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This paper introduces heat semigroups of topological Markov chains and Cuntz–Krieger algebras by
means of spectral noncommutative geometry. Using recent advances on the logarithmic Dirichlet
Laplacian on Ahlfors regular metric-measure spaces, we construct spectral triples on Cuntz–Krieger
algebras from singular integral operators. These spectral triples exhaust odd K-homology and for Cuntz
algebras we can compute their heat operators explicitly as Riesz potential operators. We also describe
their isometry group in terms of the automorphism group of the underlying directed graph and prove
that the Voiculescu noncommutative topological entropy vanishes on isometries.

1 Introduction
The geometry and topology of manifolds can be encoded spectrally by means of suitable (pseudo)
differential operators, such as the Laplace, Hodge–de Rham, or Dirac operator. This functional analytic
approach leads to Connes’ paradigm of noncommutative geometry [4], which extends spectral geometry
to the realm of noncommutative C∗-algebras. Here, the central notion is that of a spectral triple (A, H, D).
This consists of a pre-C∗-algebra A, a Hilbert space H and a self-adjoint operator D with compact
resolvent satisfying some compatibility axioms. The prototypical commutative example is that of a
Dirac-type operator on a compact manifold. However, there are only few examples of large classes of
noncommutative spectral triples with non-trivial topological as well as spectral features.

The class of Cuntz–Krieger algebras [6], a family containing highly noncommutative C∗-algebras
arising from topological Markov chains, is such a notable example. Early on, Cuntz–Krieger algebras
were shown to satisfy KK-duality [23], a topological feature that in the commutative setting is enjoyed
by finite complexes. The noncommutative geometry of Cuntz–Krieger algebras was explored thereafter
in [15–17] where the authors obtained spectral triples that exhaust odd K-homology. Building on this, a
study of the isometry group of Cuntz algebras was pursued in [5]. Moreover, related constructions have
been carried out in the commutative case of the underlying shift space [10, 22] with a focus on metric
properties and wavelet bases.

In this paper we revisit the noncommutative geometry of Cuntz–Krieger algebras in the spirit of
semiclassical methods and spectral geometry. The key tools come from the recent developments made
by the first and third listed author, in the harmonic analysis of Ahlfors regular metric-measure spaces
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2 | D. M. Gerontogiannis et al.

[13], and ideas [17] put forward by the second and third listed author for Cuntz algebras. Notably, our
present more-geometric approach produces novel results already for the Cuntz algebras.

1.1 Background
The primordial idea of studying dynamical systems through the lens of operator algebras goes back
almost a century to von Neumann, with operator algebraic methods imbuing his proof of the ergodic
theorem. Nowadays, this line of thought is well-established throughout mathematics [3, 6, 14, 26,
37]. Noncommutative geometry extends this philosophy to a natural framework in which both rigid
topological and fine analytic properties of dynamical systems can be studied on equal footing.

The past decade has seen substantial progress regarding the noncommutative topology of non-
isometric dynamical systems, most notably the hyperbolic dynamical systems encoded by the Ruelle
algebras [34]. These are C∗-algebras satisfying KK-duality [12, 24]. The Cuntz–Krieger algebras [6] arise
as the zero-dimensional case in the class of Ruelle algebras.

More precisely, the Cuntz–Krieger algebra OA associated to a topological Markov chain with adjacency
matrix A encapsulates key aspects of the (singular) orbit space of the associated subshift of finite
type. The noncommutative topology of Cuntz–Krieger algebras is captured through analytic K-homology
and recovers the Bowen–Franks invariants [6]. Accessing this information computationally requires the
construction of a spectral geometry compatible with non-isometric dynamics of the underlying subshift
of finite type.

Questions of dynamical systems and equivariance permeate noncommutative geometry [4] and its
applications. Nonetheless, a complete reconciliation with spectral theory and dynamical systems is yet
to be achieved. In fact, this is a hard problem that so far is satisfactorily understood only for isometric
actions.

The Baum–Connes conjecture [2] implies that up to homotopy all actions are isometric and proper. In
light of the Baum–Connes conjecture’s veracity for large classes of groups [21, 27], it poses no restriction
to restrict to isometric, proper actions for the purposes of index theory and K-theory. However, for the
purpose of explicit computation, the problem of obtaining a spectral geometry in the non-isometric
case persists. The objective here is a systematic construction of spectral triples that gives access to
their index theory via a K-homology class, their symmetries in the form of an isometry group [31], their
heat kernel and heat trace asymptotics, and the associated Connes distances, also known as quantum
or Monge–Kantorovič metrics.

The noncommutative geometry of Cuntz–Krieger algebras was first studied in [15], motivated by the
study of dimensional properties in noncommutative geometry. The study of spectral noncommutative
geometry on these algebras was later pursued in [9, 16–18]. However, those approaches did not provide
a complete picture. The purpose of this paper is to refine the above-mentioned works in a systematic
way that has the potential to extend to dynamical systems of positive dimension.

1.2 Main results
The main results of the paper concern the noncommutative geometry of Cuntz–Krieger algebras OA,
which arises from a distinguished metric-measure space structure on the Deaconu–Renault groupoid
GA with unit space the associated topological Markov chain �A. The reader can find a review of
topological Markov chains in Subsection 2.1 and of the associated dynamics as encoded in the Deaconu–
Renault groupoid GA in Subsection 2.2. We decompose the groupoid GA as a disjoint union of bisections

GA =
⊔
γ∈IA

Gγ , (1.1)

such that the metric-measure space structure on �A lifts to each bisection Gγ . We so arrive
at an (extended) metric dGA and a measure μGA fitting into an Ahlfors regular metric-measure
space (GA, dGA , μGA ). The measure μGA is such that L2(GA, μGA ) canonically identifies with the GNS-
representation of OA associated to the KMS-state of the gauge action.

As an Ahlfors regular metric-measure space, (GA, dGA , μGA ) admits the logarithmic Dirichlet Laplacian
[13]. The resulting operator �, densely defined in L2(GA, μGA ), takes the form

�f (g1) =
∫

GA

f (g1) − f (g2)

dGA (g1, g2)δ
d μGA (g2),
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with δ being the fractal dimension of the underlying shift space. In addition, the decomposition (1.1) of
GA allows for the construction of a proper, continuous function

� : GA → N, �|Gγ
:= |γ |, (1.2)

with |γ | a naturally defined length on the index set IA. The function � gives rise to a suitable potential
V. We so produce an odd spectral triple (C∞

c (GA), L2(GA, μGA ), −� + V) over OA, with C∞
c (GA) being the

convolution ∗-algebra of compactly supported locally constant functions. The detailed construction of
D = −� + V is found in Subsection 5.2.

The K-homology class of (C∞
c (GA), L2(GA, μGA ), D) is in general non-trivial. Further, in the spirit of [15],

by varying appropriate parameters we obtain a family of spectral triples that exhausts the K-homology
group K1(OA); see Proposition 5.5. A key novelty in the present paper is the fine spectral analysis of the
operator D, provided by the following theorem.

Theorem 1. The Hilbert space L2(GA, μGA ) admits an orthonormal basis

(eγ , e(γ ,ν,j))(γ ,ν,j)∈IA ⊂ C∞
c (GA) ⊂ L2(GA, μGA ),

of eigenfunctions for the operator D. The eigenvalues are given by

Deγ = sgn(γ )|γ |eγ , De(γ ,ν,j) = −(|γ | + λA
s(γ )(ν))e(γ ,ν,j),

where the map sgn : IA → {±1} is determined by Equation (5.1). The numbers λA
s(γ )(ν) are

eigenvalues of the logarithmic Dirichlet Laplacian on GA and are explicitly given by

λA
s(γ )(ν) = 1 + λmaxvν1

|ν|−|s(γ )|−1∑
k=0

uν|ν|−k−1 (1 − Pν|ν|−k−1,ν|ν|−k ),

with u and v the Perron–Frobenius eigenvectors for A and its transpose AT, respectively, and
Pi,j is the transition probability of going from vertex i to vertex j in the finite directed graph
associated to A.

The reader can find the main computation underlying Theorem 1 in Subsection 4.1. It is of spectral
interest to know that for fixed γ the spectrum of D restricted to the span of (eγ , e(γ ,ν,j))(ν,j) grows
exactly logarithmically; see Proposition 4.6. In particular, the operator D exhibits spectral similarity
to the signed logarithm of an operator with Weyl-like spectral behaviour, such as a Dirac operator on
a finite-dimensional geometry. For the Cuntz algebras ON, we prove that this is indeed the case. Here
the topological Markov chain is the full N-shift, and the homogeneity of the example allows for explicit
computations; see Theorem 4.10.

Theorem 2. For the Cuntz algebra ON the heat operator e−t|D| of D is defined for every t > log(N)(1−
N−1)−1 by the kernel

Kt ∈ L1(GA × GA, μGA × μGA ) ∩ C(GA × GA),

given by

Kt(g1, g2) =
{

e−t|γ | (hγ (t) + Hγ (t)dγ (g1, g2)
−δ+δ′t) , if g1, g2 ∈ Gγ

0, otherwise.

Here hγ and Hγ are explicit rational functions in N, e−tN−1
and e−t given in Proposition 4.8. The

distance dγ is the distance on the topological Markov chain pulled back to the bisection Gγ via
the source map. In particular, the heat operators e−t|D| are Riesz potential operators.

In Section 6, we compute the isometry group of (C∞
c (GA), L2(GA, μGA ), D) and study the noncommuta-

tive topological entropy as defined by Voiculescu. The reader can note that classically, the topological
entropy of isometries vanishes. The results of Section 6 can be summarized in the following theorem.
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4 | D. M. Gerontogiannis et al.

Theorem 3. The isometry group GD of the spectral triple (C∞
c (GA), L2(GA, μGA ), D) is a compact

Lie group isomorphic to TN �Aut(A), where Aut(A) is the automorphism group of the directed
graph associated to A. Moreover, the Voiculescu noncommutative topological entropy vanishes
on automorphisms of OA belonging to GD.

The reader should note that our computation of the isometry group does not contradict the main
result in [5] as the two results concern different spectral triples. Further, we note that the situation on OA

mimics the classical case of metric spaces where it also holds that the entropy of isometries vanishes.
The first part of the preceding theorem can be found in the main text as Theorem 6.3 and the second
part as Theorem 6.5. Moreover, the preceding theorem also says something about the strength of the
isometry group of (C∞

c (GA), L2(GA, μGA ), D) as an invariant: the isometry group recovers the number N of
Cuntz–Krieger generators of OA and the automorphism group of the associated directed graph. However,
since many graphs have trivial automorphism groups, this is far from a complete invariant.

The techniques in this paper extend those put forward in [17] and make essential use of the
logarithmic Dirichlet Laplacian developed in [13]. In the course of our work, we noticed a subtle but
crucial issue in the definition of the metric-measure space structure from [17] on the groupoid GA. We
address the issue in Remark 4.13, and the present paper retrieves the results announced in [17] for the
Cuntz algebras ON.

Notation
Let F and G be real valued functions on some parameter space Z. We write F � G whenever there is a
constant M > 0 such that for all z ∈ Z we have F(z) ≤ MG(z). Similarly, we define the symbol � and write
F 
 G if F � G and F � G.

