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ABSTRACT
The mutation process in evolution strategies has been interlinked
with the normal distribution since its inception. Many lines of rea-
soning have been given for this strong dependency, ranging from
maximum entropy arguments to the need for isotropy. However,
some theoretical results suggest that other distributions might lead
to similar local convergence properties. This paper empirically
shows that a wide range of evolutionary strategies, from the (1+1)-
ES to CMA-ES, show comparable optimization performance when
using a mutation distribution other than the standard Gaussian.
Replacing it with, e.g., uniformly distributed mutations, does not
deteriorate the performance of ES, when using the default adapta-
tion mechanism for the strategy parameters. We observe that these
results hold not only for the sphere model but also for a wider range
of benchmark problems.

KEYWORDS
Evolution Strategies, Mutation distributions, Gaussianity, Bench-
marking, CMA-ES
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1 INTRODUCTION
Evolution strategies (ES) have traditionally relied on the normal
distribution to sample mutation vectors for continuous search prob-
lems, which has been central to the algorithm since its first appear-
ance [23, 28]. Several arguments exist for this choice of mutation
distribution, ranging from biological analogies: “small mutations
should be more likely than large mutations” [7] to more rigorous
arguments referencing the maximum entropy principle [25]. Con-
sequently, much of the developed theory is based on the standard

https://doi.org/10.1145/3712256.3726479

Gaussian (see e.g. [1, 2, 6]). A notable exception is the Cauchy dis-
tribution that has a super-Gaussian tail: 𝑃 ( |𝑋 | > 𝑡) ∈ 𝑂 (1/𝑡). It
has been proposed to increase the robustness of ES by allowing
the sampling of rare large mutations [18]. The local convergence
rates of the (1+1)-ES and (1,𝜆)-ES have been theoretically studied by
[27] for the Cauchy distribution, which indicates a potential benefit
for multimodal problems. This was confirmed empirically for the
(𝜇, 𝜆)-ES by [33], where it was shown that replacing the Gaussian
with a Cauchy distribution improves the strategy on a set of multi-
modal benchmark functions. Other distributions, such as the simple
uniform distribution, have not been studied empirically in ES. For
several other distributions, including the logistic and Laplace distri-
butions, the local convergence rates have been studied for simple
evolution strategies [26]. There, it was found that all factorizing
distributions that have their finite absolute moments defined up
to order four offer an almost equally fast local convergence. No-
tably, these studies have only considered ES without recombination.
Other modifications to the sampling distribution include the use
of deterministic low-discrepancy sequences [8, 30] and mirrored
sampling strategies [3, 32]. These works contributed to reducing
the sampling errors from the standard Gaussian instead of replacing
the mutation distribution completely. While these types of mod-
ifications show that changes to mutation distribution can yield
improved performance, they don’t fundamentally change any core
properties of mutation in ES. According to Beyer [6], the mutation
operator of an ES needs to fulfill the following four properties:

(1) Reachability: Any point in the search space should be reach-
able by the mutation operator. Namely, there is a nonzero
probability to hit any other point x′ ∈ S starting from an
arbitrary point x ∈ S.

(2) Scalability: The length of the mutation steps should be
tuneable for a locally optimal mutation strength.

(3) Absence of biases: The mutation distribution should be
unbiased.

(4) Symmetry: Requires the mutations to be isotropic around
the origin.

From this, it follows naturally that the Gaussian distribution is
favorable, as it conforms to all requirements and is the continuous
distribution with the maximum entropy for a specified mean and
variance [25]. As only the first requirement is strictly necessary
for an ES to work, the question can be raised as to whether these
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requirements were conceived with the Gaussian distribution in
mind. Moreover, the choice of Gaussian distribution has another
advantage: it is a stable distribution [21]. This makes the design
and analysis of algorithms more straightforward [13].

In this work, we aim to assess empirically whether the results
from [26] also hold for several common continuous probability
distributions in ES with recombination. In addition, we study the
effects of changing the mutation distribution in the contemporary
CMA-ES algorithm. In general, we are interested in measuring
whether there is an observable benefit of using Gaussian mutations
over other distributions. We analyze the (1+1)-ES with different dis-
tributions on the sphere model and provide detailed benchmarking
results for several types of ES on BBOB.

Note that all code, data, and comments on reproducing the re-
sults shown throughout this paper are available on our Zenodo
repository [9].

2 PRELIMINARIES
2.1 Sampling in ES
Practically, in an ES with global intermediate recombination, which
uses a multivariate Gaussian distribution, we sample in a three-
stage process:

z ∼ N(0, I) (1)
y = Az (2)
x = m + 𝜎y (3)

Here m stands for the current mean of the search population, 𝜎
for the global step-size, and the matrix A (of full rank) for a linear
transformation, which in the case of the multivariate Gaussian is
the square root of the covariance C of the mutation distribution.

