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The study of probabilistic models for the analysis of complex networks represents a flourishing research field.
Among the former, exponential random graphs (ERGs) have gained increasing attention over the years. So far,
only linear ERGs have been extensively employed to gain insight into the structural organization of real-world
complex networks. None, however, is capable of accounting for the variance of the empirical degree distribution.
To this aim, nonlinear ERGs must be considered. After showing that the usual mean-field approximation forces
the degree-corrected version of the two-star model to degenerate, we define a fitness-induced variant of it. Such
a “softened” model is capable of reproducing the sample variance, while retaining the explanatory power of its
linear counterpart, within a purely canonical framework.

DOI: 10.1103/3vtj-5nlt

I. INTRODUCTION

Network theory is employed to address problems of scien-
tific and societal relevance, from the prediction of epidemic
spreading to the identification of early-warning signals of
upcoming financial crises [1–8]. As any dynamical process is
strongly affected by the topology of the underlying network,
one needs to individuate which higher-order properties can be
traced back to lower-order ones and which, instead, are due to
additional factors: This goal can be achieved by constructing
ensembles of graphs whose defining properties are the same as
in the real world but the topology is random under any other
respect [9–15].

A class of models that has gained increasing attention
over the years is that of exponential random graphs (ERGs)
[10–18]. ERGs belong to the category of canonical ap-
proaches, being induced by constraints that are soft, i.e.,
constraints that can be violated by individual configurations
even if their ensemble average matches the enforced value
exactly. A key advantage of canonical approaches is that
the expected value of topological properties can be often
expressed analytically in terms of the constraints, thereby
avoiding the computational cost of generating randomized
networks [19]. Microcanonical approaches, instead, artifi-
cially generate many randomized variants of the observed
network, enforcing constraints that are hard, i.e., constraints
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that are met exactly by each graph in the ensemble [20–24];
this strong requirement, however, comes at the price of
nonergodicity, high computational demand, and poor gener-
alisability [25].

So far, only linear ERGs have been extensively employed
to gain insight into the structural organization of real-world
systems: For simple graphs, the most important one is the
undirected binary configuration model (UBCM), inducing an
ensemble of configurations specified by the degree sequence;
a useful fitness-induced variant of it, to be employed in pres-
ence of partial information is, instead, the density-corrected
gravity model (dcGM), solely enforcing (a proxy of) the link
density while relying on node-specific quantities identified
with the node strengths {si}N

i=1, defined as si = ∑
j( �=i) wi j , ∀ i

and representing the total volume of interactions involving
each node. This choice is motivated by the evidence that
in economic and financial applications a node strength is
observable from balance-sheets, transactional or input-output
records, while the number of its counterparties (i.e., its de-
gree) is typically not disclosed [26–31]: Treating strengths
as exogenous fitnesses, thus, allows one to account for the
heterogeneity of nodes without imposing any local constraint
[19]: In formulas,

pdcGM
i j = zsis j

1 + zsis j
, (1)

where z can be determined by requiring L =∑
i

∑
j( �=i) pdcGM

i j = 〈L〉 [27,32].
Although powerful enough to reproduce many quantities

of interest as accurately as the UBCM, the dcGM fails in
reproducing the variance of the empirical degree distribution,
either overestimating or underestimating it (see Fig. 1). In
the first case, larger degrees are overestimated while smaller
degrees are underestimated; in the second one, larger degrees
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FIG. 1. Analysis of eMID during the 31st week (left panel) and the 42nd week (right panel) of the year 2004. Graphical representation of
the agreement between the sample variance Var[k] (black, dashed, vertical line) and its expected value 〈Var[k]〉 under the UBCM (red), the
dcGM (yellow), and the fit2SM (brown): while the UBCM steadily overestimates it and the dcGM either overestimates or underestimates it,
the fit2SM correctly reproduces it. Each ensemble distribution is well approximated by a Gaussian whose parameters match the corresponding
average and standard deviation.

are underestimated while smaller degrees are overestimated.
Accurately reproducing the variance of the degree distribu-
tion is crucial for a variety of applications, such as correctly
assessing the systemic risk related to the interconnections of a
given financial system [7,33] or the epidemic threshold associ-
ated with the interlinkages of a given social system—reading
〈k〉/〈k2〉, hence being governed by the first two moments of
the degree distribution [4,34]; another example is provided
by the expected consensus time of the so-called coalescing
random walks, whose estimation requires calculating the first
two moments of the degree distribution as well [35,36].

The aim of this work is to investigate whether it is possible
to define a minimal model capable of accurately reproduc-
ing both the first and second moments of empirical degree
distributions, without resorting to microcanonical constraints.
To this end, we consider the class of ERGs with nonlin-
ear constraints and introduce a fitness-induced variant of the
two-star model that can be efficiently and reliably imple-
mented. We test it on the transaction-level data constituting
the overnight segment of the Electronic Market for Interbank
Deposits (eMID), a screen-based market for unsecured de-
posits [8,37,38]. Although the raw records are directed and
weighted (lender, borrower, notional amount), here, we sym-
metrize and binarize exposures within each, considered time
window, i.e., “daily,” “weekly,” “monthly,” “quarterly,” and
“yearly” (the description of each aggregation procedure is
reported in Appendix A).

II. THE SIMPLEST NONLINEAR CONSTRAINT

The simplest nonlinear constraint is represented by the
total number of two-stars [10,39], i.e.,

S =
∑

i

∑
j(>i)

Vi j =
∑

i

∑
j(>i)

∑
m

aima jm; (2)

since

S = 1

2

∑
m

∑
i

∑
j( �=i)

aima jm

= 1

2

∑
m

∑
i

aim

⎛
⎝∑

j

a jm − aim

⎞
⎠

= 1

2

∑
m

(∑
i

aimkm −
∑

i

aim

)

= 1

2

∑
m

(
k2

m − km
)

= 1

2

∑
m

k2
m − L, (3)

inverting such a relationship leads the second moment of the
empirical degree distribution to be rewritable as

k2 =
∑

m k2
m

N
= 2S

N
+ 2L

N
(4)

and its variance (hereby, sample variance) as

Var[k] = k2 − k
2 = 2S

N
+ 2L

N

(
1 − 2L

N

)
. (5)

As a consequence, its expected value reads

〈Var[k]〉 = 2〈S〉
N

+ 2〈L〉
N

− 4〈L2〉
N2

= 2〈S〉
N

+ 2〈L〉
N

− 4Var[L]

N2
− 4〈L〉2

N2

= 2〈S〉
N

− 4Var[L]

N2
+ 2〈L〉

N

(
1 − 2〈L〉

N

)
, (6)
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an expression showing that reproducing the sample variance
requires (at least) the total number of links to be reproduced
exactly.

