

Lemma 5.9.1. For each p € [0,1) and ¢ € (c_,cy), the linear operator M*1(p, c)
is bounded from (%(Z*;R?) to R?.

Proof. Let p € [0,1),c € (c—,cy), and o = (ay, ) € €2(Z*R?). From ([5.60)),
we get

Fl 1 5
M (p,0)lal | < Z][CM | ] bs (s m)]| < 81+ 2,
with F02
Sl Z ‘ |:COZ e :| 5m7ar('vm)] )
meZ
and

= ¥ [a @B catm)) | o) B.1]

mEZ

We estimate

| Goatl )| Bsaroml| < €(106rem — phas m, )| + 10 on = e )]
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5.9. Continuity of (bi)linear maps

so that
S <C Z (|8§7’C(m - p) + |86T6(m - p)|)|ar(m,m)\
meEZ
1/2 1/2
< (3 e martmm)P) (3 e (0ere(m — p) + Dere(m ~ p)])?)
meZ meZ
/2
<C( X lemartsmlar)) < Cllalla g
meEZ

We proceed with

Sy < (Z ‘A*l(C)B(p, c,a(.’m))r)l/z( Z ‘ [211?)((‘;”?)] [5m]’2)1/27

MEZ meEZ

where

> ‘ [gll(()’ ] m]r <C (|567°3(m—p)\ + |5c?“f(m—p)|)2 < o0.

C
meZ meZ

The result then follows by estimating

A7) B(p, ¢, m)| < CWle® (alm)) 2 zz2),
with

=[le™" T 0zce(- — P)leeze) + 2™ T 10 be(- — D)o @ima)
+ e T 10%0c(- — p)lle2 zr2)-

In particular

2
> AT @B catm)| < WY e (@, m) gz = COW 2l g
mEZ mEZ
O
We proceed with the bilinear map M2,

Lemma 5.9.2. For each p € [0,1) and c € (c_, cy), the bilinear form M%2(p,c) is
bounded from (2(Z?;R?) x (2(Z*;R?) to R%. In particular, there exists a constant
C > 0 such that

|M*2(p, o), B]| < Cllellez z2iz2) 1Blle2 z2:r2)

for all a, B € 2(Z?;R?).
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Proof. Let p € [0,1) and ¢ € (c_, c4). Let furthermore
Q= (O‘N ap)—rvﬁ = (67‘, B:D)T € ei(Z2§R2)'
From (5.61)), we estimate
FO 2
30208 = 3 (| |Gl )| o oml).
meZ

For all m € Z, we have

0.2(,) ¢
| Goatl | farom) ]| < C1Ger = oo mh e

+ C|<acrc(' - p)7 aT('7 m)ﬁ’r('v m)>22(Z;R)|
< Coupe 2 (9erals =)l + 10~ p))
J€

X |<ea'ar(" m)7 ea.ﬂr('a m)>€2(Z;R)|
< Olle ar(-,m) |2 zry 1€ Br (-, m) le2(z:w)

so that

|M%2(p, c)[a, B]| < C Z lle® ar(-,m)le2z;m) 16" Br (-, m) || 2 (z;r)

meZ
- 1/2
<O e artomlan ) (3 1680 om)l s )
meZ mEZ
< Cllallez z2r2) 1 Bllez z2:r2) - O

5.10 Correlations

Here, we prove Lemma regarding the correlations M 11 0. , M Ilv’o introduced

in f. By Hypothesis |1}, we have
E[k(j)] =0 and E[k(i)k(j)] =dj, 14,j € Z.
This allows us to explicitly compute
10 %o 2( Jeu () 20 2\ 41 (52§T3)(j_§)
(6.0 = 21 j%m SGRIEO PGl

60~ 51 [0ty gaio [R9 7]

jez §c c
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5.10. Correlations

a—l . 3 2r2)(j —
M) = ch)j%( [ -9 as-erti)a [50 78]
together with
ar (e re)(J —
¥0(€,0) = 20O %{ri(a‘ — ) = 12())0.A7H(c) [%238 - 8}
ag (e cer2) (=
4% (o S -9 AT (Zrse o).