2 Preliminaries
In this section we recall topological Markov chains and their Deaconu–Renault groupoids. We equip the
latter with a metric-measure space structure reflecting the underlying dynamics.

2.1 Topological Markov chain
We first recall the basics on topological Markov chains, also known as subshifts of finite type. The
reader can find more on this topic in [25, 28]. Topological Markov chains are of importance to hyperbolic
dynamical systems as the former are simpler, zero-dimensional and “symbolically code” the latter. From
an ergodic and measure theoretic perspective much can be said about hyperbolic dynamical systems
from the theory of topological Markov chains; see [25, 28]. In this subsection, we first describe topological
Markov chains and their metric, define their canonical measure and show how the two fit together into
an Ahlfors regular metric-measure space.

Let A be a N × N-matrix with entries in {0, 1}. We will tacitly assume that A is primitive, namely that
there is a k ∈ N such that all entries of Ak are positive. A string α = α1 . . . αn with each αi ∈ {1, . . . , N}
will be called a word and its length is |α| := n. We call {1, . . . , N} the alphabet. The word α is admissible if
Aαi ,αi+1 = 1 for i = 1, . . . , |α| − 1. We will make frequent use of the empty string α for which n = 0, which
we will call the empty word ø of length |ø| = 0. We note that the set VA of admissible finite words together
with the empty word form a rooted tree, with root ø and a vertex for each admissible word α, and an
edge going from α to αj if and only if αj is admissible.

We consider the closed subset �A ⊂ {1, . . . , N}N defined by

�A := {x = (xn)n∈N ∈ {1, . . . , N}N : Axn ,xn+1 = 1}.

Here {1, . . . , N}N is equipped with the product topology induced from the discrete topology on the
alphabet {1, . . . , N}. By Tychonoff’s theorem, {1, . . . , N}N is compact and, therefore, so is �A. Motivated
by the preceding paragraph, we call �A the space of admissible infinite words. A basis for the topology on
�A is given by the cylinder sets associated to finite words α = α1 . . . αn defined as

C(α) := {x ∈ �A : xi = αi, for 1 ≤ i ≤ n}.
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Heat and Isometries on CK-Algebras | 5

By convention C(ø) := �A, the cylinder set of the empty word. Note that C(α) = ∅ unless α ∈ VA. The
cylinder sets C(α) form a neighborhood basis of open compact sets, so �A is totally disconnected. Since
A is primitive, �A has no isolated points. In particular, �A is a Cantor space. Geometrically, the reader
can think of �A as the Gromov boundary of the rooted tree of finite words VA and the cylinder sets C(α)

as the shadow on the Gromov boundary of all rays in VA going from ø to infinity passing through α.
The dynamics on the space �A is given by the shift map defined by

σA : �A → �A : σA(x1x2x3 · · · ) := x2x3 · · · .

The map σA is a surjective local homeomorphism. Indeed, σA restricts to a homeomorphism from any
cylinder set C(α), with α ∈ VA \ {ø}, to its image. The topological Markov chain associated with the
primitive matrix A is the pair (�A, σA) of the Cantor set �A equipped with the shift map σA. Let us give
two examples that we will refer to throughout the paper.

Example 2.1. If A is the N × N-matrix consisting only of 1:s, then all words are admissible. As is
common in the literature, for this example we shall replace the notation involving A with N.
For instance, we have that

VN =
∞⋃

k=0

{1, . . . , N}k, and �N = {1, . . . , N}N.

This example is called the full N-shift.

Example 2.2. We now describe the topological Markov chain giving rise to the free group acting
on its Gromov boundary. For d ≥ 2, take generators a1, . . . , ad for the free group Fd and consider
the alphabet given by the symmetric generating set S = {a1, a−1

1 , . . . , ad, a−1
d }. Further, let A =

(Axy)x,y∈S be the 2d × 2d-matrix given by

Axy :=
{

1, if x 
= y−1,
0, if x = y−1.

We note that an admissible word is nothing else than a reduced word in the set S, so the graph
of finite admissible words for this matrix coincides with the Cayley graph of the free group Fd

on the d generators a1, . . . , ad. Consequently, for this example

�A = ∂Fd,

the Gromov boundary of Fd. Moreover, the orbits of the group action of Fd on its Gromov
boundary ∂Fd coincide with a weak version of tail equivalence classes for the dynamics of
σA on �A; see Example 3.4.

We now turn to describing the metric structure on the topological Markov chain (�A, σA). Given λ > 1,
we equip �A with the ultrametric

d(x, y) := λ− inf{n−1:xn 
=yn},

with the convention that inf ∅ = ∞. In geometric terms, d(x, y) = λ−k precisely when there is a word α of
length k such that x = αx′ and y = αy′, for x′ and y′ two infinite admissible words starting with different
letters. We note that for every x ∈ �A, the d-ball

B(x, λ−n) = C(x1 . . . xn).

In particular, for n > 1 the shift map restricts to a homeomorphism

B(x, λ−n) → B(σA(x), λ−n+1).

The well known fact that the topological Markov chain (�A, σA) is a locally expanding dynamical system
now follows.
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6 | D. M. Gerontogiannis et al.

The canonical measure on the topological Markov chain (�A, σA) is the Parry measure, which is
defined as follows. Let λmax be the Perron–Frobenius eigenvalue of A. This is the largest eigenvalue
of A whose eigenvector u has positive entries. Since A is a primitive matrix we have λmax > 1. We write
v for the Perron–Frobenius eigenvector of the transpose matrix AT. We assume that u, v are normalized
so that

∑N
i=1 uivi = 1. We set pi = uivi, i = 1, . . . , N. The distribution p = (p1, . . . , pN) on the finite set

{1, . . . , N} induces the Parry measure μ on �A. Note that μ is σA-invariant. Moreover, if α = α1 . . . αn is an
admissible finite word then

μ(C(α)) = vα1 uαn

λn−1
max

.

Example 2.3. For the full N-shift (see Example 2.1) we have Ak = Nk−1A, so Beurling’s formula
gives λmax = N. Moreover, since ui = vi = N−1/2, the Parry measure is given by

μ(C(α)) = N−|α|, α ∈ VN.

Example 2.4. For the Gromov boundary ∂Fd (see Example 2.2), we find λmax = 2d − 1 with the
corresponding eigenvectors having entries ui = vi = (2d)−1/2. In particular, the Parry measure
is given by

μ(C(α)) = 1
2d(2d − 1)|α|−1

, α ∈ Fd \ {1}.

Here we identify the unit 1 ∈ Fd with the empty word in the graph of finite words.

The coordinates of u, v are all positive, so we conclude that there is some C ≥ 1 so that for every
x ∈ �A and 0 ≤ r ≤ 1,

C−1rδ ≤ μ(B(x, r)) ≤ Crδ , for δ = logλ(λmax). (2.1)

In other words, the measure μ is Ahlfors δ-regular. The smallest C satisfying (2.1) is called the Ahlfors
constant of the metric-measure space (�A, d, μ). Note that log(λmax) > 0 is the topological entropy of
(�A, σA). For more details, see [25]. Moreover, by [11, Lemma 2.5], for every s > 0 it holds that∫

B(x,r)

1
d(x, y)δ−s

d μ(y) 
 rs. (2.2)

2.2 Deaconu–Renault groupoid
We use the groupoid approach to Cuntz–Krieger algebras [8, 32, 33], mainly presenting their structure
as in [15–17]. The reader can find more details on groupoids and their C∗-algebras in [32]. We consider
only étale groupoids. The basic idea is to replace a discrete group � acting on a space X with a structure
encoding both the group and the space. At a set theoretical level a groupoid G consists of the following
data: a set of arrows that by abuse of notation denote G, a unit space G(0) with source s : G → G(0), range
r : G → G(0), unit ι : G(0) → G, inversion (·)−1 : G → G, and finally a multiplication

m : G s ×r G → G,

satisfying a series of axioms mimicking a group acting on a space. We sometimes write a groupoid G
with base G(0) as G ⇒ G(0). If G and G(0) are locally compact Hausdorff spaces and the maps s, r and ι are
local homeomorphisms we say that G is an étale groupoid. If this is the case, Cc(G) forms a ∗-algebra in
the convolution product

f1 � f2(g) =
∑

m(g1,g2)=g

f1(g1)f2(g2), (2.3)

and the star operation f ∗(g) = f (g−1). The reduced C∗-algebra generated by Cc(G) is denoted by C∗
r (G) and

contains Cc(G) as a dense subalgebra.
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Heat and Isometries on CK-Algebras | 7

In the context of a topological Markov chain (�A, σA), we consider the étale groupoid

GA = {(x, n, y) ∈ �A × Z × �A : ∃k ≥ 0 such that n + k ≥ 0 and σ n+k
A (x) = σ k

A(y)} ⇒ �A.

The source and range maps are

s(x, n, y) := y, r(x, n, y) := x,

and the partial multiplication and inversion are given by

m((x, n, y), (y, �, z)) ≡ (x, n, y)(y, �, z) := (x, n + �, z), (x, n, y)−1 := (y, −n, x).

Already at this stage, we see how the groupoid GA encodes the dynamics of a topological Markov chain
by keeping track of its orbits. In particular, GA encodes some sort of weak tail equivalence.

Further, consider the maps κ : GA → N ∪ {0} and c : GA → Z defined as

κ(x, n, y) := min
{
k ≥ max{0, −n} : σ n+k

A (x) = σ k
A(y)

}
,

c(x, n, y) := n.

We equip GA with the coarsest topology that makes the maps s, r, κ, and c continuous. As such, GA is a
locally compact, totally disconnected étale groupoid. The C∗-algebra C∗

r (GA) is the Cuntz–Krieger algebra
of A; see Theorem 3.1 below. The map c : GA → Z is a homomorphism and the formula

αz(f )(x, n, y) := znf (x, n, y), f ∈ Cc(GA), z ∈ T, (2.4)

defines an action of the group T of unit complex numbers by ∗-automorphisms of the C∗-algebra C∗
r (GA)

(see [32, Section II.5]).
A basis for the topology of GA is given by the bisections indexed by admissible finite words α, β

C(α, β) := {(x, |α| − |β|, y) : x ∈ C(α), y ∈ C(β), σ |α|
A (x) = σ

|β|
A (y)}.

We shall decompose GA over a more refined collection of bisections than C(α, β). To this end, we first
observe that for g = (x, n, y) ∈ GA one has σ

n+κ(g)

A (x) = σ
κ(g)

A (y) and we recall the following important
interplay between the maps κ and c.

Lemma 2.5 ([15, Proof of Proposition 5.1.4]). For every (x, n, y) ∈ GA it holds that

κ(x, n, y) =
{

κ(σA(x), n − 1, y), if κ(x, n, y) + n ≥ 1
κ(σA(x), n − 1, y) − 1, if κ(x, n, y) + n = 0.

We now introduce our main tool for decomposing GA.

Definition 2.6. The discretization map � is defined to be the map

� = (�r, �s) : GA → VA × (VA \ {ø}),

that takes g = (x, n, y) to the pair of words (�r(g), �s(g)) with |�r(g)| = n+κ(g) and |�s(g)| = κ(g)+1
such that

x = �r(g)σ
κ(g)

A (y) and y = �s(g)σ
κ(g)+1
A (y).

