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THE LOG GROTHENDIECK RING OF VARIETIES

ANDREAS GROSS, LEO HERR, DAVID HOLMES, PIM SPELIER, AND JESSE VOGEL

ABSTRACT. We define a Grothendieck ring of varieties for log schemes. It is generated by one
additional class “P” over the usual Grothendieck ring.

We show the naive definition of log Hodge numbers does not make sense for all log schemes. We
offer an alternative that does.

1. INTRODUCTION

This article

e Defines a Grothendieck group of varieties Ky(LogSch;,) for log schemes over a base field k.

e Provides a presentation of Ky(LogSch;,) in terms of the usual Grothendieck group of varieties
with one generator P and one relation.

e Deduces consequences for log Hodge numbers.

Overview. The mixed Hodge structure MHS(X) of a scheme X over C is an invariant that gener-
alises many classical invariants such as Euler characteristics, Betti numbers, and Hodge numbers.
This is a motivic invariant, meaning that a nice closed embedding Z — X gives rise to an exact
triangle

MHS(Z) — MHS(X) — MHS(X \ 2) 5
in the derived category of mixed Hodge structures. On the level of classical invariants such as the
Euler characteristic, this simply means x(X) = x(Z) + x(X \ Z).

When working with a family of schemes X — S, one obtains a family of mixed Hodge structures
MHS(X/S) (also called a variation) over S [Gri68]. The moduli space of all (polarised) Hodge
structures was first constructed by Griffiths, and forms an analytic, highly non-compact space. In
[Gri70] he presented the dream of (partially) compactifying this period domain. The answer was
given by [KUO08], where a full compactification is constructed using logarithmic Hodge structures.

Unfortunately, the question of how to obtain families of logarithmic Hodge structures from families
of schemes is still open even in simple situations [FN20, Remark 2.6.1] such as non-compact varieties.

As a precursor to a future logarithmic mixed Hodge theory, we study logarithmic Hodge numbers
dimc H q(/\le)?g), where Ql)?g is the sheaf of log differentials [Ogul8, IV.1]. Classically, the Hodge
numbers of a smooth projective variety X are defined by h??(X) := dimc H?(APQx). These are
invariants of the Hodge structure of X. As the Hodge structure is a motivic invariant of X, the
Hodge numbers only depend on the class [X] in the Grothendieck ring Ko(Varc), the free abelian
group on varieties modulo the scissors relations [X] = [Z]+ [X \ Z] for a closed embedding Z — X.
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2 THE LOG GROTHENDIECK RING OF VARIETIES

This in particular helps compute Hodge numbers h??(Y") for non-projective or singular varieties Y.

This paper defines the logarithmic Grothendieck ring Ko(LogSche). In Section 2 we compute a
presentation for this ring in terms of the classical ring Ky(Varc). This allows the computation of
logarithmic motivic invariants as in the classical case.

In Section 3 we show that the logarithmic Hodge numbers do not give motivic invariants. We prove
that the Euler characteristics X(/\le)(gg) are in fact motivic invariants.

1.1. The log Grothendieck ring. Write Var; for the category of finite type, separated k-schemes
and LogSch,, for the category of fine and saturated (f.s.) k-log schemes with underlying scheme in
Vary,.

Definition 1.1. The log Grothendieck ring
Ko (LogSchy,)

is the free abelian group generated by isomorphism classes [X] for X € LogSch;, modulo the strict
scissor relations

[(X]=[Z] +[X\ Z] (1)
for all strict closed immersions Z — X, and the log blowup relations
[X] = [x] (2)

for all log blowups X — X. The ring structure is induced by the product on LogSch,.

Take k = C. We want to define and compute log Hodge numbers using K(LogSchg).
If X is a smooth, projective variety, its Hodge numbers h?'9(X) are
hP4(X) := dimc HY(APQx) eN.
The e-polynomial of X is the generating function®
e(X) = th’q(X)upvq € Zlu,v.
Both factor through the Grothendieck ring
P4 Ko(Varc) — N, e: Ko(Varc) — Z[u,v], (3)

and e is even a ring homomorphism. For schemes X which are not projective or smooth, Hodge
numbers may be defined by the maps (3) or using mixed Hodge structures.

For a log smooth, projective X over C, define its log Hodge numbers

hpd(X) = dime HI(APQYE) €N

and log e-polynomial
EY8(X) = Z o (X )uP? € Zlu,v].

We want to define these log Hodge numbers and e-polynomials, in a motivic way, for log schemes
which are not projective or log smooth. This is impossible.

Proposition 1.2 (Proposition 3.4). There is no map

¢ : LogSche — Zu, v]

*Warning: there are two common sign conventions found in literature, namely e(u,v) and e(—u, —v).
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that satisfies the strict scissor equation ¢(X) = ¢(Z) + ¢(X \ Z) and that agrees with E'°% on
smooth, log smooth, projective log schemes.

Example 3.3 is an explicit counterexample.

