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Preparing the ground state of a local Hamiltonian is a crucial problem in understanding quantum many-body
systems, with applications in a variety of physics fields and connections to combinatorial optimization. While
various quantum algorithms exist which can prepare the ground state with high precision and provable guarantees
from an initial approximation, current devices are limited to shallow circuits. Here we consider the setting
where Alice and Bob, in a distributed quantum computing architecture, want to prepare the same Hamiltonian
eigenstate. We demonstrate that the circuit depth of the eigenstate preparation algorithm can be reduced when
the devices can share entanglement via a coherent link. This is especially so in the case where one of them has
a near-perfect eigenstate, which is more efficiently broadcast to the other device. Our approach requires only a
single auxiliary qubit per device to be entangled with the outside. We show that, in the near-convergent regime,
the average relative suppression of unwanted amplitudes is improved to 1/(2

√
e) ≈ 0.30 per run of the protocol,

outperforming the average relative suppression of 1/e ≈ 0.37 achieved with a single device alone for the same
protocol.

DOI: 10.1103/PhysRevA.111.012445

I. INTRODUCTION

Eigenstates, particularly ground states, play a crucial role
in understanding physical models and solving problems in
combinatorial optimization. As preparing the ground state
of a local Hamiltonian is QMA-complete in general [1], no
efficient quantum algorithm is expected to exist. However,
preparing the ground state on a quantum computer still offers
significant advantages, as the representation of a quantum
many-body ground state already comes with an exponential
advantage in memory over classical computers.

Different quantum algorithms have been proposed for
preparing ground states. This includes the quantum phase
estimation (QPE) algorithm [2,3] as well as approximate al-
gorithms such as the quantum adiabatic algorithm (QAA)
[4,5], filtering algorithms [6–8], or variational algorithms [9].
The QAA involves preparing a trivial ground state of an
initial Hamiltonian and then sufficiently slowly changing the
Hamiltonian into the target Hamiltonian. The runtime of the
QAA depends polynomially on the inverse of the minimal
spectral gap between the ground state and the first excited
state along the adiabatic path and the final error [10,11]. Varia-
tional algorithmic methods have become increasingly popular
in recent years. Performance guarantees for these methods
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are hard to obtain due to their heuristic nature. In practice,
the expressivity of the quantum circuit as well as (noisy)
barren plateaus [12] in the training process may hinder their
performance. The QPE remains a highly relevant algorithm
for preparing the ground state precisely, and variants of it have
been investigated that are more suitable for early quantum
devices where, e.g., only a single auxiliary qubit is required
[13,14]. These protocols focus on evaluating the eigenstate
energy, which is closely connected to preparing the eigenstate
itself. Besides the limited coherence time of current devices,
also the number of quantum bits (qubits) is limited. Indeed,
increasing the qubit count without degrading the gate fidelity
appears to be a significant engineering challenge. An alter-
native pathway for more powerful quantum computers might
lie in distributed quantum computing where separate quantum
devices are able to share some entanglement. Recently, ex-
periments with superconducting qubits have demonstrated a
coherent microwave quantum link between spatially separated
quantum devices [15–18]. Motivated by such experimental
progress, the question arises of how the architecture may be
exploited. A very relevant application of distributed quantum
computing seems to be the problem of precise ground-state
preparation and verification. Without a quantum link, cross-
platform verification could be performed where the desired
state is prepared many times in order to perform randomized
measurements where the worst-case complexity is exponential
in the number of qubits [19,20]. Distributed quantum com-
puting has been investigated in the context of communication
between quantum devices [21–23].

A particularly interesting scenario that we shall consider
here is where a quantum device, Alice, is able to prepare a
relatively good approximation to the ground state of a Hamil-
tonian. In contrast, another device, Bob, is only able to prepare
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FIG. 1. Illustration of the quantum protocol with two quantum
devices that are connected by a coherent quantum link which enables
them to share entanglement. In our setup, the device Alice (left, blue)
is able to prepare a relatively good approximation (hence the larger
ground-state vector) to the ground state of H , while Bob (right, red)
can prepare only a more rudimentary approximation of the same
state. By applying controlled quantum dynamics for random times
U = exp(−iHτ ) and projecting into the fully symmetric subspace of
the auxiliary qubits, which is heralded by the measurement outcome,
the ground state on Bob can be prepared at arbitrary precision and
much faster than without the help of Alice.

a much more rudimentary approximation of the same ground
state (cf. Fig. 1). Due to the no-cloning theorem [2], it is not
possible to simply copy the state from Alice to Bob. However,
Alice can assist Bob in obtaining a more precise eigenstate.

In this paper we address this problem via a distributed
quantum algorithm to prepare eigenstates of a Hamiltonian
at arbitrary precision. Our protocol is inspired by the iterative
quantum phase estimation algorithm and relies on a projection
to the fully symmetric subspace of the auxiliary qubits that
control the respective quantum dynamics. In this scenario,
the devices share entanglement through the interaction of
only their auxiliary qubits. We highlight that the conditional
unitary dynamics—the backbone of the phase estimation
algorithm—are executed on both devices independently and
do not increase entanglement across the devices. The re-
stricted circuit topology is a natural property of distributed
quantum computing, suitable for experimental realizations
[15,17,24,25]. We show that the ability to share entanglement
between the devices via a coherent link allows for a higher
precision of the ground state prepared for Bob given a lim-
ited circuit. In every iteration of the protocol, the successful
subspace projection is heralded by the auxiliary qubits and
approaches perfect success probability as the quantum state
converges towards the desired eigenstate, resulting in a mod-
est postselection overhead.

In the limit of near-convergence [26] to the ground state
on Alice and Bob, we show that unwanted amplitudes for
Bob are suppressed on average in every iteration by a factor
of 1/(2

√
e) ≈ 0.30 relative to the ground-state amplitude, in

contrast to 1/e ≈ 0.37 when Alice is absent. Our analysis
is complemented by numerical simulations demonstrating an
advantage of the distributed protocol also in the regime be-
fore near convergence to the ground state. We extend the

discussion of the algorithm to the scenario where the ground-
state preparation is sped up by multiple coherently linked
devices, each but one having access to a near-perfect ground
state, where the subspace projection is related to a quantum
Schur transformation on the auxiliary qubits [27,28].

II. GROUND-STATE PREPARATION
ON A SINGLE DEVICE

First, we introduce our main toolset by analyzing iterative
QPE in a single-device protocol. In this iterative QPE, we
seek to prepare an eigenstate of a Hamiltonian H at arbitrary
precision. An initial approximation |ψ (0)〉 to the eigenstate
is prepared, e.g., by adiabatic state preparation [5]. Then, in
every iteration of the protocol, the system is evolved with H
for a time τk while being controlled by an auxiliary qubit in the
|+〉 state. We define Uk = U (τk ) = exp(−iHτk ). Finally, the
auxiliary qubit is measured in the σ x basis. The measurement
projects the state at the kth iteration of the protocol from
|ψ (k−1)〉 to the (unnormalized) state (I + Uk )|ψ (k−1)〉 when
a “0” bit is obtained, otherwise to (I − Uk )|ψ (k−1)〉. Impor-
tantly, the evolution time τk is chosen at random for every it-
eration in a sufficiently large interval τk ∈ [0, O(1/�)], where
� is the minimal energy gap separating the desired state from
other eigenstates in the spectrum. The protocol is repeated,
and the former output state becomes the new input state.

It is a well-known result that the canonical QPE may be
used to project a given quantum state into an eigenstate of a
Hamiltonian [29], including iterative QPE [13]. We analyze
the rate of convergence for eigenstate preparation through
iterative QPE, where the initial state is an approximation to the
target state. We write the state before the (k + 1)-th iteration
of the protocol in the eigenbasis of H as |ψ (k)〉 = ∑

i c(k)
i |φi〉.

Using a Bayesian approach, we show that, on average, every
run of the circuit suppresses the ratio of any nondominant
amplitude and the dominant amplitude |c(k)

j |2/|c(k)
d |2. When

the ratio is close to 1, indicating the presence of only a weakly
dominating eigenvector, the suppression becomes minimal.
As the ratio approaches 0, implying a strongly dominating
eigenvector, the average suppression factor converges to 1/e
per iteration in this near-convergent regime (Appendix A).
Thus, the suppression of unwanted amplitudes in terms of the
ratios is exponential in the number of steps k.

Due to the probabilistic nature of the protocol, convergence
to the dominant eigenstate is not always guaranteed: An ini-
tially subdominant eigenstate may become the new dominant
eigenstate which henceforth is amplified on average. The total
success probability can be derived analogously to QPE, and
it is given by γ 2 where the initial overlap with the target
eigenstate is γ = |c(0)

d |. We write the action of the circuit
in iteration k as a quantum channel ρ → (ρ + UkρU †

k )/2 =:
Ek (ρ). Hence, the probability to obtain a particular eigenstate
H |φi〉 = λi|φi〉 is given as

Pi = 〈φi|Ek (· · · E1(|ψ (0)〉〈ψ (0)|) · · ·)|φi〉 = ∣∣c(0)
i

∣∣2. (1)

Clearly, an eigenstate of H is a fixed point of the chan-
nel sequence Ek ◦ · · · ◦ E1. Other states are projected towards
an eigenstate which resembles an iterative Born rule (cf.
[30,31]). This method can, in principle, be used to prepare
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FIG. 2. The quantum circuit for the protocol in Algorithm 1 involving Alice (blue) with a good approximation to the ground state and
Bob (red) seeking to prepare the ground state at arbitrary precision from a more meager approximation to the ground state. The operator V
transforms the standard basis into the Bell basis before the measurement.

arbitrary eigenstates. For local Hamiltonians, however, some
eigenenergies must become exponentially close. For these,
our algorithm would behave like a filter centered around the
dominant eigenstate energy. That is the reason we focus on
the ground state, where the energy gap is lower bounded by
a constant (independent of the system size) in gapped phases.
At criticality the gap typically vanishes inverse polynomially
or even exponentially with the system size.

