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ABSTRACT

Context. Migration of giant planets remains a complex and rich topic. While significant progress has been made in understanding
migration in disks with high viscosity, the migration of planets with high planet-star mass ratios in low-viscosity environments is still
not fully understood.

Aims. Our aim is to study the migration of planets with high planet-to-star mass ratios embedded in low-viscosity protoplanetary
disks, characterized by the viscous parameter @ = 107, and to derive analytical prescriptions that could be used to study planet
formation across a range of stellar masses, spanning from Sun-like stars to M dwarfs.

Methods. We perform hydrodynamical simulations using the FARGO3D code, exploring the migration of planets with high planet-
star mass ratios (1073 < ¢ < 2 x 1072) under different disk conditions, including variations in gas surface density, scale height, and
density slope.

Results. Our simulations reveal a change in the migration direction at a mass ratio of ¢ ~ 0.002, with planets exhibiting outward
migration for ¢ > 0.002. Additionally, for planets undergoing outward migration, we find that the migration speed depends on the
unperturbed local gas density. In most cases, outward migration is driven by a positive torque related to the fact that the planet’s eccen-
tricity remains below e < 0.2. However, under certain disk parameterizations, planets with ¢ > 0.01 can develop higher eccentricities
in the range 0.2 < e < 0.45, which can lead to stalled migration.

Conclusions. Our findings suggest that outward migration is a viable mechanism for massive planets in low-viscosity disks, which has
implications for the formation and distribution of super-Jupiter planets around Sun-like stars and planets more massive than Neptune
around very low-mass stars. Given the challenges in detecting such planets, improving our theoretical understanding of their migration

1. Introduction

15719v1 [astro-ph.EP] 19 Sep 2025

= Planetary migration, driven by the interactions between plan-
etary embryos and the protoplanetary disk in which they are
embedded, is thought to play a crucial role in shaping the
architectures of planetary systems. The migration speed and
. .« direction of planets depend both on the planet-star mass ratio
= and the disk’s physical properties. For low-mass planets (or
'>2 small planet-star mass ratios), migration is typically described

by the viscous Type I regime (Ward 1997; Tanaka et al.
a 2002; McNally et al. 2019). This process has been extensively
studied, particularly in the context of non-isothermal disks
(Paardekooper et al. 2010, 2011; Ziampras et al. 2024b,a, 2025).

2509

When a planet becomes massive enough to carve a gap in the
disk, migration transitions to the so-called Type II regime (e.g.
Lin & Papaloizou 1979). In the classical type II migration model,
the torques are strong enough to change the density structure of
the disk, and the planet opens a deep annular gap around its or-
bit. However, hydrodynamical simulations have shown that gas
can still drift through the gap (e.g. Masset & Snellgrove 2001),
challenging the traditional view of no gas flow across it (e.g.
Ward 1997). Moreover, this gap-crossing flow allows massive
planets to migrate independently of disk accretion (e.g. Duffell

is essential for interpreting exoplanet demographics and guiding future observational efforts.

Key words. giant planet dynamical evolution — numerical simulations — protoplanetary disks

et al. 2014; Diirmann & Kley 2015a). Furthermore, it has been
shown that the gap-opening process is influenced not only by the
planet’s mass, but also by the disk’s viscosity and scale height
(see Crida et al. 2006; Duffell & MacFadyen 2013; Kanagawa
et al. 2015). For instance, in a low-viscosity disk (e.g. @ = 1074,
with a a dimensionless measure of the turbulent viscosity in pro-
toplanetary disks), even a Neptune-mass planet can create a gap.

An improved analytical framework to describe the gas struc-
ture around gap-opening planets was proposed by Kanagawa
et al. (2017). They showed that a planet interacts mainly with
the gas at the bottom of the gap, which is consistent with the
results obtained by hydrodynamic simulations. Building on this
approach, Kanagawa et al. (2018) created a model for type II
migration that is basically type I but reduced due to the lower
density inside the gap. They studied the migration of planets
with planet-star mass ratios (denoted by ¢) less than 10~* and gas
viscosities described by the parameter @ = 1072 and o = 1073,
On the other hand, Robert et al. (2018) studied the migration of
an accreting planet until it reaches the mass of Jupiter, consid-
ering lower viscosities values 3 x 107 < @ < 3 x 1073, They
concluded that what drives type II migration is the imbalance
between the torques felt by the planet from the inner and outer
disks, as pointed out by Diirmann & Kley (2015b). Moreover,
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they found that gap-crossing flows are actually negligible at low
viscosity, and that cutting this small gas flow with planetary
accretion hardly impacts the migration speed.

Additional investigation has been conducted for planets that
are more massive than the local disk’s mass, showing that their
migration not only slows down (Syer & Clarke 1995; Ivanov
et al. 1999), but can also reverse direction (Crida et al. 2007,
Hallam & Paardekooper 2018). In a recent study, Dempsey
et al. (2021) investigated the migration of planets in fixed orbits
within the mass range 1073 < ¢ < 2x 1072, considering viscosity
parameters between 107> < a < 107!, Their results revealed
cases of positive torques, which were linked to non-negligible
disk eccentricities. Building on this, Scardoni et al. (2022)
extended the analysis by allowing the planets to change their
orbits, and examined the resulting torques. They identified
a correlation between migration speed and the parameter K,
as well as a threshold distinguishing inward from outward
migration. Additionally, they emphasized the role of planetary
orbital eccentricity in determining the migration direction.
Although these studies are based on viscous disk evolution,
recent proposals involving wind-driven disk evolution suggest
that outward migration may still be possible for massive planets
(Kimmig et al. 2020).

Most previous studies have assumed high gas disk viscosity
values (o > 1073). However, recent ALMA observations suggest
that turbulence within protoplanetary disks is weak, correspond-
ing to @ < 107 (e.g. Flaherty et al. 2018, 2020; Villenave et al.
2020, 2022; Pizzati et al. 2023). Additionally, low viscosities
may provide a better explanation for certain observed features
in protoplanetary disks (see Rosotti (2023)). For instance, in
low-viscosity disks, a single planet can create multiple gaps
(Bae et al. 2017; Dong et al. 2017, 2018), even while migrating
(e.g. Weber et al. 2019). Moreover, high viscosity values
lead to the formation of large protoplanetary disks extending
hundreds of au, which have not been observed (Toci et al.
2021). Additionally, compact disks only a few au in size appear
to be the most common around low-mass stars (M, < 1 Mg)
(Guerra-Alvarado et al. 2025). Therefore, understanding planet
formation around low-mass stars requires a planet migration
recipe valid for high-mass planets in low-viscosity disks.

