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Chapter 6

Multifractal Formalism from
Large Deviations

Abstract: It has often been observed that the multifractal formalism and the large devi-
ation principles are intimately related. In fact, multifractal formalism was heuristically
derived using the ideas of large deviations. In many cases where multifractal properties
have been rigorously established, the corresponding large deviation results hold as well.
This naturally raises the question of under what conditions the multifractal formalism
can be directly deduced from the corresponding large deviation results.

In this chapter, we take the first steps in establishing a systematic program for de-
riving multifractal formalism directly from large deviations. We consider a sequence
{X,}.en of measurable functions on a metric space (), satisfying a large deviation prin-

Xn(w)

ciple, and consider the level sets K, = {w: lim = a}. Under additional techni-

n—oo
cal conditions, typical in multifractal analysis, we estimate the entropy spectrum of K,

directly from the large deviation rate function associated with the sequence {X,,}, and
demonstrate that many known results in multifractal formalism can be immediately re-
covered within this framework.

This chapter is based on M. Makhmudov, E. Verbitskiy, Q. Xiao, “Multifractal Formalism from
Large Deviations”, arXiv:2402.15642.
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Introduction

6.1 Introduction

The concept of multifractal formalism (MF) was proposed in the 1980’s by Parisi,
Frisch, Hentchel [4,28] in the context of the study of turbulence. It has been sug-
gested that natural local quantities have multiple fluctuation scales. These possi-
ble fluctuations can be described using a singluarity spectrum. The multifractal
formalism states that the singularity spectrum is dual, in the sense of Legendre
transform, to some integral ‘free energy’-type function of the system. The core
idea of multifractal formalism is based on the assumption that a specific proba-
bilistic Large Deviation Principle (LDP) holds for the system.

The first rigorous mathematical results [3}[11,[35,/36] have been obtained in the
late 1980s and early 1990s (Collet, Lebowitz, Riedli, Falconer, Olsen, Pesin), and
since the late 1990’s there was an explosion of research in this area [9,|18}[20-22}
31-34,37,/43]. Multifractal formalism has been rigorously established for very
large classes of dynamical systems and a plethora of local observables. However,
a somewhat curious phenomenon has occurred. Though the original motiva-
tion and the first rigorous results relied rather heavily on probabilistic methods
of Large Deviations, in subsequent works the link to Large Deviations have be-
come somewhat less pronounced. In fact, we are not aware of a single rigorous
multifractal result without an accompanying Large Deviations result. However,
it is also clear that more assumptions are required for the validity of multifractal
formalism than for the validity of Large Deviations Principles. For example, for
multifractal analysis, the phase space must be a metric space, while this is not
really a requirement for Large Deviations.

This brings us to the natural question: assuming that the local quantity of
interest is a pointwise limit of quantities, whose probabilistic behaviour is gov-
erned by Large Deviations, what could be said about the corresponding singular-
ity spectrum and multifractal formalism?

Let us compare two old results, first LDP for Bernoulli random variables, and
second, what we would now call a multifractal result for frequencies of digits in
binary expansions. However, this result precedes the multifractal idea by nearly
50 years.

Theorem 6.1.1 (LDP for coin-tossing). Suppose (X}) are i.i.d. Bernoulli random
1 n
variables withP(X; =0)=P(X;=1)= 3 Set S, = ZX,-, then{S, /n} satisfies LDP
i=1
with the rate function I(p) =log2—H(p), where H(p)=—plogp—(1—p)log(1—p)
if p €[0,1], otherwise H(p) =—00. Namely,

1 S
lim —logP(— €(a,b)|=— inf I(p), Il —co<a<b<oo.
nan}on og (n (a )) pel(rtll,b) (p), fora oo <La [o%)

The above theorem is one of the first Large Deviation results, and it is useful to
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Multifractal Formalism from Large Deviations

compare it with possibly the first multifractal result by Besicovitch [5] and Eggle-
ston [15[] in the 1930s and the 1940s. This multifractal result was, first, proved by
Besicovitch [5]] for N =2 (binary shift), and later, extended by Eggleston [15] for
general N (IV is the cardinality of the alphabet).

Theorem 6.1.2 (Besicovitch-Eggleston). LetQ={0,1}%+ then

15 H(p)
dimH{a)GQ: lirrln;jzz(;a)j:p} =@, Vp €[0,1],

where dimy denotes the Hausdorff dimension.

Itis important to stress that not only rate functions in the above theorems are
related, but in fact, the proofs are also very similar.

Next to the Hausdorff dimension, there is another, but in some sense more
dynamical set characteristic, known as ropological entropy, denoted by h., (0, ),
which is used frequently to analyse non-compact non-invariant sets. However,
in the setting of symbolic dynamics (Q := (0,...,] —1)%*,0), one has hiop(o, Z) =
log! -dimy(Z) for all Z c Q, in particular, hop(0,9) = logl, where o : Q@ — Q
is the left shift map. Using the topological entropy, the previous results can be
summarized as

hiop(0, Kp) = hiop(0, Q) —I(p), Vp R, (6.1)

n—1
where K, :={w€Q: lirrlnSn(a))/n =p} and §,(w):= Ea)i, w e,
i=0

6.1.1 Multifractal analysis of Birkhoff averages of Holder continuous
functions

Most of the first results in the multifractal analysis of dynamical systems can be
reduced to the results in the multifractal analysis of Birkhoff averages of certain
potentials. For simplicity, suppose Q = .¢7%+ is the set of all infinite sequences
w = (wg,w1,...) in a finite alphabet .¢/, equipped with a metric p, generating
the product topology. Denote by o : 2 — Q the left shift on Q2. The topological
pressure of a continuous function ¢ : Q2 — R is defined as

n—1
P@)=lim ~log > [ sup exp(S,0(@)) Supl@)=3 p(o¥w)
k=0

n—oopn —1
(ao,...,an,1 )EA" (,()G[a(;l ]

where [aé’_l] ={weN:w;=a;, i=0,...,n—1}is the cylinder of the length n. Itis
well-known that the pressure function g — P,(¢) := P(q ¢), is convex. Moreover,
by the celebrated result of Ruelle, the pressure function for a Hélder continuous
potential ¢ is real-analytic.
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It turns out that the real-analyticity of the pressure function immediately gives
us the Large Deviations Principle for ergodic averages X, (w) = S, ¢(w). More
specifically, one has the following result{l_-|

Theorem 6.1.3 (Gartner-Ellis). Suppose{X, } is a sequence of real-valued random
variables defined on a common probability space (2, F, m). Assume that for every
q €R, the logarithmic moment generating function, defined as the limit

1 1
A(q)—nhnolo—log]E ed%n = hnolo ;logf e 1% @) (d w)
exists and is finite. Denote by A* the Legendre transform (convex dual) of A, defined
by
A*(@)=sup(aq —A(q)).
geR
Then

(a) for any closed set F C R,

1 1
limsup;logm({weﬂ: . X, (w )GF}) — inf A*(a);

n—00 aeF

(b) if, furthermore A(q) is differentiable on R, for any open set G C R,

n—oo n acG

1 1
liminf —logm ({a) eN: ;Xn(a)) eG }) > —inf A*(a).

In order to apply the Gartner-Ellis theorem to ergodic averages X, (w) =S, ¢ (w
itis necessary to introduce the reference measure m. A good choice Would be the
uniform or the measure of maximal entropy for 2. Namely, let [ =|.¢/| the num-
ber of different letters in alphabet .7, and let m = p* be the product of uniform
measures p on .¢/. Then one immediately concludes that

Ay(g)=Py(q)—logl=P(q¢)—logl.

Therefore, for Hélder continuous functions ¢'’s, the logarithmic moment gener-
ating function A, (q) is also real-analytic, and hence the Gértner-Ellis theorem is
applicable. The so-called large deviations rate function is then

Iyl@)=Aj (a)—sup[qa A(p(q)]—sup[qa P¢(q)+logl]—logl+P*( )-
Note also that h,p(0,2) =log . Hence,

Ip(@) = heop(0, ) + Py(a)

!This is not the most general form of the Gértner-Ellis theorem.
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Multifractal Formalism from Large Deviations

Theorem 6.1.4 ([3]). Suppose )= A% and ¢ : Q — R is Holder continuous. For
a €R, consider the set

Then there exist a, @ € R such that
* foreveryae(a,a), K, # @ and

Pj(a)
logl *

dimy (Ko)= 1~ mf(P (qp)—qa )——%SUP(W Pqg9))=-

* the multifractal spectrum
a— 9y(a):=dimy(K,)

is a real-analytic function of a on (a, a).

Again, if we consider the topological entropy h;.,(0,-) instead of the Haus-
dorff dimension dim(-), taking into account, that h,(0,2) = logl, we obtain
that the large deviations rate function and the topological entropy of level sets of
ergodic averages are related

hiop(0, Ky) = hyop(0, 1) — Iy ().

It was observed in [46], that the result of Theorem can be extended to a
much larger class of dynamical systems and observables ¢ with the key property
being that for every g € R, there is a unique equilibrium state u, for g¢. To
ensure uniqueness, one has to make two types of assumptions: on the map f :
Q — Q and the potential (observable) ¢ : Q@ — R. For example, in [46] it was
assumed that

e the map f : Q — Q is an expansive homeomorphism with specification
property

* the continuous observable ¢ : Q2 — R is in the Bowen class, i.e., for all € > 0,

sup (S, ¢)w)—(S,¢)(w K(e)< oo

dy(w,w)<e
where the supremum is taken over all w, w’ such that

dy( )= max_d(ff(e) fie)<e.
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Under these conditions, the Gartner-Ellis theorem holds for ergodic sums X, (w) =
S, ¢ (w) with a differentiable logarithmic moment generating function A(qg), and
the multifractal spectrum for ergodic averages is given by the Legendre transform
of the pressure function, i.e., for all a € (a, @),

oo f, Ko)=inf( P(q¢)— gt) =P} (a0

Furthermore, the logarithmic moment-generating function A is related to the
pressure function P, by Ag)= P¢(q) —hiop(f,82), g €R.