III. QUANTUM BROADCASTING WITH ALICE AND BOB

Our main result is a distributed quantum algorithm for
broadcasting a quantum eigenstate from one device (Alice) to
another (Bob), building onto the single-device protocol. Our
method requires sharing of entanglement between the devices:
Only one auxiliary qubit in each device needs to interact
with only one qubit in the other. The setup is schematically
depicted in Fig. 1, and the circuit is shown in Fig. 2. After
identically controlled dynamics on both Alice and Bob, a
joint operation V coordinates the auxiliary qubits. The gate
V applies a Bell basis transformation on the auxiliary qubits
by choosing

V = 1√
2

⎛
⎜⎜⎝

1 0 0 1
0 1 1 0
0 1 −1 0
1 0 0 −1

⎞
⎟⎟⎠. (2)

A measurement of the two auxiliary qubits in the stan-
dard basis has four outcomes {|00〉, |01〉, |10〉, |11〉} that

ALGORITHM 1: Eigenstate broadcasting protocol

correspond to a projection onto the different Bell basis states.
With this definition of the transformation V , the |10〉 mea-
surement corresponds to a projection onto the antisymmetric
singlet state, while the other outcomes together constitute
the symmetric subspace. Hence, a successful projection
of the auxiliary qubits onto the symmetric space is heralded by
the outcome of the ancillary qubit measurement. In the limit
of convergence to the ground state, the success probability
P(k)

sym to project to the fully symmetric subspace in the kth
iteration approaches limk→∞ P(k)

sym = 1. The total postselection
overhead is therefore modest if the initial overlap γ is large.
We can estimate it to scale as O(1/γ 2) for a variant of this
protocol; see Appendix B 4. Given that current devices allow
for rather shallow circuits only, this protocol allows us to
trade off circuit depth for heralded repetitions, for a target
precision.

For clarity, we include an algorithmic description of the
protocol.

We note that the operator V is not unique in implementing
a projection onto the symmetric subspace of the auxiliary
qubits. An alternative protocol employs a controlled-SWAP
operation on the auxiliary qubits for the projection and re-
quires one additional helper qubit (see the circuit in Fig. 6
in the Appendices). Interestingly, the performance of the
protocol to converge to the ground state is not the same
between these two variants. The analytically derived perfor-
mance in the near-convergent regime is slightly inferior with
the controlled-SWAP. In numerical simulations, however, we
observe faster convergence of the controlled-SWAP variant.
A full derivation of this alternative scheme can be found in
Appendix C.

To numerically bechmark the performance of the dis-
tributed quantum protocol we thus consider the controlled-
SWAP circuit in the numerical simulations. We emphasize
that when the measurements signal the failure of the symmet-
ric subspace projection, the protocol is stopped and restarted.
Hence, we show the average ground state (in)fidelity, postse-
lected to successful projections in Fig. 3(a). In the figure, we
compare the convergence speed of the broadcasting protocol
with the case where the single-device protocol is executed on
either Alice or Bob. We observe that the convergence speed
to the ground state for Bob is significantly higher due to the
entanglement-enabled coordination with Alice.

Beyond the broadcasting scenario, we highlight that our
protocol is able to verify the prepared state. The built-in cross-
platform verification allows for Alice and Bob to converge to
the same eigenstate |φi〉|φi〉 in a heralded way. To this end,

012445-3



BENJAMIN F. SCHIFFER AND JORDI TURA PHYSICAL REVIEW A 111, 012445 (2025)

(a)

(b)

FIG. 3. (a) Numerical example of the quantum broadcasting pro-
tocol, average over successful projections to the symmetric subspace.
The shaded area shows one standard deviation of the data. The
convergence speed for Bob is significantly higher when Alice is
helping via the quantum link, observing a crossover between the
average performance of Bob (two devices) and Alice (one device).
The Hamiltonian is the ZZXZ model. (b) Combination of the broad-
casting protocol (green) with the QAA (blue) for the same model.
As an alternative to a slow adiabatic sweep, we propose to use
the state after a faster sweep to initialize our protocol. The green
line is the average over successful projections [as in (a)]. When the
minimal adiabatic gap does not occur at the end of the sweep, our
protocol can significantly outperforms a QAA of longer evolution
time, considering the time complexity of the algorithm.

we just need two identical initial approximations |ψ〉|ψ〉. The
same circuit as in Fig. 2 can be used to this effect. Naturally, if
|ψ〉 ≈ |φi〉 the protocol is more likely to produce two copies
of the ith eigenstate. This may be of particular interest in the
absence of a suitable quantum memory.

Finally, an interesting adaptation is found by using an-
other entangling operation Ṽ = [(

√
2, 0, 0, 0), (0, 1, 1, 0),

(0, 1,−1, 0), (0, 0, 0,
√

2)]/
√

2, which produces a Schmidt
decomposition in the eigenbasis of U : |
〉 = ∑

i cAB,ii|φi〉|φi〉
(see also Appendix D). This construction might find interest
in other quantum algorithms or, e.g., in the context of ther-
mofield double states [32].

A. Extension to a multidevice setup

We consider also the extension to p Alices with very good
approximations to the same eigenstate and a single Bob. A
natural generalization is to project all the auxiliary qubits to
the symmetric space. For two devices, this projection can be
implemented straightforwardly as shown in Fig. 2. Alterna-
tively, a controlled swap operation on the two auxiliary qubits,
followed by measuring an extra helper qubit, can signal a
projection into the symmetric or antisymmetric subspace. For
additional devices, the projection to the fully symmetric sub-
space is related to the quantum Schur transform, which can be
implemented efficiently [27].

We seek to understand the scaling of our method in the
limit of many connected devices, i.e., large p. As in the
two-device protocol, we perform a computational basis mea-
surement on the auxiliary qubits after the transformation,
resulting in a classical bit string. Each bit string corresponds
to different phases imprinted onto the amplitudes of the quan-
tum state, resulting in a higher or lower overlap with the
target state. The largest relative suppression of unwanted am-
plitudes seems to be present from a numerical analysis for the
bit strings “00 …0” and “11 …1,” which also allow for an an-
alytical treatment. For this choice, which we conjecture to be
optimal, we show that the relative suppression asymptotically
approaches 1/4. This coincides with the value for the bit string
“01” in the first variant for only two devices, suggesting a
limit for how much the convergence to the ground state can be
accelerated with the protocols discussed here. For the calcula-
tion, we refer to Appendix E. While our analysis for multiple
devices is limited, we found the behavior corresponding for
these special cases interesting to include briefly here, and they
are covered more in depth in the recent work [33].

IV. APPLICATIONS

The methods we here proposed prepare the ground state
precisely from an approximation. This approximation may be
obtained with the adiabatic algorithm [5]. We may ask how
the time in our methods compares with the additional time
in the adiabatic algorithm for ground-state preparation. The
two scenarios are the following. First, the QAA is an adiabatic
evolution only, where the ground-state infidelity gets lower
for a longer evolution time. Second, the quantum broadcasting
protocol first relies on a relatively fast, quasiadiabatic sweep,
to initialize the broadcasting protocol. We show a successful
run of the broadcasting protocol in Fig. 3(b).

We consider the ground-state infidelity as a function of the
time complexity. The time complexity is the evolution time
under the adiabatic algorithm, plus the evolution time of the
conditional dynamics in our protocol. The ground-state infi-
delity of the broadcasting protocol shows the geometric mean
of the infidelity, as in Fig. 3(a). Deviations form the mean can
be inferred from the upper panel. We use the ZZXZ model
with a large interaction strength, such that the adiabatic gap is
smaller than the spectral gap of the final Hamiltonian: HT =∑n=5

i=1 (7σ z
i σ z

i+1 + σ x
i + σ z

i ). In the numerical simulation of
the QAA, we interpolate smoothly H (s) = (s − 1)H0 + sHT

from a trivial Hamiltonian H0 = ∑n=5
i=1 σ z

i to observe an ex-
ponential error suppression in the regime considered [34]. We
note that the spectral gap for the target Hamiltonian for opti-
mization problems cast into a ground-state finding problem is
often of constant size [35].

Instead of using the routines presented here at the end
of an adiabatic sweep, one might also consider employing
them at intermediate steps in the quasiadiabatic evolution.
Whenever the instantaneous state deviates too much from
true ground state of the Hamiltonian (or possibly the ground
state of a suitable corrected Hamiltonian [36]), detectable
by nondestructive methods [37], several QPE iterations may
significantly increase the instantaneous ground state overlap.
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V. DISCUSSION AND OUTLOOK

We have presented a distributed quantum protocol for
ground-state preparation at arbitrary precision. Compared to
the iterative QPE, our protocol requires fewer repetitions to
reach a certain ground-state fidelity if a better approximation
to the ground state is available on a second quantum device
and the devices are able to share entanglement via a coherent
link. We use a weaker assumption here than in the work by
Koczor [38] in that only the auxiliary qubits interact, which
seems to be a more realistic scenario in line with experimental
realizations [15]. The speedup for eigenstate preparation in the
distributed protocol compared to the single-device protocol
is analytically derived for the near-convergent regime, and
beyond that, we explore it qualitatively with numerics. A
key advantage of the quantum broadcasting protocol is the
built-in verification of the prepared state via heralding. Also,
the heralding allows us to mitigate errors that occur during
the computation. We confirm numerically in Appendix F that
under realistic noise rates across the quantum link [16], the
mitigated algorithm performance is comparable to the noise-
less case.

Importantly, we note that our protocol does not violate any
no-cloning or no-broadcasting theorems [2,39]. The crucial
restriction in our protocol is that only eigenstates of a pre-
viously chosen Hamiltonian can be broadcasted, in contrast
to broadcasting arbitrary states, which is forbidden. Also, our
protocol is probabilistic and relies on postselection through
the auxiliary qubit measurements.

