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This paper introduces heat semigroups of topological Markov chains and Cuntz-Krieger algebras by
means of spectral noncommutative geometry. Using recent advances on the logarithmic Dirichlet
Laplacian on Ahlfors regular metric-measure spaces, we construct spectral triples on Cuntz-Krieger
algebras from singular integral operators. These spectral triples exhaust odd K-homology and for Cuntz
algebras we can compute their heat operators explicitly as Riesz potential operators. We also describe
their isometry group in terms of the automorphism group of the underlying directed graph and prove
that the Voiculescu noncommutative topological entropy vanishes on isometries.

1 Introduction

The geometry and topology of manifolds can be encoded spectrally by means of suitable (pseudo)
differential operators, such as the Laplace, Hodge-de Rham, or Dirac operator. This functional analytic
approach leads to Connes’ paradigm of noncommutative geometry [4], which extends spectral geometry
to the realm of noncommutative C*-algebras. Here, the central notion is that of a spectral triple (A, H, D).
This consists of a pre-C*-algebra A, a Hilbert space H and a self-adjoint operator D with compact
resolvent satisfying some compatibility axioms. The prototypical commutative example is that of a
Dirac-type operator on a compact manifold. However, there are only few examples of large classes of
noncommutative spectral triples with non-trivial topological as well as spectral features.

The class of Cuntz—Krieger algebras [6], a family containing highly noncommutative C*-algebras
arising from topological Markov chains, is such a notable example. Early on, Cuntz-Krieger algebras
were shown to satisfy KK-duality [23], a topological feature that in the commutative setting is enjoyed
by finite complexes. The noncommutative geometry of Cuntz-Krieger algebras was explored thereafter
in [15-17] where the authors obtained spectral triples that exhaust odd K-homology. Building on this, a
study of the isometry group of Cuntz algebras was pursued in [5]. Moreover, related constructions have
been carried out in the commutative case of the underlying shift space [10, 22] with a focus on metric
properties and wavelet bases.

In this paper we revisit the noncommutative geometry of Cuntz—Krieger algebras in the spirit of
semiclassical methods and spectral geometry. The key tools come from the recent developments made
by the first and third listed author, in the harmonic analysis of Ahlfors regular metric-measure spaces
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[13], and ideas [17] put forward by the second and third listed author for Cuntz algebras. Notably, our
present more-geometric approach produces novel results already for the Cuntz algebras.

1.1 Background

The primordial idea of studying dynamical systems through the lens of operator algebras goes back
almost a century to von Neumann, with operator algebraic methods imbuing his proof of the ergodic
theorem. Nowadays, this line of thought is well-established throughout mathematics (3, 6, 14, 26,
37]. Noncommutative geometry extends this philosophy to a natural framework in which both rigid
topological and fine analytic properties of dynamical systems can be studied on equal footing.

The past decade has seen substantial progress regarding the noncommutative topology of non-
isometric dynamical systems, most notably the hyperbolic dynamical systems encoded by the Ruelle
algebras [34]. These are C*-algebras satisfying KK-duality [12, 24]. The Cuntz—Krieger algebras [6] arise
as the zero-dimensional case in the class of Ruelle algebras.

More precisely, the Cuntz—Krieger algebra O, associated to a topological Markov chain with adjacency
matrix A encapsulates key aspects of the (singular) orbit space of the associated subshift of finite
type. The noncommutative topology of Cuntz-Krieger algebras is captured through analytic K-homology
and recovers the Bowen-Franks invariants [6]. Accessing this information computationally requires the
construction of a spectral geometry compatible with non-isometric dynamics of the underlying subshift
of finite type.

Questions of dynamical systems and equivariance permeate noncommutative geometry [4] and its
applications. Nonetheless, a complete reconciliation with spectral theory and dynamical systems is yet
to be achieved. In fact, this is a hard problem that so far is satisfactorily understood only for isometric
actions.

The Baum-Connes conjecture [2] implies that up to homotopy all actions are isometric and proper. In
light of the Baum-Connes conjecture’s veracity for large classes of groups [21, 27], it poses no restriction
to restrict to isometric, proper actions for the purposes of index theory and K-theory. However, for the
purpose of explicit computation, the problem of obtaining a spectral geometry in the non-isometric
case persists. The objective here is a systematic construction of spectral triples that gives access to
their index theory via a K-homology class, their symmetries in the form of an isometry group [31], their
heat kernel and heat trace asymptotics, and the associated Connes distances, also known as quantum
or Monge-Kantorovi¢ metrics.

The noncommutative geometry of Cuntz-Krieger algebras was first studied in [15], motivated by the
study of dimensional properties in noncommutative geometry. The study of spectral noncommutative
geometry on these algebras was later pursued in [9, 16-18]. However, those approaches did not provide
a complete picture. The purpose of this paper is to refine the above-mentioned works in a systematic
way that has the potential to extend to dynamical systems of positive dimension.

1.2 Main results

The main results of the paper concern the noncommutative geometry of Cuntz-Krieger algebras Oa,
which arises from a distinguished metric-measure space structure on the Deaconu-Renault groupoid
Ga with unit space the associated topological Markov chain .. The reader can find a review of
topological Markov chains in Subsection 2.1 and of the associated dynamics as encoded in the Deaconu-
Renault groupoid G4 in Subsection 2.2. We decompose the groupoid G, as a disjoint union of bisections

Ga=1]]6,, (1.1)

yela

such that the metric-measure space structure on ¥, lifts to each bisection G,. We so arrive
at an (extended) metric d¢, and a measure pug, fitting into an Ahlfors regular metric-measure
space (Ga,dg,, uG,)- The measure pug, is such that L?(Ga,ug,) canonically identifies with the GNS-
representation of O, associated to the KMS-state of the gauge action.

As an Ahlfors regular metric-measure space, (Ga, dg, , ¢, ) admits the logarithmic Dirichlet Laplacian
[13]. The resulting operator A, densely defined in L?(Ga, g, ), takes the form

f(91) —f(92)

A =
/(@) s dca(91,92)°

d 1ic, (92),
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with § being the fractal dimension of the underlying shift space. In addition, the decomposition (1.1) of
Ga allows for the construction of a proper, continuous function

£:Ga— N, (L, =1yl, (1.2)

with |y| a naturally defined length on the index set I4. The function ¢ gives rise to a suitable potential
V. We so produce an odd spectral triple (C2(Ga),L*(Ga, itc,), —A + V) over O, with C(G,) being the
convolution *-algebra of compactly supported locally constant functions. The detailed construction of
D = —A + Vis found in Subsection 5.2.

The K-homology class of (C2(Ga), L?(Ga, 11c,), D) is in general non-trivial. Further, in the spirit of [15],
by varying appropriate parameters we obtain a family of spectral triples that exhausts the K-homology
group K*(0,); see Proposition 5.5. A key novelty in the present paper is the fine spectral analysis of the
operator D, provided by the following theorem.

Theorem 1. The Hilbert space L?(Ga, ug,) admits an orthonormal basis

(&, €0 i) wiean C CX(Ga) € LA(Ga, ug,),

of eigenfunctions for the operator D. The eigenvalues are given by

De, =sgn(y)lyle,, Deg.j = —(y|+ 25, W)eq )

where the map sgn : I — {1} is determined by Equation (5.1). The numbers A%

(v) are
s(y)
eigenvalues of the logarithmic Dirichlet Laplacian on G, and are explicitly given by

vI=Is()-1
A
)»S(V)(v) =14 AmaxVUy, E Uy per (1- Pu‘v‘,k,l,v‘w,k)v
k=0

with u and v the Perron-Frobenius eigenvectors for A and its transpose A", respectively, and
P;; is the transition probability of going from vertex i to vertex j in the finite directed graph
associated to A.

The reader can find the main computation underlying Theorem 1 in Subsection 4.1. It is of spectral
interest to know that for fixed y the spectrum of D restricted to the span of (e,,e.j)w,) SrOWS
exactly logarithmically; see Proposition 4.6. In particular, the operator D exhibits spectral similarity
to the signed logarithm of an operator with Weyl-like spectral behaviour, such as a Dirac operator on
a finite-dimensional geometry. For the Cuntz algebras Oy, we prove that this is indeed the case. Here
the topological Markov chain is the full N-shift, and the homogeneity of the example allows for explicit
computations; see Theorem 4.10.

Theorem 2. For the Cuntz algebra Oy the heat operator e~!'Pl of D is defined for every t > log(IN)(1—
N-1)~1 by the kernel

Ki € LN(Ga x Ga, pig, % pc,) NC(Ga x Ga),
given by

el (h, () + Hy (0dy (91,920 "), if 91,9, € G,

K = ~
(91, 92) 0, otherwise.

Here h, and H, are explicit rational functions in N, e"™™" and e~* given in Proposition 4.8. The
distance d, is the distance on the topological Markov chain pulled back to the bisection G, via
the source map. In particular, the heat operators eI’ are Riesz potential operators.

In Section 6, we compute the isometry group of (CX(Ga), L?(Ga, uc,), D) and study the noncommuta-
tive topological entropy as defined by Voiculescu. The reader can note that classically, the topological
entropy of isometries vanishes. The results of Section 6 can be summarized in the following theorem.
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Theorem 3. The isometry group Gp of the spectral triple (C®(Ga),L?(Ga, ), D) is a compact
Lie group isomorphic to TV x Aut(A), where Aut(A) is the automorphism group of the directed
graph associated to A. Moreover, the Voiculescu noncommutative topological entropy vanishes
on automorphisms of O4 belonging to Gp.

