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Fundamental tests of quantum mechanics, such as the generation of non-classical states and tests of wave-
function collapse models, are performed on increasingly larger size and mass scales. Highly coherent mechan-
ical resonators, which also prove invaluable in ultrasensitive microscopy methods, are essential tools towards
these efforts. Studying these resonators in a thermal equilibrium state at millikelvin temperatures provides a
promising path to increase their coherence time. Here, we passively cool a 700 Hz massive (1.5 ng) mechani-
cal cantilever down to 6.1(4)mK by means of nuclear demagnetization, as confirmed by detecting its thermal
motion via a lock-in based detection scheme. At the lowest temperatures the thermal motion of the resonator
is still clearly distinguishable from the background noise. Our data analysis confirms that at these tempera-
tures the motion is still thermally distributed. These results pave the way for passive cooling low-frequency
resonators to the sub-milllikelvin regime, which would enable new tests of quantum mechanics and advances

in ultrasensitive force detection.

The quantum-to-classical boundary addresses fundamen-
tal questions concerning wavefunction collapse [1, 2] and the
interaction between quantum mechanics and gravity [3-5].
Despite of significant efforts, in terms of mass, there is cur-
rently still a large discrepancy between the largest object that
was brought in a spatial superposition [6, 7] and the small-
est objects that served as a source of gravity [8, 9]. Essential
tools towards closing this quantum-to-classical gap are me-
chanical resonators with favorable properties, such as high
Q-factors [10, 11], low force noise [12-14] and good displace-
ment sensitivity [15, 16]. These properties tend to improve at
lower resonator temperature and consequently experiments
are generally carried out at cryogenic temperatures [17].

To reach such low temperatures, both active and passive
forms of cooling are being explored. Active cooling requires
continuous driving of a mode, such as feedback cooling [18]
or sideband cooling [19], and has been employed to cool me-
chanical resonators in a wide range of frequencies into their
ground state [11, 20-22]. However, active cooling does not
improve the force noise of the ground state because it does
not lower the temperature of the environment. Moreover, it
is undesirable in experiments probing quantum systems, as it
disturbs a system from mechanical equilibrium via the exter-
nal drive. On the contrary, passive cooling leaves a mechani-
cal system in thermal equilibrium, once cold. It was first used
to cool GHz systems to their ground state at the operation
temperature of a dilution refrigerator [23]. A widely-applied
form of passive cooling is nuclear demagnetization, which
has been used to cool microelectronics below 1 mK [24, 25],
and was recently employed to cool a 15 MHz device into its
motional ground state [26].

However, bringing sub-kHz mechanical probes to sub-
mK temperatures while leaving them in thermal equilib-
rium remains a formidable challenge [27]. If achieved, it
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has the potential to improve the Q-factor of highly-coherent
mechanical resonators by mitigating mechanical loss chan-
nels [28, 29]. Mechanical sensors with a high Q-factor and
low-force noise find application in the aforementioned ex-
periments on the quantum-to-classical boundary and in ul-
trasensitive detection, including extreme mass sensing [8, 9]
and acceleration detection [30]. Additionally, they prove an
essential tool to test models of wave function collapse, such
as Diosi-Penrose models and Continuous Spontaneous Local-
ization (CSL) [31-33].

In this work, we apply nuclear demagnetization to cool a
1.5 ng mechanical resonator to 6.1(4) mK. By introducing a
lock-in detection scheme that tracks the resonator energy,
we are able to verify the thermal equilibrium nature of its
state through the direct observation of Boltzmann energy
statistics. To our knowledge, this is the first observation of
the equilibrium motion of a massive mechanical resonator
in the Hz- to kHz-regime below the 20 mK base temperature
of conventional dilution refrigerators.

A. Experimental setup

The experimental setup used in this work was originally
designed for magnetic resonance force microscopy (MRFM)
at low temperatures (see Fig. 1). A soft silicon cantilever [34]
with a magnetic tip (Nd,Fe 4B sphere, 7.3 ym diameter) is
suspended above a pickup loop in a pulse tube cryogen-free
dilution refrigerator (Leiden Cryogenics CF-1200). To mini-
mize mechanical vibrations, the experiment is mounted on a
mass-spring suspension system hanging inside the dilution
refrigerator. The cantilever exhibits a resonance frequenc%f
wo ~ 2w x 7T00Hz and a spring constant of 26 uNm™
Magnetic flux induced in the pickup loop generates a
current in a SQUID input coil of a two-stage readout SQUID
(Magnicon NC-1 Integrated Two-Stage Current Sensor), and
hence a voltage signal. Precise positioning of the cantilever
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FIG. 1. Schematic illustration of the setup used for this work. A thermally isolated silver wire is linked to the nuclear demagnetization stage
and connects different parts of the experiment, notably the cantilever, detection chip and input transformer to a temperature below the base
temperature of the dilution refrigerator at 20mK. The lower right corner of the schematic shows the circuit that is used for the detection and
calibration of the cantilever motion. The position inside the dilution refrigerator of different parts is indicated. In the center part the MFFT
is illustrated inside its lead shielding (purple). The lower part shows the cantilever suspended above the detection circuit.

is achieved using a piezomotor system comprising three
independently controllable spindles actuated by slip-stick
piezomotors. Oscillations of the cantilever can be driven
electrically through a dither piezo that excites the cantilever
base. The amplitude of the cantilever oscillations can be
calibrated through a calibration coil which excites the
cantilever magnetically, and which is located between the
pickup loop and the readout SQUID input coil. The cantilever
frequency varies at different positions due to local forces
acting on the cantilever. The local forces cause a change in
the effective stiffness k., which causes variations in the
effective resonance frequency we .