Our algorithm is inspired by QPE and relies on controlled
quantum dynamics which are relatively costly to implement.
Hence, the achieved reduction of depth in the distributed pro-
tocol is timely and relevant for early quantum devices. We
note in this context that schemes have been proposed that
replace controlled dynamics by a suitable clock or reference
state [8]. Also, neutral atom simulators enable conditional
quantum dynamics without costly trotterized evolution [40].
In our protocol, the auxiliary qubits are measured, but the
outcome is not used as we focus on preparing the ground
state instead of learning the ground-state energy. Future
improvements may use the measured bits to gradually im-
prove the choice for evolution time and measurement basis
during the protocol.
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APPENDIX A: EIGENSTATE PREPARATION
ON A SINGLE DEVICE

We are interested in a class of QPE-inspired algorithms
which prepare a particular eigenstate with a desired precision,
given an initial approximation to such eigenstate. Here we
consider the single-device case, depicted in Fig. 4. Intuitively,
the protocol succeeds in preparing the dominant eigenstate be-
cause the measurement of the auxiliary qubit at each iteration
is correlated with the random variables ϕ

(k)
j := λ jτk by the

probability

Pr (k)
|0〉 =

∑
l

∣∣c(k−1)
l

∣∣2 cos2
(
ϕ

(k)
l /2

)
(A1)

and Pr (k)
|1〉 = 1 − P(k)

|0〉 . If there is a strongly dominant ampli-

tude, e.g., of the ground state c(k)
0 � 1 and, if a randomly

drawn value (ϕ(k)
0 mod 2π ) lies close to zero, then the likeli-

hood of observing the |0〉 on the auxiliary qubit increases. This
measurement will imprint a relatively large factor proportional
to cos2(ϕ(k)

0 /2) onto the ground-state amplitudes. However,
the other nondominant contributions c(k)

j , j 
= 0, are more

likely to get a smaller factor because their respective ϕ
(k)
j

correlates more weakly with the measured bit. The argument
is formalized below and gives an average relative suppression
of 1/e in the near-convergent regime.
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1. Quantum circuit and process map

We begin by explaining how repeated application of the cir-
cuit shown in Fig. 4(a), which is a sequence of Hadamard tests
with evolution operators of different times, amplifies a dom-
inant eigenstate on average. The protocol requires the ability
to implement controlled unitary evolution: an auxiliary qubit
is initialized in the |+〉 state, then the controlled-Hamiltonian
evolution U of H is applied for a time τk , which we denote
simply by U (τk ), and the auxiliary qubit is measured in the σx

basis. To analyze the behavior of a single run of the circuit,
we write U and the initial state in |ψ〉 in the eigenbasis
of H :

U (τk ) = e−iτkH
∑

j

e−iτkλ j |φ j〉〈φ j | (A2)

=
∑

j

eiϕ j |φ j〉〈φ j |, (A3)

where we have dropped the k label to simplify the notation,
and |ψ〉 = ∑

j c j |φ j〉 with c j ∈ C. The number of qubits of
the initial state is n (so the number of eigenstates is N = 2n).
The composite system before the measurement can be de-
scribed by

1

2
[|0〉(|ψ〉 + U |ψ〉) + |1〉(|ψ〉 − U |ψ〉)]

= 1

2

⎛
⎝|0〉

∑
j

c j
(
1 + eiϕ j

)|φ j〉 + |1〉
∑

j

c j
(
1 − eiϕ j

)|φ j〉
⎞
⎠.

(A4)

We are interested in studying the following process: |c(0)
j |2 �→

|c(k)
j |2, where k denotes the current iteration. For our analysis,

we rely on the following assumptions:
(1) The circuit is noiseless.
(2) The variables ϕ

(k)
j := λ jτk mod 2π are independent

and identically distributed as ϕ
(k)
j ∼ Unif[0, 2π ] for all j, k.

To justify (2) we need to take, for each iteration, the evolu-
tion time τk as a uniform non-negative random variable such
that τk ∈ O(1/�). This guarantees that all the eigenphases
are effectively randomized with respect to the ground state.
Moreover, any statistical dependence between their respective
eigenphases is removed, so ϕ0 and ϕ j are statistically inde-
pendent. This follows from � being the spectral gap of H .
Naturally, a very similar argument can be done for eigenstates
above the ground state as long as one has a guarantee on
the minimal distance between the eigenenergy we are in-
terested in and the closest eigenenergy to it, which we can
then take as �. Furthermore, when we are interested in the
ground state, the analysis will show that statistical dependence
among higher values of j becomes irrelevant since |c j | 
 1.
We therefore have a family of random variables ϕ

(k)
j := λ jτk

mod 2π ∼ Unif[0, 2π ] i.i.d.
We can define a process map that converts the vector

of eigenstate populations {|c(k−1)
j |2} j onto the next vector of

eigenstate populations {|c(k)
j |2} j . The process map for the kth

iteration can be described as

∣∣c(k−1)
j

∣∣2 �→ ∣∣c(k)
j

∣∣2 = ∣∣c(k−1)
j

∣∣2 × S(k)
j

N (k)
(A5)

= ∣∣c(k−1)
j

∣∣2
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[
1+cos

(
ϕ

(k)
j

)]
∑

l

∣∣c(k−1)
l

∣∣2[
1+cos

(
ϕ

(k)
l

)] with prob. Pr (k)
|0〉 ,[

1−cos
(
ϕ

(k)
j

)]
∑

l

∣∣c(k−1)
l

∣∣2[
1−cos

(
ϕ

(k)
l

)] with prob. Pr (k)
|1〉 .

(A6)

The S(α)
j are the respective factors that are multiplied onto the

population for the jth eigenstate at iteration (k − 1) and N (α)

is the normalization. The probabilities to measure a |0〉 or |1〉
in the ancillary qubit are given as

Pr (α)
|0〉 =

∑
l

∣∣c(α−1)
l

∣∣2
2

[
1 + cos

(
ϕ

(α)
l

)]
and (A7)

Pr (α)
|1〉 =

∑
l

∣∣c(α−1)
l

∣∣2
2

[
1 − cos

(
ϕ

(α)
l

)]
. (A8)

The algorithm converges to an eigenstate (cf. Appendix G)
of H . Here we are interested in quantifying the convergence
speed to an eigenstate. For simplicity, we take in our analy-
sis this eigenstate to be the ground state. This motivates the
following definitions:

Definition A1 ((Sub)dominant eigenvector). For a Hamil-
tonian H = ∑

i λi|φi〉〈φi| with nondegenerate spectrum and
a quantum state |ψ〉 = ∑

i ci|φi〉, the state |ψ〉 has a single
dominant eigenvector |φd〉 if and only if |cd |2 > |ci|2, ∀i 
= d .

A subdominant eigenstate is a state |φs〉 where |cd |2 >

|cs|2 � |ci|2, ∀i /∈ {d, s}.
Definition A2 (Dominance). We define the dominance

D := |cd |2 − |cs|2 as the distance from the dominant eigen-
state |φd〉 to the subdominant state |φs〉 for a Hamiltonian
H = ∑

i λi|φi〉〈φi| and a quantum state |ψ〉 = ∑
i ci|φi〉.

In the algorithm, the eigenstate that we want to prepare is
the dominant eigenstate with an initial amplitude |c(0)

d |2 and
initial dominance D(0). We will assume that there is not only
a single dominant state, but also a single subdominant state,
even though the protocol will also succeed if there are multiple
subdominant states with the same amplitude.

After the first k rounds of the protocol, the |c(k)
j |2 are

random variables described by

∣∣c(0)
j

∣∣2 �→ ∣∣c(k)
j

∣∣2 = ∣∣c(0)
j

∣∣2 × S(1)
j S(2)

j · · · S(k)
j

N (1)N (2) · · · N (k)
. (A9)

2. Bayesian approach for the expected amplitude factor

The S(α)
j and the N (α) can be considered as random vari-

ables. The S(α)
j are independent of each other for every α, j,

according to assumption (2). We note that the |c(α)
j |2 depend

only on the squared amplitudes |c(α−1)
j |2 and the measurement

results of the previous round α − 1. Hence, we can describe
the process as a discrete-time Markov chain in an infinite state
space.

For our analysis, we consider the ratios of two amplitudes
at the same iteration so that we do not have to take into account

012445-6
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the normalization:∣∣c(k)
j

∣∣2∣∣c(k)
d

∣∣2 =
∣∣c(0)

j

∣∣2∣∣c(0)
d

∣∣2 × S(1)
j S(2)

j · · · S(k)
j

S(1)
d S(2)

d · · · S(k)
d

. (A10)

We use the index d (of the dominant state) in the denominator,
as we are interested in quantifying how quickly nondominant
amplitudes are suppressed. Taking the natural logarithm, we
obtain

ln

⎛
⎝∣∣c(k)

j

∣∣2∣∣c(k)
d

∣∣2
⎞
⎠ = ln

⎛
⎝∣∣c(0)

j

∣∣2∣∣c(0)
d

∣∣2
⎞
⎠ + ln

(
S(1)

j

) − ln
(
S(1)

d

)
+ · · · + ln

(
S(k)

j

) − ln
(
S(k)

d

)
(A11)

of near convergence to the ground state so that we can con-
sider the expectation value of ln(|c(k)

j |2/|c(k)
d |2) in this limit.

We assume that |c(α)
d |2 → 1 and |c(α)

j |2 → 0 for j 
= d , such

that we consider the S(α)
j (and S(α)

d ) as both being independent
and identically distributed. Then, from the Central Limit The-
orem, we conclude that the S(α)

j are log-normal distributed if

the variance of S(α)
j is finite. Hence, we seek to calculate the

moments of S(α)
j . We note that the ϕ

(α)
j are ϕ

(α)
j ∼ Unif[0, 2π ]

i.i.d. for every α. Nevertheless, as the probability to obtain a
“0” or a “1” depends on the ϕ

(α)
j , the probability distribution

we have access to is actually the distribution of the ϕ
(α)
j

conditioned on the results of the auxiliary qubit. Hence, given
that we observe, say, a “0,” the ϕ

(α)
j are no longer uniform but

become biased as a function of the coefficients {c j}.
Hence, we take a Bayesian approach to computing the

moments S(α)
j and begin by recalling Bayes’ theorem in its

most basic form:

p(A|B) = p(B|A)p(A)

p(B)
. (A12)

Given that we observe a |0〉 on the auxiliary qubit and that the
coefficients are {c(α−1)

j }, the probability density for a set ϕ
(α)
j

is given by

p
(
ϕ

(α)
j

∣∣|0〉, {c(α−1)
j

})
= p

(|0〉∣∣ϕ(α)
j ,

{
c(α−1)

j

}) × p
(
ϕ

(α)
j

∣∣{c(α−1)
j

})
p
(|0〉∣∣{c(α−1)

j

}) , (A13)

which is simply Bayes’ theorem applied to probability den-
sities conditioned on {c(α−1)

j }. Observe that the probability

density for a set ϕ
(α)
j without conditioning on the measured

auxiliary qubit is independent of the {c(α−1)
j }, because τk is

chosen independently of the {c(α−1)
j }, so we have

p
(
ϕ

(α)
j

∣∣{c(α−1)
j

}) = p
(
ϕ

(α)
j

) = 1

(2π )N
. (A14)

In addition, the probability to measure a |0〉 given a set of
{c(α−1)

j } but not conditioning on the ϕ
(α)
j is

p
(|0〉∣∣{c(α−1)

j

})
= 1

(2π )N

∫ 2π

0
· · ·

∫ 2π

0
p
(|0〉∣∣ϕ(α)

j ,
{
c(α−1)

j

})
dϕ

(α)
1 . . . dϕ

(α)
N

= 1

2
, (A15)

where we used the probability previously stated

p
(|0〉∣∣ϕ(α)

j ,
{
c(α−1)

j

}) = Pr (α)
|0〉 (A16)

in Eq. (A7). We can insert all three terms into Eq. (A13) to
obtain

p
(
ϕ

(α)
j

∣∣|0〉, {c(α−1)
j

})
= 1

(2π )N

∑
l

∣∣c(α−1)
l

∣∣2[1 + cos
(
ϕ

(α)
l

)]
. (A17)