The reader should note that our computation of the isometry group does not contradict the main
resultin [5] as the two results concern different spectral triples. Further, we note that the situation on O,
mimics the classical case of metric spaces where it also holds that the entropy of isometries vanishes.
The first part of the preceding theorem can be found in the main text as Theorem 6.3 and the second
part as Theorem 6.5. Moreover, the preceding theorem also says something about the strength of the
isometry group of (CX(Ga), L?(Ga, 1c,), D) as an invariant: the isometry group recovers the number N of
Cuntz-Krieger generators of O4 and the automorphism group of the associated directed graph. However,
since many graphs have trivial automorphism groups, this is far from a complete invariant.

The techniques in this paper extend those put forward in [17] and make essential use of the
logarithmic Dirichlet Laplacian developed in [13]. In the course of our work, we noticed a subtle but
crucial issue in the definition of the metric-measure space structure from [17] on the groupoid G,. We
address the issue in Remark 4.13, and the present paper retrieves the results announced in [17] for the
Cuntz algebras Oy.

Notation

Let F and G be real valued functions on some parameter space Z. We write F < G whenever there is a
constant M > 0 such that for all z € Z we have F(z) < MG(z). Similarly, we define the symbol 2> and write
F~GifF<GandF 2 G.

2 Preliminaries

In this section we recall topological Markov chains and their Deaconu-Renault groupoids. We equip the
latter with a metric-measure space structure reflecting the underlying dynamics.

2.1 Topological Markov chain

We first recall the basics on topological Markov chains, also known as subshifts of finite type. The
reader can find more on this topic in [25, 28]. Topological Markov chains are of importance to hyperbolic
dynamical systems as the former are simpler, zero-dimensional and “symbolically code” the latter. From
an ergodic and measure theoretic perspective much can be said about hyperbolic dynamical systems
from the theory of topological Markov chains; see [25, 28]. In this subsection, we first describe topological
Markov chains and their metric, define their canonical measure and show how the two fit together into
an Ahlfors regular metric-measure space.

Let A be a N x N-matrix with entries in {0, 1}. We will tacitly assume that A is primitive, namely that
there is a k € N such that all entries of A* are positive. A string & = a1 ..., with each o; € {1,...,N})
will be called a word and its length is |«| := n. We call {1,..., N} the alphabet. The word « is admissible if
Ago,, =1fori=1,..., |a| — 1. We will make frequent use of the empty string « for which n = 0, which
we will call the empty word g of length |g| = 0. We note that the set V, of admissible finite words together
with the empty word form a rooted tree, with root g and a vertex for each admissible word «, and an
edge going from « to oj if and only if «j is admissible.

We consider the closed subset 4 C {1,..., N} defined by

Ta = {X= Gnen € {1,..., N}V DAy, =1}.

Xnt1

Here {1,...,N}N is equipped with the product topology induced from the discrete topology on the
alphabet {1,...,N}. By Tychonoff’s theorem, {1,...,N}" is compact and, therefore, so is =,. Motivated
by the preceding paragraph, we call £, the space of admissible infinite words. A basis for the topology on
%, is given by the cylinder sets associated to finite words « = o1 ... a, defined as

Cl@) ={xeXp: X=qforl<i<n}.
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By convention C(g) := Za, the cylinder set of the empty word. Note that C(e) = ¥ unless a € Va. The

cylinder sets C(a) form a neighborhood basis of open compact sets, so T, is totally disconnected. Since

A is primitive, ¥4 has no isolated points. In particular, £, is a Cantor space. Geometrically, the reader

can think of £, as the Gromov boundary of the rooted tree of finite words V, and the cylinder sets C(«)

as the shadow on the Gromov boundary of all rays in V4 going from ¢ to infinity passing through a.
The dynamics on the space %, is given by the shift map defined by

op L Xp —> XA O'A(X1X2X3~~)I=X2X3~~~4

The map o4 is a surjective local homeomorphism. Indeed, o, restricts to a homeomorphism from any
cylinder set C(x), with & € V4 \ {g}, to its image. The topological Markov chain associated with the
primitive matrix A is the pair (X4, 0a) of the Cantor set T4 equipped with the shift map oa. Let us give
two examples that we will refer to throughout the paper.

Example 2.1. If A is the N x N-matrix consisting only of 1:s, then all words are admissible. As is
common in the literature, for this example we shall replace the notation involving A with N.
For instance, we have that

Vy=J...,N), and sy={1,...,N}".
k=0

This example is called the full N-shift.

Example 2.2. We now describe the topological Markov chain giving rise to the free group acting
on its Gromov boundary. For d > 2, take generators a4, ..., aq for the free group F; and consider
the alphabet given by the symmetric generating set S = {ay, al’l, ...,aq, a;l}. Further, let A =
(Axy)xyes be the 2d x 2d-matrix given by

1

_ 1 ifx#Ey
AX)"[O, ifx=y"

We note that an admissible word is nothing else than a reduced word in the set S, so the graph
of finite admissible words for this matrix coincides with the Cayley graph of the free group Fy
on the d generators a, ..., a4. Consequently, for this example

Xp = 0Fq,

the Gromov boundary of F4. Moreover, the orbits of the group action of Fy on its Gromov
boundary 9F; coincide with a weak version of tail equivalence classes for the dynamics of
oa ON T,; see Example 3.4.

We now turn to describing the metric structure on the topological Markov chain (£, 04). Given 1 > 1,
we equip ¥, with the ultrametric

d(X y) = A—inf{n—l:xﬁéyn)

with the convention that inf @ = co. In geometric terms, d(x, y) = A~ precisely when there is a word « of
length k such that x = ax’ and y = ay’, for ¥’ and y’ two infinite admissible words starting with different
letters. We note that for every x € Z,, the d-ball

Bx,A™™) = C(X1...Xn).
In particular, for n > 1 the shift map restricts to a homeomorphism
B(x,1™") — B(oa(x), A7),

The well known fact that the topological Markov chain (£, 04) is a locally expanding dynamical system
now follows.
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The canonical measure on the topological Markov chain (Ea,o4) is the Parry measure, which is
defined as follows. Let Amax be the Perron-Frobenius eigenvalue of A. This is the largest eigenvalue
of A whose eigenvector u has positive entries. Since A is a primitive matrix we have Amax > 1. We write
v for the Perron-Frobenius eigenvector of the transpose matrix AT. We assume that u, v are normalized
so that Zfil uv; = 1. We set p; = wu;, 1 = 1,...,N. The distribution p = (p1,...,pn) on the finite set
{1,...,N} induces the Parry measure p on . Note that u is o4-invariant. Moreover, if & = o1 ... IS an
admissible finite word then

Vg, Ua,
w(Cl@)) = x;*1 :

max

Example 2.3. For the full N-shift (see Example 2.1) we have A* = N*~1A, so Beurling’s formula
gives Amax = N. Moreover, since u; = v; = N~2, the Parry measure is given by

w(C) =N oeVy.

Example 2.4. For the Gromov boundary 9F; (see Example 2.2), we find Amax = 2d — 1 with the
corresponding eigenvectors having entries u; = v; = (2d)~Y/?. In particular, the Parry measure
is given by

1
2d2d — 1)l-1’

Here we identify the unit 1 € F; with the empty word in the graph of finite words.

uw(Ca) = a e Fg\ {1}

The coordinates of u, v are all positive, so we conclude that there is some C > 1 so that for every
xeXpand0<r<1,

C' < uBx,n) <CP, for §=1og, (Amax)- (2.1)

In other words, the measure p is Ahlfors §-regular. The smallest C satisfying (2.1) is called the Ahlfors
constant of the metric-measure space (Z4,d, n). Note that log(Amax) > O is the topological entropy of
(Za,04). For more details, see [25]. Moreover, by [11, Lemma 2.5], for every s > 0 it holds that

1
—d ~ 7. 2.2
/B(x,r) d(x,y)’-s wy) =1 22

2.2 Deaconu-Renault groupoid

We use the groupoid approach to Cuntz-Krieger algebras [8, 32, 33], mainly presenting their structure
as in [15-17]. The reader can find more details on groupoids and their C*-algebras in [32]. We consider
only étale groupoids. The basic idea is to replace a discrete group I' acting on a space X with a structure
encoding both the group and the space. At a set theoretical level a groupoid G consists of the following
data: a set of arrows that by abuse of notation denote G, a unit space G© with source s : G — G©, range
r:G— GO, unit:: G® — G,inversion (7' : G — G, and finally a multiplication

m:Ggx,G— G,

satisfying a series of axioms mimicking a group acting on a space. We sometimes write a groupoid G
with base G@ as G = G©.If G and G are locally compact Hausdorff spaces and the maps s, r and : are
local homeomorphisms we say that G is an étale groupoid. If this is the case, C.(G) forms a x-algebra in
the convolution product

firxfa@ = 2. fOG), (2.3)

m(g1,92)=9

and the star operation f*(g) = f(g~1). The reduced C*-algebra generated by C.(G) is denoted by C#(G) and
contains C.(G) as a dense subalgebra.
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In the context of a topological Markov chain (24, 0a), we consider the étale groupoid
Ga =1{(x,n,y) € Ta X Z x Ta : Ik > 0 such that n+k > 0 and o (x) = ok (y)} = Za.
The source and range maps are
s(x,n,y) =y, rx,n,y) =X,
and the partial multiplication and inversion are given by
m(x,n,y), (y,£,2)) = x,ny)y,£,2z) = Xn+<,2), (x,n,y)’1 = (y,—n,Xx).