Practically, each component of the mutation vector z is gen-
erated independently. This can be done by the inverse transfor-
mation sampling: first we generate a number 𝑢𝑖 ∼ U(0, 1], and
then use the percent-point function (PPF) of the Gaussian distribu-
tion 𝑄𝑔𝑎𝑢𝑠𝑠 (𝑝) to generate the required standard normal variable:
𝑧𝑖 = 𝑄𝑔𝑎𝑢𝑠𝑠 (𝑢𝑖 ) ∼ N (0, 1). Conversely, using the PPF of another
distribution would result in a random variable of that specific dis-
tribution. For example, replacing 𝑄𝑔𝑎𝑢𝑠𝑠 in the aforementioned
example with 𝑄𝑙𝑎𝑝𝑙𝑎𝑐𝑒 would result in a mutation vector z, which
has each component consisting of independent random variables
that follow a Laplacian distribution.

2.2 Considered distributions
While not all random distributions are suitable for the mutation
operator, several alternatives can still be considered. This work con-
siders all distributions summarized in Table 1. These distributions
have been known in the statistical literature for a long time, except
the double Weibull distribution that has been introduced in [5] and
applied for ES in [19] for the first time.

Figure 1 shows the probability density functions for each distribu-
tion. Note that all distributions have been shifted to be symmetrical
around zero and parameterized such that their variances are one;
see Table 1. The exception is the Cauchy distribution, which has
no finite second moment. However, the scale of the distribution
can be controlled via the parameter 𝜂, which we set to 1 to produce
the standard Cauchy distribution. If we consider the probability

density functions (definitions provided in Table 1), we can observe
that most distributions are unimodal. The double Weibull distribu-
tion is the only bimodal distribution, as for 𝛽 > 1, its PDF has two
distinct peaks. For the parameterization used here, 𝛽 = 2, the peaks

are at −
√︃

1
2 and

√︃
1
2 . Additionally, note that the support for most

distributions includes all 𝑥 ∈ R, except the uniform distribution,
which only has support for −

√
3 ≤ 𝑥 ≤

√
3.
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Figure 1: Probability density function for the Cauchy, double
Weibull, Laplace, logistics, and uniform distributions.

2.2.1 Scalability. Any continuous distribution with finite mean
and variance follows the scalability principle. While the Cauchy
distribution does not satisfy this condition, it is still possible to
control its location and scale via the scaling constant 𝜂.

2.2.2 Bias & Entropy. Specifically, the entropy 𝐻 of a Gaussian
distribution is 1

2 ln(2𝜋𝑒𝜎
2). Given a mean of 0 and variance of 1,

we have 𝐻 ≈ 1.42. For the other distributions, this is given in Table
1. While the Gaussian distribution is indeed the maximum entropy
distribution [24] for distributions with specified mean and variance,
numerically, the differences between the considered distributions
are relatively minor in the univariate case.

2.2.3 Symmetry. All of the considered distributions are symmetric
around zero. Considering the multivariate case, only the Gaussian
distribution (with identity covariancematrix) is strictly isotropic. To
generate multivariate samples from these considered distributions,
note that we are sampling each coordinate independently, resulting
in non-spherical multivariate versions of each distribution [27].

3 ANALYZING DISTRIBUTIONS
To better understand the interaction between sampling distribu-
tions and the mutation process within ES, we investigate two core
aspects of the mutation distribution: the effective step length and
the isotropy.

3.1 Effective Step Length
As mentioned previously, all considered distributions follow the
principle of scalability, ensuring that effective step length can be
controlled. The effective step length is calculated using the 𝐿2-norm

702



Abnormal Mutations GECCO ’25, July 14–18, 2025, Malaga, Spain

Table 1: The definitions of the probability density functions (PDF), percent point functions (PPF), and the used parameterizations
for each of the distributions are given. The entropy and the first four moments are also given, i.e., the mean, variance, skewness,
and kurtosis. Note that 𝛾 ≈ 0.577 denotes the Euler-Masheroni constant.

Distribution Cauchy Double Weibull Gaussian (Normal) Laplace logistic uniform
Parameters 𝑥0 = 0, 𝜂 = 1 𝛼 = 1, 𝛽 = 2 𝜇 = 0, 𝜎 = 1 𝜇 = 0,𝑏 = 1/

√
2 𝜇 = 0, 𝑠 =

√
3/𝜋 𝑎 = −

√
3,𝑏 =

√
3

PDF 𝑓 (𝑥 ) 1

𝜋𝜂

[
1+

(
𝑥−𝑥0
𝜂

)2 ] 𝛽
2𝛼 |𝑥 |

𝛽−1 exp
(
−
( |𝑥 |
𝛼

)𝛽 )
1√︁

2𝜋𝜎2
exp

(
− (𝑥−𝜇)

2

2𝜎2

)
1
2𝑏 exp

(
− |𝑥−𝜇 |

𝑏

)
exp(−(𝑥−𝜇)/𝑠 )

𝑠 [1+exp(−(𝑥−𝜇)/𝑠 ) ]2

{ 1
𝑏−𝑎 , 𝑎≤𝑥≤𝑏,
0, otherwise.