Although giant planets are significantly less common
around M dwarfs than around Sun-like stars, consistent with
expectations from the core accretion model (e.g. Laughlin
et al. 2004), the number of confirmed giant planets orbiting
M dwarfs has been steadily increasing. Their occurrence rate
is < 1% (e.g. Bonfils et al. 2013; Sabotta et al. 2021), and so
far it has been challenging to reproduce with current planet
formation models (e.g. Emsenhuber et al. 2021). In particular,
their formation becomes difficult when the available dust
reservoir is limited to a few Earth masses (Sanchez et al. 2024).
Recently, Stefansson et al. (2023) showed that a Neptune-like
planet with an orbital period of just a few days can be formed
around a 0.1 Mg star, given an initial dust reservoir of 50 Mg.
Similarly, Pan et al. (2024) demonstrated that giant planets with
masses up to that of Saturn may form within 100-day orbits
in high-viscosity disks (@ > 107%), provided the dust reservoir
exceeds 50 Mg. Nonetheless, further studies are needed to
fully understand their formation as well as migration across dif-
ferent regions of the disk, and to reproduce their occurrence rate.
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Planet formation models around low-mass stars are ham-
pered by the lack of reliable migration prescriptions for high
planet-star mass ratios in low-viscosity disks. Therefore, in
this work we explore planetary masses and low-viscosity
disks, which are relevant around low-mass stars. We performed
hydrodynamical simulations of high planet-star mass ratios
(1073 < ¢ < 2 x 107?) in low-viscosity disks (& = 10™) and
explored a wide range of disk physical parameters. We note that
while such planet-star mass ratios correspond to Jupiter-like
up to super-Jupiter-like planets around Sun-like stars, they
represent planets with masses between 20 Mg and 2 Jupiter
masses around low-mass stars of 0.1 M.

This work is structured as follows. In Section 2, we describe
the setup of the hydrodynamical simulations and the proposed
scenarios of study. In Section 3, we present the simulation
outcomes, including estimates of total torques and the evolution
of planetary orbits. We also provide prescriptions for migration
of massive planets in low-viscosity disks and calculate the
migration timescales to compare them with exoplanet occur-
rence rates. In Section 4, we discuss limitations of the model
and potential future improvements. Finally, in Section 5, we
summarize our work and highlight key findings.

2. Method

To calculate the planet-disk interactions of a single planet em-
bedded in a gas-disk, we used FARGO3D' (Benitez-Llambay &
Masset 2016). We set the code to solve the equations of hydrody-
namics in two dimensions on an Eulerian polar mesh. As its pre-
decessor (FARGO, Masset 2000), the code incorporates fast or-
bital advection algorithms, allowing for the study of planet—disk
interactions over long periods of time. It has been widely used
in this field and has demonstrated strong performance across the
full range of planetary masses. In particular, it effectively han-
dles the interactions of giant planets which carve gaps in the
disk and generate strong shocks in their surrounding (e.g. de Val-
Borro et al. 2006).

2.1. Setup

We follow the setup from Kanagawa et al. (2018) (hereafter
K18). Therefore, the radius unit is determined by the initial
location of the planet ry, and the mass unit is determined by the
stellar mass M,. Thus, the surface density unit is M, /r(z). We
modeled the initial disk surface density X(r) with a power law

2(r) = zo(r—’o) , 1)

where X is the gas-disk density at r = ry, with r the radial
distance to the star. Similarly, we assumed a power law for the
disk aspect ratio

f
h= ho(i) : ®)

o

where Ay is the disk aspect ratio at r = ry. We assumed a steady
viscous accretion disk where the factor Xv is constant, with the
disk viscosity v = ac,H, ¢y = Qi H the sound speed, € the
Keplerian frequency, and H = hr the scale height of the disk

! https://github.com/FARGO3D/fargo3d
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Table 1. Set of parameters that changed in the simulations.

q ho N f 20 [0%
[1x1072,2%x10721 100505 0o [10%] 107*
[5x1041x10721 1003 |05| 0 | 10* ]| 10
[3%x1073,2x10721 1007 |05 O | 107* | 107
[3x1073,2x10721 005 | 1 | 025| 107* | 10
[3x1073,2%x1021 100505 0 | 1073 | 10
[3%x1073,2x107211005|05| 0 | 10| 107
[3x103,2%x10721 1 005|05| 0 | 107° | 10
[3x103,2%x107211005|05| 0 | 107* | 1072
[3%x1073,2x107211005|05| 0 | 10* | 1073
[5x10%1x1021 1003 |05| 0 | 1073 ]| 10
[3x103,2%x10721 1007 | 1 | 025|105 | 107*

(Shakura & Sunyaev 1973). Following the approach of K18, the
density index s is connected to the flaring index f by the relation
s=2f+0.5.

We set @ = 10~ and did not explore lower values, as for low-
viscosity disks with @ < 10~* vortices from the Rossby Wave In-
stability may alter the planet’s orbit, causing eccentricity growth
and erratic inward migration (e.g. McNally et al. 2019). This er-
ratic migration would be hard to capture in a simple torque pre-
scription.

We divided the grid into 128 cells in the radial direction (equally
spaced in logarithmic space) and into 512 cells in the azimuthal
direction (equally spaced). Thus, one grid cell corresponds to
approximately 0.4H for H/r = 0.05. We note that our resolution
is lower than that used in Kanagawa et al. (2018), as adopting
a lower viscosity significantly increases the computational cost
at higher resolutions. We applied damping in the wave-killing
zones of the disk to avoid artificial wave reflection following de
Val-Borro et al. (2006). The wave-killing zones have a width
approximately equal to 10% of the radius of the mesh edges, de-
fined as r;,, = 0.4r¢ and r,,, = 3ry, respectively, for the inner and
outer edge of the disk. Consequently, the quantity Ar/r = 0.015
and A6 = 0.012. Therefore, the number of cells spanning the
horseshoe region ranges from 10 to 26 in the radial direction, for
mass ratios 1073 < g < 2x 1072,

In order to define the gravitational potential of the planet, we
used the softening parameter € = 0.6H,. We included the indi-
rect term of the planet, and we modified the code to exclude 60%
of the Hill radius of the planet when calculating the force exerted
by the disk onto the planet, accounting for the presence of a cir-
cumplanetary disk, following Crida et al. (2009). For simplicity,
we neglected the accretion of disk gas onto the planet (see Sec-
tion 4 for discussion on this choice). The planet is allowed to
migrate through the disk.

The main difference with K18 is that we consider higher
mass ratios, 107° < ¢ < 2 x 1072, which represent planetary
masses between 1 and 20 Jupiter-mass, for a Sun-like star, and
between 20 Mg and 2 Jupiter-mass for a star of 0.1 M.