Already at this stage, we see how the groupoid G4 encodes the dynamics of a topological Markov chain
by keeping track of its orbits. In particular, G4 encodes some sort of weak tail equivalence.
Further, consider the maps « : G4 — NU {0} and ¢ : G4 — Z defined as

k(X,1,y) := min {k > max{0, —n} : ok (x) = a}f(y)} ,
c(x,n,y) =n.

We equip Ga with the coarsest topology that makes the maps s, 1, «, and ¢ continuous. As such, G, is a
locally compact, totally disconnected étale groupoid. The C*-algebra C;(Ga) is the Cuntz-Krieger algebra
of A; see Theorem 3.1 below. The map c: G4 — Zis a homomorphism and the formula

a; (NN y) =2"f(x,n,y), fe€CcGa), z€T, (2.4)

defines an action of the group T of unit complex numbers by *-automorphisms of the C*-algebra C}(Ga)
(see [32, Section 11.5]).
A basis for the topology of G4 is given by the bisections indexed by admissible finite words «, B

Cla, B) = ((x, el — 1B1,y) : x € C(@),y € C(B), o ) = ol ()}

We shall decompose G4 over a more refined collection of bisections than C(«, 8). To this end, we first

observe that for g = (x,n,y) € Ga one has JXJ”‘@ X) = o/§<9)(y) and we recall the following important

interplay between the maps « and c.

Lemma 2.5 ([15, Proof of Proposition 5.1.4]). For every (x,n,y) € Ga it holds that

KN y) = k(oa(x),n—1,y), if kx,n,y)+n>1
LY = koa(),n—1,y) -1, if «(x,ny)+n=0.

We now introduce our main tool for decomposing Ga.

Definition 2.6. The discretization map ¢ is defined to be the map
€= (l, L) 1 Ga = Va x (Va\{g}),

that takes g = (x,n,y) to the pair of words (¢,(g), £5(9)) With |€,(g)| = n+x(g) and |£s(g)| = «(g)+1
such that

x=6(0s?(y) and y=t(@oy " ).

The image of ¢ consists exactly of pairs («, ) € Va x (Va\{g}) such thateithera =g or A, g, = 1. We
also note that ¢ is continuous since it is constant on the open subsets of each C(e, 8) where the value
of « is fixed. To simplify notation, we write

Iy ={y=apeVax(Va\{@): a=gorA,, g, =1} (2.5)
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8 | D.M. Gerontogiannis et al.

We think of the notation y = «.8 as y consisting of a two-sided finite word with the dot ., indicating
the midpoint of the word. Geometrically, y = «.B should be thought of as two strands « and B in the
rooted tree V, joined at the root and whose endpoints are compatible in the sense that A, 4, = 1. For
y =a.B €ls, we write

r(y) :=a and s(y):=8.

For y = a.B € 14, we define

— 1B1-1 _ 1Bl d
G, =01y = G X=aox (), y=po(y), and |
¥ ) [(X,n,)’)e A n=lal—|8l+1, kx,ny =8 -1

Note that, in view of Lemma 2.5, G, is always non-empty. Since ¢ is continuous, we arrive at a
decomposition into clopen subsets

Ga=1]]6,. (2.6)

yE€la
By construction, we have that
klg, =1s(I=1 and clg, = rI—Is()+1.

Moreover, the following holds.

Lemma 2.7. For each y € I, the clopen subset G, € G4 is a bisection and the restricted source
map

sy ==58lg, : G, = C(s(¥)),
and restricted range map

r, =T, : G, = Cr(y)),
are homeomorphisms. Moreover, the product on G, yields the partially defined maps

Ga.p x Gppr = Gapyp,
and the inversion map satisfies
Gap = Ghapy»

where B e V, is uniquely determined by g = A8

For the sequel it is important to understand how the shift map acts on (2.6).

Lemma 2.8. Letie {1,...,N}and let y = «.8 € I, be such that iy :=ia.8 € [». Then, the map
oiy 1 Giy > Gy, (Xn,y) > (a®),n—1,y),
is a homeomorphism and satisfies

Sy 00i, = Sjy.
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Moreover, if y = g.8 with 8 = 85 and B # @, then for y := @.§ € I4 the map
o, Gy, = Gy,
@100, =181+ 1,%) > @), 181+ 2,0 = @) 0, ~1B1 + 1,%),
is a homeomorphism onto its image.
2.3 Metric-measure space structure on G,
For every y € I, we define the pull-back metric d, on G, by
dy(91,92) 1= d(s,(91), 5, (92))-

In other words, the metric d, on G, can be defined from declaring s, : G, — C(s(y)) to be an isometry.
Then, we define an extended metric d¢, on Ga, generating the topology on Ga, by

d,(g1,92), ifforsomey €ls bothgi, g €G,

d6,(91.92) = 00 if else

Remark 2.1. The extended metric defined above differs from the one used in the preceding work
[17] of the second and third listed author. In [17], Ga was decomposed in terms of G, for
a € Va and k > 0, that with our current notation corresponds to | | 5,1 Ga s, With g satisfying
a.f € Ix. Then, an extended metric was defined using this decomposition and declaring s|g,,
to be isometric. As we discuss below in Remark 4.13, this extended metric led to various issues
in obtaining spectral triples from log-Laplacians.

We define the pull-back finite Borel measure u, := s} u on G,. For an open B C G, p, 1s defined by
Iy (B) = 1u(sy (B)).

The collection {u, },e, gives a Borel measure ug, on Ga. Now since each s, (G,) = C(s(y)) is clopen in
%4, and for the latter u is Ahlfors §-regular, we obtain the following.

Lemma 2.9. For every y € I, the metric-measure space (G,,d,, u,) is Ahlfors §-regular with
8 =log, (Amax)-

From Lemma 2.8 we obtain the next result describing shift invariance in the collection {u, },e, -

Lemma 2.10. For everyie {1,...,N}, y € Ia such that iy € I4 and open set B C G;,, one has

iy (B) = puy (oyy, (B))-

3 Op-representation and Wavelet Basis

The Cuntz-Krieger algebra O, as originally defined in [6], is the universal C*-algebra generated by N
elements S;, 1€ {1,---,N}, subject to the relations

N N
>siSt=1 and SiSy =6k AySS;. (3.1)

i=1 j=1

The universal C*-algebra O, carries an action of the group T by x-automorphisms, known as the gauge
action and determined by the formula

a(S):=2S;, zeT, ie{l,--- N} (3.2)
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The Cuntz-Krieger algebra O, can be equivalently described as the reduced groupoid C*-algebra C#(Ga)
of the Deaconu-Renault groupoid introduced in the Subsection 2.2. The isomorphism intertwines the
gauge action (3.2) and the action (2.4). The following theorem can be found in the literature; see [32, 33].

Theorem 3.1. Let A be a primitive matrix of O0:s and 1:s. The Cuntz-Krieger algebra O4 is
isomorphic to the groupoid C*-algebra C#(Ga) and under this isomorphism each generator S; is
given by the characteristic function of the set

{(x,1,04(%)) : x € C(1)}.

Moreover, the isomorphism is equivariant for the respective T-actions.

The C*-algebra C;(Ga) can be constructed explicitly as the norm closure of the x-algebra C.(Ga) in
its representation on L?(Ga, uc,) by convolution operators via Equation (2.3). For our purposes, it is
important to note that the s-subalgebra C*(G4) C C.(Ga) of locally constant, compactly supported
functions is dense in C}(Ga).

In the sequel we will often identify the standard Cuntz-Krieger generators S; for i € {1,...,N} of
Ox with the characteristic functions from Theorem 3.1. In this section we shall study how L%(Ga, ug,)
decomposes under the decomposition (2.6) and how O4 acts on this decomposition.

Remark 3.2. Let us make a remark about inclusions and representations to avoid confusion. We
first note that since A is primitive, there is a unique KMS-state ¢ on O, defined on the dense
subspace Cc(Ga) by

o) = [ fex.0.00m
Za
where pu denotes the Parry measure. In particular, the identity map on C.(Ga) extends to an
isometric identification of the O,-representations
L*(Ga, ua) = L*(O4, ),

where L2(04, ¢) denotes the GNS-representation associated to ¢. We can therefore view O and
its dense subalgebras C(Ga), Cc(Ga) as dense subspaces of L?(Ga, 4). The precise inclusion is
implemented by acting on the cyclic vector 1 € O4 € L?(Og, ¢).

Example 3.3. For the full N-shift (see Example 2.1 and 2.3), we have that Oy =~ C#(Gy) is the Cuntz
algebra. It is the universal unital C*-algebra generated by N isometries with orthogonal ranges.

Example 3.4. For the group action of Fg on its Gromov boundary dF; (see Example 2.2 and 2.4),
we have a groupoid isomorphism G =~ 9F; x Fy. This is proved in [36, Section 2], see also [15,
Subsection 3.4.3]. In particular, for the free group Ox >~ C(dF;) x F4. The same argument shows
that L2(Ga, pig,) =~ L*(3F4, n) ® €2(Fy) compatibly with the natural covariant representation of
C(3Fy) x Fy.

3.1 Cuntz-Krieger algebra
For every f € L2(Ga, ug,) it holds that

| o if x ¢ CQ)
SiHny) = [ flea,n—1,y), ifelse ‘

To determine the support of functions Sif we shall use the following result.

