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Notation and symbols

Categories and universal functors

Ab
C Sep
ne’
Asym
AR

¢

category of abelian groups, with group homomorphisms as arrows
category of separable C*-algebras, with *-homomorphisms as arrows
intersection of the bootstrap category with € Gep

homotopy category of asymptotic morphisms

Kasparov category

E-theory category

f: RR — € the universal comparison functor K8 — €

C*-algebras and Hilbert C*-modules

B+

B+

J<B
Cy(X, B)
Cp(X, B)
SB

S'B

CB
M(B)
Q(B)

Kp(€)
Fing (&)
Bg(&)
Bg(E, F)
Ct
ct,,

Cé’p,q

unitisation of B

positive cone of B

J is an ideal of B

C*-algebra of continuous functions X — B vanishing at infinity
C*-algebra of bounded functions X — B

=Cy(R)® B

= Cy(R)® B

= Cyl(—o0, +00]) @ B

multiplier algebra of B

:= M(B)/B, Calkin algebra of B

:= 1>(N) ® B, the standard countably generated Hilbert B-module

:= K(#), C*-algebra of compact operators on a separable Hilbert space
C*-algebra of B-linear compact operators on £

algebra of B-linear finite-rank operators on £

C*-algebra of B-linear bounded adjointable operators on £

space of B-linear bounded adjointable operators £ — F

complex Clifford algebra of n generators

“real” Clifford algebra of p self-adjoint and g anti-self-adjoint generators

real subalgebra of C¢, ,
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Operators on Hilbert C*-modules

domT domain of T

ranT range of T

&(T) ={(x,Tx) e £& F | x e domT}, graph of T

1e the identity operator on a Hilbert module £

1, the identity n X n-matrix

[2)(y| rank-one operator |x){y|z := x(y, z)

Xj position operator Xjf(x) = xjf(x) forx =(xq,...,x5) € R?

Kasparov theory and E-theory

KK(A, B) set of Kasparov A-B-modules

KK;(A,B) setof odd (=ungraded) Kasparov A-B-modules

W(A, B) set of unbounded Kasparov A-B-modules

(A, B) set of odd (=ungraded) unbounded Kasparov A-B-modules

axp Kasparov product of KK-classes a and

a®p exterior Kasparov product of KK-classes & and

1, unit of KK-ring KK(A4, A)

AB := C([1, 00), B)/Cy([1, 0), B), asymptotic algebra of B

®: A--»> B asymptotic morphism (®;: A — B)te[l/w)
[A, B set of homotopy equivalence classes of asymptotic morphisms A --> B

Spectral localiser and (semi-finite) index pairing

0] K, (A)-class of a unitary v € A

D] KK; (A, B)-class of an odd unbounded Kasparov A-B-module (¢, £, D)
[2],[D])  Ky(Kg(£))-valued index pairing of [v] € K;(A) and [D] € KK; (A, B)

£ =£@E

Sl upper spectral submodule with threshold A

5/% lower spectral submodule with threshold A

LA spectral localiser with tuning parameter x and spectral threshold A
T transferred trace T: Bg(€) — [0, +00] of a finite trace 1: B — C

L2(B, 1) GNS-Hilbert space induced by a finite trace 7: B — C

H* =E®p Lz(B , 7), localised Hilbert space induced by t

0" =0®1 B,7) representation on %" induced by t

D* =D®1 (B,7) unbounded self-adjoint operator on H" induced by 1



Bioliography

Groupoid of a Delone set and its C*-algebra

G=34°

g2

Bis(G)
C(9)
Ball(x, R)
Del, py(R)
QA

Qq

N

n(x}

En

groupoid G with unit space o

={01,72) € GxG | s(yy) =r(y2)}

inverse semigroup of local bisections of a groupoid G
reduced groupoid C*-algebra of a groupoid G

open ball centered at x with radius R

space of (7, R)-Delone sets

closure of the orbit of A € Del(rl R)([Rd) under the translation action by R?
:={w € Q, | 0 € w}, canonical transversal of Q , > R

=0 > [Rdlgg/ groupoid of a Delone set A

localised regular representation C*(G,) — [B(é’z(a)))
topological graph associated to a one-dimensional Delone set A

Coarse geometry, group actions and symmetry-breaking

C(G)
Ci(G)
C,(G)

G X
Hx
CRoe(X)
CRoe(X)"
S
CRoe(X)®

reduced group C*-algebra of group G

reduced group C*-algebra generated by left regular representation
reduced group C*-algebra generated by right regular representation
G actson X

ample X-module

Roe C*-algebra of a space X

I'-equivariant Roe C*-algebra of a I'-space X
symmetry-breaking chain

symmetry-breaking Roe C*-algebra of X for symmetry-breaking chain &






Index

ample module, 125
equivariant ~, 186
standard ~, 126, 187

approximate unit, 64
quasi-central ~, 64

asymptotic algebra, 42

asymptotic morphism, 41
n-homotopy of ~s, 44
composition of ~s, 46

homotopy category of ~s, 46

homotopy of ~s, 44
operation on ~s, 41

bisection, 173
Bott periodicity, 26, 35
bounded transform, 60

C*-algebra
Z/2-graded ~, 28
“real” ~, 133
real ~, 133
C*-correspondence, 31
essential ~, 31
Morita equivalence, 31
proper ~, 31
C*-stable, 25
chopping function, 59
Clifford algebra, 30, 135
coarse groupoid, 163

Delone set, 118

groupoid C*-algebra of a ~, 124

groupoid of a ~, 122

Roe C*-algebra of a ~, 129

space of ~s, 121

E-theory, 46

Connes-Higson construction, 63

exact, 25
semi-split ~, 25
split ~, 26

Hilbert C*-module
complemented ~, 58

Hilbert C*-module
Z/2-graded ~, 29
full ~, 31

homotopy invariant, 26

index pairing, 48
E-theoretic ~, 52
KK-theoretic ~, 49
semi-finite ~, 103
uniqueness of ~, 52

inverse semigroup
action, 173
action groupoid, 173
of local bisections, 173
wide ~, 174

Kasparov module, 31
odd ~, 39
unbounded ~, 60

Kasparov product, 33
general ~, 34

KK-theory, 33
KK-equivalence, 34

Connes—Skandalis conditions, 33
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extension picture of KKy, 39 map, 186, 192

Kasparov’s picture of KK, 31 Roe C*-algebra, 195

ungraded picture of KK, 39

o topological graph, 168
quasylder.npo.tent, 83 C*-algebra of a ~, 168
quasi-projection, 83 C*-correspondence of a ~, 168

. topological phase

regular representation mixed ~, 208

localised ~, 124

of a discrete group, 184

of an étale groupoid, 122
Renault-Deaconu groupoid, 170
Roe C*-algebra, 127

equivariant ~, 187

symmetry-breaking ~, 195

robustness of ~, 155
stacked ~, 157
strong ~, 155, 208
weak ~, 157, 208
topological phases, 132

unbounded operator, 57

spectral decomposition adjoint of an ~, 57

of a Hilbert C*-module, 81 closed ~, 57

of a Hilbert space, 82 functional calculus of ~s, 60
spectral localiser, 81 graph of an ~, 57

even ~, 83 regular ~, 58

odd ~, 82,96 self-adjoint ~, 57
spectral triple, 55 symmetric ~, 57

position ~, 141 universal functor, 26

real ~, 140 h, 27,73
symmetry-breaking E, 27,46

chain, 195 KK, 26,27, 33