To achieve cooling of the cantilever below the base tem-
perature of the dilution refrigerator (~ 20mK), we ther-
mally anchor both the cantilever and the detection chip to a
PrNis nuclear demagnetization stage using a silver wire (con-
trary to previous work where only the cantilever was con-
nected [29]). Crucially,the silver strip is routed along the
mass-spring system using thermally isolating clamps, so that
it is mechanically, but not thermally, connected to each mass.
This allows the wire to reach sub-millikelvin temperatures
(the mass-spring system is thermalized at ~ 20 mK), while
retaining optimal vibration isolation [29]. Thermal isolation
between the detection chip and the sample holder is achieved
by placing the detection chip on top of a machined Macor®
plate.

In order to accurately determine the temperature of
the environment, three thermometers are connected to
the silver wire. We use two fast and accurate resistance
thermometers for temperatures between 15mK and 1K,
and a magnetic flux fluctuation thermometer (MFFT) for
lower temperatures, which induces minimal heat dissipation
[35]. The MFFT consists of a gradiometric coil wound
around the silver wire that picks up magnetic fluctuations
induced by Johnson-Nyquist noise, which is measured using
a second Magnicon SQUID [29]. Details on the thermometer
calibration procedure can be found in the supplementary
material [36].

We directly infer the cantilever temperature by detecting
its thermal motion through the AC magnetic flux signal

induced in the SQUID pickup loop [37]. This measurement
of the cantilever motion is minimally invasive, with added
dissipation in principle only limited by the coupling between
the cantilever and the detector. We measure the flux-to-
voltage conversion parameter s by driving the cantilever
with an oscillating test flux generated by a calibration coil
(see Fig. 1) and measuring the resulting flux through the
pickup coil [29]. Note that here we only consider magnetic
interactions, neglecting possible electrostatic contributions
(e.g. due to residual charges on the cantilever tip). A detailed
discussion on the calibration procedure can be found in the
supplementary material [36].

This work presents experiments in two different cooldown
cycles of the dilution refrigerator, for which the respective
measurement parameters are presented in table I. In each
cycle, we start by varying the coupling between the detec-
tion circuit and the cantilever before turning on the nuclear
demagnetization. The resulting conversion parameters x are
given in appendix E. In both cooldown cycles, the cantilever
is more than 10 ym away from the surface of the detection
chip while measuring.

B. Determination of the Cantilever Temperature through
its Thermal Motion

To extract the cantilever temperature, we introduce a lock-
in-based detection scheme that enables real-time tracking of
the cantilever energy (here executed in post-processing, see
supplementary material [36] for details on the analysis). Such
an energy time trace facilitates immediate insight into the
resonator thermodynamics (see Fig. 2b) which we use here
to verify the thermally limited nature of its motion (Fig. 2c).
This method offers a clear and intuitive way to analyze the
cantilever signal, and can be considered complementary to
frequency domain methods [29].

The thermal motion of the cantilever is given by
(z)® = kpT/k, where (z)” is the time-averaged amplitude
of the cantilever displacement, and % is the cantilever
stiffness (by invoking the equipartition theorem [38]). The
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FIG. 2. The cantilever temperature is determined from the readout SQUID signal after post-processing. (a) The resonance frequency of the
cantilever is visible as a peak in the amplitude spectral density when the cantilever thermal motion exceeds the (white) detection noise. (b)
A digital lock-in amplifier is used at this resonance frequency on the SQUID time signal to obtain the cantilever amplitude as a function of
time. (c) After plotting the energy in a histogram, the cantilever temperature is obtained from the mean energy and crosschecked through
the slope of the energy distribution. The red shaded area indicates one standard deviation in the number of counts per bin.

cantilever frequency can vary due to local forces, such as
Meissner repulsion induced by the superconducting struc-
tures of the readout circuit or due to magnetic interactions
with surface spins [29, 39]. We measure the effective reso-
nance frequency weg by exciting the cantilever magnetically
through the calibration coil or mechanically through the
piezo and fitting a Lorentzian to the Fourier transform of the
SQUID signal (10 minutes of integrated signal is shown in
Fig. 2 a).

The (digital) lock-in amplifier is applied to the measured
time signal from the readout SQUID at resonance frequency
wesr- We set the lock-in bandwidth to 1 Hz, approximately
two times the bandwidth over which the thermal motion of
the resonator stands out above the detection noise (see Fig.
2a). The correlation time of the cantilever is 7 = 2%, which
determines the timescale at which its energy decays. A value
for can be determined by sweeping cantilever excitations
around the resonance frequency. Typically we find 7 =~ 7s.
Hence, two hours of data, as presented in figure 2b, contains
about 1028 independent measurements of the cantilever
energy, from which we infer the cantilever temperature by
taking the mean. To verify the thermal nature of the data,
we compare a histogram to the Boltzmann distribution,

which scales as: ~ exp (k}%) (Fig. 2c). A cutoft is visible

(i.e. the number of counts drops abruptly from 25 to zero) at
high energy, because the sample rate of the lock-in is much
faster than the rate at which the cantilever energy varies,
determined by 7.

