Universiteit

w4 Leiden
The Netherlands

Gibbs states in statistical mechanics and dynamical systems
Makhmudov, M.

Citation
Makhmudov, M. (2025, September 2). Gibbs states in statistical mechanics and
dynamical systems. Retrieved from https://hdl.handle.net/1887/4259377

Version: Publisher's Version

Licence agreement concerning inclusion of doctoral

License: thesis in the Institutional Repository of the University of
Leiden

Downloaded from: https://hdl.handle.net/1887/4259377

Note: To cite this publication please use the final published version (if
applicable).


https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/4259377

Chapter 5

The Eigenfunctions of the
transfer operator for the Dyson
model in a field

Abstract: In this chapter, we prove that, for high temperatures or strong magnetic fields,
there exists a non-negative, integrable (with respect to the unique half-line Gibbs mea-

3
sure) eigenfunction of the transfer operator for the Dyson model if a € (5, 2]. However,
unlike in the zero-magnetic-field case, this eigenfunction is not continuous.

This chapter is based on M. Makhmudov, “The Eigenfunctions of the Transfer Operator for the
Dyson model in a field”, arXiv:2502.09588.
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Eigenfunctions for the Dyson potential in a field

5.1 Introduction

The study of the so-called equilibrium states, specific types of invariant measures,
has been a central topic in the ergodic theory of dynamical systems since the
1970s. The foundations of this theory were laid in the seminal works of Bowen
and Ruelle at the end of the decade. Equilibrium states also play a crucial role
in equilibrium statistical mechanics. A pivotal result in this context is the clas-
sical variational principle, proved by Lanford and Ruelle in 1969, which estab-
lishes that, under certain conditions, translation-invariant Gibbs measures coin-
cide with equilibrium states. Recall that an equilibrium state u for a continuous
potential ¢ on the one-sided shift space (we also refer to it as the half-line shift
space) X, := EZ+, |E| < co are probability measures on X, which are invariant
under the shift (translation) map S : X, — X, (Sx); = x;41, j € Z, and solves the
variational equation:

f ¢du+b(u)=sup] J pdr+(v): T M 5(X)], (5.1)
X, X,

where ./, s(X,) is the simplex of translation-invariant probability measures on
X, and h(7) denotes the measure-theoretic entropy of the translation-invariant
measure 7.

Anatural and effective approach to studying equilibrium states for a potential
¢ is through the transfer operator £, which acts on the space of functions on
X,, particularly on continuous functions, via:

Ly flx):= Z e? I f(ax), feRY, xeX,. (5.2)

acE

In fact, if b is an eigenfunction of £, i.e., £3h = Ah, and v is an eigenprobability
forits adjoint 2; :C(X,) — C(X,) e, Z; vy = A7, where A is the spectral radius
of £, then the measure du =1 - d v is an equilibrium state for ¢ and vice versa
(see Proposition 3.1 in [5])). Classical fixed-point theorems ensure the existence of
an eigenprobability for the adjoint .2(’;, however, the existence of an eigenfunc-
tion for £ is not always guaranteed. This issue has been extensively studied by
Ruelle, Walters and others under various regularity conditions on ¢ [18}20-23].
Notably, every potential ¢ satisfying these regularity conditions shares two key
properties:

(P1) forall 8 > 0, the potential ¢ admits a unique equilibrium state;

(P2) the transfer operator %, is stable under "smooth" perturbations of ¢ in
the sense that if £, has a (principal) eigenfunction, then £, also has a
(principal) eigenfunction with the same regularity properties for everylocal
function v: X, - R.
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Introduction

Note that the first property rules out the possibility of phase transitions, i.e., the
existence of multiple equilibrium states for some 3, a phenomenon of significant
interest in statistical mechanics. Consequently, these classical conditions on ¢
exclude important one-dimensional models. Efforts to extend the theory to more
general one-dimensional models have emerged in recent studies. In 2019, Cio-
letti et al. analyzed transfer operators for product-type potentials, which fall out-
side existing classes but still satisfy (P1) and (P2) [2]]. A relevant study conducted
in [1], though in a slightly different setup, provides a result that has implications
for the transfer operator of the so-called Dyson potential. This potential corre-
sponds to the 1D long-range Ising model [[15] and is defined by:

XoX
071y e X, =417 (5.3)
na

P(x)=hxog+p >
n=1

where a > 1 is the decay rate of the coupling, 8 > 0 is the inverse temperature,
and h € R represents the strength of the external field. The study in [1] shows
that the transfer operator does not have a continuous eigenfunction when 2 =0
and f is sufficiently large. A more notable development came in 2023 when Jo-
hansson, Oberg, and Pollicott analysed the transfer operator for the Dyson po-
tential in the supercritical regime. Shortly thereafter, I, in collaboration with van
Enter, Fernandez, and Verbitskiy, introduced a new approach to addressing the
eigenfunction problem for long-range models [5]. Following the developments
in [5,/15], the following result on the Dyson model is known:

Theorem 5.1.1. [5,[15] Let ¢ be the Dyson potential (5.3). Suppose h =0, then:

(i) foralla > 1 and for B = 0 sufficiently small, the unique equilibrium state
Uy for ¢ is equivalent to the unique half-line Gibbs state v for ¢, i.e., u, < v
and v < uy. In particular, the Perron-Frobenius transfer operator £y has
an eigenfunction in L'(X,, v);

. . 3 . . .
(ii) furthermore, ifa> 3 then forall0 < B < B, thereexists acontinuous version

d
of the Radon-Nikodym density di;r, and thus the Perron-Frobenius transfer

operator £ has a positive continuous eigenfunction, where 3. is the criti-
cal temperature of the phase transitions for the standard Dyson model (see
Theorem in the next section).

However, both studies, [15] and [5], do not cover the case of the Dyson po-
tential with a nonzero external field & # 0. The approach in [15] relies heavily on
the random cluster representation of the Dyson model. The central obstacle to
extending the method in [15] to non-zero external fields is the loss of symmetry,
essential for the random cluster representation, which disrupts the cluster decay
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Eigenfunctions for the Dyson potential in a field

analysis. The method developed in [5] requires a certain sum of two-point func-
tions to be uniformly bounded, a condition that fails for the Dyson model in a

field.

In this chapter, we adopt the technique from the previous chapter to treat

the Dyson model in a nonzero field. The result of this chapter is as follows:

3
Theorem 5.A. Suppose o € (5,2], B = 0 and |h| > 0 is sufficiently large (|h| >
23¢(a)+log4Bl(a) is enough, here { is the Riemann zeta function). Then

)

(i)

(iii)

the Dyson potential ¢ has a unique equilibrium state u. and there also exists
a unique eigenprobability v of £ ;

Uy is absolutely continuous with respect to v, i.e., uy < v. In particular, the
Perron-Frobenius transfer operator £, admits an integrable eigenfunction

corresponding to the spectral radius .= e’ @),

d
The Radon-Nikdoym derivative GH+ does not have a continuous version. In

v
particular, the Perron-Frobenius transfer operator does not have a continu-
ous principal eigenfunction.

Remark 5.1.2. (i) Theorem[5.A|is proven under a strong uniqueness condition

(i)
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for the Dyson interaction ® (see (5.6) and Section[5.2), a concept introduced
in [5). This condition is implied by the Dobrushin uniqueness condition
(DUC) on ® (Section[5.3). The interaction ® satisfies DUC if either 1) f is

1
sufficiently small so that p < 27

()
2(a)+log4B(a). Note that in the first version of the Dobrushin unique-

ness condition, there is no constraint on the external field h. We prove Theo-
rem[5.A for large | h|’s, however, the statement of Theorem|[5.A remains valid
and the same proof works for the first version of the DUC which covers the

and h #0.

or 2) |h| is sufficiently large so that |h| >

domain0< <

2(a)
We, in fact, believe that Theorem[5.A is true for allh € R but h =0, i.e., the
transfer operator £, has an integrable but not continuous eigenfunction for

all p >0, h #0 (See Figure[5.1).

It is worth noting that Theorem|5.A suggests a certain similarity between the
Dyson potential in a field and product-type potentials [2]. Note that for a
product-type potential, there exists a unique equilibrium state u., and eigen-

oo
probability v which both are Bernoulli measures such that v = l—[An with

n=0

exp(B Y, i ™% =
A,(D)=p, = = and U, = Moo 1205l]. Thus one can check
=P =5 BT b !l:! oo [2)5]
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that