2.2. Cases of study

The parameter K that describes the gap depth is associated with
the planet-star mass ratio g, aspect ratio /4 and viscosity parame-
ter a by:

2
K = (%) hda !, 3)

First, we aim to explore the same range in K-parameter studied
by K18, but for migrating planets that do not follow type I
migration, associated to 10° < K < 10* and embedded in a
low-viscosity disk (@ = 107#). Following the fiducial case in
their study, we set Xy = 1074, hy = 0.05 and s = 0.5. The cases
studied to recover the same value of K as K18 with our lower
value of a, are associated to the following planet-star mass
ratios ¢: 1 X 1075,5% 1073, 1 x10™*,5%x 107%, and 1 x 1073,

Motivated by the fact that, for a very low-mass star of 0.1
Mg, the highest value of K explored by K18 (considering @ =
107* and hy = 0.05) corresponds to a planet with a mass of
only 20 Mg, we extend the study to higher K values. This expan-
sion allows us to explore the dynamics of more massive plan-
ets orbiting very low-mass stars. Thus, we expand our study to
K = 2 x 107 which corresponds to a planet with 2 Jupiter-mass
around a low-mass star of 0.1 Mg,

In this new K domain, we explore six different values of

planet-star mass ratios 5 X 1074, 1x1073,3x 1073, 5 x 1073,
1 x 1072, and 2 x 1072. Additionally, we vary several disks pa-
rameters, including 0.03 < hy < 0.07, 0.5 < s < 1, 10°° <
%o < 1073, and 107 < @ < 1072. The cases of study are listed
in Table 1. We note that the planet is inserted at r = O with its
final mass, without employing a growth function to gradually in-
crease the planetary mass over time (e.g., Griveaud et al. 2023).
As a result, the disk undergoes an impulsive perturbation at the
beginning of the simulation rather than a gradual adjustment to
the planet’s presence. However, these initial transients dissipate
relatively quickly and do not affect the long-term torque evolu-
tion or migration trends.
In total, 64 simulations were performed during 40,000¢,, with #,
the orbital period at r = ry. We note that the simulations need
to be run for an extended period because the viscous timescale
of the disk, which determines how quickly the disk reacts to
the planet’s presence, is typically much longer in low-viscosity
disks. As a result, a longer simulation duration is necessary for
the disk to adjust and for a stable interaction between the planet
and the disk to be reached. We also point out that in the simula-
tions, the planet migrates only a short distance from its initial lo-
cation (less than ~ 5%). As it remains close to its starting point,
even in the case of f # 0, the value of & stays approximately
constant, and so does the corresponding value of K.

3. Results

We detail the procedure used to estimate the torques exerted by
the gas disk on the planet, based on the outcomes of our hy-
drodynamical simulations. Additionally, we present the resulting
torques for the different cases of study proposed in the previous
section. Furthermore, we introduce new prescriptions to account
for the expanded parameter space explored in this work. Finally,
we estimate migration timescales and compare them with occur-
rence rates of giant planets.

3.1. Quantifying torques and planetary dynamics

In order to determine the torque that the gas-disk exerted onto the
planet, we integrated our simulations for around 40,000 orbits.
Even for these long integration times, the low-viscosity (@ =
10~*) nature of the disk means that true steady states are hard
to reach. For quantifying the torques, we employed a Savitzky-
Golay filtering that applies a polynomial smoothing technique
to the data, which smooths data while preserving features such
as peak height, width, and slope better than a running average
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Fig. 1. Top panels: Evolution of the normalized torque, along with the smoothing function, over the integration (left) for a planet with ¢ = 0.003
in a low-viscosity disk (@ = 10™*) with £, = 107, and & = 0.05. Distribution of the azimuthally averaged gas-disk density around the planet’s
initial location at three different integration times (right). Bottom panels: Evolution of the semi-major axis (left) and eccentricity (right) of the
planet during the integration. The vertical lines mark the times when the torque changes sign, indicating a reversal in the direction of the planet’s
migration. Time is expressed in units of #,, the orbital period of the planet at r = ry.

(Savitzky & Golay 1964).

As an example, in Figure 1 we show, for a mass ratio g = 3 X
1073, the evolution of the torque measured in the simulation T
normalized to the scaling torque I'y, which is defined by:

“

M, ’ -2 402
To(r) = (M*) h™Z(r)r' .
We also include the corresponding smoothed fitting function
obtained from the torque data to show the trend in the torque
evolution. We can see that the torque changes sign after approx-
imately 15,000 orbits, becoming positive and approaching the
value I'/Ty = 0.0006. Although the torque did not reach a steady
state within the integration period, it appears unlikely that the
torque will undergo any qualitative changes.

Additionally, we analyze the distributions of the azimuthally
averaged gas surface density, normalized by the initial unper-
turbed local density of the planet, alongside the evolution of the
semi-major axis and eccentricity of the planet throughout the
integration. As an example, Figure 1 also illustrates these three
quantities for the case of ¢ = 3 x 1073. It shows that the position
of the gap carved by the planet in the density profile shifts
according to the torque’s sign, moving either inward toward the
star or outward. Furthermore, since the eccentricity remains
small (e < 0.015), the negative torque corresponds to inward
migration, as indicated by the decreasing semi-major axis over
time. Once the torque becomes positive, the planet reverses
direction and begins to migrate outward.

We present the normalized torques from simulations with
low viscosity (¢ = 107™), and standard values %y = 1074,
ho = 0.05 and s = 0.5 in Figure 2. The torques are categorized
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as negative, positive, or those remaining close to zero. For the
same K interval explored by K18 (10° < K < 10%), our results
show good agreement, with the torque values aligning well with
their fitting function:

e T )
0 + 0.04K

with the fitting constant ¢ = 3. In principle, it seems like the
fitting function could be applied up to K = 4 x 10*. Beyond
this value, there is a narrow range where migration may halt
(represented in this case by g = 0.0015), and for K between 10°
and 10°, we observe positive torques consistent with outward
migration. For the highest K values (up to K = 2 x 107), associ-
ated with ¢ = 0.01 and g = 0.02, we find either slight outward
migration or negligible migration. When the torques are positive
and the planet is migrating outwards, the eccentricity remains
close to zero. However, for the highest mass ratios considered,
we observe that the planet’s eccentricity can reach values in the
range 0.2 < e < 0.45. In particular, for the case of ¢ = 0.01,
we observe a negative torque associated with outward migration
and a growing eccentricity up to around 40,000 orbits. To better
characterize the migration path, we extended the simulation by
an additional 20,000 orbits. We find that the planet’s eccentricity
peaks at approximately e ~ 0.3, followed by small oscillations.
These oscillations are also reflected in the evolution of the semi-
major axis, which gradually decreases until both parameters
eventually stabilize over time. These results confirm that planets
with high mass ratios g can experience eccentricity growth up
to about 0.45, while remaining gravitationally bound to their
host star. The evolution of the semi-major axis and eccentricity
for the cases of outward or negligible migration is illustrated in
Figure 2.
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together with the potential extension in the new regime (dotted blue line) is given in Eq. (5). Torques exerted onto planets in orbits with e > 0.2
are highlighted (green circles). Four different migration regimes are marked indicating inward migration, a halt in migration, outward migration,
and migration stalls (dotted gray lines). Right: Evolution of the semi-major axis (top) and the eccentricity of the six planets that experience either
outward migration or a halt in migration: ¢ = 1.5 x 103 (dotted black line), ¢ = 2 x 1073 (dashed-dotted red line), g = 3 x 10~> (dashed red line),
q = 5 x 1073 (solid red line), g = 1 x 1072 (solid blue line) and g = 2 x 1072 (solid black line). The value of eccentricity e = 0.2 that gives the
change in the torques sign is overplotted (gray dotted line). The simulation for the planet with ¢ = 0.01 was extended to allow eccentricity to settle.
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Fig. 5. Absolute values of the normalized torques for planets undergoing outward migration in low-viscosity disks (@ = 10™*) with 2 x 1073 <
g <2x1072and e < 0.2 (see Table 1). Left: results from the simulations assuming a local density £, > 1075, Right: results from the simulations
assuming X, < 1075. In each panel, the fitting function proposed in this work (dashed red lines-see Eq. 6) along with a region within +2 the
standard deviation of the logarithmic residuals (red shadow area). Symbols and colors are as in Figure 3.

3.2. Measured torques and their dependence with K

To gain deeper insight into migration trends at high K values
for mass ratios 5 x 10 < ¢ < 2 x 1072, we analyzed torque
values under a range of disk conditions, as summarized in Table
1. Figure 3 presents the normalized torques obtained for different
combinations of A, s, o, and a.

As shown in Figure 3, for local surface densities X, > 1073,
the normalized positive torque values are scattered within the
same order of magnitude across the explored range of hy. Ad-
ditionally, we found qualitatively similar results when varying
the density slope from s = 0.5to s = 1 (hg = 0.05). In the
cases explored in this work, the planets exhibit slow migra-
tion timescales. However, we acknowledge that, as shown by
Paardekooper et al. (2010, 2011), the total torque—particularly
the corotation component—can depend strongly on the local
density slope, independently of the planet’s orbital evolution.
The weak dependence observed in our simulations likely reflects
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the fact that the corotation torque is strongly diminished in the
gap-opening regime, causing the total torque to become less sen-
sitive to the local surface density slope.

In contrast, for a lower surface density £y = 107>, the nor-
malized torque strength increases. However, examining the non-
normalized torques reveals that their absolute values decrease
with decreasing local disk density, consistent with slower migra-
tion rates as expected from Baruteau et al. (2014). Additional
simulations with £y = 107% and £, = 10~7 produced normalized
torque values nearly identical to those obtained with £y = 1073,
reinforcing this trend. These cases are not shown in Figure 3 to
avoid over-plotting, as the resulting values would be indistin-
guishable from those already displayed.

We note that, for cases with Xy > 10~* and /o < 0.05, planets
with mass ratios ¢ = 0.01 or ¢ = 0.02 tend to reach eccentricities
in the range 0.2 < e < 0.45, while the absolute torque values
remain negative or close to zero. In particular, after 40,000
orbits, planets with ¢ = 0.01 which exhibit negative torques
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during the phase of eccentricity growth, are expected to stop
migrating once the eccentricity stabilizes (see Subsection 3.1).
These results highlight the significant influence of planetary
eccentricity on migration behavior. Notably, even when torques
are negative, outward migration can still occur if the planet
follows an eccentric orbit, as it is the total work done by the disk
that ultimately determines the migration direction (Cresswell
et al. 2007; Benitez-Llambay 2024). Further analysis of the 2D
gas density map reveals a pronounced asymmetry in the gap
carved by the planet, indicating a growing eccentricity in the
disk itself. This disk eccentricity may contribute to the evolution
of the planet’s eccentricity. These findings are consistent with
previous studies (Papaloizou et al. 2001; Goldreich & Sari 2003;
Kley & Dirksen 2006), which show that eccentricity growth
is favored in disks with low aspect ratios and low viscosities,
particularly for gap-opening planets.

On the other hand, when exploring higher values of @ while
keeping £y = 107, hy = 0.05, and s = 0.5, we measured positive
torques for all planets with ¢ < 0.01, consistent with results re-
ported by Dempsey et al. (2021). However, for the highest mass
ratio considered in this study (¢ = 0.02), the torques remained
negative. When the eccentricity stayed below e < 0.2, positive
torques are related to outward migration, while negative torques
corresponded to inward migration. We also observed that, within
the explored K range, higher viscosities introduce greater scatter
in the absolute torque values, and the direction of migration be-
comes less stable at the highest mass ratios. In contrast, for low
viscosities, outward migration persists up to the largest mass ra-
tios considered, although it may slow or stall rather than reverse
direction.

Overall, across all our simulations assuming a low-viscosity
disk, we do not find a straightforward relation between the
strength of the torque and the K-parameter. Interestingly, we ob-
serve a halt in migration that marks a transition in migration di-
rection, associated with a mass-ratio ¢ = 0.002, depending on
the physical properties of the disk. This is explored in more de-
tail in the following section.

3.3. Migration reversal at mass-ratio g ~ 0.002

To reinforce the robustness of the migration direction change at
g ~ 0.002 and its independence from the K-parameter, we ran
additional simulations with planets with ¢ = 0.002 embedded in
low-viscosity disks (¢ = 107*) characterized by aspect ratios A

from 0.03 to 0.2, covering a wide range of K values from 10 to
107. As a result, as long as K > 10%, we consistently found that
planetary migration either stalls or becomes slightly outward at
g = 0.002. However, for K < 10* we recovered inward migration
as in K18.

We realized that at a mass ratio ¢ = 0.002, migration be-
havior is highly sensitive to the disk’s physical properties. For
hy = 0.05, the torque becomes positive, indicating outward mi-
gration, while for iy = 0.03 and hy = 0.07, the torque is nearly
zero at the same mass ratio, assuming a surface density slope
s = 0.5. However, when the surface density slope steepens to
s = 1, in the case of hy = 0.05, the simulation shows migration
stalls at this mass ratio (not at ¢ = 0.0015 as in the default sce-
nario with s = 0.5). This sensitivity indicates that planets with
mass-ratios ¢ between 0.0015 and 0.002 reside in a nonlinear
migration regime where small variations in disk structure—such
as scale height and surface density slope—can significantly alter
the torque balance by affecting Lindblad and corotation torques.
This highlights the complexity of migration in low-viscosity
disks, where small structural changes can have outsized impacts
on the migration direction and rate.