To crosscheck the temperature, we define an expression for
the standard deviation dn of the distribution. Given the num-
ber of independent measurements in a bin is equal to ¢, /7,
with ¢y, the bin duration, we expect the relative variation to

be:

o L m
Tbin \/tbm/T7

for a bin that contains ny;, counts. 95% of the data
are expected to fall within an interval of +2 dn around
Boltzmann distribution, which is confirmed by our analysis
(see Fig. 2c). By fitting the slope of the distribution we
extract a cantilever temperature of 10.3(2)mK (where the
value between brackets denotes the uncertainty on the last
digit).

C. Thermal Motion below 10 mK

The results in this work concern a comparison between
two independent datasets of the cantilever temperature.
These datasets are used to discuss the factors that cause
saturation of the cantilever temperature and factors that
cause offsets in the calibration procedure for the cantilever
amplitude.

Each dataset consists of a measurement of thermal fluctu-
ations of the cantilever when changing the current through
the nuclear demagnetization coil. The field of the nuclear
demagnetization coil is first ramped up to 2'T. The energy
released during this process is thermalized to the dilution
refrigerator through a aluminium heat conductance switch.
After the field has reached 2T and the demagnetization
stage has thermalized, the heat conductance switch is
flipped to minimize thermal conductivity. Then the field is
reduced stepwise, providing cooling power to the silver wire
through the demagnetization of the PrNis. At the lowest
magnetic field, the cantilever and detection chip are allowed



to thermalize for at least 12 hours, while the amplitude of
the cantilever resonance is being monitored and the MFFT
acquires temperature data. When no further decrease in
the measured cantilever PSD is observed, we ramp up the
current through the nuclear demagnetization in a stepwise
fashion, while monitoring the cantilever amplitude. After
each step, we wait for the MFFT temperature to reach a
stable value after which two hours of data are acquired.

The thermal motion measured in dataset A is plotted
as a PSD in figure 3a to be able to observe a decrease in
amplitude at lower temperatures. The final temperature
is extracted from the corresponding histograms, which
can be found in appendix F. During all measurements,
the thermal fluctuations of the cantilever can clearly be
distinguished from the background detection noise. The
measured thermal fluctuations of the cantilever, plotted as
a cantilever temperature Teantilevers are plotted against the
MFFT temperature Typpr in figure 3b. Horizontal error bars
indicate the standard deviation of the temperature measure-
ments from different spectra throughout this time interval.
If the cantilever is in thermal equilibrium, its temperature
is expected to fluctuate around an average value Tavg. The
standard deviation of these fluctuations over a time interval
tmeas 1S described using AT = /7/ tmeasTan around the
average temperature.

TABLE I. Parameters of the two different measurement runs. Tgnal
is the lowest temperature measured through the cantilever ther-
mal motion during a run, Tmrrr the lowest temperature measured
through the MFFT.

Run|Frequency (Hz)[Q () % (m/V) Tinal (mK) | Tverr (mK)
A [746.6 13200 (100)[9.6(6) - 10 °[6.1(4) 3.4(4)
B [669.7 15400 (400)[1.9(2) - 10 ° |7.7(4) 3.1(2)
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FIG. 3. Temperature determined from the cantilever thermal mo-
tion versus bath temperature. (a) shows the thermal motion as ob-
served in the power spectral density during measurement run A at
various magnetic fields in the nuclear demagnetization stage. In
(b) the cantilever temperature Teantitever is plotted against the MFFT
temperature Tyrrr during run A and B. The dashed lines indicate
Teantilever = ¢Tvrrr corresponding to run A and B. The black dashed
line indicates ¢ = 1.

Throughout both datasets, we observe that T ,nilever >

Tyrrr to within the uncertainty of Tiyntilever- At the lowest
temperatures, Teantilever 1S Saturated and does not decrease
further, at a saturation temperature of 6.1(4) mK and
7.7(4) mK for run A and B, respectively. Even at the lowest
temperatures, the cantilever motion is still following a
Boltzmann distribution, hinting at a thermally distributed
origin of the saturation.

To quantify the deviation between Tiuntilever and Tpprr,
we fit Teantitever = CInmprr for the data with Typrr > 8 mK.
For the data in run A, the value for ¢ = 1.08(4), close to
1, which is expected when the cantilever and MFFT are
well thermalized to each other. However in run B, c is
equal to 1.35(4). As no changes were made to the silver
wire or cantilever between datasets A and B, we suspect the
deviation in cis the result of inaccuracies in the displacement
calibration of the cantilever. A possible origin is the presence
of electrostatic forces driving the cantilever. The calibration
only takes into account forces due to generated magnetic
fields. However, if there are any residual charges on the
cantilever tip, electrostatic forces can act as an additional
drive of unknown sign on the cantilever due to parasitic
capacitances. Appendix G discusses potential inaccuracies in
the displacement calibration in more depth. If the calibration
in run B was lower such that ¢ = 1, it would result in a
saturation temperature around 6 mK, similar to dataset A.