How can we fix this problem? Write
E*(X) = B5(X)(u,~1)
for the image of E'°%(X) in the polynomial ring
Zu, v/ (v + 1) = Zu).
This is the generating function of the Euler characteristics of the wedge powers /\*”’Ql)‘;g
EY5(X) = x(APQE)ur.
Theorem 1.3 (Theorems 3.13, 3.14). There exists a ring homomorphism t; : Ko(LogSch¢) — Z[u]

that satisfies t1([X]) = Fllog(X ) for all X with smooth, projective underlying scheme that are either

(1) log smooth log scheme, or
(2) constant free log schemes (see Definition 2.3).

In particular, the polynomial Ellog 18 1nwariant under sufficiently fine log modifications X 5 X
where X belongs to (1) or (2) and X, X have smooth, projective underlying scheme:

BY*(X) = BY*(X).
The log Hodge numbers h‘ﬁ)’g are not well-defined for log schemes which are not log smooth or
projective, but their alternating sums » (—1)¢ hf O’g, which should be thought of as the holomorphic
Euler characteristics X(/\pQggg), are.
We construct 1 using a presentation of K(LogSchc) as a Ky(Varc)-algebra. Write P := (Spec C, C*®

N) for the standard log point with rank-one log structure, and also P := [P] € Ky(LogSch) for its
class.

Theorem 1.4 (Theorem 2.1). The Grothendieck ring of log varieties is generated over the ordinary
Grothendick ring by P, subject to a single relation
N Ky(Varg)[P]

Ko(LogSchg) ~ PLEPG (4)

The relation P2 + P[G,,] = 0 is derived in Example 2.2. Define two Ko(Varc)-algebra homomor-
phisms
7, p : Ko(LogSche) — Ko(Varc)
by
T(P)=0,  p(P)=—[Gn].

Then the map #; from Theorem 3.13 is precisely the composite
Ko(LogSche) —2 Ko(Vare) —= Z[u, v] =" Z[u).

We construct another invariant of log schemes using the presentation (4). Write x. for the (com-
pactly supported) Euler characteristic

Xe(X) =Y (~1)?dimg H{(X, Q)
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and for its extension x. : Ko(Varc) — Z to the Grothendieck group.
Proposition 1.5 (Proposition 2.17). The composite

X8 : Ko(LogSche) — Ko(Varg) = 7Z

is the unique extension of the ring homomorphism x. to Ko(LogSche).

We compute the class [X]| € Ky(LogSch;,) of any toric variety X, which gives all the above invariants.

Proposition 1.6 (Proposition 2.11). Let ¥ C R™ be a fan and X the associated n-dimensional
toric variety. Its class in Ko(LogSchy,) is

[X] = [Gm]" + (1 = xe(2)) - P[Gm]n_la
where X.(+) is the Euler characteristic with compact support.

log

The Ellog—polynomial and log Euler characteristic x'°® of such a toric variety X are then

EYE(X) = Xel(E) - e(Gn)" = Xe(E) - (—u — 1)"
Xlog(X) = Xc(Gm) = 0.

Acknowledgments. We are grateful to Yagna Dutta, Tommaso de Fernex, Marton Hablicsek, Karl
Schwede, Y.P. Lee, and Alexander Zotine for conversations on the present paper. Appendix A is
due to Mike Roth, who generously allowed the authors to include his arguments.

During the writing of this article, the NSF RTG grant #1840190 supported L.H., the NWO
grant VI.Vidi.193.006 supported L.H., D.H., and P.S., and the ERC Consolidator Grant FourSurf
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tures, project number 444845124, and from the Marie-Sklodowska-Curie-Stipendium Hessen (as
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1.2. Conventions. All our log schemes and log algebraic stacks are f.s. (fine and saturated, [Ogul8,
Chapter 2.1]).

We work over a field k of any characteristic, not necessarily algebraically closed, except for Section
3 where we take k = C.

We write LogSch,, for the category of finite type, separated log schemes over Spec k, where Spec k
has the trivial log structure. All fiber squares in this paper are both log fiber squares and scheme-
theoretic fiber squares.

An s.n.c. pair is a pair (X, D) of a smooth scheme X and a strict normal crossings divisor D, with
its natural divisorial log structure. We endow a toric variety T like A", P" with its natural toric log
structure by default, which comes from the toric divisors.

A log blowup X > X of a log scheme X in a log ideal I C Mx is the universal log scheme over
X such that the pullback of I is invertible, see [Ogul8, Section I11.2.6]. For an s.n.c. pair (X, D),
this is an iterated blowup X = X in boundary strata. For a toric variety, this is a toric blowup,
which can be described by subdivision of the fan. Log blowups are always proper, log étale log
monomorphisms.

A log modzﬁcatzon X >3 Xisa map such that there is some log blowup X — X such that the
composite X 5 X - Xisalsoa log blowup.
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BlzA? \ N A ] n n

FIGURE 1. Decompose the plane A? and its blowup Bl6A2 at the origin into locally
closed strata on which the log structure is constant. Obtain [A%] = [G,)? + 2[G,,] -
P+ P? and [BI5A?] = [Gy,)% + 3[Gy) - P + 2P

2. THE LOG GROTHENDIECK RING AND ITS PRESENTATION

In this section we will prove the following simple presentation of the log Grothendieck ring.

