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Chapter 1

Introduction

In general, Black-Box Optimization (BBO) problems refer to a class of optimization
problems, where the objective and constraint functions are typically available in the
form of black boxes [6]. In real-world applications, for instance, the inputs of BBO
problems can be evaluated using laboratory experiments and/or virtual simulations
to obtain the corresponding outputs, where an analytical understanding of the under-
lying process is still lacking. For solving BBO problems, various optimization algo-
rithms have been developed over the years, such as the nature-inspired Evolutionary
Algorithm (EA) like Covariance Matrix Adaptation Evolutionary Strategy (CMA-
ES) [45], swarm-based algorithms like Particle Swarm Optimization (PSO) [55], and
surrogate-assisted algorithms like Bayesian Optimization (BO) [85]. Given that dif-
ferent algorithms have their own strengths and weaknesses, there is no such universal
optimization algorithm that can effectively solve all kinds of BBO problems [156].
Consequently, identifying the most time- and resource-efficient algorithm for specific
BBO problems is critical to ensure an optimal optimization performance, which is
also commonly known as the Algorithm Selection Problem (ASP) [112]. Nevertheless,
selecting the most suitable optimization algorithm can be extremely challenging, es-
pecially for practitioners inexperienced in the optimization field and lack of domain
knowledge.

One of the ongoing research directions towards automated Algorithm Selection
(AS) in the evolutionary computation community focuses on associating the per-
formance of optimization algorithms with the optimization landscape of BBO prob-
lems. Essentially, based on some landscape analysis tools, the optimization landscape
characteristics of BBO problems can be numerically quantified, such as global struc-
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1.1 Thesis Objective

ture and multi-modality [80]. The so-called landscape features can be related with
the performance of optimization algorithms, e.g., using Machine Learning (ML) ap-
proaches [14, 49, 58]. By employing supervised ML models, for instance, the perfor-
mance of optimization algorithms on the BBO problems can be roughly estimated
based on their landscape characteristics. Subsequently, the most suitable optimiza-
tion algorithm for unseen BBO problems can be conveniently identified, once their
optimization landscape characteristics have been computed.

In previous work like [58], landscape-aware AS approaches have shown encouraging
success on BBO benchmark suites, such as the Black-Box Optimization Benchmark-
ing (BBOB) functions [44]. When using benchmark suites, a large set of problem
instances necessary for the training of reliable ML models can be easily generated
and cheaply evaluated. On the other hand, little work has been attempted to investi-
gate landscape-aware AS for BBO in real-world applications with expensive function
evaluations. Compared to benchmark suites, the generation of real-world problem
instances can be particularly limited, the landscape characteristics of real-world prob-
lems are not well understood, and the function evaluations are prohibitively costly
and/or time-consuming. Consequently, generating a large training dataset for ML
models is infeasible, and thus, typical AS approaches are not practical for solving real-
world expensive BBO problems. To the best of our knowledge, exploration of suitable
AS approaches for real-world expensive BBO problems is still lacking.

1.1 Thesis Objective

Motivated to fill the gaps, the primary objective of this thesis is to develop an au-
tomated optimization approach for an optimal solving of real-world expensive BBO
problems w.r.t. real-world constraints, such as allocated time and resources available
for optimization. Precisely, our aim is to investigate an automated approach that can
optimally fine-tune optimization algorithms for solving expensive BBO problems using
a limited function evaluation budget. Eventually, the proposed optimization pipeline
can be deployed to assist practitioners unfamiliar with AS in properly fine-tuning
optimization algorithms for their applications.

The general workflow of our proposed optimization pipeline is illustrated in Fig-
ure 1.1, consisting of altogether four steps. Fundamentally, by analyzing the optimiza-
tion landscape characteristics of expensive BBO problems, some test functions that
are (i) cheap-to-evaluate and (ii) belong to the same optimization problem class can be
identified. Essentially, these test functions, which we refer to as representative func-
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Chapter 1 Introduction

tions, can be considered as surrogates of the BBO problems. Unlike in a ML context,
we are not interested in replacing or approximating the true functions of expensive
BBO problems using some representative functions. Instead, we aim to establish a
preferably large set of test functions with similar landscape characteristics, which can
be considered for the fine-tuning of optimization algorithms, since the performance
of optimization algorithms should be comparable between the actual BBO problems
and their representative functions. By exploiting these cheap representative functions,
near-optimal optimization algorithms for the BBO problems can be identified at a
significantly lower computational cost, prior to the actual optimization runs using
expensive function evaluations. In other words, a much more flexible function evalu-
ation budget can be afforded for the fine-tuning of optimization algorithms based on
some representative functions. Eventually, the actual BBO problems can be effectively
solved using the identified near-optimal optimization algorithms.

Expensive
BBO problem

Cheap-to-evaluate 
representative 

functions

Optimal optimization algorithms
(on representative functions)

Optimization run
(on BBO problem)

Optimal
solution(s)

Landscape 
analysis

Step 1 Step 2 Step 3 Step 4

Figure 1.1: Outline of our automated optimization pipeline proposed for solving ex-
pensive BBO problems using a limited function evaluation budget. Principally, the
optimization landscapes of expensive BBO problems are analyzed (Step 1) to identify
cheap-to-evaluate representative functions (Step 2). By exploiting these representative
functions, near-optimal optimization algorithms can be cheaply identified (Step 3) and
then applied to solve the BBO problems (Step 4).

Within the scope of this thesis, we consider crashworthiness optimization problems
in the automotive industry as representative real-world engineering BBO problems
with expensive function evaluation. As vehicle design becomes increasingly sophis-
ticated nowadays, solving crashworthiness optimization problems using conventional
optimization approaches is getting notoriously challenging and tedious, which start
losing their effectiveness. Subsequently, alternatives that can provide better vehi-
cle designs, and thus, accelerate the overall vehicle development progress are gaining
more attention in the automotive industry. Compared to conventional optimization
approaches for solving automotive crash problems, we aim to achieve a better perfor-
mance using our proposed optimization pipeline in terms of:

• Using less computational resources w.r.t. expensive function evaluations;

• Being less time-consuming w.r.t. total wall-clock time; and/or
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• Finding better solution(s) w.r.t. optimization objective.

Despite automotive crashworthiness optimization problems are being considered as
representative real-world applications in this thesis, the potential of our pipeline is not
limited to them. In fact, the pipeline is designed and developed with the long-term
vision that it can be applied to other expensive BBO problems beyond automotive
crashworthiness optimization. Principally, the proposed pipeline could be further ex-
tended to other engineering applications with appropriate modifications, such as ve-
hicle control system calibration in the automotive industry [131], ship design in the
maritime industry [25], and turbomachinery design in the aerospace industry [103].

Beyond that, another crucial aspect of our proposed optimization pipeline is that
optimal optimization algorithms can be identified automatically, requiring minimal
input from practitioners. From our perspective, this is essential for real-world applica-
tions and can potentially reduce the workload of practitioners, especially for those that
are unfamiliar with fine-tuning of optimization algorithms. Interestingly, this is in line
with the latest trend, where the so-called one-click optimizers are getting introduced
in commercial optimization tools [115].

1.2 Research Questions

During the journey to achieve the research objective defined for this thesis, i.e., devel-
oping an automated optimization pipeline for optimally solving expensive BBO prob-
lems, we focus on addressing the following research questions. In this context, our
investigations are primarily based on the widely-used BBOB functions and automo-
tive crashworthiness optimization as a representative example of real-world expensive
BBO problems, refer to Section 1.1.

RQ1: Within the feature space defined by optimization landscape features,
how are the distributions of real-world expensive BBO problems sit-
uated w.r.t. some benchmark functions?

In the landscape-aware AS approach, the optimization landscape characteristics
of BBO problems are exploited to identify optimal optimization algorithms. To
the best of our knowledge, however, an investigation about the optimization
landscape of real-world expensive BBO problems is still lacking. Thus, what
are the optimization problem classes of real-world BBO problems? Is there
any similarity between real-world BBO problems and benchmark functions in
terms of optimization landscape characteristics? To what extent can benchmark
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Chapter 1 Introduction

functions be considered as representative functions for real-world BBO problems?
(Chapter 3)

RQ2: If none of the benchmark functions can sufficiently represent the
optimization problem classes of real-world expensive BBO problems,
how to augment the benchmark functions with other test functions
that are appropriate to serve as representative functions?

Despite the fact that benchmark functions cover a variety of optimization prob-
lem classes, a sufficient coverage of the problem classes in real-world applications
might still be lacking. For such cases, how can we complement the set of bench-
mark functions with more test functions to further improve the overall diversity
of optimization problem classes? More importantly, are any of these newly in-
cluded test functions appropriate to be considered as representative functions
for the fine-tuning of optimization algorithms? (Chapter 4)

RQ3: How well can we estimate the actual performance of optimization
algorithms on real-world expensive BBO problems based on some
cheap-to-evaluate representative functions?

In our optimization approach, we propose to optimally fine-tune optimization
algorithms for real-world expensive BBO problems, by exploiting some cheap-to-
evaluate representative functions from the same optimization problem classes. In
this context, how well can we predict the performance of different optimization
algorithms on unseen BBO problems based on some representative functions?
More critically, can we identify optimal optimization algorithms for BBO prob-
lems in this way? Moreover, are all representative functions appropriate for the
fine-tuning of optimization algorithms? Otherwise, how can we properly identify
those that are appropriate for this task? (Chapter 4)

RQ4: How to specifically generate test functions that belong to the same
optimization problem classes of real-world expensive BBO problems?

Since the hand-crafted benchmark function suites can never fully cover all opti-
mization problem classes, it is valuable to have an alternative that can generate
test functions belonging to specific optimization problem classes. In this regard,
how can we guide the generation of test functions towards a particular optimiza-
tion problem class, e.g., based on some optimization landscape characteristics?
What is the potential of such approach, and if any, the challenges that must be
overcome? (Chapter 4)

5



1.3 Thesis Outline

RQ5: What is the performance of optimal optimization algorithms iden-
tified using the proposed optimization approach (Section 1.1), when
tested on some benchmark functions? More crucially, can the optimal
optimization algorithms outperform some state-of-the-art approaches
for solving real-world expensive BBO problems?

In this thesis, we propose to fine-tune optimization algorithms for real-world
expensive BBO problems based on some cheap-to-evaluate representative func-
tions. From this perspective, what is the performance of such optimal opti-
mization algorithms in general? In other words, can we identify well-performing
optimization algorithms in this way? Eventually, can we optimally solve real-
world expensive BBO problems using the fine-tuned optimization algorithms
w.r.t. some real-world constraints? (Chapter 5)

RQ6: What is the potential of pre-trained general purpose predictive mod-
els in identifying optimal optimization algorithms for real-world ex-
pensive BBO problems?

Similar to a landscape-aware ASP context, we are inspired to explore an alterna-
tive that can identify optimal optimization algorithms for real-world expensive
BBO problems using some predictive models. In this regard, how can we improve
the performance of predictive models to preferably generalize well across differ-
ent applications? Compared to typical landscape-aware ASP, how can we take
it one step further, towards selecting optimal algorithms as well as fine-tuning
their hyperparameters? (Chapter 5)

1.3 Thesis Outline

In summary, the structure of this thesis is highlighted in the following:

Chapter 2 briefly presents a literature review and additional information that are es-
sential for comprehending and gaining insights into different research topics that
have been explored within the framework of this thesis, such as a gentle introduc-
tion to BBO, fine-tuning of algorithm configurations, fitness landscape analysis
using Exploratory Landscape Analysis (ELA), and automotive crashworthiness
optimization.

Chapter 3 first introduces an approach for capturing the optimization landscape
characteristics of BBO problems based on some ELA features. Apart from the
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classical ELA features, we also explore a feature-free alternative that can charac-
terize BBO problems based on some latent representations, e.g., computed using
deep Neural Network (NN) models. To have a better understanding, we also take
a closer look at a large set of BBOB instances w.r.t. their optimization landscape
characteristics and optimization performances, since the BBOB suite is heavily
utilized in our investigations. Lastly, we analyze the optimization landscape of
several real-world automotive crashworthiness optimization problems in terms of
ELA features, based on a comparison against those of the BBOB functions.

Chapter 4 summarizes the generation of cheap-to-evaluate representative functions
for real-world expensive BBO problems using a tree-based random function gen-
erator. Apart from the fact that such representative functions are similar in
terms of optimization landscape, we show that they can be exploited for esti-
mating the actual performance of optimization algorithms on unseen BBO prob-
lems. Beyond that, we evaluate the potential of guiding the function generation
towards specific optimization problem classes based on some ELA features, by
extending the random function generator with Genetic Programming (GP).

Chapter 5 describes in detail the automated optimization pipeline proposed for opti-
mally solving real-world expensive BBO problems. For a comprehensive perfor-
mance assessment, the proposed approach is first evaluated across a wide range
of optimization problem classes using the BBOB suite. More importantly, the
approach is applied and tested on a real-world automotive crashworthiness op-
timization problem, using expensive Finite Element (FE) simulation runs. Fur-
thermore, we investigate the potential of training predictive ML models that can
efficiently identify optimal algorithms for BBO problems, potentially improving
the overall effectiveness of the proposed approach.

Chapter 6 summarizes significant research findings of this thesis, discusses current
limitations, and provides potential improvements for future work.

1.4 Author’s Contributions

Within the scope of this thesis, all important scientific findings and results have been
previously published and contributed as part of the research community, as summa-
rized in the following:
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Chapter 2

Preliminaries

This chapter summarizes some fundamental information that are essential for an in-
depth comprehension of this thesis. Firstly, a gentle introduction to BBO is provided
in Section 2.1, including state-of-the-art optimization algorithms and benchmark func-
tions. In Section 2.2, an overview about the fine-tuning of optimization algorithms is
briefly highlighted. This is followed by an insight into ELA for capturing the opti-
mization landscape of BBO problems in Section 2.3. Lastly, conventional optimization
approaches and recent advancements in solving real-world automotive crashworthiness
optimization are discussed in Section 2.4.

2.1 Black-Box Optimization

Generally, BBO belongs to a class of optimization problems, where an analytic form
is not available, derivative information is not reliable or lacking, and numerical ap-
proximation of the derivatives is costly [6, 9]. Without loss of generality, a continuous,
single-objective BBO problem can be represented using Equation 2.1 [8]:

minimize f : Ω ⊂ Rd → R

subject to gi(x) ≤ 0 ∀i ∈ {1, · · · , p};x ∈ Ω ,
(2.1)

where f is an objective function, g are some constraint functions, p is the number
of constraints, d is the problem dimensionality, x = (x1, . . . , xd) represents an opti-
mization solution, and Ω denotes the search space. Unless otherwise stated, the op-
timization problems throughout this thesis are defined as minimization problems. In
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2.1 Black-Box Optimization

many real-world BBO problems, the objective and constraint functions are commonly
evaluated using laboratory experiments or virtual simulations. Hence, such problems
using expensive function evaluations are also known as expensive BBO problems.

Due to the fact that derivative information is not available, classical gradient-based
optimization approaches are not applicable for BBO problems. Subsequently, various
BBO algorithms have been developed over the years, which can perform exceptionally
well on benchmark suites. In this regard, an overview for several optimization algo-
rithms investigated in this thesis is provided in Section 2.1.1 and for the BBOB suite
in Section 2.1.2.

2.1.1 State-of-the-art Optimization Algorithms

In recent developments of BBO algorithms, rapid advancements in derivative-free EAs
and surrogate-based approaches have been witnessed [8]. Basically, most of the bio-
inspired EAs are developed based on the principle of survival-of-the-fittest, where a
population evolves over generations to produce better individuals through mutation
and recombination. For instance, CMA-ES and Differential Evolution (DE) [128] are
two powerful EAs for solving BBO problems. On the other hand, surrogate-based
approaches like BO iteratively search for promising solutions through resampling, by
balancing between exploration of unknown regions within the search space and ex-
ploitation of the best-found solution. Principally, these algorithms are performed in a
few iterations until a termination condition is fulfilled, such as the function evaluation
budget has been elapsed or the improvement in the best-found solutions of the last
few iterations is marginal. In this thesis, we primarily focus on the following three
BBO algorithms, namely CMA-ES, DE, and BO.

Covariance Matrix Adaptation Evolutionary Strategy

Considered by many as one of the top-performing BBO algorithms, CMA-ES was
developed and extended based on Evolutionary Strategy (ES) [107, 108, 116]. In brief,
the general framework of ES can be outlined as follows:

1. In the first generation, a parent population is initialized.

2. Next, new offspring are created through recombination of selected parents. To
diversify the population, the offspring undergo mutation, which is crucial for
escaping from being stuck in local optima.

3. Based on a selection strategy, survivals are then selected for the next generation.

12



Chapter 2 Preliminaries

4. Step 2 and 3 are repeated until a termination condition is fulfilled.

Compared to ES, CMA-ES has the advantage that the populations in previous gen-
eration are considered for adapting the mutation distribution, which is a covariance
matrix [45, 46]. Combined with the information about evolution paths, correlated
mutations that are invariant to search space rotations can be employed to update the
covariance matrix. Furthermore, the step size in CMA-ES is modified using a cumu-
lative step size adaptation mechanism based on the conjugate evolution paths [40],
which is another crucial aspect for its empirical performance.

Since then, various extensions and variants with different improvements for CMA-
ES have been progressively introduced, such as active update [51], mirrored sam-
pling [17], threshold convergence [95], and weighted recombination [46]. Subsequently,
this motivates the development of a modular framework for CMA-ES [23], which we
refer to as Modular Covariance Matrix Adaptation Evolutionary Strategy (ModCMA)
in this thesis. In brief, a collection of CMA-ES variants are integrated into ModCMA
as modules that can be independently activated or deactivated, offering a high degree
of flexibility for a custom instantiation of CMA-ES. Following this, the interactions
between different CMA-ES variants as well as between variants and hyperparame-
ters, e.g., population size and learning rates, can be conveniently investigated using
ModCMA.

Differential Evolution

Apart from CMA-ES, DE is another widely-used BBO algorithm from the family
of EAs, which is a popular choice for its performance, simplicity, and relatively few
hyperparameters [128]. The general workflow of DE can be summarized as follows:

1. In the first generation, a population is initialized, and ideally, evenly spread
across the search space.

2. Using a mutation strategy, several “donor” solutions (mutants) are created by
adding the scaled difference between a pair of solutions to another solution, which
are randomly selected.

3. Next, new “trial” solutions (offspring) can be generated through a recombination
of donor and “target” solutions (parents).

4. Afterwards, the trial solutions compete against target solutions to determine
survivals for the next generation.
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2.1 Black-Box Optimization

5. Step 2 to 4 are repeated until a termination condition is fulfilled.

Fundamentally, the underlying structure of DE is modular by design, where the
operations of mutation and recombination are independent, and hence, can be com-
pletely separated. Similar to ModCMA, a modular framework consisting of a variety
of DE variants has been recently proposed, which we refer to as Modular Differential
Evolution (ModDE) [142].

Bayesian Optimization

Unlike EAs, BO is a class of iterative optimization algorithms that explores and
searches for better solutions through resampling promising regions within the search
space, relying on approximating the true functions using surrogate models [85]. Later,
BO was popularized for BBO problems with expensive function evaluations in engi-
neering domain under the name Efficient Global Optimization (EGO) [52]. In fact,
BO is widely applied for solving expensive BBO problems using a limited function
evaluation budget. A comprehensive explanation of BO and its extensions, e.g., for
multi-objective optimization and constraint handling, is available in [153]. For the
sake of consistency, we refer to standard BO and EGO simply as BO in the remaining
of this thesis. Basically, the general workflow of BO can be described as follows:

1. A set of initial Design of Experiments (DoE) samples is generated using a sam-
pling method, such as Latin Hypercube Sampling (LHS) [81]. Ideally, the DoE
samples are evenly distributed across the design space, for a better approxima-
tion of the true functions using surrogate models.

2. Based on the DoE samples, a surrogate model is constructed to approximate the
true optimization functions with uncertainties. In practice, Gaussian Process
Regression (GPR) [61] model is commonly employed as surrogate model in the
standard BO approach.

3. By exploiting the information provided by the surrogate model, an acquisition
function is utilized to determine promising candidates to be evaluated, which is
also known as resampling. Essentially, the acquisition function is maximized
through an internal optimization within the BO framework. Some popular
choices of acquisition function are Expected Improvement (EI) [52], Probability
of Improvement (PI) [84], Lower Confidence Bound (LCB), and Upper Confi-
dence Bound (UCB) [124], each offering a different search strategy in balancing
between the explorative and exploitative behavior of BO algorithm.
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4. After evaluating the suggested candidates, the new solutions are added to the
set of DoE samples. In expensive BBO problems, the candidates are evaluated
using expensive function evaluations.

5. Step 2 to 4 are repeated until a termination condition is fulfilled.

One of the weaknesses of BO is that its performance suffers from the curse
of dimensionality and tends to deteriorate for high-dimensional problems. Follow-
ing this, different variants of BO have been introduced over the years to better
handle high-dimensional problems, such as Principal Component Analysis assisted
Bayesian Optimization (PCA-BO) [106], Kernel Principal Component Analysis as-
sisted Bayesian Optimization (KPCA-BO) [5], Trust Region Bayesian Optimization
(TuRBO) [32], Sparse Axis-Aligned Subspace Bayesian Optimization (SAASBO) [31],
and Heteroscedastic Evolutionary Bayesian Optimization (HEBO) [21]. An extensive
analysis of these BO variants is provided in [113]. Recently, it has been shown that
slightly adjusted standard BO can achieve improved performance in high dimension-
ality, which calls for further investigations [48].

Further Optimization Algorithms

Apart from the aforementioned algorithms, we also briefly employ Genetic Program-
ming (GP) to guide the function evolution towards specific optimization problem
classes in this thesis (Section 4.3). Inspired by neo-Darwinian evolution [64], the
workflow of standard GP is similar to other EAs, i.e., by evolving a population based
on the principle of survival-of-the-fittest and biologically-inspired operators. Previ-
ously, GP has been commonly applied for solving symbolic regression problems [130],
where GP is employed to construct an explicit mathematical expression based on a
given dataset. Following this, human-interpretable surrogate models can be build to
analyze the relationship between different decision variables of BBO problems.

Beyond that, we also utilize several other BBO algorithms in this thesis, such as
PSO [55], Estimation of Multivariate Normal Algorithm (EMNA) [66], Constrained
Optimization by Linear Approximation with Random Restart (RCobyla) [97], Simul-
taneous Perturbation Stochastic Approximation (SPSA) [123], NGOpt [104], and Ran-
dom Search (RS). Comprehensive overviews of further state-of-the-art BBO algorithms
are available in [6, 8, 9, 10, 96].
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2.1.2 Black-Box Optimization Benchmarking Suite

With the exponential growth of BBO algorithms over the years, a fair performance
assessment and comparison between them heavily relies on suitable benchmark suites
that cover a diverse set of optimization problem classes. For example, the BBOB
family of problem suites are some of the most utilized sets of problems considered
for benchmarking optimization heuristics [41]. Initially proposed in [44], the BBOB
suites have been integrated into the Comparing Continuous Optimizers (COCO) plat-
form [43] and Iterative Optimization Heuristic (IOH) profiler [28]. As one of the
most established platforms for benchmarking purposes, COCO facilitates a compari-
son between algorithms by storing detailed performance statistics, which can be easily
retrieved, processed, and compared against a constantly expanding set of publicly ac-
cessible data [42]. Due to their popularity, the BBOB suites have become a popular
testbed for the benchmarking of algorithm configuration fine-tuning techniques, even
though they were never originally designed for this purpose.

In this thesis, we focus on the BBOB suite that consists of 24 single-objective,
noiseless, and continuous functions, which we refer to as the BBOB functions. Ac-
cording to their high-level properties [82, 83], the 24 BBOB functions can be separated
into five main groups, namely (i) separable problems, (ii) low or moderate conditioned
problems, (iii) high conditioned and unimodal problems, (iv) multi-modal problems
with adequate global structure, and (v) multi-modal problems with weak global struc-
ture, as presented in Table 2.1.

One of the main advantages of the BBOB suite is that the functions can be scaled
to arbitrary dimensionality, facilitating an investigation of different problem dimen-
sionalities. Furthermore, arbitrarily many problem instances or variants of BBOB
functions can be generated through transformations of both the search space and ob-
jective values, which are controlled internally by a unique identifier, also known as
instance ID (IID). Principally, problem instances of the same BBOB function belong
to the same optimization problem class. For most of the BBOB functions, the search
space transformations consist of a combination of translation and rotation matrices.
Since the objective values can be transformed as well, the optimization performance
metrics commonly used are relative to the global optimum, allowing a comparison
between different instances. While the BBOB suite was originally intended to be used
for unconstrained optimization, in practice, most investigations based on the BBOB
functions focus on the search space [−5, 5]d, where the global optimum is located inside
[−4, 4]d.
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Table 2.1: Classification of 24 BBOB functions into five groups (separated by hori-
zontal lines) based on their high-level properties, such as multi-modality, global struc-
ture, separability, variable scaling, homogeneity, basin-sizes, and global to local con-
trast. From top to bottom: Separable problems (F1–F5), low or moderate conditioned
problems (F6–F9), high conditioned and unimodal problems (F10–F14), multi-modal
problems with adequate global structure (F15–F19), and multi-modal problems with
weak global structure (F20–F24). Table taken from [82].

BBOB Function multim. gl.-struc. separ. scaling homog. basins gl.-loc.