In order to apply the Central Limit Theorem to Eq. (A11),
we compute the first and second moments of ln [S(α)

j ] =
ln [1 + cos(ϕ(α)

j )]. The expectation value (over the ϕ vari-
ables) is given as

μ j,α = E
[
ln

[
S(α)

j

]∣∣|0〉, {c(α−1)
j

}]
(A18)

= 1

(2π )N

∫ 2π

0
· · ·

∫ 2π

0
ln

[
1 + cos

(
ϕ

(α)
j

)](∑
l

∣∣c(α−1)
l

∣∣2[1 + cos
(
ϕ

(α)
j

)])
dϕ

(α)
1 . . . dϕ

(α)
N (A19)

= 1

(2π )

∫ 2π

0
ln

[
1 + cos

(
ϕ

(α)
j

)][
1 + ∣∣c(α−1)

j

∣∣2 cos
(
ϕ

(α)
j

)]
dϕ

(α)
j (A20)

= ∣∣c(α−1)
j

∣∣2 − ln(2), (A21)

and for the variance, we need to compute

σ 2
j,α = Var

[
ln

[
S(α)

j

]∣∣|0〉, {c(α−1)
j

}] = E
[

ln
[
S(α)

j

]2∣∣|0〉, {c(α−1)
j

}] − E
[
ln

[
S(α)

j

]∣∣|0〉, {c(α−1)
j

}]2
. (A22)

We calculate

E
[

ln
[
S(α)

j

]2∣∣|0〉, {c(α−1)
j

}] = 1

(2π )

∫ 2π

0
ln

[
1 + cos

(
ϕ

(α)
j

)]2
[1 + ∣∣c(α−1)

j

∣∣2 cos
(
ϕ

(α)
j

)
]dϕ

(α)
j (A23)

= π2

3
+ ln(2)2 − ∣∣c(α−1)

j

∣∣2[2 + ln(4)] (A24)
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and obtain for the variance

σ 2
j,α = π2

3
− ∣∣c(α−1)

j

∣∣2(2 + ∣∣c(α−1)
j

∣∣2) < ∞, (A25)

which is finite. Note that for the complementary case, when
a |1〉 is measured, we obtain the same results for the relevant
moments, due to the symmetries of the trigonometric func-
tions. Therefore, we write μ j,α and σ 2

j,α without an explicit
dependency on the auxiliary qubit measurement result.

In order to apply the Central Limit Theorem, we require the
ln [S(α)

j ] to be independent and identically distributed. In the
limit of near convergence to the ground state, both conditions
hold. We denote by k0 the iteration after which we enter the
near-convergence regime. For simplicity, we therefore con-
sider the relevant moments of ln(|c(α)

j |2/|c(α)
d |2) in this limit,

which implies that we assume that |c(α)
d |2 → 1 and |c(α)

j |2 →
0 for j 
= d are approximately constant, i.e., they also become
independent of the previous iteration. In this case, the S(α)

j are

log-normal distributed if the variance of S(α)
j is finite, which is

the case. We remark that this statement admits a broader range
of applicability since there exist extended versions of the
Central Limit Theorem (such as Lyapunov’s or Lyndeberg’s)
that hold under slightly more relaxed assumptions.

For a sequence of m samples in the near-convergent limit
{. . . , ln [S(k0 )

j ], . . . , ln [S(k0+m)
j ]}, the sum of the samples by

the Central Limit Theorem approaches a normal distribution

LS j =
k0+m∑
α=k0

ln
[
S(α)

j

] ∼ N (−m ln(2), mπ2/3) (A26)

for large m. For the dominant amplitude, respectively, we have

LSd =
k0+m∑
α=k0

ln
[
S(α)

d

]
(A27)

∼ N (−m[1 − ln(2)], m(π2/3 − 3)). (A28)

For reference, − ln(2) ≈ −0.693 and 1 − ln(2) ≈ 0.307;
π2/3 ≈ 3.29 and π2/3 − 3 ≈ 0.29.

3. Computing the average relative suppression

In this section, we are interested in the distribution of the
ratio |c(k0+m)

j |2/|c(k0+m)
d |2 with j 
= d; thus with Eq. (A10) we

first compute

exp(LS j − LSd ) ∼ Lognormal(−m, m(2π2/3 − 3)).

(A29)

We are interested in the average relative suppression per round
in the near-convergent regime. The average suppression of
subdominant amplitudes is the mean of the distribution

exp(LS j − LSd )1/m ∼ Lognormal

(
−1,

2π2/3 − 3

m

)
.

(A30)

As the mean of a lognormal distribution Lognormal(μ, σ 2)
is given by exp(μ + σ 2/2) we can now write the expected

suppression as

lim
m→∞ exp

(
−1 + 2π2/3 − 3

2m

)
= exp(−1). (A31)

Thus, we derived the expected suppression of a nondom-
inant eigenstate |φ j〉 relative to the dominant eigenstate |φd〉
as a function of the difference of their respective amplitudes.
Naturally, the expected suppression is the weakest for the pair
of the subdominant and dominant eigenstates. Qualitatively,
we expect the ratio to be suppressed in a stronger way, the
more the subdominant amplitude is separated from the dom-
inant amplitude [cf. Eq. (A21)]. We note that there exists
the possibility of two eigenstates crossing, i.e., the initially
dominant amplitude becoming the new subdominant eigen-
state, which reduces the likelihood of preparing the initially
dominant eigenstate. This is discussed in the main text, and it
is a consequence of the Born rule.

APPENDIX B: QUANTUM BROADCASTING:
2-AUXILIARY QUBIT VARIANT

Here we calculate the relative average suppression for the
quantum broadcasting protocol with two auxiliary qubits in
the same spirit as for the single device algorithm. The circuit
for one iteration of the protocol is shown in Fig. 5 with the
operator V defined as

V = 1√
2

⎛
⎜⎜⎜⎜⎝

1 0 0 1

0 1 1 0

0 1 −1 0

1 0 0 −1

⎞
⎟⎟⎟⎟⎠. (B1)

1. Quantum circuit and process map

First, we write the action of the quantum circuit for a
general V . We define |ψ ′〉 := U |ψ〉. To build intuition, we
begin considering the case where |
 (0)〉 = |ψ〉|ψ〉 and con-
sider a single iteration of the circuit in Fig. 5. Before the
computational basis measurements, the global state of the

FIG. 5. Quantum broadcasting circuit with two auxiliary qubits
controlling the respective dynamics on two quantum devices. The
auxiliary qubits are initialized in the |0〉 state followed by a local
Hadamard transformation into |+〉 respectively. The measurements
are performed in the computational basis.
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circuit is

1
2 [V |00〉|ψψ〉 + V |01〉|ψψ ′〉 + V |10〉|ψ ′ψ〉 + V |11〉|ψ ′ψ ′〉]. (B2)

Substituting the operator V by our definition, we obtain

1

2
√

2
[|00〉(|ψψ〉 + |ψ ′ψ ′〉) + |01〉(|ψψ ′〉 + |ψ ′ψ〉) + |11〉(|ψψ〉 − |ψ ′ψ ′〉) + |10〉(|ψ ′ψ〉 − |ψψ ′〉)] (B3)

= 1

2
√

2

⎡
⎣|00〉

∑
i, j

cic j
(
1 + ei(ϕi+ϕ j )

)|φiφ j〉 + |01〉
∑
i, j

cic j
(
eiϕi + eiϕ j

)|φiφ j〉 (B4)

+ |11〉
∑
i, j

cic j
(
1 − ei(ϕi+ϕ j )

)|φiφ j〉) + |10〉
∑
i, j

cic j
(
eiϕi − eiϕ j

)|φiφ j〉
⎤
⎦. (B5)

In the general case where the input is |
 (k−1)〉, the states held by Alice and Bob may be entangled in general, which means that
we have coefficients ci j instead of cic j in Eq. (B5). We already see that the probability to measure |10〉 on the auxiliary qubits
approaches zero, as the algorithm converges towards an identical eigenstate pair |
〉 ≈ |φ j〉|φ j〉. We analyze the postselection
overhead in Appendix B 4. When a certain bit string is observed on the auxiliary qubits, the amplitudes are multiplied by their
respective factors. The corresponding process map for the kth iteration is given by

∣∣c(k−1)
i j

∣∣2 �→ ∣∣c(k)
i j

∣∣2 = ∣∣c(k−1)
i j

∣∣2 ×
S(k)

(i, j),
∣∣b〉

N (k)
|b〉

= ∣∣c(k−1)
i j

∣∣2 ×

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

[
1 + cos

(
ϕ

(k)
i + ϕ

(k)
j

)]/(
4N (k)

|00〉
)

with Pr (k)
|00〉,[

1 + cos
(
ϕ

(k)
i − ϕ

(k)
j

)]/(
4N (k)

|01〉
)

with Pr (k)
|01〉,[

1 − cos
(
ϕ

(k)
i + ϕ

(k)
j

)]/(
4N (k)

|11〉
)

with Pr (k)
|11〉,[

1 − cos
(
ϕ

(k)
i − ϕ

(k)
j

)]/(
4N (k)

|10〉
)

with Pr (k)
|10〉,

(B6)

where we have made more explicit the dependency of S with the auxiliary qubit measurement result [cf. Eq. (A5)], which is
denoted by the subscript |b〉. For convenience, we absorb the factor of 1/4 in the S into the normalization N so we can redefine
S(k)

(i, j),|b〉 := 1 ± cos(ϕ(k)
i ± ϕ

(k)
j ) with the signs chosen as in Eq. (B6). Note that the probabilities Pr (α)

|b〉 = [1 ± cos(ϕ(k)
i ± ϕ

(k)
j )]/4

add up to one:
∑

b∈{0,1}2 Pr (α)
|b〉 = 1.

