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Abstract

We provide conditions under which we prove for measure-valued transport equations
with non-linear reaction term in the space of finite signed Radon measures, that posi-
tivity is preserved, as well as absolute continuity with respect to Lebesgue measure, if
the initial condition has that property. Moreover, if the initial condition has L? regular
density, then the solution has the same property.

Keywords Measure-valued transport equations - Mild solutions - Measure-valued
solutions - Invariance properties

1 Introduction

We consider the semilinear measure-valued transport equation with reaction term

Ot + divie (v () pr) = fi (i) (t,x) € (0,T) x Q@ =: Qr, P)
Ho =v € M().

Here and throughout the manuscript, the space € is taken to be either R¢ or the
compact space T¢ = R¢/Z¢, which is the d-dimensional torus or, equivalently, the
unit hypercube [0, 1]¢ with periodic boundary conditions. These particular choices of
2 indicate that we do not include any boundary effects in our current analysis. For dis-
cussions around this class of transport equations with particular boundary conditions,
we refer the reader, for instance, to [20, 22-24]. The reaction map (¢, n) — f; ()
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takes values in the vector space M (2) of finite signed Radon measures on €2 and is
possibly non-linear and satisfies specific structural conditions given below. For com-
pactness of notation, we make use of the subscript notation for dependency on the
time variable ¢+ whenever discussion solutions and model components to Problem (P)
as is common in the study of such measure-valued equations (see for instance [18,
27]). For example, p; denotes the measure resulting in the evaluation of the func-
tion we : (0,7) — M(RQ) at time ¢t € (0, T'). Well-posedness for equations of this
type in the space of Radon measures on R? has been studied in [11] for the case of
a time-independent velocity field and in [3] for the time-dependent case and we will
employ conditions on v and f similar to these works. These include a (local) Lipschitz
condition on f; in the Fortet-Mourier or flat metric on M (£2).

Our focus in this manuscript is establishing ‘invariance properties’ of the solution
operator to the Cauchy problem (P) that maps the initial condition v to the unique
maximal mild solution ¢ +— u, with initial condition g = v. Let [0, T}") be the
corresponding maximal interval of existence. Specifically, starting from the previously
mentioned well-posedness results for Problem (P) in the space M (£2), we provide
conditions on the reaction term f such that the solution operator preserves:

1. Positivity, i.e., a positive initial condition leads to a positive solution u; € M(Q)™
forall t > 0;

2. LP-density, i.e., an initial condition with L”-density (1 < p < co) with respect to
the Lebesgue measure A leads to a solution with p; absolutely continuous solution
with respect to Lebesgue measure A with L”-density, for ¢ possibly in a proper
subinterval [0, f"v*) of the maximal interval of existence.

We take the time to point out that these preserved properties are important for vari-
ous applications of similar reaction-transport equations set in the space of measures,
including the study of structured population models [1, 2, 18, 29], traffic flow [9, 10]
, and cell migration [13].

Because of this ‘measure-centric’ line of argumentation, we limit attention to ‘clas-
sical’ regular velocity fields v;, which are bounded and globally Lipschitz, allowing
us to focus on the technicalities involved in showing that results in the function space
(density) setting can be derived from results in the general measure setting. Various
auxiliary results that we obtained for this purpose seem to be new (in particular Theo-
rem 3.1) and we believe them to be of separate interest in other contexts too. It is also
interesting to consider how our results hold for transport equations and conservation
laws defined by less regular velocity fields, see e.g., [5, 6, 15], but we leave this for
future work.

Study of Problem (P) often occurs as preparation for studying the Cauchy problem
for the quasi-linear equation

Oty +dive (vl i) = filwe), (. x) € Qr (D

in the space of measures. Various authors have considered well-posedness of Cauchy
Problem (P) or (1) in the space of Radon measures M(2) on 2 as here [3, 11], or
on an interval with boundary interaction [22-24]. For the semilinear problem, the
solution concept of focus will be that of mild solutions. These are weak solutions [21]



Invariance properties of the solution operator... Page 3 of 31 93

as commonly considered. However, a mild solution is such that r — p, is continuous
when the Radon measures are equipped with the Fortet-Mourier metric. Hence, the
solution operator, mapping initial value to the unique associated solution 1,, defines
a dynamical system in the space of Radon measures with continuous motions — as is
usually considered.

We want solutions to possess properties that make the model meaningful to the
application of interest, e.g., positivity is required if the measure represents distribution
of mass or individuals. Often we find it convenient to have densities described relative
to a preferred reference measure. Then we like to have that regularity of the density with
respect to this reference is preserved. This latter property cannot always be guaranteed
in this model, as we will show. Other model equations, as for instance those used in
population dynamics, often allow the possibility of aggregation in finite time, like the
ones describing chemotaxis. This feature naturally leads to the blow-up in finite time
of the classical, weak, or strong concepts of solution [37]. After this blow-up time, the
solution usually turns into a Dirac — possibly continuing to move in space (cf. e.g. [16,
34]). Hence, the overall framework fits best to a setup in terms of measure solutions.

The main results in this paper can be summarized as follows — informally — because
the concepts and notation required for making a precise statement still need introduc-
tion.

e Theorem 3.1: Concerns a result that holds in general Polish spaces S. It states,
that if one has a sequence of positive finite measures u,, that converges to a limit
measure i, in the Cp(S5)-weak topology on measures (or equivalently the Fortet-
Mourier or flat metric) such that all i, are absolutely continuous with respect to a
single positive Radon measure v that is not necessarily finite, with density f,, that
is an L?-function for v with 1 < p < oo; then, M = liminf, || full, < 00
is sufficient to conclude that u, is also absolutely continuous with respect to v
and has density f € LP(v), with || f]|, < M. In particular this holds when
sup, [l full p < M.

e Theorem 4.1: Let the reaction map f; (1) be the sum of a positive production term
p: () and a term that is absolutely continuous with respect to u and that hence
represents degradation (death) or proliferation. That is,

fi(w) = pr(u) + Fr(wpn  forallt > 0, u € M(Q), 2

where F; (1) a bounded Borel-measurable function that can be interpreted as local
rate of change. Assume that F;(u) is locally bounded, in the sense that for every
R > 0and T > 0, there exists C;?,T > 0 such that

sup [|Fi(Wlleo < Crp  forallp € MT(Q)with|ullty = pu(S) < R. (3)
0<t<T

Then, the mild solution 1t to Problem (P) with initial condition g = v € M1 ()
is positive for all its time of existence.

e Theorem 4.2: Let f, again be of the form (2) discussed above. Moreover, assume
that for some 1 < p < oo, f; maps LP(}) into itself for all # > 0 and is an
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LP?-bounded map, locally uniformly in time, i.e. for any 7 > ¢’ and r > 0, there
exists Bt‘f ,(r) = 0 such that

| @dn)],,, < Bl () forallg € LPQ), lIgllrgy <7, 1 <5 <t. (4)

If v € MT(Q) is a (positive) initial condition that is absolutely continuous with
respect to Borel-Lebesgue measure A on €2, with L”-density, then the maximal
mild measure-valued solution j, to Problem (P), defined on [0, 7)), will have
1; absolutely continuous with respect to A for all ¢ in a subinterval [0, fu*), with
LP-density ¢; € LP(A). The function ¢ > ||¢;||Lr () is bounded on any [0, T'] C
[0, T*) and T, which may be strictly smaller than the existence time T* of the
mild solution in measures, is the time of blow-up of the L?”-norm of the ¢;.

Theorem 3.1 is a structural result for general measures in M™ (), while Theorem 4.1
and Theorem 4.2 are specific to the class of quasilinear evolution equations in measures
where Problem (P) belongs. These results clarify sufficient conditions that ensure the
preservation of positivity and of L? integrability of suitable (mild) solutions. It is
worth noting that these properties are generally wanted, but they do not always hold
true. We clarified the matter for the case of the scalar equation (1), but our results can
be generalized for the case of systems and regardless of the space dimensions, if the
coupling in the model components fits our working assumptions.

In this paper, our goal is to prove in full details these three main results. We do
so in Section 4, after introducing the needed preliminary results in Section 2 as well
as presenting a toolbox in Section 3 about working with weak limits of sequences of
measures with L”-densities.

2 Preliminaries

We begin by describing the notation which will be used throughout the manuscript.
We denote the spatial domain of our problem of interest (P) by €2, which is either R¢ or
the d-dimensional torus T := R?/Z?, equipped with the standard Euclidean-based
metrics. While our focus is on problem (P), various of the forthcoming results hold
for measures over more general Polish spaces, i.e. separable completely metrizable
topological spaces. These are of recent interest in the study of structured populations
dynamics where the structure variable is represented in by elements in a graph or
measure space [19]. To indicate such a setting clearly, we will denote a general Polish
space by S. Any metric, d, which metrizes the topology of S is called admissible
for § and we will implicitly assume S is equipped with some admissible metric.
Occasionally, we shall use S or S’ to denote a general measurable space.