III. A MICROCANONICAL APPROACH

Since the result above suggests the microcanonical road as
the only viable one, a natural choice would be that of consider-
ing the microcanonical version of the two-star model (m2SM),
constraining both L and S exactly: Since 〈L〉 = L, Var[L] = 0,
and 〈S〉 = S, one would obtain 〈Var[k]〉 = Var[k]. This model
is, however, homogeneous and, therefore, unable to reproduce
the degree sequence.

We would be, thus, tempted to refine it by constraining both
the total number of two-stars and the degree sequence. Yet,
since

S − 〈S〉 = 1

2

[∑
i

(
k2

i − ki
) −

∑
i

(〈
k2

i

〉 − 〈ki〉
)]

= 1

2

∑
i

(
k2

i − 〈
k2

i

〉)

= 1

2

∑
i

(〈ki〉2 − 〈
k2

i

〉)

= −1

2

∑
i

Var[ki], (7)

satisfying both (sets of) constraints microcanonically is equiv-
alent to requiring that Var[ki] = 0, ∀ i. In words, our results
indicate that the microcanonical version of the configuration
model (mCM) is the (simplest) one guaranteeing 〈ki〉 = ki, ∀ i
and 〈S〉 = S. Moreover, as the relationship

Var[L] = Var

[∑
i ki

2

]
=

∑
i Var[ki] + 2

∑
l<n Cov[kl , kn]

4

(8)

leads to the expression

〈Var[k]〉 = 2〈S〉
N

−
∑

i Var[ki] + 2
∑

l<n Cov[kl , kn]

N2

+ 2〈L〉
N

(
1 − 2〈L〉

N

)
, (9)

the mCM would also guarantee that 〈Var[k]〉 = Var[k]: In
words, constraining the entire degree sequence exactly would
lead to reproduce the sample variance as well.

Although the (microcanonical) requirements are clear, the
way to realize them is much less so; moreover, the problems
affecting microcanonical approaches mentioned in the intro-
ductory paragraph lead us to discard this route. Is a canonical
way out viable?

IV. THE MEAN-FIELD APPROXIMATION

Handling nonlinear constraints within a canonical frame-
work is usually achieved by adopting the mean-field approxi-
mation (see also Appendix B) [10,39].

Constraining both the number of two-stars and the degree
sequence within such a framework leads to the degree-
corrected two-star model (dc2SM): Formally introduced in
Appendix C, its generic probability coefficient reads

pdc2SM
i j = e−(αi+α j )−β(ki+k j )

1 + e−(αi+α j )−β(ki+k j )
= xix jyki+k j

1 + xix jyki+k j
; (10)

the dc2SM is, however, unable to match both (sets of) con-
straints, as reproducing the empirical number of two-stars
implies underestimating the degree of at least one node (see
also Appendix C). The explanation of such a behavior lies in a
simple observation: As the mean-field approximation scheme
requires that

Var[ki] =
∑
j( �=i)

pi j (1 − pi j ), ∀ i, (11)

letting Eq. (7) vanish requires the generic probability coeffi-
cient of a canonical model to degenerate, becoming either 0 or
1. In other words, constraining both the degrees and the num-
ber of two-stars within the mean-field approximation scheme
forces the model to become deterministic, individuating the
observed configuration [40] A∗ as the only admissible one.

V. A CANONICAL WAY OUT

Let us now ask ourselves if an alternative, canonical road
exists. To this aim, let us first notice that Var[L] is divided by
N2 in Eq. (6): such an addendum may, thus, be expected not
to play a relevant role. As a consequence, we are allowed to
consider the expression:

〈Var[k]〉 � 2〈S〉
N

+ 2〈L〉
N

(
1 − 2〈L〉

N

)
, (12)

requiring the total number of links and the total number
of two-stars to be reproduced on average. Since any linear
ERG reproduces the total number of links, the failure in
reproducing the sample variance boils down to the failure
in reproducing the total number of two-stars: An overes-
timation/underestimation of the latter leads, in fact, to an
overestimation/underestimation of the former—this is pre-
cisely the case of the canonical version of the configuration
model (UBCM), that overestimates the total number of two-
stars [see Eq. (7)], hence predicting 〈Var[k]〉 � Var[k] (see
Fig. 1).

At this point, a natural choice would be that of considering
the canonical version of the two-star model (2SM): Within
the mean-field approximation scheme, however, the 2SM is
defined by the position

p = xyki+k j

1 + xyki+k j
= xy2(N−1)p

1 + xy2(N−1)p
, (13)

which, again, makes it a homogeneous model [41] (see also
Appendix C) [10,39].