F1 Sphere none none high none high none none
F2 Ellipsoidal separable none none high high high none none
F3 Rastrigin separable high strong none low high low low
F4 Bueche-Rastrigin high strong high low high med. low
F5 Linear Slope none none high none high none none

F6 Attractive Sector none none high low med. none none
F7 Step Ellipsoidal none none high low high none none
F8 Rosenbrock low none none none med. low low
F9 Rosenbrock rotated low none none none med. low low

F10 Ellipsoidal high-cond. none none none high high none none
F11 Discus none none none high high none none
F12 Bent Cigar none none none high high none none
F13 Sharp Ridge none none none low med. none none
F14 Different Powers none none none low med. none none

F15 Rastrigin multi-modal high strong none low high low low
F16 Weierstrass high med. none med. high med. low
F17 Schaffer F7 high med. none low med. med. high
F18 Schaffer F7 mod. ill-cond. high med. none high med. med. high
F19 Griewank-Rosenbrock high strong none none high low low

F20 Schwefel med. deceptive none none high low low
F21 Gallagher 101 Peaks med. none none med. high med. low
F22 Gallagher 21 Peaks low none none med. high med. med.
F23 Katsuura high none none none high low low
F24 Lunacek bi-Rastrigin high weak none low high low low
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Recently, effort has been invested to further diversify the benchmark problem
classes available in the BBOB suite using an affine combination of two selected BBOB
functions [26]. In brief, new benchmark functions can be generated through interpola-
tion between the selected BBOB functions, by employing a weighting factor to control
the shifting between them. Later, this function generation approach was generalized
to affine combinations of multiple BBOB functions, also known as Many-Affine Black-
Box Optimization Benchmarking (MA-BBOB) functions [147, 148]. In other words,
the affine combination mechanism has been extended to a combination of multiple
BBOB functions, thereby allowing the generation of more complex functions.

Beyond that, the so-called Instance Space Analysis (ISA) [121] is another excit-
ing research direction, attempting to improve the diversity of optimization problem
classes provided by existing benchmark suites. Essentially, the instance space covered
by benchmark suites is analyzed based on some feature-based representations of the
problem instances, to identify poorly-covered regions within the instance space. Of-
tentimes, ISA is performed using a performance-oriented perspective w.r.t. a set of
optimization algorithms, ensuring that the newly created functions are discriminative
in terms of algorithm performances. For instance, GP can be employed for the gener-
ation of new benchmark functions to fill the gaps based on some ELA features [88].

2.2 Fine-tuning of Algorithm Configuration

Since the performance of BBO heuristics highly depends on their hyperparameter
setting, an optimal configuration is necessary to achieve the best possible optimiza-
tion performance w.r.t. the best-found solution, time, and computational resources. In
short, the terminology hyperparameter refers to a parameter of optimization algorithms
that can be defined by practitioners to control the search behavior during optimiza-
tion runs, such as the learning rates in CMA-ES. The process of identifying optimal
algorithm configurations is also commonly known as Hyperparameter Optimization
(HPO) [37]. Apart from fine-tuning only the hyperparameters, HPO can be com-
bined with AS, becoming Automated Algorithm Configuration (AAC) or Combined
Algorithm Selection and Hyperparameter Optimization (CASH) [133]. Essentially, the
main purpose of CASH is to identify the most suitable optimization algorithm from
an algorithm portfolio, while simultaneously fine-tuning its hyperparameters. In liter-
ature, these terminologies are sometimes used interchangeably, since a clear definition
is still lacking. Based on the descriptions provided in [114], we consider the following
definitions in this thesis for the sake of consistency:
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AS: Selecting an optimal algorithm from an algorithm portfolio, without fine-tuning
its hyperparameters.

HPO: Fine-tuning the hyperparameters of a particular optimization algorithm.

AAC / CASH: Selecting an optimal algorithm and fine-tuning its hyperparameters.

In this context, we also refer to the term algorithm configuration as a set of hyperpa-
rameter settings of an optimization algorithm. To the best of our knowledge, existing
HPO approaches typically require a large function evaluation budget, and hence, are
less applicable for real-world expensive BBO problems.

Since there is no such a one-for-all optimizer that can perform well on all BBO
problems [156], HPO is vital to fine-tune optimization algorithms for maximal opti-
mization efficiency. Nevertheless, this task can be extremely challenging, particularly
for practitioners with limited experience and domain knowledge in HPO. Consequently,
various optimizers have been developed over the years to facilitate an automated HPO
process, such as Tree-structured Parzen Estimator (TPE) [13], Sequential Model-based
Algorithm Configuration (SMAC) [69], Iterated Racing (irace) [78], and Mixed-Integer
Parallel Efficient Global Optimization (MIP-EGO) [140], where the hyperparameter
search space typically consists of continuous, integer, categorical, and conditional vari-
ables. Within the scope of this thesis, we primarily focus on the surrogate model-based
HPO approaches, namely TPE and SMAC.

TPE: As a variant of the BO algorithm, TPE has a similar framework as the standard
BO, but utilizes Parzen estimators as surrogate models, which can handle mixed-
integer search space and scale well to high dimensionality. For example, TPE
has been previously applied to fine-tune the learning rates of CMA-ES [159].

SMAC: To handle the mixed-integer search space, Random Forest (RF) models are
utilized in SMAC as surrogate models. Subsequently, the mean and variance
computed from the individual trees in the forest can be considered as uncertainty
of RF models, which is necessary for the computation of acquisition functions,
as described in Section 2.1.1.

Typically in HPO, the optimal algorithm configuration identified is applied and
fixed throughout an optimization run. As optimization runs progress, nevertheless,
this algorithm configuration might not always be optimal. In other words, a better
optimization performance could be achieved using other configurations. Hence, recent
research about HPO has been extended towards dynamic algorithm configuration,
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where configurations are fine-tuned and adapted on the fly during an optimization
run [1, 145], which is beyond the scope of this thesis.

2.3 Exploratory Landscape Analysis

In evolutionary computation, substantial work has been invested in landscape-aware
ASP for the fine-tuning of algorithm configuration based on the landscape character-
istics of BBO problems. Subsequently, this encourages the development of abundant
techniques for fitness landscape analysis [80]. As one of the well-established landscape
analysis methods, ELA facilitates a numerical quantification of the high-level proper-
ties of an optimization landscape [83], such as global structure, multi-modality, and
separability (refer to Table 2.1), based on some carefully designed low-level features.
Apart from the six fundamental classes of low-level features originally proposed in
ELA, namely y-distribution, level set, meta-model, local search, curvature, and con-
vexity [82], more complementary features have been gradually included [59], such as
dispersion [79], Nearest Better Clustering (NBC) [56], Principal Component Analy-
sis (PCA), linear model, and Information Content of Fitness Sequences (ICoFiS) [89].
Previously, it has been shown that ELA features are indeed sufficiently informative for
a reliable classification of the BBOB functions [111], for AS purposes [14, 49, 58, 90],
and for HPO tasks [12, 27].

Essentially, ELA features can be computed using a set of DoE samples X =

{x1, · · · ,xn} and the corresponding objective values Y = {y1, · · · , yn}, where f : X →
Y, xi ∈ Rd, yi ∈ R, and n represents the DoE sample size. Consequently, the com-
putation of ELA features is dependent on factors, such as DoE sample size, sampling
strategy, and problem dimensionality [87, 152]. In fact, concerns regarding the follow-
ing aspects of ELA features have been previously raised, namely:

• Many of the ELA features are highly correlated and redundant, particularly for
those belonging to the same feature class [150];

• Some of the ELA features are insufficiently expressive in distinguishing different
problem instances [110];

• The hand-crafted ELA features might suffer from potential bias in capturing
certain optimization landscape characteristics [118]. Furthermore, since ELA
was developed and evaluated mainly using the BBOB suite, the design and
problem classes of BBOB functions might guide the development of ELA to
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some extent, raising the questions as to whether ELA can generalize well to
problem classes beyond the BBOB suite; and

• ELA features are in general less discriminative for high-dimensional prob-
lems [86].

Attempting to overcome the drawbacks of ELA features, feature-free landscape
analysis approaches based on latent space representations computed using deep-
learning techniques have been actively explored, such as Deep-ELA [118, 119] and
DoE2Vec [139] (Section 3.1.2). Further relevant work is available in [2, 99, 102]. Com-
pared to the classical ELA features, however, an interpretation and understanding of
these latent space representations are not as straightforward.

Apart from handling automated AS tasks, ELA has shown promising potential
in a wide range of applications. For instance, ELA has been applied to understand
the optimization landscape of neural architecture search tasks [141], to analyze the
problem space of different benchmark problem sets [150], to study multi-objective
optimization problems [57], and to examine the landscape properties of engineering
problems like vehicle dynamics control systems [131]. Furthermore, a landscape-aware
fine-tuning of the acquisition function in BO algorithm based on ELA features has
been recently investigated in [12]. As far as we know, no relevant work has been
previously attempted to analyze the optimization landscape characteristics of real-
world expensive BBO problems, such as automotive crashworthiness optimization.

2.4 Automotive Crashworthiness Optimization

In recent years, the competitive landscape in the automotive industry has changed
drastically due to the emergence of competent automobile manufacturers worldwide
and the growth of market preference toward Battery Electric Vehicle (BEV). To stay
competitive and relevant in the market, automobile manufacturers are facing enor-
mous pressure to improve different aspects, such as enhancing the vehicle designs,
broadening the spectra of vehicle models, shortening vehicle development cycles, and
effectively lowering production costs [29]. For instance, vehicle designs nowadays are
becoming increasingly sophisticated due to the stricter regulations on road safety im-
posed by authorities and the fact that various features and functionalities must be
integrated to better retain customer satisfaction in terms of safety, comfort, driving
experience, and entertainment. Subsequently, vehicle development demands a close
cooperation between multiple disciplines, such as crashworthiness, structural statics,
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driving dynamics, and acoustics [18, 47]. Hence, an efficient strategy for the vehicle
designing process during the early development phase is crucial to optimize time to
market and to minimize investment costs. In this context, optimization approaches
based on virtual simulations have been heavily integrated to identify vehicle designs
that can optimally fulfill requirements imposed by different disciplines.

One of the ongoing, yet demanding research topics regarding vehicle design is the
optimization of vehicle design w.r.t. crashworthiness, which is also commonly known
as crashworthiness optimization. Belonging to the group of expensive BBO problems,
automotive crashworthiness optimization problems are usually solved using numerical
FE simulation runs, as shown in Figure 2.1 and Figure 2.2. Within the scope of this
thesis, we focus on automotive side crash as a representative crash scenario, where the
battery cells in BEV must be additionally protected from serious damages during crash.
Basically, the main goal of automotive crashworthiness optimization is to identify
vehicle designs that can provide sufficient protection to passengers in the event of
a crash, while fulfilling other requirements, such as being durable and lightweight
to reduce fuel consumption and production costs. Considering that crash problems
are oftentimes strongly nonlinear, discontinuous, and high-dimensional, and the fact
that FE simulations are computationally costly, solving automotive crashworthiness
optimization can be tremendously challenging and time-consuming.

2.4.1 Surrogate-based Optimization Approaches

Classically, an automotive crashworthiness optimization problem is solved using the
one-shot optimization approach, where the best vehicle design in a set of DoE samples
is simply considered as the optimization solution [15, 16]. The main advantage of
this approach is that multiple vehicle designs can be evaluated at once using parallel
simulation runs.

Extended from the one-shot optimization approach, the Response Surface Method
(RSM) has gained popularity in the automotive industry and is widely applied for auto-
motive crashworthiness optimization, where response surfaces or data-driven surrogate
models are employed to find optimal vehicle designs [35]. In short, surrogate models
like polynomial function, Radial Basis Function (RBF), and GPR models are trained
using a set of DoE samples to approximate the true optimization problems. With
sufficiently high approximation accuracy, solutions better than the best DoE sample
can be identified using RSM. Over the years, substantial work has been invested to
improve the effectiveness of RSM for solving vehicle design problems [34, 93].
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Passenger
(Dummy)

Battery cells

Rigid pole

(a) Full-view (left) and cross-sectioned view (right) of the deformed vehicle during crash impact. To
protect passengers and battery cells in BEV, the crash impact energy must be sufficiently absorbed
through plastic deformation of different components in the crumple zones.

(b) Top view of the deformed vehicle. Depending on the investigation purposes, the position of side
pole can be adjusted alongside the vehicle body.

Figure 2.1: Example of FE model developed for an automotive crashworthiness opti-
mization problem with side impact against a rigid pole. Figures taken from [72, 73].

Rigid barrier

Frontal crash Rear crash Roof crash

Rigid barrier

Figure 2.2: Side view of FE models developed for vehicle frontal crash (left), rear
crash (middle), and roof crash (right) against a rigid barrier. The roof crash scenario,
for instance, is designed for investigating a vehicle rollover or an overturn situation
during crash.
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Based on RSM, Sequential or Successive Response Surface Method (SRSM) [62,
125, 127] was developed to identify better solutions within the design space through
an iterative resampling, as shown in Figure 2.3. Essentially, a new response surface
is constructed to approximate the local optimization problem within a subregion of
the search space in each iteration. Based on the best-found solution in each iteration,
the subregion gradually shrinks and progressively moves towards regions with better
solutions. Subsequently, the fitting quality of response surfaces can be improved by
successively reducing the size of subregion. On top of that, engineering expertise and
domain knowledge can be additionally provided to guide the adaptation of subregion
towards regions that are expected to yield better solutions, potentially accelerating
the solving of automotive crash problems. Nevertheless, this process is challenging, as
such information might be unintentionally biased towards certain assumptions and/or
experiences from the past might be less relevant for new vehicle designs. Despite
SRSM has demonstrated promising potential in solving crashworthiness optimization
problems [65], its application in the automotive industry is still rather limited, e.g.,
due to the poorly fitted response surfaces, substantial computational expenses using
an iterative resampling, and challenges in sharing information between iterations [35].

BBO 
problems

Construction of 
response surface

Convergence
Yes

No

Solutions

Adjustment of 
subregion

Create 
DoE

Optimization on 
response surface

Figure 2.3: Example of typical optimization workflow based on SRSM for BBO prob-
lems.

Over the years, a variety of design optimization tools has been developed and of-
fered to solve engineering BBO problems in the automotive industry, such as Optimus
(Noesis Solutions) [92], HyperStudy (Altair) [3], LS-OPT (DYNAmore) [30], optiSLang
(Ansys) [4], and HEEDS (Siemens) [120]. While a detailed explanation about the opti-
mization approaches available in these commercial tools is not available due to confi-
dentiality reasons, most of them are implemented based on RSM and/or SRSM with
modifications, according to the best of our understanding. Following this, we would
expect that their optimization performances would be similar or with some improve-
ments, compared to standard RSM and SRSM.

Due to the rapid developments in vehicle designing process, both RSM and SRSM
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are gradually losing their effectiveness in solving complex automotive crashworthiness
optimization problems, which can be briefly summarized as follows:

Low fitting quality: The performance of RSM and SRSM is heavily dependent on
the fitting quality of response surfaces in approximating the true optimization
problems. Since vehicle designs are getting evermore complicated, the strongly
nonlinear and discontinuous characteristics in crashworthiness optimization usu-
ally lead to a poorly fitted response surface, and eventually, a sub-optimal solu-
tion; and

Expensive simulations: As the complexity of vehicle FE models rises exponentially
over the years, the solving time and computational resources required for FE
simulations have also increased significantly, limiting the FE simulation runs
and optimization iterations that can be performed. Consequently, it is often
infeasible in the automotive industry to improve the fitting quality of response
surfaces in RSM and SRSM by increasing the DoE sample size.

Meanwhile, the BO algorithm that excels for solving expensive BBO problems
using a small function evaluation budget (Section 2.1.1) has shown promising potential
in solving automotive crashworthiness optimization problems [39, 129]. Despite of
that, the problem dimensionalities investigated were relatively low, i.e., in 5-d and
6-d respectively. As the complexity of vehicle design increases nowadays, a higher
problem dimensionality must be considered for optimization, e.g., commonly between
15-d and 25-d. Moreover, the hyperparameters of BO algorithm must be properly fine-
tuned for an effective optimization performance, e.g., the choices of surrogate model
and acquisition function, which can be challenging for practitioners lacking in domain
knowledge.

In summary, optimization approaches that can effectively solve crashworthiness
optimization problems have gained growing attention in the automotive industry. Be-
yond that, recent optimization approaches focus on relieving practitioners from the
monotonous and exhausting manual tasks associated with conventional optimization
approaches. This can be achieved, for example, by integrating artificial intelligence
into the optimization workflow. Subsequently, practitioners can redirect their focus
and resources towards enhancing other aspects of the vehicle designing process, such
as a better definition of the vehicle design problem.
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2.4.2 Alternative Optimization Approaches

Apart from the conventional surrogate-based optimization approaches, various alter-
natives have been actively explored for solving complex automotive crashworthiness
optimization problems. Some of the related recent advancements are presented in the
following:

• While population-based optimization heuristics, such as CMA-ES, DE, and PSO,
are powerful in solving BBO problems, a large function evaluation budget is usu-
ally required for an optimization convergence. Unlike benchmark suites, where
a budget of 10 000 · d evaluations is still relatively affordable for an optimization
run, such an evaluation budget is infeasible for expensive BBO problems. Fol-
lowing this, these algorithms are currently less practical for real-world expensive
BBO problems like automotive crashworthiness optimization [158]. Meanwhile,
progressive developments have been attempted to overcome the limitation of
population-based algorithms for applications in expensive BBO domains [68];

• Multi-fidelity optimization [54] and model order reduction [22, 67] are some other
active research areas concerning crashworthiness optimization. Basically, BBO
problems are solved at a reduced cost, by utilizing low-fidelity models with an
acceptable trade-off between modeling accuracy and computational resources.
While these techniques have shown good potential in solving simple crashwor-
thiness optimization problems, an application for complex vehicle designs in the
automotive industry is still rather limited;

• Another intriguing research direction is to leverage the potential of transfer learn-
ing approaches for automotive crash optimization, by learning and transferring
knowledge from the past to future vehicle design problems [20]. One of the main
advantages of this learning-based approach is that the historical data and in-
formation can be exploited to guide the development of future vehicle designs,
potentially reducing the need for expensive simulation runs. Nevertheless, this
technique is still in its early developing phase and further investigations are
necessary for real-world applications in the automotive industry; and

• From the perspective of numerical modeling, the computation time and resources
necessary for simulation runs can be effectively reduced through some simplifi-
cations of FE models [155]. In a so-called FE submodel, only parts of a vehicle
that are relevant for the crash dynamics are retained, while the rest can be re-
placed using appropriate substituting mass and boundary conditions. Following
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this, the computational resources necessary for a simulation run can be greatly
reduced, allowing more simulation runs to be performed. While the usage of FE
submodels can be beneficial in reducing computational effort, they might be less
practical for complex vehicle design problems, especially when the crash dynam-
ics can be hardly represented and/or the additional effort needed for developing
submodels are not well worth it.
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Chapter 3

Landscape Analysis of
Engineering Optimization
Problems in Automotive Crash

As introduced in Section 1.1, we propose considering cheap-to-evaluate representative
functions with similar optimization landscape characteristics for the fine-tuning of op-
timization configurations. Following this, we focus on having a better understanding
about the optimization landscape characteristics of real-world expensive BBO prob-
lems w.r.t. some benchmark functions. In this context, two different approaches to
capture the optimization landscape characteristics of BBO problems are first intro-
duced in Section 3.1, namely based on the widely-used ELA features and the latent
space information extracted using deep NN models. Next, our investigation is ex-
tended to analyze the function properties of a large set of BBOB problem instances
in Section 3.2, since the BBOB functions are heavily considered throughout this the-
sis. This is followed by an analysis of the optimization problem classes for several
real-world automotive crashworthiness optimization problems in Section 3.3. Lastly,
Section 3.4 summarizes and concludes this chapter.
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3.1 Capturing the Landscape Characteristics of Op-

timization Problems

To capture the optimization landscape characteristics of expensive BBO problems, we
evaluate the potential of two different approaches. Firstly, we consider numerically
quantifying the representative landscape characteristics of BBO problems using some
ELA features, which has shown promising potential in previous work. As explained in
detail in Section 3.1.1, the respective optimization problem classes of BBO problems
can be conveniently identified based on their ELA features.

Apart from the hand-crafted ELA features, we investigate a feature-free alterna-
tive in capturing the optimization landscape of BBO problems using deep NN models,
which we call DoE2Vec, as introduced in Section 3.1.2. Essentially, we propose an
automated self-supervised representation learning approach to characterize the opti-
mization landscape of BBO problems based on some latent space representations.

3.1.1 Landscape Features using ELA

An overview of our ELA-based approach proposed to quantify the optimization land-
scape characteristics of real-world expensive BBO problems is visualized in Figure 3.1,
consisting of four steps in total. Essentially, by comparing the ELA features of a BBO
problem against some test functions, such as the well-known BBOB functions, the
optimization problem class of the BBO problem can be identified based on their sim-
ilarity in terms of ELA features. In other words, a BBO problem belongs to the same
optimization problem class as the test functions that have similar ELA features. Sub-
sequently, these test functions with similar optimization landscape characteristics can
be considered as representative functions for further usages, e.g., fine-tuning of algo-
rithm configurations for the BBO problem. In the following, our approach is explained
in detail:

Input: A set of DoE samples of the BBO problem instance to-be-solved is required as
input. Unless otherwise stated, the Sobol’ sampling strategy [122] is employed
for the generation of DoE samples, as suggested in [109]. Nevertheless, any
sampling strategy or a custom DoE can be utilized in practice.

Data pre-processing: The input DoE samples are pre-processed, where duplicated
samples or samples with incomplete data are discarded, e.g., missing values due
to interrupted FE simulation runs. To facilitate a fair comparison of ELA fea-
tures between the BBO problem and test functions, the search space is rescaled
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Figure 3.1: Overview of our approach to characterize the optimization landscape of
real-world expensive BBO problems, requiring some DoE samples as input and con-
sisting of four steps as marked with boxes. By comparing the ELA features of a BBO
problem against those of some test functions, the optimization problem class of the
BBO problem can be determined. On top of that, suitable representative functions
can be identified based on the ELA features. Figure taken from [73].

to [−5, 5]d using Equation 3.1, which is commonly considered for the BBOB
functions.

xnew =
xorig − amin

amax − amin
· (bmax − bmin) + bmin , (3.1)

where xorig and xnew are the design variables before and after rescaling, amin

and amax are the original minimum and maximum scale range, and bmin and
bmax are the minimum and maximum scale range after rescaling. Following this,
the same DoE samples and problem dimensionality are utilized to compute the
objective values of test functions. To minimize potential inherent bias in ELA
feature computation, the objective values are min-max normalized before the
computation [100].

Computation of ELA features: ELA features are separately computed for the
BBO problem and test functions using pflacco [98, 101], which was imple-
mented based on flacco [59, 60]. Among the more than 300 available ELA
features, we only consider features that fulfill the following requirements:

• Features that can be cheaply computed using the input DoE samples, with-
out requiring additional resampling or function evaluations;

• Features that concern only the DoE samples X are neglected, e.g., some of
the PCA features; and

• Features that are not informative about the problem landscape are ignored,
e.g., concerning the computational costs.

Since an analytical form is not known and function evaluations are costly in
real-world expensive BBO problems, computation of ELA features that require
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resampling is particularly limited. Consequently, mainly the eight ELA feature
classes summarized in Table 3.1∗ are considered in this thesis, which can be
relatively cheaply computed without resampling.

To improve the reliability of ELA feature computation, particularly for a small
DoE sample size in expensive BBO problems, and to minimize the impact of ran-
dom sampling in ELA feature computation, we consider the mean ELA feature
values computed based on a bootstrapping strategy. In brief, the ELA feature
computation is repeated for 20 times using a subset of the input DoE samples,
consisting of roughly 80% or 0.8 · n samples that are randomly selected in each
repetition. Eventually, the mean feature values are considered for further analy-
sis. Furthermore, when the BBOB functions are considered as test functions, the
ELA feature values are additionally averaged across the first 20 BBOB instances
to improve their robustness. In cases where a feature computation fails, e.g.,
when the sample size is too small for computing the level set or linear model
features, it will be skipped. Consequently, fewer ELA features will be computed
for such a problem instance.

Processing of ELA features: Before the ELA features between the BBO problem
and test functions are compared against each other, two feature processing steps
are performed as follows:

1. Since many of the ELA features are highly correlated and redundant [109,
150], only a subset of all ELA features computed is considered for the
comparison. Precisely, for each highly correlated feature pair based on
Pearson’s correlation coefficient (> 0.95), the feature that has a higher mean
correlation with other remaining features is removed. Meanwhile, ELA
features that have a constant value across all functions are automatically
neglected; and

2. To ensure that the computed ELA features are within a comparable scale
range, they are standardized by removing the mean and scaling to unit
variance.

Both steps are first performed on the ELA features of the test functions, e.g.,
BBOB functions, and then applied to those of the BBO problem, using the same

∗It is worth noting that, flacco was initially employed for the ELA feature computation during
some early investigations in this thesis, which was later replaced by pflacco due to its higher com-
patibility with our optimization pipeline. As such, the ELA features computed might differ slightly
between investigations. However, this variation does not significantly impact our results according to
some preliminary testings.
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Table 3.1: Brief descriptions of the ELA features from eight feature classes consid-
ered in this thesis, with the respective labels for feature classes and ELA features.
Using flacco (in R), more level set features can be computed, as highlighted in gray
color, which are not yet implemented in pflacco (in Python). Table taken from [73].

Feature class Description ELA feature

y-distribution Distribution of function values. skewness
(ela_distr.*) 3 features kurtosis

number_of_peaks

Level set Measure the performance of different mmce_lda_{10,25,50}
(ela_level.*) classification methods based on mmce_qda_{10,25,50}

function value thresholds. mmce_mda_{10,25,50}
9 features (in pflacco) lda_qda_{10,25,50}
(or 18 features in flacco) lda_mda_{10,25,50}

qda_mda_{10,25,50}

Meta-model Fitting quality of linear and quadratic lin_simple.{adj_r2,intercept}
(ela_meta.*) models with and without interactions. lin_simple.coef.{min,max,max_by_min}

9 features lin_w_interact.adj_r2
quad_simple.{adj_r2,cond}
quad_w_interact.adj_r2

Dispersion Comparison of dispersion between ratio_mean_{02,05,10,25}
(disp.*) initial sample points and subset of ratio_median_{02,05,10,25}

points based on function value diff_mean_{02,05,10,25}
thresholds. diff_median_{02,05,10,25}
16 features

NBC Comparison of distance between all nn_nb.{sd_ratio,mean_ratio,cor}
(nbc.*) sample points towards nearest points dist_ratio.coeff_var

and nearest points with better nb._fitness.cor
function value.
5 features

PCA Information based on PCA on expl_var_PC1.{cov_init,cor_init}
(pca.*) initial sample points.

