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I show that the quantum critical points observed in heavy fermions (the ‘Kondo breakdown’) and in doped
cuprates can be understood in terms of concealed Mott criticality. In this picture, one species of electrons
undergoes a Mott localization transition, in the presence of metallic charge carries. As is shown in a simple
toy model, this results in a Fermi surface jump at the transition, as well as mass enhancement on both the
‘large’ and ‘small’ Fermi surface side of the transition, consistent with the experimental observations.

1. Introduction

The field of strongly correlated electron systems historically devel-
oped from two seemingly different classes of materials: on the one
hand the heavy fermion compounds [1-4] such as CeAl;, CeCu,Si,,
and YbRh,Si,; and on the other hand the cuprates [5-7] such as
La,_,Sr,Cu0, and Bi,Sr,CaCu,0Ox, ,.

Both classes exhibit unconventional ‘high-T,” superconductivity,
(antiferro)magnetic phases, linear-in-T" strange metallicity (p ~ T) [8],
and signatures of quantum criticality [1,9]. However, the traditional
theoretical starting points in attempts to describe them are radically
different.

Heavy fermions are often considered to be captured by the Kondo
lattice model [10]

H = 2 ekc;;gckc +Jg Z(c?;xa'aﬂciﬂ) .S, @
ko i

that describes the coupling between conduction electrons ¢, and a
lattice of magnetic impurities ;. The behavior of the ‘heavy’ Fermi
liquid is viewed in terms of a many-impurity version of the Kondo
single-impurity effect [11]. Tuning field or pressure causes a quantum
phase transition between the heavy Fermi liquid and a magnetic phase.
This transition, dubbed the ‘Kondo breakdown’, is typically associated
with a change in behavior of the spins of localized moments, following
the seminal work of Doniach [12].

On the other hand, the starting point for cuprates is often considered
to be the single-band Hubbard model [5]

H = Z ekcl‘wck(r +U Z niphyy 2
ko i

which exhibits a Mott transition at half-filling [13]. The physics of
cuprates is therefore often viewed as that of ‘doping a Mott insulator’:
doping away from half-filling all the interesting phases appear such
as the pseudogap, the strange metal and high temperature supercon-
ductivity [7,14]. Recent developments in numerical techniques showed
that the pseudogap phenomenology is caused by spin fluctuations [15].
However, underneath the superconducting dome there are signatures of
a quantum critical point (QCP), whose origin is still hotly debated.

Despite the difference in understanding between cuprates and heavy
fermions, it is important to notice that the QCP in both sets of materials
has two major similarities. In both materials the transition is in between
two metallic phases, characterized by: [4]

+ A jump in the carrier density, as shown by Hall measurements or
ARPES; [16-18]
+ A divergence of the effective mass near the QCP [19].

In this paper, I show that both main features of the heavy fermion and
doped cuprate QCP can be understood by a simple picture of having
a Mott localization transition in the presence of additional metallic
charge carriers. The Mott criticality of the correlated electrons is
then concealed by the conduction electrons. Even though the result-
ing metal-to-metal QCP conceals the Mottness, it does inherit many
properties of the Mott QCP including mass enhancement.

Indeed, we know that chemically the heavy fermions host multiple
electron species, and rather than fractionalizing localized moments,
[10] it is much more natural to interpret the ‘Kondo breakdown’ as a
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localization transition, where on one side the f electrons are itinerant
and on the other side localized. This interpretation is natural when
starting from the periodic Anderson model (PAM), rather than the Kondo
lattice model [11].

Similarly, cuprates are actually not single-band materials but fall
within a class of charge-transfer insulators following the
Zaanen-Sawatzky—Allen classification [20]. A proper description in-
volves both the correlated copper orbitals as well as the weakly cor-
related oxygen orbitals, known as the three-band Hubbard or Emery
model [21,22]. The hidden QCP could then be interpreted as a delocal-
ization transition coming from the copper d orbitals.

A realistic description of both cuprates and heavy fermion systems
would therefore require a multi-orbital model, with different interaction
strengths on each orbital, and where the total filling is not an integer.
The PAM is one limit of such a general model: it combines one nonin-
teracting dispersing band with one perfectly flat interacting band. The
Emery model is another realization of the general multi-orbital model.

The challenge to describe the Mott localization of a part of the
electrons, however, is that Mott quantum criticality in itself is a theory
in its infancy, despite the fact that the finite temperature Mott transition
is known for more than half a century [23,24]. Only recent theoretical
works are exploring this, [25-30] though a quantitative agreement with
experiments in organics and moiré systems is still lacking [29,31-33].
Most notably, within the numerical Dynamical Mean Field Theory
(DMFT) [34], the Mott transition is first-order, and therefore does
not reproduce Mott criticality. Moreover, DMFT cannot reproduce a
delocalization transition when the total filling is not integer [35].