Constructing a fitness-induced variant of the 2SM (fit2SM)
is, nevertheless, feasible: To this aim, it is enough to replace
xi with

√
zsi [42] and ki with its expectation under the same

model in Eq. (10). These substitutions lead to the generic
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probability coefficient reading

pfit2SM
i j = zsis jyκi+κ j

1 + zsis jyκi+κ j
, (14)

where 〈ki〉fit2SM ≡ κi. The two global parameters z and y can
be estimated by solving the (system constituted by the) two
nonlinear, coupled equations reading

L∗ =
∑

i

∑
j(>i)

pfit2SM
i j = 〈L〉,

S∗ =
∑

i

∑
j(>i)

∑
m

pfit2SM
im pfit2SM

jm = 〈S〉, (15)

and rewritable [43] as

z(t+1) = L∗

∑
i

∑
j(>i)

s∗
i s∗

j y
κi+κ j
(t )

1+z(t )s∗
i s∗

j y
κi+κ j
(t )

,

y(t+1) = S∗

∑
i

∑
j(>i)

∑
m

z2
(t )s

∗
i (s∗

m )2s∗
j y

κi+2κm+κ j −1

(t )

(1+z(t )s∗
i s∗

my
κi+κm
(t ) )

(
1+z(t )s∗

j s
∗
my

κ j +κm
(t )

)
,

(16)

Notice that a third set of consistency equations concerning
the degrees should be added. Operatively, we should (1) ini-
tialize the degrees in some way; (2) solve the system above,
obtaining z and y at the “epoch” 1 (i.e., z1 and y1); (3) repeat
the steps (1) and (2) to calculate the corresponding values of
the degrees and use them to obtain z and y at the subsequent
“epochs.” In formulas,

κ
(e+1)
i =

∑
j( �=i)

z(e)s∗
i s∗

j y
κ

(e)
i +κ

(e)
j

(e)

1 + z(e)s∗
i s∗

j y
κ

(e)
i +κ

(e)
j

(e)

, ∀ i, (17)

with e indicating the “epoch” of the resolution. As we show in
Appendix D, however, stopping at the “epoch” 0, by posing

κ
(0)
i =

∑
j( �=i)

pdcGM
i j , ∀ i (18)

is (already) enough to achieve good results in terms of speed
and accuracy of resolution. The system above ensures that
the fit2SM correctly reproduces the total number of links, the
total number of two-stars and the sample variance, besides
accounting for the nodes’ heterogeneity.

VI. TESTING THE PERFORMANCE OF THE FIT2SM

A. Reproducing a network’s local properties

Since the degree sequence is a standard diagnostic in net-
work reconstruction exercises, we start our analysis by testing
the accuracy of the fit2SM in reproducing it. We do so by
means of the quantile-quantile (QQ) plot: given the empirical
sequence {ki}N

i=1 and a model-based, expected one {〈ki〉}N
i=1,

we sort both in increasing order and scatter the corresponding
pairs of values [44]; while perfect agreement would place all
points on the identity line, misestimations of the values would
be revealed by systematic deviations.

Let us now select five snapshots by drawing one calen-
dar year at random and, conditionally on it, drawing one

quarter, one month, one ISO week, and one trading day at
random as well. Figure 2 reports the resulting QQ plots for
year 2001, quarter Q3, month April, ISO week 2, and day
2001-11-21; the visual inspection is accompanied by the ac-
curacy indicators named average relative error, defined as
ARE = N−1 ∑

i |ki − 〈ki〉|/ki, and maximum relative error,
defined as MRE = maxi{|ki − 〈ki〉|/ki}.

While the UBCM reproduces the degrees by construction,
the dcGM and the fit2SM yield comparable errors, with the
ARE ranging from �0.51 to �0.80 and the MRE from �6.60
to �22.2, across aggregations: more specifically, while the
fit2SM achieves a smaller ARE at the daily, monthly, and
quarterly scales, the dcGM performs better at the weekly and
yearly scales; at the node level, the fit2SM yields a smaller
ARE in the 65% of cases at the daily scale, in the 61% of cases
at the weekly scale, in the 41% of cases at the monthly scale,
in the 38% of cases at the quarterly scale, and in the 54% of
cases at the yearly scale. Repeating the procedure above for
other, randomly selected snapshots yields analogous results.

As these observations point out, the predictions of the de-
grees returned by the dcGM and the fit2SM turn out to be very
close: as the fit2SM is not conceived to improve the matching
of the degrees but to incorporate a nonlinear constraint to
reproduce their variance, the related “benefits” are expected to
emerge more clearly when inspecting properties that depend
explicitly on the second moment—such as the spectral radius
(see below).

B. Reproducing a network spectral properties

As a second test, let us inspect the accuracy of the fit2SM in
reproducing the spectral radius, hereby indicated with π1, of a
given network. To this aim, let us follow Ref. [8] and consider
the fully controllable case represented by the Chung-Lu model
[45]. A way to identify π1 in case pi j = kik j/2L, ∀ i, j rests
upon the relationship

P = k ⊗ k
2L

= |k〉〈k|
2L

, (19)

indicating that, in such a case, the matrix P can be obtained
as the direct product of the vector of degrees with itself.
Employing the bra-ket formalism allows the calculations to
be carried out quite easily, i.e., as

P|k〉 = |k〉〈k|
2L

|k〉 = 〈k|k〉
2L

|k〉, (20)

where 〈k|k〉 = ∑
i k2

i . Since P obeys the Perron-Frobenius
theorem [46], the equation above allows us to identify the
value of its spectral radius quite straightforwardly as π1 =
〈k|k〉/2L = ∑

i k2
i /2L. The Chung-Lu model is, however,

defined by the position pi j = kik j/2L, ∀ i �= j, a piece of
evidence leading us to write

π1 � 〈k|k〉
2L

=
∑

i

k2
i

2L
= N

2L

∑
i

k2
i

N
= k2

k
; (21)

in other words, the Chung-Lu model represents a convenient
benchmark to make the connection between the accuracy of a
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FIG. 2. Quantile-quantile plots comparing the observed degrees and the expected ones under the UBCM (red), the dcGM (yellow), and the
fit2SM (brown), across five aggregations of the eMID interbank market (from top-left to bottom-right: daily, weekly, monthly, quarterly, and
yearly). These snapshots are selected by drawing one calendar year at random (here, 2001) and, conditionally on it, drawing at random one
quarter (here, Q3), one month (here, April), one ISO week (here, week 2), and one trading day (here, 2001-11-21). As it can be appreciated,
the dcGM and the fit2SM perform very similarly, and both satisfactorily, in reproducing the degree sequence induced by the corresponding
snapshot.

network model in reproducing the first two moments of the
degree distribution and the one in reproducing the spectral
properties of the corresponding configuration explicit, via the
dependence of π1 on k and k2.