2 features

Linear model Measure the average coefficient vectors avg_length.{reg,norm}
(limo.*) across multiple linear models. length.mean

4 features ratio.mean

ICoFiS Measure of smoothness, ruggedness, h.max
(ic.*) and neutrality of the landscape eps.{s,max,ratio}

through random walk. m0
5 features
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subset of ELA features as well as the same mean and variance for standardization.
This is necessary to minimize potential information leakage, similar to the over-
fitting problem in a ML context. Moreover, both steps are essential to improve
the comparison results based on a distance-based metric in the next step.

Comparison of ELA features: Using the Euclidean distance metric and an equal
weighting of all remaining ELA features, the similarity between the BBO problem
and test functions w.r.t. ELA features can be quantified. Subsequently, the
optimization problem class of the BBO problem can be identified based on its
neighboring test functions with a small difference in ELA features.

Output: The landscape characteristics of the BBO problem in terms of ELA features
and a set of neighboring test functions with similar optimization landscape char-
acteristics are provided as output. These similar test functions can be potentially
considered as representative functions for the BBO problem for further usages.

In our approach, the optimization landscape of real-world expensive BBO problems
are characterized based on some ELA features computed using an initial set of DoE
samples, without requiring additional costly function evaluations. While the effective-
ness of ELA features could be potentially sacrificed, since they are dependent on factors
like DoE sample size and problem dimensionality, as discussed in Section 2.3, this step
is essential to facilitate an application of our approach for expensive BBO problems.
Given that adding more DoE samples can be particularly limited in expensive BBO
problems, we propose to consider an initial DoE sample size that is affordable w.r.t.
real-world constraints, while the representative landscape characteristics can still be
sufficiently captured. Based on our preliminary testing, for instance, a DoE of around
20 · d samples seems to be an optimal trade-off for the automotive crashworthiness
optimization problems investigated in this thesis (Chapter 5). Nonetheless, a closer
investigation on this topic is necessary to have a better understanding.

Apart from considering some test functions with similar optimization landscape
characteristics as representative functions, another alternative could be using some
data-driven surrogate models trained on some DoE samples for the fine-tuning of
algorithm configurations. While this approach seems to be much more straightforward,
our approach has the advantage that optimization configurations are fine-tuned for a
particular optimization problem class, rather than only for that particular problem
instance, similar to a ML over-fitting problem. In other words, optimal configurations
identified using our approach could perform equally well on other problem instances
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that belong to the same optimization problem class. A similar research topic was
briefly explored in [157].

3.1.2 DoE2Vec: A Feature-free Approach using Autoencoder

On the contrary to the hand-crafted ELA features, here we investigate a feature-free
approach to capture the optimization landscape characteristics of real-world expen-
sive BBO problems. Principally, informative latent representation vectors are ex-
tracted from some DoE samples using deep NN models, e.g., Variational Autoencoder
(VAE), and thus, the name DoE2Vec. Subsequently, the low-dimensional represen-
tations of the optimization landscape of BBO problems can be captured in an auto-
mated, generic, and unsupervised manner. Compared to the classical ELA approach,
DoE2Vec has the following advantages, namely:

• Domain knowledge in optimization landscape analysis w.r.t. feature engineering
and feature selection is not strictly required;

• Bias toward particular landscape characteristics in the latent representations, if
any, can be minimized; and

• Independent of the sampling method.

In the following, a brief introduction to the VAEs employed in DoE2Vec is pre-
sented, followed by an overview of the DoE2Vec workflow, and lastly some result
discussions and limitations of DoE2Vec are provided. To the best of our knowledge, a
similar approach to capture the optimization landscape characteristics of BBO prob-
lems using VAEs has not yet been attempted.

Variational Autoencoder in DoE2Vec

Similar to a standard Autoencoder (AE), the VAEs employed in DoE2Vec have a sim-
ilar architecture, consisting of three components, namely an encoder, a hidden layer,
also known as bottleneck, and a decoder, as shown in Figure 3.2. In DoE2Vec, the ob-
jective values Y of some DoE samples are provided as input for a VAE. Essentially, the
encoder projects the input space Y to a representative feature space H, i.e., v : Y −→ H,
while the decoder transforms the feature space back to the input space w : H −→ Ŷ [19].
To better capture crucial representations of the input space, a VAE is constructed us-
ing an input layer and an output layer of the same dimension dY , but a bottleneck
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layer of lower dimension dH, i.e., dH < dY . By encoding the latent space as a dis-
tribution using a mean and variance layer, along with a sampling method, the latent
space can be properly regularized to provide more meaningful latent representations.

Y Y
v w

Y Y
v w

Figure 3.2: Example of standard AE (top) and VAE (bottom) considered in DoE2Vec.
In comparison to an AE, the latent space of a VAE is encoded as a distribution using
a mean and variance layer, together with a sampling method. The latent space z is
defined by z = µ+ σ · ϵ, where ϵ denotes the sampling using a mean µ and a variance
σ. Figure taken from [139].

During the unsupervised training process, a VAE attempts to optimally reconstruct
the original input space Y, by minimizing the reconstruction error LVAE defined in
Equation 3.2, which can be considered as a way to estimate the quality of learned
representations.

LVAE(Y, Ŷ) = β · LKL(Y, Ŷ) + LMSE(Y, Ŷ) ,

LKL(Y, Ŷ) =
1

2

|Y|∑
i=1

(exp(σi)− (1 + σi) + µ2
i ) ,

LMSE(Y, Ŷ) =
∑

y∈Y,ŷ∈Ŷ

(y − ŷ)2 ,

(3.2)

where a weighting factor β is included to control the trade-off between a regularization
term and a reconstruction error, µ denotes the mean, and σ denotes the variance
latent layers in a VAE model. In DoE2Vec, the regularization term is expressed using
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the Kullback–Leibler (KL) divergence LKL, while the Mean Squared Error (MSE)
LMSE is used for the reconstruction error. Moreover, the VAEs employed in DoE2Vec
have an architecture of seven fully connected layers in total, namely:

• The encoder is composed of four fully connected layers, starting with the input
layer size dY , which is equal to the DoE sample size n. This is followed by two
hidden layers with a size of n/2 and n/4 respectively. For the mean and log
variance of the latent space, the latent size ls (ls < n/4) is assigned; and

• The decoder is composed of three fully connected layers, having a size of n/4,
n/2, and n for the final output layer.

Furthermore, the Rectified Linear Unit (ReLU) activation function is assigned to the
hidden layers, while the sigmoid activation function is used for the final output layer
in decoder.

Using a grid search approach, the impact of two parameters on the model per-
formance is briefly analyzed, namely the latent size ls and the KL loss weight β, as
shown in Figure 3.3. Based on our analysis, a combination of either 24 or 32 latent
size (expressed as VAE-24 or VAE-32) and β of 0.001 seems to be a good compromise
for minimizing the loss functions. Subsequently, these parameters are considered in
our following investigations. While a fine-tuning of the model parameters could po-
tentially further improve the model performance, this is not considered here, since we
are not focusing on reconstructing the optimization landscape. Instead, we consider
the reconstruction as a mean to evaluate the quality of learned representations.

The complete specification of different VAEs is available in [138] and the pre-trained
models are available in our repository [137].

Workflow of DoE2Vec

Similarly to the ELA-based approach illustrated in Figure 3.1, the workflow of
DoE2Vec is visualized in Figure 3.4. Instead of the BBOB functions, the function
generator from Section 4.1 is integrated in DoE2Vec to generate a diverse set of test
functions in terms of optimization landscape. Precisely, test functions belonging to
different optimization problem classes can be randomly generated using this function
generator, which we call random functions or Randomly Generated Function (RGF).
A detailed explanation of RGFs is provided in Section 4.1.

In the first step, the DoE samples X of a BBO problem is taken as input, which is re-
scaled to [−5, 5]d. Using the random function generator, a preferably large set of RGFs
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Figure 3.3: Parallel coordinates plot of different latent sizes ls and KL loss weights β
in relation to the regularization term LKL and reconstruction error LMSE. Each color
or line represents a combination of model parameters. Generally, conflict between
both loss terms can be observed, where a parameter combination with a lower LMSE
tends to have a higher LKL, and vice versa. From left to right: Latent size, KL loss
weight, LMSE, and LKL.

can be generated and evaluated using the same DoE samples. Next, the corresponding
objective values Y are rescaled to [0, 1], which are then provided for the training of
VAEs. Subsequently, the trained VAEs can be employed to compute the latent space
representations of the BBO problem. Using a distance-based metric like Euclidean
distance, a set of RGFs similar to the BBO problem in terms of latent representations
can be identified. Since the latent representations can be readily utilized, a feature
processing step is not strictly necessary here, such as normalizing or eliminating highly
correlated features.
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Comparison

Random 
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Figure 3.4: Overview of the workflow of DoE2Vec. Basically, VAEs are employed
to capture the latent representations of BBO problems, which are trained using a
preferably large set of RGFs covering a variety of optimization problem classes.
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Performance Assessment of DoE2Vec

To evaluate the performance of DoE2Vec in capturing representative latent represen-
tations of BBO problems, two investigations are performed, namely (i) visual inspec-
tion of the optimization landscapes and (ii) classification of the BBOB functions. In
general, our investigations have the following setup, namely a DoE of 256 samples
generated using Sobol’ sampling and a set of 250 000 RGFs for the model training.

i. Visual comparison of optimization landscape: Firstly, we evaluate the po-
tential of DoE2Vec in identifying RGFs that have optimization landscape char-
acteristics similar to BBO problems. Since an analytical analysis can be chal-
lenging, our investigation instead focuses on visual inspection of the optimization
landscape based on 24 BBOB functions (of the first instance) in 2-d. Precisely,
the respective RGFs having the most similar latent space representations in
terms of the Euclidean distance are identified for each BBOB function. As visu-
ally compared in Figure 3.5, a well-fitting RGF can be identified for most BBOB
functions, even for highly nonlinear functions like F22. Nevertheless, a clear
visual difference in the optimization landscape between some BBOB functions
and RGFs can be observed, such as F16 and F24. This indicates that the rep-
resentative landscape characteristics of such complex functions are insufficiently
captured using our DoE2Vec approach.

ii. Classification of the BBOB functions: Secondly, another attractive applica-
tion of DoE2Vec is to classify optimization problems according to their high-level
function properties, such as multi-modality, global structure, and funnel struc-
ture [119]. Since these high-level properties often determine the complexity of
optimization problems, an appropriate capturing of these properties are crucial
for algorithm configuration fine-tuning purposes. For the multiclass classifica-
tion tasks, a standard RF model with 100 trees from sklearn [94] is employed.
Using the following setup, we compare the effectiveness of ELA features and/or
latent representations computed using different AEs or VAEs for the multiclass
classification tasks:

• Standard AE using the same architecture as VAE models, except that the
latent space is now a single dense layer. Subsequently, the performance of
two AEs and two VAEs is evaluated, consisting of AE-24, AE-32, VAE-24,
and VAE-32;
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Figure 3.5: Pairs of 24 BBOB functions (left side) and their respective nearest
RGF (right side) identified based on some latent space representations computed us-
ing VAE-24. Figure taken from [139].
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• The classical ELA features, which are specifically designed for such function
classification tasks; and

• A combination of ELA features and latent representations captured us-
ing VAE-32 for investigating the complementary effect of different feature
sets.

The classification results based on macro F1 scores using different approaches
are summarized in Table 3.2. Generally, a good performance can be achieved
by DoE2Vec using both AE and VAE, particularly in low problem dimension-
ality. On the other hand, the ELA approach constantly outperforms DoE2Vec,
especially in classifying the global structure and multimodal landscapes, which
however comes as no surprise. Fascinatingly, the classification performance can
be further improved using a combination of ELA and DoE2Vec, revealing the
complementary effect of both feature sets. In other words, the latent represen-
tations learned using DoE2Vec can be employed next to the ELA features, for a
better handling of classification tasks.

Table 3.2: Classification results based on macro F1 scores averaged across 10 repe-
titions using a standard RF model. The RF model is first trained using the feature
representations (AE, VAE, ELA, and ELA combined with VAE-32) of the first 100 in-
stances for each BBOB function, and then validated using instance 101 to 120. *The
results using PCA, reduced Multiple Channel (rMC), and Transformer are directly
taken from previous work in [119], using an identical experimental setup, but without
repetition. Table taken from [139].

d Task AE-24 AE-32 VAE-24 VAE-32 ELA PCA* rMC* Transformer* ELA-VAE-32

multimodal 0.875 0.849 0.877 0.856 0.984 0.994 0.971 0.991 0.991
2 global struct. 0.903 0.904 0.902 0.889 0.983 0.992 0.965 0.991 0.998

funnel 0.985 0.974 0.956 0.978 1.000 0.999 0.995 1.000 1.000

multimodal 0.908 0.903 0.880 0.889 0.963 0.897 0.947 0.991 0.998
5 global struct. 0.838 0.828 0.810 0.793 1.000 0.807 0.859 0.978 1.000

funnel 1.000 1.000 0.996 0.991 1.000 0.990 0.989 1.000 1.000

multimodal 0.877 0.813 0.844 0.838 1.000 0.839 0.952 0.974 1.000
10 global struct. 0.794 0.737 0.783 0.745 0.902 0.774 0.911 0.963 0.991

funnel 0.998 0.993 0.997 0.993 0.972 0.977 0.991 1.000 0.997

multimodal 0.726 0.722 0.700 0.694 0.970 - - - 0.991
20 global struct. 0.689 0.621 0.606 0.626 0.972 - - - 0.997

funnel 0.993 0.982 0.985 0.982 1.000 - - - 1.000

Limitations of DoE2Vec

Based on our investigations, DoE2Vec has shown motivating potential in capturing
representative latent representations of BBO problems, which could be potentially
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used to identify representative functions for further usages. The complete result dis-
cussions are available in [139]. Instead of replacing the classical ELA features, we
propose to extend the ELA feature set with the latent space representations com-
puted using DoE2Vec. Meanwhile, the following limitations of DoE2Vec have been
identified, namely:

1. The latent space representations computed using VAEs are a black-box that are
extremely difficult to be interpreted;

2. DoE2Vec is scale-invariant, but not rotation- or translation-invariant, which
could be improved by using other loss functions; and

3. In cases where no pre-trained VAE is available, e.g., when using a custom DoE,
the model must be trained from scratch. Depending on the DoE sample size
and number of RGFs, the training of VAEs could be relatively time-consuming
compared to the ELA feature computation.

Following this, substantial work is necessary to significantly improve the performance
and reliability of DoE2Vec. Thus, this topic is not pursued any further in this thesis.
Instead, we focus on the ELA-based approach proposed in Section 3.1.1 to capture the
optimization landscape characteristics of real-world expensive BBO problems.

3.2 Analyzing the Function Properties of BBOB In-

stances

To identify appropriate representative functions for real-world expensive BBO prob-
lems, their optimization landscape characteristics are compared against those of some
test functions, as proposed in Section 3.1.1. In this context, the BBOB functions could
potentially serve as the best candidate for this purpose, and thus, an in-depth under-
standing is necessary. Commonly in previous work, only the first few BBOB instances
are considered for investigations. Nonetheless, this could significantly impact the in-
vestigation outcomes, especially if these instances are not representative of the overall
space of instances. Following this, we analyze a large set of BBOB instances to better
understand the representativeness of different BBOB instances w.r.t. their underly-
ing function properties. Precisely, we investigate the properties of BBOB instances
in terms of (i) ELA features in Section 3.2.1, (ii) the performance of optimization
algorithms in Section 3.2.2, and (iii) the global function properties in Section 3.2.3.
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Here, we focus on the first 500 instances of the BBOB functions in 5-d and 20-d.
Furthermore, a confidence level of 99% is considered in all statistical comparisons, i.e.,
a null hypothesis is rejected, if the p-value is lower than 0.01. Full descriptions of the
experimental setup and results are available in [76, 77].

3.2.1 Landscape Characteristics based on ELA Features

Our investigation begins with an analysis of the optimization landscape characteristics
in terms ELA features. Using the ELA-based approach proposed in Section 3.1.1, a
final set of 65 ELA features is computed, where some of the PCA features that only
concern the DoE samples X are additionally included for a comprehensive analysis.
To obtain the ELA feature distributions, a total of 100 DoEs having 1 000 samples
each are generated using LHS for each BBOB instance, where the DoEs are identical
across instances.

A. Distributions of ELA features: In the first step, the distributions of ELA fea-
tures between different BBOB instances are compared using the pairwise two-
sample Kolmogorov-Smirnov (KS) test [53], using the null hypothesis the ELA
distribution is similar between both problem instances. This ends up with alto-
gether 500·499

2 = 124 750 comparison pairs for each ELA feature. To mitigate
the effect of multiple comparisons, the Benjamini-Hochberg (BH) correction
method [11] is additionally applied. For a convenient interpretation, the re-
sults are aggregated across all BBOB instances. Figure 3.6 shows the average
rejection rate of the null hypothesis, i.e., the fraction of tests that rejects the
null hypothesis.

In 5-d, some ELA features clearly differ between the BBOB instances, particu-
larly the ela_meta.lin_model.intercept. Nevertheless, this does not neces-
sarily indicate that all instances should be considered different, since some ELA
features are not invariant to scaling of the objective function, such as the lin-
ear model intercept [152]. On the other hand, barely any test rejections can
be observed in some features, such as the PCA features. This is because they
are primarily computed using the DoE samples X , which are identical across
instances. While the objective values Y can principally influence some of the
PCA features, their impact is relatively marginal.

On a per-function basis, some commonalities in many of the ELA features can
be noticed. Interestingly, no difference between instances for almost all ELA
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Figure 3.6: Average rejection rate of the null hypothesis the distribution of ELA feature
between instances is similar, aggregated over 500 BBOB problem instances in 5-d (top)
and 20-d (bottom). A lighter color represents a higher rejection rate. An extra row
(bottom) is included for the average across all BBOB functions and an extra column
(right) for the average across all ELA features. Figure taken from [76].
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features can be observed in functions like F5, F16, F23, and F24. It is worthwhile
to point out that even for a simple function like F1, many features differ between
instances. Since translation is the only transformation applied to F1 [44], which
uniformly at random moves the global optimum within [−4, 4]d, the high-level
landscape properties must be well preserved. While this is true as long as F1 is
treated as an unconstrained problem, this is not the case in ELA, where samples
are drawn within a bounded domain for feature computation. Following this,
translating the function can significantly impact the low-level landscape features,
which might explain the huge differences in ELA features across F1 instances.

Overall, a similar pattern can be observed in 20-d BBOB functions with a reduced
magnitude. Moreover, functions like F9, F19, and F20 now barely show any
statistical difference between instances.

B. Dimensionality reduction: Based on the standardized ELA features, i.e., by
removing the mean and scaling to unit variance, the distributions of BBOB
instances are projected to the 2-d ELA feature space using the t-distributed
Stochastic Neighbor Embedding (t-SNE) approach [136], as shown in Figure 3.7.
While it is clear that most instances of the same BBOB functions are clustered
together, several BBOB instances are spread throughout the feature space, in-
dicating that these outlying instances might be less similar compared to those
clustering one. This is particularly noticeable in 5-d, where several functions
are somewhat spread across the projected space. On the other hand, the BBOB
function clusters seem to be much more stable in 20-d, matching our interpre-
tations earlier in Figure 3.6. In fact, the differences between BBOB functions
can be indeed easier detected in higher dimensionality based on ELA features,
as shown in [111], which matches the more well-defined problem clusters in Fig-
ure 3.7.

C. Representativeness of BBOB instances 1–5: Based on the statistical analy-
sis performed in Figure 3.6, we evaluate the representativeness of the first five
BBOB instances that are commonly considered in literature in terms of ELA
features. Instead of aggregating the rejections on a per-feature level, we do it
now per-function. An instance can be considered as an outlier, and thus, non-
representative, if the fraction of test rejections against other instances is high,
while the overall fraction of pairwise test rejections is low. The average fraction
of rejections across ELA features is visualized in Figure 3.8, where the rejection
rates of the first five instances are highlighted. Generally, there is no obvious
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Figure 3.7: Projection of the high-dimensional ELA feature space (altogether 64 fea-
tures, without ela_meta.lin_simple.intercept) to a 2-d visualization for the BBOB
functions in 5-d (left) and 20-d (right) using the t-SNE approach. Each dot represents
a BBOB instance and each color represents a BBOB function. Figure taken from [76].

case, where the five instances are all outliers. While some instances might have
a slightly different rejection rate than the remaining instances, we could not con-
clude that the choice of selecting these five would be any better or worse than
other instances of the same function.

Figure 3.8: Average fraction of rejections of pairwise tests between one instance and
each of the remaining ones, aggregated over all ELA features from Figure 3.6. The
first five instances of each function are highlighted, while the boxplots (gray) show
the distribution for all 500 instances in 5-d (top) and 20-d (bottom). Figure taken
from [76].
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Figure 3.9: ECDF curves of normally (left) and non-normally distributed (middle and
right) ELA features for F1 in 5-d, showing instances 1–5 and all remaining instances.
Figure taken from [76].

Apart from considering the overall representativeness based on the ag-
gregation of all ELA features, we also analyze each feature in more
detail. Using three ELA features of F1 in 5-d as an exam-
ple, namely disp.ratio_mean_25, ela_meta.lin_simple.coef.min, and
ela_meta.lin_simple.coef.max_by_min, where the pairwise statistical anal-
ysis shows a large number of rejections, the Empirical Cumulative Distribution
Functions (ECDF) curves in Figure 3.9 show the differences in distribution of
instances 1–5 against the remaining instances. Despite the differences between
instances can be relatively large, there is no evidence to conclude that the first
five instances would be less representative than any other instance set. Inter-
estingly, while some ELA features are seemingly normally distributed, this is
not the case for all features. In fact, based on our normality tests for each
ELA feature distribution in [77], some features are non-Gaussian, such as the
distribution and meta-model features.

3.2.2 Algorithm Performance across Instances

Apart from analyzing the ELA features, we also investigate the performance of opti-
mization algorithms across different BBOB instances. In this investigation, we consider
eight derivative-free optimization algorithms available in Nevergrad [104], namely
DiagonalCMA (a variant of CMA-ES), DE, EMNA, NGOpt14, PSO, RS, RCobyla,
and SPSA, using a budget of 10 000 function evaluations and 50 repetitions. In this
context, the algorithm performances are evaluated based on the best-found solution
achieved after 1 000 and 10 000 evaluations on 500 BBOB instances in 5-d. To de-
termine whether there are significant differences in algorithm performance between
instances, the Mann-Whitney U (MWU) test with the null hypothesis the algorithm
performances are similar across instances is employed, along with the BH correction
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method. On top of this pairwise testing, we additionally consider a one-vs-all compar-
ison using the same procedure, where the algorithm performance of a selected instance
is compared against the remaining 499 instances.

Rather than the absolute objective values, we consider the relative performance
measure in our investigation, i.e., precision from the global optimum. Subsequently,
it is to be expected that RS is invariant across instances, as observed in Figure 3.10.
In general, most of the algorithms have a stable performance on all BBOB functions,
which mostly matches the results from Figure 3.6. On the opposite side, SPSA shows
differences in performance between instances, particularly for F1, F5, F19, F20, F23,
and F24. This indicates that SPSA is not invariant to the transformations implemented
for the BBOB instance generation, matching with the observation that SPSA displays
clear structural bias in [144].

Figure 3.10: Average rejection rate of the null hypothesis the algorithm performances
are similar across instances, aggregated over BBOB instances per function. The opti-
mization results based on pairwise (top row) and one-vs-all (bottom row) comparisons
are shown, using 1 000 (left column) and 10 000 (right column) function evaluations.
The average values are shown in the last column and last row of each figure. Figure
taken from [76].

While some algorithms, specifically DiagonalCMA and DE, are expected to be in-
variant to the transformations used for the BBOB instance generation, this assumption
does not seem to hold for some BBOB functions like F12. This indicates that the in-
stances lead to statistically different performances of these algorithms, which might be
explainable considering that these algorithms treat the optimization problems as being
box-constrained, while the BBOB function transformations assume that the domain is
unconstrained [43]. Furthermore, while the algorithms might be invariant to rotation
and transformation, applying these mechanisms can have an effect on the initializa-
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tion, which eventually impacts the algorithm performances [143]. This is intended for
the BBOB suite, since it is stated that “If a solver is translation invariant (and hence
ignores domain boundaries), this [running on different instances] is equivalent to vary-
ing the initial solution” [43]. While this is true for unconstrained optimization, it is
not as straightforward for box-constrained problems like the BBOB functions, since
changing the initialization method could significantly influence algorithm behavior.

3.2.3 Global Function Properties

For most BBOB functions, the transformation mechanism generally consists of rota-
tions and translations, which are applied differently to preserve the high-level function
properties [44]. Nonetheless, the impact of transformation processes on the low-level
features of BBOB functions can not always be as easily interpreted. Consequently,
the differences between instances of each function are influenced by the associated
transformation procedure, resulting in some functions being much more stable than
others.

One aspect of the BBOB instances that is being treated differently is the location
of the global optimum. For most of the BBOB functions, the location of the global
optimum is uniformly sampled in [−4, 4]d by construction, where the optimum is moved
from the default location 0d using translation. Nevertheless, a different procedure
is used in some BBOB functions, such as F5. In Figure 3.11, the true location of
the global optima for the first 500 BBOB instances in 2-d is visualized. While the
distribution pattern of the global optimum for most of the BBOB functions is similar
to F1, the following exceptions can be noticed:

• The asymmetric pattern for F4 is due to the fact that the even coordinates are
being used differently than the odd ones by construction;

• For F8, a scaling transformation is applied before the final translation, resulting
in the optimum being confined to a smaller space; and

• For other functions, namely F9, F19, F20, and F24, the problem construction
requires a different setup, and thereby, the optima are distributed differently.

3.2.4 Summary

Based on our analysis, statistically significant differences between problem instances
in terms of ELA features can be observed in some BBOB functions, which seemingly
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Figure 3.11: Distributions of the global optima for 500 instances of selected BBOB
functions in 2-d. The remaining BBOB functions not shown here have a distribution
pattern similar to F1, refer to [77]. Each violet dot represents the optimum location
of a BBOB instance in the commonly used search space [−5, 5]2, marked using dashed
lines. Figure taken from [76].

lessens with increasing dimensionality. Following this, care should be taken when
relying on ELA features to represent instances, e.g., for landscape-aware HPO, since
the choice of BBOB instances could potentially lead to a different result.