2. Bayesian approach for the expected amplitude factor

As in the single-device case, we consider the S(α)
(i, j),|b〉 as random variables, where the measurement outcome bit string is

denoted as b. We write the probability to measure a certain bit string b now as Pr (α)
|b〉 = p(|b〉|ϕ(α)

i , {c(α−1)
i j }), i.e., the probability

depends on the coefficients {c(α−1)
i j } and the product of the evolution time with the eigenenergies ϕ

(α)
i (note that these are the

same for Alice and Bob since both are evolving for the same τk). We list, in the same spirit as for the single-device case, the
probabilities of observing a bit string given a set of coefficients

p
(|00〉∣∣{c(α−1)

i j

}) = p
(|11〉∣∣{c(α−1)

i j

}) = 1

4
, (B7)

p
(|01〉∣∣{c(α−1)

i j

}) = 1

4
+ 1

4

∑
i

∣∣c(α−1)
ii

∣∣2, (B8)

p
(|10〉∣∣{c(α−1)

i j

}) = 1

4

∑
i 
= j

∣∣c(α−1)
i j

∣∣2. (B9)

Also, we note the a priori probability density to observe a ϕ
(α)
i is

p
(
ϕ

(α)
i

∣∣{c(α−1)
i j

}) = p
(
ϕ

(α)
i

) = 1/(2π )N , (B10)

or a pair of (ϕ(α)
i , ϕ

(α)
j ) is given by

p
(
ϕ

(α)
i , ϕ

(α)
j

∣∣{c(α−1)
i j

}) = p
(
ϕ

(α)
i , ϕ

(α)
j

)
(B11)

= 1/(2π )N . (B12)

Next, we compute the expected amplitude factor using a Bayesian approach as in the single-device protocol. Here we simply
present the analytic computation of expectation values, since we obtain the same moments as the single-device case: for the
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expectations value of the amplitude factor ln [S(α)
(i, j),|00〉] we get

μ(i, j),α,|00〉

= E
[
ln

[
S(α)

(i, j),|00〉
]∣∣|0〉, {c(α−1)

i j

}]
= 1

(2π )N

∫ 2π

0
· · ·

∫ 2π

0
ln

[
1 + cos

)(
ϕ

(k)
i + ϕ

(k)
j

))]⎛⎝∑
l,p

∣∣c(α−1)
l p

∣∣2[1 + cos
(
ϕ

(k)
l + ϕ(k)

p

)]⎞⎠dϕ
(α)
1 . . . dϕ

(α)
N

= ∣∣c(α−1)
i j

∣∣2 − ln(2). (B13)

We have μ(i, j),α,|11〉 = μ(i, j),α,|00〉 due to symmetries. Hence, the “00” and “11” bit strings replicate the behavior of the single-
device case and occur here with total probability 1/2. The “10” bit string corresponds to a projection onto the antisymmetric
space which sets the identical eigenstate amplitudes |cdd |2 to zero.

It remains to analyze the behavior of the circuit for the “01” bit string. First, we compute μ(d,d ),α,|01〉 where we do not need to
integrate because S(α)

(d,d ),|01〉 is independent of the ϕ
(α)
i :

μ(d,d ),α,|01〉 = E
[
ln

[
S(α)

(d,d ),|01〉
]∣∣|0〉, {c(α−1)

i j

}]
(B14)

= E
[
ln

[
1 + cos(ϕ(α)

d − ϕ
(α)
d )

]∣∣|0〉, {c(α−1)
i j

}]
(B15)

= ln(2). (B16)

Next, we compute μ(d, j),α,|01〉 where d 
= j. First, we write the biased probability density function for the ϕ
(α)
i , which is given as

p
(
ϕ

(α)
i

∣∣|01〉, {c(α−1)
i j

})
= p

(|01〉∣∣{ϕ(α)
i

}
,
{
c(α−1)

i j

}) × p
(
ϕ

(α)
i

∣∣{c(α−1)
i j

})
p
(|01〉∣∣{c(α−1)

i j

})
= 1

(2π )N

1

1 + ∑
l

∣∣c(α−1)
ll

∣∣2
∑
i, j

∣∣c(α−1)
i j

∣∣2[1 + cos
(
ϕ

(α)
i − ϕ

(α)
j

)]
. (B17)

Then the expectation value of ln [S(α)
(d, j),|01〉] is

μ(d, j),α,|01〉 = E
[
ln

[
S(α)

(d, j),|01〉
]∣∣|0〉, {c(α−1)

i j

}]
(B18)

= 1

1 + ∑
l

∣∣c(α−1)
ll

∣∣2 1

(2π )N

∫ 2π

0
· · ·

∫ 2π

0
ln

[
1 + cos

(
ϕ

(α)
d − ϕ

(α)
j

)]
×

∑
l,p

∣∣c(α−1)
l p

∣∣2[1 + cos
(
ϕ

(α)
l − ϕ(α)

p

)]
dϕ

(α)
1 . . . dϕ

(α)
N (B19)

= 1

1 + ∑
l

∣∣c(α−1)
ll

∣∣2
∫ 2π

0
· · ·

∫ 2π

0

{
ln[· · · ]d j

∑
a

∣∣c(α−1)
aa

∣∣2[· · · ]aa + ln[· · · ]d j

∣∣c(α−1)
d j

∣∣2[· · · ]d j

+ ln[· · · ]d j

∣∣c(α−1)
jd

∣∣2[· · · ]d j + ln[· · · ]d j

∑
(a,b)∈R

∣∣c(α−1)
ab

∣∣2[· · · ]ab

}
dϕ

(α)
1 . . . dϕ

(α)
N (B20)

= 1

1 + ∑
l

∣∣c(α−1)
ll

∣∣2
{
−2 ln(2)

∑
a

∣∣c(α−1)
aa

∣∣2 + [1 − ln(2)]
∣∣c(α−1)

d j

∣∣2
+ [1 − ln(2)]

∣∣c(α−1)
jd

∣∣2 − ln(2)
∑

(a,b)∈R

∣∣c(α−1)
ab

∣∣2} (B21)

= − ln(2) + |cdj |2 + |c jd |2
1 + ∑

l

∣∣c(α−1)
ll

∣∣2 , (B22)

where Rc := ⋃
a{(a, a)} ∪ {(d, j)} ∪ {( j, d )} and we use the

shorthand [. . . ]l p := [1 + cos(ϕ(α)
l − ϕ(α)

p )]. If we had used
a uniform distribution for the ϕ

(α)
i , we would have obtained

− ln(2) instead; i.e., the second term in Eq. (B22) is a
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correction which goes to zero if the nondominant amplitudes
|cdj |2 and |c jd |2 vanish. Note that in the broadcasting setup
|c jd |2 → 0 as we assume that Alice has a near-perfect approx-
imation to the ground state.

3. Average relative suppression with entanglement sharing

Akin to the single-device case, we compute the average
suppression per round of the circuit in the near-convergent
regime where |c(α−1)

dd |2 →α 1 and |c(α−1)
ds |2 →α 0. The ex-

pected suppression factor per round is given as [cf. (A31)]

exp(μ(d,s),α,|01〉 − μ(d,d ),α,|01〉)

= exp [−2 ln(2)]

= 1/4 (B23)

in the limit m → ∞ for a measured “01” bit string. Now
combining the computed expectation values, for the “00” and
“11” measurements, the suppression factor converges to 1/e
in the near-convergent regime. Hence, the total suppression
factor weighted by their probability of occurrence, given that
we always project to the symmetric subspace, is the geometric
mean

1

e1/2

1

41/2
= 1

2
√

e
≈ 0.30 (B24)

and smaller than the value for the single-device case where we
had 1/e ≈ 0.37.

The term symmetric subspace, as in the main text, is the
symmetric subspace of the two auxiliary qubits before the
transformation (either with the operator V or the controlled
SWAP).

4. Overhead due to unsuccessful projection

For noisy quantum devices with limited coherence time,
a successful algorithmic strategy is to improve the figure of

merit of the quantum algorithm at the expense of more repe-
titions of the protocol. In this spirit, we use heralding through
the measured bit string to assess whether the protocol needs to
be restarted. Here we estimate the algorithmic overhead due
to a “10” bit string being observed, which requires the pro-
tocol to be restarted. The probability of observing “10” was
stated in Eq. (B9) and depends on the diagonal probabilities∑

i |c(α−1)
ii |2. We introduce the notation

∑
i, j |ci j |2 = ‖ �C‖2

2 =
‖ �Cd‖2

2 + ‖ �Cod‖2
2 = 1, where

‖ �Cd‖2
2 =

∑
i

|cii|2 (B25)

is the norm of the diagonal elements. Let us focus on proving
the conditions for convergence to the diagonal; i.e., to ci, j = 0
for all i 
= j.

To a first approximation, we consider the effect of an
observed bit string on ‖ �Cd‖2. For the bit strings “00” and
“11” we take a conservative approach in that the diagonal
norm remains indifferent. For a “10” the relative suppression
of the off-diagonal ci, j is 1/4 in the near-convergent limit.
We consider a regime where the dependence of the S(k)

(i, j),|b〉 is
sufficiently weak such that the Central Limit Theorem holds,
so we may compute an average suppression factor by com-
paring μ(d, j),α,|01〉 with μ(d,d ),α,|01〉 as we do in Appendix B 3.
We bound μ(d, j),α,|01〉 < − ln(2) + 1/2 as |cdj |2 < 1/2 and
|c jd |2 = 0 in the broadcasting scenario. Then the average sup-
pression factor for an observed “01” is smaller (i.e., better)
than

exp[−2 ln(2) + 1/2] = √
e/4 ≈ 0.41 < 1/2. (B26)

Hence, we have that the new expected amplitudes after one
iteration transform on average as least as favorable as

E
[∥∥ �C(k)

d

∥∥2

2

] =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∥∥ �C(k−1)
d

∥∥2

2 with expected prob. p
(|00〉 ∨ |11〉∣∣{c(α−1)

i j

}) = 1/2,

2
∥∥ �C(k−1)

d

∥∥2

2

1+
∥∥ �C(k−1)

d

∥∥2

2

with expected prob. p
(|01〉∣∣{c(α−1)

i j

}) = 1
4

(
1 + ‖ �Cd‖2

2

)
,

0 with expected prob. p
(|10〉∣∣{c(α−1)

i j

}) = 1
4

(
1 − ‖ �Cd‖2

2

)
.