2.1 Function spaces, measures, distances and norms

We employ common notation for function spaces throughout the manuscript. For
instance, we let By (S) denote the vector space of real-valued bounded Borel measur-
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able functions on S and Cy () its subspace of continuous bounded functions. Both are
equipped with the supremum norm || - ||so. The space BL(S) C Cp(S) consists of all
bounded Lipschitz functions on S for a (fixed, implicit) admissible metric d. We will
use | f|, to denote the Lipschitz constant of f € BL(S). BL(S) is a Banach space
for the norm || f{|pm := max(|| flloo, [f]). One has || fgllem < 2|l fllemllgllem for
f,g € BL(S).

We denote by B(X) the Borel o -algebra on the topological space X. M(S) repre-
sents the vector space of finite signed Borel measures on S and M™(S) the convex
cone of positive measures in M(S). Since S is Polish, every finite Borel measure is
a finite Radon measure (compare [7]). Various definitions of Radon measures appear
throughout the literature, all leading to the same concept for finite measures (cf. e.g. [7,
Section 7.14(xviii)] or [25]). We follow [25, Section 7.1, p.212] by defining a positive
(possibly infinite) Radon measure to be a Borel measure u that is (a) finite on compact
sets, (b) outer (open) regular on all Borel sets, i.e.

w(E) = inf{u(U): U C Sopen, E C U}, E C S Borel 3)
and (c) inner (compact) regular on all open sets:
n(U) = sup{(K): K C S compact, K C U}, U C S open.

In particular, the Borel-Lebesgue measure A on R is a (o -finite) Radon measure in this
sense. We shall use the same notation for its restriction to a Borel measurable subset
of R? with non-empty interior and boundary that is a null-set for A. Accordingly, in
a topological setting, measurability of sets and functions will refer to the respective
Borel o-algebras.

The space of measures M (S) is equipped with the Fortet-Mourier norm || ¢l

lelin = sup{/sfdu: [ €BL(S), Ifllc < 1, Iflz < 1}. (6)

It can be readily checked that || f - wlliy < 20 fllemll el for any 1 € M(S) and
f € BL(S). On M™(S) the Fortet-Mourier norm metrizes the usual weak topology
on measures furnished by pairing M (S) with C(S) via integration:

(. f) :=/Sfdu, e M(S), f e CylS). ™

MT(S) is closed in M (S) for this weak topology. The metric derived from the Fortet-
Mourier norm turns M™(S) into a complete separable metric space [18, Section 1.3].
We denote by M (S)gm and M T (S)py the respective spaces of measures equipped
with the Fortet-Mourier metric and corresponding metric topology. It is well known
that M (S)gnm is not complete [27], generally. Its metric completion is denoted by
M(S)pm, viewed as closure of M (S) in BL(S)*, through the pairing (7).
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The total variation norm,

llty = [ul(S) = () +u7(S), pneMS),

where ut and p~ are the positive and negative part of the signed measure p in
the Hahn-Jordan decomposition, is closely related to the order structure on M (S) —
defined set-wise — and turns M (S) into a Banach lattice (cf. e.g. [30], Section 1.1,
Example vi, p.9). One has

leliTy = sup{(u, f): f € By(S), I flloo < 1} = sup{{n, f): f € Cp(S), IIflloc < 1}.

(8)
Thus, (6) and (8) combined yield that | - ||y is stronger than || - [|f;\,: one has ||t [[f; <
l| 4]l It follows, that for u € Mt (S), lulltv = |l For any R > 0, we define

MR(S) = {n € M(S): llultv < R}.

The relevance of this ball of radius R in || - ||pv-norm in what is to follow lies in
‘repairing’ to some extent the lack of completeness of M (S)pym. That is,

Proposition 2.1 For any R > 0, Mg(S) is complete in (M(S), I - ||;§M).

Proof For § = Ry, this result can be found in [26, Theorem 2.7], proven by a duality
argument, which does not work for general Polish spaces. We shall prove the general
case. Let (u,), C Mg(S) be a Cauchy sequence for || - [, Let ¢ < M(S) be
its limit. For every f € BL(S), (un, f) — (¢, f). BL(S) is || - ||co-dense in the
space Up(S) of bounded uniformly continuous functions on § (cf. [17], Lemma 8).
Because of sup,, ||, |lTv < R and (8), ({itn, g))n is a Cauchy sequence in R for any
g € Up(S). Thus, q_b(g) = lim,,— o (U, g) defines a linear functional on Uy (S). The
Banach-Steinhaus Theorem yields that ¢ € U,(S)*. Clearly, the restriction of ¢ to
BL(S) equals ¢. Pachl has shown that M(S) is U (S)-weakly sequentially complete
(cf. [31] Theorem 3.2, or [32] Theorem 5.45). Hence, q_b is represented by integration
against some u € M(S) — and the same holds for ¢. It can be verified that

lullty = sup{(u, g): g € Up(S), lIglloo < 1}. )

Therefore, |||ty < R and we conclude that Mz (S) is || - [|f-complete. O

If ® : § — S is a measurable map between measurable spaces, it defines a map
between the spaces of signed measures and between the convex cones of positive
measures on S and S’ by push-forward. This map is denoted by ®x. Thus, for any
positive or finite signed measure 1 on S , ®4u is such a measure on S’, defined for
any measurable set A C S’ by

Dy(A) = u(®'(A)).

We denote the (finite) positive measure on the torus T¢, obtained by push-forward of
X under the canonical quotient map, by A as well.
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In the case that transformation & maps § into itself, then &y defines a Markov
operator on M™(S) or M(S) which we shall denote by Pg. That is, it is an operator
that maps M™(S) into itself, is additive and positive-scalar homogeneous, and pre-
serves total mass of positive measures. The operator Py is regular, with dual operator
Us f = f o @, meaning that

(Pop, f) = /Sfd@#u) = /;fcv@dlt: (1, U f) forall p e M(S), f € Bp(S).

We shall make use of Bochner integration of Banach-space-valued functions, see
[12, 14] for details. A map f from a positive measure space (S, X, 1) into a Banach
space X is strongly Bochner measurable if it is the point-wise limit limit of a sequence
of simple functions f;, i.e. of the form

Ny
(n)
= E I o(s),
Jn(s) k_lxk E/E)(S)

where 1l 4 is the indicator function of the A, E ,E") € X and x,ﬁn) € X. A function f is

Bochner integrable with respect to w if and only if it is strongly Bochner measurable
and s — || f(s)| x is u-integrable. Then,

H / Fdue)| < / 1 £ ) llx diacs).
E X E

The following result is remarkable, because a similar ‘triangle inequality for integrals’
holds for the total variation norm for Bochner integration in the Banach space M (S)pm,
for which it obviously is not the norm.

Proposition 2.2 ([23], Proposition C.2) Let v be a o-finite positive measure on the
measurable space (S', ') andlet f : S — M(S)rm be strongly Bochner measurable
with respect to v in M(S)pm. Then s’ +— || f(s")|tv is ¥'-Borel measurable. If it is
v-integrable, then f is Bochner integrable in M(S)gwm with respect to v and

H/ f(s")dv(s)
&

In particular, the Bochner integral of f is a finite (signed) measure.

= [ 16 ryaves
v s

2.2 Fundamental assumptions and solution concept

The mathematical literature provides several well-posedness results for problem (P) or
for variants of it, see for example [3], where a more complicated system of equations is
studied with density dependent velocity field that is otherwise not dependent on time
— or [11] for the case of a time-independent and density independent velocity field.
‘Our’ case of a time-dependent, density-independent velocity field is neither covered
in [3, 11], nor in [5], where there is no reaction term.
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In particular, we will be following [3] by assuming throughout this work that the
velocity field satisfies:

(V1) (t,x) — v (x) € R? is continuous;
(V2) x + v;(x) is bounded and globally Lipschitz on Q2 for each t > 0;
(V3) t — v : Ry — BL(Q, RY) is continuous.

The Lipschitz constant of v; is |v;|r. As norm on BL(S2, R?) we take ||v|pm =
max(||v]eo, |v|L). We require (V3) to ensure that for any 7 > 0, there exists L7 > 0
suchthat |v;|; < Lt forallt € [0, T]. Thisis a condition imposed in [3] in their results
on well-posedness for problem (P) (see e.g. [5], where the more general assumption
that v € L' (R, BL(£2, RY)) is made).

