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Abstract

The exoALMA large program offers a unique opportunity to investigate the fundamental properties of
protoplanetary disks, such as their masses and sizes, providing important insights into the mechanism re: %)onsible
for the transport of angular momentum. In this work, we model the rotation curves of CO isotopologues '“CO and
3CO of 10 sources within the exoALMA sample, and we constrain the stellar mass, the disk mass, and the density
scale radius through precise characterization of the pressure gradient and disk self-gravity. We obtain dynamical
disk masses for our sample by measuring the self-gravitating contribution to the gravitational potential. We are able
to parametrically describe their surface density, and all of them appear gravitationally stable. By combining
dynamical disk masses with dust continuum emission data, we determine an averaged gas-to-dust ratio of
approximately 400, not statistically consistent with the standard value of 100, assuming optically thin dust
emission. In addition, the measurement of the dynamical scale radius allows for direct comparison with flux-based
radii of gas and dust. This comparison suggests that substructures may influence the size of the dust disk and that
CO depletion might reconcile our measurements with thermochemical models. Finally, with the stellar mass, disk
mass, scale radius, and accretion rate, and assuming self-similar evolution of the surface density, we constrain the
effective ag for these systems. We find a broad range of ayg values ranging between 10> and 102

Unified Astronomy Thesaurus concepts: Protoplanetary disks (1300); Planet formation (1241); Stellar accretion
disks (1579)

1. Introduction

A particularly important quantity in protoplanetary disk

Original content from this work may be used under the terms kinematics is the rotation curve, i.e., the azimuthally averaged
BY of the Creative Commons Attribution 4.0 licence. Any further X : [ X

distribution of this work must maintain attribution to the author(s) and the title rotational velocity as a function of the radius. Indeed,

of the work, journal citation and DOI. in a protoplanetary disk, the dominant motion is azimuthal
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(C. Pinte et al. 2023); hence having a thorough model of the
rotation curve is crucial to precisely characterize such
environments. On top of the standard Keplerian rotation, there
are additional effects that globally influence the rotation curve,
such as the pressure gradient and the disk self-gravity, whose
strengths are connected to fundamental disk quantities.
Recently, significant work has been done to characterize
rotation curves in protoplanetary disks. Leveraging the
analytical work by G. Bertin & G. Lodato (1999) and B. Ver-
onesi et al. (2021) constrained the star and disk masses of the
protoplanetary disk Elias 2—27 from the rotation curves of '*CO
and C'0, marking the first dynamical estimate of a
protoplanetary disk mass. Subsequent developments have
introduced new methods for extracting rotation curves (e.g.,
A. F. Izquierdo et al. 2021, 2023), enhancing the quality of
modeling. G. Lodato et al. (2023) presented a model for the
rotation curve of a vertically isothermal disk including self-
gravity, applying it to IM Lup and GM Aur. Following this,
P. Martire et al. (2024) generalized the model for a vertically
stratified disk and applied it to the MAPS sample. Most
recently, B. Veronesi et al. (2024) and S. M. Andrews et al.
(2024) studied the uncertainties related to this method, finding
that the precision of disk mass measurements is around 25%,
with the minimum measurable mass being 5% the stellar mass,
and that it is possible to constrain surface density profile, rather
than just the integrated mass.

In this work, we model the rotation curves of the sample
described in J. Stadler et al. (2025), extracted with
DISCMINER (A. Izquierdo et al. 2025), to constrain stellar
masses, disk masses, and scale radii, following the approach of
the aforementioned Letters. This Letter is organized as follows.
In Section 2, we briefly present the physical model we adopt to
describe the rotation curve. We use a thermally stratified model
(P. Martire et al. 2024), where the thermal structure is obtained
in M. Galloway-Sprietsma et al. (2025). In Section 3, we
present the analysis procedure, justify the sample we are
analyzing, and discuss how we treat the systematic uncertain-
ties. In Section 4, we present the results and separately discuss
the disk masses, stellar masses, scale radii, and properties we
can extract from them. Finally, in Section 5, we summarize the
findings and draw conclusions.

2. Physical Model

The model we adopt to describe the rotation curve of a
protoplanetary disk is the one presented in G. Lodato et al.
(2023), then generalized by P. Martire et al. (2024) including
the disk thermal stratification. The need for including thermal
stratification is justified in J. Stadler et al. (2025), showing that
the shift between '*CO and '*CO rotation curves cannot be
explained by a vertical isothermal model. The full description
of the stratified model is given in Appendix A.

2.1. 2D Temperature Structure

There is observational evidence that protoplanetary disks
have a vertical temperature gradient (E. Dartois et al. 2003;
K. A. Rosenfeld et al. 2013; C. Pinte et al. 2018). The thermal
structure can be probed through optically thick molecular line
emission (C. J. Law et al. 2021). M. Galloway-Sprietsma et al.
(2025) obtained the 2D thermal structures of exoALMA disks
from '>CO and '’CO data cubes, adopting the Dartois

Longarini et al.

(E. Dartois et al. 2003) prescription

Tatms >7,
(D
where
Tam(R) = Tam.100(R/100au )%am
Tmia(R) = Tig,100(R/1002u)?mia
Z, = Zo(R/100au)”. 2)

Hence, the 2D thermal structure is described by six parameters,
namely, 71,1005 Latm. 100> Gmid> Gatm» Zo» and (3. In this work, we
will use the Dartois prescription with the best-fit values for the
thermal parameters obtained by M. Galloway-Sprietsma et al.
(2025), which are summarized in Appendix C.

2.2. Model for the Rotation Curve

In this paragraph, we present the fundamental equations of
the stratified model from P. Martire et al. (2024). The complete
derivation of the rotation curve is given in Appendix A.

