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Appendix A
Segre products beyond the
quadratic case

In Section 7.2, we introduced the Segre product of subproduct systems. We
now prove that the Segre product of subproduct systems is again a subprod-
uct system, which implies that, together with the Segre product, the class of
subproduct systems of finite-dimensional Hilbert spaces over N is a monoid.

Proposition A.1. Let SPSC
f be the category of subproduct systems of finite-dimensional

Hilbert spaces over N from Definition 4.22. The following holds:

(1) If E, F ∈ SPSC
f , then the Segre product E ◦ F ∈ SPSC

f .

(2) There exists a subproduct system (I, ιI) such that I ◦ E = E for all subproduct
system (E, ιE).

Proof. We prove the first claim as follows. By definition we have (E ◦ F)0 :=
C ⊗C C = C. Therefore, we only have to check the associativity of structure
maps ιE⊗CF, i.e.

(ιE◦F
s,t ◦ 1E◦F

r ) ◦ ιE◦F
s+t,r = (1E◦F

s ◦ ιE◦F
t,r ) ◦ ιE◦F

s,t+r,
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172 Segre products beyond the quadratic case

by a straightforward computation as follows,

(ιE◦F
s,t ◦ 1E◦F

r ) ◦ ιE◦F
s+t,r

= (ιE◦F
s,t ◦ 1E◦F

r ) ◦ (1E
s+t ⊗C ΓE,r

F,s+t ⊗C 1F
r ◦ (ιEs+t,r ⊗C ιF

s+t,r))

= ((1E
s ⊗C ΓE,t

F,s ⊗C 1F
t ◦ (ιEs,t ⊗C ιF

s,t))⊗C 1E⊗CF
r )

◦ (1E
s+t ⊗C ΓE,r

F,s+t ⊗C 1F
r ◦ (ιEs+t,r ⊗C ιF

s+t,r))

= (1E
s ⊗C ΓE,t

F,s ⊗C ΓE,r
E,t ⊗C 1F

r ) ◦ (1E
s ⊗C 1E

t ⊗C ΓE,r
E,s ⊗C 1F

t ⊗C 1F
r )◦

(ιEs,t ⊗C 1E
r ⊗C ιF

s,t ⊗C 1F
r ) ◦ (ιEs+t,r ⊗C ιF

s+t,r)

= (1E
s ⊗C ΓE,t

F,s ⊗C ΓE,r
E,t ⊗C 1F

r ) ◦ (1E
s ⊗C 1E

t ⊗C ΓE,r
E,s ⊗C 1F

t ⊗C 1F
r )◦

((ιEs,t ⊗C 1E
r ◦ ιEs+t,r)⊗C (ιF

s,t ⊗C 1F
r ◦ ιF

s+t,r))

= (1E
s ⊗C ΓE,t

F,s ⊗C ΓE,r
E,t ⊗C 1F

r ) ◦ (1E
s ⊗C 1E

t ⊗C ΓE,r
E,s ⊗C 1F

t ⊗C 1F
r )◦

((1E
s ⊗C ιEt,r) ◦ ιEs,t+r ⊗C (1F

s ⊗C ιF
t,r) ◦ ιF

s,t+r)

= (1E◦F
s ⊗C ιE◦F

t,r ) ◦ (1E
s ⊗C ΓE,t+r

F,s ⊗C 1F
t+r ◦ (ιEs,t+r ⊗C ιF

s,t+r))

= (1E◦F
s ⊗C ιE◦F

t,r ) ◦ ιE◦F
s,t+r,

where the third last equality is due to the associativity of ιEk,l and ιF
k,l .

For the second claim, it is straightforward to verify that for each E ∈ SPSC
f ,

we have (I ◦ E)n = C ⊗ En = En. This proves the proposition.
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Appendix B
Compact quantum groups

This appendix provides a brief introduction to the compact quantum groups
from the perspective of C∗-algebras. This theory, primarily developed by S.L.
Woronowicz, generalizes the notion of classical compact groups. Our main
reference is [47].

Definition B.1 ([47, Definition 1.1.1]). A compact quantum group is a pair
(A, ∆), where A is a unital C∗-algebra, ∆ : A → A ⊗ A is a unital ∗-homomorphism,
called the comultiplication, and ι : A → A is the identity map such that:

(1) (∆ ⊗ ι)∆ = (ι ⊗ ∆)∆ are homomorphisms A → A ⊗ A ⊗ A (coassociativity);

(2) the spaces (A ⊗ 1)∆(A) = span{(a ⊗ 1)∆(b) | a, b ∈ A} and (1 ⊗ A)∆(A)

are dense in A ⊗ A (cancellation property),

where the tensor product ⊗ means the minimal tensor product.