With conditions (V1)—~(V3), v generates a flow @, on Q for s, € R with 0 <
s < t. Thatis, the motion > ®{ (xo) is the unique and globally existing solution to

(10)

x(t) = v, (x(t)) fort > s,
x(s) =x0 € Q ’

The flow maps @7, satisfy ®; , o @, = @7 , fort’ > t > s > 0. Moreover, they
are Lipschitz, with

t
|®Y,], < exp (/ |v,|Ldz) =: LY, (11)
N

(cf. [5], Eq. (2.1)).
We further associate to v, the following family of Markov operators on measures
by means of push-forward under the flow:

P = (@Y Jep,  0<s <t (12)

N
The linear operators P,g’ , are continuous on M (S)pm. They satisty the norm estimate

v

|PY ey < Nl max(1, (@) 1) < Lp llulfy  forall p e M(Q).

(13)
It is clear from their definition that the operators P, preserve M™ ().
It is well known that u; := Py ,v solves the linear continuity equation
Oty + divy (Ut(x)ﬂt) =0, Mty =V, (14)

(seee.g.[35] Theorem 5.34,p.167). The operators P, are therefore the building blocks
for representing the solutions to Problem (P). First one considers the perturbation of
(14), by introducing a non-zero right-hand side, independent on the density ;:

Oy + diVx(v,(x);Lt) = oy, Ry =V, (15)

where o; € M(£2). One has the following well-posedness result:
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Proposition 2.3 (Ackleh & Saintier [3], Proposition 5.1) Let v, satisfy (VI)—(V3). let
T > 0and assume that o4 € C([0, T], M(2)pm) is such that supy -, <7 llo¢[ITv < 00.
Then, for any ty € [0, T) and initial condition v € M(£2), equatioﬁ (15) has a unique
solution e € C([ty, T1, M(QEm). It is given explicitly by

t

W = Ptl(;,z‘) + / P;jtaxds. (16)

]

The integral in (16) should be interpreted as a Bochner integral in M(Q)pMm, which —
as part of the result — takes values in M(£2).

We wish to consider problem (P) for any initial time ty € [0, T'),i.e. require ts, = V.
Accordingly,

Definition 2.1 A mild solution to problem (P) on [fy, T'] for the initial condition
I = v is a continuous map [, : [to, T] = M (Q2)pwm that satisfies

t
1y = ,:;,,v+/ PP fi(us))ds,  telt. Tl (17)
0]

and that is bounded in total variation norm, i.e. sup, ¢, 77 lli4:[lTv < 0.

The integral in (17) must be interpreted as Bochner integral as above, as for Proposition
2.3. For a continuous map ¢ +— u; into M (2)gm, the function ¢ +— ||, |ITv is Borel
measurable (cf. Lemma A.l1 and Lemma A.2). There is no a priori guarantee, that
it is bounded. Therefore, it is included in the definition. If u; is positive for every ¢,
then continuity of 1, assures bounded total variation, since ||i; |l = Il llTv for
wi € MH(Q).

The integrand in (17) — as a measure-valued function of s — must be strongly
Bochner measurable. The conditions imposed on f,, following [3, 11], will ensure
this:

(Al) f:@, w)— fi(pn): Ry x M(Q)pm — M(Q)gwm is jointly continuous;
(A2) Foreveryt > 0 and R > 0 there exists L£ > 0 such that

| fee) = fru) iy < Lglien — malify forall i € Mp(<).
(A3) For every R > 0 there exists Clé > 0 such that

I, Gollry < €5 forall € Mg(R), t > 0.

In fact, (A1) and (A2) imply that s — f;(uy) is continuous for continuous p, and
that consequently the Bochner integral in (17) is well-defined and exists. Note that the
function R — C '1’; in (A3) must be non-decreasing. It is immediately clear that any
finite linear combination of maps that satisfy (A1)—(A3) will satisfy the very same
assumptions.
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Examples of reaction maps f, that satisfy Assumptions (A1)—(A3) appear naturally
in many modeling settings, as the following proposition illustrates. The map f, is split
there in two parts: a positive general production term (‘p’) and a term that combines
degradation and individual-induced proliferation. The latter should then be absolutely
continuous with respect to the given mass distribution, since by the latter processes
mass can only appear or disappear where there is mass. While we provide the proof of
this result below, we point the reader to the works [3, 18, 27] where similar reaction
maps have been studied.

Proposition 2.4 Let p, : Ry x M(Qpm — MT(Q)em : (¢, u) — p:(u) satisfy
(Al)~(A3). Let Fy : Ry x M(Q2)pm — BL(R2) : (¢, ) — F;(w) be jointly continuous
and satisfies:

(A2’) Foreveryt > 0and R > 0 there exists lA,II; > 0 such that

|Fie) — Fua) |y < LiNn — palliyg for all i € Mg (S);
(A3’) Forevery R > Q there exists CA'I}; > 0 such that
IFi(Wlloe < Ck forall p € Mg(R), 1 > 0.

Then,
fiw) = p(n) + F(pw)-p (18)

satisfies (Al)—(A3).

Proof Recall that ||g - llfy < 2llgllpmllellgy for any g € BL(2) and u € M(2).
Hence, for g1, go € BL(R2) and 1, uy € M(Q),

lgr-m1—g - “2”;1\4 < 2llg1 — g2llemlier g + 2lg2llemlien — wallfy-

Thus, the bilinear map (g, u) — g - 1 : BL(RQ) x M(Q)pm — M(Q)pM is jointly
continuous. Then, for w1, up € Mr(2) andt > 0,

|Fe(u) -1 = Fi(ua) - oy < QRLE +2CH) iy — 12l
so (A2) is satisfied. Moreover, for © € Mz (2) and ¢ > 0,

IFw - mlpy < [F| Iklity < RCE,

which proves (A3). O

2.3 Well-posedness - Revisiting the construction of the solution operator

The well-posedness of Problem (P) or, equivalently, of Problem (17) can be shown
along the lines of reasoning of Section 6 in [3] or the proof of Theorem 2.4 in [11].
We will get into some details here, because some intermediate results or constructions
will be of relevance later.
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Lemma 2.1 (Uniqueness) Assume that ul and /L% are both mild solutions to Problem
(P) on [ty, T] for initial condition v € M(S2). Then ull = pL,z forallt € [ty, T].

Proof Let R := max; SUP; (s, 7] ||,u£ ITv < oo. Then (17) yields for any ¢ € [tg, T']:

t

1 2
) — 12l < /
0]

PLLAwh = fad]| s

t
< [ L2050 - A lingds
to
t
f 1 2%
= LR/ L}v),t”'us — My HFM ds
1o
Application of a Gronwall’s Lemma gives ||u,l — ;LtZ Iy =O0fort € [19, T]. m|

For fixed vector field v,, § > 0 and initial condition v € M(Q), let ro > 0 and
Tt > Oand put I; := [19, to+ t]. The argumentation consists essentially of considering
the iteration of operators Wy,  : C 5(Ir, M(2)pm) — Cy,s(Iz, M(2)rm), Where

Cu5 (I, M(Qrm) = {ie € CIz, MM 1y = v, sup ity < [vliTv+3}

tel;

comes with the the metric associated to the supremum norm on C (I;, M(2)pm). In
view of Proposition 2.1, the metric space C, s(Ir, M(2)rm) is complete. Wy ; is
defined by

t

W e (o)1) = Py + / PLLfiuo)]ds.  tel. (19

1o

The conditions (V1)-(V3) on v, and (A1)—(A3) on f, ensure that for sufficiently
small 7, depending only on v through |v|Ty, W, iS a strict contraction on
Cy 51z, M(2)pm)- The Banach Fixed Point Theorem then yields the existence of
a (unique) mild solution on /;. We shall sketch details of the argument through a few
main observations and estimates.

The first auxiliary result is:

Lemma 2.2 Assume that ve and f, satisfy (V1)—(V3)and (A1)—(A3). Letty > 0, R > 0
andv € M(RQ) and put r := ||v|Tv + 8. Then the following statements hold:

(i) If e € Cys(Ir, M(Q)pm), then Wy r(ne) @) llTv < [IVITV + ¢/ @ — 1) for
anyt € I.