Under the hypothesis of self-similar surface density profile
(D. Lynden-Bell & J. E. Pringle 1974)

_@=yM(RY | (RY
2R = 27R? (RC) eXp[ (Rc) ’ ©

and assuming a temperature structure
T(R, 2) = Tnia(R)f (R, 2), “

with f given by Equation (1). P. Martire et al. (2024) showed
that the rotation curve is given by

v = vﬁ{[l n (%)2]—3/2 - [7' fo- 7)(%)27’7_
- (a) f®o ) s)

where 7' = 7 + (3 + qpg)/2. vic = GM./R,

z , N2T1-3/2
f Z?[l + (%) } dz. (6)

1
log(fg) = — e

mid 0
and
5 _ o¢] 1 k2
Vi = Gj; [K(k) - z(m)x
R' R Z2 R’ ! !
(Ery W)E(k)]gkzure)dk, @)

where K(k) and E(k) are complete elliptic integrals (M. Abramo-
witz & L. A. Stegun 1970) and k2 = 4RR'/[(R + R')* + z%].
The model presented in this section does not account for
pressure-modulated substructures that may be present in the
data. To assess their influence on the best-fit parameters, we
tested a rotation curve model that includes the contribution of
substructures in the pressure gradient. In particular, we
modeled the density variations associated with gaps and rings
as Gaussians and then computed the pressure gradient and disk
self-gravity self-consistently. The corresponding velocity
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Table 1
Summary of the Main Results of This Work
Source M* Md R(. Md/M* O'Md/Md Mdiscminer AM*/M* Mdusl g/d
M) Mc) (au) (%) (My)

AA Tau 0.62479033 0.15550:938 1561196 0.25+5:%¢ 0.23 0.791 26.7% 0.115 14174338
DM Tau 0.468+0:012 0.057+00% 240153 0.12+3:04 0.34 0.453 —3.1% 0.162 3671131
HD 34282 1.520509% 0.143+008 37044 0.0975% 0.30 1.620 6.6% 1.091 137589
J1615 1.1057591 0.0827 0914 167732 0.07590! 0.18 1.140 3.1% 0.308 279143
J1842 104215919 0.078+0013 231519 0.07+591 0.18 1.068 2.5% 0.108 7597138
J1852° 10227531 0.04479:9%4 8779 0.047%3 0.65 1.028 0.6% 0.110 4204300
LkCa 15 111879913 0.10879918 150712 0.104501 0.15 1.028 —8.0% 0.333 33914
PDS 66° 1.2990:93¢ 0.038+0:033 28712 0.037908 1.76 1.277 ~1.7% 0.108 36473
SY Cha 0.81275:%37 0.0847 5944 11242} 0.1079% 0.52 0.813 0.1% 0.170 517388
V4046 Sgr’ 177745888 0.05879:508 9913 0.033:09 0.11 1.763 ~0.8% 0.112 54018

Notes. Best-fit values for the stellar mass, disk mass, and scale radius with the relative uncertainties from the posterior distributions, disk-to-star mass ratio with
propagated errors, disk mass relative uncertainty, stellar mass from DISCMINER fit (A. Izquierdo et al. 2025), percentage difference from the dynamical stellar mass
estimate and the DISCMINER one, dust mass from continuum emission from P. Curone et al. (2025), and gas-to-dust ratio. The value oy, /M, represents the average of
asymmetric uncertainties (upper and lower) on the disk mass. The errors on the disk-to-star mass ratio and on the gas-to-dust ratio have been computed using the
posterior distributions for the relevant quantities.

 These sources have a disk-to-star mass ratio <0.03, the theoretical limit for disk mass detection (S. M. Andrews et al. 2024; B. Veronesi et al. 2024). We report the
best-fit values obtained through the fitting procedure, regardless of the disk mass limit. In the figures, these sources are labeled with a diamond rather than a square.

perturbations are on the order of 50-70ms~'. We applied this
approach to the rotation curve of a reference disk, LkCa 15,
fitting the data both with and without the inclusion of
substructures. Our results show that the most affected
parameter is the scale radius, as it is directly influenced by
the pressure gradient. However, the correction remains within
the typical uncertainties. In contrast, the impact of substructures
on the dynamical mass estimates is minimal.

3. Analysis
3.1. Sample

To apply this method, the crucial criteria are the availability
of well-defined and precisely measured CO-emitting surfaces
along which to appropriately sample the rotation curve, and the
absence of nonaxisymmetric features, which may affect the
azimuthal averaging, intrinsic to the definition of rotation
curve, and the very assumption of centrifugal balance. This is
important to ensure a correct extraction of the rotation curve, of
the thermal structures and to evaluate at the right position (R, z)
the model of Equation (5). Hence, it is not feasible to apply this
method to the entire exoALMA sample. We discarded sources
that show strong nonaxisymmetric features (MWC 758, CQ
Tau) and low-inclination ones (HD 135344B, HD 143006,
J1604), for which the extraction of the emitting layer is not well
defined. Therefore, the sample used in this work includes AA
Tau, DM Tau, HD 34282, J1615, J1842, J1852, LkCa 15, PDS
66, SY Cha, and V4046 Sgr.

3.2. Rotation Curve Fits

The rotation curves used in this work have been extracted
with DISCMINER and thoroughly discussed in J. Stadler et al.
(2025) using the default cubes. The emitting layers of '*CO and
'3CO are an output of DISCMINER as well. Finally, the thermal
structure is extracted with DISKSURF and thoroughly discussed
in M. Galloway-Sprietsma et al. (2025). The thermal and
geometrical parameters are summarized in Appendix C. For
each disk, both the '2CO and '*CO rotation curves are fitted
simultaneously.

The rotation curve fits were performed using the code
DYSC,?® and the details can be found in Appendix B. All the
DYSC fits were performed using 10 walkers, 5000 steps of
burn-in steps, and 5000 steps. Initially, the walkers are
uniformly distributed within their prior intervals. All the results
are summarized in Table 1, where we present the best-fit values
and their uncertainties, determined by the width of the posterior
distributions. Hereafter, we will refer to the best-fit parameters
obtained through this methodology as ‘“dynamical values.”
Figure 1 shows the comparison between the data and the best-
fit model for the '>CO and '*CO rotation curves for LkCa 15.
The complete collection of comparison plots is shown in
Appendix D. In our analysis, we excluded the first two major
beam sizes in radius, as discussed in J. Stadler et al. (2025).
The bottom panel of Figure 1 shows the non-Keplerian
contributions to the rotation curve predicted by the best-fit
model, where dv, is the contribution given by the finite height
of the emitting layer, ov,, is the pressure gradient contribution at
the emitting layer, and év, is the self-gravitating contribution
(G. Lodato et al. 2023).