Regarding the performance of optimization algorithms, only RS is close to being
fully invariant across different BBOB instances. Meanwhile, differences in performance
between instances of the same function can be observed for algorithms like CMA-ES,
which are typically considered rotation invariant. This might be related to the impact
of instance transformations on the effectiveness of algorithm initialization [143], or it
might be due to the fact that we consider the problems to be box-constrained, which
seemingly invalidates the assumptions considered in the transformation mechanisms.

Lastly, differences in the distribution pattern of the global optimum between BBOB
instances can be observed as well. While the optimum location is confirmed to be uni-
form at random in [−4, 4]d for most BBOB functions, this is not always the case, since
some problem formulations seemingly require different transformation mechanisms.
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3.3 Landscape Characteristics of Automotive Crash-

worthiness Optimization

To learn the optimization landscape characteristics of automotive crashworthiness op-
timization, we have collected 20 automotive crashworthiness optimization problems
from previous vehicle development projects performed by BMW, a German premium
automobile manufacturer. Consisting of different automotive crash scenarios, namely
side crash, rear crash, roof crash, and frontal crash, as summarized in Table 3.3, the
DoE samples were generated using the Modified Extensible Lattice Sequence (MELS)
sampling available in HyperStudy, which is a sequential lattice space-filling DoE ap-
proach developed based on the Sobol’ sequences.

Table 3.3: Summary of 20 automotive crash problem instances analyzed in this thesis,
consisting of four different crash scenarios. Table taken from [73].

Problem instance Scenario Design variables Sample size

Crash_1 Side crash 22 59
Crash_2 Side crash 22 309
Crash_3 Side crash 22 309
Crash_4 Side crash 16 150
Crash_5 Side crash 16 102
Crash_6 Side crash 16 132
Crash_7 Side crash 20 329
Crash_8 Side crash 20 330
Crash_9 Side crash 20 333
Crash_10 Side crash 18 530
Crash_11 Side crash 13 150
Crash_12 Side crash 14 99

Crash_13 Rear crash 12 180
Crash_14 Rear crash 12 259

Crash_15 Roof crash 19 100
Crash_16 Roof crash 17 107

Crash_17 Frontal crash 22 487
Crash_18 Frontal crash 20 246
Crash_19 Frontal crash 8 248
Crash_20 Frontal crash 8 246

Due to the expensive FE simulation runs, as is commonly in automotive crash
problems, some of the DoE sample sizes might be too small in relation to the high
dimensionality for a reliable ELA feature computation, particularly in Crash_1. How-
ever, adding more DoE samples is ruled out here, since we have no access to these FE
simulations. For problem instances from the same crash scenario, they were mainly
different in terms of vehicle models and load cases, e.g., different pole positions for
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side crashes. Furthermore, the design variables were the thicknesses of different vehicle
components to-be-optimized, e.g., the thicknesses of rocker panels in side crash scenar-
ios. During these development projects, the quality of a vehicle design was evaluated
using the following five objectives, which were measured and quantified as scalar FE
outputs:

1. Mass (M ): Weight of components;

2. Maximum force (Fmax): Maximum impact force during crash;

3. Intrusion (Intr): Magnitude of inward structural deformation;

4. Energy absorption (EA): The amount of kinetic energy absorbed during crash;
and

5. Rotation (Rot): Rotational deformation of components during crash. This met-
ric was introduced to measure the average vertical deformation of FE nodes
between inner and outer side of components.

Principally, the mass objective provides information about the vehicle weight, fuel
consumption, and manufacturing costs, while the remaining objectives are about the
structural performance of a vehicle design. Throughout this thesis, we also refer
to these objectives as crash functions. Nonetheless, depending on the purpose of
each vehicle development project, not all five objectives were always considered, and
therefore, not all of them were available for our study. In fact, out of the maximum
of 20 × 5 = 100 potentially available ones, only a total of 48 crash functions were
available.

3.3.1 Optimization Problem Classes

Using our approach proposed in Section 3.1.1, the ELA features of automotive crash
problems are computed and compared against those of the BBOB functions. The
differences in ELA features are visualized using agglomerative hierarchical clustering
approach [91], where problems are clustered together in a bottom-up fashion. Pre-
cisely, this approach starts with each problem as a cluster and progressively merges
clusters until one large cluster is left, consisting of all problems. Correspondingly, we
consider the Ward’s method [154] as a linkage criterion for the cluster merging strat-
egy, by minimizing the within-cluster variance. In other words, clusters are selected
for merging based on the smallest increase in the within-cluster sum of squared error
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after merging, which is proportional to the Euclidean distance. In such way, the prob-
lem class of automotive crash problems can be easily identified based on the BBOB
functions within the same cluster.

The clustering results are visualized in Figure 3.12, using the average pairwise
distance between different BBOB functions as our reference in determining to which
extent a crash function is similar to its neighboring BBOB functions. Generally, we ob-
serve that many of the crash functions are rather separated from the BBOB functions,
especially the intrusion function in Crash_8 and Crash_9, and the maximum force
function in Crash_16. The extremely large Euclidean distance of the intrusion function
in Crash_8 is primarily due to the standardized pca.expl_var_PC1.cov_init feature,
indicating that our standardization approach for ELA features using the mean and
variance from BBOB functions might not be appropriate for all crash functions. The
fact that some crash functions, such as the rotation function in Crash_6, are clustered
in the same group as F16 and F23 suggests that they could have similar landscape
characteristics, e.g., highly rugged and repetitive landscape. As expected, all mass
functions are clustered in the same group as F5, since mass is linearly dependent on
the thicknesses of vehicle components. Based on the clustering patterns, we observe
that many automotive crash problems are indeed different from the BBOB functions
in terms of landscape characteristics, revealing that these automotive crash problems
belong to problem classes other than those covered by the BBOB suite. Consequently,
the BBOB functions might be insufficiently representative for these automotive crash
problems.

For a better understanding of the clustering results, each of the ELA features is
closely examined, using Crash_2 as a representative example due to its high dimension-
ality and sufficiently large DoE sample size. As visualized in Figure 3.13, several ELA
features show remarkable differences in feature values between the crash functions and
BBOB functions, e.g., ela_distr.kurtosis and ela_level.mmce_qda_10. For a fair
evaluation, the distribution of ELA features between the crash functions and BBOB
functions are compared using the two-sample KS test with the null hypothesis the dis-
tribution of ELA features between them is similar. Since the null hypothesis is rejected
for some ELA features with a confidence level of 95%, the distribution of these ELA
features is indeed different between the crash functions and BBOB functions, which
might explain the separation in the clustering patterns observed previously.

For a convenient interpretation, the statistical comparison of ELA feature distri-
butions between the crash functions and BBOB functions for all 20 automotive crash
problems is summarized in Figure 3.14. While no obvious ELA feature has a com-
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Figure 3.12: Clustering patterns of the crash functions and 24 BBOB functions for
all 20 automotive crash problems, where the labels of crash functions are highlighted
in orange color. The reference Euclidean distance is marked with a dashed line, and
clusters below it are assigned with different colors. The intrusion function in Crash_8
has a Euclidean distance of around 700 to the main cluster, and the maximum force
function in Crash_16 has a distance of around 300, which are cut-off due to visualiza-
tion purposes. Figure taken from [73].
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Figure 3.13: Distribution of ELA features in raw feature values considered for the
clustering of 24 BBOB functions (blue color) and four crash functions (orange color)
in Crash_2. An ELA feature is highlighted with green color, if the null hypothesis the
distribution of ELA features between the BBOB and crash functions is similar is re-
jected based on the KS test with a confidence level of 95%. Figure taken from [73].
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pletely different distribution between the crash functions and BBOB functions in all
cases, the null hypothesis is rejected in many of the dispersion features. Subsequently,
the crash functions and BBOB functions might have a different degree of dispersion,
which quantifies the size of search space region with better solutions.
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Figure 3.14: Comparison of all 49 ELA feature distributions between the crash and
BBOB functions for all 20 automotive crash problems, based on the p-value computed
using the KS test. A larger p-value (darker color) indicates that the null hypothesis the
distribution of ELA features between the crash and BBOB functions is similar is less
likely to be rejected, while a smaller p-value (lighter color) for a higher chance of
rejection. A red color indicates that the null hypothesis is rejected with a confidence
level of 95%, i.e., p-value less than 0.05, while a white color indicates that an ELA
feature computation is skipped, e.g., due to a small sample size. Figure taken from [73].

Attempting to verify our hypothesis all automotive crash problems belong to the
same optimization problem class, where a general one-for-all representative function
and/or optimizer for automotive crashworthiness optimization is possible, we further
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analyze the problem class of different crash problems. Using the t-SNE approach, the
high-dimensional ELA feature space is projected to a 2-d visualization for all crash
functions and BBOB functions, as shown in Figure 3.15. In line with our observations
earlier, many of the crash functions are separated from the BBOB functions, indicating
that these functions belong to different problem classes. Rather than forming one
cluster, the crash functions are spread across the ELA feature space, forming their
own problem classes, even for crash functions of the same type, e.g., intrusion. As
opposed to our hypothesis, this insight suggests that the problem classes of automotive
crashworthiness optimization could be different, depending on the problem definition.
Consequently, each crash problem must be treated separately, such as the identification
of appropriate representative functions and fine-tuning of optimization algorithms. In
other words, an instance-based fine-tuning of optimization configurations approach
is necessary, due to the diverse optimization problem classes across crash problems.
Nonetheless, we are fully aware that this experimental setup might be inadequate to
reach a decisive conclusion and an in-depth investigation is necessary, since the crash
DoEs investigated have different sample sizes and dimensionalities, which could impact
the ELA feature computation.
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Figure 3.15: Projection of the ELA feature space to a 2d visualization for all crash
functions (altogether 48 functions; orange) and BBOB functions (altogether 24×20 =
480 functions; blue) using the t-SNE approach. Figure taken from [73].
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3.3.2 Comparison against Vehicle Dynamics Problems

Beyond that, we investigate the diversity of optimization problem classes across prob-
lem instances from different engineering domains. Precisely, the landscape character-
istics of automotive crash problems are compared against those of vehicle dynamics
problems, another common BBO problems in the automotive industry. In brief, the
vehicle control systems like Anti-lock Braking System (ABS) must be optimally cali-
brated for maximum vehicle safety and ideal driving experience [24, 132].

Altogether five ABS problems using different tires and vehicle loads are considered,
each consisting of two design variables and 10 101 DoE samples. Since such a large
set of DoE samples is not available and/or infeasible for crash problems, only crash
problems having a DoE sample size of at least 10 · d in Table 3.3 are considered for
comparison. Subsequently, we end up with a final set of 13 crash problems, consisting
of seven side crashes, two rear crashes, and four frontal crashes. For the ELA feature
computation, the approach proposed in [131] is employed, which slightly differs from
our approach proposed in Section 3.1.1 in the following aspects:

• Instead of standardization, the computed ELA features are rescaled to a similar
scale range using min-max scaling; and

• To discard highly correlated ELA features, a PCA approach is applied to the
high-dimensional ELA feature vectors.

For a fair comparison of the optimization landscape characteristics, both steps are first
performed on the BBOB functions and the identical scaling and transformation are
then applied to the engineering problem instances.

As visualized in Figure 3.16, the high-dimensional ELA feature vectors are pro-
jected to a 2-d space using the first two PCA components. Notably, a clear separation
between the crash and ABS problem instances can be observed, indicating that both
domains are indeed different in terms of ELA features. Similar to our observations in
Figure 3.15, the problem instances from the same engineering domain are scattered
across the ELA feature space as well. Interestingly, the diversity within the same
domain can be as large as across different domains.

To gain a deeper understanding about the separation between these two engi-
neering domains, the corresponding ELA features are further analyzed, as shown in
Figure 3.17. Here, the level set features are omitted, because the feature computation
fails in many of the crash problem instances. Based on visual inspection, many of the
ELA features show clear differences between the two engineering domains. For a fair

58



Chapter 3 Landscape Analysis of Engineering Optimization Problems in
Automotive Crash

−1.0 −0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0
PCA component 1

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

PC
A 

co
m

po
ne

nt
 2 y

M
Fmax

Intr
Rot
EA

Figure 3.16: Visualization of the ELA feature space for the five ABS functions
(blue), 30 crash functions (orange), and 336 BBOB functions (altogether 24 BBOB×
14 problem instances; gray) using the first two PCA components. Each dot represents
a problem instance. Figure taken from [24].

evaluation, the distribution of ELA features between them is statistically analyzed
using the two-sample KS test with the null hypothesis the distribution of ELA fea-
tures is similar. In fact, many of the ELA features indeed have a different distribution
between the crash functions and ABS problem instances, in line with our previous
observations. Consequently, our results show that both engineering domains belong
to different optimization problem classes. For a full result discussion, we refer to [24].

3.4 Conclusions

In this chapter, we focus on analyzing the optimization landscape characteristics of
real-world expensive BBO problems, using automotive crashworthiness optimization
as a representative example. Firstly, two approaches for capturing the optimization
landscape characteristics are proposed in Section 3.1. On one hand, the optimization
landscape characteristics of BBO problems are numerically quantified using the clas-
sical ELA features. On the other hand, the DoE2Vec approach is introduced, where
the BBO problems are characterized based on some low-dimensional latent space rep-
resentations computed using deep NN models like VAE. Next, a large set of BBOB
instances is extensively analyzed in Section 3.2 from the perspectives of ELA features,
optimization performances, and global function properties. Lastly, the optimization
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Figure 3.17: Comparison of 40 ELA features in raw feature values between the five ABS
functions (blue) and 30 crash functions (orange). An ELA feature is highlighted with
green color, if the null hypothesis the distribution of ELA features between the ABS
and crash functions is similar is rejected based on the KS test with 95% confidence.
Figure taken from [24].
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landscape characteristics of some real-world automotive crash problem instances are
analyzed in Section 3.3, based on a comparison against those of the BBOB functions
and some vehicle dynamics problems.

Essentially, we provide an answer to RQ1 in detail, by analyzing the optimization
landscape characteristics of automotive crashworthiness optimization problems.

RQ1: Within the feature space defined by optimization landscape features,
how are the distributions of real-world expensive BBO problems sit-
uated w.r.t. some benchmark functions?

Using our proposed ELA-based approach, the landscape characteristics of alto-
gether 20 automotive crashworthiness optimization problems with a dimension-
ality between 8-d and 22-d for different vehicle crash scenarios are computed.
Through hierarchical clustering and visualization of the ELA feature space, many
of the crash problems are clustered into different optimization problem classes,
which are separated from the BBOB functions. Following this, the BBOB func-
tions are insufficient to represent these crash problems, which belong to distin-
guishable problem classes. In other words, the BBOB functions are inappropriate
to be considered as representative functions for the automotive crash problems,
e.g., for HPO purposes.

Beyond that, clear differences in the optimization landscape characteristics
among the automotive crash problems can be observed. Instead of forming one
cluster, the crash problems are spread throughout the ELA feature space, form-
ing their own clusters, even for crash problems of the same type. Remarkably,
the diversity of landscape characteristics within a single engineering domain can
be as high as across different domains, when compared against some vehicle dy-
namic problems. Consequently, an instance-based HPO approach seems to be
much more appropriate and effective for solving real-world expensive BBO prob-
lems, i.e., the fine-tuning of optimization configurations is performed specifically
for a problem instance. In other words, optimization configurations should be
fine-tuned according to a particular problem instance, rather than to an engi-
neering domain.

Since appropriate representative functions for the automotive crashworthiness op-
timization problems cannot be identified from the BBOB suite, we shift our focus
towards generating test functions having similar optimization landscape characteris-
tics. Precisely, we evaluate the potential of a random function generator to create
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similar test functions that are appropriate to be considered as representative functions
for automotive crash problems in the following chapters.

The content of this chapter is mainly based on the author’s contribution in the
publications [24, 72, 73, 76, 139].
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Chapter 4

Representative Functions for
Hyperparameter Optimization

As discussed in Chapter 3, the optimization landscapes of automotive crashworthiness
optimization are different from those of the BBOB functions in terms of ELA features.
In other words, the automotive crash problems belong to problem classes that are not
covered by the BBOB suite, and thus, are insufficiently represented by the BBOB
functions. Following this, in this chapter we investigate the potential of generating test
functions with similar optimization landscape characteristics, which can be considered
as representative functions for real-world expensive BBO problems. Precisely, we
evaluate the potential of a tree-based function generator that can randomly generate
a diverse set of test functions in terms of optimization landscape, as introduced in
Section 4.1. Apart from analyzing the landscape characteristics based on ELA features,
we further evaluate the potential of considering similar test functions as representative
functions for HPO purposes in Section 4.2. Beyond that, we attempt to improve
the diversity of test functions that can be generated using the function generator, by
guiding the function generation towards specific optimization landscape characteristics
using GP, as presented in Section 4.3. Lastly, a conclusion is provided in Section 4.4.

4.1 Tree-based Randomly Generated Functions

Initially proposed in [134], the tree-based function generator can generate a diverse set
of random functions or RGFs that belong to different optimization problem classes. In
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4.1 Tree-based Randomly Generated Functions

fact, many of the RGFs have optimization landscape characteristics that are different
from the BBOB functions in terms of ELA features, as shown in [151]. In other
words, RGFs can potentially complement the BBOB functions to better cover the
feature space defined by the ELA features. Inspired by this work, we are motivated to
evaluate the potential of this tree-based function generator in generating similar RGFs
that can serve as representative functions for real-world expensive BBO problems.

Essentially, a tree-structure function expression is constructed using a predefined
pool of mathematical operands and operators, as summarized in Table 4.1, which are
randomly selected based on a set of selection probabilities. To improve the diversity of
RGFs that can be generated, such as noise, multi-modal landscape, and complex link-
age between variables, the so-called difficulty injection operation has been implemented
to modify the tree expression, as provided in Table 4.2. Furthermore, a tree-cleaning
operation has been additionally included to simplify the tree representations through
elimination of redundant operators, such as simplifying the expression −x− (−a) into
a − x. An extensive description of these operations is available in [134]. Another
advantage of this function generator, apart from the diversity of RGFs, is that an
arbitrary number of RGFs can be easily generated.

For a proper integration into our optimization approach, the random function
generator, which was originally developed in Matlab [135], is reimplemented in Python

with some minor modifications. Precisely, a RGF is considered invalid and discarded,
if any of the following conditions are fulfilled:

1. Error when converting a tree representation to an executable Python expression;

2. Invalid objective values, e.g., missing value or infinity; and

3. A small variance in objective values (< 1.0), to avoid on rare occasions a constant
function due to rounding, e.g., objective values are rounded off to a single integer.

Subsequently, the reimplemented random function generator is integrated into our
approach in Figure 3.1, where the BBOB functions are replaced with RGFs as test
functions. In the following, we take a closer look at the representativeness of RGFs
in terms of optimization landscape characteristics, namely based on a visualization of
the optimization landscapes in Section 4.1.1 and computation of the respective ELA
features in Section 4.1.2.
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Table 4.1: Predefined pool of operands and operators considered in the tree-based
random function generator. Table taken from [134].

Notation Meaning Syntax

a A real constant a
rand A random number rand
x Decision vector (x1, . . . , xd)

Operands x1 First variable x1

xt Translated decision variable (x2, . . . , xd, 0)
xr Rotated decision variable xr
index Index vector (1, . . . , d)

add Addition a+ x
sub Subtraction a− x
mul Multiplication a · x
div Division a/x
neg Negative −x
rec Reciproval 1/x
multen Multiplying by ten 10x
square Square x2

sqrt Square root
√

|x|
Operators abs Absolute value |x|

exp Exponent ex

log Logarithm ln |x|
sin Sine sin(2πx)
cos Cosine cos(2πx)
round Rounded value ⌈x⌉
sum Sum of vector

∑d
i=1 xi

mean Mean of vector 1
d

∑d
i=1 xi

cum Cumulative sum of vector (
∑1

i=1 xi, . . . ,
∑d

i=1 xi)

prod Product of vector
∏d

i=1 xi

max Maximum value of vector maxi=1,...,dxi

Table 4.2: Modifications of a tree-structure function expression (func) considered in
the difficulty injection operation. Table taken from [134].

Difficulty Operation Probability

1 Noise Replace func by func · rand 0.05
2 Flat landscape Replace func by ⌈func⌉ 0.05
3 Multimodal landscape Replace func by 0.10

func+ sin(2π · func)
4 Highly multimodal landscape Replace func by 0.05

func+ 10 sin(2π · func)
5 Linkages between all the Replace (x1, . . . , xd) by 0.05

variables and the first one (x1, . . . , xd)− x1

6 Linkages between each Replace (x1, . . . , xd) by 0.05
two contiguous variables (x1, . . . , xd)− (x2, . . . , xd, 0)

7 Complex linkages between Replace (x1, . . . , xd) by 0.05
all the variables xr

8 Different optimal values Replace (x1, . . . , xd) by 0.05
of the variables (1 · x1, . . . , d · xd)
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4.1.1 Visualization of Representative Functions for BBOB

In the first step, we evaluate the potential of RGFs to serve as representative func-
tions for BBO problems based on a visual inspection of the optimization landscapes.
Nonetheless, visualizing the optimization landscape is extremely challenging for high-
dimensional BBO problems, such as automotive crashworthiness optimization prob-
lems. Subsequently, we instead consider the BBOB functions in 2-d, which can be
easily visualized. Using the approach proposed in Section 3.1.1, together with a DoE
of 150 · d samples for the ELA feature computation, a representative function is sep-
arately identified from a large set of 10 000 RGFs for each of the BBOB functions.
Correspondingly, the optimization landscapes of the BBOB functions and their repre-
sentative functions are visually compared in Figure 4.1. Generally, the representative
functions have a similar optimization landscape in most cases, even for complex func-
tions like F22 and F23. In some cases, it can be observed that the representative
functions have a similar topology, yet different orientations, e.g., for F2 and F5.

Nevertheless, the optimization landscapes are visually different between the repre-
sentative functions and some complex BBOB functions, such as F16. As illustrated in
Figure 4.2, the optimization landscape of F16 is compared against the first five RGFs
having the most similar landscape characteristics in terms of ELA features. Apart
from the first RGF with the smallest difference in ELA features (similar_1), the op-
timization landscape of the remaining RGFs seems to be much more similar to F16,
i.e., a highly rugged and repetitive landscape. While a clear explanation remains to
be investigated, we suspect that:

1. This might be due to our approach in selecting and processing the ELA features
in Section 3.1.1, e.g., perhaps an equal weighting of all ELA features for the
distance computation is not optimal for all BBO problems; and/or

2. An ELA feature that can properly capture such complex landscape characteris-
tics is still lacking.

Since the differences in ELA features between F16 and all five RGFs are rather small,
we incline towards the first assumption. At the same time, this stresses the importance
of considering multiple RGFs as representative functions, to improve the performance
and reliability of our approach in fine-tuning algorithm configurations. This topic will
be discussed further in the following chapters. While RGFs with a similar optimiza-
tion landscape can be identified for most of the BBOB functions based on a visual
inspection, we are aware that this might not be the case for high-dimensional prob-
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Figure 4.1: Visual comparison of the optimization landscape between pairs of 24 BBOB
functions in 2-d (left; yellow-green) and RGFs identified as representative functions
based on ELA features (right; beige-purple). The search space [−5, 5]2 is shown on the
in-plane axis, while the min-max normalized objective values [0, 1] are on the vertical
axis, with 0 being the global optimum. A lighter color represents a larger objective
value, while a darker color for a smaller value. Figure taken from [74].
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lems. Subsequently, we continue analyzing the representativeness of RGFs based on
numerical ELA features in the next step.
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Figure 4.2: Visual comparison of the optimization landscape between F16 in 2-d
(yellow-green) and the first five RGFs with the most similar landscape characteristics
(beige-purple). The RGFs are sorted in ascending order from similar_1 to similar_5,
starting with the one having the smallest difference in ELA features. The search space
[−5, 5]2 is shown on the in-plane axis, while the min-max normalized objective values
[0, 1] are on the vertical axis, with 0 being the global optimum. Figure taken from [74].

4.1.2 Representative Functions for Automotive Crash Prob-
lems

Next, the potential of RGFs to serve as representative functions for real-world expen-
sive BBO problems is evaluated based on their ELA features. Considering the same
experimental setup described in Section 3.3, here we identify representative functions
from a set of 1 000 RGFs for the automotive crashworthiness problems. Using the crash
problem instance Crash_2 as a representative example, the crash functions are now
clustered in the same groups with several RGFs, as shown in Figure 4.3. Particularly,
the maximum force function and rotation function have a relatively small Euclidean
distance to their neighboring RGFs, compared to the BBOB functions in Figure 3.12.
In other words, these RGFs are indeed much more similar to the automotive crash
problems in terms of ELA features, in comparison to the BBOB functions.

By projecting the high-dimensional ELA space to a 2-d visualization using the t-
SNE approach, the similarity between automotive crash functions and RGFs can be
visualized, as shown in Figure 4.4. In line with our interpretations in Section 3.3, many
of the crash functions are clustered into different groups that are separated away from
the BBOB functions. On the contrary, the crash functions are closely clustered with
some of the RGFs, indicating that these neighboring RGFs are much more similar to
the crash functions w.r.t. their optimization landscapes. Following this, such similar
RGFs can be considered as representative functions for the automotive crash problems.

Since no neighboring RGF can be identified for the intrusion function, we suspect
that:
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Figure 4.3: Clustering pattern of the four crash functions and 1 000 RGF (labeled
from RGF1 to RGF1 000) for the problem instance Crash_2. Only relevant sections of
the clustering pattern and y-axis are shown here due to the limited space. The labels
of crash functions are highlighted ( orange) and the reference Euclidean distance (same
as in Figure 3.12) is marked with a dashed line, where clusters below the reference
distance are assigned with different colors. Figure taken from [73].

1. Such a similar RGF is not available in the test function set, which could be easily
solved by expanding the function set with more RGFs; or

2. Creating such a similar RGF is currently not possible using the random function
generator, which is a limitation in our approach that makes further improvements
necessary.

Considering that increasing the number of RGFs does not always lead to finding a more
similar RGF, this indicates that some of the optimization problem classes are indeed
insufficiently covered by the random function generator. Moreover, the discontinuous
nature of automotive crash problems, for instance, is currently not considered in the
random function generator, which could be potentially extended using step functions.
Based on the fact that a similar clustering pattern can be observed in the remaining
automotive crash problem instances, we are confident that RGFs with a similar opti-
mization landscape can be identified for real-world expensive BBO problems, such as
automotive crashworthiness optimization.