Theorem 2.1. The log Grothendieck ring is generated by P with one relation:

Ky(LogSchy,) = %. (5)

We first show the relation P? + P[G,,] holds.

]?)vxample 2.2. We take X to be A? with its toric log structure given by the toric boundary, and
X — X the blowup in (0,0). If we write P for the class in Ky(LogSchy,) of the origin with point,
then we find [X] = [G,,])? + 2[Gp] - P+ P? and [X] = [G,,)% + 3[G,,] - P + 2P?, as illustrated in
Figure 1. The equality [X]| = [X] then gives rise to the relation

P([Gp) +P) =0 (6)
in Ko(LogSchy,).

Next we will prove Ky(LogSch;) is generated by log schemes with constant free log structure.

Definition 2.3. A log scheme X is constant if its log structure decomposes as a direct sum
Mx =0x®Q

for a sharp f.s. monoid Q. Write (X, @) for the resulting constant log scheme.

A log scheme X is constant free if it is constant X = (X, Q) and Q ~ N" is free. Say X is locally
constant free if it admits a locally closed stratification X = | | X, with X, constant free.

We write LogSch$, LogSchS and LogSch!s® for the full subcategories of LogSch,, consisting of con-
stant, constant free, and locally constant free log schemes.

Constant log schemes are exactly the log schemes that admit strict maps to constant points (pt, Q).
To prove that the log Grothendieck ring is generated by P over K(Vary), we first need the following
lemma.
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Lemma 2.4. Let (L;) be a finite set of line bundles on a noetherian scheme X. There is a locally
closed stratification X = | | X; on which all the L;’s are trivial.

Corollary 2.5. If X is a locally constant log scheme with stalks M xz ~ N, write X' = (X, N) for
the same scheme with constant log structure. Then X admits a locally closed stratification X = | | X;
with X; 2 (X;,N), and we have an equality of classes [X]| = [X'] in Ky(LogSchy,).

This says [X] only depends on X° and the sheaf M y.

Proposition 2.6. A log scheme X € LogSch; admits a locally constant free log blowup X €
LogSchl¢f.

Proof. Take a log blowup of X that admits charts Zariski locally [Niz06, Theorem 5.4]. Refine this
log blowup by a log blowup X on which the cones are free as in the proof of [KKMSDO06, Theorem
11], so the stalks H}?,x ~ N" are free monoids. There is a locally closed stratification on which its
characteristic monoid is constant. We are done by Corollary 2.5.

O
Corollary 2.7. The map
U : Ko(Vary)[P] — Ko(LogSchy,) (7)
sending [X]P* to the constant log scheme (X,NF) = X x P* is surjective.

It remains to show that ker W is generated by P(P+[G,,]). For this, we need two final propositions.

Definition 2.8. Let X be a locally constant free log scheme. Take the locally closed stratification
X = |_|Z-20 X; where X; is the locus where the rank of M x is i. We define

[X]ier = Y _[Xi] - P' € Ko(Vary)[P].
Proposition 2.9. Let I C Ky(Varg)[P] be the ideal generated by elements
[X]ief — [X]icr

fgr every log blowup XX of a constant free log scheme X by a locally constant free log scheme
X. Then I is precisely the kernel of (7).

Furthermore, I is also generated by relations [T]jcf — [fhcf for a smooth toric blowup T—T of a
smooth toric variety.

Proof. By Proposition 2.6, for the first part it suffices to show that for all triples of log modifications
Y - X,X - X,Y =Y with X,Y € LogSch, X,Y € LogSchf’ we have [Y]is — [X]ies € I.

By refining 17, we can reduce to the case that there is a log blowup Y — X. Now, stratify X = L, X,
into constant free log schemes, which induces by pullback a stratification Y = | |, ¥;. By definition

of I, we have [i;i]k;f — [Xilief € I, and hence [Y]ier — [X]ier € 1.

Now let X — X be a log blowup of a constant free log scheme X by a locally constant free log
scheme X. There is a further log blowup X’ — X fitting into a pullback diagram

X/
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where T' — A" is a smooth toric blowup. The ideal I is then generated by relations of the form
[Tolief = PT. This relation is itself the difference of the log blowup relation [Ticf — [T]f for T = A"
and T'= A"\ 0. O
Now it remains to compute classes of smooth toric varieties, as per the following proposition.
Proposition 2.10. Let X be a smooth toric variety of dimension n, with fan X. Then

[Xlier = [Gulies + (1 = xe(E)P[Criliy " (mod P(P +[Gy))),
where x. is the compactly supported Fuler characteristic.
Proof. Recall that the cones of ¥ correspond exactly to the toric strata of X. Here the cone 0

corresponds to the torus G}, and a cone o of dimension r = r(o) corresponds to a stratum X,
isomorphic to GJ." with log structure constant of rank r. All in all we find

[Xier = [Gonlfes + D [Xolier

o#0
= (Galiy + S [Cl O P
o#0
mliee + > (-1 e (mod P(P + [Gn]))
o#0
= [Gmlies + [Gm]"™ 1PZ 1yrte)=

o#0
= [Gmligs + Xxc(E\ O)P[Gm]n_l

as required. 0

Proof of Theorem 2.1. By Corollary 2.7, we have a surjective map
U : Ko(Varg)[P] — Ko(LogSchy,).

