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THE LOG GROTHENDIECK RING OF VARIETIES

ANDREAS GROSS, LEO HERR, DAVID HOLMES, PIM SPELIER, AND JESSE VOGEL

Abstract. We define a Grothendieck ring of varieties for log schemes. It is generated by one

additional class “P” over the usual Grothendieck ring.

We show the näıve definition of log Hodge numbers does not make sense for all log schemes. We

offer an alternative that does.

1. Introduction

This article

• Defines a Grothendieck group of varieties K0(LogSchk) for log schemes over a base field k.

• Provides a presentation of K0(LogSchk) in terms of the usual Grothendieck group of varieties

with one generator P and one relation.

• Deduces consequences for log Hodge numbers.

Overview. The mixed Hodge structure MHS(X) of a scheme X over C is an invariant that gener-

alises many classical invariants such as Euler characteristics, Betti numbers, and Hodge numbers.

This is a motivic invariant, meaning that a nice closed embedding Z → X gives rise to an exact

triangle

MHS(Z) → MHS(X) → MHS(X \ Z)
+1
−−→

in the derived category of mixed Hodge structures. On the level of classical invariants such as the

Euler characteristic, this simply means χ(X) = χ(Z) + χ(X \ Z).

When working with a family of schemes X → S, one obtains a family of mixed Hodge structures

MHS(X/S) (also called a variation) over S [Gri68]. The moduli space of all (polarised) Hodge

structures was first constructed by Griffiths, and forms an analytic, highly non-compact space. In

[Gri70] he presented the dream of (partially) compactifying this period domain. The answer was

given by [KU08], where a full compactification is constructed using logarithmic Hodge structures.

Unfortunately, the question of how to obtain families of logarithmic Hodge structures from families

of schemes is still open even in simple situations [FN20, Remark 2.6.1] such as non-compact varieties.

As a precursor to a future logarithmic mixed Hodge theory, we study logarithmic Hodge numbers

dimCHq(∧pΩlog
X ), where Ωlog

X is the sheaf of log differentials [Ogu18, IV.1]. Classically, the Hodge

numbers of a smooth projective variety X are defined by hp,q(X) := dimCHq(∧pΩX). These are

invariants of the Hodge structure of X. As the Hodge structure is a motivic invariant of X, the

Hodge numbers only depend on the class [X] in the Grothendieck ring K0(VarC), the free abelian

group on varieties modulo the scissors relations [X] = [Z] + [X \Z] for a closed embedding Z → X.
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2 THE LOG GROTHENDIECK RING OF VARIETIES

This in particular helps compute Hodge numbers hp,q(Y ) for non-projective or singular varieties Y .

This paper defines the logarithmic Grothendieck ring K0(LogSchC). In Section 2 we compute a

presentation for this ring in terms of the classical ring K0(VarC). This allows the computation of

logarithmic motivic invariants as in the classical case.

In Section 3 we show that the logarithmic Hodge numbers do not give motivic invariants. We prove

that the Euler characteristics χ(∧pΩlog
X ) are in fact motivic invariants.

1.1. The log Grothendieck ring. Write Vark for the category of finite type, separated k-schemes

and LogSchk for the category of fine and saturated (f.s.) k-log schemes with underlying scheme in

Vark.

Definition 1.1. The log Grothendieck ring

K0(LogSchk)

is the free abelian group generated by isomorphism classes [X] for X ∈ LogSchk, modulo the strict

scissor relations

[X] = [Z] + [X \ Z] (1)

for all strict closed immersions Z → X, and the log blowup relations

[X̃ ] = [X] (2)

for all log blowups X̃ → X. The ring structure is induced by the product on LogSchk.

Take k = C. We want to define and compute log Hodge numbers using K0(LogSchC).

If X is a smooth, projective variety, its Hodge numbers hp,q(X) are

hp,q(X) := dimC Hq(∧pΩX) ∈ N.

The e-polynomial of X is the generating function∗

e(X) :=
∑

hp,q(X)upvq ∈ Z[u, v].

Both factor through the Grothendieck ring

hp,q : K0(VarC) → N, e : K0(VarC) → Z[u, v], (3)

and e is even a ring homomorphism. For schemes X which are not projective or smooth, Hodge

numbers may be defined by the maps (3) or using mixed Hodge structures.

For a log smooth, projective X over C, define its log Hodge numbers

hp,qlog(X) := dimCHq(∧pΩlog
X ) ∈ N

and log e-polynomial

Elog(X) :=
∑

hp,qlog(X)upvq ∈ Z[u, v].

We want to define these log Hodge numbers and e-polynomials, in a motivic way, for log schemes

which are not projective or log smooth. This is impossible.

Proposition 1.2 (Proposition 3.4). There is no map

φ : LogSchC → Z[u, v]

∗Warning: there are two common sign conventions found in literature, namely e(u, v) and e(−u,−v).
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that satisfies the strict scissor equation φ(X) = φ(Z) + φ(X \ Z) and that agrees with Elog on

smooth, log smooth, projective log schemes.

Example 3.3 is an explicit counterexample.

How can we fix this problem? Write

E
log
1 (X) := Elog(X)(u,−1)

for the image of Elog(X) in the polynomial ring

Z[u, v]/(v + 1) = Z[u].

This is the generating function of the Euler characteristics of the wedge powers ∧pΩlog
X

E
log
1 (X) =

∑
χ(∧pΩlog

X )up.