6.1.2 Multifractal analysis of Birkhoff averages of continuous functions

If one considers simply continuous observables ¢ : Q2 — R, it is no longer true
that there is a unique equilibrium state u, for the potential g¢ for all g € R.
Therefore, a different approach is required.

In the case of symbolic systems (2 = A%, o : Q@ — Q is the left-shift), the first
results were obtained independently by Fan and Feng [18,20]] and Olivier [31,32].
The methods are quite different: Olivier relied on the density of Holder continu-
ous function in the space of all continuous functions. Fan and Feng constructed
the so-called Moran fractal. The approach of Fan and Feng turned out to be very
suitable for generalization to abstract compact spaces. In [48] the following vari-
ational principle for multifractal spectra has been obtained:

Theorem 6.1.5 ([48]). Suppose T : Q2 — ) is a continuous transformation of a com-
pact metric space (90, d) with the specification property and ¢ : Q2 — R is a contin-
uous observable. Then there exist a,ad € R such that for every a € (a, @), K, # @,
and
heop(T, K)= sup {h,(T): f pdu=a},
ueM(Q,T)

where supremum is taken over (2, T) of all T -invariant measures on (0, and
h,(T) is the Kolmogorov-Sinai entropy of .

For such systems, the Large Deviation Principle has been established in 1990
by Young [51]. We will not recall the most general form of the result, but refor-
mulate it in a such form that the relation to the multifractal formalism becomes
apparent immediately.

Theorem 6.1.6 ([51], Theorem 1). Suppose m is a not necessarily invariant Ahlfors-
Bowen reference measure on ). Suppose ¢ : Q2 — R is continuous. Then for all
c €R, one has

1 1
limsup —logm {—Sngo > c} < sup {hﬂ(T):f pdu> c}—htop(T,Q).
n—oo N n UeM(Q,T)
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If, furthermore, T has a specification property, then for all c € R, one has

1 1
liminf—logm {—Sngo > c} > sup {hﬂ(T) : f pdu> c} — hyop( T, S2).
n—oo n n ueM(Q,T)
This result allows us to say, that under the above conditions, the sequence of
random variables {X,,(w) =(S,,¢)(w)} satisfies the Large Deviation Principle with
the rate function

I5(@) = hiop(T,)—  sup {hH(T) : J pdu= a}.
peMQ,T)

As in the cases considered above, combining the results of Theorems [6.1.5/and

one concludes that for topological dynamical systems with specification,

the large deviations rate function I, and the multifractal spectrum é”(p(a) =

hiop(T, K, ) are related by

Ep(a) = hiop(T,2)— Iy ().

In fact, the methods developed by Young are instrumental in the proof of Theo-

rem|6.1.5]in [48].

6.1.3 Multifractal analysis beyond Birkhoff sums

A number of multifractal results have been obtained for the level sets of the form

K, = {co eQ: nli_)rgo %Xn(w) = a},

where X,,’s are not necessarily Birkhoff sums of the form S, ¢, for some ¢. For
example, such non-additive observable arise naturally in the multifractal analy-
sis of pointwise Lyapunov exponents for the products of matrices. Namely, sup-
pose a map M : Q2 — M;(R) is given where M;(R) is the algebra of d x d real
matrices. We can associate to every x € Q2 and n €N, a random variable X,,(x):=
log||M(T" ' x)M(T" 2x)--- M(x)|| provided that || M (T" ' x)M(T" > x)--- M(x)|| #
0, where || - || is a norm on M;(R). Clearly, {X,,}, <y is not an additive sequence if
d>2.

A non-additive sequence of potentials can also be encountered if one con-

siders weighted ergodic sums {S,’ f} of a continuous potential f on the space £,
n—1

ie,S) f:= Z w;foT!, neZ, and w, €R are weights [19]. It is easy to see that
i=0
{S,’ f} is not additive unless all the weights w,,, n € Z, are the same.
Another example of non-additive sequences arises in studying pointwise en-
tropies of probability measures. Suppose u is a fully supported probability mea-
sure on (). For a fixed 0 > 0, define a sequence of random variables as X,,(x) :=

174
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—logu(B,(x,0)), n €N, x €Q, where B,(x,0) ={y €Q: d(Tiy, Tix)< 6, i=
0,....n—1}, n>1.

We shall discuss these and other examples in greater detail in Section[6.7]and
show how our results can be applied in these cases.

6.2 Preliminaries and Notations

In this section, we assume that we are given a compact metric space (2, d) equipped
with a continuous transformation T : Q — Q. We denote by M(Q2), M(, T') the
sets of all Borel probability measures and T -invariant Borel probability measures
on , respectively. For x,y € Q and n € N, the Bowen metric d,, is defined as
dy,(x,y):= 0<ln.1<anx_l d(Tix, Tiy). By B, (x, &) we denote an open ball of radius £ > 0

in the metric d,, centred at x €9, i.e., B,(x,&):={y € Q:d,(x,y)<e}.

6.2.1 Topological Entropy

The notion of topological entropy of non-compact and non-invariant sets has
been introduced by Bowen [7] in 1973. This chapter uses an equivalent definition
of Bowen’s topological entropy given in [41]]. For Z c Q, and all € R, € > 0, and
N €N, let

oo

oo
m(Z,t,e,N) ::inf{z e it 7 ¢ UBni(xi,e), n; > N}. (6.2)

i=1 i=1

By the standard convention, m(#, ¢t,e, N)=0, forall t,e, N. Obviously, m(Z, t,€,N)
does not decrease on IV, thus we can define

m(Z,t,e)::Nlim m(Z,t,e,N).
—00

One can show [41] that m(:, t, €) is an outer measure with properties similar to
those of ¢ -dimensional Hausdorff outer measure. In particular, there exists a crit-
ical value ¢’ € R such that

, +oo, ift'<t,
m(Z,t', €)= e
0, ift">t.
We denote this critical value by hip(T, Z, €). Thus
hiop(T, Z,€)=inf{t eR: m(Z,t,€)=0} =sup{t eR: m(Z, t,€)=+00}.

Furthermore, since h,,(T, Z, €) is monotonic in €, we can define the fopological
entropy of Z by
htop( T,72):= EIL%1+ htop( T,Z,e€).
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It should be stressed that the set Z is not assumed to be compact nor T -invariant.
Finally, by our convention, h,p(T, ()) =—o0, and hiop(T, Z) > 0 for all non-empty
subsets Z C 2. We summarize the basic properties of the topological entropy in
the following remark.

Remark 6.2.1 ([41]). (i) Monotonicity: ifZ, C Z,, thenhyop(T, Z1) < hiop(T, Z5);

(ii) Countable stability: if Z = UZ”’ then hiop(T, Z) = sup hop(T, Z,).
n n

Remark 6.2.2. The notions of topological entropy and Hausdorff dimension coin-
cide if the underlying space Q) is a symbolic space. Suppose 2= {1,2,..., 1} with
integer | > 2, and the metric on(Q is defined as

1
d(x,y)= I where k=min{i >0: x; # y;},

hiop(T, Z

6.2.2 Local (pointwise) entropies

Consider a Borel probability measure u on the metric space (£2, d), and define
the lower and upper pointwise entropies of u at x €Q as

QM(T, x):= £ii%linrg<i>r.}f—% logu(B,(x, €)), EM(T, Xx):= lg%liﬂgp—% logu(B,(x, €)).

Note that the limit in ¢ exists due to the monotonicity. Feng and Huang [26]
extended the notion of measure-theoretic entropy to non-invariant measures
by motivating the result of Brin and Katok. In fact, for a probability measure
u € (), Feng and Huang [26] defined the upper and lower measure-theoretic
entropies of u relative to the transformation T by

QM(T) = f Eu(T, x)u(dx)and h,(T):= f h, (T, x)u(d x).
Q Q
Note that the above formulas are consistent with the classical notion of measure-
theoretic entropy due to the Brin-Katok theorem [8]. In fact, if u € .# (2, T), then
h H(T) = EH(T) = h,(T), where h,(T) is the measure-theoretic entropy of u with
respect to T. In [26], the authors also extended the classical variational principle
to the non-invariant setting. More precisely, they showed for a compact, but not

necessarily invariant set K € (2 that
hiop(T, K)=sup{h (T): p€ A (), u(K)=1}. (6.3)

The next theorem is a dynamical analogue of the mass distribution principle
and is very useful for the estimation of topological entropies of various sets.
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Theorem 6.2.3 ([30]). Letu be a Borel probability measure onQ, and E be a Borel
subset of Q.

(1) Ifﬁu(T,x)s t for some t<oo and all x € E, then hyop(T,E)< 1.

) If u(E)>0, and QM(T,x)Z t for some t>0 and all x € E, then
Riop(T, E) > t.

6.2.3 Ahlfors-Bowen measures

Definition 6.2.4. We say that a not necessarily invariant Borel probability measure
m on $) is Ahlfors-Bowen if there exists h > 0 such that for every € > 0 there exists
a finite positive constant, D(€) such that for everyn > 1 and all w €2, one has

1

me—”” < m(B,(w,€)) < D(e)e " (6.4)

It is easy to see from the definition that an Ahlfors-Bowen measure has a very
simple spectrum of local entropies. More specifically, h,,(T, w):= h for all w €.
Furthermore, one has the following simple lemma for the constant h.

Lemma6.2.5. Suppose m is Ahlfors-Bowen measurefor T on(l, then h = hiop(T,2).

Proof. Since m is an Ahlfors-Bowen measure, for any w € €2, one has h,,(T, w) =
h. Therefore, by Theorem|6.2.3, we immediately conclude that hop(7,2)=h. O

6.2.4 Conditions on the underlying transformation

In applications, topological dynamical systems (TDS) usually have some sort
of expansivity and mixing properties. Therefore, there is a vast amount of lit-
erature devoted to studying dynamical systems with these properties. We also
impose expansivity and mixing properties on our underlying transformation to
prove some of our results.

