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Abstract

The renormalization group (RG) is a powerful theoretical framework. 
It is used on systems with many degrees of freedom to transform 
the description of their con!gurations, along with the associated 
model parameters and coupling constants, across di"erent levels of 
resolution. The RG also provides a way to identify critical points 
of phase transitions and study the system’s behaviour around them. 
In traditional physical applications, the RG largely builds on the notions 
of homogeneity, symmetry, geometry and locality to de!ne metric 
distances, scale transformations and self-similar coarse-graining 
schemes. More recently, e"orts have been made to extend RG concepts 
to complex networks. However, in such systems, explicit geometric 
coordinates do not necessarily exist, di"erent nodes and subgraphs 
can have di"erent statistical properties, and homogeneous lattice-like 
symmetries are absent — all features that make it complicated to de!ne 
consistent renormalization procedures. In this Technical Review, we 
discuss the main approaches, important advances, and the remaining 
open challenges for network renormalization.
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variety of coarse-graining prescriptions. We then examine approaches 
that aim to generalize the core tenets of RG to account for network 
heterogeneity and disorder from different premises, and conclude 
by highlighting open problems and questions yet to be addressed in 
this developing field.

Challenges for renormalization  
of complex networks
RG methods have shown that large classes of systems exhibit uni-
versal features, proving valuable for building bottom-up models of 
natural phenomena. However, in real-world applications, interactions 
rarely exhibit the homogeneity modelled by regular lattices. Instead, 
structural disorder and spatially inhomogeneous interactions give 
rise to network patterns with topological and geometrical heteroge-
neity. Real-world networks are characterized by a broad distribution 
of the number of links per node (degree), a short average path length 
(the small-world property) even in large networks, a non-vanishing 
local triangle density (finite clustering) even in sparse networks, and 
a modular (possibly hierarchical) community structure, among other 
properties1–4. These irregularities challenge the extension of standard 
RG approaches. The challenges are compounded by difficulties arising 
from the finiteness of the systems one seeks to represent, requiring 
explicit accounting of boundary and finite-size effects5–9.

RG analysis, as commonly implemented, is defined by three 
fundamental steps:

• De!nition of coarse-grained variables either in real space, by til-
ing the latter with identical mesoscopic cells or ‘blocks’ containing 
multiple microscopic units, or in dual k-space, by decomposing 
such variables in di"erent wavelength components, from the 
shortest to the longest;

• Averaging out, or marginalizing over the !ner details of the 
system, represented by local #uctuations, that is, the properties of 
either the small-scale cells or the short-wavelength (fast) modes;

• Renormalization of the couplings and parameters of the sys-
tem whose interactions have been coarse-grained. (In theories 
with a continuum of degrees of freedom, renormalization also 
necessitates a prescription to deal with the in!nities that inevi-
tably arise. This prescription is well understood in the context 
of particle physics and statistical !eld theory10,11, but will not be 
needed in the present context given the discrete and !nite nature 
of complex networks).

These operations can be iterated, generating an RG flow whose 
trajectories and fixed points can be studied.

The first step — defining the coarse-grained variables — is in prin-
ciple straightforward for homogeneous physical systems with local 
interactions embedded in translationally invariant metric spaces (such 
as regular lattices or Euclidean geometries), given that notions of dis-
tance and neighbourhood make ‘identical mesosocopic cells’ or ‘wave-
length’ straightforward to define (for example, a 2D lattice can be readily 
coarse-grained onto a reduced lattice with the same symmetry and 
dimensionality). In systems with all-to-all homogeneous interactions, 
as idealized in mean-field models, the structure can also trivially be 
mapped onto another all-to-all graph. However, defining coarse-grained 
variables becomes non-trivial in highly inhomogeneous and small-
world networks, posing the question: how can one appropriately define 
block nodes or slow modes in this context? Moreover, such networks 
are often constructed using empirically informed resolution levels, 
typically constrained by data limitations. For instance, epidemic spread 

Key points

 • Renormalization group (RG) methods have proven to be indispensable 
in understanding and classifying the aggregate behaviour of a wide 
range of physical systems with many degrees of freedom.

 • Direct application of RG techniques devised for physical systems 
is problematic for complex networks, whether due to the absence 
of intrinsic notions of metric distance, or geometric or topological 
regularity.

 • In spite of these challenges, notable progress has been made in a 
number of restricted settings, which we survey in this Technical Review.

 • Numerous open questions remain, and we summarize the case 
for a more broadly applicable network renormalization programme 
grounded on first principles, which we attempt to articulate.

Introduction
Renormalization and renormalizability are notions that underpin 
the modern physical understanding of material phenomena in the 
Universe. They posit that at large enough spatiotemporal scales, 
small-scale details average out, and explain why we do not need to 
know the precise behaviour of subatomic particles to navigate daily life. 
Formalizing renormalization, however, took physicists several decades, 
and lead to spectacular insights into the universality of certain physical 
phenomena. Box 1 summarizes the basic notions of renormalization and 
renormalization group (RG) transformations as traditionally applied 
to physical systems.

Beyond ‘traditional’ physics systems, large complex systems in 
nature and society also contain multiple interacting scales, with no 
prior preferred resolution level. Can renormalizability also be applied 
in such cases? For instance, when modelling the flow of goods and 
services between businesses, can their relationships be consistently 
represented when aggregating firms into broader categories, such as 
economic sectors? Likewise, when considering epidemic spread on a 
network, one is interested in understanding whether long-term aggre-
gate outcomes differ from compartment-based analyses, factoring in 
modelling and parameter uncertainties.

Although it may be tempting to transpose lessons from the study of 
physical systems wholesale to complex networks, several key assump-
tions must be critically re-examined. These include the locality of 
interactions and the underlying spatial regularity typical in materials, 
where disorder is treated as a small perturbation. Furthermore, upon 
considering dynamical processes on networks, it is essential to ensure 
that any coarse-graining approach is consistent with the dynamics, 
both for specific realizations and for the statistical ensembles they 
derive from. Thus, it is necessary to revisit the foundational premise 
of renormalization — the idea of averaging over small scales to under-
stand aggregate behaviour — and reformulate it in the specific context 
of complex networks.

In this Technical Review, we explore the application of renormali-
zation techniques to complex networks. We discuss how real-world 
networks, often lacking explicit geometric embeddings, and featuring 
heterogeneity and intertwined connectivity across multiple scales 
require a rethinking of the renormalization programme. We review 
existing methods that implement network renormalization based on a 
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and economic shocks are often observed at aggregate levels (such as 
subpopulation contacts or economic sector flows) rather than at finer 
scales where the actual dynamics takes place (individual infections or 
firm-level propagating shocks). Modelling processes directly at these 
aggregate levels often fails to capture the dynamics of the system at 
finer scales, as shown in studies of shock transmission during the 2008 
financial crisis and epidemic spread during the Covid-19 outbreak12,13.

Similarly, in homogeneous lattices or metric spaces, the second 
step — averaging out local fluctuations — leverages internal symmetries 
to replace notions of connectedness with proximity defined via coordi-
natization, where spatially closer nodes are more likely to connect. Phys-
ical theories on such spaces are local, and coarse-grained theories only 
involve local fields and their finite-order derivatives. However, notions 
of locality do not straightforwardly extend to irregular networked 
spaces. In symmetric binary networks, alternatives include defining 
interactions via the adjacency matrix (nearest-neighbour) or its powers 
(up to nth-neighbour interactions), or using a discrete metric induced 
by the minimum path length14. The sparsity of networks, the hetero-
geneous distribution of the number of neighbours at different path 
distances, and the presence of disordered long-range interactions —  
key to the small-world property — complicate unambiguous definitions 
of locality in complex networks.

Finally, the complexities in the third step — renormalizing cou-
plings and parameters — are closely linked to those in the preceding 
steps. In disordered lattice systems such as spin glasses15, interac-
tion topologies may be regular but coupling constants may be very 
heterogeneous. This heterogeneity can be modelled using random 

variables, where self-averaging ensures that spatial averages cor-
respond to distributional averages. In such situation, renormaliz-
ing couplings entails mapping the probability distribution of fine-scale 
coupling constants onto an induced distribution for coarse-grained 
constants16. In heterogeneous networks, the challenge is amplified, as 
the interaction topology itself is disordered. Many complex network 
models correspond to random graphs drawn from some ensemble 
with specified properties. Consequently, renormalizing couplings and 
parameters requires mapping an initial probability distribution over 
fine-grained graphs to a new distribution over coarse-grained graphs. 
In principle, this mapping defines a renormalization flow, with its own 
functional trajectories and fixed points.

Motivated by these considerations, in recent years, researchers 
have aimed to establish a general framework for the renormalization 
of complex networks. In what follows, we aim to summarize a selec-
tion of methods that use different yet related strategies towards this 
goal. We first provide a broad (but inevitably non-exhaustive) over-
view of approaches to coarse-grain complex networks, after which we 
delve into specific methods that extend one or more of the three steps 
of the renormalization programme outlined above in the context of 
heterogeneous networks.

Network coarse-graining approaches
The absence of underlying lattice structures for most real-world 
complex networks complicates the identification of consistent 
coarse-graining schemes and has inspired a variety of approaches that 
can be classed into several broad categories.

Box 1 | Renormalization in statistical physics and field theory
 
In physical systems, locality and causality of interactions conspire to 
limit the influence of small-scale fluctuations so that only a handful 
of parameters describe the system at macroscopic scales. Steps 
towards formalizing this idea were made in the 1960s, when Leo 
Kadano# applied the concept of coarse-graining (studied earlier by 
Paul and Tatiana Ehrenfest167) to statistical mechanical systems in 
order to understand their behaviour in the neighbourhood of a critical 
point of a second-order phase transition118.

One such system is the Ising model, in which lattice spins undergo 
a phase transition between disordered and ordered (or magnetized) 
phases. The model is amenable to being coarse-grained by introducing 
‘block-spin’ degrees of freedom. The scaling of interactions between 
the block-spin variables as one coarse-grains was formalized through 
the renormalization group (RG)111. Early numerical calculations on a 
lattice168 were followed by more general variational methods169–172.

The RG marked a breakthrough in statistical mechanics by 
providing a real-space method to formally average over small-scale 
system details, thereby defining e#ective degrees of freedom 
and interactions at any given scale, which became the foundation 
for RG methods in continuum field theories, developed further 
by Kenneth Wilson some years later113,173. Wilson’s work not only 
provided a theoretical basis for understanding scaling behaviour in 
critical phenomena, but also formalized what had previously been 
a piecemeal approach to addressing nominally divergent quantities 
in field theories. These divergences stem from the mathematical 
idealization of resolving arbitrarily small distances, for which a 

subtraction scheme had been proposed174. However, this scheme 
lacked a firm conceptual foundation until the RG was developed. 
Since then, RG methods have enabled the development of a ‘theory 
of theories’, which reveals how disparate physical systems with vastly 
di#erent microscopic details can exhibit universal behaviour near 
their critical points175–179.