Theorem 1.3 (Theorems 3.13, 3.14). There exists a ring homomorphism t1 : K0(LogSchC) → Z[u]

that satisfies t1([X]) = E
log
1 (X) for all X with smooth, projective underlying scheme that are either

(1) log smooth log scheme, or

(2) constant free log schemes (see Definition 2.3).

In particular, the polynomial E
log
1 is invariant under sufficiently fine log modifications X̃ → X

where X belongs to (1) or (2) and X, X̃ have smooth, projective underlying scheme:

E
log
1 (X̃) = E

log
1 (X).

The log Hodge numbers hp,qlog are not well-defined for log schemes which are not log smooth or

projective, but their alternating sums
∑

(−1)qhp,qlog, which should be thought of as the holomorphic

Euler characteristics χ(∧pΩlog
X ), are.

We construct t1 using a presentation of K0(LogSchC) as a K0(VarC)-algebra. Write P := (Spec C,C∗⊕

N) for the standard log point with rank-one log structure, and also P := [P ] ∈ K0(LogSchC) for its

class.

Theorem 1.4 (Theorem 2.1). The Grothendieck ring of log varieties is generated over the ordinary

Grothendick ring by P , subject to a single relation

K0(LogSchC) ≃
K0(VarC)[P ]

P 2 + P [Gm]
. (4)

The relation P 2 + P [Gm] = 0 is derived in Example 2.2. Define two K0(VarC)-algebra homomor-

phisms

τ, ρ : K0(LogSchC) → K0(VarC)

by

τ(P ) = 0, ρ(P ) = −[Gm].

Then the map t1 from Theorem 3.13 is precisely the composite

K0(LogSchC)
ρ

−→ K0(VarC)
e

−→ Z[u, v]
v=−1
−→ Z[u].

We construct another invariant of log schemes using the presentation (4). Write χc for the (com-

pactly supported) Euler characteristic

χc(X) :=
∑

(−1)q dimQHq
c (X,Q)
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and for its extension χc : K0(VarC) → Z to the Grothendieck group.

Proposition 1.5 (Proposition 2.17). The composite

χlog : K0(LogSchC)
τ

−→ K0(VarC)
χ

−→ Z

is the unique extension of the ring homomorphism χc to K0(LogSchC).

We compute the class [X] ∈ K0(LogSchk) of any toric variety X, which gives all the above invariants.

Proposition 1.6 (Proposition 2.11). Let Σ ⊆ Rn be a fan and X the associated n-dimensional

toric variety. Its class in K0(LogSchk) is

[X] = [Gm]n + (1 − χc(Σ)) · P [Gm]n−1,

where χc(·) is the Euler characteristic with compact support.

The E
log
1 -polynomial and log Euler characteristic χlog of such a toric variety X are then

E
log
1 (X) = χc(Σ) · e(Gm)n = χc(Σ) · (−u− 1)n

χlog(X) = χc(Gm)n = 0.

Acknowledgments. We are grateful to Yagna Dutta, Tommaso de Fernex, Márton Hablicsek, Karl

Schwede, Y.P. Lee, and Alexander Zotine for conversations on the present paper. Appendix A is

due to Mike Roth, who generously allowed the authors to include his arguments.

During the writing of this article, the NSF RTG grant #1840190 supported L.H., the NWO

grant VI.Vidi.193.006 supported L.H., D.H., and P.S., and the ERC Consolidator Grant FourSurf

101087365 supported P.S. A.G. has received funding from the Deutsche Forschungsgemeinschaft

(DFG, German Research Foundation) TRR 326 Geometry and Arithmetic of Uniformized Struc-

tures, project number 444845124, and from the Marie-Sk lodowska-Curie-Stipendium Hessen (as

part of the HESSEN HORIZON initiative).

1.2. Conventions. All our log schemes and log algebraic stacks are f.s. (fine and saturated, [Ogu18,

Chapter 2.1]).

We work over a field k of any characteristic, not necessarily algebraically closed, except for Section

3 where we take k = C.

We write LogSchk for the category of finite type, separated log schemes over Spec k, where Spec k

has the trivial log structure. All fiber squares in this paper are both log fiber squares and scheme-

theoretic fiber squares.

An s.n.c. pair is a pair (X,D) of a smooth scheme X and a strict normal crossings divisor D, with

its natural divisorial log structure. We endow a toric variety T like An,Pn with its natural toric log

structure by default, which comes from the toric divisors.

A log blowup X̃ → X of a log scheme X in a log ideal I ⊆ MX is the universal log scheme over

X such that the pullback of I is invertible, see [Ogu18, Section III.2.6]. For an s.n.c. pair (X,D),

this is an iterated blowup X̃ → X in boundary strata. For a toric variety, this is a toric blowup,

which can be described by subdivision of the fan. Log blowups are always proper, log étale log

monomorphisms.

A log modification X̃ → X is a map such that there is some log blowup X̂ → X̃ such that the

composite X̂ → X̃ → X is also a log blowup.
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A2 = + +

Bl~0A
2 = + +

Figure 1. Decompose the plane A2 and its blowup Bl~0A
2 at the origin into locally

closed strata on which the log structure is constant. Obtain [A2] = [Gm]2 + 2[Gm] ·
P + P 2 and [Bl~0A

2] = [Gm]2 + 3[Gm] · P + 2P 2.

2. The log Grothendieck ring and its presentation

In this section we will prove the following simple presentation of the log Grothendieck ring.

Theorem 2.1. The log Grothendieck ring is generated by P with one relation:

K0(LogSchk) =
K0(Vark)[P ]

P 2 + P [Gm]
. (5)

We first show the relation P 2 + P [Gm] holds.