4.2 Representativeness for Fine-Tuning of Algorithm

Configuration

Previously in Section 4.1.2, it has been shown that some of the RGFs have similar
optimization landscapes in terms of ELA features, and thus, belong to the same opti-
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Figure 4.4: Visualization of the 2-d ELA feature space for the crash functions (orange),
24 BBOB functions (blue), and 1 000 RGFs (gray) using the t-SNE approach for all
20 automotive crash problems. Each dot represents a problem instance. Figure taken
from [73].
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mization problem classes as the automotive crash problems. Subsequently, RGFs have
promising potential to be considered as representative functions for real-world expen-
sive BBO problems. More importantly, such cheap-to-evaluate RGFs can be exploited
for the fine-tuning of optimization configurations to optimally solve expensive BBO
problems, as proposed in Section 1.1. To numerically quantify the representativeness
of RGFs for HPO purposes, we evaluate the effectiveness of RGFs in estimating the
actual performance of different optimization configurations on BBO problems to-be-
solved. In other words, we analyze the potential of RGFs in identifying optimization
configurations that can perform well on the BBO problems.

Since an investigation based on real-world expensive BBO problems is computa-
tionally infeasible and extremely time-consuming, we instead focus on the 24 BBOB
functions of the first instance in 20-d, which is a typical problem dimensionality for
automotive crash problems. Using the approach proposed in Section 3.1.1, a DoE of
20 · d samples generated using the Sobol’ sampling, and a bootstrapping of 30 repeti-
tions for the ELA feature computation, several representative functions are separately
identified from a large set of 10 000 RGFs for each of the BBOB functions. Unless oth-
erwise stated, the RGF having the smallest difference in ELA features is considered
as representative function for each BBOB function.

In this investigation, two state-of-the-art BBO algorithms are considered, namely
ModCMA and BO, using the configurations summarized in Table 4.3. Based on an
exhaustive grid search approach, a total of 972 configurations for ModCMA and 9 con-
figurations for BO are considered, where each configuration is repeated for 30 times
using different random seeds. Considering that the time-complexity of building GPR
models rapidly increases with the number of DoE samples, a smaller function evalua-
tion budget is assigned for BO. Moreover, the same DoE samples for the computation
of ELA features are considered for the training of GPR models in BO. Overall, a fixed
budget of 100 · d evaluations is allocated for ModCMA, while only 15 · d evaluations
for BO. While better optimization configurations could be possibly identified, e.g.,
using proper HPO instead of the simple grid search, this is not the motivation of this
investigation. In fact, we focus on analyzing the potential of RGFs to serve as represen-
tative functions in estimating the actual performance of optimization configurations
on unseen BBO problems.

71



4.2 Representativeness for Fine-Tuning of Algorithm Configuration

Table 4.3: Summary of optimization algorithm configurations considered for ModCMA
and BO. Table taken from [73].

Algorithm Hyperparameter Value

ModCMA Number of children { 10, 20 }
Number of parent { 3, 5 }
Initial standard deviation { 0.1, 0.3, 0.5 }
Learning rate step size control { 0.1, 0.5, 1.0 }
Learning rate covariance matrix adaptation { 0.1, 0.5, 1.0 }
Learning rate rank-µ update { 0.1, 0.5, 1.0 }
Learning rate rank-one update { 0.1, 0.5, 1.0 }

BO DoE sample size { 50, 150, 250 }
Acquisition function { EI, PI, UCB }

4.2.1 Performance Metric

While a variety of performance metrics have been introduced to evaluate different
aspects of an optimization run, such as the expected hitting time [146], many of these
metrics are less practical for real-world expensive BBO problems, since the global
optimum is oftentimes not known. Subsequently, we mainly consider the following
two metrics to evaluate the performance of optimization runs within the scope of this
thesis:

Best-found solution: Optimization solutions having a smaller objective value are
better; and

Area under the optimization convergence curve: In real-world applications,
having a faster optimization convergence is often considered as important as
finding the global optimum. In this context, finding an acceptable optimization
solution within a shorter wall-clock time and/or using less computational re-
sources can be beneficial in some cases. In fact, identifying the global optimum
for real-world expensive BBO problems is extremely challenging, e.g., due to the
strongly nonlinear nature of automotive crash problems.

Following this, we propose considering the Area Under the Curve (AUC) of opti-
mization convergence (Figure 4.7) as a performance metric, which is informative
about the solutions and convergence speed. By minimizing the AUC metric, e.g.,
using HPO, we are essentially searching for configurations that have an optimal
trade-off between optimization solutions and convergence speed. Furthermore,
in cases where multiple configurations perform equally well in terms of the best-
found solution, the AUC metric can provide additional information, e.g., for the
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Chapter 4 Representative Functions for Hyperparameter Optimization

ranking of configurations. Throughout this thesis, the AUC of an optimization
run is first computed using the min-max rescaled objective values based on the
global optimum and worst DoE sample, and then divided by the total function
evaluation budget.

4.2.2 Optimization Performance of ModCMA

Firstly, the same set of ModCMA configurations is independently evaluated on both
the BBOB functions and their respective representative functions. According to their
performances, the optimization configurations are ranked in ascending order, where
the configuration having the best performance is assigned with rank one. Meanwhile,
the same rank is assigned for configurations having the same performance or ties. To
have an understanding about the overall tendency of configuration performances, the
rankings of ModCMA configurations for the BBOB functions and representative func-
tions are compared against each other based on Spearman’s correlation. Basically,
a positive Spearman’s correlation indicates that two rankings are similar, i.e., excel-
lent configurations for the representative functions can perform well on the BBOB
functions, while a negative correlation for the opposite.

In most of the BBOB functions, a clear positive correlation in configuration per-
formances can be observed for both performance metrics, as illustrated in Figure 4.5.
Following this, the optimization performance of ModCMA configurations on the BBOB
functions can be estimated using the RGFs as representative functions. In other words,
RGFs have promising potential to be exploited as representative functions to identify
optimal configurations, e.g., for HPO purposes. Nevertheless, the configuration per-
formance correlations are rather low for complex functions like F7, F16, and F23,
especially the slightly negative correlation in the AUC metric for F16.
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Figure 4.5: Spearman’s correlation based on the ranking of ModCMA configurations
between 24 BBOB functions and their representative functions, using the best-found
optimization solution (left) and AUC (right) as performance metric. The mean corre-
lation across all BBOB functions is marked with a dashed line. Figure taken from [73].

Eventually, only several top-performing configurations or the best configuration
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4.2 Representativeness for Fine-Tuning of Algorithm Configuration

identified using the representative functions will be applied for solving real-world ex-
pensive BBO problems. Following this, we delve into analyzing the competitiveness of
the predicted top five ModCMA configurations on the BBOB functions. As shown in
Figure 4.6, the predicted best five configurations can generally perform well on most
of the BBOB functions, similar to the previous results based on Spearman’s correla-
tion. On the other hand, this is not the case for F7, F16, and F21. Considering the
low Spearman’s correlation in configuration ranking, this is somewhat expected for F7
and F16. Meanwhile, the situation is different for F21 and F23, where the relationship
between Spearman’s correlation and the performance of predicted top configurations
is completely the opposite.
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Figure 4.6: Performance of the predicted best five ModCMA configurations on 24
BBOB functions, rescaled between 0 (the best; blue) and 1 (the worst; red), using the
best-found optimization solution (left) and AUC (right) as performance metric. An
extra row is included for the mean across all predicted configurations (bottom) and a
column for the mean across all BBOB functions (right). Figure taken from [73].

To explain this observation, we examine further the optimization runs for these four
BBOB functions, as summarized in Figure 4.7. Due to the fact that the same opti-
mization solution can be found for F7 and F23, many of the ModCMA configurations
are assigned with the same rank, leading to an ambiguous ranking of configuration
performances. Especially for F7, the situation is more extreme, where all configura-
tions are considered as the “best” configuration. For F16, on the other side, the global
optimum of the representative functions can only be found occasionally by the opti-
mization runs, resulting in an inconsistent configuration ranking. While the overall
configuration performances appear to be similar, the top performing configurations
seem to be different for F21 and its representative function.

Consequently, we proceed our investigation with the hypothesis perhaps not all
RGFs are appropriate to serve as representative functions for HPO purposes, particu-
larly when a clear configuration ranking is not possible. Correspondingly, our analysis
is performed again for F7, F16, F21, and F23, but now considering RGFs having the
second most similar landscape characteristics in terms of ELA features as represen-
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Figure 4.7: Optimization runs of altogether 972 ModCMA configurations for F7, F16,
F21, and F23 (top to bottom; left), their most similar RGFs (middle), and their second
most similar RGFs (right), respectively. The objective values in log-scale are shown
on the y-axis, while the number of function evaluations is shown on the x-axis. For
the BBOB functions (left), the objective values are rescaled to 0 being the true global
optimum. Each curve represents the optimization run (median of 30 repetitions) of a
configuration and each color represents the same configuration. Figure taken from [73].
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tative functions. Generally, significant improvements in both the ranking correlation
and performance of predicted best configurations can be noticed for most BBOB func-
tions, as depicted in Figure 4.7 and Figure 4.8. Although having similar optimization
landscape characteristics, arguably no improvement can be observed for F23, when
using the second most similar RGF as representative function. Hence, it is suspected
that this optimization problem class is insufficiently represented and covered by the
RGFs, which requires attention in future investigations.
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(a) Spearman’s correlation of the configuration
ranking, using the best-found optimization solu-
tion (left) and AUC (right) as performance met-
ric.
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(b) Performance of the predicted best five con-
figurations on the BBOB functions, rescaled be-
tween 0 (the best; blue) and 1 (the worst; red),
using the best-found optimization solution (left)
and AUC (right) as performance metric.

Figure 4.8: Comparison of the representativeness between RGF with the most similar
(similar1) and second most similar (similar2) landscape characteristics in terms of
ELA features for F7, F16, F21, and F23. Figure taken from [73].

Beyond that, the ranking quality of ModCMA configurations is additionally eval-
uated using the normalized Discounted Cumulative Gain (nDCG) [50], a common
metric utilized in the field of information retrieval. Fundamentally, the quality of a
ranking is measured according to the respective relevance scores, where a perfect rank-
ing is assigned with the best score of 1.0. In our investigation, the quality of ModCMA
configuration ranking for the BBOB functions is evaluated based on the ranking pre-
dicted using representative functions as relevance score. As shown in Figure 4.9, the
configuration ranking has a high nDCG score for all BBOB functions, when all config-
urations are taken into account. On the contrary, when only the top five configurations
are taken into consideration, the configuration ranking is below the average for some
BBOB functions, e.g., for F3, F15, F16, and F23, using the best-found solution as
performance metric.
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Figure 4.9: Ranking quality of ModCMA configurations based on the nDCG method,
when all configurations (top) or only the top five configurations (bottom) are consid-
ered, using the best-found optimization solution (left) and AUC (right) as performance
metric. Here, the second most similar RGFs are considered as representative functions
for F7, F16, F21, and F23. The average score across all BBOB functions is marked
with a dashed line. Figure taken from [73].

4.2.3 Optimization Performance of BO

Similar to the previous investigations in Section 4.2.2, the representativeness of RGFs
in estimating BO configurations is evaluated w.r.t. Spearman’s correlation, the perfor-
mance of predicted best configuration, and the quality of configuration ranking based
on the nDCG method, as summarized in Figure 4.10. Compared to ModCMA, the
average Spearman’s correlation for BO configurations is much lower, particularly for
more complex functions like F24. Nevertheless, the top-performing configurations pre-
dicted using the representative functions seem to be still competitive for most BBOB
functions. It is suspected that the weak ranking correlation and poor performance of
predicted best configurations might be partly due to the rather small BO hyperparam-
eter search space (Table 4.3), which could be improved by taking more configurations
into consideration.

For some of the BBOB functions, such as F2, F5, F7, F9, F12, F15, F16, and
F23, the best-found solution within the total evaluation budget belongs to the initial
DoE samples, which are considered for the training of GPR models. In other words,
no optimization solution better than the best DoE sample can be identified during
the optimization runs. Since all BO configurations can find the same solution, they
are considered as equally good, resulting in an ambiguous configuration ranking, as
clarified in Section 4.2.2. An alternative to overcome this problem, for instance, is by
using other sampling methods, such as LHS, where the best-found solution is not part
of the initial DoE samples. While the results are not included here, the Spearman’s
correlation can be improved to around 0.9 for F5, when the LHS method and best-
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(a) Spearman’s correlation based on the ranking of BO configurations between the BBOB functions
and their representative functions. The mean correlation across all BBOB functions is marked with a
dashed line.
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(b) Performance of the predicted best five BO configurations on the BBOB functions, rescaled between
0 (the best; blue) and 1 (the worst; red). An extra row is added for the mean across all predicted
configurations (bottom) and a column for the mean across all BBOB functions (right).
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(c) Ranking quality of the top five BO configurations based on the nDCG method. The average score
across all BBOB functions is marked with a dashed line.

Figure 4.10: Evaluation of the representativeness of RGFs in estimating the perfor-
mance of BO configurations for 24 BBOB functions, using the best-found optimization
solution (left) and AUC (right) as performance metric. Figures are taken from [73].
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found solution as performance metric are considered in our preliminary testing. Apart
from this, another alternative is to replace such representative functions with other
RGFs, e.g., using the next most similar RGF, since a large set of RGFs can be easily
generated. In fact, this approach seems to be more practical for real-world expensive
BBO problems, particularly if a modification of the DoE samples is prohibited or
computationally infeasible.

4.2.4 Identifying Appropriate Representative Functions

Unlike the widely-used BBOB functions, the global function properties of RGFs, such
as the optimization landscape characteristics and global optimum, are not known a
priori. Moreover, some of the RGFs are insufficiently discriminative in distinguishing
different configurations, despite having similar landscape characteristics in terms of
ELA features, as shown in Section 4.2.2. Following this, not all RGFs are appropriate
to be considered as representative functions for HPO purposes.

Using the HPO results for three selected RGFs in Figure 4.11 as an illustrative ex-
ample, we consider RGFs having a similar pattern to RGF1 as appropriate for HPO pur-
poses, where the performance of different configurations can be clearly distinguished
and ranked with only a few ties. More importantly, optimal configurations or the best
configuration can be easily identified based on the configuration ranking. On the other
side, RGF2 shows an extreme example, where many or all configurations can perform
equally good, resulting in an ambiguous ranking, and thus, difficulty in identifying
optimal configurations. It is suspected that such RGFs have a low optimization com-
plexity, and hence, are not appropriate to serve as representative functions. Notably,
two RGFs can exhibit the totally opposite HPO patterns, although the difference in
their ELA features is relatively small, which remains an open question for future inves-
tigations. To improve the reliability of HPO based on representative functions, RGFs
similar to RGF3 are additionally excluded, where the best-found solution is an extreme
outlier that can be found occasionally.

To properly identify RGFs that can serve as representative functions for HPO
purposes, the following selection process is implemented:

1. Estimation of the global optimum: Based on a brute-forcing approach, a
HPO using a combination of TPE and ModCMA is directly applied on each
RGF, using a similar optimization setup as in Section 5.2.1. Using Equation 4.1,
the global optimum yopt of a RGF is then approximated based on the best-found
solution during HPO yhpo.

79



4.2 Representativeness for Fine-Tuning of Algorithm Configuration

0 250 500 750 1000 1250 1500 1750 2000
Function evaluation

0
100

101

102

103

104

105

Ob
je

ct
iv

e 
va

lu
e

RGF1

0 250 500 750 1000 1250 1500 1750 2000
Function evaluation

0

10

20

30

40

50

Ob
je

ct
iv

e 
va

lu
e

RGF2

0 250 500 750 1000 1250 1500 1750 2000
Function evaluation

0
100

101

102

103

Ob
je

ct
iv

e 
va

lu
e

RGF3

Figure 4.11: Optimization convergence curves of altogether 500 ModCMA configu-
rations evaluated using HPO for three selected RGFs, where a clear configuration
ranking is possible (left), the configuration ranking is ambiguous (middle), and the
best-found solution is an outlier that can only be occasionally found (right). Each
curve and color represents a configuration, showing the median over 20 repetitions.
While the function evaluation is shown on the x-axis, the rescaled objective value is
shown on the y-axis, where 0 is the best-found solution in all runs. A smaller objective
value is better. Figure taken from [74].

yopt =


⌊yhpo⌋ , if 0 ≤ |yhpo| < 10

⌊yhpo/10⌋ · 10 , if 10 ≤ |yhpo| < 100

⌊yhpo/10p⌋ · 10p , otherwise

,

p = ⌊log10 |yhpo|⌋ − 1 ,

(4.1)

where yhpo is either rounded to the nearest lower integer for a small |yhpo|, or
rounded based on the nearest lower power of 10. In fact, having an estimated
global optimum of RGFs is essential in our approach to facilitate an evaluation of
configurations across different representative functions with varying scale ranges,
e.g., when using multiple representative functions (Section 5.1).

2. Identifying RGFs appropriate for HPO: Firstly, all optimization configu-
rations evaluated during HPO from the previous step are assigned with a rank
according to their performances, where ties have the same rank. To quantify the
ambiguity of a configuration ranking, the ranking is compared against a strict
ranking, i.e., a perfect ranking without tie, based on Kendall rank correlation
coefficient. Principally, we consider a configuration ranking as ambiguous, if the
correlation is lower than 0.9, e.g., due to too many ties. Moreover, the global
optimum is considered as an outlier, if the respective standard score or z-score
is more than 3 standard deviations away from the mean HPO distribution.
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3. Selection or elimination of RGFs: A RGF is considered as inappropriate for
HPO purposes and eliminated, if any of the aforementioned conditions is fulfilled.
Otherwise, the RGF is considered as an appropriate representative function.

In this way, a set of RGFs that are appropriate to serve as representative functions
for HPO purposes can be identified. To minimize the overall computational expenses,
this selection process is performed only as much as necessary until the desired num-
ber of appropriate representative functions is achieved. Precisely, starting with the
RGF having the smallest difference in ELA features in ascending order, the RGFs are
individually examined and selected/discarded.

4.3 Guiding the Function Generation using Genetic

Programming

In Section 4.1, it has been shown that the tree-based random function generator can
indeed generate a diverse set of test functions in terms of optimization problem classes.
More importantly, RGFs with optimization landscape characteristics that are similar
to real-world expensive BBO problems in terms of ELA features can be identified.
On top of that, these RGFs have promising potential to be exploited as representa-
tive functions for HPO purposes, as demonstrated in Section 4.2. Subsequently, the
actual performance of optimization configurations on unseen BBO problems can be
estimated, and thus, optimal optimization configurations can be identified. Despite
of that, there is still room for improvements in the function generator concerning two
aspects, namely:

• In some cases, test functions with similar optimization landscape characteristics
still could not be identified for some BBO problems from a large set of RGFs;
and

• The efficiency of generating function randomly, which is essentially a RS ap-
proach, can be improved.

Following this, we investigate the potential of guiding the function generation towards
specific optimization landscape characteristics in terms of ELA features, by integrat-
ing GP into the random function generator. Precisely, we attempt to generate test
functions with specific optimization landscape characteristics, by minimizing the dif-
ferences in ELA features based on a GP approach. Unlike the popular ISA, focusing on
generating space-covering instances for a general optimization benchmarking purpose,
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we aim to create a highly specialized set of test functions for a particular optimization
problem class.

4.3.1 ELA-guided Function Evolution using GP

Basically, our investigation is based on the same random function generator employed
in Section 4.1, considering a similar set of mathematical operands and operators, as
summarized in Table 4.4. Subsequently, the GP search space consists of a terminal
space S (operands) and function space F (operators), where T = S∪F . Unlike typical
GP-based symbolic regression approaches, where each design variable xi is considered
as an individual terminal, we instead focus on tree-based expressions, i.e., vector-based
input t = (t1, · · · , td) [7], to facilitate a comparison against the RGFs.

Table 4.4: List of mathematical operands and operators considered. The respective
selection probability for the GP sampling in the first generation, and if any, the pro-
tection rules are additionally provided. Table taken from [75].

Notation Meaning Syntax Protection Probability

Operands (S)

x Decision vector (x1, . . . , xd) 0.6250
a A real constant a 0.3125
rand A random number rand 0.0625

Operators (F)

add Addition a+ x 0.1655
sub Subtraction a− x 0.1655
mul Multiplication a · x 0.1098
div Division a/x Return 1, 0.1098

if |x| ≤ 10−20

neg Negative −x 0.0219
rec Reciprocal 1/x Return 1, 0.0219

if |x| ≤ 10−20

multen Multiplying by ten 10x 0.0219
square Square x2 0.0549
sqrt Square root

√
|x| 0.0549

abs Absolute value |x| 0.0219
exp Exponent ex 0.0219
log Logarithm ln |x| Return 1, 0.0329

if |x| ≤ 10−20

sin Sine sin(2πx) 0.0329
cos Cosine cos(2πx) 0.0329
round Rounded value ⌈x⌉ 0.0329
sum Sum of vector

∑d
i=1 xi 0.0329

mean Mean of vector 1
d

∑d
i=1 xi 0.0329

cum Cumulative sum of vector (
∑1

i=1 xi, . . . ,
∑d

i=1 xi) 0.0109
prod Product of vector

∏d
i=1 xi 0.0109

max Maximum value of vector maxi=1,...,dxi 0.0109
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Implemented based on DEAP [38], we propose a GP-based function generator with
the following workflow:

Input: A set of DoE samples X and the targeted ELA features are required as input.

Optimization objective: Essentially, we aim to minimize the differences in ELA
features between the target function and individuals generated using GP, where
the differences are quantified using some distance metrics. For the ELA fea-
ture computation, a similar approach as proposed in Section 3.1.1 is considered,
namely:

• The objective values of individuals are normalized using min-max scaling
to reduce inherent bias before the ELA feature computation;

• The computed ELA features are normalized for the distance computation,
using min-max scaling based on the minimum and maximum feature values
from a set of 24 BBOB functions and 5 instances each; and

• Highly correlated ELA features are removed.

Initial population: In the first generation, an initial population is initialized using
random sampling, where the mathematical operands and operators are randomly
selected based on a set of probabilities, as summarized in Table 4.4. To minimize
the overall computational effort, the initial population consists of 50 individuals,
where the depth of a tree expression is limited between 3 and 12 levels. To ensure
an optimal initialization of optimization runs, here a resampling is performed
whenever a generated individual is infeasible, as explained in the following. In
other words, such individuals are discarded and replaced by generating new indi-
viduals. Following this, the initial population is free from infeasible individuals
due to error 1 and 2.

Mating selection and variation: In our approach, we consider the tournament se-
lection with the size of 5, a subtree crossover probability of 0.5, and a subtree
mutation probability of 0.1, while using the default GP setting for the remaining
hyperparameters. With the combination of a 0.5 crossover rate and a 0.1 mu-
tation rate, there is a 0.45 probability that a selected individual is not modified
in any way, and simply passed to the next generation without being evaluated.
Although the optimization performance of GP could be potentially improved
using HPO, finding the best GP configuration is not our focus here, and thus, it
is not taken into consideration.
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Infeasible individual: A GP-generated individual is considered as infeasible, if any
of the following conditions is fulfilled:

1. Error when converting the tree representation to an executable Python
expression;

2. Bad objective values, e.g., infinity, missing, or single constant value;

3. Error in ELA features computation, e.g., due to equal fitness values in all
samples; and

4. Invalid distance, due to missing values in ELA features.

Subsequently, an infeasible individual is penalized with an extremely large fitness
value of 10 000.

Output: Individuals with similar ELA features, or ideally, identical ELA features as
the target function, are provided as solutions of the GP optimization runs.

4.3.2 Result Discussion

In our investigations, the performance of GP-based function generator is evaluated us-
ing 24 BBOB functions in 2-d, 5-d, and 10-d as target functions. For the ELA feature
computation, we consider a DoE of 150 · d samples and 5 bootstrapping repetitions,
using a similar approach as introduced in Section 3.1.1. Since an ELA feature can be
principally considered as a random variable, a statistical distance measure based on
the average Wasserstein distance is considered here. Precisely, we aim to minimize
the average Wasserstein distance between the ELA features of the first five BBOB
instances and a GP-generated function. To minimize the overall computational ex-
penses, only one GP optimization run is performed for each target function in each
dimensionality, where a fixed function evaluation budget of 50 generations with 50

individuals each is allocated, despite of the risk of a premature convergence [117].

GP-generated functions

Firstly, we analyze the performance of GP optimization runs w.r.t. their convergence
trajectory. Using F1 in 2-d as a representative example, as shown in Figure 4.12, we
can observe that GP improves over the initial population as time goes on, by reducing
the distances or differences in ELA features. While not included here, the infeasible
individuals sum up to around 2% of the total evaluations in this optimization run.
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Figure 4.12: Convergence trajectory of GP for F1 in 2-d. The fitness evaluations are
shown on the x-axis, while the Wasserstein distance is shown on the y-axis. Figure
taken from [75].

Moreover, the functions generated using GP-based function generator are com-
pared against the RGFs from Section 4.1. In this context, altogether 1 000 RGFs are
generated for each dimensionality and their respective Wasserstein distances to 24

BBOB functions are computed. Subsequently, these distances of RGFs are compared
against those of GP-generated functions, which is about 1 400 functions, as summa-
rized in Figure 4.13. For most BBOB functions, the GP-generated functions seem to
be always better compared to RGFs, tending to have a smaller Wasserstein distance
to the target functions, apart from some exceptions like F12 in 10-d.
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Figure 4.13: Distribution of Wasserstein distances of RGFs (green) and GP-generated
functions (pink) to 24 BBOB functions in 2-d (top), 5-d (middle), and 10-d (bottom)
in terms of ELA features. Figure taken from [75].
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Beyond that, we evaluate the quality of GP-generated functions based on a vi-
sual comparison of optimization landscape. Again using F1 in 2-d as an example in
Figure 4.14, the GP-generated function with the smallest Wasserstein distance has a
rather low resemblance to a sphere function, unlike our expectation. On the other
hand, a much closer visual matching can be observed for F5, as shown in Figure 4.15.
Interestingly, some of the GP-generated functions, e.g., the function x0+x1

2 in row 7

column 5, have a relatively large distance, despite having a similar representation as
the target function. Subsequently, this leads to the question whether the choice of
Wasserstein distance based on the target distribution in ELA feature space is appro-
priate to capture the global function properties.

