
Invariance properties of the solution operator for
measure-valued semilinear transport equations
Hille, S.C.; Lyons, R.; Muntean, A.

Citation
Hille, S. C., Lyons, R., & Muntean, A. (2025). Invariance properties
of the solution operator for measure-valued semilinear transport
equations. Analysis And Mathematatical Physics, 15.
doi:10.1007/s13324-025-01093-3
 
Version: Publisher's Version
License: Creative Commons CC BY 4.0 license
Downloaded from: https://hdl.handle.net/1887/4285184
 
Note: To cite this publication please use the final published version
(if applicable).

https://creativecommons.org/licenses/by/4.0/
https://hdl.handle.net/1887/4285184


Analysis and Mathematical Physics           (2025) 15:93 
https://doi.org/10.1007/s13324-025-01093-3

Invariance properties of the solution operator for
measure-valued semilinear transport equations

Sander C. Hille1 · Rainey Lyons2 · Adrian Muntean3

Received: 29 January 2025 / Revised: 2 June 2025 / Accepted: 7 June 2025
© The Author(s) 2025

Abstract
We provide conditions under which we prove for measure-valued transport equations
with non-linear reaction term in the space of finite signed Radon measures, that posi-
tivity is preserved, as well as absolute continuity with respect to Lebesgue measure, if
the initial condition has that property. Moreover, if the initial condition has L p regular
density, then the solution has the same property.

Keywords Measure-valued transport equations · Mild solutions · Measure-valued
solutions · Invariance properties

1 Introduction

We consider the semilinear measure-valued transport equation with reaction term

{
∂tμt + divx (vt (x)μt ) = ft (μt ) (t, x) ∈ (0, T ) × � =: �T ,

μ0 = ν ∈ M(�).
(P)

Here and throughout the manuscript, the space � is taken to be either Rd or the
compact space Td = R

d/Zd , which is the d-dimensional torus or, equivalently, the
unit hypercube [0, 1]d with periodic boundary conditions. These particular choices of
� indicate that we do not include any boundary effects in our current analysis. For dis-
cussions around this class of transport equations with particular boundary conditions,
we refer the reader, for instance, to [20, 22–24]. The reaction map (t, μ) �→ ft (μ)
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takes values in the vector space M(�) of finite signed Radon measures on � and is
possibly non-linear and satisfies specific structural conditions given below. For com-
pactness of notation, we make use of the subscript notation for dependency on the
time variable t whenever discussion solutions and model components to Problem (P)
as is common in the study of such measure-valued equations (see for instance [18,
27]). For example, μt denotes the measure resulting in the evaluation of the func-
tion μ• : (0, T ) → M(�) at time t ∈ (0, T ). Well-posedness for equations of this
type in the space of Radon measures on R

d has been studied in [11] for the case of
a time-independent velocity field and in [3] for the time-dependent case and we will
employ conditions on v and f similar to these works. These include a (local) Lipschitz
condition on ft in the Fortet-Mourier or flat metric on M(�).

Our focus in this manuscript is establishing ‘invariance properties’ of the solution
operator to the Cauchy problem (P) that maps the initial condition ν to the unique
maximal mild solution t �→ μt with initial condition μ0 = ν. Let [0, T ∗

ν ) be the
correspondingmaximal interval of existence. Specifically, starting from the previously
mentioned well-posedness results for Problem (P) in the space M(�), we provide
conditions on the reaction term f such that the solution operator preserves:

1. Positivity, i.e., a positive initial condition leads to a positive solutionμt ∈ M(�)+
for all t ≥ 0;

2. L p-density, i.e., an initial condition with L p-density (1 < p ≤ ∞) with respect to
the Lebesgue measure λ leads to a solution with μt absolutely continuous solution
with respect to Lebesgue measure λ with L p-density, for t possibly in a proper
subinterval [0, T̂ ∗

ν ) of the maximal interval of existence.

We take the time to point out that these preserved properties are important for vari-
ous applications of similar reaction-transport equations set in the space of measures,
including the study of structured population models [1, 2, 18, 29], traffic flow [9, 10]
, and cell migration [13].

Because of this ‘measure-centric’ line of argumentation, we limit attention to ‘clas-
sical’ regular velocity fields vt , which are bounded and globally Lipschitz, allowing
us to focus on the technicalities involved in showing that results in the function space
(density) setting can be derived from results in the general measure setting. Various
auxiliary results that we obtained for this purpose seem to be new (in particular Theo-
rem 3.1) and we believe them to be of separate interest in other contexts too. It is also
interesting to consider how our results hold for transport equations and conservation
laws defined by less regular velocity fields, see e.g., [5, 6, 15], but we leave this for
future work.

Study of Problem (P) often occurs as preparation for studying the Cauchy problem
for the quasi-linear equation

∂tμt + divx (vt [μt ]μt ) = ft (μt ), (t, x) ∈ �T (1)

in the space of measures. Various authors have considered well-posedness of Cauchy
Problem (P) or (1) in the space of Radon measures M(�) on � as here [3, 11], or
on an interval with boundary interaction [22–24]. For the semilinear problem, the
solution concept of focus will be that of mild solutions. These are weak solutions [21]
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as commonly considered. However, a mild solution is such that t �→ μt is continuous
when the Radon measures are equipped with the Fortet-Mourier metric. Hence, the
solution operator, mapping initial value to the unique associated solution μ•, defines
a dynamical system in the space of Radon measures with continuous motions – as is
usually considered.

We want solutions to possess properties that make the model meaningful to the
application of interest, e.g., positivity is required if the measure represents distribution
of mass or individuals. Often we find it convenient to have densities described relative
to a preferred referencemeasure. Thenwe like to have that regularity of the densitywith
respect to this reference is preserved. This latter property cannot always be guaranteed
in this model, as we will show. Other model equations, as for instance those used in
population dynamics, often allow the possibility of aggregation in finite time, like the
ones describing chemotaxis. This feature naturally leads to the blow-up in finite time
of the classical, weak, or strong concepts of solution [37]. After this blow-up time, the
solution usually turns into a Dirac – possibly continuing to move in space (cf. e.g. [16,
34]). Hence, the overall framework fits best to a setup in terms of measure solutions.

The main results in this paper can be summarized as follows – informally – because
the concepts and notation required for making a precise statement still need introduc-
tion.

• Theorem 3.1: Concerns a result that holds in general Polish spaces S. It states,
that if one has a sequence of positive finite measures μn that converges to a limit
measure μ∗ in the Cb(S)-weak topology on measures (or equivalently the Fortet-
Mourier or flat metric) such that all μn are absolutely continuous with respect to a
single positive Radon measure ν that is not necessarily finite, with density fn that
is an L p-function for ν with 1 < p ≤ ∞; then, M = lim infn→∞ ‖ fn‖p < ∞
is sufficient to conclude that μ∗ is also absolutely continuous with respect to ν

and has density f ∈ L p(ν), with ‖ f ‖p ≤ M . In particular this holds when
supn ‖ fn‖p ≤ M .

• Theorem 4.1: Let the reaction map ft (μ) be the sum of a positive production term
pt (μ) and a term that is absolutely continuous with respect to μ and that hence
represents degradation (death) or proliferation. That is,

ft (μ) = pt (μ) + Ft (μ)μ for all t ≥ 0, μ ∈ M(�), (2)

where Ft (μ) a bounded Borel-measurable function that can be interpreted as local
rate of change. Assume that Ft (μ) is locally bounded, in the sense that for every
R > 0 and T > 0, there exists C ′

R,T > 0 such that

sup
0≤t≤T

‖Ft (μ)‖∞ ≤ C ′
R,T for allμ ∈ M+(�)with‖μ‖TV = μ(S) ≤ R. (3)

Then, themild solutionμ• to Problem (P)with initial conditionμ0 = ν ∈ M+(�)

is positive for all its time of existence.
• Theorem 4.2: Let f• again be of the form (2) discussed above. Moreover, assume
that for some 1 < p ≤ ∞, ft maps L p(λ) into itself for all t ≥ 0 and is an
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L p-bounded map, locally uniformly in time, i.e. for any t > t ′ and r > 0, there
exists B f

t ′,t (r) ≥ 0 such that

∥∥ fs(φ dλ)
∥∥
L p(λ)

≤ B f
t ′,t (r) for all φ ∈ L p(λ), ‖φ‖L p(λ) ≤ r , t ′ ≤ s ≤ t . (4)

If ν ∈ M+(�) is a (positive) initial condition that is absolutely continuous with
respect to Borel-Lebesgue measure λ on �, with L p-density, then the maximal
mild measure-valued solution μ• to Problem (P), defined on [0, T ∗

ν ), will have
μt absolutely continuous with respect to λ for all t in a subinterval [0, T̂ ∗

ν ), with
L p-density φt ∈ L p(λ). The function t �→ ‖φt‖L p(λ) is bounded on any [0, T ] ⊂
[0, T̂ ∗

ν ) and T̂ ∗
ν , which may be strictly smaller than the existence time T ∗

ν of the
mild solution in measures, is the time of blow-up of the L p-norm of the φt .

Theorem 3.1 is a structural result for general measures inM+(S), while Theorem 4.1
andTheorem4.2 are specific to the class of quasilinear evolution equations inmeasures
where Problem (P) belongs. These results clarify sufficient conditions that ensure the
preservation of positivity and of L p integrability of suitable (mild) solutions. It is
worth noting that these properties are generally wanted, but they do not always hold
true. We clarified the matter for the case of the scalar equation (1), but our results can
be generalized for the case of systems and regardless of the space dimensions, if the
coupling in the model components fits our working assumptions.

In this paper, our goal is to prove in full details these three main results. We do
so in Section 4, after introducing the needed preliminary results in Section 2 as well
as presenting a toolbox in Section 3 about working with weak limits of sequences of
measures with L p-densities.

2 Preliminaries

We begin by describing the notation which will be used throughout the manuscript.
We denote the spatial domain of our problem of interest (P) by�, which is eitherRd or
the d-dimensional torus Td := R

d/Zd , equipped with the standard Euclidean-based
metrics. While our focus is on problem (P), various of the forthcoming results hold
for measures over more general Polish spaces, i.e. separable completely metrizable
topological spaces. These are of recent interest in the study of structured populations
dynamics where the structure variable is represented in by elements in a graph or
measure space [19]. To indicate such a setting clearly, we will denote a general Polish
space by S. Any metric, d, which metrizes the topology of S is called admissible
for S and we will implicitly assume S is equipped with some admissible metric.
Occasionally, we shall use S or S′ to denote a general measurable space.