Example 2.2. We take X to be A2 with its toric log structure given by the toric boundary, and

X̃ → X the blowup in (0, 0). If we write P for the class in K0(LogSchk) of the origin with point,

then we find [X] = [Gm]2 + 2[Gm] · P + P 2, and [X̃ ] = [Gm]2 + 3[Gm] · P + 2P 2, as illustrated in

Figure 1. The equality [X] = [X̃ ] then gives rise to the relation

P ([Gm] + P ) = 0 (6)

in K0(LogSchk).

Next we will prove K0(LogSchk) is generated by log schemes with constant free log structure.

Definition 2.3. A log scheme X is constant if its log structure decomposes as a direct sum

MX = O
∗
X ⊕Q

for a sharp f.s. monoid Q. Write (X,Q) for the resulting constant log scheme.

A log scheme X is constant free if it is constant X = (X,Q) and Q ≃ Nr is free. Say X is locally

constant free if it admits a locally closed stratification X =
⊔

Xσ with Xσ constant free.

We write LogSchc

k,LogSchcf

k and LogSchlcf

k for the full subcategories of LogSchk consisting of con-

stant, constant free, and locally constant free log schemes.

Constant log schemes are exactly the log schemes that admit strict maps to constant points (pt, Q).

To prove that the log Grothendieck ring is generated by P over K0(Vark), we first need the following

lemma.
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Lemma 2.4. Let (Li) be a finite set of line bundles on a noetherian scheme X. There is a locally

closed stratification X =
⊔

Xi on which all the Li’s are trivial.

Corollary 2.5. If X is a locally constant log scheme with stalks MX,x ≃ N , write X ′ = (X,N) for

the same scheme with constant log structure. Then X admits a locally closed stratification X =
⊔

Xi

with Xi
∼= (Xi, N), and we have an equality of classes [X] = [X ′] in K0(LogSchk).

This says [X] only depends on X◦ and the sheaf MX .

Proposition 2.6. A log scheme X ∈ LogSchk admits a locally constant free log blowup X̃ ∈

LogSchlcf

k .

Proof. Take a log blowup of X that admits charts Zariski locally [Niz06, Theorem 5.4]. Refine this

log blowup by a log blowup X̃ on which the cones are free as in the proof of [KKMSD06, Theorem

11], so the stalks M
X̃,x

≃ Nr are free monoids. There is a locally closed stratification on which its

characteristic monoid is constant. We are done by Corollary 2.5.

�

Corollary 2.7. The map

Ψ : K0(Vark)[P ] → K0(LogSchk) (7)

sending [X]P k to the constant log scheme (X,Nk) = X × P k is surjective.

It remains to show that ker Ψ is generated by P (P +[Gm]). For this, we need two final propositions.

Definition 2.8. Let X be a locally constant free log scheme. Take the locally closed stratification

X =
⊔

i≥0 Xi where Xi is the locus where the rank of MX is i. We define

[X]lcf =
∑

i

[Xi] · P
i ∈ K0(Vark)[P ].

Proposition 2.9. Let I ⊂ K0(Vark)[P ] be the ideal generated by elements

[X]lcf − [X̃]lcf

for every log blowup X̃ → X of a constant free log scheme X by a locally constant free log scheme

X̃. Then I is precisely the kernel of (7).

Furthermore, I is also generated by relations [T ]lcf − [T̃ ]lcf for a smooth toric blowup T̃ → T of a

smooth toric variety.

Proof. By Proposition 2.6, for the first part it suffices to show that for all triples of log modifications

Y → X, X̃ → X, Ỹ → Y with X,Y ∈ LogSchk, X̃, Ỹ ∈ LogSchlcf

k we have [Ỹ ]lcf − [X̃]lcf ∈ I.

By refining Ỹ , we can reduce to the case that there is a log blowup Ỹ → X̃ . Now, stratify X̃ =
⊔

i X̃i

into constant free log schemes, which induces by pullback a stratification Ỹ =
⊔

i Ỹi. By definition

of I, we have [Ỹi]lcf − [X̃i]lcf ∈ I, and hence [Ỹ ]lcf − [X̃ ]lcf ∈ I.

Now let X̃ → X be a log blowup of a constant free log scheme X by a locally constant free log

scheme X̃ . There is a further log blowup X̃ ′ → X̃ fitting into a pullback diagram

X̃ ′ T0 T

X ~0 Ar

p p



THE LOG GROTHENDIECK RING OF VARIETIES 7

where T → Ar is a smooth toric blowup. The ideal I is then generated by relations of the form

[T0]lcf = P r. This relation is itself the difference of the log blowup relation [T ]lcf − [T̃ ]lcf for T = Ar

and T = Ar \ 0. �

Now it remains to compute classes of smooth toric varieties, as per the following proposition.

Proposition 2.10. Let X be a smooth toric variety of dimension n, with fan Σ. Then

[X]lcf ≡ [Gm]nlcf + (1 − χc(Σ))P [Gm]n−1
lcf

(mod P (P + [Gm])),

where χc is the compactly supported Euler characteristic.

