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We introduce a framework for simulating, on an (n + 1)-qubit quantum computer, the action of a
Gaussian bosonic (GB) circuit on a state over 2" modes. Specifically, we encode the initial bosonic state’s
expectation values over quadrature operators (and their covariance matrix) as an input qubit state. This is
then evolved by a quantum circuit that effectively implements the symplectic propagators induced by the
GB gates. We find families of GB circuits and initial states leading to efficient quantum simulations. For
this purpose, we introduce a dictionary that maps between GB and qubit gates such that particle- (non-
particle-) preserving GB gates lead to real- (imaginary-) time evolutions at the qubit level. For the special
case of particle-preserving circuits, we present a bounded-error-quantum-polynomial time (BQP)-complete
GB decision problem, indicating that GB evolutions of Gaussian states on exponentially many modes are as
powerful as universal quantum computers. We also perform numerical simulations of an interferometer on

~8 x 10° modes, illustrating the power of our framework.

DOI: 10.1103/PhysRevLett.134.070604

Introduction—The study of the power of quantum
computers has been a central and fundamental topic in
complexity theory. While it is known that these devices can
solve problems at least as fast as classical probabilistic
computers, we also know that they are unable to do so more
than exponentially faster [1,2]. This has raised the question:
What are the tasks that saturate this separation? In other
words, what are the problems for which a quantum
computer can achieve an exponential advantage over its
classical counterparts?.

To answer such questions, one starts with the class
bounded-error quantum polynomial time (BQP), the set of
decision problems that a quantum computer can solve in
polynomial time with a small constant probability of
failure. Then, one determines the subset of problems that
are the hardest therein, known as BQP-complete. Several
BQP-complete problems are known, such as those based on
the Harrow-Hassidim-Lloyd algorithm [3], scattering in
scalar quantum field theory [4], and, more recently, on the
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quantum simulation of exponentially many coupled
classical oscillators [5]. The latter presents the intriguing
perspective that simulating exponentially large linear and
energy-preserving simple classical systems leads to BQP-
completeness and, under reasonable complexity theory
assumptions, to an exponential quantum advantage over
classical methods.

In this work, we prove an analogous result to that in
Ref. [5], namely, that the quantum simulation of particle-
preserving Gaussian bosonic (GB) circuits (i.e., passive
linear optics) [6-8] acting on Gaussian initial states on
exponentially many modes also leads to BQP-completeness
(see Fig. 1). At its core, our framework starts with the
realization that a direct simulation of a bosonic system is
intractable on a qubit-based quantum computer, as the
associated Hilbert spaces are fundamentally different (with
one being infinite dimensional and the other discrete). This
issue can be avoided by restricting the simulation to the first
and second moments of the quadrature operators. That is,
we encode in a quantum state the position and momentum
expectation values (and their covariance matrix) over the
initial bosonic state. As such, instead of simulating the
action of the GB circuit on the bosonic Hilbert space, we
implement its effective action on the expectation values on
a gate-based quantum computer.

In this context, we present a constructive dictionary
that translates back and forth between the symplectic
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FIG. 1. Schematic representation of our main results. (a) We
present a framework for simulating the action of a GB circuit on
the first and second moments of quadrature operators of a bosonic
state on 2" modes on an (n + 1)-qubit gate-based quantum
computer. (b) We show that particle-preserving GB evolutions
on Gaussian bosonic states are sufficient to define a problem that
is BQP-complete, thus indicating that passive linear optics on
exponentially many bosonic modes are as powerful as universal
quantum computers.

propagator associated with a universal set of GB gates
(beam splitters, phase, and squeezing gates) and qubit
circuits. The efficiency of our simulation framework relies
on several key conditions, such as the input qubit state
being preparable in polynomial time and the quantum
circuit requiring only polynomially many gates. Indeed, we
present cases of interest for which these two conditions are
satisfied and, therefore, for which we can achieve an
exponential quantum advantage.

Background—In what follows, we will consider systems
composed of M bosonic modes (with M = 2"). Let alh,
and a,,, with m =1, ..., M, respectively, denote the cre-
ation and annihilation operators for the mth mode [9].
We consider the standard Hermitian quadrature opera-
tors, position §,, = (1/v/2)(a,, + a,) and momentum
pm = (i/7/2)(a}, — a,,). They satisfy the canonical com-
mutation relations [§,,, P,y| = i6,,,y. Furthermore, we
will focus on the case where an M-mode bosonic
state p, evolves under the action of a GB circuit whose
gates are generated by time-independent Hamiltonians
that are quadratic in the position and momentum operators
(a generalization to time-dependent Hamiltonians is
direct using standard Hamiltonian-simulation tech-
niques [10]).