(ii) If T < S/C‘};H, then Yy, maps C, 5(I;, M(Q)Em) into itself, for any v €
Mp ().
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Proof (i). One has for t € [tg, T'], using Proposition 2.2:

t
Wi c () DllTy < IIPY vtV + Pl [ fs(us)] ds
vV
< vl +f | P fs(us]HTV
< lvlltv + / Lfs (o) llry ds < [vllty + CF (¢ — 10).
0]

(ii) is immediately clear from (i) and x C,{ being non-decreasing on (0, 00). O

The existence of a (necessarily unique) fixed point for ¥y, ; in C, s (17, M(2)rm)
— hence, a mild solution to Problem (P) on /; — for any v € M g(S2) is guaranteed by
making t smaller than §/C IJ; s> In such a way that Wy, ; becomes a strict contraction
on each of the closed, hence complete, sets Cy s(Ir, M(2)rpm), v € Mpg(2) (cf.
[3] Section 6). Thus, for every v € Mz(£2) one obtains a sequence (7,),eN With
O<t < 5C1€+ns’ ty = ty—1 + Ty, and a ‘chain’ of mild solutions u]} to Problem (P)
on [fy—1, t,] with initial condition uy = = =y 1,where ,u,o =v e Mg(2). Each u?
is the fixed point of ¥; | - . One has

sp_ [ty < R+n.

h—1=t=<

Piecing the parts of the chain continuously together, one obtains a mild solution i,
to Problem (P) with initial condition v at 7y, on the interval [fy, T), where T :=
to—l—Z —i o ItV :=lim,_  pu, existsin M()Em, then [V[Ey < o0 If [VllTy < 00
too, then the mild solution can be extended from initial (measure) condition v at time
T, following a similar procedure. Otherwise, ¥ is not a signed measure, and the mild
solution cannot be extended beyond T.

Thus, putting all pieces together, one arrives at the following result:

Proposition 2.5 (Well-posedness; [3] Section 6 and [11], Theorem 2.4) Assume that
Ve and fo satisfy (V1)—(V3) and (Al)—(A3). Let ty > 0 and v € M(R2) a given initial
condition at time ty. There exists a maximal time T* > ty, depending on ||v|Tv and
to, such that there is a unique mild solution e € C([ty, T*), M(2)pm) to Problem
(P) that is of bounded total variation on any [ty, T] for ty < T < T*. One has:

(i) Either T* = oo, or limyy7+ |||ty = +o00.

(ii) pe depends locally Lipschitz-continuously on v in || - ||\ -norm, uniformly locally
in time. That is, for every T € (ty, T*) there exist R > 0 and there exists wr, 7 > 0
such that for mild solutions u, with initial conditions v; that satisfy ||vi|tv < R,
i =1,2, one has

1 2
s = willgg < €T vi —wallgy,  forallt € (1, T1.
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Proof (i). Standard argument by contradiction. If 7* < oo, and the limit is not infinite,
one can extend the solution slightly beyond 7*; see e.g. the extension arguments used
in [4] when identifying global solutions to differential equations.
(ii). For any t € [tg, T™*), (17) holds. Let t9o < T < T*. Then, according to part (i),
there exists R > 0, finite, such that ||/L£||TV < Rforallt € [ty,T],i = 1,2. Then,
one obtains, by applying (11) and (13) in the following estimates:

A

t *
It = 2l < 25,00 =l + [ |22 LAGD - 56| as
0]

IA

t
LY v — walify + / LY | fo(ud) = fiud) | ppg ds

0]

IA

. t
Liyillvr = vallfag + L / L3 s = e s
fo

Application of a Gronwall’s Inequality yields the result. O

Remark 2.1 Thus, let v, satisfy (V1)—(V3) and let f, satisfy (A1)—(A3). Take tg > 0
and R > 0. The maximal mild solution for initial condition v € M g(2) is obtained
by piecing together local mild solutions on intervals I, ; := [¢', #' 4 7] in the maximal
domain of existence. On such an interval, the solution is the limit of a Picard iteration
procedure. Thus, for any ¢’ in the maximal interval of existence, there exists T such that
the restriction of i, to Iy . is the unique fixed point of Wy  in Cyy s (I 7, M(Q)EMm),
obtained by iteration of the operator W .:

po= lim u{” =P ford <t < i 4wl = ().

(20)
Note that the limit is that of uniform convergence on I ; in || - [|fy-norm in M(<2).

3 Weak limit of sequences of measures with LP-densities

In this section, we collect results that hold in the general setting of Polish spaces, which
we denote by S to distinguish them from the specific domain €2. These are novel and
of general interest, we believe, because there are hardly any results in the literature
that connect weak convergence in measures — for measures with L”-densities — to
absolute continuity of the limit measure, with similar regularity for its density.

The main result will precisely allow us to conclude this —under suitable conditions of
course: the limit in the C-weak topology on measures of a sequence of measures, each
absolutely continuous with respect to the same reference measure and with Radon-
Nikodym derivative in L”, is itself in L? too, provided 1 < p < oco. If p = 1,
then such a result cannot be expected to hold. Take for example on R the sequence
of probability measures that are normally distributed with mean O and with standard
deviation converging to zero. Then, this sequence of measures converges weakly to
80, while they all have L!-norm 1.
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The proof of our result is founded on a characterisation of L?-functions encountered
in [8] Ex. 4.7.102, p.315:

Lemma 3.1 Let v be a finite positive measure on a measurable space (S, X). Then, a
Sunction fisin LP (S, v) with 1 < p < oo if and only if there exists C > O such that
for every finite disjoint measurable partition Ay, ..., Ay of S with v(Ay) > 0 for all

k)
/ fdv
Ag

Consider now a general Polish space S, equipped with its Borel o-algebra. Let v
be a positive Borel measure on S. Define

m

> vAp'r

k=1

14
<C. 1)

The smallest such constant C is || f ||§.

LYy ={f eL'nLP(S,v): f>0v-ae}.

The crucial and novel auxiliary result alluded to above is the following.

Theorem 3.1 Let v be a positive Radon measure on the Polish space S. Let 1 < p < 0o
and f, € LY (v) forn € N. Let p, := f,dv € MT(S). Suppose that p, — s in
the weak topology on measures. Then the following holds:

(i) There exists a o-compact set Sy on which all u,, and | are concentrated. The
Borel measure vy defined by v, (E) := v(E N Sy) for any Borel E C S is o -finite.

(ii) If M := liminf, || fullp < 00, then .y is absolutely continuous with respect
to vy and hence v. The Radon-Nikodym derivative fi of iy« with respect to vy
is in LP(S, vy), with || fxll, < M. In particular, we have p. = fdv with f =
fills, € LY () and || f|lLr vy < M.

Proof (i). Since p, — 4 in the weak topology of measures, the set of measures
M = {un 1 n € N}U {1} is weakly (sequentially) compact. Hence, it is uniformly
tight, by the Prokhorov Theorem (cf. [7], Theorem 8.6.2, p.202). Therefore, there exists
an increasing sequence (K,,)menN of compact sets in S, such that (S \ K,;) < n% for
all u € M, and m € N. Thus, all u € M, are concentrated on the o-compact
set Sx := |J,, Km in S. Since v is a Radon measure, v(K,,) < oo. Without loss of
generality, we may assume that v(K,,) > 0 for all m. In the usual way, one constructs
from (K,;)menN a countable family (Ey)xen of pairwise disjoint Borel sets such that
K, = UZ’ZI Ex. Let v, be the Borel measure on S obtained by restricting v to
S, as indicated. Define Ey := S \ Si. Then v.(E,) < oo for all m € Ny, while
S = Um—o Em- In particular, v, is o -finite.

(ii). Since pu, and pu, are positive finite measures, Alexandrov’s Theorem (cf. e.g. [7]
Theorem 8.2.3, p.184) yields that for any U C S open,

o0
we(U) < liminf w,(U) =liminf/ fadv =1imian/ fudv
n—oo n—oo Ju; el UNEy

NS, n— 00

o
< liminf Y [ full, vU N ENYT < Mu(U)'4, (22)
n— o0

m=1
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where we used Jensen’s Inequality in the last step. In this context, g is the coefficient
conjugate to p: % + ql = 1. Since S is Polish, u, is Radon and so is v by assumption.
Thus, both . and v, are open outer regular on Borel sets E:

ps(E) = inf{u.(U): U C Sopen, E C U}.
Consequently, estimate (22) yields
ws(E) < Mv.(E)'4, forall Borel E C S. (23)

Hence, if E C Sis a v,-null set, then . (E) = 0. That is, u, is absolutely continuous
with respect to vy, iy K vy If E C S is a v-null set, then it is also a v,-null set. So,
also pyx < v.

Since v, is o-finite, the Radon-Nikodym Theorem implies the existence of the
Radon-Nikodym derivative, f, € Ll(S , Vs), of . relative to v,. For the proof of
the statements that f, € LP(S, vy) and || f«|l, < M, we need to distinguish the case
p=oofroml < p < 0.

Case p = oo. Letting f := filg,, one has

inf su x)| = inf{M' > 0:|f| < M vi—ae.l.
§:05(S\S)=0 XEE, FACH {M'=0:|f] < N }

[ flloe = 1 fllLocyy =
Suppose that f is not essentially bounded. Then there must exists a Borel set £ and
mo € Nsuch that fullg > M1l g and v (E N E,,,) > 0. Then

M*(EﬂEm0)=ff*llEnE,,,o dvy > /MnEﬂEmO dve = M (E N Ep,),
N N

which contradicts estimate (23) (note that g = 1). So, f, must be essentially bounded.
Similar argumentation as above, shows that the assumption that || f|.c > M leads to
a contradiction with (23). So, the bound || f||cc < M holds.