2.1 Function spaces, measures, distances and norms

We employ common notation for function spaces throughout the manuscript. For
instance, we let Bb(S) denote the vector space of real-valued bounded Borel measur-
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able functions on S andCb(S) its subspace of continuous bounded functions. Both are
equipped with the supremum norm ‖ · ‖∞. The space BL(S) ⊂ Cb(S) consists of all
bounded Lipschitz functions on S for a (fixed, implicit) admissible metric d. We will
use | f |L to denote the Lipschitz constant of f ∈ BL(S). BL(S) is a Banach space
for the norm ‖ f ‖FM := max

(‖ f ‖∞, | f |L
)
. One has ‖ f g‖FM ≤ 2‖ f ‖FM‖g‖FM for

f , g ∈ BL(S).
We denote by B(X) the Borel σ -algebra on the topological space X .M(S) repre-

sents the vector space of finite signed Borel measures on S and M+(S) the convex
cone of positive measures in M(S). Since S is Polish, every finite Borel measure is
a finite Radon measure (compare [7]). Various definitions of Radon measures appear
throughout the literature, all leading to the same concept for finite measures (cf. e.g. [7,
Section 7.14(xviii)] or [25]). We follow [25, Section 7.1, p.212] by defining a positive
(possibly infinite) Radon measure to be a Borel measureμ that is (a) finite on compact
sets, (b) outer (open) regular on all Borel sets, i.e.

μ(E) = inf
{
μ(U ) : U ⊂ S open, E ⊂ U

}
, E ⊂ S Borel (5)

and (c) inner (compact) regular on all open sets:

μ(U ) = sup{μ(K ) : K ⊂ S compact, K ⊂ U
}
, U ⊂ S open.

In particular, the Borel-Lebesguemeasureλ onRd is a (σ -finite) Radonmeasure in this
sense. We shall use the same notation for its restriction to a Borel measurable subset
of Rd with non-empty interior and boundary that is a null-set for λ. Accordingly, in
a topological setting, measurability of sets and functions will refer to the respective
Borel σ -algebras.

The space of measures M(S) is equipped with the Fortet-Mourier norm ‖μ‖∗
FM:

‖μ‖∗
FM := sup

{∫
S
f dμ : f ∈ BL(S), ‖ f ‖∞ ≤ 1, | f |L ≤ 1

}
. (6)

It can be readily checked that ‖ f · μ‖∗
FM ≤ 2‖ f ‖FM‖μ‖∗

FM, for any μ ∈ M(S) and
f ∈ BL(S). On M+(S) the Fortet-Mourier norm metrizes the usual weak topology
on measures furnished by pairing M(S) with Cb(S) via integration:

〈μ, f 〉 :=
∫
S
f dμ, μ ∈ M(S), f ∈ Cb(S). (7)

M+(S) is closed inM(S) for this weak topology. The metric derived from the Fortet-
Mourier norm turnsM+(S) into a complete separable metric space [18, Section 1.3].
We denote by M(S)FM and M+(S)FM the respective spaces of measures equipped
with the Fortet-Mourier metric and corresponding metric topology. It is well known
that M(S)FM is not complete [27], generally. Its metric completion is denoted by
M(S)FM, viewed as closure of M(S) in BL(S)∗, through the pairing (7).
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The total variation norm,

‖μ‖TV := |μ|(S) = μ+(S) + μ−(S), μ ∈ M(S),

where μ+ and μ− are the positive and negative part of the signed measure μ in
the Hahn-Jordan decomposition, is closely related to the order structure on M(S) –
defined set-wise – and turns M(S) into a Banach lattice (cf. e.g. [30], Section 1.1,
Example vi, p.9). One has

‖μ‖TV = sup
{〈μ, f 〉 : f ∈ Bb(S), ‖ f ‖∞ ≤ 1

} = sup
{〈μ, f 〉 : f ∈ Cb(S), ‖ f ‖∞ ≤ 1

}
.

(8)
Thus, (6) and (8) combined yield that ‖·‖TV is stronger than ‖·‖∗

FM: one has ‖μ‖∗
FM ≤

‖μ‖TV. It follows, that for μ ∈ M+(S), ‖μ‖TV = ‖μ‖∗
FM. For any R > 0, we define

MR(S) := {
μ ∈ M(S) : ‖μ‖TV ≤ R

}
.

The relevance of this ball of radius R in ‖ · ‖TV-norm in what is to follow lies in
‘repairing’ to some extent the lack of completeness of M(S)FM. That is,

Proposition 2.1 For any R > 0, MR(S) is complete in
(M(S), ‖ · ‖∗

FM

)
.

Proof For S = R+, this result can be found in [26, Theorem 2.7], proven by a duality
argument, which does not work for general Polish spaces. We shall prove the general
case. Let (μn)n ⊂ MR(S) be a Cauchy sequence for ‖ · ‖∗

FM. Let φ ∈ M(S) be
its limit. For every f ∈ BL(S), 〈μn, f 〉 → 〈φ, f 〉. BL(S) is ‖ · ‖∞-dense in the
space Ub(S) of bounded uniformly continuous functions on S (cf. [17], Lemma 8).
Because of supn ‖μn‖TV ≤ R and (8), (〈μn, g〉)n is a Cauchy sequence in R for any
g ∈ Ub(S). Thus, φ̄(g) := limn→∞〈μn, g〉 defines a linear functional on Ub(S). The
Banach-Steinhaus Theorem yields that φ̄ ∈ Ub(S)∗. Clearly, the restriction of φ̄ to
BL(S) equals φ. Pachl has shown thatM(S) is Ub(S)-weakly sequentially complete
(cf. [31] Theorem 3.2, or [32] Theorem 5.45). Hence, φ̄ is represented by integration
against some μ ∈ M(S) – and the same holds for φ. It can be verified that

‖μ‖TV = sup
{〈μ, g〉 : g ∈ Ub(S), ‖g‖∞ ≤ 1

}
. (9)

Therefore, ‖μ‖TV ≤ R and we conclude that MR(S) is ‖ · ‖∗
FM-complete. ��

If � : S → S′ is a measurable map between measurable spaces, it defines a map
between the spaces of signed measures and between the convex cones of positive
measures on S and S′ by push-forward. This map is denoted by �#. Thus, for any
positive or finite signed measure μ on S , �#μ is such a measure on S′, defined for
any measurable set A ⊂ S′ by

�#μ(A) := μ(�−1(A)).

We denote the (finite) positive measure on the torus Td , obtained by push-forward of
λ under the canonical quotient map, by λ as well.
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In the case that transformation � maps S into itself, then �# defines a Markov
operator onM+(S) orM(S) which we shall denote by P�. That is, it is an operator
that maps M+(S) into itself, is additive and positive-scalar homogeneous, and pre-
serves total mass of positive measures. The operator P� is regular, with dual operator
U� f = f ◦ �, meaning that

〈P�μ, f 〉 =
∫
S
f d(�#μ) =

∫
S
f ◦ � dμ = 〈μ,U� f 〉 for all μ ∈ M(S), f ∈ Bb(S).

We shall make use of Bochner integration of Banach-space-valued functions, see
[12, 14] for details. A map f from a positive measure space (S, 	,μ) into a Banach
space X is strongly Bochner measurable if it is the point-wise limit limit of a sequence
of simple functions fn , i.e. of the form

fn(s) =
Nn∑
k=1

x (n)
k 11

E (n)
k

(s),

where 11A is the indicator function of the A, E (n)
k ∈ 	 and x (n)

k ∈ X . A function f is
Bochner integrable with respect to μ if and only if it is strongly Bochner measurable
and s �→ ‖ f (s)‖X is μ-integrable. Then,∥∥∥∥

∫
E
f (s) dμ(s)

∥∥∥∥
X

≤
∫
E

∥∥ f (s)‖X dμ(s).

The following result is remarkable, because a similar ‘triangle inequality for integrals’
holds for the total variationnorm forBochner integration in theBanach spaceM(S)FM,
for which it obviously is not the norm.

Proposition 2.2 ([23], Proposition C.2) Let ν be a σ -finite positive measure on the
measurable space (S′, 	′)and let f : S′ → M(S)FM be stronglyBochnermeasurable
with respect to ν in M(S)FM. Then s′ �→ ‖ f (s′)‖TV is 	′-Borel measurable. If it is
ν-integrable, then f is Bochner integrable in M(S)FM with respect to ν and∥∥∥∥

∫
S′

f (s′) dν(s′)
∥∥∥∥
TV

≤
∫
S′

∥∥ f (s′)
∥∥
TV dν(s′).

In particular, the Bochner integral of f is a finite (signed) measure.

2.2 Fundamental assumptions and solution concept

Themathematical literature provides several well-posedness results for problem (P) or
for variants of it, see for example [3], where a more complicated system of equations is
studied with density dependent velocity field that is otherwise not dependent on time
– or [11] for the case of a time-independent and density independent velocity field.
‘Our’ case of a time-dependent, density-independent velocity field is neither covered
in [3, 11], nor in [5], where there is no reaction term.
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In particular, we will be following [3] by assuming throughout this work that the
velocity field satisfies:

(V1) (t, x) �→ vt (x) ∈ R
d is continuous;

(V2) x �→ vt (x) is bounded and globally Lipschitz on � for each t ≥ 0;
(V3) t �→ vt : R+ → BL(�,Rd) is continuous.

The Lipschitz constant of vt is |vt |L . As norm on BL(�,Rd) we take ‖v‖FM :=
max(‖v‖∞, |v|L). We require (V3) to ensure that for any T > 0, there exists LT > 0
such that |vt |L ≤ LT for all t ∈ [0, T ]. This is a condition imposed in [3] in their results
on well-posedness for problem (P) (see e.g. [5], where the more general assumption
that v ∈ L1(R+,BL(�,Rd)) is made).

With conditions (V1)–(V3), v generates a flow �v
s,t on � for s, t ∈ R with 0 ≤

s ≤ t . That is, the motion t �→ �v
s,t (x0) is the unique and globally existing solution to{

ẋ(t) = vt (x(t)) for t > s,

x(s) = x0 ∈ �
. (10)

The flow maps �v
s,t satisfy �v

t,t ′ ◦ �v
s,t = �v

s,t ′ for t
′ ≥ t ≥ s ≥ 0. Moreover, they

are Lipschitz, with

∣∣�v
s,t

∣∣
L ≤ exp

(∫ t

s
|vτ |L dτ

)
=: Lv

s,t (11)

(cf. [5], Eq. (2.1)).
We further associate to v• the following family of Markov operators on measures

by means of push-forward under the flow:

Pv
s,tμ := (�v

s,t )#μ, 0 ≤ s ≤ t . (12)

The linear operators Pv
t0,t are continuous onM(S)FM. They satisfy the norm estimate

∥∥Pv
t0,tμ

∥∥∗
FM ≤ ‖μ‖∗

FM max
(
1, |�v

t0,t |L
) ≤ Lv

t0,t‖μ‖∗
FM for all μ ∈ M(�).