Proof of Lemma[5.5.1. We prove that

Myi® (€ ¢) = My% e (€, €) + MySans (€€,

with My per(f,c) 1-periodic in £ and M;;ytrans(f,c) exponentially decaying in |].
The proof for the remaining mappings is then analogous. Decomposing

Ro&=n+p, neZ, pel0l),

we observe that

" gt [@G D)
M€ 0) = -2 Z/ jntp s —p)ds “[(aéc 50— )
ag (e 205 1 (0Z:r2) (G —p)

+ an j%;“") i+ a7 g )

ey dea (e [@DG D)
S Z/ (i —prr) drATe) <agcr2><j—p>}
ag () ) (92r2)(5 —p)
S it G )
Hence, we identify
M]}I(i)er(fa ) = O[ngC)jeZZ/OOO rf(] *pJFT) dTAfl(C) [Eg%i:g;g :g;] ’
and
1,0 _ (o) - r2(j—p+7)drA (¢ (Oero) G — )
M[[Itrans(gv c) = 12 JZE;/?H-P cJ-—p+7)drA (){(a%crz)(j_p)}

(92er2)(5 — p)
Zgi RIE —p)} ’
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Chapter 5. Lattice waves

which sum to M;°(€, ¢). The component M;; per(f ,¢) is clearly periodic with period

1. Tt remains to be shown that M ;' trms(f, ¢) is exponentially decaying in [£| = |n+
p|- The exponential decay of the wave profiles and their derivatives [41, Proposition
5.5] provides

STG+ )2 +n) |A

JEZ

[ 3&" Pm < O e Blitnleflipl < Gl
£c C p ez

for some C,C, 8 > 0. For the integral component, we similarly find

Z/ 2j-p+T)dr|A” {(gggr _;7 H Z/ o—Bli—ptl,—Bli-pl gr

JEL §C c JEZ

< CB_B|n|,

upon increasing C' if necessary. O

5.11 Numerical Schemes

Our direct simulations of the FPUT system were carried out using a fourth-
order Runge-Kutta scheme. We extracted the modulation parameters from the
numerical solution by enforcing the orthogonality conditions through a non-
linear solver. Specifically, given the numerical solution u(t) = (r(t), p(t))" to
at time ¢, we determined parameters cq¢(t) and &gt (t) from the equations

Qe (- — € (1)), 1 = Bury ) — ua(£))) =0,

and

QDo) = & (0)s 1= by (- — &ne(8))) = 0.

We computed the wave profiles and their derivatives by solving the traveling wave
equation (5.5) following the approach outlined in [37, Section 3.1]. The phase
parameter vg; was then obtained via the numerical integration

Y6:(t) = Eae(t) */0 chig(s) ds.

For comparison, the theoretically equivalent parameters cmod(t) and Ymod(t) were
computed by numerically integrating 7, again with a fourth-order
Runge-Kutta method. Figure [5.11] demonstrates the close agreement between the
“fitted” and “modulation” parameters, with discrepancies limited to negligible trun-
cation errors. Throughout the numerical figures in this chapter, we have used
c(t) = cae(t) and (1) = e (t)-

For the numerical evaluation of the asymptotic tail 7°° in Figure based
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Figure 5.11: Comparison of cat(t) with the theoretically equivalent parameter cmoa(t)
(left) and comparison of st (t) with cmoa(t) (right).

on 77 = 1", we computed the corresponding asymptotic response function R di-
rectly from a discretization of with the explicit kernel representation from
Lemma Additionally, we computed the response function R™ based on n=m
using the true soliton linearization Ac,¢., = Le,t,c., performing a numerical inte-
gration of until satisfactory convergence was achieved. We then used the
resulting R functions to determine the asymptotic attenuation rate Q.(c,) ac-

cording to Corollary and (5.67), in which the periodic quantity M2 (p, c.)
was evaluated by computing M*9(p + n, c,) for sufficiently large n.
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Samenvatting

Dit proefschrift bestudeert het gedrag van golven onder invloed van verstoringen
uit hun omgeving. Hoewel we ons richten op de wiskundige beschrijving van golven
en hun theoretische gedrag, vindt deze beschrijving wel degelijk haar oorsprong in
de realiteit. Men kan hierbij denken aan golven op het oppervlak van laagstaand
water: golven die bijvoorbeeld ontstaan door een passerende boot op een gracht, en
die ook nadat de boot verdwenen is nog lange tijd hun vorm behouden—tot steeds
verder vermengen met de omgevende golven wanneer ze oneffenheden tegenkomen.
De kracht van een wiskundige benadering is dat de inzichten niet beperkt blijven
tot één specifieke situatie. Ze kunnen bovendien helder maken wat in experimenten
lastig te onderscheiden is.

In dit proefschrift onderzoeken we hoe golven in dispersieve media, zoals water,
in hoogte veranderen door realistische imperfecties. We modelleren die imperfecties
als willekeurige verstoringen (ruis) en focussen hierbij op een bekend model uit de
mathematische fysica: de Korteweg—de Vries vergelijking. Deze vergelijking is al
sinds de 19e eeuw bekend vanwege de golfverschijnselen die zij beschrijft, en vormt
nog altijd een basis voor moderne analyse van golven. Een bijzonder kenmerk van
deze vergelijking is dat zij oplossingen heeft die golven voorspellen van verschillende
hoogtes (amplitudes), waarbij hogere golven sneller reizen. Dit koppelt amplitude
en snelheid op een directe manier—een interessant uitgangspunt voor het bestuderen
van golfverstoring in een imperfecte omgeving.