The image of � consists exactly of pairs (α, β) ∈ VA × (VA \{ø}) such that either α = ø or Aα|α| ,β|β| = 1. We
also note that � is continuous since it is constant on the open subsets of each C(α, β) where the value
of κ is fixed. To simplify notation, we write

IA := {γ = α.β ∈ VA × (VA \ {ø}) : α = ø or Aα|α| ,β|β| = 1 }. (2.5)
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8 | D. M. Gerontogiannis et al.

We think of the notation γ = α.β as γ consisting of a two-sided finite word with the dot ., indicating
the midpoint of the word. Geometrically, γ = α.β should be thought of as two strands α and β in the
rooted tree VA joined at the root and whose endpoints are compatible in the sense that Aα|α| ,β|β| = 1. For
γ = α.β ∈ IA, we write

r(γ ) := α and s(γ ) := β.

For γ = α.β ∈ IA, we define

Gγ := �−1(γ ) ≡
{

(x, n, y) ∈ GA :
x = ασ

|β|−1
A (y), y = βσ

|β|
A (y), and

n = |α| − |β| + 1, κ(x, n, y) = |β| − 1

}
.

Note that, in view of Lemma 2.5, Gγ is always non-empty. Since � is continuous, we arrive at a
decomposition into clopen subsets

GA =
⊔
γ∈IA

Gγ . (2.6)

By construction, we have that

κ|Gγ
= |s(γ )| − 1 and c|Gγ

= |r(γ )| − |s(γ )| + 1.

Moreover, the following holds.

Lemma 2.7. For each γ ∈ IA the clopen subset Gγ ⊆ GA is a bisection and the restricted source
map

sγ := s|Gγ
: Gγ → C(s(γ )),

and restricted range map

rγ := r|Gγ
: Gγ → C(r(γ )),

are homeomorphisms. Moreover, the product on GA yields the partially defined maps

Gα.β × Gβ.β ′ → Gαβ|β| .β ′ ,

and the inversion map satisfies

G−1
α.β = Gβ̂.αβ|β| ,

where β̂ ∈ VA is uniquely determined by β = β̂β|β|.

For the sequel it is important to understand how the shift map acts on (2.6).

Lemma 2.8. Let i ∈ {1, . . . , N} and let γ = α.β ∈ IA be such that iγ := iα.β ∈ IA. Then, the map

σiγ : Giγ → Gγ , (x, n, y) �→ (σA(x), n − 1, y),

is a homeomorphism and satisfies

sγ ◦ σiγ = siγ .

D
ow

nloaded from
 https://academ

ic.oup.com
/im

rn/article/2025/6/rnaf054/8086816 by guest on 15 D
ecem

ber 2025



Heat and Isometries on CK-Algebras | 9

Moreover, if γ = ø.β with β = β̂β|β| and β̂ 
= ø, then for γ̂ := ø.β̂ ∈ IA the map

σγ : Gγ → Gγ̂ ,

(σ
|β|−1
A (x), −|β| + 1, x) �→ (σ

|β|−2
A (x), −|β| + 2, x) = (σ

|β̂|−1
A (x), −|β̂| + 1, x),

is a homeomorphism onto its image.

2.3 Metric-measure space structure on GA

For every γ ∈ IA, we define the pull-back metric dγ on Gγ by

dγ (g1, g2) := d(sγ (g1), sγ (g2)).

In other words, the metric dγ on Gγ can be defined from declaring sγ : Gγ → C(s(γ )) to be an isometry.
Then, we define an extended metric dGA on GA, generating the topology on GA, by

dGA (g1, g2) :=
{

dγ (g1, g2), if for some γ ∈ IA both g1, g2 ∈ Gγ

∞, if else
.

Remark 2.1. The extended metric defined above differs from the one used in the preceding work
[17] of the second and third listed author. In [17], GA was decomposed in terms of Gα,k for
α ∈ VA and k ≥ 0, that with our current notation corresponds to

⊔
|β|=k+1 Gα.β , with β satisfying

α.β ∈ IA. Then, an extended metric was defined using this decomposition and declaring s|Gα,k

to be isometric. As we discuss below in Remark 4.13, this extended metric led to various issues
in obtaining spectral triples from log-Laplacians.

We define the pull-back finite Borel measure μγ := s∗
γ μ on Gγ . For an open B ⊂ Gγ , μγ is defined by

μγ (B) = μ(sγ (B)).

The collection {μγ }γ∈IA gives a Borel measure μGA on GA. Now since each sγ (Gγ ) = C(s(γ )) is clopen in
�A, and for the latter μ is Ahlfors δ-regular, we obtain the following.

Lemma 2.9. For every γ ∈ IA, the metric-measure space (Gγ , dγ , μγ ) is Ahlfors δ-regular with
δ = logλ(λmax).

From Lemma 2.8 we obtain the next result describing shift invariance in the collection {μγ }γ∈IA .

Lemma 2.10. For every i ∈ {1, . . . , N}, γ ∈ IA such that iγ ∈ IA and open set B ⊂ Giγ , one has

μiγ (B) = μγ (σiγ (B)).

3 OA-representation and Wavelet Basis
The Cuntz–Krieger algebra OA, as originally defined in [6], is the universal C∗-algebra generated by N
elements Si, i ∈ {1, · · · , N}, subject to the relations

N∑
i=1

SiS
∗
i = 1 and S∗

i Sk = δik

N∑
j=1

AijSjS
∗
j . (3.1)

The universal C∗-algebra OA carries an action of the group T by ∗-automorphisms, known as the gauge
action and determined by the formula

αz(Si) := zSi, z ∈ T, i ∈ {1, · · · , N}. (3.2)
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10 | D. M. Gerontogiannis et al.

The Cuntz–Krieger algebra OA can be equivalently described as the reduced groupoid C∗-algebra C∗
r (GA)

of the Deaconu–Renault groupoid introduced in the Subsection 2.2. The isomorphism intertwines the
gauge action (3.2) and the action (2.4). The following theorem can be found in the literature; see [32, 33].

Theorem 3.1. Let A be a primitive matrix of 0:s and 1:s. The Cuntz–Krieger algebra OA is
isomorphic to the groupoid C∗-algebra C∗

r (GA) and under this isomorphism each generator Si is
given by the characteristic function of the set

{(x, 1, σA(x)) : x ∈ C(i)}.

Moreover, the isomorphism is equivariant for the respective T-actions.

The C∗-algebra C∗
r (GA) can be constructed explicitly as the norm closure of the ∗-algebra Cc(GA) in

its representation on L2(GA, μGA ) by convolution operators via Equation (2.3). For our purposes, it is
important to note that the ∗-subalgebra C∞

c (GA) ⊂ Cc(GA) of locally constant, compactly supported
functions is dense in C∗

r (GA).
In the sequel we will often identify the standard Cuntz–Krieger generators Si for i ∈ {1, . . . , N} of

OA with the characteristic functions from Theorem 3.1. In this section we shall study how L2(GA, μGA )

decomposes under the decomposition (2.6) and how OA acts on this decomposition.

Remark 3.2. Let us make a remark about inclusions and representations to avoid confusion. We
first note that since A is primitive, there is a unique KMS-state φ on OA defined on the dense
subspace Cc(GA) by

φ(f ) =
∫

�A

f (x, 0, x)dμ,

where μ denotes the Parry measure. In particular, the identity map on Cc(GA) extends to an
isometric identification of the OA-representations

L2(GA, μA) = L2(OA, φ),

where L2(OA, φ) denotes the GNS-representation associated to φ. We can therefore view OA and
its dense subalgebras C∞

c (GA), Cc(GA) as dense subspaces of L2(GA, μA). The precise inclusion is
implemented by acting on the cyclic vector 1 ∈ OA ⊆ L2(OA, φ).

Example 3.3. For the full N-shift (see Example 2.1 and 2.3), we have that ON 
 C∗
r (GN) is the Cuntz

algebra. It is the universal unital C∗-algebra generated by N isometries with orthogonal ranges.

Example 3.4. For the group action of Fd on its Gromov boundary ∂Fd (see Example 2.2 and 2.4),
we have a groupoid isomorphism GA 
 ∂Fd � Fd. This is proved in [36, Section 2], see also [15,
Subsection 3.4.3]. In particular, for the free group OA 
 C(∂Fd)�Fd. The same argument shows
that L2(GA, μGA ) 
 L2(∂Fd, μ) ⊗ �2(Fd) compatibly with the natural covariant representation of
C(∂Fd) �Fd.

3.1 Cuntz–Krieger algebra
For every f ∈ L2(GA, μGA ) it holds that

(Sif )(x, n, y) =
{

0, if x 
∈ C(i)
f (σA(x), n − 1, y), if else

.

To determine the support of functions Sif we shall use the following result.

Lemma 3.5. Let γ = α.β ∈ IA and (x, n, y) ∈ GA with (σA(x), n − 1, y) ∈ Gγ . Then,

D
ow

nloaded from
 https://academ

ic.oup.com
/im

rn/article/2025/6/rnaf054/8086816 by guest on 15 D
ecem

ber 2025



Heat and Isometries on CK-Algebras | 11

(1) if α 
= ø or |β| = 1, we have that (x, n, y) ∈ ⊔j:jγ∈IA Gjγ ;
(2) if α = ø and |β| > 1, we have that

(x, n, y) ∈
⎛⎝ ⊔

j:jγ∈IA

Gjγ

⎞⎠⊔Gø.β̂ ,

where β̂ := β1 . . . β|β|−1.

We now present each generator Si as a matrix operator acting on the decomposition

L2(GA, μGA ) =
⊕
γ∈IA

L2(Gγ , μγ ).

Consider the projections Pγ : L2(GA, μGA ) → L2(GA, μGA ) onto L2(Gγ , μγ ). We write

Pγ SiPγ ′ : L2(Gγ ′ , μγ ′ ) → L2(Gγ , μγ ),

for the
(
γ , γ ′)-entry of Si. In fact, for f ∈ L2(GA, μGA ) and (x, n, y) ∈ GA we have that

(Pγ SiPγ ′ f )(x, n, y) =
{

f (σA(x), n − 1, y), if x ∈ C(i), (x, n, y) ∈ Gγ , (σA(x), n − 1, y) ∈ Gγ ′

0, otherwise
.

Given that all metric-measure information on GA is defined in terms of the isometric homeomor-
phism

ŝ :=
⊔
γ∈IA

sγ : GA =
⊔
γ∈IA

Gγ →
⊔
γ∈IA

C(s(γ )) ⊆
⊔
γ∈IA

�A,

we have a unitary isomorphism that by abuse of notation we denote

ŝ : L2(GA, μGA ) =
⊕
γ∈IA

L2(Gγ , μγ ) −→
⊕
γ∈IA

L2(C(s(γ )), μ). (3.3)

To get a better understanding of Pγ SiPγ ′ , we identify it under this unitary with the operator

Sγ ′
i,γ : L2(C(s(γ ′)), μ) → L2(C(s(γ )), μ),

and Si with the matrix operator (Sγ ′
i,γ )γ ,γ ′∈IA .

