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It has often been observed that the multifractal formalism and the large deviation 
principles are intimately related. In fact, multifractal formalism was heuristically 
derived using the ideas of large deviations. In many cases where multifractal 
properties have been rigorously established, the corresponding large deviation 
results hold as well. This naturally raises the question of under what conditions 
can the multifractal formalism be directly deduced from the corresponding 
large deviation results. In this paper, we take the first steps in establishing 
a systematic program for deriving multifractal formalism directly from large 
deviations. We consider a sequence {Xn}n∈N of measurable functions on a 
metric space Ω, satisfying a large deviation principle, and consider the level sets 
Kα = {ω : limn→∞

Xn(ω)
n = α}. Under additional technical conditions, typical in 

multifractal analysis, we estimate the entropy spectrum of Kα directly from the 
large deviation rate function associated with the sequence {Xn}, and demonstrate 
that many known results in multifractal formalism can be immediately recovered 
within this framework. Moreover, we strongly believe that the additional conditions 
can be weakened further In the final section, we outline several directions to advance 
the program of deriving multifractal formalism directly from large deviations.

© 2025 The Authors. Published by Elsevier Inc. This is an open access article 
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The concept of multifractal formalism (MF) was proposed in the 1980’s by Parisi, Frisch, Hentchel [4,27] 
in the context of the study of turbulence. It has been suggested that natural local quantities have multiple 
fluctuation scales. These possible fluctuations can be described using a singularity spectrum. The multifractal 
formalism states that the singularity spectrum is dual, in the sense of Legendre transform, to some integral 
‘free energy’-type function of the system. The core idea of multifractal formalism is based on the assumption 
that a specific probabilistic Large Deviation Principle (LDP) holds for the system.
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The first rigorous mathematical results [3,11,33,34] have been obtained in the late 1980s and early 1990s 
(Collet, Lebowitz, Riedli, Falconer, Olsen, Pesin), and since the late 1990’s there was an explosion of 
research in this area [9,17,19--21,29--32,35,41]. Multifractal formalism has been rigorously established for 
very large classes of dynamical systems and a plethora of local observables. However, a somewhat curious 
phenomenon has occurred. Though the original motivation and the first rigorous results relied rather heavily 
on probabilistic methods of Large Deviations, in subsequent works the link to Large Deviations has become 
somewhat less pronounced. In fact, we are not aware of a single rigorous multifractal result without an 
accompanying Large Deviations result. However, it is also clear that more assumptions are required for 
the validity of multifractal formalism than for the validity of Large Deviations Principles. For example, for 
multifractal analysis, the phase space must be a metric space, while this is not really a requirement for 
Large Deviations. This brings us to the natural question: assuming that the local quantity of interest is a 
pointwise limit of quantities, whose probabilistic behaviour is governed by Large Deviations, what could be 
said about the corresponding singularity spectrum and multifractal formalism?

Let us compare two old results, first LDP for Bernoulli random variables, and second, what we would 
now call a multifractal result for frequencies of digits in binary expansions. However, this result precedes 
the multifractal idea by nearly 50 years.

Theorem 1.1 (LDP for coin-tossing). Suppose (Xk) are i.i.d. Bernoulli random variables with P (X1 = 0) =
P (X1 = 1) = 1

2 . Set Sn =
∑︁n

i=1 Xi, then {Sn/n} satisfies LDP with the rate function I(p) = log 2−H(p), 
where H(p) = −p log p− (1 − p) log(1 − p) if p ∈ [0, 1], otherwise H(p) = −∞. Namely,

lim 
n→∞

1 
n

logP
(︂Sn

n 
∈ (a, b)

)︂
= − inf 

p∈(a,b)
I(p), for all −∞ ≤ a ≤ b ≤ ∞.

The above theorem is one of the first Large Deviation results, and it is useful to compare it with possibly 
the first multifractal result by Besicovitch [5] and Eggleston [14] in the 1930s and the 1940s. This multifractal 
result was, first, proved by Besicovitch [5] for N = 2 (binary shift), and later, extended by Eggleston [14] 
for general N (N is the cardinality of the alphabet).

Theorem 1.2 (Besicovitch-Eggleston). Let Ω = {0, 1}Z+ then

dimH

⎧⎨
⎩ω ∈ Ω : lim

n 
1 
n

n−1∑︂
j=0 

ωj = p

⎫⎬
⎭ = H(p)

log 2 
, ∀p ∈ [0, 1],

where dimH denotes the Hausdorff dimension.

It is important to stress that not only rate functions in the above theorems are related, but in fact, the 
proofs are also very similar.

Next to the Hausdorff dimension, there is another, but in some sense, more dynamical set character
istic, known as topological entropy (see subsection 2.1 for more detail), denoted by htop(σ, ·), which is 
used frequently to analyse non-compact non-invariant sets. However, in the setting of symbolic dynamics 
(Ω := (0, ..., l− 1)Z+ , σ), one has htop(σ, Z) = log l · dimH(Z) for all Z ⊂ Ω, in particular, htop(σ,Ω) = log l, 
where σ : Ω⟲ is the left shift map. Using the topological entropy, the previous results can be summarized 
as

htop(σ,Kp) = htop(σ,Ω) − I(p), ∀p ∈ R , (1)

where Kp := {ω ∈ Ω : limn Sn(ω)/n = p} and Sn(ω) :=
∑︁n−1

i=0 ωi, ω ∈ Ω.
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1.1. Multifractal analysis of Birkhoff averages of Hölder continuous functions

Most of the first results in the multifractal analysis of dynamical systems can be reduced to the results 
in the multifractal analysis of Birkhoff averages of certain potentials. For simplicity, suppose Ω = 𝒜Z+ is 
the set of all infinite sequences ω = (ω0, ω1, . . .) in a finite alphabet 𝒜, equipped with a metric ρ, generating 
the product topology. Denote by σ : Ω → Ω the left shift on Ω. The topological pressure of a continuous 
function φ : Ω → R is defined as

P (φ) = lim 
n→∞

1 
n

log
∑︂

(a0,...,an−1)∈An

(︂
sup 

ω∈[an−1
0 ]

exp(Snφ(ω))
)︂
, Snφ(ω) =

n−1∑︂
k=0 

φ(σkω),

where [an−1
0 ] := {ω ∈ Ω : ωi = ai, i = 0, ..., n − 1} is the cylinder of the length n. It is well-known that 

the pressure function q ↦→ Pq(φ) := P (qφ), is convex. Moreover, by the celebrated result of D. Ruelle the 
pressure function for a Hölder continuous potential φ is real-analytic.

It turns out that the real-analyticity of the pressure function immediately gives us the Large Deviations 
Principle for ergodic averages Xn(ω) = Snφ(ω). More specifically, one has the following result1

Theorem 1.3 (Gärtner-Ellis). Suppose {Xn} is a sequence of real-valued random variables defined on a 
common probability space (Ω,ℱ ,m). Assume that for every q ∈ R, the logarithmic moment generating 
function, defined as the limit

Λ(q) ≜ lim 
n→∞

1 
n

logEmeqXn = lim 
n→∞

1 
n

log
∫︂

eqXn(ω)m(dω)

exists and is finite. Denote by Λ∗ the Legendre transform (convex dual) of Λ, defined by

Λ∗(α) = sup 
q∈R

(︂
αq − Λ(q)

)︂
.

Then

(a) for any closed set F ⊂ R,

lim sup
n→∞ 

1 
n

logm
(︃{︃

ω ∈ Ω : 1 
n
Xn(ω) ∈ F

}︃)︃
≤ − inf 

α∈F
Λ∗(α);

(b) if, furthermore Λ(q) is differentiable on R, for any open set G ⊂ R,

lim inf
n→∞ 

1 
n

logm
(︃{︃

ω ∈ Ω : 1 
n
Xn(ω) ∈ G

}︃)︃
≥ − inf 

α∈G
Λ∗(α).

In order to apply the Gärtner-Ellis theorem to ergodic averages Xn(ω) = Snφ(ω) it is necessary to 
introduce the reference measure m. A good choice would be the uniform or the measure of maximal entropy 
for Ω. Namely, let l = |𝒜| the number of different letters in alphabet 𝒜, and let m = ρZ+ be the product 
of uniform measures ρ on 𝒜. Then one immediately concludes that

Λφ(q) = Pφ(q) − log l = P (qφ) − log l.

1 This is not the most general form of the Gärtner-Ellis theorem.
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Therefore, for Hölder continuous functions φ’s, the logarithmic moment generating function Λφ(q) is also 
real-analytic, and hence the Gärtner-Ellis theorem is applicable. The so-called large deviations rate function 
is then

ℐφ(α) = Λ∗
φ(α) = sup 

q∈R

[︂
qα− Λφ(q)

]︂
= sup 

q∈R

[︂
qα− Pφ(q) + log l

]︂
= log l + P ∗

φ(α).

Note also that htop(σ,Ω) = log l. Hence,

ℐφ(α) = htop(σ,Ω) + P ∗
φ(α)

Theorem 1.4 ([3]). Suppose Ω = AZ+ and φ : Ω → R is Hölder continuous. For α ∈ R, consider the set

Kα =
{︄
ω ∈ Ω : lim 

n→∞
1 
n

n−1∑︂
k=0 

φ(σkω) = α

}︄
.

Then there exist α, α ∈ R such that

• for every α ∈ (α, α), Kα ̸= ∅ and

dimH(Kα) = 1 
log l inf

q

(︂
P (qφ) − qα

)︂
= − 1 

log l sup
q

(︂
qα− P (qφ)

)︂
= −P ∗

φ(α)
log l .

• the multifractal spectrum

α ↦→ 𝒟φ(α) := dimH(Kα)

is a real-analytic function of α on (α, α).

Again, if we consider the topological entropy htop(σ, ·) instead of the Hausdorff dimension dimH(·), taking 
into account that htop(σ,Ω) = log l, we obtain that the large deviations rate function and the topological 
entropy of level sets of ergodic averages are related

htop(σ,Kα) = htop(σ,Ω) − ℐφ(α).

It was observed in [44], that the result of Theorem 1.4 can be extended to a much larger class of dynamical 
systems and observables φ with the key property being that for every q ∈ R, there is a unique equilibrium 
state μq for qφ. To ensure uniqueness, one has to make two types of assumptions: on the map f : Ω → Ω
and the potential (observable) φ : Ω → R. For example, in [44] it was assumed that

• the map f : Ω → Ω is an expansive homeomorphism with specification property
• the continuous observable φ : Ω → R is in the Bowen class, i.e., for all ε > 0,

sup 
dn(ω,ω′)<ε

⃓⃓⃓
(Snφ)(ω) − (Snφ)(ω′)

⃓⃓⃓
≤ K(ε) < ∞

where the supremum is taken over all ω, ω′ such that

dn(ω, ω′) = max 
k=0,...,n−1

d(fk(ω), fk(ω′)) < ε.
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Under these conditions, the Gärtner-Ellis theorem holds for ergodic sums Xn(ω) = Snφ(ω) with a differen
tiable logarithmic moment generating function Λ(q), and the multifractal spectrum for ergodic averages is 
given by the Legendre transform of the pressure function, i.e., for all α ∈ (α, α),

htop(f,Kα) = inf
q

(︂
P (qφ) − qα

)︂
= −P ∗

φ(α).

Furthermore, the logarithmic moment-generating function Λ is related to the pressure function Pφ by 
Λ(q) = Pφ(q) − htop(f,Ω), q ∈ R.

1.2. Multifractal analysis of Birkhoff averages of continuous functions

If one considers simply continuous observables φ : Ω → R, it is no longer true that there is a unique 
equilibrium state μq for the potential qφ for all q ∈ R. Therefore, a different approach is required.

