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Abstract

Nonlinearities and instabilities in mechanical structures have shown great promise
for embedding advanced functionalities. However, simulating structures subject to non-
linearities can be challenging due to the complexity of their behavior, such as large
shape changes, effect of pre-tension, negative stiffness and instabilities. While tra-
ditional finite element analysis is capable of simulating a specific nonlinear structure
quantitatively, it can be costly and cumbersome to use due to the high number of
degrees of freedom involved. We propose a framework to facilitate the exploration
of highly nonlinear structures under quasistatic conditions. In our framework, mod-
els are simplified by introducing ‘flexels’, elements capable of intrinsically representing
the complex mechanical responses of compound structures. By extending the concept
of nonlinear springs, flexels can be characterized by multi-valued response curves, and
model various mechanical deformations, interactions and stimuli, e.g., stretching, bend-
ing, contact, pneumatic actuation, and cable-driven actuation. We demonstrate that
the versatility of the formulation allows to model and simulate, with just a few elements,
complex mechanical systems such as pre-stressed tensegrities, tape spring mechanisms,
interaction of buckled beams and pneumatic soft gripper actuated using a metafluid.
With the implementation of the framework in an easy-to-use Python library, we believe
that the flexel formulation will provide a useful modeling approach for understanding
and designing nonlinear mechanical structures.

1 Introduction

These last years have garnered a significant interest in understanding how to leverage large
deformation, nonlinearities and instabilities to design structures capable of complex yet func-
tional mechanical responses [I, 2]. For example, compliant mechanisms leverage flexibility
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to mimic conventional mechanism usually composed of many stiff components connected
by joints [3]. Soft robots utilize shape changes to be intrinsically more robust, adaptable
and autonomous, often by harnessing mechanical instabilities to embed sequenced [4], asym-
metric [5], fast [6] or amplified [7] actuation. Recent progress in mechanical metamaterials
have exploited large geometric changes and nonlinearities to achieve increasingly complex
deformation pathways, enabling multistability [8] or high energy dissipation [9]. While the
advancements driven by the exploitation of nonlinearities increase the capabilities of these
fields, they also introduce new challenges for simulation and design.

Whereas numerically studying structures in their small-deformation regime follows estab-
lished approaches given their linear responses, studying a structure subject to large geometric
changes is more challenging due to the nonlinearities involved. Nonlinear finite element anal-
yses suffer from limitations that make them less applicable for conceptual design, and do
not always contribute to the understanding of systems that undergo large deformation and
instabilities. For example, due to the high number of degrees of freedom involved, they can
have prohibitive computational costs, fail upon facing mechanical instabilities or distorted
meshes, and act as black boxes that are challenging to gain insight from.

To cope with these difficulties, reduced-order models that are characterized by fewer
degrees of freedom offer a more practical alternative to finite element analyses. They are
easier to define, solve, and interpret by promoting qualitative understanding over quantitative
accuracy. They usually employ fewer elements which together are still able to capture the
qualitative phenomenology. For example, the pseudo-rigid body model uses a combination of
rigid links and torsional springs to represent flexible, slender parts [3]. Trusses of bars can be
used to model and even inverse design multistable compliant structures [10]. Cosserat rods
have shown great promise for modeling soft robotic [11] or soft living [I2] systems. Simple
spring or beam models that can be expressed analytically have been valuable in gaining
insight into a wide variety of geometrically nonlinear mechanical structures [13] 14} [15] [16],
17, (18], 19].

Essentially, such existing approaches aim for a higher-level description of the mechanical
system. Instead of describing the system as a mesh of many material elements, combin-
ing fewer abstract components allows to construct models that are cheaper to solve and
easier to understand. However, strongly nonlinear mechanical behaviors such as nonmono-
tonic or multi-valued force-deformation paths are still either modeled from the bottom-up,
by combining multiple more simple components, or by using overly abstract models such
as ‘hysterons’, which require complex modeling to connect them to physical systems and
moreover can lead to ill-defined systems |20, 21}, 22} 23].

Here, we introduce an easy-to-use framework that defines components at a level of ab-
straction that allows them to single-handedly and intrinsically capture highly nonlinear static
mechanical responses that are traditionally achieved using multiple components. Our for-
mulation is based on energy potentials tuned to be stationary on prescribed, arbitrarily
complex, possibly multi-valued generalized force-displacement curves. We show that this
energy-based formulation can generate a broad ecosystem of mechanical components, with a
wide range of geometries and intrinsic complexities. We also show that the framework allows
for a relatively straightforward approach to build aggregate models where the various inter-



actions between simple and complex elements can be simulated and explored. We conclude
this work by demonstrating that our framework allows to model, simplify, and simulate a
wide variety of mechanical systems studied previously that are subject to, e.g., geometric
nonlinearities, pre-stress, hysteresis, buckling, snapping, contact, cable-driven or pneumatic
actuation.

2 Flexels

Before introducing the full ecosystem, let us stress that structures composed of linear springs
can exhibit nonlinear force-displacement relations resulting from geometric nonlinearities.
A classic example is the Von-Mises truss, which, despite being composed of three linear
springs, produces a non-monotonic (Fig. 1a) or even a multi-valued force-displacement curve
(Fig. 1b), depending on the relative stiffness of the springs. The foundation of our approach
is to represent such structures by single entities, which we call ‘flexels’. As shown in Fig.
lc,d, the intrinsic nonlinear behavior of a flexel can be tuned to capture, and be equivalent
to, the geometric nonlinear behavior of compound structures, such as the Von-Mises trusses
shown in Fig. la,b (Movie S1).

More formally, a flexel is defined as a deformable element whose elastic energy directly
depends on its geometric measure «, a scalar quantity determined from the coordinates of
the nodes composing the element, such as its length. The intrinsic nonlinear behavior of
a flexel is defined by a generalized force-displacement curve, which relates the derivative of
its elastic potential with respect to the geometric measure (that is, the generalized force f)
to the change in geometric measure (that is, the generalized displacement v = Aa). This
relation encapsulates the nonlinear response and is used to construct an energy potential
from which the ingredients needed for numerical simulations can be derived (SI section 1.1).

Flexels can be assembled to investigate how interactions between individual nonlinear el-
ements give rise to more complex collective responses (SI section 1.2). For instance, coupling
two flexels each characterized by a non-monotonic and multi-valued force-displacement curve
in series reveals an equilibrium path with multiple turning points, indicating the presence of
a snapping sequence upon loading and unloading (Fig. le, Movie S1). By assembling these
flexels in other configurations, the interplay between intrinsic and geometric nonlinearities
can be explored. For example, the same pair of flexels, assembled now at an angle and loaded
from their connection point, produces a different snapping sequence, due to the additional
geometric nonlinearities (Fig. 1f, Movie S1). The more complex force-displacement responses
exhibited by the assemblies shown in Fig. le,f can in turn be replicated by a single flexel
(Fig. 1g,h). Our formulation enables simulation at a higher level, eliminating the need of
simulating the individual components of larger structures that flexels are intended to mimic.
Still, it should be noted that while flexels provide a powerful approach to reduce the number
of degrees of freedom while maintaining nonlinear behavior, the abstraction subsumes the
deformation of the internal degrees of freedom into the flexel behavior, thereby hiding them
from the surrounding and precluding direct coupling between internal nodes or non-actuated
nodal loading direction with other flexels. For example, the deformation of the top node in
Fig. 1b is absorbed within its flexel abstraction (Fig. 1d) and cannot be coupled to other
flexels. Similarly, the deformation of the top node of the assembly shown in Fig. 1f along the



horizontal direction cannot be coupled to other elements when using its flexel abstraction
(Fig. 1h). Information about these internal deformations is however not lost; it could be
retrieved by mapping the flexel state back to the assembly that it mimics.

Simulating assemblies of flexels under quasi-static loading involves solving a system of
parametrized nonlinear equations, which our toolkit achieves by implementing the arc-length
method [24] (SI section 2). This numerical continuation scheme retrieves an entire succession
of deformed states at equilibrium even if those form a path with turning points, allowing
for simulations of structures subject to snapping instabilities at either constant force or dis-
placement. Note that if the equilibrium path splits into multiple branches at a pitchfork
bifurcation, only one branch will be continued by the arclength scheme. Moreover, the ar-
clength scheme is unable to retrieve equilibria disconnected from the initial path. Alternative
methods could be implemented to cope with these two limitations [25].

3 Flexel ecosystem

The most basic flexel can be derived from the generalization of a nonlinear spring. For a
nonlinear spring, the axial force is computed in two steps: the length is determined from
the coordinates of its end nodes, then passed to an energy potential whose derivative yields
the force. More general, a flexel extends this idea in two ways. First, the notion of length is
broadened into a geometric measure (noted «), meaning any scalar quantity computed from
a list of nodes’ coordinates (noted z;), such as angle, area, total path length or the distance
between a point and a line (Fig. 2a). Second, the class of energy potentials is widened by
supporting tunable, potentially multi-valued generalized force-displacement curves (Fig. 2b).
They can have an arbitrary number of turning points and intersections, allowing flexels to
encode information about their loading history [21], or capture snapping or countersnapping
phenomenona [20], for example. This is achieved by defining a custom energy potential
v(a, t) that produces equilibria on the prescribed multi-valued path (SI section 4.2). The
only restrictions are that the curve must remain continuous and must not form loops in which
the tangent vector crosses the wvertical upward direction, which prevents some structures to
be abstracted into single flexels.

Thanks to the decoupling between geometry and intrinsic behavior, we can generate
a whole flexel ecosystem by independently defining geometric measures on the one hand
and generalized force-displacement curves on the other. By passing a geometric measure «
(computed from the nodes’ coordinates z;) to an energy potential v, we pair a measure to
a curve and produces a flexel that can be directly used in simulations to model complex
mechanical entities (Fig. 2¢, SI section 1, Movie S2). Let us give a few examples. Pairing
an angle to a multi-valued curve gives a flexel that models a flexure capable of snapping at
constant angular displacement (Fig. 3a). Combining an area to a softening curve yields a
flexel that mimics the behavior of a compressible fluid and can be used to model pneumatic
actuation (Fig. 3b). The total length of a polygonal chain coupled to a stiffening bilinear
curve gives birth to a flexel that models a rope that is yet to be taut and can be used in
cable-driven systems (Fig. 3c). Pairing the point-line distance to a curve yielding a nonzero
repulsion force only under a certain threshold gives a flexel that models contact (Fig. 3d).



4 Workflow

In this section we illustrate how our toolkit can be integrated to the workflow to design
a structure with complex deformation pathways (Fig. 4, Movie S3). To illustrate this, we
consider two physical structures fabricated in silicone rubber (Smooth-On, Smooth-Sil 945)
[26], shown in Fig. 4a. We set the goal of predicting the experimental tensile response of the
system formed by coupling them in series.

First, a tensile test is carried out on each structure during which the force is measured
while increasing and decreasing the extension. This reveals nonmonotonic force-displacement
curves (Fig. 4b). Second, for each experimental test, a Bezier curve of degree 4 is fitted to
the experimental data by adjusting the positions of control points (Fig. 4c-left). Fitting
such a curve consists of finding the positions of control points, which form a control polygon
that shapes the curve. Third, each Bezier curve is represented by a string of text listing the
coordinates of the control points, which can then be used to define the generalized force-
displacement curve of a longitudinal flexel, modeling each structure as a nonlinear spring
(Fig. 4c-right). Fourth, we model the assembly of the two structures by connecting the two
flexels in series (Fig. 4d-right).

In practical terms, this model is written in an input file that describes the node positions,
the boundary conditions, the flexels, and the loading steps (Fig. 4d-left). Note that before
loading node 2, the structure is preloaded by applying a load on node 1 to account for the
weight of the assembly. More details on how to interpret or compose such input file are
provided in SI section 6.

Finally, we find that the simulated force-displacement curve is complex and characterized
by many turning points (Fig. 4e). We performed the physical experiment by connecting both
structures in series and conducting a vertical tensile test, to validate the approach. Good
agreement has been obtained both quantitatively and qualitatively (Fig. 4e). If multiple
physical building blocks are available and characterized, this approach allows to build a cat-
alog of achievable nonlinear behaviors that can be combined to quickly simulate assemblies.
By scanning different nonlinear behavior combinations, the approach can help identify which
blocks should be assembled within a certain network to get a specific desired response [26].

5 Use cases

Using this workflow, we next demonstrate the versatility of the ecosystem to model and
handle complex use cases (Fig. 5, Movie S4). As a first example, we show that stress-free
or prestressed tensegrity trusses [27] can be effectively modeled by connecting longitudinal
flexels with compatible or incompatible rest lengths (SI section 7.4.1). We observe that
the stress-free truss behaves as a mechanism in the small deformation regime, i.e., with
zero initial stiffness, while the prestressed truss is stabilized by acquiring a nonzero initial
stiffness (Fig. 5a). This confirms that this truss is a pure tensegrity structure [27]. Beyond
small deformations, our approach is able to capture the nonlinearities originating from the
rotation of the longitudinal flexels, allowing to study the behavior of such structures under
larger loads.

In the second example, we show that a tape-spring system [28] can be modeled using a



multi-valued angular flexel and a stiff path flexel (SI section 7.4.2). By loading the system
in two steps, buckling and kink formation followed by zero-stiffness deformation can be
simulated (Fig. 5b), reproducing the soft deformation mode used for gripping [28]. The
current implementation only allows to load along nodal coordinates, but the framework can
naturally be extended to directly actuate the rest geometric measure of a flexel, allowing for
different loading modes, e.g., angular loading, to model the various actuation modes of the
mechanism [28§].

Third, we show that a distance flexel can be used to model the contact between interact-
ing buckled beams (SI section 7.4.3), reproducing the effect of the separating distance on the
global buckling direction of pairs of “bumping beams” [29] (Fig. 5¢). Unlike previous work
studying similar systems using dynamic simulations [29] B0], our static approach allows to
retrieve stable and unstable branches, giving insight into the various equilibrium configura-
tions. We note that as the number of beams increases, our approach becomes costly as many
stable and unstable configurations will have to be computed.

Fourth, we show that a pneumatic gripper actuated using a metafluid [31] (medium
composed of collapsable capsules surrounded by a fluid) can be modeled and simulated using
a single multi-valued area flexel for the metafluid, linear angular and longitudinal flexels for
the gripper, and distance flexel for the gripping contact (SI section 7.4.4). The simulation
reveals that the metafluid modulates the gripping force, allowing for delicate grasping as
previously demonstrated experimentally in [31]. Instead of modeling the metafluid by adding
degrees of freedom for each capsules, the curve itself is directly assigned to an area flexel,
drastically reducing the number of degrees of freedom. By contrast to the modeling approach
shown before [31], adding extra capsules does not cost any additional degrees of freedom.
The price to pay for that improvement is that the curve should be determined in advance,
via a traditional modeling approach or via an experiment [3I]. But once it is known, it
can be used to model systems where that fluid is used at a much cheaper cost, while still
capturing the complexity.

Together, these examples show the versatility of our approach. Importantly, each example
only required a few lines of code to be simulated (SI section 7).

6 Conclusion

We introduced the concept of flexels, entities able to single-handedly capture the strongly
nonlinear responses of compound systems. This facilitates the simulation of various complex
mechanical systems, with a focus on nonlinearities and instabilities. To promote accessibility
and adoption, the formulation is implemented in an open-source and user-friendly Python
library [33].