Definition 6.2.6. A continuous transformation T : Q2 — Q is called expansive if
there exists a constant p > 0 such that if

d(T"(x), T"(y)) < p for all non-negative integer n, then x =y.
The maximal p with such a property is called the expansive constant.

A slightly stronger version of topological mixingis topological exactness. Topo-
logical exactness of the transformation T is that for every € > 0 and x € Q there is
N := N(x,€) €N such that TV (B(x,€)) = . Basically, by using the compactness
of the underlying space (2, one can uniformise the constant N with x € Q. A rela-
tively stronger version of topological exactness which we call strong topological
exactness also gives uniform control over the Bowen balls of the transformation.
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Definition 6.2.7. We call a continuous transformation T : Q2 —  strongly topo-
logically exact if for any € > 0 there is a natural number M, € N such that for all
neNandx e,

T"™M\(B,(x,€))=A. (6.5)

Note that topologically mixing subshifts of finite type are strongly topologi-
cally exact. Walters ([50]) showed that an expansive, strongly topologically exact
transformation has a weak form of the specification property, namely, one has
the following theorem:

Theorem 6.2.8 ([50]). Let T : 2 — Q be an expansive strongly topologically exact
transformation, then T satisfies the weak specification condition, i.e., for any € >0
there exists a natural number M, € N such that for all x, x" € Q and every n,, n, €
N, thereexists w € Qwithd(T'w, T'x)< e,0< i <ny—landd(T™ Mt yw, TIx") <
€, 0 < j < ny—1. Note that the latter condition is equivalent to the following: for
every € > 0 there exists an integer M, > 0 such that for all x, x’ € Q and n,, n, €N,
one has

By, (x,e)n T~ *M)(B, (x/,€)) # 0. (6.6)

Remark 6.2.9. If T : Q — Q is an expansive homeomorphism with weak spec-
ification property, then the measure of maximal entropy for T is Ahlfors-Bowen
[50, Theorem 4.6].

6.2.5 Class of random variables

We say that the sequence {X,,},; of real-valued random variables (observables)
on 2 is subadditive if for every m,n > 1,

Xpom <X, +X,,0T".

We call a sequence {X,,},,>; of random variables on Q2 weakly almost additive (or
simply, almost additive), if there are non-negative constants A,, = o(n) such that
forall x eQand n,meN,

|Xn+m(x)_Xn(x)_Xm(Tnx)|SAn- (67)

Recently, Cuneo [12, Theorem 1.2] showed that weakly almost additive sequences
of continuous functions can be approximated uniformly by Birkhoff’s sums of
continuous functions.

For a function H : Q2 - R and n €N, ¢ > 0, we denote the (n, §)-variation of

the function H by v, s(H):= sup |H(y)—H(z)|.
d,(y,z)<é
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Definition 6.2.10. A sequence{X,} of random variables on ) satisfies the Bowen

condition, if there exists 6 > 0 such that sup v, 5(X,) < +00. We say that the se-
neN

quence {X,} satisfies the weak Bowen condition if there exists 0 > 0 such that
Uy 5(X
lim Zno&n) _ o 6.8)
n—oo n

It should be mentioned that the continuity of the random variables X,,, n > 1,
is not assumed in the definition of the weak Bowen condition, and neither the
Bowen condition nor the weak Bowen condition implies the continuity of each
individual random variable X,,. However, if a sequence of functions { X, } satisfies
the weak Bowen condition, then each function X,, is bounded. Indeed, since 2 is
compact, for every n, there exists a finite cover { B,(w;, 0 /2)};, and the observable
X, is a bounded function on each ball B,,(w;,6/2) in the cover.

Remark 6.2.11. One can observe that if T is expansive, then the sequence of er-
godic sums of any continuous potential ) : Q2 — R satisfies weak Bowen’s condi-

n—1 n
tion. Namely, if X, = S,i) =le oT!, then Up5(Xp) < 2 v; 5(y), and thus
i=0 i=1
v, 5(X Ty
lim n,5( n) < lim Zl—l 1,5(110) -0
n—oo n n—oo n

by Stolz-Cesaro’s theorem, since ) : {2 — R is continuous and hence lirgo Uns()=
n—
0, where positive number o is smaller than the expansive constant of T .

6.3 Large Deviations

6.3.1 Some concepts from convex analysis

In this section, we consider functions with values in R := RU {0c0}. A convex
function ¢ : R — R is called a proper convex function if ¢(¢) > —oo for all t € R
and ¢ # +00. The essential domain of the convex function ¢ is dom(¢):= {t €
R: ¢(t) < +00}. Note that dom(¢) C R is a convex set.

Suppose ¢ : R — (—00,+00] is a proper convex function and assume that ¢
is finite at some ¢ € R. A real number ¢* is a subgradient of ¢ at ¢ if for all s € R,
@ (t)+1t*(s—t) < ¢(s)holds. Denote the set 0{2311 su‘t()grad)ients of(q) at g by 3( ¢;(z‘).

) Po(t)—p(t—s) . . P(t+s)—(t

It is easy to check that d¢(¢) = Rﬂ[sslig . , ggg . ] =
Rﬂ[qb’_(t), ¢’ (1)), where ¢’ (1), ¢’ (¢) €R are left and right derivatives of ¢ at .
We define the domain of the multivalued mapping d ¢ : t edom(¢)— d¢(t) CR
by dom(0 ¢) := {t € dom(¢): d ¢(t) # 0}. Note that in general, dom(Jd ¢) is not a
convex set.
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Definition 6.3.1. A proper convex function ¢ :R — R is called essentially strictly
convex if ¢ is strictly convex on every convex subset of dom(d ¢ ). Note that a convex
function ¢ is called strictly convex in a convex set D C R, if for every t1, t, € D with
Hh#tandAe(0,1), p(At; +(1—A)t) < Ap(t)+ (1 —A)p (1)

It is a well-known fact that finite convex functions are very close to differen-
tiable functions. However, if it comes to extended convex functions, then one
needs to be more careful about the essential domain of the function.

Definition 6.3.2. A proper convex function ¢ : R — R is essentially smooth if it
satisfies the following conditions:

(@) dom(¢)° #0, where A° denotes the interior of a set A;
(b) ¢ is differentiable on dom(¢)°;

(c) ¢ issteep, namely, nlirgo |¢> (tn)| = 0o whenever{t,} is a sequence in dom(¢ )’
converging to a boundary point of dom(¢)°.

An extended, not necessarily convex, function ¢ : R — R is lower semicon-
tinuous if for all A e R, {t e R: ¢(¢) < A} is a closed subset of R. Equivalently,
a function ¢ is lower semicontinuous if and only if li){nixnf P(x) = ¢(xp) for all

—Xo

Xy € R. Note that a lower semicontinuous function achieves its minimum in any
compact set.

The following theorem shows that essentially strictly convex and essentially
smooth convex functions are intimately related in terms of the Legendre trans-
form.

Theorem 6.3.3 ([45]). A lower semicontinuous proper convex function ¢ is es-

sentially strictly convex if and only if its Legendre transform, ¢*(t) := sup{tq —
qgeR
¢(q)}, t €R, is essentially smooth.

6.3.2 Large deviations

Definition 6.3.4. An extended function I : R — [0,+00] is called a large devia-
tions rate function (or simply a rate function) if it is lower semicontinuous. A rate
function I is called good if the sub-level sets, {t : I(t) < A} C R are compact for all
A€R. For E CR, I(E) abbreviates ;gbf I(t)ie,I(E):= tigl(t).

Note that a good rate function achieves its minimum in any closed set.

Suppose (2, #, u) is a probability space and X, : 2 — R, n > 1, are random
variables.
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1
Definition 6.3.5. The sequence of random variables {;X n} 137 satisfies the large
deviations principle (LDP) with a rate function I if for all Borel sets E CR,
Xn(w)

n

<limsup llog,u({a) : @ € E}) <—I(E),

n—oo N

—I(E%) snnnl(i)gf%logu({w: cE})<

where E, E° denote the closure and the interior of E, respectively.

One of the most convenient ways to establish the validity of the LDP is pro-
vided by the Gértner-Ellis theorem which we have stated in a partial case in Theo-
rem Denote the normalised log-moment generating function of X,, by ¢,
ie,forreR

1
¢n(t):= ;logf eXndy.
Q
Note that ¢,, may take value +0c0. Define the log-moment generating function of
the sequence X :={X,,} by ¢ x(¢) :=limsup ¢,(t), t € R. Then the Gértner-Ellis

n—oo
theorem states that if for all r € R, the limit, lim ¢,(¢) exists and is finite, and
n—.0oo

1
the log-moment generating function ¢y is essentially smooth, then {—X,},cn
n

satisfies the LDP with a good rate function Iy := ¢%. An inverse statement to
this in some sense is the celebrated Varadhan’s lemma, which we reformulate
slightly for our purposes below. One can find a general version of the theorem in
[14} Theorem 4.3.1].

1
Theorem 6.3.6 ([14])). Suppose that {EX" }1°7 satisfies the LDP with a good rate

function I : R — [0, 00], and

1
limsup;logf e ndy=¢x(t)<oo
Q

n—0

1
hold for all t €R. Then the limitlirr(l) - logE, [e'*"] exists and
n—!

1
¢X(t):lim—logf etX"d,u:sup{tq—I(q)}=I*(t), forall t eR.
n—0n 0 geR

Sometimes, a weak version of LDP is more convenient for purposes, since it
is easier to establish than the full LDP.

Definition 6.3.7. Let (2, Z,u) be a probability space and X,, : Q@ = R, n >1 be

1
random variables. The sequence {—X,,},cn satisfies the weak Large Deviation
Principle (weak LDP) with a rate function I if
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1) forall compact set F C R,

1 1
limsupglog,u({EXn € F}) <—=I(F),

n—oo

2) forallopensetG CR,
li 'fll 1X Gt |>—I(G
minf logy({ X, €G})=-1(G)

Note that the only difference between LDP and weak LDP is in the upper large
deviation bound.