These GB generators, also known as free-bosonic gen-
erators, are arbitrary real-valued degree-two homogeneous
polynomials on the quadrature operators

H= %ETKi, with 2 =(q,.... 4y P1s - P)T, (1)
where K is areal 2M x 2M symmetric matrix. The vector Z
allows us to express the commutation relations in the
compact form [Z,,24] = iQ,s, where Q = iY ® 1,,. Here,
Y is the usual 2 x 2 Pauli matrix and 1,, the M x M identity
matrix.

Next, we collect the expectation values of the position
and momentum operators in a vector (Z) = ((§;), ..., (Gu),
(P1),-ees (Pr))T € R?M, with (%) the expectation value of &
over py. As shown in Supplemental Material [11], evolving
po with a unitary generated by a GB generator H for a time
induces the evolution of (%) as

9 _ ok,

> so that (2)(7) = e*K(2)(0).  (2)

Here, (Z)(r) denotes the vector containing the expectation
values of positions and momenta at time ¢, and, thus, (£)(0)
represents the initial condition. Since the canonical com-
mutation relations must be preserved, the propagator e’*X
is a2M x 2M symplectic matrix with real entries belonging
to the Lie group SP(M, R) [9], which, in turn, implies that
QK is an operator in the symplectic Lie algebra 8p(M, R).

Note that while, in general, e is not unitary, we
characterize the quadratic Hamiltonians leading to unitary
evolutions of the vector (Z), when a gate generator is of the
form H =3M | hywna, + (Tr[h]/2) 15y, with h a
Hermitian matrix. Then [Q,K] =0, and the propa-
gator ¢’?K is the real-time evolution of the Hermitian
iQK. Hamiltonians of this form are known as particle
preserving [12], since the hopping terms &j},&m/ move a
boson from mode m’ to mode m. We also characte-
rize non-particle-preserving Hamiltonians of the form
H= Z%,m’:l A;m,&m&m/ + H.c., whose propagator corre-
sponds to the imaginary-time evolution of (Z) under the
effective Hamiltonian —QK.

In addition to (Z), we also collect the expectation
value of products of quadrature operators over p, in the
2M x 2M positive-definite covariance matrix ¢ whose
entries are given by 6,5 =1 (225 + 242,) — (&) &s) [131.
Analogously to Eq. (2), we find (see Supplemental Material
[11]) that

o
% _ QKo — 6KQ,

5 so that 6(t) = e*Kig(0)e T,

where the —(+) sign corresponds to particle- (non-particle-)
preserving Hamiltonians, as defined above.

The previous insights pave the way to simulate the action
of GB circuits on a gate-based quantum computer.
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FIG. 2. Examples of GB gates in the qubit picture. We consider a bosonic system on M = 8 modes, leading to a circuit on four qubits.
The local phase gate acts on the mode m = 6 = 29 x 0 + 2! x 1 4 2% x 1. The local beam splitter acts on the modes m = 1 and m’ = 7,
whose binary representations share only the least significant bit. The local squeezing gate acts on mode m =3 =20 x 1 +2! x 1 +
22 x 0 and is represented by an imaginary-time evolution as a linear combination of unitaries with postselection on two ancillary qubits
(which have been added on top). The global phase gate acts on all modes whose index is even. The global beam splitter is applied to the
first half of the modes, pairing each mode with even index m to its nearest-neighbor mode with index m’ = m + 1. The global squeezing

gate is applied to the first half of the modes.

Initialization—To start the simulation on the quantum
computer, we encode the normalized vector (Z) (normalized
matrix &) into a pure (mixed) (n + 1)-qubit quantum state
) « (£) (¢, x 6). For instance, we have

2y =1 s m 2, m
|Z>—H<2>”2n;<qm>l0>®l )+ (Pw)|1) ® Im). (3)

For our scheme to be efficient, such states need to be
preparable in polynomial time. Such cases occur, e.g.,
when there are O(poly(n)) nonzero known position and
momentum expectation values. Equation (3) illustrates the
privileged role of the first qubit [14], separating the Hilbert
space into two subspaces, one associated with the positions
and the other with the momenta. We will henceforth refer to
the first qubit as the symplectic qubit. The remaining n
qubits serve as a register for each of the 2" modes, and we
will refer to them as register qubits. In particular, in Eq. (3),
each mode label m is encoded via its binary decomposition
as m=2m; +2'my + -+ +2"""'m,, with m;€{0,1},
and with the least significant qubit being the topmost
register qubit.