Let us now consider the eMID snapshot corresponding to
the day 2010-07-19 and calibrate the model above on it—a
choice allowing us to deal with a graphical degree sequence.
Afterwards, let us generate M = 103 configurations and treat
each of them as a plausible, empirical one; solving our models
on the latter leads to three distributions of M = 103 esti-
mates of the spectral radius each (hereby indicated with λ1,
to distinguish them from the reference value π1; see also
Appendix E): as the left panel of Fig. 3 shows, while the
UBCM overestimates the spectral radius of the generative
model (λUBCM

1 � 9.80 > π1 � 9.35) and the dcGM underes-
timates it (λdcGM

1 � 8.66 < π1 � 9.35), the fit2SM correctly
reproduces it (λfit2SM

1 � 9.40 � π1 � 9.35).
A more explicit test concerns the accuracy of the fit2SM

in reproducing the empirical spectral radius of the binary,
undirected version of eMID across the years 1999–2012: as
the system we are considering cannot be expected to per-
fectly align with the Chung-Lu model, deviations from the
previous results are expected; as the calculation of the mean
and standard deviation of the absolute error |λmodel

1 − λobs
1 |

over the M = 103 configurations drawn from the snapshot-
specific ensemble of each model reveals, in fact, one finds
that

at the daily timescale, the fit2SM achieves the smallest
average error (i.e., 0.79 ± 0.51), performing better than the

UBCM and the dcGM in 94.00% and 97.60% of the snap-
shots, respectively;

at the weekly timescale, the fit2SM achieves the smallest
average error (i.e., 0.97 ± 0.66), performing better than the
UBCM and the dcGM in 82.40% and 98.70% of the snap-
shots, respectively;

at the monthly timescale, the fit2SM achieves the small-
est average error (i.e., 0.71 ± 0.66), performing better than
the UBCM and the dcGM in 64.80% and 74.50% of the
snapshots, respectively;

at the quarterly timescale, the UBCM achieves the small-
est average error (i.e., 0.43 ± 0.21), the fit2SM performing
better than the dcGM in 67.30% of the snapshots but perform-
ing better than the UBCM only in 32.70% of the snapshots;

at the yearly timescale, the UBCM achieves the smallest
average error (i.e., 0.61 ± 0.57), the fit2SM performing better
than the dcGM in 100.00% of the snapshots but performing
better than the UBCM only in 14.30% of the snapshots.

A related comparison is depicted in the right panel of
Fig. 3, illustrating the distribution—summarized by the violin
plot—of the relative error (λmodel

1 − λobs
1 )/λobs

1 in reproducing
the empirical spectral radius, across snapshots and temporal
aggregations. It is worth noticing that the occasional, superior
performance of the UBCM on the densest snapshots comes
at the cost of taking the entire degree sequence as input;
the fit2SM, on the other hand, solely relies upon two global
parameters, a feature making such a model substantially less
demanding, in terms of informational requirements and nu-
merical complexity.
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FIG. 3. Left panel: distributions of the spectral radius induced by M = 103 configurations sampled from the Chung-Lu model defined by
the topology of the eMID snapshot corresponding to the day 2010-07-19, according to the UBCM (red), the dcGM (yellow), and the fit2SM
(brown). The three models were solved for each of the M = 103, generated configurations and the corresponding ensembles explicitly sampled
in order to obtain an estimation of π1: what we find is that λdcGM

1 < π1 � λfit2SM
1 < λUBCM

1 . In words, while the UBCM overestimates the
spectral radius of the generative model (black, dashed, vertical line) and the dcGM underestimates it, the fit2SM correctly reproduces it. Each
ensemble distribution is well approximated by a Gaussian whose parameters match the corresponding average and standard deviation. Right
panel: violin plots (summarizing the distributions) of the relative error in reproducing the empirical spectral radius λobs

1 , across snapshots and
temporal aggregations. The fit2SM (brown) yields smaller errors than (1) the dcGM (yellow) at all timescales and (2) the UBCM (red) at the
daily and weekly timescales.

C. Reproducing a network structure

A compact indicator of a model’s performance in recon-
structing a network structure is provided by the Bayesian
information criterion (BIC), reading

BIC = c ln V − 2L, (22)

where V = N (N − 1)/2 accounts for the system size, the
number of parameters amounts at c = N for the UBCM, c = 1
for the dcGM, and c = 2 for the fit2SM, and the log-likelihood
reads

L = ln P(A) =
∑

i

∑
j(>i)

[ai j ln pi j + (1 − ai j ) ln(1 − pi j )]

(23)

for all of them, with

pUBCM
i j = xix j

1 + xix j
, (24)

pdcGM
i j = zsis j

1 + zsis j
, (25)

and

pfit2SM
i j = zsis jy

κ
(0)
i +κ

(0)
j

1 + zsis jy
κ

(0)
i +κ

(0)
j

. (26)

Testing the three models above on eMID reveals system-
atic, aggregation-dependent differences. To present the full
batch of results in a compact and directly comparable way,

Fig. 4 illustrates the distributions of

δBICmodel = BICmodel − BICmin

BICmodel
, (27)

where BICmin = minmodel{BICmodel}; while a null value of
such an index identifies the best-performing model on the
considered snapshot, the larger its value, the worse the per-
formance of the corresponding model. As Fig. 4 shows, our
canonical, nonlinear model

steadily outperforms both the dcGM and the (much)
more demanding UBCM at the daily and weekly timescales,
i.e., on sparser configurations (in fact, BICfit2SM < BICdcGM

on 90.76% of daily snapshots and 97.63% of weekly snap-
shots; BICfit2SM < BICUBCM on 99.97% of daily snapshots
and 100.00% of weekly snapshots);

competes with the dcGM at the monthly timescale (in
fact, BICfit2SM < BICdcGM on 64.24% of monthly snapshots
and BICfit2SM < BICUBCM on 33.94% of monthly snapshots
but BICfit2SM < BICdcGM on 100.00% of monthly snapshots
and BICfit2SM < BICUBCM on 97.78% of monthly snapshots
since 2009);

compete with the dcGM at the quarterly timescale during
the last snapshots of our dataset (in fact, BICfit2SM < BICdcGM

on 55.56% of quarterly snapshots but BICfit2SM < BICUBCM

on 11.11% of quarterly snapshots since 2009).
Overall, these findings suggest the presence of a depen-

dency between the performance of the fit2SM and the network
link density, i.e., the sparser the network, the better its perfor-
mance. To test such an hypothesis, let us scatter the index of
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FIG. 4. For each snapshot and aggregation level, we show the violin plots (summarizing the distributions) of the relative error δBICmodel