Lemma 3.5. Let y = a.f € [, and (x,n,y) € G4 with (ca(x),n—1,y) € G,. Then,
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(1) if « # g or |B] = 1, we have that (x,n,y) € |_|J-:jygIA Gjy;
(2)if e =g and |B| > 1, we have that

x,n,y) e (Ll G}-y) |_|GM§,
jjyela

where = B1... B 1.

We now present each generator S; as a matrix operator acting on the decomposition

L2(Ga, ncy) = P LGy 1),

yela
Consider the projections P, : L2(Ga, ug,) — L?(Ga, uc,) onto L%(G,, u,). We write
P,SiPy : L2(Gyr, pty) = L2(Gy, py),
for the (y, y’)-entry of ;. In fact, for f € L2(Ga, pg,) and (x,n,y) € G4 we have that

floax),n—=1,y), if xeC@, x,n,y) €G,, (ca(X),n—1,y) € G,
o .

(PySiPy X, 1Y) = , otherwise

Given that all metric-measure information on G is defined in terms of the isometric homeomor-
phism

§:=1]sy:Ga= ]G, = | ]Csyc|]=a

vela vela vela yela

we have a unitary isomorphism that by abuse of notation we denote

817G, nc) = P LGy my) = PLACEGD, W (3:3)

vela yela
To get a better understanding of P, S;P,,, we identify it under this unitary with the operator
ST, L2(CG(N), 1w — LACE0), w,
and S; with the matrix operator (SK;)W/GIA.

Proposition 3.6. Leti € {1,...,N}. Then, every column of the matrix operator S; = (S{;/)%V’EIA has
at most two non-zero entries and every row at most N non-zero entries. The entry Slyy of S as
an operator L*(C(s(y")), u) — L?(C(s(y)), u) can be described by

ST f (s = 6y, Y (s,
where 6; : [ x Ix — {0, 1} is the characteristic function of the set
s(y) =s(y") and r(y) = ir(y")

(y,y/)EIAXIAI or
r(y) =1(y') =9 and s(y) = s(y') and s(y)jsp-1 = |

In particular, SZ’V =0 when
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(1) iy £@or |s(y) =1) and (y # iy’ oriy’ ¢ 1a);
2) ry") =@ and |s(y)| > 1: -
(@) Aispny,, =land (v #Ly' ory # 8.5(y"),
(b) Ai.s(y;)\\sw'n =0,
(@ y =y and s(y)spn-1 # L.

3.2 The wavelet basis for L*(Gy, uc,)

Let us turn to constructing a wavelet basis for 1?(Ga, ug,) by utilizing the unitary isomorphism (3.3).
The construction is similar, yet different as we see in Remark 3.11, to those in [29]. Specifically, for a
finite word B € Va \ {#} we aim to construct an orthonormal basis H(8) for L*(C(8), u).

To this end, we decompose L?(C(8), ) into finite-dimensional spaces as

L2(C(B), ) = P LICB), W),
k=0

by declaring @QLO Li(C(f}),,u) to consist of the linear span of {xce : Iv| = N} in L*(C(8), w). The space
L3(C(B), u) is one-dimensional and is spanned by the unit vector

g = 1(CB)N ™ xcep)-

We write Ho(B) = {hg} and for k > 0, Hp(B) will denote an orthonormal basis of L%(C(ﬂ),u) with the
property that for h € Hi(B):

(1) There exists a unique wg(h) € V, starting with g of length |8| + k — 1 > 1 such that h is supported
in C(wg(h)), that we sometimes denote by C(h);
(2) his constant on C(u) for any |u| > 8] + k.

The orthonormal basis H(8) is defined as | |, Hx(8). Note that for h € H(8) \ Ho(8),

hdpu = / hdu =0,
c®) Clwp(h)

since the left-hand side is u(C(8))"/?(hg, h). We shall enumerate H(B) as

(g, My j)v=puoeva jels )
where wg(h, ;) = v andJz(v) € {1,...,N} is a non-empty index set such that

#aw)=#ie(l,....N)1A, =1 -1>1

Example 3.7. For the full N-shift (see Example 2.1, 2.3, and 3.3), we can take the basis H(8) =
(Mg, My veproevy jo, o as follows. We have

hp = NP 2xcs).

Also, for |v| > |8] we can choose Jg(v) = {1, ..., N — 1} and for j € Jg(v) we have a basis element

N
2mijtk—1)
My =NM23"e™ 5 xcor € Hyopiea(B)-
k=1

Example 3.8. For the Gromov boundary dF, (see Example 2.2, 2.4, and 3.4), we can take the basis
H(B) = (Mg, Ny j)veproeky jel, as follows. We have

hﬁ — (2d)1/2(2d _ 1)(\/5\—1)/2)“(}3)‘
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Recall the alphabet S from Example 2.2. For |v| > |8| we can choose Jg(v) = S\ {v},, uljﬁ} that we
enumerate as Jg(v) = {1,...,2d — 2} and identify v, with 2d — 1. For j € J4(v) we have a basis
element

2d—1
2xij(k—1
hyj = @AY 2d — D23 e yoar € Huoipia (B).
k=1

We can now obtain a wavelet basis for L?(Ga, ug, ). The action of the generators on this basis can be
described using Lemmas 2.8 and 3.5.

Theorem 3.9. Define the set
Ja ={(y,v,)) €la x Va\ {8} x {1,...,N}: v=5(y)vo, j €Js¢h(V)}.
Then the collection (e, €q,vj) e, C Co’(Ga) defined from
ey = xc, - (hs(y) ©9),
where x¢, is the characteristic function of G, C Ga, and
Eyj = X6,  (hyjos)

is an orthonormal basis for L?(Ga, ic, ). Moreover, consider a generator S; for somei € {1,...,N}.
If iy ¢4 then Sie(, ,j, = 0. Also, if iy € 4 and

(a) r(y) £ @ or |s(y)| = 1, then

Si€p ) = iy

(b) r(y) =g and Is(y)| > 1 and s(¥)jsp)-1 # 1, then

Si€p ) = Cliy )i

(c) r(y) =@ and |s(y)| > 1 and s(y)js¢) -1 = 1, then

iy X1, Y), if x,n,y) € Gy,
Sipup&ny) =1 hyjosle,c,xny, ifxny eq G, ,
0, if else

where 0, (G,) C Gy as described in Lemma 2.8.

Example 3.10. For the Cuntz algebra Oy we can identify
In=Inx(Vn\{2}) x{1,...,N—-1}

In this index set, the basis is given by

2rij(k-1)
- N

N
e, =NE"2y; . and e,,;:=N"?>"e
=}

X6, - (Xcwk) ©5).

Remark 3.11. We note that there is a difference from our construction to that in [29]. In [29],
one finds a construction for a basis of L?(Za, u) and its relation to a representation of O, on
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L2(Z4, u). While the basis we consider originates in the constructions of [29], we note that the
left action of the Cuntz-Krieger algebra O, differs substantially on the two spaces. Indeed,
there exists no isometry L?(Za, u) < L?(Ga, g,) commuting with the left O4-action. Such an
isometry can not exist since 1 € L?(Za4, w) is a cyclic vector such that S#1 = 0 and no such vector
exists in L?(Ga, ua, ).

4 The Logarithmic Dirichlet Laplacian on G,
We have that

12(Ga, ncy) = LGy ).

yela

Therefore, we can define the positive, self-adjoint operator A acting on L?(Gg, 11c,) as

A=Pa,,

vela

where each A, is the logarithmic Dirichlet Laplacian on L?(G,,u,) with its Ahlfors regular metric-
measure space structure (G,, d,, u,) discussed in Proposition 2.9. We can identify A, with P, AP,,. Also,
each A, is essentially self-adjoint on locally constant functions. We can deduce this fact from the direct
computation appearing below in Lemma 4.2 which implies that A, can be diagonalized by the Haar
wavelets of Subsection 3.2. In particular, the space C(Ga) of locally constant functions with compact
support on G, is a core for A. Often the support of elements in CX(Ga) will be in some G, or a finite
union of those.
Note that for f € CX(G,) the operator A admits the integral representation

f@) —f(92)

A =
f(G) ca dca(g1,92)°

d e, (92), (4.1)
with singular kernel dg, (91, g2)~*. The importance of such integral representations is explained in more
detail in [13]; see also [17, 19, 30].

Remark 4.1. The singular kernel dg, (g1,92)~? is a localized version of the singular kernel used
in [17]. Recall that in [17], another extended metric was used as discussed above in Remark
2.1. If we write &GA for the metric used in [17], we have dg, (91,92) > aGA (91, 92). In particular,
de,(91,92)7° < aGA (g1, 92)~% while the reversed inequality is not always true. Nevertheless, the
kernels have similar singularity since for g; and g sufficiently close (assuming aGA 91,92)"° >

AL to be precise) the kernels coincide: dg, (91, 92) ™ = da, (91, 92) .

4.1 Spectral properties

The spectral properties of A can be determined explicitly as in [13, Section 5]. First we consider the
situation on each G, or equivalently, on each cylinder set C(8) for g € Va\{g}. Also, forany1i,j € {1,...,N}
denote by P;; the transition probability of going from vertex i to vertex j in the finite directed graph
associated to A. Then, from [25, p. 175] we see that

Ay

’ AmaxUi

Lemma 4.2. Let 8 € V4 \ {2}. The orthonormal basis H(8) = (hg, h,j)v=pu,ev, josn CONStructed in
Subsection 3.2 is an eigenbasis for the logarithmic Dirichlet Laplacian Aceg, on L2(C(B), ). We
have that

Ker Ac(ﬂ) = (Chﬂ
and

Acphyj =15 )Ny,
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where if C(v) = C(8) then A’g(u) =1,andif C(v) C C(B) then
[vI=IBl-1
M) =14 maxVu, D Uy (T=Py )

k=0

The computations proving Lemma 4.2 closely mimicks that of [13, Proposition 5.6], which in turn is
inspired by [1, Theorem 3.1].