Instead of providing a detailed solution of the problem of Mott
criticality for some specific model, I approach this problem phenomeno-
logically in Section 2. The resulting microscopic phenomenological
theory of the Mott QCP is then applied to a toy model with two bands
in Section 3, showing I can replicate the two main features of the heavy
fermion/cuprate QCP: a jump in the Fermi surface and a diverging
effective mass. I end with a brief discussion on the role of electron spin
versus the role of the electron charge in Section 4.

Note that the idea that a Mott QCP can occur in systems with mul-
tiple orbitals is not new, it has been discussed in the context of ruthen-
ates, [36] pnictides [37-39], and moiré systems including twisted
bilayer graphene [40-45] and twisted transition-metal dichalcogenides
[46-49]. A recent review paper on heavy fermions [4] even mentions
in the outlook that cuprates and heavy fermions share a ‘hidden Mott
transition’. It is my aim with this paper to make this connection more
transparent.

2. Phenomenology of Mott criticality

The main perspective of this paper is that both the ‘Kondo break-
down’ and the tentative quantum critical point in doped charge-transfer
insulators can be understood in terms of a hidden Mott critical point.
Our starting point should be, therefore, to discuss the properties of a
‘regular’ single-band continuous Mott transition. At the moment there
exists no microscopic theory of Mott criticality that is consistent with
observations in 2DEGs, organics or moiré systems [29]. However, we
can develop a microscopic phenomenological theory in the following
sense: we will not attempt to derive the transition from ab initio or
some given Hamiltonian; yet the theory will be microscopic in the
sense that the core quantity we introduce is the (retarded) electron
self-energy X>(k, ). This approach is very similar to, for example, the
original work on the marginal Fermi liquid [50], or recent work on
the Kadowaki-Woods ratio [51] or the optical conductivity scaling in
cuprates [52].

The question thus is: can we introduce an electron self-energy
Y(k,w) that accounts for a continuous Mott transition? For conve-
nience, and inspired by the approach of DMFT [34], we consider only
a local self-energy >(w), meaning independent of momentum.
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On the Fermi liquid side of the Mott transition, the electron system
should have a well-defined sharp Fermi surface. At zero temperature,
an expansion in frequency close to the Fermi energy yields, to leading
order, [5]

Sp@) = —(Z7' - Do+ - 3

where Z is the quasiparticle weight, which is inversely proportional to
the mass enhancement ” = Z-!. This can be seen from considering
the poles of the Greens function G(k,®) = (@ — & — Zp . (®))!. Near
the Fermi level, we can expand the non-interacting dispersion as &, =
%F(k—k F)+---. With the Fermi liquid self-energy of Eq. (3), the effective
dispersion becomes

LI T 4)
ék_ 7( — F)+"':;( — F)+...

The Mott transition occurs when Z continuously goes to zero, which
correspond to a divergence of the effective mass. In general

Z~6-6," (5)

where 6 is a tuning parameter (pressure, electric/magnetic field, dop-
ing, twist angle), 6, is the value where the Mott quantum critical
point occurs, and f is a critical exponent that experimentally has been
observed anywhere between 0.5 and 1 [29].

On the localized side of the transition, the Mott insulator is char-
acterized by having a pole in the self-energy, [13]
AW /4
®+i0t’
where 4 is the Mott gap and W the non-interacting bandwidth. Indeed,
one can verify that the diverging self-energy breaks the non-interacting
bandwidth into an upper and lower Hubbard band. At each momentum,
the Greens function G(k, ®) = (@ — & — Zyy(w))~! is split into two poles,
at respectively

&, = thx /2 +aw. @

The top of the lower Hubbard band is given by £ when & = +W /2,
which to leading order in 4 is —4/2. Similarly, the bottom of the upper
Hubbard band is located at +4/2, given by & when & = -W /2.
Therefore the total Mott gap is 4, provided 4 is smaller than the non-
interacting bandwidth W. Of course, this condition is naturally satisfied
near the Mott critical point when the gap continuously vanishes,

M (0) = (6)

A~l16-6," 8)

where # is a critical exponent, which in experiments has been seen to
vary between 0.6 and 1 [29].

Note that the functional shape of the self-energy Eq. (6) is the same
as in DMFT [34]. However, in DMFT the strength of the self-energy pole
remains nonzero as one approaches the transition, whereas for Mott
criticality we require the pole strength to vanish continuously.