Case 1 < p < oo. Let g be the coefficient conjugate to p and let v,, be the Borel
measure on K, obtained by restricting v to the Borel o -algebra B(K,,). We shall show
that fi|k, € LP(Ky, vy) and || f<lk,, I, < M. Then, by monotone convergence,

/|f*|pdV* = lim / |f*|Km|pde < MP".
s m—o00 [

To thisend, fixm € Nandlet Ay, ..., Ay be a disjoint Borel measurable partitioning
of K,,, with v(Ay) > O for all k.
The assumptions on f;, imply that

/;k fadv

N

D v(An'r

k=1

p
= ”f”]le“Zl’(vm) = ”fn”Zp(v) forall n € N.
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Let & > 0. Since v(Ax) < oo, for any Borel set B in S with B D Ay andn € N,

0 5/ fndv — | fudv = fadv < I fullpv(B\ A4
B Ag B\Ag

Moreover, because v is open outer regular, for each fixed k one can select an open set
Uy in S with U, D Ay and v(Uy) < 00, such that

1
Ur \ AP/ V(AP . .
v(Up \ Ap)P'T < Nv( k) YT

Then, applying Alexandrov’s Theorem again to the measures u, = f,dv € M1(S)
that converge weakly to u, = fidvy,
o\ /P
/ Jndv
Uk

P
/ frdvy
Uk
p) I/p

1/p N
) = (e ma

k=1
f fndv
Uk

N
(Zv(Awl—f’

k=1

IA

p>1/17

(A~ / fadv + v(Ap) V4 / fudv
Ag U\ Ak
» 1/p
/ Sndv
Ak
p>1/17

/ fndv
U\ Ak
N

1/p
< liminf || [l + liminf (;vmk) Pl ||fn||Lp(v)v(Uk\Ak>"/q)

hm 1nf ( v(Ak)1 p

N
= fiminf (Z

k=1

n— oo

lim inf < v(Ak)]*p

+ (Zv(A/a rla

k=1

< M + e.

Since ¢ > 0 was taken arbitrarily and f, > 0 v.-a.e., we arrive at

P
/ Sfedvy / f*dV*
Ak

Thus, flk, € L?(S, vy) forany m € Nand | fi|k, ||, < M. We conclude that f,
LP(S,vy) and || fI|, < M. Finally, it is a simple observation that f, 15, € L?(S, v)
and that || fulls, lLroy = | fellLrvy)- m|

N

> v(Ap'r

k=1

< MP.

< ZV(Ak)l P

k=1
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If the sequence of functions f,, € L i(v) in Theorem 3.1 is uniformly bounded in
L?-norm, then M = liminf, o || full, < sup, |l full, < 00. Thus, we are motivated
to define forany M > Oand 1 < p < o0:

LY ) = (f € LEM): Ifllp < M),

We shall identify functions on S that are in L' N L” relative to a fixed positive Borel
measure v on S with finite signed Borel measures on S through the linear map j, :
f — fdv. Additionally, one has

Corollary 3.1 Let v be a positive Radon measure on S. Then, for any 1 < p < oo and
M > 0, Li’ 1y (V) is closed in M(S) for the weak topology on measures. Hence, it is
complete in M(S)pMm.

Proof First, since the weak topology on M™(S) is metrizable (e.g. by the metric
derived from the Fortet-Mourier norm) and Lﬁ u(v), viewed as set of measures, con-

sists of positive measures, the weak topology on measures is metrizable on Li wW).
Thus, it suffices to show that for any sequence ( f;,) in L _’; (V) that weakly converges

to a measure jyx € M™(S), that s € LiM(v). This is established by Theorem 3.1.
The last statement follows from the first part, that || - ||ppm metrizes the weak topology
on measures on M™(S) and the completeness of the latter for the || - ||py-norm. O

Remark 3.1 1.) The Radon-Nikodym Theorem is valid for o -finite measures [12, The-
orem 4.2.2]. If the reference measure is not o -finite then the measure that is absolutely
continuous with respect to the latter, may not have a density with respect to this
measure. An example of such a situation is given e.g. in [25, Exercise 3.2.13, p.92].
Therefore, from the absolute continuity of u, with respect to the general Radon mea-
sure v one cannot conclude by this theorem, that 1, has a density with respect to v.
The proof of this result in Theorem 3.1 is based on the absolute continuity of j, with
respect to the restriction v, of v to the o-compact set Sy, which is o-finite.

2.) We do not wish to assume o -finiteness of v in Theorem 3.1, because we want in the
future to allow for v being e.g. a Hausdorff measure or a Haar measure on a topological
group, which may not be o -finite. Lebesgue measure A on R is, of course.

3.) The reader should notice that the lattice operations u +— u™ and u — u™ are
not continuous for the weak topology on measures. The results above therefore do
not readily extend to sequences (f,,) in L' N LP (S, v) that do not consist of positive
functions.

4.) It is worth recalling the observation that Corollary 3.1 cannot hold for p = 1. O

4 Invariance properties of the solution operator

In this section, we begin proving the main invariance results. We start with recalling or
establishing essential estimates on the flow maps @, , in €2 and the associated Markov
operators P’ , on M(£2).
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4.1 Basic properties of the flow semigroup

First, in the ‘classical setting’ that we have for the time-dependent velocity field v,,
namely that (V1)—(V3) are satisfied (i.e., v € C(R4, BL(, Rd))), the associated
flow maps ®; , to ODE (10) are bijective, Lipschitz with estimate (11) for the Lipschitz
constant, and having Lipschitz inverse. Moreover, for any o > 0,7 > 0,1 € I, =
[to, to + t] and x € €2,

t
d(®p (x), x) = | ,(x) — x| 5/ lus (@) ()| ds < Cryelt —19] — 0 ast | 1.
fo
(24)
Here, one can take Cy, r = sup;¢;. [|vslloo-

Lemma4.1 For any to > 0 and p € M(RQ), consider the motion ¢ : t > Py :
[to, 00) = M(K2). The following statements hold:

(i) @ is continuous for the Cp(S2)-weak topology on measures.
(ii) @ is locally Lipschitz continuous for the || - ||f\-norm topology. In particular, for
any bounded interval I C [ty, 00), there exists a constant C ; > 0 such that

1P it = Py sillfm < Crllliry -1t —sl - foralls,t € I, p € M(Q), (25)

where the constant C; may be taken as

tel 0

r
C = sup vy floo - exp (f |vr|Ldr> = L ;suplurll, 7= sup(l). (26)
[{ tel
Proof (i). Forany t > tg and f € Cp(S2),

(PE i, f) = (. fo @ ) = /Q FO () ).

Forfixedx € Q,t +— f (Cb}g, ,(x)) is continuous. Lebesgue’s Dominated Convergence
Theorem gives the continuity of # = (Pg i, f).
(ii). Take f € BL(S) with || f]lco < 1 and |f|; < 1. Let I be a bounded interval in

[0, 00) and s, ¢ € I. Then, using (11) and (24), one gets for any u € M(R2):

[(Pp = P s ] < /Qlf(%,t(x)) — f(®f ()| dl|(x)

A

< U110 [ d@ ooy (0. 3) il

IA

(sAL)
[flL - exp (/ lvelL df) Crlts vy = (s AD|- ulTy-

fo

Here, one can take C; = sup; ||vs [loo, according to (24). Taking the supremum over
f in the unit ball in BL(2) yields (25), where one can take C} as in (26). m|



Invariance properties of the solution operator... Page 19 of 31 93

We shall further need the following transport formula for measures that are abso-
lutely continuous with respect to Borel-Lebesgue measure A on 2.

Lemma4.2 Letug € L'(Q, 1) and vo € C(Ry, BL(22, RY)) be a bounded Lipschitz
time-dependent vector field on Q2. Then, fort > ty > 0,
—1
PP (uo-2) = up-h, with up(x) = ug((®) )~ (x)) [det DY, ((®p )" (x))]
(27
Moreover, for any t > to > 0 for A-a.e. x € Q,

! t
exp <—/ [1div(v)]~ |, d > < det DOY ,(x) < exp (_/ || [diV(vs)]Jr”oods).
o o

(28)

Proof The proof is based on the classical area formula for Lipschitz maps, see [5]
p-1196-1197 for details, equation (2.5) in particular. Estimate (28) is inequality (2.6)
in [5], p.1197. O

Remark 4.1 In various works one has studied flows defined by vector field that are less
regular than Lipschitz, motivated — among others — by Fluid Mechanics and Control
Theory, seee.g.[5, 6, 15]. Typically, Lebesgue measure is taken as a reference measure,
like we do here. However, Bogachev and Mayer-Wolf [6] provide conditions under
which the push-forward of a finite measure under the flow results into finite measures
that are still absolutely continuous with respect to that measure. Although their results
apply to probability measures as reference, instead of the Borel-Lebesgue measure,
results similar to those stated above were obtained (cf. in particular [6], Theorem 2.6,

p.13).