Key to developing this framework was the generalization of the concept of nonlinear spring
along two independent axes, geometry and intrinsic mechanical behavior, which naturally
generates a broad ecosystem of easy-to-combine elements. This ecosystem can be extended
by defining different geometric measures or families of curves, which opens route to define
custom flexels that are suitable to tackle specific mechanical problems, while still being
compatible with the previously defined ones. Because our formulation is energy-based, it
enables the use of well-established algorithms as well as the traditional stability analysis tools.



Furthermore, even though we focused on static simulations in this work, the modularity of
the implementation allows for the extension of the formulation in dynamic contexts [34] 35|,
where the module to compute the nonlinear elastic forces can be re-used.

We close by listing future challenges and perspectives. Even though each flexel can cap-
ture complexity, its response is only governed by a single geometric measure, which can be
an oversimplification of reality. Being able to define a flexel with force-displacement curves
along more than one dimension could help build more abstract and reduced models. This can
in principle be done in the current formulation by defining energy potentials with additional
dimensions. For example, flexels whose energy depends on two deformation measures could
help construct 2d metamaterial models where each unit cell is a flexel [36]. Flexels with a
force-displacement curve that can be tuned via an external parameter could help model the
interplay between active materials and geometric nonlinearities [37]. We believe that em-
bracing the flexel formulation will simplify simulations, help gain insight into a large variety
of nonlinear problems and strengthen the use of nonlinearities and instabilities as design
paradigm for compliant mechanism, soft robots, mechanical metamaterials and nonlinear
structures.

Data availability

The ‘flexel” ecosystem is available on PyPI: https://pypi.org/project/springable/1.
0.0/ (see SI section 5 for installation instructions), source code: https://github.com/
ducarme/springable/releases/tag/v1.0.0.
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Figure 1: Construction of flexels. (a-b) Von-Mises truss composed of a pair of inclined linear
springs (non-dimensional stiffness of 0.6 for (a), 1.0 for (b)) driven from their connection
point through a third, vertical linear spring (stiffness of 20 for (a), 0.33 for (b)). The force-
displacement response of the system is either (a) non-monotonic or (b) multi-valued. (c-d)
Flexel equivalents of the Von-Mises trusses shown in (a) and (b), whose mechanical behav-
ior has been tuned to mimic their force-displacement response. (e-f) Assemblies composed
of nonmonotonic and multi-valued flexels as shown in (¢) and (d) loaded in series (e) or
at an angle (f), exhibiting complex force-displacement curves. (g-h) Flexel equivalents of
the systems shown in (e) and (f). Black (gray) lines refer to states stable (unstable) un-
der force-controlled conditions. Solid (dashed) lines refer to states stable (unstable) under
displacement-driven conditions. The full descriptions of the models are provided in SI sec-
tion 7.1.
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Figure 2: Flexel ecosystem. (a) Various geometric measures o computed from a list of node
coordinates z;: length, angle, area, total length of a polygonal chain, distance point-line.
(b) Various generalized force-displacement curves (linear, nonlinear, multi-valued) defining
intrinsic mechanical behaviors via energy potentials v(«,t). (¢) Examples of pairs of geo-
metric measure and behavior forming the flexel ecosystem. The energy of a flexel is given by
v(a(z),t). More details on the definition of the geometric measures o and energy potentials
v are provided in SI section 3 and 4.

*“/l/

u U

Figure 3: Examples of assemblies of flexels (top) that collectively produce force-displacement
responses F(U) (bottom). Black (gray) lines refer to states stable (unstable) under
force-controlled conditions. Solid (dashed) lines refer to states stable (unstable) under
displacement-driven conditions. Gray flexels are characterized by a linear generalized force-
displacement curve. (a) An angular flexel with a multi-valued torque-angular displacement
curve modeling a snapping flexure. (b) An area flexel with a softening pressure-areal dis-
placement curve modeling pneumatic actuation. (c) A path flexel with a bilinear stiffening
force-displacement curve, modeling cable-driven actuation. (d) A distance flexel with a force-
displacement curve yielding a high nonzero force only for small distance values, modeling
contact between a point and a line. The full descriptions of the models are provided in SI
section 7.2.
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Figure 4: Workflow to simulate an experimental assembly of nonlinear building blocks [26].
(a) Two building blocks fabricated in silicone rubber. (b) Experimental force-displacement
curves obtained by performing a tensile test on the building blocks. (c) Left: Bezier curves
(solid green lines) fitting the experimental force-displacement curves (orange lines). The
control polygons and the control points are depicted by the black dashed lines and the black
dots. Right: Equivalent flexels with tensile behaviors defined by Bezier curves, specified by
a string of text listing the coordinates of the control points (green text). (d) Flexel model
describing the assembly of the serially-coupled building blocks (Right) and the input text file
representing the model (Left). (e) Force-displacement curve of the serially-coupled assembly.
Experimental data obtained during the loading (unloading) phase is depicted by light (bright)
orange dots. Simulated data is depicted by black and gray curves, where black (gray) refers
to states stable (unstable) under force-controlled conditions, and solid (dashed) curves refer
to states stable (unstable) under displacement-driven conditions. Force and displacement are
measured with respect to the preloaded configuration. The full descriptions of the models
are provided in SI section 7.3.
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Figure 5: Examples of use cases. (a) Left: Tensegrity structures without prestress (top) and
with prestress (bottom) subject to an external loading. Flexels in compression, at rest and
in tension are colored in blue, gray and red respectively. Right: Force-displacement curves of
the tensegrity structures with and without prestress. (b) Left: Model of a tape-spring gripper
[28] loaded in two steps. The first one applies compression to the tape spring, eventually
triggering buckling and creating a kink (top). The second deforms the buckled tape spring
by driving the kink (bottom). Right: Force-displacement curves corresponding to the first
(top) and second (bottom) loadsteps. (c) Left: model of a pair of buckling beams separated
by a distance d, loaded in compression and interacting through the contact of their middle
node [32, 30, 29]. Center: deformation sequence of the beams when d = 0.25 (top) and
d = 0.30 (bottom). Right: Deformation paths when d = 0.25 (top) and d = 0.30 (bottom).
T = (x1 + x2)/2. (d) Top: Model of a gripper actuated using a metafluid [31] to grasp
an object. Bottom: Intrinsic behavior of the area flexel modeling the metafluid (left) and
deformation path of the system (right), shown as the gripping force fg, as a function of the
applied displacement U. The full descriptions of the models are provided in SI section 7.4.
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1 Flexel formulation

To simulate a mechanical structure quasi-statically, the strategy consists of minimizing the total potential
energy at varying load levels, as more formally described in section 2. Essentially, this is done by iteratively
finding configurations wherein internal elastic forces balance external ones. The process requires computing
both the elastic forces and the way they vary with structural deformations. The flexel formulation that we
present in this section is divided in two parts. First, we derive the equations for computing the elastic force
and its variation for an individual flexel. Then, we show how to combine these individual contributions to
yield the global force and variation expressions for an assembly of flexels.

1.1 Individual flexel

The elastic force of a flexel and how this force varies can be derived from its potential energy e. For a
flexel, the potential energy is the stored elastic energy, which depends on its the geometric measure «,
that is, its length if it is a longitudinal flexel, its angle if an angular flexel, its area if an area flexel, etc.
The geometric measure « is computed from the spatial coordinates z of the nodes coupled by the flexel,
using the equations derived in section 3.

More formally, the energy e of a flexel is described using an energy potential v which is either a
univariate v(-) or bivariate v(-,-) function:

(1)

( v(a(z))  if v is univariate,
e =
v(a(z),t) if v is bivariate,

where g is the subset of the structural coordinates @ (that describe the state of an entire assembly) used by
the flexel and « is the geometric measure computed from the spatial coordinates z C q. For a flexel based
on a univariate potential, its energy is solely determined by its geometric measure and its coordinates q
are all spatial: ¢ = z. For a flexel based on a bivariate potential, the energy depends on the geometric
measure  and an additional (non-spatial) coordinate t: q = [z7,¢]".

This extra coordinate t describes a degree of freedom internal to the flexel that has no direct physical
interpretation. It is introduced to define flexels with multi-valued generalized force-displacement curves:
equilibrium curves such that to a given geometric measure a (length, angle, area, etc) can correspond
multiple generalized force values (force, torque, 2d-pressure, or etc). This extra coordinate ¢ disambiguates
the state of the flexel, as the value of the geometric measure « alone would not be enough to determine
what the generalized force in the flexel is. At equilibrium, the coordinate ¢ can be seen as the curve
parameter of the parametric description of the multi-valued force-displacement curve (Eq. (119)). More
details on bivariate potentials and how to construct them from multi-valued force-displacement curves are
provided in subsection 4.2.

Different types of univariate and bivariate energy potentials are implemented in springable. They
are defined in subsection 4.1 and 4.2 respectively.

Energy gradient (elastic force vector) The elastic force is described by the gradient of the energy e
with respect to the coordinates g. We will denote this vector as f, and its expression is given by

de Oe ov | da ov | ot
7= 5= 5| = 5 o)+ 5 o

8(1/620 0
_ov 9v
Oa Oa/Ozp—o ot o
0 1
_ Ov [0a/0z v [on—1)x1
"~ da [ 0 ] o [ 1 } )



where v is a bivariate potential (where the n coordinates used by the flexel are the spatial ones and the

internal one, i.e.: ¢ = [27,#]7). In case of univariate potential (where dv/dt = 0 and all the n coordinates
used by the flexel are spatial, i.e.: ¢ = z), Eq. (2) simplifies to

{&y] v O

ov
f_%% = 9002 (3)

To compute the energy gradient of an individual flexel, we therefore need to separately compute two
types of quantities:

e the measure « and its gradient da/0z = [0 /Dz;], purely geometric quantities which reflects how
the shape of the flexel (longitudinal, angular, area, etc) couples to the nodes of the structure, and
whose equations are derived in section 3;

e the gradient of the potential v, i.e. dv/da and dv/dt, quantities which reflects the intrinsic nonlinear
mechanical behavior of the flexel, and whose equations are derived in section 4.

Energy hessian (stiffness matrix) How the elastic force varies with respect to the state of the flexel
is described by the hessian of the energy e with respect to the coordinates g (that is, the gradient of the
gradient, or the matrix of the second-order derivatives). This matrix is commonly known as the stiffness
matriz, and we will denote it as k. Its expression is given by
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where v is a bivariate potential (where the n coordinates used by the flexel are the spatial ones and the
internal one, i.e.. ¢ =[2",#]"). In case of a univariate potential (where 9*v/9adt = 9v?/0t?> = 0 and all
the n coordinates used by the flexel are spatial, i.e.: ¢ = z), Eq. (4) simplifies to
B 0%v [da Oa n o [ %« B 0%v 0 O n ov %« (5)
 9a? |0z 0z; o | 02;0z; C 0a20z 02T  dadzdz!’

Similarly to the energy gradient, to compute the energy hessian, we need to separately compute
quantities describing the geometry and quantities describing the intrinsic nonlinear behavior:

e the geometric measure, its gradient and its hessian, a, da/0z = [0a/0z] and 0%a/0z0z" =
[0%a/02;02;], purely geometric quantities which reflects how the shape of the flexel (longitudinal,
angular, area, etc) couples to the rest of the structure, and whose equations are derived in section 3;

e the gradient and hessian of the potential, 9v/0a, 0*v/da?, ?v/dadt and 9*v/0t?, which reflects the
intrinsic nonlinear mechanical behavior of the flexel, and whose equations are derived in section 4.

1.2 Assembly of flexels

The elastic force of an assembly of flexels and how this force varies can be derived from its elastic energy
E. The total elastic energy FE stored in the structure is the sum of each flexel’s elastic energy:

Ni—1
BQ) =Y ela), (6)
s=0
where @ is the set of all the structural coordinates, which describe the state of the assembly, Nt is the
number of flexels in the assembly, e, is the energy of flexel s (Eq. (1)) and ¢° C @Q is the subset of structural
coordinates used by flexel s.

Energy gradient (elastic force vector) The elastic force is described by the gradient of the energy
FE with respect to the coordinates Q. We will denote this vector as F', and its expression is given by

C0E  [0E] S [0ei(q)] NS (e, [0g: T\ N [ des
F=i= o) =% o) % (S el ) - X (S m) o

where ng is the number of coordinates in g*, des/0q; are the components of the energy gradient f* of
flexel s (Eq. (2)), and where

(8)

In practical terms, Eq. (7) means that the gradient F = [F}] is constructed by adding together the
components of each individual flexel’s energy gradient f* = [f?] = [0es/0q¢;] that correspond to the same
coordinate Q.

ik 0 else.

. _{1 if ¢f = Qr,

Energy hessian (stiffness matrix) How the elastic force varies with respect to the state of the assembly
is described by the hessian of the energy E with respect to the coordinates @ (that is, the gradient of the
gradient, or the matrix of the second-order derivatives). This matrix is commonly known as the stiffness
matriz, and we will denote it as K. Its expression is given by:

_ PE [ 9B ] _[oR] N~ "7‘26(‘”]
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where 8265/8qfaqj are the components of the energy hessian of flexel s (Eq. (4)), and where [L;,Lj]
is determined using Eq. (8). In practical terms, Eq. (9) means that the energy hessian K = [Kj] is
constructed by adding together the components of each individual flexel’s energy hessian k* = [k:fj] =
[Des/ 8qf(9qj] that correspond to the same pair of coordinates (Qg, Q;).

2 Path-following algorithm

First, we provide a general mathematical description of the mechanical systems that we aim to model and
simulate, and express the governing equations that need to be solved by the algorithm to simulate such
systems. Using that formalism, we then describe the algorithm itself.

2.1 Model descriptions

Let us consider a mechanical system (or structure), defined as a set of nodes coupled by flexels. The state
of the system is defined by IV coordinates gathered in the array Q. Among these N coordinates, M are
free, while the other are fixed. The free coordinates are denoted by @, which is the array @ without the
fixed coordinates. The objective of the simulation is to calculate the equilibrium states of the structure
from a given initial load up to a final prescribed load, acting on the free coordinates Q. To this end, we
first consider the total potential energy II of the system:

M—-1
O=E-F>.U=E- ) U, (10)
k=0

where E is the elastic energy stored in the system and Fe*t.U is the combined work done by each external
force F, ¢ applied along the displacement U, = AQy, of the free coordinate Q. Since equilibrium states
under the external load Fet are stationary points of the total potential energy with respect to the free
coordinates Q, they are solutions of the following system of M equations

OF

_ frext _

8Q(Q) F 0 (11)
=

OF _ rext _

aQO (Q) FO =0

aE _ prext _

50, (@~ Fit =0 (12)

OF _ prext
5@~ ity =0

Each equation in this system represents the balance between the internal elastic forces and the external
forces on coordinate Qj, that must be achieved by a configuration to be in a static equilibrium under the
external forces F. Since we are interested in solving this system for various levels of loading from the
initial given load to the final prescribed load (that we will now denote as Fext0 and frext, ﬁnal), the system



can be rewritten in the following parametrized form

oF - oF ~ o
56 @~ F = 05(@) = (P04 AR =0 (13)
=
( OE [ex rndir
56, (@ — (% Y04 AR =0
aE [hex rndir
56, (@ — M AR =0
" OE . .
B (Q) — (F59 4 AFlir ) =o.
where -
rdir Ferep
i .

is the direction of the step load vector Fstep .— frext, final _ prext,0 (which represents the additional load
needed to reach the final prescribed load from the initial load), and where X is the load parameter, which
is initially 0 and reaches Hﬁ‘StepH when the load step is completed. Eq. (13) represents a system of
parametrized nonlinear equations, which can be solved using numerical continuation algorithms.