Proof. Recall that the cones of Σ correspond exactly to the toric strata of X. Here the cone 0

corresponds to the torus Gn
m, and a cone σ of dimension r = r(σ) corresponds to a stratum Xσ

isomorphic to Gn−r
m with log structure constant of rank r. All in all we find

[X]lcf = [Gm]nlcf +
∑

σ 6=0

[Xσ ]lcf

= [Gm]nlcf +
∑

σ 6=0

[Gm]n−r(σ)P r(σ)

≡ [Gm]nlcf +
∑

σ 6=0

(−1)r−1[Gm]n−1P (mod P (P + [Gm]))

= [Gm]n
lcf

+ [Gm]n−1P
∑

σ 6=0

(−1)r(σ)−1

= [Gm]nlcf + χc(Σ \ 0)P [Gm]n−1

as required. �

Proof of Theorem 2.1. By Corollary 2.7, we have a surjective map

Ψ : K0(Vark)[P ] → K0(LogSchk).

By Proposition 2.9 the kernel I of Ψ is generated by [X̃ ]lcf − [X]lcf for toric blowup X̃ → X of

smooth toric varieties. The fans of X̃ and X have the same underlying topological space and hence

the same Euler characteristic. By Proposition 2.10, we find I ⊆ 〈P (P + [Gm])〉.

We have P (P + [Gm]) ∈ I by Example 2.2, and we conclude

K0(LogSchk) = K0(Vark)[P ]/(P (P + [Gm])). �

As a main example, we can compute the class of any toric variety.

Proposition 2.11. Let X be a toric variety of dimension n, with fan Σ. Then

[X] = [Gm]n + (1 − χc(Σ))P [Gm]n−1.

Proof. The smooth case is Proposition 2.10. The general case follows as both sides are invariant

under log blowups. �

Example 2.12. Let X be a proper toric variety of dimension n. Then the fan Σ is a complete

subdivision of Rn. The Euler characteristic χc is multiplicative and χc(R) = −1, χc(Σ) = (−1)n.

So

[X] = [Gm]n + (1 − (−1)n)P [Gm]n−1.
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For another way to compute the same formula, note that X and Pn have a common log blowup

and hence the same class in K0(LogSchk). The space Pn has
(
n+1
r+1

)
strata of dimension r, and using

the relation P (P + [Gm]) = 0 and the binomial expansion of (1 − 1)n+1 one arrives at the same

formula.

Example 2.13. Let X be a toric variety of dimension n whose fan Σ ⊂ Rn is obtained by taking

the fan over a polyhedral complex Q ⊂ Rn \ 0. Then we have

[X] = [Gm]n + χc(Q)P [Gm]n−1.

If X is an affine toric variety of dimension n. Then Σ is a single cone of dimension d ≤ n. Choose

a sharp map from f : Σ → N using using [Ogu18, Proposition I.2.2.1]. Then Σ is the fan over a

polyhedral complex f−1(1) that is contractible if d > 0 and is empty otherwise. If d > 0, then

[X] = [Gm]n + P [Gm]n−1.

The presentation from Theorem 2.1 leads to two natural maps K0(LogSchk) → K0(Vark).

Definition 2.14. Define two morphisms τ, ρ : K0(LogSchk) → K0(Vark) of K0(Vark)-algebras by

τ(P ) = 0

and

ρ(P ) = −Gm

respectively. They are the log Betti map τ and the log Hodge map ρ.

Example 2.15. For a toric variety X of dimension n we find τ([X]) = [Gn
m] and ρ([X])) =

χc(Σ)[Gn
m].

Remark 2.16. The function sending X to its underlying scheme X◦ does not induce a morphism

K0(LogSchk) 99K K0(Vark)

because it does not satisfy the log blowup relations.

A natural consequence of the presentation in Theorem 2.1 is that ring morphisms f : K0(LogSchk) →

R are uniquely determined by f |K0(Vark) and f(P ).

Proposition 2.17. There is a unique ring homomorphism

χlog : K0(LogSchC) → Z

extending the classical Euler characteristic

χ : K0(VarC) → Z.

We have χlog = χ ◦ τ , i.e. χlog(X) = χ(X0), with X0 the locus where the log structure is trivial.

Proof. By the presentation given in Theorem 2.1, an extension f of χ is determined by f(P ) and

must satisfy f(P )(f(P ) + χ(Gm)) = 0. As χ(Gm) = 0, we find f(P ) = 0, and hence f = χ ◦ τ . �

Remark 2.18. Take X ∈ LogSchC. Its log Betti cohomology is defined as the singular cohomology

with Q-coefficients

H∗(XKN ,Q)
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of the Kato-Nakayama space XKN , a real blowup of X (written X log in the original paper [KN99]).

Taking compact support and the alternating sum gives an alternative construction of χlog as

χlog(X) =
∑

(−1)q dimQHq
c (XKN ,Q).

3. The log Hodge map

In this section, we work over Spec C. Let X be a log scheme over Spec C◦ with smooth, projective

underlying scheme X◦.

Define

Elog(X) :=
∑

dimHq(∧pΩlog
X )upvq ∈ Z[u, v].

If X = X◦ has trivial log structure, this coincides with the usual Hodge–Deligne e−polynomial

Elog(X) = e(X).

Example 3.1. Let X be P1 with the toric log structure. Then Ωlog
X is the trivial line bundle over

X. Its cohomology vanishes, so we have Elog(X) = 1 + u.

Example 3.2. Let X = P be the standard log point. Then Ωlog
X is again the trivial line bundle

over P and Elog(P ) = 1 + u.

One would like to define Elog for non-projective varieties using Elog on projective ones by checking

Elog satisfies the scissor relations. Unfortunately, it does not.

Example 3.3. We compactify Gm in two different ways, embedding it in P1 with its toric log

structure and in (P1)◦ with the trivial log structure.