Differences in ELA features

Secondly, we take a closer look at the ELA features of the GP-generated func-
tions, focusing on F5 as our target function. As depicted in Figure 4.16, the
feature ela_meta.lin_simple.coef.min and ela_meta.lin_simple.coef.max are
clearly different between F5 and the GP-generated function x0+x1

2 , revealing that the
function steepness might be different. For a linear slope function like F5, however,
the impact should be minimal, since the global properties are mostly preserved. Sub-
sequently, this indicates that different ELA features are critical to represent different
types of target functions, which will be discussed further in the following.

To gain a better understanding about the similarities between functions, we project
the high-dimensional ELA feature space to a 2-d visualization using the Uniform Man-
ifold Approximation Mapping (UMAP) approach for F5 and the corresponding GP-
generated functions. Precisely, the GP-generated functions are projected based on
the same mapping defined by the ELA feature representations of 24 BBOB problems,
using all five bootstrapped repetitions for each instance. As illustrated in Figure 4.17,
most of the GP-generated functions closely cluster around the target functions.

Distances in ELA feature space

The discrepancy between the distances in ELA feature space and our visual under-
standing of the global function properties might be due to the equal weighting of
all ELA features considered in our approach. In other words, ELA features that
are more sensitive to a small deviation can have the same impact as features that
are crucial to characterize certain function properties. Subsequently, we analyze the
relative standard deviation of ELA features within the same BBOB instances, as vi-
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Figure 4.14: Visualization of GP-generated functions for F1 in 2-d, where the 5 BBOB
instances are plotted in the first row. This is followed by 45 GP-generated functions,
which are selected according to their Wasserstein distances (as indicated by the value)
using a linear spacing, starting with the best (top left) to the worst function (bottom
right). Figure taken from [75].
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Figure 4.15: Visualization of GP-generated functions for F5 in 2-d, where the 5 BBOB
instances are plotted in the first row. This is followed by 45 GP-generated functions,
which are selected according to their Wasserstein distances (as indicated by the value)
using a linear spacing, starting with the best (top left) to the worst function (bottom
right). Figure taken from [75].
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Figure 4.16: ELA features for F5 in 2-d (5 instances; blue), the corresponding GP-
generated functions x0+x1

2 (orange), and the remaining functions (gray). Each line
represents a bootstrapped DoE. Figure taken from [75].
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Figure 4.17: Projection of F5 and GP-generated functions to a 2-d visualization space
using UMAP. Basically, the projection mapping is defined using only the BBOB in-
stances (cross; blue). On one hand, the mean across five instances for the target F5
is shown (triangle; red). On the other hand, the GP-generated problems (dot) are
highlighted according to their cityblock or Manhattan distance to the target, since a
coloring based on Wasserstein distance is challenging. Figure taken from [75].
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sualized in Figure 4.18, to gain an insight into the relevance and importance of each
ELA feature for a given function. Apart from analyzing the ELA feature variances
within the BBOB functions, we also attempt to relate this to the deviations within
the GP-generated functions. Precisely, we consider the mean standard deviation of
ELA features across all GP-generated functions and compute the absolute difference
to the corresponding target BBOB functions. Based on our analysis, the deviation
in some ELA features is obviously larger in the GP-generated functions than in the
BBOB functions, such as ela_meta.lin_simple.coef.max_by_min, indicating that
these ELA features might play a deciding role for the distance measurement.
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Figure 4.18: Relative standard deviation of normalized ELA features for 24 BBOB
function (top). Absolute difference in relative standard deviation of normalized ELA
features between BBOB functions and GP-generated functions (bottom). A lighter
color represents a larger deviation, and vice versa. Figures are taken from [75].

Apart from the statistical distance metrics like Wasserstein distance, we investi-
gate the impact of other distance metrics based on the average value of ELA feature
distribution. Using the pairwise distances between BBOB instances, we compute
the Kendall-tau correlation between a set of six distance metrics, namely Canberra,
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cosine, correlation, Euclidean, cityblock, and Wasserstein distance. Generally, a pos-
itive correlation between distance metrics can be observed, as shown in Figure 4.19.
Nonetheless, the correlations are not perfect, particularly for a comparison between
the Wasserstein distance against a vector-based distance.
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Figure 4.19: Kendall-tau correlation between six distance metrics for the BBOB in-
stances. Figure taken from [75].

To determine which distance metric might be preferable, we additionally compare
the distances between instances of the same BBOB function against those of different
functions. As presented in Figure 4.20, it can be noticed that the Wasserstein distance
in fact has the weakest distinguishing ability, unlike our initial intuition. On the other
hand, a clear trend of smaller distances being assigned to instances of the same BBOB
functions can be observed in cosine and correlation distance metric. Attempting to
improve the reliability of distance measures, we analyze the differences of each ELA
feature between instances of the same function and different functions. As shown in
Figure 4.21, some ELA features show a rather limited difference in our comparison,
such as ela_meta.quad_simple.cond. Consequently, such ELA features are believed
to have little contribution to any distance metric, and thus, could be potentially ig-
nored to improve the distance measures by reducing the feature dimensionality.

4.3.3 Limitations of GP-based Function Generator

Based on our analysis, we show that there is some encouraging potential in using GP to
guide the function generation towards specific optimization landscape characteristics
in terms of ELA features. Especially given the fact that a simple sphere function could
not be accurately recreated, however, a few potential pitfalls in this approach have
been highlighted that require further attention, namely:

• A proper feature selection step needs to be implemented to identify ELA features
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Figure 4.20: Distribution of normalized distances between instances of the same (inner)
and different (outer) BBOB functions. Figure taken from [75].
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Figure 4.21: Relative differences of normalized ELA features between instances of the
same (inner) and different (outer) BBOB functions. Figure taken from [75].
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that can accurately capture the properties of different functions;

• Instead of an equal weighting of all ELA features, a different weighting scheme,
e.g., based on feature importances, could be considered to better guide the GP
search towards relevant function properties;

• An optimal fine-tuning of the GP configuration could potentially lead to the
generation of much more diverse solutions; and

• The tree-cleaning operation from [134] could be further improved to increase the
efficiency of GP optimization runs, by minimizing the generation of infeasible
individuals.

Consequently, a significant amount of work is required to properly improve the per-
formance and reliability of the proposed GP-based function generator. Hence, this
topic is not investigated any further in this thesis. Meanwhile, we focus on identifying
appropriate representative functions for real-world expensive BBO problems from a
set of RGFs created using the random function generator from Section 4.1.

4.4 Conclusions

In summary, the main objective of this chapter is to investigate the potential of con-
sidering test functions created using a tree-based random function generator as rep-
resentative functions for real-world expensive BBO problems. Correspondingly, an
introduction of the random function generator and its adaptations are first summa-
rized in Section 4.1. Based on our analysis, test functions with optimization landscape
characteristics that are similar to real-world expensive BBO problems can be identified
from a set of RGFs. More crucially, such similar RGFs are appropriate to be considered
as representative functions for HPO purposes, e.g., estimating the actual performance
of optimization configurations and identifying optimal optimization configurations for
real-world expensive BBO problems, as discussed in Section 4.2. Beyond that, we
evaluate the potential of guiding the function generation using GP towards test func-
tions that belong to specific optimization problem classes in Section 4.3. Based on
our in-depth investigations, we present the answer for RQ2, RQ3, and RQ4 in the
following:

RQ2: If none of the benchmark functions can sufficiently represent the
optimization problem classes of real-world expensive BBO problems,
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how to augment the benchmark functions with other test functions
that are appropriate to serve as representative functions?

Using a tree-based random function generator, a diverse set of RGFs that be-
long to optimization problem classes different from the BBOB functions can be
generated. Based on the same automotive crashworthiness optimization prob-
lems investigated in Chapter 3, a group of RGFs having similar optimization
landscape characteristics can be identified for most of the crash functions. Com-
pared to the BBOB functions, these RGFs have a smaller difference in terms of
ELA features and are closely clustered to the automotive crash problems in the
ELA feature space. Subsequently, these RGFs belong to the same optimization
problem classes, and thus, can be considered as representative functions for the
automotive crash problems. In fact, we propose to consider such RGFs with a
similar optimization landscape as scalable and cheap-to-evaluate representations
of real-world expensive BBO problems, e.g., for HPO purposes. We believe that
RGFs with similar optimization landscape characteristics can be identified for
BBO problems, provided that (i) the set of RGFs is sufficiently large and (ii) the
optimization problem classes are well covered by the function generator.

RQ3: How well can we estimate the actual performance of optimization
algorithms on real-world expensive BBO problems based on some
cheap-to-evaluate representative functions?

Based on 24 BBOB in 20-d and two BBO algorithms, namely ModCMA and
BO, we show that the optimization performances of optimization configurations
are comparable between the BBOB functions and similar RGFs, where optimal
configurations on the RGFs can perform well on the BBOB functions as well.
In other words, the actual performance of optimization configurations on an
unseen BBO problem can be estimated, by exploiting RGFs with similar opti-
mization landscapes characteristics. Following this, RGFs can be considered as
cheap-to-evaluate representations of real-world BBO problems, e.g., to estimate
actual algorithm performances and to identify optimal optimization configura-
tions. Furthermore, we believe that our approach can generalize well to different
BBO problems that belong to similar optimization problem classes covered by
the BBOB suite.

Meanwhile, it has been discovered that not all RGFs with similar optimization
landscape characteristics are appropriate to serve as representative functions
for HPO purposes. Subsequently, a selection process is implemented to iden-
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tify RGFs that are sufficiently discriminative in distinguishing the performance
of different optimization configurations, allowing a proper selection of optimal
configurations. Moreover, instead of just one representative function, our re-
sults indicate that considering a set of representative functions could potentially
improve the overall robustness in fine-tuning optimal configurations for solving
BBO problems.

RQ4: How to specifically generate test functions that belong to the same
optimization problem classes of real-world expensive BBO problems?

While we show that GP can be integrated into the random function generator to
guide the function evolution towards specific optimization landscape characteris-
tics in terms of ELA features, this process is not as straightforward as expected.
In fact, the performance of our proposed GP-based function generator is rather
disappointing, e.g., it fails to recreate a simple sphere function. Nevertheless, our
investigations have identified several critical challenges, which might be helpful
for future developments. For a more vigorously guiding of function evolution
towards a target function, for instance, the selection of crucial ELA features and
the weighting of ELA features for distance measures are two significant difficul-
ties that must be properly addressed.

In conclusion, cheap-to-evaluate test functions that belong to the same optimiza-
tion problem classes as real-world expensive BBO problems, such as automotive crash-
worthiness optimization, can be identified from a sufficiently large set of RGFs. Impor-
tantly, they can be considered as representative functions for HPO purposes. As such,
all the core elements essential for the proposed automated optimization pipeline (Fig-
ure 1.1) are now ready for further investigations. In the following chapter, we focus on
evaluating the performance of our optimization pipeline, i.e., identifying optimal con-
figurations for real-world expensive BBO problems based on some cheap-to-evaluate
representative functions.

The content of this chapter is mainly based on the author’s contribution in publi-
cations [72, 73, 75].
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Chapter 5

Efficiently Solving Expensive
Black-Box Optimization
Problems

Based on the findings in Chapter 3 and Chapter 4, here we focus on evaluating the
potential of our automated optimization approach proposed for an optimal solving
of real-world expensive BBO problems. Essentially, based on some cheap-to-evaluate
representative functions, optimal optimization configurations w.r.t some real-world
constraints can be identified for BBO problems, prior to the optimization runs using
expensive function evaluations. In this regard, a detailed explanation of the proposed
optimization approach is first provided in Section 5.1. For a comprehensive analysis,
the performance of this optimization approach is evaluated using three state-of-the-
art optimization algorithms, consisting of ModCMA, ModDE, and BO, based on two
applications, namely the BBOB functions in Section 5.2 and a real-world automotive
crashworthiness optimization problem in Section 5.3. Beyond that, we analyze the
effectiveness of RGFs and deep NN models for the training of predictive models in
Section 5.4, similar to a landscape-aware ASP context. Lastly, Section 5.5 summarizes
and concludes this chapter.
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5.1 Surrogate-based Landscape-aware Optimization

Pipeline

An overview of the complete workflow of our automated optimization pipeline proposed
for solving real-world expensive BBO problems is visualized in Figure 5.1. Essentially,
optimal optimization configurations for a particular optimization problem class are
first identified based on some cheap-to-evaluate representative functions, and then ap-
plied for the solving of expensive BBO problems. In general, our optimization pipeline
consists of three main steps, namely identifying representative functions that are ap-
propriate for HPO purposes (Step 1), searching for optimal configurations using HPO
(Step 2), and optimally solving of the BBO problems using expensive function evalu-
ations (Step 3). Moreover, real-worlds constraints are additionally considered during
the HPO process for an optimal solving of expensive BBO problems, such as the wall-
clock time and computational resources allocated for optimization runs. Following
this, the optimization configurations identified using HPO are optimal specifically for
this optimization problem class and optimization setup, e.g., function evaluation bud-
get and performance metric. For a different problem class and/or setup, a rerun of
the pipeline is necessary to newly identify optimal configurations. In the following,
the workflow of our optimization pipeline is described in detail:

Input: A set of DoE samples of the expensive BBO problem instance to-be-solved is
required as input for our pipeline. Similar to Section 3.1.1, while any sampling
strategy can be used in practice, the Sobol’ sampling is preferred for a reliable
ELA feature computation. Apart from that, some real-world constraints that are
relevant for the optimization runs can be defined as well, to ensure an efficient
solving of the BBO problem instance using expensive function evaluations. For
automotive crashworthiness optimization problems, for instance, the wall-clock
time allocated for optimization runs, the computational resources available for
FE simulations, and the availability of commercial solver licenses for potential
parallelization are some typical real-world constraints.

Appropriate representative functions (Step 1): Essentially, using the approach
proposed in Section 3.1.1, the optimization landscape characteristics of the BBO
problem instance are quantified using some ELA features. Next, these ELA fea-
tures are compared against those of some RGFs created using the tree-based ran-
dom function generator introduced in Section 4.1. Subsequently, a set of RGFs
with similar optimization landscape characteristics in terms of ELA features can
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Figure 5.1: Overview of our surrogate-based landscape-aware optimization pipeline
proposed for real-world expensive BBO problems, consisting of altogether three main
steps. By exploiting some cheap-to-evaluate RGFs with similar optimization landscape
characteristics in terms of ELA features as representations of the BBO problem in-
stance (Step 1), optimal optimization configurations can be identified using HPO (Step
2). Subsequently, the optimal optimization configurations can be applied to solve the
BBO problem instance using expensive function evaluations (Step 3). Furthermore,
real-worlds constraints, such as wall-clock time and computational resources, are taken
into consideration for an efficient solving of the BBO problem instance. Figure taken
from [74] with modifications.
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be identified, similar to Section 3.1.1. Lastly, the selection process described in
Section 4.2.4 is employed to identify similar RGFs that are appropriate to serve
as representative functions for HPO in the next step.

HPO using training-testing split (Step 2): As shown in Section 4.1.1 and Sec-
tion 4.2, considering just one single representative function for HPO might not be
robust to identify optimal optimization configurations for solving the BBO prob-
lem instance. Similar to the over-fitting problem in a ML context, using only one
representative function could eventually lead to fine-tuning of optimization con-
figurations towards this particular function. For a better generalization across
a particular optimization problem class, we propose to consider several repre-
sentative functions for HPO. Subsequently, instead of just considering the RGF
having the smallest difference in ELA features, the next few RGFs are included
in the set of representative functions as well.

To further minimize potential over-fitting problems, the set of representative
functions are divided into two groups, consisting of training and testing func-
tions. During HPO, the average performance of each individual configuration is
evaluated based on all training functions, where the objective values are rescaled
using min-max scaling according to the global optimum and worst DoE sample.
Once the HPO process is completed, the top 10% configurations are evaluated
again using the testing functions and assigned with a new rank based on their
performances. Subsequently, optimal optimization configurations or the best
configuration for this particular optimization problem class can be identified.
While further investigations are required to determine an ideal ratio of training-
testing functions, two training functions and one testing function are considered
in this thesis, which can perform well in our preliminary testing, while being
computationally affordable.

Optimal solving (Step 3): In the last step, optimal optimization configurations or
the best configuration identified can be applied for an efficient solving of the
BBO problem instance using expensive function evaluations. It is worth not-
ing that the optimal configurations applied are kept unchanged throughout the
optimization runs on expensive BBO problems.

Output: Optimal solution(s) for the expensive BBO problem instance.

Despite of the fact that an additional computational cost is necessary for the HPO
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processes in our approach, e.g., to select appropriate representative functions and to
identify optimal optimization configurations, we argue that:

1. The optimal optimization configurations identified can improve the overall opti-
mization efficiency in solving expensive BBO problems. In other words, our ap-
proach offers an alternative to cheaply fine-tune optimization configurations that
can optimally solve expensive BBO problems w.r.t. some real-world constraints,
e.g., finding better solutions and/or using less expensive function evaluations;

2. The total additional cost is relatively insignificant compared to the optimiza-
tion runs on BBO problems using expensive function evaluations. A qualitative
comparison of the overall computational effort between a HPO process based
on representative functions and solving a real-world expensive BBO problem
is provided in Table 5.1, using automotive crashworthiness optimization as a
representative example; and

3. The same representative functions and optimal configurations identified can be
considered for future BBO problems that belong to the same optimization prob-
lem classes, meaning that the HPO processes can be potentially skipped.

Table 5.1: Qualitative comparison of the computational effort required for the HPO
in our approach and solving a real-world expensive BBO problem, using automotive
crashworthiness optimization as an example. For other BBO problems, the compu-
tational cost can be different depending on the problem definition and optimization
setup. Nevertheless, a proper run time analysis is necessary for a precise quantifica-
tion. Table taken from [74].

Estimation HPO Automotive crash optimization

Function evaluation Representative function FE simulation
Cost per function evaluation Within seconds > 24 hours

(using 1 CPU core) (using 192 CPU cores)
Total wall-clock time A few hours Several days / weeks
Overall effort Low / Cheap High / Expensive

5.2 Fine-Tuning of Optimization Configurations for

BBOB Functions

In the first step, the performance of the optimization pipeline introduced in Section 5.1
is evaluated based on the BBOB suite, which covers a wide range of optimization
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problem classes. The corresponding experimental setup is summarized in Section 5.2.1,
followed by the result discussion in Section 5.2.2.

5.2.1 Experimental Setup

• Altogether 24 BBOB functions of the first instance in 20-d;

• Representative functions are selected from a large set of 10 000 RGFs;

• The ELA features are computed based on a DoE of 20 · d samples generated
using the Sobol’ sampling;

• In this investigation, we focus on fine-tuning the configurations of ModCMA,
ModDE, and three BO variants, consisting of BO, TuRBO-1, and TuRBO-m,
using the hyperparameter search spaces summarized in Table 5.2, Table 5.3, and
Table 5.4, respectively;

• For ModCMA and ModDE, each optimization run is allocated with a budget of
100 · d function evaluations and 20 repetitions using different random seeds. On
the other hand, only a budget of 250 evaluations is allocated for the BO variants,
since the time-complexity of training GPR models increases exponentially with
sample size;

• Regarding HPO, two optimizers are employed for ModCMA and ModDE, namely
TPE available in HyperOpt and SMAC, using a fixed budget of 500 configuration
evaluations. Given that the BO hyperparameter search spaces are relatively
small, only TPE and 50 evaluations are considered for all BO variants; and

• The performance of optimal ModCMA and ModDE configurations identified is
compared against the default configuration, Single Best Solver (SBS), and Vir-
tual Best Solver (VBS). Meanwhile, we only compare against the default config-
uration for all BO variants, since they are relatively computationally intensive.
In this context, the configuration performances are evaluated using the AUC
metric from Section 4.2.1.

To fairly evaluate the performance of optimal optimization configurations identified
using our approach, we consider the following configurations as a comparison baseline,
consisting of the default configuration, SBS, and VBS:

Default configuration: The readily available configuration in its proposed imple-
mentation. For practitioners unfamiliar with HPO, the default configuration is
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Table 5.2: Overview of the ModCMA hyperparameters considered for HPO. The de-
fault configuration is highlighted in bold, where the default learning rates are automat-
ically computed w.r.t. other hyperparameters. Symbol: Z for integer, R for continuous
variable, and C for categorical variable. Table taken from [74].

Num. Hyperparameter Type Search space

1 Number of children Z { 5, . . . , 50 } (4 + ⌊(3ln(d))⌋)
2 Number of parent R [ 0.3, 0.5 ] (0.5)

(as ratio of children)
3 Initial standard deviation R [ 0.1, 0.5 ] (0.2)
4 Learning rate step size control R [ 0.0, 1.0 ]
5 Learning rate covariance R [ 0.0, 1.0 ]

matrix adaptation
6 Learning rate rank-µ update R [ 0.0, 0.35 ]
7 Learning rate rank-one update R [ 0.0, 0.35 ]
8 Active update C { True, False }
9 Mirrored sampling C { none, ‘mirrored’, ‘mirrored pairwise’ }
10 Threshold convergence C { True, False }
11 Recombination weights C { ‘default’, ‘equal’, ‘1/2∧lambda’ }

Table 5.3: Overview of the ModDE hyperparameters considered for HPO, where the
default configuration is highlighted in bold. Symbol: Z for integer, R for continuous
variable, and C for categorical variable. Table taken from [74].

Num. Hyperparameter Type Search space

1 Population size Z { 5, . . . , 50 } (4 + ⌊(3ln(d))⌋)
2 Weighting factor F R [ 0.0, 1.0 ] (0.5)
3 Crossover constant CR R [ 0.0, 1.0 ] (0.5)
4 Base vector C { ‘rand’, ‘best’, ‘target’ }
5 Reference vector C { none, ‘pbest’, ‘best’, ‘rand’ }
6 Number of differences C { 1, 2 }
7 Weighted F C { True, False }
8 Crossover method C { ‘bin’, ‘exp’ }
9 Eigenvalue transformation C { True, False }
10 Adaptation of F C { none, ‘shade’, ‘shade-modified’, ‘jDE’ }
11 Adaptation of CR C { none, ‘shade’, ‘jDE’ }
12 Use JSO caps for F and CR C { True, False }

Table 5.4: Overview of the hyperparameters of three BO variants considered for HPO,
where the default configuration is highlighted in bold. For investigations based on
automotive crash problems (Section 5.3), the DoE sample size is fixed and excluded
from HPO. Symbol: Z for integer, R for continuous variable, and C for categorical
variable. Table taken from [74].

Variant Hyperparameter Type Search space

BO DoE size (as ratio of total budget) R [ 0.1, 0.9 ] (0.5)
Kernel of GPR models C { Matérn 3/2, Matérn 5/2, RBF }
Acquisition function C { EI, PI, LCB }

TuRBO-1 DoE size (as ratio of total budget) R [ 0.1, 0.9 ] (0.5)
Infill points Z { 1, . . . , 10 } (1)

TuRBO-m DoE size (as ratio of total budget) R [ 0.1, 0.9 ] (0.5)
Number of trust regions Z { 2, . . . , 6 } (⌊(D/5)⌋)
Infill points Z { 1, . . . , 10 } (1)
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commonly considered and simply taken off-the-shelf for their applications. In
line with our research motivation, i.e., assisting practitioners in automatically
fine-tuning optimization configurations, we consider this configuration as our
primary comparison reference;

SBS: The configuration that can perform well on average across 24 BBOB functions.
Essentially, SBS is identified according to the mean configuration performance
on all BBOB functions. In this thesis, the performance of SBS serves as our
secondary comparison reference; and

VBS: The best performing configuration for a particular BBOB function. Funda-
mentally, the performance of VBS is treated as the lower bound.

Typically for ASP in literature, both SBS and VBS are identified from an algorithm
portfolio, based on an evaluation of a limited set of algorithms. Nevertheless, a com-
plete evaluation of all possible configurations within the huge hyperparameter search
spaces is computationally infeasible, e.g., for ModCMA (Table 5.2). Following this,
both SBS and VBS are identified through HPO using TPE and the aforementioned
experimental setup. Considering the stochastic nature of TPE, configurations that
could outperform the VBS identified might exist, but are not discovered during HPO.
While this can be effectively avoided by performing the HPO for a few repetitions,
we only consider one repetition here to minimize the overall computational cost. It
is worth mentioning that such SBS and VBS are usually not available for real-world
expensive BBO problems.

5.2.2 Empirical Assessment of Optimization Performances

The optimization performance for different ModCMA configurations on 24 BBOB
functions in 20-d is visualized in Figure 5.2. Compared to the default configuration,
optimal configurations identified using our approach generally have a smaller AUC
for most of the BBOB functions, even for complex functions like F16 and F23. This
indicates that configurations that are superior than the default configuration can be
identified based on some representative functions. Meanwhile, the optimal configura-
tions can outperform the SBS on some of the BBOB functions, while being equally
competitive on several remaining BBOB functions. This is especially motivating for
real-world applications, where such SBS is usually not readily available. Nevertheless,
some weaknesses in our approach can be identified that calls for further improvements,
e.g., struggling on a few BBOB functions. For instance, the performance of optimal
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configurations identified on F10 is obviously worse than the default configuration and
SBS.

Basically, a similar tendency can be observed for ModDE, as presented in Fig-
ure 5.3, where our optimal configurations can perform well on many of the BBOB
functions. Consequently, our approach has a promising potential in optimally fine-
tuning algorithm configurations for the BBOB functions, which can work well with
different optimization algorithms. Given the fact that the optimal ModCMA config-
urations can outperform the default configuration and compete against the SBS on a
larger set of BBOB functions, our approach seems to be less reliable in consistently
identifying well-performing ModDE configurations. We suspect that the relatively
weak performance of ModDE might be partly due to its stochastic nature, e.g., ran-
domness in population initialization, which requires further investigations.

Lastly, the optimization performances of different BO variants are summarized in
Figure 5.4, where the optimal configurations can outperform the default configuration
on most of the BBOB functions. Remarkably, a smaller DoE sample size is preferred
in all optimal configurations identified using HPO, which might be partly related to
the computation of AUC metric.