An important example of a compact quantum group is SUq(2), which can
be viewed as a noncommutative deformation of the classical special unitary
group SU(2).

Example B.2 (Quantum SU(2) group). Let q ∈ [−1, 1]\{0}, the quantum group
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174 Compact quantum groups

SUq(2) is the universal C∗-algebra generated by α and γ such that the matrix

u =

[
α −qγ∗

γ α∗

]
is a unitary matrix.

Let 1 denote the unit in SUq(2). From u∗u = uu∗ =

[
1 0
0 1

]
, we obtain the following

relations for the generators:

α∗α + γ∗γ = 1, αα∗ + q2γ∗γ = 1, γ∗γ = γγ∗, αγ = qγα, αγ∗ = qγ∗α.

The comultiplication is defined as

∆(uij) = ui1 ⊗ u1j + ui2 ⊗ u2j.

Therefore, we have

∆(α) = α ⊗ α − qγ∗ ⊗ γ, ∆(γ) = γ ⊗ α + α∗ ⊗ γ.

It is routine to verify the coassociativity, and the cancellation property is proven in [47,
Proposition 1.1.4] □

The compact quantum group SUq(2) generalizes the notion of SU(2) when
q = 1 in the following sense. Observe that if q = 1, the generators of SU1(2)
satisfy the following relations:

α∗α + γ∗γ = 1, αα∗ + γ∗γ = 1, γ∗γ = γγ∗, αγ = γα, αγ∗ = γ∗α,

which shows that SU1(2) is commutative. Moreover, due to the universal prop-
erty of SU1(2), it is straightforward to show that SU1(2) ∼= C(SU(2)), the C∗-
algebra of continuous functions on the classical compact group SU(2).

To conclude this appendix, we introduce the representation theory of com-
pact quantum groups, which can be viewed as a dual theory to the representa-
tion theory of compact groups.

Definition B.3 ([47, Definition 1.3.1]). A corepresentation of a compact quantum
group (A, ∆) on a finite-dimensional vector space H is an invertible element U of
B(H)⊗ A such that

(ι ⊗ ∆)(U) = U12U13 ∈ B(H)⊗ A ⊗ A, (B.1)
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where the notation Uij is the leg notation. More precisely, suppose U = u ⊗ a ∈
B(H)⊗ A, then U12 = u ⊗ a ⊗ 1A and U13 = u ⊗ 1A ⊗ a. The corepresentation is
called unitary if H is a Hilbert space and U is unitary.

Remark B.4. Let H be a finite-dimensional vector space with basis {e1, . . . , en}. Sup-
pose {mij : i, j = 1, . . . , n} is the corresponding set of matrix units in B(H), such
that mij(ek) = δjkei, then the condition (B.1) reads as follows,

∆(uij) =
n

∑
k=1

uik ⊗ ukj, for U =
n

∑
i,j=1

mij ⊗ uij ∈ B(H)⊗ A.

Definition B.5. Assume that U ∈ B(HU) ⊗ A and V ∈ B(HV) ⊗ A are finite-
dimensional corepresentations of a compact quantum group (A, ∆). We say a bounded
linear operator T : HU → HV intertwines U and V if

(T ⊗ 1A)U = V(T ⊗ 1A).

We denote by Mor(U, V) the space of such intertwiners.

We say U and V are equivalent if there is an invertible element in Mor(U, V).
For simplicity, we write Mor(U, U) as End(U). A corepresentation U is called
irreducible if End(U) ∼= C.

Similar to the representation theory of compact groups, we conclude this
appendix with Schur’s lemma for corepresentation theory.

Proposition B.6 (Schur’s lemma). Let U and V be irreducible corepresentations of
a compact quantum group (A, ∆). Then, either Mor(U, V) ∼= C, i.e., U is equivalent
to V, or Mor(U, V) = 0.
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Appendix C
Codes

This appendix presents the various codes used in this project.

C.1 Magma codes

It is important to note that all our codes were executed using Magma version
2.28-1 within the Magma Notebook environment in Visual Studio Code.

C.1.1 Some functions in Magma

In this section, we will define two Magma functions we use in this Ph.D. project.

1 Projection := func < Q, v | Solution(A*B,v*B)*A

2 where B is Transpose(A)

3 where A is BasisMatrix(Q) >;

Listing C.1: Projection operator.