Proof. The equality Ker A¢(s = Chy follows from [13, Proposition 3.4]. By the argument in [1, Theorem
3.1] we also get

Ac(ﬁ)hw(x) =0, forxeC(B)\C).
Moreover, for x € C(v) we have that
Acph;(x) = (1 +/ dx,y)~* du(y)) h(x).
CP\Cw)

If C(v) = C(B) then Acp)h,; = h, ;. On the other hand, if C(v) C C(g) then

Ivl-1p1-1
CHNCw = || [Box a0 \ B A
k=0
Therefore,
vi=18]-1
[ awpdam= Y | dex, ) du(y) =
C(B\C(v) k=0 B(x, A= VIHE+1)\B(x, A~ IvI+k)
vI=1Bl-1
= 2 )J“'“kl)(v‘” Unis _ Un “m)_
- v|—k— v|—k— -
prs M S A
Ivl=18]-1
= Z Uy, (uv‘,,‘ k 1)Lmax - “w k)
k=0
vI=Igl-1
=AmaxVUy; Z AT (1- PV\v\—k—lvV\u\—k)'
k=0
Here we used A® = Amax by the definition of §. [ ]

Example 4.3. For the full N-shift (see Example 2.1, 2.3, 3.3 and 3.7, 3.10), we have that when
C(v) € C(B) then

M) =1+ 1= N"(v| -8

Example 4.4. For the Gromov boundary dF; (see Example 2.2, 2.4, 3.4, and 3.8), whenever C(v) C
C(B) then

M) =141 —dH(vl - IBD.

We shall now obtain estimates of the eigenvalues of each Ac,. For this we require the following
observation.

Lemma 4.5. Let v € V4 with [v| > 3(N+ 1) and #{i € {1,...,N} : A, ; = 1} = 2. Then, it holds that

vl

#iefl,... —1}: Py, 1} > ——.
fte{l,....vI =1} “‘“#}>3(N+1)
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Proof. Consider such v € V5 and write [v| = k(N+1)+m,fork > 1and 0 <m < N. Also,forevery 1 <l <k
denote by v(l) the I-th consecutive subword of v with |v(l)| = N + 1, that is, v(]) = v—1)N4+1)+1 - - - VN1 -

We claim that for each v(]) there is some j € {{ - D(N + 1) +1,...,I(N + 1)} such that the letter v(l);
has

#ie(l,....N) 1Ay i=1)=2. (4.2)

It then follows that
v v

#ie(l,... W =1 P, #1}>k—-1 -2 :
ie{l, .., w=1}: Py, A1} 2 TN+l 73N+ D

We have bounded below by k — 1 instead of k because it can happen that m = 0 and we have already
assumed that the last subword v(k) contains a letter satisfying (4.2), that is, the last letter v,.

To prove the claim (4.2) assume to the contrary that there is some v(l) such that for every
je{d-DAN+D+1,..., N+ 1)} one has

#ie(l,....N}:A, =1} =1 (4.3)

Now v(l) contains a cycle since |v())| > N and due to (4.3) this cycle has to be repeated indefinitely. In
particular, the last letter vy, satisfies (4.3), a contradiction. |

Lemma 4.5 can now be applied to any v € V, that appears in the orthonormal basis H(8) =
(hg, My j)v=puoev, jej, o, @nd since A is primitive and every coordinate of the eigenvectors u,v is positive,
we obtain the following.

Proposition 4.6. There are constants 0 < Cp < C; so that for every 8 € V4 \{g} and every eigenvalue
A4 (v) of Lemma 4.2 it holds that

Co(Ivl — 1Bl < A5 () < C1(v] — IBD.

Finally, we obtain the spectral decomposition of A on L?(Ga, fta).

Theorem 4.7. The orthonormal basis (e, €q,vj)yvjes, € C(Ga) for 12(Ga, pc,) from Theorem
3.9 consists of eigenfunctions of A. More precisely, Ker(A) is the closed linear span of (e,), e,
and for (y,v,)) € Ja,

A
Al vy = Aty (VC -

4.2 Heat kernels for the full N-shift and the algebra Oy

Let us describe the heat kernels arising from the full N-shift and at the groupoid level for the
algebra Oy. The algebra Oy arises from the case that A is a matrix only consisting of 1:s, see
Example 2.1, 2.3, 3.3, 3.7, 3.10, and 4.3 above. We start by describing the heat kernel of each A, and
for the purpose of obtaining a geometry relevant object on the groupoid, we compute the heat kernel
of A + M, on L?(Gy, j1c,), Where M, is the multiplication operator by the proper continuous function
£ : Gy — N defined as

L, =lyl=TrMI+Is@)I. (4.4)

Note that M, is positive and essentially self-adjoint on C°(Gy). Moreover, for s > 0 and y € Iy, we define
the Riesz potential operator R, s on L*(G,, ug,) by

f(92)

R, = —_—
ysf (G0 5, Ag1, 020

d u(g2).
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Riesz potential operators are an indispensable tool for studying metric-measure spaces [20, 38]. We
should highlight that the limit s — 0 is highly singular as captured by the logarithmic Dirichlet
Laplacian.

Proposition 4.8. For every y € Iy and t > 0, the heat operator e~*4 admits a kernel k,; € L1(G, x
Gy, uy X py). Specifically, for g1 # g, € G, it is given by

k, (g1, 92) = h, () + H, (Hd, (91, g2) ",

where §' = (1 — N~} log, (e) and

N —1et
— NIs®I _ (
Ry (O =N (1 Ne-t@-N1) _ 1)
—t(1-N""
H, () = N-Ne® )e—tu—a—N”)\s(ym
v Ne-t1-N") _1 '

Further, k, :(9,9) < oo if and only if t > §/8', and for t > §/8' we have that k,; is continuous.
Finally,

e ™ =h, ON"FPIP,y +H, (DR, s, (4.5)
where P,, denotes the projection onto the kernel of A, .
We note that the largest eigenvalue of the N x N-matrix consisting only of 1:s is N, and so

8 log, (N) log(N)

§ log(e)(1—-N1) 1-NT

In particular, both h, and H, are smooth for t > §/8’. Both h, and H, extend meromorphically in t to the
complex plane with a simple pole att = §/§'.

Proof. We can equivalently perform our computations on C(8) for 8 = s(y) and denote the kernel by

4.2 (see also [13, Proof of Proposition 5.6]) we have that A¢ghg = 0 and
Acppnj = (1+ (1= N"Dlvol) hyy, .

Take x # y € C(B) and set k = —log, d(x,y) > |B], so there is a finite word ¥ € Vy of length k such that
b = Bl and x = ¥xp and y = Py, where X and y, differ in their first letter that we call py and py.
First, assume that k > |g|. Then,

kg +(X,y) =hg(X)hs )+

N-1 N

(1 (1-N-1 2mijle; —kp)
+ Z Z Z NIBIHIvol g =t(1+( Mo @ === XC(ﬂvoh)(X)XC(ﬁugkz)(y) —
veVN j=1 k1,ko=1

k—1Bl-1 N-1
=Nl £ NIBI(N — 1)e Z Nle—ta-N"1 ZNwmio\e—tmqu—lwuuew
1=0 j=1
(Ne—t(l—N”)k_w -1

Ne—t@-N-) _1

- —t(1-N-1
) N8l (1 _ (- De™ ) + (N —Ne )e‘“l‘(l‘N”ﬁ)) (Ne‘“l‘N’”)k :

=Nl + NBI(N — 1)et _ Nke ta+A-N"Hk-I8D)

Ne-tA-N"H _ 1 Ne-ta-N"H _ 1
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To complete the calculation for k > |B| notice that
(Ne*“l’m)k = d(x,y)"loB AN DI,

Now, if k = |8], the second term
k—|pl-1 )
NP = 1)e™t D" Nle N (4.6)
1=0
in the second equality will not appear and hence we get
ke (x,y) =NFI(1—e™)

() _NIBl _ @=tA=A=N"DIEN (%, )~ 1og (D +(1-N"]log; (@)

Observe now that the expression (xx) can be derived from (x) by putting k = 8, even though (4.6) is not
defined. The rest properties of kg are easy to check.

To now conclude Equation (4.5), we note that the integral kernel of P, is the constant function
(91,92) — NPEWI Here the constant NS®! arises from the normalization ”1”57@(5@))) = uw(CEHy) =
N=I®I In particular, the computation above shows that for f € L?(G,, u1,),

e f(gy) =~ /G (1 +H, (0, 91,9 ™") f@2)dpt, (92)
=~ (h, ON"FPIPy + H, (HR, 1) f(G2).
This completes the proof. |

As a corollary, we obtain that the one parameter families t — H () R, form a semigroup up to rank
one operators.