In the case of symbolic systems (Ω = AZ+ , σ : Ω → Ω is the left-shift), the first results were obtained 
independently by Fan and Feng [17,19] and Olivier [29,30]. The methods are quite different: Olivier relied on 
the density of Hölder continuous function in the space of all continuous functions. Fan and Feng constructed 
the so-called Moran fractal. The approach of Fan and Feng turned out to be very suitable for generalization 
to abstract compact spaces. In [46] the following variational principle for multifractal spectra has been 
obtained:

Theorem 1.5 ([46]). Suppose T : Ω → Ω is a continuous transformation of a compact metric space (Ω, d)
with the specification property and φ : Ω → R is a continuous observable. Then there exist α, α ∈ R such 
that for every α ∈ (α, α), Kα ̸= ∅, and

htop(T,Kα) = sup 
μ∈ℳ(Ω,T )

{︂
hμ(T ) : 

∫︂
φdμ = α

}︂
,

where supremum is taken over ℳ(Ω, T ) of all T -invariant measures on Ω, and hμ(T ) is the Kolmogorov--
Sinai entropy of μ.

For such systems, the Large Deviation Principle has been established in 1990 by Young [49]. We will 
not recall the most general form of the result, but reformulate it in a such form that the relation to the 
multifractal formalism becomes apparent immediately.

Theorem 1.6 ([49], Theorem 1). Suppose m is a not necessarily invariant Ahlfors-Bowen reference measure 
on Ω. Suppose φ : Ω → R is continuous. Then for all c ∈ R, one has

lim sup
n→∞ 

1 
n

logm
{︃

1 
n
Snφ ≥ c

}︃
≤ sup 

μ∈ℳ(Ω,T )

{︃
hμ(T ) :

∫︂
φdμ ≥ c

}︃
− htop(T,Ω).

If, furthermore, T has a specification property, then for all c ∈ R, one has

lim inf
n→∞ 

1 
n

logm
{︃

1 
n
Snφ > c

}︃
≥ sup 

μ∈ℳ(Ω,T )

{︃
hμ(T ) :

∫︂
φdμ > c

}︃
− htop(T,Ω).

This result allows us to say, that under the above conditions, the sequence of random variables {Xn(ω) =
(Snφ)(ω)} satisfies the Large Deviation Principle with the rate function

Iφ(α) = htop(T,Ω) − sup 
μ∈ℳ(Ω,T )

{︂
hμ(T ) : 

∫︂
φdμ = α

}︂
.
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As in the cases considered above, combining the results of Theorems 1.5 and 1.6, one concludes that for 
topological dynamical systems with specification, the large deviations rate function Iφ and the multifractal 
spectrum ℰφ(α) := htop(T,Kα) are related by

ℰφ(α) = htop(T,Ω) − Iφ(α).

In fact, the methods developed by Young are instrumental in the proof of Theorem 1.5 in [46].

1.3. Multifractal analysis beyond Birkhoff sums

A number of multifractal results have been obtained for the level sets of the form

Kα =
{︂
ω ∈ Ω : lim 

n→∞
1 
n
Xn(ω) = α

}︂
,

where Xn’s are not necessarily Birkhoff sums of the form Snφ, for some φ. For example, such non-additive ob
servable arise naturally in the multifractal analysis of pointwise Lyapunov exponents for the products of ma
trices. Namely, suppose a map M : Ω → Md(R) is given where Md(R) is the algebra of d×d real matrices. We 
can associate to every x ∈ Ω and n ∈ N, a random variable Xn(x) := log ||M(Tn−1x)M(Tn−2x) · · ·M(x)||
provided that ||M(Tn−1x)M(Tn−2x) · · ·M(x)|| ̸= 0, where || · || is a norm on Md(R). Clearly, {Xn}n∈N is 
not an additive sequence if d ≥ 2.

A non-additive sequence of potentials can also be encountered if one considers weighted ergodic sums 
{Sw

n f} of a continuous potential f on the space Ω, i.e., Sw
n f :=

∑︁n−1
i=0 wif ◦ T i, n ∈ Z+ and wn ∈ R are 

weights [18]. It is easy to see that {Sw
n f} is not additive unless all the weights wn, n ∈ Z+ are the same.

Another example of non-additive sequences arises in studying pointwise entropies of probability measures. 
Suppose μ is a fully supported probability measure on Ω. For a fixed δ > 0, define a sequence of random 
variables as Xn(x) := − logμ(Bn(x, δ)), n ∈ N, x ∈ Ω, where Bn(x, δ) := {y ∈ Ω : d(T iy, T ix) < δ, i =
0, . . . , n− 1}, n ≥ 1.

We shall discuss these and other examples in greater detail in Section 7 and show how our results can be 
applied in these cases.

2. Preliminaries and notations

In this section, we assume that we are given a compact metric space (Ω, d) equipped with a continuous 
transformation T : Ω → Ω. We denote by M(Ω),M(Ω, T ) the sets of all Borel probability measures and 
T -invariant Borel probability measures on Ω, respectively. For x, y ∈ Ω and n ∈ N, the Bowen metric dn is 
defined as dn(x, y) := max0≤i≤n−1 d(T ix, T iy). By Bn(x, ε) we denote an open ball of radius ε > 0 in the 
metric dn centred at x ∈ Ω, i.e., Bn(x, ε) := {y ∈ Ω : dn(x, y) < ε}.

2.1. Topological entropy

The notion of topological entropy of non-compact and non-invariant sets has been introduced by Bowen 
[7] in 1973. This paper uses an equivalent definition of Bowen’s topological entropy given in [39]. For Z ⊂ Ω, 
and all t ∈ R, ε > 0, and N ∈ N, let

m(Z, t, ε,N) := inf
{︄ ∞ ∑︂

i=1 
e−nit : Z ⊂

∞ ⋃︂
i=1

Bni
(xi, ε), ni ≥ N

}︄
. (2)

By the standard convention, m(∅, t, ε,N) = 0, for all t, ε,N . Obviously, m(Z, t, ε,N) does not decrease on 
N , thus we can define
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m(Z, t, ε) := lim 
N→∞

m(Z, t, ε,N).

One can show [39] that m(·, t, ε) is an outer measure with properties similar to those of t-dimensional 
Hausdorff outer measure. In particular, there exists a critical value t′ ∈ R such that

m(Z, t, ε) =
{︄

+∞, if t < t′,

0, if t > t′.

We denote this critical value by htop(T,Z, ε). Thus htop(T,Z, ε) = inf{t ∈ R : m(Z, t, ε) = 0} = sup{t ∈ R :
m(Z, t, ε) = +∞}. Furthermore, since htop(T,Z, ε) is monotonic in ε, we can define the topological entropy 
of Z by

htop(T,Z) := lim 
ε→0+

htop(T,Z, ε).

It should be stressed that the set Z is not assumed to be compact nor T -invariant. Finally, by our convention, 
htop(T, ∅) = −∞, and htop(T,Z) ≥ 0 for all non-empty subsets Z ⊂ Ω. We summarize the basic properties 
of the topological entropy in the following remark.

Remark 2.1 ([39]). 

(i) Monotonicity: if Z1 ⊂ Z2, then htop(T,Z1) ≤ htop(T,Z2);
(ii) Countable stability: if Z =

⋃︁
n Zn, then htop(T,Z) = supn htop(T,Zn).

Remark 2.2. The notions of topological entropy and Hausdorff dimension coincide if the underlying space 
Ω is a symbolic space. Suppose Ω = {1, 2, . . . , l}Z+ with integer l ≥ 2, and the metric on Ω is defined as

d(x, y) = 1 
lk
, where k = min{i ≥ 0 : xi ̸= yi},

then Z ⊆ Ω, dimH(Z) = htop(T,Z)
log l .

2.2. Local (pointwise) entropies

Consider a Borel probability measure μ on the metric space (Ω, d), and define the lower and upper 
pointwise entropies of μ at x ∈ Ω as

hμ(T, x) := lim 
ε→0

lim inf
n→∞ 

− 1 
n

logμ(Bn(x, ε)), hμ(T, x) := lim 
ε→0

lim sup
n→∞ 

− 1 
n

logμ(Bn(x, ε)).

Note that the limit in ε exists due to the monotonicity. D.J. Feng and W. Huang [25] extended the notion 
of measure-theoretic entropy to non-invariant measures by motivating the result of M. Brin and A. Katok. 
In fact, for a probability measure μ ∈ ℳ(Ω), D.J. Feng and W. Huang [25] defined the upper and lower 
measure-theoretic entropies of μ relative to the transformation T by

hμ(T ) :=
∫︂
Ω 

hμ(T, x)μ(dx) and hμ(T ) :=
∫︂
Ω 

hμ(T, x)μ(dx).

Note that the above formulas are consistent with the classical notion of measure-theoretic entropy due to the 
Brin-Katok theorem [8]. In fact, if μ ∈ ℳ(Ω, T ), then hμ(T ) = hμ(T ) = hμ(T ), where hμ(T ) is the measure
theoretic entropy of μ with respect to T . In [25], the authors also extended the classical variational principle 
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to the non-invariant setting. More precisely, they showed for a compact, but not necessarily invariant set 
K ⊆ Ω that

htop(T,K) = sup{hμ(T ) : μ ∈ ℳ(Ω), μ(K) = 1}. (3)

The next theorem is a dynamical analogue of the mass distribution principle and is very useful for the 
estimation of topological entropies of various sets.

Theorem 2.1 ([28]). Let μ be a Borel probability measure on Ω, and E be a Borel subset of Ω.

(1) If hμ(T, x) ≤ t for some t < ∞ and all x ∈ E, then htop(T,E) ≤ t.
(2) If μ(E) > 0, and hμ(T, x) ≥ t for some t > 0 and all x ∈ E, then htop(T,E) ≥ t.

2.3. Ahlfors-Bowen measures

Definition 2.1. We say that a not necessarily invariant Borel probability measure m on Ω is Ahlfors-Bowen 
if there exists h > 0 such that for every ε > 0 there exists a finite positive constant, D(ε) such that for 
every n ≥ 1 and all ω ∈ Ω, one has

1 
D(ε)e

−nh ≤ m
(︁
Bn(ω, ε)

)︁ ≤ D(ε)e−nh. (4)

It is easy to see from the definition that an Ahlfors-Bowen measure has a very simple spectrum of local 
entropies. More specifically, hm(T, ω) := h for all ω ∈ Ω. Furthermore, one has the following simple lemma 
for the constant h.

Lemma 2.1. Suppose m is Ahlfors-Bowen measure for T on Ω, then h = htop(T,Ω).

Proof. Since m is an Ahlfors-Bowen measure, for any ω ∈ Ω, one has hm(T, ω) = h. Therefore, by Theo
rem 2.1, we immediately conclude that htop(T,Ω) = h. □
2.4. Conditions on the underlying transformation

In applications, topological dynamical systems (TDS) usually have some sort of expansivity and mixing 
properties. Therefore, there is a vast amount of literature devoted to studying dynamical systems with these 
properties. We also impose expansivity and mixing properties on our underlying transformation to prove 
some of our results.

Definition 2.2. A continuous transformation T : Ω → Ω is called expansive if there exists a constant ρ > 0
such that if

d(Tn(x), Tn(y)) < ρ for all non-negative integer n, then x = y.

The maximal ρ with such a property is called the expansive constant.