As one can see in the Géartner-Ellis theorem, the LDP upper bound requires
fewer conditions than the lower bound. However, one still needs to make rather
mild assumptions (for example, the existence of the limit log-moment generat-
ing function as in Theorem|6.1.3) to obtain the upper bound. Nevertheless, one
can establish the upper weak large deviation bound without any additional as-
sumption about the sequence as the following folklore theorem states.

Theorem 6.3.8. Let{X,,} bea sequence of random variables on a probability space
1
(2, Z,u). Then the sequence {ZXn}neN satisfies the weak large deviations upper
bound with the rate function Ix = ¢%,, i.e., for any compact set F € R, the follow-
ing holds
I L ({1)( eF})< Iy(F) 6.9)
imsup —lo — — . .
P10 7, 4n S—Ix

n—oo

6.4 Main results

The main goal of this chapter is to obtain the Multifractal spectra for the sequence

1
{—X n } under the assumption that the sequence satisfies LDP. As a byproduct, we
n

also obtain a formula that relates the entropy spectra with the LDP rate function.
Although we assume in our theorems that the reference measure satisfies the
Ahlfors-Bowen condition, one should be able to generalise the results to a multi-
fractal measure 7 with the smooth multifractal spectrum, i.e. @ — hyop(T, E,) is a
smooth function, where E, :={w: h (w)=a}.

Assume that the ambient space (€, d) is compact, and we have a continuous
transformation T : 2 — Q with finite topological entropy, i.e., hop(T,82) < 00. Itis
also assumed that a sequence X :={X,,} ofrandom variables on 2 and a reference
measure v € /() satisfying Ahlfors-Bowen condition with the parameter i =
hiop(T,€2) are given. It should be stressed that we are not assuming {X,, : n € N}
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are continuous functions, and vy is T -invariant. We denote, for a € R, the a-level

1
set of the sequence {;Xn} by

1
K, ={xeQ: lim —X,(x)=a},
n—oo g

and the domain of the multifractal spectrum by £y :={a € R : K,, # }. We shall
study the entropy spectrum &x(a) := hop(T, K,). In the statements of our theo-
rems, we shall assume some of the following main conditions:

(A1) The sequence {X,}, satisfies the weak Bowen condition;
(A2) The sequence {X,}, is weakly almost additive;

(A3) T :Q2—is an expansive strongly topologically exact transformation.

We now present our first main result that estimates the entropy spectrum & from
above in terms of the LDP rate function.

1
Theorem 6.A. Assume (Al), and the sequence {;X n} satisfies the weak large de-

viations upper bound with a rate function Iy : R — [0,4+00], i.e. for all compact
F cR one has

1 1
limsup — log »{ = X, € F} <—Ix(F). (6.10)
n n

n—oo

Then for alla € £, one has

Ex () < hiop(T, Q) — Ix (). (6.11)

1

Let ¢ ,(q) = —logE,e? " and ¢ x :=limsup ¢, be the log and log-limit moment-
n n—0o0

generating functions of the random variable X,,, respectively. Notice that the

moment-generating functions ¢, exist and are finite for all n € N since the ob-
servables X, are bounded functions by the weak Bowen condition. The next re-
sult estimates the spectrum &y from above in terms of the log-moment generat-
ing function ¢ x of X.

Theorem 5.B. Assume (Al), then foralla € £x
Ex(@) < hiop(T, ) — 9% (), (6.12)
where ¢ is the Legendre-Fenchel transform of ¢ x .

Remark 6.4.1. If one drops the condition (Al) in the above theorems, then the
statements of the theorems will be false. Assume Q := {0,1}%+, T : Q — Q is the
left shift transformation, x € Q) and k € R\ {1}. Set X,,(w):=n ifw; = x;, i =
0,1,...,n*—1, and X, () := kn otherwise. Then ¢ x(q) =k q for every q € R, hence
by Theorem the sequence {X,},cn satisfies LDP with a good rate function
¢ - However, one has hyop(T, Ky) = 0> hyop(T,2)— ¢y (1) =log2 — 00 =—00.
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Remark 6.4.2. We should note that one can prove the same statements as in The-
orem|6.A and Theorem|5.B with the following condition which is slightly weaker
than the weak Bowen condition: there exists 0 > 0 such that

v, s5(X
liminf—”'5( n) =0.
n—oo n

One might expect equality in Theorem [6.Aland Theorem but it is easy
to show by examples that the conditions of these theorems are “too general" to
prove such equality. The subsequent theorem provides sufficient conditions for
the equality to hold in Theorem[6.A]and Theorem[5.B]

1
Theorem 6.C. Assume the conditions (Al), (A2) and (A3). Ifthe sequence { —X, } N
n

satisfies LDP with an essentially strictly convex good rate function Iy, then one has
the following:

(i) There exists extended real numbers —oo < o < @ < +00 such that (a,a) C
"%X - [Q) a]

(i) Ex(@)= hyop(T,2)— Ix(a) holds for all a € (¢, a).

Finally, it is well-known that a result of multifractal formalism for random
variables can be generalized straightforwardly to random vectors (see [48]). In

i
particular, one can directly extend the above theorems to sequences { X ,,},,cy of

random vectors X » - 2 — R? with straightforward modification of the conditions
(A1)-(A3).

6.5 Proofsof Theorem@ and Theorem|5.B: Upper bounds

In the proofs of our theorems, we frequently use the Vitali covering lemma in the
following form.

Lemma 6.5.1 (Vitali coveringlemma). Let (=, d) be a metric space, and suppose §
is a non-empty finite collection of balls. Then there exists a disjoint subcollection
§ C &, such that U BcC U 3B’, where 3B’ denotes a ball with the same centre

BEy  BEy

as the ball B', but with three times the radius of B'.

Proof of Theorem[6.A First, we will show for any a € £y := {a € R: K, # 0} that
Ix(a) < h, (6.13)

where h = hop(T,9) (c.f. Lemma. This, in particular, implies that £y C

dom(Ix).
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Fix any decreasing sequence {0,,} of positive numbers such that §,, — 0 as
m — o0. For a € £y set

1
K™ ={weQ:-5, < an(w)—a <8} and Z, ;= ﬂ. Kk, ﬂKa. (6.14)

,m
nzj

Then for every m €N, one has K, = UZm,j .

We prove by assuming the]contradiction. Suppose that Iy(a) > h for
some a € Lx. Then there is A > 0 such that h < A < Ix(a). Take 6 > 0, and
consider the closed interval [a — 0, a + 6]. Since Ix is a lower semi-continuous
function, Iy attains its minimum on[a@—6,a+0]at some point a5 € [a—06,a+6],
ie, Ix(as) = Ix([a— 6,a + 6]). Thus for all 6 > 0, Ix(as) < Ix(a), therefore,

limsup Ix(as) < Ix(a). But on the other hand, lirﬁniglflx(ag) > Ix(a) since Ix
50 -
is lower semi-continuous and az — a as 6 — 0. Thus one can conclude that

(1$in(1) Ix([a—6,a+ 0]) = Ix(a), therefore, there exists 6 > 0 such that Ix([a—0,a+
0])> A. Take any € > 0, and fix it. Then since {X,,} satisfies the weak Bowen con-

(X)

v o
dition, there exists N, € N such that L 5 for all n > N,. Furthermore,
n

since 6 ,,, — 0, there is m* € Nwith §,,,. < 6/2. Finally, since UZm*’f =K, #0and

i
{Z+j}; is an ascending chain of the sets, there exists z € K, and j* € N such that

forall j > j*, z € Z,,. j. Thus, for all N > j*, one can readily check that

UN,e(XN)

. 1 UN,e(XN)
By(z,€)c{weQ: ~Xn(w)e (@=8me— ,a+6m*+T)}. (6.15)

Therefore, for every N > max{j*, N;} one has
1
By(z,€)C {NXN ela—5,a+5]}. (6.16)

Since v is an Ahlfors-Bowen measure, for every N > max{j*, Ny} one obtains

1 1 1 log D(€)
~log V{NXN cla—6,a+6]}> ~logWBy(z, €)= —h——"2 (6.17)

Then (6.10) leads

1 1
—h Slimsupﬁlogv{ﬁXNe[a—5,a+5]} <—Ix([a—06,a+06])<—A.

N—o00o

But this is a contradiction to & < A, therefore, Ix(a) < h for every a € L.
Now we prove the inequality (6.11). Let {6,,} and Z,, ; be as above. Take any
a € %x and € > 0. Since Ix is alower semi-continuous function, (lsirr(l) Ix(la—0,a+
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0]) = Ix(a) for all a € R. Since Ix(a) < +o0o for a € ¥y, for arbitrary o > 0, there
exists m’ €N, and 6’ > 0 such that, for all m > m’ and 6§ < §’

Ix(a—=8,,—8;a+8,,+06])—Ix(a)| <o.

Up,e(X v (X
Again lim VnelXn) 0, choose sufficiently large N, € N such that VnelXn) <&

for all n > N;. From (6.10) one can choose N, € N such that for all n > N,

v{lX,, e [a—5m,—6’,a+5m1+6’]} < N Ix(0=8 8048, +5'1140) < pi—Ix(e)+20),

" (6.18)
Now take any j € N with Z,,, ; # 0, and for all N > max{j, N}, N>} consider the
cover {By(z,€/3)};cz,, . of Z,, ;. Clearly, it also covers Z m,j» therefore, by com-
pactness, there is a ﬁmte subcover {Bn(zi,€/3)}; of Zpy Then by Vitali covering
lemma (Lemma“ 6.5.1) there exists a disjoint subcollectlon {Bn(z;,,€/3)}x such
that Z,,, ; C U; By(z;,€/3) C UgBn(z,,€). Therefore, without loss of generality,
one can assume that there is a finite disjoint collection Zy := {By(z;,€/3)} ¢ Lo

of the balls such that Z,,, ; C U Bn(z;,€). Since z; € Z, j, one can easily check
for every i that i
By (z;,€) C {w GQ:%XN(w)E((z—6m,—w,a+5m/+WH.
Thus by the choice of N, for all i,
By(z;,€)C {%XN ela—8m—8,a+8,,+5)},

and hence

UBN zi,€)C {1xNe(a B — 0,0+ 8, +8)}.