2.2 Algorithm

In springable, we solve Eq. (13) using the arc-length continuation scheme introduced in [1, 2|, as it
is able to reliably calculate the entire succession of equilibrium states even if those form a branch with
turning points, unlike more naive approaches that consists of iteratively increasing the parameter A\ and
applying Newton’s method. The algorithm consists of computing successive increments, each performing
one prediction, followed by multiple corrections to converge towards an equilibrium state. The algorithm
proceeds as follows. Note: x <— y means that y is assigned to the variable x.

1. The inputs o~f the problem are provided: initial coordinates Q°, initial external forces Fe"t’o, step
load vector F'°P (defined as Fext final _ prext,0),

2. The settings of the solver are provided: initial radius rg, convergence tolerance .
3. The direction of of the step load vector is computed: Fd .= Fstep /|| fstep||.
4. The variables that will be used and updated by the algorithm are initialized:

e current radius r < 7y,

e load parameter A\ < 0,

e current coordinates Q + Q°,

e current external force vector FeXt « Fext0

e list of previously computed equilibrium states Q° +— [Q"],

o list of external force vectors corresponding to the previously computed equilibrium states 79 <
[Fext,O]
e the current hessian matrix K is computed based on the coordinates Q° (Eq. (9)), the current

reduced hessian matrix K is formed by removing the rows and columns corresponding to the
fixed coordinates.



5. A new increment is started.

(a) The prediction step is started.

i.

ii

iil.

v.

vi.

vil.

viii.

The increment is initialized: AU™® = 0, AN = (.
Eq. (15) is solved for AU: S

KAU = Fir, (15)
The quantity AN is computed [3]:

r

VAU - AU

ANt = g

with

(17)

1 if first increment, or if AU - AUPrev- inc >0
S =
—1 else.

The following quantities are updated: AXPC «— AXCL AN and AU™C «— AUMC+AUt®,
where

AU™ = ANAU. (18)
The external force vector is updated: Fext « Fext 4 A yite prdir,
The free coordinates in Q are updated: Q < Q + AU,
The residual R of the force balance based on the updated coordinates is computed:

R=F - F™, (19)

where F is the array F := 0E/0Q (Eq. (7)) from which the components corresponding
to fixed coordinates have been removed. The array F' represents the internal net force
resulting on each coordinate due the elastic forces of the flexels,

The next action is decided based on the convergence criterion:

IR

start a correction step I FstepH

> ¢,

prepare for the next increment else.

(b) A correction step is started (if no convergence):

i.

ii.

iii.

The current hessian matrix K is computed based on the updated coordinates Q (see Eq. 9),
and the current reduced hessian matrix K is formed by removing the rows and columns
corresponding to the fixed coordinates.

Eqs. (20) and (21) are solved for AU and AU respectively:

KAU = Fér, (20)
KAU = -R. (21)

The following quantities are computed [3]:
e ap=AU - AU,
o by = 2AU™ . AU,
[ ] b1 = QAU . Af],
° ¢y = AUinC . AUinC _ ,,42,
¢ = 2AU™ - AU,



iv.

vi.

vil.
viii.

IX.

C2 :AgAﬁ,

°
® a = ao,

o b=1by+ by,

® C= o+ C+ Co,
o p=0b>—4dac.

The correction feasibility is assessed, and the next action is decided:

continue if p> 0,

prepare for increment restart else.

. The quantity AN is computed:

—b+
“EEXE if by > 0,
ANt = (22)
—_b—
27\/5 else.
a

The following quantities are updated: AXNPC «— ANPCL AN and AU « AU AUte,
where ‘ .

AU"™ + AU + AN*AU. (23)
The external force vector is updated: FexXt ¢ Frext 4 A \ite pdir
The free coordinates in @ are updated: Q + Q + AU,

The residual R of the force balance based on the updated coordinates is computed:
R=F - F™, (24)

where F' is the array F := dE/0Q (Eq. (7)) from which the components corresponding to
the fixed coordinates have been removed.

. The next action is decided based on the convergence criterion:

start an additional correction step if |||R]|| > &,

prepare for the next increment else.

(¢) The next increment is prepared.

i.

ii.
iii.

iv.

vi.

The current hessian matrix K is computed based on the coordinates Q (Eq. (9)), the current
reduced hessian matrix K is formed by removing the rows and columns corresponding to
the fixed coordinates.

The following quantities are updated: AUP™ "¢ « AU™ and r + min(rq, 2r).

The load parameter is updated: A <= A + Aljpe.

The new equilibrium state @ is appended to the list Q°? of previously computed equilibrium
states: Q%1+ Q%1+ [Q].

The new external force vector Fe*t is appended to the list Fea of external force vectors
corresponding to previously computed equilibrium states: Fe4 <— Fed 4 [Fext].

The radius is updated: r < min(2r,ro).



vii.

The next action is decided based on whether the final load has been reached:

stop (load step has successfully finished) if X > [|Fstep||,

start new increment else.

(d) An increment restart is prepared (only after the correction phase fails).

1.

ii.

iii.

v.

The array of coordinates @ is reset to the last item in the list @°? of previously computed
equilibrium states: Q < Q%1[last].

The external force vector is reset the last item in the list Fet of external force vectors
corresponding to the previously computed equilibrium states : Fext o Feq [last].

The current hessian matrix K is computed based on the coordinates Q (Eq. (9)), the current
reduced hessian matrix K is formed by removing the rows and columns corresponding to
the fixed coordinates.

The current radius is reduced: r < r/2.

A new increment is started.

10



3 Geometric measures, gradients and hessians

When computing the gradient and hessian of the elastic energy, necessary for the arc-length method, the
measure of the flexel (length, angle, area, etc) and its derivatives (gradient, hessian) with respect to the
spatial coordinates z; must be computed. In this section, the equations used to calculate those quantities
are derived. An overview of the different geometric measure that can be used in springable is shown in
Fig. S1.

a b c d , ,oe f
H Q Vo -
NQ Ax !

/ \ Nzo‘ 9 N, lo\ 1¢ i d> \\r/”dNZ
/\o \4-\ Fo ; N¢ 0/’ .
¢ N, \“ /,ONO N, of A \\b ! o1 ) '(A)I, -

, O-=0 N . 4N

i Y P e
pel ON,
N3 N, A.y N, d<0 0

Figure S1: Geometric measures. (a) length, (b) angle, (c) area, (d) signed z- (top) and signed y- (bottom)
distances, (e) signed point-line distance, which can be positive (top) or negative (bottom), (f) path length,
(g) area with holes.

Notation:
e «: the geometric measure,

e 1;: horizontal coordinate of node k,

yi: vertical coordinate of node k,

Nj: node k,

Ny ZQZ vector going from node Nj to node IV,

z: array of spatial nodal coordinates,

e 2;: (i+ 1)th component in the array z (so, zp is the first component).

3.1 Length (longitudinal flexel)

A longitudinal flexel is defined by two nodes, node Ny and node Nj (Fig. Sla). The measure « of a
longitudinal flexel is the length [ of the segment connecting the two nodes. In 2d, this length depends on
the four coordinates z = [xg, yo, 1, y1]-

Measure «

a=1(z) =/(zo —21)> + (Yo — 1) . (25)
Gradient da/0z
Trog— T1
8704_3701_& ﬁ ﬂ ﬁT_l Yo — N (26)
0z N 821- N 8t0 8yo 8t1 8y1 - l Tr1 — X0 ’
Y1 — Yo

11



Hessian 0%a/020z "

0a B 0%a
0z0z" [822-82]}

i 1 0 -1 0 i Tro — I
~1jo0o 1 0 -1 11 [yo—1
Tl l-1 0 1 0| 21 |z — 0
L0 -1 0 I Y1 — Yo

1 0 -1 0] AzAzx

~1jo0 1 0 -1 1| AzAy
U1 0 1 0] B|-AzAz

0 -1 0 1 —AxAy

where Ax := xg — 21 and Ay := yg — y1.

3.2 Angle (angular flexel)

o — I
Yo — Y1
r1 — Zo
Y1 — Yo

AxAy
AyAy

—AzAy
—AyAy

—AzAzx
—AxAy

AxAx
AxAy

—AzxAy
—AyAy
AzAy
AyAy

An angular flexel is defined by three nodes: node Ny, node N and node Ny (Fig. S1b). The measure « of
an angular flexel is the angle 6 defined by the three nodes, where node N7 is the vertex. More precisely,

2
the angle 6 € [0, 27| is the angle by which the vector NNy must rotate counter-clockwise about Nj to

align with the vector NjNy. This angle depends on the six coordinates z = [xg, Yo, Z1, Y1, T2, yg]T.

Measure o

a=0(z)=atan2 (Y (z), X (2))

where

Y(z) = (21 — z0)(y1 — y2) — (y1 — yo)(z1 — x2),

and

X(z) = (z1 —z0)(x1 — 22) + (y1 — Yo) (Y1 — ¥2)-

|+

Gradient 0a/0z

da _[oa] _[00] _[000Y 090X
0z N 8,2@ - 822 N 5)4 aZi 0X 621
where _ )
Y2 — W
1 — T2
375/ _ | Y — 42
0z; o — x|’
Y1 — Yo
(L0 — Z1
[ Tro9 — T1
Y2 — U
|:8X:| 2.%1—170—1’2
0z 291 — Yo — Y2
Tro — 1
L Y — Y1
" _ X
oy  X2yy?
and
a0 Y

0X X241 Y?2

12

_ o
)4

mod 27,

Y
azi

o
0X

|

0X
azi

|

(32)



Hessian 0%a/020z "

0 B 0%
020z | 020z
0[PV o0 T X
_6Y 82282’3 0X 82’182’]
20 [oy oY] | 9% [9YOX  0XOY] 9% [0X0X )
6Y2 azi 8Zj OYOX 87:@- aZj Ozi aZj 8X2 &zz 8Zj ’
where ) )
0 0 0O -1 0 1
0 O 1 0 -1 0
2 [R—
0°Y _ 0 1 0 0 0 1 ’ (37)
0202; -1 0 0 0 1 0
0O -1 0 1 0 0
1 0 -1 0 0 0]
[0 0 -1 0 1 07
0 0 0O -1 0 1
2X o o
0 _ 1 0 2 0 1 0 7 (38)
1 0O -1 0 0 O
0 1 0 -1 0 0
020 2XY
8Y2 - (X2 + Y2)2 9 (39)
2 Y2 _ X2
o0 __ . (40)
oYoX  (X2+7Y?)
and 2
0 _ 2XY ' (41)

0X?2 (X2 + Y2)2

3.3 Signed area

Currently, the measure ‘signed area’ is not directly used as the measure of a flexel. Yet it is used indirectly
to define area flexels and ‘signed distance’ flexels (see subsection 3.4 and 3.7). A signed area Ay is defined
by n > 3 nodes: Ni, k=0,1,...,n— 1, which are the vertices forming the boundary of a simple polygon.
If the sequence Ny are the vertices listed sequentially counter-clockwise, the ‘signed area’ is the (positive)
area of the polygon. Conversely, if the sequence Nj are the vertices listed sequentially clockwise, the
‘signed area’ is the negative of the (positive) area of the polygon. The polygon is assumed to be not
self-intersecting. The signed area depends on 2n coordinates z = [T0, 0, . - -, Tn_1,Yn—_1]

Measure «

[y

a= Ay(z) = (ThYr+ — YuTp+) (42)
k=0

DN |

where k™ = (k+1) mod n.



Gradient da/0z

o O 0Ag 1
5~ [on) =[] =20 =
where )
Ypt+ — Y if 7 is even < z; is a x-coordinate
with k =1i/2
Si = (44)
Tp— — Tp+t if 7 is odd < #; is a y-coordinate
with k =1i/2 —1/2,

with £~ = (kK — 1) mod n. Put differently,

_yl - ynfl_
Tp—1 — X1
Y2 — Yo
S =| -2 | (45)
Yo — Yn—2
| Tn—2 — 20|
Hessian 0%a/020z "
Foate) P 1
= =-[T;], 46
826ZT [aziazj] 2 [ ]] ( )

where
+1 ifiiseven and j = (i+3) mod 2n

—1 ifiisevenand j=(i—1) mod 2n

Tij=4—-1 ifiisoddand j = (i+1) mod 2n (47)
+1 ifiisodd and j = (¢ —3) mod 2n
0 else.

Matrices [T3;] for n € [3,11] are shown in Fig. S2.

3.4 Area (area flexel)

An area flexel is defined by n > 3 nodes: Ny, N1,..., N,_1 (Fig. Slc). The measure « of an area flexel is
the area A > 0 of the polygon whose vertices is the sequence of nodes Nj. The area A is always positive
regardless of whether the vertices are sequentially listed clockwise or counter-clockwise. The area depends
on 2n coordinates z = [0, Y0, - - -, Tn—1, Yn—1]-

Measure «
a=A(z) = |As(2)], (48)

where Ag is the ‘signed area’ measure, defined in Eq. (42).

Gradient do/0z

oo [da 0A] 1
52~ [35] —e [52] -

where [S;] is the array defined in Eq. (44).
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B [ o W+

n=3 n=4 n=5

Figure S2: [T;;] matrices for n = 3 to 11.

Hessian 0%a/0z0z"

Foatey B D
2

9% A 1
02027 | 020z ]

} = sgn(Ay) [aziazj = —sgn(Ay) [T”] , (50)

where [Tj;] is the matrix defined in Eq. (47).

3.5 Signed z-distance and y-distance (z-distance flexel and y-distance flexel)

An x (resp. y) -distance flexel is defined by two nodes Ny and N; (Fig. S1d). The measure of such
flexel is the signed horizontal (resp. vertical) distance between both nodes. If Ny is on the right of (resp.
above) Ni, the signed distance is positive, else negative. The signed distance depends on four coordinates

z = [ﬂfo,yo,fﬁl,yl]T~

Measure «

a=Ax(z)=20—z1 (resp. a=Ay(z)=1yo—1y). (51)
Gradient da/dz
gz =[1,0,—1,0]" (resp. g‘;‘ =1[0,1,0,—1]"). (52)
Hessian 0%a/020z " ,
aSaZT =0 (53)

3.6 Compound measure

A flexel’s measure « can be expressed as a function C' of p other measures oy, k = 0,1,...,p — 1. Each
measure oy, itself depends on my, coordinates z*. In general, it is possible that measures a4, share some
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of their coordinates; therefore the number m of coordinates that the measure o depends on is less than
Zi;é my. The array z gathers the set of unique coordinates collected across each z*.

Measure o
a=Clag,0q,...,0p-1). (54)

Gradient 0o/0z

da 805} Z e [Gak ] S 90 Dy [aﬂ

0z 2 0oy, — day, 0zF | 0z
_P—l my—1 oC Oay, [ k} (55)
- a_k ir| o
k=0 r=0 Doy azr
where [Jay/0zF] = 0ay, /02" is the gradient of the measure oy in its ‘own coordinates’ 2*, and
1 if 2 =2k
L (56)

0 else.