A slightly stronger version of topological mixing is topological exactness. Topological exactness of the 
transformation T is that for every ε > 0 and x ∈ Ω there is N := N(x, ε) ∈ N such that TN (B(x, ε)) = Ω. 
Basically, by using the compactness of the underlying space Ω, one can uniformise the constant N with 
x ∈ Ω. A relatively stronger version of topological exactness which we call strong topological exactness also 
gives uniform control over the Bowen balls of the transformation.
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Definition 2.3. We call a continuous transformation T : Ω → Ω strongly topologically exact if for any ε > 0
there is a natural number M1 ∈ N such that for all n ∈ N and x ∈ Ω,

Tn+M1(Bn(x, ε)) = Ω. (5)

Note that topologically mixing subshifts of finite type are strongly topologically exact. P. Walters ([48]) 
showed that an expansive strongly topologically exact transformation has a weak form of the specification 
property, namely, one has the following theorem:

Theorem 2.2 ([48]). Let T : Ω → Ω be an expansive strongly topologically exact transformation, then T
satisfies the weak specification condition, i.e., for any ε > 0 there exists a natural number M2 ∈ N such 
that for all x, x′ ∈ Ω and every n1, n2 ∈ N, there exists w ∈ Ω with d(T iw, T ix) < ε, 0 ≤ i ≤ n1 − 1 and 
d(Tn1+M2+jw, T jx′) < ε, 0 ≤ j ≤ n2 − 1. Note that the latter condition is equivalent to the following: for 
every ε > 0 there exists an integer M2 > 0 such that for all x, x′ ∈ Ω and n1, n2 ∈ N, one has

Bn1(x, ε) ∩ T−(n1+M2)(Bn2(x′, ε)) ̸= ∅. (6)

Remark 2.3. If T : Ω → Ω is an expansive homeomorphism with weak specification property, then the 
measure of maximal entropy for T is Ahlfors-Bowen [48, Theorem 4.6].

2.5. Class of random variables

We say that the sequence {Xn}n≥1 of real-valued random variables (observables) on Ω is subadditive if 
for every m,n ≥ 1,

Xn+m ≤ Xn + Xm ◦ Tn.

We call a sequence {Xn}n≥1 of random variables on Ω weakly almost additive (or simply, almost additive), 
if there are non-negative constants An = o(n) such that for all x ∈ Ω and n,m ∈ N,

|Xn+m(x) −Xn(x) −Xm(Tnx)| ≤ An. (7)

Recently, Cuneo [12, Theorem 1.2] showed that weakly almost additive sequences of continuous functions 
can be approximated uniformly by Birkhoff’s sums of continuous functions.

For a function H : Ω → R and n ∈ N, δ > 0, we denote the (n, δ)-variation of the function H by 
vn,δ(H) := sup 

dn(y,z)≤δ

|H(y) −H(z)|.

Definition 2.4. A sequence {Xn} of random variables on Ω satisfies the Bowen condition, if there exists 
δ > 0 such that sup 

n∈N
vn,δ(Xn) < +∞. We say that the sequence {Xn} satisfies the weak Bowen condition if 

there exists δ > 0 such that

lim 
n→∞

vn,δ(Xn)
n 

= 0. (8)

It should be mentioned that the continuity of the random variables Xn, n ≥ 1, is not assumed in the 
definition of the weak Bowen condition, and neither the Bowen condition nor the weak Bowen condition 
implies the continuity of each individual random variable Xn. However, if a sequence of functions {Xn}
satisfies the weak Bowen condition, then each function Xn is bounded. Indeed, since Ω is compact, for every 
n, there exists a finite cover {Bn(ωi, δ/2)}i, and the observable Xn is a bounded function on each ball 
Bn(ωi, δ/2) in the cover.
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Remark 2.4. One can observe that if T is expansive, then the sequence of ergodic sums of any continuous 
potential ψ : Ω → R satisfies weak Bowen’s condition. Namely, if Xn = Snψ =

∑︁n−1
i=0 ψ◦T i, then vn,δ(Xn) ≤∑︁n

i=1 vi,δ(ψ), and thus

lim 
n→∞

vn,δ(Xn)
n 

≤ lim 
n→∞

∑︁n
i=1 vi,δ(ψ)

n 
= 0

by Stolz-Cesaro’s theorem, since ψ : Ω → R is continuous and hence lim 
n→∞ vn,δ(ψ) = 0, where positive 

number δ is smaller than the expansive constant of T .

3. Large deviations

3.1. Some concepts from convex analysis

In this section, we consider functions with values in R := R ∪ {±∞}. A convex function φ : R → R is 
called a proper convex function if φ(t) > −∞ for all t ∈ R and φ ̸≡ +∞. The essential domain of the 
convex function φ is dom(φ) := {t ∈ R : φ(t) < +∞}. Note that dom(φ) ⊂ R is a convex set.

Suppose φ : R → (−∞,+∞] is a proper convex function and assume that φ is finite at some t ∈ R. A real 
number t∗ is a subgradient of φ at t if for all s ∈ R, φ(t) + t∗(s− t) ≤ φ(s) holds. Denote the set of all sub
gradients of φ at t by ∂φ(t). It is easy to check that ∂φ(t) = R

⋂︁[︂
sups>0

φ(t)−φ(t−s)
s , infs>0

φ(t+s)−φ(t)
s 

]︂
=

R
⋂︁

[φ′
−(t), φ′

+(t)], where φ′
−(t), φ′

+(t) ∈ R are left and right derivatives of φ at t. We define the domain 
of the multivalued mapping ∂φ : t ∈ dom(φ) ↦→ ∂φ(t) ⊂ R by dom(∂φ) := {t ∈ dom(φ) : ∂φ(t) ̸= ∅}. Note 
that in general, dom(∂φ) is not a convex set.

Definition 3.1. A proper convex function φ : R → R is called essentially strictly convex if φ is strictly convex 
on every convex subset of dom(∂φ). Note that a convex function φ is called strictly convex in a convex set 
D ⊂ R, if for every t1, t2 ∈ D with t1 ̸= t2 and λ ∈ (0, 1), φ(λt1 + (1 − λ)t2) < λφ(t1) + (1 − λ)φ(t2).

It is a well-known fact that finite convex functions are very close to differentiable functions. However, if 
it comes to extended convex functions, then one needs to be more careful about the essential domain of the 
function.

Definition 3.2. A proper convex function φ : R → R is essentially smooth if it satisfies the following 
conditions:

(a) dom(φ)◦ ̸= ∅, where A◦ denotes the interior of a set A;
(b) φ is differentiable on dom(φ)◦;
(c) φ is steep, namely, limn→∞ |φ (tn)| = ∞ whenever {tn} is a sequence in dom(φ)◦ converging to a 

boundary point of dom(φ)◦.

An extended, not necessarily convex, function φ : R → R is lower semicontinuous if for all λ ∈ R, 
{t ∈ R : φ(t) ≤ λ} is a closed subset of R. Equivalently, a function φ is lower semicontinuous if and only if 
lim inf
x→x0

φ(x) ≥ φ(x0) for all x0 ∈ R. Note that a lower semicontinuous function achieves its minimum in any 

compact set.
The following theorem shows that essentially strictly convex and essentially smooth convex functions are 

intimately related in terms of the Legendre transform.

Theorem 3.1 ([43]). A lower semicontinuous proper convex function φ is essentially strictly convex if and 
only if its Legendre transform, φ∗(t) := sup 

q∈R
{tq − φ(q)}, t ∈ R, is essentially smooth.
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3.2. Large deviations

Definition 3.3. An extended function I : R → [0,+∞] is called a large deviations rate function (or simply a 
rate function) if it is lower semicontinuous. A rate function I is called good if the sub-level sets, {t : I(t) ≤
λ} ⊂ R are compact for all λ ∈ R. For E ⊂ R, I(E) abbreviates inf 

t∈E
I(t) i.e., I(E) := inf 

t∈E
I(t).

Note that a good rate function achieves its minimum in any closed set.
Suppose (Ω,ℱ , μ) is a probability space and Xn : Ω → R, n ≥ 1, are random variables.

Definition 3.4. The sequence of random variables { 1 
nXn}+∞

n=1 satisfies the large deviations principle (LDP) 
with a rate function I if for all Borel sets E ⊂ R,

−I(E◦) ≤ lim inf
n→∞ 

1 
n

logμ
(︂{︂

ω : Xn(ω)
n 

∈ E
}︂)︂

≤ lim sup
n→∞ 

1 
n

logμ
(︂{︂

ω : Xn(ω)
n 

∈ E
}︂)︂

≤ −I(E),

where E, E◦ denote the closure and the interior of E, respectively.

One of the most convenient ways to establish the validity of the LDP is provided by the Gärtner
Ellis theorem which we have stated in a partial case in Theorem 1.3. Denote the normalised log-moment 
generating function of Xn by φn, i.e., for t ∈ R

φn(t) := 1 
n

log
∫︂
Ω 

etXndμ.

Note that φn may take value +∞. Define the log-moment generating function of the sequence X := {Xn}
by φX(t) := lim sup

n→∞ 
φn(t), t ∈ R. Then the Gärtner-Ellis theorem states that if for all t ∈ R, the limit, 

lim 
n→∞φn(t) exists and is finite, and the log-moment generating function φX is essentially smooth, then 

{ 1 
nXn}n∈N satisfies the LDP with a good rate function IX := φ∗

X . An inverse statement to this in some 
sense is the celebrated Varadhan’s lemma which we reformulate slightly for our purposes below. One can 
find a general version of the theorem in [13, Theorem 4.3.1].

Theorem 3.2 ([13]). Suppose that { 1 
nXn}+∞

n=1 satisfies the LDP with a good rate function I : R → [0,∞], 
and

lim sup
n→0 

1 
n

log
∫︂
Ω 

etXndμ = φX(t) < ∞

hold for all t ∈ R. Then the limit lim 
n→0

1 
n logEμ

[︁
etXn

]︁
exists and

φX(t) = lim 
n→0

1 
n

log
∫︂
Ω 

etXndμ = sup 
q∈R

{tq − I(q)} = I∗(t), for all t ∈ R.

Sometimes, a weak version of LDP is more convenient for purposes, since it is easier to establish than 
the full LDP.

Definition 3.5. Let (Ω,ℱ , μ) be a probability space and Xn : Ω → R, n ≥ 1 be random variables. The 
sequence { 1 

nXn}n∈N satisfies the weak Large Deviation Principle (weak LDP) with a rate function I if
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1) for all compact set F ⊂ R,

lim sup
n→∞ 

1 
n

logμ
(︂{︃ 1 

n
Xn ∈ F

}︃)︂
≤ −I(F ),

2) for all open set G ⊂ R,

lim inf
n→∞ 

1 
n

logμ
(︂{︃ 1 

n
Xn ∈ G

}︃)︂
≥ −I(G).

Note that the only difference between LDP and weak LDP is in the upper large deviation bound.
As one can see in the Gärtner-Ellis theorem, the LDP upper bound requires fewer conditions than the 

lower bound. However, one still needs to make rather mild assumptions (for example, the existence of the 
limit log-moment generating function as in Theorem 1.3) to obtain the upper bound. Nevertheless, one can 
establish the upper weak large deviation bound without any additional assumption about the sequence as 
the following folklore theorem states.