This led to the emergence of a robust and consistent pattern:

— Planets with ¢ < 1.5 x 107 for K > 10* consistently
experience inward migration.

— Planets with g between 0.0015 and 0.002 may experience a
halt in migration, depending on the disk’s physical proper-
ties.

— Planets with 2 x 107° < g < 2x 1072 for K < 2 x 10’
undergo outward migration, provided their eccentricities re-
main below e < 0.2.

This transition in migration direction is illustrated in Figure 4,
which compiles all normalized torques estimated for planets in
low-viscosity disks with e < 0.2.

Furthermore, for planets undergoing outward migration in
low-viscosity disks (@ = 10™*) with e < 0.2, we found that the
torque strength correlates with the local gas surface density ac-
cording to the following relation:

e Yo > 1073
/To = g, if £p<107°

with a = 5x 107 and b = 1073, These fits are shown in Fig-
ure 5, along with the measured normalized positive torques driv-
ing outward migration for planets with 2 x 1073 < g <2 x 1072
Notably, for each fitting prescription, all measured torques fall
within two standard deviations of the logarithmic residuals (o =
0.44 dex and o = 0.32 dex, respectively), demonstrating how
well the fit reflects the torques estimated from the simulations.

To avoid a discontinuity at £y = 107>, we further propose the
following function:

e =T/To = a(l = fa) + (b/9) fre, @)

where fi = 1/(1 + (Z9/107%)%) is a smooth transition function
designed to preserve the same torque values as for £y = 107> in
the low-density regime (o < 1073). Figure 6 shows the applica-
tion of this function to estimate normalized torques across the
range of mass ratios and local gas densities studied in this work.
We note that for the intermediate mass ratios g ~ 0.003 — 0.005,
lower disk surface densities lead to stronger (more positive)

(6)
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normalized torques due to enhanced gap asymmetry. At higher
mass ratios g > 0.005, the planet dominates the local dynamics,
making the torque less sensitive to the disk mass. This explains
the convergence of normalized torques at high g across different
disk densities.

These results offer a consistent framework to interpret out-
ward migration trends in low-viscosity disks, with potential ap-
plications in population synthesis and planet formation models.

3.4. Estimation of migration timescales across the disk

We aim to quantify migration for planets with different masses,
within the range considered in this study, embedded in a low-
viscosity disk (@ = 107#). Since our analysis focuses on planets
in nearly circular and coplanar orbits, the migration timescale,
defined as the rate of change in angular momentum, can be ex-
pressed as 7,, ~ 27,, where 7, denotes the timescale associated
with the change in semi-major axis:
a 612 Qk M P

= Tdajdi T 2t ®)

Therefore, we computed 7, for giant planets throughout the
disk, following the normalized torque fitting function proposed
by K18 (see Eq. (5)) for planets migrating inward, and the fit-
ting function introduced in this work (see Eq.(7)) for planets
migrating outward. We computed the scaling torque using the
gas surface density and aspect ratio profiles described in Egs. (1)
and (2), assuming s = 0.5 (f = 0) in the inner disk to sim-
ulate a viscous disk, and s = 1 (f = 0.25) in the outer disk
to represent an irradiated disk (e.g., Ida et al. 2016). We as-
sume rog = Fyan, the transition radius between the inner and
outer disk. For a star of M, = 0.1 M, this transition is set at
Fgan = 0.3 au, while for M, = 1 Mg it is set at ry,, = 2 au.
In both cases, we adopted inner and outer disk profiles charac-
terized by £y = 4 x 107 My/au® and hy = 0.03, simulating
the conditions of a disk at 1-2 Myr with a high gas disk mass
~ 10% M,.

Figure 7 presents maps of the absolute value of 7, across

different planetary masses and semi-major axes for stars of 0.1
Mg and 1 Mg. For comparison, these maps include the results
of applying the new migration patterns introduced in this work,
along with those considering only the inward migration model
proposed by K18. We note that the disk density will be smaller
than 107> M, /r? for large radial distances (» > 100 au), but also
for a small region close to the inner edge of the disk. Near the
inner edge of the disk, the surface density at the planet’s location
typically exceeds 103 My/au?®. For example, for a M, = 0.1 M,,
and r = 0.025 au, this corresponds to ~ 9 x 107® M, /r? in code
units—just below the 107> threshold. We also ascribe to the fact
that the upper limit for outward migration in our study is defined
by the highest K-value examined (K = 2 x 107). As migration
appears to slow down with increasing K, we associate the region
with K > 2 x 107 with slower migration rates. However, this is
linked to even higher mass ratios, and a further study, which fall
outside the scope of this work, is needed to properly estimate
the timescales.
Regardless of the stellar mass, we observe that the new nor-
malized torques estimated in this work allow giant planets
to experience different migration speeds and directions. In
particular, for planets with masses M, > 2 Jupiter mass for a
star of 1 Mg, and for planets with masses M,, > 0.2 Jupiter mass
for a star of 0.1 Mg,
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These new findings on outward migration in low-viscosity
disks provide a new perspective on how giant planets may form
throughout the disk.

3.5. Linking giant planet occurrence rates and migration
timescales

Motivated by the varying patterns of migration across the disk,
we seek to qualitatively compare the occurrence rates of giant
planets with their estimated migration timescales, which are as-
sociated to the time it takes for a planet to undergo significant
orbital migration due to interactions with the surrounding pro-
toplanetary disk. Specifically, we compared occurrence rates of
giant planets with migration timescales for stars of 1 Mg and 0.1
Mo, respectively. For FGK stars, we adopt the occurrence rates
of planets with masses between 0.1 and 20 Jupiter masses from
Fernandes et al. (2019), derived from a log-normal distribution
(u = 3.16 au, o = 0.75 dex) that fits Kepler data (Bergsten
et al. 2022), as well as radial velocity (Fulton et al. 2021) and di-
rect imaging data (Vigan et al. 2017). For M dwarfs, we adopted
the occurrence rates of giant planets with masses between 1 and
10 Jupiter masses by integrating the maximum-likelihood log-
normal distribution proposed by Meyer et al. (2018), which com-
piles results from various observational techniques. To ensure
completeness, we also included the estimates from Clanton &
Gaudi (2014), which combine constraints from microlensing and
radial velocity for planets between 0.1 and 13 Jupiter masses,
spanning orbital periods between 100 and 10,000 days (corre-
sponding to semi-major axes between 0.2 and 5 au). Addition-
ally, occurrence rates for planets with masses between 0.1 and 1
Jupiter mass around M dwarfs at separations a < 1 au (assuming
M, = 0.1 M) have also been reported, and remain low, below
0.16% (Sabotta et al. 2021).