In practical terms, Eq. (55) means that the gradient da/0z = [0a/0z;] of a compound measure is con-
structed by summing together the components of each individual measure’s gradient Aoy, /92" that corre-
spond to the same coordinate z;, weighted by 9C}/0ay.

Hessian 0%a/020z "

« o " a(2¥) 0oy (2! o
0? _[32 ]_Zg o*C [a r(2F) 0y ( )}Jr . 9C & Pap(2)
1

1
02027 | 020z prd 0z; 0zj 8ak 020z,

—1p—1my—

p—1
k=0

where [day/0zF] = 0ay/0z% and [0c;/8¢)] = Ocy/0z' are the gradients of the individual measures

my—

1 0°C_ day 9oy Ik Il plmk 1mk180 Par [p 1k
1=0 r=0 ; Mazﬁ 6’Zl [ ZTLJS} +kZO TZO ; Aoy 02F0zk [L"LJS]’ (57)

in their own coordinates; [820% / azfazf] = 9%ay/ 9289z* " are the hessian matrices of the individual
measures in their own coordinates; and where {LfTLé s} and [Leré“s} are computed using Eq. (56). In
practical terms, Eq. (57) means that the hessian matrix 92a/9z0z" is constructed by summing together
the components

e of the outer-product matrices day,/02F @ 0oy /02" for every possible pair of individual gradients
(weighted by 0?C/da0ay); and

e of the individual hessian matrices 9%ay/ 92+9zk" (weighted by 0C/0ay,)

that correspond to the same pair of coordinates (z;, ;).

3.7 Signed point-line distance (distance flexel)

A distance flexel is defined by 3 nodes: Ny, N; and Ny (Fig. Sle). The measure « of a distance flexel is
the ‘signed distance’ d between Ny and the infinite line passing through Ny and Ns. If Ny is on the left
of that line (whose direction is defined by the vector N1N3), the measure is the (positive) distance. If Ny
is on the right of the line, the measure is the negative of the (positive) distance. The ‘signed distance’
depends on the six coordinates z = [xo, Yo, 21, Y1, T2, Y2] "
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Measure «
The ‘signed distance’ measure « can be regarded as a compound measure: it is twice the ‘signed area’ of
the triangle NgN1 Ny (ag) divided by the length of the segment Ni Ny («v):

200 244(2°)
ar  1(2h)

where Ag(z°) is the ‘signed area’ of the triangle NgN1No (Eq. (42)), with 20 = [z, yo, 21, y1, T2, 2] | ; and
I(2') is the length of the segment NNy (Eq. (25)), with 2! = [z1, y1, 22, y0] .

a=Clag,aq) = =d(z), (58)

Gradient da/0z As the signed distance measure is a compound measure, its gradient da/0z is com-
puted using Eq. (55), with dC/0ag = 2/a; and OC/da; = —2ap/a?, and where the individual gradients
Do /02" and day/0z' are computed using Eq. (43) and Eq. (26), respectively.

Hessian 0%a/020z"  As the signed distance measure is a compound measure, its hessian matrix 92a/0z0z "
is computed using Eq. (57), with dC/0ay = 2/a1, 0C /0oy = —2ap/a3, §2°C /a3 = 0, *C/dapda; =
02C /001009 = —2/a? and 9*°C/0a? = 4ag/a3, where the individual gradients and hessian matrices
Dap/02°, Oay /021, 82a0/8z08z0T, 82a1/8z18z1T are computed using Eq. (43), Eq. (26), Eq. (46) and
Eq. (27), respectively.

3.8 Path length (path flexel)

A path flexel is defined by an ordered sequence of p + 1 nodes {N*} selected from a set of n > 2 distinct
nodes Ny, N1, ..., N,—1 (Fig. S1f). The measure of a of a path flexel is the length of the polygonal chain
whose vertices are defined by the sequence of nodes {NN k} The path length depends on 2n coordinates

z = [x07y0’ sy Tp—1, ynfl]—r-

Measure «
The path length measure « can be regarded as a compound measure: it is the sum of the lengths of the p
segments NFNF+1.

p—1
a=Clag,an,...,0p1) =ag+or+ - +ap 1= I(z"), (59)
k=0
where oy, = [y, is the length of the segment N* N**+1 (Eq. (25)) and 2* = |24, Yi, Trs1, Yer1] |-
Gradient da/0z As the path length measure is a compound measure, its gradient da/0z is computed
using Eq. (55), with 0C/0ay, = 1, and where the individual gradients day/0zF are computed using

Eq. (26). In case that the sequence is composed of distinct nodes (N* = Ny), the gradient da/0z takes
the following form:

wo—a] [ 0] C0 T
Yo — Y1 0
Tr1 — X0 Tr1 — X2
Y1 — Yo Y1 — Y2
b 1| " I 1
Ja _ = |2V e+ (60)
9z 1o Ll o In_2
0
Tp—2 — Tp—1
Yn—2 — Yn—-1
Tp—1 — Tp—2
L 0 | L 0 _ | Yn—1 — Yn—2
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Hessian 0%a/0z0z"  As the path length measure is a compound measure, its hessian matrix 92a/0z0z "
is computed using Eq. (57), with 9C/day, = 1 and 0*C/dada; = 0, where the individual gradients and

hessian matrices day, /02" and 0%ay/ 92+02F " are computed using Eq. (26) and Eq. (27), respectively.

3.9 Area with holes (area flexel)

In subsection 3.4, the geometric measure measure of an area flexel was defined as the area of a simple
polygon. An area flexel can also be defined by a polygon with holes, that is, a polygon with an outer
boundary and one or multiple inner boundaries (Fig. Slg). The geometric measure a of such polygon
is the area delimited by the outer boundary Ay to which is subtracted the areas delimited by the inner
boundaries Ay, Ag, ..., Ap,—1. Each area A is defined by a set of coordinates, noted z*. The array of
unique coordinates z is constructed by sequentially appending each coordinate from z°, ..., 2P~! that has
not yet been encountered.

Measure a The area-with-holes measure « can be regarded as a compound measure: it is outer area
minus the sum of the inners areas:

p—1
a=Clag,0n,...,0p 1) = Ag— Y _ Ap(2") = A(2). (61)
k=1

where ay = Ag(2*) is computed using Eq. (48).

Gradient Ja/0z As the area-with-holes measure is a compound measure, its gradient da/0z is com-
puted using Eq. (55), with 0C/0ag =1 and 0C/day, = —1  (Vk # 0), and where the individual gradients
day /02" are computed using Eq. (49).

Hessian 0%a/020z"  As the area-with-holes measure is a compound measure, its hessian matrix 92a/0z0z "
is computed using Eq. (57), with dC/0ag = 1, dC/day, = —1  (Vk # 0) and 0°C/da,0a; = 0, where the
individual gradients and hessian matrices day,/02z* and 9%y / 92*0zF " are computed using Eq. (49) and
Eq. (50), respectively.

4 Intrinsic nonlinear mechanical behaviors

When computing the gradient and hessian of the elastic energy, necessary for the arc-length method,
the gradient and hessian of the intrinsic elastic potential v of the flexel with respect to the measure «
(and the internal degree of freedom x for bivariate potentials) must be computed. In this section, the
equations used to calculate those quantities are derived for various kinds of potentials. In springable,
potentials are specified by providing the generalized force-displacement curve, where the generalized force
f is defined as Ov/Oc, and the generalized displacement u as o — oy (e is a constant representing the
natural measure). An overview of the different types of nonlinear generalized force-displacement curves
implemented in springable is shown in Fig. S3. In the following, we use apostrophes, ¢’ and ¢”, to denote
the first and second derivatives of functions g of one single argument.

4.1 Univariate behaviors

A univariate behavior is characterized by a univariate energy potential, which is constructed from a
generalized force-displacement curve that can be described as function: f(u).
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a b C e
2t 2 2t 2 4
N S N L.
or 0 or 0
e S
0 2 0 2 0 2
u u u
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u u u

Figure S3: Nonlinear generalized force (f)-displacement (u) curves used to construct nonlinear behaviors.
(a) linear, (b) logarithmic, (c) Bezier (univariate) (d) Ci-piecewise linear, (e) zigzag (univariate), (f)
contact, (g) isothermal, (h) isentropic, (i) Bezier (bivariate), (j) zigzag (bivariate). Control points and
control polygons are depicted by gray markers and dotted lines.

Linear behavior A linear behavior is defined by a linear generalized force-displacement curve (Fig. S4a),

f(u) = ku, (62)

where k is the spring constant, that is, the slope of the generalized force-displacement curve, whose unit is
the unit of the generalized force f divided by the unit of the generalized displacement u. From the curve,
the potential v, its gradient dv/da and hessian 0%v/0a? can be constructed as follows:

o) = [ Fludu = Ghta - ao)® (63)
% (6) = f(a ~ ) = k(o ), (64)
0? d
a%@@:agm—a@:k. (65)
a b 1
2 2t |
1 Ak TF i
“ 0 « o} i "
-1 -1 i
-2 20 . :
-2 0 é -2 0 2

Figure S4: Linear (a) and logarithmic (b) force-displacement curves.

Logarithmic behavior A logarithmic behavior is defined by a generalized force-displacement curve
given by

ﬂm—k%m(“+%), (66)

Qg
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where k is a parameter that represents the slope of the generalized force-displacement curve at u = 0, whose
unit is the unit of the generalized force f divided by the unit of the generalized displacement w. Unlike
the linear behavior, a logarithmic behavior can prevent flexels from reaching a zero measure (o = 0), as
the force tends to infinity when the flexel becomes ‘fully compressed’ (Fig. S4b). The behavior is identical
to the linear behavior at first order around the natural measure ag. From the curve, the potential v, its
gradient Ov/da and hessian 0%v/0a? can be constructed as follows:

v(a) = / T w)du = kaag (In (a/ag) — 1), (67)
0
2 (@) = f(a— a0) = kagIn (a/a0) (68)
2’U
£ @)= (o~ ap) = kao/a. (69

Bezier behavior A Bezier behavior is described by a Bezier curve of degree m, with control points
positioned at (ug = 0, fo = 0), (u1, f1),--., (Un, fn), with linear extrapolation beyond the first and last
control points that preserves C; continuity. The nonlinear behavior defined by the Bezier curve can either
describe the tensile behavior (a.k.a ‘tensile’ mode, Fig. Sha), the compressive behavior (a.k.a ‘compressive’
mode, Fig. S5b) or both simultaneously (a.k.a ‘symmetric’ mode, Fig. S5c).

Figure S5: Bezier force-displacement curves for the tensile (a), compressive (b) and symmetric (¢) modes.

For convenience, let us define the functional F as

F(g)(x) = m(x)g(m(z)x), (70)
where g is a function and
+1 if ‘tensile’ mode,
m(x) =< —1 if ‘compressive’ mode, (71)

sgn(x) if ‘symmetric’ mode.

Note that
;Cf(g)(ﬂﬁ) = g'(m(x)z) == F'(g)(x), (72)
2
%J’(g)(ﬂf) = m(z)g" (m(z)z) :== F'(g)(x). (73)

Mathematically speaking, the force displacement curve f(u) is defined as

f(u) = F(f)(w), (74)
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where

(f1/u1)u if u<0,
Flu) = b(a=t(u)) if0<u<u, (75)
fn+ Jn = Jn-1 (u—up) if u> uy,

Up — Un—1

where the functions a(.),b(.) describe the parametric Bezier curve:
{a(m) = Lo tiBin(®)
b(x) = 3liso fiBin(®),

where x is the curve parameter that runs from 0 to 1 and B;,, are the Bernstein polynomials of degree n.
Note that the generalized force-displacement curve is only well defined if a(x) is monotonic on the interval
[0,1]. The stiffness k(u) along the curve is given by the derivative of f(u), i.e.:

_df _

(76)

kw) = L = P(P)w) ()
where F' is defined in Eq. (72) and
fl/ul if u S 0,
— /(. —1
df V@) o, <
du @) TSR (78)
R if u > up,
Up — Un—1
where a’, 0’ are the derivatives of a, b:
n—1 n—1
d(x) =nY (wip1 —u)Bip-1(x) and V(z)=nY (fix1 — fi)Bin-1(2). (79)
i=0 1=0

From the curve, the potential v, its gradient Ov/da and hessian 9?v/da? can be constructed as follows:

v(a) = /O T fu)du, (30)
ov

% () = fla - ). (81)
2’U
@)= ¥ (o~ ag) = b~ a0), (52

where f and k are described in Eqgs. (74, 77).

Ci-piecewise behavior A Ci-piecewise behavior is defined by a piecewise linear function whose ‘corners’
have been smoothed by quadratic functions, ensuring C; continuity. Bilinear and trilinear piecewise linear
force-displacement curves have been used to study softening, stiffening or bistable interactions in spring
chains [4, 5, 6]. The piecewise curve presented here generalizes the concept to n segments with control
on the smoothness of the transitions. The curve is described by n slopes ko, ..., kn—1, n — 1 displacement
values ug, ..., un—2 at which the non-smoothed piecewise curve transitions from slope k; to k;4+1, and a
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smoothing parameter us that controls the size of the region around the transition displacement w; where
the curve is given by the quadratic function instead of the piecewise linear function. Similarly to the
Bezier behavior, the nonlinear behavior defined by the smoothed piecewise linear curve can either describe
the tensile behavior (a.k.a ‘tensile’ mode, Fig. S6a), the compressive behavior (a.k.a ‘compressive’ mode,
Fig. S6b) or both simultaneously (a.k.a ‘symmetric’ mode, Fig. S6c).

a b (
2t 2t 2}
1r 1r 1r
l‘1_0- “‘0‘ "‘O‘
1t -1} -1
-2 -2 -2 f
-2 0 2 -2 0
u u

Figure S6: C;-piecewise linear force-displacement curves for the tensile (a), compressive (b) and symmetric

(¢) modes.

Mathematically speaking,

where F is defined in Eq. (70) and

flu) = P(u; s = [ko k1, - ..y kn—1]5m = [uo, u, . ., un—2];ns = us),
where
( .
s0m if p <mng—mns
aon? + bon + co if no—ns <m <mo+ms
511 + p1 ifno+ns<n<m-—ns
P(n;s;mins) =  aim? +bin + ¢ if n; —ns <m < mi+ns
sin + pi if i1 +ns<n<n—ns
an—2772 + bn—277 + cp—2 if Mn—2 —MNs <N <Mp—2+1s
( Sn—17 + Pn—1 if 92 +ns <n < +oo,
with
i = Pi—1 +ni—1(Si—1 —si); po=0,
Skl T Si
T 4’]75 bl
by — si(ni +1ms) — six1(ni — 1)
T 2775 b
o N — )2
c; = (SH—l Sz)(nz 775) +p¢-
4ns

Note that for P is well-defined only if 21 < min{2ny,n1 — no, - . .

the curve is given by the derivative of f(u), i.e.:

_4f

k(u) = = = F(f)(u),

 du
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(87)

(88)

(89)

s Mn—2 — Mn—3}. The stiffness k(u) along

(90)



where F’ is defined in Eq. (72) and
ar_or

du oy (w; [ko, - -+ kn—1]; [uo, - - - Un—2]; us), (91)
where

50 ifn<mo—mns
2a0n + bo if o —ns <n <mo+ns
s1 itno+n<n<m—ns

oP ) )

877(77’ 8,M,Ms) = 1 2a;n + b; i —ns <n<mni+mns (92)
S; ifni—1+ns<n<n—ns
2ap—on+ by ifn,_2—1ns <N <Np_2+ns
Sp—1 if np—2 +1s <n < 4o00.