For a fair and precise evaluation, the performance of different configurations on
the BBOB functions are statistically analyzed further. Precisely, the performance of
optimal configurations identified using our approach is compared against the default
configuration and SBS based on the Wilcoxon signed-rank test in scipy [149], us-
ing the alternative hypothesis the performance of optimal configurations identified by
our approach is weaker. As shown in Figure 5.5 for ModCMA, ModDE, and three
BO variants, the optimal configurations identified indeed can outperform the default
configuration on many BBOB functions, and even compete against the SBS in some
cases, in line with our previous interpretations. While not being the focus of this
investigation, SMAC seems to be slightly advantageous in identifying configurations
with a better performance, in comparison to TPE. Nonetheless, the effectiveness of
our approach is rather lackluster on some BBOB functions, such as F7, F10, and F11,
which might be due to the processing of ELA features, as discussed in Section 4.1.1. In
summary, our analysis shows that our approach proposed for an optimal fine-tuning of
optimization configurations based on some representative functions has an attractive
potential in generalizing across different optimization problem classes covered by the
BBOB suite.
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Figure 5.2: Performance of different ModCMA configurations on 24 BBOB functions
in 20-d, using a repetition of 20 times for each configuration. The configuration hav-
ing a smaller AUC is better. Legend: Default configuration, optimal configurations
identified using TPE or SMAC, SBS, and VBS. Figures taken from [74].
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Figure 5.3: Performance of different ModDE configurations on 24 BBOB functions in
20-d, using a repetition of 20 times for each configuration. The configuration having
a smaller AUC is better. Legend: Default configuration, optimal configurations iden-
tified using TPE or SMAC, SBS, and VBS. Figures taken from [74].
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Figure 5.4: Performance of different configurations for three BO variants on 24 BBOB
functions in 20-d, using a repetition of 20 times for each configuration. The config-
uration having a smaller AUC is better. Legend: Default configuration and optimal
configurations identified using TPE. Figures taken from [74].
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Figure 5.5: Pairwise performance comparison between the optimal configurations iden-
tified using TPE or SMAC in our approach against the default configuration and SBS
on 24 BBOB functions in 20-d for ModCMA (top), ModDE (middle), and three BO
variants (bottom). Based on the Wilcoxon signed-rank test, a red color indicates that
there is a statistically significant evidence to support the alternative hypothesis the
performance of our optimal configurations is weaker, with a p-value smaller than 0.05.
On the other hand, a green color indicates that our optimal configurations are equally
competitive or better, where a darker green color or a higher p-value indicates that
the hypothesis is less likely to be rejected. Legend: Comparison of the default con-
figuration or SBS against our optimal configurations identified using TPE or SMAC.
Figure taken from [74].

5.3 Real-World Expensive Automotive Crashworthi-

ness Optimization

Apart from the BBOB functions, we also evaluate the potential of our optimization
pipeline proposed in Section 5.1 for an optimal solving of real-world expensive BBO
problems. Precisely, our investigation is based on an automotive crashworthiness op-
timization problem for a side crash scenario. In this regard, an overview of the corre-
sponding FE crash model is first provided in Section 5.3.1. Based on this FE model,
two load cases are considered in our investigation, as discussed in Section 5.3.2 and
Section 5.3.3.

5.3.1 FE Submodel for Automotive Side Crash

Within the scope of this thesis, we focus on the side crash scenario against a rigid
pole as a representative automotive crash problem, in line with the current trend in
developing new vehicle designs for BEVs, as described in Section 2.4. In fact, this
side crash scenario is often considered as critical for BEVs, since both the passengers
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and battery cells must be sufficiently protected from serious damage, leading to an
increased design complexity. While vehicle design problems cover a broad scope of
research topics, within the scope of this thesis we focus on optimizing the structural
crashworthiness of vehicle body’s frame, also known as Body-in-White (BIW). To
minimize the overall computational expenses, we consider a FE submodel developed
based on state-of-the-art modeling of BEVs, as shown in Figure 5.6, which has a
comparable crash kinematics to a full vehicle FE model. Generally, different aspects
of the FE simulation can be summarized as follows:

• The FE submodel consists of altogether 95 000 elements;

• The vehicle is impacted from the sideways at a small angle against a rigid pole
at a speed of 32 km/h, similar to the guidelines provided by the European New
Car Assessment Programme (EuroNCAP) [33];

• Regarding the computational effort, each FE simulation is terminated after 50

ms and requires a solving time of about 6 minutes. Here, the crash simulations
are solved using the explicit solver LS-DYNA [70] in its MPP version, which is
distributed across 64 CPU cores using high-performance computing clusters;

• In total, 18 thicknesses of rocker panels (made of aluminum alloys) and support-
ing beams (made of high-strength steels) are the design variables considered for
optimization;

• We focus on optimizing the design variables w.r.t. the mass m and structural per-
formance of a vehicle design. Precisely, the structural performance is quantified
using the maximum structural deformation towards the battery compartment,
which is also known as intrusion u. In practice, finding an optimal trade-off
between theses conflicting objectives is challenging, e.g., a smaller intrusion can
be achieved by increasing the component thicknesses, which in turns lead to a
larger mass; and

• As a baseline, the vehicle design located at the center of design space has a mass
of 32.4 kg.

5.3.2 Load Case A – Single Pole Impact

In the first load case, only one impact position is considered, and hence, we call single
pole impact problem. Precisely, the vehicle is impacted from the side against a rigid
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Figure 5.6: Overview of the FE submodel for an automotive side crash against a
rigid pole. In BEVs, the battery compartment is commonly installed between the
rocker panels on both sides and underneath the supporting beams. Top left: The
thicknesses of rocker panels and supporting beams are considered as design variables for
optimization, as highlighted in blue color. Bottom left: An example of FE simulation
result, showing the structural deformation after impact and the corresponding plastic
strain distribution. Top right: The 18 design variables in rocker panels (DV1 – DV15)
and supporting beams (DV16 – DV18) considered for optimization, as highlighted using
different colors. Bottom right: Top view of the FE submodel, showing two possible
impact positions, labeled as P1 and P2, by placing the rigid pole differently. Figure
taken from [74].
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pole positioned at P1 (Figure 5.6). For this problem, the optimization objective fopt

is defined using Equation 5.1.

minfopt = m′ + u′ ,

m′ =
m−mmin

mmax −mmin
,

u′ =
u− umin

umax − umin
,

(5.1)

where m′ and u′ represents the min-max normalized mass and intrusion according to
the minimum and maximum of DoE samples. Due to the fact that FE simulations are
expensive, only BO is considered for solving the automotive crash problems, which
suites well for optimization problems with a limited function evaluation budget. Par-
ticularly, we focus on the standard BO, which can outperform the TuRBO variants
in our preliminary testing. In brief, the experimental setup consists of an initial DoE
of fixed 400 samples (roughly 20 · d) for the ELA feature computation and training of
GPR models in BO, 30 resamplings using FE simulations, and five repetitions using
different random seeds, while the remaining setup is similar to Section 5.2.1.

Unlike our previous investigation based on the BBOB functions, however, the SBS
and VBS are not available to serve as a comparison baseline for our crash optimization.
On the contrary, here the performance of RSM and SRSM are considered as our
primary benchmark references, which are described in detail in the following:

RSM: Using a set of DoE samples, seven types of surrogate model are trained to
approximate the true crash functions, consisting of polynomial function, sup-
port vector regressor, RF, gradient boosting, dense NN, GPR, and k-nearest
neighbour [94]. To further improve the fitting quality of surrogate models, the
corresponding hyperparameters are fine-tuned using TPE based on a similar
framework in [63] and a five-folds cross-validation. Subsequently, based on the
surrogate model with the best fitting quality, ModCMA is then applied to iden-
tify the global optimum of the approximated function; and

SRSM: In short, we utilized a similar SRSM optimization approach as explained
in [62, 105, 125, 126], where the response surfaces are trained in the same way as
in RSM. For a fair comparison, the same total function evaluation budget, i.e.,
the sum of DoE samples and resamplings considered for BO, is equally divided
across iterations. To improve the efficiency of SRSM, DoE samples from previous
iterations that are within the subregion of current iteration are additionally
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taken into account for the construction of response surfaces. Considering the
DoE sample size per iteration w.r.t. the problem dimensionality, five iterations
are considered for SRSM in this investigation.

The optimization results using different optimization approaches for the single pole
impact problem are summarized in Figure 5.7. Generally, better vehicle designs with
lower objective values can be identified using RSM, SRSM, and BO, in comparison
to the classical one-shot optimization approach. Among them, both SRSM and BO
outperform RSM in finding better vehicle designs, with the performance of SRSM
being the best. While the results are not included here, no significant improvement
can be observed in the optimization performance of RSM in our followed-up testing,
despite using an additional 200 DoE samples (+50%). Subsequently, RSM indeed
struggles to accurately approximate the highly nonlinear crash functions for an optimal
optimization. Meanwhile, this indicates the benefits of using an iterative optimization
approach to solve complex automotive crash problems, based on the fact that better
solutions can be clearly found using SRSM. On the other side, compared to the default
BO configuration, a slightly better optimization performance can be achieved using
our optimal BO configuration w.r.t. the best-found solution (roughly −2%) and AUC
metric (roughly −3%). In this regard, a faster convergence speed at the beginning of
optimization runs can be observed for the optimal BO configuration.
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Figure 5.7: Performance comparison between one-shot optimization (black), RSM
(blue), SRSM (orange), default BO configuration (green), and optimal BO configu-
ration identified using our approach (red) for the single pole impact problem (Equa-
tion 5.1). While the best-found solution is presented for RSM and SRSM, the best-so-
far solution during optimization is shown for BO, starting with the best DoE sample.
The median performance and standard deviation over five optimization repetitions are
reported. A smaller objective value and/or AUC is better. Figure taken from [74].
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Focusing on the best optimization run among all repetitions, i.e., the run with
the smallest objective value, we delve into analyzing the vehicle designs w.r.t. the
design variables. As shown in Figure 5.8, a general tendency can be observed for most
vehicle designs, where thick rocker panels for regions close to the impact (DV1 – DV8)
and thin supporting beams (DV16 – DV18) are preferred. For the remaining design
variables on the inner side of rocker panels (DV9 – DV15), the thicknesses are relatively
flexible. Beyond that, the vehicle designs identified by the optimization algorithms
belong to different optima. Using RSM as a baseline, the vehicle design found by
SRSM has a smaller intrusion (−3.7 mm), but slightly increased mass (+0.1 kg). On
the other side, while the default BO configuration reduces intrusion by increasing
the thicknesses of rocker panels, our optimal BO configuration attempts to minimize
both vehicle mass and intrusion. Correspondingly, the vehicle design provided by the
default BO configuration has a smaller intrusion (−9.4 mm) at the cost of a larger
mass (+1.5 kg). Meanwhile, the other way round can be achieved using our optimal
BO configuration, namely a smaller mass (−0.6 kg), yet a slightly larger intrusion
(+1.5 mm).

Figure 5.8: Comparison of vehicle designs for the single pole impact problem, focusing
on the best optimization run using RSM (blue), SRSM (orange), default BO configu-
ration (green), and optimal BO configuration identified using our approach (red). The
upper and lower bound of the design space (thickness in mm) are shown at the top
and bottom row. Using RSM as a baseline, the relative differences in mass (kg) and
intrusion (mm) are shown, while the optimization objective values (Equation 5.1) are
included in the last column. Figure taken from [74].

The structural deformation for different vehicle designs is illustrated in Figure 5.9,
again focusing on the best optimization run. In line with our previous observations,
for instance, a greater intrusion can be indeed observed in the vehicle design identified
using our optimal BO configuration, compared to the default BO configuration.
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Figure 5.9: Structural deformation of the FE submodel for the single pole impact
problem. The cross-section of different vehicle designs identified using RSM, SRSM,
default BO, and optimal BO configuration are shown. The same setting is applied for
all simulation snapshots, such as deformation scaling, view position, and time frame.
Figure taken from [74].

5.3.3 Load Case B – Multi-Pole Impact

In real-world situation, a side impact can happen at any position alongside the vehicle
body, which is challenging to be accurately pinpointed. To improve the overall ro-
bustness of a vehicle design, a BIW is typically optimized w.r.t. multiple pole impact
positions, or we also call multi -pole impact problem. Nonetheless, optimizing vehicle
designs for multi-pole impact problem is challenging, since the structural performance
of a vehicle design can vary strongly even for a slight change in the impact position.
Based on the same FE submodel introduced in Section 5.3.1 and a similar setup in
Section 5.3.2, we investigate the multi-pole impact problem using the pole position P1

and P2, and the optimization objective fopt defined in Equation 5.2.

minfopt = α ·m′ + u′
1 + u′

2 , (5.2)

where α = 2 for an equal weighting between mass and intrusions and u′
i∈{1,2} repre-

sents the intrusion for impact position P1 and P2, which is computed using the same
normalization as in Equation 5.1. For the multi-pole impact, a vehicle design must be
separately evaluated using two FE simulations, i.e., one FE simulation for each im-
pact position, e.g., during the generation of DoE samples and resampling. Following
this, an experimental setup with a reduced scope is considered here to minimize the
computational cost, consisting of an initial DoE of 200 samples (roughly 10 · d), 30
resamplings, and three optimization repetitions, refer to Section 5.3.2.

The optimization results using different optimization approaches for the multi-pole
impact problem is summarized in Figure 5.10(a). In line with our expectations, better
vehicle designs with smaller objective values can be identified using RSM, SRSM,
and BO, compared to the classical one-shot optimization approach. In contrast to
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the single pole impact problem, here the performance of SRSM is worse than RSM
in identifying a better vehicle design, despite the fact that better solutions could be
possibly discovered over iterations. We believe that the complex multi-pole crash
function might be poorly approximated in SRSM, considering that a reduced function
evaluation budget, and hence, a smaller DoE sample size is available in each iteration
for the construction of response surfaces, compared to the single pole impact problem.
Meanwhile, the default BO configuration seems to be stuck in a local optimum, having
an arguably similar performance as SRSM. On the other side, clearly better vehicle
designs can be identified using our optimal BO configuration, outperforming RSM,
SRSM, and the default BO configuration. In fact, while the optimal BO configuration
converge almost as fast as the default BO configuration based on the AUC metric
(roughly +1%), it can find a much better vehicle design (roughly −10%).

When looking at the design variables in Figure 5.10(b), a similar trend in the
vehicle designs as previously in the single pole impact can be observed as well, namely
a combination of thick rocker panels and thin supporting beams is favorable. On one
side, most optimization approaches attempt to push the vehicle design towards the
boundary of design space, revealing that thick rocker panels could potentially improve
the overall robustness of a vehicle design in terms of structural performance against
the multi-pole impacts. On the other side, our optimal BO configuration seems to be
more flexible in exploring the design space, given that a combination of thinner rocker
panels and slightly thicker supporting beams is provided as solution. Again using RSM
as a baseline, the vehicle design found using SRSM has a slightly smaller mass (−0.1

kg), but at the cost of larger intrusions for P1 (+0.9 mm) and P2 (+5.6 mm). For the
default BO configuration, the corresponding vehicle design is lighter (−0.5 kg), yet
having a larger intrusion for P1 (+3.1 mm) and P2 (+5.2 mm). In comparison to that,
the vehicle design identified using our optimal BO configurations is arguably better,
having a smaller mass (−0.7 kg), a lower intrusion for P1 (−0.4 mm), and a slightly
larger intrusion for P2 (+1.7 mm).

In summary, our optimization approach has promising potential in improving the
performance of optimization algorithms for an optimal solving of real-world expensive
BBO problems, by fine-tuning optimization configurations based on some represen-
tative functions. Particularly when solving complex BBO problems using a limited
function evaluation budget, like the multi-pole impact problem, a clear advantage can
be obtained using our approach compared to some conventional approaches, in line
with our motivations. Nevertheless, we are aware that the optimization performances
can be different, depending on the optimization objectives defined for optimization
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(a) Performance comparison between one-shot optimization (black), RSM (blue), SRSM (orange), de-
fault BO configuration (green), and optimal BO configuration identified using our approach (red) for
the multi-pole impact problem (Equation 5.2). While the best-found solution is presented for RSM and
SRSM, the best-so-far solution during optimization is shown for BO, starting with the best DoE sample.
The median performance and standard deviation over three optimization repetitions are reported. A
smaller objective value and/or AUC is better.

(b) Comparison of vehicle designs for the multi-pole impact problem, focusing on the best optimization
run using RSM (blue), SRSM (orange), default BO configuration (green), and optimal BO configuration
identified using our approach (red). The upper and lower bound of the design space (thickness in mm)
are shown at the top and bottom row. Using RSM as a baseline, the relative differences in mass (kg)
and intrusions (mm) are shown, while the optimization objective values (Equation 5.2) are included in
the last column.

RSM BO_Default BO_Optimal

P1

P2

SRSM

(c) Structural deformation of the FE submodel for the multi-pole impact problem. The cross-section
of different vehicle designs identified using RSM, SRSM, default BO, and optimal BO configuration
are shown. The same setting is applied for all simulation snapshots, such as deformation scaling, view
position, and time frame.

Figure 5.10: Summary of the optimization results using different optimization ap-
proaches for the multi-pole impact problem. Figures are taken from [74].
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runs, e.g., Equation 5.1 and Equation 5.2, which requires further analysis.

5.4 Landscape-aware HPO using RGFs and deep NN

models

Based on our investigations in Section 5.2 and Section 5.3, there is an inspiring poten-
tial in exploiting some cheap-to-evaluate RGFs for the fine-tuning of optimization con-
figurations for optimally solving real-world expensive BBO problems. Subsequently,
we are inspired to investigate the potential of using some RGFs for the training of pre-
dictive models that can predict optimal configurations, similar to a landscape-aware
HPO context. In fact, this approach has been previously investigated in [160], where it
was reported that the performance of predictive models trained using RGFs was rather
lackluster. Independently of this work, our approach mainly differs in the following
aspects:

• Instead of simply including any RGF in the training set, the selection process
in Section 4.2.4 is employed to identify RGFs that are appropriate for HPO
purposes. We believe that this step is essential to improve the model prediction
accuracy, which might partly explain the unsatisfied model performances in [160];

• Unlike typically done in ASP, where optimal configurations are identified from
a fixed portfolio of limited configurations, our investigation is extended towards
HPO and/or CASH, i.e., considering an exploration of the hyperparameter search
space; and

• For the prediction of optimal configurations, we propose considering NN-based
predictive models, which can properly handle multi-output mixed regression and
classification tasks.

An overview of our landscape-aware HPO approach is presented in Figure 5.11.
Consisting of a training and testing phase, the ELA features and corresponding optimal
configurations identified based on some RGFs are used for the training of predictive
models, which can be deployed later for the prediction of optimal configurations for
unseen real-world expensive BBO problems. A detailed description is provided in the
following:

Training phase: text
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Expensive 
BBO problem

DoE 
samples

Optimization run
(BBO problem)

Optimal
solution(s)

Optimal 
configurations

Deployment phase

Training phase

Generation of 
appropriate RGFs

ELA features

HPO

Predictive models
(NN models)

ELA features

Best configuration
Real-world
constraints

Input Output

Figure 5.11: Overview of the proposed landscape-aware HPO approach that can iden-
tify optimal configurations for real-world expensive BBO problems using some pre-
trained predictive models. During the training phase, based on a preferably large set
of RGFs, their ELA features and optimal configurations are taken for the training
of NN models. Eventually, these NN models can be deployed for the prediction of
optimal configurations for unseen BBO problems based on their ELA features. Figure
taken from [71] with modifications.

1. Firstly, using the random function generator proposed in Section 4.1, a large
set of RGFs is generated. In this regard, the selection process introduced
in Section 4.2.4 is utilized to identify RGFs that are appropriate for HPO
purposes, which are then included in the training function set.

2. For each of the training function, the corresponding optimization land-
scape characteristics are quantified using ELA features based on some DoE
samples. Similar to Section 3.1.1, (i) the objective values are min-max nor-
malized before the ELA feature computation to reduce inherent bias, (ii)
highly correlated ELA features are eliminated, and (iii) the remaining ELA
features are rescaled to a comparable scale range using min-max scaling.

3. Meanwhile, the respective optimal configurations are separately identified
for each training function using HPO w.r.t. some real-world constraints,
such as the allocated world-clock time and computational resources. In
preparation for the model training purposes, categorical hyperparameters
are one-hot encoded, while continuous hyperparameters are linearly rescaled
to [0, 1] using Equation 3.1.

4. Subsequently, deep NN models are trained using the ELA features com-
puted as input and the optimal configurations identified as output. A de-
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scription of the NN models is provided in Section 5.4.1.

Deployment phase: text

1. A set of DoE samples of a real-world expensive BBO problem to-be-solved
is needed as input. Following this, the ELA features of the BBO problem
instance can be computed and normalized in a similar way as during the
training phase.

2. Based on these ELA features, optimal configurations can be identified using
the trained NN models, where the predicted hyperparameters are inversely
transformed back to their original search space. To avoid an invalid config-
uration, e.g., a negative population size for ModCMA, the lower or upper
boundary will be assigned for continuous hyperparameters that are pre-
dicted outside of the search space.

3. Lastly, the predicted configuration is applied for an optimal solving of the
BBO problem instance.

5.4.1 Multi-output Mixed Regression and Classification

In this thesis, we propose considering dense NN models for the prediction of optimal
configurations, which is essentially a multi-output mixed regression and classification
task, using a similar architecture as illustrated in Figure 5.12.

input

InputLayer

hidden_1

Dense relu

hidden_2

Dense relu

hidden_3

Dense relu

out_regr

Dense linear

out_active

Dense softmax

out_mirrored

Dense softmax

out_thres_converge

Dense softmax

out_weights

Dense softmax

Figure 5.12: Example of the architecture of a dense NN model for mixed regression
and classification. From left to right: An input layer, three hidden layers, and several
output layers, where one output layer is assigned for regression task and four layers
for classification tasks. Figure taken from [71].
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Input layer: The input layer has a size equal to the number of ELA features available
in the training dataset.

Hidden layers: To identify an optimal architecture, different combinations of num-
ber of hidden layer {1, 2, 3}, hidden layer sizes {16, 32, 64, 128}, and epochs
{100, 150, 200} are evaluated based on a grid search approach. Using a 80 : 20

training-testing split of the training dataset and five repetitions, the hidden lay-
ers are constructed based on the combination with the smallest validation loss.
Here, ReLU is utilized as activation function for all hidden layers.

Output layers: Basically, different output layers are considered for the mixed re-
gression and classification tasks. On one side, a single output layer using linear
activation function is assigned for the multi-output regression task. On the other
side, the multi-output multi-class classification task is split into multiple classifi-
cations tasks using a separated output layer, where softmax activation function
is applied for the categorical hyperparameters. Following this, the size of output
layers are dependent on the number of hyperparameters.

Loss functions: During the training of NN models, we consider mean squared error
and categorical cross entropy as loss functions for the regression and classification
tasks, respectively.

To properly evaluate the potential of NN models, we consider the performance of
RF models as a baseline, which is a popular choice for landscape-aware ASP. In this
context, the configurations of RF models are optimally fine-tuned using an automated
CASH tool auto-sklearn [36] based on a 80 : 20 training-testing split of the training
dataset. Given that a multi-output multi-class classification task is currently limited
in auto-sklearn, here we instead consider a multi-target regression task, where the
categorical hyperparameters are encoded using numerical labels.

5.4.2 Experimental Setup and Result Discussion

To fairly evaluate the potential of RGFs, a set of MA-BBOB functions is additionally
included as training dataset for the predictive models. A summary of the experimental
setup is provided in the following, namely:

• Considering 24 BBOB functions of the first instance in 5-d as unseen test prob-
lems;
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• A set of 1 000 RGFs, 1 000 MA-BBOB functions, and a combination of both
functions as training dataset;

• The optimization landscape characteristics in terms of ELA features are com-
puted based on a DoE of 50 · d samples;

• In this investigation, we focus on fine-tuning the configurations of ModCMA, as
summarized in Table 5.2. Precisely, the corresponding optimal ModCMA con-
figurations are identified for each training function through HPO using TPE and
a budget of 500 evaluations. In this context, each optimization run is allocated
with a fixed budget of 1 000 · d evaluations and 10 repetitions using different
random seeds;

• The optimization performance of a configuration is evaluated using the AUC
metric introduced in Section 4.2.1; and

• Apart from that, we also extend our investigation to BBOB functions in 20-d,
using a smaller experimental setup to minimize the overall computational effort.
This consists of a DoE of 20 · d samples for the ELA feature computation, opti-
mization runs using 100 · d evaluations, 300 evaluations for TPE, and only seven
real-valued ModCMA hyperparameters (Table 5.2) are taken into consideration.

Representativeness of Training Data

Considering that the problem classes of BBOB functions should be sufficiently covered,
it is natural to expect that predictive models trained using MA-BBOB functions can
have a good performance. While we can indeed observe this on many of the BBOB
functions, it is not always the case, e.g., for F7 and F12, which will be discussed later.
Looking for an explanation, we delve into analyzing the representativeness of MA-
BBOB functions and RGFs w.r.t. the ELA feature space. As shown in Figure 5.13, not
all BBOB functions are sufficiently covered by the MA-BBOB functions, which might
be related to the mechanism employed for the generation of MA-BBOB functions [147].
Subsequently, we suspect that this insufficient coverage provided by the MA-BBOB
functions might explain the poor prediction performances on some BBOB functions.
On the contrary, RGFs can cover a larger region of the ELA feature space, showing
that RGFs are much more diverse in terms of optimization problem classes. In fact,
a combination of the large distribution of RGFs and the more focused distribution
of MA-BBOB functions towards some BBOB functions seems to be the best training
function set.
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Figure 5.13: Projection of the high-dimensional ELA feature space to a 2-d visualiza-
tion using the t-SNE approach for 1 000 RGFs (gray), 1 000 MA-BBOB (blue), and 24
BBOB functions (orange) in 5-d (left) and 20-d (right), based on a similar approach
as in Section 4.1.2. Figure taken from [71].