Examples 3.1 and 3.2 show

Elog(P1) = Elog(P ) = 1 + u.

The Elog-polynomials of their underlying schemes are the same as the usual e-polynomials:

Elog((P1)◦) = 1 + uv, Elog(pt) = 1.

Note the differences

Elog(P1) − 2Elog(P ) = −1 − u

Elog((P1)◦) − 2Elog(pt) = 1 + uv − 2 = uv − 1

do not coincide, and hence Elog does not respect the strict scissor relations. However, the differences

coincide after setting v = −1.

Proposition 3.4. There is no map

φ : LogSchC → Z[u, v]

that satisfies φ(X) = φ(Z) + φ(X \ Z) for strict closed subschemes Z ⊂ X and that agrees with

Elog on smooth log smooth projective schemes.

Proof. Note that P1,P1◦ and pt are all smooth, log smooth and projective. As

Elog(P1) − Elog(P1◦) + 2Elog(pt) = −2 + u− uv

is not divisible by 2, there is no possible value of φ(P ) ∈ Z[u, v] such that Elog(P1) − 2φ(P ) =

Elog(P1◦) − 2Elog(pt). �



10 THE LOG GROTHENDIECK RING OF VARIETIES

The Elog-polynomial does not induce a function

K0(LogSchC) → Z[u, v].

Nevertheless, it sometimes satisfies invariance under log modifications.

Lemma 3.5. Let π : X → Y be a morphism of log schemes with smooth, projective underlying

schemes. If π is log étale and Rπ∗OX ≃ OY , the Elog-polynomials agree

Elog(X) = Elog(Y ).

Proof. Because X → Y is log étale, pullback equates the log Kähler differentials

π∗Ωlog
Y ≃ Ωlog

X .

The same goes for their exterior powers. Coherent sheaves such as Ωlog
X ,Ωlog

Y are perfect, as X,Y

have smooth underlying schemes. Then we can apply the projection formula [Sta18, 0B54]:

Rπ∗ ∧
p Ωlog

X = Rπ∗π
∗ ∧p Ωlog

Y = ∧pΩlog
Y ⊗Rπ∗π

∗
OY

∼= ∧pΩlog
Y .

The (cohomology of) wedge products of Ωlog
X and Ωlog

Y agree, so the Elog polynomials of X and Y

agree.

�

Corollary 3.6. Let π : X̃ → X be a log modification with X, X̃ smooth, log smooth, projective.

Then the Elog-polynomials agree

Elog(X̃) = Elog(X).

Proof. It suffices to show Rπ∗OX̃
≃ OX . This strict-étale local in X. After passing to a strict-étale

neighborhood, one can find a pullback square

X̃ B

X C

p
τ

with X → C strict and B → C a representable, proper morphism of Artin fans.

The structure sheaf pushes forward along τ

Rτ∗OB ≃ OC

as in [CHL20, Lemma 2.1]. The map X → C is smooth, as it is log smooth and strict. Cohomology

and base change then ensures Rπ∗OX̃
≃ OX . �

Proposition 3.7. Let X = (X,Nk) be a free constant log scheme over Spec C◦ and X̃ → X a log

blowup factoring through the blowup at (e1, e2, · · · , ek) ⊆ Nk. If X◦, X̃◦ are smooth and projective,

their Elog-polynomials coincide:

Elog(X̃) = Elog(X).

Proof of Proposition 3.7. We show Rπ∗Ω
log

X̃

?
= Ωlog

X . We can assume X is connected and thus atomic.

Let Q be a log point with underlying scheme Spec C and a strict map X → Q. The log blowup π
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is pulled back from a log blowup τ of the log point

X̃ Q̃

X Q.

π
p

τ

The pullback X̃ is the product of X and Q̃. All the maps in the square are flat.

If we show Rπ∗OX̃
= OX , we can apply Lemma 3.5. Theorem A.1 in the appendix asserts

Rτ∗OQ̃
= OQ. (8)

By cohomology and base change, we are done.

�

Definition 3.8. Write E
log

(X) for the image of the polynomial Elog(X) under the ring homomor-

phism

Z[u, v] → Z[u] × Z[v]

v 7→ (−1, v)

u 7→ (u, 0)

Define

E
log
1 (X) := Elog(X)(u,−1)

E
log
2 (X) := Elog(X)(0, v),

or equivalently

E
log

(X) = (E
log
1 (X), E

log
2 (X)) :=

(∑
χ(∧pΩlog

X )up,
∑

dimHq(OX)vq
)

∈ Z[u] × Z[v]

as the generating functions of the Euler characteristics of the wedges ∧pΩlog
X and the Betti numbers.

We construct maps out of K0(LogSchk) which restrict to E
log
1 , E

log
2 on nice log schemes with smooth,

projective underlying scheme.

3.1. The cohomology of the structure sheaf. For a log scheme X with smooth, projective

underlying scheme, the polynomial E
log
2 (X) coincides with the substitution u = 0 of the usual

e−polynomial

E
log
2 (X) = e(X◦)(0, v).

Write b for the composite

b : K0(VarC)[P ]
P 7→Spec C

−→ K0(VarC)
e|u=0

−→ Z[v].

Proposition 3.9. The map b factors through the quotient K0(VarC)[P ] → K0(LogSchC).

Proof. We need only check P (P + [Gm]) maps to zero. In fact, b sends P + [Gm] to zero, as

e|u=0(Spec C) = 1 and e|u=0(Gm) = (uv − 1)|u=0 = −1. �
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This defines a log motivic invariant which restricts to E
log
2 on log schemes with smooth, projective

underlying scheme.