PPF𝑄 (𝑝 ) 𝑥0+𝜂 tan
(
𝜋

(
𝑝− 1

2
))

sign(𝑝−0.5)𝛼 [− ln(2|𝑝−0.5|) ]1/𝛽 𝜇+𝜎
√
2 erf−1 (2𝑝 − 1) 𝜇+𝑏 sign(𝑝−0.5) ln

(
1

2|𝑝−0.5|

)
𝜇+𝑠 ln

(
𝑝

1−𝑝
)

𝑎+(𝑏−𝑎)𝑝

Moments ∞,∞,∞,∞ 0, 𝛼2Γ (1 + 2
𝛽
), 0, Γ (1+4/𝛽 )

Γ (1+2/𝛽 )2
− 3 𝜇,𝜎2, 0, 0 𝜇, 2𝑏2, 0, 3 𝜇, 𝑠

2𝜋2
3 , 0, 65

𝑎+𝑏
2 ,
(𝑏−𝑎)2

12 , 0, −65
Entropy𝐻 ln(4𝜋𝜂) ≈ 2.531 −𝛾/𝛽− ln(𝛽 )+𝛾 + 1− ln( 12 ) ≈ 1.289 1

2 ln(2𝜋𝑒𝜎2 ) ≈ 1.417 ln(2𝑏) + 1 ≈ 1.347 ln𝑠 + 2 ≈ 1.405 ln(𝑏 − 𝑎) ≈ 1.242
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Figure 2: Effective step length 𝐿2-norm for each sampler type,
parameterized according to Table 1, for increasing dimension-
alities 𝑛. The distributions for which | |z| |2 scales proportional
to
√
𝑛 are shown in the top figure; Cauchy is shown separately.

Note the log-scaling of the y-axis for the bottom figure.

and is denoted by | |z| |2. It measures the size of the mutation and
is an important quantity in ES, as it is used to parameterize self-
adaptation. Since we propose replacing the mutation distribution
in this work with something other than a standard Gaussian, we
must ensure we can still correctly parameterize the algorithm. Con-
sidering the differences between probability density functions, one
might expect similar differences in each distribution’s effective step
length distributions.

For the standard Gaussian distribution, the expected value of
| |z| |2 scales proportionally to

√
𝑛, and the variance remains constant

with 𝑛, as illustrated in Figure 2. As can be seen from the figure, this
scaling with dimensionality 𝑛 holds for the other considered distri-
butions, except for the Cauchy distribution. However, while E | |z | |2√

𝑛

convergences to 1 as𝑛 →∞, we note that for smaller values of𝑛, i.e.
𝑛 < 20,

√
𝑛 is a slight overestimation for E| |z| |2 for all but the uni-

form distribution. Specifically, for the standard normal distribution,
we know that E| |z| |2 follows the square root of a 𝜒2 distribution
with 𝑛-degrees of freedom [12], which is

√
2 Γ ( (𝑛+1)/2)Γ (𝑛/2) ≤

√
𝑛. Since

the expected value and variance for the Cauchy distribution remain
undefined, we interpret its median and inter-quartile ranges (IQR)
of | |z| |2 in relation to 𝑛. This is made visible in the bottom panel of
Figure 2, where we can observe that the median scales proportion-
ally with ≈ 1.18𝑛. Additionally, we note that the IQR range of | |z| |2
is not independent of dimensionality for the Cauchy distribution
since this also increases linearly with 𝑛.

Finally, we can see a clear ranking in the sample variance of
| |z| |2 for each distribution in the top panel of Figure 2. We observe
that the uniform and the double Weibull distributions are more
condensed than the standard normal distribution. In contrast, the
sample variance of | |z| |2 for the logistic and Laplacian distributions
is higher.

3.2 Angle Isotropy
Apart from effective step sizes, isotropy is an often-discussed prop-
erty of mutation distributions [22, 27]. In the context of a proba-
bility distribution, isotropy refers to the property that a distribu-
tion exhibits the same statistical behavior in all directions. Specifi-
cally, it details whether the distribution is invariant under rotations
and distance-preserving transformations. It consequently expresses
equal variance in all directions, which can be geometrically inter-
preted as the distribution having spherical iso-contour lines in a
multivariate density plot. Theoretically, isotropic distributions are
more straightforward to model [13] since they can be naturally
generalized toward multiple dimensions. From the distributions
considered here, we know that only the standard Gaussian, with
an identity covariance matrix C = I, satisfies this property.