C.1.2 Subproduct systems in Magma
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178 Codes

1 V1:= VectorSpace(Rationals () ,3);

2 T2:= TensorProduct(V1 ,V1);

3 B:=Basis(V1);

4

5 // Select the basis of V1

6 e1:=B[1];

7 e2:=B[2];

8 e3:=B[3];

9

10 // Define the Temperley --Lieb vector

11 e13 := TensorProduct(e1, e3);

12 e22 := TensorProduct(e2, e2);

13 e31 := TensorProduct(e3, e1);

14 v := e13 - e22 + e31;

15

16 // Define the determinant

17 Det := sub <T2 | [v]>;

18

19 // Define the second fibre of the subproduct system

20 V2 := OrthogonalComplement(T2, Det);

21

22 // Compute the dimension of V2

23 Dimension(V2);

24

25 // Define the third fibre of the subproduct system

26 V12:= TensorProduct(V1,V2);

27 V21:= TensorProduct(V2,V1);

28 V3:=V12 meet V21;

29 Dimension(V3);

30

31 // Define the fourth fibre of the subproduct system recursively

32 V13:= TensorProduct(V1,V3);

33 V22:= TensorProduct(V2,V2);

34 V31:= TensorProduct(V3,V1);

35 V4:=V13 meet V22 meet V31;

36 Dimension(V4);

37

38 // Compute the image of E1 under the map defined in [2]

39 Im_E1 := OrthogonalComplement(TensorProduct(V2, V1), V3);

40

41 // Compute the image of E1 under the map defined in [17]
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C.1 Magma codes 179

42 B1 := Basis(V1);

43 v11 := TensorProduct(B1[1], v);

44 v12 := TensorProduct(B1[2], v);

45 v13 := TensorProduct(B1[3], v);

46 Imv11 := Projection(TensorProduct(V2, V1), v11);

47 Imv12 := Projection(TensorProduct(V2, V1), v12);

48 Imv13 := Projection(TensorProduct(V2, V1), v13);

49

50 // Define the subspace spanned by the image of E1 under Sergey ’s

map

51 BM1 := Basis(Im_E1);

52 V_sub1 := sub <TensorProduct(V2, V1) | [Imv11 , Imv12 , Imv13]>;

53

54 // Compare the images of two maps

55 Im_E1 eq V_sub1;

Listing C.2: Construction of Temperley–Lieb subproduct systems and their structure
maps.

C.1.3 Computing the Veronese powers of varieties in Magma

In this section, we define a function that computes the Veronese power of a
given coordinate ring. This function helps us verify the generating relations
in the new coordinate ring of the Verones power so that we can analyze the
smoothness of the variety of this new coordinate ring. This shows that our
results extend the boundary of the known results of the Arveson–Douglas con-
jecture.

Before showing the Magma codes, it is worth mentioning that the underly-
ing field in Magma we work with is the rational field Q. Since the computer
is only able to analyze the discrete fields like rational field and finite field, this
limitation forces us to work with the rational field. On the other hand, in the
mathematical experiment, we consider the variety V(I) defined by homoge-
neous polynomials with rational coefficients. Under this setting, if a point p on
a variety V(I) over the rational field is singular, p is also singular over a field
of complex numbers since the rank of the Jacobian matrix on p is independent
of the underlying field.

179



180 Codes

1 function VeroneseIdeal(R, I, k)

2 // Compute the quotient ring Q = R/I

3 Q := quo < R | I >;

4

5 // Compute a Groebner basis for I

6 G := GroebnerBasis(I);

7

8 // Get all monomials of degree k in R

9 mons := MonomialsOfDegree(R, k);

10

11 // Now select only those monomials that are standard

12 // That is, m is standard if its normal form (with respect to G

) equals m.

13 basis := [];

14 for m in mons do

15 if m eq NormalForm(m, G) then

16 Append (~basis , Q!m);

17 end if;

18 end for;

19

20 // Now basis is a genuine vector space basis for Q_k.

21 d := #basis;

22 // Create a new polynomial ring with d variables over the base

field

23 S<[x]> := PolynomialRing(BaseRing(R), d);

24

25 // Define the homomorphism from S to Q mapping each x[i] to

basis[i]

26 f := hom < S -> Q | basis >;

27

28 // Compute the kernel of the homomorphism; this is the ideal of

relations.