Ao
J daa dlnz poopn+\/(1_poo)(1_pn)=1+O*((pn_poo)2)’
E n

therefore,
CM_OO — N* _ 2\ _ k(42042
E n

here u(t) = O*(v(t)) means the existence of Cy, C, > 0 such that C;|u(t)| <
lv(2)] < Colu(t)| for all sufficiently small t . Then by (5.4), Kakutani's theorem
3

implies that u, < vifa> > andu, L vifa< >

In the case of the Dyson potential, in the presence of a strong external field,
spin-spin correlations become negligible, as they decay rapidly. Consequently,
individual spins behave like independent random variables. Thus, we ex-
pect a phenomenon similar to that observed with product-type potentials,
as described above, to occur in the Dyson model under an external d: for

3 3
ae (E’Z]’ we have u, < v, while fora € (1, 5], uy L v (See Figure|5.1)).

h
i1} APV (a)
d My < —[;DU((Z)
o g (X, ) :
0 (I vy 95)
! a
1 wy L :? d,u+<<v? 2 d,u+<<v!
2 Uy 2 Uy )
XL “reC(X,)
(In
Uy <M
da
L ¢ (X, )

Figure 5.1: Eigenfunctions diagram for Dyson’s model in a field for a fixed 8 > 0.
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XoX

n
na

o0
Note that the potential ¢o(x) = Z , X € X, = {*1}% violates both
n=1

(P1) and (P2) properties mentioned above. In fact, for all a € (1, 2], there exists
PB.(a) > 0 such that for all § > B.(a), ¢¢ has multiple equilibrium states [4}, 8.
As regards the second property, the second parts of Theorem and Theorem
yields that the transfer operator £, is unstable under "smooth" perturba-

3
tions of ¢ since for @ € (-,2] and < 8., the principal eigenfunction of £y, is

continuous whereas for 1 # 0, £ +1s, admits an integrable but not continuous
eigenfunction, where oy(x) = x, for x € X,.

The chapter is organised as follows. In the Section[5.2|we define the notions
of specifications and interactions. Here, we also introduce the interaction of the
Dyson model. Section[5.3)is dedicated to the Dobrushin uniqueness condition
and its consequences, which are important for this chapter. In Section|5.4} we
discuss the construction of the intermediate interactions which are instrumental
in the proof of Theorem[5.A] Section[5.5)is dedicated to the proof of Theorem[5.A|

5.2 Specifications and Interactions

In this chapter, we again consider the ferromagnetic spin space E = {£1}. For
a countable set L of sites, we consider a configuration space Q = E*. For L, we
either consider the set of integers Z, or the set of negative integers —N, or the set
of non-negative integers Z,. As a product of compact sets, €2 is a compact and
also a metrizable topological space. In fact, for any 0 € (0,1), d(x, y) = %)
metrizes X, here for x,y € X, n(x,y) =min{j € Z, : x; # y;}. 7 denotes the
Borel sigma-algebra of X. For any A c L, a sub sigma-algebra %, c % is defined
as the minimal sigma-algebra so that for all j € A, the functions o; : 2 — E are
measurable where £ € Q — o ;(£) = £; € {£1}. For configurations £,n € 2 and a
volume A C I, 51y denotes the concatenated configuration, i.e., (Exnac); =&;
ifieAand (Eanyc);=n;ifi e A°=L\A.

A specification y, a regular family of conditional probabilities, is defined as a
consistent family of proper probability kernels y : Z xQ — [0, 1] indexed by finite
subsets A of L, denoted by A € L [9, Chapter 1]. A probability measure u € .#:(2)
is Gibbs for a specification 7 if it is consistent with 7, i.e., for all A € L, u = uy,,

here B € & — uya(B) := J ra(Bln)u(dn). The set of Gibbs measures for the

specification y is denoted bygg (7).

The classical approach to specifications is via interactions. An interaction ®
is a family (®5) e of functions @, : 2 — R such that &, € #,, i.e., each @, is inde-
pendent of coordinates outside A. An interaction is called Uniformly Absolutely
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Convergent (UAC) iffor all j €L,

Z sup |®y (w)| < oo.
jevel @2

For a UAC interaction ®, the Hamiltonian in a volume A €L is Hy := Z &y and

VNA#D
the associated specification (density) ¥ is defined by
e_H/\(w)
riosloy)=———, weQ, (5.5)
A Z\(wne)

where Z, is the normalization constant, also known as the partition function,
which is Zy(wy.) == Z e HrCrre) Note that the specification y® = (rVaer is
EACEA

restored from (5.5) by

raBlw)i= D 1gEror)riEalon), BeZ, weq.

gAEEA

This chapter focuses on the Dyson model, a cornerstone of one-dimensional sta-
tistical mechanics renowned for its long-range interactions and critical phenom-
ena. It is defined on the lattice L =Z by

W;wW;
—ﬁ. l].';, ifA={i,j}CZ, i#j;
0, otherwise,

where « € (1,2] is a parameter describing the decay of the interaction strength,
B = 0is the inverse temperature and & € R represents the external field. In fact,
the Dyson potential defined in (5.3) is related to the Dyson interaction ® by

¢:— Z (I)A.