By Proposition 2.9 the kernel I of ¥ is generated by [X ]|Cf — [X]ief for toric blowup X — X of
smooth toric varieties. The fans of X and X have the same underlying topological space and hence
the same Euler characteristic. By Proposition 2.10, we find I C (P(P + [Gy,))).

We have P(P + [G,,]) € I by Example 2.2, and we conclude
Ko(LogSchy,) = Ko(Varg)[P]/(P(P + [Gn])). O

As a main example, we can compute the class of any toric variety.

Proposition 2.11. Let X be a toric variety of dimension n, with fan . Then

[X] = [Gul" + (1 = Xe(2)P[Gm]" ™

Proof. The smooth case is Proposition 2.10. The general case follows as both sides are invariant
under log blowups. O

Example 2.12. Let X be a proper toric variety of dimension n. Then the fan ¥ is a complete
subdivision of R™. The Euler characteristic x. is multiplicative and x.(R) = —1, x.(2) = (-=1)™.

So
[X] = [Gm]" + (1 = (=1)") P[Gyn]" 1.
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For another way to compute the same formula, note that X and P™ have a common log blowup

and hence the same class in Ky(LogSch;,). The space P™ has (Zill

the relation P(P + [G,,]) = 0 and the binomial expansion of (1 — 1)"*! one arrives at the same

) strata of dimension r, and using

formula.

Example 2.13. Let X be a toric variety of dimension n whose fan ¥ C R" is obtained by taking
the fan over a polyhedral complex @ C R™ \ 0. Then we have

[X] = [Gm]n + XC(Q)P[Gm]n_l'
If X is an affine toric variety of dimension n. Then X is a single cone of dimension d < n. Choose

a sharp map from f : ¥ — N using using [Ogul8, Proposition 1.2.2.1]. Then ¥ is the fan over a
polyhedral complex f~!(1) that is contractible if d > 0 and is empty otherwise. If d > 0, then

[X] = [Gol" + PGo]" .

The presentation from Theorem 2.1 leads to two natural maps Ko(LogSch;) — Ko(Vary).

Definition 2.14. Define two morphisms 7, p : Ky(LogSch;,) — Ky(Vary) of Ky(Varg)-algebras by

T(P)=0
and
p(P) = =Gy,
respectively. They are the log Betti map 7 and the log Hodge map p.

Example 2.15. For a toric variety X of dimension n we find 7([X]) = [G],] and p([X])) =
Xe(B)[GR]-

Remark 2.16. The function sending X to its underlying scheme X° does not induce a morphism
Ko(LogSchy,) --» Ko(Vary)
because it does not satisfy the log blowup relations.

A natural consequence of the presentation in Theorem 2.1 is that ring morphisms f : Ky(LogSch;) —
R are uniquely determined by f|x,(var,) and f(P).

Proposition 2.17. There is a unique ring homomorphism
X' : Ko(LogSche) — Z
extending the classical Euler characteristic
X : Ko(Varc) — Z.

We have x'°¢ = x o7, i.e. X'°8(X) = x(Xo), with Xo the locus where the log structure is trivial.

Proof. By the presentation given in Theorem 2.1, an extension f of y is determined by f(P) and
must satisfy f(P)(f(P)+ x(G,,)) = 0. As x(G,,) =0, we find f(P) =0, and hence f = xyor. O

Remark 2.18. Take X € LogSch¢. Its log Betti cohomology is defined as the singular cohomology
with Q-coefficients
H* (X", Q)
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of the Kato-Nakayama space X X% a real blowup of X (written X 1og in the original paper [KN99)).

Taking compact support and the alternating sum gives an alternative construction of x!°% as

XE(X) = (—1)?dimg H(X*N, Q).

3. THE LOoG HODGE MAP

In this section, we work over Spec C. Let X be a log scheme over Spec C° with smooth, projective
underlying scheme X°.

Define

E%8(X) = Zdim HI(APQE )Py € Zlu,v].
If X = X° has trivial log structure, this coincides with the usual Hodge-Deligne e—polynomial
E"8(X) = e(X).

Example 3.1. Let X be P! with the toric log structure. Then Q{;g is the trivial line bundle over
X . Its cohomology vanishes, so we have E'%8(X) =1 + u.

Example 3.2. Let X = P be the standard log point. Then Ql)?g is again the trivial line bundle
over P and E'°%(P) =1+ u.