(13)
It is clear from their definition that the operators Pv

s,t preserve M+(�).
It is well known that μt := Pv

t0,tν solves the linear continuity equation

∂tμt + divx
(
vt (x)μt

) = 0, μt0 = ν, (14)

(see e.g. [35]Theorem5.34, p.167). The operators Pv
s,t are therefore the building blocks

for representing the solutions to Problem (P). First one considers the perturbation of
(14), by introducing a non-zero right-hand side, independent on the density μt :

∂tμt + divx
(
vt (x)μt

) = σt , μt0 = ν, (15)

where σt ∈ M(�). One has the following well-posedness result:



Invariance properties of the solution operator… Page 9 of 31    93 

Proposition 2.3 (Ackleh & Saintier [3], Proposition 5.1) Let v• satisfy (V1)–(V3). let
T > 0 and assume that σ• ∈ C([0, T ],M(�)FM) is such that sup0≤t≤T ‖σt‖TV < ∞.
Then, for any t0 ∈ [0, T ) and initial condition ν ∈ M(�), equation (15) has a unique
solution μ• ∈ C([t0, T ],M(�)FM). It is given explicitly by

μt = Pv
t0,tν +

∫ t

t0
Pv
s,tσs ds. (16)

The integral in (16) should be interpreted as a Bochner integral inM(�)FM, which –
as part of the result – takes values in M(�).

Wewish to consider problem (P) for any initial time t0 ∈ [0, T ), i.e. requireμt0 = ν.
Accordingly,

Definition 2.1 A mild solution to problem (P) on [t0, T ] for the initial condition
μt0 = ν is a continuous map μ• : [t0, T ] → M(�)FM that satisfies

μt = Pv
t0,tν +

∫ t

t0
Pv
s,t [ fs(μs)] ds, t ∈ [t0, T ], (17)

and that is bounded in total variation norm, i.e. supt∈[t0,T ] ‖μt‖TV < ∞.

The integral in (17)must be interpreted as Bochner integral as above, as for Proposition
2.3. For a continuous map t �→ μt into M(�)FM, the function t �→ ‖μt‖TV is Borel
measurable (cf. Lemma A.1 and Lemma A.2). There is no a priori guarantee, that
it is bounded. Therefore, it is included in the definition. If μt is positive for every t ,
then continuity of μ• assures bounded total variation, since ‖μt‖∗

FM = ‖μt‖TV for
μt ∈ M+(�).

The integrand in (17) – as a measure-valued function of s – must be strongly
Bochner measurable. The conditions imposed on f•, following [3, 11], will ensure
this:

(A1) f : (t, μ) �→ ft (μ) : R+ × M(�)FM → M(�)FM is jointly continuous;
(A2) For every t ≥ 0 and R > 0 there exists L f

R > 0 such that

∥∥ ft (μ1) − ft (μ2)
∥∥∗
FM ≤ L f

R‖μ1 − μ2‖∗
FM for all μi ∈ MR(�).

(A3) For every R > 0 there exists C f
R > 0 such that

‖ ft (μ)‖TV ≤ C f
R for all μ ∈ MR(�), t ≥ 0.

In fact, (A1) and (A2) imply that s �→ fs(μs) is continuous for continuous μ• and
that consequently the Bochner integral in (17) is well-defined and exists. Note that the
function R �→ C f

R in (A3) must be non-decreasing. It is immediately clear that any
finite linear combination of maps that satisfy (A1)–(A3) will satisfy the very same
assumptions.
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Examples of reactionmaps f• that satisfy Assumptions (A1)–(A3) appear naturally
in many modeling settings, as the following proposition illustrates. The map f• is split
there in two parts: a positive general production term (‘p’) and a term that combines
degradation and individual-induced proliferation. The latter should then be absolutely
continuous with respect to the given mass distribution, since by the latter processes
mass can only appear or disappear where there is mass. While we provide the proof of
this result below, we point the reader to the works [3, 18, 27] where similar reaction
maps have been studied.

Proposition 2.4 Let p• : R+ × M(�)FM → M+(�)FM : (t, μ) �→ pt (μ) satisfy
(A1)–(A3). Let F• : R+×M(�)FM → BL(�) : (t, μ) �→ Ft (μ)be jointly continuous
and satisfies:

(A2’) For every t ≥ 0 and R > 0 there exists L̂ F
R > 0 such that

∥∥Ft (μ1) − Ft (μ2)
∥∥
FM ≤ L̂ F

R‖μ1 − μ2‖∗
FM for all μi ∈ MR(�);

(A3’) For every R > 0 there exists Ĉ F
R > 0 such that

‖Ft (μ)‖∞ ≤ Ĉ F
R for all μ ∈ MR(�), t ≥ 0.

Then,
ft (μ) := pt (μ) + Ft (μ) · μ (18)

satisfies (A1)–(A3).

Proof Recall that ‖g · μ‖∗
FM ≤ 2‖g‖FM‖μ‖∗

FM for any g ∈ BL(�) and μ ∈ M(�).
Hence, for g1, g2 ∈ BL(�) and μ1, μ2 ∈ M(�),∥∥g1 · μ1 − g2 · μ2

∥∥∗
FM ≤ 2‖g1 − g2‖FM‖μ1‖∗

FM + 2‖g2‖FM‖μ1 − μ2‖∗
FM.

Thus, the bilinear map (g, μ) �→ g · μ : BL(�) × M(�)FM → M(�)FM is jointly
continuous. Then, for μ1, μ2 ∈ MR(�) and t ≥ 0,∥∥Ft (μ1) · μ1 − Ft (μ2) · μ2

∥∥∗
FM ≤ (2RL̂F

R + 2Ĉ F
R ) ‖μ1 − μ2‖∗

FM,

so (A2) is satisfied. Moreover, for μ ∈ MR(�) and t ≥ 0,∥∥Ft (μ) · μ
∥∥
TV ≤ ∥∥Ft (μ)

∥∥∞ ‖μ‖TV ≤ RĈF
R ,

which proves (A3). ��

2.3 Well-posedness – Revisiting the construction of the solution operator

The well-posedness of Problem (P) or, equivalently, of Problem (17) can be shown
along the lines of reasoning of Section 6 in [3] or the proof of Theorem 2.4 in [11].
We will get into some details here, because some intermediate results or constructions
will be of relevance later.
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Lemma 2.1 (Uniqueness) Assume that μ1• and μ2• are both mild solutions to Problem
(P) on [t0, T ] for initial condition ν ∈ M(�). Then μ1

t = μ2
t for all t ∈ [t0, T ].

Proof Let R := maxi supt∈[t0,T ] ‖μi
t‖TV < ∞. Then (17) yields for any t ∈ [t0, T ]:

‖μ1
t − μ2

t ‖∗
FM ≤

∫ t

t0

∥∥∥Pv
s,t

[
fs(μ

1
s ) − fs(μ

2
s )

]∥∥∥∗
FM

ds

≤
∫ t

t0
Lv
s,t

∥∥ fs(μ
1
s ) − fs(μ

2
s )

∥∥∗
FM ds

≤ L f
R

∫ t

t0
Lv
s,t

∥∥μ1
s − μ2

s

∥∥∗
FM ds

Application of a Grönwall’s Lemma gives ‖μ1
t − μ2

t ‖∗
FM = 0 for t ∈ [t0, T ]. ��

For fixed vector field v•, δ > 0 and initial condition ν ∈ M(�), let t0 ≥ 0 and
τ > 0 and put Iτ := [t0, t0+τ ]. The argumentation consists essentially of considering
the iteration of operators �t0,τ : Cν,δ(Iτ ,M(�)FM) → Cν,δ(Iτ ,M(�)FM), where

Cν,δ(Iτ ,M(�)FM) := {
μ• ∈ C(Iτ ,M(�)FM) : μt0 = ν, sup

t∈Iτ
‖μt‖TV ≤ ‖ν‖TV+δ

}

comes with the the metric associated to the supremum norm on C(Iτ ,M(�)FM). In
view of Proposition 2.1, the metric space Cν,δ(Iτ ,M(�)FM) is complete. �t0,τ is
defined by

�t0,τ (μ•)(t) := Pv
t0,tμt0 +

∫ t

t0
Pv
s,t

[
fs(μs)

]
ds, t ∈ Iτ . (19)

The conditions (V1)–(V3) on v• and (A1)–(A3) on f• ensure that for sufficiently
small τ , depending only on ν through ‖ν‖TV, �t0,τ is a strict contraction on
Cν,δ(Iτ ,M(�)FM). The Banach Fixed Point Theorem then yields the existence of
a (unique) mild solution on Iτ . We shall sketch details of the argument through a few
main observations and estimates.

The first auxiliary result is:

Lemma 2.2 Assume that v• and f• satisfy (V1)–(V3) and (A1)–(A3). Let t0 ≥ 0, R > 0
and ν ∈ M(�) and put r := ‖ν‖TV + δ. Then the following statements hold:

(i) If μ• ∈ Cν,δ(Iτ ,M(�)FM), then ‖�t0,τ (μ•)(t)‖TV ≤ ‖ν‖TV + C f
r (t − t0) for

any t ∈ Iτ .
(ii) If τ ≤ δ/C f

R+δ , then �t0,τ maps Cν,δ(Iτ ,M(�)FM) into itself, for any ν ∈
MR(�).
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Proof (i). One has for t ∈ [t0, T ], using Proposition 2.2:

‖�t0,τ (μ•)(t)‖TV ≤ ‖Pv
t0,tν‖TV +

∥∥∥∥
∫ t

t0
Pv
s,t

[
fs(μs)

]
ds

∥∥∥∥
TV

≤ ‖ν‖TV +
∫ t

t0

∥∥Pv
s,t

[
fs(μs)

]∥∥
TV ds

≤ ‖ν‖TV +
∫ t

t0
‖ fs(μs)‖TV ds ≤ ‖ν‖TV + C f

r (t − t0).

(ii) is immediately clear from (i) and x �→ C f
x being non-decreasing on (0,∞). ��

The existence of a (necessarily unique) fixed point for �t0,τ in Cν,δ(Iτ ,M(�)FM)

– hence, a mild solution to Problem (P) on Iτ – for any ν ∈ MR(�) is guaranteed by
making τ smaller than δ/C f

R+δ , in such a way that �t0,τ becomes a strict contraction
on each of the closed, hence complete, sets Cν,δ(Iτ ,M(�)FM), ν ∈ MR(�) (cf.
[3] Section 6). Thus, for every ν ∈ MR(�) one obtains a sequence (τn)n∈N with
0 < τn ≤ δC f

R+nδ , tn := tn−1 + τn , and a ‘chain’ of mild solutions μn• to Problem (P)

on [tn−1, tn] with initial condition μn
tn−1

= μn−1
tn−1

, where μ1
t0 = ν ∈ MR(�). Each μn•

is the fixed point of �tn−1,τn . One has

sup
tn−1≤t≤tn

∥∥μn
t

∥∥
TV ≤ R + nδ.