Over the past five decades, the adoption of RG techniques spread 
to encompass diverse domains, ranging from cosmology at the 
largest scales to particle physics at the smallest. In the wider context 
of statistical mechanics, RG methods have been extended to out-of-
equilibrium systems on homogeneous and fractal lattices180–186, where 
calculations are facilitated by local and translation-invariant interactions. 
Important examples extending beyond the initial applications include 
models of epidemic dynamics187, biological swarms188–190, neural 
networks191–194, dynamical and directed percolation195,196, voter models 
for opinion dynamics197, and synchronization models of nonlinear 
oscillators, such as the Kuramoto model120,121 on 1D chains198, lattices199 
and hierarchical trees200. Furthermore, RG methods have found fruitful 
application in systems abstracted as tensor networks192,201–203, or in 
frameworks defined by their information-theoretic content204–208.

In contrast to equilibrium settings, the relevant ingredients 
that determine universality classes in non-equilibrium systems are 
sometimes unknown, and, in general, no RG calculation is available 
at higher orders in perturbative treatments. Non-perturbative RG has 
emerged as a promising alternative209–212 and, for example, has been 
applied to the di#usive epidemic model in lattices213.
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Methods based on shortest paths
An important attempt to network coarse-graining uses the length 
of shortest paths to define node distance, enabling an iterative RG 
transformation based on box-covering methods developed for fractal 
geometries17,18. This approach groups nodes within a given shortest path 
distance to form coarse-grained nodes at a larger resolution, thereby 
generating an RG sequence14. The method has unveiled self-similar and 
fractal features14,19–21, suggested new growth mechanisms22 and led to a 
classification of networks into universality classes5,23. However, owing 
to the small-world property, RG transformations that use shortest 
paths as a metric criteria turn out to be inadequate for disentangling 
and uncovering scaling behaviour. Consequently, self-similarity of the 
degree distribution under these transformations is not accompanied 
by the scaling of correlations, particularly for clustering.

In addition, real-space RG transformations have been proposed 
based on the addition of long-range links to an underlying regular 
lattice with short-range connectivity. Such transformations have 
been used to investigate problems such as the behaviour of the 
Watts–Strogatz model near its critical point (in the limit where the den-
sity of shortcuts tends to zero24) and of a scale-free network model on 
lattices whose original topological properties remain unchanged after 
transformation25. However, these methods require prior knowledge 
of the node coordinates, or equivalently of the distinction between 
short-range links (defining the only path lengths actually involved in 
the coarse-graining) and long-range ones. This information is often not 
known or sometimes even defined for real-world networks.

Spectral methods
An alternative approach is based on the spectral properties of networks. 
These methods coarse-grain nodes in a manner that preserves the 
behaviour of a specific process. The spectral coarse-graining method, 
originally devised for random walks on networks, ensures the preserva-
tion of large-scale behaviour by maintaining the largest eigenvalues of 
the stochastic matrix and the corresponding eigenvectors, effectively 
decimating fast modes while leaving the slow modes unchanged26. 
This method has been extended to bipartite networks27 and applied 
to synchronization dynamics of coupled oscillators, where the net-
work Laplacian becomes the relevant operator28–30. Similar spectral 
coarse-graining ideas have been used in the study of synchronization 
in directed networks31 and controllability32. The possibility of devel-
oping a field-theoretic RG approach to order–disorder phenomena 
using eigenvectors and eigenvalues of the graph Laplacian33 was fur-
ther explored using deterministic hierarchical networks, such as the 
Cayley tree and the diamond lattice for the Gaussian model33,34. These 
approaches pave the way for a more comprehensive notion of graph 
renormalization based on Laplacian spectra35, to which we devote a 
separate section later in this Technical Review.

Topological methods
Parallel to the aforementioned approaches, coarse-graining procedures 
based on topological properties have been also proposed. Some of 
these techniques rely on node centrality measures such as the degree36 
or generalized degree37; node similarity measures based on neighbour 
overlap38, including traditional notions of structurally equivalent nodes 
in social networks39 and trophically equivalent species in food webs40; 
and network motifs as recurrent patterns41.

Decimation schemes such as degree-thresholding renormaliza-
tion42 and the k-core decomposition43 warrant special mention. The 
former removes nodes with a degree below a certain threshold to define 

a hierarchy of nested subgraphs; the latter was specifically designed 
to decompose a network into a sequence of maximal subgraphs, in 
which every vertex has a certain minimum degree. These methods have 
proven effective in real systems in revealing hierarchical self-similarity 
beyond the scale invariance of the degree distribution, such as the 
scaling of the clustering spectrum.

Additionally, strategies based on modularity in the context of 
multiscale community detection44 have been proposed, analogous to 
multilevel graph partitioning algorithms in computer science. Such 
algorithms encompass coarsening heuristics based on nodes or edge 
properties, such as the heavy-edge heuristic for graphs with uniform 
distributions of connections, which merges nodes linked with large 
weights45. For graphs with power-law degree distribution, there are 
community-based coarsening schemes that collapse groups of highly 
interconnected vertices46.

Topological methods are based on the existence of specific struc-
tural patterns, such as (hierarchical) community structure or structur-
ally equivalent nodes, and fail in their absence. This limitation is at odds 
with typical implementations of renormalization in physics, where 
one would like to consistently and iteratively coarse-grain a system as 
simple as a lattice even in the absence of mesoscopic features.

Symmetry-based methods
Another approach uses equivalence classes defined via process-based 
symmetries to define a coarse-graining prescription. In contexts 
from biology to computer science, local symmetries that character-
ize the processes on a network provide a general principle for defining 
the building blocks of a system47. In particular, networks for which 
node transformations leave the so-called input trees invariant give 
rise to emergent equitable partitions48, which has been used to define 
concepts such as the lumpability of ordinary differential equations49,50, 
Boolean backward equivalence51 and fibration colouring52.

The utility of these methods is evidenced by the fact that 
symmetry-induced equitable partitions make it possible to reduce 
to a set of dynamical variables that preserves the overall dynamics 
and synchronization53. Although extremely useful as network reduc-
tion techniques that identify process-based equivalence classes of 
nodes, symmetry-based approaches typically identify a single partition 
(usually corresponding to the maximal network reduction). As with 
purely topological approaches, they cannot be iterated and do not 
generalize to contexts where symmetries are absent.

Coarse-graining in engineering and computer science
Methods to develop scaled-down engineering models of the internet, 
along with other communication and transportation networks, have been 
a recurrent objective in the field of communication technologies54–56. 
More recently, reducing the size of a graph without substantially altering 
its relevant properties has also become an important topic in machine 
learning, where graph embeddings and deep learning techniques such as 
graph neural networks are increasingly applied to graph-structured data. 
Coarse-graining schemes look to compress graphs to reduce computa-
tional cost and complexity for practical applications57–63, and are useful in 
designing efficient error-correcting codes for communication and data 
storage. An RG approach has been used to generate small network codes 
that enable efficient computation of belief propagation performance 
in tree-like networks64. Although these methods are driven by network 
renormalization ideas, they are typically focused on specific processes, 
providing limited insight into the fundamental principles governing 
the multiscale nature of graph-structured data and complex systems.
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Information-theoretic approaches
Information-theoretic methods have been developed to explore 
the interplay between scales on networks. The phenomenon 
of causal emergence65, in which a higher scale provides a more 
informative description of the network’s connectivity, leads to 
minimization of the uncertainty in observations of relationships 
between nodes. Additionally, for dynamics on a particular graph, mul-
tiple coarse-grained descriptions capturing different features of the 
original process may exist. Information-theoretic measures can aid in 
assessing how partitioning the state space of a dynamical process on 
a network influences the projected dynamics66.

Towards principled renormalization approaches
The heterogeneity of real-world networks can make some approaches 
inconsistent with each other, and this inequivalence calls for a broader 
first-principles based framework for the renormalization of complex 
networks. Constructing such a framework necessitates revisiting 
the roots of the renormalization programme that is now relatively 
well understood for systems defined on regular lattices and homo-
geneous metric spaces, while being mindful of the challenges dis-
cussed in the previous section. In what follows, we review various 
attempts to address these challenges through different approaches. 
To facilitate the discussion, we first lay some common ground to  
orient the reader.

We first address the definition of coarse-grained variables. To fix 
notation, it is convenient to introduce the Nℓ × Nℓ adjacency matrix 
A(ℓ) representing the network at a given scale of resolution — that is, a 
given hierarchical level (or layer) ℓ — where Nℓ is the number of nodes 
observed at that level. The case ℓ = 0 may denote the ‘finest-grained’ 
level (that is, the native level at which network data are available), 
whereas ℓ > 0 denotes the ℓth level of iteration of the coarse-graining 
process (when considering fine-graining approaches, we will also 
admit ‘negative levels’ ℓ < 0, as explained further). For weighted net-
works, one is also interested in the weight matrix W (ℓ) representing 
the strength of links.

The coarse-graining of the variables can be implemented in 
different ways. Approaches that generalize the ‘real-space’ renormali-
zation procedure focus on defining coarse-grained variables in terms 
of ‘block nodes’ that determine the rows and columns of the adjacency 
matrix at the next level. For these approaches, the equivalent 
of ‘defining a spatial tiling’ is the definition of a certain partition 
Ωℓ mapping the Nℓ nodes i{ }ℓ i

N
=1ℓ
ℓ  observed at level ℓ onto a smaller 

set of Nℓ+1 coarser nodes (or ‘blocks’) i{ }ℓ i
N

+1 =1ℓ
ℓ
+1

+1  at the next level ℓ + 1. 
Approaches that try to generalize the k-space renormaliza-
tion procedure focus instead on defining an extended notion of 
‘dual space’ for arbitrary graphs, possibly via an explicit operator 
representation of the adjacency matrix that decomposes the latter into 
fundamental modes.

Regarding integrating out the fine details in real space, doing so 
means defining a surjective (many to one, and therefore not invertible 
in general) mapping from A(ℓ) onto A(ℓ+1) (and from W (ℓ) onto W (ℓ+1) if 
applicable), whereas in k-space it entails defining a similar mapping 
between successive instances of the dual operator. A natural choice is 
that of assuming a local mapping, that is, one where the entry Ai j

ℓ( +1)
ℓ ℓ+1 +1

 
of the coarse-grained matrix is chosen to depend only on the 
entries A{ }i j

ℓ
i i j j

( )
∈ , ∈ℓ ℓ ℓ ℓ ℓ ℓ+1 +1

 of the fine-grained matrix that involve the 
microscopic nodes contained in iℓ+1 and jℓ+1, that is,

F ( )A A= { } (1)i j
ℓ

i j
ℓ

i i j j
( +1) ( )

∈ , ∈ℓ ℓ ℓ ℓ ℓ ℓ ℓ ℓ+1 +1 +1 +1

where F  denotes a certain function. As a useful example, it should be 
noted that at a purely binary level, a link from block iℓ+1 to block jℓ+1 is 
present if and only if at level ℓ, there is at least one link from any node 
‘inside’ iℓ+1 (that we denote as iℓ ∈ iℓ+1) to any node ‘inside’ jℓ+1 (similarly 
denoted as  jℓ ∈ jℓ+1). This coarse-graining step produces the adjacency 
matrix A(ℓ+1) with the following entries:

∏ ∏A A= 1 − (1 − ). (2)i j
ℓ

i i j j
i j

ℓ( +1)

∈ ∈

( )
ℓ ℓ

ℓ ℓ ℓ ℓ

ℓ ℓ+1 +1

+1 +1

Similarly, one can introduce a local scheme to obtain the 
coarse-grained matrix W (ℓ+1) from W (ℓ):

( )W W= { } , (3)i j
ℓ

i j
ℓ

i i j j
( +1) ( )

∈ , ∈ℓ ℓ ℓ ℓ ℓ ℓ ℓ ℓ+1 +1 +1 +1
G

where G denotes a function. Note that the freedom of choosing F  and 
G  leads to scheme dependence, which is a generic caveat in any RG 
implementation. Importantly, as noted above, F  and G are surjective 
and therefore not invertible in general: these properties correspond 
to the desired loss of small-scale information, making the RG a semi-
group. The same property applies to dual-space approaches via the 
lossy integration of fast modes.