Hoofdstuk [2] richt zich op de KdV-vergelijking met zogeheten multiplicatieve
ruis: een willekeurige verstoring die direct invloed heeft op de golf. Hierdoor onder-
gaan de golven in het KdV-systeem grote veranderingen in hoogte en snelheid. De
sleutel hierin is de rol van de energie van het systeem, die door de ruis voortdurend
op en neer schommelt.

We introduceren in dit hoofdstuk een techniek om de positie en amplitude van
zulke golven te traceren en te voorspellen. Deze “effectieve” positie en amplitude
zijn kansprocessen: de ruis veroorzaakt immers willekeurige fluctuaties. Het idee is
dat we steeds het golfprofiel zoeken dat het best past op de verstoorde golf. Perfect
past het nooit; de verstoring vormt een “staart” achter de golf, vergelijkbaar met
het kielzog van een boot. Onze techniek levert wiskundige vergelijkingen op die het
verloop van amplitude, positie en staart beschrijven. Exact oplossen is onhaalbaar,
zoals vaak bij niet-lineaire systemen, maar via computersimulaties en systematische
benaderingen krijgen we inzicht in het voorspelde gedrag. Zo laten we zien dat een
veelvoorkomende vorm van ruis gemiddeld een langzame gemiddelde stijging van
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de amplitude veroorzaakt. Onze analyse voorspelt deze groei nauwkeurig, en deze
voorspelling komt overeen met de simulaties.

In Hoofdstuk [3] onderzoeken we een meer fundamentele vraag: overleeft een golf
de willekeurige verstoring iiberhaupt wel? Of breekt hij uiteindelijk, zoals een golf
in de branding? En zo ja, na hoeveel tijd? Om deze vraag behapbaar te maken,
bekijken we eerst een eenvoudiger situatie: in plaats van willekeurige ruis bestuderen
we een vooraf vastgelegde, niet-willekeurige (deterministische) energieverandering
in het medium. Dit vereenvoudigt de analyse aanzienlijk. We laten zien dat zolang
toevoer of afvoer van energie langzaam genoeg gebeurt, golven langzame, maar grote
amplitude veranderingen kunnen doorstaan zonder hun coherente vorm te verliezen.
Dit inzicht vormt het fundament voor het bestuderen van willekeurige verstoringen.

In Hoofdstuk [4 keren we terug naar het willekeurige model van Hoofdstuk [2]
Gebaseerd op de resultaten uit Hoofdstuk |3| laten we zien dat golven ook onder
invloed van willekeurige ruis grote amplitudevariaties kunnen verdragen terwijl ze
coherent blijven. Hiermee tonen we bovendien aan dat onze beschrijving van het
effectieve amplitudeverloop uit Hoofdstuk [2] wiskundig valide is. De gebruikte tech-
nieken suggereren zelfs dat de golven nég langer coherent blijven dan we strikt kun-
nen aantonen. Het kielzog strekt ver achter een verstoorde golf, maar blijft laag.
Dat laatste is lastig wiskundig te bewijzen, en biedt ruimte voor vervolgonderzoek.

In Hoofdstuk [5| verlaten we het KdV-model en richten we ons op een verwant,
maar discreet systeem: de Fermi-—Pasta—Ulam-Tsingou (FPUT) ketting, een model
van massa’s die via veren met elkaar zijn verbonden. Een soort oneindige ketting
van kralen verbonden met elastieck. Het model heeft concrete toepassingen in de
beschrijving van kristalroosters op moleculair niveau, waar atomen kunnen worden
gemodelleerd als massa’s die via veren met elkaar zijn verbonden. Ook in deze dis-
crete context ontstaan golfachtige oplossingen: wanneer de massa’s op een geschikte
manier uit evenwicht worden gebracht, verplaatst de resulterende uitwijking zich
met constante snelheid door de ketting. De connectie met de KdV-vergelijking is
sterk: de volledige dynamica van de FPUT-ketting wordt door de KdV-vergelijking
benaderd.

We bestuderen wat er gebeurt als de veren in de ketting niet identiek zijn,
maar kleine willekeurige verschillen hebben in veerkracht. Ook hier onderzoeken
we dus het effect van realistische oneffenheden op de voortplanting van golven.
De verstoring heeft een langzaam maar duidelijk effect: de golven nemen af in
hoogte en verliezen energie via een staart (kielzog) die achter de golf ontstaat. We
berekenen expliciet hoe sterk deze amplitude afname is; de technieken uit de eerdere
hoofdstukken blijken hiervoor uitstekend inzetbaar.