When fitting AA Tau, we limited our analysis out to 250 au for
the '“CO since the outer part of the disk shows a drop in the
nonparametric emitting height extracted by disksurf, as shown in
M. Galloway-Sprietsma et al. (2025). This feature is also visible in
the channel maps and in the rotation curve (see Appendix E) and
leads to a systematic shift of the best-fit parameters since our
model cannot take this into account. Despite excluding the outer
region, the results for AA Tau still appear unusual, with the
derived mass of the disk significantly high, marking AA Tau as an
outlier in our sample. This is particularly clear when looking at the
gas-to-dust ratio, at the percentage difference with the DISCMINER
stellar mass and at «g. This disk presents several atypical
characteristics, and its anomalous behavior could be attributed to
its high inclination, affecting the extraction of the emitting height
and rotation curve, as suggested in M. Galloway-Sprietsma et al.
(2025). While we include the results for completeness, they
should be interpreted with caution due to these reasons.

= https://github.com/crislong/DySc
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Figure 1. Top panels: rotation curves of LkCa 15 (red dots) with the best-fit model (blue lines) and residuals according to Equation (A13). The black dashed line
represents the location of the scale radius R... Bottom panel: non-Keplerian contribution to the rotation curve, where év, is the correction due to the finite height of the

emission, 0v, is the pressure gradient, and 6v, is the self-gravitating contribution.

Consequently, for the statistical analysis in this Letter, we exclude
AA Tau from the sample and represent it in the figures with a
cross rather than a square to denote its peculiar status.

The issue of the diffuse backside is also observed in SY Cha
at R > 400 au and in the '°CO data of LkCa 15 (M. Gallowa-
y-Sprietsma et al. 2025). We tested the robustness of the fits by
including and excluding these regions, demonstrating that the
results remain consistent for these disks.

3.3. Systematic Uncertainties

The EMCEE fitting procedure provides the uncertainties on
the best-fit parameters but does not account for systematic
errors. In particular, we model the pressure gradient contrib-
ution using the temperature structures presented in M. Gallo-
way-Sprietsma et al. (2025). These temperature structures have
their own uncertainties, which affect our results. To incorporate
the systematic, we decided to run each EMCEE fit 100 times,
drawing the thermal parameters from the posterior distribution
of M. Galloway-Sprietsma et al. (2025). This procedure allows
us to take the systematic errors driven by the thermal structure
into account, returning a realistic uncertainty for the best-fit
parameters, listed in Table 1.

In principle, the geometric parameters (inclination i and position
angle PA) and the height of the emitting layer can contribute to the
systematic uncertainties. However, the thermal structure dominates
the systematic uncertainties since it directly impacts the pressure
gradient characterization. Additionally, as pointed out in
S. M. Andrews et al. (2024), the position of the center of the
disk may induce significant uncertainties; for more information on
how the center of the images is found we refer to A. Izquierdo et al.
(2025) for the gas and P. Curone et al. (2025) for the continuum.

4. Results and Discussion

Before delving into the discussion of the results, we would like
to emphasize that in Figures 2, 3, 4, and 5, different markers are
used: orange squares represent exoALMA sources with a disk-to-
star mass ratio” >5%, orange diamonds denote exoALMA
sources with a disk-to-star mass ratio <5%, the orange cross
marks AA Tau, and blue squares indicate the MAPS sources.
The errors on MAPS sources are smaller compared to the
ex0oALMA ones. This is because in P. Martire et al. (2024), the

29 A disk-to-star mass ratio of 5% represents the lower limit for reliably
measuring disk masses, as discussed by B. Veronesi et al. (2024) and
S. M. Andrews et al. (2024).
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Figure 2. Dynamical masses against dust masses as computed in P. Curone

et al. (2025) for the exoALMA and MAPS sources. The black line shows the
Mgy, = 100M g5 and the brown line the Myy, = 400Myy.
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authors did not propagate the thermal structure uncertainties as
we did in this work.

4.1. Stellar Masses

The best-fit values for the stellar masses are summarized in
Table 1. The dynamical stellar masses generally deviate from
the best-fit values provided by DISCMINER (A. Izquierdo et al.
2025; R. Teague et al. 2025). DISCMINER operates under the
assumption that the azimuthal velocity is solely dictated by the
stellar gravity, disregarding the pressure gradient and disk self-
gravity. Consequently, the dynamical masses obtained in this
work are a more accurate estimate, as all the relevant non-
Keplerian contributions are considered.

In general, the pressure gradient has a decelerating effect on the
azimuthal velocity,” leading to an underestimate of stellar mass
when employing DISCMINER. Conversely, the contribution
from the disk self-gravity increases the azimuthal velocity,
causing an overestimate of the stellar mass. In Table 1, we
observe that the combined effect of pressure gradient and self-
gravity results in a discrepancy of a few percent in the stellar
masses compared to the simple Keplerian fit model, as
employed by DISCMINER, where we define AM =
M giscminer — Mayn. In previous studies, dynamical masses were
derived from low-resolution CO data and compared with pre-
main-sequence evolutionary track predictions (M. Simon et al.
2000, 2017, 2019; T. A. M. Braun et al. 2021). However, due
to the limited resolution of these data, the rotational profiles
were approximated as Keplerian. Thanks to the high spatial and
spectral resolution exoALMA data, we can now model the
rotational profile more precisely, resulting in more accurate
stellar mass estimates.

In general, excluding AA Tau as discussed before, we note
that the percentage difference between dynamical masses and
the DISCMINER ones is on the order of ~5%. We also note that

30 The pressure gradient is always negative at the midplane, but this is not true
at all (R, z). Indeed, it depends on how the emitting layer z(R) relates to the disk
hydrostatic structure. For instance, in a vertically isothermal disk, for z 2> 2H,
the pressure gradient is positive rather than negative. For more details about the
vertical isothermal model, we refer to G. Lodato et al. (2023).
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deviations go in both directions, showing that the combined
contribution of self-gravity and pressure gradient is not easy to
determine.

4.2. Disk Masses

The best-fit values for disk masses are presented in Table 1. As
outlined by B. Veronesi et al. (2024) and S. M. Andrews et al.
(2024), the minimum detectable disk-to-star mass ratio with this
method is approximately 5%. In our sample, only three sources—
J1852, PDS 66, and V4046—have best-fit disk mass values below
this threshold. Table 1 lists all best-fit values, regardless of the disk
mass detection threshold. In the following figures, these sources
are marked with diamonds instead of squares to indicate that they
fall below the measurability threshold. One can decide whether to
employ the best-fit value we report or to use M; = 0.05M, as an
upper limit.

DM Tau, HD 34282, and LkCa 15 are the three sources
whose disks have been independently estimated in the
literature. In Figure 6, we compare the dynamical disk mass
estimated in this Letter to these independent estimates.