Theorem 3.3. Let {Xn} be a sequence of random variables on a probability space (Ω,ℱ , μ). Then the sequence 
{ 1 
nXn}n∈N satisfies the weak large deviations upper bound with the rate function IX := φ∗

X , i.e., for any 
compact set F ⋐ R, the following holds

lim sup
n→∞ 

1 
n

logμ
(︂{︃ 1 

n
Xn ∈ F

}︃)︂
≤ −IX(F ). (9)

4. Main results

The main goal of this paper is to obtain the Multifractal spectra for the sequence { 1 
nXn} under the 

assumption that the sequence satisfies LDP. As a byproduct, we also obtain a formula that relates the entropy 
spectra with the LDP rate function. Although we assume in our theorems that the reference measure satisfies 
the Ahlfors-Bowen condition, one should be able to generalise the results to a multifractal measure τ with 
the smooth multifractal spectrum, i.e. α ↦→ htop(T,Eα) is a smooth function, where Eα := {ω : hτ (ω) = α}.

Assume that the ambient space (Ω, d) is compact, and we have a continuous transformation T : Ω → Ω
with finite topological entropy, i.e., htop(T,Ω) < ∞. It is also assumed that a sequence X := {Xn} of random 
variables on Ω and a reference measure ν ∈ ℳ(Ω) satisfying Ahlfors-Bowen condition with the parameter 
h = htop(T,Ω) are given. It should be stressed that we are not assuming {Xn : n ∈ N} are continuous 
functions, and ν is T -invariant. We denote, for α ∈ R, the α-level set of the sequence { 1 

nXn} by

Kα := {x ∈ Ω : lim 
n→∞

1 
n
Xn(x) = α},

and the domain of the multifractal spectrum by ℒX := {α ∈ R : Kα ̸= ∅}. We shall study the entropy 
spectrum ℰX(α) := htop(T,Kα). In the statements of our theorems, we shall assume some of the following 
main conditions:

(A1) The sequence {Xn}n satisfies the weak Bowen condition;
(A2) The sequence {Xn}n is weakly almost additive;
(A3) T : Ω → Ω is an expansive strongly topologically exact transformation.

We now present our first main result that estimates the entropy spectrum ℰX from above in terms of the 
LDP rate function.
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Theorem A. Assume (A1), and the sequence 
{︂

1 
nXn

}︂
satisfies the weak large deviations upper bound with 

a rate function IX : R → [0,+∞], i.e. for all compact F ⊂ R one has

lim sup
n→∞ 

1 
n

log ν
{︂ 1 
n
Xn ∈ F

}︂
≤ −IX(F ). (10)

Then for all α ∈ ℒX , one has

ℰX(α) ≤ htop(T,Ω) − IX(α). (11)

Let φn(q) := 1 
n logEνe

qXn and φX := lim sup
n→∞ 

φn be the log and log-limit moment-generating functions of 
the random variable Xn, respectively. Notice that the moment-generating functions φn exist and are finite 
for all n ∈ N since the observables Xn are bounded functions by the weak Bowen condition. The next result 
estimates the spectrum ℰX from above in terms of the log-moment generating function φX of X.

Theorem B. Assume (A1), then for all α ∈ ℒX

ℰX(α) ≤ htop(T,Ω) − φ∗
X(α), (12)

where φ∗
X is the Legendre-Fenchel transform of φX .

Remark 4.1. If one drops the condition (A1) in the above theorems, then the statements of the theorems 
will be false. Assume Ω := {0, 1}Z+ , T : Ω → Ω is the left shift transformation, x ∈ Ω and κ ∈ R \ {1}. Set 
Xn(ω) := n if ωi = xi, i = 0, 1, . . . , n2 − 1, and Xn(ω) := κn otherwise. Then φX(q) = κq for every q ∈ R, 
hence by Theorem 1.3, the sequence {Xn}n∈N satisfies LDP with a good rate function φ∗

X . However, one 
has htop(T,K1) = 0 > htop(T,Ω) − φ∗

X(1) = log 2 −∞ = −∞.

Remark 4.2. We should note that one can prove the same statements as in Theorem A and Theorem B with 
the following condition which is slightly weaker than the weak Bowen condition: there exists δ > 0 such 
that

lim inf
n→∞ 

vn,δ(Xn)
n 

= 0.

One might expect equality in Theorem A and Theorem B, but it is easy to show by examples that the 
conditions of these theorems are ``too general'' to prove such equality. The subsequent theorem provides 
sufficient conditions for the equality to hold in Theorem A and Theorem B.

Theorem C. Assume the conditions (A1), (A2) and (A3). If the sequence 
{︁ 1 
nXn

}︁
n∈N satisfies LDP with an 

essentially strictly convex good rate function IX, then one has the following:

(i) There exist extended real numbers −∞ ≤ α ≤ α ≤ +∞ such that (α, α) ⊂ ℒX ⊂ [α, α].
(ii) ℰX(α) = htop(T,Ω) − IX(α) holds for all α ∈ (α, α).

Finally, it is well-known that a result of multifractal formalism for random variables can be generalized 
straightforwardly to random vectors (see [46]). In particular, one can directly extend the above theorems to 
sequences {−→X n}n∈N of random vectors −→X n : Ω → Rd with straightforward modification of the conditions 
(A1)-(A3).
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5. Proofs of Theorem A and Theorem B: upper bounds

5.1. Proofs of Theorem A and Theorem B

In the proofs of our theorems, we frequently use the following form of the Vitali covering lemma, which 
also appears as Lemma 1 in [28].

Lemma 5.1 (Vitali covering lemma). Let (Ξ, d) be a metric space, and suppose 𝔉 is a non-empty finite 
collection of balls. Then there exists a disjoint subcollection 𝔉′ ⊆ 𝔉, such that 

⋃︁
B∈𝔉

B ⊂ ⋃︁
B′∈𝔉′

3B′, where 3B′

denotes a ball with the same centre as the ball B′, but with three times the radius of B′.

Proof of Theorem A. First, we will show for any α ∈ ℒX := {α ∈ R : Kα ̸= ∅} that

IX(α) ≤ h, (13)

where h = htop(T,Ω) (cf. Lemma 2.1). This, in particular, implies that ℒX ⊂ dom(IX).
Fix any decreasing sequence {δm} of positive numbers such that δm → 0 as m → ∞. For α ∈ ℒX set

K(n)
α,m := {w ∈ Ω : −δm <

1 
n
Xn(w) − α < δm}, and Zm,j :=

⋂︂
n≥j

K(n)
α,m

⋂︂
Kα. (14)

Then for every m ∈ N, one has Kα =
⋃︁

j Zm,j .
We prove (13) by assuming the contradiction. Suppose that IX(α) > h for some α ∈ ℒX . Then there is 

Δ > 0 such that h < Δ < IX(α). Take δ > 0, and consider the closed interval [α− δ, α + δ]. Since IX is a 
lower semi-continuous function, IX attains its minimum on [α−δ, α+δ] at some point αδ ∈ [α−δ, α+δ], i.e., 
IX(αδ) = IX([α− δ, α+ δ]). Thus for all δ > 0, IX(αδ) ≤ IX(α), therefore, lim sup

δ→0 
IX(αδ) ≤ IX(α). But on 

the other hand, lim inf
δ→0 

IX(αδ) ≥ IX(α) since IX is lower semi-continuous and αδ → α as δ → 0. Thus one 

can conclude that lim 
δ→0

IX([α−δ, α+δ]) = IX(α), therefore, there exists δ > 0 such that IX([α−δ, α+δ]) > Δ. 
Take sufficiently small ε > 0, and fix it. Then since {Xn} satisfies the weak Bowen condition, there exists 
N0 ∈ N such that vn,ε(Xn)

n < δ
2 for all n ≥ N0. Furthermore, since δm → 0, there is m∗ ∈ N with δm∗ < δ/2. 

Finally, since 
⋃︁

j Zm∗,j = Kα ̸= ∅ and {Zm∗,j}j is an ascending chain of the sets, there exists z ∈ Kα and 
j∗ ∈ N such that for all j ≥ j∗, z ∈ Zm∗,j . Thus, for all N ≥ j∗, one can readily check that

BN (z, ε) ⊂
{︂
w ∈ Ω : 1 

N
XN (w) ∈

(︂
α− δm∗ − vN,ε(XN )

N
,α + δm∗ + vN,ε(XN )

N

)︂}︂
.

Therefore, for every N ≥ max{j∗, N0} one has

BN (z, ε) ⊂
{︂ 1 
N

XN ∈
[︂
α− δ, α + δ

]︂}︂
.

Since ν is an Ahlfors-Bowen measure, by Lemma 2.1, for every N ≥ max{j∗, N0} one obtains

1 
N

log ν
{︂ 1 
N

XN ∈ [α− δ, α + δ]
}︂
≥ 1 

N
log ν(BN (z, ε)) ≥ −h− logD(ε)

N
.

Then (10) leads

−h ≤ lim sup
N→∞ 

1 
N

log ν
{︂ 1 
N

XN ∈ [α− δ, α + δ]
}︂
≤ −IX([α− δ, α + δ]) < −Δ.
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But this is a contradiction to h < Δ, therefore, IX(α) ≤ h for every α ∈ ℒX .
Now we prove the inequality (11). Let {δm} and Zm,j be as above. Take any α ∈ ℒX and ε > 0. Since 

IX is a lower semi-continuous function, lim 
δ→0

IX([a− δ, a + δ]) = IX(a) for all a ∈ R. Since IX(α) < +∞ for 
α ∈ ℒX , for arbitrary σ > 0, there exists m′ ∈ N, and δ′ > 0 such that, for all m ≥ m′ and δ ≤ δ′

⃓⃓⃓
IX([α− δm − δ;α + δm + δ]) − IX(α)

⃓⃓⃓
< σ.

Again limn→∞
vn,ε(Xn)

n = 0, choose sufficiently large N1 ∈ N such that vn,ε(Xn)
n < δ′ for all n ≥ N1. From 

(10) one can choose N2 ∈ N such that for all n ≥ N2

ν
{︂ 1 
n
Xn ∈ [α− δm′ − δ′, α + δm′ + δ′]

}︂
≤ en(−IX([α−δm′−δ′,α+δm′+δ′])+σ) ≤ en(−IX(α)+2σ). (15)

Now take any j ∈ N with Zm′,j ̸= ∅, and for N ≥ max{j,N1, N2} consider the cover {BN (z, ε/3)}z∈Zm′,j
of Zm′,j . Since N and ε > 0 are fixed and the metric dN generates the topology on Ω, for every ω ∈ Zm′,j , 
there exists z ∈ Zm′,j such that dN (ω, z) < ε/3. Hence, the collection {BN (z, ε/3)}z∈Zm′,j also covers Zm′,j . 
By compactness, there exists a finite subcover {BN (zi, ε/3)}i of Zm′,j . Applying the Vitali covering lemma 
(Lemma 5.1) to the metric space (Ω, dN ) and the finite collection 𝔉 = {BN (zi, ε/3)}i, one obtains a disjoint 
subcollection {BN (zik , ε/3)}k such that Zm′,j ⊂ ∪iBN (zi, ε/3) ⊂ ∪kBN (zik , ε). Therefore, without loss of 
generality, one can assume that there exists a finite disjoint collection ℬN := {BN (zi, ε/3)}zi∈Zm′,j of the 
balls such that Zm′,j ⊂

⋃︁
i BN (zi, ε). Since zi ∈ Zm′,j , one can easily check for every i that

BN (zi, ε) ⊂
{︂
w ∈ Ω : 1 

N
XN (w) ∈

(︂
α− δm′ − vN,ε(XN )

N
,α + δm′ + vN,ε(XN )

N

)︂}︂
.

Thus by the choice of N , for all i,

BN (zi, ε) ⊂
{︂ 1 
N

XN ∈ (α− δm′ − δ′, α + δm′ + δ′)
}︂
,

and hence

⋃︂
i 
BN (zi, ε) ⊂

{︂ 1 
N

XN ∈ (α− δm′ − δ′, α + δm′ + δ′)
}︂
.