Since Ay = {By(z;,€/3)} is a disjoint collection of the balls, one can easily get
the following from the above

> WByl(z:,€/3)) < v({%XN €(a—8,—8,a+8,+5})

i
Thus it follows from (6.18) that

Z V(By(z;,€/3)) < e NIx(a)+20).
i

Since v is an Ahlfors-Bowen measure, we can thus conclude that

#By < D(e/3)eN " Ix(@+29),
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Since {By(z;, €)}; is a cover of Z,,,/ ;, one can immediately obtain from that
M(Zyy jrt,6,N)<#By-e N,
Then by combining the last two inequalities, one gets
M(Zy j, 1, €,N) < D(g/3)e N I(@)20), (6.19)

Notice that o is not chosen yet, therefore, if + > h — Ix(a) then one can choose

t—h+1I
o in the interval (0, —Xm)) Let t > h — Ix(a) be any number. Then one

can obtain from that hop(T, Zyy,j,€) < t, and notice that this inequality
holds for any € > 0 and for all large j € N. Therefore, hiop(T,Zyy ;) < t for all
sufficiently large j, thus by the countable stability of the topological entropy, we
can get hyop(T, Ky) < t since {Z,,/ ;}; T K. Thus we can obtain the desired result
since t is chosen arbitrarily in (h — Ix(a), 00). O

Proof of Theorem[5.B, One canreadily check that ¢} is an extended convexlower-
semi-continuous function on R. Indeed, the lower semi-continuity of ¢} follows
from the fact that it is the superior envelope of the family {u, : t € R} of extended
continuous functions @ € R -5 at — Q(t) R. Furthermore, since ¢x(0)=0,
one has ¢ > 0. Thus ¢% is a rate function in the sense of Definition[6.3.4} By
Theorem|6.3.8} one has the weak large deviations upper bound for the sequence

1
{;Xn} with the rate function ¢%, i.e., for all compact F € R, one has the follow-
ing

1 1
limsup — log v{ﬁxn eF} <—inf(g}) = —9x(F). (6.20)

n—oo
Thus one can immediately obtain the statement of the theorem from Theorem
6.A]
O

6.6 Proof of Theorem IE Lower bound

The goal of this section is to prove Theorem For any real number g and a
natural number n denote

%,(q) :=f ed%ndy.
Q

We will employ the Large Deviations technique. Namely, for every g, by using
Cramer’s exponential tilting method, we will construct a measure u, (Lemma
6.6.3) such that for every w €, n €N

ean(w)

Zn(q)

Uqg(By(w,€)) < Y(By(w,€))x K(n,q,€), (6.21)
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where the uniform ‘correction’ factor K(n, g, €) > 0 is subexponential in 7.
Once (6.21) is established, we immediately obtain that for all w €2, one has

qX,(w)

1 1 1
- loguq(B,(w, €)= — + - log %,(q)— - log (B, (w, €))+ o(1).

Therefore, for w € K, we then conclude
T 1
ﬁﬂq(T, w)= %Tghnnlggf—z loguy(By(w, €)= hyop(T, Q) —qa+ ¢x(q). (6.22)

Furthermore, for a given a, we will 1dent1fy q such that u,(K,) =1 (Lemma
- As usual, g = q, is such that a = ¢’(g,). Therefore, by the entropy distri-
bution principle (Theorem|[6.2.3), we can conclude that

heop(T) Ko) =~ + ¢ x(Ga) + Meop( T, 2) = heop(T, Q)= ¢4 (@) = (T, 2) — Ix ().

(6.23)
After combining this with the upper bound, we obtain the claim of Theorem[6.C|
Now, let us turn to the rigorous proof.

6.6.1 A fundamental inequality

In this subsection, we shall establish a compound inequality for the dynamical
systems which is introduced in Subsection[6.2.4] Recall that for any € > 0 there
exists M; (e) € N such that for all x € Q and every n €N, T"™1(B,(x, €))=Q since
T is strongly topologically exact transformation, and there exists M,(€) € N such
that for all x, x’ € Q and every ny, n, €N, By, (x,€)N T_(”1+M2)(Bn2(x’ €))# since
T has the weak specification property (c.f. equations (6.5) and (6.6)). Let M, (e)
and M,(€e) be the smallest integers satisfying these propertles respectively. For
€>0,let

M(€e) := max{M,(€), M,(e/2)}. (6.24)

If no confusion arises, we just use M for M(€) without stressing its dependence
on €. One has the following lemma for the expansive dynamical systems with
certain mixing properties.

Lemma 6.6.1. For any sufficiently small e, there exists a positive constant C,(€)
such that forany n eN all x € Q and for any measurable function Y : 2 — [0,400)
one has

—1
Gi(e) J Yo TM g o(y) < de < ae@ f YoT"Mdy.
WBa(X,8) |5 ey 0 NBn(X,€)) ) g, x.e

Proof. We assume that T is expansive. Let p,,, denote the expansivity con-
stant of T. Consider € € (0,p.x,/2), n € N, x € Q and a measurable function
Y :Q2—[0,+00). Let v, , be the conditional probability measure on B,(x, €), i.e.,
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n(A)
W Bn(x,€))
T~ ("+M) then T x,n is always a probability measure on Q2 since T"M(B, (x,€))=.
Note that v, , and 7, , also depend on ¢, but we omit this to avoid cumbersome
notations in our subsequent expressions. It is easy to check that

_; n+M
fg Y(2)d7T, n(2)= W B.(x.8) an(xyg) Y(T z)d v(z). (6.25)

Therefore, the claim of the lemma is equivalent to showing the existence of a con-
stant C;(e)> 0 independent of n and x such that

Vin(A) = VA|B,(x,€)) = for aBorel set AC B,(x,€). Set T, , := vy 0

Cl(e)_lf Y()/)de,n(J/)Sf Y(J’)dV(J/)SQ(E)J Y(y)dtya(y).  (6.26)
0 0 0

We now present the proof of this statement in three steps.
Step 1: We start by showing that there exists a constant C,(€) > 0, dependent
only on €, such that for every k e Nand y €1,

Tx,n(Bk(y’ 6))
Y(Bi(y,€))

Consider arbitrary k €N, y € (). By the choice of M := M(¢€), we have

Cyle) ! < < Gy(e). (6.27)

T-"MIB (y,e/2)N B, (x,£/2) #0.
Then for any z € T "M B, (y,£/2)N B,(x,£/2), one has
Buinsk(2,€/2)C T MBy(y, )N By(x, €).
Since v is an Ahlfors-Bowen measure (c.f. ), we can get

D(e/2) e MR < (B rik(2,€/2) < W(T " MIBL(y,6)N B, (x,€)). (6.28)

Hence

WT~"MIB(y,)N B, (x, ¢))
Txn(Bi(y, €)= 2B, (x.8))
D(e/2) e~ (n+M+k)h (6.29)
D(e)e—nh
> D(e/2) ' D(e)2e ™M y(Bi(y, €)).

In order to get an upper bound in 1| set B’ := T_(”+M)Bk(y, €)NB,(x,€). Then
since {B,,.y+k(z,2€): z € B’} is a cover of B/, by the the compactness of Q and
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the Vitali covering lemma (Lemmal6.5.1), there exists a finite disjoint subcollec-
tion 9 :={By s ar+k(2i,2€)} ;,ep such that { By, y11k(2;,6€)},,ep covers B'. Denote
S ={T"z; : Byiym+r(2i,2€) € 9}. Because of the disjointness of ¢ and by the
definition of B’, it is easy to check that . =% and . is a (M, 2€)-separated set.
Therefore, if we denote the cardinality of a maximal (M, 2¢€)-separated set in Q2 by
s(M, 2€), then it is clear that ¢ = .7 < s(M, 2¢). From these and (6.4), it follows
that

WB') < Z WByinrsx(zi,6€)) < D(6€)s(M, 2€)e rM+k)h (6.30)

This bound then implies

WB’) < D(6€)s(M,2€)e(n+M+k)h
WBp(x,€)) ~ D(e)le—nh (6.31)
D(6€)D(€)*s(M, 2€) By (y, €)).

Combining (6.29), (6.31), the constant

Cy(€):=max{D(¢/2)D(e)>eM" D(6€)D(e)*s(M,2¢)}

Tx,n(Bk(y» 6)) =

satisfies the inequality (6.27).
Step 2: In this step, we shall prove l for continuous non-negative func-
tions: namely, if the constant C;(€) €)D(2€)D(€) and y € C(2,R,), then

fzpmxn dew Cl(e)J YdTyp. (6.32)

Consider an arbitrary N € N and let Ey be a maximal (N, 2¢)-separated set in
Q. Thus {By(x,2€): x € Ex} is a cover of Q and {By(x, €) : x € Ey} are pairwise
disjoint. By successively applying and to these collections of the balls,
one can obtain

-
f YdTye, > Cole) ' D2e) ' D(e) | Ydr—Cole) " (un 26 (Y)+D(2€)D(€) vy ().
Q

Jo
(6.33)
Since vy 26(Y) — 0,vn(y) — 0as N — oo (c.f. Remark|6.2.11), one obtains
[

Ydry, > Cy(e)'D2e) ' D(e)! 1 d v. The opposite inequality is proved in

0 JQ
exactly the same way.

Step 3: Now, let Y be any bounded non-negative measurable function on .

