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CHAPTER 3

Gradients and frequency profiles of quantum
re-uploading models

3.1. Introduction

Variational Quantum Algorithms (VQAs) have emerged as a prominent
paradigm in the realm of quantum computing as a hybrid computational
model suited for NISQ (Noisy Intermediate-Scale Quantum) [5] devices
in conjunction with classical optimization techniques [4, 78]. These algo-
rithms rely on the minimization of cost functions [79, 80], which encode
specific computational problems. VQAs have been used to solve a variety
of problems, including approximating ground states [6, 81, 82|, combina-
torial challenges [8], chemistry problems [83] and simulation of quantum
systems [47, 84-87]. Furthermore, VQAs have served as quantum com-
puting engines for tackling various machine learning (ML) tasks, such
as function regression [88, 89|, classification [90-92] or generative mod-
els [93-95]. We specifically make a distinction between linear models on
the one side, introducing data either as input states or through encoding
maps [96], and quantum re-uploading (QRU) schemes on the other side,

The contents of this chapter have been published in [35].
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3. Gradients and frequency profiles of quantum re-uploading models

which introduce data iteratively throughout the execution of the quantum
circuit [26, 49, 97, 98].

The performance of VQAs hinges on two critical properties: expressivity
and trainability. Expressivity embodies the model’s ability to represent
precise solutions to the underlying problem, while trainability is a measure
of the difficulty in finding the parameter set that yields the optimal attain-
able solution within the model. In the case of data-independent VQAs,
expressivity can be intuitively understood as the proportion of attainable
output states within the Hilbert space, quantified through closeness to
t-designs [48]. In the context of data-dependent ML, expressivity pertains
to the suitability of the output function in fitting the data [23, 24]. The uni-
versality of QRU models has been proven even with a single qubit [25, 26].
Trainability in VQAs, on the other hand, is closely linked to characteristics
of the cost function, such as non-convexity [51] or vanishing gradients [11].
The relationship between the trainability of VQAs and QML schemes
has been previously explored, in the absence of re-uploading [99]. Impor-
tantly, trainability and expressivity are usually mutually exclusive, and
for VQAs in particular there exists a well-studied trade-off between these
two properties [52, 100].

In this chapter, we specifically explore QRU models with a focus on
exploring trainability and expressivity. Our investigation into trainability
focuses on the on-average behavior of gradients, which can be related to
the flatness of the cost function. We compare the cost functions of QRU
models and base PQCs, which are circuits with the same architecture
and observable as the QRU, but where the data gates are removed. The
difference between the flatness of both cost functions is upper bounded by
a quantity we refer to as absorption witness, which quantifies the influence
of data gates on the quantum circuit when averaged over the parameter
space. Such derivation opens a path to transfer existing knowledge about
the flatness of PQCs [11, 101, 102] to guide the design of QRU models.

The second segment of our findings is related to the expressivity of
data-dependent output functions generated by QRU models. It is known
that any hypothesis function output by QRU models can be expressed
as a generalized trigonometric polynomial, with the range of available
frequencies contingent on the data encoding scheme [26, 103]. We show
that, under reasonable assumptions, the average magnitude of individ-
ual frequency components in the hypothesis function rapidly tends to
a Gaussian profile, with a variance scaling as ~ v/L, with L being the
number of re-uploading steps, while the support in frequencies scales as
~ L. This property inherently biases the attainable hypothesis functions
as being heavily dominated by lower-frequency components. This has a
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3.2. Gradients in QRU models

direct consequence on the Lipschitz constants of these output functions.

This chapter is organized as follows. Section 3.2 delves into the expected
norm of gradients in QRU models. Section 3.3 delves into the expressive
capabilities of output functions within QRU models in terms of spectrum.
Both sections are supported by numerical experiments showcasing agree-
ment with our theoretical findings. Section 3.4 engages in a discussion
of the implications and potential avenues opened up by our research.
Conclusions are summarized in Section 3.5.

3.2. Gradients in QRU models

3.2.1. Losses for PQC and QRU

In this section, we focus on characterizing gradients of QRU models, as
compared to those of PQCs. In the case of PQC, the gradients of interest
are typically defined in relationship to their cost function hg(0). However,
the optimization of QRU models involves a cost function that depends
on both the quantum circuit, expressed through hg(z), and the available
data, provided in pairs as (z,y(z)). Such cost function is usually given by
averaging a distance between functions A(-,-) as

Lx(0) = Ex (Aho(z),y(x))), (3.1)

where Ex () denotes expectation value over the training dataset X =
{(z,y(z))}, usually composed by a discrete set of points. Notice that
Lx is empirical as the training dataset is drawn from an unknown data
distribution X ~ D, and approximates the true unaccessible risk averaged
over D. In regression tasks, a common choice for the distance metric A(,-)
is the mean squared error.

Our interest lies in examining the gradients of the loss function of QRU
models, expressed as

(9]5(0) = EX (W@hg(@) . (32)

The influence imposed by the choice of distance function A(,-) can be
readily bounded e. g. using its Lipschitz constant L. In particular,

Varg (0;£(0)) < LA Varg (Ex (0jhe(x))) . (3.3)
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3. Gradients and frequency profiles of quantum re-uploading models

Therefore, we can bound vanishing gradients by studying only
Vare (Ex (0;he(x))) -

It is important to highlight that all results presented in this section are
applicable for any distribution over parameters ©.

3.2.2. Gradient of the loss function

We connect now the gradients of loss functions for QRU models and
PQCs. First, the average of derivatives of hypothesis functions are zero,
namely [52]

Ee (Ex (9jhe(7))) = Ex (Ee (9jhe(x))) =0, (3.4)

if the parameters 8 are sampled uniformly from ®. As a consequence,
due to the convexity of the square function, we have E (:c)2 <E (J:Q) By
combining these two observations and the definition Var (z) = E (12) -

E (2)?, we derive
Varg (Ex (0;he(x))) < Ex (Vare (9jhe(x))), (3.5)

which can be readily connected to Varg (0;£(0)) via Equation (3.3). There-
fore, we can bound the variance of cost functions in QRU by the average
of variances cost functions of several PQC, defined by different fixed
xo. Bounds on Vare (9;he(0)) have been studied in the context of PQC.
In particular, BPs are defined for exponentially vanishing bounds to
Vare (0jhe(0)) [11].

Equation (3.5) suggests that QRU models present vanishing gradients
if the base PQC presents BPs, which means that it is recommendable
to use architectures that avoid vanishing gradients such as in [57, 102]
when designing QRUs. This statement is made from a purely trainability
point of view, as it has been shown that such architectures are indeed
classically simulable. We are only highlighting that given a QRU model, if
removing the reuploading gates yields a PQC architecture known to suffer
from vanishing gradients, then vanishing gradients will also affect the QRU
architecture. In addition, Equation (3.5) does not guarantee non-vanishing
gradients for QRU models derived from BP-free PQCs. As an example,
consider a re-uploading model with parameterized single-qubit gates and
data-encoding entangling gates arranged in an alternate-layered structure,
measured by a sum of 1-local observables, as illustrated in Figure 3.1,
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3.2. Gradients in QRU models

Re-uploading

Figure 3.1.: Quantum circuits for the first experiments. The re-uploading
model is depicted on top, and compared to the PQCs described in the
bottom line. The U gates here described correspond to arbitrary parame-
terized single-qubit operations. The circuit here described corresponds to
one layer, and the depth is determined by the number of repetitions.

base PQC 1. A compatible base PQC is composed only of single-qubit
parameterized gates. In this case, hg(xo) from the base PQC has large
gradients [54]. The inclusion of data increases the accessible Hilbert space
due to the presence of entangling operations, entanglement, which causes
BPs [52].

Consider again the previous example, this time with a different base
PQC which includes entangling gates, see Figure 3.1, base PQC 2. The
gates U are considered distributed according to the Haar measure for
single-qubit operations. In this new scenario, the PQC cost function hg(0)
suffers from BPs for sufficient depth [52, 54]. Notice that it is possible
to decompose a data-dependent entangling gate as a fixed entangling
gate and tunable single-qubit [104], allowing for introducing data through
single-qubit operations. Intuitively, the data can be re-absorbed by the
parameters to generate a new circuit with the same ansatz as the base
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3. Gradients and frequency profiles of quantum re-uploading models

PQC. As a direct consequence, the gradients of the PQC and those of the
QRU are of the same magnitude, Ex (Varg (9;h¢(x))) ~ Vare (9;he(x0)),
for any xg. This intuition motivates the newly coined concept of absorption
witnesses in Definition 3.1 as the capability of the circuit to absorb the
data into the parameters.