From the curve, the potential v, its gradient dv/da and hessian §%v/0a? can be constructed as follows:

v(a) = /0 T (93)

2 () = J(a— o), 64
2U
%(a) = %(a — o) = k(o — ap), (95)

where f and k are described in Egs. (83, 90).

Zigzag behavior A zigzag behavior is described by a ‘smooth zigzag’, that is, a polygonal chain with
vertices positioned at (ug = 0, fo = 0), (u1, f1),--., (tn, fn), whose ‘corners’ have been smoothed. The
amount of smoothing is governed by the parameter € €]0, 1[. The zigzag behavior serves a similar purpose
as the Ci-piecewise linear behavior, except that it can be generalized to a multi-valued curve as shown in
subsection 4.2. Similarly to the Bezier behavior, the smooth zigzag can either describe the tensile behavior
(Fig. S7a), the compressive behavior (Fig. S7b) or both simultaneously (Fig. S7c).

a uw,fWO b c 0
2t = U3,f3 2} 3 ° 2 o1
o
1F 1 : 1F
- o} - 0 o “ 0 o
-1f -1 -1
2 2} -2
-2 0 2 -2 0 2 -2 0 2
u u u

Figure S7: Zigzag force-displacement curves for the tensile (a), compressive (b) and symmetric (¢) modes.

Mathematically speaking,
flu) = F(f)(u) (96)

where F is defined in Eq. (70) and
Fu) = bla™ (w)), (97)



where the functions a(.) and b(.) are defined by C;-piecewise linear functions:

a(x) = P(x; s";m* n¢) (98)
b(x) = P(x; 8" m"10), (99)
with P defined in Eq. (85), s¢ = (n — 1)(uiy1 — w;), ¥ = (n — V) (fix1 — fi), ¢ = n° = i/(n — 1), and
n® =n? = ¢/(2n — 2). Note that the generalized force-displacement curve is only well defined if a(z) is

monotonic on the interval [0, +-o00[, which is valid only if 0 < u; < --- < u,—2. The stiffness k(u) along
the curve is given by the derivative of f(u), i.e.:

Bu) = 3 (w) = F()(w), (100)

where F' is defined in Eq. (72) and

af

3, (W =@ (w)/a' (e (w)), (101)

where a’ = OP/0n(x, 8%, n% n?) and V' = AP/On(x, s, n°,nl) are the derivatives of a and b with respect to
x, with OP/0n given in Eq. (92). From the curve, the potential v, its gradient dv/da and hessian 9?v/da?
can be constructed as follows:

v(a) = /Oa—ao f(u)du, (102)
ov

S=(@) = f(a - ag), (103)
2U
T (@) = Lo~ a0) = k(o — a0), (104)

where f and k are described in Egs. (96, 100).

Contact behavior A contact behavior mimics contact using a generalized force-displacement curve that
produces a nonzero force only for measures o = u + ag below a certain threshold aa (Fig. S8):

0 if u>aa —ap
f(U): A — Qg — U
—fo | &———

C

3 (105)
) if u < aa — ag,

where fp > 0 is the magnitude of the repulsive force when the measure is decreased by u, > 0 from aa.
The curve is Co continuous. From the curve the potential v, its gradient dv/da and hessian 9?v/da? can

a | | ia=0 b sl S
’ o ' Ma, 1 no
[ [
\ | hocontact 111 contact
0.0} | 00} 11
[ e f
1l [y
w05} fo: : - -0.5f : : :
I [ .
-1.0f ! -0 : i
| | |
I 1 ! !
=151 Iu=-a, -15F | I
-2 -1 0

Figure S8: ‘Contact’ force-displacement curves with ap = 1 when aa = 0 (a) and aa = 0.75.
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be constructed as follows:

o 0 if o > A
o) = [ fdu=1{ fuue far—a)' (106)
N 1 " if a < ana,
Py 0 if > aa
—(a) = flaa — ) = — 3 107
gl =S =) (raaY (107
0 fa>a
0%v df ) = oA
il = J(a— — _ 1
0a? (a) du(a @) 3o (aA a> if @ < aa. (108)
U U

Isothermal behavior An isothermal behavior is described by a generalized force-displacement curve
that mimics the ideal gas law during an isothermal process (process where the temperature remains
constant):

p—po=nRTH(1/V —1/Vp), (109)

where pg is the ambient pressure, V{ is the volume of the gas at ambient pressure, T is the temperature of
the gas, p the pressure, V the volume, n is the amount of substance, R the gas constant. The generalized-
force displacement curve is defined from Eq. (110) by letting f play the role of the pressure difference
po — p and wu the role of volume change V' — Vj, with ag = V) (Fig. S9a):

_nRIy u
N Q u—i-Oéo.

f(u) (110)
Note that a negative generalized force f corresponds to a compressed state (the pressure p is greater than
the ambient pressure pg), while a positive f corresponds to a ‘vacuumed’ state (the pressure p is less than
the ambient pressure pg). From the curve, the potential v, its gradient Ov/da and hessian 9?v/da? can
be constructed as follows:

a—ag
v(a) = / f(w)du =nRTy(a/ap — 1 — In(a/a)), (111)
0
Ov oa—
5@ = f(a— ag) =nRTy aaoo, (112)
0%v df nRTy
Z - = (= = . 11
T @)= Zia—a) =" (13
a b é b 3 é
af 18 3 af 18 3
£ 8 E g
1 S P,=nRT/a, 1 S P,=nRT/a,

e e e e e
-

<
11
[}

Q

o
ol
N

Figure S9: Force-displacement curves mimicking the ideal gas law. (a) Isothermal with n = 0.03,R =
0.083, Ty = 300. (a) Isentropic with n = 0.03, R = 0.083, 7y = 300,y = 4.
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Isentropic behavior An isentropic behavior is described by a generalized force-displacement curve that
mimics the ideal gas law during an isentropic process (process where the entropy remains constant):

1 (V7 1
—po=nRTH | = = — 114
p—po=nk O<V<V> Vo)’ (114)

where pg is the ambient pressure, Vj the volume of the gas at ambient pressure, T} is the initial temperature,
p the pressure, V the volume, n the amount of substance, R the gas constant and -y the heat capacity ratio.
The generalized-force displacement curve is defined from Eq. by letting f play the role of the pressure
difference pg — p and u the role of volume change V' — Vp, with ag = Vi (Fig. S9b):

B 1 1 a0 \77!
f(u) = nRTy <C¥0 — ——— <u—|—a0> > , (115)

From the curve, the potential v, its gradient Ov/da and hessian 9%v/0a? can be constructed as follows:

v(a) = /Oaao f(u)du = nRT, (a - 1> 4 T ((0‘0)7_1 - 1> , (116)

Qg v—1 «
ov 1 1 rap\7—1
2(a) = f(a - ag) = nRTy (ao -= (;) ) , (117)
0%v df

nRTy (@)v—l '

o?

5ez(@) = g (a—a0) = (118)

(0%

4.2 Bivariate behavior

A bivariate behavior is characterized by a bivariate energy potential, which is constructed from a general-
ized force-displacement that can possibly be multi-valued, meaning that for a given generalized displace-
ment u can correspond to multiple generalized force values f. Such a curve is defined by the following

parametric equations:

u=a(z

(@) (119)
f=0b(x),

where a(.) and b(.) are two continuous functions, and x is the curve parameter that monotonically increases

as one moves along the curve. From the parametric curve (u, f) = (a(x),b(x)), the following bivariate
potential, which takes two inputs, the measure o and an internal coordinate t, is constructed

v(a,t) = %k(t) (o —ag —a(t))? + b(t)(a — ag — a(t)) + /0 b(t)d' (f)dt. (120)

Each point on the force-displacement curve (a(z),b(x)) corresponds to a state («,t) = (oo + a(x), x) that
is a static equilibrium state of the potential v under force b(x), as we will demonstrate through Eqgs. (126,
127, 128, 129) (see colored box below). The function k(.) can be defined so that the potential v has the
desired stability properties, as we will demonstrate afterwards. Its expression is given in Eq. (146). At
equilibrium, the internal coordinate t plays the role of the curve parameter. From the potential, we can
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compute its gradient and hessian components:

g; =k(t)(a — ap — a(t)) + b(t), (121)
% —(a— a0 — a@)F(®) — k@) + T (0 — ag — at))?, (122)
gz; =k(®), (123)
ziézyw—k@d®+%ﬁXa—%—a@x (124)
gi;} =(a —ag — a(t))(V"(t) — k(t)d" (t)) + d'(t)(k(t)d'(t) — V(1)) (125)

+(a—ap—a(®)) <k"2(t) (@ - ao —a(t)) - 2k’(t)a’(t)> .

To define a bivariate behavior, it therefore suffices to provide the a and b functions (and their first and
second derivatives) that describe the parametric generalized force-displacement curve. In springable, the
parametric curve can either be described as a Bezier curve (Egs. (152, 153)) or a smooth zigzag curve
(Egs. (164, 165)) (see paragraphs below).

Proposition: "Points on the curve (a(t),b(t)) correspond to static equilibria."

Proof States («,t) are equilibrium points if they are stationary points of the total potential energy
7(a,t) := v(a,t) — fa, meaning that they have to satisfy the two following equations,

om ov

=802 !

= k(t)(a — ag — a(t)) + b(t) - f, (126)
or  Ov

0= = a

= (a—ap —a(t)) <b/(t) — k(t)d'(t) + (v —ap — a(t))> . (127)

From (127), we notice that
a=a+a(t) & u=a(t) (128)
is a solution, which, when plugged back into Eq. (126), yields
f=0(t). (129)

From Egs. (128) and (129), it can be noticed that each point on the force-displacement curve given
in Eq. (119) is a stationary point of the total potential energy, which retrospectively explain why
we define the elastic energy of the flexel using Eq. (120).

\. J

Defining k(.) to satisfy stability conditions On the one hand, stability of equilibria are determined
by the hessian matrix h of the total potential energy

0?m/0a®  9%m /0ot

het) =\ g2r foaot  o%x jor2

(130)

More precisely, stability of points under force-controlled conditions is governed by the number py of
negative eigenvalues in the matrix h, each indicating an unstable deformation mode. Stable points under
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force-controlled conditions are therefore characterized by a hessian matrix with no negative eigenvalues
(ug = 0). Similarly, stability under displacement-controlled conditions is governed by the number p,
of negative eigenvalues in h from which the row and column corresponding to the variable o have been
removed, that is, just the single component 97 /9t%. Note that ff > o, With 2> pp > 0and 1 > py > 0,
since the hessian matrix is 2-by-2.

On the other hand, the way that the curve folds (by reaching force and displacement extrema) should
dictate the stability of equilibrium points along the u — f curve [7]. This theory tells us that each time
the curve folds clockwise (counter-clockwise) by reaching a force or displacement extrema, the number of
negative unstable modes, indicated by ps or p,, under the respective loading condition should increase
(decreased) by one (Fig. S10a).

To ensure consistency between the folding rules and the numbers of negative eigenvalues, jy and pq,
the following conditions must be satisfied:

if () =d(t)>0,V(t) >0 puy=0and p, = 0; (131)
if (\) =d(t)>0,b(t) <0 pp=1and p, = 0; (132)
if ()=d(t)<0,V(t) <0& pur=1and po = 1; (133)
if (\)=d(t)<0,b/(t) >0 py=2and g = 1. (134)

Those conditions have been derived by first assuming that points along (,7)-branches (that is, where
a'(t),v'(t) > 0) are stable under both force- and displacement-controlled conditions. Therefore,

e when folding clockwise from a (,”)-branch to a (N\,)-branch (or inversely counter-clockwise), p ¢ must
be incremented (decremented) by one and i, remains 0;

e when folding clockwise from a (\,)-branch to a (,/)-branch (or inversely counter-clockwise), pu¢
remains 1 and p, is incremented (decremented) by one.

e when folding clockwise from a (,/)-branch to a () )-branch (or inversely counter-clockwise), ¢ is
incremented (decremented) by one and p, remains 1.

Note that other folds such as () — to — ("\) or its inverse () — to — (') are not permitted, since the
former would necessitate 0 < po(\) = —1 and the later would necessitate 1 > uq (") = 2, which both
are impossible. An example of generalized force-displacement showing valid folds is shown in Fig. S10a.

a b

k()
b)
a

a>0 f
b't)>0
a>0
b'(t)<0
at)<0
b(t)<0

a(t) <0
b®>0 ol

Figure S10: Example of multi-valued force-displacement curve and its slope. (a) Force-displacement curve
described by parametric equations u = a(t), f = b(t). (b) Slope of the tangent of the curve as a function
of the curve parameter ¢ (black) and the associated k() function (Eq. (146)).

To derive the conditions to satisfy the desired stability conditions (131),(132), (133) and (134) let us
first express the hessian matrix when evaluated at an equilibrium point (¢, «) = (¢, 0 + a(t)):

k(t) V() — k(t)d(t
V' (t) —k(t)a'(t) o' (t)(k(t)a'(t) —b'(t))
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From conditions (131),(132), (133) and (134), notice that p, = 0 if @’ > 0 else 1, meaning that

a(ka =b)>0 ifad >0 k>b/d ifad >0 (136)
a'(ka' —b') <0 ifad <0 kE<V/d ifad <D0.
To satisfy ps = 0 in condition (131), the hessian matrix (Eq. (135)) must be positive-definite on (,*)-
branches, which, by applying Sylvester criterion, yields

k>0 and deth=1"V(ka' —b)) >0 whend, b >0 (137)
=
k>V/a" whend bt >0. (138)

To satisfy 1y = 1 in condition (132), the hessian matrix must be indefinite on (\,)-branches, which, for a
2-by-2 matrix, yields

deth =b'(ka’ =) <0 whena >0,V <0 (139)
=
k >V /a whend >0,b <0. (140)
To satisfy 1y = 1 in condition (133), the hessian matrix must be indefinite on (,/)-branches as well:
deth =b'(ka’ — V') <0 when d,b' <0 (141)
-
k<t /d whend b <O0. (142)

To satisfy y1y = 2 in condition (134), the hessian matrix must be negative-definite on (\ )-branches, which,
by applying Sylvester criterion, yields

k<0 and deth=10(ka' —b))>0 whenda <0, >0 (143)
=
k<b/a whend <0,b >0. (144)

Inequalities (136), (138), (140), (142) and (144) are consistent and can be equivalently summarized as

follows
k(t) > V(t)/d'(t) ifad(t)>0
k(t) <V/(t)/d(t) ifd'(t) <O,
or, in other words, the k function must be higher than the ¢'/a’ function when a’ > 0, else lower. For

generalized force-displacement curves with valid folds, the k function can always be constructed to satisfy
those requirements, as illustrated in Fig. S10b. In springable, the k function is constructed as follows

(145)

k* if kmin — Kmax > 20
kt)y=4" x> (146)
k(t) else,
where
kmax = max b'(t)/d'(t) (147)
t:a’(t)>0
min b’( )/d'(t) if Ft:d(t) <0
kmin = { 1@/ (1)<0 (148)
400 else,
§ = kumax /20, (149)
k* = min(kmin — 0, kmax + 9), (150)
/ / * R
h(t) = max{b'(t)/a’(t) + 6,k*} Vt:d'(t) >0 (151)
k* Vt:ad(t) < 0.
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Bivariate Bezier behavior A bivariate Bezier behavior is a Bezier curve of degree n with control
points at (up = 0, fo = 0), (u1, f1) ... (un, fn), with linear extrapolation beyond the first and last control
points that preserves Ci-continuity. Unlike its univariate counterpart (subsection 4.1, paragraph ‘Bezier
behavior’), its curve can be multi-valued. The nonlinear behavior defined by the Bezier curve can either
describe the tensile behavior (a.k.a ‘tensile’ mode, Fig. S11a), the compressive behavior (a.k.a ‘compressive’
mode, Fig. S11b) or both simultaneously (a.k.a ‘symmetric’ mode, Fig. S11c). Mathematically speaking,
the force-displacement curve is defined by

u = a(t) = F(a)(t) (152)
f=0(t) = F(0)(t) (153)

where the functional F is defined in Eq. (70) and

nuit/tmax ift<o0

a(t) =< 32" o uiBin(t/tmax) if 0 <t < tmax (154)
Un + n(ty — Up—1)(t/tmax — 1) if t > tyax,
nf1t/tmax ift <0

b(t) = § Yoy fiBin(t/tmax) if 0 <t < tax (155)

fn + n(fn - fn—l)(t/tmax - 1) if £ > tmax,

where tmax = > |ui — uj—1| and B;,, are the Bernstein polynomials of degree n.