Piecing the parts of the chain continuously together, one obtains a mild solution μ•
to Problem (P) with initial condition ν at t0, on the interval [t0, T̃ ), where T̃ :=
t0+∑∞

n=1 τn . If ν̃ := limt→T̃ μt exists inM(�)FM, then ‖ν̃‖∗
FM < ∞. If ‖ν̃‖TV < ∞

too, then the mild solution can be extended from initial (measure) condition ν̃ at time
T̃ , following a similar procedure. Otherwise, ν̃ is not a signed measure, and the mild
solution cannot be extended beyond T̃ .

Thus, putting all pieces together, one arrives at the following result:

Proposition 2.5 (Well-posedness; [3] Section 6 and [11], Theorem 2.4) Assume that
v• and f• satisfy (V1)–(V3) and (A1)–(A3). Let t0 ≥ 0 and ν ∈ M(�) a given initial
condition at time t0. There exists a maximal time T ∗ > t0, depending on ‖ν‖TV and
t0, such that there is a unique mild solution μ• ∈ C([t0, T ∗),M(�)FM) to Problem
(P) that is of bounded total variation on any [t0, T ] for t0 < T < T ∗. One has:

(i) Either T ∗ = ∞, or limt↑T ∗ ‖μt‖TV = +∞.
(ii) μ• depends locally Lipschitz-continuously on ν in ‖ · ‖∗

FM-norm, uniformly locally
in time. That is, for every T ∈ (t0, T ∗) there exist R > 0 and there existsωR,T ≥ 0
such that for mild solutions μi• with initial conditions νi that satisfy ‖νi‖TV ≤ R,
i = 1, 2, one has

‖μ1
t − μ2

t ‖∗
FM ≤ eωR,T t ‖ν1 − ν2‖∗

FM, for all t ∈ [t0, T ].



Invariance properties of the solution operator… Page 13 of 31    93 

Proof (i). Standard argument by contradiction. If T ∗ < ∞, and the limit is not infinite,
one can extend the solution slightly beyond T ∗; see e.g. the extension arguments used
in [4] when identifying global solutions to differential equations.
(ii). For any t ∈ [t0, T ∗), (17) holds. Let t0 < T < T ∗. Then, according to part (i),
there exists R > 0, finite, such that ‖μi

t‖TV ≤ R for all t ∈ [t0, T ], i = 1, 2. Then,
one obtains, by applying (11) and (13) in the following estimates:

‖μ1
t − μ2

t ‖∗
FM ≤ ∥∥Pv

t0,t (ν1 − ν2)
∥∥∗
FM +

∫ t

t0

∥∥∥Pv
s,t

[
fs(μ

1
s ) − fs(μ

2
s )

]∥∥∥∗
FM

ds

≤ Lv
t0,t‖ν1 − ν2‖∗

FM +
∫ t

t0
Lv
s,t

∥∥ fs(μ
1
s ) − fs(μ

2
s )

∥∥∗
FM ds

≤ Lv
t0,t‖ν1 − ν2‖∗

FM + L f
R

∫ t

t0
Lv
s,t

∥∥μ1
s − μ2

s

∥∥∗
FM ds

Application of a Grönwall’s Inequality yields the result. ��

Remark 2.1 Thus, let v• satisfy (V1)–(V3) and let f• satisfy (A1)–(A3). Take t0 ≥ 0
and R > 0. The maximal mild solution for initial condition ν ∈ MR(�) is obtained
by piecing together local mild solutions on intervals It ′,τ := [t ′, t ′ +τ ] in the maximal
domain of existence. On such an interval, the solution is the limit of a Picard iteration
procedure. Thus, for any t ′ in themaximal interval of existence, there exists τ such that
the restriction of μ• to It ′,τ is the unique fixed point of �t ′,τ in Cν′,δ(It ′,τ ,M(�)FM),
obtained by iteration of the operator �t ′,τ :

μ• = lim
n→∞ μ(n)• , μ

(0)
t := Pv

t ′,tν
′ for t ′ ≤ t ≤ t ′ + τ, μ(n+1)• := �t ′,τ

(
μ(n)•

)
.

(20)
Note that the limit is that of uniform convergence on It ′,τ in ‖ · ‖∗

FM-norm inM(�).

3 Weak limit of sequences of measures with Lp-densities

In this section, we collect results that hold in the general setting of Polish spaces, which
we denote by S to distinguish them from the specific domain �. These are novel and
of general interest, we believe, because there are hardly any results in the literature
that connect weak convergence in measures – for measures with L p-densities – to
absolute continuity of the limit measure, with similar regularity for its density.

Themain resultwill precisely allowus to conclude this – under suitable conditions of
course: the limit in theCb-weak topology onmeasures of a sequence ofmeasures, each
absolutely continuous with respect to the same reference measure and with Radon-
Nikodym derivative in L p, is itself in L p too, provided 1 < p ≤ ∞. If p = 1,
then such a result cannot be expected to hold. Take for example on R the sequence
of probability measures that are normally distributed with mean 0 and with standard
deviation converging to zero. Then, this sequence of measures converges weakly to
δ0, while they all have L1-norm 1.
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The proof of our result is founded on a characterisation of L p-functions encountered
in [8] Ex. 4.7.102, p.315:

Lemma 3.1 Let ν be a finite positive measure on a measurable space (S, 	). Then, a
function f is in L p(S, ν) with 1 < p < ∞ if and only if there exists C > 0 such that
for every finite disjoint measurable partition A1, . . . , Am of S with ν(Ak) > 0 for all
k,

m∑
k=1

ν(Ak)
1−p

∣∣∣∣
∫
Ak

f dν

∣∣∣∣
p

≤ C . (21)

The smallest such constant C is ‖ f ‖p
p.

Consider now a general Polish space S, equipped with its Borel σ -algebra. Let ν

be a positive Borel measure on S. Define

L p
+(ν) := {

f ∈ L1 ∩ L p(S, ν) : f ≥ 0 ν-a.e
}
.

The crucial and novel auxiliary result alluded to above is the following.

Theorem 3.1 Let ν be a positive Radonmeasure on the Polish space S. Let 1 < p ≤ ∞
and fn ∈ L p

+(ν) for n ∈ N. Let μn := fndν ∈ M+(S). Suppose that μn → μ∗ in
the weak topology on measures. Then the following holds:

(i) There exists a σ -compact set S∗ on which all μn and μ∗ are concentrated. The
Borel measure ν∗ defined by ν∗(E) := ν(E ∩ S∗) for any Borel E ⊂ S is σ -finite.

(ii) If M := lim infn→∞ ‖ fn‖p < ∞, then μ∗ is absolutely continuous with respect
to ν∗ and hence ν. The Radon-Nikodym derivative f∗ of μ∗ with respect to ν∗
is in L p(S, ν∗), with ‖ f∗‖p ≤ M. In particular, we have μ∗ = f dν with f :=
f∗11S∗ ∈ L p

+(ν) and ‖ f ‖L p(ν) ≤ M.

Proof (i). Since μn → μ∗ in the weak topology of measures, the set of measures
M∗ := {μn : n ∈ N} ∪ {μ∗} is weakly (sequentially) compact. Hence, it is uniformly
tight, by the ProkhorovTheorem (cf. [7], Theorem8.6.2, p.202). Therefore, there exists
an increasing sequence (Km)m∈N of compact sets in S, such that μ(S \ Km) < 1

m for
all μ ∈ M∗ and m ∈ N. Thus, all μ ∈ M∗ are concentrated on the σ -compact
set S∗ := ⋃

m Km in S. Since ν is a Radon measure, ν(Km) < ∞. Without loss of
generality, we may assume that ν(Km) > 0 for all m. In the usual way, one constructs
from (Km)m∈N a countable family (Ek)k∈N of pairwise disjoint Borel sets such that
Km = ⋃m

k=1 Ek . Let ν∗ be the Borel measure on S obtained by restricting ν to
S∗ as indicated. Define E0 := S \ S∗. Then ν∗(Em) < ∞ for all m ∈ N0, while
S = ⋃∞

m=0 Em . In particular, ν∗ is σ -finite.
(ii). Since μn and μ∗ are positive finite measures, Alexandrov’s Theorem (cf. e.g. [7]
Theorem 8.2.3, p.184) yields that for any U ⊂ S open,

μ∗(U ) ≤ lim inf
n→∞ μn(U ) = lim inf

n→∞

∫
U∩S∗

fn dν = lim inf
n→∞

∞∑
m=1

∫
U∩Em

fn dν

≤ lim inf
n→∞

∞∑
m=1

‖ fn‖p ν(U ∩ Em)1/q ≤ Mν∗(U )1/q , (22)
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where we used Jensen’s Inequality in the last step. In this context, q is the coefficient
conjugate to p: 1

p + 1
q = 1. Since S is Polish, μ∗ is Radon and so is ν by assumption.

Thus, both μ∗ and ν∗ are open outer regular on Borel sets E :

μ∗(E) = inf
{
μ∗(U ) : U ⊂ S open, E ⊂ U

}
.

Consequently, estimate (22) yields

μ∗(E) ≤ Mν∗(E)1/q , for all Borel E ⊂ S. (23)

Hence, if E ⊂ S is a ν∗-null set, then μ∗(E) = 0. That is, μ∗ is absolutely continuous
with respect to ν∗, μ∗ � ν∗. If E ⊂ S is a ν-null set, then it is also a ν∗-null set. So,
also μ∗ � ν.

Since ν∗ is σ -finite, the Radon-Nikodym Theorem implies the existence of the
Radon-Nikodym derivative, f∗ ∈ L1(S, ν∗), of μ∗ relative to ν∗. For the proof of
the statements that f∗ ∈ L p(S, ν∗) and ‖ f∗‖p ≤ M , we need to distinguish the case
p = ∞ from 1 < p < ∞.
Case p = ∞. Letting f := f∗11S∗ , one has

‖ f ‖∞ = ‖ f ‖L∞(ν∗) = inf
S′:ν∗(S\S′)=0

sup
x∈S′

| f (x)| = inf
{
M ′ ≥ 0 : | f | ≤ M ′ ν∗−a.e.

}
.

Suppose that f∗ is not essentially bounded. Then there must exists a Borel set E and
m0 ∈ N such that f∗11E > M11E and ν∗(E ∩ Em0) > 0. Then

μ∗(E ∩ Em0) =
∫
S
f∗11E∩Em0

dν∗ >

∫
S
M11E∩Em0

dν∗ = Mν∗(E ∩ Em0),

which contradicts estimate (23) (note that q = 1). So, f∗ must be essentially bounded.
Similar argumentation as above, shows that the assumption that ‖ f∗‖∞ > M leads to
a contradiction with (23). So, the bound ‖ f ‖∞ ≤ M holds.
Case 1 < p < ∞. Let q be the coefficient conjugate to p and let νm be the Borel
measure on Km obtained by restricting ν to the Borel σ -algebraB(Km).We shall show
that f∗|Km ∈ L p(Km, νm) and ‖ f∗|Km‖p ≤ M . Then, by monotone convergence,

∫
S
| f∗|p dν∗ = lim

m→∞

∫
Km

∣∣ f∗|Km

∣∣p dνm ≤ Mp.