3.2.3. Absorption Witnesses

Before further expanding on absorption witnesses, it is convenient to
introduce some auxiliary quantities in the context of QRU models. We take
derivatives with respect to the j-th parameter. All operations preceding
the j-th parameter (not included) are considered the right part of the
circuit, operationally attached to the input state py. Operations that
include and follow the j-th parameter are on the left side of the circuit,
attached to the observable. This description is given by

pi(0rj,7) = Ur ;(Orj,7) po UL ;(Or ;,) (3.6)
Hj(0L7j7.’17) = ULJ»(BL’]',J)) H ULJ‘(HLJ‘,QT). (37)

The left /right parameters g/ ; are assumed to be independent. For
each of the right and left parts of the circuit, we can define the difference
with respect to the reference data value x = 0 (corresponding to the PQC)
as

Bg?j(eR,ja ;5 p0) = p5 " (Or,j,2) — p3*(Or,;,0) (3.8)
By (05,2 H) = H? (81, j,x) — H?'(8,,;,0) (3.9)

We define the absorption witness as follows.

Definition 3.1 (Absorption witness)

Let U(0,x) be a re-uploading model as defined in Equation (2.21). Let
Ugr/r,j(0,x) be the right and left parts of the circuit with respect to the
j-th gate. The right/left absorption witnesses are

B (p0) Ex B, (B (0rs.w500)) | ) - (3.10)
B2, (H) =Ex ( [Ee,., (B (0rsm: )| ). (3.11)

The absorption witness defined above captures the effect of including
data when averaging over the parameter space ©. If Bg)j (po) = 0, the input
x yields an effect on p;(6g ;,x) equivalent to some change 0r ; — 9}"%7]'.
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3.2. Gradients in QRU models

This effect is compensated when averaging over ®. The logic is analogous to
the left part of the circuit. As an illustrative example, assume a single-layer
re-uploading model composed by applying any data-encoding layer after a
PQC forming a t-design. By definition, ¢-designs approximate up to the t-th
statistical moment of Haar measure and are thus insensitive (on average) to
adding extra operations, in particular any operation given by data-encoding.
However, this closeness to t-designs is no longer possible for ansatzes with
(several) data-encoding gates interspersed between parameterized layers.

The absorption witnesses from Definition 3.1 bound the differences
between variances for PQCs and QRU models as follows.

Theorem 3.1
Let U(0,x) be a re-uploading model as defined in Equation (2.21). Then

[Ex (Vare (9;ho(x))) — Vare (9;h0(0)) |
<4V IZ (1HI%, BE(o0) + lisoll% BEY () (3.12)

where pgy s the initial state, H is the observable to measure, and B(L22(H)
and Bg’)j (po) are the absorption witnesses from Definition 3.1.

The proof can be found in Section 3.6.1.

Computing the absorption witness is not easy, nor computationally
efficient. Alternatively, it can be estimated by comparing variances of
the magnitudes of gradients with and without data, as will be done in
the numerical calculations of Section 3.2.5. Nevertheless, it provides a
useful interpretation of the relationship between vanishing gradients for
data-dependent QRU models, as compared to their base PQCs, where the
BP phenomenon has been already studied [11, 101, 102]. The absorption
witnesses quantify the expressivity difference between the PQC where
the data uploading gates of the QRU are removed and that of the PQC
where the data uploading gates are replaced by parameterized gates.
As an illustrative example, consider an arbitrary Hamiltonian H, and
a quantum re-uploading model composed of a gate % immediately
followed by a data uploading gate e?*0. These gates can be combined as
e91 9, = @y + x. Since the relevant quantities are variances of, any shift
of this kind does not affect the average behavior, yielding an absorption
witness of exactly 0. On the other hand, a QRU model composed by
two arbitrary Hamiltonians e*1? 2% does not admit a shift in 6 to
absorb z, yielding an absorption witnwess depending on H; 5. This result
is formulated in the same fashion as the ones in [52], extending their
applicability to quantum machine learning.
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3. Gradients and frequency profiles of quantum re-uploading models

Finally, note that it is in principle possible to construct pathological
datasets such that the base PQC suffers from BP while the QRU model
does not. In these cases, the data uploading gates need a careful design
to cancel out the structures responsible for vanishing gradients. It is thus
reasonable to assume that real-world datasets would not result in such
behavior.

3.2.4. Gradients in layered QRU models

We consider in this section layered QRU models, in contrast to the results
we presented earlier that apply to all QRU structures. In many practical
scenarios there are several parameterized gates between each pair of en-
coding gates [101, 102]. An encoding gate and all preceding parameterized
gates is referred to as a layer as

L
U(0.2) = [[ Vi(z)u(6)). (3.13)
=1

In this representation, the parameterized gates u(6;) are no longer defined
by a single generator, and 8, is no longer one-dimensional. We can in this
case study the absorption capability of each individual layer by defining
the corresponding absorption witnesses as follows.

Definition 3.2 (Layerwise absorption witness)

Let u(0;) be the l-th layer of a re-uploading model from Equation (2.21),
and let V(z) be the data-encoding operation applied immediately after u(6;).
The absorption witness for the l-th layer is

AP = Ex (||[Ee, (Vi(2)®2u(6)%2 — w(6:)2?)]],) - (3.14)

We provide some examples where Al(t) = 0. First, assume a data-
encoding layer sharing the generator with the corresponding parameterized
gates. In this case, we can read data-encoding as a simple shift of parame-
ters 0* — 0 — x (recall that 0 is now multi-dimensional), and averages do
not change as long as € is sampled uniformly. Another example is the case
where the ansatz is composed by k-local 2-designs located in consecutively
alternated qubits, as in [54], where any k-local data-encoding gates can be
re-absorbed by definition.

The use of layered ansatzes and layerwise absorption witnesses allows for
further simplifications of Theorem 3.1 by bounding the complete absorption
witnesses.
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3.2. Gradients in QRU models

Lemma 3.1
Consider a layered re-uploading model as in Equation (3.13). Then

2 2
B (p0) < BS(po) + looll2o A, (3.15)
BENH) < BY), (po) + [ H|2 AP, (3.16)

The proof can be found in Section 3.6.2.

Consider now a layered circuit where u;(-) = ug(-) for any pair (I, k).
The previous result can be further simplified since .Al(2) = A® for all
values of [. Therefore

Corollary 3.1
For a layered re-uploading model, the absorption witnesses of large parts
of the circuits can be bounded by absorption witnesses of small pieces, by

B2 (po) < Lllpol2.A®, (3.17)
B?)(po) < LIH|IZ A, (3.18)

The proof follows by repeated application of Lemma 3.1, together with
the observation Bg)l(po) = 0 if no data-encoding layer is considered in
the absorption witness. We can therefore give a simplified bound for the
results from Equation (3.12) in the case of layered ansatz as

|Ex (Varg (9;he(7))) — Vare (9;he(0)) |
<SL|V;|I2 IH|Z [lpol 2 AP, (3.19)

The result from Equation (3.19) is looser than Theorem 3.1, but easier
to compute, since it depends only on the layerwise absorption witness A
corresponding to shallow circuits.

3.2.5. Numerical results

In this section, we present our numerical results, focusing on the average
gradient magnitudes of hypothesis functions generated by QRU models in
comparison to base PQCs. This analysis serves to validate the findings pre-
sented in Theorem 3.1 regarding gradient variances and can be considered
as a proxy for evaluating the absorption witnesses defined in Definition 3.1.
We explore various ansatzes and use different data distributions for the
experiments. Our code for these experiments is available in [105], and the
data can be provided upon request.
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Figure 3.2.: Results for epaxyv/m =~ Ex (Ee (||Vhe(x)||)) (see Equa-
tion (3.20)) for QRU models with alternating layered ansatzes. Data
is introduced through controlled-rotation gates. Parameterized gates are
single-qubit arbitrary operations. Each row has an increasing depth in the
circuit. The right column includes CNOT gates for the base PQC. In the
left column, gradients follow different trends for the cases with and without
data, implying data can not be re-absorbed into a reparametrization, in
the sense of Theorem 3.1. In the right column, similar trends indicate
large absorption capabilities.
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3.2. Gradients in QRU models

For the numerical results we need to compute the magnitudes of the
gradients on average. In order to reduce the computational complexity of
this task, we will make use of the information content (IC) I(e) [106]. The
IC is a statistical measure of the variability of the optimization landscape.
In a nutshell, if I(¢) is close to 1, then random displacements in 6 in
the landscape change the value in hg(x) in approximately &, conveniently
re-normalized by the norm of the displacement itself. The value epjax at
which I(e) is maximized serves as a numerical proxy for the average norm
of the gradient, that is

Ee (I[Vhe()) ~ emaxv/m, (3.20)

where y/m is the number of parameters. While this approximation is
not capable of computing the exact value of Eg (||Vhe(x)]|), it is robust
against statistical fluctuations and provides reliable scalings. We refer the
interested reader to Ref. [106] for an in-detail explaination of the validity
and utility of IC to estimate gradients.