Figure S11: Multi-valued Bezier force-displacement curves for the tensile (a), compressive (b) and sym-
metric (c) modes.

Functions a and b are used to construct an energy potential (Eq. (120)), and compute its gradient
(Egs. (121, 122)) and hessian (Eqgs. (123, 124, 125)). To calculate those quantities, the first and second
derivatives of a and b must also be provided:

a'(t) = F'(a)(t), (156)
b(t) = F'(b)(t), (157)
a’(t) = F'(@)(t), (158)
b'(t) = F'(b)(t), (159)
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where the functionals ' and F” are defined in Egs. (72, 73) and

nul/tmax ift<0

C_L/(t) = nZ?:_Ol (ui—‘rl - ui)Bi,n—l(t/tmax)/tmax ifo<t S tmax (160)
n(un - unfl)/tmax ift> tmax,
nfl/tmax iftSO

B/(t) = HZ?:_OI(le - fi)Bi,nfl(t/tmax)/tmax if 0<t S tmax (161)
n(fn - fnfl)/tmax it ¢ > tmax;

n—2 .

C_Z”(t) _ n(n — 1) Zi:(] (uz‘_;,_g — 2ul~+1 + ui)Bi,n—Q(t/tmax)/t?nax Ho<t< tmax (162)
0 else,

_ — )" 2 (fie — 2f; ) Bin—2(t/tmax) /12y 1£0 <t < tmax

B(t) = {Zm ) Y0 iz = 2fist + J) Bin—2(t/ma) /e 10t (163)

else.

Bivariate zigzag behavior A bivariate zigzag behavior is described by ‘smoothed zigzag’, similar to
its univariate counterpart (subsection 4.1, paragraph ‘zigzag behavior’). However, this bivariate version
can defined multi-valued curves. The nonlinear behavior defined by the Bezier curve can either describe
the tensile behavior (a.k.a ‘tensile’ mode, Fig. S12a), the compressive behavior (a.k.a ‘compressive’ mode,
Fig. S12b) or both simultaneously (a.k.a ‘symmetric’ mode, Fig. S12c). Mathematically speaking, the
force-displacement curve is defined by

u=a(t) = F(a)(t) (164)
f=0(t) = F(O)(t) (165)
where the functional F is defined in Eq. (70) and
ZL(t) = P(t/tmaXaSGQ"?a;ng)a (166)
l_)(t) = P(t/tmax, 3b§ nb§ 77?), (167)

with P defined in Eq. (85), tmax = > iy |ui — wic1], 8¢ = (n — D)(uip1 — wi), s8¢ = (n — D)(fir1 — fi),
i =1f =i/(n—1), and n¢ = nl = ¢/(2n - 2).

Figure S12: Multi-valued zigzag force-displacement curves for the tensile (a), compressive (b) and sym-
metric (¢) modes.

Functions a and b are used to construct an energy potential (Eq. (120)), and compute its gradient
(Egs. (121, 122)) and hessian (Eqgs. (123, 124, 125)). To calculate those quantities, the first and second
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derivatives of @ and b must also be provided:

where the functionals ' and F” are defined in Egs. (72, 73) and

1 oP
a (t) = ——(t/tmax a; a;a7
70 = 1 O 1t o1
b'(t) =

1 oP

; %(t/tmaxasb;nb§n§)7

max

- 1 0°P

a”(t) = t?na W@ﬁmaxﬁ%ﬂ%ﬁ?)a

_ 1 0%P

V' (t) = 5— 5 (t/tmax, 8" n" 1),
t?nax 8772 ma: S

with 0P/0n defined in Eq. (92), and

(0 if n < o —ns
2ag if no—ns <n<mo+mns
0 ifno+ns<n<m—mns

9P )
87772(77737777778): 2a; ifn—ns <n<mi+ns

0 if 92 +1ns <n < +oo,

with a; defined in Eq. (87).
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5 Installation and simulation

5.1 Installation

Simulations shown in this article have been produced with the version 1.0.1 of this toolkit. It is available
on PyPI and can easily be installed by running

python -m pip install springable==1.0.1
on Windows, or
python3 -m pip install springable==1.0.1

on MacOS and Linux. It is supported on Python versions > 3.10.

5.2 Simulating a model

To simulate a model, you can execute the following Python script

run_simulation.py

from springable.simulation import simulate_model

simulate_model ('my_model.csv')

by running

python run_simulation.py
on Windows, or

python3 run_simulation.py

on MacOS and Linux. The CSV file my_model.csv describes the model (a flexel assembly subject to
loading conditions). All the details on how to write such a file is described in section 6. The CSV model
files used in the main article are provided in the section 7.
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6 Model file specifications

A model is described in a CSV file (text file saved with extension .csv). The CSV file is composed of
three necessary parts.

e The first part specifies the initial positions of the nodes and their boundary conditions (whether they
are able to move horizontally and vertically). This is described in the NODES section in the CSV file.

e The second part specifies how the nodes are coupled by flexels. This is described in multiple sections,
one per type of flexels: LONGITUDINAL FLEXELS, ANGULAR FLEXELS, AREA FLEXELS, DISTANCE FLEXELS,
X DISTANCE FLEXELS, Y DISTANCE FLEXELS and PATH FLEXELS.

e The third part specifies how the structure is loaded, by defining one or multiple load steps wherein
nodes are loaded along specific directions. This is described in the LOADING section.

Many examples with the accompanying model depictions are provided in section 7.
For instructions on how to install the springable, you can refer to section 5.

6.1 The NODES section

The NODES section start with a line named NODES followed by multiple lines, one per node, with the
following specification:

[ <node index>, <x>, <y>, <fixed along x>, <fixed along y> ]

where

e <node index> is the index of the node (its label), it must be a natural number (0, 1, 2, ...);

e <x> is the initial z-coordinate of the node (initial horizontal position), it can be any real number;
e <y> is the initial y-coordinate of the node (initial vertical position), it can be any real number;

e <fixed along x> is either ‘0’ if the node is not fixed along x (that is, free to move horizontally), or
‘17 if the node is fixed along x;

e <fixed along y> is either ‘0’ if the node is not fixed along y (that is, free to move vertically), or
‘1’ if the node is fixed along y.

Example Three nodes labeled ‘07, ‘1’ and ‘2’ are defined at initial positions (0,0), (3,2), (6,0). Nodes 0
and 2 are fixed both horizontally and vertically. Node 1 is free to move vertically, but not horizontally.

e D

NODES

0, 0.0, 0.0, 1, 1
1, 3.0, 2.0, 1, O
2, 6.0, 0.0, 1, 1
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Notes

e Nodes can be defined in any order, as long as no node index is missing at the end of the section.
If there are 6 nodes, node indices ‘0’, ‘1’, 2’, ‘3’, ‘4’ and ‘5’ must be used, but the order does not
matter.

e Nodes that are not intended to be coupled by flexels can still be defined. They must be fixed along
x and y, as otherwise, zero modes (a.k.a. rigid body modes) will be present.

e When a node is defined, its initial coordinates can be used in math expressions, in order to, for
example, facilitate the positioning of subsequent nodes. For example, once node ‘2’ is defined, ‘X2’
and ‘Y2’ can be use as variables in the rest of the CSV file.

6.2 The FLEXELS sections

Flexels sharing the same type of geometric measure are grouped in separate sections. Flexels whose
geometric measure is

e a length (subsection 3.1, Fig. Sla) are grouped under section named LONGITUDINAL FLEXELS;
e an angle (subsection 3.2, Fig. S1b) under section named ANGULAR FLEXELS;
e an area (subsections 3.4, 3.9, Fig. Slc,g) under section named AREA FLEXELS;

a signed z-distance (subsection 3.5, Fig. S1d) under section named X DISTANCE FLEXELS;

a signed y-distance (subsection 3.5, Fig. S1d) under section Y DISTANCE FLEXELS;
e a signed point-line distance (subsection 3.7, Fig. Sle) under section named DISTANCE FLEXELS;
e a path length (subsection 3.8, Fig. S1f) under section named PATH FLEXELS.

Under each section, a flexel is specified as follows:

<list of node indices>, <nonlinear behavior>, <natural measure>

where

e <list of nodes indices> specifies the nodes coupled by the flexel (see paragraph 6.2.1 for more
details);

e <nonlinear behavior> (together with <natural measure>) specifies the intrinsic nonlinear of the
flexel (see paragraph 6.2.2 for more details);

e <natural measure> describes ay: the natural measure of the flexel, that is its geometric measure at
rest. It can be any real number. It is used with the <nonlinear behavior> to construct the intrinsic
nonlinear behavior of the flexel. It is an optional parameter. If not provided, the natural measure
defaults to the the geometric measure computed from the initial positions of the nodes provided in
the NODES section.
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Example Two longitudinal flexels couples nodes ‘0’ and ‘1’ and nodes ‘1’ and ‘2’ respectively.

angular flexel is defined with an associated angle defined by nodes ‘0’, ‘1’ and ‘2’ (with the vertex on node
‘1’). The longitudinal flexels are characterized by intrinsic Bezier behavior in compression. Their natural
length (rest length) is the distance computed from the initial positions of their nodes. The angular flexel

is characterized by a linear behavior (with spring constant 1.0) and a rest angle of 7 radians (180°).

NODES

0, 0.0, 0.0, 1, 1
1, 3.0, 2.0, 1, O
2, 6.0, 0.0, 1, 1

>

LONGITUDINAL FLEXELS
0-1, BEZIER(u_i=[0.83; 0.74; 2.0]; f£_i=[0.48; -0.83; 0.52]; mode=-1)
1-2, BEZIER2(u_i=[2.9; -2.3; 2.8]; £_i=[0.73; -1.0; 0.38]; mode=-1)

ANGULAR FLEXELS
0-1-2, LINEAR(k=1.0), PI

6.2.1 Specifying the flexel’s nodes

e For a longitudinal flexel, use

<node NO index>-<node N1 index>

(see subsection 3.1).

e For an angular flexel, use

<node NO index>-<node N1 index>-<node N2 index>

(see subsection 3.2).

e For an area flexel, use

<node NO index>-<node N1 index>-...-<node N n-1 index>

(see subsection 3.4).

e For an z- (or a y-) distance flexel, use

<node NO index>-<node N1 index>

(see subsection 3.5).

For a distance flexel, use

[ <node NO index>-<node N1 index>-<node N2 index>

(see subsection 3.7).
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e For a path flexel, use

<node NO index>-<node N1 index>-...-<node Np index> ]

(see subsection 3.8).

e For an area-with-holes flexel, use

(<area0 node indices>)-(<areal node indices>)-...-(<area p-1 node indices>)

(see subsection 3.9). Example: (0-1-2-3-4)-(5-6-7)-(8-9-10-11). Note that flexels whose geo-
metric measure is an area or an area with holes are grouped under the same section AREA FLEXELS.
Their actual geometric type will be determined from the way that their nodes are specified.

6.2.2 Specifying the flexel’s intrinsic nonlinear behavior

e For a linear behavior, use

LINEAR (k=<k>)

where <k> is the spring constant (see Eq. (62)).

e For a logarithmic behavior, use

LOGARITHMIC (k=<k>) ]

(see Eq. (66)).

e For a univariate Bezier behavior, use

BEZIER (u_i=[<ul>; <u2>; ... ; <un>]; f_i=[<f1>; <f2>; ... ; <fn>]; mode=<mode>) ]

(see Eq. (74)). <mode> is either ‘1’ for ‘tensile’ mode, ‘-1 for ‘compressive mode’ or ‘0’ for ‘symmetric
mode’. It is an optional parameter; if not provided, it defaults to ‘0’.

e For a Ci-piecewise beahvior, use

[ PIECEWISE (k_i=[<k0>; ...; <k n-1>]; u_i=[<u0>; ... ; <u n-2>]; us=<us>; mode=<mode>) ]

(see Eq. (83)). <mode> is either ‘1’ for ‘tensile’ mode, ‘-1 for ‘compressive mode’ or ‘0’ for ‘symmetric
mode’. It is an optional parameter; if not provided, it defaults to ‘0’.

e For a univariate zigzag behavior, use

ZIGZAG(u_i=[<ul>; ... ; <un>]; f_i=[<f1>; ... ; <fn>]; epsilon=<epsilon>; mode=<mode>) ]

(see Eq. (96)). <mode> is either ‘1’ for ‘tensile’ mode, ‘-1 for ‘compressive mode’ or ‘0’ for ‘symmetric
mode’. It is an optional parameter; if not provided, it defaults to ‘0.

e For a contact behavior, use
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CONTACT (£0=<£f0>; uc=<uc>; delta=<alpha_delta>) ]

(see Eq. (105)).

e For an isothermal behavior, use

ISOTHERMAL (n=<n>; R=<R>; T0=<TO0>)

(see Eq. (110)).

e For an isentropic behavior, use

ISENTROPIC(n=<n>; R=<R>; T0=<T0>; gamma=<gamma>)

(see Eq. (115)).

e For a bivariate Bezier behavior, use

BEZIER2 (u_i=[<ul>; <u2>; ... ; <un>]; f_i=[<f1>; <f2>; ... ; <fn>]; mode=<mode>)

(see Egs. (152, 153)). <mode> is either ‘1’ for ‘tensile’ mode, -1 for ‘compressive mode’ or ‘0’ for
‘symmetric mode’. It is an optional parameter; if not provided, it defaults to ‘0’.

e For a bivariate zigzag behavior, use

ZIGZAG2(u_i=[<ul>; ... ; <un>]; f_i=[<f1>; ... ; <fn>]; epsilon=<epsilon>; mode=<mode>)

(see Egs. (164, 165)). <mode> is either ‘1’ for ‘tensile’ mode, -1 for ‘compressive mode’ or ‘0’ for
‘symmetric mode’. It is an optional parameter; if not provided, it defaults to ‘0’.