Performance of Predicted Configurations

The optimization performances using different ModCMA configurations for 24 BBOB
functions in 5-d are summarized in Figure 5.14. Generally, a better performance can
be achieved using optimal configurations identified by the predictive models on most
BBOB functions, compared to the default configuration. Meanwhile, the optimal con-
figurations identified can compete against the SBS on some functions, such as F7
and F17. In fact, NN models can identify optimal configurations that outperform
the SBS in some cases, e.g., for F5 and F13. For highly multi-modal functions like
F16 and F23, on the other hand, the performance of optimal configurations predicted
are lackluster. We suspect that an ELA feature that can properly quantify the land-
scape characteristics of such complex functions is still lacking, indicating that there is
still room for improvement in our approach. Interestingly, the optimal configurations
predicted sometimes seem to be competitive against the VBS, such as for F21. Prin-
cipally, similar observations can be made for the BBOB functions in 20-d, as shown in
Figure 5.15.

For an unbiased analysis, we statistically compare the performance of different
ModCMA configurations, based on the Wilcoxon signed-rank test using the hypothe-
sis optimal configurations predicted using NN models are equally competitive or better.
Here, we focus on evaluating the performance of optimal configurations identified by
NN models trained using RGFs against the default configuration, SBS, and RF mod-
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Figure 5.14: Performance of different ModCMA configurations for 24 BBOB functions
in 5-d, using a repetition of 10 times. The configuration having a smaller AUC is
better. Legend: Default configuration, configuration predicted by NN models trained
using RGFs, by NN models trained using MA-BBOB functions, by NN models trained
using both RGFs and MA-BBOB functions, and by RF models trained using RGFs,
SBS, and VBS. Figure taken from [71].
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Figure 5.15: Performance of different ModCMA configurations for 24 BBOB functions
in 20-d, using a repetition of 10 times. The configuration having a smaller AUC is
better. Legend: Default configuration, configuration predicted by NN models trained
using RGFs, by NN models trained using MA-BBOB functions, by NN models trained
using both RGFs and MA-BBOB functions, and by RF models trained using RGFs,
SBS, and VBS. Figure taken from [71].
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els. As illustrated in Figure 5.16, optimal configurations predicted using NN models
can indeed outperform the default configuration on most of the BBOB functions, in
line with our previous interpretations. On top of that, the optimal configurations can
beat the SBS on many BBOB functions. Meanwhile, the optimal configurations seem
to be still competitive against the default configuration and SBS in a few remaining
BBOB functions. Remarkably, our analysis reveals that our approach is much more ef-
fective in solving simple functions (first half of the BBOB suite), compared to complex
functions (second half), which might be related to the effectiveness of ELA features
in capturing different landscape characteristics. Beyond that, NN models can perform
equally good, or even better than RF models in some cases, especially in 5-d. Mean-
while, a similar trend can be observed for the BBOB functions in 20-d. Nevertheless,
the effectiveness of optimal configurations predicted compared to SBS seems to be
lower in 20-d.
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Figure 5.16: Pairwise performance comparison between the optimal configurations
identified using NN models against the default configuration, SBS, and RF models for
24 BBOB functions in 5d (top) and 20d (bottom). Based on the Wilcoxon signed-rank
test, a green color indicates that there is statistically significant evidence to support the
hypothesis optimal configurations predicted using NN models are equally competitive
or better, with a p-value smaller than 0.05. On the other hand, a darker purple color
or larger p-value indicates that the hypothesis is more likely to be rejected, while a
lighter purple color or smaller p-value for a lower chance of rejection. Figure taken
from [71].

The performance of optimal configurations identified directly based on RGFs (Sec-
tion 5.2.2) and using NN models (this Section) seems to be somewhat similar, i.e.,
outperforming the default configuration on many of the BBOB functions and being
competitive against the SBS in some cases. While it is interesting to understand which
approach is more effective in identifying better optimization configurations, both re-
sults are not directly comparable, since the hyperparameters considered are slightly
different. Following this, a further analysis is necessary.
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5.5 Conclusions

Motivated to assist practitioners in automatically fine-tuning optimization configura-
tions for their applications, we evaluate the potential of our proposed optimization
approach in this chapter. As explained in Section 5.1, we propose considering some
cheap-to-evaluate representative functions that belong to the same optimization prob-
lem class for the fine-tuning of optimization configurations to optimally solve real-world
expensive BBO problems. To improve the reliability of the proposed approach, a selec-
tion process for identifying appropriate representative functions and a training-testing
split are considered for the HPO process. Subsequently, the performance of our op-
timization approach is evaluated based on the BBOB functions in Section 5.2 and a
real-world automotive crashworthiness optimization problem in Section 5.3. Beyond
that, we also investigate the potential of training general purpose predictive models
that can identify optimal configurations for real-world expensive BBO problems in
Section 5.4, based on a set of appropriate RGFs and deep NN models, similar to a
typical landscape-aware ASP context.

In brief, this chapter focuses on answering RQ5 and RQ6, as follows:

RQ5: What is the performance of optimal optimization algorithms iden-
tified using the proposed optimization approach (Section 1.1), when
tested on some benchmark functions? More crucially, can the optimal
optimization algorithms outperform some state-of-the-art approaches
for solving real-world expensive BBO problems?

When applied on the BBOB functions in 20-d, optimal configurations identified
using our approach can outperform the default configuration on most of the
BBOB functions in terms of optimization convergence speed based on the AUC
metric. Furthermore, our optimal configurations can compete against or even
show a better performance than the SBS on some BBOB functions. This is
particularly motivating for real-world applications, where such SBS is usually
not available. Apart from that, our approach shows a high flexibility, as it can
work well with different BBO algorithms, such as ModCMA, ModDE, and BO,
as well as different optimizers for HPO like TPE and SMAC.

Apart from the BBOB functions, we also evaluate the potential of our approach
for solving real-world expensive BBO problems, using automotive crashworthi-
ness optimization as a representative example. Precisely, we focus on an auto-
motive side crash problem using two load cases, namely a single pole impact
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and a multi-pole impact. Overall, a better optimization performance can be
achieved using our optimally fine-tuned BO configurations for both load cases,
in comparison to the default BO configuration. Especially for the multi-pole im-
pact problem, our optimal BO configuration outperforms both RSM and SRSM
that are considered as state-of-the-art in the automotive industry, finding an
arguably better vehicle design w.r.t. mass and intrusions. Following this, we
are confident that our approach can be applied for optimally solving real-world
expensive BBO problems that require dealing with complex functions and using
a limited function evaluation budget, which are two critical aspects in real-world
applications.

RQ6: What is the potential of pre-trained general purpose predictive mod-
els in identifying optimal optimization algorithms for real-world ex-
pensive BBO problems?

Based on our analysis on 24 BBOB functions in 5-d and 20-d, near-optimal Mod-
CMA configurations can be identified based on deep NN models trained using
some properly selected RGFs. In fact, these optimal configurations can outper-
form the default configuration on most of the BBOB functions, and even compete
against the SBS in some cases. Compared to the BBOB functions and MA-
BBOB functions, it is advantageous to consider RGFs as training dataset, since
they cover a broader spectrum of optimization problem classes within the ELA
feature space. Subsequently, we believe that our approach can generalize well to
real-world expensive BBO problems, provided that their optimization problem
classes are sufficiently represented by the RGFs. Overall, well-performing config-
urations can be best identified using dense NN models trained on a combination
of RGFs and MA-BBOB functions.

Based on our analysis, our proposed automated optimization approach has an im-
mense potential in efficiently solving real-world expensive BBO problems w.r.t. some
real-world constraints, by optimally fine-tuning optimization configurations based on
some cheap representative functions. Although our investigations are limited to un-
constrained single objective optimization problems, an improved optimization perfor-
mance can be achieved using our optimization approach in comparison to conventional
methods, in line with our motivations. Once the overall computational effort scales
up, e.g., using a full vehicle FE model (Table 5.1), we believe that such a performance
improvement could be significant. Meanwhile, we are confident that the proposed
optimization approach can generalize well to other real-world BBO domains that are
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sufficiently represented by the representative functions.
The content of this chapter is mainly based on the author’s contribution in the

publications [71, 73, 74].
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Chapter 6

Conclusions and Future Work

The contributions of this thesis serve as a significant step in the long journey towards
our ultimate vision, i.e., developing an automated optimization pipeline for efficiently
solving real-world expensive BBO problems. A summary of this thesis is provided in
Section 6.1, followed by a list of future work in Section 6.2.

6.1 Conclusions

Efficiently solving real-world BBO problems w.r.t. real-world constraints, such as wall-
clock time and computational cost, has gained increasing attention over the years.
Unlike solving benchmark functions, such as the popular BBOB functions, the func-
tion evaluation budget available for real-world applications is typically rather limited,
particularly when the function evaluation is expensive. In the automotive industry, for
instance, the quality of vehicle designs is nowadays commonly evaluated using time-
consuming and costly FE simulation runs. Following this, the development of effective
optimization approaches for real-world applications is becoming a pressing issue, such
as finding better optimization solutions, within a shorter time duration, and/or using
less computational resources.

Motivated to fill the gap, we propose an automated optimization pipeline for (near)
optimally solving real-world expensive BBO problems within the scope of this thesis.
In this regard, we propose considering a set of scalable and cheap-to-evaluate repre-
sentative functions that belong to the same optimization problem classes as the BBO
problems for the fine-tuning of optimization configurations w.r.t. some real-world con-
straints. Subsequently, optimization configurations can be properly fine-tuned at a
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relatively low cost, prior to the optimization runs using expensive function evaluations.
Eventually, the optimal configurations identified can be applied for an efficient solv-
ing of the expensive BBO problems. Throughout this thesis, we consider automotive
crashworthiness optimization as a representative real-world expensive BBO problem,
which requires dealing with complex functions and expensive function evaluations.

Firstly, we begin our investigation by analyzing the optimization landscape charac-
teristics of real-world expensive BBO problems in terms of ELA features in Chapter 3,
which is still lacking according to the best of our knowledge. Based on our inves-
tigations on 20 automotive crash problem instances of different crash scenarios and
problem dimensionalities, we show that the optimization landscape characteristics of
these automotive crash problems are different from those of the BBOB functions. In
other words, the automotive crash problems belong to optimization problem
classes that are different from the BBOB functions (RQ1). Subsequently,
the automotive crash problems are insufficiently represented by the BBOB functions.
Beyond that, we investigate a feature-free approach to characterize the optimization
landscape of BBO problems based on some latent representations, which are computed
using deep NN model like VAE. Interestingly, our results reveal that such latent space
representations could potentially complement the classical ELA features in better cap-
turing the optimization landscape of BBO problems.

Since the BBOB functions are insufficiently representative for real-world expensive
BBO problems, we shift our focus towards generating test functions that belong to
the same optimization problem classes in Chapter 4. Using a tree-based random
function generator, RGFs with similar optimization landscape characteris-
tics in terms of ELA features can be identified for the automotive crash
problems (RQ2). More importantly, these similar RGFs can be exploited
for estimating the actual performance of optimization configurations, and
thus, for identifying optimal optimization configurations on expensive BBO
problems (RQ3). Following this, we propose to consider RGFs as scalable and cheap-
to-evaluate representations of real-world expensive BBO problems for HPO purposes.
Given that a similar RGF could not be identified in some cases, e.g., for some of the
BBOB functions, we additionally investigate the potential of GP in guiding the func-
tion generation towards specific optimization problem classes based on ELA features.
While some potential of this GP-based function generator can be observed,
this approach is not as straightforward as expected (RQ4) and substantial
work is necessary to vigorously guide the function evolution, such as an improved
feature selection strategy.
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Based on the findings in previous chapters, we evaluate the performance of the
proposed optimization pipeline for real-world expensive BBOB problems in Chap-
ter 5. When tested on 24 BBOB functions in 20-d, we show that better optimization
configurations can be indeed identified based on some representative functions, which
can outperform the default configuration on most BBOB functions and even compete
against the SBS in some cases. Moreover, the proposed optimization approach has a
high flexibility, as it can work well with different combinations of BBO algorithms,
e.g., ModCMA, ModDE, and BO, and optimizers for HPO, e.g., TPE and SMAC.
More crucially, our results show that the performance of BO can be improved
using optimal configurations identified by our optimization approach, when
solving a real-world automotive crashworthiness optimization problem us-
ing two load cases, namely a single pole impact and a multi-pole impact
(RQ5). Especially for solving the multi-pole problem, a significant improvement in
optimization performance can be achieved using our optimal BO configurations, which
clearly outperform the state-of-the-art RSM and SRSM. Subsequently, we are confi-
dent that our optimization approach can be applied for an optimal solving of real-world
expensive BBOB problems that require dealing with complex functions, while using a
limited function evaluation budget. Apart from that, we evaluate the performance of
predictive models in identifying optimal configurations for real-world expensive BBO
problems, using deep NN models and RGFs as training dataset, similar to a landscape
aware HPO context. Based on our investigation on the BBOB functions, the trained
NN models can perform quite well in identifying configurations that can
most of the time outperform the default configuration (RQ6).

In summary, the proposed automated optimization pipeline has a motivating poten-
tial for an optimal solving of real-world expensive BBO problems, such as automotive
crashworthiness optimization problems. Considering that the proposed approach can
perform rather well on the BBOB suite, which covers a wide range of optimization
problem classes, we believe that our approach can generalize to other BBO domains
that are sufficiently represented by the BBOB functions. For instance, ship design
problems in the maritime industry [25] and turbomachinery designs in the aerospace
industry [103] are two potential real-world expensive BBO problems that are attractive
for an application of our approach with appropriate modifications and extensions.
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6.2 Future Work

During our investigations, nevertheless, the following weaknesses and limitations in
our proposed optimization approach have been identified, where further analysis and
improvements could be worthwhile:

Outlook 1: Within the scope of this thesis, we focus on optimally solving uncon-
strained single objective optimization problems. To improve the overall appli-
cability of our proposed optimization approach for real-world applications, a
proper extension towards constraint handling and/or multi-objective optimiza-
tion would be valuable;

Outlook 2: Since some DoE samples of real-world expensive BBO problems are re-
quired as input, it is essential to investigate an optimal trade-off between the
DoE sample size and effectiveness of our approach w.r.t. the problem dimen-
sionality. Ideally, expensive function evaluations are performed only as much as
necessary, but as little as possible to minimize computational effort. Meanwhile,
an application of the proposed optimization approach for solving real-world BBO
problems like automotive crash problems using a full vehicle FE model could be
interesting, to properly estimate its value for industrial applications;

Outlook 3: In this thesis, we focus on evaluating the potential of fine-tuning op-
timization configurations using HPO based on some representative functions.
Subsequently, another attractive research direction could be extending our ap-
proach towards CASH or AAC, where both the choice of optimization algorithms
and their hyperparameters are properly fine-tuned;

Outlook 4: Based on our investigations, we show that BO indeed can perform well in
solving real-world expensive BBO problems using a limited function evaluation
budget. To further improve the performance of BO, for instance, the develop-
ment of a configurable BO framework that is similar to ModCMA and ModDE
could offer a great functional flexibility for real-world applications. In this re-
gard, the BO hyperparameter search space could be expanded, e.g., including
the hyperparameters of internal optimizer in BO and/or combining different BO
variants (Section 2.1.1); and

Outlook 5: While a diverse set of RGFs can be generated using the tree-based ran-
dom function generator (Section 4.1), the optimization problem classes that
are being covered is primarily limited by the predefined pool of mathematical
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operands and operators. Subsequently, further effort could be invested to im-
prove the diversity of RGFs that can be generated, to cover a broader spectrum
of optimization problem classes. The discontinuity in real-world problems, for
instance, could be potentially included by considering step functions, as briefly
mentioned in Section 4.1.2.
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Samenvatting

Het zo optimaal oplossen van problemen met beperkingen in de echte wereld (BBO),
die duur zijn om te evalueren ofwel in tijd ofwel in rekenkosten, is zeer uitdagend.
Hoewel er in de loop der jaren verschillende BBO-algoritmen zijn geïntroduceerd, zo-
als Covariance Matrix Adaptation Evolutionary Strategy (CMA-ES) en Differential
Evolution (DE), is er meestal een aanzienlijk functie-evaluatiebudget nodig voor een
optimalisatieconvergentie, wat minder praktisch is voor echte toepassingen die dure
functie-evaluaties gebruiken. Het optimaliseren van de botsveiligheid van auto’s met
behulp van dure Finite Element (FE) simulaties in de auto-industrie is bijvoorbeeld
een representatief voorbeeld van echte BBO problemen, die typisch zeer niet-lineair,
discontinu en hoog-dimensionaal zijn. Door de strengere regels voor verkeersveiligheid,
opgelegd door de overheid, en het feit dat verschillende functies en functionaliteiten ge-
ïntegreerd moeten worden om de klanttevredenheid beter te behouden, is het efficiënt
oplossen van voertuigontwerpproblemen cruciaal, maar wel een uitdaging. Ondertus-
sen verliezen geavanceerde optimalisatiebenaderingen zoals Response Surface Method
(RSM) en Successive Response Surface Method (SRSM) geleidelijk hun effectiviteit in
het oplossen van de steeds geavanceerdere voertuigontwerpproblemen. Optimalisatie-
benaderingen die op een efficiënte manier botsveiligheids problemen efficiënt kunnen
oplossen krijgen daarom steeds meer aandacht in de auto-industrie.

Gemotiveerd om de bestaande limitaties op te lossen, onderzoeken we een geau-
tomatiseerde optimalisatie aanpak voor het efficiënt oplossen van echte dure BBO
problemen met behulp van een beperkt functie-evaluatie budget binnen het bestek
van dit proefschrift. In wezen willen we praktijkmensen helpen bij het afstemmen van
optimalisatieconfiguraties voor het optimaal oplossen van hun toepassingen met be-
hulp van beperkingen in de echte wereld. Door gebruik te maken van enkele goedkoop
te evalueren representatieve functies die behoren tot dezelfde optimalisatieprobleem-
klassen als de op te lossen BBO problemen, kunnen bijna optimale optimalisatie-
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configuraties geïdentificeerd worden tegen relatief lage rekenkosten, bijvoorbeeld met
behulp van Hyperparameter Optimization (HPO), voordat de eigenlijke optimalisatie-
runs worden uitgevoerd met behulp van dure functie-evaluaties. Uiteindelijk kunnen
de dure BBO problemen efficiënt opgelost worden met behulp van de verfijnde opti-
malisatieconfiguraties.

Om representatieve functies te identificeren die tot dezelfde optimalisatieprobleem-
klassen behoren, overwegen we om de kenmerken van het optimalisatielandschap van
BBO problemen te kwantificeren met behulp van Exploratory Landscape Analysis
(ELA). In principe behoren BBO problemen tot dezelfde optimalisatieprobleemklas-
sen als testfuncties met vergelijkbare ELA-kenmerken. Gebaseerd op onze analyse
van 20 auto-ongeluk probleeminstanties van verschillende crashscenario’s en probleem-
dimensies, laten we zien dat de auto-ongeluk problemen behoren tot optimalisatie
probleemklassen die verschillen van de veelgebruikte Black-Box Optimization Bench-
marking (BBOB) functies. Met andere woorden, de BBOB-functies zijn onvoldoende
representatief voor echte auto-ongelukken en zijn dus ongeschikt om als representa-
tieve functies te dienen. Aan de andere kant lijken de auto-ongelukken het meest op
optimalisatieprobleemklassen van Randomly Generated Function (RGF) gegenereerd
met behulp van een boomgebaseerde willekeurige functiegenerator in termen van ELA-
kenmerken. In feite stellen we voor om dergelijke RGF’s te gebruiken als schaalbare en
goedkoop te evalueren representatieve functies voor echte dure BBO-problemen, bij-
voorbeeld voor HPO-doeleinden. Verder onderzoek toont aan dat RGF’s veelbelovende
mogelijkheden hebben in het schatten van de werkelijke prestaties van verschillende
optimalisatieconfiguraties op ongeziene BBO problemen. Anders gezegd, goed pres-
terende optimalisatieconfiguraties voor echte dure BBO problemen kunnen inderdaad
geïdentificeerd worden door gebruik te maken van RGFs als representatieve functies.

Bij evaluatie op de BBOB-suite kunnen we beter presterende optimalisatieconfi-
guraties identificeren dan de standaardconfiguratie met behulp van de voorgestelde
optimalisatieaanpak, in overeenstemming met onze motivatie. Opmerkelijk is dat de
optimale optimalisatieconfiguraties zelfs concurrerend zijn met de Single Best Sol-
ver (SBS) op sommige BBOB-functies. Hier worden een selectieproces van geschikte
representatieve functies en een opsplitsing van training en testen tijdens HPO geïmple-
menteerd om de algehele robuustheid bij het afstemmen van optimalisatieconfiguraties
te verbeteren. Nog belangrijker is dat de configuraties die met onze aanpak zijn ver-
fijnd, beter presteren dan de standaard BO-configuratie en RSM voor het oplossen
van een zijwaarts botsprobleem bij auto’s in termen van de best gevonden oplossing
en convergentiesnelheid. Vooral voor het oplossen van complexe crashfuncties met een
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beperkt evaluatiebudget kunnen aanzienlijk betere oplossingen worden gevonden met
onze aanpak, bijvoorbeeld in vergelijking met SRSM.

Concluderend tonen onze resultaten aan dat de voorgestelde geautomatiseerde op-
timalisatiepijplijn een bemoedigend potentieel heeft voor het efficiënt oplossen van
echte dure BBO-problemen, zoals voertuigontwerpproblemen. Aangezien de voorge-
stelde optimalisatiebenadering relatief goed kan presteren op de BBOB-suite, die een
verscheidenheid aan optimalisatieprobleemklassen omvat, zijn we ervan overtuigd dat
onze benadering goed kan veralgemenizeren naar andere BBO-domeinen, op voor-
waarde dat ze voldoende worden gerepresenteerd door de BBOB-functies. Met ver-
dere aanpassingen denken we dat onze aanpak uitgebreid kan worden naar het efficiënt
oplossen van andere dure BBO problemen in de echte wereld, zoals scheepsontwerpen.
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Optimally solving real-world expensive Black-Box Optimization (BBO) problems w.r.t.
real-world constraints, such as wall-clock time and computational costs, is extremely
difficult and tedious. While a variety of BBO algorithms have been introduced over
the years, such as Covariance Matrix Adaptation Evolutionary Strategy (CMA-ES)
and Differential Evolution (DE), a considerable function evaluation budget is usually
necessary for an optimization convergence, which is less practical for real-world appli-
cations using expensive function evaluations. Automotive crashworthiness optimiza-
tion using expensive Finite Element (FE) simulations in the automotive industry, for
instance, is a representative example of real-world BBO problems, which is typically
highly nonlinear, discontinuous, and high-dimensional. Due to the stricter regulations
on road safety imposed by authorities and the fact that various features and function-
alities must be integrated to better retain customer satisfaction, an efficient solving of
vehicle design problems is critical, yet challenging. Meanwhile, state-of-the-art opti-
mization approaches like Response Surface Method (RSM) and Successive Response
Surface Method (SRSM) are gradually losing their effectiveness in solving the increas-
ingly sophisticated vehicle design problems. Consequently, optimization approaches
that can efficiently solve crashworthiness optimization problems have gained growing
attention in the automotive industry.

Motivated to fill the gaps, we investigate an automated optimization approach for
optimally solving real-world expensive BBO problems using a limited function evalu-
ation budget within the scope of this thesis. Essentially, we aim to assist practitioners
in automatically fine-tuning optimization configurations for optimally solving their
applications w.r.t. real-world constraints. By exploiting some cheap-to-evaluate repre-
sentative functions that belong to the same optimization problem classes as the BBO
problems to-be-solved, nearly optimal optimization configurations can be identified
at a relatively low computational expense, e.g., using Hyperparameter Optimization
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(HPO), prior to the actual optimization runs using expensive function evaluations.
Eventually, the expensive BBO problems can be efficiently solved using the fine-tuned
optimization configurations.

To identify representative functions that belong to the same optimization problem
classes, we consider quantifying the optimization landscape characteristics of BBO
problems using Exploratory Landscape Analysis (ELA). Principally, BBO problems
belong to the same optimization problem classes as test functions with similar ELA
features. Based on our analysis on 20 automotive crash problem instances of differ-
ent crash scenarios and problem dimensionalities, we show that the automotive crash
problems belong to optimization problem classes that are different from the widely-
used Black-Box Optimization Benchmarking (BBOB) functions. In other words, the
BBOB functions are insufficiently representative for real-world automotive crash prob-
lems, and thus, they are inappropriate to serve as representative functions. On the
other hand, the automotive crash problems are most similar to the optimization prob-
lem classes of Randomly Generated Function (RGF) created using a tree-based ran-
dom function generator in terms of ELA features. In fact, we propose considering such
RGFs as scalable and cheap-to-evaluate representative functions for real-world expen-
sive BBO problems, e.g., for HPO purposes. Further investigations demonstrate that
RGFs have promising potential in estimating the actual performance of different op-
timization configurations on unseen BBO problems. Put differently, well-performing
optimization configurations for real-world expensive BBO problems can be indeed
identified using RGFs as representative functions.

When evaluated on the BBOB suite, we can identify better performing optimiza-
tion configurations than the default configuration using the proposed optimization
approach, in line with our motivation. Remarkably, the optimal optimization config-
urations are even competitive against the Single Best Solver (SBS) on some BBOB
functions. Here, a selection process of appropriate representative functions and a
training-testing split during HPO are additionally implemented, to improve the overall
robustness in fine-tuning optimization configurations. More importantly, the Bayesian
Optimization (BO) configurations fine-tuned using our approach can outperform the
BO default configuration and RSM for solving an automotive side crash problem in
terms of the best-found-solution and convergence speed. Especially for solving com-
plex crash functions using a limited function evaluation budget, such as a multi-pole
impact problem, significantly better solutions can be found using our approach, e.g.,
compared to SRSM.

In conclusion, our results show that the proposed automated optimization pipeline
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has an encouraging potential for an efficient solving of real-world expensive BBO prob-
lems, such as vehicle design problems. Since the proposed optimization approach can
perform relatively well on the BBOB suite, covering a variety of optimization problem
classes, we are confident that our approach can generalize well to other BBO domains
that are sufficiently represented by the BBOB functions. With further modifications,
we believe that our approach can be extended to efficiently solving other real-world
expensive BBO problems, such as ship designs.
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