One would like to define E'°8 for non-projective varieties using E'°% on projective ones by checking
E'"0% satisfies the scissor relations. Unfortunately, it does not.

Example 3.3. We compactify G,, in two different ways, embedding it in P! with its toric log
structure and in (P')° with the trivial log structure.
Examples 3.1 and 3.2 show
E°8(PY) = E(P) = 1 4 w.
The E8-polynomials of their underlying schemes are the same as the usual e-polynomials:
E“5((P')°) =14uv,  E"“8(pt)=1.
Note the differences
E©8(Pl) — 2F"8(P) = -1 —u
E8((P1)°) — 2E"8(pt) = 1 +uv — 2 =uv — 1
do not coincide, and hence E'°8 does not respect the strict scissor relations. However, the differences
coincide after setting v = —1.
Proposition 3.4. There is no map
¢ : LogSche — Zu, v]
that satisfies ¢(X) = ¢(Z) + ¢(X \ Z) for strict closed subschemes Z C X and that agrees with
E'°8 on smooth log smooth projective schemes.
Proof. Note that P',P'° and pt are all smooth, log smooth and projective. As
E8(Pl) — E8(P'°) 4+ 28 (pt) = —2 + u — uw

is not divisible by 2, there is no possible value of ¢(P) € Z[u,v] such that E°8(P!) — 2¢(P)
E'°8(P1%) — 298 (pt).

O
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The E'8-polynomial does not induce a function
Ko (LogSch¢) — Zu, v].

Nevertheless, it sometimes satisfies invariance under log modifications.

Lemma 3.5. Let w : X — Y be a morphism of log schemes with smooth, projective underlying
schemes. If 7 is log étale and Rm,Ox ~ Oy, the E'°8-polynomials agree

EY5(X) = E5(Y).

Proof. Because X — Y is log étale, pullback equates the log Kahler differentials
TP ~ QI8
The same goes for their exterior powers. Coherent sheaves such as Ql)?g, Ql)(,’g are perfect, as X,Y
have smooth underlying schemes. Then we can apply the projection formula [Stal8, 0B54]:
R, AP QY8 = R AP Q18 = APQYE @ ROy 22 APOYE,
The (cohomology of) wedge products of Ql)(;g and Q%?g agree, so the E°% polynomials of X and Y
agree.

O

Corollary 3.6. Let 7 : X = X bea log modification with X,)A(: smooth, log smooth, projective.

Then the E'°&-polynomials agree
E%8(X) = E'8(X).

Proof. Tt suffices to show Rm.Og ~ Ox. This strict-étale local in X. After passing to a strict-étale
neighborhood, one can find a pullback square

with X — % strict and %8 — % a representable, proper morphism of Artin fans.

The structure sheaf pushes forward along 7
R *@% ~ @(5

as in [CHL20, Lemma 2.1]. The map X — % is smooth, as it is log smooth and strict. Cohomology
and base change then ensures R, © T = Ox. O

Proposition 3.7. Let X = (X,NF) be a free constant log scheme over Spec C° and X—>Xa log
blowup factoring through the blowup at (e1,e2,--- ,er) C Nk, If XO,)Z'O are smooth and projective,
their E'°%-polynomials coincide:

E8(X) = E8(X).

Proof of Proposition 3.7. We show R, Q'% z Qggg. We can assume X is connected and thus atomic.
Let @ be a log point with underlying scheme Spec C and a strict map X — . The log blowup 7
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is pulled back from a log blowup 7 of the log point

>

3
%
-

Q
lf
Q.

The pullback X is the product of X and @ All the maps in the square are flat.

S

If we show Rm.Og = Ox, we can apply Lemma 3.5. Theorem A.1 in the appendix asserts
Rr.0g = Oq. (8)
By cohomology and base change, we are done.

0

Definition 3.8. Write Flog(X ) for the image of the polynomial E'°¢(X) under the ring homomor-
phism
Zu,v] = Zlu| X Z[v]
— (—1,v)
— (u,0)

Define

E5(X) = EY8(X)(u, —1)

Ey5(X) = E'8(X)(0,0),

or equivalently

B0 = (B0, BA(0) = (S ne0lsens, 3 dmB0(xr) € 2] < 2

as the generating functions of the Euler characteristics of the wedges /\”ngg and the Betti numbers.

We construct maps out of Ko(LogSch,,) which restrict to Ellog, Elzog on nice log schemes with smooth,
projective underlying scheme.

3.1. The cohomology of the structure sheaf. For a log scheme X with smooth, projective
underlying scheme, the polynomial Elzog(X ) coincides with the substitution u = 0 of the usual
e—polynomial

Ey®(X) = ¢(X°)(0,v).
Write b for the composite

P—Spec C
—

b Ko(Varg)[P] Ko(Vare) 2= 7[u).

Proposition 3.9. The map b factors through the quotient Ko(Varc)[P] — Ko(LogSche).