Samen laten deze hoofdstukken zien hoe kleine imperfecties — zowel willekeurig
als deterministisch van aard — een langzame maar grote invloed kunnen hebben op
de snelheid en amplitude van golven in dispersieve systemen. De in dit proefschrift
ontwikkelde technieken bieden nieuwe manieren om zulke veranderingen te voor-
spellen. Ze laten bovendien zien dat deze golven verrassend robuust zijn en zelfs in
realistische imperfecte omgevingen lange tijd kunnen overleven.
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Summary

This dissertation studies the behavior of waves under the influence of disturbances
from their environment. Although we focus on the mathematical description of
waves and their theoretical behavior, this description does indeed have its origins
in reality. One can think of waves on the surface of shallow water: waves that are
created, for example, by a passing boat on a canal, and which retain their shape for
a long time even after the boat has disappeared—until they gradually merge with
the surrounding waves as they meet irregularities. The power of a mathematical
approach is that the insights are not limited to one specific situation. They can also
clarify what is difficult to distinguish in experiments.

In this thesis, we investigate how waves in dispersive media, such as water,
change in height due to realistic imperfections. We model these imperfections as
random disturbances (noise) and focus on a well-known model from mathematical
physics: the Korteweg—de Vries equation. This equation has been known since
the 19th century for the wave phenomena it describes, and still forms the basis for
modern wave analysis. A special feature of this equation is that it has solutions that
predict waves of different heights (amplitudes), with higher waves traveling faster.
This links amplitude and speed in a direct way—an interesting starting point for
studying wave disturbance in an imperfect environment.

Chapter [2| focuses on the KdV equation with so-called multiplicative noise: a
random disturbance that directly affects the wave. As a result, the waves in the
KdV system undergo major changes in height and speed. The key here is the role
of the energy of the system, which constantly fluctuates up and down due to the
noise.

In this chapter, we introduce a technique for tracking and predicting the position
and amplitude of such waves. These “effective” position and amplitude are random
processes: after all, the noise causes random fluctuations. The idea is that we always
look for the wave profile that best fits the disturbed wave. It never fits perfectly;
the disturbance forms a “tail” behind the wave, similar to the wake of a boat. Our
technique yields mathematical equations that describe the course of amplitude,
position, and tail. Exact solutions are unfeasible, as is often the case with nonlinear
systems, but computer simulations and systematic approaches provide insight into
the predicted behavior. For example, we show that a common form of noise causes
a slow average increase in amplitude. Our analysis accurately predicts this growth,
and this prediction corresponds with the simulations.

In Chapter [3] we examine a more fundamental question: does a wave survive
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random disturbance at all? Or does it eventually break, like a wave in the surf? And
if so, after how long? To make this question more manageable, we first consider a
simpler situation: instead of random noise, we study a predetermined, non-random
(deterministic) energy change in the medium. This simplifies the analysis consid-
erably. We show that as long as the supply or removal of energy occurs slowly
enough, waves can withstand slow but large amplitude changes without losing their
coherent form. This insight forms the basis for studying random perturbations.

In Chapter |4} we return to the random model from Chapter Based on the
results from Chapter [3] we show that waves can tolerate large amplitude varia-
tions while remaining coherent, even under the influence of random noise. This also
demonstrates that our description of the effective amplitude evolution from Chap-
ter [2] is mathematically valid. The techniques used even suggest that the waves
remain coherent for even longer than we can strictly demonstrate. The wake ex-
tends far behind a disturbed wave, but remains low. The latter is difficult to prove
mathematically and offers opportunity for further research.

In Chapter|[5] we leave the KdV model and focus on a related but discrete system:
the Fermi-Pasta—Ulam-Tsingou (FPUT) chain, a model of masses connected by
springs. A kind of infinite chain of beads connected by elastic. The model has
concrete applications in the description of crystal lattices at the molecular level,
where atoms can be modeled as masses connected by springs. Wave-like solutions
also arise in this discrete context: when the masses are brought out of equilibrium
in a suitable way, the resulting deflection travels through the chain at a constant
speed. The connection with the KdV equation is strong: the entire dynamics of the
FPUT chain is approximated by the KdV equation.

We study what happens when the springs in the chain are not identical, but
have small random differences in spring-force. Here too, we investigate the effect
of realistic irregularities on the propagation of waves. The disturbance has a slow
but clear effect: the waves decrease in height and lose energy via a tail (wake) that
forms behind the wave. We explicitly calculate how strong this amplitude decrease
is; the techniques from the previous chapters prove to be excellent for this purpose.

Together, these chapters show how small imperfections — both random and
deterministic in nature — can have a slow but significant influence on the speed
and amplitude of waves in dispersive systems. The techniques developed in this
thesis offer new ways to predict such changes. They also show that these waves
are surprisingly robust and can survive for a long time even in realistic imperfect
environments.
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