Corollary 4.9. For every y € Iy, the family {R, s}s-0 of Riesz potentials satisfies the composition
rule

o ()% (7)o = (552 s

(N, 22 e, (G, GIN 9 =y G =y () P

’

Proof. For every y € Iy and s > 0 it holds that [P5,,R, s] = 0 and

1—h, ($)N-Is®I

R,.Py = re&’22°
e H,(3)

Then, the semigroup property of {e=527}s., and an algebraic manipulation gives us the result. |

By summing the result of Proposition 4.8 over all components, using the estimate (2.2), and taking
into account the function ¢ : Gy — Nin (4.4), we arrive at the following.

Theorem 4.10. For every t > &, the heat operator e~{+M) admits a kernel

Ki € LY(Gn x G, poy X Hay) N C(Gy x G).
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Specifically, for g1 # g» € Gy, it is given by

ek, :(g1,92), if 91,92 €G,

K = ]
(91, 92) [ 0, otherwise.

4.3 The commutator with O,

We now arrive at the main technical result towards the construction of a spectral triple from the
logarithmic Dirichlet Laplacian A.

Proposition 4.11. For i € {1,...,N} the commutator [A,S;] extends to a bounded operator on
L2(Ga, uc,). Moreover, ||[A, Si]|l < C where C > 1 is the Ahlfors constant as in (2.1). In particular,
for any a € C(Ga), [A, a] extends to a bounded operator on L?(Ga, ug,)-

Proof. The commutator [A, S;] is a matrix operator with entries
P,[A,S]P, = A,P,SiP, —P,SiP, A,

since A is diagonal in the decomposition of L?(Ga, g, ). We claim that each entry extends to a bounded
operator and the operator norms of those entries are uniformly bounded. Also, from Proposition 3.6 we
have that every column of [A, Si] has at most two non-zero entries and every row at most N non-zero
entries. Therefore, from Schur’s test [A, S is bounded. Moreover, in our calculations it suffices to work
with locally constant functions, due to the self-adjointness of each A and since convoluting with S;
preserves locally constant functions.

It follows from Proposition 3.6 that P, [A, S;]P,» = 0 unless we are in one of the two cases:

(1) sty) =s(y) and r(y) = ir(y"), or
@) ry) =1(y) =@ and s(y) = s(y") and s(y)isoyi-1 = 1.

We first show that case (1), that is, y = iy’ € I, contributes nothing to the commutator. Indeed, for
f € C(Ga) and (x,n,y) € Ga \ Gj, it holds that Py, [A, S|P, f(x,n,y) = 0, while for (x,n,y) € G;,» we can
write

Py, SiPy Ay f(x,n,y) = SiA, f(X,1n,Y)
=Ayfloax),n—="1,y)

_ floax),n—1,y) — f(z,m,w)

~Jo, dy((0a(0,n = 1,y), (z,m, w))? Aoty (2, w)

_ flea),n—=1,y) —f(z,n—1,w)
Gy d@y, wy?

duy,(z,n—1,w)

and

AiyPiySiPyf(X,1,y) = Ay SiPyf(X,1,Y)

_/ SiP, f(x,n,y) — SiP,/f(z, m,w)
Js diy (X, 1,Y), (z, M, W))°

d piy (z, m, W)
floa),n=1,y) = (f o o3, )(z,n, W)

~Js dip (X, 1, Y), (z, 1, W))? d iy (z,n, W)

_ floa@),n—=1,y) —f@@,n,w"
6, diy((x,n,y), @, 0 +1,w))

_ floa),n—1,y) —f(z,n—1,w)
G, d(y, wy?

dpy (2,1, W)

dp, (z,n—1,w).
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The fourth equality comes from changing (z,n,w) — (oy,)~(z/,n,w') = (iz/,n’ + 1, w’) and Proposition
2.10. We conclude that

AierinSiPVr = PW,SI»PV, Ay,

and that case (1) contributes nothing to the commutator.

We claim that the non-zero entries in the commutator [A, S;] comes from case (2). In other words,
[A,Si]is supported on the entries P, 5[A, Si]Pg 4 for g of length k+1 > 2 and g = i, with norms uniformly
bounded in k.

Take an f € C°(Gx). Observe that PM[A, Si]Pg pf vanishes on Gy \ Gy p-Let (o}i’l(x), —k+1,x) € Gy p be
arbitrary. Then, we have that

Ay 5P, 5SiPapf (o)1 (X), —R +1,%)

7/ SiPssf (0F 1), =k + 1,%) — SiPs pf (0K (), =k + 1, y)
G

dx,y)? d“a.é((’kil()’)y —-k+1,y)

0.4

Pysf (0f (), —k, %) — Py sf (0f (), =k, Y) _
:/G 0.8 (Tp 0.8 (Tp dll«g_,«}((’k Ly), —k+1,9)

dx, y)?

0.4

and

P, ;SiPapAapf (o (), —R+1,%)
= Agpf (@ (X), =k, X)

_ / Py sf (0K (X), =k, %) — Py sf (05 (), =k, ¥)
Gop A,y

_ / Pof (04 (X), =k, X) — Pa pf (0 (2), =k, 2)
3G dx,2)°

d e p @k (), —k,y)

dp, (05 (2), -k +1,2),

where the last equality comes from
@A), =R Y) = (00p) (04 (@), —k + 1,2)) = (0}(2), =k, 2).
Therefore, our computation is concluded from noting that
P, 5[4, SilPoaf (07 (x), —k + 1,%) =

= Popf @0, k.0 /(; dpg i @)~k +1,).

5\00.8(Gop) d(X,y)5

However,
/ 1 SOy, -k +1,y) < C,
Gy s\00p o) A(X,Y)? 2p7A
and so
IP, 4[4, SilPasll < C.
The proof is now complete. |

Remark 4.12. For the full N-shift we have C = 1, hence |[A, S]]l < 1.
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Remark 4.13. We now describe why we have altered the constructions of [17] as discussed in
Remarks 2.1 and 4.1. In [17], Ga was decomposed into G, that here is

Gak= || Gas
|Bl=k+1

with B being such that «.8 € I. This decomposition and the associated distance functions
produce a logarithmic Dirichlet Laplacian whose commutator with each S; does not extend to
a bounded operator, in contrast to the statement of [17]. Let us prove this statement. For this
reason consider the decomposition

L*(Ga, e,) = P17 Gayk ta)
ak

with the associated projections P,i. Define the positive, self-adjoint operator A’ acting on
L?(Ga, 1a) as

AN =P Aar,
ak

where each A, is the logarithmic Dirichlet Laplacian on L?(Gyk, fak)-

It can be shown that the number of non-zero entries of each column and row of the matrix
operator [A’, Si] is uniformly bounded, and each non-zero entry extends to a bounded operator.
However, the norms of those non-zero entries will not be uniformly bounded, meaning that
[A’,S;] cannot extend to a bounded operator on L%(Ga, ug,). Specifically, let k > 1, f € CX(Ga)
and we focus on the entry Pyr_1[A’, Si]Pyr Which vanishes on Ga \ Ggr-1.

Let (0571 (%), =k 4+ 1,x) € Gyp_1 be arbitrary. If o5 '(x) € C(i), changing the variables with the
homeomorphism Gy 1 — Gy given by (6¥"1(x), ~k + 1,%) > (6 (%), —k, %), gives that

Pyro1[A, SilPsif (0f 1), —k +1,%) = 0.
However, if 6¥"1(x) ¢ C(i), then

Py 1A', Si]Parf (6K 1 (%), =k + 1,%)

_ / SiPoif (0" (), —k+1,9)
JGsrn dx,y)?

d g1y, —k+1,y)

- Poif(030), =k y)

= — du 7(0.1?—1( )y—k-i-l, ).
‘/Gw‘kaYEGXk“(C(i)) d(x,y)? ok-1(04 ~ (Y y

In particular, if f is the characteristic function of Gy, the latter integral has absolute value

1
[ >
/a,(k“(c(i» d(x, ) A Z k-

In that case,
IPok-1[4",SilPof Iz 2 R(L = w(CON?
and as [fll;2 = 1 since ugr(Ggr) = 1, we have that
IPok-1[A", SilPajll 2 R(L— w(CH)2.

We conclude that [A’, §;] is not bounded.

21
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5 The Noncommutative Geometry of G, as a Metric-Measure
Groupoid

We now assemble the spectral triples from A and describe their K-homology classes following ideas of
[15]. We show that the approach taken in [17] for the algebras Oy applies to all Cuntz-Krieger algebras
Oa, thus obtaining a new class of spectral triples for these.

5.1 The Fock space
We introduce the space of finite words with a distinguished ending as

Va={apeVax{l...,Nl:apeVal={yela:ls()l =1}
and write ¢2(V,) for the associated Hilbert space. Furthermore, consider the Hilbert space

Fp = @ Ker A, C LQ(GAy,u'GA)v

VEVA
and the associated projection P4 from L?(Ga, s, ) onto Fa. We note that for y € I,
KerA, =Cyxg, .

Here yg, denotes the characteristic function of G, C Gja. It is therefore useful to recall that up to
renormalization we find the first element in the wavelet basis for each L?(G,, u1,),

€ = H(Gy)il/QXGV-

By construction, (e,)
projection onto e, :

e forms an orthonormal basis for F4. In particular, PAP, = P, P, is the rank one

PAP,f = (P,f e))e, = (f,e,)e,.
The map 8, — e, extends to a unitary isomorphism v : £2(V4) — Fa and vu* = P,.

Proposition 5.1. For a € C(Ga) the operators (1 — Pa)aP4 are of finite rank.