We deem it unlikely that the saturation of the cantilever
temperature around 6 mK is due to external vibrations.
Vibrations would result in day-night variations of the
cantilever temperature. We do not observe such varia-
tions, as is visible in appendix E. We fit the functional

Teantilever = (Tiepr + T({L)l/ " to the data of run A. The
free parameters are the saturation temperature Ty and
coefficient n. The value of n can be used to determine the
limiting thermal resistance [40, 41]. This yields n = 4(2) and
To = 6(1)mK. This is consistent with a thermal resistance
coupled in through the detection chip. A hypothesis is
heating due to the thermal dissipation of the DC bias voltage
in the SQUID detection circuit.

D. Discussion

Through the use of nuclear demagnetization in combi-
nation with a vibration isolation system, we demonstrated
passive cooling of a nanomechanical cantilever to temper-
atures below 10 mK, measuring its equilibrium motion at
temperatures down to 6.1(4)mK. This result constitutes an
important step towards future tests of quantum mechanics.
Among these tests are experiments that focus on generation
of large non-classical states [42] and experiments that
impose bounds on wavefunction collapse models such as
CSL [31].

The success of these experiments is dependent on the
force noise of the cantilever for which we can make an



estimate using the method of Stowe et al. [17]. Our current
cantilever has a resonance frequency of approximately
27 - 700 Hz, effective mass is meg ~ 1.5ng and @ ~ 14000.
At 6.1 mK this yields v/Sr ~ 3.9 x 10~ N/v/Hz. This is
on the same order as the best efforts to optimize force noise
in the low-kHz regime [43, 44] and two orders of magnitude
higher than the state of the art for clamped mechanical
resonators [16, 45].

This figure can be improved by a number of changes to
the experiment. The experiments performed by van Heck
et al, were carried out with the exact same cantilever,
which then had @@ =~ 40000. It is unclear what caused
the deterioration of its Q-factor. A higher Q-factor can be
achieved by switching to nanoladder cantilevers [13]. By
combining () ~ 40000 with a cantilever temperature of
0.5 mK we can potentially achieve 6.8 x 10729 N /v/Hz.

There are two issues to overcome in order to cool a
cantilever down to 0.5 mK. Firstly, one has to remove any
mechanisms that currently cause saturation of the cantilever
temperature. Potential origins are heating caused by the
SQUID detection circuit and free electron spins on the
detection chip that are excited by spurious magnetic field
fluctuations. Secondly, one can improve the techniques to
lower the demagnetization temperature by either increasing
the cooling power of the experiment or by reducing the heat
input through conduction or mechanical vibrations. This is
possible through a second nuclear demagnetization system,
utilizing nuclear spins in copper, that is precooled using the
existing nuclear demagnetization coil.

Finally, for future experiments, it is important to reduce
uncertainty in the calibration procedure. This requires a way
to mitigate the effect of parasitic capacitances throughout
the magnetic calibration or by reducing any remaining
charges on the cantilever, making it less susceptible to the
electrostatic driving force.
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Appendix A: Description of the Experimental Setup

The experimental setup used in this work is described
in section A. This section provides more detail on thermal
isolation of the mass-spring system and sample holder.

In figure 4 the mass-spring system and the silver wire are
shown. To selectively cool the cantilever and the sample
chip, the silver wire is routed along a mass-spring system
in a manner that does not compromise our mechanical
vibration isolation. Specifically, this means that the silver
wire is mechanically, but not thermally, connected to every
mass of the mass-spring system The silver wire is connected
through LEGO® bricks as these have been shown to have a
low thermal conductance at milliKelvin temperatures [46].

Positioning Piezo Motor

FIG. 4. The experimental setup used during the experiments pre-
sented in this work. The MFFT is visible in the lower right part. The
lowest part of the setup contains the piezo motors and cantilever.
The silver wire can be seen on the right of the image, it is thermally
isolated from the mass-spring system by using LEGO® bricks.

Thermal isolation between the detection chip and the
sample holder is achieved by placing the detection chip on
top of a machined Macor® plate (dimensions h X w x [ =
1 x 20 x 20 mm). Macor® has low thermal conductivity at
low temperatures (at < 100 mK) x < lqu71K71 [47]).
The pickup loop chip is glued inside a 500 ym deep indent
on the top side of the Macor® plate. The bottom of the
Macor® plate contains a 125 ym deep round well to lengthen
the thermal path from detection chip to the rest of the
sample holder. The secondary side of the transformer chip is



wirebonded to bulk niobium blocks with screw terminals in
which the ends of a 35 cm superconducting twisted wire is
clamped. The other side of the twisted wire is connected to
the detection SQUID that is placed outside the sample holder
to prevent the feedback current of the SQUID from affecting
the cantilever.

e Flattened Silver Wire

Macor®Plate

Detection Chip

Niobium Clamps
Y

FIG. 5. The sample holder of the instrument. In the center the de-
tection chip can be seen on top of the Macor® plate. The silver wire
connected to the nuclear demagnetization stage is also visible.