Finally, one needs to generalize the renormalization of couplings 
and model parameters. If the network is a single deterministic graph 
(an empirical network, for example) supporting a specific interaction 
model or process, then this step depends on the nature and param-
eters of the interaction itself. In certain cases where the process is in 
one-to-one correspondence with the procedure used to represent 
the network in dual space, this step can follow directly from integrat-
ing out the fine details, as discussed in detail for the case of a diffu-
sion process in the section on Laplacian network renormalization. 
In contrast, if the ‘network’ is not deterministic and is instead rep-
resented as a random graph model (with its own parameters) with 
multiple statistical draws already at the original resolution ℓ = 0, then 
renormalizing the couplings also entails renormalization of the ran-
dom graph parameters, as discussed in the sections on geometric 
network renormalization and multiscale network renormalization. 
Doing so necessitates a separate analysis of the functional flow of 
induced probability distributions over graphs and random graph 
model parameters. Importantly, at its fixed point (where the probabil-
ity distribution no longer changes its shape, but only its parameters) 
the RG flow might be statistically ‘inverted’, that is, one might reverse 
the flow of the probability distribution from higher levels to lower 
ones, only through a parameter change. If applied at the native level 
ℓ = 0, this inverse flow might actually produce fine-grained (ℓ < 0) ver-
sions of the network, with a larger number of nodes and, in general,  
a sparser topology.

Armed with these clarifications, we proceed to present three 
different approaches that address the three steps as discussed in the 
introduction in complementary ways.

Geometric network renormalization
Spatial locality in complex networks can be restored within a geometric 
framework67, in which the structural heterogeneity and non-locality of 
real-world networks is rendered local through embedding in hyperbolic 
spaces, restoring the applicability of a geometric RG68–71.

Geometric model
The geometric soft configuration model42,72 imposes metric distances 
between nodes based on popularity and similarity dimensions. These 
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dimensions are abstract and their combination results in hyperbolic 
geometry emerging as a natural space that can embed hierarchical 
and small-world organization. The distances in this space encode the 
likelihood that two nodes will form a connection, with closer nodes 
more likely to connect. This is similar to the approach used in random 
geometric graphs73,74 and latent space models for social networks75.

In the Newtonian version of the model, known as the DS  model42, 
each node i0 (with i0 = 1,…,N0) at level ℓ = 0 is assigned a popularity 
variable and coordinates in a similarity space. Popularity is encoded 
by a hidden degree κi0

 drawn from some arbitrary distribution, ρ(κ), 
typically a power law with exponent  −γ (γ > 0). In dimension D = 1,  
the similarity space is a 1D sphere with radius R0, chosen to accommo-
date N0 nodes with constant density in which each node i0 is assigned  
an angular coordinate θi0

 defining angular distances θ∆ i j0 0
 between 

pairs of nodes i0, j0. The probability pi j0 0
 that nodes i0 and j0 are con-

nected takes a gravity-law form76 and defines a maximum-entropy2 
ensemble

p
χ

=
1

1 + (4)i j
i j

0 0
0 0

where

χ
R θ

µ κ κ
=

( ∆ )

( )
. (5)i j

i j
β

i j
β

0

0
max(1, )0 0

0 0

0 0

The parameter µ0 sets the average degree 〈k〉0, and the individual 
expected degrees are proportional to the κ values of the corresponding 
nodes. β controls clustering in the topology of the network, reflect-
ing the triangle inequality in the latent space, and acts as an inverse 
temperature76,77.

The model exhibits an anomalous topological phase transition at 
β = 1 (ref. 77). In the geometric phase, corresponding to β > 1, cluster-
ing is finite42, whereas it vanishes in the thermodynamic limit of the 
non-geometric phase, 0 ≤ β ≤ 1. However, in the quasi-geometric regime 
0.5 , β < 1, clustering decays to zero very slowly78, implying that finite 
networks still retain a substantial level of clustering, comparable to 
that of some real-world complex networks. Thus, lower temperatures 
imply mostly short-range links, whereas higher temperatures balance 
the likelihood of different link lengths.

The SD-model has a purely geometric formulation, the D+1H  
model72, in which the hidden degree κ is mapped to a radial coordinate 
r, which converts the connection probability (equation (4)) into a 
Fermi–Dirac function depending solely on the distances between nodes 
in hyperbolic space. The Mercator tool79,80 uses statistical inference 
and machine learning techniques to embed real networks in this space 
by maximizing the congruence between the observed network 
structure and the DS  (equivalently, D+1H ) model81. The maps can then 
be used for various downstream tasks, such as visualization, analysis, 
navigation and renormalization.

This family of models is highly effective in explaining key fea-
tures of the connectivity of real networks, such as heterogeneous 
degree distributions42,72,82, significant clustering42,72,82–84, small-world 
phenomena42,85–87, percolation characteristics88–90, spectral aspects91 
and self-similarity42. The framework has also been expanded to explain 
preferential attachment in growing networks92, weighted networks93, 
bipartite networks94,95, networks driven by complementarity96, multi-
layer networks97,98, networks with community structures99–101, directed 
networks102 and networks where nodes have associated features103.

Geometric renormalization technique
The 1S  or 2H  model establishes a foundation for a geometric renor-
malization (GR) group for complex networks by acting iteratively on 
the hyperbolic map of a network68–71. Upon assigning coordinates in the 
embedding space at level ℓ = 0, a new layer ℓ = 1 is obtained through 
coarse-graining and rescaling. This involves partitioning the similarity 
subspace into N1 sectors — the first of the three renormalization steps — 
via a partition Ω0 whereby nodes {i0} ∈ i1 within the same sector i1 
(with i1 = 1,…,N1) become supernodes. The supernodes are linked if 
there is at least one connection between their original nodes as in 
equation (2) (Fig. 1a), thereby averaging out the finer details. Upon 
iteration, this process generates a renormalization flow across scales 
ℓ ≥ 0 by progressively selecting longer-range connections.

GR reveals multiscale self-similarity as a ubiquitous symmetry in 
real-world networks across domains68,71, and accurately predicts the 
self-similarity observed in multiscale reconstructions of human brain 
connectomes, indicating their proximity to the critical structural 
transition between the small-world and non-small-world regimes104 
(Fig. 1b). These findings are explained by the renormalizability of the 

1S  or 2H  model in the geometric (β > 1)68 and non-geometric (β ≤ 1)71 
regimes. The scale transformation for the hidden degrees is obtained 
by imposing that the connection probability (equation (4)) remains 
invariant. The flow of the angular coordinate can be defined by any 
transformation that preserves the rotational invariance of the original 
model. Using the notation z κ=i i

βmax(1, )
ℓ ℓ

, the transformations that pre-
serves the probability of connection and, consequently, the topological 
features of the network in the renormalization flow, are

∑
∑

∑
z z θ

z θ

z
= , = . (6)i

i i
i i

i i i i

i i i∈

∈

∈
ℓ

ℓ ℓ

ℓ ℓ
ℓ ℓ ℓ ℓ

ℓ ℓ ℓ
+1

+1

+1
+1

+1

with our usual convention of iℓ ∈ iℓ+1 denoting nodes that belong to the 
supernode iℓ+1. The above transformations renormalize the couplings 
and parameters.

The global parameters evolve as Rℓ+1 = Rℓ/r ℓ, µ µ r= /ℓ ℓ
β

+1
min(1, ) , 

where r is the number of nodes in equally sized supernodes and β is 
scale invariant. These transformations satisfy the semigroup property: 
renormalizing twice with groups of r nodes equals renormalizing once 
with groups of r2. The probability pi jℓ ℓ+1 +1

 retains the original form of 
pi jℓ ℓ

, and the average degree 〈k〉 is a relevant observable with a flow 
〈k〉ℓ+1 = rν〈k〉ℓ when β > 1 (ref. 68). This behaviour also applies to real 
networks as long as they admit a good embedding. A value ν > 0, typical 
of real networks, indicates a flow towards a highly connected graph; if 
ν < 0, the network flows towards a 1D ring; at the transition between 
the small-world and non-small-world phases, ν = 0 and the average 
degree stays preserved (see the Supplementary Information for more 
details). Finally, for β ≤ 1, the number of links remains constant under 
renormalization71.

Extension to weighted networks
The weighted structure of a network is retained in the RG flow by impos-
ing a transformation of weights that preserves the relationship between 
weights and degree. In this way, the geometric renormalization 
of weights (GRW) technique70 produces the multiscale unfolding of a 
weighted network structure105,106 into a shell of self-similar layers. GRW 
is sustained by the renormalizability of the weighted WSD  (W DS ) 
model93. In practice, an effective approximation with practical advan-
tages is to select the maximum weight of the renormalized links. 
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Weighted networks with heterogeneous degree distributions, from 
very different domains — including metabolic networks in the cell, 
flights among commercial airports, scientific collaboration networks, 
and more — show geometric scaling when coarse-grained and rescaled 
using this strategy, named sup-GRW, or the theoretically based 
transformation70 (see the Supplementary Information for details).

Self-similar fine-graining
A technique that reverses GR is the geometric branching growth (GBG) 
model69. This model accurately predicts the self-similar behaviour of 
real-world growing networks, such as the World Trade Web and the 
journal citation network over long time spans. It operates by generating 

self-similar metric expansions that replicate the original structure of 
the network, up to arbitrarily large network size.