29 J := AffineAlgebraMapKernel(f);

30 return S, J;

31 end function;

32 QQ := RationalField ();

33 P<x,y,z> := PolynomialRing(QQ ,3);

34 I:=ideal <P | x^3-z*y^2>;

35

36 // The output 1

37 VeroneseIdeal(P, I, 2);
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C.1 Magma codes 181

38 Polynomial ring of rank 6 over Rational Field

39 Order: Lexicographical

40 Variables: x[1], x[2], x[3], x[4], x[5], x[6]

41 Ideal of Polynomial ring of rank 6 over Rational Field

42 Order: Lexicographical

43 Variables: x[1], x[2], x[3], x[4], x[5], x[6]

44 Homogeneous

45 Basis:

46 [

47 -x[4]*x[6] + x[5]^2,

48 -x[2]*x[6] + x[3]*x[5],

49 -x[2]*x[5] + x[3]*x[4],

50 -x[1]*x[6] + x[3]^2,

51 -x[1]*x[5] + x[2]*x[3],

52 x[1]*x[3] - x[4]*x[6],

53 -x[1]*x[4] + x[2]^2,

54 x[1]*x[2] - x[4]*x[5],

55 x[1]^2 - x[2]*x[5]

56 ]

57

58 // The output 2

59 VeroneseIdeal(P, I, 4);

60

61 Polynomial ring of rank 12 over Rational Field

62 Order: Lexicographical

63 Variables: x[1], x[2], x[3], x[4], x[5], x[6], x[7], x[8], x[9], x

[10], x[11], x[12]

64 Ideal of Polynomial ring of rank 12 over Rational Field

65 Order: Lexicographical

66 Variables: x[1], x[2], x[3], x[4], x[5], x[6], x[7], x[8], x[9], x

[10], x[11], x[12]

67 Homogeneous

68 Basis:

69 [

70 -x[8]*x[12] + x[10]*x[11],

71 -x[2]*x[12] + x[9]*x[11],

72 x[6]*x[11] - x[10]*x[12],

73 -x[4]*x[12] + x[5]*x[11],

74 x[4]*x[11] - x[7]*x[12],

75 -x[1]*x[12] + x[3]*x[11],

76 x[2]*x[11] - x[12]^2 ,
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182 Codes

77 -x[4]*x[12] + x[10]^2 ,

78 -x[7]*x[12] + x[8]*x[10],

79 -x[1]*x[12] + x[7]*x[10],

80 -x[5]*x[12] + x[6]*x[10],

81 -x[3]*x[12] + x[4]*x[10],

82 -x[2]*x[12] + x[3]*x[10],

83 x[2]*x[10] - x[6]*x[12],

84 x[1]*x[10] - x[12]^2 ,

85 -x[6]*x[12] + x[8]*x[9],

86 -x[5]*x[12] + x[7]*x[9],

87 x[1]*x[9] - x[5]*x[10],

88 -x[7]*x[11] + x[8]^2 ,

89 -x[1]*x[11] + x[7]*x[8],

90 -x[4]*x[12] + x[6]*x[8],

91 -x[3]*x[12] + x[5]*x[8],

92 -x[1]*x[12] + x[4]*x[8],

93 x[3]*x[8] - x[12]^2 ,

94 x[2]*x[8] - x[10]*x[12],

95 x[1]*x[8] - x[11]*x[12],

96 x[7]^2 - x[11]*x[12],

97 -x[3]*x[12] + x[6]*x[7],

98 -x[2]*x[12] + x[5]*x[7],

99 x[4]*x[7] - x[12]^2 ,

100 x[3]*x[7] - x[10]*x[12],

101 x[2]*x[7] - x[4]*x[12],

102 x[1]*x[7] - x[8]*x[12],

103 -x[4]*x[9] + x[6]^2,

104 -x[3]*x[9] + x[5]*x[6],

105 x[4]*x[6] - x[5]*x[10],

106 x[3]*x[6] - x[9]*x[12],

107 x[2]*x[6] - x[9]*x[10],

108 x[1]*x[6] - x[2]*x[12],

109 -x[2]*x[9] + x[5]^2,

110 x[4]*x[5] - x[9]*x[12],

111 x[3]*x[5] - x[9]*x[10],

112 x[2]*x[5] - x[4]*x[9],

113 x[1]*x[5] - x[6]*x[12],

114 -x[2]*x[12] + x[4]^2 ,

115 x[3]*x[4] - x[6]*x[12],

116 x[2]*x[4] - x[5]*x[12],

117 x[1]*x[4] - x[10]*x[12],
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C.2 Macaulay2 codes 183

118 x[3]^2 - x[5]*x[12],

119 x[2]*x[3] - x[5]*x[10],

120 x[1]*x[3] - x[4]*x[12],

121 x[2]^2 - x[9]*x[12],

122 x[1]*x[2] - x[3]*x[12],

123 x[1]^2 - x[7]*x[12]

124 ]

Listing C.3: Function of computing Veronese powers and examples.

