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Abstract. This tutorial introduces quantum computing with a focus
on the applicability of formal methods in this relatively new domain. We
describe quantum circuits and convey an understanding of their inherent
combinatorial nature and the exponential blow-up that makes them hard
to analyze. Then, we show how weighted model counting (#SAT) can
be used to solve hard analysis tasks for quantum circuits.

This tutorial is aimed at everyone in the formal methods community
with an interest in quantum computing. Familiarity with quantum com-
puting is not required, but basic linear algebra knowledge (particularly
matrix multiplication and basis vectors) is a prerequisite. The goal of
the tutorial is to inspire the community to advance the development of
quantum computing with formal methods.

1 Introduction

“Nature isn’t classical, (...), and if you want to make a simulation of
nature, you’d better make it quantum mechanical, and by golly it’s a won-
derful problem, because it doesn’t look so easy”

Richard Feynman [11]

Renowned physicist and Nobel prize winner Richard Feynman is said to be
the first to coin the idea of a ‘quantum computer’ by inverting the difficulty
he encountered when solving equations in quantum mechanics [11]. He pro-
posed to make nature’s complexity work for us, instead of trying to calculate
nature’s behavior using classical tools —which Feynman noticed requires per-
forming exponentially many calculations. Fast forward to today, and the first
quantum computers have been built arguably showing first signs of ‘quantum
advantage’ [3].

We see that powerful techniques from formal methods are ideally suited to
tackle some of the crucial problems on the road towards a full-scale quantum
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advantage. This tutorial, therefore, provides a crash course into quantum com-
puting, specifically geared towards a formal methods audience. Our goal is to
inform the community of the challenges in handling quantum computations and
point them in the right direction to apply their own favorite techniques on open
problems in the field of quantum computing (Sect. 4).

For inspiration, we show how to formulate the semantics of quantum circuits
using #SAT. At the same time, we keep the quantum background to an absolute
minimum by introducing quantum computing as a minor extension of reversible
and probabilistic computation,! and gradually introducing the required notation.

Nevertheless, our basic exposition manages to touch upon quantum algorithms,
such as Grover search [15], by briefly discussing how the Boolean satisfiability
problem can be incorporated into a quantum circuit as an oracle. While the satis-
fying assignments can then be found in the so-called probability amplitudes of the
quantum state that is computed by the circuit, it is hard to extract such infor-
mation using measurements, the only method to extract physical information
from a quantum system (which is unfortunately rather crude). Such an example
should inspire listeners to think about how to extract the solution to the satis-
fiability problem using measurements, which is the difficulty of coming up with
so-desired quantum algorithms that outperform their classical alternatives.?

Our exposition here focuses on the task of (classically) simulating quantum cir-
cuits, which is formally defined in the background section. This ensures that
the audience becomes familiar with the semantics of quantum circuits and algo-
rithms (which can be formulated as uniform families of quantum circuits). At
the very end, we show, based on related works, how the discussed encodings in
#SAT can also be used to solve various other tasks, inter alia: (quantum circuit)
equivalence checking, synthesis, optimization and quantum Hoare logic checking.
We also point the audience in the direction of the current obstacles on the road
to quantum supremacy, such as, circuit optimization and quantum error cor-
rection (which will crucially realize the ideal quantum circuit model introduced
here). Here, we even point out connections beyond quantum computing since it
is easy to show that progress in handling quantum circuits translates to progress
in solving important and hard problems in quantum mechanics, like simulation
of many-body physics and finding ground states.

! SQurprisingly, not even complex numbers are needed, as the (classical) reversible Tof-
foli gate, which is universal for reversible computing, requires only an additional
Hadamard (Walsh-Hadamard/Reed-Muller transform) gate to yield a universal gate
set for quantum computation [1,34].

2 While there is, for instance, an efficient quantum algorithm for factoring (Shor’s [35]),
we do not know for sure whether factoring is hard classically. So a true separation
between the classical and quantum complexity classes is still open (formalized as the
BPP = BQP question).
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2  Quantum Computing for Computer Scientists

“Quantum computing becomes easy once you take the physics out of it”

https://scottaaronson.blog

This section introduces quantum circuits as a generalization of (classical)
reversible and probabilistic computing. Having provided the reader with an
understanding of these classical building blocks, we then explore the semantics
of quantum circuits. We finish by highlighting the crucial aspects of a quantum
circuit that make formal methods amenable to it.

2.1 From Reversible, via Probabilistic, to Quantum Circuits

Each (irreversible) Boolean circuit can be written as a reversible circuit. One
way to do this is using circuits with only the so-called Toffoli gate [37] (see the
yellow box below).

Toffoli gate. The three-bit Toffoli gate, shown below, is both reversible
and classically universal. It takes three bits a, b, ¢ as inputs and outputs
a, b, c @ ab. Informally, it only flips the ¢ bit when both a and b are true

(leaving a and b intact). R

a —
b b
c it; c
Applying a Toffoli twice will compute ¢ ® ab® (a Ab) = ¢, thus reversing
the original computation by ‘uncomputing’ the result. Furthermore, by
setting a = b = 1, the ¢ bit is always flipped so that we can realize a
NOT gate (—) as syntactic sugar (drawn as «P— in a circuit). Toffoli is
classically universal, which follows from the fact that the gate set {A, =}
is universal and that Toffoli implements an AND gate (A). By setting
a = 1, we obtain a (singly-)controlled-NOT, or CNOT gate (drawn as

), which flips the value of ¢ only when b is set. As additional syntactic
sugar, we use the negated control o, which is a control e surrounded by
negations <o It checks whether the input is false, returning it to
its original state.

a

c® (aNnbd)

As an example of writing each Boolean circuit as a reversible circuit, consider
circuit (i) on input a,b,c € {0,1} below: We construct a reversible circuit by
storing intermediate value x and the result y separately, adding wires for these
variables. This leads to the reversible circuit (ii) containing NOT gates (drawn
as @ indicating a bit flip without control) and Toffoli gates (a bit flip & with
two controls -e- or -o-).


https://scottaaronson.blog
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cooo e

0 o <ii>? b.b/ e‘a

Next, let us visualize the action of a classical reversible circuit. In (iii) above, we
use a circuit on two bits a,b and give in (iv) an automaton of the four possible
states on two bits. An arrow from state (a, b) to (a’,b") indicates that the circuit
maps (a,b) to (a’,b’). (We use a circuit on two bits instead of five as in (ii) to
avoid too large automata for easy readability.)