To produce a GBG fine-grained layer ℓ − 1 starting from layer ℓ 
(‘backwards’ with respect to the coarse-graining direction) nodes in 
the original layer are divided into r descendants with a probability p 
(Fig. 1c), so that the population increases as Nℓ−1 = Nℓ(1 + p(r − 1)) = bNℓ 
with branching rate b. Nodes that do not split retain their coordinates, 
and each descendant node is assigned new coordinates. The hidden 
degrees of the descendants must adhere to GR by satisfying equa-
tion (6), and their distribution, ρ(z), must preserve that of the ancestor 
layer and, consequently, must be a stable distribution107. Additionally, 
their angular coordinates are fixed with a slight angular offset to the 
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Fig. 1 | Direct and inverse methods and results for geometric network 
renormalization on real networks. a, Sketch of the geometric renormalization 
(GR) transformation. In layer ℓ = 0, non-overlapping blocks of r = 2 consecutive 
nodes shaded in blue are defined along the similarity circle, thereby inducing a 
partition Ω0 of the original N0 nodes into N1 = N0/r blocks. The blocks are 
coarse-grained and represented as supernodes in layer ℓ = 1. Each supernode is 
assigned an angular coordinate within the region defined by the constituent 
nodes in ℓ = 0. Finally, two supernodes in ℓ = 1 are connected as described in 
equation (2). The process can be iterated to produce layer ℓ = 2 from ℓ = 1. Owing 
to the semigroup property, layer ℓ = 2 can also be produced directly from ℓ = 0 by 
forming blocks of size r = 4 nodes. b, GR replicates the multiscale connectivity 
structure of human brain connectomes. Multiscale hierarchical representations 
are reconstructed at five length scales from anatomical data (top row). The 
topological properties (bottom) of the connectomes at each scale ℓ (symbols) are 
well reproduced by GR applied to the geometric map of the largest-resolution 
layer (lines). From left to right, these properties are the complementary 
cumulative degree distribution P k( )c res , the clustering coefficient c k( )res , the 
normalized average degree of nearest neighbours k k k k k k( ) = ( )/ 0// 0nn,n res nn res

2 , 
and the rich-club coefficient r k( )res . These quantities were calculated as a 

function of the rescaled degree k k k= /res  to account for the variation of the 
average degree across layers. c, The geometric branching growth process (GBG) 
evolves networks in a self-similar fashion. d, GBG is a statistical inverse of GR, 
such that the GBG transformation, when applied to a renormalized layer of the 
internet, recovers a statistical equivalent to the original internet network. 
Likewise, applying GR to a GBG-grown surrogate of the human metabolic network 
recovers the original architecture. e, The combination of GR and GBG offers a way 
to study critical phenomena using finite-size scaling in single-instance real 
networks, providing a method to estimate the corresponding critical exponents 
numerically. To illustrate this, results of a bond percolation process mimicking 
random links failures in the internet are shown as a function of the network size, 
Nℓ. The critical bond occupation probability, pc, and the maximum, ξmax, of the 
susceptibility are well fitted by power laws. The black symbols indicate the 
original network. The GBG and GR shells were produced with branching rate b = 2 
and block size r = 2. These results suggest a vanishing percolation threshold in the 
internet graph, as expected in scale-free networks. Part a adapted from ref. 70, 
Springer Nature Limited. Part b reprinted with permission from ref. 104, PNAS. 
Parts c and d adapted with permission from ref. 69, PNAS. Part e reprinted with 
permission from ref. 69, PNAS.
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left and right of their ancestors, preserving their rotational ordering. 
Further details are given in the Supplementary Information. Once 
coordinates are assigned to descendants, connections in the new layer 
are implemented to ensure the resulting network belongs to the  

1S  ensemble.
Iterative application of GBG, with µℓ−1 = bµℓ, produces a sequence 

of progressively fine-grained self-similar layers, meaning that the origi-
nal empirical connection probability, degree distribution, clustering 
coefficient and community structure are preserved in the flow, whereas 
the average degree decreases. An inflationary version of GBG, with extra 
links added with µℓ−1 = aµℓ−1 and a > 1, avoids the average degree decreas-
ing very fast or increases it. GBG is a statistical inverse of GR (Fig. 1d), 
and inflationary GBG is a statistical inverse of deflationary GR, where 
pruning links decreases the average degree. The renormalization of 
both the weighted and unweighted 1S  model accurately replicate the 
multiscale self-similarity observed in real networks, suggesting that 
the same principles determine network connectivity at different scales 
for both long-range and short-range connections over time.

Applications
In combination, GR and GBG provide a top-to-bottom multiscale 
unfolding of a network across all scales. Applications include the 
design of multiscale methods, such as multiscale navigation68, which 
improve the performance of single-scale protocols. Scaled-down 
and scaled-up replicas of real networks68,69 that preserve their sta-
tistical properties including the density of connections, are readily 
derived from geometric renormalization techniques. These replicas 
allow investigation of size-dependent phenomena in real networks, 
an extremely useful prospect for applications such as the study of 
size-induced stochastic resonance effects, exploring critical behaviour 
by applying finite-size scaling techniques69 (Fig. 1e), and enabling model 
reduction for high-fidelity simulation of otherwise computationally 
expensive processes.

Laplacian network renormalization
Another general approach for the renormalization of complex 
networks35,108 uses the concept of Laplacian diffusion between 
nodes109,110 to induce a run-time detection of multiscale structures, 
thereby coarse-graining the vertices and edges of a generic network, and 
ultimately renormalizing dynamical models defined on the network. 
Like the geometric approach described in the previous section, this 
framework can be formulated in an intuitive and physically illustrative 
real-space version, strongly analogous to the Migdal–Kadanoff RG 
approach in statistical physics111,112. However, its distinctive character 
is its rigorous formulation in terms of a dual, or k-space representa-
tion, in the spirit of Wilsonian RG113. In both cases, this framework 
introduces an iterative prescription for coarsening networks while 
preserving their diffusion dynamical features at progressively larger 
spatiotemporal scales.

Laplacian diffusion as neighbourhood detector
The first step in formulating the Laplacian renormalization group (LRG) 
approach for heterogeneous undirected (binary or weighted) networks 
lies in defining ‘equivalent’ neighbourhoods of different nodes at any 
fixed scale, by using the symmetric graph Laplacian operator110,114 L(0), 
constructed at the initial hierarchical level ℓ = 0 from the adjacency 
matrix A(0) and having entries L k δ A= −i j i i j i j

(0) (0)
0 0 0 0 0 0 0

, where δi j0 0
 is the 

Kronecker delta symbol and k A= ∑i j
N

i j=1
(0)

0 0
0

0 0
 is the degree of node i0 

(with i0 = 1,…,N0).

If X(0)(τ) is any diffusive field defined on the network at time τ (with 
X τ( )i

(0)
0

 the node-i0 component of the field) and governed by the heat 
diffusion equation X Xτ L τ° ( ) = − ( )

(0)
(0) (0) , one can formally write

X X Xτ K τ( ) = ( ) (0) = e (0), (7)τL(0) (0) (0) − (0)(0)

where K τ( ) ≡ e τL(0) − (0)
 is the diffusion evolution operator. The element 

K τ( )i j
(0)
0 0

 gives the fraction of field diffused from node j0 to i0 (and vice 
versa) in a time τ through all possible paths connecting the two 
nodes115,116.

De n o t i n g  t h e  e i ge nva l u e s  of  L (0) a s  λ{ }i i
N(0)
=1

0  (w i t h 
⋯λ λ λ≤ ≤ ≤ )N1

(0)
2
(0) (0)

0
 and the corresponding eigenvectors as { }i i

N(0)
=1

0λ , 
and focusing on connected undirected networks, all eigenvalues satisfy 
λ ≥ 0i

(0)  with only one null eigenvalue, and the eigenvectors can be 
chosen to be orthogonal. K (0)(τ) shares the same eigenvectors with 
corresponding eigenvalues 0 < e ≤ 1λ τ− i

(0)
. Note that τ can be viewed as 

a scale measure on the network: a larger τ corresponds to a larger 
neighbourhood of nodes connected by diffusion. For instance, in a 
lattice, at each τ there is a corresponding identical spatial scale l Dτ= , 
where D is the diffusion constant. In this sense K (0)(τ) induces an optimal 
partition of the network at each τ (ref. 117).

Real-space Laplacian renormalization group
Thanks to its physical interpretation, one can use K(0)(τ) to partition 
the N0 nodes of the original (ℓ = 0) network at each arbitrary τ into N1 
‘diffusionally equivalent’ subgraphs, which can then be coarse-grained 
into macronodes (also known as supernodes) to define the network 
at the next hierarchical level (ℓ = 1). One can then adopt a decimation 
recipe to set the new renormalized edges between supernodes start-
ing from the connections at the microscopic scale, as in equations (1) 
and (3). In regular lattices, because fixing τ is equivalent to fixing the 
spatial scale l, this procedure leads to coarse-graining in exactly the 
style of  the Kadanoff method of  generating block spins for the  
Ising model118.

Laplacian coarse-graining for networks can be summarized 
as follows. First, define the binarized Laplacian matrix ζ (0)(τ) with  
entries







ζ τ K τ K τ K τ

ζ τ

( ) = 1 if ( ) ≥ min[ ( ), ( )]

( ) = 0 otherwise
(8)

i j i j i i j j

i j

(0) (0) (0) (0)

(0)
0 0 0 0 0 0 0 0

0 0

Note that ζ (0)(τ = 0) is the N0 × N0 identity matrix and ζ τ( → ∞) = 1i j
(0)
0 0

 for 
all i0, j0. At a fixed τ* > 0, the matrix ζ (0)(τ*) can be seen as the adjacency 
matrix of a metagraph of the original network, comprising N1 different 
connected components diffusionally connected at the scale τ*. This 
procedure induces a partition Ω0 of the original N0 nodes into N1 < N0 
supernodes (Fig. 2a). The larger τ* is, the fewer and bigger such con-
nected components. For τ* → ∞ there is only a single cluster, because 
all network nodes are finally connected by the uniform diffusion field. 
The coarse-grained weighted adjacency matrix W (1), along the lines of 
equation (3), can be simply defined by weighted macroedges between 
all pairs of supernodes with a weight equal to the appropriately normal-
ized sum of the micro-edges connecting the two corresponding clusters 
at the finer scale (Fig. 2b). Alternatively, one can adopt any consistent 
decimation procedure, in analogy with coarse-graining in statisti-
cal physics, to obtain a binary adjacency matrix A(1) (for instance, by 
equation (1)). The entire process can be iterated to define all higher 
hierarchical levels ℓ > 1 (Fig. 2c,d).
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k-space formulation of the LRG
This formulation proceeds in direct analogy with Wilson’s RG approach 
in continuum field theories119, and explicitly manifests the semigroup 
property. It can be seen as a Fourier-space counterpart of the real-space 
LRG, with the Fourier basis given by the Laplacian eigenvectors with 
wave-modes replaced by the Laplacian eigenvalues. On regular lattices 
these eigenvectors indeed coincide with the usual plane-wave Fourier 
basis with eigenvalues given simply by k2.