0EACZ,
The following theorem about the phase diagram of the Dyson model is well-known.
Theorem 5.2.1. [4}[7,8] Suppose ® be the Dyson interaction given in (5.6).
(i) Ifh #0, then ® has a unique Gibbs measure, i.e., |€¢(y‘1’)| =1;

(ii) If h = 0, there exists a finite critical temperature B.(a) > 0 such that for all
B €0, Be(@), |9(1®)| = 1 and for B > B.(), ® exhibits phase transitions, i.e.,
<> 1.
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5.3 The Dobrushin uniqueness condition for strong exter-
nal fields

Dobrushin uniqueness condition is one of the most general criteria for the unique-
ness of Gibbs states. We discuss it in the framework of a general countable set L.
of sites and a configuration space Q2 := E. In fact, we use the Dobrushin unique-
ness condition in the two cases of L. which are L. € {—N, Z}.

Consider a uniformly absolutely convergent (UAC) interaction ® = {®,(-): A &
L} on Q2 and let y® be the corresponding Gibbsian specification. For any sites
i,je€L, define

Cor™ij= sup |lrf =15 Moo,
LAY =AY

where || || o0 is the supremum norm on . (2) defined by || || := sup |7(B)| for
7

any finite signed Borel measure 7. The infinite matrix C (}’q’) =(C (yq’),-y i jeL 18
called the Dobrushin interdependence matrix.

Definition 5.3.1. [9] The specification y‘l’ satisfies the Dobrushin uniqueness con-
dition if
c(}’q’) = supz C(yq’)iyj <1. (5.7)
iel jeL

The Dobrushin uniqueness condition admits slightly stronger — and easy
to check— forms. One of them is a high-temperature condition, which is con-
sidered in [5]. Another version is known as the strong magnetic field condition,
which we formulate here:

Proposition 5.3.2. [9, Example 8.13] Let L. be any countable set and E = {+1}.
Assume ® be a UAC interaction on 2 = {1} such that ®jy =—ho; foralli €L
and for some h € R. Suppose

|h|>log§1€1£{exp(% > 5(<I>A))-Z(|A|—1)5(<I>A)}, (5.8)

ASi|A[>2 ASi

where 5(f) :=sup{|f(&)— f()|: &,n € E-} is the variation of f : EX - R. Then y‘p
satisfies the Dobrushin uniqueness condition.

The proof of Proposition[5.8|boils down to showing that for all i, j, i # j,

Coyy<ep(—lhl+5 Y @) Y 6@ =C@),,

Asi|A]>2 A>{i,j}
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and hence c(}fq’) = supz C (yq’)l— i< supz C(P); j = ¢(®). Note that, here without
i i 5

loss of generality, we set C(®);; = 0 for all i € .. Notice that the non-negative
matrix C(®) :=(C(®);,);,jer is symmetric.

The condition is stable under a perturbation of the underlying model/in-
teraction ®. Indeed, let ¥ = {Uy, } /. be an interaction such that for V € L, either
Uy, =y or ¥y, =0, thenitis straightforward to check that the matrix C(¥) is dom-
inated by C(®),i.e., foralli, j €L, C(¥);; < C(®);;, thus, in particular, ¢(¥) < &(®).
Hence W inherits the Dobrushin uniqueness condition from ® as long as ® satis-
fies (5.8).

The crucial property of the Dobrushin uniqueness condition is that it pro-
vides the uniqueness of the compatible probability measures with the specifica-
tion y®. In fact, we have the following theorem.

Theorem 5.3.3. [9, Chapter 8] Ify® satisfies the Dobrushin uniqueness condition
, then |§4(yq’)| =1.

The validity of Dobrushin’s criterion yields several important properties of the
unique Gibbs state such as concentration inequalities and explicit bounds on the
decay of correlations.