Proposition 3.6. Let i ∈ {1, . . . , N}. Then, every column of the matrix operator Si = (Sγ ′
i,γ )γ ,γ ′∈IA has

at most two non-zero entries and every row at most N non-zero entries. The entry Sγ ′
i,γ of Si as

an operator L2(C(s(γ ′)), μ) → L2(C(s(γ )), μ) can be described by

Sγ ′
i,γ f (s(γ )x) := θi(γ , γ ′)f (s(γ ′)x),

where θi : IA × IA → {0, 1} is the characteristic function of the set

⎧⎪⎨⎪⎩(γ , γ ′) ∈ IA × IA :
s(γ ) = s(γ ′) and r(γ ) = ir(γ ′)

or

r(γ ) = r(γ ′) = ø and s(γ ) = ŝ(γ ′) and s(γ ′)|s(γ ′)|−1 = i

⎫⎪⎬⎪⎭ .

In particular, Sγ ′
i,γ = 0 when
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12 | D. M. Gerontogiannis et al.

(1) (r(γ ′) 
= ø or |s(γ ′)| = 1) and (γ 
= iγ ′ or iγ ′ /∈ IA);
(2) r(γ ′) = ø and |s(γ ′)| > 1:

(a) Ai,s(γ ′)|s(γ ′ )| = 1 and (γ 
= i.γ ′ or γ 
= ø.ŝ(γ ′)),
(b) Ai,s(γ ′)|s(γ ′ )| = 0,
(c) γ = γ̂ ′ and s(γ ′)|s(γ ′)|−1 
= i.

3.2 The wavelet basis for L2(GA, μGA)

Let us turn to constructing a wavelet basis for L2(GA, μGA ) by utilizing the unitary isomorphism (3.3).
The construction is similar, yet different as we see in Remark 3.11, to those in [29]. Specifically, for a
finite word β ∈ VA \ {ø} we aim to construct an orthonormal basis H(β) for L2(C(β), μ).

To this end, we decompose L2(C(β), μ) into finite-dimensional spaces as

L2(C(β), μ) =
∞⊕

k=0

L2
k(C(β), μ),

by declaring
⊕N

k=0 L2
k(C(β), μ) to consist of the linear span of {χC(βν) : |ν| = N} in L2(C(β), μ). The space

L2
0(C(β), μ) is one-dimensional and is spanned by the unit vector

hβ := μ(C(β))−1/2χC(β).

We write H0(β) = {hβ } and for k > 0, Hk(β) will denote an orthonormal basis of L2
k(C(β), μ) with the

property that for h ∈ Hk(β):

(1) There exists a unique ωβ(h) ∈ VA starting with β of length |β| + k − 1 ≥ 1 such that h is supported
in C(ωβ(h)), that we sometimes denote by C(h);

(2) h is constant on C(μ) for any |μ| ≥ |β| + k.

The orthonormal basis H(β) is defined as
⊔

k≥0 Hk(β). Note that for h ∈ H(β) \ H0(β),∫
C(β)

h d μ =
∫

C(ωβ (h))

h d μ = 0,

since the left-hand side is μ(C(β))1/2〈hβ , h〉. We shall enumerate H(β) as

(hβ , hν,j)ν=βν0∈VA ,j∈Jβ (ν),

where ωβ(hν,j) = ν and Jβ(ν) ⊆ {1, . . . , N} is a non-empty index set such that

#Jβ(ν) = #{i ∈ {1, . . . , N} : Aν|ν| ,i = 1} − 1 ≥ 1.

Example 3.7. For the full N-shift (see Example 2.1, 2.3, and 3.3), we can take the basis H(β) =
(hβ , hν,j)ν=βν0∈VN ,j∈Jβ (ν) as follows. We have

hβ = N|β|/2χC(β).

Also, for |ν| ≥ |β| we can choose Jβ(ν) = {1, . . . , N − 1} and for j ∈ Jβ(ν) we have a basis element

hν,j = N|ν|/2
N∑

k=1

e
2π ij(k−1)

N χC(νk) ∈ H|ν|−|β|+1(β).

Example 3.8. For the Gromov boundary ∂Fd (see Example 2.2, 2.4, and 3.4), we can take the basis
H(β) = (hβ , hν,j)ν=βν0∈Fd ,j∈Jβ (ν) as follows. We have

hβ = (2d)1/2(2d − 1)(|β|−1)/2χC(β).
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Recall the alphabet S from Example 2.2. For |ν| ≥ |β| we can choose Jβ(ν) = S \ {ν|ν|, ν−1
|ν| } that we

enumerate as Jβ(ν) = {1, . . . , 2d − 2} and identify ν|ν| with 2d − 1. For j ∈ Jβ(ν) we have a basis
element

hν,j = (2d)1/2(2d − 1)(|ν|−1)/2
2d−1∑
k=1

e
2π ij(k−1)

2d−1 χC(νk) ∈ H|ν|−|β|+1(β).

We can now obtain a wavelet basis for L2(GA, μGA ). The action of the generators on this basis can be
described using Lemmas 2.8 and 3.5.

Theorem 3.9. Define the set

IA := {(γ , ν, j) ∈ IA × VA \ {ø} × {1, . . . , N} : ν = s(γ )ν0, j ∈ Js(γ )(ν)}.

Then the collection (eγ , e(γ ,ν,j))(γ ,ν,j)∈IA ⊂ C∞
c (GA) defined from

eγ := χGγ
· (hs(γ ) ◦ s),

where χGγ
is the characteristic function of Gγ ⊂ GA, and

e(γ ,ν,j) := χGγ
· (hν,j ◦ s)

is an orthonormal basis for L2(GA, μGA ). Moreover, consider a generator Si for some i ∈ {1, . . . , N}.
If iγ 
∈ IA then Sie(γ ,ν,j) = 0. Also, if iγ ∈ IA and

(a) r(γ ) 
= ø or |s(γ )| = 1, then

Sie(γ ,ν,j) = e(iγ ,ν,j);

(b) r(γ ) = ø and |s(γ )| > 1 and s(γ )|s(γ )|−1 
= i, then

Sie(γ ,ν,j) = e(iγ ,ν,j);

(c) r(γ ) = ø and |s(γ )| > 1 and s(γ )|s(γ )|−1 = i, then

Sie(γ ,ν,j)(x, n, y) =

⎧⎪⎨⎪⎩
e(iγ ,ν,j)(x, n, y), if (x, n, y) ∈ Giγ ,
hν,j ◦ s|σγ (Gγ )(x, n, y), if (x, n, y) ∈ σγ (Gγ ),
0, if else

,

where σγ (Gγ ) ⊂ Gγ̂ as described in Lemma 2.8.

Example 3.10. For the Cuntz algebra ON we can identify

IN = IN × (VN \ {ø}) × {1, . . . , N − 1}.

In this index set, the basis is given by

eγ := N|s(γ )|/2χGγ
, and eγ ,ν,j := N|ν|/2

N∑
k=1

e
2π ij(k−1)

N χGγ
· (χC(νk) ◦ s).

Remark 3.11. We note that there is a difference from our construction to that in [29]. In [29],
one finds a construction for a basis of L2(�A, μ) and its relation to a representation of OA on
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14 | D. M. Gerontogiannis et al.

L2(�A, μ). While the basis we consider originates in the constructions of [29], we note that the
left action of the Cuntz–Krieger algebra OA differs substantially on the two spaces. Indeed,
there exists no isometry L2(�A, μ) ↪→ L2(GA, μGA ) commuting with the left OA-action. Such an
isometry can not exist since 1 ∈ L2(�A, μ) is a cyclic vector such that S∗

i 1 = 0 and no such vector
exists in L2(GA, μGA ).

4 The Logarithmic Dirichlet Laplacian on GA

We have that

L2(GA, μGA ) =
⊕
γ∈IA

L2(Gγ , μγ ).

Therefore, we can define the positive, self-adjoint operator � acting on L2(GA, μGA ) as

� =
⊕
γ∈IA

�γ ,

where each �γ is the logarithmic Dirichlet Laplacian on L2(Gγ , μγ ) with its Ahlfors regular metric-
measure space structure (Gγ , dγ , μγ ) discussed in Proposition 2.9. We can identify �γ with Pγ �Pγ . Also,
each �γ is essentially self-adjoint on locally constant functions. We can deduce this fact from the direct
computation appearing below in Lemma 4.2 which implies that �γ can be diagonalized by the Haar
wavelets of Subsection 3.2. In particular, the space C∞

c (GA) of locally constant functions with compact
support on GA is a core for �. Often the support of elements in C∞

c (GA) will be in some Gγ or a finite
union of those.

Note that for f ∈ C∞
c (GA) the operator � admits the integral representation

�f (g1) =
∫

GA

f (g1) − f (g2)

dGA (g1, g2)δ
d μGA (g2), (4.1)

with singular kernel dGA (g1, g2)
−δ . The importance of such integral representations is explained in more

detail in [13]; see also [17, 19, 30].

Remark 4.1. The singular kernel dGA (g1, g2)
−δ is a localized version of the singular kernel used

in [17]. Recall that in [17], another extended metric was used as discussed above in Remark
2.1. If we write d̃GA for the metric used in [17], we have dGA (g1, g2) ≥ d̃GA (g1, g2). In particular,
dGA (g1, g2)

−δ ≤ d̃GA (g1, g2)
−δ while the reversed inequality is not always true. Nevertheless, the

kernels have similar singularity since for g1 and g2 sufficiently close (assuming d̃GA (g1, g2)
−δ ≥

λk+1
max to be precise) the kernels coincide: dGA (g1, g2)

−δ = d̃GA (g1, g2)
−δ .

4.1 Spectral properties
The spectral properties of � can be determined explicitly as in [13, Section 5]. First we consider the
situation on each Gγ , or equivalently, on each cylinder set C(β) for β ∈ VA\{ø}. Also, for any i, j ∈ {1, . . . , N}
denote by Pi,j the transition probability of going from vertex i to vertex j in the finite directed graph
associated to A. Then, from [25, p. 175] we see that

Pi,j = Ai,juj

λmaxui
.

Lemma 4.2. Let β ∈ VA \ {ø}. The orthonormal basis H(β) = (hβ , hν,j)ν=βν0∈VA ,j∈Jβ (ν) constructed in
Subsection 3.2 is an eigenbasis for the logarithmic Dirichlet Laplacian �C(β) on L2(C(β), μ). We
have that

Ker �C(β) = Chβ

and

�C(β)hν,j = λA
β (ν)hν,j,
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where if C(ν) = C(β) then λA
β (ν) = 1, and if C(ν) � C(β) then

λA
β (ν) = 1 + λmaxvν1

|ν|−|β|−1∑
k=0

uν|ν|−k−1 (1 − Pν|ν|−k−1,ν|ν|−k ).

The computations proving Lemma 4.2 closely mimicks that of [13, Proposition 5.6], which in turn is
inspired by [1, Theorem 3.1].

Proof. The equality Ker �C(β) = Chβ follows from [13, Proposition 3.4]. By the argument in [1, Theorem
3.1] we also get

�C(β)hν,j(x) = 0, for x ∈ C(β) \ C(ν).

Moreover, for x ∈ C(ν) we have that

�C(β)hν,j(x) =
(

1 +
∫

C(β)\C(ν)

d(x, y)−δ d μ(y)

)
h(x).