For DM Tau, we estimated a dynamical mass of
My = 0.0573350M,,. Tts mass was estimated from the observa-
tion of hydrogen deuteride (HD) by M. K. McClure et al. (2016).
For a chosen disk model, they determined the disk mass to be
between 0.01M, and 0.047M_,. Hydrogen deuteride is a powerful
molecule to determine disk mass since there is no chemistry
involved, being an isotopologue of molecular hydrogen. L. Trap-
man et al. (2022) presented an innovative approach to measure
protoplanetary disk masses using NoH™ and C'®0. This method
enables the determination of the CO-to-H, mass ratio, facilitating
the calibration of CO-based mass measurements (see A. Miotello
et al. 2023; K. L. Oberg et al. 2023, for recent reviews). They
applied this technique to DM Tau, determining that the disk mass
lies between 0.031M, and 0.096M . To compare with the HD-
based measurements of the disk mass, they repeated the analysis of
M. K. McClure et al. (2016), but assuming a different disk
structure, consistent with N,H" models. They found a slightly
higher HD-based disk mass between 0.04M, and 0.2M ., which is
the upper limit at the edge of gravitational instability. The value we
obtained in our study is consistent with both N,H" and HD-based
measurements of L. Trapman et al. (2022).

For HD 34282, we estimated a dynamical mass of M; =
0.143%3313 M. L. M. Stapper et al. (2024) constrained gas masses
of Herbig disks using CO isotopologues, and HD 34282 is within
their sample. Their estimate is My = 0.12130M o, perfectly
consistent with our dynamical value.

For LkCa 15, we estimated a dynamical mass of
My = 0.1083918M,,. S. Jin et al. (2019) constrained the gas
and dust distribution in the LkCa 15 disk by comparing
radiative transfer models with the '*CO and dust emission from
the Atacama Large Millimeter/submillimeter Array. They
found that the best-fit value for the disk mass is M; =
0.1M,, which reproduces the gas and dust emission very well.
Conversely, J. A. Sturm et al. (2023) measured LkCa 15 gas
mass using CO, 13CO, C'30, and C"0 lines and modeled them
with thermochemical models. They found that the gas mass in
the LkCa 15 disk is M; = 0.01M., an order of magnitude
smaller compared to the S. Jin et al. (2019) estimate. The main
differences between the two methods lie in the assumptions
about the disk structure, in particular in the disk surface density
profile. Our estimate is consistent with S. Jin et al. (2019) and
250 inconsistent with J. A. Sturm et al. (2023).



THE ASTROPHYSICAL JOURNAL LETTERS, 984:1L.17 (20pp), 2025 May 1

Longarini et al.

300
— x1 — x1
4001
6001 — Xx2.5 B 2501 — x0.75
= = "5 3001 o B ' 200
= g ' 5 “ = —o—
e 400« Ilm — () | =
5 5 2001 x5 120
25 : 20 23 o
o o = o 100
200 = =
100+ — x1 501 —a—
— x1.75
0 ; ; 0 . ; 0 ' ;
0 200 400 0 200 400 0 200 400
Rc [au] Rc [au] Rc [au]

Figure 3. Flux-based radii (i.e., radii enclosing 68% of the emission) of '*CO, '*CO, and dust compared with the dynamical scale radii R,. The orange squares are the
ex0ALMA sources, while the blue ones are the MAPS. The black line shows when the flux radius is equal to the dynamical one, and the brown line is the average

value for the sources.
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Figure 4. Comparison between the observed and the predicted radius enclosing
the 90% of the '>CO emission, according to Equation (9). The gray crosses
show the results assuming the CO depletion obtained by L. Trapman
et al. (2024).

PDS 66, or MP Mus, does not exhibit any substructure in
dust continuum emission or gas, even at very high angular
resolution Ax = 0705 (A. Ribas et al. 2023), and in the rotation
curves analyzed here there are no clear signs of pressure-
induced substructures (L. M. Stapper et al. 2024). A. Ribas
et al. (2023) estimated the disk mass of PDS 66 by comparing
the CO isotopologues’ fluxes with models of J. P. Williams &
W. M. J. Best (2014) and A. Miotello et al. (2016), showing
that M, ~ 10~*-10"°M_... Their estimate is consistent with our
results, assuming M,/M, < 0.05.

V4046 Sgr is a known spectroscopic binary with a period of
2.4 days and a mass ratio g ~ 0.94 (H. C. Stempels &
G. F. Gahm 2004). A. Miotello et al. (2016) presented chemical
models to infer the disk mass from CO isotopologue emission.
In that work, they gave an estimate of V4046 Sgr disk mass
being ~10>M.... The result is consistent when we assume the
M, < 0.05M, upper limit.

A comparison between dynamical masses and chemical masses
obtained through the modeling of the N,H' emission for the
exoALMA sample is presented in L. Trapman et al. (2025).
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Figure 5. oy for the exoALMA and MAPS sources, computed according to
Equation (10) and comparison with literature values.
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Figure 6. Comparison between dynamical disk masses (this work) and
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Figure 7. Top panel: surface density and Toomre Q profiles for the four most massive disks of our sample, namely, DM Tau, HD 34282, LkCa 15, and SY Cha,
excluding AA Tau because of the big uncertainties (see Appendix E). Bottom panel: Surface density and Toomre Q profiles for the other five sources, namely, J1615,

J1842, J1852, PDS 66, and V4046 Sgr.

4.2.1. Gas-to-dust Ratio

We use the fiducial values for the disk masses to compute the
gas-to-dust ratio, employing the dust masses obtained by
P. Curone et al. (2025). Table 1 presents the gas-to-dust ratios
for the disks within the exoALMA sample, and Figure 2 shows
the dynamical masses compared to the dust ones. The sources
indicated with a diamond are the ones below the minimum disk
mass threshold. Overall, the gas-to-dust ratios are above the
standard value of 100, with an average value of ~400. To
compute the average gas-to-dust ratio, we have excluded AA
Tau. It is not surprising that the inferred values are above 100.
Indeed, dust masses computed in P. Curone et al. (2025)
underestimate the total dust mass because of the optically thin
emission hypothesis. Indeed, we expect the sources within the
sample to be, at least, marginally optically thick in the inner
parts. In addition, L. M. Stapper et al. (2024) estimated gas
masses of Herbig disks and compared them with dust masses to
obtain the gas-to-dust ratio. In their sample, they also observe a
mean value of the gas-to-dust ratio of ~400, as we find in this
work. Interestingly, Figure 2 suggests that the gas-to-dust ratio
is higher in low-dust-mass disks. These disks also tend to be

more compact, leading to higher optical depths, as it scales with
the surface density.