Exercise: Create a reversible circuit for the Boolean formula ((a A b) V
¢) Ad. Then extend the circuit to uncompute all wires but the result.

2.1.1 Probabilistic Classical (reversible) Computing with Linear
Algebra To move closer towards quantum circuits, we will now see how the
automaton changes when the logical gates used are probabilistic. Specifically, in
example (iii) above, we replace the NOT gate (@) with a probabilistic gate G,
which does nothing with probability 75% and applies a NOT with 25%, resulting
in (v) below. Then the circuit is modeled by a Markov chain, and the transition
arrows in the automaton (vi) are labeled with the probabilities of mapping the
input state (a,b) to output state (a’,b’) [16].

0.25

0.7 @@ 0.75

A Markov chain is typically analyzed by associating each state (a,b) (abbrevi-
ated ‘ad’) in the automaton to a basis vector and writing down the transition
probabilities as an adjacency matrix M of the automaton above:

1 0 0 0 0.75 0 025 0
o — 191 ca1r = [ o= 19] 0= |0 | 0 075 0 0.25
007= |- OV = fo | 10 = | =gl M= o5 0 0.5 0 |
0 0 0 1 0 025 0 0.75
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Next, the probability distribution over the output states (a’,b’) on input (a,b)
is computed using matrix-vector multiplication. For example, on input ‘00’ (a =
0,b = 0), the output is

075 0 025 0 1 0.75 1 0

o 1o o7 o002 [o] o] 0 0
M-200"= 195 0 075 0 ol = loas| =97 || TO025 ||

0 025 0 075 |0 0 0 0

that is, ‘00’ is mapped to itself with probability 75% and to ‘10’ with probability
25%, as was already revealed by the Markov chain.

The advantage of using the transition matrix instead of writing down the Markov
chain is that the input need not be a single bitstring itself but can also be
a probability distribution over bitstrings. In this more general case, matrix-
vector multiplication correctly propagates the probabilities. To see this,
we first directly compute the probabilities of the output bitstrings for the circuit
in (v) using the Markov chain. We use the example of an input state that is
either set to the bitstring ‘00’ with probability 0.4 or to the bitstring ‘10’ with
probability 0.6. In the first case, the output of the circuit in (v) is ‘00’ with a
probability of 0.75 and ‘10’ with a probability of 0.25; in the second case, it is
‘00’ (‘10%) with a probability of 0.25 (0.75). Aggregating these two, the output
is ‘00’ with probability 0.4 - 0.75 4+ 0.6 - 0.25 = 0.45 and ‘10’ with probability
0.4-0.254-0.6-0.75 = 0.55. Equivalently, we obtain this result using linear algebra.
The input, which represents ‘00’ with probability 0.4 and ‘10’ with probability
0.6, is the vector v = [0.400.6 0]T (where the transpose (.)T turns a row
vector into a column vector). The output probability distribution is computed
by applying the transition matrix to the input vector v:

0.4-0.75+0.6-0.25 0.45

0 0
M-v=14,4.025+06-075| — |055]
0 0

representing 45% in state ‘00’ and 55% in state ‘10’, which is precisely the
same result we obtained before! Indeed, matrix-vector multiplication correctly
propagates the probabilities.

We note that because the input vector represents a probability distribution over
bitstrings, its entries should be probabilities, i.e., nonnegative values between
zero and 1, and the vector should be normalized (all its entries should sum to
1). Also, each column in the transition matrix has the same property, as the
sum of outgoing-edge labels of a node in the automaton constitute a probability
distribution themselves too.
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Key message: An n-bit reversible circuit with probabilistic gates is rep-
resented by a transition matrix. If the input to the circuit is a probability
distribution over bitstrings, it can be represented by a 2"-length vec-
tor containing the probabilities. Furthermore, the action of the circuit is
computed by applying the transition matrix to the input vector.

\. J

Finally, in order to compute the probability of ending in a certain state, say ‘10,
after starting in v, we can compute the following: 0T Mov = [0 01 O] M-v =

0.55. Note the use of a row vector (‘10’") and a column vector (v).

Sequential Composition of Circuits Using Matriz Multiplication. Suppose that
the input probability distribution over bitstrings v is inputted to circuit A,
yielding the output vector w = Mav, where M4 is the transition matrix of
A. Suppose furthermore that we pass input w to another circuit B. Then the
probability vector representing B’s output is Mpw = Mp(Mav), which can
also be written as (Mp - M4)v, where - denotes matrix multiplication. Since
this holds for any input vector v, we observe that a circuit C', consisting of first
performing A followed by B, has a transition matrix Mp - M4. That is, the
sequential composition of gates, and thus of circuits, corresponds to the matrix
multiplication of their transition matrices. For example, in (v) the transition
matrix is denoted as M and G is applied to the top bit a once, so applying G
twice instead yields M?2:

2

0.75 0 025 0 0.625 0 0375 0
a @ yp_ | 0075 0 0250 _ | 0 0625 0 0.625
h 0.25 0 0.75 0 0375 0 0375 0
0 025 0 0.75 0 0375 0 0625

Parallel Composition of Clircuits Using the Kronecker Product. Above, we
found that the sequential composition of circuits corresponds to the matrix-
multiplication product of their transition matrices. For parallel composition,
where one stacks two circuits ‘on top’ of each other, we need the Kronecker
product of matrices.

Kronecker product. The Kronecker product of matrices A and B
performs a giant case distinction: for each entry a of A, we create a copy
of all possible entries b of B, and the resulting matrix contains the values
a - b. For example, the transition matrices on a single bit

0.1 0.2 0.3 0.4
A_[o.g 0.8]’ B‘[O.? 0.6]
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0.1-03 0.1-04 02-03 02-04
01-B 02-B| 101-07 01-06 0.2-0.7 0.2-0.6
09-B 08- B} 09-03 09-04 08-03 08-04
09-07 09-06 08-0.7 0.8-0.6

As=|

For example, the entry of A ® B at column 2 (01 = 041p in binary)
and row 4 (141p), which is underlined above, contains the probability
0.9 - 0.6 which is the probability that both A maps bit 0 to 1 (which
happens with probability 0.9) as well as B maps 1 to 1 (which happens
with probability 0.6).