If C(ν) = C(β) then �C(β)hν,j = hν,j. On the other hand, if C(ν) � C(β) then

C(β) \ C(ν) =
|ν|−|β|−1⊔

k=0

[
B(x, λ−|ν|+k+1) \ B(x, λ−|ν|+k)

]
.

Therefore, ∫
C(β)\C(ν)

d(x, y)−δ d μ(y) =
|ν|−|β|−1∑

k=0

∫
B(x,λ−|ν|+k+1)\B(x,λ−|ν|+k)

d(x, y)−δ d μ(y) =

=
|ν|−|β|−1∑

k=0

λδ(|ν|−k−1)

(
vν1 uν|ν|−k−1

λ
|ν|−k−2
max

− vν1 uν|ν|−k

λ
|ν|−k−1
max

)
=

=
|ν|−|β|−1∑

k=0

vν1

(
uν|ν|−k−1 λmax − uν|ν|−k

)

=λmaxvν1

|ν|−|β|−1∑
k=0

uν|ν|−k−1 (1 − Pν|ν|−k−1,ν|ν|−k ).

Here we used λδ = λmax by the definition of δ. �

Example 4.3. For the full N-shift (see Example 2.1, 2.3, 3.3 and 3.7, 3.10), we have that when
C(ν) � C(β) then

λA
β (ν) = 1 + (1 − N−1)(|ν| − |β|).

Example 4.4. For the Gromov boundary ∂Fd (see Example 2.2, 2.4, 3.4, and 3.8), whenever C(ν) �
C(β) then

λA
β (ν) = 1 + (1 − d−1)(|ν| − |β|).

We shall now obtain estimates of the eigenvalues of each �C(β). For this we require the following
observation.

Lemma 4.5. Let ν ∈ VA with |ν| > 3(N + 1) and #{i ∈ {1, . . . , N} : Aν|ν| ,i = 1} ≥ 2. Then, it holds that

#{i ∈ {1, . . . , |ν| − 1} : Pνi ,νi+1 
= 1} >
|ν|

3(N + 1)
.

D
ow

nloaded from
 https://academ

ic.oup.com
/im

rn/article/2025/6/rnaf054/8086816 by guest on 15 D
ecem

ber 2025



16 | D. M. Gerontogiannis et al.

Proof. Consider such ν ∈ VA and write |ν| = k(N+1)+m, for k ≥ 1 and 0 ≤ m ≤ N. Also, for every 1 ≤ l ≤ k
denote by ν(l) the l-th consecutive subword of ν with |ν(l)| = N + 1, that is, ν(l) = ν(l−1)(N+1)+1 . . . νl(N+1).

We claim that for each ν(l) there is some j ∈ {(l − 1)(N + 1) + 1, . . . , l(N + 1)} such that the letter ν(l)j

has

#{i ∈ {1, . . . , N} : Aν(l)j ,i = 1} ≥ 2. (4.2)

It then follows that

#{i ∈ {1, . . . , |ν| − 1} : Pνi ,νi+1 
= 1} ≥ k − 1 >
|ν|

N + 1
− 2 ≥ |ν|

3(N + 1)
.

We have bounded below by k − 1 instead of k because it can happen that m = 0 and we have already
assumed that the last subword ν(k) contains a letter satisfying (4.2), that is, the last letter ν|ν|.

To prove the claim (4.2) assume to the contrary that there is some ν(l) such that for every
j ∈ {(l − 1)(N + 1) + 1, . . . , l(N + 1)} one has

#{i ∈ {1, . . . , N} : Aν(l)j ,i = 1} = 1. (4.3)

Now ν(l) contains a cycle since |ν(l)| > N and due to (4.3) this cycle has to be repeated indefinitely. In
particular, the last letter ν|ν| satisfies (4.3), a contradiction. �

Lemma 4.5 can now be applied to any ν ∈ VA that appears in the orthonormal basis H(β) =
(hβ , hν,j)ν=βν0∈VA ,j∈Jβ (ν), and since A is primitive and every coordinate of the eigenvectors u, v is positive,
we obtain the following.

Proposition 4.6. There are constants 0 < C0 ≤ C1 so that for every β ∈ VA\{ø} and every eigenvalue
λA

β (ν) of Lemma 4.2 it holds that

C0(|ν| − |β|) ≤ λA
β (ν) ≤ C1(|ν| − |β|).

Finally, we obtain the spectral decomposition of � on L2(GA, μA).

Theorem 4.7. The orthonormal basis (eγ , e(γ ,ν,j))(γ ,ν,j)∈IA ⊂ C∞
c (GA) for L2(GA, μGA ) from Theorem

3.9 consists of eigenfunctions of �. More precisely, Ker(�) is the closed linear span of (eγ )γ∈IA

and for (γ , ν, j) ∈ IA,

�e(γ ,ν,j) = λA
s(γ )(ν)e(γ ,ν,j).

4.2 Heat kernels for the full N-shift and the algebra ON

Let us describe the heat kernels arising from the full N-shift and at the groupoid level for the
algebra ON. The algebra ON arises from the case that A is a matrix only consisting of 1:s, see
Example 2.1, 2.3, 3.3, 3.7, 3.10, and 4.3 above. We start by describing the heat kernel of each �γ and
for the purpose of obtaining a geometry relevant object on the groupoid, we compute the heat kernel
of � + M� on L2(GN, μGN ), where M� is the multiplication operator by the proper continuous function
� : GN → N defined as

�|Gγ
:= |γ | = |r(γ )| + |s(γ )|. (4.4)

Note that M� is positive and essentially self-adjoint on C∞
c (GN). Moreover, for s > 0 and γ ∈ IN, we define

the Riesz potential operator Rγ ,s on L2(Gγ , μGN ) by

Rγ ,sf (g1) :=
∫

Gγ

f (g2)

d(g1, g2)δ−s
d μ(g2).
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Heat and Isometries on CK-Algebras | 17

Riesz potential operators are an indispensable tool for studying metric-measure spaces [20, 38]. We
should highlight that the limit s → 0 is highly singular as captured by the logarithmic Dirichlet
Laplacian.

Proposition 4.8. For every γ ∈ IN and t > 0, the heat operator e−t�γ admits a kernel kγ ,t ∈ L1(Gγ ×
Gγ , μγ × μγ ). Specifically, for g1 
= g2 ∈ Gγ it is given by

kγ ,t(g1, g2) = hγ (t) + Hγ (t)dγ (g1, g2)
−δ+δ′t,

where δ′ = (1 − N−1) logλ(e) and

hγ (t) = N|s(γ )|
(

1 − (N − 1)e−t

Ne−t(1−N−1) − 1

)

Hγ (t) = N − Ne−t(1−N−1)

Ne−t(1−N−1) − 1
e−t(1−(1−N−1)|s(γ )|).

Further, kγ ,t(g, g) < ∞ if and only if t > δ/δ′, and for t > δ/δ′ we have that kγ ,t is continuous.
Finally,

e−t�γ = hγ (t)N−|s(γ )|P�γ
+ Hγ (t)Rγ ,δ′t, (4.5)

where P�γ
denotes the projection onto the kernel of �γ .

We note that the largest eigenvalue of the N × N-matrix consisting only of 1:s is N, and so

δ

δ′ = logλ(N)

logλ(e)(1 − N−1)
= log(N)

1 − N−1
.

In particular, both hγ and Hγ are smooth for t > δ/δ′. Both hγ and Hγ extend meromorphically in t to the
complex plane with a simple pole at t = δ/δ′.

Proof. We can equivalently perform our computations on C(β) for β = s(γ ) and denote the kernel by
kβ,t. We compute using the wavelet basis H(β) = (hβ , hν,j)ν=βν0∈VN ,j∈{1,...,N−1} from Example 3.7. By Lemma
4.2 (see also [13, Proof of Proposition 5.6]) we have that �C(β)hβ = 0 and

�C(β)hβν0,j = (
1 + (1 − N−1)|ν0|

)
hβν0,j.

Take x 
= y ∈ C(β) and set k = − logλ d(x, y) ≥ |β|, so there is a finite word ν̃ ∈ VN of length k such that
ν̃ = βν̃0 and x = ν̃x0 and y = ν̃y0 where x0 and y0 differ in their first letter that we call px and py.

First, assume that k > |β|. Then,

kβ,t(x, y) =hβ(x)hβ(y)+

+
∑

ν0∈VN

N−1∑
j=1

N∑
k1,k2=1

N|β|+|ν0 |e−t(1+(1−N−1)|ν0 |)e
2π ij(k1−k2 )

N χC(βν0k1)(x)χC(βν0k2)(y) =

=N|β| + N|β|(N − 1)e−t
k−|β|−1∑

l=0

Nle−t(1−N−1)l +
N−1∑
j=1

N|β|+|ν̃0 |e−t(1+(1−N−1)|ν̃0 |)e
2π ij(px−py )

N

=N|β| + N|β|(N − 1)e−t

(
Ne−t(1−N−1

)k−|β| − 1

Ne−t(1−N−1) − 1
− Nke−t(1+(1−N−1)(k−|β|))

(∗) =N|β|
(

1 − (N − 1)e−t

Ne−t(1−N−1) − 1

)
+
(

N − Ne−t(1−N−1)

Ne−t(1−N−1) − 1
e−t(1−(1−N−1)|β|)

)(
Ne−t(1−N−1)

)k
.
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18 | D. M. Gerontogiannis et al.

To complete the calculation for k > |β| notice that

(
Ne−t(1−N−1)

)k = d(x, y)− logλ(N)+t(1−N−1) logλ(e).

Now, if k = |β|, the second term

N|β|(N − 1)e−t
k−|β|−1∑

l=0

Nle−t(1−N−1)l (4.6)

in the second equality will not appear and hence we get

kβ,t(x, y) =N|β|(1 − e−t)

(∗∗) =N|β| − e−t(1−(1−N−1)|β|)d(x, y)− logλ(N)+t(1−N−1) logλ(e).

Observe now that the expression (∗∗) can be derived from (∗) by putting k = β, even though (4.6) is not
defined. The rest properties of kβ,t are easy to check.

To now conclude Equation (4.5), we note that the integral kernel of P�γ
is the constant function

(g1, g2) �→ N|s(γ )|. Here the constant N|s(γ )| arises from the normalization ‖1‖2
L2(C(s(γ )))

= μ(C(s(γ ))) =
N−|s(γ )|. In particular, the computation above shows that for f ∈ L2(Gγ , μγ ),

e−t�γ f (g1) = ∼
∫

Gγ

(
hγ (t) + Hγ (t)dγ (g1, g2)

−δ+δ′t
)

f (g2)dμγ (g2)

= ∼ (
hγ (t)N−|s(γ )|P�γ

+ Hγ (t)Rγ ,δ′t
)

f (g1).

This completes the proof. �

As a corollary, we obtain that the one parameter families t �→ H
( t

δ′
)

Rγ ,t form a semigroup up to rank
one operators.