The explicit expression for the push-forward under the flow and estimates in Lemma
4.2 gives

Proposition 4.1 For any 1 < p < oo, and any t > ty > 0, Py, leaves L_’;()\)
invariant. If ug € Li()»), then P, to Y (wodA) == uy di, with u, given by (27). If q is the
exponent conjugate to p, % + 5 =1, then

1
luellLroy < lluollLr iy exp (%/ I [diV(Us)]_HoodS> forallt = 0. (29)
0]

Proof Using that the flow operators ®; , are Lipschitz, invertible, with Lipschitz

inverse (®f )~ ! and — again — the transformation formula for the Borel-Lebesgue
measure, we arrive at

/Qu,(x)pdx = /Quo((cblo D7 @) [det DD ((@f )N ))| P dx

/ uo(y)?|det DO ()| ™7 - [det DY )~} (02, ()| dy



93  Page 20 of 31 S.C. Hille et al.

Theidentity (d}, )~ 'od}

fo,t
for A-a.e. y. Application of (28) gives the result.

19,1 19,1 19,1

=Idyields |det D(®Y ,)~! (D} (y))|_1=|detD<I>” ]
O

4.2 Equivalent formulation of mild solution by dilation

Central in the argumentation is the following observation, inspired by [36] — there
employed for semigroups instead of flows — and which appears also in the particular
setting of multiple of the identity (but in L' instead of M (£2)) in [11], proof of Lemma
3.2

Proposition 4.2 Let i1, : [tg, T] — M(2)rm be a continuous and || - || tv-bounded
map and let v € M(Q). Let B be a bounded linear operator on M(Q2)pm that
commutes with all Ps”,,, s,t € [to,T], s < t. Then the following statements are
equivalent:

(i) e is a mild solution to Problem (P) on [ty, T| with initial condition v.
(ii) e satisfies, as equation in M(2)pm:

t
py = e BUTOpL oy +/ e BU PP [ fi(1us) + Bug|ds forallt € [to, T].
I
’ (30)

In particular, any mild solution (e to Problem (P) on [ty, T] with u,, = v satisfies for
any c € R:

t
W = eiC(t*tO)Ptgylv + / eiC(f*S)PS",t[fs(uS) + cus] ds forallt € [1y, T).
I
’ 31

Proof The last statement immediately follows from (ii), taking B = cI. So, consider
the equivalences. First observe the following two simplifications of repeated integrals,
which hold for any k € N:

t s t 1 1
/ / h(cr)(t—s)ki1 dods = / / h(cr)(t—s)ki1 dsdo = / h(o) %(t—a)k do,
fo J1o fo Jo to

(32)
for a measurable function 4 for which Fubini’s Theorem holds.
(i) = (ii). Using that the operator B commutes with all P;, one can rewrite (17) into

t

t
He = Ptz,tv + / Psljz[fs(l/‘s)“l‘BMs]dS - B/ P;ilﬂsds. (33)
1

0 fo

Substituting the right hand side of expression (33) for s in the last integral in this
equality and using (32) to simplify double integrals, one obtains, by repeating this
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procedure n times:

" Z[( o on 0" gipy +/( Dk ghpy [fs(us)JrBus]dS]

k=0

+ ( 1)n+an+l/ (t

s)”

'U
Pg s ds.

This equality can easily be verified by induction. Letting n — oo, one obtains (ii) in
the limit in M (2)pm, because B is || - [|f-bounded and ji, is || - [[Tv-bounded.

(ii) = (i). Let p, satisfy (30). We must show that (17) holds. We proceed — again —
by repeatedly substituting equation (30) into itself and the equations thus obtained,
and using (32) to simplify. Thus, after n successive substitutions, we claim that one
arrives at the equality

n k t
(t=1)" x _Ba- k[ e=s* —BG—
N e R e B o] s

Tt — )
+ B / Eo BB s ds, (34)

Clearly, the equality holds for n = 0, by assumption. Then, substituting (30) into (34)
and using that B commutes with the operators Py’;, one gets

" Bu—sy v =) D=y _BU—s) pv . —B(s—1o) pu
e Ps,tru“S I’l' ds = nl! € Ps,t & 0 Pto,sv dS
10 : 10

! (r — s)n —B(t—s) pv g —B(s—0o) pv
+ —e P, e Pa’s[fg(ug)] do | ds
10

i) n'
(t—s) o~ B=9) v o~ BGs—0) pv
+ B e Py Py o do | ds

1
_ (t —to)"+ o~ Bl—10) pv

—B —
(n+ 1! ws? T / / e OB [ fo e do ds
t s t — n
" B[ / %E_B(Z_J)Pé’,tua do ds
o J1o .

+1
_ (t —10)" e~ BU=10) pv |, +/ (1— U)"Jrle*B(t O)PU [fa(ll«a)]d‘7
0]

(n + 1)! 19,8 (n+1)!

1 +1
4 B t—o) e BU=pY Lo,
n @+ D! !

Thus, the induction step is completed and we conclude that (34) holds for all n € N.
By letting n — oo in (34), we obtain (17). Mild solutions are unique. Therefore, (o
must be the mild solution to Problem (P) on [fy, 7] with initial condition v. O
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The equivalence of Problem (P) to the ‘dilated’ problem (30) or (31) as observed
in Proposition 4.2 has a counterpart with regard to the Picard iteration operators Wy, .
and those connected to the B-dilated problem (30):

t
W o)1) 1= e BUTO Py +/ e BU=) pY [ f(vs)+ Bug]ds fort € [19. fo+7].

o
(35)
It is the following result:

Lemmad4.3 Let 0 < to < T and let B be a bounded linear operator on M(2)gm
that commutes with all Pl for s,t € [t9,T], s < t. Let § > 0 and vop € M(Q2)pm.
Suppose that t| € [to, T) and 11 > 0 are such that t1 + v1 < T and V,, -, is a strict
contraction on C,, s([t1, t1 + 111, M(QQ)E™m). Let w} be the unique fixed point in this
space. Then, for any r’ > ||vg|Tv + 8 there exists N € N and an equidistant partition
n=ty<ty <---<ty=n+toflt1,1+tlofwidtht' := t/N, suchthat\llf .
i

is a strict contraction in Cuj,gj ([t}, t}+l]’ M(Q)em) forall j = 0,1,...,N - 1,

where v; = ,u* and §; :=r' — ||vjlltv > 0. Moreover, v is the end point at
B

t = j+l of the umqueﬁxedpomt of\D

Proof Let b be the operator norm of B acting in M(Q2)gm. If b = 0, there is nothing
to prove. So, assume b > 0. Put r := ||ylltv + 8. Note that ||uf|ltv < r for
all t € [t1,t1 + 71]. Let ¥’ > r. For any 1, € [t;,1; + 71) and 7 > O such that
tp + 12 <t + 71 and for any 8’ > 0 and v' € M()gm such that |V'|ty + 8 < 7/,
one gets for v.l, v.2 € Cy s (2, o+ 12], M(2)EMm) and ¢ € [12, 1, + 12] the estimates

RZNCRIOER 7N (71()

t
- / e PP L£0D) = 0D + B! —v)][ry ds
n
t
< / e PILY (L] 4 b) [v) = VPl ds
9]
! —etm
< (L, +bL} , .-, — Ve — vellce-
Pick N € N such that
f _ e—b‘[[/N
(L +b)Lll t+T1 b < L (36)

If N = 1, the operator \lltlirl is a strict contraction and the proof is complete. If N > 2,
then put 7/ := 71 /N and let t} =t +jt'forj=0,1,...,N— 1. Define v; := u;“/
J

and §; :=r" — ||vj|rv. Since ||u)lltv < r < r'forallr € [t, 11 + 11], 8; > O for
all j. The assumptions and choices made yield the conclusion that W t"? . 1s a strict

o
contraction on Cy, s, (£}, ] 1, M(Q)pm).
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The unique fixed point of \I—'ﬁ > Say uﬁj ), must be a mild solution to Problem (P) on
i
[t}, t} 411, according to Proposition 4.2. Mild solutions are unique (see Lemma 2.1).