Formally, the Kronecker product on two general matrices (not necessarily
transition matrices) acts as follows: given r4 X ¢4 matrix A and rg X ¢p
matrix B, the ryrg X cacp matrix A ® B is

AO()B AOlB L A()CAB
AloB AHB 8ao AchB
A®B= . .

Ar 0B Ay 1B ... Ao B

TACA

The product behavior of the Kronecker product of two matrices A and B can be
interpreted as choosing an entry a from A and an entry b from B and multiplying
them (see the yellow box above). When A and B are probability vectors of the
individual systems, their Kronecker product yields precisely the vector on the
combined system, where the values a - b are the occurrence probabilities of these
automaton states/unit vectors. The same interpretation shows that the parallel
composition of two gates is also given by their Kronecker product. For example,
the transition matrix for G in (iii) (which acts on a single bit) is given by
Mg = [958 9-23], the transition matrix on the second bit (doing nothing) is the
identity matrix I = [{ {]; hence we may write Mg ® I for the transition matrix
on the two bits a, b.

Exercise: Using the definition of the Kronecker product sign ® (see the
yellow box above), verify that Mg ® I = M from Eq. 1.

Exercise: For a single bit, the two basis vectors are ‘0’ = [}] and
‘I’=[{]. Compute the 4 possible Kronecker products between these states
(‘0 ® ‘0", ‘0 ® ‘1’, etc.) and verify that these are precisely the four basis
vectors for two bits from Eq. 1.
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Key message: Composing probabilistic circuits sequentially corre-
sponds to multiplying their transition matrices, while their parallel com-
position is represented by the Kronecker product of the transition matri-
ces.

2.1.2 Quantum Computations with Linear Algebra Now let us move
to quantum bits or qubits. Here, we limit the presentation to a simplified model
of quantum computing using solely real numbers. This model is universal for
quantum computing [1] and suffices to explain all aspects of quantum computing.
Nevertheless, a reader should keep in mind that the usual quantum computing
model contains complex numbers and, therefore, comprises the subtle differences
noted below (also see reading material referenced at the end of Sect.4).

The state of two qubits is a generalization of a probability distribution over
the four bitstrings, whose vectors, e.g., for ‘00’, ‘01’, ‘10’ and ‘11’ in Eq.1, are
referred to as the computational-basis states as they form a basis of the space of
4-dimensional vectors, and written as |00),|01),|10),|11) (so-called Dirac nota-
tion). Just like in the Markov chain case above, the state on n quantum bits is
represented by a vector of length 2. However, in contrast to the Markov chain
case, the entries of the vector are not probabilities (which sum up to 1) but are
so-called probability amplitudes, or simply amplitudes. So to represent a quan-
tum state, the vector should now be normalized by letting the squares® of these
amplitudes sum up to 1. Instead of a transition matrix, which contains probabil-
ities such that the entries in each column add up to 1, the gate in the circuit is
given by a unitary matriz: in a unitary matrix, the sum of squares of the entries
(amplitudes) in a column add up to 1.* Sequential and parallel composition of
gates, identically to the case of probabilistic computing in Sect. 2.1.1, correspond
to matrix multiplication and Kronecker product, respectively.

An example is the circuit below: the input is computational-basis state |a) ®|b) =
|ab) for a,b € {0,1}, and the single-qubit quantum gate U in the circuit yields
the two-qubit action M’ (to see why M’ = U ® I, compare with Mg ® I in
Sect. 2.1.1):

V075 0 0.25 0
|a) U [\/0.75 \/ﬁ} M —UsI—| 0 _ Vo5 0 __ Vi35

" 14/0.25 —/0.75 V025 0 —v075 o0
|b> 0 V025 0 —0.75

For example, if the input state is |11) = [0,0707 l]T, then the output state is
(U®I)-11) = [0,/0.25,0, —\/0.75]T = 1/0.25|01) — +/0.75|11). By squaring
the amplitudes v/0.25 and /0.75, we regain the interpretation as probability

3 Or modulus square in the general case with complex numbers.
4 The rows of a unitary matrix are also orthogonal; see Sect. 2.2 for full definition.
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distribution over the states |01) and |11). However, the fact that the amplitudes
can be negative (and complex numbers in general) is crucial: as we will see later,
these give rise to interference, where amplitudes are canceled or amplified, a
feature that is not present in probabilistic computing.

Key message: quantum computing is a generalization of probabilistic
computing.

It will be useful to read a(n exponential-length) state vector as a proba-
bility (amplitude) distribution over classical (computational basis) states:

Qo @0...00 —  probability amplitude of |0...00)
o1 0...01 —  probability amplitude of |0...01)
Qon_o o110 —  probability amplitude of |1...10)
| o _1 | |@1..11] — probability amplitude of |1...11)

2.2 Building Blocks of Quantum Circuits

In the previous section, we gave an example of a quantum state as a generaliza-
tion of a probability distribution over bitstrings. Here we give the full definition
of a general quantum state (state of a collection of qubits), and give the building
blocks of quantum-computer circuits: the quantum analogs of logical gates, and
measurements as a means to extract information from a quantum state. (For a
full introduction, see [24].)

2.2.1 Quantum Bits As we have seen before, a quantum state on n qubits
is a column vector of length 2", which constitutes a probability distribution
over the length-n bitstrings b € {0,1}™ as the vector is a linear combination
>_bef0,13» @|b) over the corresponding computational-basis states [b) (i.e. the
length-2™ vector with entry 1 at position b and 0 everywhere else). (The quantum-
computing jargon is superposition instead of linear combination.) The vector
entries (amplitudes) «y, are complex numbers in general. In this paper, we will
always consider real vector entries. The square of the amplitude determines the
probability. For example, the following vectors

el s [ 8

all give rise to the probabilities 0.75 and 0.25 over the states |0) and |1), respec-
tively. If the amplitudes ay, of a vector v are real numbers, then /3 ,c (g 13» a?
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indicates the vector’s length (for complex numbers, we would also have to take
the modulus |a,| instead of ;). Since the values |a,|? form a probability distri-
bution, we find that:

Key message: an n-qubit state is a vector of 2" complex numbers with
norm 1. (In this paper, we only consider real vectors.)