3.2. The log χy-genus. The alternating sum of the Euler characteristics of the usual Kähler

differentials is called the χy-genus

χy(X) :=
∑

(−1)pχ(∧pΩX)yp.

The E
log
1 -polynomial defined here is a “log χ−y-genus,” where we replace y by −y.

If X = (X,D) is an s.n.c. pair of dimension dimX = n with X proper, [Gro17, Proposition 3.1]

relates our E
log
1 -polynomial to the χy-genus of X \D, after a change of coordinates:

χy(X \D) =
∑

(−1)n−rχ(∧n−rΩlog
X )yr, (9)

(−u)n · χ− 1

u
(X \D) = E

log
1 (X) :=

∑
χ(∧pΩlog

X )up. (10)

Remark 3.10. This equality shows E
log
1 (X) only depends on the interior X\D where the log struc-

ture is trivial for s.n.c. pairs. In particular, this implies invariance under log blowups of s.n.c. pairs.

It does not imply E
log
1 (P ) = 0, as we still have E

log
1 (P ) = 1 + u.

We will now build a ring homomorphism out of the log Grothendieck ring and show it agrees with

E
log
1 for a large collection of log schemes.

Definition 3.11. Let t be the composite

K0(LogSchC)
ρ

−→ K0(VarC)
e

−→ Z[u, v]

of the log Hodge map ρ (Theorem 2.1) with the usual e-polynomial. Write t for the composite of t

with the map

Z[u, v] −→
Z[u, v]

uv + u
→ Z[u] × Z[v]

and t = (t1, t2).

Example 3.12. If (X,D) is an s.n.c. divisor with components Di ⊆ D, let Dr be the union of the

closed strata
⋂

I Di with #I = r. For example,

D0 = X, D1 = D, D2 =
⋃

i 6=j

(Di ∩Dj), · · · .

The log Hodge map sends the divisorial log structure X = (X,D) to the alternating sum

ρ(X) =
∑

r∈N

(−[Gm])r[D◦
r \D

◦
r+1] = [X◦ \D◦] − [Gm] · [D◦ \D◦

2] + · · · .

The map t sends P to the e-polynomial of −[Gm]

t(P ) = 1 − uv.

So t is computed by

t(X) =
∑

k

(1 − uv)re(D◦
k \D

◦
r+1).

We can now identify E
log

and t in two nice cases.
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Theorem 3.13. The two maps E
log

, t agree on constant, free log schemes (X,Nr) with smooth,

projective underlying scheme X.

Proof. There is a pullback square

X Pr

X◦ pt,

p (11)

where Pr is the point with rank-r log structure. The resulting equality of classes [X] = [X◦]P r

identifies the t-polynomial

t(X) = t([X◦])t(P )r.

The t-polynomial of P is defined as

t(P ) := e(−[Gm]) = 1 − uv mod u + uv

and hence is equal to E
log

(P ) = 1 + u mod u + uv.

By [Ogu18, Proposition IV.1.2.15], the pullback square (11) decomposes the log Kähler differentials

of X as

Ωlog
X = Ωlog

Pr
|X ⊕ ΩX◦ .

The log Kähler differentials of the point Pr are the trivial bundle Ωlog
Pr

= O
⊕r
Pr

of rank r.

The exterior algebra is then

∧∗Ωlog
X = ∧∗

O
r
X ⊗ ∧∗ΩX◦ .

We have ∧i
O

r
X = O

(ri)
X for 0 ≤ i ≤ r, and hence

∧pΩlog
X =

⊕

i+j=p

(
∧jΩX◦

)⊕(ri) .

The log Hodge numbers are

dimHq(∧pΩlog
X ) =

∑

i+j=p

(
r

i

)
hj,q(X◦),

where hp,q are the usual Hodge numbers of the underlying scheme X◦. The generating function

Elog for the log Hodge numbers then equals

Elog(X) =
∑

p,q




∑

i+j=p

(
r

i

)
hj,q(X◦)


upvq = e(X◦)(1 + u)r.

We obtain

E
log

(X) = e(X◦)(1 + u)r mod u + uv

= t([X◦])t(P )r

= t(X).

�

Theorem 3.14. The equality E
log

(X) = t(X) holds when X is log smooth and has smooth, pro-

jective underlying scheme.
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Proof. If X̃ → X is a log modification and both X̃,X have smooth, projective underlying scheme,

Corollary 3.6 equates their Elog-polynomials. The t-polynomials are similarly unchanged. Section

§3.1 shows E
log
2 (X) = t2(X).

To show that E
log
1 (X) = t1(X), we may, after applying a suitable log blowup, assume that X =

(X,D) is an s.n.c. pair. We will now prove the assertion with induction first on the dimension of

X and then on the number of irreducible components of the divisor D. For the base cases we note

that case dimX = 0 is clear and that if D = ∅, both E
log
1 (X) and t1(X) are immediately equal to

the classical e-polynomial of X = X◦, evaluated at v = −1.

Now assume D 6= ∅, let F be a component of D, and let D′ = D−F . Then F meets D′ transversely

and D′ ∪ F = D. Moreover, let X ′ be the scheme X◦ endowed with the divisorial log structure

defined by D′ and denote by F̂ the scheme F endowed with the divisorial log structure defined by

the s.n.c. divisor D′|F . By [EV92, Property 2.3 b)] we have, for every p ∈ Z, a short exact sequence

0 → ∧pΩlog
X′ → ∧pΩlog

X → ∧p−1Ωlog

F̂
→ 0 .