In Figure 8, we present the occurrence rates as a function
of semi-major axis for FGK stars and M dwarfs, correlated
with the average migration timescale at each location, within
the mass range described above, which is associated with the
calculation of occurrence rates. We note that planets located at
a < 1 au exhibit the fastest migration, consistent with the lowest
occurrence rates estimated in previous works. Additionally,
there is an increase in migration timescales for planets located
between 3 and 10 au, which corresponds with higher occurrence
rates. We emphasize that, at least for the inner disk region (in
this example, a < 0.3 au around the M dwarf and a < 2 au
around the Sun-like star), where the surface density slope is
s = 0.5, the migration timescale (t1,,) is independent of the
planet’s orbital distance from the star. Therefore, any variation
in migration timescale across the inner disk reflects genuine
physical differences in the torque acting on the planet, rather
than being a simple consequence of orbital period scaling.

On the other hand, the estimated migration timescales for
planets beyond a > 10 au are still high, which contradicts
the observed drop in occurrence rates at these locations. One
possible explanation for this discrepancy is that migration
timescales are typically calculated under the assumption of
quasi-circular orbits, whereas most giant planets beyond 10
au exhibit high eccentricities’. Since eccentric orbits lead to
faster migration this could help reconcile the lower occurrence
rates observed at these distances, considering just the planets
with g < 0.02. Another possible explanation is that giant planet
formation becomes inefficient beyond 10 au. As suggested
in previous studies, core formation timescales increase sig-

2 https://exoplanetarchive.ipac.caltech.edu/index.html
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s =0.5(f = 0) in the inner disk and s = 1 (f = 0.25) in the outer disk. The transition was set at ry,,s = 0.3 au for M, = 0.1 Mg, and at rys = 2 au
for M, = 1 M. We assumed 7y = iy, and characterized both the inner and outer disk by g = 4 x 10™* My/au® and hy = 0.03, simulating the
conditions of a disk at 1-2 Myr with a high gas disk mass ~ 10% M. Limits for inward and outward migration are overplotted (dashed gray lines).
Right: timescales calculated applying only the fitting function from K18 (see Eq. (5)). Left: timescales calculated combining the fitting function
from K18 for K < 10* and ¢ < 0.002, and the fitting functions propose in this work (see Eq. 6), for 0.002 < ¢ < 0.02 and K < 2 x 107, relating the

surface density Z(r) to Zy = 107 M, /r* (dotted gray line)

nificantly at larger distances from the star (e.g. Morbidelli &
Raymond 2016). Furthermore, if planet formation could take
place at such location, the low migration timescales could keep
the planet fixed at wider orbits, and provide an explanation
for planet-inferred gaps in protoplanetary disks (e.g. Lodato
et al. 2019; van der Marel 2023; Guerra-Alvarado et al. 2025).
Overall, the fact that super-Jupiters migrate outward could
explain some of the directly imaged planets in the 10-100 au
range (Vigan et al. 2017; Nielsen et al. 2019).

This analysis suggests that the faster migration of planets
located around 0.3 au—often referred to as the "Warm Jupiter
desert"- could be explained by their shorter migration timescales.
Meanwhile, the slower migration of planets located between 3
and 10 au, coupled with their higher occurrence rates, high-
lights the interplay between migration dynamics and observed
exoplanet demographics. Moreover, we note that the migration
timescales for planets with a > 1 au around M dwarfs are 2 to 3
times longer than those for planets orbiting FGK stars. This find-

ing provides new insight into giant planet formation around low-
mass stars, as slower migration timescales are crucial for their
formation. For instance, the Bern planet formation model (Em-
senhuber et al. 2021) requires reduced migration rates around
low-mass stars to enable giant planet growth.

We also note that close-in planets with semi-major axis
a < 0.1 au, commonly referred to as "Hot Jupiters", are
associated with low occurrence rates and very short migration
timescales. The outward migration pathway identified in this
work for planet-to-star mass ratios ¢ > 0.002 effectively
rules out the formation of such planets via inward migration.
Therefore, their formation is more likely to result from high-
eccentricity migration—triggered by planet-planet scattering
followed by tidal circularization (e.g., Rasio & Ford 1996;
Ford & Rasio 2008; Nagasawa et al. 2008). Alternatively, in
situ formation has been proposed by other authors (e.g., Boley
et al. 2016; Batygin et al. 2016). However, this scenario remains
challenging, as it would require planet formation to occur late in
the disk’s evolution, when outward migration is expected to be
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negligible.

These insights provide a deeper understanding of the distri-
bution of giant planets and the mechanisms shaping their final
orbital configurations.

4. Discussion

Our aim was to extend the analysis conducted by K18 to
investigate the migration paths of single giant planets embedded
in low-viscosity protoplanetary disks. However, due to the
computational cost of such simulations, we chose to lower the
resolution compared to the one used by K18. Prior to making
this adjustment, we replicated several of K18’s simulations to
ensure that the normalized torques obtained with the reduced
resolution were consistent with their results. As an example,
in Figure 9, we show the normalized torques along with the
corresponding fitting function, as well as the evolution of the
semi-major axis and eccentricity for a planet with ¢ = 3 x 1073,
using the same scenario as in Figure 1. Two different resolutions
are considered: the one used in this work (see Section 2) and the
one proposed by K18, which is four times higher. The results
confirm that in both cases, the same value of the normalized
torque is achieved. With higher resolution, the planet reaches
this value more quickly in its orbital evolution. In both cases,
once the torque changes sign and becomes positive, the semi-
major axis evolution shows that the planet begins migrating
outward, and eccentricity is e < 0.2. Furthermore, we note that
the normalized torque exhibits oscillations over time, which
are linked to the planet’s epicyclic motion. In particular, in the
high-resolution case, as the planet reaches a higher eccentricity,
the epicyclic motion has a larger amplitude, which leads to
torque oscillations of greater amplitude.

In FARGO3D, the gas is not self-gravitating and orbits only
under the influence of the star’s potential, while an embedded
planet experiences a combined stellar and disk potential. This
discrepancy shifts the Lindblad and corotation resonances,
affecting the planet’s migration velocity, as demonstrated by
Baruteau & Masset (2008). A solution to this is to remove the
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azimuthally averaged density from the density of each zone
before evaluating the forces, allowing the planet to feel only
the star’s gravity (see e.g., Benitez-Llambay et al. 2016). In
order to compare with K18, we did not subtract the asymmetric
component of the disc’s gravity from the force on the planet.
However, to test the impact of this effect for high planet-star
mass ratios, we activate the subtraction of this effect. Our results
showed that this leads to smoother evolution of the torques
and semi-major axis, and while the differences get larger with
increased surface density, qualitatively the results do not change,
as for the high mass ratios (0.002 < g < 0.02) planets still
migrate outward at a comparable speed.