Since ℬN := {BN (zi, ε/3)} is a disjoint collection of the balls, one can easily get the following from the 
above

∑︂
i 

ν(BN (zi, ε/3)) ≤ ν
(︂{︂ 1 

N
XN ∈ (α− δm′ − δ′, α + δm′ + δ′)

}︂)︂
.

Thus it follows from (15) that

∑︂
i 

ν(BN (zi, ε/3)) ≤ eN(−IX(α)+2σ).

Since ν is an Ahlfors-Bowen measure, we can thus conclude that

#ℬN ≤ D(ε/3)eN(h−IX(α)+2σ).

Since {BN (zi, ε)}i is a cover of Zm′,j , one can immediately obtain from (2) that
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m(Zm′,j , t, ε,N) ≤ #ℬN · e−Nt.

Then by combining the last two inequalities, one gets

m(Zm′,j , t, ε,N) ≤ D(ε/3)e−N(t−h+IX(α)−2σ). (16)

Notice that σ is not chosen yet, therefore, if t > h − IX(α) then one can choose σ in the interval (︂
0, t−h+IX(α)

2 

)︂
. Let t > h− IX(α) be any number. Then one can obtain from (16) that htop(T,Zm′,j , ε) ≤ t, 

and notice that this inequality holds for any ε > 0 and for all large j ∈ N. Therefore, htop(T,Zm′,j) ≤ t for 
all sufficiently large j, thus by the countable stability of the topological entropy, we can get htop(T,Kα) ≤ t

since {Zm′,j}j ↑ Kα. Thus we can obtain the desired result since t is chosen arbitrarily in (h−IX(α),∞). □
Proof of Theorem B. One can readily check that φ∗

X is an extended convex lower-semi-continuous function 
on R. Indeed, the lower semi-continuity of φ∗

X follows from the fact that it is the superior envelope of 
the family {ut : t ∈ R} of extended continuous functions α ∈ R

ut −→ αt − φ(t) ∈ R. Furthermore, since 
φX(0) = 0, one has φ∗

X ≥ 0. Thus φ∗
X is a rate function in the sense of Definition 3.3. By Theorem 3.3, one 

has the weak large deviations upper bound for the sequence 
{︂

1 
nXn

}︂
with the rate function φ∗

X , i.e., for all 
compact F ⋐ R, one has the following

lim sup
n→∞ 

1 
n

log ν
{︂ 1 
n
Xn ∈ F

}︂
≤ − inf

F
(φ∗

X) =: −φ∗
X(F ). (17)

Thus one can immediately obtain the statement of the theorem from Theorem A. □
6. Proof of Theorem C: lower bound

The goal of this section is to prove Theorem C. For any real number q and a natural number n denote

𝒵n(q) :=
∫︂
Ω 

eqXndν.

We will employ the Large Deviations technique. Namely, for every q, by using Cramer’s exponential tilting 
method, we will construct a measure μq (Lemma 6.3) such that for every ω ∈ Ω, n ∈ N

μq(Bn(ω, ε)) ≤ eqXn(ω)

𝒵n(q) ν(Bn(ω, ε)) ×K(n, q, ε), (18)

where the uniform ‘correction’ factor K(n, q, ε) > 0 is subexponential in n.
Once (18) is established, we immediately obtain that for all ω ∈ Ω, one has

− 1 
n

logμq(Bn(ω, ε)) ≥ −qXn(ω)
n 

+ 1 
n

log𝒵n(q) − 1 
n

log ν(Bn(ω, ε)) + o(1).

Therefore, for ω ∈ Kα we then conclude

hμq
(T, ω) = lim 

ε→0
lim inf
n→∞ 

− 1 
n

logμq(Bn(ω, ε)) ≥ htop(T,Ω) − qα + φX(q). (19)

Furthermore, for a given α, we will identify q such that μq(Kα) = 1 (Lemma 6.7). As usual, q = qα is 
such that α = φ′(qα). Therefore, by the entropy distribution principle (Theorem 2.1), we can conclude that
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htop(T,Kα) ≥ −qαα + φX(qα) + htop(T,Ω) = htop(T,Ω) − φ∗
X(α) = htop(T,Ω) − IX(α). (20)

After combining this with the upper bound, we obtain the claim of Theorem C. Now, let us turn to the 
rigorous proof.

6.1. A fundamental inequality

In this subsection, we shall establish a compound inequality for the dynamical systems which is introduced 
in Subsection 2.4. Recall that for any ε > 0 there exists M1(ε) ∈ N such that for all x ∈ Ω and every n ∈ N, 
Tn+M1(Bn(x, ε)) = Ω since T is strongly topologically exact transformation, and there exists M2(ε) ∈ N

such that for all x, x′ ∈ Ω and every n1, n2 ∈ N, Bn1(x, ε)∩T−(n1+M2)
(︁
Bn2(x′, ε)

)︁ ̸= ∅ since T has the weak 
specification property (cf. equations (5) and (6)). Let M1(ε) and M2(ε) be the smallest integers satisfying 
these properties, respectively. For ε > 0, let

M(ε) := max{M1(ε),M2(ε/2)}. (21)

If no confusion arises, we just use M for M(ε) without stressing its dependence on ε. One has the following 
lemma for the expansive dynamical systems with certain mixing properties.

Lemma 6.1. For any sufficiently small ε, there exists a positive constant C1(ε) such that for any n ∈ N all 
x ∈ Ω and for any measurable function Y : Ω → [0,+∞) one has

C1(ε)−1

ν(Bn(x, ε))

∫︂
Bn(x,ε)

Y ◦ Tn+Mdν(y) ≤
∫︂
Ω 

Y dν ≤ C1(ε) 
ν(Bn(x, ε))

∫︂
Bn(x,ε)

Y ◦ Tn+Mdν.

Proof. We assume that T is expansive. Let ρexp denote the expansivity constant of T . Consider ε ∈
(0, ρexp/2), n ∈ N, x ∈ Ω and a measurable function Y : Ω → [0,+∞). Let νx,n be the conditional 
probability measure on Bn(x, ε), i.e., νx,n(A) := ν(A|Bn(x, ε)) = ν(A) 

ν(Bn(x,ε)) for a Borel set A ⊂ Bn(x, ε). 
Set τx,n := νx,n ◦T−(n+M), then τx,n is always a probability measure on Ω since Tn+M (Bn(x, ε)) = Ω. Note 
that νx,n and τx,n also depend on ε, but we omit this to avoid cumbersome notations in our subsequent 
expressions. It is easy to check that

∫︂
Ω 

Y (z)dτx,n(z) = 1 
ν(Bn(x, ε))

∫︂
Bn(x,ε)

Y (Tn+Mz)dν(z). (22)

Therefore, the claim of the lemma is equivalent to showing the existence of a constant C1(ε) > 0 independent 
of n and x such that

C1(ε)−1
∫︂
Ω 

Y (y)dτx,n(y) ≤
∫︂
Ω 

Y (y)dν(y) ≤ C1(ε)
∫︂
Ω 

Y (y)dτx,n(y). (23)

We now present the proof of this statement in three steps.
Step 1: We start by showing that there exists a constant C2(ε) > 0, dependent only on ε, such that for 

every k ∈ N and y ∈ Ω,

C2(ε)−1 ≤ τx,n(Bk(y, ε))
ν(Bk(y, ε)) 

≤ C2(ε). (24)

Consider arbitrary k ∈ N, y ∈ Ω. By the choice of M := M(ε), we have
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T−(n+M)Bk(y, ε/2) ∩Bn(x, ε/2) ̸= ∅.

Then for any z ∈ T−(n+M)Bk(y, ε/2) ∩Bn(x, ε/2), one has

Bn+M+k(z, ε/2) ⊂ T−(n+M)Bk(y, ε) ∩Bn(x, ε).

Since ν is an Ahlfors-Bowen measure (cf. (4)), we can get

D(ε/2)−1e−(n+M+k)h ≤ ν(Bn+M+k(z, ε/2)) ≤ ν(T−(n+M)Bk(y, ε) ∩Bn(x, ε)). (25)

Hence

τx,n(Bk(y, ε)) = ν(T−(n+M)Bk(y, ε) ∩Bn(x, ε))
ν(Bn(x, ε)) 

≥ D(ε/2)−1e−(n+M+k)h

D(ε)e−nh

≥ D(ε/2)−1D(ε)−2e−Mhν(Bk(y, ε)).

(26)

In order to get an upper bound in (24), set B′ := T−(n+M)Bk(y, ε)∩Bn(x, ε). Then since {Bn+M+k(z, 2ε) :
z ∈ B′} is a cover of B′, by the compactness of Ω and the Vitali covering lemma (Lemma 5.1), there exists a 
finite disjoint subcollection 𝒢 := {Bn+M+k(zi, 2ε)}zi∈B′ such that {Bn+M+k(zi, 6ε)}zi∈B′ covers B′. Denote 
S := {Tnzi : Bn+M+k(zi, 2ε) ∈ 𝒢}. Because of the disjointness of 𝒢 and by the definition of B′, it is easy to 
check that ♯S = ♯𝒢 and S is a (M, 2ε)-separated set. Therefore, if we denote the cardinality of a maximal 
(M, 2ε)-separated set in Ω by 𝔰(M, 2ε), then it is clear that ♯𝒢 = ♯S ≤ 𝔰(M, 2ε). From these and (4), it 
follows that

ν(B′) ≤
∑︂
i 

ν(Bn+M+k(zi, 6ε)) ≤ D(6ε)𝔰(M, 2ε)e−(n+M+k)h. (27)

This bound then implies

τx,n(Bk(y, ε)) = ν(B′) 
ν(Bn(x, ε)) ≤ D(6ε)𝔰(M, 2ε)e−(n+M+k)h

D(ε)−1e−nh

≤ D(6ε)D(ε)2𝔰(M, 2ε)ν(Bk(y, ε)).
(28)

Combining (26), (28), the constant C2(ε) := max{D(ε/2)D(ε)2eMh, D(6ε)D(ε)2𝔰(M, 2ε)} satisfies the in
equality (24).

Step 2: In this step, we shall prove (23) for continuous non-negative functions: namely, if the constant 
C1(ε) := C2(ε)D(2ε)D(ε) and ψ ∈ C(Ω,R+), then

C1(ε)−1
∫︂
Ω 

ψdτx,n ≤
∫︂
Ω 

ψdν ≤ C1(ε)
∫︂
Ω 

ψdτx,n. (29)

Consider an arbitrary N ∈ N and let EN be a maximal (N, 2ε)-separated set in Ω. Thus {BN (x, 2ε) : x ∈
EN} is a cover of Ω and {BN (x, ε) : x ∈ EN} are pairwise disjoint. By successively applying (4) and (24) 
to these collections of the balls, one can obtain

∫︂
Ω 

ψdτx,n ≥ C2(ε)−1D(2ε)−1D(ε)−1
∫︂
Ω 

ψdν − C2(ε)−1(vN,2ε(ψ) + D(2ε)D(ε)vN,ε(ψ)). (30)
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Since vN,2ε(ψ) → 0, vN,ε(ψ) → 0 as N → ∞ (cf. Remark 2.4), one obtains 
∫︁
Ω ψdτx,n ≥ C2(ε)−1D(2ε)−1

D(ε)−1 ∫︁
Ω ψdν. The opposite inequality is proved in exactly the same way.