[defined in Eq. (27)]. Upon remembering that a null value of such an index identifies the best-performing model on the considered snapshot,
let us notice that the score induced by the fit2SM (brown) concentrates near zero—hence such a model dominates over the competing ones—at
finer aggregations, while the UBCM (red) is the winner at coarser aggregations.

relative performance

�BICmodel = BICmodel − BICfit2SM

BICmodel
(28)

versus the relative error in reproducing the total number of
two-stars,

�Smodel = 〈S〉model − 〈S〉fit2SM

〈S〉model
= 〈S〉model − S∗

〈S〉model
(29)

for both the UBCM and the dcGM. As Fig. 5 reveals,
whenever �Smodel is large—typically the case for sparser
configurations—model selection favours the fit2SM.

D. The fit2SM as a generative model

On the basis of the aforementioned results, let us employ
the fit2SM as a generative model and test the accuracy of the
dcGM in recovering the early-warning signals (EWS) shown
in Ref. [8]: To this aim, let us compute the z score reading z =
(μ − λfit2SM

1 )/σ , where μ and σ are the expected value and
standard deviation of the dcGM estimate computed over the

FIG. 5. Left panel: relative improvement of the fit2SM vs the relative error in estimating the number of two-stars with respect to the
UBCM. Right panel: relative improvement of the fit2SM vs the relative error in estimating the number of two-stars with respect to the dcGM.
A trend appear: the larger the error in estimating the total number of two-stars, the more the fit2SM outperforms the other models, an evidence
suggesting that a poorer estimation of the total number of two-stars corresponds to a worse statistical fit of the eMID structure. This effect is
more pronounced for sparser configurations, on which both the UBCM and the dcGM tend to commit larger errors—while the UBCM steadily
overestimates S, the dcGM either overestimate or underestimate it. Each point is a network at a given level of aggregation.
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FIG. 6. Left panel: solid lines represent the z scores reading z = (μ − λfit2SM
1 )/σ , while dashed lines represent the z scores reading z =

(μ − λ1)/σ . In both cases, μ and σ have been calculated via the dcGM. The similarity of the two series of values indicate that the fit2SM
represents a valid generative model (e.g., for early-warning signals detection) in case the true network topology is unavailable. The precrisis
period 2005–2008 and the crisis period 2008–2009 are highlighted by shaded areas. Different colours indicate different timescale: blue-daily,
magenta-weekly, green-monthly, orange-quarterly, red-yearly. Trends have been smoothed via a rolling average over the points [t − 10, t + 10]
for the daily aggregation, over the points [t − 7, t + 7] for the weekly aggregation, over the points [t − 5, t + 5] for the monthly aggregation,
over the points [t − 3, t + 3] for the quarterly aggregation. Right panel: irrespectively from the aggregation level at which eMID is considered,
a relationship like S = aLb seems to hold true, the average parameters reading a � 0.51 and b � 1.58. Each point is a network at a given level
of aggregation.

eMID surrogate generated by the fit2SM. As the left panel of
Fig. 6 shows, the z score induced by the fit2SM closely mirrors
the one evaluated with respect to the true network topology for
all timescale, a result confirming the robustness of the fit2SM
as a reference model for EWS detection. Stated otherwise, in
case the true network topology is not available, the fit2SM
proxies quite effectively the ground truth.

VII. DISCUSSION

After reviewing a number of negative results about the
possibility of defining an ERG constraining both the degree
sequence and the total number of two-stars, we propose a
minimal, canonical model capable of reproducing the variance
of a degree distribution while accounting for the nodes het-
erogeneity: In order to achieve such a goal, a fitness-induced
variant of the 2SM, named fit2SM (i.e., a “softened” nonlinear
ERG whose definition is inspired to its fitness-based, linear
counterpart), has been employed.

Besides achieving a large accuracy in reproducing a net-
work structure at different levels, the fit2SM seems also to
mitigate a problem affecting the dcGM, i.e., that of returning
sampled configurations with too many isolated nodes: In fact,
〈N0

fit2SM〉 < 〈N0
dcGM〉 on 97.63% of daily snapshots, 98.61% of

weekly snapshots, and 67.88% of monthly snapshots; interest-
ingly, 〈N0

fit2SM〉 < 〈N0
UBCM〉 on 58.79% of monthly snapshots

and 38.10% of quarterly snapshots but 〈N0
fit2SM〉 < 〈N0

UBCM〉
on 66.67% of monthly snapshots and 55.56% of quarterly
snapshots since 2009 (see also Appendix F).

A last comment concerns the availability of the information
about the total number of two-stars: this is rarely the case. As
the right panel of Fig. 6 shows, however, it can be deduced

from the one concerning the total number of links: irrespec-
tively from the aggregation level, in fact, a relationshiplike
S = aLb seems to hold true, the average parameters reading
a � 0.51 and b � 1.58 (see also Appendix D). An analogous
relationship holds true for the data concerning the yearly
snapshots of the International Trade Network from 1990 to
2000 [8], the average parameters, now, reading a � 0.44 and
b � 1.61.

Future research will explore nonlinear models enforcing
more complex patterns (e.g., the Strauss one, constraining the
total number of triangles).
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APPENDIX A: DATA DESCRIPTION
AND TEMPORAL AGGREGATIONS

We employ transaction-level records from the eMID), a
screen-based market for unsecured deposits [8,37,38], re-
stricting the analysis to the segment that represents the vast
majority of the activity on such a market, i.e., the overnight
one. Our sample spans trading days from January 1999 to
September 2012: each trading day d defines a weighted,
directed matrix V(d ) whose entry vi j (d ) equals the total no-
tional amount lent by bank i to bank j on day d; naturally,
vii(d ) = 0.