4.2.2. Gravitational Instability?

To investigate the likelihood of a disk to be gravitationally
unstable, we compute the Toomre Q parameter, defined as
(A. Toomre 1964)

0~ CmiaSl S H
wGX R mid

() ol .

This dimensionless parameter measures the strength of the
stabilizing terms, pressure (c,) and rotation ({2), against the
disk self-gravity (¥). According to the Wentzel-Kramers—
Brillouin quadratic dispersion relation (C. C. Lin &
F. H. Shu 1964; A. Toomre 1964), the onset of the instability
occurs when Q ~ 1. Figure 7 shows the surface density profiles
and the Toomre parameter profiles for the disks within our
sample. We are excluding AA Tau because of the large
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uncertainties, and its case is thoroughly commented in
Appendix E. The massive disks in our sample show Q > 1,
meaning that they all are gravitationally stable. We underline
that the temperature at the midplane is extrapolated from the
2D thermal structures (M. Galloway-Sprietsma et al. 2025).

4.3. Scale Radii

In this section, we discuss the relationship between the flux-
based radii, i.e., the radii enclosing 68% of the 2co, *co
(M. Galloway-Sprietsma et al. 2025) and dust emission
(P. Curone et al. 2025), and the scale radii R, we find by
modeling the rotation curve. As part of the discussion, we also
add the MAPS sources. The masses and scale radii of the
MAPS sources are taken from P. Martire et al. (2024), and the
flux-based radii from C. J. Law et al. (2021). The flux-based
gas and dust radii are reported in Table 2.

4.3.1. Gas-based Measurement

The left and the central panels of Figure 3 display the
comparison between the dynamical and the flux-based radii
of '“CO and >CO. As expected, the flux-based radii are larger
compared to the d?fnamical scale radius, showing an average
ratio of 2.5 for the '>CO and 1.75 for the '*CO. However, R, is
a crucial quantity in the context of protoplanetary disk
evolution, as it relates to the disk’s lifetime and the efficiency
of radial drift. The relationship between the flux-based radii and
R, is complex, involving thermochemical information and
potentially depending on the sensitivity of the observations.
This issue was addressed by C. Toci et al. (2023) and L. Tra-
pman et al. (2023), who found a relationship between R¢, and
R, and M, which reads

0.66 2
Rl%%o,theor=Rcw[4.9x107(%) (R—) l ©)

© au
where WV is the Lambert function. This expression assumes a
CO abundance that typically is considered to be Xco = 1074,
and this information is enclosed into the constant 4.9 x 10,
Figure 4 shows the comparison between the radius enclosing
90% of the 'CO emission and the theoretical expectation
according to Equation (9). The error bars take into account the
uncertainty on the disk mass and scale radius. We observe that
the theoretical expectations systematically overestimate the CO
radius. A possible explanation is CO depletion. L. Trapman
et al. (2023) obtain Equation (9) using thermochemical models,
fixing the CO abundance at Xco = 10~*. There, the
dependence on CO abundance is not explicitly stated.
Assuming a linear relationship between the CO abundance
and the argument of the Lambert function in Equation (9), as
done in C. Toci et al. (2023), we see that reducing the CO
abundance brings the theoretical values closer to the observed
ones. G. Rosotti et al. (2025) and L. Trapman et al. (2025)
provided two distinct inferences of CO depletion for the
exoALMA sample. G. Rosotti et al. (2025) derived the CO
depletion required to reconcile their estimated disk masses with
the dynamical values presented in this Letter, meaning their
method is not entirely independent of our estimates. In contrast,
L. Trapman et al. (2025) presented an independent estimate of
CO depletion by forward-modeling N,H" and rare CO
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Table 2
Flux-based Radii of Dust, *CO, and '*CO Emission for the exoALMA and
MAPS Sources (C. J. Law et al. 2021; M. Galloway-Sprietsma et al. 2025)

Source R{® RS0 Rfo
(au) (au) (au)
AA Tau 92 265 164
DM Tau 119 580 310
HD 34282 180 422 341
J1615 116 365 248
J1842 63 195 133
J1852 58 140 113
LkCa 15 111 457 351
PDS 66 32 108 50
SY Cha 132 376 207
V4046 Sgr 46 216 130
AS 209 74 184 132
GM Aur 86 416 289
HD 163296 78 310 246
IM Lup 120 509 365
MWC 480 156 387 283

isotopologue emission in the exoALMA disks. Both studies
consistently indicate that CO depletion is needed, aligning with
the discrepancy we report. The gray crosses in Figure 3
represent the values of Rco calculated using the CO abundance
derived by L. Trapman et al. (2025). For most of the sources,
using these CO abundances results in a better agreement with
the observed values.

4.3.2. Dust-based Measurement

The right panel of Figure 3 displays the comparison between
the dynamical and the flux-based radius of dust emission. On
average, the dust radii are smaller than the scale radii, showing
an average ratio of 0.75. This trend is expected because,
beyond R, the surface density profile is exponentially tapered,
enhancing the effect of radial drift (T. Birnstiel &
S. M. Andrews 2014).

C. Toci et al. (2021) presented theoretical models of
protoplanetary disk evolution influenced by viscosity, grain
growth, and radial drift and studied the ratio between the scale
radius and the dust. They found that the expected ratio between
the scale and dust radii should be 23, significantly larger than
the average ratios measured in our samples. One possible
reason may be the role of substructures, that slow down radial
drift. Indeed, all the disks, except for PDS 66, show
substructures in dust continuum emission; for a detailed
characterization of dust substructures, we refer to P. Curone
et al. (2025).