Proof. We have
iy if i]/ € \7A

Sie, = . . -
s 0 if iy ¢ Vy,

Now P4Sfej, = 8je, and SfPa — PaSiP4 is of finite rank. Since C(G,) is generated by {S;:i=1,--- ,N} as
a x-algebra, the statement follows. |

Also, denote by p4 the left regular representation of O4 on L?(Gg, uc,).

Proposition 5.2. The triple (L>(Ga, ua), pa, 2Pa — 1) is an odd Fredholm module over Op.

Proof. Since C°(G,) is a x-algebra and
[Pa,a] = —(1 —Pa)aPa + ((1 — Pa)a*Pa),
this follows from Proposition 5.1. |

We note that the Fredholm module (L?(Ga, pa), pa, 2P4 — 1) is finitely summable, even with finite rank
commutators against C(Gy), by the proof of Proposition 5.1. This stands in sharp contrast to the lack
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of finitely summable spectral triples on O, as discussed in [15]. It is simple to check the following using
Kaminker-Putnam’s KK-duality [23], with the same argument as in [9, 15].

Proposition 5.3. The class [L?(Ga, ua), pa, 2Pa — 1] € K*(O4) is the image of the unit [1] € Ko(Oar)
under the KK-duality isomorphism Ko(Oar) — K*(Op).

More generally, for a finite word g € V4 \ {g} we can consider the Hilbert space

Fap= EP Kera, cL%(Ga,uc,),
velasy)=p

and the associated projection P4 g from L%(Ga, ug,) onto Fap. By the same argument as above, we
conclude the following.

Proposition 5.4. For every g € Vy \ {g}, the triple (L2(Ga, ta), pa,2Pas — 1) is an odd Fredholm
module over O,. Also, the associated class [(L?(Ga, ia), pa, 2Pag — 1)] € K*(O,) is the image of
the projection [S,,S;;] € Ko(Oar) under the KK-duality isomorphism Ko(Oar) — K(Oa).

We note that the classes [SﬁS;;] € Ko(Oar) generate Ko(Oar). Indeed, we have a Murray-von Neumann
equivalence SgS; ~ Sj;Ss. A direct computation gives S5Sg = S1Sj ~uw S} where j = By is the last
letter of B, so that

[5553] = [5)S7] € Ko(Or).

Finally, [7, Proposition 3.1] shows that the map ZN — Ko(Opr), (k}-)jN:1 > Zjil k; [SJSJ.*] is surjective (with
kernel (1 — A)ZN).

5.2 Spectral triple representative

We recall the proper continuous function ¢ : G4 — N from (4.4). In previous works [15, 17], one used the
length function |c| + « constructed from the maps ¥ : G4 — Nand c : G4 — Z. However, for g € G, we
have that

g — sl rm)l+1 > s,
20 —2=3rl I+ 1 =I5l

)

lc@] +k(g) = [

so ¢ and |c| + « are mutually relatively bounded by each other.
Consider now the unbounded operator D on C¥(Ga) given by

—(A+Myf, iffeFy

Mf, iff € Fa 61

Df:,

We see from Theorem 4.7 that in the orthonormal basis (e,, €, .j)¢.vjes, C CZ(Ga) for L2(Ga) from
Theorem 3.9, we have

De, = | IVl i ls()l > 1,
lvle,, iflsml=1

and
Deg oy = =yl + A, ()€ i,

for Aé*(y)(v) as in Lemma 4.2. Note that

71+ 24, G vo) = Iyl + Ivol,
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by Proposition 4.6. We think of this spectral property as the splitting of

IDI = @yl +4,), under L*Ga,puc,) =EPL Gy, uy),

vela yely

and where each A, > 0 has compact resolvent with eigenvalues indexed by a one-point set and
(vo,j) from a subset of Vo x {1,...,N} where the size of each eigenvalue is |v|. In particular, D has
compact resolvent and Tr(e~'Pl) < oo for t > log(Amax)/Co, Where Co > O is the constant appearing
in Proposition 4.6. Since P4 commutes with M, and A, we can simplify our notation and write

D= (2Pa — (A + M),
as an unbounded self-adjoint operator.
Proposition 5.5. The triple (C®(Ga), L?(Ga, 11c,), D) is an odd spectral triple such that
D= (2Pa — 1)(A + My).

Consequently, the K!-homology class of it equals [L?(Ga, uc,), pa, 2Pa — 1] € K*(04). And more
generally, any finite word B € V4 defines an odd spectral triple

(CZ(Ga), L3(Ga, p16,), (2Pag — (A + My)),

whose K*-homology class equals [L2(Ga, ic,), pa, 2Pa s — 1] € K2(On).

Proof. We shall prove the statement for P4 and the proof about P, g is similar. First, it is clear from
the definition of D in (5.1) that D = (2P4 — 1)(A + M,). Also, from the preceding discussion we see that
D has compact resolvent. We only need to show that [D, S;] extends to a bounded operator for every
ie({1,...,N}. To this end, observe that

D = (2P5 — )M, — A.

From Proposition 4.11 we have that each [A, S;] extends to a bounded operator. Furthermore, each [(2P4 —
1)M,, Si] extends to a bounded operator as well, which can be seen as follows. We again view each
[(2P4 — 1)M,, Si] as a matrix operator using Proposition 3.6. The matrix decomposition of the operator
(2Po — 1)M, is diagonal and we derive that there is a bounded function ¢ : Ia x Ia — R such that
[(2PA — 1M, S{y] =y, ;/)Si‘f'y. We conclude that [(2Pa — 1)M,, S;] is bounded. [ |

6 The Isometry Group and Entropy

We now describe the isometry group of the spectral triple (C(Gx),12(Ga, ¢, ), D) from Proposition 5.5.
We write Gp for the isometry group of (C2(Ga),L?(Ga, ic,), D) as defined in [31]. The group Gp is the
subgroup of the automorphism group of O, consisting of automorphisms ¢ of Oa for which there is a
unitary implementer U of ¢ on L2(Ga, uic,) such that UDU* = D in the sense of unbounded operators,
for more details see [31]. The operator U is uniquely determined by ¢ up to an element of the unitary
group U(O),) on the dense subspace Oa € L?(Gy, pg,) (cf. Remark 3.2) from

UE) =), §e€0a.

In fact, an automorphism ¢ of O, extends to a unitary on L2(Gg, ic,) if and only if the KMS-state on Oa
for the gauge action is p-invariant; which in turn is equivalent to ¢ commuting with the gauge action
(i.e., graded).

Before diving into deeper results about the isometry group, we start with some easy observations
allowing us to embed Gp into the unitary group U(N). Our argument closely follows [5] describing a
similar problem on the algebra Oy. We note the following:
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(1) 11s an eigenvalue of D with eigenspace spanned by e, s for || = 1. We have that such anesg is a
normalization of the characteristic function for the set

Gop ={(x,0,x) € Go : x e C(B)}.

In terms of the generators of Oa, €54 = SgSh-
(2) 2 is an eigenvalue of D with eigenspace spanned by e, 4 for |¢| = 1 and |8| = 1 with af € V4. We
have that such an e, 4 is a normalization of the characteristic function for the set

Gap=1{(x1,y) €Ga:x=u0ay, y € C(B)}.

In terms of the generators of Oa, €y 5 = S¢SgS}.

In particular, if ¢ € Gp, the eigenspace corresponding to the eigenvalue 1 must be preserved. So there

is a unitary matrix u® = (uﬁz/)ﬁﬁfﬂ € U(N) such that

N
1
9(SpSp) = D g, SpSp.
p=1
In fact, given that ¢ is an automorphism, u® must be a permutation matrix (i.e., only one non-zero

entry per row and column which is 1). Similarly, there must be a unitary matrix u® = (L4ffyf,)§ya/:1 e UIN)
such that for every o, g € {1,...,N} it holds

N
0(SaSpSy) = > ul ul SuSpSh

o p=1

N
= > ul,Sue(SsS)).

o'=1

Therefore, summing over g we obtain

N
9(S) = > U, S
o'=1

N

Since {S,})_, generate O,, the map

t: Gp — UN), > u?, (6.1)
is a group embedding. We aim to describe this embedding explicitly. To this end, we first obtain an
algebraic description of the closed subgroup G4 of U(N) consisting of all unitaries u € U(N) such that
the map ¢u(Se) = Zf,:l Uy oSe for a € {1,..., N} extends to an automorphism of O,.

Proposition 6.1. The group Ga consists of all unitaries u € UNN) such that
USWAW @u'S) = (1@SAL®S,
where A € My(C) ® My(C) is given on the standard basis {e; ® ej}{szl of CN ® CN by

Ale;®e) = Ajjei®eg,

and S € My(0,) is the diagonal matrix Se; = Sie.
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Proof. We describe the elements u € U(N) for which the map ¢,(Sq) = Zf,zl Uw oSer €Xtends to an
automorphism of O,; that is, {¢y, (St,,)}yz1 satisfies the Cuntz-Krieger relations. Since u is unitary one has

Z(ﬂu(sa)‘ﬂu(sa)* =1
Moreover, it holds that

0u(S)*0u(Sp) = D" Tl pS5Sp = D Uar U pAar ' SprSy-
o B o B

Therefore, when « # 8, we have that ¢,(S.)*¢u(Sp) = 0if and only if for every g’ € {1,...N} one has
Zua/ﬂuarﬁAar’ﬂr =0.
On the other hand,

ZAa,a’qou (Sa/)‘pu (Su’)* = Z uﬂ”,a’uﬂ’,u’Aa,a/Sﬁ’S;”-
o o \B 8"

Consequently, we have that

Pu(Se) Pu(Se) = D Ao Pu(Sa)pu(Sar)*

if and only if when g’ # g” it holds that

> Upatp o AawSe Sy = 0

o

and for B/ = p” it holds

Z uﬁ',a’uﬁ',ot’Aa,a’ = Z ua’,aurx’,o{Aa’,/j"
In summary, for u € UN) the map ¢, extends to an automorphism of O, if and only if

(Sa,ﬂ Z Uﬂrr'arUﬂryarAa,arSﬁrSg” = (Sﬂrylgrr ZMa/yqua',ﬁAa',ﬁrSﬂrS;/,. (62)
o o

Then, a simple calculation shows that (6.2) is equivalent to
U SWAW @U'SH = (1®SAL®SH,

where A and S are the matrices described in the statement. This completes the proof. |
Remark 6.2. For the Cuntz algebra Oy we have A;; = 1 for alli,j and hence in this case Gy = U(N).