Appendix B: Calibration of Magnetic Flux Fluctuation
Thermometer: Data Analysis

The magnetic flux fluctuation thermometer is used as
means to monitor the bath temperature of the cantilever
and detection chip. Temperature can be inferred from the
MFFT by monitoring the magnetic flux power spectral den-
sity (PSD) Sg (f) generated by Johnson-Nyquist noise in the
silver wire, which obeys the relation [29]

Sp (w) = 4kgTRop2R3G (R/9), (B1)

with o the bulk conductivity of the silver wire, y the
magnetic permeativity of vacuum, R the radius of the
silver wire and 0 = ,/ppow the skin depth. The frequency
dependence of Y4 enters through G (R/d), which is a
dimensionless function dependent that strongly depends on
the geometry of the MFFT [35]. Unfortunately, van Heck
et al. [29] demonstrated that our group was unable to find
an analytic solution for G. As such, the MFFT requires a
calibration to a suitable reference thermometer. We use a
calibration that is similar but not the same to the calibration
used by van Heck et al.

First the PSD of a measured spectrum is obtained through
discrete Fourier transform, using Welch’s method. This is
done using a Hanning window and 50% overlap between
subsequent windows. The resulting spectra are trimmed to
only contain frequencies between 50 Hz and 6050 Hz, to
reduce the size of the data for processing. This is shown in
grey in figure 6a. The spectra contain many peaks, that are

the result of interference instead of thermal fluctuations.
This interference can be picked up in the wiring before the
MFFT SQUID, through crosstalk between the MFFT SQUID
and the silver wire or at different places in the MFFT readout
chain.

102 103
Frequency (Hz)

FIG. 6. Data analysis of the magnetic flux fluctuation thermometer
(MFFT). The filtered PSD of the MFFT SQUID is plotted between
50 Hz and 6050 Hz, measured at 2.6 mK (blue) and 100 mK (red).

To remove this interference from our temperature mea-
surement mask is made using at spectra that are expected to
be low temperature, as interference peaks are often drowned
out at higher temperatures. This mask is then applied to all
data of a measurement run. This effect is visible in figure 6a.
To identify peaks for masking, a spectrum is divided in
bins of 500 Hz and a linear fit of the background is made
through which the binned frequencies are divided. Then
a peakfinder algorithm is applied that filters peaks based
on their prominence for at least a 1000 spectra in a run. If
a frequency is marked as a peak in at least 1.5% of these
spectra, it is discarded. The con of this method is that
interference with a width comparable to the bin width, are
not picked up. Therefore, any broad peaks are masked by
hand and discarded.

The actual calibration is done using the spectral noise
power

P = /w2 S (w) dw, (B2)

wi

when integrating along a frequency band between wg and
w1. This is a quantity that varies linearly with temperature,
which is essential for a primary thermometer. Spectral noise
power is calculated from the spectra by doing a numeric
intergration between w; = 50Hz and wy = 6050 Hz.
A linear fit of P is made with respect to the reference
thermometer when the reference thermometer gradually
increased or decreased over at least a day to ensure that
the silver wire has a constant temperature and that the
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FIG. 7. In the left column, the conversion between spectral noise
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plotted for run A (a) and B (c). A linear dependence between P and
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the temperature data that is used to calibrate the MFFT is plotted
for run A (b) and B (d). The MFFT temperature (black dots) follows
the temperature from resistive reference thermometer (grey dashes)
during this period.

reference thermometer is well thermalized. The resulting
calibration is shown in figure 7a 7c . We use data between
15mK and 1K as the reference thermometer is calibrated
in this range. The exact temperatures per measurement
run are indicated in table II. Variations in the slope is
the result of different tuning of the MFFT SQUID. The
MFFT SQUID is operated at a constant flux bias, which is
kept constant using a feedback loop. This feedback loop
is tuned at the beginning of a measurement run, during
which slight variations in the magnetic background can
result in a different sensitivity to magnetic flux. The calibra-
tion is subsequently applied to all data of a measurement run.

Subsequently, the obtained calibration of the MFFT is
applied to all measured MFFT spectra. The result is plotted
for both datasets in figure 8. The steps in current are cor-
related with increments of the current through the nuclear
demagnetization coil. In 8 we can observe peaks at several
moments. We attribute these to mechanical excitations of
the setup. These vibrations can be transmitted to the silver
wire and cause the MFFT to temporarily show a strong
increase in temperature. We observe that these peaks only
occur during daytime, which is also seen by van Heck et
al. [29]. Beside occasional excitations, there is no day-night
variation visible in the measured temperatures.

The uncertainty on the obtained temperature Typrr is
calculated for the 2-hour intervals on which we determined
the cantilever temperature in figure 3 of the main text.
This was done by taking the spectra measured during each
interval and calculating the temperature Typrr from each
individual spectrum. This results in at least N = 119 spectra
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FIG. 8. Temperature measured through the MFFT during run A (a)
and B (b). Red arrows indicate spikes in temperature of the SQUID.
It is unclear what the origin of these spikes is.

for each time interval. These temperature measurements
can be binned to obtain a histogram. We then fitted a

1(z—p)2

*21We 5(*7*)", with w and
o respectively the center and the width of the distribution.
The uncertainty on the temperature measurement was then

taken to be equal to two times the width o.