We note that following K18, we did not include the disk’s
indirect term in our main simulations. While it can be argued
that it should be included on physical grounds, we found that
it can also lead to artificial growth of eccentricity in the disk,
resulting in inaccurate planetary migration behavior (see Ap-
pendix A). Given its potential relevance (e.g., Benitez-Llambay
et al. 2016; Crida et al. 2025), we performed test runs to assess
its impact on the planet’s dynamical evolution and and on the
final torque estimates. In these tests, the disk’s indirect term is
applied consistently to both the gas and the planet. As a result,
for planets with e < 0.2, we found no qualitative differences in
the torque measurements during the quasi-steady-state phase,
density maps, or migration direction—suggesting that the
system behaves similarly whether or not the indirect term is
included. In a more extreme case with ¢ = 0.01 and Xy = 1073,
including the indirect term introduces a positive torque con-
tribution. Still, migration stalls in both cases, and the planet’s
orbit remains stable, indicating that long-term evolution is not
significantly affected. An intermediate case with ¢ = 0.01 and
Yo = 107 shows lower eccentricities when the indirect term
is included with values e < 0.25. In summary, including the
indirect term in the disk has only a modest impact on the overall
migration behavior in the scenarios studied. Although it slightly
modifies the early torque evolution and eccentricity damping,
the long-term trends, such as migration direction and the final
strength of the torques, remain broadly consistent, and within
the scatter considered in our analysis (see further details in the
Appendix A).

The torques measured in the simulations arise from the
gas perturbations inside and outside of the planet’s orbit. The
boundary conditions of our simulations, particularly those
at the inner edge of the disk, can influence the torques. For
example, adjusting the inner boundary of the disk closer to
the star (from 0.4ry to 0.2ry) reduces the positive contribution
from the inner disk and primarily impacts systems with smaller
planet-star mass ratios. However, planets with the highest mass
ratios (0.01 < g < 0.02) and correspondingly high K-values
(K > 3x10°) exhibit increasing eccentricity (e > 0.2), despite all
planets initially having e = 0. Nevertheless, the total torque and
overall disk-planet dynamics remain qualitatively unchanged.
This underscores the need of realistic boundary conditions when
modeling planet-disk interactions of massive planets. Since the
evolution of gaps and the disk structure depends on viscous time
scales, boundary conditions directly affect the dynamics (see e.g
Dempsey et al. 2020; Benitez-Llambay 2024).

The planets set in our simulations were allowed to migrate
but not to accrete gas from the surrounded disk, following
K18. However, Robert et al. (2018) showed that including gas
accretion onto the planet—while simultaneously removing the
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accreted gas from the simulation—can facilitate gap opening
and allow the system to reach a quasi-steady state earlier in the
planet’s evolution, particularly in disks with higher viscosities.
More recently, Wu & Chen (2025) investigated the effects of
thermodynamics of a migrating an accreting giant planet of one
Jupiter mass. They found that the total torque exerted onto the
accreting planet directly depends on the 5-cooling factor, which
is associated with local isothermal conditions. This dependence
can lead to a shift from inward to outward migration for certain
parameter sets. Thus, it would be interesting to explore in future
work the role of gas accretion for high planet-to-star mass ratios,
particularly to assess whether gap opening and the onset of a
quasi-steady state can occur earlier in the planetary evolution in
low-viscosity disks.

Following Dempsey et al. (2021), we observe that for the
high planet-to-star mass ratios considered in this work, the gaps
are significantly wider than the disk scale height. This suggests
that the 2D treatment in our hydrodynamical simulations effec-
tively captures the generation and transfer of torques. Consistent
with their findings, we find that for Sun-like stars, super-Jupiter-
mass planets may migrate outward to wider orbits. Moreover,
extrapolating our results to M dwarfs suggests that planets more
massive than 0.2 Jupiter masses could also end up in wider or-
bits.

5. Summary and conclusions

In this work, we performed hydrodynamical simulations using
the FARGO3D code to analyze the migration speed and direc-
tion of planets with high planet-star mass ratios (5 x 107* <
g < 2 x 1072, assuming a low-viscosity protoplanetary disk
(a = 107*). We explored different sets of disk physical properties
by varying the local gas surface density, the disk scale height,
and the density slope index, which is also linked to the scale
height profile. In all simulations, we assumed a single migrating
planet that does not accrete gas from the disk.

We analyzed the resulting torques once they reached close to
a steady state, as well as the planet’s orbital evolution in terms

of semi-major axis and eccentricity. We classified the torque
values in each scenario based on their magnitude and sign,
associating them with inward or outward migration and linking
them to the planet’s eccentricity. Additionally, we proposed
analytical prescriptions to describe the migration of planets with
high planet-star mass ratios that are in quasi-circular orbits and
in low-viscosity disks. Furthermore, we compared the migration
timescales of the studied planets with the occurrence rates of
massive planets around stars of 1 My and 0.1 M.

Our key findings are summarized below:

— Planets associated to ¢ < 0.0015 experience inward migra-
tion. This represents planetary masses below 1.5 M,piser
around Sun-like stars, and planets below 0.15 My, i,
around M dwarfs.

— Planets with g values between 0.0015 and 0.002 may
experience a halt in migration, depending on the disk’s
physical properties.

— Planets with ¢ > 0.002 consistently experience outward
migration, driven by a positive torque, as long as their
eccentricity remains below e < 0.2, and K > 10*. Moreover,
their migration speed depends on the local gas density.

— For cases with ¥y < 107 and Ay, < 0.0, planets with
g = 0.01 and ¢ = 0.02 develop eccentricities in the range
0.2 < e < 0.45. Migration generally stalls once their

eccentricities stabilize over time.

— The migration timescales derived from the normalized
torques in our simulations associated to planets in quasi-
circular orbits, show a correlation with the occurrence rates
of giant planets with a < 10 au around FGK stars and also
M dwarfs. Planets located closer to the star (around 0.3
au) exhibit shorter migration timescales (faster migration),
where the giant planet occurrence rate is low, whereas
planets farther away (3-10 au) have longer timescales
(slower migration), where the giant planet occurrence rate is
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high.

Our study underscores the strong dependence of migration
direction on the planet-to-star mass ratio, revealing a transition at
g ~ 0.002 that separates inward from outward migration. These
results enhance our understanding of the formation and evolu-
tion of super-Jupiter-like planets around Sun-like stars, as well
as planets exceeding 0.2 Jupiter masses around very low-mass
stars. Given the challenges of detecting massive planets around
low-mass stars, improving our theoretical understanding of their
migration in low-viscosity disks is essential. This will provide
insights into their formation and final orbits while guiding future
observations and refining exoplanet population models.
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Appendix A: Eccentricity evolution due to the
indirect disk term

We have worked in a stellocentric frame throughout. This frame
is non-inertial, since the star is accelerated by gravity due to the
planet, and, if the disk mass is considered, the disk. These ac-
celerations appear as source terms in the momentum equations
and are usually referred to as ’indirect terms’. Their forms are
for example given in Nelson et al. (2000).