(B27)

Let x(k) = E[‖ �C(k)
d ‖2

2]. In this simplified model, we need only
study under which conditions limk→∞ x(k) = 1. Solving the
difference equation for x(k) yields

x(k) = 2kx(0)

1 + x(0)(2k − 1)
. (B28)

Now, let us consider the probability to only observe the
“01” bit string several times in a row, conditioned that we
do not count outcomes “00” or “11.” The ability of “00” or
“11” to increase ‖ �C(k)

d ‖2
2 is limited and will be ignored for

the overhead analysis; they can be effectively skipped. The

probability to observe the “01” bit string p times is

p∏
k=1

(
1

2
+ x(k)

2

)
= 1 + (2p+1 − 1)x(0)

2p(x(0) + 1)
. (B29)

This quantity tends asymptotically to 2x(0)/(1 + x(0) ).
Hence, the probability to only see “01,” “00,” and “11” in

a sequence of experiments depends on the initial amplitude
of the dominant eigenstate. From Eq. (B29) we calculate the
probability of seeing the bad outcome “10,” corresponding to
a projection to the antisymmetric space, at some iteration in
any infinitely long sequence. This probability, which is the
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FIG. 6. Quantum broadcasting circuit with an additional aux-
iliary qubit for the projection to the symmetric subspace. In the
protocol, we postselect on observing a |0〉 on the first helper qubit.

risk of failure of the algorithm, is then given by

1 − 2x(0)

1 + x(0)
= 1 − ∥∥ �C(0)

d

∥∥2

2

1 + ∥∥ �C(0)
d

∥∥2

2

. (B30)

Therefore, for an initial ground state overlap γ = |c(0)
B,0| with

‖ �C(0)
d ‖2

2 = γ 2 + ∑
i>0 |cii|2 (in the broadcasting setup) is the

increase of the total algorithmic cost due to restarts given as
O(1/γ 2).

APPENDIX C: QUANTUM BROADCASTING:
3-AUXILIARY QUBIT VARIANT

We discuss the alternative protocol where the two auxiliary
qubits controlling the dynamics are projected to the symmetric
subspace through a controlled-SWAP operation. The circuit
for one iteration of the protocol is shown in Fig. 6.

1. Quantum circuit and process map

We analyze the action of the circuit including the
controlled SWAP. We denote the time evolved state as

|ψ ′〉 := U |ψ〉. Again, we begin considering the case where
initially we have two copies of the same state |
 (0)〉 =
|ψ〉|ψ〉. Just before the measurements, the global state is

|0〉
4

[|00〉[|ψψ〉 + |ψψ ′〉 + |ψ ′ψ〉 + |ψ ′ψ ′〉)]

+ |01〉[|ψψ〉 − |ψ ′ψ ′〉)] + |10〉[|ψψ〉 − |ψ ′ψ ′〉)]

+ |11〉[|ψψ〉 − |ψψ ′〉 − |ψ ′ψ〉 + |ψ ′ψ ′〉)]]

+ |1〉
4

[|01〉[|ψ ′ψ〉 − |ψψ ′〉)] + |10〉[|ψψ ′〉 − |ψ ′ψ〉)]].

(C1)

We observe that in this variant, again, the probability to mea-
sure a |1〉 on the first auxiliary qubit approaches zero as the
algorithm converges towards an eigenstate |ψ〉 ≈ |φ j〉. Now
we express the state in the eigenbasis of H :

|0〉
4

⎡
⎣|00〉

∑
i, j

ci j
(
1 + eiϕi + eiϕ j + ei(ϕi+ϕ j )

)|φiφ j〉

+ |01〉
∑
i, j

ci j
(
1 − ei(ϕi+ϕ j )

)|φiφ j〉

+ |10〉
∑
i, j

ci j
(
1 − ei(ϕi+ϕ j )

)|φiφ j〉

+ |11〉
∑
i, j

ci j
(
1 − eiϕi − eiϕ j + ei(ϕi+ϕ j )

)|φiφ j〉
⎤
⎦

+ |1〉
4

⎡
⎣|01〉

∑
i, j

ci j
(
eiϕi − eiϕ j

)|φiφ j〉

+ |10〉
∑
i, j

ci j
(
eiϕ j − eiϕi

)|φiφ j〉
⎤
⎦. (C2)

The process map for the quantum broadcasting protocol is
given by

∣∣c(k−1)
i j

∣∣2 �→ ∣∣c(k)
i j

∣∣2 = ∣∣c(k−1)
i j

∣∣2 × S(k)
(i, j),|b〉
N (k)

|b〉
= ∣∣c(k−1)

i j

∣∣2 ×

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

[
1 + cos

(
ϕ

(k)
i

)][
1 + cos

(
ϕ

(k)
j

)]/(
4N (k)

|000〉
)

with Pr (k)
|000〉,[

1 − cos
(
ϕ

(k)
i + ϕ

(k)
j

)]/(
8N (k)

|001〉
)

with Pr (k)
|001〉,[

1 − cos
(
ϕ

(k)
i + ϕ

(k)
j

)]/(
8N (k)

|010〉
)

with Pr (k)
|010〉,[

1 − cos
(
ϕ

(k)
i

)][
1 − cos

(
ϕ

(k)
j

)]/(
4N (k)

|011〉
)

with Pr (k)
|011〉,

(C3)

where we consider only the classical bit strings with a “0” on the first auxiliary qubit, since in the protocol we postselect on this
measurement outcome, which corresponds to a projection to the symmetric subspace. Going forward, we again absorb the factor
of 1/4 or 1/8, respectively, into the normalization. The probabilities for measuring the different bit strings are

Pr (α)
|000〉 = 1

4

∑
i, j

∣∣c(α−1)
i j

∣∣2[1 + cos
(
ϕ

(k)
i

)][
1 + cos

(
ϕ

(k)
j

)]
, (C4)

Pr (α)
|001〉 = Pr (α)

|010〉 = 1

8

∑
i, j

∣∣c(α−1)
i j

∣∣2[1 − cos
(
ϕ

(k)
i + ϕ

(k)
j

)]
, (C5)

Pr (α)
|011〉 = 1

4

∑
i, j

∣∣c(α−1)
i j

∣∣2[1 − cos
(
ϕ

(k)
i

)][
1 − cos

(
ϕ

(k)
j

)]
, (C6)
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and, for completeness, we also include the antisymmetric
cases:

Pr (α)
|100〉 = Pr (α)

|111〉 = 0, (C7)

Pr (α)
|101〉 = Pr (α)

|110〉 = 1

8

∑
i, j

∣∣c(α−1)
i j

∣∣2[1 − cos
(
ϕ

(k)
i − ϕ

(k)
j

)]
.

(C8)

We can indeed check that the probabilities sum to
one

∑
b∈{0,1}3 Pr (α)

|b〉 = 1. In the following, we write

the probabilities as a conditional probability Pr (α)
|000〉 =

p(|000〉|ϕ(α)
i , {c(α−1)

i j }), etc., as the probability depends on the
coefficients and the product of the evolution time with the
eigenenergies.

2. Bayesian approach for the expected amplitude factor

We compute the expected amplitude factor using a
Bayesian approach as for the single-device protocol. Here we
restrict the analytic computation to expectation values and
confirm numerically that variances are finite. We require the
distribution of the ϕ

(α)
i for the calculation of the first moment.

Analogously to the previous sections, we list the terms that we
need to plug into the Bayesian formula

p
(|000〉∣∣{c(α−1)

i j

}) =p
(|011〉∣∣{c(α−1)

i j

})
=1

4
+ 1

8

∑
i

∣∣c(α−1)
ii

∣∣2, (C9)

p
(|001〉∣∣{c(α−1)

i j

}) =p
(|010〉∣∣{c(α−1)

i j

}) = 1

8
. (C10)

From the Bayesian rule, we have

p
(
ϕ

(α)
i

∣∣|001〉, {c(α−1)
i j

})
= p

(|001〉∣∣ϕ(α)
i ,

{
c(α−1)

i j

}) × p
(
ϕ

(α)
i

∣∣{c(α−1)
i j

})
p
(|001〉∣∣{c(α−1)

i j

}) (C11)

= 1

(2π )N

∑
i, j

∣∣c(α−1)
i j

∣∣2[1 − cos
(
ϕ

(k)
i + ϕ

(k)
j

)]
, (C12)

and we analyze the expectation value of the amplitude fac-
tor for the |001〉 (and |010〉) measurement. We can compute
μ(i, j),α,|001〉 = μ(i, j),α,|010〉 as

μ(i, j),α,|001〉 = E
[
ln

[
S(α)

(i, j),|001〉
]∣∣|001〉, {c(α−1)

i j

}]
(C13)

= 1

(2π )N

∫ 2π

0
· · ·

∫ 2π

0
ln

[
1 − cos

(
ϕ

(k)
i + ϕ

(k)
j

)] ×
⎛
⎝∑

l,p

∣∣c(α−1)
l p

∣∣2[1 − cos
(
ϕ

(k)
i + ϕ

(k)
j

)]⎞⎠dϕ
(α)
1 . . . dϕ

(α)
N

= ∣∣c(α−1)
i j

∣∣2 − ln(2), (C14)

which shows the same suppression behavior as in the single-device case.
Now we consider the outcome of a “000” bit string. From the Bayesian rule, we obtain

p
(
ϕ

(α)
i

∣∣|000〉, {c(α−1)
i j

}) = p
(|000〉∣∣ϕ(α)

i ,
{
c(α−1)

i j

}) × p
(
ϕ

(α)
i

∣∣{c(α−1)
i j

})
p
(|000〉∣∣{c(α−1)

i j

}) (C15)

= 1

1 + 1
2

∑
a

∣∣c(α−1)
aa

∣∣2 1

(2π )N

∑
i, j

∣∣c(α−1)
i j

∣∣2[1 + cos
(
ϕ

(k)
i

)][
1 + cos

(
ϕ

(k)
j

)]
. (C16)

Next, we can calculate μ(i, j),α,|000〉:

μ(i, j),α,|000〉

= E
[
ln

[
S(α)

(i, j),|000〉
]∣∣|000〉, {c(α−1)

i j

}]
= 1

1 + 1
2

∑
a

∣∣c(α−1)
aa

∣∣2 1

(2π )N

∫ 2π

0
· · ·

∫ 2π

0
ln

([
1 + cos

(
ϕ

(k)
i

)][
1 + cos

(
ϕ

(k)
j

)])

×
⎛
⎝∑

l,p

∣∣c(α−1)
l p

∣∣2[1 + cos
(
ϕ

(k)
l

)][
1 + cos

(
ϕ(k)

p

)]⎞⎠dϕ
(α)
1 . . . dϕ

(α)
N

= (2π )−N

1 + 1
2

∑
a

∣∣c(α−1)
aa

∣∣2
∫ 2π

0
· · ·

∫ 2π

0

⎧⎨
⎩ln[· · · ]i

⎛
⎝∑

l,p

∣∣c(α−1)
l p

∣∣2[· · · ]l p

⎞
⎠ + i ↔ j

⎫⎬
⎭dϕ

(α)
1 . . . dϕ

(α)
N

= (2π )−N

1 + 1
2

∑
a

∣∣c(α−1)
aa

∣∣2
∫ 2π

0
· · ·

∫ 2π

0

⎧⎨
⎩ln[· · · ]i

⎛
⎝∣∣c(α−1)

ii

∣∣2[· · · ]ii +
∑
a 
=i

(∣∣c(α−1)
ia

∣∣2 + ∣∣c(α−1)
ai

∣∣2)[· · · ]ia

012445-13



BENJAMIN F. SCHIFFER AND JORDI TURA PHYSICAL REVIEW A 111, 012445 (2025)