Ezample 1. The vectors |¢), |¢) and |n) are quantum states on 2, 2 and 3 qubits,
respectively:

1
oy e 1 |2 :L(1.|00>+2~|01>—3~|10>+ﬁ|11>)
12+22+32+\/ﬁ2 -3 31
V17
1
A 1 -1 A ] T 1 1
-1

<&

Consider a set of six qubits and suppose that the first two are jointly in some
arbitrary state |¢) (a vector of length 22 = 4) and the remaining four in some
state 1) (a vector of length 2% = 16). Identically to the case of probabilistic
computing (Sect.2.1.1), we use the Kronecker product ® to find the joint state
on the six qubits, which is |¢) @ |¢) (a vector of length 22 . 2% = 26).

Exercise: Show that the computational-basis states |b) for b =
(b1,ba,...,b,) € {0,1}" can be written as [b) = |b1) @ |[b2) @ -+ @ |by,).

2.2.2 Manipulating Quantum States Using Gates A quantum gate on n
qubits is represented by a 2™ by 2™ unitary matrix U (unitarity defined below).
A quantum state |¢) is updated by a unitary matrix as U - |¢) where - denotes
matrix-vector multiplication.

Recall from Sect.2.1 that the three-(qu)bit CCNOT gate (or doubly control-
NOT, or Toffoli gate) is universal for classical computing, while the NOT and
CNOT gates can be added as syntactic sugar. Below we give their matrices. To
obtain a universal gate set for quantum computing, we merely need to extend
this gate set with the single-qubit Hadamard gate: H £ % H _H . Example 2
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illustrates its function: realizing superpositions.

12982008

. 01 = [3983 . [Bhaseuns
NoT £ || I, ONOT £ | 44801, CONOT £ | 86040008
0010 00000100

00000001

00000010

Ezample 2. Applying the H gate to the state |0) or |1), we obtain
11 1] [1 > 1
H-O):[ ]H= 2| = —=(10) + 1)),
V2 [1-1] |0 | V2

m-w-— ][ - l_ﬂ = (10} — 1)),

Sl

<&

A square matrix U is unitary if it is invertible and its inverse is U, where Ut is
found by transposing U for real matrices.> Unitarity ensures that the matrix is
norm-preserving, thus guaranteeing that the output quantum state has norm 1
if the input state does so t00.5 As unitary matrices are reversible, we directly see
that all quantum gates are also reversible. This relates quantum computing to
reversible computing. The Hadamard gate and NOT gate have adjoint operators

HY = % [1 4] =Hand NOT' =[{}] = NOT ; it is not hard to check, indeed,

that H' - H = NOTt- NOT =T =[39].

To apply a single-qubit gate to one qubit of a state on n > 1 qubits, one uses the
Kronecker product (see Sect.2.1) for ‘padding’ the gate with an identity matrix
I for each other qubit, i.e. the matrices which leave any vector unchanged. For
example, applying H to the first qubit of |010) is computed as (H ® I ® I)[010).

Exercise: Compute the unitary matrix H ® I ® I. Remark that it has
dimensions 22 x 23, as is needed for being able to apply it to a 3-qubit
state.

® The adjoint U' of a complex matrix U is found by transposing U, followed by
replacing each matrix entry w + wi with its complex conjugate u — wi. As we use
only real matrices in this paper, one can always think of the adjoint as the transpose.
The adjoint notation UT is used in this paper, in favor of the inverse U™}, as this is
common in the quantum community.

5 Quantum states should have norm 1 to be physically meaningful since the proba-
bilites over the computational-basis states should sum up to 1. Further, quantum
gates need to be unitary to obey the energy conservation law, due to quantum
mechanical properties following from the famous Schédinger equation.
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Finally, we remark that sequential composition of gates is represented by matrix
multiplication of their unitaries, similar to matrix multiplication in the Markov
chain case in Sect.2.1: applying first U and then V to |¢) yields the state V -

U-l¢) = (V-U)lg).

2.2.3 Measurement Measurement enables one to extract classical informa-
tion (bits) from a quantum state. The theory of quantum measurement allows
many ways to do this and here we only focus on a common one: measur-
ing all qubits in the computational basis. Given an m-qubit quantum state
2 be{0,13n @b|b), a measurement (on all qubits) is a probabilistic operation that
returns one of the values b € {0,1}", called the measurement outcome. The value
b is returned with probability (a;)2. (Or |ap|? in the case of complex amplitudes.)
For example, the probability of measuring 00...0 is (cgo...0)?. Since each quan-
tum state vector has unit norm, these probabilities add up to 1, as desired.

Ezample 3. Consider the state [,0, 3,0, 3,0,0, ] = 1/000)+3|010)+ 3 |100)+

%\111> Upon measurement, the probability to obtaln measurement outcome 000
s (000)? (%) == and the probability to obtain measurement outcome 001
S (05001) 02 0. >

2.2.4 Quantum Circuit A quantum circuit is composed of qubits repre-
sented by horizontal lines (wires) and quantum gates represented by boxes, with
each gate acting on one or more qubits. The circuit is finished with a measure-
ment. We will always let the input state be |0) ® |0) ® - - - ® |0) (which is usually
written as [0)®™ or [00...0)), and the output state is obtained after the sequen-
tial application of the circuit’s gates. All gates can be combined with matrix
multiplication into a single unitary operator describing the entire circuit.

Ezxample 4. In the following circuit, we apply a Hadamard to the first two qubits
of |000). Then we apply a Toffoli gate (CCNOT) to the three qubits, followed by
an all-qubit measurement. The intermediate states are as follows; see Example 3
for evaluating measurement.

0 o) = 1000
0) 1) = (H®* @ I)|po) = %(|000>+|010>+ 100) + |110))

10) |ﬁ lps) = CONOT 1) = %(|000> +1010) + |100) + |111))
¥o) [P1/)|¥2

We emphasize that quantum circuits are reversible: each gate, and hence each
circuit, has the same number of input and output qubits.
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Suppose that we have an n-qubit circuit C initialized to the all-zero state
|00...0). Computing the probability of outcome b € {0,1}" can now be written
as follows: [(b|C|00...0)|%. Here, (b| is a row vector of the computational basis
state |b), so (b|C]00...0) can be seen as a product of a row vector, matrix and
column vector, resulting in a scalar.