This approach offers a deeper insight into the renormalization 
process and permits not only to coarse-grain the network, but also 
to appropriately rescale statistical-dynamical models (such as Ising 
or contact processes) embedded in it in order to detect and study 
characteristic (correlation) scales and possible phase transitions. 
Because L(0) and K (0)(τ) are Hermitian, we adopt the quantum ‘bra–ket’ 
formalism to write

∑L λ λ λ= 0/ .
i

N

i i i
(0)

=1

(0) (0) (0)
0

∣ ∣

The completeness of the eigenvectors ensures the meaningful 
definition of coarse-grained variables. The subsequent steps are imple-
mented by the following renormalization procedure in the manner 
of Wilson35:

• Fix a time τ* that sets the new resolution scale (or lower cut-o").
• Partition the Laplacian spectrum into two sets: n(τ*) ‘fast’ 

eigenvalues λ λ τ≥ * ≡ 1/ *i
(0) , and N0 − n(τ*) ‘slow’ eigenvalues 

λ λ< *i
(0) .

• Integrate out the ‘fast’ ( λ λ≥ *i
(0) ) region of the spectrum and  

redefine the ‘truncated’ Laplacian that retains the contribu-
tion of the N0 − n(τ*) slow eigenvectors with λ λ< *i

(0) : 
L τ λ λ λ( *) = ∑ > <i

N n τ
i i ired

(0)
=1

− ( *) (0) (0) (0)0 ∣ ∣. This procedure corresponds 
to the second step of the RG programme.

• Rescale the time, τ τ τ′ = / *, so that τ* becomes the new time unit, 
implying a renormalization of the coarse-grained Laplacian to the 
hierarchical level ℓ = 1 as L τ L τ≡ * ( *)(1)

red
(0) . This is the third RG step.

Iterating these steps produces the renormalized Laplacian L(ℓ) at 
generic levels ℓ > 1 of aggregation. This k-space formulation of LRG can 
be complemented by a real-space interpretation (see Supplementary 
Information).

The statistical field formulations of the Ising model, contact 
processes and most statistical models characterized by local trans-
lational invariant interactions on regular lattices all admit a Gaussian 
approximation whose kernel is completely determined by the Lapla-
cian operator, which is diagonal in the Laplacian plane-wave basis 
on lattices120,121. This remains true for the same models on irregular 
networks34,122,123, the only difference being that the Laplacian operator is 
no longer translationally invariant. Such a Gaussian approximation 
is the only exactly solvable field theory in all cases, with non-Gaussian 
interactions usually considered through perturbation approaches 
around it. This is one of the key points of Wilson’s RG: the Fourier 
basis is the one in which the exactly solvable Gaussian approxima-
tion is diagonal, that is, determined by a superposition of independ-
ent orthogonal variables. Rescaling is performed in this basis to take 
advantage of the straightforward reparametrization of the Gaussian 
approximation, while studying the details of the transformation of 
the non-Gaussian terms. LRG generalizes this approach to irregular 
networks, seen as non-local and heterogeneous embedding spaces 
for the statistical models.

Finally, the spectral dimension of Laplacians on network sim-
plicial complexes has also been explored124,125 and generalizations 
of the LRG scheme to networks constructed from simplicial com-
plexes and higher-order interactions have also been proposed126,127 
(see the Supplementary Information).

Statistical physics interpretation of the diffusion  
evolution operator
The operator K(0)(τ) can be used to build an ‘intrinsic scales scanner’ 
for networks. The ‘scanner’ possesses all the mathematical properties 
of the entropic susceptibility or heat capacity for equilibrium 
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Fig. 2 | Real-space construction in the Laplacian network renormalization 
approach. a, The lower layer (ℓ = 0) represents the original network A(0), here 
a Barabási–Albert network (evolved by adding one node with m = 1 links at a 
time, until a final size of N0 = 24 nodes is reached), and the upper layer illustrates 
the partition Ω0 obtained for a diffusion timescale τ* = 1.96. Different colours 

identify the N1 Kadanoff supernodes. b, Following Ω0, each block is lumped into 
a single supernode i1 (with i1 = 1,…,N1) incident to any edge to the original ones, to 
create the coarse-grained network A(1) at the next hierarchical level ℓ = 1. c, Three 
steps of the real-space Laplacian renormalization group (LRG) process. d, LRG 
coarse-graining of a random tree. Figure reprinted from ref. 108, CC BY 4.0.
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statistical physics, so that pronounced maxima (diverging in the infinite 
size limit) of this quantity indicate a sort of phase transitions in  
the network structural organization. Indeed, the eigenvalues {e }λ τ

i
N−
=1i

(0)
0 

of K(0)(τ) can be used to define the run-time probability density func-
tion ρ λ τ δ λ λ Z τ( ; ) = ∑ ( − )e / ( )i

N
i

λτ
=1

(0) −0  where Z τ( ) = ∑ ei
N λ τ
=1

− i0
(0)

, where 
δ(λ) is the usual Dirac delta function. This measure has an associ-
ated Shannon entropy S τ ρ λ τ ρ λ τ( ) = −∑ ( ; )log[ ( ; )]i

N
i i=1
(0) (0)0 . Because 

L(0) for undirected networks is Hermitian and positive semidefi-
nite, S(τ) can be formally seen also as the von Neumann entropy 
S ρ τ ρ τ ρ τ[ ( )] = −Tr[ ( )log ( )], related to the quantum canonical density 
operator ρ τ K τ K τ( ) = ( )/Tr[ ( )](0) (0)  (refs. 109,128,129), where L(0) plays 
the role of the Hamiltonian and τ that of the inverse tempera-
ture130,131. Equivalently, one can say that Z τ K τ( ) = Tr[ ( )](0)  is the partition 
function related to the free energy F(τ) by F τ τ Z τ( ) = − log ( )−1 .

A direct consequence of this formal analogy is that the quantity

C τ
S τ

τ
( ) = −

d ( )
d log

(9)

has the mathematical properties of an entropic susceptibility — that is, 
a heat capacity35,129. A singularity of C(τ) at a certain scale τ* in the limit 
of an infinite number of nodes, or a pronounced peak in the finite but 
large N case, can be interpreted as a phase-transition point. In other 
words, τ* is an intrinsic network scale at which the topology of the net-
work changes abruptly, like what happens at the correlation length 
scale in the Ising model. For instance, in a stochastic block model132 
with densely connected blocks of the same size and weaker interblock 
connections, C(τ) has two peaks, one at the diffusion scale of the single 
blocks and another at the larger scale of the interblock typical paths. 
In this sense, C(τ) works as a detector of intrinsic scales, which can 
guide the coarse-graining procedure of a network by singling out the 
characteristic scales at which the network structure shows topological 
transitions117.

Topologically scale-invariant networks
A network is topologically scale invariant if ω(λ) ~ λγ, where ω(λ) is the 
Laplacian eigenvalue density, with γ = ds/2 − 1 and ds being the Laplacian 
spectral dimension133 (see the Supplementary Information). In this 
case, the entropic susceptibility is independent of τ and has the con-
stant value C(τ) = ds/2 (ref. 35). This independence of τ is seen in regular 
lattices or random trees, but also in more complex networks such as 
hierarchical modular networks134. Owing to the definition of the LRG 
as discussed in this section, all topologically scale-invariant networks 
keep the same topology under Laplacian scale transformations and 
coarse-graining135 (see also ref. 136). Thus, C(τ) can be used as a detector 
of scale invariance on real networks, and if it has a constant value then 
it gives a direct measure of the spectral dimension.

Multiscale network renormalization
The multiscale network renormalization approach137–139 aims to intro-
duce a random graph model that is consistent under arbitrary node 
aggregation. Its motivation originates from two (related) considera-
tions. On the one hand, for a given network, different node partitions 
may be relevant for different reasons (for instance, because the differ-
ent methods discussed in this Technical Review might indicate different 
coarse-grainings of nodes): one should therefore be ready to model the 
same system consistently under different possible node aggregations. 
On the other hand, in real-world network data, the meaning of ‘nodes’ is 
not always homogeneous: sometimes, although the majority of nodes 
represents the system’s units observed at a certain hierarchical level 

(individual firms in a production network, for example), other nodes 
might represent aggregations at coarser hierarchical levels (entire 
sectors, or even countries, each one aggregating several firms). Both 
considerations imply that a unique random graph model of the system 
under consideration should be applicable coherently (that is, it should 
produce consistent probability distributions of graphs) after having 
aggregated (or disaggregated) nodes arbitrarily.

This requirement means that the multiscale renormalization 
approach aims at remaining completely agnostic with respect to the 
definition of coarse-grained variables: one may ‘tile’ the set of nodes 
arbitrarily, that is, introduce any desired partition Ω0, without rely-
ing on any notion of metric or diffusional proximity. Regarding aver-
aging out fine details, in principle the approach allows for different 
choices but, concretely, the choice in equation (2) is made137 in light 
of applications where any connection between constituent nodes 
(such as individual firms) is relevant for defining connections between 
supernodes (such as countries or economic sectors). In any case, the 
distinctive aspect of the multiscale approach is the identification of a 
fixed point of the RG flow where an exact renormalization of couplings 
and parameters can be carried out for arbitrary node aggregation, as 
we explain in this section.

Invariance under node aggregation
The sought-for notion of aggregation-invariant random graphs is 
similar in spirit to the concept of stable random variables140–142 — that 
is, random variables that remain distributed according to the same law 
after being combined together (for instance, after taking their sum141,142 
or their maximum143,144). Here, using the notation introduced at the end 
of the section on coarse-graining approaches, one considers a random 
graph ensemble that produces a specific realization A(ℓ) of the graph 
with probability P A( )ℓ

ℓ
ℓ

( ) Θ∣ , where Θℓ is the set of all parameters of the 
model. Given the probability distribution ∣ΘP A( )ℓ

ℓ
ℓ

( )  and an arbitrary 
partition Ωℓ, a resulting graph ensemble is also induced at the next level 
ℓ + 1, described by a certain probability distribution P A( )ℓ

ℓ
ℓ+1

( +1)
+1Θ∣  

(Fig. 3a). The key idea of the multiscale renormalization approach137 is 
the identification of a functional form of the graph probability that 
remains invariant across all hierarchical levels, for all possible partitions 
(as a result, one can drop the subscript ℓ from Pℓ). Only the (renormal-
ized) parameters Θℓ+1 are allowed to depend on the level ℓ + 1, and in 
general are related to Θℓ through Ωℓ. This condition corresponds to the 
exact renormalization of parameters via the identification of the fixed 
point of the RG flow in the space of graph probabilities.