+
∑
a 
=i

∣∣c(α−1)
aa

∣∣2[· · · ]aa +
∑

a 
=b
=i 
=a

∣∣c(α−1)
ab

∣∣2[· · · ]ab

⎞
⎠ + i ↔ j

⎫⎬
⎭dϕ

(α)
1 . . . dϕ

(α)
N

= 1

1 + 1
2

∑
a

∣∣c(α−1)
aa

∣∣2
⎧⎨
⎩
⎛
⎝∣∣c(α−1)

ii

∣∣2[7

4
− 3

2
ln(2)

]
+

∑
a 
=i

(∣∣c(α−1)
ia

∣∣2 + ∣∣c(α−1)
ai

∣∣2)[1 − ln(2)]

+
∑
a 
=i

∣∣c(α−1)
aa

∣∣2[−3

2
ln(2)

]
+

∑
a 
=b
=i 
=a

∣∣c(α−1)
ab

∣∣2[ − ln(2)
]⎞⎠ + i ↔ j

⎫⎬
⎭

= 1

1 + 1
2

∑
a

∣∣c(α−1)
aa

∣∣2
⎧⎨
⎩
⎛
⎝− ln(2) + ∣∣c(α−1)

ii

∣∣2[7

4
− 1

2
ln(2)

]
+

∑
a 
=i

(∣∣c(α−1)
ia

∣∣2 + ∣∣c(α−1)
ai

∣∣2)

+
∑
a 
=i

∣∣c(α−1)
aa

∣∣2[−1

2
ln(2)

]⎞⎠ + i ↔ j

⎫⎬
⎭

= 1

1 + 1
2

∑
a

∣∣c(α−1)
aa

∣∣2
⎧⎨
⎩
⎛
⎝− ln(2)

(
1 + 1

2

∑
a

∣∣c(α−1)
aa

∣∣2) + 7

4

∣∣c(α−1)
ii

∣∣2 +
∑
a 
=i

(∣∣c(α−1)
ia

∣∣2 + ∣∣c(α−1)
ai

∣∣2)
⎞
⎠ + i ↔ j

⎫⎬
⎭

= −2 ln(2) + 1

1 + 1
2

∑
a

∣∣c(α−1)
aa

∣∣2
⎡
⎣7

4

∣∣c(α−1)
ii

∣∣2 + 7

4

∣∣c(α−1)
j j

∣∣2 +
∑
a 
=i

(∣∣c(α−1)
ia

∣∣2 + ∣∣c(α−1)
ai

∣∣2) +
∑
a 
= j

(∣∣c(α−1)
ja

∣∣2 + ∣∣c(α−1)
a j

∣∣2)
⎤
⎦

(C17)

where we used the shorthand [. . . ]l := [1 + cos(ϕ(k)
l )]

and [. . . ]l p := [1 + cos(ϕ(k)
l )][1 + cos(ϕ(k)

p )]. For the near-
convergent regime where |cdd |2 → 1, we obtain

μ(d,d ),α,|000〉 = −2 ln(2) + 7
3 (C18)

and

μ(d,s),α,|000〉 = −2 ln(2) + 7
6 , (C19)

respectively. Due to symmetry of the trigonometric functions
we have μ(i, j),α,|000〉 = μ(i, j),α,|011〉.

3. Average relative suppression with entanglement sharing

We computed the average amplitude factors for
ln [S(α)

(d, j),|b〉]. The variances are not analytically evaluated
as they are not required in order to compute the average
relative suppression of undesired amplitudes. Numerical
computation of the variances shows that they are indeed
finite which is necessary for the central limit theorem to be
applicable. Finally, in the regime considered in Sec. C 2, we
evaluate the average relative suppression per round for the
“000” (or “011”) measurement as

exp
(
μ(d,s),α,|000〉 − μ(d,d ),α,|000〉

) = exp (−7/6) (C20)

in the near-convergent limit. For the “001” and “010” mea-
surements, the factors are the same as in the single device
case, and the suppression factor per round converges to
exp(−1). Then, taking into account the probabilities for each
of the bit strings to occur, the “001” and “010” bit string with
suppression exp(−1) occur each in one out of eight cases,
on average [Eq. (C6)], and in six out of eight cases, we get
exp(−7/6). Hence, in the near-convergent regime the total

average (geometric mean) suppression factor per round is

exp(−7/6)6/8 exp(−1)2/8 = exp(−9/8), (C21)

improving over exp(−1) for the single-device protocol.

APPENDIX D: PROTOCOL FOR PROJECTION
INTO JOINT PRODUCT BASIS

Here we consider a different matrix Ṽ which allows to
project two quantum states on Alice and Bob respectively to
their common product eigenbasis (Fig. 7). The structure of this

FIG. 7. Circuit for the variant for a projection into a joint product
basis of two devices.
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|
〉 = ∑
i cAB,ii|φi〉|φi〉, i.e., a Schmidt decomposition in the eigenbasis. Such states are central in quantum information

processing, and they might be of wider use for other quantum algorithms. For the operator Ṽ , here we shall use

Ṽ = 1√
2

⎛
⎜⎜⎝

√
2 0 0 0

0 1 1 0
0 1 −1 0
0 0 0

√
2

⎞
⎟⎟⎠ (D1)

and repeat the key steps of the calculation. We insert the new choice for Ṽ in Eq. (B2) and obtain

1

2
√

2
[
√

2|00〉|ψψ〉 + |01〉(|ψψ ′〉 + |ψ ′ψ〉) +
√

2|11〉|ψ ′ψ ′〉 + |10〉(|ψ ′ψ〉 − |ψψ ′〉)]

= 1

2
√

2

⎡
⎣√

2|00〉
∑
i, j

ci j |φiφ j〉 + |01〉
∑
i, j

ci j
(
eiϕi + eiϕ j

)|φiφ j〉

+
√

2|11〉
∑
i, j

ci je
i(ϕi+ϕ j )|φiφ j〉) + |10〉

∑
i, j

ci j
(
eiϕi − eiϕ j

)|φiφ j〉
⎤
⎦. (D2)

The process map is then given as

∣∣c(k−1)
i j

∣∣2 �→ ∣∣c(k)
i j

∣∣2 = ∣∣c(k−1)
i j

∣∣2 × S(k)
(i, j),|b〉
N (k)

|b〉
(D3)

= ∣∣c(k−1)
i j

∣∣2 ×

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
/(

4N (k)
|00〉

)
with Pr (k)

|00〉,[
1 + cos

(
ϕ

(k)
i − ϕ

(k)
j

)]/(
4N (k)

|01〉
)

with Pr (k)
|01〉,

1
/(

4N (k)
|11〉

)
with Pr (k)

|11〉,[
1 − cos

(
ϕ

(k)
i − ϕ

(k)
j

)]/(
4N (k)

|10〉
)

with Pr (k)
|10〉.

(D4)

The relevant probabilities are

Pr (α)
|00〉 = Pr (α)

|11〉 = 1

4
, (D5)

Pr (α)
|01〉 = 1

4

∑
i, j

∣∣c(α−1)
i j

∣∣2[1 + cos
(
ϕ

(k)
i − ϕ

(k)
j

)]
, (D6)

Pr (α)
|10〉 = 1

4

∑
i, j

∣∣c(α−1)
i j

∣∣2[1 − cos
(
ϕ

(k)
i − ϕ

(k)
j

)]
, (D7)

and we write

p
(|00〉∣∣{c(α−1)

i j

}) = p
(|11〉∣∣{c(α−1)

i j

}) = 1

4
, (D8)

p
(|01〉∣∣{c(α−1)

i j

}) = 1

2

∑
i

∣∣c(α−1)
ii

∣∣2 + 1

4

∑
i 
= j

∣∣c(α−1)
i j

∣∣2, (D9)

p
(|10〉∣∣{c(α−1)

i j

}) = 1

4

∑
i 
= j

∣∣c(α−1)
i j

∣∣2. (D10)

From the protocols analyzed previously, we can infer the
behavior of this variant. When measuring the bistrings “00”
and “11,” the quantum state remains unchanged. For “01,”
we get the same behavior as in the protocol variant with only
two auxiliary qubits, i.e., the coherences ci j where i 
= j are
suppressed for every observation of the “01” bit string. There-
fore, this protocol projects the joint quantum register into
a Schmidt decomposition form: |
〉 = ∑

i cAB,ii|φi〉 ⊗ |φi〉.
For the bit string “10,” however, the protocol needs to be
reinitialized as this measurement outcome projects the system

into the antisymmetric space. The algorithmic overhead due to
unsuccessful projection into the symmetric space is the same
as for the protocol with the matrix V .

APPENDIX E: GENERALIZATION
TO MULTIPLE DEVICES

We discuss how the quantum broadcasting protocol can be
extended to more devices.

1. Projection to the symmetric subspace

A circuit for three quantum devices that are sharing a
limited amount of entanglement through the interaction with
one auxiliary qubit each is shown in Fig. 8. It is a nat-
ural generalization of the two-device protocol variant that
features a projection to the symmetric subspace through a
controlled-SWAP operation (and V = H ⊗ H). Such gener-
alization is done by performing a projection onto the fully
symmetric subspace of the auxiliary qubits. Such a projec-
tion can be implemented by a (controlled) quantum Schur
transform which can be realized with a polynomial number
of gates as a function of the number of quantum devices in the
protocol [27].

We focus the analysis on the bit string measurements
“00 …0” and “11 …1” as they allow for a clearer analytic
treatment. For p quantum devices, we analytically compute
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suppression factors for other bit strings in the near-convergent
regime for the quantum broadcasting regime, and the results
suggest that the “00 …0” and “11 …1” bit strings indeed lead
to the largest suppression, which we conjecture to be optimal.

This motivates us to focus on the “00 …0” and “11 …1” bit
strings.

The process map for these two measurement results is then
given as

∣∣c(k−1)
i j···z

∣∣2 �→∣∣c(k)
i j···z

∣∣2 × S(k)
(i, j,...,z),|b〉

N (k)
|b〉

= ∣∣c(k−1)
i j···z

∣∣2 ×
⎧⎨
⎩cos

(
ϕ

(k)
i

/
2
)2 · · · cos

(
ϕ(k)

z

/
2
)2/(

N (k)
|0...0〉

)
with Pr (k)

|0...0〉,

sin
(
ϕ

(k)
i

/
2
)2 · · · sin

(
ϕ(k)

z

/
2
)2

/
(
N (k)

|1...1〉
)

with Pr (k)
|1...1〉.