Step 3: Now, let Ỹ be any bounded non-negative measurable function on Ω. By Lusin’s theorem and 
Tietz’s extension theorem ([16]), one can approximate Ỹ by non-negative continuous functions ψk : Ω →
R, k ∈ N such that 

∫︁
Ω ψkdν → ∫︁

Ω Ỹ dν and 
∫︁
Ω ψkdτx,n → ∫︁

Ω Ỹ dτx,n as k → ∞. Hence it can be obtained 
from (29) that

C1(ε)−1
∫︂
Ω 

Ỹ dτx,n ≤
∫︂
Ω 

Ỹ dν ≤ C1(ε)
∫︂
Ω 

Ỹ dτx,n. (31)

Now we conclude (23) from (31). Consider a non-negative measurable function Y on Ω, and let YN :=
Y · 1Y≤N for N ∈ N. Then YN is a bounded non-negative function, and {YN} converges monotonically to 
Y as N → ∞. Therefore, by monotone convergence theorem and from (31), one gets (23). □
6.2. A ``tilted'' measure and its relationship with the reference measure

For any real number q ∈ R and a natural number n ∈ N, define a probability measure μn,q by Cramer’s 
tilting method as

dμn,q := eqXn

EνeqXn
dν = eqXn

𝒵n(q)dν.

For any q ∈ R, consider the sequence {μn,q}n≥1 of probability measures. Since ℳ(Ω) is a compact set 
in weak∗ topology, there is a convergent subsequence {μNj ,q}j , and we denote the weak∗−limit of this 
subsequence by μq. In this subsection, we shall establish an important relation (cf. Lemma 6.3) between μq

and ν under the conditions of Theorem C. First, we prove an important lemma.

Lemma 6.2. For all n ∈ N, q ∈ R, there exists a positive constant C4(n, q) with lim 
n→∞

logC4(n,q)
n = 0 such 

that for any m ∈ N,

C4(n, q)−1 ≤ 𝒵n+M+m(q)
𝒵n(q)𝒵m(q) ≤ C4(n, q), (32)

where M ∈ N is as in (21).

Proof. Fix a sufficiently small ε. Consider n,m ∈ N, q ∈ R. Note that by the weak Bowen condition, each 
Xk is a bounded function. In what follows, ||Xk|| denotes the supremum norm of a function Xk. Since the 
sequence X is almost additive, one has

𝒵n+M+m(q) =
∫︂
Ω 

eqXn+M+m(y)dν(y) ≤ e|q|(An+AM+||XM ||)
∫︂
Ω 

eqXn(y)eqXm(Tn+My)dν(y). (33)

Let E be a maximal (n, ε)-separated set in Ω. Then 
⋃︁

x∈E

Bn(x, ε) = Ω and {Bn(x, ε/2)}x∈E is a disjoint 

collection of Bowen balls. Therefore,∫︂
Ω 

eqXn(y)eqXm(Tn+My)dν(y) ≤
∑︂
x∈E

∫︂
Bn(x,ε)

eqXn(y)eqXm(Tn+My)dν(y)

≤ e|q|vn,ε(Xn)
∑︂
x∈E

eqXn(x)
∫︂

Bn(x,ε)

eqXm(Tn+My)dν(y) (34)
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≤ e|q|vn,ε(Xn)C1(ε)𝒵m(q)
∑︂
x∈E

eqXn(x)ν(Bn(x, ε)),

where the second inequality holds since {Xn} satisfies weak Bowen’s condition and the last inequality holds 
by Lemma 6.1 applied to Y = Xm. Now we estimate the sum 

∑︁
x∈E

eqXn(x)ν(Bn(x, ε)) from above. One has

∑︂
x∈E

eqXn(x)ν(Bn(x, ε)) ≤
∑︂
x∈E

eqXn(x)D(ε/2)D(ε)ν(Bn(x, ε/2))

≤ D(ε/2)D(ε)e|q|vn,ε/2(Xn)
∑︂
x∈E

∫︂
Bn(x,ε/2)

eqXn(y)dν

≤ D(ε/2)D(ε)e|q|vn,ε/2(Xn)𝒵n(q).

(35)

After combining (33), (34) and (35)

𝒵n+M+m(q)
𝒵n(q)𝒵m(q) ≤ C5(n, q), (36)

where C5(n, q) := e|q|(An+AM+||XM ||)e|q|(vn,ε/2(Xn)+vn,ε(Xn))C1(ε)D(ε/2)D(ε).
With similar reasoning, one gets the following inequalities

𝒵n+M+m(q) ≥ e−|q|(An+AM+||XM ||)
∫︂
Ω 

eqXn(y)eqXm(Tn+My)dν(y), (37)

∫︂
Ω 

eqXn(y)eqXm(Tn+My)dν(y)ν(y) (38)

≥ e−|q|vn,ε/2(Xn)C1(ε/2)−1𝒵m(q)
∑︂
x∈E

eqXn(x)ν(Bn(x, ε/2)), (39)

and

∑︂
x∈E

eqXn(x)ν(Bn(x, ε/2)) ≥ e−|q|vn,ε(Xn)D(ε/2)−1D(ε)−1𝒵n(q). (40)

After combining these inequalities, one has

𝒵n+M+m(q)
𝒵n(q)𝒵m(q) ≥ C6(n, q)−1, (41)

where C6(n, q) := e|q|(An+AM+||XM ||)e|q|(vn,ε/2(Xn)+vn,ε(Xn))C1(ε/2)D(ε/2)D(ε).
From (36) and (41), it is clear that C4(n, q) := max{C5(n, q), C6(n, q)} satisfies the conditions of the 

lemma. □
Lemma 6.3. For any sufficiently small ε > 0 and for any n ∈ N, q ∈ R there exists a constant C7(n, q, ε) > 0
such that lim 

n→∞
logC7(n,q,ε)

n = 0 and for all x ∈ Ω,

μq(Bn(x, ε)) ≤ C7(n, q, ε)
eqXn(x)

𝒵n(q) ν(Bn(x, ε)). (42)



M. Makhmudov et al. / J. Math. Anal. Appl. 555 (2026) 130139 21

Proof. Consider again ε ∈ (0, ρexp/2), where ρexp is the expansivity constant of the transformation T , and 
x ∈ Ω, n ∈ N, q ∈ R. By the Portmanteau theorem, we have

μq(Bn(x, ε)) ≤ lim inf
j→∞ 

∫︂
Bn(x,ε)

eqXNj
(y)

𝒵Nj
(q) dν(y). (43)

Now we estimate the numerator 
∫︁
Bn(x,ε) e

qXNj
(y)dν(y) and denominator 𝒵Nj

(q) separately. By Lemma 6.2, 
one has

1 
𝒵Nj

(q) = 1 
𝒵n+M+Nj−n−M (q) ≤ C4(n, q)

1 
𝒵n(q)𝒵Nj−n−M (q) . (44)

For the integral in the numerator, the following estimations are valid∫︂
Bn(x,ε)

eqXn+M+Nj−n−M (y)dν(y) ≤ e|q|(An+AM )
∫︂

Bn(x,ε)

eqXn(y)eqXM (Tny)eqXNj−n−M (Tn+My)dν(y)

≤ e|q|(An+AM+||XM ||)
∫︂

Bn(x,ε)

eqXn(y)eqXNj−n−M (Tn+My)dν(y)

≤ C8(n, q, ε)eqXn(x)
∫︂

Bn(x,ε)

eqXNj−n−M (Tn+My)dν(y),

(45)

where C8(n, q, ε) := e|q|(An+AM+||XM ||+vn,ε(Xn)). Note that∫︂
Bn(x,ε)

eqXNj−n−M (Tn+My)dν(y) ≤ C1(ε)𝒵Nj−n−M (q)ν(Bn(x, ε)). (46)

Thus it follows from (45) that∫︂
Bn(x,ε)

eqXNj
(y)dν(y) ≤ C1(ε)C8(n, q, ε)eqXn(x)ν(Bn(x, ε))𝒵Nj−n−M (q). (47)

Hence it is easy to see from (43)-(44) that the constant C7(n, q, ε) := C1(ε)C4(n, q)C8(n, q, ε) satisfies (42), 
and by Lemma 6.2 and the weak Bowen condition, one gets lim 

n→∞
logC7(n,q,ε)

n = 0. □
6.3. Differentiability of the log-moment generating function

Lemma 6.4. For all q ∈ R, the limit lim 
n→∞

1 
n log𝒵n(q) exists and finite. Thus, φX = lim 

n→∞
1 
n log𝒵n is a finite 

convex function. Furthermore, φX = I∗X and φ∗
X = IX .

First, we state a slight generalization of the classical Fekete’s lemma which is used to verify the existence 
and finiteness of the limit lim 

n→∞
1 
n log𝒵n(q).

Lemma 6.5 ([17]). Let {an}n≥0 be a sequence of real numbers. Assume that there exists a natural number 
N ∈ N and real numbers D, Δn ≥ 0, n ∈ N with limn→∞ Δn

n = 0 such that for all m ∈ Z+ and n ≥ N

an+m ≤ an + am + D + Δn. (48)

Then the limit limn→∞ an

n exists and belongs to R
⋃︁{−∞}.
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Proof of Lemma 6.4. By using Lemma 6.2, it can be shown for q ∈ R, n ≥ M + 1 and any m ∈ Z+ that

log𝒵n+m(q) ≤ log𝒵n(q) + log𝒵m(q) + 2 logC4(n−M, q). (49)

Thus by Lemma 6.5, the limit lim 
n→∞

1 
n log𝒵n(q) exists and lim 

n→∞
1 
n log𝒵n(q) < +∞. By applying a similar 

argument to the sequence {− log𝒵n(q)}, one shows that lim 
n→∞

1 
n log𝒵n(q) > −∞.

Clearly, each log𝒵n is a convex function, thus φX is also a convex function as the pointwise limit of 
convex functions.

Since for all q ∈ R, φX(q) < +∞, and { 1 
nXn}n∈N satisfies LDP with the good rate function IX , we 

immediately obtain from Theorem 3.2 that I∗X = φX . Note that IX = φ∗
X also holds by the Fenchel duality 

lemma ([13]), since IX is convex and lower semi-continuous. □
Now we show that φX is a differentiable function. In fact, the following holds true.

Lemma 6.6. The function φX is continuously differentiable on R, i.e., φX ∈ C1(R).

Proof. By Lemma 6.4, we have that I∗X = φX . Thus since IX is an essentially strictly convex rate function, 
φX is an essentially smooth function by Theorem 3.1. Hence since dom(φX) = R by Lemma 6.4, we have 
that φX is a differentiable function on R. Note that φX is a convex function, therefore, φX ∈ C1(R) by 
Darboux’s intermediate value theorem. □

By the monotonicity of φ′
X , we define α := limt→−∞ φ′

X(t) and α := limt→+∞ φ′
X(t). Then by convexity 

of φX , it is easy to verify the following limits

α = lim 
q→−∞

φX(q)
q

, and α = lim 
q→+∞

φX(q)
q

. (50)

6.4. A measure supported on the level set and a proof of Theorem C

Lemma 6.7. Under the conditions of Theorem C, for every α ∈ (α, α), there exists q ∈ R such that μq(Kα) =
1. In particular, (α, α) ⊂ ℒX .

The proof of the lemma relies on the following well-known result in the theory of convex functions.

Proposition 6.1 ([15,43]). For any convex function Λ defined on R, we have 
(1) βq ≤ Λ∗(β) + Λ(q) for any q, β ∈ R, 
(2) if Λ is differentiable at q then βq = Λ∗(β) + Λ(q) ⇐⇒ β = Λ′(q).