By Lusin’s theorem and Tietz’s extension theorem ([17]), one can approximate Y

by non-negative continuous functions ;. : @ = R, k € Nsuchthat | Y dv—
Q
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Ydvand | ¢rdt,, —»f Ydr, , as k — oco. Hence it can be obtained from
Q

Q
(6.32) that

Ci(e)” fydr” Jde<C1( )f Ydr, ,. (6.34)
Q Q Q

Now we conclude from (6.34). Consider a non-negative measurable
function Y on €2, and let Yy := Y - 1y<y for N € N. Then Y} is a bounded non-
negative function, and {Yy} converges monotonically to Y as N — oo. There—
fore, by the monotone convergence theorem and from (6.34), one gets (6.26}

6.6.2 A “tilted" measure and its relationship with the reference mea-
sure

For any real number g € R and a natural number n € N, define a probability
measure {4, , by Cramer’s tilting method as

d ean d ean d
Bt g e T 2

For any g € R, consider the sequence {u, 4},>1 of probability measures. Since
() is a compact set in weak® topology, there is a convergent subsequence
{‘uNj,q} j» and we denote the weak*—limit of this subsequence by p,. In this sub-
section, we shall establish an important relation (c.f. Lemma[6.6.3) between
and v under the conditions of Theorem[6.C| First, we prove an important lemma.

Lemma 6.6.2. Foralln € N, q € R, there exists a positive constant Cy(n, q) with

log Cy(n,
lim Og4—(nq):03uch that for any m €N,
n—00 n
— fgn+M+m(q)
n, —_C n, (6.35)
Cy(n,q)™! %)% (@) 4(n, q),

where M €N is as in ([6.24).

Proof. Fix a sufficiently small €. Consider n, m €N, g € R. Note that by the weak
Bowen condition, each X}, is a bounded function. In what follows, || X|| denotes
the supremum norm of a function X;. Since the sequence X is almost additive,
one has

Y imam(q) = f e 1 Xntm+m(y dV(y)<e|q|(A +AM+||XM||)f e9%n(¥) g4 Xm(T dv(y).
Q

(6.36)
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Let E be a maximal (n, €)-separated set in 2. Then one has that U B,(x,e)=0Q

x€E
and {B,(x,€/2)} < is a disjoint collection of Bowen balls. Therefore,

J 2 4%Xn(¥) g Xm( (Tn+M dv(y) ZJ e dXn(¥) gdXm (T"+M y) dv(y)
Q x€E J By(

n+M
Selq‘yne Zeqxn J eqX (T )dv(y)
xs

x€E

< elMne ol C,(e)%,(q) D e T* I w(B, (x, ),

x€E

(6.37)

where the second inequality holds since {X,,} satisfies weak Bowen’s condition
and thelast inequality holds by Lemmal6.6.1]applied to Y = X,,,. Now we estimate

the sum Z e 9%n(x (B (x,€)) from above. One has

x€E
D e OBy (x,6) < > e XID(e/2)D(e) W By(x, £/2))
x€E x€E
< D(g/2)D(¢)e!1Vner(Xn) Z f e?% gy
er B,(x,e/2)
< D(e/2)D(e)e! "2 X 2, (q).
After combining (6.36), and
gn+M+m(q)
7 o o < Gln,q)
(q)i‘fm(q) 9

where Cs(n, q) := e|q|(An+AM+HXM”)e|q|(vn,e/2(Xn)+vn,e(Xn))CI(E)D(E/Z)D(E)‘
With similar reasoning, one gets the following inequalities

Zrtom(q)> e_|q|(An+AM+||XM||)f ean(J’)equ(T“MY)d W),
Q

fean(y)equ(T"+My)dV(y)V(J/)Z
Q

> e W10l Gy (e/2) 2, () D e w(B,(x,£/2),

x€E

and

D et B,(x,e/2)) 2 e 1K) D (e /2) D () 2, (q).

x€E
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After combining these inequalities, one has

fgn+M+m(q)
Zn(@)Zn(q)

where Cy4(n, q) := eICII(An+AM+||XM||)e\IJI(Un,e/z(Xn)+Vn,e(Xn))CI(E/Z)D(E/Z)D(S)_
From (6.39) and (6.43), it is clear that C4(n, q) := max{Cs(n, q), C¢(n, q)} satis-
fies the conditions of the lemma. O

> Cs(n,q) ", (6.43)

Lemma 6.6.3. For any sufficiently small e > 0 and for any n €N, q € R there exists
log Cy(n, q,€)

aconstant@(n,c], €)>0such that lim ———— =0 and for aller,
u B,(x,e))<C n,q,e VB, (x, €)). (6.44)
q\Pn 7 ¥ ( ) n

Proof. Consider again € € (0, p,.,/2), where p,, is the expansivity constant of
the transformation T, and x €2, n €N, g € R. By the Portmanteau theorem, we
have

e 1XN;(¥)
g (Bp(x,€)) slier(i)ng‘Bn(xls) fZNj(CI) avy). (6.45)
Now we estimate the numerator f e XN g 1(y) and denominator %; Nj(q)
separately. By Lemma|6.6.2} one hzfs:l o
1 _ ! < Cy(n,q) ! ) (6.46)
Zn(4q)  Znimen—n-m(q) LD ZN;—n-m(q)

For the integral in the numerator, the following estimations are valid

f ean+M+Njfn7M(y)d Wy) < eWMn,M f eEi(Xn()/)+XM(T"y)+XNj,n,M(Tn+My))d V(y)

Bp(x,€) By(x,€)
< e\ql(z"ln,MJrllell) eq(Xn(y)+XNj—n—M(Tn+My))d wy)
B, (x,¢)
S C8(n,q,€)eqxn(x)J eqXNj_n_M(Tn+My)dV(y),
B, (x,¢)
(6.47)
where A,y = A, + Ay and Cg(n, q, €)= el 7l AnpHIXull+ v (Xn) Note that
X e Tn+M
f e M () < Cy(€) % -t (@) U Ba(x, €)). (6.48)
B, (x,¢)
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Thus it follows from that
f e "N dy(y) < Ci(€)Cy(n, g, €)e T WBy (X, ) ZN,—n-m(q). (6.49)
B,(x,¢)

Hence it is easy to see from (6.45)-(6.46) that the constant
Ci(n,q,€):=C(€)Cy(n, q)Cg(n, q,€)
satisfies (6.44), and by Lemma and the weak Bowen condition, one gets

1 o
lim 08Cm4.€) _ 0

n—oo n
6.6.3 Differentiability of the log-moment generating function

1
Lemma 6.6.4. For all q € R, the limit lirgo —log%,(q) exists and finite. Thus,
n— n
1
Ox = nlirgo —log %, is a finite convex function. Furthermore, ¢ x = Iy and ¢ =
—oon
Ix.
First, we state a slight generalization of the classical Fekete’s lemma which is

1
used to verify the existence and finiteness of the limit nlirgo —log %, (q).
—oon

Lemma 6.6.5 ([18]). Let{a,},>o be a sequence of real numbers. Assume that there

A
exists a natural number N € N and real numbers D, A,, >0, n € N with nlirgo 7" =
0 such that forallmeZ, andn> N

apim<ap+a,+D+A,. (6.50)
a
Then the limit lim — exists and belongs to ]RU{—oo}.
n—oo n

Proof of Lemmal6.6.4 By using Lemmal6.6.2} it can be shown for g € R, n > M +1
and any m € Z, that

log %, 1 m(q) <log%,(q)+log%,,(q)+2log Cy(n—M, q). (6.51)

R | . .1
Thus by Lemma [6.6.5} the limit nlggo Elong’n(q) exists and nILIgO Elogfn(q) <

+00. By applying a similar argument to the sequence {—log %,(q)}, one shows
.1
that nlinc}o - log%,(g)>—o0.

Clearly, each log %, is a convex function, thus ¢ is also a convex function as
the pointwise limit of convex functions.

1
Since for all g € R, ¢ x(q) < +00, and {ZX,Z}%N satisfies LDP with the good

rate function Iy, we immediately obtain from Theorem that Iy = ¢ x. Note
that Iy = ¢ also holds by the Fenchel duality lemma ([14]), since Iy is convex
and lower semi-continuous. O
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Proof of Theorem 6.C; Lower bound

Now we show that ¢ y is a differentiable function. In fact, the following holds
true.

Lemma 6.6.6. The function ¢ x is continuously differentiable on R, i.e., ¢x €
C'(R).

Proof. By Lemma we have that I§ = ¢x. Thus since Ix is an essentially
strictly convex rate function, ¢ x is an essentially smooth function by Theorem
Hence since dom(¢ x) = R by Lemma|6.6.4, we have that ¢y is a differen-
tiable function on R. Note that ¢ x is a convex function, therefore, ¢y € CY(R) by
Darboux’s intermediate value theorem. O

By the monotonicity of ¢, we define a := tliinoo ¢ (t)and @ := . ligrnC>O @5 (1)
Then by convexity of ¢ x, it is easy to verify the following limits
dx(q) ~ lim ‘PX(CI).

a= lim ——, anda=
g——c0 (¢ g—+00 ¢

(6.52)

6.6.4 A measure supported on the level set and a proof of Theorem|6.C

Lemma 6.6.7. Under the conditions of Theorem[6.G, for every a € (2, @), there ex-
ists q €R such that u,(K,)=1. In particular, (¢, a) C L.

The proof of the lemma relies on the following well-known result in the theory
of convex functions.

Proposition 6.6.8 ([16}/45]). For any convex function A defined on R, we have

(1) Bq <A*(B)+Alq) forany q,p €R,
(2) if A is differentiable at q then Bq = A*(8)+Aq) <> B =N(q).