Here, we note that, when p, is Gaussian, then it is fully
characterized by the first and second moments of the
quadrature operators, meaning that |Z) and ¢, provide a
full description of these states. Moreover, if the initial state
is also coherent (eigenstates of &), then g, is the maximally
mixed state on (n + 1) qubits. For other non-Gaussian
states, our framework is restricted to the information
contained in Z and o.

Evolution—Once the initial state is prepared, we can
evolve it with a quantum circuit that effectively implements
the symplectic propagators associated with the gates in the
GB circuit [see, for instance, Eq. (2)]. In particular, we
present a dictionary to efficiently translate between stan-
dard GB and qubit gates. We also refer the reader to Fig. 2
for an explicit circuit depiction of some GB gates in qubit
circuit form.

The phase gate is a particle-preserving gate acting on a
single mode m. In terms of bosonic operators, its generator
is H=p2+ 42, yielding QK = 2iY ® |m)(m| in the
qubit picture. This corresponds to an R, gate (rotation
about the y axis) on the symplectic qubit, conditioned on
the |m)(m| state on the register.

The beam splitter is a particle-preserving gate acting
on two modes m and m'. It is generated by H =
QmPw — QP (wWith  m # m’), which results in
QK =2i1 ® (i|m){m'| — i|m')(m|). This corresponds to
an R, rotation in the subspace spanned by |m) and |m’).
This gate can be implemented by using controlled-not gates
to transform |m) and |m’) into two computational-basis
states that differ only in one qubit, then performing a
controlled-R, rotation on that qubit (conditioned on the
other n — 1 qubits in the register), and applying the same
controlled-not gates to return to the original basis. We
highlight the fact that this gate acts trivially on the
symplectic qubit, as beam splitters conserve total momen-
tum and total position.

The squeezing gate 1is a non-particle-preserving
gate that acts on a single mode m. Its generator is
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H = 4(4,yDm + Pmim), leading to QK = +2X & |m)(ml.
This produces an imaginary-time evolution [15-18], which
can be implemented, e.g., with two ancillary qubits and
postselection. As illustrated in Fig. 2 and further discussed
in Supplemental Material [11], we propose to implement it
as a linear combination of unitaries [19], with the latter
being multicontrolled-Z and controlled-phase gates.
Notably, the fact that states cannot be arbitrarily squeezed
translates in our framework as the success probability of the
imaginary-time evolution for infinite time being zero.

Finally, the displacement gate, a common non-particle-
preserving Gaussian gate, cannot be included as a linear
qubit gate in the proposed framework (see Supplemental
Material [11] and [20] for an additional discussion on
this gate).

We stress that, while our framework requires the imple-
mentation of multicontrolled qubit operations to simulate
the action of some GB gates, these can be compiled exactly
using only O(n) local gates [21]. Moreover, if instead of
one or two modes, we consider GB gates that act on several
(potentially exponentially many) modes, there can be
simplifications that render them much easier to implement
at the qubit level. As an important example, we show in
Fig. 2 (see also Supplemental Material [11]) how some
global phase gates and beam splitters acting on 2"~! modes
simplify to two-qubit controlled-R, rotations, as well as
how the number of control qubits is reduced for some
global squeezing gates. This means that, when the GB
circuit is composed of polynomially many such local
particle-preserving gates, the implementation of the quan-
tum circuit is efficient. When non-particle-preserving
squeezing gates are added, then the efficiency will ulti-
mately depend on how many such gates are added, as well
as on their squeezing strength parameters.

At this point, we recall that the covariance matrix of
coherent states leads to a maximally mixed state ¢,, and,
therefore, it remains invariant when evolved with a purely
unitary circuit (e.g., particle-preserving GB gates in an
interferometer). This result is well aligned with the bosonic
picture where coherent states going through interferometers
remain coherent states. Then, as squeezing gates are not
particle preserving, their action on a coherent state corre-
sponds to purifying the associated ¢,.

Measurements—At the output of the quantum circuit, we
obtain states that represent the evolved expectation values
and covariance matrix of quadrature operators (which we,
respectively, denote as |2') and ¢, ). We now discuss how
measuring these states allows us to extract useful informa-
tion about the GB circuit.

There are a variety of measurements of interest for
Gaussian states. As detailed in Supplemental Material [11],
photon counting can be implemented for coherent states by
sampling bit strings from |2'). To understand why this is the
case, we recall that the energy for each mode is proportional
to the probability of sampling the corresponding bit string.