To gain insight into the degree to which the other distributions
are non-isotropic, we visualize the angle 𝜃 of a large set of sam-
ples drawn from a given distribution and a vector of all ones, 1𝑛 ,
in two dimensions (see Figure 3). Since all distributions are sym-
metric, we observe a recurring pattern in each quadrant. Indeed,
only the Gaussian has a uniform angle distribution, as the proba-
bility of sampling a vector with a given direction is equally likely
for all directions. The other distributions all show some degree
of anisotropy. For example, the rectangular shape of the uniform
distribution makes it more likely to sample vectors that are aligned
with or perpendicular to the 1𝑛 vector. Contrastingly, the Laplacian,
logistic, and Cauchy distributions all have a higher probability of
sampling vectors parallel to the axis. This is especially true for the
Cauchy distribution, as its infinite variance makes it very likely
to sample vectors parallel to the coordinate system. Notably, the
angle distribution of the double Weibull has the same period as the
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Figure 3: Normalized angle distribution of 105 sampled points in dimensionality 𝑛 = 2 versus a vector of all ones, i.e., 1𝑛 , for
each probability distribution, parameterized according to Table 1.

uniform distribution, but the likelihood of sampling axis-parallel
vectors is almost zero.

4 LOCAL CONVERGENCE OF THE (1+1)-ES
Our experiments start with the (1+1)-ES with a 1/5th success rule.
This algorithm has been well-studied, yielding some of the earlier
proofs for ES in continuous domains [17]. Specifically, the running
time of this algorithm on the sphere function, i.e., 𝑓 (x) = x′x, has
been analyzed extensively [4, 11] as a model of local convergence.
We use the (1+1)-ES described in [13], with pseudocode provided in
Algorithm 1. Note our addition of the 𝑄 (p) parameter, which maps
a vector p ∈ [0, 1]𝑛 to a sample of a given probability distribution,
using the parameterization and percent point functions from Table
1 (see Section 2.1). This allows us to change the algorithm to use a
different mutation distribution while keeping the rest unchanged.
In this sense, we can use the self-adaptation rules as intended for
the normal distribution with any other distribution we choose. This
modification is highlighted in the pseudocode.

Algorithm 1 (1+1)-ES with 1/5th success rule

Require: Initial step size 𝜎0 ∈ R, initial point x0 ∈ R𝑛 , 𝑛 ∈ N+,
PPF 𝑄 (p): [0, 1]𝑛 → R𝑛

1: procedure (1+1)-ES
2: 𝑑 ←

√
𝑛 + 1

3: m← x0
4: repeat
5: u ∼ U𝑛 (0, 1)
6: z← 𝑄 (u)
7: x← m + 𝜎 z
8: 𝜎 ← 𝜎 · exp1/𝑑 (1(𝑓 (x)≤ 𝑓 (m) ) − 1/5)
9: if 𝑓 (x) ≤ 𝑓 (m) then
10: m← x
11: until convergence

Mutation rate. We analyze the applicability of the 1/5th success
rule for different mutation distributions in Figure 4. We show the
evolution of the mutation rate averaged over 1000 runs on the
sphere model for different dimensionalities. From the figure, it can
be seen that the adaptation of 𝜎 is unaffected by the choice of
mutation distribution. The exception is the Cauchy distribution,

100 101 102 103 104
Evaluations

10−10
10−8
10−6
10−4
10−2
100

σ Sampler
Cauchy
dWeibull
Gaussian
Laplace
Logistic
Uniform

n
2
10
50

Figure 4: Evolution of the mutation rate 𝜎 of the (1+1)-ES
with 1/5th success rule on the sphere model 𝑓 (x) = x′x, av-
eraged over 1000 runs, for dimensionalities 𝑛 ∈ {2, 10, 50} for
different mutation distributions.

which causes 𝜎 to be adapted more slowly, especially for higher
dimensionalities. Nevertheless, these differences are relatively mi-
nor, indicating that the local convergence speed, measured on the
sphere model, is similar.