Thus, uij) equals * on [t}, t;.H]. This yields that v = ,uf,j) . O
Jj+1

4.3 Preservation of positivity

Positivity of the mild solution to Problem (P) for positive initial conditions has been
considered in [3] Corollary 7.2 under the assumption that the reaction term f can be
written as arate, or in [11] Lemma 3.2 for a particular type of equation. In the latter, the
problem is reduced to positivity of the solutions to the PDE in L' (2, 1), by a density
argument. Below, however, we shall give an argument for positivity of solutions that is
intrinsic to the measure setting, in the sense that it exploits the Banach lattice structure
of M(£2). Moreover, it allows to consider reaction terms that are more general than
those considered in [3].

Proposition 4.2 will be crucial in establishing the positivity of the mild solutions
for positive initial conditions. Assume that f, satisfies (A1)-(A3) and let u, be a
mild solution to Problem (P) on [fg, T'], for initial condition v. Then, s +— f5(us)
is continuous. In particular, it is strongly Bochner measurable. According to Lemma
A2, for any ¢ € R the functions s — [ fs(us) + cus]ﬂE are strongly measurable.
Thus, the Bochner integral in M(S)pL in (31) can be split into one over the positive
part and one over the negative part of fs(us) + cus. Because of positivity of the
operators ¢ (=) P, and closedness of the positive cone MT () in M(Q)gum, each
integral separately takes value in M™ (), while e~¢(—%) PP v e MT(Q) as well
for v € M™T(Q). We conclude from Proposition 4.2 that for any ¢ € R the following
inequality holds:

t
u; < / e_”(’_‘Y)P;ft[fs(us) + cus| ds forallt € [fo, T]. 37)
0

This general observation allows drawing conclusions on the positivity of mild solu-
tions for positive initial conditions for quite a general class of reaction terms f,. The
next result is a straightforward consequence of inequality (37):

Proposition 4.3 Let f, satisfy (Al)—(A3) and let ty > 0. Let v € M™T(Q) and let i,
be the mild solution to problem (P) with initial condition i, = v. Let [ty, T*) be its
maximal domain of existence. Assume that for any R > 0 and T > 0 there exists
¢ =cr.1 € R such that

fi(w) +ep >0,  forallp e Mg(Q), t €[0,T]. (38)

Then, u; € MY(Q) forallt € [ty, T*).

Proof Let T € (19, T*) and put R := sup,c,, 7 |t [lTv. For ¢ = cg 7 as indicated,
[fs(us) +cus]™ =0forall s € [to, T]. So, (37) implies that i, = 0 for¢ € [tp, T].
O
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However, condition (38) is too restrictive and often impractical for many applica-
tions. Interestingly, it can be improved especially if the term f, has a specific shape. In
such case, sufficient conditions ensuring the positivity of the solution can be reached
so that they fit better to applications. The second result addresses this issue:

Proposition 4.4 Let f, be of the form (18) in Proposition 2.4, such that it satisfies
(Al)—(A3). Assume that F, is such that for every R > 0 and T > 0, there exists
Cr.r > 0 such that

sup [[Fi(Wlloe = Crr forall p € Mp(S2). (39)

0<t<T

Then, the mild solution (1 to Problem (P) with initial conditionv € M™(Q) is positive
for all its time of existence.

Proof Letty > 0andv € MT(Q). Let T* > ty be the maximal time of existence of
the mild solution s, of Problem (P) with initial condition ps, = v. Take T € (fo, T™*)
and let R := sup, ¢, 77 lli4¢|ITv. For any ¢ € R and u € M(£2) one has

/G0 +en]™ = [p(w) + (F(w) +c)u]”
< (R +¢) 1™ + (Fw) +c) n. (40)

A

Then, forc > Cr 1

[fiuo) +e]” < (Crr+c)py  foralls € 1, T]

and, according to (37), we have
t
0 <u; < (Crr +c)/ e =Pl usds  forallt € [ty, T).
fo

Note that the Bochner measurability of the integrand follows from Lemma A.2. Taking
the || - ||Tv-norm on both sides, the ordering is preserved and the direct application of
Proposition 2.2 yields

t
s Ity < (Cr1 +C)/ e U u lrvds  forallt € [1, T].
to

Using Gronwall’s Inequality, one concludes that i, = 0 for all # € [#, T']. O

Remark 4.2 A similar conclusion as in Proposition 4.4 is reached in [3] Corollary 7.2 ,
but a (positive) production term p, (1) in the non-linearity f; (@) is not allowed by the
assumptions made there. Moreover, the argument follows different lines of reasoning
than ours.
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The result just proven uses the ‘global equation’ (17) that the mild solution satisfies.
Realizing that the mild solution is locally obtained by Picard iteration, one may weaken
condition (39) on F, to the extent that the bound needs to apply only to positive
measures. Thus, the ‘behaviour’ of F, on non-positive measures is irrelevant to the
preservation of positivity. This weakening of condition goes to a cost: the need of a
more subtle argumentation in the proof.

Theorem 4.1 Let f, be of the form (18) in Proposition 2.4. Assume that F, is such
that for every R > 0 and T > 0, there exists C%’T > 0 such that

sup | F(Wlloo < Cp g forall p € MT(Q) with |ulltv < R. (41)

0<t<T

Then, the mild solution e to Problem (P) with initial condition p,, = v € M1 ()
is positive for all its time of existence.

Proof Let [tg, T*) be the time domain of the maximal mild solution. Recall that 11, is
obtained by piecing together the unique fixed points of the ‘Picard iteration operators’
W, 1 (see (19)) for various times #; € [to, T*) and durations ; > 0. The fixed points
are obtained as limit of the iterations of the operators W, ,, starting from the function
t— Pt:_”,vi on [t;, t; + ;] (see also Remark 2.1). Each of the iterations and the limit
will have total variation norm uniformly bounded by R; > 0, say, on this interval.

In view of Proposition 4.2 and Lemma 4.3, the mild solution can be locally obtained
equally well by iteration of suitable B-dilated operators \Iltl;’ ” e.g. with B; = ¢;l,
¢; € Rand starting from a function ¢ > ¢~ =) Py [v} , for suitable v}, onan equally
spaced partition f; = 1) < 1] < --- <1ty =1 + ;i. The number N of subintervals
depends on |c;| and on R; in so far that it can be arranged that all iterations under
\pf]’r ,-
subintervals [t;., tj’. 411 (see Lemma 4.3 and its proof. In particular, N is conditioned
by equation (36), with b = |c;| and r’ = 2R;).

Fix ¢; > Cé Ry fi4; and determine N; and a partition of [#;, #; + 7;] as above, such

, —and the limit — have total variation uniformly bounded by 2R; on each of the

that each \Ilf," lt,, j =1,..., N, is a strict contraction. Assume that v} is positive.
i Ti

—C; -_— / . .. 13 .
Then v,(O) = ) Pt'f t,v} is positive for every ¢ € [t;, t} + 7/]. Define iteratively
it

v£n+l) = lI,C/il /(vfn)).
1.7

One has, by construction, that ||vt(")||TV < 2R; for all n. Hence, if v is positive,

then condition (41) and application of (40) gives

[ft (v,(n)) + cvl(")]_ = 0.
So, we conclude that vﬁ") must be positive on [t}, t} + 7/]. Since MH(Q) is closed in

M(2)rMm, we find that the limit of the iterations vf") must be positive. Hence, if 1, is
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positive, then 1, is positive on [#;, t; + 7;]. Since v € MT(Q), we conclude that 114
is positive on its maximal domain of existence. O

4.4 Preservation of LP (1)-regularity

We shall now consider an additional condition on the reaction term f, that ensures
that initial conditions that have L? density with respect to Borel-Lebesgue measure A
on 2 for some 1 < p < oo, lead to mild solutions to Problem (P) that are absolutely
continuous with respect to A with the density functions remaining in L” (1) for all time
up to time of possible blow-up in L”-norm of the density. It should be noted, that this
time may generally be earlier than the maximal existence time of the mild solution in
the space of measures.

To avoid cumbersome notation, we write ||t]|zr() to mean the L”-norm of the
density of u relative to A. By convention, it is oo, if p is not absolutely continuous
with respect to A, or if the density is not an L”-function.