Second, for any bosonic state, homodyne measurements
correspond to retrieving the position (momentum) of a
specific mode. At the qubit level, these measurements can
be implemented from a swap-Hadamard test between |2)
and some computational-basis state of interest. Then, our
framework also allows us to estimate the fraction of total
momentum and total position, as this value can be retrieved
by measuring the symplectic qubit in [2’). Similarly, the
fractional energy of the first and second half of the modes
can be estimated by measuring the bottommost (most
significant) register qubit. Moreover, we note that combin-
ing computational basis measurements (or Hadamard tests)
on |Z') and ¢, allows us to estimate the energy in a given
mode. To finish, we note that, while the total energy
remains constant for particle-preserving GB circuits, this
quantity can change when non-particle-preserving gates are
included. In this case, while we cannot directly measure the
total energy of the system (as the states need to be
normalized), one can keep track of the total energy by
using as a proxy the success probability of the imaginary-
time evolutions.

BQP-completeness—We now show that we can leverage
our framework to devise a decision problem based on a
restricted class of large optical quantum interferometers and
prove that it is BQP-complete. We begin by introducing a
family of quantum interferometers, that we refer to as bit
structured.

Definition 1 (bit-structured interferometer)—A bit-
structured interferometer acting on 2" nodes consists of
L global beam splitters, such that each global beam splitter
acts on 2"~! modes. A global beam splitter is specified by
two natural numbers, k # [, between 1 and n. The global
beam splitter then acts on all the modes with indices {m}
such that their kth bit is equal to 0, by applying local beam
splitters between modes with indices m, m' that differ only
in their /th bit.

Our decision problem is then phrased as follows.

Problem 1—Consider a bit-structured interfero-
meter (see Definition 1) acting on 2" modes with
L € O(poly(n)) and an input state such that the first mode
is displaced in position by a real constant x while the state
of the remaining modes is the vacuum. Then, decide
whether the expectation value of the position on the first
mode at the output of the interferometer is

2 1
1.<&1>>§x or 2. <E]1> <§X,

given the promise that either one or the other is true.
Problem 1 is illustrated in Fig. 3, where we simulate an
interferometer with ~8 x 10° modes (ie., a 33-qubit
circuit). There, we keep track of (g, )/x (which corresponds
to the overlap with the |0)®" state) as the state evolves
through the beam splitters.
Our main result is the next theorem.
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FIG. 3. Simulation of a bit-structured interferometer on ~8 x

10° modes. We illustrate Problem 1 by tracking two nontrivial
evolutions of (§;)/x along a large bit-structured interferometer,
the green (red) plot corresponding to a yes (no) instance. The gray
region corresponds to 1< (g;)/x < % The simulations were
performed with the open-source library Qibo [22,23].

Theorem [—Problem 1 is BQP-complete.

The proof of Theorem 1 can be found in Supplemental
Material [11], but we give here a summary of the key
points. First, we show that Problem 1 is contained in BQP.
To do this, we simply use the mapping between beam
splitters and qubit gates explained previously to prove that a
bit-structured interferometer with  O(poly(n)) layers
always results in a polynomial-size quantum circuit, which
is a necessary condition to be contained in BQP.

Finally, we need to prove that Problem 1 is BQP-hard.
That is, if we can solve it, we can also solve any other
problem in BQP with an additional overhead that is
polynomial in n. This is done by first showing that each
global beam splitter gives rise to a controlled-R, gate
(acting when the control qubit is in the |0) state). Then, we
use the result from [24], which states that controlled-R,
rotations constitute a universal gate set, in the sense that any
quantum computation can be performed with these
gates [25,26].

Outlook—This work contributed to the body of knowl-
edge of schemes leading to BQP-complete tasks. In
particular, along with Ref. [5], we show examples of
how linear and energy-preserving evolutions of exponen-
tially many simple physical systems can be efficiently
simulated on a quantum computer. A key unique feature of
our framework is that we translate a sequence of gates from
one physical system to another (product of exponentials)
rather than performing real-time evolution of a Hamiltonian
(exponential of a sum).

Importantly, our work opens up several interesting
research directions. For instance, we have shown how to
simulate the evolution of the first and second moments of
bosonic states. This makes the simulation complete only for
Gaussian states. Hence, we envision two possible paths to
extend our proposed framework to better approximate the
simulation of non-Gaussian states. First, we could find
ways to simulate the evolution of higher moments. To what
extent this would improve the quality of a simulation for

non-Gaussian states, such as Fock states, remains open.
Second, because bosonic states can be written as a
continuous sum over coherent states, approximating them
on a grid of coherent states may also be a viable strategy to
simulate non-Gaussian states. Finally, we also leave for
future work a precise characterization of the computational
complexity of the quantum simulation of non-particle-
preserving GB circuits, which are likely outside of BQP.
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