The phenomenology of ‘regular’ single-band Mott quantum critical-
ity is summarized in Fig. 1. As a function of the tuning parameter &,
either the quasiparticle weight or the Mott gap go to zero continuously.
In terms of effective electron dispersions, this leads to either a mass
enhancement or the formation of a upper and lower Hubbard band.

Note that I neglected many properties of the self-energy. In fact,
above we only described the low-energy behavior of the real part of
the local self-energy. The imaginary part is subleading, however, both
on the Fermi liquid side (where it is responsible for scattering and
the familiar T2-resistivity) as well as on the Mott side (where it is
responsible for making the upper/lower Hubbard bands incoherent).
Similarly the momentum and possible spin-dependence of the self-
energy is ignored. However, since we are interested in reproducing
the relevant gap formation and mass enhancement, we do not need
anything beyond Egs. (3)—(6). It is time now to add a second, weakly
interacting, electron species.
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Fig. 1. The simplified picture of regular Mott criticality. a. Regular Mott criticality describes the continuous zero-temperature phase transition from a Fermi liquid to a Mott
insulator in a single band system. On the Fermi liquid side, the quasiparticle weight Z continuously goes to zero as a function of the tuning parameter 5. On the Mott insulator
side, the Mott gap A goes to zero as we approach the transition. b. The effective quasiparticle dispersion is ‘flattened’ due to the mass enhancement m*/m = 1/Z as we approach
the Mott critical point from the Fermi liquid side. c. On the Mott insulator side, the pole in the self-energy (Eq. (6)) causes a split of the bare dispersion (gray dashed line) into

an Upper and Lower Hubbard band.
3. Mott criticality with conduction electrons

Instead of a single band system with ‘regular’ Mott criticality, we
will now look at a system with two types of electrons. One type
of electrons have a large bandwidth such that we can ignore their
interactions, and we will refer to them as ¢ (“conduction”) electrons.
The other type of electrons have a relative flat band compared to their
interactions, and we will refer to them as f (“flat”) electrons. They will
be endowed with the self-energy associated with Mott criticality as was
discussed in the previous Section 2.

Additionally, we allow for a hybridization of the two electron types,
which is identical to an inter-orbital hopping element between ¢ and f
electrons, parametrized by 7,.

The interacting Greens function of the whole system will thus be a
2 X 2 matrix in ¢/ f space,

w—&,(K) + i0* -1, )‘1

—t, a)—f,/(k)—Zf(a))+i0+ ©

Gk, 0) = <
Note that in a model where the c-electrons are non-interacting, they can
be integrated out exactly yielding a model with only f-electrons [10].

I will now show that this model can account for the two main
experimentally observed characteristics of the ‘Kondo breakdown’ and
the QCP in cuprates, namely:

+ A jump in the size of the Fermi surface, or equivalently a jump in
the number of charge carriers;

» A diverging mass enhancement (a ‘heavy Fermi liquid’) as we
approach the transition.

In order to make it slightly more concrete and to allow for visu-
alizations, I consider the following non-interacting bandstructure. For
the correlated f electrons, we take a nearest-neighbor square lattice
dispersion,

&r(k) = —t(cos k, + cos k) 10$)

where 7 > 0 is the hopping, such that the bandwidth is W = 4t. Note
that we would regain the PAM in the limit + - 0. With 4 = 0 the
f electrons are fixed at half-filling. The conduction ¢ electrons should
have a total density that is less than half-filling, so we ignore the lattice
and consider a parabolic dispersion with a light mass,

k2

¢k = o He: 11)

The corresponding density of ¢ electrons is n, = %

In the absence of any interactions on the f electrons, the whole sys-
tem is described by two bands that are of mixed ¢/ f-orbital character,
with dispersion

S (K) = % <§c(k) +&p(k) + \/(fc(k) - ff(k))2 + 4zi> (12)

a. b. Largé FS c. Small F.S.

e

nf=1

Fig. 2. The Fermi surfaces in the different phases of our model. a. In the absence
of interactions and the inter-orbital hopping 7, there is a half-filled Fermi surface
associated with the f electrons and a small Fermi surface for the ¢ electrons. b. If the
f electrons are in the Fermi liquid regime, the resulting bandstructure has a single
large Fermi surface with a volume given by electron density n = 1 +n/. ¢. When the
f electrons localize, only the small Fermi surface remains with density given by the
c-electron density.