As a first example, we compare a re-uploading ansatz, consisting of
single-qubit rotations and data-encoding entangling gates, with two dif-
ferent PQCs (see Figure 3.1). In both cases, we construct the hypothesis
function measuring sums of single-qubit X Pauli measurements. The
addition of entangling gates in PQC2 with respect to PQCI is essential to
exploring entangled states, and it plays a role in addressing the issue of
vanishing gradients [54]. The data-encoding layer is a controlled operation
C — (XR,(z)), which can be absorbed into single-qubit and controlled
rotations [104].

The results are shown in Figure 3.2. The columns correspond to the
respective models (1-2), and the rows correspond to different depths of
the ansatz. In the left column, corresponding to a PQC with only single-
qubit gates, we observe a qualitative difference in the average gradients
of the PQC and re-uploading circuits. The PQC is relatively insensitive
to the number of qubits, as a consequence of the redundancy of multiple
consecutive single-qubit gates. Adding data modifies this behavior. In the
case of the entangling PQC (right column), the results without data align
with previous works [54, 106]. The addition of data drawn from different
distributions (Gaussian and uniform) introduces negligible differences in
the results.

We turn our attention to translation-invariant ansatzes. These circuits
are not capable of freely exploring the Hilbert space, but only its invariant
subspace. This restriction reduces the freedom in these circuits, leading to
an increase in the average gradients of the cost function for PQCs [102].
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Figure 3.3.:  Results for eqaxyv/m = Ex (Ee (|[Vhe(2)])) (see Equa-
tion (3.20)) for QRU models with translation-invariant layered ansatzes.
Data is introduced through the generators g, and data through the genera-
tors V, indicated at the top for every column. Each row has an increasing
depth in the circuit. In the left column, gradients follow approximately the
same trends with and without data, implying high absorption capabilities
in the sense of Theorem 3.1. For the middle column, the absorption is total
since it can be done by a simple shift of parameters. The right column
reveals different trends for the cases with and without data, implying low
absorption.
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3.3. Expressivity in QRU models

We choose three layered models, based on the generators X = ) ¢ Xa»
Y = Zq Yy, 27 = Zq ZqZq+1, where g cyclically iterates over all qubits.
In the first model, the generator associated with parameters is V; = X,
and data-encoding is conducted through ¢ = ZZ. The second model
is given by {V} = {X,ZZ}, g = ZZ. The third model is defined by
{V} ={X,ZZ}, g = Y. In all cases, the observable considered is X.
Among these models, only the second one can automatically absorb data
into parameters through shifts. Gaussian-distributed data is used in all
cases.

Results are detailed in Figure 3.3. The columns correspond to the
respective models, and the rows correspond to different circuit depths. For
each model, the average norm of the gradient scales differently with the
number of qubits, with and without data. Models 1 and 2 present similar
behavior when including data. In particular, for model 2 results show no
difference between the re-uploading model and PQC since the data can
be perfectly re-absorbed through a simple shift. A significant difference
is noticeable in the third model. In this case, the absence of BPs in all
instances makes the QRU models trainable by construction.

3.3. Expressivity in QRU models

The hypothesis class of QRU can always be expressed as a generalized
trigonometric polynomial [103], see Equation (2.28). In QRU models, the
set of frequencies () is generated through the sequential Minkowski sum of
the spectrum of the data encoding generators {\;};. In the general case,
{A;}; consists of incommensurable real numbers, i. e. with non-rational
ratios, and each new encoding step makes ) combinatorially denser. In this
section we first consider harmonic generators, i. e. with integer eigenvalues,
and extend the results later to generic generators. As a main observation
of this chapter, the behavior is similar in both cases.

3.3.1. Harmonic representation of quantum states

In this section, we introduce a representation of QRU models based on the
Fourier decomposition of the hypothesis function. Such representation is
useful for subsequent analytical results. Starting from Equation (2.21) and
assuming the generators g; possess an integer spectrum, we can express
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3. Gradients and frequency profiles of quantum re-uploading models

the state before measurement as

U(8,x)[0) = Z chk Jetke |5y (3.21)

—K j=1

The coefficients c; , form a matrix C' € C2"*(K+1) that defines uniquely

(up to a global phase) the output state of the re-uploading circuit before
measurement. The matrix C depends only on the parameters € and the
generators of the ansatz, but not on the data x. The value K corresponds
to the largest attainable frequency, namely the sum of the largest eigenvalue
for each generator used in the circuit. The recipe to construct C from
the description of the circuit is detailed in Section 3.6.3. Notice this
approach is equivalent to adding an extra dimension (frequency)to the
standard brute-force state vector simulation, which is not efficient from
a computational point of view. This harmonic representation of QRU
models simulator is available on [105].

3.3.2. Vanishing high frequencies in QRU models

We use the above representations and the intuition that adding a data
encoding layer corresponds to a convolution operation with the data
encoding generator spectrum as defined below in Definition 3.3. For proof
purposes, we assume that Haar random matrices are interleaved in between
reuploading layers, as is common in most works exploring barren plateaus.
We examine the statistical properties of the amplitude of the coefficients
as a function of the frequency. We begin by defining the spectrum kernel
of a harmonic Hermitian matrix.

Definition 3.3 (Harmonic spectrum kernel)
Let H be a N x N Hermitian matriz with integer eigenvalues {\} with
multiplicities m(X). The spectrum kernel of H is the vector (indexed by k)

K (k) = {m(k:g)/N if ku € {\} 7 (3.22)

Otherwise
where u is the largest value in R compatible with this description.

This function simply maps the eigenvalues of a Hermitian matrix into the
normalized dimensionality of the corresponding eigenspace. For readability,
we will refer to the spectrum multiplicity function simply as the spectrum
for the remainder of the chapter.
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3.3. Expressivity in QRU models

In the case of layered QRU models, the spectra of their data-encoding
generators and the number of layers L directly determine the set of at-
tainable frequencies. The maximum attainable frequency is bounded by
L||gll,. We provide now some insight into how the coefficients are expected
to behave.

Lemma 3.2 (Harmonic convolution)

Let |¢o(x)) = U(0,2) |1ho) be the output state of a re-uploading model,
with data-encoded through the generator set {g;}, each with spectrum ICy;,
encoded as in Equation (3.21). Assuming that each parameterized step is
drawn from the Haar measure of unitaries, then 3 lejn|” is a random
variable satisfying

> il ~ Dir ((Kg, ... 5 Ky, ... 5Ky, ) (R)), (3.23)

J

where Dir(ay, ag, .. .) s the Dirichlet distribution [107] and % denotes the
convolution.

The proof can be found in Section 3.6.4. The Dirichlet distribution
is a family of probability distributions for multidimensional variables
x € [0,1]V, subject to |||y = 1. The Dirichlet distribution over N
variables is fully described by N parameters «; € Rsqg. Dirichlet is the
multidimensional extension of the beta distribution. A detailed definition
of the Dirichlet distribution and auxiliary results are given in Section 3.6.5.
For completeness, we define convolution as

(fxg)(k)= > [[Klgll - K. (3.24)

l=—0c0

In other words, this lemma gives statistical properties of the frequency
content, expressed as the norm of the 2" quantum vector corresponding
to each frequency (seee Equation (3.21)) for QRU models composed of a
sequence of data uploading gates interleaved with gates drawn from the
Haar distribution. It states that the vector of frequency content follows a
multidimensional distribution whose mean is the result of the successive
convolution of the multiplicity kernels of the data encoding gates. It follows
a Dirichlet distribution because all values are positive and sum up to one
as per the normalization of a quantum state.

It is worth discussing the role of the Haar distribution in this result. First,
choosing random unitaries allows us to scramble the inner quantum state
in the QRU model at each step, thus transforming the QRU circuit into a
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3. Gradients and frequency profiles of quantum re-uploading models

random walk in the space of frequencies, where the parameters in Dirichlet
only account for the number of paths leading to the same outputs. Second,
random choices of unitaries is in alignment with other works exploring
trainability and expressivity in VQAs [11, 52, 54], which rely on sampling
unitaries from a ¢t-design. The difference between the Haar distribution and
a t-design is rather technical, since t-designs are sets of unitaries with the
same statistical moments as the Haar measure, up to degree t [48]. With
respect to Lemma 3.2, lowering the requirements in the parameterized
steps from Haar distribution to ¢-design would imply to substitute the
Dirichlet distribution with another probability distribution with the same
t-statistical moments. Technical descriptions of this transformations are
left as open questions for future research. Note that our results lose
their validity if the parameterized steps are drawn with respect to other
distributions of unitaries.
The previous result immediately implies the following.

Theorem 3.2 (Single-generator convolution)

Let [yo(x)) = U(0,x)|1ho) be the output state of a re-uploading model,
with data-encoded through the generator g, with spectrum Ky, encoded as
in Equation (3.21). Assuming that each parameterized step is drawn from
the Haar measure of unitaries, then

> e l? = Dir ((KF) (k) , (3.25)
J
where (-)*F denotes the L-fold convolution.