1
Proof of Lemmal6.6.7, Note that the for every g € R, the limit Jim -~ logE, e %
exists by Lemma One ([19])) can prove that the following limit

1
— lim — BXn
Cy(B):= nle nlogEqu ,

also exists, and C;(f8) = ¢x(q + B)— ¢x(q), VB,g € R. Then we have Cc,,(ﬁ) =
(p;((q + ) and C,(0) = 0, and thus C;(y) > 0 for any y € R. Moreover, C:;(a) =0
if and only if a = CL’I(O) = ¢ (g). The following two observations show that 1, is
supported on the level set K,:

* For any nonempty closed set F CRsuchthata ¢ F , ng = inlg C;(y) > 0.
ye
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1
* Since the limit nlirgo - logE,, ePXn exists for any f € R, by the first part of
Theorem|6.1.3} for any closed set F, we have,

1 1
limsup;log,uq({w en: ;Xn(w)e F} <—ng <0.

n—oQ

1 1
In fact, for m €N, consider F,, := R\(a—%, o+ E)' From the above observations
and the Borel-Cantelli lemma, one has for every m € N that

u(U {%Xn € Fy})=0. (6.53)

jeNn>j

Therefore, )
ug(K)= lim () {;Xn eF})=1. (6.54)
jeNn>j
O

Proof of Theorem[6.C. The first claim:(a, @) C £x is proven in Lemma Now
we show that %y C [@,a]. Take any a € L, then by Theorem pyla)<h=
hiop(T,2). Thus by Young's inequality (the first statement of Proposition [6.6.8),
one has for all g €R,

aq < px(@)+ox(q)<h+¢x(q). (6.55)
Hence for g <0,
h h
0!2—+¢X(q), and for g >0, as—+¢X(q). (6.56)
q q q q
Furthermore, from (6.52) and (6.56), for g < 0, we conclude that a > qlu_noo (E +

‘PX(CI)) (ﬁ+¢X(Q)):a.

= ¢, and for g > 0, we conclude that a < ligrnoo
q—)

q q
The second claim:By combining Lemmal6.6.3, Lemmal6.6.7, Proposition
and Theorem [6.2.3} one concludes the proof of the second claim (c.f. (6.21)-

©.23)).

O

6.7 Examples and Discussion

In this section, we shall discuss some of the known results of multifractal formal-
ism, and show how they can be treated by the results of this chapter.
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6.7.1 Lyapunov exponents for products of matrices.

We shall adopt the setup in ([23],[24], [27]). Consider a map M : Q@ — M,(R),
where Q := {1,..., q}Z+ is a full shift space with the shift transformation T, and
M, (R) is the algebra of d x d real matrices. For n € N, x € Q, set M, (x) :=
M(T" 1 x) M(T"2x)---M(x). We impose the following two conditions on the
map M:

(C1): M,(x)# O holds for all n e N and x € ), where O is the zero matrix;
(C2): M depends only on finitely many coordinates, i.e., M is locally constant.

Note that condition (C1) is automatically satisfied if, for example, the map M
takes values in the set G L;(R) of irreducible matrices, or the set M;(R) ofdxd
positive matrices. In [24], the authors imposed an irreducibility condition which
also implies the condition (C1). Under the condition (C1), one can define the
(upper) Lyapunov exponent of the cocycle (T, M) as: for x €2,

.1
Ayg(x):= lim — log||My ()]l

provided the limit exists, where || - || is a matrix norm. Let K, :={x € Q: A*M(x) =
a}, and %y, == {a € R : K, # 0}. We denote X,,(x) := log||M,(x)|| for all n
N, x € Q. Then it is clear that X,, is a locally constant function since M is only
dependent on finitely many coordinates, therefore, the sequence {X,,} satisfies
the Bowen condition. In [27], the authors introduced the pressure function P, of
the cocycle (T, M) by

1
Py(t):= lim —log Z sup ||[M(T" ' x)M(T" ' x)---M(x)||", VteR,

n—oo n o, xelw]
where Q,, :={1,...,q}", n € N. Note that the above limit exists and
Py(t)=logqg+ ¢x(t), t €R, (6.57)

where ¢ y is the log moment generating function of the sequence {X,, }, i.e., ¢ x(¢) =
1
linolo —log | exp(tX,)dv, t€R, and vis the uniform Bernoulli measure on (2.
n—o n

Q
Then by applying Theorem 5.B} one can obtain that

hiop(T, Kg) <logq — ¢ (a) = ;gﬂg{—aq + Py(q)} (6.58)
for all @ € %),. Note that the last inequality generalizes the upper bound of The-

orem 1.1 in [24]. In the same theorem, the authors also proved the lower bound
under much stronger conditions than the conditions we have imposed above.
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In this setup, we can not treat the lower bound with Theorem [6.C} since the se-
quence {X, } isnot almost additive in general. However, if the map M takes values
in the set M:{(R) of d x d positive matrices, then it was proven in [27], [23] that
the sequence {X,,} is in fact almost additive. Furthermore, in this case, D.J. Feng
has proven in [23] that the pressure function P, is differentiable, thus ¢y is also
differentiable by (6.57). Then, in this particular setup, one can apply Theorem

and obtain the equality in (6.58).

6.7.2 Ratios of the Birkhoff sums

In large deviation theory, the contraction principle describes how the large de-
viation rate function evolves if the corresponding sequence of random elements
(probability measures, random variables) is transformed by a continuous map.
More specifically, if & and % are Hausdorff topological spaces and a family {u,, }
of probability measures on & satisfies the LDP with the rate function I, F : & —
% is a continuous map, then 7, := u, o F! satisﬁes LDP with the rate func-
tion J(y) == x'lﬁigf)_y I(x). For example, suppose X =S,0, X = S,y, where

¢, are continuous functions on a compact metric space 2 and i) is strictly
positive Suppose y is a probability measure such that the (vector) sequence

(X ) satisfies the LDP with the rate function Ix(a, 8). Then a new se-
quence Z {Z }>1 of random variables

satisfies LDP with the rate function J;(y)= }gf Ix(a, B). Thus we can easily ob-

tain many non-trivial observables satisfying LDP. In case, X’ = S,, ¢, X =S¢,

Y > 0, one easily shows that {nZ,} satisfies the weak Bowen condition there-

fore, Theorem W applies, and hence hop(T, KyZ ) < hiop(T, Q) — }Ef Ix(a,B) =
a/B=y

hiop(T,2)— Jz(7). In this case, one can also easily obtain a lower bound as well.
Indeed, for any @, B such that

X . L a1 5
Kﬂ.—{a)GQ.n(an&)(w) a, n(snw)(w) B}

we have that KXﬁ - Kzﬁ Therefore, hiop(T, KZ) 2 Riop(T, KX ), where y = a/p.

Note that Theorem|[6.C|has been established for random varlables, but the same
argument works for random vectors as well. (There are also other results for the
level sets of the form K 0p C f., [40,48].) Hence hiop(T, KYZ) > hiop(T,0)—Ix(a, B),
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and thus

htop(T’ Kyz)z S/‘/‘;p [htop(T,Q)_IX(a’ﬁ)]
a/p=r

= htop( T,0)— a/igiy IX(a’ ﬁ)

= htop(T’ 0)— ]Z(Y)

Therefore, combining two inequalities conclude that hop (T, KYZ ) = hop(T,2) —
Iz (7).

6.7.3 Almost additive sequences over a subshift of finite type.

In [6], the authors considered almost additive sequences of continuous potentials
and they obtained an expression for the multifractal spectra of the level sets of the
sequence in terms of a rate function. In this subsection, we shall discuss that the
setup considered in [6] is covered by Theorem|[6.C] Let us now recall the result of
[6] using the notation of the present chapter.

Theorem 6.7.1 ([6]). Let (2, T) be a topologically mixing subshift of finite type.
Assume that X = {X, },en is an almost additive sequence satisfying Bowen's con-

dition, and X is not cohomologous to a constant, i.e., — does not uniformly con-
n

1
verge to a constant as n — oo. Furthermore, assume that lirgo —f X,dv =
n— n
Q

1
ingI - J X, dv=0, where v is the unique measure of maximal entropy for T. Then
ne

Q

htop( T,K,)= htop( T,Q)— ¢3k((a)

It is clear that the Bowen condition implies the weak Bowen condition, and a

mixing subshift of finite type satisfies the condition (A3) in Theorem[6.C| In The-
1

orem it is also assumed that the sequence {— X}, satisfies LDP with an

essentially strictly convex good rate function. Note thatif the moment generating
function ¢ y of the sequence X is finite and differentiable on R, then by Theorem

1
6.1.3 {;X n}nen satisfies LDP with a good rate function ¢%. Furthermore, by The-

orem 6.3.3[, ¢ is also an essentially strictly convex function. Below, we show that
the conditions of Theorem imply differentiability of the moment-generating
function ¢ . In 6], it is observed that

Px(£)= Prop(T, £ X)— hyop(T, ), for all £ €R, (6.59)
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where P, (T, £ X) is the topological pressure (for the concept, see [6], [1], [25], [52])
of T of the almost additive sequence X = {X,}, and

n—oo

1
()= lim Zlogfetx"(x)v(dx)
Q

as usual. In [2], by generalising the well-known result in [46] to almost additive
setting, the authors proved that ¢ — P,,,(T, t X) is differentiable at 0 if the almost
additive sequence X has unique equilibrium state (for the concept, see [6], [1],
[25], [52]), and showed

d

. Xn
EP'COP(T’ tX)|t:t0 = lim fQ 7d‘ul~0x,

where u, x is the unique equilibrium state of 7 X = {fX,,}. In 2006, Barreira
proved that if an almost additive sequence X satisfies Bowen’s condition, then it
has a unique equilibrium state [1], therefore, from the above one can conclude
that the pressure function ¢t € R — P,o,(T, ¢ X) is differentiable everywhere on R.
Then from (6.59), the log-moment generating function ¢ is also differentiable

on R, and hence, the conditions of Theorem imply the conditions of Theo-
rem[6.C

6.7.4 Multifractal Formalism in the absence of strict convexity of the
rate function.

The Manneville-Pomeau map is one of the well-known examples of a non- uni-
formly expanding interval map. For a given s € (0,1), the Manneville-Pomeau
map T :[0,1]— [0, 1] is defined as

T(x):=x+x" mod]1.