Gaussian distribution f(x) =

Appendix C: Cantilever Thermal Motion: Displacement
Calibration

Our detection method is based on detecting a change
of flux inside a pickup loop. Due to this change in flux, a
current will flow through a two-stage detection circuit which
also includes a measurement SQUID, shown in figure 9. At
the output of the detection circuit, a voltage is measured.
In order to convert this measured voltage to motion of
the resonator, we need to obtain a coupling factor that
relates both quantities. This procedure allows to calibrate
the amplitude of cantilever oscillations independently of a
measured bath temperature.

This displacement calibration is similar to the one applied
in [9, 29]. The cantilever is driven through insertion of an
oscillating test flux ®posstac in a calibration coil between
the pickup loop and the detection SQUID. This flux can be
measured directly from the detection SQUID, but also excites
the cantilever motion, which results in an oscillating flux
D notion- For a small test flux @ osstaik, the flux change @ potion
is approximately linear to the cantilever displacement. As
such, a transfer function between cantilever displacement
x and flux ®peon can be derived. Taking into account
the SQUID detection circuit, we can obtain the conversion
parameter ~, which describes the voltage generated by the
detection circuit per flux quantum induced in the pickup
loop.

The first part of this appendix introduces a model for
the different inductances in our detection circuit. Then we
derive a relation between the motion of the cantilever and
the induced voltage in the SQUID and present the practical
implementation and limitations of this displacement calibra-
tion method. Lastly, we discuss the introduction of potential



TABLE II. The parameters that were used to calibrate the MFFT during different measurements

Run |Start Date | Finish Date |Sampling Rate (Sa/s)

File length (s) | Total files | slope m (u®o/mK)

A 23/9/2024 |7/10/2024 2000000

16 13664 2.5e4

B 29/12/2024 |7/1/2025 500000

61 11489 2.3e4

sources of uncertainty during this calibration.

1. Inductance of a Two-stage Detection Circuit

For the calibration flux is injected in this circuit using the
calibration coil, in the right half of the circuit in figure 9. We
can start the analysis by considering a voltage over the right
part of the circuit (the part directly connected to the SQUID).
From figure 9 we see

Uin = iwLiplin — twMipIou (Cl)
for the ’primary circuit’ and for the ’secondary circuit’

Z'W]\412]in = out(iWLtl + Zpl,par)a (CZ)

with Zpjpar = WLy + twLpar;. Combining these equations
yields

Uin . M122
Lsee = — = Ly — —m— |. C3
sec I ZW( t2 Lo+ Lpl T Lpar,l ( )

Since Zgo. = iwLge., we obtain for the whole circuit

Lot = Lg + Linp + Lpar,z + Liec
M, (C4)

=L L; L Ly— ———""~——.
fi + Linp + Lparz + L T+ Lt + Ly

So for a two-stage detection circuit we should use equa-
tion C4 for the total inductance.

t1 2
]2 v
plpar in

FIG. 9. Left shows the two-stage detection circuit we use, the pickup
loop (Ly1) is connected to a transformer (Ly and Lyz) which is con-
nected to the circuit that also includes the input coil (Linp) of the
SQUID and the flux injection coil (Lg). On the right a simplified
version of this diagram is shown which focuses only on the part in-
side the dotted rectangle on the left figure.

2. Energy Coupling Between SQUID and Resonator

As a next step, we derive the coupling between the can-
tilever displacement and the voltage measured at the output
of the two-stage detection circuit. First we require the cou-
pling from measured voltage to flux in SQUID loop, which we
obtain from the manufacturer. Secondly, we derive the cou-
pling between the motion of the cantilever and the amount of
flux in SQUID loop. The following derivation is based on the
analysis described by Fuchs et al. [9]. We define the coupling
strength [3 as the square root of the ratio of the energy in the
circuit and the energy in the cantilever mode, equivalently

Lo I?
2 tot

= . C5
g = (©3)
With L;,; the total inductance of the detection circuit, I the
current through that circuit, & the spring constant of the can-
tilever and x the position of the cantilever with respect to its
equilibrium position. By substituting k = mw? and I =

Llot
we obtain
o (22)?
p— 7% . C6
B Lo (Co)

By sending an oscillating signal through the calibration coil,
part of the current I ;osstaix Will go to the pickup loop and
exert a driving force on the cantilever that can be written as

Fdrive = aIcrosstalk~ (C7)

Here we introduced a factor o with units % that depends on
the geometry of the pickup loop and the position of the can-
tilever with respect to the pickup loop. As the cantilever gets
driven by this force, it will eventually reach equilibrium as
the driving force becomes equal to the damping force which
is given by

dz
Fdamping = 7% = W, (C8)

withy = % the damping factor. The driven cantilever now
also generates a changing flux in the pickup loop causing a
current Iyive to flow through the detection circuit given by

Idrive =0-x. (C9)

The introduced coupling factor § with units [A/m] depends
on the geometry of the system in the same way as . For
small amplitude of the cantilever motion, we can linearize the
flux change through the pickup loop as function of cantilever
position z, such that

dg 1
dz Lyt -

Idrive = (ClO)