Corollary 4.9. For every γ ∈ IN, the family {Rγ ,s}s>0 of Riesz potentials satisfies the composition
rule

Hγ

( s1

δ′
)

Hγ

( s2

δ′
)

Rγ ,s1 Rγ ,s2 = Hγ

(
s1 + s2

δ′

)
Rγ ,s1+s2 +

+
(

N−|s(γ )|hγ (
s1 + s2

δ′ ) + hγ (
s1

δ′ )hγ (
s2

δ′ )N−|s(γ )| − hγ (
s1

δ′ ) − hγ (
s2

δ′ )

)
P�γ

.

Proof. For every γ ∈ IN and s > 0 it holds that [P�γ
, Rγ ,s] = 0 and

Rγ ,sP�γ
= 1 − hγ ( s

δ′ )N−|s(γ )|

Hγ ( s
δ′ )

.

Then, the semigroup property of {e−s�γ }s>0 and an algebraic manipulation gives us the result. �

By summing the result of Proposition 4.8 over all components, using the estimate (2.2), and taking
into account the function � : GN → N in (4.4), we arrive at the following.

Theorem 4.10. For every t > δ
δ′ , the heat operator e−t(�+M�) admits a kernel

Kt ∈ L1(GN × GN, μGN × μGN ) ∩ C(GN × GN).
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Heat and Isometries on CK-Algebras | 19

Specifically, for g1 
= g2 ∈ GN, it is given by

Kt(g1, g2) =
{

e−t|γ |kγ ,t(g1, g2), if g1, g2 ∈ Gγ

0, otherwise.

4.3 The commutator with OA

We now arrive at the main technical result towards the construction of a spectral triple from the
logarithmic Dirichlet Laplacian �.

Proposition 4.11. For i ∈ {1, . . . , N} the commutator [�, Si] extends to a bounded operator on
L2(GA, μGA ). Moreover, ‖[�, Si]‖ ≤ C where C ≥ 1 is the Ahlfors constant as in (2.1). In particular,
for any a ∈ C∞

c (GA), [�, a] extends to a bounded operator on L2(GA, μGA ).

Proof. The commutator [�, Si] is a matrix operator with entries

Pγ [�, Si]Pγ ′ = �γ Pγ SiPγ ′ − Pγ SiPγ ′ �γ ′ ,

since � is diagonal in the decomposition of L2(GA, μGA ). We claim that each entry extends to a bounded
operator and the operator norms of those entries are uniformly bounded. Also, from Proposition 3.6 we
have that every column of [�, Si] has at most two non-zero entries and every row at most N non-zero
entries. Therefore, from Schur’s test [�, Si] is bounded. Moreover, in our calculations it suffices to work
with locally constant functions, due to the self-adjointness of each � and since convoluting with Si

preserves locally constant functions.
It follows from Proposition 3.6 that Pγ [�, Si]Pγ ′ = 0 unless we are in one of the two cases:

(1) s(γ ) = s(γ ′) and r(γ ) = ir(γ ′), or
(2) r(γ ) = r(γ ′) = ø and s(γ ) = ŝ(γ ′) and s(γ ′)|s(γ ′)|−1 = i.

We first show that case (1), that is, γ = iγ ′ ∈ IA, contributes nothing to the commutator. Indeed, for
f ∈ C∞

c (GA) and (x, n, y) ∈ GA \ Giγ ′ it holds that Piγ ′ [�, Si]Pγ ′ f (x, n, y) = 0, while for (x, n, y) ∈ Giγ ′ we can
write

Piγ ′ SiPγ ′ �γ ′ f (x, n, y) = Si�γ ′ f (x, n, y)

= �γ ′ f (σA(x), n − 1, y)

=
∫

Gγ ′

f (σA(x), n − 1, y) − f (z, m, w)

dγ ′ ((σA(x), n − 1, y), (z, m, w))δ
d μγ ′ (z, m, w)

=
∫

Gγ ′

f (σA(x), n − 1, y) − f (z, n − 1, w)

d(y, w)δ
d μγ ′ (z, n − 1, w)

and

�iγ ′ Piγ ′ SiPγ ′ f (x, n, y) = �iγ ′ SiPγ ′ f (x, n, y)

=
∫

Giγ ′

SiPγ ′ f (x, n, y) − SiPγ ′ f (z, m, w)

diγ ′ ((x, n, y), (z, m, w))δ
d μiγ ′ (z, m, w)

=
∫

Giγ ′

f (σA(x), n − 1, y) − (f ◦ σiγ ′ )(z, n, w)

diγ ′ ((x, n, y), (z, n, w))δ
d μiγ ′ (z, n, w)

=
∫

Gγ ′

f (σA(x), n − 1, y) − f (z′, n′, w′)
diγ ′ ((x, n, y), (iz′, n′ + 1, w′))δ

d μγ ′ (z′, n′, w′)

=
∫

Gγ ′

f (σA(x), n − 1, y) − f (z, n − 1, w)

d(y, w)δ
d μγ ′ (z, n − 1, w).
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20 | D. M. Gerontogiannis et al.

The fourth equality comes from changing (z, n, w) �→ (σiγ ′ )−1(z′, n′, w′) = (iz′, n′ + 1, w′) and Proposition
2.10. We conclude that

�iγ ′ Piγ ′ SiPγ ′ = Piγ ′ SiPγ ′ �γ ′ ,

and that case (1) contributes nothing to the commutator.
We claim that the non-zero entries in the commutator [�, Si] comes from case (2). In other words,

[�, Si] is supported on the entries Pø.β̂ [�, Si]Pø.β for β of length k+1 ≥ 2 and βk = i, with norms uniformly
bounded in k.

Take an f ∈ C∞
c (GA). Observe that Pø.β̂ [�, Si]Pø.β f vanishes on GA \ Gø.β̂ . Let (σ k−1

A (x), −k + 1, x) ∈ Gø.β̂ be
arbitrary. Then, we have that

�ø.β̂Pø.β̂SiPø.β f (σ k−1
A (x), −k + 1, x)

=
∫

Gø.β̂

SiPø.β f (σ k−1
A (x), −k + 1, x) − SiPø.β f (σ k−1

A (y), −k + 1, y)

d(x, y)δ
d μø.β̂ (σ k−1

A (y), −k + 1, y)

=
∫

Gø.β̂

Pø.β f (σ k
A(x), −k, x) − Pø.β f (σ k

A(y), −k, y)

d(x, y)δ
d μø.β̂ (σ k−1

A (y), −k + 1, y)

and

Pø.β̂SiPø.β�ø.β f (σ k−1
A (x), −k + 1, x)

= �ø.β f (σ k
A(x), −k, x)

=
∫

Gø.β

Pø.β f (σ k
A(x), −k, x) − Pø.β f (σ k

A(y), −k, y)

d(x, y)δ
d μø.β(σ k

A(y), −k, y)

=
∫

σø.β (Gø.β )

Pø.β f (σ k
A(x), −k, x) − Pø.β f (σ k

A(z), −k, z)
d(x, z)δ

d μø.β̂ (σ k−1
A (z), −k + 1, z),

where the last equality comes from

(σ k
A(y), −k, y) �→ (σø.β)−1((σ k−1

A (z), −k + 1, z)) = (σ k
A(z), −k, z).

Therefore, our computation is concluded from noting that

Pø.β̂ [�, Si]Pø.β f (σ k−1
A (x), −k + 1, x) =

= Pø.β f (σ k
A(x), −k, x)

∫
Gø.β̂\σø.β (Gø.β )

1
d(x, y)δ

d μø.β̂ (σ k−1
A (y), −k + 1, y).

However, ∫
Gø.β̂\σø.β (Gø.β )

1
d(x, y)δ

d μø.β̂ (σ k−1
A (y), −k + 1, y) ≤ C,

and so

‖Pø.β̂ [�, Si]Pø.β‖ ≤ C.

The proof is now complete. �

Remark 4.12. For the full N-shift we have C = 1, hence ‖[�, Si]‖ ≤ 1.
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Remark 4.13. We now describe why we have altered the constructions of [17] as discussed in
Remarks 2.1 and 4.1. In [17], GA was decomposed into Gα,k that here is

Gα,k =
⊔

|β|=k+1

Gα.β ,

with β being such that α.β ∈ IA. This decomposition and the associated distance functions
produce a logarithmic Dirichlet Laplacian whose commutator with each Si does not extend to
a bounded operator, in contrast to the statement of [17]. Let us prove this statement. For this
reason consider the decomposition

L2(GA, μGA ) =
⊕
α,k

L2(Gα,k, μα,k)

with the associated projections Pα,k. Define the positive, self-adjoint operator �′ acting on
L2(GA, μA) as

�′ =
⊕
α,k

�α,k,

where each �α,k is the logarithmic Dirichlet Laplacian on L2(Gα,k, μα,k).
It can be shown that the number of non-zero entries of each column and row of the matrix

operator [�′, Si] is uniformly bounded, and each non-zero entry extends to a bounded operator.
However, the norms of those non-zero entries will not be uniformly bounded, meaning that
[�′, Si] cannot extend to a bounded operator on L2(GA, μGA ). Specifically, let k ≥ 1, f ∈ C∞

c (GA)

and we focus on the entry Pø,k−1[�′, Si]Pø,k which vanishes on GA \ Gø,k−1.
Let (σ k−1

A (x), −k + 1, x) ∈ Gø,k−1 be arbitrary. If σ k−1
A (x) ∈ C(i), changing the variables with the

homeomorphism Gø,k−1 → Gø,k given by (σ k−1
A (x), −k + 1, x) �→ (σ k

A(x), −k, x), gives that

Pø,k−1[�′, Si]Pø,kf (σ k−1
A (x), −k + 1, x) = 0.

However, if σ k−1
A (x) 
∈ C(i), then

Pø,k−1[�′, Si]Pø,kf (σ k−1
A (x), −k + 1, x)

= −
∫

Gø,k−1

SiPø,kf (σ k−1
A (y), −k + 1, y)

d(x, y)δ
d μø,k−1(σ

k−1
A (y), −k + 1, y)

= −
∫

Gø,k−1, y∈σ−k+1
A (C(i))

Pø,kf (σ k
A(y), −k, y)

d(x, y)δ
d μø,k−1(σ

k−1
A (y), −k + 1, y).

In particular, if f is the characteristic function of Gø,k, the latter integral has absolute value

∫
σ−k+1

A (C(i))

1
d(x, y)δ

d μ(y) � k.

In that case,

‖Pø,k−1[�′, Si]Pø,kf‖L2 � k(1 − μ(C(i)))1/2

and as ‖f‖L2 = 1 since μø,k(Gø,k) = 1, we have that

‖Pø,k−1[�′, Si]Pø,k‖ � k(1 − μ(C(i)))1/2.

We conclude that [�′, Si] is not bounded.
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5 The Noncommutative Geometry of GA as a Metric-Measure
Groupoid
We now assemble the spectral triples from � and describe their K-homology classes following ideas of
[15]. We show that the approach taken in [17] for the algebras ON applies to all Cuntz–Krieger algebras
OA, thus obtaining a new class of spectral triples for these.

5.1 The Fock space
We introduce the space of finite words with a distinguished ending as

ṼA := {α.β ∈ VA × {1, . . . , N} : αβ ∈ VA} = {γ ∈ IA : |s(γ )| = 1},

and write �2(ṼA) for the associated Hilbert space. Furthermore, consider the Hilbert space

FA :=
⊕
γ∈ṼA

Ker �γ ⊂ L2(GA, μGA ),

and the associated projection PA from L2(GA, μGA ) onto FA. We note that for γ ∈ IA,

Ker �γ = CχGγ
.