The first property involves the coefficient ¢(®), which governs the deviation be-
haviour of the unique Gibbs measure. Let

8¢ F :=sup{F(§)—F(n):&;=n;, jeL\{k}} (5.9)

denote the oscillation of a local function F : 2 — R at a site k € L and 6(F) =
(6 F)ger, is the oscillation vector, where Q= E™.

Theorem 5.3.4. [17][19] Suppose® is a UAC interaction satisfying (5.8) and let i
be its unique Gibbs measure. Set
D = 4 (5.10)
S (1-c@pr '

Then ug satisfies a Gaussian Concentration Bound with the constant D, i.e., for
any continuous function F onQ = E™, one has

f eF=JaFdue gy < oPISEIE,
Q

The second important consequence of the Dobrushin’s uniqueness condition
is the following:

Theorem 5.3.5. [9, Theorem 8.20] Let y and ¥ be two specifications on Q = E™.
Supposey satisfies Dobrushin’s condition. For each i € L, we let b; be a measurable
function on Q) such that

1y (i3 Clogye) =T oge)lloo < bi(w) (5.11)
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forallweQ. Ifue9(y) and i €9 (¥) then forall f € C(Q),

() =B D 8i(FID () by). (5.12)

i,jel

We present the third property in the particular setup L. = Z, and it involves
the Z x Z matrix

D(r")=> Cci™). (5.13)
n=0

The sum of the Z x Z matrices in the right-hand side converges due to the Do-
brushin condition (5.7).

Proposition 5.3.6. [6,(9] Consider a UAC interaction ® on X = E Z. Assume the
specificationy® satisfies the Dobrushin condition and let u be its unique Gibbs
measure. Then, forall f,g € C(X) andi€<€Z,

: 1
covy(f,g08")| < 1 Z D(r®)jk-0xf-6;-i8. (5.14)

k,jeZ

Suppose @ satisfies the Dobrushin condition (5.8) and define the non-negative
symmetric Z x Z—matrix by

D(®@):= Z C(@)". (5.15)

n=0

The sum in the right-hand side of converges due to (5.8). Furthermore,
D(®) is invertible and D(®) ' = I,z — C(®), where I, denotes the identity ma-
trix (operator) on 12(2).

In general, one can show that the off-diagonal elements D(®) decay as they get
far away from the diagonal, i.e., D(®); j=o(1)as|i— j| — co. However, the decay
rate largely depends on the interaction ®. Now we discuss the decay rate in the
case of Dyson interaction ® defined by (5.6). For i # j, one can readily check that

3 . —|h
C(®);;= 2P exp?il_][lzzﬁ{(a)) =0(i—jI™%). (5.16)

Thus by Jaffard’s theorem (|14, Proposition 3] and [13, Theorem 1.1]), one has
the same asymptotics for the off-diagonal elements of the inverse matrix (1«7 —
C(®))' =D(®),i.e., D(®);; = O(|i—j|~*). Thus there exists a constant C; > 0 such
thatforall i, j€Z,

- C
D P
D@ < =i (5.17)
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5.4 Construction of intermediate interactions

In this section, we recall the construction of the intermediate interaction from
[5]. For the Dyson interaction ® given by and each k € Z,, we construct
intermediate interactions ¥*) in the following way. We will represent Z = —NUZ, .
Consider the countable collection of finite subset of Z with endpoints in —N and
Z,:

.o/ ={A @Z: min(A) <0, maxA > 0}.

Index elements of .¢/ in an order .o/ = {A,A,,...} in a way that for every N € N,
there exists ky € N such that

k,
zN:‘pAi = Z Oy . (5.18)
i=1

min V<0<max V
VC[—N,N]

Then define
g 10 AE{Aiz k41,
oo AefA;iixk+1},

In other words, we first remove all ®,’s with A € .¢/ from ®, and then add them
one by one. Clearly, all the constructed interactions are UAC.

Remark 5.4.1. 1) Every\I/(k) isalocal (finite) perturbation of\I!(O), and U™ tend
to® as k — o0, in the sense thatlll&k) 3@, forallA cZ.

2) For any finite volume V , one can readily check that

wk) ®
IHy = Hylloo < E I2Alloc —— 0.
k—o00
AjNV#D
j=k

3) For specifications, it can also be concluded that y‘I’(k} converges toy® as k —
0o, ie., forallBeZ andV €Z,

Tgk)(BVO) — vV (Blw) uniformly on the b.c. € Q.
— 00

4) In addition, if &) is a Gibbs measure for WO then by Theorem 4.17 in 9],
any weak® -limit point of the sequence { ik )}kzo becomes a Gibbs measure for
the potential .