Expected Running Time. In this experiment, we use the defini-
tion of the sphere function from BBOB [14]. This means that the
optimum is distributed uniformly at random in [−4, 4]𝑛 (with the
recommended domain being [−5, 5]𝑛). For each mutation distribu-
tion, we perform one run on 1000 instances of the sphere problem
for dimensionalities 𝑛 ∈ {2, 10, 50} and initialize the (1+1)-ES in
the center of the domain for each run. The left-most panel in Fig-
ure 5 shows the distribution of hitting times for target precision
10−8. The distribution of hitting times shows a similar figure as
the evolution of the mutation rate. Again, we observe only minor
relative differences between the mutation distributions, with only
the Cauchy distribution having notably higher hitting times, which
becomes more pronounced with increasing 𝑛. However, we must
point out that while the difference between Cauchy and the other
distributions is noticeable, the absolute difference in hitting times
is still relatively small.
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Figure 5: Hitting times of target precision 10−8 for (1+1)-ES with a 1/5-success rule on sphere model, for different sampling
distributions to determine step-size. Left: using the standard distribution. Center: Normalized mutation vectors to isolate the
effect of isotropy. Right: using sphered versions of the distributions to isolate the effects of effective step size. Distributions are
all over 1000 instances of the sphere model.

4.1 Isolating Effects
While we observe only minor differences in the performance of
the (1+1)-ES when changing mutation distributions, we would like
to identify what causes these differences. Specifically, we would
like to investigate whether this is caused by the differences in the
angle distributions of each mutation distribution (isotropy) or the
differences in the effective step size | |z| |2 or a combination thereof.
For this purpose, we run two experiments to isolate their respective
effects on the hitting time of the (1+1)-ES, using the same setup
as before, using 1000 instances of the sphere model in BBOB for a
target value 10−8.

Isotropy. First, we study the effect of the directionality of the
sampled mutation vectors in isolation. This can be achieved by
normalizing each z-vector to a unit vector (z/| |z| |2), which makes
the effective step size | |z| |2 of every sample identical. In this setting,
the only differences we get between distributions are the directions
of our mutations, and all sampled mutation vectors are located on
the unit sphere. The results of this experiment are shown in the
middle panel of Figure 5. From this figure, we can see that all the
differences in hitting time disappear. Even the distributions with a
very concentrated angle distribution, such as the double Weibull or
Cauchy, perform identically in this situation.

Effective step size. Based on the previous experiment, we might
conclude that the minor differences in hitting time are only due to
differences in the effective size of the mutations. To validate this,
we perform another experiment to ensure that our mutations are
isotropic, i.e., the direction is drawn from a normal distribution,
but each respective distribution controls the mutation scale. Specif-
ically, we modify the sampling by first drawing a random vector
v ∼ N(0, I), which we then normalize and scale by the size of the
original mutation vector z, i.e., v/| |v| |2 · | |z| |2. This effectively sam-
ples a uniform direction for the mutations while the distribution of
effective step sizes matches the target distribution. Hitting times for
this scenario are shown on the right panel of Figure 5. In this figure,
we see that the ordering between the distributions as they were
in the leftmost panel is retrieved. This seems to indicate that any
differences between sampling distributions for the (1+1)-ES on a

sphere model result from the changes to the scale of the mutations,
i.e., | |z| |2, rather than due to the effect of isotropy.

5 BENCHMARKING MULTIPLE ES VARIANTS
ON BBOB

As the sphere model shows relatively small differences in the per-
formance of (1+1)-ES based on the sampling distribution, we now
extend our experimental setup to a broader range of optimization
problems, performing a complete benchmarking study on BBOB.
Additionally, we investigate the impact of the used sampling distri-
bution within more complex evolution strategies. We use a multi-
membered self-adaptive evolution strategy, as defined in Algorithm
2 in [13], and investigate the effect on both the standard and elitist
versions of the CMA-ES algorithm [16]. In summary, we collect
benchmarking data for the following algorithms:

• (1+1)-ES, with 1/5th success rule, as described in the previous
section.
• (𝜇/𝜇, 𝜆)-𝜎SA-ES: A population-based ES with self-adaptive
step sizes and global recombination.
• (𝜇/𝜇𝑤 , 𝜆)-CMA-ES: Canonical version of the CMA-ES, as
introduced in [16], without any restart mechanisms.
• (𝜇/𝜇𝑤+ 𝜆)-CMA-ES: Elitist version of the CMA-ES, where
both the parent and offspring populations are considered for
selection.

For each of these algorithms, the sampling procedure is modified
in the same fashion as for the (1+1)-ES in the previous section.
The complete pseudocode for each algorithm can be found in the
supplementary material (provided on Zenodo [9]), from which it
can be seen that each algorithm accepts a parameterized PPF such
that it can be modified to use a selected mutation distribution (see
Section 2.1).