Here χGγ
denotes the characteristic function of Gγ ⊂ GA. It is therefore useful to recall that up to

renormalization we find the first element in the wavelet basis for each L2(Gγ , μγ ),

eγ = μ(Gγ )−1/2χGγ
.

By construction, (eγ )γ∈ṼA
forms an orthonormal basis for FA. In particular, PAPγ = Pγ PA is the rank one

projection onto eγ :

PAPγ f = 〈Pγ f , eγ 〉eγ = 〈f , eγ 〉eγ .

The map δγ �→ eγ extends to a unitary isomorphism v : �2(ṼA) → FA and vv∗ = PA.

Proposition 5.1. For a ∈ C∞
c (GA) the operators (1 − PA)aPA are of finite rank.

Proof. We have

Sieγ =
{

eiγ if iγ ∈ ṼA

0 if iγ /∈ ṼA,

Now PAS∗
i ejγ = δijeγ and S∗

i PA − PAS∗
i PA is of finite rank. Since C∞

c (GA) is generated by {Si : i = 1, · · · , N} as
a ∗-algebra, the statement follows. �

Also, denote by ρA the left regular representation of OA on L2(GA, μGA ).

Proposition 5.2. The triple (L2(GA, μA), ρA, 2PA − 1) is an odd Fredholm module over OA.

Proof. Since C∞
c (GA) is a ∗-algebra and

[PA, a] = −(1 − PA)aPA + ((1 − PA)a∗PA)∗,

this follows from Proposition 5.1. �

We note that the Fredholm module (L2(GA, μA), ρA, 2PA −1) is finitely summable, even with finite rank
commutators against C∞

c (GA), by the proof of Proposition 5.1. This stands in sharp contrast to the lack
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of finitely summable spectral triples on OA as discussed in [15]. It is simple to check the following using
Kaminker–Putnam’s KK-duality [23], with the same argument as in [9, 15].

Proposition 5.3. The class [L2(GA, μA), ρA, 2PA − 1] ∈ K1(OA) is the image of the unit [1] ∈ K0(OAT )

under the KK-duality isomorphism K0(OAT ) → K1(OA).

More generally, for a finite word β ∈ VA \ {ø} we can consider the Hilbert space

FA,β =
⊕

γ∈IA :s(γ )=β

Ker �γ ⊂ L2(GA, μGA ),

and the associated projection PA,β from L2(GA, μGA ) onto FA,β . By the same argument as above, we
conclude the following.

Proposition 5.4. For every β ∈ VA \ {ø}, the triple (L2(GA, μA), ρA, 2PA,β − 1) is an odd Fredholm
module over OA. Also, the associated class [(L2(GA, μA), ρA, 2PA,β − 1)] ∈ K1(OA) is the image of
the projection [SβS∗

β ] ∈ K0(OAT ) under the KK-duality isomorphism K0(OAT ) → K1(OA).

We note that the classes [SβS∗
β ] ∈ K0(OAT ) generate K0(OAT ). Indeed, we have a Murray–von Neumann

equivalence SβS∗
β ∼MN S∗

βSβ . A direct computation gives S∗
βSβ = S∗

j Sj ∼MN SjS∗
j where j = β|β| is the last

letter of β, so that

[SβS∗
β ] = [SjS

∗
j ] ∈ K0(OAT ).

Finally, [7, Proposition 3.1] shows that the map ZN → K0(OAT ), (kj)
N
j=1 �→ ∑N

j=1 kj[SjS∗
j ] is surjective (with

kernel (1 − A)ZN).

5.2 Spectral triple representative
We recall the proper continuous function � : GA → N from (4.4). In previous works [15, 17], one used the
length function |c| + κ constructed from the maps κ : GA → N and c : GA → Z. However, for g ∈ Gγ we
have that

|c(g)| + κ(g) =
{

�(g) − |s(γ )|, |r(γ )| + 1 > |s(γ )|,
2�(g) − 2 − 3|r(γ )| |r(γ )| + 1 ≤ |s(γ )| ,

so � and |c| + κ are mutually relatively bounded by each other.
Consider now the unbounded operator D on C∞

c (GA) given by

Df =
{

−(� + M�)f , if f ∈ F⊥
A

M�f , if f ∈ FA
. (5.1)

We see from Theorem 4.7 that in the orthonormal basis (eγ , e(γ ,ν,j))(γ ,ν,j)∈IA ⊂ C∞
c (GA) for L2(GA) from

Theorem 3.9, we have

Deγ =
{

−|γ |eγ , if |s(γ )| > 1,
|γ |eγ , if |s(γ )| = 1

.

and

De(γ ,ν,j) = −(|γ | + λA
s(γ )(ν))e(γ ,ν,j),

for λA
s(γ )(ν) as in Lemma 4.2. Note that

|γ | + λA
s(γ )(s(γ )ν0) 
 |γ | + |ν0|,
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by Proposition 4.6. We think of this spectral property as the splitting of

|D| =
⊕
γ∈IA

(|γ | + �γ ), under L2(GA, μGA ) =
⊕
γ∈IA

L2(Gγ , μγ ),

and where each �γ ≥ 0 has compact resolvent with eigenvalues indexed by a one-point set and
(ν0, j) from a subset of VA × {1, . . . , N} where the size of each eigenvalue is |ν0|. In particular, D has
compact resolvent and Tr(e−t|D|) < ∞ for t > log(λmax)/C0, where C0 > 0 is the constant appearing
in Proposition 4.6. Since PA commutes with M� and �, we can simplify our notation and write

D = (2PA − 1)(� + M�),

as an unbounded self-adjoint operator.

Proposition 5.5. The triple (C∞
c (GA), L2(GA, μGA ), D) is an odd spectral triple such that

D = (2PA − 1)(� + M�).

Consequently, the K1-homology class of it equals [L2(GA, μGA ), ρA, 2PA − 1] ∈ K1(OA). And more
generally, any finite word β ∈ VA defines an odd spectral triple

(C∞
c (GA), L2(GA, μGA ), (2PA,β − 1)(� + M�)),

whose K1-homology class equals [L2(GA, μGA ), ρA, 2PA,β − 1] ∈ K1(OA).

Proof. We shall prove the statement for PA and the proof about PA,β is similar. First, it is clear from
the definition of D in (5.1) that D = (2PA − 1)(� + M�). Also, from the preceding discussion we see that
D has compact resolvent. We only need to show that [D, Si] extends to a bounded operator for every
i ∈ {1, . . . , N}. To this end, observe that

D = (2PA − 1)M� − �.

From Proposition 4.11 we have that each [�, Si] extends to a bounded operator. Furthermore, each [(2PA−
1)M�, Si] extends to a bounded operator as well, which can be seen as follows. We again view each
[(2PA − 1)M�, Si] as a matrix operator using Proposition 3.6. The matrix decomposition of the operator
(2PA − 1)M� is diagonal and we derive that there is a bounded function ζi : IA × IA → R such that
[(2PA − 1)M�, Sγ ′

i,γ ] = ζi(γ , γ ′)Sγ ′
i,γ . We conclude that [(2PA − 1)M�, Si] is bounded. �

6 The Isometry Group and Entropy
We now describe the isometry group of the spectral triple (C∞

c (GA), L2(GA, μGA ), D) from Proposition 5.5.
We write GD for the isometry group of (C∞

c (GA), L2(GA, μGA ), D) as defined in [31]. The group GD is the
subgroup of the automorphism group of OA consisting of automorphisms ϕ of OA for which there is a
unitary implementer U of ϕ on L2(GA, μGA ) such that UDU∗ = D in the sense of unbounded operators,
for more details see [31]. The operator U is uniquely determined by ϕ up to an element of the unitary
group U(O′

A) on the dense subspace OA ⊆ L2(GA, μGA ) (cf. Remark 3.2) from

U(ξ) = ϕ(ξ), ξ ∈ OA.

In fact, an automorphism ϕ of OA extends to a unitary on L2(GA, μGA ) if and only if the KMS-state on OA

for the gauge action is ϕ-invariant; which in turn is equivalent to ϕ commuting with the gauge action
(i.e., graded).

Before diving into deeper results about the isometry group, we start with some easy observations
allowing us to embed GD into the unitary group U(N). Our argument closely follows [5] describing a
similar problem on the algebra ON. We note the following:
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(1) 1 is an eigenvalue of D with eigenspace spanned by eø.β for |β| = 1. We have that such an eø.β is a
normalization of the characteristic function for the set

Gø.β = {(x, 0, x) ∈ GA : x ∈ C(β)}.

In terms of the generators of OA, eø.β = SβS∗
β .

(2) 2 is an eigenvalue of D with eigenspace spanned by eα.β for |α| = 1 and |β| = 1 with αβ ∈ VA. We
have that such an eα.β is a normalization of the characteristic function for the set

Gα.β = {(x, 1, y) ∈ GA : x = αy, y ∈ C(β)}.

In terms of the generators of OA, eα.β = SαSβS∗
β .

In particular, if ϕ ∈ GD, the eigenspace corresponding to the eigenvalue 1 must be preserved. So there
is a unitary matrix u(1) = (u(1)

β,β ′ )N
β,β ′=1 ∈ U(N) such that

ϕ(SβS∗
β) =

N∑
β ′=1

u(1)
β ′ ,βSβ ′ S∗

β ′ .

In fact, given that ϕ is an automorphism, u(1) must be a permutation matrix (i.e., only one non-zero
entry per row and column which is 1). Similarly, there must be a unitary matrix u(2) = (u(2)

α,α′ )N
α,α′=1 ∈ U(N)

such that for every α, β ∈ {1, . . . , N} it holds

ϕ(SαSβS∗
β) =

N∑
α′ ,β ′=1

u(2)
α′ ,αu(1)

β ′ ,βSα′ Sβ ′ S∗
β ′

=
N∑

α′=1

u(2)
α′ ,αSα′ ϕ(SβS∗

β).

Therefore, summing over β we obtain

ϕ(Sα) =
N∑

α′=1

u(2)
α′ ,αSα′ .

Since {Sα}N
α=1 generate OA, the map

ι : GD ↪→ U(N), ϕ �→ u(2), (6.1)

is a group embedding. We aim to describe this embedding explicitly. To this end, we first obtain an
algebraic description of the closed subgroup GA of U(N) consisting of all unitaries u ∈ U(N) such that
the map ϕu(Sα) := ∑N

α′=1 uα′ ,αSα′ for α ∈ {1, . . . , N} extends to an automorphism of OA.

Proposition 6.1. The group GA consists of all unitaries u ∈ U(N) such that

(u ⊗ S̃u)Ã(u∗ ⊗ u∗S̃∗) = (1 ⊗ S̃)Ã(1 ⊗ S̃∗),

where Ã ∈ MN(C) ⊗ MN(C) is given on the standard basis {ei ⊗ ej}N
i,j=1 of CN ⊗ CN by

Ã(ei ⊗ ej) = Ai,jei ⊗ ej,

and S̃ ∈ MN(OA) is the diagonal matrix S̃ei = Siei.
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Proof. We describe the elements u ∈ U(N) for which the map ϕu(Sα) := ∑N
α′=1 uα′ ,αSα′ extends to an

automorphism of OA; that is, {ϕu(Sα)}N
α=1 satisfies the Cuntz–Krieger relations. Since u is unitary one has

∑
α

ϕu(Sα)ϕu(Sα)∗ = 1.