Another important observation is the following: since we have constructed
U9 from ® by removing all the interactions between the left —N and the right Z,
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half-lines, the corresponding specification yq’(m becomes product type [9, Exam-
ple 7.18]. More precisely, y‘l’(o) =7 x y‘I’+, where ®~ and ®* are the restrictions
of @ to the half-lines —N and Z,, respectively. Thus we have the following for the

extreme Gibbs measures [9, Example 7.18]:

ex%(}f‘p(o)) ={r xv v eex?(y?), v eex¥(r®)} (5.19)

For k > 0, let ¥* € (W), For any k > 1, we also consider the following
function: )
*Z‘=1<I)A~
e ~i=1"Ai
o= ; : (5.20)
fQ e_Zi=1 Py, d y(0)

Now we state two important lemmas which will be used in the proof of The-

orem[5.Al

Lemma5.4.2. [5, Theorem 6.5] If the interaction® satisfies the Dobrushin unique-
ness condition @), so do all interactions ¥®. Furthermore, ¥* and v are
equivalent with

d k) e~ i Oy, d o eZin

Ay fX 6_2;(:1 24; d 1(0) Codwh fX er:l(I)Ai d k) .

Lemma further implies that for any k > 1,

%) e
d k=1 fe—%kdv(k—l)'

(6.21)

Lemma 5.4.3. [5, Theorem D] Assume that ® satisfies the Dobrushin uniqueness
condition @) Suppose the family {f N} ey is uniformly integrable in L'(»9).
Then the weak®* limit point of the sequence (WO} is a Gibbs measure for ® and
absolutely continuous with respect to P,

Proofs of both Lemmal5.4.2|and Lemma|5.4.3|can be found in [5].

We end this section by noting that if i > 0, then the Griffiths—Kelly-Sherman
(GKS) inequality applies to the Gibbs measures »*) and u [10H12,/16]. Namely,
for every 7 € {u, "X, k >0} and all A, B €Z, one has

j o.dT>0 (5.22)
Q

f O'AO'BdTZJ O'Ad’L"J ogdr, (5.23)
Q Q Q

and
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Proof of Theorem

where 04 := l_[(r,- and fori €Z, w € X — 0;(w) = w;. The GKS inequalities also
i€A
imply the following inequality for 7 € {u, ¥*, k > 0}: for every A,BeZand t >0,

J O'Bemf‘dfzf O'BdT-f e'%1dr. (5.24)
Q Q Q

5.5 Proof of Theorem|5.A|

Part (i): Firstly, note that the uniqueness of Gibbs measures for ® and g easily
follows from Theorem Thus by , the restriction ®* of ® to the half-line
Z, also has a unique Gibbs measure v*. Furthermore, Theorem 4.8 in [3] implies
that the transfer operator .Z; has a unique eigenprobability v, and v = v* (see
also Subsection 2.2 in [5]).

Part (ii): We start the proof of the second part by noting that the positive and
negative fields are related by the global-spin flip transformation & : X, — X,
defined by & (x),, =—x,, for all n € Z,. In fact, for the Dyson potential ¢ given by
(5.3), one has that

oo
oY
¢oy:—hao+/321 fla”. (5.25)
n=
For any continuous potential i) € C(X, ) one can easily check that
(Lyos f)o S =Ly(fos), feR™. (5.26)

Thus, the topological pressures of ¢ and i) 0.# coincide, i.e., p(y) = p(y0.¥) and
ve #,(X,)is an eigenprobability of .Z:L ifand only if vo.¥ is an eigenprobability

of 547,0 - Furthermore, h is an eigenfunction of .#,, corresponding to A = e” W) if
and only if h o & is an eigenfunction of %, corresponding to A.

By the above argument, we may assume without loss of generality that the
external field £ is positive for the remainder of the proof.