The proof is immediate from extending Lemma 3.2.

We provide two explicit examples to distinguish the cases captured
by Lemma 3.2 and Theorem 3.2. Consider the single-qubit generator
g = (Zy+1)/2, with spectrum Ky = (0,1). To illustrate Lemma 3.2, we
choose the list of generators as {2! g}lLZO, yielding a convolution

(Kgy # oo x Ky, % ... Ky, ) (k) = 1,Vk € {0,...,2" —1}. (3.26)

On the other hand, illustrating Theorem 3.2 we consider a repeated
application of g, yielding

(K:5) (k) = (lZ),Vk c{0,...,L}. (3.27)

The behavior in the two cases of the random variable > |cj7k|2 is sig-
nificantly different. In the first case, the output is a flat distribution of
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exponential size. On the contrary, the second case is a distribution of
linear size with high concentration in its mean values.

Notice that, provided that the data generator is known, it is possible to
classically store K% within memory of size O (Ll|g||,/u), with computa-
tional cost O ((Ll|g|,/#)?). This allows us to classically characterize the
frequency profile prior to executing the QRU model in quantum hardware
for harmonic generators with only polynomially many eigenvalues.

The previous theorem can be readily interpreted in the limit of large L
by virtue of the central limit theorem [108]. The repeated convolution of
any random variable with a variance of o and a probability distribution in
the spaces L' and L?, tends to a normal distribution in a weak sense. We
can thus obtain the following result.

Corollary 3.2 (Vanishing high frequencies)
In the conditions of Theorem 3.2 and for large number of re-uploading L,

. 2 . 2

Jim Z\cj,u ~ Dir (N (0,02L) (K)) (3.28)
J

where o, is the standard deviation of the spectrum K,, and N (pu,0?) is

the normal distribution.

This observation implies that tails of the distribution vanish exponen-
tially for large frequencies and there is a concentration in the low-frequency
terms as the magnitudes of high-frequency terms vanish. In asymptotic
scaling the available spectrum reduces from |g||3L to g,v/L. For in-
terpretability, recall the example g = (Zy + I)/2, yielding a binomial
distribution in the convolution of the subsequent spectra. The binomial
distribution rapidly tends to a gaussian distribution.

The results from Theorem 3.2 and Corollary 3.2 can be extended to
non-harmonic generators. For readability, we postpone this result un-
til Section 3.3.4.

The previous discussion considers the effects of the spectrum on the
internal state of the re-uploading model in its harmonic representation. We
are however not interested in the state itself, but rather in hg(z) measured
as an expectation value of this internal state. The Fourier components
heg(x) satisfy the following corollary.

Corollary 3.3

Let |yo(x)) be the output state of a re-uploading model, with a single
data-encoding generator g with spectrum KC4. Let hg(x) be the hypothesis
function induced by the observable H in the re-uploading model, as in Fqua-
tion (2.27), and let ar(0) be their corresponding Fourier coefficients as
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3. Gradients and frequency profiles of quantum re-uploading models

in Equation (2.28). In the conditions of Theorem 3.2, and for symmetric
spectra ICq(k) = ICq(—k),

1H 3 |ax(6)]* < pi (3.29)
pr ~ Dir(KC;** (k)), (3.30)

where pg is a multidimensional probability distribution sampled from the
Dirichlet distribution defined by the L-fold convoluted spectrum [107] as
Dir(ICSQL(k)),

Additionally, this result extends to the Gaussian distribution in the limit
of large L as for Corollary 3.2.

The results from this section show that the frequency terms of hy(x)
tend to follow a Gaussian profile of width ~ L, in the assumption that the
generator of data-encoding gates is repeated in the QRU model. However,
the frequency support of these functions scales linearly in L. As an im-
mediate consequence, only frequencies w € O(\/E) have practical support
on average, while larger frequencies have exponentially vanishing weight
in the hypothesis function. Note, that the Gaussian profile described
by Corollary 3.2 does not imply a dense frequency space, which is still
restricted to integer frequencies. This result holds even in the case where
the generator provides exponentially-in-qubits many frequencies. It is
then possible to have exponentially large frequency sets even with a small
number of re-uploading steps, and the Gaussian approximation still holds
with o ~ v/Le™.

3.3.3. Lipschitz expressivity

In this section, we delve into a more practical understanding of the expres-
sivity of hypothesis functions in terms of the magnitude of their derivatives.
The ability to capture fine-grained data patterns depends on the function’s
ability to access high rates of change, i.e., the magnitude of its deriva-
tive. This concept can be quantified through the maximum value of the
derivative, known as the optimal Lipschitz constant. For a function f, the
optimal Lipschitz constant is defined as

L(f) = max, |9, f(z)|. (3.31)

The Lipschitz constant is closely related to Fourier analysis, as high
derivatives can only be achieved if the Fourier spectrum includes high
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3.3. Expressivity in QRU models

frequencies with significant coefficients. Specifically,

K .
> |klulage™ ], (3.32)
k=—K

where aj represents the Fourier coefficients of the hypothesis function.

We introduce an upper bound to the Lipschitz constant inspired by Equa-
tion (3.31), adapted for QRU models and properly normalized with respect
to the measured observable as

K
= > plkllax]- (3.33)
=—K

It is straightforward to see that A(hg) > L(hg), and therefore we are
going to use this quantity as a proxy for it. For readability, this optimal
Lipschitz constant upper bound will be referred to LB in the subsequent
sections of this chapter and be noted A(hg) unless otherwise specified.

Using results from previous sections we study A(hg), starting with a
result giving tight bounds on the asymptotic average of the LB over the
parameters ©. The results stated in the next and subsequent propositions
stem from the conditions discussed in Section 3.3.2, namely tunable gates
are drawn from the Haar distribution.

Theorem 3.3 (Average LB)

Let hg(x) be the hypothesis function of a re-uploading model for which The-
orem 3.2 applies. Let A(hg) be the LB as defined in Equation (3.33).
Then,

|H||\V3Lpo, < lim Ee (A(he)) VIus,  (334)

<||H

1H [\ —= NG

The proof can be found in Section 3.6.7. Notice the tightness of the
bounds above since 2v/2//7 = 1.6.

The following subsection quantifies the likelihood of the LB different
from the average. Notice that values smaller than the average are not
relevant due to the definition of A(hg). We can leverage the insights from
previous results, particularly the role of Dirichlet distributions, to derive
the following result:

Theorem 3.4 (Deviation of LB)
Let hg(x) be the hypothesis function of a re-uploading model for which The-
orem 3.2 applies, with data-encoding generator g. Let A(hg) be its LB as
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3. Gradients and frequency profiles of quantum re-uploading models

defined in Equation (3.33). Then,

Jlim Prob (A(hg) — | H|l\V2Loyu > t)

cofon(-0 ) s

The proof can be found in Section 3.6.8. Notice this result automatically
bounds the probability of the optimal Lipschitz constant itself of being
bigger than /2Luo,.

The previous theorem can be further refined to provide a tighter bound on
the likelihood of large deviations from the LB. As mentioned in the detailed
proof, when Theorem 3.2 holds the weight of each frequency and tends to
follow a Gaussian-like profile, with central frequencies having exponentially
larger probabilities than the extremal ones. It is expected that the primary
contributions to A(hg) come from these central frequencies, which also
have the smallest prefactors. Taking this into account, we can update the
results from Theorem 3.4 to provide a more precise bound,

Jim Prob (A(hg) — || H||\V2Luo, > t)

2
€0 (exp (W)) . (3.36)

The vanishing high frequencies from Section 3.3.2 have consequences
on the properties of the attainable hypothesis functions. In particular,
its maximal derivative with respect x, given by the Lipschitz constant,
scales in average with v/L, and the probability of finding larger Lipschitz
constants vanishes super-exponentially fast. This imposes in practice
constraints on the capability of the hypothesis functions to capture fine
details in the data, effectively restricting target functions that can be
approximated by QRU models.

3.3.4. Extension to generic data generators

In previous subsections, we have proven the phenomenon of vanishing high
frequencies and its consequences on the Lipshitz constant for harmonic
data generators. In this subsection, we extend the results from Section 3.3.2
and Section 3.3.3 to any data generator. We start by defining the spectrum
kernel for generic Hermitian matrices.
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3.3. Expressivity in QRU models

Definition 3.4 (Hermitian spectrum kernel)

Let H be a N x N Hermitian matriz with integer (positive or negative)
eigenvalues {\} with multiplicities m()\). We define the vector ji € RP,
with pi/n; € R\Q V(4,7), such that any eigenvalue can be written as
A=[i- E, with k € ZP. We refer to the number of anharmonic dimensions
as D < 2™ where n is the number of qubits. We define the spectrum kernel
of H as Ky such that

- PN TEIEW

Where each p1; is the largest value in R compatible with this description.