(E1)

The probabilities are

Pr (α)
|0...0〉 =

∑
i, j,...,z

∣∣c(α−1)
i j···z

∣∣2 cos
(
ϕ

(α)
i

/
2
)2

cos
(
ϕ

(α)
j

/
2
)2 · · · cos

(
ϕ(α)

z

/
2
)2

, (E2)

Pr (α)
|1...1〉 =

∑
i, j,...,z

∣∣c(α−1)
i j···z

∣∣2 sin
(
ϕ

(α)
i

/
2
)2

sin
(
ϕ

(α)
j

/
2
)2 · · · sin

(
ϕ(α)

z

/
2
)2

. (E3)

Now, we shall recall the assumption for the near-convergent regime: we consider the case where we have |cd |2 = 1 on all other
quantum devices except Bob (i.e., population only in the dominant eigenstate). On Bob, where we seek to prepare the dominant
state from an initial approximation through quantum broadcasting, we have a population in the dominant state (amplitude |cd |2),
the subdominant state (amplitude |cs|2), but the populations of all other eigenstates are zero: |ci|2 = 0 for i 
= d and i 
= s. Further,
we approximate the probability to observe a “00 …0” bit string (which is the same as the probability to observe a “11 …1” bit
string) conditioned on a set of {c(α−1)

i j···z } as

p
(|0 . . . 0〉∣∣{c(α−1)

i j···z
}) = 1

(2π )N

∫ 2π

0
· · ·

∫ 2π

0

∑
i, j,...,z

∣∣c(α−1)
i j···z

∣∣2 cos
(
ϕ

(α)
i

/
2
)2

dϕ
(α)
1 . . . dϕ

(α)
N (E4)

= 1

2π

∫ 2π

0

∣∣c(α−1)
dd···d

∣∣2 cos
(
ϕ

(k)
d

/
2
)2

cos
(
ϕ

(k)
d

/
2
)2 · · · cos

(
ϕ

(k)
d

/
2
)2︸ ︷︷ ︸

p terms

dϕ
(α)
d = �(p + 1/2)√

π �(p + 1)
=: F, (E5)

with �(z) the Gamma function (�(z) = ∫ ∞
0 t z−1e−t dt). Due to the symmetries of the trigonometric functions, both bit strings

result in the same probability density function. The total probability to observe either all “00 …0” or “11 …1” in the limit of
many devices p is given by a power law

lim
p→∞

2 �(p + 1/2)√
π �(p + 1)

= 2√
π

1√
p
. (E6)

Under the assumptions of a near-convergent regime, we calculate the first moment of ln [S(α)
(i, j,...,z),|00...0〉] as

μ(d,d...,d ),α,|00...0〉 = E
[
ln

[
S(α)

(d,d...,d ),|00...0〉
]∣∣|00 . . . 0〉, {c(α−1)

i j···z
}]

(E7)

= 1

2πF

∫ 2π

0
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(
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d

/
2
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(
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2
)2 · · · cos

(
ϕ
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2
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]
dϕ

(α)
d (E8)

= 1

2πF
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p ln
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(
ϕ
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/
2
)2p

dϕ
(α)
d (E9)

= p [H (p − 1/2) − H (p)], (E10)

with the harmonic number H (z) := ∫ 1
0

1−t z

1−t dt . Similarly, we compute

μ(s,d...,d ),α,|00...0〉 = E
[
ln

[
S(α)

(s,d,...,d ),|00...0〉
]∣∣|00 . . . 0〉, {c(α−1)
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(E11)
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= (p − 1)[H (p − 1/2) − H (p) − ln(4)]. (E14)
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FIG. 8. Circuit for quantum broadcasting with multiple near-
perfect target states. P is a projection onto the fully symmetric
subspace of the auxiliary qubits and is related to a quantum Schur
transformation.

Putting it all together, the average suppression in the limit of
large p is

lim
p→∞ exp[μ(s,d...,d ),α,|00...0〉 − μ(d,d...,d ),α,|00...0〉]

= lim
p→∞ exp[−H (p − 1/2) + H (p) − ln(4)]

= exp[− ln(4)] = 1
4 , (E15)

giving the same average relative suppression for the “00 …0”
or “11 …1” bit strings as the two-copy protocol (Appendix B)
for a “01” bit string. Note that for p = 2 we recover the result
for the two-copy protocol of exp(−7/6).

This result is valid only in the limit of the near-convergent
regime. Indeed, numerical analyses of the protocols for two
devices suggest that the behavior protocol where we explicitly
project into the symmetric subspace and then measure the aux-
iliary qubits in the σ x basis (Appendix C) could behave more
favorably than the first protocol (Appendix B) even though the
analytical suppression factor in the near-convergent regime is
more favorable for the latter. Therefore, the subspace proposal
presented here might find practical applications, even though
the analytical suppression value is not suggesting an asymp-
totic improvement.

2. Comment on a variant using
the controlled derangement operator

We briefly comment on an alternative way to extend the
two-device protocol to multiple devices. Instead of a (con-
trolled) projection to the fully symmetric subspace, another
educated guess for generalizing the protocol would be a
controlled derangement operation on the auxiliary qubits. A
derangement is a permutation of the elements of a set such
that no element appears on its original position. The circuit as
shown in Fig. 9, inspired by [38], where a formal definition
of the derangement operator can be found. However, we make
note that a numerical analysis (not included) suggests that this
variant does not achieve the desired suppression. We leave
for future work to investigate more promising transformations
extending our protocol to multiple devices.

FIG. 9. Circuit proposal for preparing the dominant eigenstate
with multiple copies using a derangement operator. Numerical anal-
yses did not suggest that the projection to the fully symmetric space
gives better results for quantum broadcasting than the controlled
derangement operation.

APPENDIX F: ALGORITHM PERFORMANCE
UNDER THE PRESENCE OF LINK NOISE

The quantum broadcasting algorithm is self-verifying in
the sense that the auxiliary qubit measurement is used to
restart the protocol when the register is projected to the an-
tisymmetric subspace. This feature also effectively mitigates
noise across the quantum link as we show in this section.

Motivated by experimental realizations of coherent quan-
tum links [16,18,25], we assume for our error model that the
main source of noise comes from imperfect gate operations
across the link. These cross-link gates have significantly lower
fidelity than two-qubit gates within a superconducting-qubit
chip, and for our numerical simulations, we consider error
rates of 10% or 20%, corresponding to current hardware ca-
pabilities.

Concretely, we consider the following two error models for
the quantum link. In the link noise model A (Fig. 10), the link
noise is modeled by a depolarizing noise after the controlled
time evolution on both devices. We implement the depolariz-
ing noise channel acting on the two auxiliary qubits (Fig. 11).
The depolarizing channel is modeled by choosing one of the
15 two-qubit Pauli combinations I ⊗ σx, I ⊗ σy, . . . σz ⊗ σz,
that is not the two-qubit identity, uniformly at random. We set

FIG. 10. (Link noise model A) Noisy implementation of the
quantum broadcasting circuit with an additional auxiliary qubit for
the projection to the symmetric subspace. A noisy link is modeled
by depolarizing noise before the controlled SWAP.
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FIG. 11. (Link noise model B) Noisy implementation as in
Fig. 10, but with the noise channel after the entangling operation.

the depolarizing noise channel rate to p = 10% or p = 20%,
respectively. In the link noise model B (Fig. 10), we model
depolarizing noise by completely making the three auxiliary
qubit measurements completely uncorrelated with a probabil-
ity of p.

In Fig. 12 we show numerical simulations with both link
noise models. The results are for variant 2 of the broadcasting
protocol, as in the numerical simulation in the main text. Also,
the other parameters of the simulation are kept the same as
in the main text (1000 protocol starts, data averaged over
protocol instances that have not been aborted early). Indeed,
the performance of the algorithm under the presence of link

noise model A is similar to the noiseless case in Fig. 12(a). We
observe that due to heralding only the success probability of
projecting to the symmetric subspace is reduced [Fig. 12(b)].
Hence, the projection to the symmetric subspace effectively
mitigates errors in the quantum link. For link noise model B,
the noisy performance is slightly worse than in the noiseless
case [Figs. 12(c) and 12(d)] as the symmetric subspace pro-
jection can be erroneous in this case.

APPENDIX G: CONSIDERATIONS UNDER
THE PRESENCE OF SYMMETRIES

In the main text, we probe the broadcasting protocol nu-
merically for the ZZXZ model H = ∑

i=1(Jσ z
i σ z

i+1 + σ x
i +

σ z
i ) and observed convergence to the ground state. Here we

briefly discuss that under the presence of symmetries in the
spectrum of the Hamiltonian, convergence may be hindered
and plateau instead of reaching arbitrary precision. How-
ever, this issue can be easily addressed. Let us consider the
Hamiltonian H = ∑

i=1 σ z
i σ z

i+1. The corresponding ground-
state energy is denoted λ0 and the highest excited-state energy
satisfies λN−1 = −λ0. We see that the two random variables
ϕ0 = τλ0 and ϕN−1 = τλN−1 are perfectly correlated instead
of randomized even when we take their modulo 2π val-
ues. This is why the protocol will fail to suppress the cN−1

(a)

(b)

(c)

(d)

FIG. 12. Simulation of the quantum broadcasting protocol including noise according to link noise model A in (a), (c) and noise model B
in panels (b), (d). The protocol used is the variant with three auxiliary qubits. We consider the same simulation parameters as in the numerical
simulations showed main text. The postselected average over successful projections to the symmetric subspace is shown, and the shaded area
includes one standard deviation of the data. The performance of the noisy algorithm does not significantly differ from the noiseless run in (a).
In the noisy simulations, more runs of the protocol have to be terminated because the helper qubit indicates a projection to the antisymmetric
subspace (b). For noise model B, the performance deteriorates also with the heralding, as seen in panel (c). As few instances project to the
symmetric subspace successfully (d), the average shown in (c) fluctuates more strongly.

012445-18



QUANTUM EIGENSTATE PREPARATION ASSISTED BY A … PHYSICAL REVIEW A 111, 012445 (2025)

amplitude. A remedy for this behavior is found by simply
shifting the spectrum of the Hamiltonian H ′ = H + aI where

a is a constant, which lifts the spectral symmetry and imposes
statistical independence for large τ .
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