Multiscale model with independent edges
It is possible to find the explicit fixed-point Θ∣P A( )ℓ

ℓ
( )  in the case of 

graph models with independent edges. For such models, P A( )ℓ
ℓ

( ) Θ∣  
factorizes in terms of the connection probabilities p ( )i j ℓℓ ℓ

Θ  between 
pairs of nodes iℓ,jℓ as

Θ Θ Θ∣ ∏P A p p( ) = [ ( )] [1 − ( )] . (10)
ℓ

ℓ
i j

i j ℓ
A

i j ℓ
A( )

,

1−

ℓ ℓ
ℓ ℓ

iℓ jℓ
ℓ

ℓ ℓ
iℓ jℓ

ℓ( ) ( )

The multiscale model (MSM)137 is defined as the unique non-trivial 
fixed point of the RG flow in the space of connection probabilities — that 
is, the one fulfilling the scale-invariant requirement under the choice 
in equation (2), which is






p

i j

i j
( ) =

1 − e , ≠

1 − e , =
(11)i j ℓ

δx x f d
ℓ ℓ

δx f d
ℓ ℓ

− ( )

− ( )/2ℓ ℓ

iℓ jℓ iℓ jℓ

iℓ iℓiℓ
2Θ
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where the parameters Θℓ have been decomposed into one global param-
eter δ > 0 that tunes the overall density of links in the network, a set of 
Nℓ positive node-specific additive parameters x{ }i i

N
=1ℓ ℓ
ℓ  (called ‘fitness’ 

values) that determine the different individual tendencies of nodes 
of establishing connections, and (optionally) a set of Nℓ

2 dyadic 
parameters d{ }i j i j

N
, =1ℓ ℓ ℓ ℓ
ℓ  representing node-pair effects such as node- 

to-node similarity, distance or membership of common communities. 
The function f is an arbitrary monotonic and positive-valued  
function.

Parameter renormalization and aggregation invariance
When the partition Ωℓ is used to coarse-grain the network to the next 
level ℓ + 1, the probability of a configuration A(ℓ+1) is still described 
exactly by equations (10) and (11), with ℓ replaced by ℓ + 1 and with 
parameters renormalized as137

∑
∑ ∑

∑ ∑
x x d f

x x f d

x x
= , =

( )
, (12)i

i i
i i j

i i j j i j i j

i i j j i j∈

−1 ∈ ∈

∈ ∈
ℓ

ℓ ℓ

ℓ ℓ ℓ
ℓ ℓ ℓ ℓ ℓ ℓ ℓ ℓ

ℓ ℓ ℓ ℓ ℓ ℓ
+1

+1

+1 +1
+1 +1

+1 +1













whereas δ is scale invariant, that is, it remains unchanged under 
renormalization.

In the special case when d{ }i j i j
N

, =1ℓ ℓ ℓ ℓ
ℓ  are ultrametric (that is,  

di jℓ ℓ
 can be represented as the distance of nodes iℓ and jℓ to their com-

mon branching point in a dendrogram where nodes are the leaves), 
they also become unchanged under renormalization, that is, 

( )d f f d d= ( ) =i j i j i j
−1

ℓ ℓ ℓ ℓ ℓ ℓ+1 +1
 for any iℓ ∈ iℓ+1 and jℓ ∈ jℓ+1 (ref. 137). In 

another special case, all dyadic effects can be switched off by setting 
f(d) ≡ 1, so that the model is entirely fitness driven. Crucially, the fitness 
parameters themselves cannot be switched off and represent the 
irreducible features to be considered in the model.

Notably, it is possible to calculate the exact partition function 
Z(δ) corresponding to equation (11) and show that it takes the same 
value irrespective of the level ℓ at which it is calculated137, confirming 
that the MSM sits at a fixed point of the renormalization flow (see 
the Supplementary Information). Unlike the geometric or Laplacian 
approaches discussed in previous sections, the MSM requires neither 
an embedding metric space with node coordinates, nor a notion of dif-
fusional proximity, in order to guide the renormalization procedure. 
Indeed, every partition is allowed by the model, which therefore shows 
a more general aggregation invariance with respect to proximity-driven 
scale invariance.

Generalizations of the MSM to weighted145 and directed139 net-
works have also been proposed. The extension to the directed case is 
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Fig. 3 | The multiscale network renormalization approach. a, Given a 
probability distribution ∣ΘP A( )ℓ

ℓ
ℓ

( )  of graphs with adjacency matrix A(ℓ) and set of 
all parameters Θℓ, a node partition Ωℓ is used to map sets of nodes onto ‘block 
nodes’ of the resulting coarse-grained graphs with adjacency matrix A(ℓ+1). A link 
from iℓ+1 to jℓ+1 is drawn if a link from iℓ to jℓ is present, for any iℓ ∈ iℓ+1, jℓ ∈ jℓ+1. Note 
that multiple graphs at level ℓ may end up in the same graph at level ℓ + 1. This 
coarse-graining therefore induces a new probability distribution ∣ΘP A( )ℓ

ℓ
ℓ+1

( +1)
+1  

over graphs at the next level. The multiscale approach looks for the scale-
invariant form of this probability. b, Prediction of local topological properties of 

the renormalized international trade network across various levels of 
geographical aggregation, using the multiscale model. Top row, observed and 
expected degree kiℓ versus ln(GDP )iℓ  for all Nℓ nodes, for three representative 
hierarchical levels ℓ1, ℓ2, ℓ3 such that N = 183ℓ1  (left), N = 100ℓ2  (centre) and N = 50ℓ3  
(right). Middle row, observed and expected average nearest-neighbour degree 
kiℓ

nn versus ln(GDP )iℓ  for all Nℓ nodes, for the same three hierarchical levels. 
Bottom row, observed and expected local clustering coefficient ciℓ versus 
ln(GDP )iℓ  for all Nℓ nodes, for the same three hierarchical levels. GDP, gross 
domestic product. Figure reprinted from ref. 137, CC BY 4.0.
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straightforward, because the model does not require geometric dis-
tances (which are necessarily symmetric, despite the empirical asym-
metry of directed networks) and thus directed networks can be handled 
by adding another fitness variable per node. With the addition of a third 
fitness per node, the model can also account for a non-trivial degree 
of reciprocity139, thereby replicating a widespread property in 
real-world directed networks146–149. More generally, the fitness variables 
xi ℓ

 can be vectors of arbitrary dimension, with the product x xi jℓ ℓ
 in the 

above expressions interpreted as a scalar product150,151.

Quenched variant for the renormalization  
of real-world networks
In the ‘quenched’ variant of the MSM, the node fitness is inter-
preted as a deterministic attribute, such as an observable or latent 
node feature137,139,150,151. This variant can therefore model explicitly a 
real-world network in terms of empirical quantities, as in the family 
of fitness models152, or as latent quantities, as in the family of node 
embedding algorithms153. However, whereas generic models in these 
families are conceived at a fixed resolution level, the MSM describes 
the same system consistently via the same connection probabilities at 
all levels of aggregation, with renormalized parameters. It is therefore 
the only additive fitness model that remains a fitness model upon 
aggregation137,150 and, at the same time, a method that produces 
consistent node embeddings across arbitrary coarse-grainings151.

The model successfully replicates, at several hierarchical levels, the 
properties of the international trade network137,139 (where the fitness is 
identified with the empirical gross domestic product of countries, and 
the dyadic factors are identified with geographic distances described 
by f(d) = d−1) and of inter-firm150 and input–output151 networks (where 
the out-ward and in-ward fitnesses are defined as the total output and 
total input of a firm or industry respectively, and f ≡ 1). When the dyadic 
and/or fitness quantities are taken as input from the data, only the global 
parameter of the model is left as a free parameter. The latter can be fitted 
at a specific level of resolution, while providing predictions at all other 
levels. These multiscale predictions are in very good agreement with 
the empirical network properties at multiple levels137,139,150 (Fig. 3b).

Note that the model can cope with extremely uneven aggregation 
schemes where other methods would fail: for instance, in a production 
network, some nodes may represent individual firms in one European 
Union (EU) country, other nodes may represent entire remaining EU 
countries (with all firms in each country being aggregated into a single 
node), and yet another ‘rest of the world’ node may represent all the 
non-EU countries lumped together150.

Of course there is no guarantee that, for generic real-world 
networks, empirical node features exist that can be identified with 
the additive fitness variables in the MSM. On the other hand, in such 
a situation the fitness variables can be interpreted as free parameters 
(in general, vectors of given dimensionality) to be fitted optimally only 
from the knowledge of the empirical network151. This procedure gener-
ates node embeddings that represent nodes in an abstract vector space, 
such that the vector sum represents the merging of nodes151. The open 
challenges in this direction remain the determination of the optimal 
dimensionality of the embedding vectors, as well as the uniqueness 
of the latter.

Annealed variant for clustered scale-free networks  
and fine-graining
In the annealed variant137,138, the node fitness is considered to be a ran-
dom variable, as in the family of inhomogeneous random graphs154. 

Hence it acts as a ‘latent’ variable with no association to a specific 
real-world feature. In this approach, the requirement of aggrega-
tion invariance is applied also to the fitness: at any hierarchical level 
ℓ, one should be able to draw the node fitnesses from the same 
probability density function, without having to ‘know’ their values  
(or density function) at finer levels. Because the fitness is additive, this 
requirement immediately implies that it should be an α-stable random 
variable141, which means that its density function decays as x−1−α for 
large x. To ensure the necessary positivity of the fitness, the exponent 
should be in the range α ∈ (0,1), which implies a diverging mean (and 
all higher moments) for the fitness. The only known α-stable distribu-
tion in this range is the Lévy distribution (α = 1/2), but rigorous results 
can be derived for any value of α and are largely independent of it138. 
If nodes are aggregated into blocks of equal size, the fitness retains the 
same density function, up to a rescaling of global parameters only. In its 
annealed variant, the MSM can generate arbitrarily large networks, 
and indeed its properties can be studied in the asymptotic limit of a 
diverging number of nodes138.

The infinite-mean nature of the fitness makes the expected topo-
logical properties of the annealed MSM very different from those 
produced by similar models with finite-mean fitness. In particular, it 
can be shown rigorously137,138 that the expected degree distribution 
P(k) has a universal power-law tail decay as k−2, irrespective of the value 
of α. For an aggregation level ℓ into Nℓ nodes such that δ N~ ℓ

α−1/ , such 
decay is a pure power law138; for coarser aggregations, a density- 
dependent cut-off emerges in the tail137. Remarkably, the annealed 
model displays many realistic network properties, including a decaying 
assortativity profile, a vanishing global clustering coefficient and a 
non-vanishing local clustering coefficient in the sparse (vanishing 
density) regime. A non-vanishing local clustering coefficient is not 
found in other sparse edge-independent models, unless they are 
assumed to depend on metric distances; therefore the finding that 
infinite-mean fitness can generate positive local clustering even 
without geometry is a relevant insight of the annealed MSM.

Finally, because α-stable random variables are infinitely divis-
ible (that is, they can be expressed as the sum of an arbitrary num-
ber of independent identically distributed (i.i.d.) random variables 
from the same family), in the annealed approach one can fine-grain 
nodes indefinitely into subnodes, each with its own i.i.d. fitness. This 
means that in this case the renormalization flow defines not only a 
semigroup that proceeds bottom-up, but also a group that proceeds 
in both directions137. The open challenge is how to turn this intriguing 
theoretical property of the model into a practical tool for fine-graining 
real-world networks that can only be observed at a coarse-grained 
level, because nodes in real networks may not be characterized by 
α-stable variables.

Outlook
Although some of the approaches towards network renormalization 
so far have made notable progress towards formulating a general-
ized framework for geometric and ensemble heterogeneity, several 
challenges and open questions remain, which we discuss here.