C.2 Macaulay2 codes

Macaulay2 is a powerful mathematical program that can process computa-
tions in Algebraic Geometry and Commutative Algebras. We shall use the
Macaulay2 to compute the singular points on a variety, which verifies the com-
puted example in the thesis.

VeroneseIdeal = (R, I, k) -> (

-- Compute the quotient ring A = R/I

A := R/I;

-- Generate a basis for the degree k part of R (returns a matrix)

monoms := basis(k, A);

-- n is the number of monomials in degree k

n := numcols monoms;

-- Create a new polynomial ring S with n variables,

-- each given degree k.

S := QQ[w_1..w_n, Degrees => apply(n, i -> k)];

-- Define the map phi: S -> A by sending the i-th variable of S

-- to the i-th basis element (flatten the matrix to a list)
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184 Codes

phi := map(A, S, flatten entries monoms);

-- Compute the kernel of phi (the defining ideal J)

J := kernel phi;

-- Return the new ring S and the ideal J

(S, J)

);

R = QQ[x,y,z];

I1 = ideal(x^3 - z*y^2);

I2 = ideal(x^2 + y^2 + z^2 - 2*x*z);

A = R/I2;

(S, J) = VeroneseIdeal(R, I2, 4)

-- Output of S and J

gens S

gens J

-- Compute the singular points

singularLocus(J)

-- The output is a long list of singular points with

rational coordinates.

C.3 Python codes

As the dimensions of the subproduct systems increase, interpreting the results
becomes challenging due to the large magnitude of the numbers involved. For-
tunately, Python can be used to express these numbers as linear combinations
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C.3 Python codes 185

of basis vectors.
It is important to note that all code was executed using Python version 3.7.2

within the Visual Studio Code environment.

1 import numpy as np

2 import os

3 import re

4 import math

5

6 def printe(input_0 , pow=4, dim=5):

7 #pow = 4

8 #dim = 5

9 #input_0 = "0 1 0 0 0 -1/3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 -1/3 0 0 0 0 0 0 0 0 0 0 0 ... 0". split(’ ’)

10 input_0 = input_0.split(’ ’)

11 num_0 = [round(eval(i), 2) for i in input_0]

12 array_0 = np.array(num_0).reshape ([dim]*pow)

13 non0_0 = np.nonzero(array_0)

14 str_0 = []

15 len_non0 = len(non0_0)

16 for coord in zip(*[ non0_0[i] for i in range(len_non0)]):

17 idx = 0

18 for i in range(len_non0):

19 idx += coord[-i-1]* math.pow(dim , i)

20 #idx = z*1 + y*dim + x*dim*dim + w*dim*dim*dim

21 #print(idx)

22 coef = input_0[int(idx)]

23 s = str(coef)

24 for i in range(len_non0):

25 s += ’e’+str(coord[i]+1)

26 #’e ’+str(w+1)+’e ’+str(x+1)+’e’+str(y+1)+’e’+str(z+1)

27 str_0.append(s)

28 #print(str_0)

29 str_00 = ""

30 for i in range(len(str_0)):

31 s = str_0[i]

32 if s[0] == ’1’ and s[1]== ’e’:

33 s = s[1:]

34 if i!=len(str_0)-1 and str_0[i+1][0] != ’-’:

35 s += ’+’

36 #print(s)
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186 Codes

37 str_00 += s

38 print(str_00)

39

40 #path = "The location where the document is saved"

41 path = "/Users/Sherlock/Desktop/sergey_Basis_V2.txt"

42

43 with open(path , ’r’) as file:

44 content = file.read()

45 content = content.replace(’\n’, ’’)

46 content = content.replace(’[’, ’(’)

47 content = content.replace(’]’, ’)’)

48 #if the out put is obtained in Magma Notebook , the data is in

the form of [...], hence one should replace ’[’ and ’]’ by

’(’ and ’) ’.

49 content = content.replace(’,’, ’’).

50 #if the out put is of small size , the data is connected by ’,’,

which is not required in the program.

51 content = re.sub(r’\s+’, ’ ’, content)

52 content = content.split(’)’)

53 input_list = []

54 for c in content [:-1]:

55 c = re.sub(r’\s*[\() ]\s*’, ’’, c)

56 input_list.append(c)

57 for i in range(len(input_list)):

58 #print(" output {}". format(i))

59 printe(input_list[i], pow=2, dim=5)

60 #pow is the index of the fibre e.g. if we want to transfer vectors

in E_n , then pow = n.

61 #dim is the dimension of E_1.

Listing C.4: Transfer Magma results into linear combination of basis vectors
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