Throughout the paper, the labels “daily’, “weekly,’,
‘monthly’, ‘quarterly’ and ‘yearly” refer to calendar aggre-
gations of daily records: more specifically, “weekly” refers
to ISO calendar weeks (Monday to Sunday), “monthly” to
calendar months, “quarterly” to standard quarters (Q1: Jan-
Mar; Q2: Apr-Jun; Q3: Jul-Sep; Q4: Oct-Dec), and “yearly”
to calendar years. Importantly, trading on eMID only occurs
on business days, so that weekends and bank holidays do
not contribute to observations: consequently, the number of
trading days within a given calendar window is not constant
across windows of the same kind; in practice, we aggregate
over the set of trading days that are present in the raw records
during a specific window. Let �t denote the set of trading days
belonging to the calendar window indexed by t (week, month,
quarter, or year). We, thus, aggregate weights according to

v�
i j (t ) =

∑
d∈�t

vi j (d ); (A1)

as a last observation, let us stress that, for each window, we
restrict the set of nodes to the banks that are active within that
window, i.e., that are involved in at least one transaction dur-
ing �t : the number of nodes, thus, becomes a time-dependent
quantity.

Since the empirical records are weighted and directed, we
construct an undirected exposure matrix by symmetrizing the
aggregated weights as

w�
i j (t ) = v�

i j (t ) + v�
ji (t ), i �= j, (A2)

and define the corresponding binary adjacency matrix as

a�
i j (t ) = 1

{
w�

i j (t ) > 0
}
, i �= j (A3)

with a�
ii (t ) = 0. Naturally, we compute the node strengths

from the underlying, symmetrized weights as

s�
i (t ) =

∑
j( �=i)

w�
i j (t ), (A4)

and use them as the exogenous fitnesses informing both the
dcGM and the fit2SM.

APPENDIX B: FROM LINEAR HAMILTONIANS
TO SEPARABLE HAMILTONIANS

To ease the mathematical manipulations, let us focus on
binary, undirected networks. Linear ERGs are described by
Hamiltonians reading

H (A) =
∑

i

∑
j(>i)

Hi j (ai j ) =
∑

i

∑
j(>i)

θi jai j, (B1)

hence inducing models that can be factorized as

P(A) =
∏

i

∏
j(>i)

p
ai j

i j (1 − pi j )
1−ai j , (B2)

with

pi j = e−θi j

1 + e−θi j
= xi j

1 + xi j
.

The related ensembles are easy to sample since ai j ∼
Ber[pi j] and ai j ⊥⊥ akl , with (i, j) �= (k, l ). Separable Hamil-
tonians, instead, read

H (A) =
∑

i

∑
j(>i)

Hi j (A) =
∑

i

∑
j(>i)

ai j × fi j (A, θi j ), (B3)

hence inducing models that can be factorized as well as

P(A) =
∏

i

∏
j(>i)

p
ai j

i j (1 − pi j )
1−ai j , (B4)

but with

pi j = e− fi j (P,θi j )

1 + e− fi j (P,θi j )
, (B5)

where P = 〈A〉. The mean-field approximation consists pre-
cisely in replacing A with P in fi j in Eq. (B3).

APPENDIX C: THE TWO-STAR MODEL
AND ITS DEGREE-CORRECTED VERSION

Let us provide a concrete example of the mean-field ap-
proximation above, by considering the so-called two-star
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model (2SM). It is defined by

H2SM(A) = θL + ψS

= θL + ψ
∑

i

∑
l (>i)

Vil

= θL + ψ
∑

i

∑
l (>i)

∑
j

ai ja jl

= θL + ψ

2

∑
i

∑
l ( �=i)

∑
j

ai ja jl

= θL + ψ

2

∑
j

∑
i

∑
l ( �=i)

ai ja jl

= θL + ψ

2

∑
j

∑
i

[∑
l

ai ja jl − a ji

]

= θL + ψ

2

⎡
⎣∑

i

∑
j

∑
l

ai ja jl −
∑

j

k j

⎤
⎦

= θL + ψ

2

⎡
⎣∑

i

∑
j

ai jk j −
∑

j

k j

⎤
⎦

= θL + ψ

2

⎡
⎣∑

i

∑
j(>i)

(ai jk j + a jiki ) −
∑

j

k j

⎤
⎦

= θL + ψ

2

⎡
⎣∑

i

∑
j(>i)

ai j (ki + k j ) −
∑

j

k j

⎤
⎦

= θL + ψ

2

⎡
⎣∑

i

∑
j(>i)

ai j (ki + k j )

⎤
⎦ − ψ

2

∑
j

k j

= θL + ψ

2

⎡
⎣∑

i

∑
j(>i)

ai j (ki + k j )

⎤
⎦ − ψL

= (θ − ψ )L + ψ

2

⎡
⎣∑

i

∑
j(>i)

ai j (ki + k j )

⎤
⎦, (C1)

upon renaming θ − ψ as α and ψ/2 as β, one finds

H2SM(A) = αL + β

⎡
⎣∑

i

∑
j(>i)

ai j (ki + k j )

⎤
⎦

= α
∑

i

∑
j(>i)

ai j + β

⎡
⎣∑

i

∑
j(>i)

ai j (ki + k j )

⎤
⎦

=
∑

i

∑
j(>i)

ai j[α + β(ki + k j )], (C2)

and identifying fi j with α + β(ki + k j ) leads to

p2SM
i j = e−α−β(ki+k j )

1 + e−α−β(ki+k j )
= xyki+k j

1 + xyki+k j
. (C3)

Since the information about the degrees is not supposed to
be available, consistency requires that

p = xy2(N−1)p

1 + xy2(N−1)p
, (C4)

in case the information about the degrees is, instead, available,
the Hamiltonian becomes

Hdc2SM(A) =
∑

i

θiki + ψS (C5)

and induces the expression

pdc2SM
i j = e−(αi+α j )−β(ki+k j )

1 + e−(αi+α j )−β(ki+k j )
= xix jyki+k j

1 + xix jyki+k j
. (C6)

Let us now consider that∑
i

(〈ki〉
2

)
= 1

2

∑
i

[〈ki〉2 − 〈ki〉]