Itshould be noted that T is topologically conjugate to a one-sided full shift, there-
fore, it has the specification property. It is also easy to check that T is strongly
topologically exact and expansive. The upper Lyapunov exponent Ay is defined
as

Ar(x)= lim llo (T™Y(x)
riX)= am 8
provided that the limit exists at a point x €0, 1]. Set
Ky:={xeQ:Ar(x)=a}, %r={aeR:K,#0}.

Define, y(x) := log T'(x) = log(1 + (1 + s)x*), x € [0,1]. Then it is easy to no-
tice that the Lyapunov exponent A7 exists at a point x if and only if the limit
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nlgglo %Snw(x) converges, and nll)rgo %Snw(x) = Ar(x). It was shown in [44], [49]
that the pressure function Py(q) := P(T,qv), q € R exhibits a first order phase
transition at the point g = —1, in a sense that P, is not differentiable at g =—1,
furthermore, it is strictly convex positive differentiable function in (-1, o0), and
Py(q) = 0 for all g < —1. Since T is expansive and satisfies the specification,
there is a unique measure of maximal entropy v € .#([0,1]) for T, and it also

becomes the Ahlfors-Bowen measure ([50]). Define X,, := S, for all n € N, and
1

1
set ¢ x(q) := limsup ;logf 9Xndy, g € R. Then one can easily check that

n—oo
®x(q) = hiop(T,[0,1]) + Py(q) for all g € R. Thus since {X,,} satisfies the weak
Bowen condition one obtains from Theorem[5.B]|that for all « € <7,

eopl T, Ka) < luoo(T,10,1]) = 9y (@)= —P} (@) = InfP(T, qyp) —aq).  (6.60)

Now we discuss the lower bound. As we have already mentioned, ¢ x is not dif-

1
ferentiable everywhere; otherwise, the sequence {;X n} satisfies LDP with an es-

sentially strictly convex good rate function. However, Lemma and Lemma
-are still applicable if a € {0} U ((Pw) (=1), a), where (Plp) (—1)> 0is the right
derivative of P at the point —1, and @ := hm Pw(q) Thus one can obtain from

these lemmas that
Peop(T, Ky) = hiop(T,[0,1]) ¢X —Pw*(a)zggﬂg{P(T,qw)—aq}, (6.61)

holds for all @ € {0} U ((Pw)jr(—l), a).
We should note that in [48], the above equality was proven for all a € (0, @) by
a different method.

6.7.5 Local or pointwise entropies.

Recall that the upper and the lower local entropies of an invariant measure u at
a point x €Q are defined as

h hy(T, x):= llr(I)l llmsup——logu(B (x,€)), h (T x):= lim hmlnf——log,u(B (x,€)).

+ n—oo €—0+ n—oo

Ifh u(T x)= (T x), we say that the local entropy of the measure y at x exists

and denote by hu(T, x) the common value. Finally, consider the a-level set K D(Z
of the local entropies
W.={xe: hy(T, x)=aj},

and the entropy spectrum &,(a) := hyop(T, K(i“)).
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In [47], the authors introduced the notion of weak entropy doubling condition

U(By(x, €)) 1
Cule)= ———————— < 09, and lim —log C,(€)=0.
w(E=SUP 7 B (xeg2)) < O A lin 108 Cule)
Note that the weak entropy doubling condition implies the weak Bowen condi-
tion for observables X,, : 2 — R given by

Xn(x)=—logu(B,(x,€)).

Indeed, it is easy to show that v, ((X,) <logC,(2¢).
In [47] it was shown that if u is fully supported measures satisfying the (weak)
entropy doubling condition, then for any a one has:

84(0) = heop(T, K{) < Hi(@),

where H:(a) is the Legendre transform of the correlation entropy function

1 fu(Bn(x, €)1 'du, ifqg#1,
Hy(q)= grélggggf—glow(q, n,€), I(q,n, €)= f

logu(B,(x,€))du, ifqg=1.

Note the similarity between this result and the upper bound (Theorem|[6.A) — un-
der very similar mild regularity assumptions, one obtains an upper bound on the
multifractal spectrum.

In order to obtain a lower bound on the multifractal spectrum of local en-
tropies one needs additional assumptions on the measure u. For example, u is
the so-called Bowen-Gibbs measure:

1 pBulx,€))
C(e) ™ exp(Sizy ¢(Tkx)) ~

Then the multifractal analysis of level sets of local entropies is reduced to the
1

1+
analysis of level sets of Birkhoff’s averages K, = {w: - Z (p(Tka)) — a}, see [47].
k=0

6.7.6 Weighted ergodic averages

Fan ([19]) recently studied multifractal spectra of a sequence {X,,} in the form
n—1

X, = Z f;oT', where f;, i €Z, are continuous functions on the shift space Q2 :=
i=0

./ +, where ./ is a finite alphabet with #.</ = g. A motivation to study this kind of
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n—1
sequence has been the weighted ergodic averages S,” f = Z w;foT!, neZ, ofa
i=0
potential f € C(Q), where {w; : i € Z,} C R are some fixed weights. This is indeed
a special case of the former sequence if one sets f; = w; f forall i € Z,. To find
the dimension spectra of the sequence {X,,} in terms of the partition function,
Fan made two assumptions:

1
(H1): The limit ¢(¢) = nlirglo > logf exp(t X,,)du exists for all r eR,

Q
n_l . .
(H2): sup sup > If(T' ()= (T ()] <-+oo.
nely xi =y =0

Recall that in the shift space, for all Z c £, (T, Z) = logq - dimy(Z). Under
the assumptions (H1)-(H2), Fan obtained the following theorem reformulated in
terms of topological entropies:

Theorem 6.7.2 ([19]). IfA >0,
heop(T,2) — ¢*(maxd (1)) < heop(T, Ko p () < heop(T,2) — ¢*(mind ¢ (2)),
where 0 ¢ (A) is the set of all subgradients of ¢ at A, and

X X
n() Slimsup# < b}for a,beR.

n—oo

Iqa;b] = {w eN:a< llnl’nélé)lf

IfA <0, we have similar estimates but we have to exchange the roles of min d ¢ (1)

and max?d ¢(A). In particular, if ¢ is differentiable at A, then for the level set K,
a=¢’(A), one has

htop( T,Ky)= htop( T,)— ¢*(a) (6.62)

Now we should note that condition (H2) implies the Bowen condition, and
thus the weak Bowen condition as well. In fact, the condition (H2) is strictly
stronger than the Bowen condition as the following example shows.

—1)n
Example 6.7.3. Let.«f ={0,1}, and a,, = %, y €(1,2], n € N. Define f(w) =

Z a,wy forw e, then f € C(Q). It is easy to notice that

neN

o0
D supZ(laj|+...+|aj+n_1|)zzj|aj|:+Oo;
neN =1 =

o0
2) supzmj +ot@jyp| <+o0.

neN =1
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Thus
sup sup ZI fo T w)—(f o T(@) = +o00, (6.63)
neN wn lfw(r)z 1
n—1 )
butsup v,(f,) < +oo, where f, ::Zfo Ti
neN =

Since the sequence {X,,} satisfies the weak Bowen condition, Theorem
generalizes the inequality hop(T, Ky) < hiop(T,2)— ¢*() which is a part of
since it relaxes both assumptions (H1) and (H2).

It should be stressed that Theorem is not applicable in this setup since
the sequence {X,,},,cy is not almost additive in general.

6.8 Final remarks

In this work, we began building a systematic framework to derive multifractal
formalism directly from large deviation principles. Under standard multifrac-
tal conditions, we progressed this approach by establishing Theorems A and C.
Nevertheless, we believe this program has the potential to extend well beyond the
cases studied here; indeed, the conclusions of Theorems A and C should be appli-
cable in more general settings. To encourage further development, we highlight
below several promising setups that we consider especially suitable for advanc-
ing this program.

A) It would be interesting if one could obtain an analogue of the above results
for the Hausdorff dimension instead of the topological entropy. However, the
Hausdorff dimension might be more difficult to treat as it is not related to the
dynamics of the underlying transformation.

B) In [38-40], the authors propose considering a more general form of the

Xy(w)
n

level sets than the standard K, :={w €Q: nlingo = a}. Specifically, for C c

R,

K¢ :={w € Q: the set of limit points of the sequence {X,,(w)/n},cyis C}.
(6.64)
Note that one restores K, if C ={a}.
Itwould be interesting to investigate the relationship between the generalized
multifractal spectra of {X,,},

C CR— &x(C):= hyop(T, Kc),

and the LDP rate function of {X,,}.
C) In [10], the author explored the entropy spectrum for the ratios of Birkhoff
sums (see Subsection|[6.7.2) for a family of pairs of potentials (¢;,v';), i €1,...,d.
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Final remarks

In [10], instead of a specification condition, the author assumes the existence
of a dense family of continuous functions with unique equilibrium states. This
assumption slightly differs from the specification condition (see Definition[6.2.7]
and Theorem [6.2.8) in the present chapter. Therefore, it will be worthwhile to
explore whether our theorems in this chapter can be proven using the existence
of a dense family of continuous potentials with unique equilibrium states, rather
than relying on strong topological exactness.

D) The results of this chapter can be extended to the case that the reference
measure is a Bowen-Gibbs measure, i.e., there exists potential { € C(2,R) such
that for every € > 0 there exists a constant C(¢) > 1 satisfying for all n € N and
x €Q that

C(e)™" exp(,(x)) < W(By(x,€)) < C€)exp(¢ (%)) (6.65)

It is easy to see that the Ahlfors-Bowen measures satisfy the above property
(6.65) with a constant potential { = const. To extend the results for such mea-
sures, instead of the topological entropy, one can consider another dimension
characteristics of the sets related to the potential {. We note that the Pesin—Pitskel
topological pressure [42] associated with the potential ¢ is suitable for this pur-
pose.
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