To this end, fixm ∈ N and let A1, . . . , AN be a disjoint Borel measurable partitioning
of Km with ν(Ak) > 0 for all k.

The assumptions on fn imply that

N∑
k=1

ν(Ak)
1−p

∣∣∣∣
∫
Ak

fndν

∣∣∣∣
p

≤ ‖ fn11Km‖p
L p(νm ) ≤ ‖ fn‖p

L p(ν) for all n ∈ N.
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Let ε > 0. Since ν(Ak) < ∞, for any Borel set B in S with B ⊃ Ak and n ∈ N,

0 ≤
∫
B
fndν −

∫
Ak

fndν =
∫
B\Ak

fndν ≤ ‖ fn‖p ν(B \ Ak)
1/q .

Moreover, because ν is open outer regular, for each fixed k one can select an open set
Uk in S with Uk ⊃ Ak and ν(Uk) < ∞, such that

ν(Uk \ Ak)
p/q <

1

N
ν(Ak)

p/q · ε p

M p + 1
.

Then, applying Alexandrov’s Theorem again to the measures μn = fndν ∈ M+(S)

that converge weakly to μ∗ = f∗dν∗,

(
N∑

k=1

ν(Ak)
1−p

∣∣∣∣
∫
Uk

f∗dν∗
∣∣∣∣
p
)1/p

≤
(

N∑
k=1

ν(Ak)
1−p lim inf

n→∞

∣∣∣∣
∫
Uk

fndν

∣∣∣∣
p
)1/p

≤ lim inf
n→∞

(
N∑

k=1

ν(Ak)
1−p

∣∣∣∣
∫
Uk

fndν

∣∣∣∣
p
)1/p

= lim inf
n→∞

(
N∑

k=1

∣∣∣∣ ν(Ak)
−1/q

∫
Ak

fndν + ν(Ak)
−1/q

∫
Uk\Ak

fndν

∣∣∣∣
p
)1/p

= lim inf
n→∞

⎡
⎣

(
N∑

k=1

ν(Ak)
1−p

∣∣∣∣
∫
Ak

fndν

∣∣∣∣
p
)1/p

+
(

N∑
k=1

ν(Ak)
−p/q

∣∣∣∣
∫
Uk\Ak

fndν

∣∣∣∣
p
)1/p ⎤

⎦

≤ lim inf
n→∞ ‖ fn‖p

L p(ν) + lim inf
n→∞

(
N∑

k=1

ν(Ak)
−p/q · ‖ fn‖p

L p(ν) ν(Uk \ Ak)
p/q

)1/p

< M + ε.

Since ε > 0 was taken arbitrarily and f∗ ≥ 0 ν∗-a.e., we arrive at

N∑
k=1

ν(Ak)
1−p

∣∣∣∣
∫
Ak

f∗dν∗
∣∣∣∣
p

≤
N∑

k=1

ν(Ak)
1−p

∣∣∣∣
∫
Uk

f∗dν∗
∣∣∣∣
p

≤ Mp.

Thus, f |Km ∈ L p(S, ν∗) for any m ∈ N and ‖ f∗|Km‖p ≤ M . We conclude that f∗ ∈
L p(S, ν∗) and ‖ f ‖p ≤ M . Finally, it is a simple observation that f∗11S∗ ∈ L p(S, ν)

and that ‖ f∗11S∗‖L p(ν) = ‖ f∗‖L p(ν∗). ��
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If the sequence of functions fn ∈ L p
+(ν) in Theorem 3.1 is uniformly bounded in

L p-norm, then M = lim infn→∞ ‖ fn‖p ≤ supn ‖ fn‖p < ∞. Thus, we are motivated
to define for any M > 0 and 1 ≤ p ≤ ∞:

L p
+,M (ν) := { f ∈ L p

+(ν) : ‖ f ‖p ≤ M}.

We shall identify functions on S that are in L1 ∩ L p relative to a fixed positive Borel
measure ν on S with finite signed Borel measures on S through the linear map jν :
f �→ f dν. Additionally, one has

Corollary 3.1 Let ν be a positive Radon measure on S. Then, for any 1 < p ≤ ∞ and
M > 0, L p

+,M (ν) is closed in M(S) for the weak topology on measures. Hence, it is
complete inM(S)FM.

Proof First, since the weak topology on M+(S) is metrizable (e.g. by the metric
derived from the Fortet-Mourier norm) and L p

+,M (ν), viewed as set of measures, con-

sists of positive measures, the weak topology on measures is metrizable on L p
+,M (ν).

Thus, it suffices to show that for any sequence ( fn) in L p
+,M (ν) that weakly converges

to a measure μ∗ ∈ M+(S), that μ∗ ∈ L p
+,M (ν). This is established by Theorem 3.1.

The last statement follows from the first part, that ‖ · ‖FM metrizes the weak topology
on measures on M+(S) and the completeness of the latter for the ‖ · ‖FM-norm. ��

Remark 3.1 1.) The Radon-Nikodym Theorem is valid for σ -finite measures [12, The-
orem 4.2.2]. If the reference measure is not σ -finite then the measure that is absolutely
continuous with respect to the latter, may not have a density with respect to this
measure. An example of such a situation is given e.g. in [25, Exercise 3.2.13, p.92].
Therefore, from the absolute continuity of μ∗ with respect to the general Radon mea-
sure ν one cannot conclude by this theorem, that μ∗ has a density with respect to ν.
The proof of this result in Theorem 3.1 is based on the absolute continuity of μ∗ with
respect to the restriction ν∗ of ν to the σ -compact set S∗, which is σ -finite.
2.) We do not wish to assume σ -finiteness of ν in Theorem 3.1, because we want in the
future to allow for ν being e.g. a Hausdorff measure or a Haar measure on a topological
group, which may not be σ -finite. Lebesgue measure λ on R

d is, of course.
3.) The reader should notice that the lattice operations μ �→ μ+ and μ �→ μ− are
not continuous for the weak topology on measures. The results above therefore do
not readily extend to sequences ( fn) in L1 ∩ L p(S, ν) that do not consist of positive
functions.
4.) It is worth recalling the observation that Corollary 3.1 cannot hold for p = 1. ��

4 Invariance properties of the solution operator

In this section, we begin proving the main invariance results. We start with recalling or
establishing essential estimates on the flowmaps�v

t0,t in� and the associatedMarkov
operators Pv

t0,t on M(�).
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4.1 Basic properties of the flow semigroup

First, in the ‘classical setting’ that we have for the time-dependent velocity field v•,
namely that (V1)–(V3) are satisfied (i.e., v• ∈ C(R+,BL(�,Rd))), the associated
flowmaps�v

t0,t toODE (10) are bijective, Lipschitzwith estimate (11) for theLipschitz
constant, and having Lipschitz inverse. Moreover, for any t0 ≥ 0, τ > 0, t ∈ Iτ =
[t0, t0 + τ ] and x ∈ �,

d(�v
t0,t (x), x) = ∣∣�v

t0,t (x) − x
∣∣ ≤

∫ t

t0

∣∣vs(�v
t0,s(x))

∣∣ ds ≤ Ct0,τ |t − t0| → 0 as t ↓ t0.

(24)
Here, one can take Ct0,τ = sups∈Iτ ‖vs‖∞.

Lemma 4.1 For any t0 ≥ 0 and μ ∈ M(�), consider the motion ϕ : t �→ Pv
t0,tμ :

[t0,∞) → M(�). The following statements hold:

(i) ϕ is continuous for the Cb(�)-weak topology on measures.
(ii) ϕ is locally Lipschitz continuous for the ‖ · ‖∗

FM-norm topology. In particular, for
any bounded interval I ⊂ [t0,∞), there exists a constant C ′

I > 0 such that

‖Pv
t0,tμ− Pv

t0,sμ‖∗
FM ≤ C ′

I‖μ‖TV · |t − s| for all s, t ∈ I , μ ∈ M(�), (25)

where the constant C ′
I may be taken as

C ′
I = sup

t∈I
‖vt‖∞ · exp

(∫ t̄

t0
|vτ |L dτ

)
= Lv

t0,t̄
sup
t∈I

‖vt‖∞, t̄ := sup(I ). (26)

Proof (i). For any t ≥ t0 and f ∈ Cb(�),

〈Pv
t0,tμ, f 〉 = 〈μ, f ◦ �v

t0,t 〉 =
∫

�

f (�v
t0,t (x)) dμ(x).

For fixed x ∈ �, t �→ f (�v
t0,t (x)) is continuous. Lebesgue’s Dominated Convergence

Theorem gives the continuity of t �→ 〈Pv
t0,tμ, f 〉.

(ii). Take f ∈ BL(S) with ‖ f ‖∞ ≤ 1 and | f |L ≤ 1. Let I be a bounded interval in
[t0,∞) and s, t ∈ I . Then, using (11) and (24), one gets for any μ ∈ M(�):

∣∣〈Pv
t0,tμ − Pv

t0,sμ, f 〉∣∣ ≤
∫
�

∣∣ f (�v
t0,t (x)) − f (�v

t0,s(x))
∣∣ d|μ|(x)

≤ | f |L |�t0,(s∧t)|L
∫
�
d
(
�v

(s∧t),(s∨t)(x), x
)
d|μ|(x)

≤ | f |L · exp
(∫ (s∧t)

t0
|vτ |L dτ

)
· CI

∣∣(s ∨ t) − (s ∧ t)
∣∣ · ‖μ‖TV.

Here, one can take CI = sups∈I ‖vs‖∞, according to (24). Taking the supremum over
f in the unit ball in BL(�) yields (25), where one can take C ′

I as in (26). ��
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We shall further need the following transport formula for measures that are abso-
lutely continuous with respect to Borel-Lebesgue measure λ on �.

Lemma 4.2 Let u0 ∈ L1(�, λ) and v• ∈ C(R+,BL(�,Rd)) be a bounded Lipschitz
time-dependent vector field on �. Then, for t ≥ t0 ≥ 0,

Pv
t0,t (u0 ·λ) = ut ·λ, with ut (x) = u0((�

v
t0,t )

−1(x))
∣∣det D�v

t0,t

(
(�v

t0,t )
−1(x)

)∣∣−1
.

(27)
Moreover, for any t ≥ t0 ≥ 0 for λ-a.e. x ∈ �,

exp

(
−

∫ t

t0

∥∥[div(vs)]−
∥∥∞ ds

)
≤ det D�v

t0,t (x) ≤ exp

(
−

∫ t

t0

∥∥[div(vs)]+
∥∥∞ ds

)
.