Path length normalization. For the CMA-ES, the assumption that
mutations are drawn from a standard normal distribution is used
directly in the parameter update. Namely, in the cumulative step-
size adaptation (CSA) procedure, the expected effective step size of
the standard Gaussian, i.e., E| |N (0, I) | |2, is used to normalize the
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evolution path:

𝜎 = 𝜎 exp
( 𝑐𝜎
𝑑𝜎

( | |p𝜎 | |2
E| |N (0, I) | |2

− 1
))

(4)

As mentioned in Section 3.1, this expectation converges towards
√
𝑛

for increasing dimensionalities 𝑛 ∈ N, and can be more precisely
estimated by

√
2 Γ ( (𝑛+1)/2)Γ (𝑛/2) for the Gaussian distribution. When

changing sampling distributions, we have to normalize the evolu-
tion path with a value suitable for the modified distribution. How-
ever, as seen in Figure 2,

√
𝑛 is a reliable estimate for this value for

all but the Cauchy distribution. For the Cauchy distribution, we set
this normalization constant (denoted by 𝜌 in the supplementary
material) to 1.18𝑛, proportional to the median | |z| |2 as seen in the
bottom panel of Figure 2.

Covariance Matrix Adaptation. The CMA-ES is formulated as
a variable metric approach that adapts the parameters of a mul-
tivariate normal distribution N(m, 𝜎C) such that the likelihood
of successful mutations is increased [16]. Learning the covariance
matrix C, specifically, allows the method to capture correlations be-
tween object variables and, therefore, to become invariant against
arbitrary rotations of the search space. However, this can also be
viewed as learning an appropriate scaling 𝜎 and rotation A of the
mutation distribution [29]. For the Gaussian, this changes the shape
of the distribution from an isotropic sphere into an arbitrarily scaled
hyper-ellipsoid. While this seems specific to the Gaussian, we can,
in fact, use the same method with any other distribution, aiming to
learn a proper rotation and scaling. Figure 6 shows an example of
this, optimizing the sphere model with both a Gaussian (left) and
uniform (right) distribution.

Figure 6: Isocontour lines for themutation distribution when
optimizing the sphere model 𝑓 (x) = x′x in 𝑛 = 2 dimensions.
Three consecutive generations are shown. The left figure
uses a standard Gaussianmutation distribution, and the right
figure uses a uniform mutation distribution.

Experimental Setup. For our benchmark problems, we use the
well-known BBOB suite of 24 noiseless, single-objective problems
[14], implemented in IOHexperimenter [10]. Even though the orig-
inal problems are unconstrained, we add a bound violation penalty
for solution vectors that exceed the suggested domain of [−5, 5]𝑛 .
We set this penalty to 𝑣 · 1020, where 𝑣 denotes the amount of
boundary violation, measured by the Euclidian distance to the clos-
est bound. This is done primarily to disallow the algorithms from
providing better-than-intended solutions by sampling outside the
domain. For example, this can happen for the Linear Slope func-
tion 𝑓5, potentially providing an unfair advantage to the Cauchy-
based mutations. We use the standard problem dimensionalities of

{2, 3, 5, 10, 20, 40} and perform one run on each of the first 100 prob-
lem instances. As mentioned in Section 4, each instance provides a
new random global optimum location, allowing us to initialize the
algorithms in the center of the search domain. For both variants
of the CMA-ES and the (1+1)-ES, we set the initial step size 𝜎0 to 2,
and we set each element of 𝜎0 to 10

1
4 for the (𝜇/𝜇, 𝜆)-𝜎SA-ES.

Empirical Attainment. To aggregate performance across func-
tions, we use Empirical Cumulative Distribution Functions (ECDF).
Instead of the target-based version, we use ECDFs based on the
Empirical Attainment Function (EAF), which corresponds to the
ECDF with infinite targets between the chosen bounds [20]. For
the EAF, we set the upper and lower bounds on the precision to
108 and 10−8, respectively.

On the left side of Figure 7, we show the EAF-based ECDF for
every combination of ES variant and sampling distribution, aggre-
gated over all 24 BBOB functions in dimensionality 10. The area
under this curve for each line shown is given in the right panel of
Figure 7, providing a summarizing view of the data. From these
figures, we can see that each algorithm forms a group, with all
the sampling distributions performing roughly similar to that of
the other distributions for that algorithm. This is especially true
for the (1+1)-ES, where all sampling distributions show almost
identical empirical performance. Note again that this figure shows
an aggregated view over 24 different functions. This means that
while the Cauchy distribution was observably worse for the sphere
model, on average, over a broader benchmark, it is not. While it
can be seen from the figure that the Cauchy distribution for the
(1+1)-ES is slower to converge, it reaches more targets than any
of the other distributions, which results in the AUC being slightly
higher. This is primarily because on multimodal functions, such
as the Rastrigin-based functions 𝑓3 and 𝑓4, the large mutations in-
curred by the Cauchy distribution allow the (1+1)-ES to escape local
optima more often. For the other distributions, differences in per-
formance are negligible, as indicated by the completely overlapping
EAFs for the (1+1)-ES. This is similarly true for the (𝜇/𝜇, 𝜆)-𝜎SA-ES,
where all distributions are almost indistinguishable from each other,
except for Cauchy, which shows to be very much hampering perfor-
mance in this algorithm. We expect this is due to the combination
of non-elitism (i.e., comma selection) and the global recombination
operator. Naturally, the potential of incorporating mutations with
infinite variance into the update m has the chance of moving m
detrimentally far. The elitist (1+1)-ES does not suffer from this prob-
lem since the + strategy would never select such mutations. We can
observe something similar when comparing the (𝜇/𝜇𝑤 , 𝜆)-CMA-ES