4.4. Transport of Angular Momentum—Effective og

We modeled the disks in the exoALMA sample under the
assumption of a self-similar surface density distribution. This
approach allowed us to fit the stellar mass, disk mass, and scale
radius using the rotation curves of CO isotopologues.
Consequently, we now have a comprehensive picture of the
disks’ structure, enabling us to study their evolution within a
viscous framework (N. I. Shakura & R. A. Sunyaev 1973),
introducing an effective viscous parameter ai. Indeed, the self-
similar hypothesis establishes relationships between disk
properties such as temperature, mass, size, and «g with the
accretion rate onto the central object. By measuring the
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Table 3
Accretion Rate and « for the exoALMA and MAPS Sources
Source logmM* M yr’l] M, References Qg Literature Values References
AA Tau —7.35 + 0.35 C. F. Manara et al. (2023) 654781 x 1073
DM Tau —82 +0.35 C. F. Manara et al. (2014) 2.19%372 % 1073 0.08 + 0.02 K. Flaherty et al. (2020)
HD 34282 —7.69 + 0.35 J. R. Fairlamb et al. (2015) 3.86737% x 1073
J1615 —825 £ 0.35 C. F. Manara et al. (2014) 1205048 x 1073
11842 —8.8 + 0.35 C. F. Manara et al. (2014) 4034333 x 107
11852 —8.7 +0.35 C. F. Manara et al. (2014) 3.62138 x 107
LkCa 15 —8.7 + 0.35 C. F. Manara et al. (2014) 1747238 x 1074
PDS 66 —9.18 + 0.35 L. Ingleby et al. (2013) 8.061350 x 1073
SY Cha —9.89 + 0.35 C. F. Manara et al. (2023) 1203 x 1073
V4046 Sgr -9.3 4+ 0.35 J. F. Donati et al. (2011) LIS x 1074 <0.014 K. Flaherty et al. (2020)
AS 209 —73 +£0.35 K. L. Oberg et al. (2021) > 1.11 x 1072
GM Aur —8.1 +0.35 K. L. Oberg et al. (2021) 9.32F14 x 10
HD 163296 ~7.4 £+ 035 K. I Oberg et al. (2021) 431133 x 1073 <0.003 K. M. Flaherty et al. (2015, 2017)
IM Lup —7.9 4+ 0.35 K. I. Oberg et al. (2021) 1.48%448 % 1073 3.050% x 1073 R. Franceschi et al. (2023)
0.2579% T. Paneque-Carrefio et al. (2024)
5767888 x 102 K. Flaherty et al. (2024)
MWC 480 —6.9 £ 0.35 K. L Oberg et al. (2021) 141107 % 1072 <0.006 K. Flaherty et al. (2020)

Note. The literature values for oy are based on different methods, mainly line broadening.

accretion rates, we can, in principle, constrain the instantaneous
ag using (i.e., L. Hartmann 1998)

. 2
a5 = 2 M. (He )" (10)
3M;Q.\ R,

where the subscript ¢ denotes that the corresponding quantity is
evaluated at the scale radius.

The reader should remember that o,y was introduced to explain
why disks accrete, and it is not a viscosity theory. Therefore, the
correct interpretation of the formula above is the effective value of
ag needed to reproduce the observed accretion rate. Additionally,
the formula does not imply that accretion is driven by turbulence;
the values it returns should be interpreted as an effective ag, i.e.,
the amount of transported angular momentum. Any mechanism
proposed to explain angular momentum transport in disks would
need to exhibit an equivalent efficiency of angular momentum
transport, even MHD winds (B. Tabone et al. 2022). We point out
that here we are assuming that stellar accretion, which happens in
the <1au region of the disk, is equal to the disk accretion,
measured at the scale radius.

Several studies tackled this problem in the past (S. M. Andrews
et al. 2009, 2010; R. R. Rafikov 2017; M. Ansdell et al. 2018;
N. van der Marel et al. 2021), showing that aig > 10~*is needed to
explain the observed accretion rate. However, disk masses were
estimated through dust emission, and the scale radius was modeled
from dust emission or interpreted as a fixed fraction of the '*CO
spectral line flux. Here, we are able to correctly determine the o
needed to explain accretion since we have a dynamical disk mass
estimate and a good measurement of the scale radius.

Figure 5 presents the values of «g calculated using
Equation (10) for the exoALMA and MAPS sources. In the
exoALMA sample, the diamonds represent the disk with a disk
mass below measurable threshold, and for AS 209, we use
M, = 0.05M, as an upper limit, as commented in P. Martire
et al. (2024). Table 3 provides the detailed values along with
their associated uncertainties. The determination of «a; involves
two primary sources of error: the uncertainties related to the

accretion rate and the parameters of the disk. Our analysis
indicates that the uncertainties in «ag are predominantly
influenced by the uncertainties in the accretion rate, M,. As
reported by C. F. Manara et al. (2023), the fractional
uncertainty in individual accretion rate measurements at any
given time is approximately 0.35dex, a value that we have
adopted for our analysis. Overall, the effective ag we obtain is
>10"7 in all cases and >10"* in most cases. What is peculiar
in Figure 5 is that the range of « is broad, from 107> to 102,
possibly pointing to different mechanisms driving angular
momentum transport or even accretion rate variability.

For five sources within our sample, namely, DM Tau, V4046
Sgr, MWC 480, IM Lup and HD 163296, there are independent
aig constraints, obtained by modeling the nonthermal molecular
line broadening (K. M. Flaherty et al. 2015, 2017; K. Flaherty
et al. 2020) or by determining the dust emission radial profile
with radiative transfer models (R. Franceschi et al. 2023). The
literature values are listed in Table 3.

The case of DM Tau is particularly interesting since the two
estimates disagree by 2 orders of magnitude, with our value
pointing toward a lower viscosity o ~ 107>. To model the
nonthermal line broadening in DM Tau, K. Flaherty et al.
(2020) assume a stellar mass of M, = 0.54M.,, which differs by
~20% from our best-fit value M, = 0.456M_,. This difference
in stellar mass could explain the inconsistency between the
o — values; indeed, the lower the stellar mass, the bigger the
iso-velocity region for a fixed velocity interval Av.

As for V4046 Sgr, our lower value is in agreement with
K. Flaherty et al. (2020) upper value, pointing to e € (10~%, 1072).
For the MAPS sources MWC 480 and HD 163296, our estimate is
in overall good agreement with K. M. Flaherty et al. (2017) and
K. Flaherty et al. (2020) upper limits. Finally, for IM Lup R. Fra-
nceschi et al. (2023) modeled dust emission with different ag
values, post-processed the models with radiative transfer codes and
compared them with the actual data. They found that an oy of
3 x 1072 best reproduces the data. Their estimate agrees with our
value within the uncertainties. By contrast, T. Paneque-Carrefio
et al. (2024) estimated the viscosity through the characterization of
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CN and C,H. Leveraging on the optical depth properties of these
two tracers, they measured the turbulence from the nonthermal
broadening of the line at the location of the emitting layer.
Recently, K. Flaherty et al. (2024) also estimated « for IM Lup by
the molecular line broadening model, showing a good agreement
with T. Paneque-Carrefio et al. (2024). They found a high value of
viscosity, almost 2 orders of magnitude higher compared to our
estimate and the R. Franceschi et al. (2023) one, pointing to a
vertical gradient of «, as expected from instabilities like the
magnetorotational instability.