In the visualizations that follow I choose the parameters t =1, 1, =3,
m = 0.05 and u = 3. I chose ¢, > /2ty so that the hybridized band-
structure has only one large Fermi surface. The main results with regard
to the Fermi surface jump and the mass enhancement are not dependent
on the precise parameters chosen.

3.1. Jump in the Fermi surface

In any metallic system, the Fermi surface is defined as the momenta
k where the Greens function has a pole at zero frequency, » = 0.

On the Fermi liquid side of our interacting model, the self-energy
2 (@) vanishes at o = 0, and the system’s Fermi surface is defined
through the non-interacting hybridized dispersion, Eq. (12), by setting
&n—(k) = 0. The Fermi surface size corresponds to a electron density
larger than 1, which I will denote by n = 1 + n. Note that r is in
this simplified model not equal to n,, as the hybridization parameter 7
causes an effective shift in chemical potential for the hybridized bands.
For now, we ignore this shift, and focus on the difference between the
Fermi liquid and Mott insulator.

On the Mott insulator side, when the f electrons are localized,
something interesting is happening. As we approach w = 0, the self-
energy X (w) diverges. As a result, the ¢ and f electrons effectively
decouple, and we find that the Fermi surface is the one of only the ¢
electrons. Note that this decoupling only happens at the Fermi level w =
0, and should in no way be confused with a change in the hybridization
parameter 7, .

Combining these results we find that at the transition, there is
a jump of a Fermi surface with size 1 + n/ to n.. This is indeed
what has been observed in heavy fermions at the Kondo breakdown,
cuprates near the QCP, and moiré systems. In this simplified model,
the ‘concealed Mott’ criticality of the f electrons automatically causes
this jump. This picture is summarized in Fig. 2.
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Fig. 3. In the regime with a large Fermi surface, the hybridized band structure given
by Eq. (14) inherits the mass enhancement of the f electrons. This figure shows the
dispersions for Z =0.2 to Z =1 in steps of 0.2.

3.2. Mass enhancement on ‘large’ side

To study the mass enhancement, we need to take one step further
and extract the poles of the full Greens function of Eq. (9) at any
frequency w. These poles are found by solving the following equation,

(@ — &)@ — &/ (K) — Z () — 1] =0. (13)

In the case of the Fermi liquid regime, the effect of the f self-energy is
to introduce mass enhancement via w — X (0) = Z ~lw. The hybridized
bands in the ‘large Fermi surface’ regime are thus

Elarge(®) = % <5c(k) +Z& (k) - \/ (&) — 2&,()” + 4Zti) a4

To find the mass enhancement in this regime, we need to linearize
the dispersion around the Fermi momentum kp. In general, as can
be seen in Fig. 2b, the Fermi momentum depends on the direction
0. The Fermi momentum k(f) will in general be where the bare ¢
and f dispersions &.(k) and &,(k) are nonzero. We expand these bare
dispersions, in the direction perpendicular to the large Fermi surface,
as £,(k) = &0 + &Pk — kP'¥) and &,(k) = g(fo) + g(f”(k - k'), In terms
of this expansion, the hybridized dispersion becomes

1) (0 0) (1
EED + &0

bk~ kp)=Z
18 5}0) + Z«’:(fo)

(k—kgp)+ - (15)
Interestingly, the effective mass diverges in the same way as for regular
Mott criticality! The hybridized large Fermi surface inherits the mass
enhancement from the f-electrons, with the same critical exponent,

m]*arge ~ Z_] ~ |6 - 6t‘|_ﬂ‘ (16)

This mass enhancement is visualized in Fig. 3.
3.3. Mass enhancement on ‘small’ side

To get the dispersion in the regime with a small Fermi surface,
we need to solve the pole equation (13) with the Mott self-energy
for the f electrons. This constitutes a cubic polynomial, which has
exact solutions that are cumbersome to write down. Since we are only
interested in the mass enhancement, we instead linearize the pole
equation near kj, where k is the Fermi momentum of the ¢ electrons.
This yields

Ssman(K R kp) = = vk = kp) + - a7

_4
t/t+4
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Fig. 4. When there is a small Fermi surface due to the Mott localization of the f
electrons, the small Fermi surface exhibits a mass enhancement proportional to the
inverse of the Mott gap A. This figure shows the dispersions for a range of gap values
of the form 4 = 2", from n = 2 to 64. In the limit of an infinite Mott gap, the ¢
electron dispersion is regained. The thin lines indicate the lower and upper Hubbard
bands associated with the f electrons.

where kp,vp are the Fermi momentum and Fermi velocity of the
¢ electrons without hybridization. Again, for a small f Mott gap 4
near the transition, we find an effective mass that diverges, with the
divergence exponent inherited from hidden Mott criticality,

* ti 5—6 -4 18
m R A as)

small

This mass enhancement is visualized in Fig. 4.
3.4. Inherited criticality

We have seen that assuming a ‘concealed Mott’ criticality of the
f electrons results in a ‘large’ and ‘small’ Fermi surface regime, with
a Fermi surface jump at the transition. The effective mass in these
metallic states diverges as we approach the transition from either side.
This shows that the critical behavior of this metal-to-metal transition is
inherited from the underlying Mott metal-to-insulator transition.