Proof of Lemma 6.7. Note that the for every q ∈ R, the limit lim 
n→∞

1 
n logEνe

qXn exists by Lemma 6.4. One 

([18]) can prove that the following limit

Cq(β) := lim 
n→∞

1 
n

logEμq
eβXn ,

also exists, and Cq(β) = φX(q + β) − φX(q), ∀β, q ∈ R. Then we have C ′
q(β) = φ′

X(q + β) and Cq(0) = 0, 
and thus C∗

q (γ) ≥ 0 for any γ ∈ R. Moreover, C∗
q (α) = 0 if and only if α = C ′

q(0) = φ′
X(q). The following 

two observations show that μq is supported on the level set Kα:

• For any nonempty closed set F ⊂ R such that α / ∈ F , we have ηF := inf 
γ∈F

C∗
q (γ) > 0.



M. Makhmudov et al. / J. Math. Anal. Appl. 555 (2026) 130139 23

• Since the limit limn→∞ 1 
n logEμq

eβXn exists for any β ∈ R, by the first part of Theorem 1.3, for any 
closed set F , we have,

lim sup
n→∞ 

1 
n

logμq({ω ∈ Ω : 1 
n
Xn(ω) ∈ F}) ≤ −ηF < 0.

In fact, for m ∈ N, consider Fm := R \ (α− 1 
m , α+ 1 

m ). From the above observations and the Borel-Cantelli 
lemma, one has for every m ∈ N that

μq

(︂ ⋂︂
j∈N

⋃︂
n≥j

{︂ 1 
n
Xn ∈ Fm

}︂)︂
= 0. (51)

Therefore,

μq(Kα) = lim 
m→∞μq

(︂ ⋃︂
j∈N

⋂︂
n≥j

{︂ 1 
n
Xn ∈ F c

m

}︂)︂
= 1. □ (52)

Proof of Theorem C. The first claim of Theorem C: (α, α) ⊂ ℒX is proven in Lemma 6.7. Now we show 
that ℒX ⊂ [α, α]. Take any α ∈ ℒX , then by Theorem B, φ∗

X(α) ≤ h = htop(T,Ω). Thus by Young’s 
inequality (the first statement of Proposition 6.1), one has for all q ∈ R,

αq ≤ φ∗
X(α) + φX(q) ≤ h + φX(q). (53)

Hence for q < 0,

α ≥ h

q
+ φX(q)

q
, and for q > 0, α ≤ h

q
+ φX(q)

q
. (54)

Furthermore, from (50) and (54), for q < 0, we conclude that α ≥ lim 
q→−∞

(︁
h
q + φX(q)

q

)︁
= α, and for q > 0, 

we conclude that α ≤ lim 
q→+∞

(︁
h
q + φX(q)

q

)︁
= α.

The second claim of Theorem C: By combining Lemma 6.3, Lemma 6.7, Proposition 6.1 and Theorem 2.1, 
one concludes the proof of the second claim (cf. (18)-(20)). □
7. Examples and discussion

In this section, we shall discuss some of the known results of multifractal formalism, and show how they 
can be treated by the results of this paper.

7.1. Lyapunov exponents for products of matrices

We shall adopt the setup in ([22], [23], [26]). Consider a map M : Ω → Md(R), where Ω := {1, ..., q}Z+

is a full shift space with the shift transformation T , and Md(R) is the algebra of d × d real matrices. For 
n ∈ N, x ∈ Ω, set Mn(x) := M(Tn−1x) M(Tn−2x) · · ·M(x). We impose the following two conditions on 
the map M :

(C1): Mn(x) ̸= O holds for all n ∈ N and x ∈ Ω, where O is the zero matrix;
(C2): M depends only on finitely many coordinates, i.e., M is locally constant.
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Note that condition (C1) is automatically satisfied if, for example, the map M takes values in the set 
GLd(R) of irreducible matrices, or the set M+

d (R) of d× d positive matrices. In [23], the authors imposed 
an irreducibility condition which also implies the condition (C1). Under the condition (C1), one can define 
the (upper) Lyapunov exponent of the cocycle (T,M) as: for x ∈ Ω,

λ+
M (x) := lim 

n→∞
1 
n

log ||Mn(x)||,

provided the limit exists, where || · || is a matrix norm. Let Kα := {x ∈ Ω : λ+
M (x) = α}, and ℒM :=

{α ∈ R : Kα ̸= ∅}. We denote Xn(x) := log ||Mn(x)|| for all n ∈ N, x ∈ Ω. Then it is clear that Xn is a 
locally constant function since M is only dependent on finitely many coordinates, therefore, the sequence 
{Xn} satisfies the Bowen condition. In [26], the authors introduced the pressure function PM of the cocycle 
(T,M) by

PM (t) := lim 
n→∞

1 
n

log
∑︂
ω∈Ωn

sup 
x∈[ω]

||M(Tn−1x) M(Tn−1x) · · ·M(x)||t, ∀ t ∈ R,

where Ωn := {1, ..., q}n, n ∈ N. Note that the above limit exists and

PM (t) = log q + φX(t), t ∈ R, (55)

where φX is the log moment generating function of the sequence {Xn}, i.e., φX(t) = limn→∞ 1 
n

log
∫︁
Ω exp (tXn)dν, t ∈ R, and ν is the uniform Bernoulli measure on Ω. Then by applying Theorem B, 

one can obtain that

htop(T,Kα) ≤ log q − φ∗
X(α) = inf 

q∈R
{−αq + PM (q)} (56)

for all α ∈ ℒM . Note that the last inequality generalizes the upper bound of Theorem 1.1 in [23]. In the 
same theorem, the authors also proved the lower bound under much stronger conditions than the conditions 
we have imposed above. In this setup, we can not treat the lower bound with Theorem C, since the sequence 
{Xn} is not almost additive in general. However, if the map M takes values in the set M+

d (R) of d×d positive 
matrices, then it was proven in [26], [22] that the sequence {Xn} is in fact almost additive. Furthermore, 
in this case, D.J. Feng has proven in [22] that the pressure function PM is differentiable, thus φX is also 
differentiable by (55). Then, in this particular setup, one can apply Theorem C and obtain the equality in 
(56).

7.2. Ratios of the Birkhoff sums

In large deviation theory, the contraction principle describes how the large deviation rate function evolves 
if the corresponding sequence of random elements (probability measures, random variables) is transformed 
by a continuous map. More specifically, if 𝒳 and 𝒴 are Hausdorff topological spaces and a family {μn} of 
probability measures on 𝒳 satisfies the LDP with the rate function I, F : 𝒳 → 𝒴 is a continuous map, 
then τn := μn ◦ F−1 satisfies LDP with the rate function J(y) := infx: F (x)=y I(x). For example, suppose 

X
(1)
n = Snφ, X(2)

n = Snψ, where φ,ψ are continuous functions on a compact metric space Ω and ψ is strictly 
positive. Suppose ν is a probability measure such that the (vector) sequence X = (X(1)

n , X
(2)
n ) satisfies the 

LDP with the rate function IX(α, β). Then a new sequence Z = {Zn}n≥1 of random variables

Zn := X
(1)
n

X
(2)
n

= Snφ 
Snψ

, n ≥ 1,
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satisfies LDP with the rate function JZ(γ) = infα/β=γ IX(α, β). Thus we can easily obtain many non
trivial observables satisfying LDP. In case, X(1)

n = Snφ, X(2)
n = Snψ, ψ > 0, one easily shows that {nZn}

satisfies the weak Bowen condition, therefore, Theorem A applies, and hence htop(T,KZ
γ ) ≤ htop(T,Ω) −

infα/β=γ IX(α, β) = htop(T,Ω)−JZ(γ). In this case, one can also easily obtain a lower bound as well. Indeed, 
for any α, β such that

KX
α,β := {ω ∈ Ω : 1 

n
(Snφ)(ω) → α, 

1 
n

(Snψ)(ω) → β},

we have that KX
α,β ⊆ KZ

α/β . Therefore, htop(T,KZ
γ ) ≥ htop(T,KX

α,β), where γ = α/β. Note that Theorem C
has been established for random variables, but the same argument works for random vectors as well. (There 
are also other results for the level sets of the form KX

α,β, cf., [38,46].) Hence htop(T,KZ
γ ) ≥ htop(T,Ω) −

IX(α, β), and thus

htop(T,KZ
γ ) ≥ sup 

α/β=γ

[htop(T,Ω) − IX(α, β)]

= htop(T,Ω) − inf 
α/β=γ

IX(α, β)

= htop(T,Ω) − JZ(γ).

Therefore, combining two inequalities conclude that htop(T,KZ
γ ) = htop(T,Ω) − JZ(γ).

7.3. Almost additive sequences over a subshift of finite type

In [6], the authors considered almost additive sequences of continuous potentials and they obtained an 
expression for the multifractal spectra of the level sets of the sequence in terms of a rate function. In this 
subsection, we shall discuss that the setup considered in [6] is covered by Theorem C. Let us now recall the 
result of [6] using the notation of the present paper.

Theorem 7.1 ([6]). Let (Ω, T ) be a topologically mixing subshift of finite type. Assume that X := {Xn}n∈N
is an almost additive sequence satisfying Bowen’s condition, and X is not cohomologous to a constant, i.e., 
Xn

n does not uniformly converge to a constant as n → ∞. Furthermore, assume that limn→∞ 1 
n

∫︁
Ω Xndν =

infn∈N 1 
n

∫︁
Ω Xndν = 0, where ν is the unique measure of maximal entropy for T . Then

htop(T,Kα) = htop(T,Ω) − φ∗
X(α).

It is clear that the Bowen condition implies the weak Bowen condition, and a mixing subshift of finite type 
satisfies the condition (A3) in Theorem C. In Theorem C, it is also assumed that the sequence { 1 

nXn}n∈N
satisfies LDP with an essentially strictly convex good rate function. Note that if the moment generating 
function φX of the sequence X is finite and differentiable on R, then by Theorem 1.3 { 1 

nXn}n∈N satisfies 
LDP with a good rate function φ∗

X . Furthermore, by Theorem 3.1, φ∗
X is also an essentially strictly convex 

function. Below, we show that the conditions of Theorem 7.1 imply differentiability of the moment-generating 
function φX . In [6], it is observed that

φX(t) = Ptop(T, tX) − htop(T,Ω), for all t ∈ R, (57)

where Ptop(T, tX) is the topological pressure (for the concept, see [6], [1], [24], [50]) of T of the almost 
additive sequence X = {Xn}, and φX(t) = lim 

n→∞
1 
n log

∫︁
Ω 
etXn(x)ν(dx) as usual. In [2], by generalising the 

well-known result in [44] to almost additive setting, the authors proved that t ↦→ Ptop(T, tX) is differentiable 



26 M. Makhmudov et al. / J. Math. Anal. Appl. 555 (2026) 130139 

at 0 if the almost additive sequence X has unique equilibrium state (for the concept, see [6], [1], [24], [50]), 
and showed

d 
dt

Ptop(T, tX)
⃓⃓
t=t0

= lim 
n→∞

∫︂
Ω 

Xn

n 
dμt0X ,

where μt0X is the unique equilibrium state of t0X = {t0Xn}. In 2006, L. Barreira proved that if an almost 
additive sequence X satisfies Bowen’s condition, then it has a unique equilibrium state [1], therefore, from 
the above one can conclude that the pressure function t ∈ R ↦→ Ptop(T, tX) is differentiable everywhere 
on R. Then from (57), the log-moment generating function φX is also differentiable on R, and hence, the 
conditions of Theorem 7.1 imply the conditions of Theorem C.