As the currents o osstalc and Igrive 0ccupy the same part of
the circuit, they should depend on the circuit geometry in
the same way. Therefore, o should have the same geometry
factor as 6 and we obtain

o
Cdx’
We notice that the unit of « are [Wb/m| = [N/A], con-

sistent with equation C7. Dividing the drive current by the
crosstalk current, yields

Q@ (C11)

Idrive _ adx _ (%)21‘

— - . (C12)
Icrosstalk F drive LtotF drive

At equilibrium (Fyrive = Faamping) this can be rewritten as

I dri ( {qu) ) 2 2
rive T _ ) C13
Icrosstalk Ltot mw2 Qﬁ ( )

The second equality shows that this fraction is equal to
the coupling strength multiplied by the Q-factor. In order
to obtain a measure for the coupling between the cantilever
motion and flux in the detection circuit, we can write

dd 1 Lrive
= = \/ — Ligtmuw? d
dx

(C14)

From equation C14 we can observe that a measuremnent
of the displacement sensitivity requires measuring the frac-
tion Ilrj:s\;alk As both currents pass through the same part of
the detection circuit, it is equal ot the ratio of the measured
voltages Visive and Viyosstalk, by an equal coupling factor. This

allows to rewrite equation C14 as

ae 1 Vriv
\/ — Lygmw? —3v (C15)

dx Q V;:msstalk

In this equation, the quantity to be measured is =

The next section details the measuring procedure.

crosstalk

3. Implementation of Displacement Calibration

The fraction = is measured by doing a frequency
sweep through the calibration loop around the resonator res-
onance frequency. Figure 10 (a) shows the result of such a
sweep in the complex plane. A circle arises due to excitation
of the cantilever around its resonance. This circle diameter is
equal to Vgsive. The corresponding PSD is expected to have a

Lorentzian lineshape

(C16)
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FIG. 10. A frequency sweep for which the cantilever is driven mag-
netically through the calibration coil. (a) shows the measured can-
tilever resonance in the complex plane. At each frequency a com-
plex voltage (blue) is measured, which contains amplitude and phase
information. Two vectors illustrate the amplitude of the resonance
(red) and crosstalk (green). The resonance is fitted to a Lorentzian
(orange). The inset shows the resonance with respect to the ori-
gin. In (b) the power spectral density (blue) and corresponding
Lorentzian fit (orange) are plotted.

with A the amplitude and y the with of the peak. The
circle diameter equals Vv and is fitted with equation C16
plus a constant offset. Due to the direct crosstalk between
the calibration coil and the SQUID, the circle is not located
at origin. ‘The resulting offset is plotted as a vector in
figure 10, with an amplitude that is equal to Vsosstac. Thus,
the coupling strength S can be inferred from the length ratio
of both vectors.

To relate 8 and « to the measured voltage, we introduce a
parameter Kk = ‘%. We observe that o = % determines the
flux change in the pickup loop due to the sweeping current
Trosstalk- It can be related to the flux change in the pickup

loop through

av av dPsg dI dd
K= — — . —_
dxr d(I)sQ dl

. C17
d® dx (€17)

The current change in the detection circuit % equals

the reciprocal of the total inductance ﬁ The SQUID is

calibrated to have a mutual inductance dj)ISQ =5-10""A/®,
and voltage gain % = 0.43V/®. The coupling strength

and conversion parameter « are given in table I of the main
text for the measurement runs presented in this work. The
uncertainty in the x varies between 6% for run A and 11%
for run B. Take note that this entails the uncertainty due to
the fitting parameters fy, v and A. It does not account for
systematic errors as discussed in the results of this work,
such as any additional electrostatic driving or voltage noise .

The measured conversion parameters x and Q32 is given
in section C4. The sweeps that are used to obtain the
respective values are plotted in figure 11.



4. Measurements of Energy Coupling

In table III of appendix E the parameters relevant to the
measured coupling during run A and B are shown. The sweep
that was used during the displacement calibration in these
runs are shown in figure 11.

up sweep down sweep

-76 =75 -7.4 -73 9.2 9.3
Xs (mV) Xs (mV)

FIG. 11. Sweeps of a magnetic flux through the calibration coil to
obtain the coupling. Black and grey dots distinguish between mea-
surements when the frequency is respectively swept up or down.
Red is obtained from a Lorentzian fit of the voltage amplitude of the
data as a function of frequency. From (a) the coupling was measured
to be 5 = 9.6(6) - 107° V/m during run A. From (b) the coupling
in run B was measured to be k = 1.9(2) - 107° V/m.

Appendix D: Digital Lock-in Amplifier Procedure

This appendix sets apart the procedure that was used to
apply a digital lock-in amplifier to the measured cantilever
signal at a frequency wy. This enables us to extract the
cantilever amplitude and energy as a function of time.

As a starting point, we take the measured voltage signal
from the detection SQUID as a function of time. To obtain
the in-phase (out-of-phase) quadrature of this signal, we
multiply by cos (wot) ( sin (wot) ). To both quadrature
signals a low-pass filter is applied, which has a cutoff fre-
quency that is set by the ratio of the lock-in bandwidth over
the measurement frequency of the original signal. Finally,
the filtered quadrature signals are recombined to obtain a
complex voltage signal. This signal is then averaged over a
period that is determined by the lock-in sample rate. This
period is the inverse of this sample rate.