Proof. We need only check P(P + [G,,]) maps to zero. In fact, b sends P + [G;,] to zero, as
elu=0(Spec C) =1 and e|,=¢(Gy,) = (wv — 1)|y=0 = —1. O
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This defines a log motivic invariant which restricts to Ezog on log schemes with smooth, projective
underlying scheme.

3.2. The log xy,-genus. The alternating sum of the Euler characteristics of the usual Kahler
differentials is called the y,-genus

Xy(X) =Y (= 1PX(APQx)yP.

The Ellog—polynomial defined here is a “log x_,-genus,” where we replace y by —y.

If X = (X, D) is an s.n.c. pair of dimension dim X = n with X proper, [Grol7, Proposition 3.1]

relates our Ellog-polynomial to the x,-genus of X \ D, after a change of coordinates:

Xy(X\ D) =D (=1)" " X(A"TQRE)Y (9)
(—u)" x_1 (X \ D) = By*(X) = > x(APQRE)uP. (10)

Remark 3.10. This equality shows Ellog(X ) only depends on the interior X \ D where the log struc-
ture is trivial for s.n.c. pairs. In particular, this implies invariance under log blowups of s.n.c. pairs.
It does not imply Fllog(P) = 0, as we still have Fllog(P) =1+u.

We will now build a ring homomorphism out of the log Grothendieck ring and show it agrees with
Fllog for a large collection of log schemes.

Definition 3.11. Let ¢ be the composite
Ko(LogSche) - Ko(Varc) - Z[u, ]

of the log Hodge map p (Theorem 2.1) with the usual e-polynomial. Write ¢ for the composite of ¢
with the map
Zu,v]

Zu,v] —
uv +u

— Z[u] x Z[v]
and Z = (Zl,fg).
Example 3.12. If (X, D) is an s.n.c. divisor with components D; C D, let D, be the union of the
closed strata (; D; with #I = r. For example,
Dy=X, Di=D, Dy=|J(DinDy),---.
i#]
The log Hodge map sends the divisorial log structure X = (X, D) to the alternating sum

p(X) = (~[Cu])" DR\ DY ] = [X°\ D°] = [Gp] - [D°\ D] +--- .
reN

The map ¢ sends P to the e-polynomial of —[G,,]
t(P)=1—uv.

So t is computed by

t(X) =) (1 —uv)"e(DY\ D).
k

. .~ —=lo - . .
We can now identify E *® and 7 in two nice cases.
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Theorem 3.13. The two maps Elog,t agree on constant, free log schemes (X,N") with smooth,

projective underlying scheme X.

Proof. There is a pullback square
X —— P

N w
X° —— pt,

where P, is the point with rank-r log structure. The resulting equality of classes [X] = [X°]P"
identifies the t-polynomial

HX) =U([X°DUP)".
The t-polynomial of P is defined as
t(P) =e(—[Gp]) =1—uv mod u+ uv
and hence is equal to Flog(P) =1+4+u mod u + uv.
By [Ogul8, Proposition IV.1.2.15], the pullback square (11) decomposes the log Kéhler differentials
of X as
O = QP%|x @ Qxe.
The log Kahler differentials of the point P, are the trivial bundle Qlﬁf = @;‘3: of rank 7.
The exterior algebra is then
* 10; * O *
N QE = N"O% @ A" Qxo.
We have /\i@;( = @gg) for 0 <14 < r, and hence
lo i a7
/\pQXg _ @ (/\]QXO) () ]
i+j=p
The log Hodge numbers are
r
i

dim HI(APQE) = > (

i+j=p

!

where h?? are the usual Hodge numbers of the underlying scheme X°. The generating function
E'°8 for the log Hodge numbers then equals

r .
Elog — 7,9 o Dod o T
(X) Z Z <z>h (X°) | uPv? = e(X°)(1 + u)
p.a \i+j=p
We obtain
E(X) = e(X°)(1 +u)" mod u+uw

O

Theorem 3.14. The equality Flog(X) = t(X) holds when X is log smooth and has smooth, pro-
jective underlying scheme.
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Proof. 1If X > Xisa log modification and both X , X have smooth, projective underlying scheme,
Corollary 3.6 equates their E'°8-polynomials. The t-polynomials are similarly unchanged. Section
§3.1 shows Flzog(X) = t2(X).

To show that Ellog(X ) = t1(X), we may, after applying a suitable log blowup, assume that X =
(X, D) is an s.n.c. pair. We will now prove the assertion with induction first on the dimension of
X and then on the number of irreducible components of the divisor D. For the base cases we note
that case dim X = 0 is clear and that if D = &, both Ellog(X ) and #1(X) are immediately equal to
the classical e-polynomial of X = X°, evaluated at v = —1.

Now assume D # @, let F be a component of D, and let D’ = D —F. Then F meets D’ transversely
and D' U F = D. Moreover, let X’ be the scheme X° endowed with the divisorial log structure
defined by D’ and denote by F the scheme F endowed with the divisorial log structure defined by
the s.n.c. divisor D'|p. By [EV92, Property 2.3 b)] we have, for every p € Z, a short exact sequence

pOylog polog p—1log
0= APQ7 — APQ° — A Qﬁ —0.