We note the covariance of this spectrum as the D x D matrix X,. The
average of this spectrum is 0 since we consider traceless generators. The
results from Lemma 3.2 and Theorem 3.2 hold in the non-harmonic case.
In this scenario, the convolution must be done in a D-dimensional space,
leading to D-dimensional frequency profiles. The convoluted spectrum,
for the single-generator case, can be stored in a memory structure of size

(@] ((L||g||2/minjuj)D). Notice that for each eigenvalue A there exists only

one compatible E, due to the irrational ratios between elements in ji.
The central limit theorem still applies in the non-harmonic case as well,
leading to the following result.

Corollary 3.4 (Vanishing high frequencies)
Given the conditions of Theorem 3.2 for non-harmonic generators and for
large number of re-uploadings L,

Jim 37 ‘cj}]; * < Dir (N (0,2,L) (12:')) . (3.38)

Following the reasoning from the harmonic case, we focus now on the
Lipschitz constant of the hypothesis functions. The definition from Equa-
tion (3.33) can be extended to

A(ho) = Y |wllau], (3.39)

weN

with w = fi- k. Since k has integer values and fi has irrational ratios among
its elements, there is at most one solution of k for each w. With this defini-
tion, we can formulate results analogous to Theorem 3.3 and Theorem 3.4.
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Corollary 3.5 (Lipschitz bounds for non-harmonic generators)
Let hg(x) be the hypothesis function of a re-uploading model for which Corol-
lary 3.4 applies. Let A(hg) be the LB as defined in Equation (3.39). Then,

lim Eo (A(ho) < —=[H|, /TS |],VE (3.40)

L—o0
lim Eo (Ahe) > V2 [H|l,/minn(®) |il,VE. (341)

The proof of Corollary 3.5 can be found in Section 3.6.9. In addition, fol-
lowing the same reasoning leading to Theorem 3.4, we can infer exponential
concentrations of A(hg) around its average values, by

Jim Prob (A(he) — |||, V2L| i v/mina (%) > t)

2
€O |exp| — 3 . (3.42)

( max (3, ) max; (Mj)ﬁ)

In light of the previous theorem, we can observe that the vanishing high
frequencies phenomenon extends to non-harmonic generators, with minor
changes with respect to the harmonic case, rooting from norm bounds in
the multi-dimensional space. The tightness of these bounds depends on
the regularity of the anharmonic spaces, which is reflected into the values
of [i and the eigenvalues of 3.

An immediate consequence of this section is that QRU models can have
a dense frequency spectrum without significantly modifying the envelope
of the frequency profile. The only elements of QRU models allowing to
increase the set of available frequencies in practice are L and the spectrum
profile 3, while /i, which can be related to ||g||, have a more modest effect.
It is possible to reach exponentially many different frequencies by using
generators with exponentially large ICg.

The number of different frequencies directly affects the surrogability of
the studied QML models In the case the frequency space is polynomial in
the number of qubits, it is possible to construct a classical model fitting the
corresponding generalized trigonometric polynomial [109]. On the other
hand, exponentially large frequency spaces do not admit arbitrary efficient
classical representations. The findings detailed in this chapter provide
methods to circumvent surrogability. This can come from generators with
exponentially large spectra, or designed in such a way that the frequency
space scales exponentially with L, for instance with convolutions of highly
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non-harmonic spectra.

3.3.5. Numerical results

In this section, we show the results of a series of numerical experiments in
which such conditions are relaxed and show that the theoretical results
still apply. We use three models to test different situations. The first
two models are constructed with permutation-invariant generators, which
correspond to PQC that have been proven to be trainable [57]. Those
models express only the symmetric subspace in the available Hilbert
space. In the first model (A), g = X,V = ZZ, and the second model
B) g = X,V = {Y,X,ZZ}. For the third model, ¢ = X, and the
parameterized pieces are sampled from the Haar measure, that is the set
V is free. We choose these models to have full control of the spectrum
of the generator Ky—x, which allows us to informatively compare to the
theorems. All experiments were conducted with systems of 4 qubits unless
explicitly stated, without affecting the scaling of the obtained results.

The first experiment tests Theorem 3.2 and Corollary 3.2, and the
results can be seen in Figure 3.4. In model (A), the spectrum spreads
towards large frequencies with the number of data re-uploadings. The
parameterized gates are not general enough to support the theoretical
results. For models (B) and (C), the Gaussian limit is matched even for
a moderately small number of layers. This means that even though the
theorem is proven for Haar random unitaries, the vanishing high-frequencies
behavior still holds for model (B), even though the Haar condition is not
guaranteed. Notice the difference in spreads for models (B) and (C). This is
a consequence of the space explored by the ansatz. Model (B) is composed
of a permutation invariant ansatz, and it is as general as possible only in
the symmetric subspace, of dimension 1+ 1. In this scenario, the spectrum
of the corresponding g is flat (see the results for 1 layer in Figure 3.4),
and the spread depends on the number of qubits n as o, = O (n). For
the model (C), the spectrum of g with no restriction follows a binomial
distribution, centered in k = 0, with o4 € O (y/n). A comparison between
the theoretical and observed variances can be found in Figure 3.5, showing
high agreement with the theoretical results.

We numerically check Theorem 3.4 in Figure 3.6. We depict in this
figure the observed cumulative distribution functions (CDF) of both the
numerically found LB, and A(hg) defined in Equation (3.31). These
CDFs are compared to the upper bound from Theorem 3.4. Results show
agreement with Theorem 3.4, and even indicate the possibility of finding
tighter bounds, at least in terms of prefactors.
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Figure 3.4.: Evolution of frequency spectrum with the number of layers, for
models (A, B, C) detailed in the first paragraph of the section. The Fourier
content refers to (average and standard deviation of) |c|?. Model (A) is
not general enough to follow Theorem 3.2, but still, a spread in frequencies
is observed. Model (B) is permutation-invariant and almost fully general
in the symmetric space, and model (C) is general with no restrictions in
the Hilbert space. As L increases, the Fourier spectrum approximates a
Gaussian profile with increasing variance according to Equation (3.28).
The values o4 for models (B) and (C) change due to the constraint in the
available space.
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Figure 3.5.: Variances for the tending-to-Gaussian profiles from Figure 3.4,
for different numbers of qubits, in the y-axis, while the x-axis corresponds
to the number of layers. The left figure corresponds to model (B), with
02 = n(n + 2)/12. The right figure corresponds to model (C), with

g
03 = n/4. The scaling in v/L is in agreement with Equation (3.28).
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Figure 3.6.: Inverse CDFs for the optimal Lipschitz constants and A(hg),
as compared to the bounds from Theorem 3.4. The x-axis indicate the
value for each CDF, respectively sup, |0zhe(x)|, A(hg) and ¢ for each line.
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Figure 3.7.: Time and frequency domains representations of the functions
of circuits (B) trained to match increasingly sharp cardinal sinus that
yields increasing high-frequency content. From Fourier mode k& = 20, the
model is not able to match the amplitude, exhibiting a consequence of
vanishing high frequencies.

Training

All the LB results describe an average behavior for ®. In this subsection,
we briefly explore the effect of previous results in the training. We task
model (B) to learn functions whose Fourier coefficients follow a step
function of increasing width. This approximately corresponds to a cardinal
sinus of decreasing width.

We display results of trained QRU models in Figure 3.7. In the top
figure, we show the Fourier components of different functions to be fitted
(in dashed lines), and the hypothesis functions after training (solid lines).
The target function is learned by the model for K < 20 but the hypothesis
function fails to capture high frequencies from k > 25. Notice that the
obtained hypothesis functions for K = {30,40} seem to saturate the
expressivity capabilities of the model. The bottom figure represents the
functions in the data domain for K = {4, 40}.

3.4. Discussion
We turn our attention first to gradients. From our results, we can infer
that vanishing gradients are avoided in QRU models if the base PQC

is BP-free, and data can be absorbed into the parameterized gates. We
can refer to existing literature on avoiding BPs for PQCs by restricting
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the dimensionality of the search space, by means of the dynamical Lie
algebra [57, 102]. In a nutshell, the Lie algebra depends on the generators
of the quantum model. Absorption witnesses can only be maintained close
to 0 if the base PQC and the derived QRU model share a common Lie
algebra. This observation allows one to choose data-encoding generators
avoiding the emergence of BPs.

The average of A(hg) is a consequence of the vanishing high frequencies
behavior that grows as ~ ag\/f, as imposed by the central limit theo-
rem. Deviating from this average is exponentially unlikely, as proven in
Theorem 3.4. As discussed later, it is in principle possible to amplify
high-frequency components, at the expense of losing all degrees of freedom
in the process. Therefore, for practical purposes, we need to adjust the
number of re-uploading layers according to the scaling ~ v/L, and not ~ L,
as suggested by other theoretical works on expressivity via generalization
bounds [103].