5. Conclusions

High-resolution rotation curves of protoplanetary disks can be
used to constrain fundamental disk properties, namely, the stellar
mass, the disk mass, and the scale radius. In this work, we
analyzed rotation curves of '>CO and "*CO for the exoALMA
sources to infer these parameters. Here, we summarize our findings

1. We constrained the dynamical disk mass for 10 sources
within the exoALMA sample. Combined with the results
from P. Martire et al. (2024) and B. Veronesi et al.
(2021), this brings the total number of dynamical disk
mass estimates to 16. This method is independent of
assumptions about disk chemical composition and does
not rely on any specific tracer. Among the 10 sources
analyzed in the exoALMA sample, 7 exhibit a disk-to-
star mass ratio exceeding 5%. We evaluated the Toomre
parameter to assess gravitational stability and found that
all sources are gravitationally stable, consistent with the
absence of prominent spiral structures.

2. We compared the dynamical disk masses with the dust-
based ones (P. Curone et al. 2025), with the assumption of
optically thin continuum emission, to determine the gas-to-
dust ratio. We found values consistently above the standard
100, with an average of approximately 400. These large
ratios likely result from the underestimation of dust masses
due to the assumption of optically thin emission.

3. Thoroughly modeling the pressure gradient contribution
allows for an accurate estimation of the scale radius R.. We
compared the scale radius estimates with flux-based
measurements for CO isotopologues and dust, finding that
the dust continuum emission radii are comparable to R... This
suggests that pressure-modulated substructures may mitigate
radial drift. Additionally, we find that the gas-based radii are
consistently larger than R... Using the derived R, and M, we
calculated the theoretical flux-based CO radii (L. Trapman
et al. 2023) and compared them with the observed values.
The theoretical predictions systematically overestimate the
CO radii, possibly indicating CO depletion. We recomputed
the CO radii using the CO depletion factor derived by
L. Trapman et al. (2025) through forward-modeling N,H*
and C'¥0 emissions. For most of the sources, this results in a
better agreement.

4. Correctly modeling the non-Keplerian contributions to
the rotation curves allows for precise estimates of stellar
masses. The dynamical stellar masses, which incorporate
the effects of pressure gradients and disk self-gravity,
provide a more accurate estimate of this quantity
compared to simple Keplerian models, as shown in
P. Martire et al. (2024) and S. M. Andrews et al. (2024).
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5. The knowledge of M, M, , and R. allows us to
investigate protoplanetary disk evolution, particularly
the transport of angular momentum within an ag
description. Our results show that the effective ag for
the disks is generally >10"", with statistical uncertainties
driven primarily by the accretion rate measurements.
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Appendix A
Model for the Rotation Curve

In this paragraph, we summarize the main findings of
G. Lodato et al. (2023) and P. Martire et al. (2024).

Although the calculations are valid for an arbitrary surface
density X, in this work we assume that it is described by the
self-similar solution of D. Lynden-Bell & J. E. Pringle (1974)

— 2~y

Q- M;(RY" RY
——|—| exp|—|— , Al
27R?  \R. P R. (Al
where M, and R. are the disk mass and the scale radius
respectively, R is the cylindrical radius and ~ describes the

steepness of the surface density, and we adopt v = 1.
The disk density at the midplane pp,;q is

RY
O(R(7’+(3qmid)/2)exp|:(—) ] (A2)
R

Y(R) =

Pmig X
mid c
where
Hia = ¢smid/ (A3)
is the disk hydrostatic height at the midplane,
Coma = ko Tmia / (um p) o< R™ma/? (Ad)

is the sound speed at the disk midplane, k;, is the Boltzmann
constant, y is the mean molecular weight, usually assumed to
be 2.35, m, the proton mass and

O = GM,/R?

is the Keplerian frequency.

We take into account that protoplanetary disks are thermally
stratified by defining a function f that describes how the
temperature changes vertically

T(R, 2) = Tmia(R)f (R, 2)
(R, 2) = ¢ mia Rf R, 2).

(AS5)

(A6)

In this work, we will use Equation (1) as f(R, z). Also, the
density has a vertical dependence, which we describe as

PR, 2) = prig(R)E(R, 2), (AT)
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where the value of g(R, z) is linked to f(R, z) through
hydrostatic equilibrium. Finally, the pressure P is described as

P(R,2) = Puia(R)fg(R, 2) = ¢ mia(R) P mia (RIfZ (R, 2).
(A8)

As shown in P. Martire et al. (2024), from the hydrostatic
equilibrium the relationship between f and g is

log( f2) Lo Z/[l 3 ]3/2d " (A9)
) = - |1+ (—) z.
el Hig ‘/(; f R
Hence, the density structure is
SR
PR, 2) = Laa®s
1 z o N2 T3/2 ,
eXp{Hz_dfO = R)[l +(%) ] dz}, (A10)
which, in the isothermal case (f = 1), reduces to
PR, ) = puig®rexp| —S{1 - 1
’ mid Hﬁ“d 1 + Z2/R2 s
(A11)

which, for z < < R, reduces to the standard Gaussian profile
often used to approximate the disk vertical structure. Assuming
the condition of centrifugal balance, the rotation curve is given
by the radial component of the Navier—Stokes equation

RdpP do,
——(R,2) +R
p dR dR

Vs R, 7)) = R, zZ) + R— R, Z),

(A12)

where ®, is the stellar gravitational potential and ®, is the disk
one. Expanding Equation (A12), we obtain

vy = vﬁ{[l + (%)2]—3/2 ~ [7’ fe- 7)(1%)2—7_

dlog(f) | (H\? 2
S (B) r®2) } + 9,

(A13)
where 7' = v + 3 + ¢q)/2, v = R and
2 R 1 k2
V2 = Gj; [K(k) _ Z(—H{z)
R R 72 R 2 ’
x(; ~Ry E)E(k)]\/;kE(R)dR, (A14)

where K(k) and E(k) are complete elliptic integrals (M. Abra-
mowitz & I. A. Stegun 1970) and k% = 4RR'/[(R + R)? + Z2.