Resolution level
In real-world network realizations, heterogeneous topologies make 
it challenging to categorize the geometric and topological organiza-
tion into ‘functional units’. Doing so is less straightforward than for 
homogeneous lattices or regular trees. Moreover, in several network 
representations of real-world systems, the available resolution scale 
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that defines the nodes of the network is typically not intrinsic to the 
system but derived from observational limitations or the coarseness of 
data aggregation. For instance, confidentiality issues render inacces-
sible the individual links in networks of financial relationships (such as 
interbank loans and exposures) and economic relationships (such as 
supply and trade), and the absence of complete knowledge of physical 
person-to-person contacts makes epidemic networks only partly avail-
able. Ideally, one would like to ascertain and distinguish characteristic 
scales that are intrinsic to the properties of the network from those 
associated to data resolution.

Compatible renormalization of dynamical processes
A major challenge is to renormalize dynamical structures and processes 
on arbitrary networks in a way that is compatible with the renormali-
zation of the underlying graph structure and ensemble randomness. 
Previous studies addressing this issue are restricted to processes 
on regular and/or fractal lattices for which the structural part of the 
coarse-graining can be defined quite naturally.

In particular, exact RG calculations have been applied to Gaussian  
fields155 and random walks156 on fractal networks, and have been 
extended to study the fixed points of the Ising model on Hanoi 
networks157, revealing distinct critical non-universal behaviours 
across different regimes. The critical behaviour of percolation on a 
network growth model has been explored using decimation tech-
niques, showing deviations from the behaviour observed in uncor-
related networks158. Real-world systems have also been investigated 
with these methods. For example, a phenomenological coarse-graining 
procedure has been developed for activity in neuronal networks. 
Application to cells in the hippocampus reveal scaling in both static 
and dynamic quantities, indicating a non-trivial fixed point in the 
collective behaviour of the network159.

In general, we expect structural inhomogeneities in real-world 
networks and their coarse-grained versions to imply a coupling 
between the renormalization of the dynamical process and that of the 
topology. The development of a scheme-independent framework that 
compatibly renormalizes both network dynamics and the underlying 
geometric or ensemble structure remains a challenge.

Generalized criticality?
Strong heterogeneity and non-locality of connections in real-world 
networks can affect transition properties between localized and collec-
tive excitations close to critical points of dynamical models. They can 
also give rise to more complex behaviour that necessitate more encom-
passing definitions of criticality. For instance, one can expect that in 
epidemic spread on a real contact network, there can be more complex 
transitions between a collective epidemic state and a localized one 
than there are on idealizations of contact networks that approximate a 
lattice. There may be an entire region of interaction parameters in which 
critical behaviour appears progressively in collective subnetworks 
that are macroscopic but partial; the appearance of such a parameter 
region is governed by the strong topological heterogeneity and the 
possible underlying hierarchical structure. This phenomenon suggests 
that topological complexity can give rise to a need for an extension of 
the concept of critical point into something that is somewhat similar 
to a Griffith phase160,161.

Parameter relevance and irrelevance from  
an information-theoretic perspective
Coarse-graining implies information loss. Far from being a drawback, 
this loss is the very workhorse of RG techniques because it makes it 
possible to identify the most relevant parameters that describe the 
behaviour of the system at the largest spatial and temporal scales. 
Renormalization techniques were originally devised to study physi-
cal systems with a large number of degrees of freedom and to identify 
how the parameters describing the system flow from microscopic to 
macroscopic scales. A crucial aspect of this flow is how some parameters 
increase in their relevance to the behaviour of the system as one goes 
to larger scales, whereas others become more and more irrelevant. 
In the context of complex networks, studying this parameter flow from 
the bottom up can provide a first-principles understanding of which 
quantities and control parameters are the most important at the largest 
spatial and temporal scales. A complementary top-down approach can 
also be arrived at from a purely empirical perspective via information 
theory: Fisher information and the formalism of information geometry 
applied to the study of complex networks.
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Fig. 4 | Information-theoretic parameter flow. a, An instance of the 
handwritten numeral 7 from the MNIST (Modified National Institute of Standards 
and Technology) data set. b, Eigenvalues of the Fisher information matrix of 
30 trained neural networks that successfully classified the left figure from the 

MNIST data set (left), and their binned density histogram (right). An exponential 
eigenvalue hierarchy is evident, implying that only a handful of collective 
weights are relevant for the accuracy of the trained network. Figure courtesy 
of Leone Luzzatto.

http://www.nature.com/natrevphys


Nature Reviews Physics | Volume 7 | April 2025 | 203–219 216

Technical review

The concept of parameter relevance in physical systems —  
encapsulated by the notion of power counting renormalizability 
in the context of field theories and their hydrodynamic limits —  
roughly tracks a derivative expansion in all possible terms that 
could describe the dynamics of the system. That is, one effectively 
makes a Taylor expansion in theory space, where immediate features 
become apparent. At large enough scales, terms involving higher 
derivatives contribute decreasingly to physical observables. From an 
information-theoretic perspective, this implies that the outcome of 
an ensemble of observations depends more sensitively on the coef-
ficients of the leading-order terms in any derivative expansion. Hence, 
a direct transcription of notions of parameter relevance is available in 
terms of information-theoretic quantities that, moreover, generalize 
beyond physical systems. Such a translation is not only of immediate 
conceptual use, but also opens a portal towards identifying and under-
standing the behaviour of parameters that determine the behaviour of 
an arbitrary system at the largest scales even in the absence of a micro-
scopic model description, or when dealing with arbitrary geometric 
and ensemble randomness.

Information geometry and parameter flow
Given any collection of data, one can construct the function giving 
the likelihood for this data to have been realized by a hypothesized 
model construction. Maximum-likelihood estimation consists of 
identifying the parameter set that maximizes this likelihood as being 
the best inference of what the underlying model might be. How this 
likelihood varies away from this maximum is captured by the second 
derivatives of the log likelihood with respect to the parameters that 
model it, which very naturally has the structure of a metric that captures 
distances in parameter space. This geometrization of inference, known 
as information geometry162, makes it possible to reimagine statistical 
(Bayesian) inference and renormalization in a unified framework of 
parameter flow163.

The Fisher information metric associated with the likelihood 
constructed from a given data set has a pronounced hierarchy of eigen-
values. This hierarchy implies that small changes in the parameters 
corresponding to the largest eigenvalues have the largest effect on 
observed outcomes (Fig. 4), the meaning of which maps directly onto 
the concept of parameter relevance in the RG sense, with the most 
relevant parameters corresponding to the largest eigenvalues164. It is 
why, given limited access to information about a system, simple models 
often tend to do unreasonably well in capturing most of the relevant 
features. In a neural network trained to recognize handwritten digits 
(Fig. 4), the collective weights corresponding to the largest eigenvalues 
of the Fisher information almost entirely dictate the test accuracy of the 
trained network, with all other parameters and combinations of weights 
being effectively irrelevant. The sloppy model framework165 consists 
of identifying these parameters through the hierarchical structure of 
the eigenvalues of the Fisher information.

As one successively coarse-grains data sets of a network or simu-
lated realizations of a model embedding, the coarse-grained likelihood 
results in some eigenvalues increasing in relevance and some decreas-
ing in a manner that maps exactly onto RG relevance. With this knowl-
edge, one can systematically infer the existence of different phases 
and control parameters from data alone by studying parameter flow 
under successive coarse-graining of the data, where the only assump-
tions are the choice of coarse-graining scheme, how to parameterize 
the underlying geometric or ensemble randomness and the priors 
assigned to them. This same methodology has been used to identify 

different phases in heterogeneous chemical systems166 and would be 
a promising avenue to pursue in the context of complex networks.
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Università degli Studi ‘Roma Tre’, Via Vito Volterra 62, 00146 - Rome, Italy

2‘Enrico Fermi’ Research Center (CREF), Via Panisperna 89A, 00184 - Rome, Italy
3Istituto dei Sistemi Complessi (ISC) - CNR, Rome, Italy

4IMT School for Advanced Studies, Piazza S. Francesco 19, 55100 - Lucca, Italy
5Lorentz Institute for Theoretical Physics, University of Leiden, The Netherlands
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1 Behavior of the average degree under geometric

renormalization

As proved in [1], the average degree of complex networks with � > 0 changes

as

hki
(`+1)

= r
⌫
hki

(`)

in the geometric renormalization flow. The scaling factor ⌫ depends on the

connectivity properties of the original network. More specifically, it is a

function of the exponent � of the degree distribution and the exponent �

quantifying clustering and the coupling between topology and geometry:

• If 0 <
��1
�

 1, the flow is dominated by the exponent of the degree

distribution �, and the scaling factor is given by ⌫ =
2

��1 � 1.

• If 1 
��1
�

< 2, the flow is dominated by the strength of clustering

and ⌫ =
2
�
� 1.

Therefore,
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• If � < 3 or � < 2, then ⌫ is positive and the model flows towards a

highly connected graph.

• The average degree is preserved if � = 3 and � � 2, or � = 2 and

� � 3, which indicates that the network is at the edge of the transition

between the small-world and non-small-world phases.

• If � > 3 and � > 2, then ⌫ is negative, causing the RGN flow to

produce increasingly sparser networks approaching a unidimensional

ring structure as a fixed point. In this case, the renormalized layers

eventually lose the small-world property.

Finally, if � <
��1
2 , the degree distribution becomes increasingly homoge-

neous, revealing that degree heterogeneity is only present at short scales.

2 Extension of the geometric renormalization scheme

to weighted networks

The geometric renormalization of weights (GRW) [2] produces the multiscale

unfolding of a weighted network into a shell of self-similar layers by imposing

the preservation of the relation between the strength and the degree of nodes.

First, application of GR ensures self-similarity of the binarized structure

of the network. Second, weights are renormalized. The technique for the

renormalization of weights is sustained by the renormalizability of the WSD
model [3]. In this model, weights between connected nodes in the topology

generated by the SD model are the result of coupling the weighted structure

of the network to the latent metric space. In D = 1, the transformation of

weights, named �-GRW, is given by a specific choice of the function G in

Eq. (3) in the main text, namely

W
(`+1)
i`+1j`+1

= C

2

4
X

i`2i`+1

X

j`2j`+1

(W
(`)
i`j`

)
�

3

5
1/�

,

which takes the form of a �-norm where C is a rescaling factor and � is a

parameter that depends on the weighted and unweighted structure of the

network. In practice, an e↵ective approximation with practical advantages

that retains the semigroup structure property is to select the maximum

weight of the renormalized links. This strategy, named sup-GRW, is equiva-

lent to setting � = 1 and is e↵ectively reached already for moderate values
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of � due to the fast convergence of the �-norm of a set of values to the max-

imum in the set. As an alternative, sum-GRW renormalizes the weights by

their sum [4]. This approach is equivalent to setting � = 1 and, in general,

does not preserve the relation between hidden strength and hidden degree.

Weighted networks with heterogeneous degree distributions from very di↵er-

ent domains show geometric scaling when coarse-grained and rescaled using

�-GRW or sum-GRW [2].