Ezample 5. Let C be the circuit from Example4. Then C[000) equals $[000) +

£1010) + 3|100) + 1[111) = [%,0,%,0,%,0,0, %]T Hence, the probability of
measuring 000 is [(000/C|000)|? = 7 and the probability of measuring 001 is

4
1(001|C]000)? = 0.

Note that, as in Sect. 2.1.1, we use a row vector for the measured computational
basis state and a column vector for the initial state of the circuit.

Key message: an n-qubit state is transformed by 2" x 2" matrices
through matrix-vector multiplication. Measurement allows one to extract
information from the state.

We will now take a first step towards using quantum circuits to our advantage.
We focus on Boolean satisfiability (SAT), and will provide a naive approach to
solving SAT using a quantum computer. Although this approach will not work,
it will show how the single evaluation of the Boolean circuit on a quantum state
will evaluate the Boolean function on all exponentially-many bitstrings as input.

Consider the 3-CNF formula f(z,y,2) =z A(-xVy)A(—zV-yVz). We will use
a reversible circuit to implement this function as a quantum circuit. We usually
call such quantum circuit a function oracle. We want to compute f for every
possible input 000,001,...,111. Therefore, we create a superposition of these
states. This is done by applying a Hadamard gate to the qubits representing the
input (see exercise below).

Now we will see what happens if we apply the function oracle f to a superposi-
tion of input states. Example 4 contains a simple example of a quantum circuit
calculating f = x A y. A more complicated example is the following one:

Ezample 6. Consider the 3-CNF formula

flzyy,z) =x A (mxVy)A(—zV-yVz). (3)
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The following circuit first applies Hadamard gates to get a superposition on the
input qubits. Then it applies the function oracle for f (in the dashed rectangle).

|0}, (H|—— T | |z)

0), — (]} —

0): ——{ H | —  |2)
l [

10) —D T e 10) (= v )

|O> I \TJ J\ \TJ I |O>(ﬁx V Sy Voz)
l [

|0> Lo o ] |f(xay72)>

The resulting state is ) y,2€{0 1}3\x,y, 2y ® |f(x,y, 2)), or, written out in full,
1
2V/2

(Here, we omitted the two auxiliary qubits uncomputed to |0)). Note that the
single satisfying assignment (111) represents the solution to the satisfiability
problem for f, because in Example 4, the only term which has a ‘1’ at the fourth
qubit, corresponding to f(x,y,z), is [1111).

(10000) +]0010) + [0100) + |0110) + [1000) + [1010) + |1100) 4 [1111)). (4)

Exercise: Evaluate the circuit above in three steps. (a) Show that apply-
ing H® H ® H to the input |000) (the top three qubits in the circuit)
yields a superposition over all 3-qubit computational-basis states. (b)
Next, find the state when adding the register of the bottom three qubits
(which is in the state |000)) using the Kronecker product. (c) Lastly,
using the Boolean function f as given in Eq. 3 (the circuit in the dashed
rectangle above), verify that the resulting state indeed is Eq. 4.

J

We would like to extract the satisfying assignment ‘111’ using measurement.
Unfortunately, we see that measuring gives outcome 1111 with a probability

1
2n
of variables to f. Thus, finding a satisfiable instance this way only succeeds
with exponentially-small probability, much like the classical naive approach of

randomly guessing bitstrings as input and evaluating f on them. o

2
of only ’ﬁ’ = %. This probability is in general, where n is the number

Boolean satisfiability & quantum computing. In Example 6 above,
we saw a naive approach to solving Boolean satisfiability using quantum
computing, which performed equally well as random guessing. However,
using the famous quantum algorithm by Grover [15], the probability of
measuring a satisfying assignment of f can be increased to arbitrarily high
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probability. Since every CNF formula f can be efficiently encoded as a
reversible circuit, this solves the satisfiability problem for f. The Grover
algorithm has runtime O*(y/2"), where O* omits polynomial factors. This
is a quadratic speed-up compared to brute force and the best-known
classical algorithm for k-SAT where k is unbounded.”

2Schoning’s [32] and the PPSZ [26] algorithm deliver better guarantees
for constant k, e.g., for 3-SAT, and can also be quantized [29].

2.3 Visualizing a Quantum Computation Using an Automaton

Armed with a well-defined notion of a quantum circuit, we can now continue the
comparison with Markov chains in Sect.2.1 and visualize an n-qubit quantum
gate as an automaton: it has 2™ states, one for each computational-basis state,
and we interpret the matrix of each gate U as the weighted adjacency matrix
between these states. For example, consider 2 qubits, acted upon by the CNOT
gate and by the H gate on the first qubit:

1/v2 /(\]f V2 /?r 1000

| 0o vz 0 1z _lo100
Hel=|, 2 0 Y2, CNOT_[OOM}
0 YvZ 0 —1v3 0010

We will now use the following known result from graph theory:

The entry in the product of adjacency matrices at row r and column c
equals the sum of products of edge labels (a path sum) over all paths from
node r to node c.

This somewhat complicated statement tells us that matrix multiplication can
be visualized as path sums, a result we already implicitly used in the Markov
chain case in Sect.2.1.1 when observing that sequential composition of gates
is represented by multiplication of transition matrices. To illustrate how this
statement results in a visualization of quantum gates as paths in the automaton,
we give the following example.

Ezample 7. Consider the circuit below; we will compute the entries in (H ®
I)-CNOT - CNOT - (H ® I) corresponding to the transitions |00) — [00)
and |00) — |10), first using matrix-vector multiplication, and then using paths
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in the automaton. For the former, it is straightforward to derive that |¢1) =

%(|00> +[10)), hence |p3) = \% +1-1-]00) + 75 - 1-1-[10) (the second CNOT
uncomputes the first). We use this to compute |p4) = (H ® I)|p3) below.