(28)

Proof The proof is based on the classical area formula for Lipschitz maps, see [5]
p.1196-1197 for details, equation (2.5) in particular. Estimate (28) is inequality (2.6)
in [5], p.1197. ��
Remark 4.1 In various works one has studied flows defined by vector field that are less
regular than Lipschitz, motivated – among others – by Fluid Mechanics and Control
Theory, see e.g. [5, 6, 15]. Typically, Lebesguemeasure is taken as a referencemeasure,
like we do here. However, Bogachev and Mayer-Wolf [6] provide conditions under
which the push-forward of a finite measure under the flow results into finite measures
that are still absolutely continuous with respect to that measure. Although their results
apply to probability measures as reference, instead of the Borel-Lebesgue measure,
results similar to those stated above were obtained (cf. in particular [6], Theorem 2.6,
p.13).

The explicit expression for the push-forward under the flow and estimates in Lemma
4.2 gives

Proposition 4.1 For any 1 ≤ p ≤ ∞, and any t ≥ t0 ≥ 0, Pv
t0,t leaves L p

+(λ)

invariant. If u0 ∈ L p
+(λ), then Pv

t0,t (u0 dλ) := ut dλ, with ut given by (27). If q is the

exponent conjugate to p, 1
p + 1

q = 1, then

‖ut‖L p(λ) ≤ ‖u0‖L p(λ) exp

(
1
q

∫ t

t0

∥∥[div(vs)]−
∥∥∞ ds

)
for all t ≥ 0. (29)

Proof Using that the flow operators �v
t0,t are Lipschitz, invertible, with Lipschitz

inverse (�v
t0,t )

−1 and – again – the transformation formula for the Borel-Lebesgue
measure, we arrive at∫

�

ut (x)
p dx =

∫
�

u0
(
(�v

t0,t )
−1(x)

)p∣∣det D�v
t0,t

(
(�v

t0,t )
−1(x)

)∣∣−p
dx

=
∫

�

u0(y)
p
∣∣det D�v

t0,t (y)
∣∣−p · ∣∣det D(�v

t0,t )
−1(�v

t0,t (y)
)∣∣−1

dy
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The identity (�v
t0,t )

−1◦�v
t0,t = Id yields

∣∣det D(�v
t0,t )

−1(�v
t0,t (y))

∣∣−1= ∣∣det D�v
t0,t (y)

∣∣
for λ-a.e. y. Application of (28) gives the result. ��

4.2 Equivalent formulation of mild solution by dilation

Central in the argumentation is the following observation, inspired by [36] – there
employed for semigroups instead of flows – and which appears also in the particular
setting of multiple of the identity (but in L1 instead ofM(�)) in [11], proof of Lemma
3.2.

Proposition 4.2 Let μ• : [t0, T ] → M(�)FM be a continuous and ‖ · ‖TV-bounded
map and let ν ∈ M(�). Let B be a bounded linear operator on M(�)FM that
commutes with all Pv

s,t , s, t ∈ [t0, T ], s ≤ t . Then the following statements are
equivalent:

(i) μ• is a mild solution to Problem (P) on [t0, T ] with initial condition ν.
(ii) μ• satisfies, as equation inM(�)FM:

μt = e−B(t−t0)Pv
t0,tν +

∫ t

t0
e−B(t−s)Pv

s,t

[
fs(μs)+ Bμs

]
ds for all t ∈ [t0, T ].

(30)

In particular, any mild solution μ• to Problem (P) on [t0, T ] with μt0 = ν satisfies for
any c ∈ R:

μt = e−c(t−t0)Pv
t0,tν +

∫ t

t0
e−c(t−s)Pv

s,t

[
fs(μs) + cμs

]
ds for all t ∈ [t0, T ].

(31)

Proof The last statement immediately follows from (ii), taking B = cI . So, consider
the equivalences. First observe the following two simplifications of repeated integrals,
which hold for any k ∈ N:

∫ t

t0

∫ s

t0
h(σ )(t−s)k−1 dσ ds =

∫ t

t0

∫ t

σ

h(σ )(t−s)k−1 ds dσ =
∫ t

t0
h(σ ) 1

k (t−σ)k dσ,

(32)
for a measurable function h for which Fubini’s Theorem holds.
(i) ⇒ (ii). Using that the operator B commutes with all Pv

s,t , one can rewrite (17) into

μt = Pv
t0,tν +

∫ t

t0
Pv
s,t

[
fs(μs) + Bμs

]
ds − B

∫ t

t0
Pv
s,tμs ds. (33)

Substituting the right hand side of expression (33) for μs in the last integral in this
equality and using (32) to simplify double integrals, one obtains, by repeating this
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procedure n times:

μt =
n∑

k=0

[
(−1)k

(t − t0)k

k! Bk Pv
t0,tν +

∫ t

t0
(−1)k (t−s)k

k! Bk Pv
s,t

[
fs(μs) + Bμs

]
ds

]

+ (−1)n+1Bn+1
∫ t

t0

(t − s)n

n! Pv
s,tμs ds.

This equality can easily be verified by induction. Letting n → ∞, one obtains (ii) in
the limit inM(�)FM, because B is ‖ · ‖∗

FM-bounded and μ• is ‖ · ‖TV-bounded.
(ii) ⇒ (i). Let μ• satisfy (30). We must show that (17) holds. We proceed – again –
by repeatedly substituting equation (30) into itself and the equations thus obtained,
and using (32) to simplify. Thus, after n successive substitutions, we claim that one
arrives at the equality

μt =
n∑

k=0

[
(t − t0)k

k! Bke−B(t−t0)Pv
t0,tν + Bk

∫ t

t0

(t−s)k

k! e−B(t−s)Pv
s,t

[
fs(μs)

]
ds

]

+ Bn+1
∫ t

t0

(t − s)n

n! e−B(t−s)Pv
s,tμs ds. (34)

Clearly, the equality holds for n = 0, by assumption. Then, substituting (30) into (34)
and using that B commutes with the operators Pv

s,t , one gets

∫ t

t0
e−B(t−s)Pv

s,tμs
(t − s)n

n! ds =
∫ t

t0

(t−s)n

n! e−B(t−s)Pv
s,t e

−B(s−t0)Pv
t0,sν ds

+
∫ t

t0

(t − s)n

n! e−B(t−s)Pv
s,t

[∫ s

t0
e−B(s−σ)Pv

σ,s

[
fσ (μσ )

]
dσ

]
ds

+ B
∫ t

t0

(t − s)n

n! e−B(t−s)Pv
s,t

[∫ s

t0
e−B(s−σ)Pv

σ,sμσ dσ

]
ds

= (t − t0)n+1

(n + 1)! e−B(t−t0)Pv
t0,sν +

∫ t

t0

∫ s

t0

(t−s)n

n! e−B(t−σ)Pv
σ,t

[
fσ (μσ )

]
dσ ds

+ B
∫ t

t0

∫ s

t0

(t − s)n

n! e−B(t−σ)Pv
σ,tμσ dσ ds

= (t − t0)n+1

(n + 1)! e−B(t−t0)Pv
t0,sν +

∫ t

t0

(t−σ)n+1

(n+1)! e−B(t−σ)Pv
σ,t

[
fσ (μσ )

]
dσ

+ B
∫ t

t0

(t − σ)n+1

(n + 1)! e−B(t−σ)Pv
σ,tμσ dσ.

Thus, the induction step is completed and we conclude that (34) holds for all n ∈ N.
By letting n → ∞ in (34), we obtain (17). Mild solutions are unique. Therefore, μ•
must be the mild solution to Problem (P) on [t0, T ] with initial condition ν. ��
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The equivalence of Problem (P) to the ‘dilated’ problem (30) or (31) as observed
in Proposition 4.2 has a counterpart with regard to the Picard iteration operators �t0,τ

and those connected to the B-dilated problem (30):

�B
t0,τ (ν•)(t) := e−B(t−t0)Pv

t0,tνt0 +
∫ t

t0
e−B(t−s)Pv

s,t
[
fs(νs)+Bνs

]
ds for t ∈ [t0, t0+τ ].

(35)
It is the following result:

Lemma 4.3 Let 0 ≤ t0 < T and let B be a bounded linear operator on M(�)FM
that commutes with all Pv

s,t for s, t ∈ [t0, T ], s ≤ t . Let δ > 0 and ν0 ∈ M(�)FM.
Suppose that t1 ∈ [t0, T ) and τ1 > 0 are such that t1 + τ1 ≤ T and �t1,τ1 is a strict
contraction on Cν0,δ([t1, t1 + τ1],M(�)FM). Let μ∗• be the unique fixed point in this
space. Then, for any r ′ > ‖ν0‖TV + δ there exists N ∈ N and an equidistant partition
t1 = t ′0 < t ′1 < · · · < t ′N = t1+τ1 of [t1, t1+τ1] of width τ ′ := τ1/N, such that�B

t ′j ,τ ′

is a strict contraction in Cν j ,δ j ([t ′j , t ′j+1],M(�)FM) for all j = 0, 1, . . . , N − 1,
where ν j := μ∗

t ′j
and δ j := r ′ − ‖ν j‖TV > 0. Moreover, ν j+1 is the end point at

t = t ′j+1 of the unique fixed point of �B
t ′j ,τ ′ .

Proof Let b be the operator norm of B acting in M(�)FM. If b = 0, there is nothing
to prove. So, assume b > 0. Put r := ‖ν0‖TV + δ. Note that ‖μ∗

t ‖TV ≤ r for
all t ∈ [t1, t1 + τ1]. Let r ′ > r . For any t2 ∈ [t1, t1 + τ1) and τ2 > 0 such that
t2 + τ2 ≤ t1 + τ1 and for any δ′ > 0 and ν′ ∈ M(�)FM such that ‖ν′‖TV + δ′ ≤ r ′,
one gets for ν1• , ν2• ∈ Cν′,δ′([t2, t2 + τ2],M(�)FM) and t ∈ [t2, t2 + τ2] the estimates

∥∥�B
t2,τ2(ν

1•)(t) − �B
t2,τ2(ν

2• )(t)
∥∥∗
FM

≤
∫ t

t2
e−b(t−s)

∥∥Pv
s,t

[
fs(ν

1
s ) − fs(ν

2
s ) + B(ν1s − ν2s )

]∥∥∗
FM ds

≤
∫ t

t2
e−b(t−s)Lv

s,t (L
f
r ′ + b) ‖ν1s − ν2s ‖∗

FM ds

≤ (L f
r ′ + b)Lv

t1,t1+τ1

1 − e−bτ2

b
‖ν1• − ν2•‖∞.