By the additivity of the holomorphic Euler characteristic it follows that

~

EY*(X) = E*(X') + uBy*(F),

which, by induction hypothesis, equals
#1(X") + ut1 (F)
It remains to show that f;(X’) + ufy(F) is equal to 71(X). We first prove that [F] = [F] - P in
Ko(LogSche).
The class [F] is the sum [F'\ D'] 4+ [D']. The log scheme [F'\ D’'] has locally constant, rank-one log
structure. It’s equivalent to the constant rank-one log structure by Corollary 2.5
[F\ D)= [F\D]-P.

Apply the same argument to the strata of the intersections of D’.

A~ _ ~ ~ ~

We can conclude that t1(F) = t1(F)t1(P) = t1(F)(1 4+ w), so ut1(F) = t1(F) — t1(F). But the
classes R

[X'] = [F] = [X] = [F]
are equal. So their t-polynomials agree and we obtain

(X)) =0(X)+ 1 (F) —0(F) =14(X") +u -1, (F)

and we are done. O

3.3. Duality. Write L := [(A!)°] for the Lefschetz motive, the class of the affine line with trivial
log structure.

After inverting L, the usual Grothendieck ring of varieties Ky(Varc) admits a ring involution
(—)Y: Ko(Varg)[L™!] — Ko(Varg)[L™']
determined by [X] + [X]Y = [X]/LY™X for all smooth projective complex varieties X [Bit04].

Example 3.15. The dual of [P!] is
PV = [P)/L=(L+1)/L=1+L""



THE LOG GROTHENDIECK RING OF VARIETIES 15

As (—)V is a ring homomorphism,
(G

LY=L"1 Gl =L1—-1=-"2
) [ ] IL

We show duality (—)V extends in two ways to the log Grothendieck ring of varieties
i1, 49 : Ko(LogSche)[L™!] — Ko(LogSche)[L™1.

Define

i(P)=—-P-L7",  iy(P):=(P+[Gyp)) - L" (12)
and let i1 ([X°]) = i2([X°]) = [X°]Y extend the usual duality on schemes X° with trivial log
structure.

Lemma 3.16. The assignments from (12) yield well-defined ring homomorphisms which are invo-
lutions z% = z% =1id. They satisfy

() or=roi, (-)Vop=poi (13)
(=) or=pois, (=)' op=Toi (14)
with the log Betti and log Hodge maps T, p.

Proof. To check i1,iy are well-defined, we need to show they kill P(P + [G,,]):

(P (P+[C) = T (%P - V%ﬂ)
=P (P+[Gy]) L7 =0.

_ P+ [Gu] (P + [Go] [Gm]>

i2(P - (P + [Gm])) T I
= (P+[Gn])-P-L7>=0.

They are involutions as we have i2(P) = i3(P) = P. O

The ring involutions 41,5 are determined by duality (—)V on schemes with trivial log structure and
(13), (14), up to a small discrepancy.

Lemma 3.17. Let F : Ko(LogSch¢)[L™Y — Ko(LogSche)[L™1] be a ring endomorphism extending
(—)Y. If F satisfies (13), the difference F — iy is annihilated by [G,,]

G - (F —i1) = 0.
The same goes for (14) and is.
Proof. Let F : Ko(LogSche)[L™!] — Ko(LogSchg)[L™!] be a ring endomorphism extending (—)V
and write F'(P) = a + 3P for some «, 8 € Ko(Varc)[L™1].
If F satisfies (13), check a = 0 and
(Gl - (B+L7") =0.
. G,
If F satisfies (14), a = T and
(G- (B-L71) =0.
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If we invert [G,,] by tensoring with Ko(Varc)[[G,,] ], then i1, ig are the unique ring endomorphisms

extending (—)".

Example 3.18. Let X be a proper toric variety of dimension n. Then using Proposition 2.11 we
can compute

ij(X) = (=1)"UFIL" - [X].

Remark 3.19 (Duality). For a smooth, projective scheme X, Serre duality equates the Hodge
numbers hP4 = h"~P"~4 The e-polynomial of the dual X" is then

e(X") = e(X) /(L) = e(X)/(uv) "™ X = e(X) (w07

and the square
Ko(Varc)[L7Y —5— Z[u*t, vT]

! s
Ko(Varg)[L7Y) —— Z[u*, vF]
commutes, where I(p) := p(u~—!,v71).
The equality po iy = (—)" o p gives
T (X)) =1(X) (™). (15)
Endow a smooth, projective scheme X° of dimension n with constant free rank-k log structure X.

Then i1(X) = (~1)*L=*P*X°V = (—=1)*L=(+7) X and Theorem 3.13 rewrites (15) as
< —lo
(D) COTEX) s

ty (Lk+n) ukt+n 1

Whence X(/\’“*"_iﬁgzg) = (—1)kx(AiQ§g), a limited “log Serre duality.”

(X) (™).