Similarly, but beyond the scope of this work, is that at the transition
there are scaling forms for the self-energy and susceptibilities, which
again will be inherited from the concealed Mott criticality of the f
electrons.

4. The role of spin

The perspective I present here neglects many things which could
affect the critical behavior, most importantly the spin of the electron.
Of course, without the spin degeneracy of the electron, a Mott transition
cannot be possible, not even a ‘concealed’ one. The analysis of the
previous section, however, shows that the spin degrees of freedom play a
secondary role, in that their dynamics are not required to cause a Fermi
surface jump nor mass enhancement.

This view is at odds with the prevailing ‘Doniach’ dogma [12], in
which RKKY interactions and antiferromagnetic order tune the Kondo
breakdown transition. It is similarly contrary to the idea that the
cuprate QCP is related to the collapse of the pseudogap, which recently
has been unequivocally connected to spin fluctuations [15].

The approach of Section 3 can be summarized as follows: charge
first, spin second. This is a subtle point, because the moment the local
moments develop, it is likely some form of magnetic order or fluctu-
ations follow. And in general the opposite scenario (spin first, charge
second) can also exist: a spin-density wave instability can gap parts of
the Fermi surface. However, in that scenario, the underlying transition
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is akin to a simple band transition [53], which does not exhibit any
mass enhancement.

When the Kondo breakdown is treated on a mean-field level starting
from the Kondo lattice model, fractionalization of a local spin moment
is required [10]. The charge ‘appears’ as the result of fractionalizing
spin. However, this fractionalization seems unnecessary, when one
realizes that in the end we are dealing with (charged) electrons anyway.
A better approach, that does not require fractionalization, is include
the full spin and charge degrees of freedom in a multi-orbital model
(like the PAM). Ironically, the effective fractionalized Hamiltonian is
(often) the same as such an original multi-orbital microscopic theory,
if we interpret the Schwinger fermions ‘f’ as just the original f-
electrons. There is one subtle caveat, though: in most parton mean
field theories of the Kondo breakdown, the effective order parameter
that tunes the transition is the emergent hybridization (the ‘Kondo
singlet formation’) [10]. However, in the perspective of this paper,
the hybridization between f and c¢ electrons remains fixed, and it
is purely the localization of the physical f electrons that causes the
metal-to-metal transition.

There is a final comment in order, which stems from the fact that
Mott localization in a single band model is often described using DMFT,
which in turn requires solving an Anderson impurity model. The two
sides of the Mott transition are then related to having a Kondo singlet
formed or not. This mapping should not be confused with the physics
of the periodic Anderson model and the generalization we discuss
here, namely of having a general multi-orbital model with different
interaction strengths on the different orbitals.

5. Outlook

In conclusion, I have shown that the main features of the QCP in
the cuprates and heavy fermions - the Fermi surface jump and the
mass enhancement — can be interpreted in terms of ‘concealed Mott’
criticality in the presence of charge carriers.

In addition to neglecting spin (discussed in Section 4), there are
many other aspects that might affect the critical behavior. This in-
cludes, but is not limited to, the precise number of orbitals, their
degeneracies and their degree of correlations, the different possible
couplings between the orbitals, the manner of tuning through the
transition, and the topology of the underlying bandstructure. Much of
these different aspects can be tuned within moiré systems, [40-49]. My
hope is by studying moiré systems in quantitative detail, we can learn
more about correlated metal-to-metal QCPs.

Finally, a question that comes to mind is: so what? What do we
gain from this ‘concealed Mott’ interpretation? In my opinion, it means
that the big correlated questions — the origin of strange metallicity and
high temperature superconductivity — should be studied in terms of
a concealed Mott transition. The challenge is that there is currently
no theoretical description of ‘regular’ Mott criticality that is consistent
with experimental observations [29]. Therefore, we need to go beyond
the existing approaches (including dynamical and parton mean field
theories) to capture ‘regular’ Mott criticality, so that we can understand
‘concealed Mott’ criticality and the exotic behavior of cuprates and
heavy fermions.
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