7.4. Multifractal formalism in the absence of strict convexity of the rate function

The Manneville–Pomeau map is one of the well-known examples of a non-uniformly expanding interval 
map. For a given s ∈ (0, 1), the Manneville–Pomeau map T : [0, 1] → [0, 1] is defined as

T (x) := x + x1+s mod 1.

It should be noted that T is topologically conjugate to a one-sided full shift, therefore, it has the specification 
property. It is also easy to check that T is strongly topologically exact and expansive. The upper Lyapunov 
exponent λT is defined as

λT (x) = lim 
n→∞

1 
n

log(Tn)′(x)

provided that the limit exists at a point x ∈ [0, 1]. Set

Kα := {x ∈ Ω : λT (x) = α}, ℒT := {α ∈ R : Kα ̸= ∅}.

Define, ψ(x) := log T ′(x) = log(1 + (1 + s)xs), x ∈ [0, 1]. Then it is easy to notice that the Lyapunov 
exponent λT exists at a point x if and only if the limit lim 

n→∞
1 
nSnψ(x) converges, and lim 

n→∞
1 
nSnψ(x) = λT (x). 

It was shown in [42], [47] that the pressure function Pψ(q) := P (T, qψ), q ∈ R exhibits a first order 
phase transition at the point q = −1, in a sense that Pψ is not differentiable at q = −1, furthermore, 
it is strictly convex positive differentiable function in (−1,∞), and Pψ(q) = 0 for all q < −1. Since T
is expansive and satisfies the specification, there is a unique measure of maximal entropy ν ∈ ℳ([0, 1])
for T , and it also becomes the Ahlfors-Bowen measure ([48]). Define Xn := Snψ for all n ∈ N, and set 
φX(q) := lim sup

n→∞ 
1 
n log

∫︁ 1
0 eqXndν, q ∈ R. Then one can easily check that φX(q) = htop(T, [0, 1]) + Pψ(q) for 

all q ∈ R. Thus since {Xn} satisfies the weak Bowen condition one obtains from Theorem B that for all 
α ∈ ℒT ,

htop(T,Kα) ≤ htop(T, [0, 1]) − φ∗
X(α) = −P ∗

ψ(α) = inf 
q∈R

{P (T, qψ) − αq}. (58)

Now we discuss the lower bound. As we have already mentioned, φX is not differentiable everywhere; 
otherwise, the sequence 

{︁ 1 
nXn

}︁
satisfies LDP with an essentially strictly convex good rate function. However, 

Lemma 6.3 and Lemma 6.7 are still applicable if α ∈ {0} ∪ ((Pψ)′+(−1), α), where (Pψ)′+(−1) > 0 is the 
right derivative of Pψ at the point −1, and α := lim 

q→∞P ′
ψ(q). Thus one can obtain from these lemmas that

htop(T,Kα) = htop(T, [0, 1]) − φ∗
X(α) = −P ∗

ψ(α) = inf 
q∈R

{P (T, qψ) − αq}, (59)
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holds for all α ∈ {0} ∪ ((Pψ)′+(−1), α).
We should note that in [46], the above equality was proven for all α ∈ (0, α) by a different method.

7.5. Local or pointwise entropies

Recall that the upper and the lower local entropies of an invariant measure μ at a point x ∈ Ω are defined 
as

hμ(T, x) := lim 
ε→0+

lim sup
n→∞ 

− 1 
n

logμ(Bn(x, ε)), hμ(T, x) := lim 
ε→0+

lim inf
n→∞ 

− 1 
n

logμ(Bn(x, ε)).

If hμ(T, x) = hμ(T, x), we say that the local entropy of the measure μ at x exists and denote by hμ(T, x)
the common value. Finally, consider the α-level set K(μ)

α of the local entropies

K(μ)
α := {x ∈ Ω : hμ(T, x) = α},

and the entropy spectrum ℰμ(α) := htop(T,K(μ)
α ).

In [45], the authors introduced the notion of weak entropy doubling condition

Cn(ε) = sup
x 

μ(Bn(x, ε)) 
μ(Bn(x, ε/2)) < ∞, and lim

n 
1 
n

logCn(ε) = 0.

Note that the weak entropy doubling condition implies the weak Bowen condition for observables Xn : Ω →
R given by

Xn(x) = − logμ(Bn(x, ε)).

Indeed, it is easy to show that vn,ε(Xn) ≤ logCn(2ε).
In [45] it was shown that if μ is fully supported measures satisfying the (weak) entropy doubling condition, 

then for any α one has:

ℰμ(α) := htop(T,K(μ)
α ) ≤ H∗

μ(α),

where H∗
μ(α) is the Legendre transform of the correlation entropy function

Hμ(q) = lim 
ε→0

lim inf
n→∞ 

− 1 
n

log Iμ(q, n, ε), Iμ(q, n, ε) =
{︄∫︁

μ(Bn(x, ε))q−1dμ, if q ̸= 1,∫︁
logμ(Bn(x, ε))dμ, if q = 1.

Note the similarity between this result and the upper bound (Theorem A) -- under very similar mild 
regularity assumptions one obtains an upper bound on the multifractal spectrum.

In order to obtain a lower bound on the multifractal spectrum of local entropies one needs additional 
assumptions on the measure μ. For example, μ is the so-called Bowen-Gibbs measure:

1 
C(ε) ≤ μ(Bn(x, ε)) 

exp(
∑︁n−1

k=0 φ(T kx))
≤ C(ε).

Then the multifractal analysis of level sets of local entropies is reduced to the analysis of level sets of 
Birkhoff’s averages Kα = {ω : 1 

n

∑︁n−1
k=0 φ(T kω) → α}, see [45].
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7.6. Weighted ergodic averages

Fan ([18]) recently studied multifractal spectra of a sequence {Xn} in the form Xn :=
∑︁n−1

i=0 fi ◦ T i, 
where fi, i ∈ Z+ are continuous functions on the shift space Ω := 𝒜Z+ , where 𝒜 is a finite alphabet 
with #𝒜 = q. A motivation to study this kind of sequence has been the weighted ergodic averages Sw

n f =∑︁n−1
i=0 wif ◦ T i, n ∈ Z+ of a potential f ∈ C(Ω), where {wi : i ∈ Z+} ⊂ R are some fixed weights. This 

is indeed a special case of the former sequence if one sets fi = wif for all i ∈ Z+. To find the dimension 
spectra of the sequence {Xn} in terms of the partition function, Fan made two assumptions:

(H1): The limit φ(t) = lim 
n→∞

1 
n

log
∫︂
Ω 

exp (tXn)dμ exists for all t ∈ R,

(H2): sup 
n∈Z+

sup 
xn−1
0 =yn−1

0

n−1∑︂
i=0 

|fi(T i(x)) − fi(T i(y))| < +∞.

Recall that in the shift space, for all Z ⊂ Ω, htop(T,Z) = log q ·dimH(Z). Under the assumptions (H1)-(H2), 
Fan obtained the following theorem reformulated in terms of topological entropies:

Theorem 7.2 ([18]). If λ ≥ 0,

htop(T,Ω) − φ∗(max ∂φ(λ)) ≤ htop(T,K∂φ(λ)) ≤ htop(T,Ω) − φ∗(min ∂φ(λ)),

where ∂φ(λ) is the set of all subgradients of φ at λ, and

K[a;b] =
{︂
ω ∈ Ω : a ≤ lim inf

n→∞ 
Xn(ω)

n 
≤ lim sup

n→∞ 

Xn(ω)
n 

≤ b
}︂

for a, b ∈ R.

If λ < 0, we have similar estimates but we have to exchange the roles of min ∂φ(λ) and max ∂φ(λ). In 
particular, if φ is differentiable at λ, then for the level set Kα, α = φ′(λ), one has

htop(T,Kα) = htop(T,Ω) − φ∗(α). (60)

Now we should note that condition (H2) implies the Bowen condition, and thus the weak Bowen condition 
as well. In fact, the condition (H2) is strictly stronger than the Bowen condition as the following example 
shows.

Example 7.1. Let 𝒜 = {0, 1}, and an = (−1)n
nγ , γ ∈ (1, 2], n ∈ N. Define f(ω) :=

∑︁
n∈N anωn for ω ∈ Ω, 

then f ∈ C(Ω). It is easy to notice that

1) supn∈N
∑︁∞

j=1(|aj | + ... + |aj+n−1|) =
∑︁

j∈N j|aj | = +∞;
2) supn∈N

∑︁∞
j=1 |aj + ... + aj+n−1| < +∞.

Thus

sup 
n∈N

sup 
ωn−1

0 =ω̄n−1
0

n−1∑︂
i=0 

|(f ◦ T i)(ω) − (f ◦ T i)(ω̄)| = +∞, (61)

but sup 
n∈N

vn(fn) < +∞, where fn :=
∑︁n−1

i=0 f ◦ T i.
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Since the sequence {Xn} satisfies the weak Bowen condition, Theorem B generalizes the inequality 
htop(T,Kα) ≤ htop(T,Ω) − φ∗(α) which is a part of (60) since it relaxes both assumptions (H1) and (H2).

It should be stressed that Theorem C is not applicable in this setup since the sequence {Xn}n∈N is not 
almost additive in general.

8. Final remarks

In this work, we began building a systematic framework to derive multifractal formalism directly from 
large deviation principles. Under standard multifractal conditions, we progressed this approach by estab
lishing Theorems A and C. Nevertheless, we believe this program has the potential to extend well beyond 
the cases studied here; indeed, the conclusions of Theorems A and C should be applicable in more general 
settings. To encourage further development, we highlight below several promising setups that we consider 
especially suitable for advancing this program.

A) It would be interesting if one could obtain an analogue of the above results for the Hausdorff dimension 
instead of the topological entropy. However, the Hausdorff dimension might be more difficult to treat as it 
is not related to the dynamics of the underlying transformation.

B) In [36--38], the authors propose considering a more general form of the level sets than the standard 
Kα := {ω ∈ Ω : limn→∞

Xn(ω)
n = α}. Specifically, for C ⊂ R,

KC := {ω ∈ Ω : the set of limit points of the sequence {Xn(ω)/n}n∈N is C}. (62)

Note that one restores Kα if C = {α}.
It would be interesting to investigate the relationship between the generalized multifractal spectra of 

{Xn},

C ⊂ R ↦→ ℰX(C) := htop(T,KC),

and the LDP rate function of {Xn}.
C) In [10], the author explored the entropy spectrum for the ratios of Birkhoff sums (see Subsection 

7.2) for a family of pairs of potentials (φi, ψi), i ∈ 1, ..., d. In [10], instead of a specification condition, 
the author assumes the existence of a dense family of continuous functions with unique equilibrium states. 
This assumption slightly differs from the specification condition (see Definition 2.3 and Theorem 2.2) in the 
present paper. Therefore, it will be worthwhile to explore whether our theorems in this paper can be proven 
using the existence of a dense family of continuous potentials with unique equilibrium states, rather than 
relying on strong topological exactness.

D) The results of this paper can be extended to the case that the reference measure is a Bowen–Gibbs 
measure, i.e., there exists potential ζ ∈ C(Ω,R) such that for every ε > 0 there exists a constant C(ε) ≥ 1
satisfying for all n ∈ N and x ∈ Ω that

C(ε)−1 exp(ζn(x)) ≤ ν(Bn(x, ε)) ≤ C(ε) exp(ζn(x)). (63)

It is easy to see that the Ahlfors-Bowen measures satisfy the above property (63) with a constant potential 
ζ ≡ const. To extend the results for such measures, instead of the topological entropy, one can consider 
another dimension characteristics of the sets related to the potential ζ. We note that the Pesin–Pitskel 
topological pressure [40] associated with the potential ζ is suitable for this purpose.
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