[pa) = L5 - 1-1- (25100) + 25[10) + 25[00) — 2[10))

|0>@ @ = %.1.1.%4_%.1.1.%
: > 3 1-1- 1

10)

lpo) le1) l2) [ws) lpa) - (L
2

Now the gate sequence H — CNOT — CNOT — H means we should consider
‘red-blue-blue-red’ paths in the automaton. The factor l + l in front of |00)
in Eq. 6 is mlrrored in the automaton by noting that there are tWO paths from

|00) t01tself. @ lﬁandlk

These paths both have amplitude 1/vz-1-1-1/v2 =1/2, and their sum 1/2 + 1/2
is the amplitude of |00) in |¢4) in Eq. 6 indeed (also note that the two products
1/2-1-1-1/2 are precisely the terms in front of |00) in Eq. 5). In contrast, the
factor 1/2 — /2 in front of |10) in Eq. 5 arises in the automaton as two paths
from |00) to |10), one with amplitude 1/v2z-1-1-1/v2, and one with amplitude
t/vz-1-1-—1/v2, which are precisely the terms in front of |10) in Eq. 5. o

Note that in the example above, the path sums have opposite sign, so they pre-
cisely cancel each other, implying that the transition |00) — |10) has amplitude
zero! This cannot happen in a Markov chain as probabilities are never negative.

We thus see that the transition amplitude from state |z) to state |y), which
we first found through linear algebra, can be found in the automaton by sum-

ming path contributions from to , where each path contribution is the
product of the edge labels of the path.

The automaton is useful because it shows a few properties of quantum circuits:

1. an exponentially-sized state space as function of number of qubits

2. the combinatorial nature of the evolution of a quantum state
through a circuit: there can be many paths from one node to another,
sometimes exponentially-many, and we need to track all of them to compute
the output state’s amplitudes

3. the many paths from one node to another will interfere as amplitudes, either
constructively (the amplitudes amplify through addition, as in the example
above for computing the amplitude of |00)) or destructively (the amplitudes
cancel, as for |10) above).
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Ttem 1 and 2 also occur for probabilistic computation (see the Markov chain in
Sect. 2.1) but item 3 is where quantum computing differs. Automated reasoning
methods were often developed to solve scenarios where items 1 and 2 are present;
we will see one approach in Sect. 3 that also illustrates item 3.

Key message: during a run of a quantum circuit, there can be expo-
nentially many paths leading from one state to another. The amplitude
contributions of these paths can constructively or destructively interfere.

2.4 Towards a Quantum Advantage

Application of a gate G once to a superposition of many computational-basis
states |b) yields a sum of terms of the form G|b). This realization is particularly
astounding in case we start out with an exponentially-large superposition, which
can be created already with only linearly many gates in the number of qubits
(recall the exercise above to compute H®"|0)®™ for n = 3). However, using
measurement, we can only read off a single bitstring from this superposition.

A plethora of quantum algorithms® [28] has been found whose quantum circuits
provably need polynomially-fewer or exponentially-fewer gates than their clas-
sical counterpart.” Real-world quantum devices suffer from noise, and counter-
acting that noise might require additional resources that cancel the complexity-
theoretic and real-world advantages of quantum computing. Arguably the main
open problem of quantum technologies is therefore to provide a real-
world demonstration of a quantum advantage. On the road to this goal,
there are several tasks where formal methods could help: performance predic-
tion of real-world devices through classical simulation of quantum circuits (sam-
pling or computing the measurement distribution); optimizing circuits (e.g. fewer
gates, circuit layouts following the topology of real-world chips, etc.); verifica-
tion, specifically checking if two quantum circuits implement the same unitary
matrix; finding a circuit that outputs a desired quantum state; transpilation to
a gate set that real-world devices can natively run; etc.

In the remainder of this tutorial, we will focus on using weighted model counting
or #SAT (Sect. 3) to perform classical simulation of quantum circuits.

8 A quantum algorithm is a uniform family of quantum circuits (like in circuit com-
plexity [2]).

9 The exact statements depend on the used model (for example, whether the input
is promised to be picked from a certain set). Quantum algorithms are typically
complex, so we decided they are out of scope for this tutorial, where we aim to focus
on analyzing quantum circuits using formal methods tools.
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2.5 Our Scope: Quantum Circuit Simulation

In this tutorial, we will mainly consider the task of classically simulating a quan-
tum circuit (that is, to design classical algorithms for this task). Formally, the
task of simulating an n-qubit quantum circuit C' is to find the probability of out-
come b € {0,1}" when the output state of C' is measured, assuming that |0)®" is
the input quantum state to C'. Although simulation is #P-hard in general [23],
so are many problems in formal methods, where solutions have been found that
work well in practice. We should thus not be discouraged from tackling simu-
lation and will see how to do so with #SAT in Sect. 3. In Sect.4, we refer to
extensions that tackle other important quantum circuit analysis tasks.

We focus here on strong simulation [7]: the problem of returning a probability for
a certain computational basis state. In contrast, weak simulation asks to sample
the probability distribution of measurement outcomes.

3 Reducing Quantum Computing to #SAT

Here we reduce quantum-circuit simulation to weighted model counting
(weighted-#SAT). This section is partly based on [21], while the approach here
effectively realizes the well-known path-sum approach [12].

3.1 SAT and #SAT

We denote SAT(F) := {a | F(«) = 1} for the set of all satisfiable assignments of
a propositional formula F': {0,1}" — {0, 1} over a finite set of Boolean variables
V. We say that F is satisfiable if SAT(F') is non-empty. We write an assignment
a as a cube (a conjunction of literals, i.e., positive or negative variables), e.g.,
a A b, or shorter ab.

The action of a classical circuit can be encoded by SAT constraints directly by
representing each bit as a Boolean variable. For example, the Boolean constraint
for the classical circuit C' on the right is Fo(V) = ¢ < —(a A b) over variables
V = {a,b,c}. Given an input ¢ = 0 and b = 1, the satisfying assignment is
a = abe, where a(c) = 1 is the final state.

We denote #SAT(F) £ |SAT(F)| for the model count of a formula F. A weight
function W: {v,v | v € V} — R assigns a real-valued weight to positive literals
v (i.e.,, v = 1) and the negative literals 7 (i.e., v = 0). We say variable v is
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unbiased iff W (v) = W(v) = 1. Given an assignment o € BV, let W (a(v)) =
W (v := a(v)) for v € V. For a propositional formula F' over V and a weight
function W, we define weighted model counting (#SAT) as:

#SATw (F) £ Z W («) where W(«a) = H W (a(v)).
Q€SAT(F) vev

Ezample 8. The propositional formula F' = (v1 V va) A (U7 V v3) A vs over V =
{v1,v2,v3} has two satisfying assignments: o; = v1v9v3 and as = Trvavs. We
define the weight function W as W(vy) = —3, W(v1) = & and W(v2) = 1,
W(vg) = %7 while v3 remains unbiased. The weight of F' can be computed as
MCy (F) = -1 L

1 1.1 1
_2XZX1+§XZX1_ 54

Why #SAT for tackling simulation? First, analysis tasks on quan-
tum circuits are inherently functional problems, as the outcome often is a
measurement probability (or amplitude). For the same reason, inference
on Bayesian Networks [30,31] was done with weighted model counting.
Here we use a similar approach by reducing the simulation of quantum
circuits to weighted model counting.