= 1

2

∑
i

[〈
k2

i

〉 − Var[ki] − 〈ki〉
]

= 〈S〉 − 1

2

∑
i

Var[ki]. (C7)

As a consequence, the expected number of two-stars reads

〈S〉 =
∑

i

(〈ki〉
2

)
+ 1

2

∑
i

Var[ki]. (C8)

Since S = ∑
i

(ki

2

)
, requiring 〈ki〉 = ki leads one to obtain

〈S〉 =
∑

i

(
ki

2

)
+ 1

2

∑
i

Var[ki] = S + 1

2

∑
i

Var[ki] � S,

(C9)

the equivalence holding true in case Var[ki] = 0, ∀ i (i.e.,
either in the microcanonical case or in the canonical, deter-
ministic case). If, instead, the following relationship holds
true: ∑

i

(〈ki〉
2

)
<

∑
i

(
ki

2

)
, (C10)

one finds that

〈S〉 =
∑

i

(〈ki〉
2

)
+ 1

2

∑
i

Var[ki]

<
∑

i

(
ki

2

)
+ 1

2

∑
i

Var[ki] = S + 1

2

∑
i

Var[ki],

(C11)

i.e.,

〈S〉 < S + 1

2

∑
i

Var[ki], (C12)

or, even more explicitly,

〈S〉 − S <
1

2

∑
i

Var[ki]. (C13)

In order for Eq. (C10) to hold true, the condition 〈ki〉 < ki

must be verified for at least one node: In other words, repro-
ducing S requires at least one degree to be underestimated.
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TABLE I. Performance of the fixed-point algorithm to solve the systems of equations defining the fit2SM on several snapshots of eMID
(N is the total number of nodes, L is the total number of links, and S is the total number of two-stars).

N L 〈L〉 MREL S 〈S〉 MRES Time (s)

eMID 1999—full year 215 9770 9770 9.08 × 10−11 1168 583 1168 583 4.95 × 10−11 5.69
eMID 1999—2nd quarter 200 6536 6536 3.43 × 10−10 598 078 598 078 1.42 × 10−10 2.23
eMID 1999—5th month 194 4153 4153 7.55 × 10−10 271 858 271 858 1.96 × 10−10 0.65
eMID 1999—15th week 191 1920 1920 1.42 × 10−09 67 109 67 109 9.85 × 10−11 0.41
eMID 1999—160th day 174 629 629 7.78 × 10−10 10 537 10 537 4.57 × 10−11 0.16
eMID 2004—full year 175 4327 4327 2.41 × 10−10 325 442 325 442 1.17 × 10−10 4.63
eMID 2004—2nd quarter 163 2948 2948 5.22 × 10−10 170 352 170 352 1.99 × 10−10 0.79
eMID 2004—5th month 152 1995 1995 1.01 × 10−09 85 170 85 170 1.85 × 10−10 0.36
eMID 2004—15th week 135 925 925 1.70 × 10−09 21 199 21 199 9.68 × 10−11 0.15
eMID 2004—160th day 120 407 407 1.85 × 10−09 5014 5014 4.82 × 10−10 0.10
eMID 2012—full year 97 1421 1421 5.85 × 10−10 57 671 57 671 1.56 × 10−10 0.41
eMID 2012—2nd quarter 85 912 912 5.70 × 10−10 27 417 27 417 5.62 × 10−11 0.19
eMID 2012—5th month 82 545 545 6.58 × 10−10 10 474 10 474 9.89 × 10−11 0.12
eMID 2012—15th week 66 238 238 1.14 × 10−09 2859 2859 1.28 × 10−10 0.07
eMID 2012—160th day 54 103 103 2.36 × 10−09 531 531 8.16 × 10−10 0.02

APPENDIX D: THE FITNESS-INDUCED TWO-STAR
MODEL AND ITS NUMERICAL RESOLUTION

In order to solve the system of equations defining the
fit2SM, an appropriate vector of initial conditions needs to be
chosen. In order to solve the dcGM, we have chosen z0 = 1;
in order to solve the fit2SM, we have chosen κ

(0)
i = κdcGM

i ,
z0 = zdcGM, and y0 = 1. As a stopping criterium, we have
adopted a condition on the infinite norm of the vector of dif-
ferences between the values of the parameters at subsequent
iterations, i.e., max{|�z|, |�y|} < 10−12. The accuracy of our
method in estimating the constraints has been evaluated by
computing the maximum relative errors defined as MREL =
|L∗ − 〈L〉|/L∗ and MRES = |S∗ − 〈S〉|/S∗. Table I shows the
time employed by our algorithm to converge as well as its
accuracy in reproducing the constraints defining it. Overall,
our method is fast and accurate: the numerical errors never
exceed O(10−1) and the time employed to achieve such an
accuracy is always less than a minute.

A natural question arises, i.e., does employing the
“single-iteration” solution lead to significantly different re-
sults? To answer this question, we have compared the
“single-iteration” (si) solutions with the self-consistent (sc)
ones by calculating the maximum relative error concern-
ing the average BIC values for each timescale: one finds
that |BICsc − BICsi|/BICsc = 0.0016 at the daily timescale,
|BICsc − BICsi|/BICsc = 0.0011 at the weekly timescale,
|BICsc − BICsi|/BICsc = 0.0003 at the monthly timescale,
|BICsc − BICsi|/BICsc = 0.0008 at the quarterly timescale,
and |BICsc − BICsi|/BICsc = 0.0008 at the yearly timescale
(see also Fig. 7).

Let us now discuss an alternative way of determining the
parameters of the fit2SM. First, let us write the log-likelihood
as

Lfit2SM =
∑

i

∑
j(>i)

[ai j ln(zsis jy
κi+κ j ) − ln(1 + zsis jy

κi+κ j )]

(D1)

and, then, maximize it with respect to z and y. Upon doing so,
we derive the two nonlinear coupled equations reading

L∗ =
∑

i

∑
j(>i)

pfit2SM
i j = 〈L〉 (D2)

and

τ ∗ =
∑

i

∑
j(>i)

ai j (κi + κ j ) =
∑

i

∑
j(>i)

pfit2SM
i j (κi + κ j ) = 〈τ 〉;

(D3)

given that

S = 1

2

∑
i

∑
j(>i)

ai j (ki + k j ) − L = T

2
− L, (D4)

reproducing L and (a proxy of) T amounts at reproducing
L and (a proxy of) S. Since, however, we are interested in
reproducing the empirical value of S, we have adopted the
so-called method of moments, imposing 〈S〉 = S∗ in a (more)
direct fashion.