In general, the group G4 is a compact Lie group and it is straightforward to check that the
associated Lie algebra consists of all skew-hermitian matrices X € My(C) such that

[1y ® SXS* + X ® 55*,A] = 0.

We write Py for the group of N x N-permutation matrices, which of course is isomorphic to the
symmetric group on N elements. Consider now the subgroup Aut(A) C Py defined as

Aut(A) :={q e Py :gA = Aq}).
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In other words, Aut(A) is the automorphism group of the directed graph associated to A. For q € Aut(A)
and i € {1,...,N} we shall denote by q(i) € {1,...,N} the permutation of i under q. An immediate
observation is that Aut(A) acts on the space of admissible finite words V4 by fixing the empty word
@ and actingon ey ...a, € V4 by

q-o1...0q:=qla1)...q(an), q € Aut(A). (6.3)

This action extends to an action on the index set I in (2.5). For brevity, we shall denote the action of
qeAut(A)onxeVayorlabyq-x.

Moreover, Aut(A) acts by conjugation on TV, where the latter is viewed as the group of N x N-diagonal
matrices with entries in T. Further, the associated semi-direct product TV x Aut(A) embeds as a group
into U(N) by sending (c, q) + cq. At this point we identify TN x Aut(A) with its image in U(N). Moreover,
from Proposition 6.1 we obtain that TN x Aut(A) is in fact a subgroup of G, because for every i,j €
{1,...,N} and q € Aut(A) it holds that A;; = Ay q4)-

The action of the group TN x Aut(A) can be described dynamically as well. An element q € Aut(A)
induces a shift equivariant measure preserving isometry

Ug @ Za — Za, (Xn)nen > (4(Xn))nen-

This map can be lifted to a measure preserving homeomorphism V; : G4 — Ga by setting Vg(x,n,y) :=
(Vg(X),n,Uq(y)) with the property that Vg : (G,,d,) — (Gg.,, dg,,) With u, = ug,. An elementc TN acts
on L%(Ga, pic,) via

S (D) = Car(g) " Cara(@Ch0 Chr@  Chiprat@)] (9)-

Here a(g) and B(g) are defined in terms of the discretization map

:Gp —Ia, €9 = (9, 4s(9),
of Definition 2.6 by setting a(g) := ¢,(g) and B(g) := ¢5(g).
Theorem 6.3. The isometry group Gp of the spectral triple (C2(Ga),L*(Ga, iic,), D) is a compact

Lie group. In particular, the image of Gp under the embedding ¢ : Gp — U(N) defined in (6.1)
coincides with the subgroup TN x Aut(A) of Ga.

Proof. The group Gp is a compact Lie group since «(Gp) is a closed subgroup of U(N). Moreover, from
Proposition 6.1 we obtain that

l(GD) C GA, (64)
since by definition Gp consists of automorphisms of O,. Further, the 1-eigenspace of D, which is spanned
by SsSh for |B] = 1, is preserved by Gp and hence a simple calculation for @(S5S3), where ¢ € Gp is
arbitrary, yields that

«(Gp) € TV x Py. (6.5)
In particular, from (6.4) and (6.5) we have that
«(Gp) € TV x Aut(A). (6.6)

Now let u € TN x Aut(A). Since in particular u € Ga, we have that the KMS-state for the gauge action
on O, is gy-invariant, where ¢, : Op — Oa is the automorphism given on S, for o € {1,...,N} by

N
‘pu(sa) = Z ua’,asa’» (67)
a'=1

G20z Joquiagaq G| uo 1sanb Aq 91.89808/4/S0IEUL/9/GZ0Z/I0IME/UIWI/WO0d"dNODILSPED.//:Sd)lY WO PapEOjuMOd



28 | D.M. Gerontogiannis et al.

As a result, by viewing Oa C L?(Ga, uc,) as a dense subspace (cf. Remark 3.2), the operator U on
L?(Ga, jtc,) defined as

Uu(®) == 9u6), £€0a

is a unitary implementing ¢,. To prove equality for (6.6) we have to show that [U,, D] = 0.

To conclude [Uy, D] = 01it suffices to show that U, commutes with the projection P, on the Fock space
Fa, the potential M, and the logarithmic Dirichlet Laplacian A; see Section 5 for the description of these
operators. By writing u = cq, where c € TN and q € Aut(A), we have that

ou(Sy) = Ug(a),a Sq(a) .

Therefore, the Fock space F, and its complement are preserved. In other words, U, commutes with
P4. Similarly, the eigenspaces of M, are preserved and hence U, commutes with M,. More precisely, we
have that U, preserves the direct sum decomposition L?(Ga, uc,) = @, L*(G,, i) in the sense that
U, = &, Uy, where for every y € I5 the unitary

vela

Uuy - L3(Gy, 1y) = L*(Gqy, ig),

acts as the composition of unitary induced by the measure preserving isometry v, and a complex scalar.
Since each individual logarithmic Dirichlet Laplacian A, commutes with unitaries induced by measure-
preserving isometries (see [13, Lemma 5.9]) we obtain that U, commutes with A as well. The proof is
now complete. |

Remark 6.4. With a similar proof as that of Theorem 6.3, one can prove that for a finite word
B € Va the isometry group of the spectral triple (C®(Ga), L?(Ga, ft,), (2Pas — D(A + My)) (see
Proposition 5.5) is the compact Lie group TN x Autg (A) where Autg(A) C Aut(A) is the subgroup
of graph automorphisms that preserve g viewed as a finite path in the graph.

6.1 Voiculescu’s topological entropy of isometries

Let us study an interesting fact about the group Ga in relation to Voiculescu’s topological entropy. The
notion of topological entropy dates back to Kolmogorov-Sinai, who defined the entropy of a measure
with respect to a self-map of the space. Among other things, entropy is used to distinguish “probabilistic”
(positive entropy) from “deterministic” (zero entropy) dynamics. In several examples, there is a measure
maximizing the entropy and its value coincides with the topological entropy. The latter notion was
extended to unital completely positive maps by Voiculescu [37]. Let us recall its definition.

Let B be a unital C*-algebra and write FS(B) for the set of all finite subsets of B. If @ € FS(B) and ¢ > 0,
an e-approximating triple (g, ¥, C) of Q consists of a finite-dimensional C*-algebra C, and two ucp-maps
¢ :B— Cand v : C — Bsuch that |[¥(¢(b)) — b|lz < ¢ for all b € Q. We write CPA(B, Q, ¢) for the set of
e-approximating triples of Q. If we assume that B is nuclear, for example, a Cuntz-Krieger algebra, then
CPA(B, 2, ¢) is non-empty for any ¢ > 0 and Q € FS(B). We set

rep(Q, ¢) := min {rank(C) : (¢, v,C) € CPA(B, Q,6)}.

Here rank(C) is defined as the dimension of a maximal abelian subalgebra in C.
Now let e : B — B a unital completely positive map (ucp). For @ € FS(B) and n € N, we use the notation
QM := Ul_,a* (). Voiculescu’s topological entropy of « is defined as
log (rcp(2™, &)

ht(@) := sup,. ¢ gers ) iMm sup — (6.8)
n—oo

Theorem 6.5. For all u € G, the Voiculescu noncommutative topological entropy vanishes on the
automorphism ¢, : Oa — Oa.

G20z Joquiagaq G| uo 1sanb Aq 91.89808/4/S0IEUL/9/GZ0Z/I0IME/UIWI/WO0d"dNODILSPED.//:Sd)lY WO PapEOjuMOd



Heat and Isometries on CK-Algebras | 29

Proof. One directly concludes the theorem for the Cuntz algebra from [35, Theorem 2.2]. The general
case follows from the same methods as in the proof of [35, Theorem 2.2] using that G acts via elements
of the matrix algebra in the core spanned by {SiS; - L,j=1,...,N}L [ ]

The construction of topological entropy of self-maps of a compact metric space can be found in for
instance [25, Chapter 3.1.b], with the relation to the construction (6.8) made clearer in [25, Exercise
3.1.8 and 3.1.9]. By [37, Proposition 4.8], if B = C(X) for a compact metric space X and «(f) := g*(f) for a
continuous map g : X — X, then ht(«) coincides with the topological entropy of g. In particular, if g is
isometric then ht(a) = 0; this is clear from the construction in [25, Chapter 3.1.b]. This well-known fact
about isometries on compact metric spaces turns out to extend to isometries of Cuntz-Krieger algebras.

Corollary 6.6. The Voiculescu noncommutative topological entropy vanishes on Gp.

Proof. This now follows from Theorems 6.5 and 6.3. [ |
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