By the additivity of the holomorphic Euler characteristic it follows that

E
log
1 (X) = E

log
1 (X ′) + uE

log
1 (F̂ ),

which, by induction hypothesis, equals

t1(X
′) + ut1(F̂ )

It remains to show that t1(X
′) + ut1(F̂ ) is equal to t1(X). We first prove that [F ] = [F̂ ] · P in

K0(LogSchC).

The class [F ] is the sum [F \D′] + [D′]. The log scheme [F \D′] has locally constant, rank-one log

structure. It’s equivalent to the constant rank-one log structure by Corollary 2.5

[F \D′] = [F̂ \D′] · P.

Apply the same argument to the strata of the intersections of D′.

We can conclude that t1(F ) = t1(F̂ )t1(P ) = t1(F̂ )(1 + u), so ut1(F̂ ) = t1(F ) − t1(F̂ ). But the

classes

[X ′] − [F̂ ] = [X] − [F ]

are equal. So their t-polynomials agree and we obtain

t1(X) = t1(X ′) + t1(F ) − t1(F̂ ) = t1(X ′) + u · t1(F̂ )

and we are done. �

3.3. Duality. Write L := [(A1)◦] for the Lefschetz motive, the class of the affine line with trivial

log structure.

After inverting L, the usual Grothendieck ring of varieties K0(VarC) admits a ring involution

(−)∨ : K0(VarC)[L−1] → K0(VarC)[L−1]

determined by [X] 7→ [X]∨ = [X]/LdimX for all smooth projective complex varieties X [Bit04].

Example 3.15. The dual of [P1] is

[P1]∨ = [P1]/L = (L + 1)/L = 1 + L−1.
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As (−)∨ is a ring homomorphism,

L∨ = L−1, [Gm]∨ = L−1 − 1 = −
[Gm]

L
.

We show duality (−)∨ extends in two ways to the log Grothendieck ring of varieties

i1, i2 : K0(LogSchC)[L−1] −→ K0(LogSchC)[L−1].

Define

i1(P ) := −P · L−1, i2(P ) := (P + [Gm]) · L−1 (12)

and let i1([X◦]) = i2([X◦]) := [X◦]∨ extend the usual duality on schemes X◦ with trivial log

structure.

Lemma 3.16. The assignments from (12) yield well-defined ring homomorphisms which are invo-

lutions i21 = i22 = id. They satisfy

(−)∨ ◦ τ = τ ◦ i1, (−)∨ ◦ ρ = ρ ◦ i1 (13)

(−)∨ ◦ τ = ρ ◦ i2, (−)∨ ◦ ρ = τ ◦ i2 (14)

with the log Betti and log Hodge maps τ, ρ.

Proof. To check i1, i2 are well-defined, we need to show they kill P (P + [Gm]):

i1(P · (P + [Gm])) =
−P

L

(
−P

L
−

[Gm]

L

)

= P · (P + [Gm]) · L−2 = 0.

i2(P · (P + [Gm])) =
P + [Gm]

L
·

(
P + [Gm]

L
−

[Gm]

L

)

= (P + [Gm]) · P · L−2 = 0.

They are involutions as we have i21(P ) = i22(P ) = P . �

The ring involutions i1, i2 are determined by duality (−)∨ on schemes with trivial log structure and

(13), (14), up to a small discrepancy.

Lemma 3.17. Let F : K0(LogSchC)[L−1] → K0(LogSchC)[L−1] be a ring endomorphism extending

(−)∨. If F satisfies (13), the difference F − i1 is annihilated by [Gm]

[Gm] · (F − i1) = 0.

The same goes for (14) and i2.

Proof. Let F : K0(LogSchC)[L−1] → K0(LogSchC)[L−1] be a ring endomorphism extending (−)∨

and write F (P ) = α + βP for some α, β ∈ K0(VarC)[L−1].

If F satisfies (13), check α = 0 and

[Gm] · (β + L−1) = 0.

If F satisfies (14), α =
Gm

L
and

[Gm] · (β − L−1) = 0.

�
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If we invert [Gm] by tensoring with K0(VarC)[[Gm]−1], then i1, i2 are the unique ring endomorphisms

extending (−)∨.

Example 3.18. Let X be a proper toric variety of dimension n. Then using Proposition 2.11 we

can compute

ij(X) = (−1)n(j+1)L−n · [X].

Remark 3.19 (Duality). For a smooth, projective scheme X, Serre duality equates the Hodge

numbers hp,q = hn−p,n−q. The e-polynomial of the dual X∨ is then

e(X∨) = e(X)/e(LdimX) = e(X)/(uv)dimX = e(X)(u−1, v−1)

and the square

K0(VarC)[L−1] Z[u±, v±]

K0(VarC)[L−1] Z[u±, v±]

e

−∨ I

e

commutes, where I(p) := p(u−1, v−1).

The equality ρ ◦ i1 = (−)∨ ◦ ρ gives

t1(i1(X)) = t1(X)(u−1). (15)

Endow a smooth, projective scheme X◦ of dimension n with constant free rank-k log structure X.

Then i1(X) = (−1)kL−kP kX◦∨ = (−1)kL−(k+n)X and Theorem 3.13 rewrites (15) as

(−1)kt1(X)

t1(Lk+n)
=

(−1)kE
log
1 (X)

uk+n
= E

log
1 (X)(u−1).