Let 1 < p < oo. For our purpose, it is necessary to assume that for all # > 0 the
reaction f; maps L' N LP(}) into itself, viewed as subspaces of M (2). With slight
abuse of wording, we shall say in that case that * f; maps L? (1) into itself . To have our
method of proof work, we shall additionally require an assumption similar to (A4) in
LP-setting. That is, f; must be an LP-bounded map, locally uniformly in time. More
precisely,

(Ad,) Foranyt >t andr > 0, there exists Btj,ct(r) > 0 such that

| @dn)|,,, < B), () forallg € LPG), glrgy <7t <5 <1,

must hold. Put

+
Q=

!
D;:[P = exp (5/ || [divx(vr)]noodr> , 0<s<t,
N

<=

Our major result on ‘L”-invariance’ is then:

Theorem 4.2 Let f, be of the form (18) and satisfy the conditions of Theorem 4.1.
Moreover, assume that for some 1 < p < oo, f; maps LP()\) into itself for all
t > 0 and is an LP-bounded map, locally uniformly in time, i.e. satisfies (A4,). Let
v = ¢pdr € MT(Q) be an initial condition at time ty with ¢ € Lfr()»). Then the
following statements holds:

(i) There exists f‘v* < T such that the maximal mild solution p, to Problem (P) in
M(RQ) takes values p; € Lﬁ()») forallt € [ty, T)).
(ii) Forevery T € (t()v‘Tu*)’ sup; < <7 liellLrpy < o0
(iii) If T} < T, then lim SUP, _, 7 el ey = +00.

Before getting to the details of the proof, we like to make several observations.
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Remark 4.3 1.) Theorem 4.2 requires the LP-initial condition to be positive and
requires the assumption of the conditions of Theorem 4.1 to assure that the mild
solution to Problem (P) remains positive throughout its maximal domain of existence.
Positivity is required for application of the limit results, Theorem 3.1 and corollary,
that allow to conclude that ‘L?-ness’ is preserved in the weak limit of measures.

2.) In many applications, the measure-valued solution will represent a distribution of
individuals or ‘mass’ in space. It is then natural to have a model that preserves positiv-
ity of the solution. Moreover, the shape (18) for the reaction map f, is natural as well,
from modelling perspective. It has at time ¢ a production term p; and a degradation
term that is absolutely continuous with respect to the current distribution, F;(u¢) - 4y,
which is in accordance with the principle that ‘mass can only disappear where there
is mass present’.

3.) In specific cases, it may happen in principle that L”-regularity of the measure-
valued solution is lost at time fv* strictly before time 7, while the former continues
to exist as measure with less regular density or as a measure that may even be singular
with respect to Lebesgue measure. See e.g. [16, 34, 37], although these concern a
different type of equation.

Proof (Theorem 4.2). Let 1, be the maximal mild solution to Problem (P) on [f9, T).
According to Theorem 4.1, u; € M*(Q) forallz. Lett’ € [1o, T)) such that v := p,
has an LP-density with respect to A. Following the proof Theorem 4.1, there exist
¢>0,8 > 0and v/ > 0such that ' + 7/ < T} and the Picard iteration operator
e isastrict contractionon Cy g ([t', ' 41'], M(R2)Em). Moreover, on [¢/, ¢’ +1'],
fr = limy o0 ™ in M(Q)pM, as in (20), with W,/ replaced by W _, and c is
such that each ,uE") is positive.
Put D := D;),’ZH/. One has for t’ < t < t’ + 7/, using Proposition 4.1:

—c(t—t') |

1 oy = e 2V oy = Dif IV ILegy < DIV ILegy

and

”/Lt(nH)HLp(,\) = ”“I’zc;,r/ (/‘En))”Lp(x) = ”/‘t(O) ”LP(A)

t
+ ‘ f e UTIP[fi ) + e ] ds
l/

LP (1) .

Let I, (t) denote the measure-valued Bochner integral in M(Q)pM in the last term.
We shall show by induction that

There exists 0 < © < t’, such that \|M§”)|

Loy < 2D||V |lLr@y foralln € Ny, t € [t', 1" + T].
(42)

For n = 0 it is clearly satisfied. Take r := 2D||v’||Lp(,\) and put B,f =

SUp, ey o BY (), with B () as in Assumption (Ad,). According to [14], we
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have that
1) € =1 ([P £t +en]: ' =5 < 1)

where the closure of the convex hull is taken in M(Q)gm. Fort' <s <7 <¢ + 7/,
by induction hypothesis,

le= =P [ Ay + el oy < € IDIT B +er) < DB +en),

Any point in the convex hull is positive by assumption on ¢ and will have the same
bound for its L?-norm. I, (¢) is the limit in the weak topology on measures of (r —)-
multiple of a sequence of elements in the convex hull. Because of positivity, Theorem
3.1 yields that 1,(t) € L% (1) and

1) oy < = )DB] +er) foralln e No. 43)
One can choose 0 < 7 < 7/, independent of n, such that

- D(B] +cr) < DIV [ Lewy. (44)

Then, (42) is satisfied. The iterates ,uE") being in Li(k), uniformly bounded in L?-

norm, we can again invoke Theorem 3.1, yielding u; € Li(k) forallt e [t/,t + 1],
with [|pes ey < 2DV [ILr -

Now, the ‘classical extension argument’ can be repeated for extending local solu-

tions to a maximal one, starting from v € Lﬁ (A) att = t¢. This then yields the wanted

statements. O

5 Concluding considerations and observations

We now want to address some natural questions in relation to the invariance results
for the solution operator that we have established in the previous section.

We have shown in Theorem 4.2 that under fairly mild and common assumptions
(compare e.g. with those in [3]) a positive initial condition with L?-density with respect
to Lebesgue measure leads to a mild solution to Problem (P) that has a positive L”-
density for some positive amount of time. That may not be the full maximal existence
time of the mild solution in the space of measures.

Mild solutions are by definition required to be continuous in time. Thus, this concept
allows to define a dynamical system on (suitable subsets) of measures, which have —
usually — continuous motions. What can one say at this point about regularity in time
of the mild solution with values in L” (1)? This remains elusive to us at this moment.
For finite reference measure instead of the o-finite Lebesgue measure, we have found
ways to say more about this question. However, the step to non-finite measures is
in this context not as easy to make as may be anticipated. This is a topic for further
investigation in future works.
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Finally, we like to point the reader to a particular ‘feature’ of assumptions that
were imposed. The Lipschitz continuity of the reaction term f, in measures and in
Fortet-Mourier norm, formulated as Assumption (A2), is providing the convergence
of the Picard iterations in the space of measures with Fortet-Mourier norm. The con-
dition (A4,) then yields solutions e € L"([to, T], LP(2)). To get an L”-valued
solution, one ‘usually’ imposes on the reaction map an assumption of Lipschitz type
in L? (). Here it is merely L”-boundedness together with a Lipschitz condition in
Fortet-Mourier norm. On the other hand, we cannot establish any regularity in time,
continuity in particular, that is obtained from an L?-Lipschitz condition.

Moreover, there is no clear relationship known (yet) between |||l Lr (1) and || ]l
for a signed measure & € L' N LP(}), as occurs in computing distances. Thus, a
Lipschitz condition on the reaction map in either norm cannot be related.

A Bochner measurability of lattice operations on measures

Let S be a Polish space and d an admissible metric on S. It should be noted that the
maps 1 +— put, where ut and p~ are the positive and negative part of u in the
Hahn-Jordan decomposition, are not continuous for the weak topology on measures.
However, one has the following result — and a consequence. As far as we are aware,
they could not be found in the literature and are of separate interest in (Bochner)
integration of measure-valued functions.

LemmaA.1 For every f € By(S), u — (u™, f) = [ fdu™ is Borel measurable
as map from M(S)pm to R. In particular, if E is a Borel set in S, then u — pu*(E)
and u +— w(E) are Borel measurable maps M(S)pm — R.

Proof The proof is similar to the one of Lemma 3.2.6, p. 15, in [33]; it uses the
Monotone Class Theorem for functions. O

Itimplies the following result concerning strongly measurable functions in Bochner
integration. A function with values in a Banach space is strongly measurable if it is the
point-wise limit of a sequence of simple step functions. Let (S’, £’) be a measurable
space.

LemmaA.2 Let f : S — M(S)pm be strongly measurable. Then f* : §' —
M(S)em : 8"+ [f(s)]F are strongly measurable.

Proof We use Pettis’ Measurability Theorem (see, e.g., [14]). Since M (S)gm is sep-
arable, it suffices to show that for every ¢ € M(S)fy, ¢ o f T is Borel measurable.
Observe that M(S)fy = BL(S): ¢ € M(S)fy corresponds to gg € BL(S) through
o) = f ¢ &du (cf. [28]). Since gy is measurable, there exist simple step functions

Nk
=Yl
k=1

such that g, — g¢ point-wise while g, (x)| < |g4(x)| for all x € S’ (see [12]). Then
for any s' € S,
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N
o fr(sh = lim fs gnd[ fT(sh] = lim > a1 (ED). (45)
k=1

Because s" > f(s') : & — M(S)pm and p — ,u"’(E,(Zk)) are Borel measurable
(Lemma A.1), every term in the sum in (45) is a Borel measurable function. So the
point-wise limit ¢ o f7 is too. m]
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