Notes

e A nonlinear behavior can be saved in a separate CSV file and used in a model file using

FROMFILE(<nonlinear behavior csv file>)

Example:
NODES
0, 0.0, 0.0, 1, 1
1, 3.0, 2.0, 1, O
2, 6.0, 0.0, 1, 1

>

LONGITUDINAL FLEXELS
0-1, BEZIER(u_i=[0.83; 0.74; 2.0]; f_i=[0.48; -0.83; 0.52]; mode=-1)
1-2, BEZIER2(u_i=[2.9; -2.3; 2.8]; £_i=[0.73; -1.0; 0.38]; mode=-1)

ANGULAR FLEXELS
0-1-2, FROMFILE('custom_nonlinear_behavior.csv'), PI
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where the custom_nonlinear_behavior.csv is for example:

custom_nonlinear_behavior.csv

BEZIER2(u_i=[0.21; -0.1; 3.14]; f_i=[1.0; -2.0; +3.0]; mode=0)

The file path to the behavior is relative to the working directory, that is, the directory from where
the script is run. If the CSV behavior file lives in a subdirectory path/to/behavior.csv relative to
the working directory, then we would use

FROMFILE('path'; 'to'; 'behavior.csv') ]

To specify a CSV behavior file that would live in a subdirectory relative/path/to/behavior.csv
relative to the CSV model file instead, we can use the keyword HERE that encodes the directory
where the CSV model file lives (relative to the working directory) as follows:

FROMFILE(HERE; 'relative; 'path'; 'to'; 'behavior.csv')

e Nonlinear behaviors can be interactively tuned and created using the ‘behavior creation’ graphical
interface (Fig. S13), which can be started by running the following Python script

from springable.behavior_creation import start

start ()

§ Behavior creation — [m] x

min x T(! max x SD min yZD max y?_S : B0+
Remove  Load from file..,

BEZIER2 ~

mode=1.000E+00 -1

alphad=1.000E+0005 | |

BEZIERZ(mode=1; u_i=[1.88E+00; 3.25E+00; 1.0E+00; 3.55E-01; 1.?3E‘

a.E

Copy Save.. [ specify alpha 0

generalized force F

generalized displacement U=a — agp

Load an experimental curve | Remove curve | Add CP Remove CP

Figure S13: Screenshot of the behavior creation graphical interface, which can be used to make custom
nonlinear behavior and generate the corresponding code to be pasted or imported in the model CSV file.

39



6.3 The LOADING section

The LOADING section is composed of one or multiple load steps. Each load step describes an additional
force load acting on the nodes, relative to the end state reached at the previous load step. When multiple
nodes are loaded within the same load step, each additional force component will evolve in proportion to
a single parameter. In other words, each load step is characterized by a step load vector direction Fdir
that remains constant during the entire load step (Eq. (13)). Before each load step, some nodes that were
free to move during the previous load step can be blocked (along x, y or both), so that they remain fixed
(along z, y or both) in the state reached at the end of the previous load step. The starting state of the
first load step starts in the state reached by minimizing the total elastic energy E (Eq. (6)) using the
configuration described in the NODES section as initial guess. The LOADING section is structured as follows:

e D

<load step>
then
<load step>
then

where each <load step> is composed of one of multiple lines, one per loaded coordinate, as follows:

<node index>, <direction>, <force>, <max displacement>

with
e <node index> is the index of the node on which the force is applied,

e <direction> is either ‘X’ or ‘Y’ depending on whether the force is applied along the x or y coordinate
of the node,

e <force> is the signed magnitude of the additional force applied on node <node index> along
<direction> (negative or positive real number),

e <max displacement> is the signed magnitude of the additional displacement of node <node index>
along <direction> beyond which the load step is considered completed (positive of negative real
number). It is an optional parameter; if not provided, the load step ends when the applied force is
reached.

In addition to these ‘nodal load lines’, the <load step> can optionally start with a list of coordinates that
were free that need to be blocked before applying the load step, using the following specification:

block
<node index>, <direction>
<node index>, <direction>

where each <load index> is the index of the node that will be blocked along the direction specified in
<direction>.
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Example A load of —3.0 is first applied along the vertical direction of node 3 (so, a downward force of
magnitude 3.0). When the prescribed force load is reached or when node 3 is moved downward by more
than 4.0 (whichever comes first), the load step is completed. Then, node 3 is blocked vertically and node
1 is block horizontally, followed by the application of a vertical force of magnitude 6.0 on node 1.

e D

NODES

0, 0.0, 0.0, 1, 1

1, 3.0, 2.0, 0, O

2, 6.0, 0.0, 1, 1

3, 0.0, -1.0, 1, O

LONGITUDINAL FLEXELS

0-1, BEZIER(u_i=[0.83; 0.74; 2.0]; f_i=[0.48; -0.83; 0.52]; mode=-1)
1-2, BEZIER(u_i=[0.81; 0.72; 2.0]; f_i=[0.45; -0.81; 0.52]; mode=-1)
1-3, LINEAR(k=2.0)

ANGULAR FLEXELS
0-1-2, LINEAR(k=1.0), PI

LOADING

3, Y, -3.0, -4.0
then

block

3, Y

1, X

1, Y, 6.0

Notes

e When multiple loads are applied within the same load step, they will evolve proportionally in force,
not displacement.

e Each load is always relative to the state reached at the previous load step. So, when multiple load
steps are specified, each load (force and max displacement) is not absolute, but relative.

e Within a single load step, the same node can be loaded multiple times. If the direction is the same,
the loads will be simply added together to make an equivalent load. If the directions are different,
the node will be effectively loaded in a specific direction that is not purely horizontal or vertical.

6.4 The PARAMETERS section

Optionally, parameters can be defined at the start of the CSV model file, under a separate section starting
with PARAMETERS using the following specification for each parameter:

<parameter name>, <parameter value>

where
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e <parameter name> is the name of the parameter (which should only contains letters, numbers and
underscores ‘_’, no space or other special characters), it is also recommended to use lowercase only,
as uppercase are reserved for keywords;

e <parameter value> is the value of the parameter, it can be any real number, or a string of text

between single quotes (which can be useful if the parameter is the name of the custom nonlinear
behavior file).

Example Multiple parameters are defined: width==6, height=3, angle=45,
nonlinear_behaviorO="'curve0O.csv', nonlinear_behaviorl="'curvel.csv',
stiffness=1, £=3.

PARAMETERS

width, 6.0

height, 3.0

angle, 45

nonlinear_behavior0O, 'curveO.csv'
nonlinear_behaviorl, 'curvel.csv'
stiffness, 1.0

f, 3.0

NODES

0, 0.0, 0.0, 1, 1

1, width/2, width/2xTAN(angle/180*PI), 1, O
2, width, 0.0, 1, 1

3, 0.0, -width/3, 1, O

LONGITUDINAL FLEXELS

0-1, FROMFILE(nonlinear_behaviorO0)
1-2, FROMFILE(nonlinear_behavior0)
1-3, FROMFILE(nonlinear_behaviorl)

ANGULAR FLEXELS
0-1-2, LINEAR(k=stiffness), PI

LOADING
3, Y, -f, -4.0

Notes

e Numerical parameters can be combined in mathematical expressions using operators +, -, *, /|
*x (exponentiation) and functions SIN(), COS(), TAN(), ARCSIN(), ARCCOS(), ARCTAN(), SQRTQ),
anywhere in the model file outside the parameter section, where a real number is expected (so
numerical parameters cannot be used to describe a node index).

e A parameter cannot be defined as a function of other parameters.
e The parameter PI can be used directly without having to define it to represent the number 7.
e Once a node is defined (with, let’s say, node index = 4), parameters X4 and Y4 are automatically

available to describe the initial  and y positions of node 4 (as described in the NODES section).
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7 Model descriptions

The model CSV files used in the main manuscript are provided in this section. To simulate all those
models, the following Python script can be run.

from springable.discover import run_simulations_from_article

run_simulations_from_article()

To simulate the model of each individual figure, you can refer to the Python scripts specified at the
end of each subsection 7.x (see herein below).
For instructions on how to install the springable, you can refer to section 5.

7.1 Figure 1

7.1.1 Nonmonotonic Von-Mises truss (Fig. 1a)

Model CSV file for Fig. la: figla_model.csv

PARAMETERS

alpha, 45.0

1, 1.0

NODES

0, 0.0, 0.0, 1, 1

1, 1%COS(alpha/180+PI), 1*SIN(alpha/180%PI), 0, 0
2, 2x1xC0S(alpha/180%PI), 0.0, 1, 1

3, 1*C0S(alpha/180*PI), Y1-1, 1, O
LONGITUDINAL FLEXELS

0-1, LINEAR(k=0.6)

1-2, LINEAR(k=0.6)

1-3, LINEAR(k=20.0)

LOADING

3, Y, -0.5, -1.2%x2%x1*SIN(alpha/180*PI)
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7.1.2 Multi-valued Von-Mises truss (Fig. 1b)

Model CSV file for Fig. 1b: figlb_model.csv

PARAMETERS

alpha, 45.0

1, 1.0

NODES

0, 0.0, 0.0, 1, 1

1, 1xCO0S(alpha/180%PI), 1*SIN(alpha/180%PI), 0, 0
2, 2%1xC0S(alpha/180%PI), 0.0, 1, 1

3, 1xC0S(alpha/180*PI), Y1-1, 1, O
LONGITUDINAL FLEXELS

0-1, LINEAR(k=1.0)

1-2, LINEAR(k=1.0)

1-3, LINEAR(k=0.33)

LOADING

3, Y, -0.5, -1.2%2%1*SIN(alpha/180%PI)

7.1.3 Nonlinear flexels in series (Fig. le)

Model CSV file for Fig. le: figle_model.csv

NODES

0, 0.0, 0.0, 1, 1

1, 4.0, 0.0, 0, 1

2, 8.0, 0.0, 0, 1

LONGITUDINAL FLEXELS

0-1, FROMFILE('figlc_behavior.csv')
2-1, FROMFILE('figld_behavior.csv')
LOADING

2, X, -0.325, -3.5
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7.1.4 Nonlinear flexels connected at an angle (Fig. 1f)

Model CSV file for Fig. 1f: figlf_model.csv

NODES

0, 0.0, 0.0, 1, 1

1, 2.5, 3.0, 0, O

2, 5.0, 0.0, 1, 1

LONGITUDINAL FLEXELS

0-1, FROMFILE('figlc_behavior.csv')
1-2, FROMFILE('figld_behavior.csv')
LOADING

1, Y, -2.0, -5.5

7.1.5 Nonlinear behaviors (Fig. 1c,d,g,h)

Nonlinear behavior of Fig. 1c: figlc_behavior.csv

BEZIER(u_i=[8.323E-01; 7.419E-01; 2.019E+00]; f_i=[4.784E-01; -8.377E-01; 5.216E-01]; mode=-1)

Nonlinear behavior of Fig. 1d: figld_behavior.csv

BEZIER2(u_i=[2.931E+00; -2.323E+00; 2.841E+00]; f_i=[7.294E-01; -1.045E+00; 3.831E-01]; mode=-1)

Nonlinear behavior of Fig. 1g: figlg behavior.csv

ZIGZAG2(u_i=[9.355E-01; 4.065E-01; 2.845E+00; 1.490E+00; 1.335E+00; -1.484E-01; 2.381E+00; 1.839E+00; 3.503E
+00]; f_i=[1.395E-01; -1.633E-01; 2.386E-01; -1.652E-01; 1.605E-01; -2.490E-01; 1.624E-01; -1.576E-01;
1.243E-01]; epsilon=7.500E-01; mode=-1)

Nonlinear behavior of Fig. 1h: figlh behavior.csv

ZIGZAG2(u_i=[6.742E-01; 3.806E-01; 1.649E+00; 2.477E+00; 1.765E+00; 1.032E+00; 9.484E-01; -1.086E-01; 1.589E
+00; 1.996E+00; 1.303E+00; 2.206E+00; 3.682E+00; 4.690E+00; 4.028E+00; 4.735E+00; 5.533E+00]; f_i=[2.085E
-01; -2.071E-01; 1.530E-01; 9.885E-02; 5.267E-02; -1.911E-01; 2.460E-01; -3.543E-01; 1.190E-01; 1.017E
-01; -1.465E-01; -1.371E-02; 1.227E-02; 1.553E-01; -1.356E-01; -5.714E-02; 1.830E-01]; epsilon=7.500E-01;
mode=-1)
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7.1.6 Simulation script

To simulate the models related to Fig. 1, the following script can be run. The CSV behavior files must
live in the same (working) directory as the CSV model files.

from springable.simulation import simulate_model

simulate_model ('figla_model.csv')
simulate_model('figlb_model.csv')
simulate_model('figle_model.csv')
simulate_model('figlf _model.csv')

7.2 Figure 3

7.2.1 Example of nonlinear angular flexel (Fig. 3a)

Model CSV file of Fig. 3a: fig3a_model.csv

NODES

0, -1.0, 0.0, 1, 1
1, 1.0, 0.0, 0, 1

2, 0.0, 0.15, 0, O
ANGULAR FLEXELS
1-2-0, FROMFILE('fig3a_behavior.csv')
LONGITUDINAL FLEXELS
0-2, LINEAR(k=1.0)
2-1, LINEAR(k=1.0)
LOADING

2, Y, -5.0

Nonlinear behavior used in model of Fig. 3a: fig3a_behavior.csv

BEZIER2(u_i=[2.0E-01; 10E-01; 10E-01; -13.33E-02; -2E-01; 3.3E-01; 6.774E-01]; f_i=[2.749E+00; 3.297E+00;
1.515E-01; 1.623E+00; 1.190E+00; -2.648E+00; 1.364E+00])
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7.2.2 Example of nonlinear area flexel (Fig. 3b)

Model CSV file of Fig. 3b: fig3b_model.csv

PARAMETERS

diameter, 10.0

alphaO, 0.675

k1, 2.0

kr, 0.075

NODES

0, diameter/2 * COS(alphaO + (PI-2*alphaO) / 4 * 0), diameter/2
1, diameter/2 * COS(alphaO + (PI-2xalphaO) / 4 * 1), diameter/2
2, diameter/2 * COS(alphaO + (PI-2*alpha0) / 4 * 2), diameter/2
3, diameter/2 * COS(alphaO + (PI-2*alphaO) / 4 * 3), diameter/2
4, diameter/2 * CO0S(alphaO + (PI-2*alphaO) / 4 * 4), diameter/2
5, X4, Y4-diameter/7, 1, O

6, (X0+X4)/2, Y4-diameter/7, 1, O

7, X0, Y4-diameter/7, 1, O
LONGITUDINAL FLEXELS

0-1, LINEAR(k=k1)

1-2, LINEAR(k=kl)

2-3, LINEAR(k=k1)

3-4, LINEAR(k=kl)

ANGULAR FLEXELS

LINEAR (k=0.99%kr)
0-1-2, LINEAR(k=0.98%kr)
1-2-3, LINEAR(k=1.01%kr)
2-3-4, LINEAR(k=1.00%kr)
3-4-5, LINEAR(k=1.02%kr)
6-5-4, LINEAR(k=40.0)
7-6-5, LINEAR(k=40.0)
0-7-6, LINEAR(k=40.0)