Whence χ(∧k+n−iΩlog
X ) = (−1)kχ(∧iΩlog

X ), a limited “log Serre duality.”

Example 3.20. Let X = (P1,N) be the projective line with constant rank-one log structure. Its

log Kähler differentials are

Ωlog
X = O(−2) ⊕O,

with wedges

∧pΩlog
X =





O p = 0

O(−2) ⊕O p = 1

O(−2) p = 2

0 otherwise.

Its log Hodge “diamond” is then the rectangle

p: 0 1 2

q = 0 1 1 0

q = 1 0 1 1

,

and

χ(O) = 1, χ(Ωlog
X ) = 0, χ(∧2Ωlog

X ) = −1.

Remark 3.21. We sketch a “Bittner presentation” [Bit04] for the log Grothendieck ring, which

doesn’t seem to work as well as for the ordinary Grothendieck ring.
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Consider the free group generated by isomorphism classes of C-log schemes X with smooth, pro-

jective underlying scheme. Let Bitt be the quotient of this free group by three relations:

• [∅] ∼ 0,

• If X̃ → X is a log blowup, then [X] ∼ [X̃ ],

• If Z ⊆ X is a strict closed subscheme and B → X its blowup, write E ⊆ B for the

exceptional divisor. Endow Z,B,E with log structure pulled back from X. Then

[B] − [E] ∼ [X] − [Z].

Let Bitt′ ⊆ Bitt be the subgroup generated by constant log schemes with smooth, projective

underlying scheme. The arguments of [Bit04] identify Bitt′ ≃ K0(LogSchC). It is not clear to us if

this is the whole group Bitt′
?
= Bitt.

Given a finite type, separated variety V with log structure and a compactification V ⊆ V , it’s

unclear how to extend the log structure to V . Moreover, general log schemes X do not admit a

“resolution” X̃ → X by log smooth schemes in the usual sense, even over C. For the standard log

point P , there is no map X 99K P from a nonempty log flat log scheme X. See [Hao20] for the case

where X is generically log smooth and nice.

Appendix A. Cohomology of fibers of toric blowups

We work over a field k. Let B → An a subdivision. Write ~0 ∈ An for the origin and B0 ⊆ B for the

fiber over ~0. Suppose B → An factors through the log blowup Bl~0A
n at the ideal (x1, · · · , xn) ⊆

k[x1, · · · , xn].

The goal of this appendix is to compute the cohomology of B0. The proof is due to Mike Roth,

who graciously encouraged the authors to write up his arguments.

Theorem A.1. The cohomology of B0 is k:

RΓ(B0,OB0
) = k.

In other words, Hq(B0,OB0
) = 0 for q 6= 0 and H0(B0,OB0

) = k.

The main obstacle to proving this theorem is that B0 need not be reduced.

Example A.2 (Karl Schwede). Let B → A2 be the log blowup at the monoidal ideal

I = (x2, y) · (x, y) · (x, y2) ⊆ N2.

The fiber over ~0 ∈ A2 has three components, and the middle one is nonreduced.

If we replace B0 by its reduced subscheme B0,red, a similar vanishing

H∗(B0,red,OB0,red
) = C

was shown in [MS23, Lemma 2.5]. The proof refers to special cases in [DB81, Proposition 3.1],

[Ste83, Proposition 3.7 and §3.6], [Ish14, Proposition 8.1.11.(ii) and 8.1.12], [Nam00, Lemma 1.2].

Theorem A.1 also generalizes a result of Molcho–Wise [MW23, Corollary 6.4].

Lemma A.3. Let π : X → Y be a birational, perfect morphism such that Rπ∗OX = OY . Let E ⊆ Y

be an effective Cartier divisor and D ⊆ X its pullback. Then the structure sheaf of the divisor D

pushes forward to that of E

Rπ∗OD = OE.
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Proof. By the projection formula [Sta18, 0B54] and our hypothesis, any line bundle L on Y satisfies

Rπ∗π
∗L = L. (16)

We claim the ideal sheaves pull back π∗
OY (−E) = OX(−D). This is a local question, so assume

Y = Spec B and E = V (f). Then OY (−E) → OY is multiplication f : B → B by the nonzerodivisor

f . The ideal sheaf OX(−D) is the image of the pullback π∗
OY (−E) → π∗

OY = OX , which we need

to show is injective. Localize in X to assume X = Spec A. Then multiplication f : A → A is

also injective, otherwise X has an embedded component over Y . But the map π is assumed to be

birational.

Consider the exact sequence

0 → OX(−D) → OX → OD → 0

on X. Apply Rπ∗ to get an exact triangle Rπ∗OX(−D) → Rπ∗OX → Rπ∗OD
+1
→. By taking

L = OY (E),OY in (16), the triangle becomes

OX(−E) → OX → Rπ∗OD
+1
→

and we can see Rπ∗OD = OE . �

Proof of Theorem A.1. Write π : B′ := Bl~0A
n → An for the log blowup at the ideal (x1, · · · , xn).

By assumption on B, it factors through this blowup ρ : B → B′. Write B0, B
′
0 for the fiber over the

origin ~0 ∈ An. Apply Lemma A.3 to ρ with D = B0, E = B′
0. Then Rρ′∗OB′′

0
= OB′

0
. But B′

0 = Pn−1,

so Rπ′
∗OB′

0
= O~0. Composing these derived functors, we get R(π′ ◦ ρ′)∗OB′′

0
= O~0. Taking global

sections gives the result. �
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