Moreover, it holds that

ϕu(Sα)∗ϕu(Sβ) =
∑
α′ ,β ′

uα′ ,αuβ ′ ,βS∗
α′ Sβ ′ =

∑
α′ ,β ′

uα′ ,αuα′ ,βAα′ ,β ′ Sβ ′ S∗
β ′ .

Therefore, when α 
= β, we have that ϕu(Sα)∗ϕu(Sβ) = 0 if and only if for every β ′ ∈ {1, . . . N} one has∑
α′

uα′ ,αuα′ ,βAα′ ,β ′ = 0.

On the other hand, ∑
α′

Aα,α′ ϕu(Sα′ )ϕu(Sα′ )∗ =
∑

α′ ,β ′ ,β ′′
uβ ′′ ,α′ uβ ′ ,α′ Aα,α′ Sβ ′ S∗

β ′′ .

Consequently, we have that

ϕu(Sα)∗ϕu(Sα) =
∑
α′

Aα,α′ ϕu(Sα′ )ϕu(Sα′ )∗

if and only if when β ′ 
= β ′′ it holds that∑
α′

uβ ′′ ,α′ uβ ′ ,α′ Aα,α′ Sβ ′ S∗
β ′′ = 0

and for β ′ = β ′′ it holds ∑
α′

uβ ′ ,α′ uβ ′ ,α′ Aα,α′ =
∑
α′

uα′ ,αuα′ ,αAα′ ,β ′ .

In summary, for u ∈ U(N) the map ϕu extends to an automorphism of OA if and only if

δα,β

∑
α′

uβ ′′ ,α′ uβ ′ ,α′ Aα,α′ Sβ ′ S∗
β ′′ = δβ ′ ,β ′′

∑
α′

uα′ ,αuα′ ,βAα′ ,β ′ Sβ ′ S∗
β ′′ . (6.2)

Then, a simple calculation shows that (6.2) is equivalent to

(u ⊗ S̃u)Ã(u∗ ⊗ u∗S̃∗) = (1 ⊗ S̃)Ã(1 ⊗ S̃∗),

where Ã and S̃ are the matrices described in the statement. This completes the proof. �

Remark 6.2. For the Cuntz algebra ON we have Ai,j = 1 for all i, j and hence in this case GA = U(N).
In general, the group GA is a compact Lie group and it is straightforward to check that the
associated Lie algebra consists of all skew-hermitian matrices X ∈ MN(C) such that

[1N ⊗ S̃XS̃∗ + X ⊗ S̃̃S∗, Ã] = 0.

We write PN for the group of N × N-permutation matrices, which of course is isomorphic to the
symmetric group on N elements. Consider now the subgroup Aut(A) ⊂ PN defined as

Aut(A) := {q ∈ PN : qA = Aq}.
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In other words, Aut(A) is the automorphism group of the directed graph associated to A. For q ∈ Aut(A)

and i ∈ {1, . . . , N} we shall denote by q(i) ∈ {1, . . . , N} the permutation of i under q. An immediate
observation is that Aut(A) acts on the space of admissible finite words VA by fixing the empty word
ø and acting on α1 . . . αn ∈ VA by

q · α1 . . . αn := q(α1) . . . q(αn), q ∈ Aut(A). (6.3)

This action extends to an action on the index set IA in (2.5). For brevity, we shall denote the action of
q ∈ Aut(A) on x ∈ VA or IA by q · x.

Moreover, Aut(A) acts by conjugation on TN, where the latter is viewed as the group of N×N-diagonal
matrices with entries in T. Further, the associated semi-direct product TN � Aut(A) embeds as a group
into U(N) by sending (c, q) �→ cq. At this point we identify TN � Aut(A) with its image in U(N). Moreover,
from Proposition 6.1 we obtain that TN � Aut(A) is in fact a subgroup of GA because for every i, j ∈
{1, . . . , N} and q ∈ Aut(A) it holds that Ai,j = Aq(i),q(j).

The action of the group TN � Aut(A) can be described dynamically as well. An element q ∈ Aut(A)

induces a shift equivariant measure preserving isometry

vq : �A → �A, (xn)n∈N �→ (q(xn))n∈N.

This map can be lifted to a measure preserving homeomorphism Vq : GA → GA by setting Vq(x, n, y) :=
(vq(x), n, vq(y)) with the property that Vq : (Gγ , dγ ) → (Gq·γ , dq·γ ) with μγ = μq·γ . An element c ∈ TN acts
on L2(GA, μGA ) via

cf (g) := cα1(g) · · · cα|α|(g)cβ|β| cβ1(g) · · · cβ|β|−1(g)f (g).

Here α(g) and β(g) are defined in terms of the discretization map

� : GA → IA, �(g) = (�r(g), �s(g)),

of Definition 2.6 by setting α(g) := �r(g) and β(g) := �s(g).

Theorem 6.3. The isometry group GD of the spectral triple (C∞
c (GA), L2(GA, μGA ), D) is a compact

Lie group. In particular, the image of GD under the embedding ι : GD ↪→ U(N) defined in (6.1)
coincides with the subgroup TN � Aut(A) of GA.

Proof. The group GD is a compact Lie group since ι(GD) is a closed subgroup of U(N). Moreover, from
Proposition 6.1 we obtain that

ι(GD) ⊂ GA, (6.4)

since by definition GD consists of automorphisms of OA. Further, the 1-eigenspace of D, which is spanned
by SβS∗

β for |β| = 1, is preserved by GD and hence a simple calculation for ϕ(SβS∗
β), where ϕ ∈ GD is

arbitrary, yields that

ι(GD) ⊂ TN � PN. (6.5)

In particular, from (6.4) and (6.5) we have that

ι(GD) ⊂ TN � Aut(A). (6.6)

Now let u ∈ TN � Aut(A). Since in particular u ∈ GA, we have that the KMS-state for the gauge action
on OA is ϕu-invariant, where ϕu : OA → OA is the automorphism given on Sα for α ∈ {1, . . . , N} by

ϕu(Sα) :=
N∑

α′=1

uα′ ,αSα′ . (6.7)
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As a result, by viewing OA ⊆ L2(GA, μGA ) as a dense subspace (cf. Remark 3.2), the operator U on
L2(GA, μGA ) defined as

Uu(ξ) := ϕu(ξ), ξ ∈ OA

is a unitary implementing ϕu. To prove equality for (6.6) we have to show that [Uu, D] = 0.
To conclude [Uu, D] = 0 it suffices to show that Uu commutes with the projection PA on the Fock space

FA, the potential M� and the logarithmic Dirichlet Laplacian �; see Section 5 for the description of these
operators. By writing u = cq, where c ∈ TN and q ∈ Aut(A), we have that

ϕu(Sα) = uq(α),αSq(α).

Therefore, the Fock space FA and its complement are preserved. In other words, Uu commutes with
PA. Similarly, the eigenspaces of M� are preserved and hence Uu commutes with M�. More precisely, we
have that Uu preserves the direct sum decomposition L2(GA, μGA ) = ⊕

γ∈IA L2(Gγ , μγ ) in the sense that
Uu = ⊕γ Uu,γ where for every γ ∈ IA the unitary

Uu,γ : L2(Gγ , μγ ) → L2(Gq·γ , μq·γ ),

acts as the composition of unitary induced by the measure preserving isometry vq and a complex scalar.
Since each individual logarithmic Dirichlet Laplacian �γ commutes with unitaries induced by measure-
preserving isometries (see [13, Lemma 5.9]) we obtain that Uu commutes with � as well. The proof is
now complete. �

Remark 6.4. With a similar proof as that of Theorem 6.3, one can prove that for a finite word
β ∈ VA the isometry group of the spectral triple (C∞

c (GA), L2(GA, μGA ), (2PA,β − 1)(� + M�)) (see
Proposition 5.5) is the compact Lie group TN�Autβ(A) where Autβ(A) ⊂ Aut(A) is the subgroup
of graph automorphisms that preserve β viewed as a finite path in the graph.

6.1 Voiculescu’s topological entropy of isometries
Let us study an interesting fact about the group GA in relation to Voiculescu’s topological entropy. The
notion of topological entropy dates back to Kolmogorov–Sinai, who defined the entropy of a measure
with respect to a self-map of the space. Among other things, entropy is used to distinguish “probabilistic”
(positive entropy) from “deterministic” (zero entropy) dynamics. In several examples, there is a measure
maximizing the entropy and its value coincides with the topological entropy. The latter notion was
extended to unital completely positive maps by Voiculescu [37]. Let us recall its definition.

Let B be a unital C∗-algebra and write FS(B) for the set of all finite subsets of B. If � ∈ FS(B) and ε > 0,
an ε-approximating triple (ϕ, ψ , C) of � consists of a finite-dimensional C∗-algebra C, and two ucp-maps
ϕ : B → C and ψ : C → B such that ‖ψ(ϕ(b)) − b‖B < ε for all b ∈ �. We write CPA(B, �, ε) for the set of
ε-approximating triples of �. If we assume that B is nuclear, for example, a Cuntz–Krieger algebra, then
CPA(B, �, ε) is non-empty for any ε > 0 and � ∈ FS(B). We set

rcp(�, ε) := min
{
rank(C) : (ϕ, ψ , C) ∈ CPA(B, �, ε)

}
.

Here rank(C) is defined as the dimension of a maximal abelian subalgebra in C.
Now let α : B → B a unital completely positive map (ucp). For � ∈ FS(B) and n ∈ N, we use the notation

�(n) := ∪n
k=0α

k(�). Voiculescu’s topological entropy of α is defined as

ht(α) := supε>0,�∈FS(B) lim sup
n→∞

log
(
rcp(�(n), ε)

)
n

. (6.8)

Theorem 6.5. For all u ∈ GA the Voiculescu noncommutative topological entropy vanishes on the
automorphism ϕu : OA → OA.
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Proof. One directly concludes the theorem for the Cuntz algebra from [35, Theorem 2.2]. The general
case follows from the same methods as in the proof of [35, Theorem 2.2] using that GA acts via elements
of the matrix algebra in the core spanned by {SiS∗

j : i, j = 1, . . . , N}. �

The construction of topological entropy of self-maps of a compact metric space can be found in for
instance [25, Chapter 3.1.b], with the relation to the construction (6.8) made clearer in [25, Exercise
3.1.8 and 3.1.9]. By [37, Proposition 4.8], if B = C(X) for a compact metric space X and α(f ) := g∗(f ) for a
continuous map g : X → X, then ht(α) coincides with the topological entropy of g. In particular, if g is
isometric then ht(α) = 0; this is clear from the construction in [25, Chapter 3.1.b]. This well-known fact
about isometries on compact metric spaces turns out to extend to isometries of Cuntz–Krieger algebras.

Corollary 6.6. The Voiculescu noncommutative topological entropy vanishes on GD.

Proof. This now follows from Theorems 6.5 and 6.3. �
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