3 Assigning coordinates to descendant nodes in

the GBG model

In the GBG model [5], nodes in the original layer are divided into r descen-

dants with a probability p, increasing the population of nodes with branching

rate b. The radius of the similarity subspace is rescaled as R`�1 = bR` to

maintain a node density of one. The descendant nodes are assigned new co-

ordiantes. Two conditions are imposed on the hidden degrees of descendant

nodes: first, they must adhere to GR [6], meaning that their corresponding

z values satisfy the transformations

zi`+1 =

X

i`2i`+1

zi` , ✓i`+1 =

P
i`2i`+1

zi`✓i`P
i`2i`+1

zi`

. (1)

Second, the distribution of the descendants’ hidden degrees ⇢(), or equiv-

alently ⇢(z), must preserve that of the ancestor layer. Consequently, ⇢(z)

must be a stable distribution [7]. By the generalized Central Limit The-

orem [8], stable distributions are the only possible limit distributions for

properly normalized and centered sums of i.i.d. random variables and en-

compass a rich family of models capable of accommodating fat tails and

asymmetry. Concerning angular coordinates, descendants are positioned

with slight angular o↵sets to the left and right of their ancestors, prevent-

ing overlaps between descendants of neighboring branching nodes. This

transformation retains rotational invariance and the community structure

(if present) encoded in the angular distribution of nodes.

4 Real space interpretation of the k�space LRG

The k-space LRG scheme given in the main text can be complemented with

the following real space interpretation. Adopting the same notation, once
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we have fixed the renormalization scale ⌧
⇤
, one can consider the forma-

tion of N`+1 = N` � n(⌧
⇤
) supernodes from the N` original micro-nodes,

using the operator K
(`)
(⌧) through the following steps: (i) order the en-

tries |K
(`)
i`j`

(⌧)| in descending order; (ii) merge micro-nodes into supernodes

following this ordered list; (iii) stop when the desired number N`+1 of clus-

ters/supernodes is obtained. Clearly, this is only an approximated real-space

representation of the k-space coarse-graining procedure. Also in statistical

physics the relation between the real space coarse-graining with box cells à

la Kadano↵ and the k-space one, even if in principle possible for any local

physical model through special functions, is quite complex and for practical

purposes, intractable. Indeed, apart from trivial cases such as the 1D-Ising

model, tractable real-space formulations of the RG, such as the Niemeijer

- Van Leeuwen cumulant technique and the Migdal-Kadano↵ bond-moving

decimation approach [9], give only approximated results with respect with

the Wilson’s k-space RG formulation coupled to field perturbation theories.

5 Laplacian operator and the Gaussian approxi-

mation of statistical dynamical models

In order to illustrate the relation between the network Laplacian operator

and the Gaussian approximation of network theories of physical statistical

models, we focus on the Ising model in a network with N vertices and M

edges, whose dimensionless Hamiltonian can be written as:

�H[�, J,h] = �
J

2

X

i,j

Aij�i�j �

X

i

hi�i =
J

2

X

i,j

Lij�i�j �

X

i

hi�i � JM

=
J

2

X

i,j

✓
Lij �

2M

N
�ij

◆
�i�j �

X

i

hi�i ,

where J > 0 is the coupling constant, � > 0 is the inverse temperature, the

indices i, j run over the network vertices, A and L are the adjacency and

Laplacian matrices of the network respectively, �i = ±1 is the spin variable

related to the vertex i (with � the whole spin configuration) and hi is the

external magnetic field acting on it (with h the whole field configuration).

In the last two equalities we have used the fact that �
2
i
= 1 in order to write

the Hamiltonian in a convenient form. Note that in order to have the energy

linearly growing with the number of network vertices N , we need to have
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J ⇠ N/M . The partition function can be written as

Z(J,h) =
X

�

e
�H[�,J,h]

where the sum is extended to all possible spin configurations. We now note

that, through the Hubbard-Stratonovich transformation [10], we can rewrite

the model partition function Z(J,h) in terms of a real scalar field  over

nodes of the network, with vertex components  i (i = 1, ..., N), as:

Z(J,h) = C exp

2

4 1

2J

X

i,j

�
B

�1
�
ij
hihj

3

5
ZZ +1

�1

Y

i

d i (2)

⇥ exp

2

4J

2

X

i,j

Bij i j +

X

i

ln cosh

0

@J

X

j

Bij j

1

A+

X

i

hi i

3

5 ,

where C is a normalization constant and B =
�
L�

2M
N

IN
�
is an N ⇥ N

matrix constructed from L and the identity matrix IN . In order to obtain

the Gaussian approximation of the above field theory, one has to develop

the ln cosh term to the second order in  . The result is

Z(J,h) ⇠

Z
D e

�SG[ ]
, (3)

where D =
Q

i
d i and, adopting the bra-ket notation for the scalar prod-

uct h |L| i =
P

i,j
Lij i j , we can write the Gaussian action SG[ ] as

SG[ ] =
JM

N

✓
1�

4MJ

N

◆
h | i+

J

2

✓
8MJ

N
� 1

◆
h |L| i � J

2
⌦
 |L

2
| 
↵

=

X

�

⇥
a(J) + b(J)�� c(J)�

2
⇤
 ̃
2
�
, (4)

where the last sum is over all the eigenvectors � of L with eigenvalue �,

a(J) =
JM

N

�
1�

4MJ

N

�
, b(J) =

J

2

�
8MJ

N
� 1

�
, c(J) = J

2
and  ̃� is the com-

ponent h�| i of  along the eigenvector �. Note that: (i) this Gaussian

action is diagonal in the basis of the eigenvectors of L which makes the

integration of (3) exactly and easily computable; (ii) such a Gaussian ap-

proximation is valid only when the Gaussian distribution is normalizable

and this is possible only if 1 �
4MJ

N
> 0, i.e. unmagnetized / high temper-

ature Gaussian phase; (iii) J =
N

4M is therefore the Gaussian critical point;

(iv)
⌦
 |L

2
| 
↵
at enough large scale (i.e. small eigenvalues region of L) is
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subdominant with respect to h |L| i and can consequently be neglected

su�ciently close to the critical point.

As shown in [11, 12], a large class of statistical physical models on regular

lattices (e.g. contact processes, Kuramoto model of synchronizing oscilla-

tors) admit a field theory whose Gaussian approximation has a kernel which

is similarly determined by the Laplacian operator (or the di↵usion equation

operator in case of dynamical statistical models). The extension of these

models to regular networks are therefore characterized by an action for a

continuous scalar field of the type

S[ ] =
X

�

(a+ b�) ̃
2
�
+ F [ ] , (5)

where F [ ] is the higher-than-quadratic-order, non-Gaussian part of the

action, which, in the hypothesis of renormalizability, is principle can be

treated in the context of perturbation theory.

This shows the centrality of the Laplacian network operator in the char-

acterization of the multiscale organization of a network and the interplay

with the physical rules of the statical models embedded in it.

6 Higher order generalizations of LRG

Recently, generalizations of the LRG scheme to networks constructed from

simplicial complexes and higher-order interactions have been also proposed [13,

14]. Using generalized notions of di↵usion through higher-order Laplacian

operators [15] one is able to model information flow between simplices of

any order k via simplices of any other order m, so that cross-order Lapla-

cians permits to probe the existence of characteristic scales in higher-order

networks at each order. Specifically, it has been shown that is possible to

extract a cross-order scale signature in simplicial complexes, showing that in

most cases, scale-invariance is found only under the lens of specific orders,

suggesting the existence of underlying order-specific processes [13]. It is also

possible to introduce a simplex path integral and a simplex RG to repre-

sent trajectories based on a higher-order propagator, leading to a technique

to average out short-range high-order interactions in dual k-space, while at

the same time coarse-graining in real space to reduce the simplex structure

encoding interactions among arbitrary sets of units [14].
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7 Laplacian susceptibility, scale-invariance and spec-

tral dimension

By its definition it is straightforward to show that the entropic susceptibility

satisfies the following relationship [16, 17]

C(⌧) = �⌧
2d

⌦
L
(0)(⌧)

↵

d⌧
,

with the “quantum” mean of the Laplacian L
(0)

calculated through the

probability measure induced by the density operator ⇢(⌧):

D
L
(0)

(⌧)

E
⌘ Tr[⇢(⌧)L

(0)
] = �

d logZ(⌧)

d⌧
.

Since Z(⌧) =
P

N0
i=1 e

��
(0)
i ⌧

, one can also write

D
L
(0)

(⌧)

E
⌘ �̄(⌧) =

R
d��!(�)e

��⌧

R
d�!(�)e��⌧

, (6)

where !(�) =
P

N0
i=1 �(�� �

(0)
i

)/N0 is the spectral density of L
(0)

[18] which

for large network sizes can be approximated as a continuous function at

su�ciently small �. It is now easy to show that C(⌧) is independent of ⌧

(a part from lower and upper cut-o↵s), meaning that the entropy rate of

the Laplacian di↵usion is scale independent, which can be used as a natural

definition of topological scale invariance, iif !(�) ⇠ �
�
, i.e. the Laplacian

spectral density is a power law, where � is related to the spectral dimension

ds [19] through the relation � = ds/2� 1, leading to C(⌧) = ds/2.

A trivial example of such scale topological invariance is given by a regular

lattice where ds coincides with the simple spatial dimension d. Another

simple but non trivial example, is given by random trees, with minimal

branching ratio equal to 1 and finite variance of it, where ds = 4/3. As

shown in [16, 17], the Barabasi-Albert scale free network is scale invariant

only in the case of new nodes entering with a single edge m = 1. In this

case ds ' 2. The scale invariance is lost for m � 2. Many other less trivial

cases, both synthetic and real, can be found in [17].

From what above, we can conclude that C(⌧) can be used as a detector

of scale invariance of a real network, and in case its constant value provides

a direct measure of the network spectral dimension.
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8 Partition function of the multiscale model

In the multiscale renormalization approach, using the explicit form of the

connection probability pi`j`(⇥`) it is possible to rewrite the full graph prob-

ability P
�
A

(`)
|⇥`

�
exactly as (dropping the dependence on the other pa-

rameters)

P (A
(`)
, �) =

e
�H

(`)
e↵ (A

(`)
,�)

Z(�)
, (7)

where we have introduced the e↵ective Hamiltonian

H
(`)
e↵ (A

(`)
, �) = �

NX̀

i`=1

iX̀

j`=1

a
(`)
i`j`

log


pi`j`(�)

1� pi`j`(�)

�
(8)

and the partition function

Z(�) ⌘

X

A(`)

e
�H

(`)
e↵ (A

(`)
,�)

= e

PN`
i`=1

PN`
j`=1 xi`

xj`
f(di`j` )/2. (9)

Note that, thanks to the renormalization rules for xi` and f(di`,j`), the r.h.s.

takes the same value irrespective of the level ` at which it is calculated [20],

confirming that Z(�) is invariant because we are at a fixed point of the

renormalization flow.
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