In case the total number of two-stars were not di-
rectly accessible, one could exploit the relationship be-
tween L and S, replacing S∗ with the value S = aLb.
For what concerns eMID, the fitted values read adaily �
0.36, bdaily � 1.59; aweekly � 0.36, bweekly � 1.61; amonthly �
0.47, bmonthly � 1.59; aquarterly � 0.67, bquarterly = 1.56; and
ayearly � 0.69, byearly = 1.56.

APPENDIX E: SPECTRAL RADIUS

We now assess the ability of the considered models to
reproduce the empirical value of a network spectral radius: To
this aim, we pose ourselves within the controlled framework
described in the main text.

Figure 8 shows the distribution of the spectral radius
induced by the M = 103 configurations sampled from the
Chung-Lu model calibrated on the eMID snapshot corre-
sponding to the day 2010-07-19, the average 〈λ1〉 � 9.36
being remarkably close to π1 � k2/k = 9.35. Besides, we
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FIG. 7. Comparison between the “single-iteration” solutions and the self-consistent ones for all the years of our dataset, at each timescale.

scatter the estimation of λ1 obtained from each of the M =
103, sampled configurations versus the corresponding empiri-
cal value: while the dcGM generally underestimates the latter,

the UBCM overestimates it, as a consequence of its tendency
to overestimate the variance of the degree distribution; the
fit2SM, instead, displays the most accurate results.

FIG. 8. Top panel: distribution of the spectral radius induced by M = 103 configurations sampled from the Chung-Lu model defined by
the topology of the eMID snapshot corresponding to the day 2010-07-19. Bottom panels: estimations of λ1, obtained from each of the M,
sampled configurations, scattered vs the corresponding empirical values, for the UBCM (red), the dcGM (yellow), and the fit2SM (brown).
Vertical bars indicate the standard deviation accompanying the estimation carried out on the specific configuration. While the dcGM generally
underestimates the spectral radius of the generative model and the UBCM overestimates it, the fit2SM captures it quite accurately.

013141-12



REPRODUCING THE FIRST AND SECOND MOMENT OF … PHYSICAL REVIEW RESEARCH 8, 013141 (2026)

FIG. 9. Comparison between the ensemble averages of the total number of isolated nodes with their analytical counterparts for the weekly,
monthly, quarterly, and yearly aggregation levels in 1999 (left) and 2012 (right): overall, the estimations provided by the UBCM (red),
the dcGM (yellow), and the fit2SM (brown) are very accurate for each timescale. The quarter, month, week, and day shown for each year
correspond to those reported in Table I.

APPENDIX F: PROBABILITY OF OBSERVING AT LEAST
ONE ISOLATED NODE AND EXPECTED NUMBER

OF ISOLATED NODES

Let us consider a sparse network. As such, dyads are inde-
pendent and node i is isolated with probability

q0
i = P(ki = 0) =

∏
j( �=i)

(1 − pi j ) �
∏
j( �=i)

e−pi j = e−〈ki〉;

(F1)

as a consequence, no node is isolated with probability

q• =
∏

i

(
1 − q0

i

) =
∏

i

[
1 −

∏
j( �=i)

(1 − pi j )

]

�
∏

i

[
1 −

∏
j( �=i)

e−pi j

]
=

∏
i

[1 − e−〈ki〉] (F2)

and at least one node is isolated with probability

q0 = 1 − q• = 1 −
∏

i

(
1 − q0

i

) = 1 −
∏

i

⎡
⎣1 −

∏
j( �=i)

(1 − pi j )

⎤
⎦

� 1 −
∏

i

⎡
⎣1 −

∏
j( �=i)

e−pi j

⎤
⎦

= 1 −
∏

i

[1 − e−〈ki〉]. (F3)

Let us now compare

q0
UBCM = 1 −

∏
i

[1 − e−ki ] and 〈N〉0
UBCM =

∑
i

q0
i =

∑
i

e−〈ki〉UBCM (F4)

with

q0
dcGM = 1 −

∏
i

[1 − e−〈ki〉dcGM ] and 〈N〉0
dcGM =

∑
i

q0
i =

∑
i

e−〈ki〉dcGM (F5)

and with

q0
fit2SM = 1 −

∏
i

[1 − e−〈ki〉fit2SM ] and 〈N〉0
fit2SM =

∑
i

q0
i =

∑
i

e−〈ki〉fit2SM (F6)

across our temporal snapshots. Figure 9 compares the en-
semble averages of the total number of isolated nodes with
their analytical counterparts for the weekly, monthly, quar-

terly, and yearly aggregation levels in 1999 and 2012: Overall,
the estimations provided above are very accurate at each
timescale. Figure 10, instead, compares the performances of
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FIG. 10. Analysis of eMID at (from top-left to bottom-right) the daily, weekly, monthly, quarterly, and yearly timescales. According to the
expected number of isolated nodes, the fit2SM outperforms the dcGM at the daily and weekly timescales and compete with the dcGM and the
UBCM at the monthly and quarterly timescales. Trends have been smoothed via a rolling average over the points [t − 10, t + 10] for the daily
aggregation, [t − 7, t + 7] for the weekly aggregation, [t − 5, t + 5] for the monthly aggregation, [t − 3, t + 3] for the quarterly aggregation.

the UBCM, the dcGM, and the fit2SM in “producing” config-
urations being characterized by a certain number of isolated
nodes: as we have already observed, the sparser the config-
uration, the better the performance of the fit2SM—in these

cases, the fit2SM outperforms the dcGM and compete with
the UBCM on at least a portion of the dataset, by allowing
a smaller number of isolated nodes to appear on sampled
configurations.
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