Example 3.20. Let X = (P!,N) be the projective line with constant rank-one log structure. Its
log Kéhler differentials are
Q% —0(-2) @0,

with wedges

© p=20
O(-2)® O p=1
1
APQE =
O(-2) p=2
0 otherwise.

Its log Hodge “diamond” is then the rectangle
pr |0 1 2
gq=0(1 1 0,
g=1|0 1 1

and
XO©) =1, x(Q¥) =0,  x(r20Q¥) =-1.

Remark 3.21. We sketch a “Bittner presentation” [Bit04] for the log Grothendieck ring, which
doesn’t seem to work as well as for the ordinary Grothendieck ring.
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Consider the free group generated by isomorphism classes of C-log schemes X with smooth, pro-
jective underlying scheme. Let Bitt be the quotient of this free group by three relations:

e [2] ~0, N

o If X — X is a log blowup, then [X] ~ [X],

o If 7 C X is a strict closed subscheme and B — X its blowup, write £ C B for the

exceptional divisor. Endow Z, B, E with log structure pulled back from X. Then
[B] - [E] ~ [X] = [Z].

Let Bitt’ C Bitt be the subgroup generated by constant log schemes with smooth, projective
underlying scheme. The arguments of [Bit04] identify Bitt’ ~ Ky(LogSchg). It is not clear to us if
this is the whole group Bitt’ L Bitt.

Given a finite type, separated variety V with log structure and a compactification V' C V, it’s
unclear how to extend the log structure to V. Moreover, general log schemes X do not admit a
“resolution” X — X by log smooth schemes in the usual sense, even over C. For the standard log
point P, there is no map X --» P from a nonempty log flat log scheme X. See [Hao20] for the case
where X is generically log smooth and nice.

APPENDIX A. COHOMOLOGY OF FIBERS OF TORIC BLOWUPS

We work over a field k. Let B — A™ a subdivision. Write 0 € A™ for the origin and By C B for the
fiber over 0. Suppose B — A" factors through the log blowup BlgA™ at the ideal (z1,---,z,) C
k[l’l, e 7‘7:n]'

The goal of this appendix is to compute the cohomology of By. The proof is due to Mike Roth,
who graciously encouraged the authors to write up his arguments.

Theorem A.1. The cohomology of By is k:
RI'(By, Op,) = k.
In other words, H%(By,Op,) =0 for ¢ # 0 and H°(By, Op,) = k.

The main obstacle to proving this theorem is that By need not be reduced.
Example A.2 (Karl Schwede). Let B — A? be the log blowup at the monoidal ideal
I:($2,y)‘(3§‘,y)‘($,y2) gNz

The fiber over 0 € A? has three components, and the middle one is nonreduced.

If we replace By by its reduced subscheme By ¢4, & similar vanishing
H*(B07T6d7 @Bo,red) =C

was shown in [MS23, Lemma 2.5]. The proof refers to special cases in [DB81, Proposition 3.1],
[Ste83, Proposition 3.7 and §3.6], [Ish14, Proposition 8.1.11.(ii) and 8.1.12], [Nam00, Lemma 1.2].
Theorem A.1 also generalizes a result of Molcho-Wise [MW23, Corollary 6.4].

Lemma A.3. Let m: X — Y be a birational, perfect morphism such that Rm,Ox = Oy . Let E CY
be an effective Cartier divisor and D C X its pullback. Then the structure sheaf of the divisor D
pushes forward to that of B

RTF*@D == @E'
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Proof. By the projection formula [Stal8, 0B54] and our hypothesis, any line bundle L on Y satisfies
Rmn.n*L = L. (16)

We claim the ideal sheaves pull back 7*Oy (—FE) = Ox(—D). This is a local question, so assume
Y = Spec Band E = V(f). Then Oy (—FE) — Oy is multiplication f : B — B by the nonzerodivisor
f. The ideal sheaf Ox(—D) is the image of the pullback 7*Oy (—E) — 7*Oy = Oy, which we need
to show is injective. Localize in X to assume X = Spec A. Then multiplication f : A — A is
also injective, otherwise X has an embedded component over Y. But the map 7 is assumed to be
birational.

Consider the exact sequence
0— Ox(—D) = Ox - Op =0

on X. Apply Rm, to get an exact triangle Rm,Ox(—D) — Rm,Ox — Rm,Op H, By taking
L = Oy (F),Oy in (16), the triangle becomes

Ox(—E) = Ox — Rm,0p 1

and we can see Rm,Op = Og. O

Proof of Theorem A.1. Write 7 : B’ := BlzA™ — A" for the log blowup at the ideal (21,--- ,zy).
By assumption on B, it factors through this blowup p : B — B’. Write By, B|, for the fiber over the
origin 0 € A™. Apply Lemma A.3 to p with D = By, E = B)). Then Rp;@B(/)/ = Op,. But By =Pt
SO RW;@B(/) = Op. Composing these derived functors, we get R(n’ o p/ )+Opy = Op. Taking global
sections gives the result. O
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