Appendix B
DySc Code and Statistical Framework

We implemented the fitting procedure for the stellar mass,
disk mass, and scale radius based on the model of
Equation (A13) in the code DYSC,?" already used in G. Lodato
et al. (2023) and P. Martire et al. (2024). The code implements
Markov Chain Monte Carlo through the EMCEE library
(D. Foreman-Mackey et al. 2013). According to Bayes

31 https://github.com/crislong/DySc
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theorem, the probability of the parameters 0; = [M,, M,, R.],
given the data v with their error o, and under the assumption of
the model H (i.e., the posterior probability P), can be expressed
as

P(v; HI6)P®) _ P(v; H|6)P ()

P 01' - >
O P() [d0:P16)P(6)

s H) = (BI)

where P(v|0) = L is the likelihood, P(6;) denotes the priors
and P(v) = & is the evidence. For computational reasons, it is
more convenient to work with the logarithm of the probability
functions. Hence, the Bayes theorem becomes

log’ P =log L + logP(6;) — log€&. (B2)
The logarithm of the likelihood we choose is
log L = ——Zlog(Zwov ) — = — 2 (B3)

v, i

Here, we make the standard assumption that the data are
distributed around the true value following a Gaussian distribu-
tion, with standard deviation o,, and that they are not correlated.
Although this is not entirely true because of the finite beam size
and the rotation curve extraction procedure, quantifying the
correlation between the data is beyond the scope of the Letter. The
chosen priors for the model parameters are uniform distributions
respectively centered on M, € U[0, 51M., M, € U[0, 11M,
and R, € U[10, 1000] au, where the lower hnnt for the prior is
justified by the angular resolution.

All the fits are performed fixing the power law coefficient of the
surface density v = 1, underestimating the true uncertainties. In
addition, this choice introduces a potential bias on the scale radius,
which is the parameter most affected by the choice of v, while the
disk and stellar masses are not (S. M. Andrews et al. 2024).

Appendix C
Geometrical and Thermal Parameters of the Sources

Tables 4 and 5 show the emitting layer and the thermal
parameters used for the fitting procedure, respectively. The heights
of the emitting layers have been obtained with DISCMINER
(A. Izquierdo et al. 2025) and the thermal parameters with
DISKSURF (M. Galloway-Sprietsma et al. 2025).
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Table 4
Height of the Emitting Layers Extracted with DISCMINER (A. Izquierdo et al.
2025) and Used in the Fitting Procedure in This Work

Source i Line 20 [ e q:
(deg) (au) (au)
AA Tau 58.7 2cos=32 498 1.2 240.1 1.35
BcoJs=32 517 136 1512 135
DM Tau 38.7 2cos=32 8.6 187 79.6 0.48
BcoJs=32 197 227 2417 093
HD 34282 58.3 2cos=32 340 119 5122 32
Bcos=32 272 079 5099 441
11615 46.5 2cos=32 263 1.04 5296  6.89
Bcos=32 190 1.04 4248 592
11842 39.4 2co07=32 259 146 2106  1.89
Bcos=32 175 1.7 1434 201
11852 32.7 2cos=32 753 1.78 60.9 0.84
Bcos=32 312 274 90.3 1.33
LkCa 15 50.3 2c07=32 290 106 7953  3.19
Bcos=32 273 087 5110 346
PDS 66 31.9 2cos=32 174 183 1270 448
Bcos=3=2 75 12 29.0 1.54
SY Cha 524 2cos=32 433 179 2098  1.02
Bcos=32 729 244 66.1 0.7
V4046 Sgr 34.1 2cos=32 258 1.84 1512  1.17
Bcos=32 335 157 65.6 1.14
Table 5

2D Temperature Structure Fits from M. Galloway-Sprietsma et al. (2025)
Using the Dartois Prescription of Equation (1)

Source Tam,100  Tmid.100 Gatm Gmid Zy B
(K) (K) (arcsec)
AA Tau 41 13 —0.51 —0.21 0.45 0.07
DM Tau 37 20 —0.46 —-0.37 0.16 0.0
HD 34282 67 32 —0.0 —-0.25 0.28 0.69
J1615 34 24 —0.1 —0.25 0.21 1.11
J1842 43 25 —0.45 —0.23 0.18 0.0
J1852 40 30 —0.87 —-0.37 0.11 0.0
LkCa 15 48 20 —0.55 —-0.23 0.35 0.59
PDS 66 38 31 0 —0.08 0.11 1.21
SY Cha 45 24 —0.58 -0.3 0.31 0.01
V4046 Sgr 37 28 —0.63 —0.35 0.14 0.0
Appendix D

Best-fit Models and Corner Plots

Figures 8, 9, and 10 show the best-fit rotation curves with the
model residuals. Figures 11, 12, and 13 show the corner plots
and the posterior distributions for the stellar mass, disk mass,
and scale radius.
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Figure 8. Rotation curve of the disks within our sample (red dots) of the 2CO (left panels) and 3co (right panels) with the best-fit model using Equation (A13).
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Figure 9. Rotation curve of the disks within our sample (red dots) of the 2co (left panels) and Bco (right panels) with the best-fit model using Equation (A13).
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Figure 10. Rotation curve of the disks within our sample (red dots) of the '>CO (left panels) and '>CO (right panels) with the best-fit model using Equation (A13).
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Appendix E

The Case of AA Tau

As pointed out in the main text of the Letter, we excluded the
outer part of the '2CO rotation curve from our fits. As a matter
of fact, as pointed out by M. Galloway-Sprietsma et al. (2025),
the signal coming from the outer disk of AA Tau is
contaminated by the backside diffuse emission. As a result,
the nonparametric emitting surface extracted by DISKSURF

18

differs from the parametric one used by DISCMINER. Figure 14
shows the rotational velocity (upper panel) and the emitting
height (lower panel) of the '*CO emission of AA Tau. We note
that the region contaminated by diffuse backside emission
(>250 au) corresponds to an increase in the rotational velocity,
which becomes highly super-Keplerian. This trend is possibly
due to an extraction problem, and for this reason, we exclude
this part of the disk from our analysis.
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Figure 14. Top panel: surface density and Toomre Q profiles of AA Tau, where the error bar is computed by propagating the uncertainties on star and disk masses.
Bottom panel: rotation curve of AA Tau compared to a Keplerian curve (top panel) and comparison between the nonparametric emitting layer of DISKSURF and the
parametric of DISCMINER (bottom panel).
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