To account for the background that is present in the
original signal, the same procedure is then repeated with a
lock-in at both +5 Hertz from wy.

Appendix E: Combined MFFT and Cantilever Temperature
Data

The combined temperature measurement through the
MFFT and the temperature measured from the cantilever mo-
tion are displayed in figure 12. In table III contains the pa-
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rameters resulting from the displacement calibration (details
outlined in the supplementary material [36]).
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FIG. 12. Temperature steps measured during run A (a) and B (b).
The temperature of the MFFT is plotted in blue and the cantilever
temperature in black. Red bars indicate the time segments used to
calculate the datapoints in figure 3 (b) of the main text.

Appendix F: Thermal Distributions of Cantilever Motion

In figure 13 the histograms of the cantilever energy
corresponding to the curves in figure 3a are plotted. As
indicated in the results section, variations in the cantilever
energy occur over an interval determined by the inverse
cantilever time constantl/7. This is much slower than the
sample rate of the digital lock-in amplifier, which is 100 Sa/s.
As a result, bins with less than 7/10 * 100 Sa/s & 70 counts
have little statistical significance.

Appendix G: Offset in the Cantilever Temperature
Conversion

To obtain a quantified measurement of the cantilever
temperature, several data processing steps are relevant. Here
we discuss several issues that we identified in this procedure.
Any inaccuracy can result in both a too low or too high
figure for the cantilever temperature. We first present a
potential systematic error due to deviations in the mass of
the cantilever tip. Then we discuss the effect of electrostatic
driving of the cantilever during the displacement calibration.

From the measured amplitude of the cantilever os-
cillations, the cantilever energy is calculated using a
proportionality constant £ o< megw?. The energy thus
scales linearly with the effective cantilever mass, which is
dominated by the mass of the spherical magnetic tip. We
now discuss the uncertainty in the mass of this magnetic
tip. The tip diameter was observed to be 7.3 um, using a
scanning electron microscope. We assume that this value
is precise to about 8%. Using the density of Nd,Fe;4B
(p = T7450kg/m?) we find that this translates to a mass
of the tip of 1.51(35)ng. The cantilever mass is around
0.12ng. Taking into account the uncertainty in the mass of
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TABLE III. Parameters for the cantilever displacement calibration as measured for the different runs in this work. Sample rate refers to
the sample rate of the detection SQUID, The paramaters 3 and & are respectively the energy coupling and conversion parameter from
the displacement calibration. The temperatures Tgna and Tmrrr are the lowest temperatures measured on from the cantilever motion and

through the MFFT respectively.

Run |Sample Rate (Sa/s) |Frequency (Hz) | Q (-) B () QB% () K (m/V) Thnal (mK) | Tyerr (mK)
A [50000 746.6 13200 (120) [1.8(6) - 10~ 2[4.4(6) - 10~ 2[9.6(6) - 10~ °[6.1(4) 3.4(4)
B [6/21/2584 669.7 15400 (400)[1.0(5) - 107 1.6(4) - 10~ 2[1.9(2) - 10~ °[7.7(4) 3.1(2)
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FIG. 13. The histograms of the cantilever motion after applying a
digital lock-in amplifier of the curves in figure 3 (a) in the main text.
The red line marks the expected number of counts in each bin if they
are drawn from a Boltzmann distribution with a width determined
by the temperature as calculated from the mean energy. The red
shaded area marks one standard deviation around this distribution.

the tip, the uncertainty in the effective mass is found to be
on the order of 23%. This directly translates to a systematic
uncertainty in the cantilever temperature, as Taptilever X M.

We observed that it was possible to electrostatically drive
the cantilever through the calibration coil. Figure 14 shows
a sweep through the calibration coil, during which the
output of the lockin amplifier was grounded on two sides.
This means that no current can run through the calibration
coil and any effect is due to voltage changes. However, the
cantilever is still resonantly driven during this sweep. This

indicates that the cantilever tip contains a non-zero electric
charge, which is possibly acquired due to a touch of the
detection chip while positioning. If electrostatic driving hap-
pens in parallel to inductive driving, the measured energy
coupling 3% can deviate from purely inductive driving. If
the resulting conversion parameter « is too high or too low,
depends on the phase difference with which both driving
mechanisms act on the cantilever. It was not possible to
calculate the coupling off this effect using the procedure
outlined in the supplementary material [36], as no offset flux
is present during the SQUID measurement. This suggests
there the SQUID signal is not affected through inductive
driving during this measurement.

up sweep down sweep
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FIG. 14. Two frequency sweeps through the calibration coil. In fig-
ure (a) the sweep is conducted in the normal, with the input of the
calibration coil connected to the output of the current source. In (b)
is conducted to only allow for electrostatic driving of the cantilever.
In both figures a circle is visible that the cantilever is excited reso-
nantly. However, in (b) there is no net offset of the circle from the
origin, as there is no magnetic flux going through the calibration
coil. Additionally, the circle is rotated with respect to the sweep
conducted in (a).
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