with the (𝜇/𝜇𝑤+ 𝜆)-CMA-ES. While the average performance of
both algorithms is decreased by using the Cauchy distribution, this
seems to affect the (𝜇/𝜇𝑤 , 𝜆)-CMA-ES much more greatly than the
(𝜇/𝜇𝑤+ 𝜆)-CMA-ES. For the (𝜇/𝜇𝑤 , 𝜆)-CMA-ES, the Gaussian dis-
tribution shows the highest empirical performance. Note that the
AUC for the Gaussian distribution is only better by a tiny margin
(≈ 10−3) from the uniform distribution. For the (𝜇/𝜇𝑤+ 𝜆)-CMA-

ES, we can observe that the double Weibull distribution actually
attains the highest AUC. More figures for different dimensional-
ties and individual algorithms are provided in the supplementary
material on Zenodo [9]. From those figures, we can observe that
while the general trend remains that Cauchy-based mutations are
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Figure 7: The left panel shows the EAF-based ECDF (bounds 108 and 10−8) for the (1+1)-ES, the (𝜇/𝜇, 𝜆)-𝜎SA-ES, the (𝜇/𝜇𝑤 ,
𝜆)-CMA-ES and the (𝜇/𝜇𝑤+ 𝜆)-CMA-ES with different sampling methods. Aggregated over 100 instances of all 24 BBOB problems
in dimensionality 𝑑 = 10. Note that results and figures for each individual function and dimensionality can be found in our
Zenodo [9] repository.

detrimental to performance, there are cases where this distribution
provides a considerable speedup. These include (low-dimensional)
multi-modal functions, such as 𝑓3, or functions with neutrality (𝑓7).
Similarly, the individual differences between the other distributions
are minor.

Function groups. The aggregate results presented in the previous
paragraph show remarkably few differences between the sampling
distributions for the tested ES. More can be seen when looking at
the BBOB function groups individually. The BBOB functions can
be categorized into five functional groups:

(1) Separable functions
(2) Unimodal functions with low or moderate conditioning
(3) Unimodal functions with high conditioning
(4) Multimodal functions with adequate global structure
(5) Multimodal functions without adequate global structure

Figure 8 shows the same area under the EAF-based ECDF as was
shown in the right side of Figure 7 for each function group specifi-
cally. Notably, it can be seen that while the CMA-ES algorithms are
the best overall, for the separable functions (group 1), they are out-
performed by the (𝜇/𝜇, 𝜆)-𝜎SA-ES. Interestingly, for the unimodal
function group two, the (1+1)-ES outperforms the (𝜇/𝜇, 𝜆)-𝜎SA-ES
with all different sampling strategies, while the (𝜇/𝜇, 𝜆)-𝜎SA-ES
performs better than (1+1)-ES aggregated across the entire bench-
mark. It can also be observed here that there are several groups for
which using a Cauchy distribution is strictly better than any of the
other distributions for an algorithm. This is the case for the (1+1)-ES
on function group one and for both CMA-ES variants for function
group five. In fact, for the (𝜇/𝜇𝑤+ 𝜆)-CMA-ES, using Cauchy-based
mutations results in ∼ 24% higher AUC for function group five.
For the other distributions, the differences in AUC are again less
pronounced. The double Weibull and uniform distributions seem
to be a bit better for (𝜇/𝜇, 𝜆)-𝜎SA-ES on function group one, and

the Laplace distribution is slightly worse than the others for the
CMA-ES variants on function groups one and two.

6 DISCUSSION
In this paper, we have compared six continuous probability distri-
butions to independently sample the components of the mutation
vectors in different types of ES.We have analyzed the classical (1+1)-
ES in detail on the sphere model and found that any differences
between the tested distributions are most likely due to variances
in the effective step size | |z| |2. Symmetry along each axis, on the
other hand, remains a requirement. Naturally, a distribution with
its center of mass not centralized at zero would lead to a severely
biased mutation operator. The fact that different distributions lead
to differences in the sampled directions (angles) of the mutations
seems to have little impact.