While the indirect term due to the presence of a planet is very
straightforwardly dealt with, the indirect term due to the disk
poses interesting difficulties. For a start, most disk-planet inter-
action studies, including ours, neglect self-gravity of the disk.
This would mean the disk technically has no mass, and there-
fore there would be no indirect term. However, the disk is can
only cause the planet to migrate if it has mass, which leads to an
inconsistency that needs to be corrected for by incorporating at
least the axisymmetric component of de disk gravity if the planet
is allowed to migrate (Baruteau & Masset 2008). This inconsis-
tency of the disk having mass in one sense (able to cause planet
migration) and no mass in another sense (no self-gravity) also
leads to the question of whether the indirect term due the disk
should be included in simulations (Crida et al. 2025). Below, we
show that it can be potentially problematic.

As in the rest of the paper, we consider a 2D disk, in cylin-
drical coordinates centered on the star:

9,2 + V- (Zv) =0

v
8;v+(V-V)V:—Ep

(A.1)

- Vo. (A.2)
We take the equation of state to be strictly isothermal, but that
is not important for the present discussion. The potential @ has
contributions from the central star, a direct part containing the
contribution from the disk (if it is self-gravitating) and the planet
(if present), and the indirect terms, again both due to disk and
planet:

GM
D= S Dy planet + D planct + Pagisk + Pidisks (A3)
where the indirect potential due to the disk is given by
D, i = Gr f f S, ¢ (“’ €08 = ¢ 4y, (A4)

The direct parts due to planet and disk and the indirect term due
to the planet will not feature below. We write the 2D velocity
vector as v = (u,v)7, and denote the angular velocity Q = v/r.

Appendix A.1: Equilibrium state

If we take the disk without a planet to be axisymmetric, with
= 0, the equilibrium condition on the azimuthal velocity is
simply

ro, p
z

where 0, = 0/dr, Qk is the Keplerian angular velocity and
2(r) is an arbitrary density profile. The penultimate term, de-
noting the axisymmetric component of the disk’s gravity is the
term causing inconsistency problems when considering migrat-
ing planets in non-self-gravitating disks, and needs to be com-
pensated for (Baruteau & Masset 2008). Defining a small pa-

rameter € ~ H/r, the last two terms are taken to be O (62) and

orp

V= rd,® + r— s = = rPQ% + 10, Dy gik + ——— (A.35)

we can write v = vy + v, with

vy =rQkx,
d,DPg gisk + d,p/Z
2Qk ’

where d, = d/dr.

(A.6)

by = (A7)

‘We note that the indirect term does not contribute for an ax-
isymmetric disk.

Appendix A.2: Linear perturbations

We now add eccentric perturbations to the disk, of the form
2(r) exp(—ip — iwt) and similar for other quantities, and we ig-
nore terms that are quadratic in the perturbations:

s, b0 -0 dE
il s ST —iQ¢ =0 (A.8)
—iwi — iQf — 20 = — ¢*d,& — d,D, (A.9)
. 2’\
—iwd + d,vit — QD + Qi _lee, —, (A.10)
r r

with ¢ the sound speed, and & = £/ the relative surface density
perturbation. The potential perturbation contains terms due to
the planet (direct and indirect) and due to the disk (direct, if we
consider self-gravity, and indirect). The indirect term due to the
disk is:

D; gisk = nGrf

The exact form of the other parts of the potential are not impor-
tant for our purposes.

z(f ) ar’ (A.11)
.

Appendix A.3: Eccentricity evolution

We now assume time evolution to be slow, w/Qy = O (62). When
including a planet, this means we would work with an average
potential and the corresponding secular evolution (see e.g. Good-
child & Ogilvie 2006). We develop a series in € ~ H/r < 1,
noting that the indirect term is of order €2, comparable to the
pressure terms. At lowest order in €, we find from the momen-
tum equations that

—Qity + 2iQyv =0,
=i(d,vo + Qo)ityg — Qoo =0,

(A.12)
(A.13)

and making use of vy o< r~1/2

ilg = 21V, and we can write

at lowest order, this implies that

ity =irQoE(r), (A.14)

S0 =2 QU E(P),
2

with complex eccentricity E = e exp(iw). Thus, at this level of

approximation, fluid elements are on eccentric Keplerian orbits.

Higher-order terms give an evolution equation for the eccentric-

ity (Ogilvie 2001), but this is not needed for this discussion.
From the continuity equation at lowest order we find that the

surface density response in terms of the eccentricity is given by:

A rd, X r
=rd.E + E=—d,(%E).
&o=rn > % (ZoE)

(A.15)

(A.16)
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Interestingly, this makes the indirect potential
2 204 ’ T,
(Di,disk = nGr —,fodr =nGr [Z()E],f’“l , (A17)
r mn

which means that the indirect term can only affect the eccen-
tricity through the boundaries. If we consider a ring of material,
where Xy — 0 for r —» 0 and r — oo, the indirect term will
not contribute to the eccentricity evolution. If we consider only
part of the disk, so that £y # 0 at the boundaries, the boundaries
can act as a source of eccentricity, much like the 3:1 resonance
considered in a binary context in Goodchild & Ogilvie (2006).
One would find exponential growth of eccentricity, driven by
the boundaries. This seems artificial, as there is nothing spe-
cial about the position of the boundaries, unlike the 3:1 reso-
nance (Lubow 1991). A sensible boundary condition could be
to demand E = 0, in which case the indirect term again does
not contribute. This is however hard to enforce in practice, as it
involves setting a hard boundary (i.e. reflective boundary con-
ditions), which is undesirable in the presence of density waves
excited by the planet and a viscous accretion flow onto the star.
Moreover, any deviation from £ = 0 due to inexact boundary
conditions will artificially add to the eccentricity evolution.

It is worth noting that this behaviour is independent of the
inclusion of self-gravity. In a self-gravitating disk, there would
be no question of whether to include the indirect term due to
the disk (physics demands it), but the same spurious eccentricity
growth could occur if not the whole disk is simulated. Of course,
there is usually an implicit assumption in self-gravitating grid-
based simulations that there is no mass outside the computational
domain (e.g. Baruteau & Masset 2008), but the above discussion
suggests that care needs to be taken at the boundaries.

Therefore, while including the indirect term due to the disk
gravity might be justified on physical grounds, it can lead
through artificial eccentricity growth through the boundaries of
the domain.
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