In this chapter we derived the scaling of the Fourier spectrum of hypoth-
esis functions with the number of layers, but not with the number of qubits
n. Our numerical simulations focus on frequency spaces increasing polyno-
mially with n. However, it is possible to construct data-generators with
exponentially many equally probable different accessible frequencies [110].
In this scenario, Theorem 3.2 still holds, leading to a Gaussian profile of
frequencies with variance o € ©(2"vL). Note that exponentially many
frequencies require exponentially many tunable parameters to match the
number of degrees of freedom. Therefore, data-encoding generators with
~ e" different frequencies can only aim to efficiently learn functions with
sparse Fourier representations, i.e. with only O(poly(n)) non-zero Fourier
coefficients in a O(e™) frequency space.

The expressivity results from Section 3.3 imply direct limitations in
the attainable hypothesis functions, but also give an intuition on how
to amplify high-frequency Fourier components, or in other words how
to maximize the Lipschitz constant. The only recipe to obtain a high-
frequency Fourier profile is by repeatedly amplifying the eigenvectors
corresponding to extreme eigenvalues of the data-encoding generator.
This yields an extremal case as far as possible from the average case
where unitaries are sampled from the Haar distribution. Without loss
of generality, we may choose the ground state. The first step of the
circuit would have to transform the initial state into the ground state
of the data-encoding generator. For k-local Hamiltonians with & > 2,
this problem is QMA-complete [72], and finding the hypothesis function
with maximum high-frequency content implies repeatedly solving a QMA-
complete problem. An example is choosing the data generator to be the
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Hamiltonian of a transverse-field Ising model, constructed on an arbitrary
graph. Such PQC does not suffer from BPs if the parameters respect
the permutation invariance of the graph [102]. Therefore, reaching the
hypothesis function with maximized high-frequency content is in general
hard. A notable exception appears in layered circuits with one g, and
W; = I, where setting all parameters § = 0 suffices to maintain the
quantum state aligned with the ground state of g. Notably, maximizing
the Lipschitz constant in the experiments from Section 3.3.5 is feasible.

We have seen that hypothesis functions produced by layered QRU
models have naturally vanishing high-frequency components, therefore
limiting their Lipschitz constant. Regularization of the Lipschitz constant
yields increased generalization and robustness of classical Neural Networks
[111, 112]. As a consequence, this could hint toward a better generalization
capacity of QRU models, in agreement with existing literature [113].

The scope of this chapter is the average behavior of QRU models. It
shows concentration properties, similar to other existing results [11, 14,
114], and provides useful insights on the internal working principles of the
model. This interpretability will be useful to develop QML models with
specific properties. It will be possible to investigate protection against
dequantization through peaked generalized trigonometric polynomials,
in alignment with peaked circuits [115]. Restrictions of generators and
parameterized steps in the circuits can be applied to constraint the behavior
of output models, allowing for systematic exploration of ingredients in
QRU.

3.5. Conclusions

We have explored the features of QRU models to understand the implica-
tions of injecting data into the better-studied PQCs models. Two main
features are studied, first the magnitude of the gradients of the loss func-
tion, and second the frequency profile of the hypothesis function output
by QRU models. Results were proven analytically and extended to more
practical scenarios numerically.

We give analytical bounds for the connection between the variance
of gradients in the hypothesis functions of QRU models and the cost
functions on corresponding PQCs. Vanishing gradients of hypothesis
functions imply vanishing gradients for any cost function to train ML
models with, thus preventing trainability. The difference between QRU
models and PQCs can be quantified by measuring the effect of adding
data to the circuit, averaging over the parameter space. This is quantified
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by the coined concept of absorption witness. If data can be re-absorbed
in a shift of parameters, then the gradients for PQCs and QRU models
take similar value ranges. Results can be further simplified for the case of
layered ansatzes. These results provide insights into the construction of
QRU models protected against the phenomenon of BP, by using existing
knowledge on PQC that do not exhibit BPs.

We prove also that QRU models suffer from vanishing high frequencies.
Each additional data encoding operation corresponds to an additional
convolution of the current spectrum with the data generator spectrum.
As the number of layers, denoted as L, becomes large the span of at-
tainable frequencies grows as O (L). However, the central limit theorem
dictates that the frequency profile follows a Gaussian distribution, spread-
ing out proportionally to v/L. Therefore, in practice, only frequencies
(approximately) bounded by V'L are available, with the contribution of
higher frequencies exponentially vanishing. The vanishing high frequencies
have direct consequences on the class of functions attainable by the QRU
models. The average of the optimal Lipschitz constant scales with v/L,
exhibiting an exponentially decaying probability of exceeding this value.
These findings offer insights into the inherent limitations of expressivity in
QRU models and provide tools for estimating the computational resources
required to represent specific datasets effectively.

The results derived in this chapter broaden our understanding of the
properties of QRU models and provide guidelines for the design of re-
uploading schemes. As an example, the concept of absorption witness can
be employed to select generators ensuring an ansatz with the necessary
characteristics to be trainable. For expressivity, adjusting the depth of the
model can strike a balance between capturing intricate details in the data
and avoiding overfitting. Consequently, we anticipate that these tools and
insights will contribute to enhancing the applicability and performance of
QRU models.
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3.6. Proofs

3.6.1. Proof of Theorem 3.1

We begin by explicitly writing the derivatives of the hypothesis function

0;he(x) = Tr{Un ;(Or.;,7) poU}, ;(Or ;, )
V;, Ul (01, 2)HUL ;(01 5,7)|}. (3.43)

In this equation, the indices R, L indicate all operations before and after
the j—th operation. We redefine the quantities for readability

pi(0rj,7) = Urj(Orj,7) po UL ;(Or ;,) (3.44)
H;(0r5,7) = U} (015,2) H UL (0L, 7) (3.45)

The variance of these derivatives over © is given by

Ex (Vare (9;he(7))) = Ee (Varx (9he(z))) =
Eon, (E@L,j (EX ((ajhg(m)ﬁ))) . (3.46)

where we assume no correlation between the parameters in the left and
right parts of the circuit. By calling the property Tr{A ® B} = Tr ATr B,
we can plug Equation (3.43) into Equation (3.46) to obtain

Val"@7X (6]}7,9(1‘)) =
Eenr, (E@)L,j (EX (TT{PJ‘(BRA,J‘,SU)@Q [‘Gij(aL,jvx)}m}))) (3.47)
We aim to describe this quantity in terms of the difference between the

QML models, partially described by data x, and their corresponding PQC
models, where x = 0. We define the corresponding difference operators

BY (85, p0) = p2 (Org,7) — p2* (O, 0) (3.48)
B%(@LJ, v H) = H¥(0r,5,2) — HP'(81,;,0). (3.49)
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We rearrange the terms in the integrand of Equation (3.47) as

Te{ p; (O3, 2) %2 [V, Hy (01.,2)] 7} = (3.50)
Tr{ﬂj (Or,;j,0)°[V;, Hj(OR 5, )] }+ (3.51)
Te{ B (On.5, w5 p0) [V, Hy (61,5, 2)] %% } = (3.52)
Tr{H (Or,5,7)%%[p;(Or,5,0), Vi]* 1+ (3.53)
Tr{ ) (O i po)[Vy, H (01,5, 7)) %%} = (3.54)
Tr{p;(Or,j, 0)** [V}, H;j(Or,5,0)]** }+ (3.55)
Te{ BE) (0,5, 2: p0)[V5, Hy(01,5,2)]%% }+ (3.56)
(B (0153 H)[py (05,0, ;] **} (3.57)

by recalling the identities Tr{ A®?} = Tr{A}? and
Te{A[B, C]} = Tr{BIC, Al} = Tr{C[A, B]}

The term in Equation (3.55) corresponds to the standard variance in PQC.
We denote it simply as Varg (9;he(0)) .