Regarding local convergence, only the Cauchy distribution no-
ticeably slows down the (1+1)-ES. For the other distributions, dif-
ferences in performance appear to be minimal, which matches the
results from [26] as these all have defined moments up to order 4.
This result translates to more complex benchmarks and ES. For all
but the Cauchy distribution, the choice of sampling distribution has
little impact on the empirical performance. In fact, from a practical
viewpoint, we observed that all tested ES are remarkably stable
w.r.t. the selected sampling distribution and that there seems to be
no particular performance benefit to using the standard Gaussian.
Even untypical distributions, such as the bimodal double Weibull
distribution, perform equally well to the standard Gaussian distri-
bution on BBOB. With all else being equal, we would like to point
out that from a computational perspective, it is considerably faster
to generate uniform random numbers than to generate normally
distributed ones (see Figure 9). Care should be taken when using
mutation vectors taken from the Cauchy distribution. As was al-
ready hinted at by [27], local convergence for the (1+1)-ES is slower
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Figure 9: Timing comparison of generating 106 random sam-
ples using a given distribution, using SciPy [31]. The left axis
shows the mean time over 104 trials in seconds, with one std.
dev. indicated by the bars. The right axis shows the ratio of
time saved vs. a Gaussian distribution.

when using this distribution. For this algorithm, we only observe
benefits to using Cauchy mutations on seperable multi-modal func-
tions. This was similarly observed by [15]. However, it also does
not deteriorate the algorithm on other function groups. Since the
second moment of the Cauchy distribution is not finite, and the
median of | |z| |2 scales with 𝑛 rather than

√
𝑛, proper care should

be taken when using parameters designed for ES with Gaussian
mutations. Additionally, we note that recombination in combina-
tion with a non-elitist selection strategy can lead to problematic
behavior when using the Cauchy distribution. Even though the
local convergence using Cauchy mutations is considerably slower
for all tested ES, we find cases where this distribution is prefer-
able over the default mutation distribution. These include highly
multimodal functions or functions with neutrality, where the large
mutations incurred by the Cauchy distribution can help avoid stag-
nation (this can be observed on e.g. 𝑓 7 and 𝑓 21, figures available
in [9]). This aligns with the findings from fast ES [33]. In fact, we
observe considerable improvements for the (𝜇/𝜇𝑤+ 𝜆)-CMA-ES on
multimodal functions when using Cauchy-based mutations, even
for non-separable problems (group 5). In addition to a CPU time ar-
gument, another benefit of using non-Gaussian mutations could be
initialization and warm-starting. Currently, when using the Gauss-
ian mutations in a box-constrained context, the hypersphere of the
standard Gaussian cannot adequately cover the space. It must either

be configured in a sphere-in-a-box manner or a box-in-a-sphere
manner. The uniform distribution, however, can be configured to
match a box-constrained domain perfectly. Consequently, this could
make constraint handling more manageable when using bounded
uniform mutations. However, if we have an unbounded space with
only a known starting point, having an isotropic distribution might
be preferable [22] to properly explore around that point.

7 CONCLUSIONS & FUTUREWORK
We have shown that the Gaussianity of the mutation distribution,
which has been central to Evolution Strategies (ES) since their in-
ception [23, 28], is not a strong prerequisite. As long as the mutation
distribution is properly scalable and symmetrical within each di-
mension/axis, the differences in empirical performance between
mutation distributions are marginal. These results allow us to be
confident that ES perform well with distributions that are not nec-
essarily maximum entropy or completely isotropic. This opens the
door to further experimentation with non-Gaussian mutations, as
our results indicate that this is not a requirement to a functional ES.
Even using a Cauchy distribution, with its infinite variance, can be
a useful mutation distribution to prevent premature convergence in
multimodal problems, although this comes with a tradeoff of worse
performance on other function groups, especially when using a
non-elistist strategy with recombination. In future work, we could
integrate our findings in a dynamic switching context, adaptively
changing the mutation distribution to enforce exploration. While
we observed competitive performance using the parameters and
learning rate constants as intended for ES with Gaussian muta-
tion, we might want to explore more specific parameter settings
for each distribution in future work. Here, only the path length
normalization constant was considered for the CMA-ES, but several
other parameters might be optimized further to improve empirical
performance. This is similarly true for the (𝜇/𝜇, 𝜆)-𝜎SA-ES, where
the learning rate parameters 𝜏 and 𝜏𝑖 might be tweaked for each
distribution. Another research direction could be low discrepancy
sequences [30]. Since these sequences are optimized to be evenly
spread within an 𝑛-dimensional hypercube, using such points with
a uniform distribution might be preferable over the Gaussian trans-
formation. This might be especially useful when only a few such
points are used deterministically [8].
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