Pick N ∈ N such that

(L f
r ′ + b)Lv

t1,t1+τ1

1 − e−bτ1/N

b
< 1. (36)

If N = 1, the operator�B
t1,τ1 is a strict contraction and the proof is complete. If N ≥ 2,

then put τ ′ := τ1/N and let t ′j := t1 + jτ ′ for j = 0, 1, . . . , N − 1. Define ν j := μ∗
t ′j

and δ j := r ′ − ‖ν j‖TV. Since ‖μ∗
t ‖TV ≤ r < r ′ for all t ∈ [t1, t1 + τ1], δ j > 0 for

all j . The assumptions and choices made yield the conclusion that �B
t ′j ,τ ′ is a strict

contraction on Cν j ,δ j ([t ′j , t ′j+1],M(�)FM).
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The unique fixed point of �B
t ′j ,τ ′ , say μ

( j)• , must be a mild solution to Problem (P) on

[t ′j , t ′j+1], according to Proposition 4.2. Mild solutions are unique (see Lemma 2.1).

Thus, μ( j)• equals μ∗ on [t ′j , t ′j+1]. This yields that ν j+1 = μ
( j)
t ′j+1

. ��

4.3 Preservation of positivity

Positivity of the mild solution to Problem (P) for positive initial conditions has been
considered in [3] Corollary 7.2 under the assumption that the reaction term f can be
written as a rate, or in [11] Lemma 3.2 for a particular type of equation. In the latter, the
problem is reduced to positivity of the solutions to the PDE in L1(�, λ), by a density
argument. Below, however, we shall give an argument for positivity of solutions that is
intrinsic to the measure setting, in the sense that it exploits the Banach lattice structure
of M(�). Moreover, it allows to consider reaction terms that are more general than
those considered in [3].

Proposition 4.2 will be crucial in establishing the positivity of the mild solutions
for positive initial conditions. Assume that f• satisfies (A1)–(A3) and let μ• be a
mild solution to Problem (P) on [t0, T ], for initial condition ν. Then, s �→ fs(μs)

is continuous. In particular, it is strongly Bochner measurable. According to Lemma
A.2, for any c ∈ R the functions s �→ [

fs(μs) + cμs
]± are strongly measurable.

Thus, the Bochner integral in M(S)BL in (31) can be split into one over the positive
part and one over the negative part of fs(μs) + cμs . Because of positivity of the
operators e−c(t−s)Pv

s,t and closedness of the positive coneM+(�) inM(�)FM, each
integral separately takes value in M+(�), while e−c(t−t0)Pv

t0,tν ∈ M+(�) as well
for ν ∈ M+(�). We conclude from Proposition 4.2 that for any c ∈ R the following
inequality holds:

μ−
t ≤

∫ t

t0
e−c(t−s)Pv

s,t

[
fs(μs) + cμs

]−
ds for all t ∈ [t0, T ]. (37)

This general observation allows drawing conclusions on the positivity of mild solu-
tions for positive initial conditions for quite a general class of reaction terms f•. The
next result is a straightforward consequence of inequality (37):

Proposition 4.3 Let f• satisfy (A1)–(A3) and let t0 > 0. Let ν ∈ M+(�) and let μ•
be the mild solution to problem (P) with initial condition μt0 = ν. Let [t0, T ∗) be its
maximal domain of existence. Assume that for any R > 0 and T > 0 there exists
c = cR,T ∈ R such that

ft (μ) + cμ ≥ 0, for all μ ∈ MR(�), t ∈ [0, T ]. (38)

Then, μt ∈ M+(�) for all t ∈ [t0, T ∗).

Proof Let T ∈ (t0, T ∗) and put R := supt∈[t0,T ] ‖μt‖TV. For c = cR,T as indicated,
[ fs(μs) + cμs]− = 0 for all s ∈ [t0, T ]. So, (37) implies that μ−

t = 0 for t ∈ [t0, T ].
��
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However, condition (38) is too restrictive and often impractical for many applica-
tions. Interestingly, it can be improved especially if the term f• has a specific shape. In
such case, sufficient conditions ensuring the positivity of the solution can be reached
so that they fit better to applications. The second result addresses this issue:

Proposition 4.4 Let f• be of the form (18) in Proposition 2.4, such that it satisfies
(A1)–(A3). Assume that F• is such that for every R > 0 and T > 0, there exists
CR,T > 0 such that

sup
0≤t≤T

‖Ft (μ)‖∞ ≤ CR,T for all μ ∈ MR(�). (39)

Then, themild solutionμ• to Problem (P)with initial condition ν ∈ M+(�) is positive
for all its time of existence.

Proof Let t0 ≥ 0 and ν ∈ M+(�). Let T ∗ > t0 be the maximal time of existence of
the mild solution μ• of Problem (P) with initial condition μt0 = ν. Take T ∈ (t0, T ∗)
and let R := supt∈[t0,T ] ‖μt‖TV. For any c ∈ R and μ ∈ M(�) one has

[
ft (μ) + cμ

]− = [
pt (μ) + (

Ft (μ) + c
)
μ

]−
≤ (

Ft (μ) + c
)−

μ+ + (
Ft (μ) + c

)+
μ−. (40)

Then, for c ≥ CR,T

[
ft (μt ) + cμt

]− ≤ (CR,T + c)μ−
t for all t ∈ [t0, T ]

and, according to (37), we have

0 ≤ μ−
t ≤ (CR,T + c)

∫ t

t0
e−c(t−s)Pv

s,tμ
−
s ds for all t ∈ [t0, T ].

Note that the Bochnermeasurability of the integrand follows fromLemmaA.2. Taking
the ‖ · ‖TV-norm on both sides, the ordering is preserved and the direct application of
Proposition 2.2 yields

‖μ−
t ‖TV ≤ (CR,T + c)

∫ t

t0
e−c(t−s)‖μ−

t ‖TV ds for all t ∈ [t0, T ].

Using Grönwall’s Inequality, one concludes that μ−
t = 0 for all t ∈ [t0, T ]. ��

Remark 4.2 A similar conclusion as in Proposition 4.4 is reached in [3] Corollary 7.2 ,
but a (positive) production term pt (μ) in the non-linearity ft (μ) is not allowed by the
assumptions made there. Moreover, the argument follows different lines of reasoning
than ours.
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The result just proven uses the ‘global equation’ (17) that themild solution satisfies.
Realizing that themild solution is locally obtained by Picard iteration, onemayweaken
condition (39) on F• to the extent that the bound needs to apply only to positive
measures. Thus, the ‘behaviour’ of F• on non-positive measures is irrelevant to the
preservation of positivity. This weakening of condition goes to a cost: the need of a
more subtle argumentation in the proof.

Theorem 4.1 Let f• be of the form (18) in Proposition 2.4. Assume that F• is such
that for every R > 0 and T > 0, there exists C ′

R,T > 0 such that

sup
0≤t≤T

‖Ft (μ)‖∞ ≤ C ′
R,T for all μ ∈ M+(�) with ‖μ‖TV ≤ R. (41)

Then, the mild solution μ• to Problem (P) with initial condition μt0 = ν ∈ M+(�)

is positive for all its time of existence.

Proof Let [t0, T ∗) be the time domain of the maximal mild solution. Recall that μ• is
obtained by piecing together the unique fixed points of the ‘Picard iteration operators’
�ti ,τi (see (19)) for various times ti ∈ [t0, T ∗) and durations τi > 0. The fixed points
are obtained as limit of the iterations of the operators �ti ,τi , starting from the function
t �→ Pv

ti ,tνi on [ti , ti + τi ] (see also Remark 2.1). Each of the iterations and the limit
will have total variation norm uniformly bounded by Ri > 0, say, on this interval.

In view of Proposition 4.2 and Lemma 4.3, themild solution can be locally obtained
equally well by iteration of suitable B-dilated operators �

Bi
t ′j ,τ ′

i
, e.g. with Bi = ci I ,

ci ∈ R and starting from a function t �→ e−ci (t−t ′j )Pv
t ′j ,t

ν′
j , for suitable ν′

j , on an equally

spaced partition ti = t ′0 < t ′1 < · · · < t ′N = ti + τi . The number N of subintervals
depends on |ci | and on Ri in so far that it can be arranged that all iterations under
�

ci I
t ′j ,τ ′

i
– and the limit – have total variation uniformly bounded by 2Ri on each of the

subintervals [t ′j , t ′j+1] (see Lemma 4.3 and its proof. In particular, N is conditioned
by equation (36), with b = |ci | and r ′ = 2Ri ).

Fix ci ≥ C ′
2Ri ,ti+τi

and determine Ni and a partition of [ti , ti + τi ] as above, such
that each �

ci I
t ′j ,τ ′

i
, j = 1, . . . , Ni , is a strict contraction. Assume that ν′

j is positive.

Then ν
(0)
t := e−ci (t−t ′j )Pv

t ′j ,τ ′
i
ν′
j is positive for every t ∈ [t ′j , t ′j + τ ′

i ]. Define iteratively

ν(n+1)• := �
ci I
t ′j ,τ ′

i
(ν(n)• ).

One has, by construction, that ‖ν(n)
t ‖TV ≤ 2Ri for all n. Hence, if ν

(n)• is positive,
then condition (41) and application of (40) gives

[
ft
(
ν

(n)
t

) + cν(n)
t

]− = 0.

So, we conclude that ν(n)• must be positive on [t ′j , t ′j + τ ′
i ]. SinceM+(�) is closed in

M(�)FM, we find that the limit of the iterations ν
(n)• must be positive. Hence, if μti is
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positive, then μ• is positive on [ti , ti + τi ]. Since ν ∈ M+(�), we conclude that μ•
is positive on its maximal domain of existence. ��

4.4 Preservation of Lp(�)-regularity

We shall now consider an additional condition on the reaction term f• that ensures
that initial conditions that have L p density with respect to Borel-Lebesgue measure λ

on � for some 1 < p ≤ ∞, lead to mild solutions to Problem (P) that are absolutely
continuous with respect to λwith the density functions remaining in L p(λ) for all time
up to time of possible blow-up in L p-norm of the density. It should be noted, that this
time may generally be earlier than the maximal existence time of the mild solution in
the space of measures.

To avoid cumbersome notation, we write ‖μ‖L p(λ) to mean the L p-norm of the
density of μ relative to λ. By convention, it is ∞, if μ is not absolutely continuous
with respect to λ, or if the density is not an L p-function.

Let 1 < p ≤ ∞. For our purpose, it is necessary to assume that for all t ≥ 0 the
reaction ft maps L1 ∩ L p(λ) into itself, viewed as subspaces of M(�). With slight
abuse of wording, we shall say in that case that ‘ ft maps L p(λ) into itself’. To have our
method of proof work, we shall additionally require an assumption similar to (A4) in
L p-setting. That is, ft must be an L p-bounded map, locally uniformly in time. More
precisely,

(A4p) For any t > t ′ and r > 0, there exists B f
t ′,t (r) ≥ 0 such that

∥∥ fs(φ dλ)
∥∥
L p(λ)

≤ B f
t ′,t (r) for all φ ∈ L p(λ), ‖φ‖L p(λ) ≤ r , t ′ ≤ s ≤ t .

must hold. Put

Dv,p
s,t := exp

(
1
q

∫ t

s

∥∥[divx (vτ )]−
∥∥∞ dτ

)
, 0 ≤ s ≤ t, 1

p + 1
q = 1.