We move our attention now to Equation (3.56). This term measures the
difference between QRU models and PQC in the right part of the quantum
circuit. Assuming that the right and left parameters are uncorrelated, we
can rewrite

Eor, (Eor, (Ex (To{ B (0,200 [V, H(6L5,)7}))) =

e{ (Ex (Een, (BiZ) Oriowim0)))) V3o, , (H(61,5.2))]
(3.58)

Using von Neumann’s trace and Hoélder inequalities, with Schatten norms
| Tr{AB}| < [|All || Bll o (3.59)

in Equation (3.58) together with the triangular and Cauchy-Schwarz
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inequality we obtain

Ex (1r{Een, (BE)Onsai00)) } [ViiEow, (H(8L5.2)] ™) <
Ex (‘TT{EQRJ ( R.j (Or,j, 3 po )} Ee.,, (HL,j’w))]@)Q
|

) |
Ex (HE@L ([VJ»H 0L, ®2) |Eenr, (Br,j(Or,;,;po))

‘ oo

)
(3.60)
Substituting in the previous equation the property [52]
Vi H 0L 2| < alv I H I, (3.61)
and defining
B (p0) = Ex (|[Bor, (B)E) Orjomspo)]| ). (3:62)

we obtain
Eor, (Eor, (Ex (Te{BE)(On2:p0) [V, H (01,5, 2)7})) ) <
4V 12 IHIZ, B (po). (3.63)

Following the same steps for Equation (3.57), we can bound this quantity
as

Eon, (Eor., (Ex (Tr{ B (01,2 BV, pn(0 5, 0) ®2})))

< 4V;l2 llpol%, BE)(H), (3.64)
where we defined analogously
2 2
B2 () = Ex (|[Ee,, (B 002 1) | ) (3.65)

Notice that we could interchange the z-dependency in Equation (3.57)
and Equation (3.56) with no effect in the final bounds. The reason is
that Equation (3.61) eliminates the z-dependency in the term where it
is applied. We can compact the results from Equations (3.63) and (3.64)
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using the triangular inequality in

|Vare (0jhe(0)) — Vare (Ex (0jhe()))] <
;12 (112, B (o) + liooll%e BEy (k) (3.66)

O

3.6.2. Proof of Lemma 3.1

We start by bounding the right absorption witness of the (I 4+ 1)-th layer
with the triangular and Hoélder’s inequality as

B 1(p0) = Ex (|[Eey,, (u(0111)2V ()22 Boy, (p1(Or1,2)) V(@) 22l (8111)%2)]|,) <

Ex ([[Eov. (u(B111)72V ()% Eoy, (BEL(OR 1 i p0)) Vi) *ul (B11)72) | ) +

Ex ([[Eoryy (w(6141)%2V (2)? = w(0141)%?)]|, [|Eor, (1(Or1,0))] ) -

The second term can be identified as the layerwise absorption witness

from Definition 3.2. The first term of the equation above can be bounded
as

Ex ([[Eor (u(01)%2V(@)®* B, (BR1OR1 i) Vi) ®2ul (6141)72) | ) <
Ex (v ([|u(61) 2V (@)% Boy, (BROn1x:p0) ) Vi)l (0,0)2 | )) =

3(2)
Ryl(P0)~
Arranging both results together we can find

B (po) < BS(po) + ool A (3.67)

Equivalently for the left part of the circuit, and counting layers backward

we find , , ) ,
BE/(H) < BY), (po) + [ H|Z AP, (3.68)

O

3.6.3. Details on harmonic representation of QRU
models

As stated in Equation (3.21), the wavefunction after a re-uploading circuit
and before measurement can be expressed as

2" K

W) =D > e et j). (3.69)

j=1k=—K

67




3. Gradients and frequency profiles of quantum re-uploading models

The coefficients ¢ j form the matrix C € C?"*(2K+1) Each column (in-
dexed with k) represents the corresponding term e?**. The states |j) are
elements of any basis of choice. Each row (indexed with j) corresponds to
the 2-dependent amplitude attached |j). The quantity p;(z) = (j|¥(x))
is a trigonometric polynomial, p;(z) = ZszfK cx,je*®. Such polynomial
can be represented as a vector p; = {Clw’}—K<k<+K~ In this vector repre-
sentation, the multiplication of polynomials corresponds to convolution
as

K, K,
p(z)q(r) = Z pre” Z ae™™ = (pxq)(2), (3.70)
k=—K k=K,

We consider the three operations that can be applied to the harmonic
representation.

Parameterized gates Applying a parameterized gate on the quantum state
maps into applying the unitary representation of that gate to each column
individually, the same way it would be done in state vector simulation for
each (fixed) k.

Data-encoding gates Adding a data-encoding gate involves convolution,
when C' is expressed in the eigenbasis of the data generator. Each row j
corresponds to the j-th (integer) eigenvalue A; from the spectrum of the
data-encoding generator, /Cy. The vector representation of polynomials p;
is convoluted with the vector ex; = [0p=x,]-K<r<i K-

Measurement For the measurement, we express C the basis of the ob-
servable. Secondly the representation the transpose conjugate of the
wavefunction is computed from C, by taking its conjugate and reverting
the rows indexing c¢;, = ¢j_j. Finally the hypothesis function hg(x)
can be obtained as a linear combination of the rows of the result of the
convolution weighted by the corresponding eigenvalue of the measurement
operator.

3.6.4. Proof of Theorem 3.2

We assume now that the parameterized gates between two consecutive
encoding steps are random unitaries sampled from the Haar measure of
the group SU(N). Notice that data-independent operations leave the
norm of coefficients associated with the same frequency invariant. Random
unitaries output random states for any input. Random states give rise
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to a probability distribution sampled from a uniform Dirichlet [107], also
known as Porter-Thomas [116] distribution. Under this assumption, no
basis has any preference over any other, and the application of the data
encoding layer transports as many coefficients as dictated by the spectrum
Ky, to the corresponding new frequencies. Notice that it is irrelevant
which coefficients are transported, and also they are randomly chosen.
The weights for the elements of each frequency are then described by a
Dirichlet distribution with parameters given by the convoluted spectrum.
Formally,

> lewsl* ~Dir (Kg, 5 ... Ky, 5.4 Ky,) () (3.71)
J

where * denotes the convolution operator. Notice that the index k runs
over all non-zero entries of the convoluted spectra. O

3.6.5. Dirichlet distribution

Definition 3.5 (Dirichlet distribution [107])

The Dirichlet distribution & ~ Dir (ct) parameterized by o € RY is sup-
ported on the (N —1)-standard simplez, i.e., x = (x1,x2,...,xzN),|x|1 = 1.
It has the following probability density function with respect to the Lebesgue
measure on RV 71:

N

o ,
fDir(w;a) || H H a; 1 (372)
Hz 1 i:
In this definition, I'(+) is defined as
I'(2) :/ t*~te~tdt, (3.73)
0

being the complex extension of the factorial for positive integers

T(n) = (n— 1)L (3.74)

The Dirichlet distribution admits straightforward analytical calculations
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for the statistical moments of arbitrary order k = (k1, ka, ..., kn),
N N
- L(llel[1) U(ai + ki)
Egnpir m = . 3.75
wpine) @) r<\|a||1+||kul>g T(a) (3.75)
In particular
a;

EwNDir(a) (xz) = ||a||1 (376)

o (1- )
Vi x~Dir(a 3 AT TE TR TR 3.77
We~pire) () = T Tal + 1) (&17)

O . Lo

CovgnDir(a) (zi,5) = lelZ(lall + 1 (3.78)

3.6.6. Proof of Corollary 3.3

Let us express the wavefunction as the C' matrix, such that the wavefunc-
tion is reconstructed from its elements as

2" K

W)= > ™), (3.79)

j=1k=—K

where |j) is expressed in this case the eigenbasis of the observable of
interest H. We are interested in the function

hx) = (Y(2)| H (), (3.80)

which in the eigenbasis of H is
h(z) =YD Neg o et tmh e (3.81)
i ko1

We give a bound now on the terms sharing the same frequencies

2 2
2
Do D0 Mewsely| SMHISDY Yo engeiy| <
J k—l=w J k=l=w
2 2 2
IS D D Jewal™ | [ Do lewsl” |, (3:82)
k—l=w \ Jj J
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where we used the triangular inequality and the Cauchy-Schwarz inequality.
The last term is related to Theorem 3.2. Each of these elements is
drawn from the Dirichlet distribution imposed by the spectrum IC;L. The
aggregation property of Dirichlet distributions allows us to directly work
with the spectrums. The spectrum of interest is a modified convolution of
IC;L with itself under an inversion of the variable, namely

SRR =Y KK (k- w) =
k—l=w k
SR (—(k — w)) = (KiE « K F) (w), (3.83)
k

with K3 X (z) = K}, *£(—x). In the case of symmetric spectra, both functions
are equivalent. Recalling the properties of Dirichlet distributions, we can
bound
-2 2 . *2L
[H |} |aw(0)]" < po, ~ Dir(Kg™ (w)), (3.84)

with

a,(0) = Z Z AjCk il (3.85)

i k—l=w
O

3.6.7. Proof of Theorem 3.3

We use tools from statistics to compute upper and lower bounds to the
Lipschitz constant of a hypothesis function A(hg). We first recall the

definition
K

Alhe) = " plkllacl, (3.86)

k=—K
and we recall the result from Corollary 3.3 in the limit of many re-
uploadings. We know that

K
Ee (A(he)) = ) ulk|Ee (|ax|). (3.87)

k=—K
We can use the known bound for the probability distribution underlying

|a|, lax|* < pr ~ Dir(K;*). In particular, the marginals of the Dirichlet
distribution are beta distributions [117]. The beta probability distribution
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with parameters o and f is defined as