AREA FLEXELS
0-1-2-3-4-5-6-7, ISOTHERMAL(n=0.14; R=1.0; T0=4.0)
LOADING

6, Y, -0.25, -diameterx*1.2

L R

SIN(alphaO
SIN(alphaO
SIN(alphaO
SIN(alphaO
SIN(alphaO

+ (PI-2*alpha0)
+ (PI-2*alpha0)
+ (PI-2*alpha0)
+ (PI-2*alpha0)
+ (PI-2*alpha0)

/ 4
/ 4
/ 4
/ 4
/ 4

L R

0),
1),
2),
3),
4),

O O O m
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7.2.3 Example of nonlinear path flexel (Fig. 3c)

Model CSV file of Fig. 3c: fig3c_model.csv

NODES

1, 1
1, 0.5, 0.5, 0, O
2, -1.5, 0.0, 1, 1

3, -2.0, 0.0, 0, 1

LONGITUDINAL FLEXELS

0-1, LINEAR(k=20.0)

ANGULAR FLEXELS

1-0-2, LINEAR(k=0.2)

PATH FLEXELS

1-2-3, PIECEWISE(k_i=[0.02;10.0];u_i=[0.5];us=0.01)
LOADING

3, X, -1.25
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7.2.4 Example of nonlinear distance flexel (Fig. 3d)

Model CSV file of Fig. 3d: fig3d_model.csv

4, 2.0, 1.0, 1, 1
LONGITUDINAL FLEXELS

0-1, LINEAR(k=20.0)

1-2, LINEAR(k=20.0)

ANGULAR FLEXELS

0-1-2, LINEAR(k=2.0)

DISTANCE FLEXELS

1-4-3, CONTACT(£f0=3.0;uc=0.05;delta=0.0)
LOADING

2, X, -10.0

7.2.5 Simulation script

To simulate the models related to Fig. 3, the following script can be run. The CSV behavior files must
live in the same (working) directory as the CSV model files.

e D

from springable.simulation import simulate_model

simulate_model('fig3a_model.csv')
simulate_model ('fig3b_model.csv')
simulate_model ('fig3c_model.csv')
simulate_model ('fig3d_model.csv')
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7.3 Figure 4
7.3.1 Model of the two nonlinear building blocks in series (Fig. 4d)

Model CSV file of Fig. 4d: fig4dd_model.csv

NODES

0, 0.0, 0.0, 1, 1

1, 26.0, 0.0, O, 1

2, 50.0, 0.0, O, 1

LONGITUDINAL FLEXELS

0-1, FROMFILE('block2_fig4c_behavior.csv')
1-2, FROMFILE('blockl_figdc_behavior.csv')
LOADING

1, X, -2.0%9.81/1000

then

2, X, 1.0, 25

0 aaannan D1 AN NN 2@

Nonlinear behavior of Fig. 4c-top: blockl_figdc_behavior.csv

BEZIER(u_i=[3.5435E+00; 4.6615E+00; 9.1484E+00; 1.2964E+01]; f_i=[1.4147E+00; 4.6408E-01; -2.8637E-01; 8.8110E
-011)

Nonlinear behavior of Fig. 4c-bottom: block2_fig4c_behavior.csv

BEZIER(u_i=[4.6731E+00; 4.7645E+00; 1.1955E+01; 1.5443E+01]; f_i=[1.6709E+00; 2.4704E-01; -1.8301E-01; 3.8442E
-01])

7.3.2 Simulation script

To simulate the model related to Fig. 4, the following script can be run. The CSV behavior files must live
in the same (working) directory as the CSV model file.

from springable.simulation import simulate_model

simulate_model ('fig4d_model.csv')
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7.4 Figure 5
7.4.1 Tensegrity (Fig. 5a)

Model CSV file of Fig. 5a (no prestress): figbatop_model.csv

PARAMETERS

k, 0.5

a, 1.0

b, 1.0

c, 1.5

prestress, le-5

cable_behavior, 'tensegrity_cable_behavior.csv'

NODES

0, 0.0, 0.0, 1, 1

1, X0+COS(ARCSIN(c/2/a))*a, YO0+c/2, 0, O

2, X1+b, Y1, 0, O

3, X2+COS(ARCSIN(c/2/a))*a, YO, 1, 1

4, X2, -Y2, 0, O

5, X1, -Y1, 0, O

LONGITUDINAL FLEXELS

# cables

0-1, FROMFILE(cable_behavior), a

1-2, FROMFILE(cable_behavior), b

2-3, FROMFILE(cable_behavior), a
a
b
a

(1-prestress)
(1-prestress)
(1-prestress)
(1-prestress)
(1-prestress)
(1-prestress)

3-4, FROMFILE(cable_behavior),
4-5, FROMFILE(cable_behavior),
5-0, FROMFILE(cable_behavior),
# struts

1-5, LINEAR(k=k), c * (l+prestress)
2-4, LINEAR(k=k), c * (l+prestress)
LOADING

5, X, +0.1, -0.001

¥ X X X X *
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Model CSV file of Fig. 5a (with prestress): figbabottom_model.csv

PARAMETERS

k, 0.5

a, 1.0

b, 1.0

c, 1.5
prestress, 0.3
cable_behavior, 'tensegrity_cable_behavior.csv'
NODES

0, 0.0, 0.0, 1, 1

1, XO0+COS(ARCSIN(c/2/a))*a, YO+c/2, 0, O

2, X1+b, Y1, 0, O

3, X2+COS(ARCSIN(c/2/a))*a, YO, 1, 1

4, X2, -Y2, 0, O

5, X1, -Y1, 0, O

LONGITUDINAL FLEXELS

# cables

0-1, FROMFILE(cable_behavior),
1-2, FROMFILE(cable_behavior),
2-3, FROMFILE(cable_behavior),

a * (l-prestress)
b
a
3-4, FROMFILE(cable_behavior), a
b
a

(1-prestress)
(1-prestress)
(1-prestress)
(1-prestress)
(1-prestress)

4-5, FROMFILE(cable_behavior),
5-0, FROMFILE(cable_behavior),
# struts

1-5, LINEAR(k=k), c * (l+prestress)
2-4, LINEAR(k=k), c * (l+prestress)
LOADING

5, X, +0.1, -0.001

* X X X ¥ ¥

Nonlinear behavior used in model of Fig. 5a: tensegrity_cable_behavior.csv

PIECEWISE(k_i=[1e-6; 1.0];u_i=[1e-3]; us=0.99e-3;mode=1)
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7.4.2 Tape spring (Fig. 5b)

Model CSV file of Fig. 5b: figbb_model.csv

b

0, 0.0, 1,
0, 0.0,
0, 0.0

0, O. 1
1, 1. , O
2, 2.0, , 1
3, -2.0, 0.0, 0, 1

PATH FLEXELS

3-0-1-2, LINEAR(k=1000.0)

ANGULAR FLEXELS

2-1-0, FROMFILE('tape_behavior.csv'), PI
LOADING

1, Y, -1e-3

then

3, X, +60.0, +0.75

then

block

3, X

1, X, 0.5, 1.0

= O -

3

5
N

8.
%))o
O <

Nonlinear behavior used in model of Fig. 5b: tape_behavior.csv

ZIGZAG2(u_i=[1.553E-01; 3.548E-01; 5.613E-01; 3.419E-01; 1.418E-01; 1.524E+00]; f_i=[1.227E+00; 1.448E+00;
1.292E+00; 1.123E+00; 1.234E-01; 1.893E-01]; epsilon=9.000E-01)
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7.4.3 Bumping buckled beams (Fig. 5c)

Model CSV file of Fig. 5¢ (d = 0.25): figbcright_model.csv

PARAMETERS

kr0, 1.0

krl, 27.0

d, 0.25

h, 1.0

eps, le-4

NODES

0, 0.0, h, 1, O

1, X0+d, YO, 1, O

, XO+eps, YO - h/2, 0, 0
, X1-eps, Y1 - h/2, 0, O
, X0, YO - h, 1, 1

5, X1, Y1 - h, 1, 1

6, (X0+X1)/2, (YO+Y1)/2+0.1, 1, O
LONGITUDINAL FLEXELS

0-2, LINEAR(k=1e3)

2-4, LINEAR(k=1e3)

1-3, LINEAR(k=3e3)

3-5, LINEAR(k=3e3)
ANGULAR FLEXELS

0-2-4, LINEAR(k=krO0)
1-3-5, LINEAR(k=kr1l)

X DISTANCE FLEXELS

3-2, CONTACT(£f0=5.0;uc=0.001;delta=0.0)
Y DISTANCE FLEXELS

6-0, LINEAR(k=1e5)

6-1, LINEAR(k=1e5)
LOADING

6, Y, -500.0, -h/3.0

W N
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Model CSV file of Fig. 5¢ (d = 0.30): fighcleft_model.csv

PARAMETERS

kr0, 1.0

kri, 27.0

d, 0.3

h, 1.0

eps, le-4

NODES

0, 0.0, h, 1, 0

1, X0+d, Y0, 1, 0

2, XO+eps, YO - h/2, 0, O
3, Xl-eps, Y1 - h/2, 0, O
4, X0, YO - h, 1, 1

5, X1, Y1 - h, 1, 1

6, (X0+X1)/2, (YO+Y1)/2+0.1, 1, O
LONGITUDINAL FLEXELS

0-2, LINEAR(k=1e3)

2-4, LINEAR(k=1e3)

1-3, LINEAR(k=3e3)

3-5, LINEAR(k=3e3)
ANGULAR FLEXELS

0-2-4, LINEAR(k=kr0)
1-3-5, LINEAR(k=kr1)

X DISTANCE FLEXELS

3-2, CONTACT(£0=5.0;uc=0.001;delta=0.0)
Y DISTANCE FLEXELS

6-0, LINEAR(k=1e5)

6-1, LINEAR(k=1e5)
LOADING

6, Y, -500.0, -h/3.0
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7.4.4 Metafluidic gripper (Fig. 5d)

Model CSV file of Fig. 5d: figbd_model.csv

(continued)
PARAMETERS 10-11, LINEAR(k=k1)
dx, 0.1 11-12, LINEAR(k=k1)
k1, 40 12-13, LINEAR(k=k1)
k0, 0.6 13-14, LINEAR(k=k1)
kv, 2.8 15-16, LINEAR(k=k0)
kr, 0.002 16-17, LINEAR(k=kO0)
delta, 0.1 17-18, LINEAR(k=kO0)
NODES 18-19, LINEAR(k=kO)
0 , O*dx, 3xdx, 1, 1 11-18, LINEAR(k=kv)
1, 1%dx, 3%dx, 0, O 12-17, LINEAR(k=kv)
2 , 2%dx, 3xdx, 0, O 13-16, LINEAR(k=kv)
3 , 3*dx, 3*dx, 0, O 14-15, LINEAR(k=kv)
4 , 4xdx, 3*dx, 0, O ANGULAR FLEXELS
5 , 4%dx, 2xdx, 0, O 0-1-2, LINEAR(k=kr)
6 , 3xdx, 2xdx, 0, 0 1-2-3, LINEAR(k=kr)
7 , 2%dx, 2xdx, 0, O 2-3-4, LINEAR(k=kr)
8 , 1xdx, 2xdx, 0, O 3-4-5, LINEAR(k=kr)
9 , O*dx, 2xdx, 1, 1 4-5-6, LINEAR(k=kr)
10, Oxdx, -1%dx, 1, 1 5-6-7, LINEAR(k=kr)
11, 1*dx, -1*dx, 0, O 6-7-8, LINEAR (k=kr)
12, 2xdx, -1xdx, 0, O 7-8-9, LINEAR(k=kr)
13, 3*dx, -1*dx, 0, O 8-9-0, LINEAR(k=kr)
14, 4xdx, -1xdx, 0, O 9-0-1, LINEAR(k=kr)
15, 4*dx, -2*dx, 0, O 10-11-12, LINEAR(k=kr)
16, 3*dx, -2*dx, 0, O 11-12-13, LINEAR(k=kr)
17, 2%dx, -2*dx, 0, O 12-13-14, LINEAR(k=kr)
18, 1*dx, -2*dx, 0, O 13-14-15, LINEAR(k=kr)
19, Oxdx, -2*dx, 1, 1 14-15-16, LINEAR(k=kr)
20, -4*dx, -2xdx, 0, 1 15-16-17, LINEAR(k=kr)
21, -4xdx, 3%dx, 0, 1 16-17-18, LINEAR(k=kr)
22, -4.5%dx, 0.5%dx, 0, 1 17-18-19, LINEAR(k=kr)
LONGITUDINAL FLEXELS 18-19-10, LINEAR(k=kr)
0-1, LINEAR(k=kO) 19-10-11, LINEAR(k=kr)
1-2, LINEAR(k=kO) X DISTANCE FLEXELS
2-3, LINEAR(k=k0) 21-22, LINEAR(k=100.0)
3-4, LINEAR(k=kO) 20-22, LINEAR(k=100.0)
5-6, LINEAR(k=k1) Y DISTANCE FLEXELS
6-7, LINEAR(k=k1) 5-14, CONTACT(£0=5.0; uc=0.0025; delta=delta)
7-8, LINEAR(k=k1) AREA FLEXELS
8-9, LINEAR(k=k1) 0-1-2-3-4-5-6-7-8-9-10-11-12-13-14-15-16-17-18-19-20-21,
1-8, LINEAR(k=kv) FROMFILE('metafluid_behavior.csv')
2-7, LINEAR(k=kv) LOADING
3-6, LINEAR(k=kv) 22, X, 1.0, 3.95%dx
4-5, LINEAR(k=kv)
(to be continued on the rightside)

0 1 2 3 4
ViVAL VAN Pa v

10 1 12 13 14
&P PQ

19 .. D DD 15
~7718 17 16
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Nonlinear behavior used in model of Fig. 5d: metafluid_behavior.csv

ZIGZAG2(u_i=[6.000E-02; 5.000E-03; 7.500E-02; 1.000E-02; 9.000E-02; 1.500E-02; 1.050E-01; 2.000E-02; 1.200E
-01; 2.500E-02; 1.350E-01; 3.000E-02; 1.500E-01]; f_i=[1.000E+00; 0.000E+00; 1.010E+00; 1.000E-02; 1.020E
+00; 2.000E-02; 1.030E+00; 3.000E-02; 1.040E+00; 4.000E-02; 1.050E+00; 5.000E-02; 1.060E+00]; epsilon
=5.000E-01)

7.4.5 Simulation script

To simulate the models related to Fig. 5, the following script can be run. The CSV behavior files must
live in the same (working) directory as the CSV model files.

~

from springable.simulation import simulate_model
settings = {'radius': 0.005, 'convergence_value': le-8, 'detect_mechanism': False}

simulate_model ('figbabottom_model.csv', solver_settings=solver_settings)
simulate_model ('figbatop_model.csv', solver_settings=settings)
simulate_model ('figbb_model.csv', solver_settings=settings)
simulate_model('figbcleft_model.csv', solver_settings=settings)
simulate_model('figbcright_model.csv', solver_settings=settings)
simulate_model ('fighd_model.csv', solver_settings=settings)
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