Our major result on ‘L p-invariance’ is then:

Theorem 4.2 Let f• be of the form (18) and satisfy the conditions of Theorem 4.1.
Moreover, assume that for some 1 < p ≤ ∞, ft maps L p(λ) into itself for all
t ≥ 0 and is an L p-bounded map, locally uniformly in time, i.e. satisfies (A4p). Let
ν = φdλ ∈ M+(�) be an initial condition at time t0 with φ ∈ L p

+(λ). Then the
following statements holds:

(i) There exists T̂ ∗
ν ≤ T ∗

ν such that the maximal mild solution μ• to Problem (P) in
M(�) takes values μt ∈ L p

+(λ) for all t ∈ [t0, T̂ ∗
ν ).

(ii) For every T ∈ (t0, T̂ ∗
ν ), supt0≤t≤T ‖μt‖L p(λ) < ∞.

(iii) If T ∗
ν < T ∗

ν , then lim supt→T̂ ∗
ν

‖μt‖L p(λ) = +∞.

Before getting to the details of the proof, we like to make several observations.
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Remark 4.3 1.) Theorem 4.2 requires the L p-initial condition to be positive and
requires the assumption of the conditions of Theorem 4.1 to assure that the mild
solution to Problem (P) remains positive throughout its maximal domain of existence.
Positivity is required for application of the limit results, Theorem 3.1 and corollary,
that allow to conclude that ‘L p-ness’ is preserved in the weak limit of measures.
2.) In many applications, the measure-valued solution will represent a distribution of
individuals or ‘mass’ in space. It is then natural to have a model that preserves positiv-
ity of the solution. Moreover, the shape (18) for the reaction map f• is natural as well,
from modelling perspective. It has at time t a production term pt and a degradation
term that is absolutely continuous with respect to the current distribution, Ft (μt ) · μt ,
which is in accordance with the principle that ‘mass can only disappear where there
is mass present’.
3.) In specific cases, it may happen in principle that L p-regularity of the measure-
valued solution is lost at time T̂ ∗

ν strictly before time T ∗
ν , while the former continues

to exist as measure with less regular density or as a measure that may even be singular
with respect to Lebesgue measure. See e.g. [16, 34, 37], although these concern a
different type of equation.

Proof (Theorem 4.2). Letμ• be the maximal mild solution to Problem (P) on [t0, T ∗
ν ).

According to Theorem 4.1,μt ∈ M+(�) for all t . Let t ′ ∈ [t0, T ∗
ν ) such that ν′ := μt ′

has an L p-density with respect to λ. Following the proof Theorem 4.1, there exist
c ≥ 0, δ′ > 0 and τ ′ > 0 such that t ′ + τ ′ < T ∗

ν and the Picard iteration operator
�c

t ′,τ ′ is a strict contraction onCν′,δ′([t ′, t ′ +τ ′],M(�)FM). Moreover, on [t ′, t ′ +τ ′],
μt = limn→∞ μ

(n)
t in M(�)FM, as in (20), with �t ′,τ ′ replaced by �c

t ′,τ ′ , and c is

such that each μ
(n)• is positive.

Put D := Dv,p
t ′,t ′+τ ′ . One has for t ′ ≤ t ≤ t ′ + τ ′, using Proposition 4.1:

∥∥μ
(0)
t

∥∥
L p(λ)

= e−c(t−t ′)∥∥Pv
t ′,tν

′∥∥
L p(λ)

≤ Dv,p
t ′,t ‖ν′‖L p(λ) ≤ D‖ν′‖L p(λ)

and

∥∥μ
(n+1)
t

∥∥
L p(λ)

= ∥∥�c
t ′,τ ′

(
μ(n)•

)∥∥
L p(λ)

≤ ∥∥μ
(0)
t

∥∥
L p(λ)

+
∥∥∥∥
∫ t

t ′
e−c(t−s)Pv

s,t

[
fs(μ

(n)
s ) + cμ(n)

s

]
ds

∥∥∥∥
L p(λ)

.

Let In(t) denote the measure-valued Bochner integral in M(�)FM in the last term.
We shall show by induction that

There exists 0 < τ̂ ≤ τ ′, such that
∥∥μ

(n)
t

∥∥
L p(λ)

≤ 2D‖ν′‖L p(λ) for all n ∈ N0, t ∈ [t ′, t ′ + τ̂ ].
(42)

For n = 0 it is clearly satisfied. Take r := 2D‖ν′‖L p(λ) and put B f
r :=

supt∈[t ′,t ′+τ ′] B
f
t ′,t (r), with B f

t ′,t (r) as in Assumption (A4p). According to [14], we
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have that

In(t) ∈ (t − t ′) · co
({

e−c(t−s)Pv
s,t

[
fs(μ

(n)
s ) + cμ(n)

s

] : t ′ ≤ s ≤ t
})

,

where the closure of the convex hull is taken in M(�)FM. For t ′ ≤ s ≤ t ≤ t ′ + τ ′,
by induction hypothesis,

∥∥e−c(t−s)Pv
s,t

[
fs(μ

(n)
s ) + cμ(n)

s

]∥∥
L p(λ)

≤ e−c(t−s)Dv,p
s,t (B f

r + cr) ≤ D(B f
r + cr).

Any point in the convex hull is positive by assumption on c and will have the same
bound for its L p-norm. In(t) is the limit in the weak topology on measures of (t − t ′)-
multiple of a sequence of elements in the convex hull. Because of positivity, Theorem
3.1 yields that In(t) ∈ L p

+(λ) and

∥∥In(t)∥∥L p(λ)
≤ (t − t ′)D(B f

r + cr) for all n ∈ N0. (43)

One can choose 0 < τ̂ ≤ τ ′, independent of n, such that

τ̂ · D(B f
r + cr) ≤ D‖ν′‖L p(λ). (44)

Then, (42) is satisfied. The iterates μ
(n)• being in L p

+(λ), uniformly bounded in L p-
norm, we can again invoke Theorem 3.1, yielding μt ∈ L p

+(λ) for all t ∈ [t ′, t ′ + τ̂ ],
with ‖μt‖L p(λ) ≤ 2D‖ν′‖L p(λ).

Now, the ‘classical extension argument’ can be repeated for extending local solu-
tions to a maximal one, starting from ν ∈ L p

+(λ) at t = t0. This then yields the wanted
statements. ��

5 Concluding considerations and observations

We now want to address some natural questions in relation to the invariance results
for the solution operator that we have established in the previous section.

We have shown in Theorem 4.2 that under fairly mild and common assumptions
(compare e.g.with those in [3]) a positive initial conditionwith L p-densitywith respect
to Lebesgue measure leads to a mild solution to Problem (P) that has a positive L p-
density for some positive amount of time. That may not be the full maximal existence
time of the mild solution in the space of measures.

Mild solutions are by definition required to be continuous in time. Thus, this concept
allows to define a dynamical system on (suitable subsets) of measures, which have –
usually – continuous motions. What can one say at this point about regularity in time
of the mild solution with values in L p(λ)? This remains elusive to us at this moment.
For finite reference measure instead of the σ -finite Lebesgue measure, we have found
ways to say more about this question. However, the step to non-finite measures is
in this context not as easy to make as may be anticipated. This is a topic for further
investigation in future works.
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Finally, we like to point the reader to a particular ‘feature’ of assumptions that
were imposed. The Lipschitz continuity of the reaction term f• in measures and in
Fortet-Mourier norm, formulated as Assumption (A2), is providing the convergence
of the Picard iterations in the space of measures with Fortet-Mourier norm. The con-
dition (A4p) then yields solutions μ• ∈ Lr ([t0, T ], L p(λ)). To get an L p-valued
solution, one ‘usually’ imposes on the reaction map an assumption of Lipschitz type
in L p(λ). Here it is merely L p-boundedness together with a Lipschitz condition in
Fortet-Mourier norm. On the other hand, we cannot establish any regularity in time,
continuity in particular, that is obtained from an L p-Lipschitz condition.

Moreover, there is no clear relationship known (yet) between ‖μ‖L p(λ) and ‖μ‖∗
FM

for a signed measure μ ∈ L1 ∩ L p(λ), as occurs in computing distances. Thus, a
Lipschitz condition on the reaction map in either norm cannot be related.

A Bochner measurability of lattice operations onmeasures

Let S be a Polish space and d an admissible metric on S. It should be noted that the
maps μ �→ μ±, where μ+ and μ− are the positive and negative part of μ in the
Hahn-Jordan decomposition, are not continuous for the weak topology on measures.
However, one has the following result – and a consequence. As far as we are aware,
they could not be found in the literature and are of separate interest in (Bochner)
integration of measure-valued functions.

Lemma A.1 For every f ∈ Bb(S), μ �→ 〈μ+, f 〉 = ∫
S f dμ+ is Borel measurable

as map from M(S)FM to R. In particular, if E is a Borel set in S, then μ �→ μ±(E)

and μ �→ μ(E) are Borel measurable maps M(S)FM → R.

Proof The proof is similar to the one of Lemma 3.2.6, p. 15, in [33]; it uses the
Monotone Class Theorem for functions. ��

It implies the following result concerning stronglymeasurable functions in Bochner
integration. A function with values in a Banach space is strongly measurable if it is the
point-wise limit of a sequence of simple step functions. Let (S′, 	′) be a measurable
space.

Lemma A.2 Let f : S′ → M(S)FM be strongly measurable. Then f ± : S′ →
M(S)FM : s′ �→ [ f (s′)]± are strongly measurable.

Proof We use Pettis’ Measurability Theorem (see, e.g., [14]). Since M(S)FM is sep-
arable, it suffices to show that for every φ ∈ M(S)∗FM, φ ◦ f + is Borel measurable.
Observe that M(S)∗FM � BL(S): φ ∈ M(S)∗FM corresponds to gφ ∈ BL(S) through
φ(μ) = ∫

S g dμ (cf. [28]). Since gφ is measurable, there exist simple step functions

gn =
Nk∑
k=1

a(k)
n 1

E (k)
n

such that gn → gφ point-wise while |gn(x)| ≤ |gφ(x)| for all x ∈ S′ (see [12]). Then
for any s′ ∈ S′,
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φ ◦ f +(s′) = lim
n→∞

∫
S
gnd

[
f +(s′)

] = lim
n→∞

Nn∑
k=1

a(k)
n [ f (s′)]+(

E (k)
n

)
. (45)

Because s′ �→ f (s′) : S′ → M(S)FM and μ �→ μ+(E (k)
n ) are Borel measurable

(Lemma A.1), every term in the sum in (45) is a Borel measurable function. So the
point-wise limit φ ◦ f + is too. ��
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