Betag s (z) = maﬂal)a _ )8, (3.88)

In our case, see Equation (3.30), « is given by the Gaussian spectrum and
B = 1. The expectation value of each element is given by

ak—|—1 _ Qg
dx plox=1/2) — 7k <9 3.89
© (o) < / ap+1/2 =% (3.89)

using the property of the gamma function I'(1 + ) = «'(z). The last
inequality allows us to compute an upper bound in the limit of many
re-uploadings by just computing

K K

Y ukEe (laxl) < 20H|y Y wkiC;* (k) ~

k=—K k=—K
0o Mk k‘2 )
4||H / — 0 ex (— =
” HA 0 \/H(Tg p 40’2L

I\ f%uf (3.90)

leading to the first result of the theorem.
The lower bound is easy to obtain by recalling the property ||a|l; > ||al|,.
In our context, and in the limit of Gaussian processes

K

o (Ahe)* = |HIY Y w’k°Ee (lawl) ~ |H| 2Lu 0y, (3.91)
k=—K

leading to the second result of the theorem: Eg (A(hg)) > || H||\oguv2L.
O

3.6.8. Proof of Theorem 3.4

We are interested in knowing the probability of A(hg) to be larger than
a certain reference value by some distance. We take this reference value
to be the average Eg (A(hg)), as in many statistics results. Consider now
the lower-bound on the expectation value from Theorem 3.3. Since

Alho) —Eo (Alhe)) > t = A(ho) — |H|\uV2hoy > t,  (3.92)
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but not in the opposite direction, then

Probe (A(he) — Ee (A(he)) > t) < Probe (A(hg) — || H||\pV2Lo, > t) .

(3.93)
We can bound the right hand by considering Hoeffding’s inequality [118].
Let X; be a set of independent random variables, and let X; € [a;, b;]
almost surely, then

Prob (Z X, —E (Z XZ-> > t) < %exp (E(a_tjbp> . (3.94)

Hoeffding’s inequality cannot be directly applied to a Dirichlet distribu-
tion since the variables are not independent. However, this problem can
be overcome for this particular case by recalling the following property. If
X; ~ Dir(ey), then

Y;
X~ —, .
i~ Y (3.95)
with
Y; ~ Gamma(a;, 6) (3.96)

V= ZYi ~ Gamma (Z o, 9) (3.97)

By changing the description of the Dirichlet distribution to the quotient
of gamma distributions we can now apply Hoeffding’s inequality. Without
loss of generality, we can assume that all probabilities are bounded between
0 and 1, thus we can find a first bound by recalling

> n? € O((llgl\ L)), (3.98)

and thus
Probe (A(hg) — Ee (A(hg)) > t) <
Probe (A(hg) — ||H||\V2Lpo, > t) €0 (exp (W)) (3.99)
O
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Z ngz(lC”"(ll))<6)
o Prob(Y;/V > t) n T
1024 —— Numerical approximation
ol ~ (0,VI)*
1
BN
\ 10% e .
> \ -
—logyar =1 — —logya=5 100 e
. —logyar =2 —— —logya =6 =7
10 _logga=3 —— —logya=7 10° T
— —logya=4 — —loga=8 | | ==
10 10% T — ,
10710 10 10-6 10-* 10-2 107 10° 10! 10° 10
t (T!,\/Z

(a) Numerical calculations for Equa-(b) Numerical approximation to Equa-

tion (3.101) for decreasing values of a. tion (3,103) for increasing ag\/z. The
The values of the random variable con- value ¢ is set in this calculations to 10~ 10
centrate in small values for t as a decays.

Figure 3.8.: Numerical auxiliary calculations for Equation (3.101)
and Equation (3.103). These results substitute the non-accessible an-
alytical treatment of the probability distributions of interest to obtain the
bound given in Equation (3.36)

A tighter numerical bound

This bound can be however easily improved by recalling subgaussianity
properties of the Gamma distribution. A random variable X is subgaussian
if its cumulative distribution function decays faster than exponentially

Prob (|X| > t) € O (exp (—t%)) , (3.100)

for some positive constant K. We can compute this cumulative probability
for the quotient of Gamma distributions as

Y; oo z/t e~ le—zo—y
Prob (V > t> 7/0 dz/z dyil‘(a)
1 1 9

= 270( - m QO (exp (—t )) . (3101)
These functions take the value 1 for ¢ = 0 and decay until vanishing for
t = 1. The decay is faster as a — 0, as it can be seen in Figure 3.8(a). We
can thus recover Hoeffding’s inequality with the observation that each X;
is bounded by the function in Equation (3.101). In particular, the variable
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X is, with probability 1 — ¢, smaller than

-1/ -1
209 (e) = <<2i —5) - 1) . (3.102)

For a sufficiently small €, the denominator of the exponent of Hoeffding’s
inequality becomes

llgllo L

S(an—ba)? =23 w2l e, (3.103)
n=1

n

with IC;QL a Gaussian spectrum in the limit of large R. The Gaussian limit
forces the intuition that only a small number of elements will contribute
effectively, while for large values of n the corresponding Dirichlet variable
is always so small that it has negligible influence in the Lipschitz constant.
The description of the variable bounds in Equation (3.102) and the sum
in Equation (3.103) prevent a straightforward analysis in terms of the rele-
vant quantity oy V'R. We can however make a numerical analysis, depicted
in Figure 3.8(b). This calculation shows that the sum in Equation (3.103)
follows a polynomial trend in o, V'R, which is the variance of the resulting
Gaussian spectrum. Therefore, we can update our previous version of
Hoeffding’s inequality to

Probe (A(hg) —||H||\V2Lo, > t) €0 (exp (@jf)d)) . (3.104)

3.6.9. Extension to non-harmonic spectrum

The non-harmonic extension leads to an average of the elements in the
trigonometric polynomial given by

1 ETy-1k
Eo (|az[?) = —— ex <_4L>7 (3.105)

Sy
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where |X| is the determinant of 3. We compute now A(hg) following the
steps from Section 3.6.7, given by

= li-kEe (Jag]) <
E

TZ 1
k k) . (3.106)

AR - Fex
\/47TLD|E/ ik p( iL

Notice that dk integrates over D-dimensional space. We perform now a
change the variables to diagonalize ¥ = UTSU, and consequently choose
Il = Uk. The diagonal elements of S are denoted {3?}j The quantity of

interest is now ji - (UT]) = (UfZ) - I. Since U is unitary di = dk

T o—17
I|exp (—l 5 l) < (3.107)

Ee (A(he)) 1

T o—17
s l) (3.108)

D
2 -
— =N "Wy, | il -
oL il [ |J|exp< .

2 T
= Loy /RD MR

We focus now on the integral.

- rs=1

dijl; - = 1
L |J|exp( aa ) (3.109)
/Rdlj|zj|exp< )H/dl exp< 4LS ) (3.110)

i#]

2
J
1
ALs? [ \/4rLs? = ?/ (4rL)P+1\/|Z|s; (3.111)

Plugging this result into Equation (3.108) we obtain

(2VIm)P+ /S|t - VS
T @nL)Ds]

D
Ee (A(he)) < = Z Ufil;s; (3.112)
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By means of Cauchy-Schwarz inequality, we can give a looser yet more
comprehensive bound as

Ee (A(ho)) < %HﬁIINTr(E)fL- (3.113)

For the lower bound we follow Section 3.6.7 to obtain

K

Eo (A(he)* > ||HIY > (G- F)°Ee (Jaxl?). (3.114)
k=—K

We recall the property [119, 120]

[ dPEs @ eo (—W) = JenPIs) ex (”ﬂ) f(E)

k=0

3.115)

where ﬁj = 0/0k;. Since f(k) = (i - k)?, we can reduce

VISV | - e 2
exp <2> FEB| =@ filimina(®),  (3.116)
k=0
yielding a result

A2(he) > || H||32L|| || 3miny (). (3.117)
O

A simple example

We illustrate the spectral convolution with an example. Consider a data
generator whose spectrum and multiplicities are

A={—v2-1,-v2,-1,0,+1,+v2,+V2 + 1} (3.118)
m(A) ={1,1,1,2,1,1,1} (3.119)

Any frequency resulting from the L-fold application of such data gener-
ator can be written as Ay; = k2 + 1 where —L < k.1 < L are integers.
The corresponding frequency content can therefore be represented as a two-
dimensional tensor A. The elements of A follow a 2-dimensional Dirichlet
distribution, in the sense of Theorem 3.2, given by the convoluted kernel
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1
*L
Kb = <

10
2 1 (3.120)
8 1

In the limit of large L, the central limit theorem applies exactly in
the same way as in the harmonic case, and the L-fold convolution tends
towards a multivariate Gaussian kernel with [0,0] mean and covariance

matrix I
1 05
Y= 7 (05 1 > . (3.121)
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