In our #SAT encoding, we let each satisfying assignment encode a path
in the automaton as discussed in Sect.2.3. We then add weighted vari-
ables so that the weight for each assignment (representing a path) equals
a part of the circuit’s final amplitude. We also let the measurements con-
strain the encoding so that only the required paths remain. The weighted
model counter ensures that the weights of all paths contributing to the
measurement outcome are summed up (positive and negative).

Our encoding uses only linearly many variables and clauses in the num-
ber of gates plus the number of qubits. So, to encode a single gate, we
require only a constant amount of clauses (around four), while encoding
measurements require n (unit) clauses, one per qubit.

3.2 Encoding Quantum States Using (Weighted) Boolean Variables

Recall from Sect.2 that a quantum state |¢) is a specific linear combination of

classical states, i.e.,
)= > alb).
be{0,1}™
Accordingly, we can simply reserve a single Boolean variable for every qubit and

let the satisfying assignments of our formulae represent the state vector. Exam-
ple 9 illustrates this. In what follows, we will write F|4y for a similar encoding of

|#)-
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Ezample 9. Let |B) = %(|01> —|11)). Let x be the variable for the first qubit

and y be the variable for the second qubit. Written differently, we have: |B) =
(%|O>z - %\l)z) ® |1)y. The corresponding Boolean constraint is Fjpy = (z V

T) Ay where we assign the W(z) = —% and W(z) = %, leaving y unbiased.
The (weighted) satisfying assignments are: {Ty = %|01), Ty = —%|11>}. o

From now on, we will reserve the variables x,y, z for the first three qubits.

Exercise: Encode the so-called Bell state %(|OO> + [11)) in weighted
model counting.

3.3 Encoding Quantum Gates and Circuits to #SAT

Since the NOT, CNOT and CCNOT (Toffoli) gates are classical (reversible)
gates, their encoding is easy. For instance, the Toffoli gate on input bits z,y, z
and output bits x’, 4, 2/, only flips z, i.e., sets 2z’ < —z, when both z and y are set
to true, as explained in Sect. 2. Nothing changes in the quantum setting, except
that we reserve the same variables now for the qubits. The Boolean encoding of
these gates is thus as follows.

Fyor (z,2") derdl = e -x

lI>

Fenor (z,y,2,y) & Y eyderd’ s (7)

AL

Feenor (x,y,2,2' 9, 2) ez yn)NT Ay Sy

Observe that the above encoding determines the output variables z’,v’, 2" in
terms of the input variables, as illustrated in the following example.

Ezample 10. Let the input state be |110), where the corresponding Boolean con-
straint is Fj;10y = Ay A —z. After applying COCNOT gate, the output state is
described by the constraint

Fliioy AN Feonor = (xAyA—z) AN (F & zayrz) ' SaAy Sy)

with satisfying assignment z'y’z’, which is interpreted as state |111).

In the (non-classical) case where we have superposition \%( [011) + |111)), each

basis state will be a satisfying assignment, e.g. yz with W(z) = W(z) = %,
where the satisfying assignments are {zyz,Tyz} = %(|011> + |111)). Apply-
ing a CCNOT gate ends up with two computational basis states (satisfying
assignments) {ZTyz, zyz} = %|011> +(110). o
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Recall that its gate semantics in Example 2. We will encode the gate again as
a constraint Fy(z,z’, h), where z/2" is the qubit input/output variable and h
is a separate variable representing the j:i2 normalization. Notice in particular
that the encoding should increase the number of satisfying assignments after
introducing the 2’ variable. We achieve this by leaving 2’ unconstrained. The
following encoding of the Hadamard gate also ensures that the negative weight
only occurs for the case when |1) is the input and |1) is the output.

1 1

Fyu(z,2’ h) £ h< (zNd ith W(h)=—
 ( ) ( ) w (h) 7

Ezample 11. The following circuit (identical to the one used in Sect.2.3) com-
putes the famous Bell state |¢po) = %(\OO) +]11)) at time step 2, only to uncom-
pute it again, ending up back in the |00) state. As will become apparent, this
circuit nicely illustrates how the encoding handles constructive and destructive
interference. In the circuit, we explicitly label the qubits with Boolean variables
z,y and add a subscript to the Hadamard gates, to indicate that we will reserve
an additional Boolean variable h or h’' per gate.

0)e ——{Hy J=—g——9——{Hu']
0), — SRR
o) lo1)  [¢2)  [d3) [
We first show the satisfying assignments of the circuit encoding at each time
step, where for the encoded Hadamard gates Fp(z, ', h), we add an additional
constraint y < 3’ implementing the identity on the second qubit, i.e., H ® I.

|#0) = Flgo) = "o A o {ZoTo}
|91) = Flg,y = Flgoy A Fr(zo,21,h) A (Yo < y1) {ha\y,, Ty, }
|p2) = Fig,y = Fio,) A Fonor (21,91, T2, Y2) {ha17,x2y2, hT1 7, T2 }

|¢3) = Flgg) = Flgp) A Fonor (22, y2,®3,y3)  {ha1y, w2y203Ys, hT17, T2y T3Ys }

It is worth noting that, in the final time step, the satisfying assignments of
|pa) = Flg,) = Flgy) A Fu(zs, x4, h') A (ys < ya) will be

_— o — L
{h'hx1y1x2y2x3y3x4y4 = —%|10>, h ha 1Y, 22y2T3Y3T4Y,y = %|OO>7

B WG, Tl TaTswals = $110), W AT G, BaloTsY3TaTy = 1100)},

where we have (£ —1)|10) (destructive interference) and (3 +3)|00) (constructive

interference). Recall in Sect. 2.3, we give the transition paths of states in the same
circuit. Consider one of the paths from |00) to itself corresponding to the sat-
isfying assignment I R0 1Y, T2Y2T3Y3TaTy: @ @ @D1 k
Tolo 217, T2y2 375 Ty
Here we omit the satisfying assignments for zo and yo in SAT(F),,)) with
t € [1,4] as each of them contains Ty7,. We see that the satisfying assignments
have a one-to-one mapping to the paths. o
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This encoding effectively realizes the well-known path sum approach [12] to
the classical simulation of quantum circuits. It can be written in linear alge-

bra as follows, where Uy, U; ..., U,, are the (n-qubit) gates in the circuit and
|b1), |ba), ..., |b,) are computational basis states.
Un - UtUp|00...0) = 3" U - [brm)bm]| ... [b2)ba| - Uy - [ba)ba| - Up - [00...0)

1717172 ,,,,, bme{0,1}"

The previous example shows that the #SAT encoding does not “merge” paths
ending in the same computational basis state, as illustrated below (dashed edges
cancel each other out).

H, CNOT: 2 CNOTi 2 Hi Final amplitude:
A 1 1 1
/32 V2 V2 2
|00) —*{00) »(00) >00)———»[00) —i+i=1
1 RN 2
|01>\|01> 01) 1) =<7 jo1) <0
AN
E A
10 10 10 B 10y ---- 2|10 1_1_9
10) |>N‘|>%’H SRAUNES B
|11) |11) |11) |11) [11) — 0

Key message: Given a universal quantum circuit, consisting of Toffoli
and Hadamard gates, we can construct a Boolean formula whose satisfy-
ing assignments represent the circuit’s output quantum state.

3.4 Encoding Measurements

Recall in Sect.2.2.3, measuring all qubits in computational basis obtains the
probability of an outcome |b) for b € {0,1}". In a circuit with gates Uy, ..., U,
and an input state |po), the output state |¢on,) = Up, -+ - Ur]|po) can be decom-
posed into basis states as [om) = D 4c(0,13n @|b), where the amplitudes can
be computed by weighted model counting #SATw (Fj,,) A Flpy) = ap, where
F..y = Fu, N+ NFy, NFy, NFj,,y follows the encoding in Sect. 3.3 and F) is
the encoding of basis state |b) as shown in Sect. 3.2. The probability then equals

(ap)?.

Ezample 12. Reconsider Example 11 with measurements on all qubits of the
output state. To get the probability of measuring basis state |b) = |00), the
constraint Fjy) = T4 AY,. should be conjoined to the ﬁnal state Floy N Elpy. We

The amplitude of |00) is MC'W(F|4P4> AN Fyy) = W(h)W(h') +W(hH)W () = 1
thus the resulting probability is 1% = 1. o
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Exercise: In the above example, compute the probability of measuring
with basis state |01).

By adding the measurement constraint, only the “paths” to the basis
state we measure would be left. In the sense of satisfying assignments, as
shown in the previous example, we will keep the satisfying assignments
with variables on the final time step encoding the measured basis state
—— —t .

(R ha1 Y, oY w3YsTaYy = 5(00), b hT1 Y, ToYoT3YsTaY, = 5/00)) and discard oth-

4 Wrap-Up

This tutorial detailed how the basic task of classical simulation of quantum
computing can be done using #SAT, which illustrates the inherent combinatorial
nature of quantum computing as well as interference, which amplifies or cancels
amplitudes of the output quantum state. We now explain some important open
problems in quantum computing and demonstrate, based on related work, how
similar methods can solve them.

Current quantum computers will have limited numbers of qubits that are
noisy [27]. For this reason, investment in the field only took off after the inven-
tion of quantum error correction [14], which realizes the ideal quantum circuit
model on noisy hardware. However, the added complexity of error correction
requires additional resources since the logical error-corrected qubits consist of
many physical qubits. So to attain a quantum advantage earlier, we need to
optimize quantum algorithms to use few qubits and respect the gate sets and
topology (physical connectivity of qubits) of the many different quantum hard-
ware types.

Therefore, we need to optimize quantum circuits, synthesize them in different
gate sets and verify their correctness. The latter starts with checking whether
an optimized circuit implements the same operations as its original (equivalence
checking), but also involves checking quantum Hoare logic [41]. Finally, error-
corrected quantum computers will work in tandem with classical computers to
monitor the process [13], which requires solving tasks strongly related to the
ones discussed above.

Formal methods can indeed be extended to solve the above tasks. For instance,
decision diagrams have been used to check the equivalence of quantum circuits |6,
38] and model counting [22] as well. For a more detailed overview of the successes
of formal methods in this domain, we refer readers to a historical overview [36]
(in which all authors of this tutorial were involved). As an honorable mention,
we note that there are also approaches based on diagrammatic reasoning using
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the ZX calculus [8,40], which has also been used for circuit optimization [18], on
planning [33] and on abstract interpretation [4].

However, the applications of our methods can be viewed in an even broader
context. The features that make quantum compilation difficult are shared with
the computationally-hard aspects of many problems in quantum physics and
quantum chemistry, such as computing the energy of the ground state of a phys-
ical system [17] or simulating a many-body system [25]. Indeed, many of these
problems in physics are in the quantum analogs of the complexity classes NP
and P, i.e., in QMA [5] and BQP [19]; see the figure below for how these quantum
complexity classes relate to classical ones (reproduced from [10]). Therefore, any
progress in tackling hard problems for quantum circuits can be directly used to
solve the very problems that quantum physicists and chemists struggle with on
a daily basis (using the default reductions between BQP- and QMA-complete
problems). This is important since even if the ideal error-corrected quantum
computer never gets built, we are still stuck with the myriad of “quantum-hard”
problems that nature poses—the very reason why Feynman proposed building a
quantum computer by inverting the problem in the first place (see Sect. 1).

Exact quantum circuit non-equivalence
Exact quantum circuit simulation

Quantum circuit non-equivalence

approximatel
Circuit non-equivalence (app y)

Circuit evaluation (simulation) Quantum circuit simulation (sampling)

We finish by giving some references for further reading: Lipton and Regan’s
accessible introduction to quantum computing for computer scientists [20], a
seminal textbook by Nielsen and Chuang [24], the lecture notes of Ronald de
Wolf [9] and Watrous’ detailed monograph on quantum information [39).
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