We below show that the unique Gibbs measure u for ® is absolutely continu-
ous with respect to 9. Then this yields that the restriction u, of u to Z, is abso-

d
lutely continuous with respect to v and the Radon-Nikdoym density f, := d,u;
is given by
frlwg®)= f FEZL wf)v_(d?), (5.27)
X

d
where f = d_v‘l(LO)' Then Proposition 3.1 in [5] also yields that the Radon-Nikodym

density di; is an eigenfunction of the transfer operator ., corresponding to
A=el®),
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Eigenfunctions for the Dyson potential in a field

Note that for the Dyson interaction ®, one has, forallieN, j€Z, and k € Z,

0, k¢{—i,j}
Ok(®ijp)=4 2B .
' , ke{—i, j}.
I
ThusforallieN, jeZ,, ”é(‘b{—i,]’})”g = Sﬂ_z . Therefore, Z ||§(<I>{_l-,j})||§ =
(i+j)2e =

JEZ,

832
2 i+ jpe

i€N,
J€zy

Consider any Ay € ./ and n € N. It follows from (5.21) that

(n) —Ini fQ O A e/an 7 d ")
¢Akd1) =
0 er]Ana'AndV(ﬂ—l)

)

hereforAeZ,, J,:=hifA={i}and J, = if A={i, j}. Then by (5.24),

B
li—jl*

n—1) 7, 2w O Ay n—1)
@y, dn" f“(I)A’“dV( " Jg et dy @y, d Y. (5.28)
0 f e /8O  pln—1) 0

Note that ¥ converges to u as n — oo in the weak star topology. Thus one can
obtain from (5.28) that for all A; € ./, n €N,

f(l)Akdv J@A d""> lim J @Akdv("):J @y, du. (5.29)
0 0 = Ja Q

k
For all k €N, denote W, := Z(I) ;- Then we aim to prove
i=1

sup f logf 9 < oo, (5.30)
k>0 Jx

Hence by applying de la Vallée Poussin’s theorem to the family { f *): k e N}andto
the function t € (0,+00) — tlog¢, one concludes that the family { f ). k eN}is
uniformly integrable in L'( »%). Then Theorem imply that the unique limit
point u is absolutely continuous with respect to »°

Note that for every k €N,

f F®10g FB G = f —W,d P —log f e Wed )0, (5.31)
X X X
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Proof of Theorem

Here one can easily check that
sup | e ™ed ¥ =+o00.
keN Jx

Under conditions of our main theorem, we argue that
sup | —Wed V¥ =+c0.
keN J x

Therefore, the method of the proof of Theorem E in [5] does not work here. We
instead prove the following two claims:

Claim 1:
sup J Wkdv(k)—f Wkd‘u‘<oo;
keN! Jx X
Claim 2:
sup —logf e_Wkdv(O)—f Wkd,u’<oo.
keN X X

One can easily see from that Claim 1 and Claim 2 indeed imply (5.30).
Note that for all k € N, ¢(0?) < ¢(W¥) < ¢(®). Therefore, the Dobrushin
uniqueness condition ¢(®) < 1 is inherited by all the intermediate interactions.
Applying the first part of Theoremwe see that the (only) measure u € 4(®)
and all the intermediate measures »*’, k > 0, satisfy the Gaussian Concentration

4
Bound with the same constant D := W This implies that, for all k €N,
—C
f e~ d kD) < PIBRAIE p= [ B0 d VY (5.32)
X

We combine this inequality with (5.21) to iterate

f e (@ t0r ) g ) (k=2)
X

= Je_q“kd k1) f e P g k=2
X X

< o PUB@AIEHIE®@n,_IE) . o=([x Pap d VD4 [y @y a2 (5.33)

By induction this yields

f e~ Zin i g )0 < oD X I8@NIE . =X [ @0, A (5.34)
X
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Eigenfunctions for the Dyson potential in a field

Similarly, one can also obtain the lower bound:
J e i1 B g0 > g DT 1005 o= Xiny [ @0, Y, (5.35)
X

Hence for all k €N,

k k
. k .
—E f @, d"'Y<log f e—Zf:I‘I’AidV(O)scl—E f @, d Y, (5.36)
i=1JX X i=1JX

o
8p>
where C, := D - 5(® )12 < 00. Thus instead of Claim 2, it
| ;n_( Al = ZN TN
JEZy
suffices to show the following:

k
sup Zf @Aidv(i_l)—J Wkd,u‘<oo. (5.37)
X X

keN i=1

Thus, in the light of (5.29), Claim 1 and Claim 2 are implied by the following:
Claim 3:

sup
keN

f Wkdv(o)—f Wkdu’<oo. (5.38)
X X

By the GKS inequality (c.f.,[5.29), we, in fact, have that f D), d V(O)—J ), du=0,
X X

hence the sequence {f W.d WO — Wi du} increases with k. Thus instead of

X X
considering all W ’s, it is enough to consider the subsequence { Wy} yens, where

N N N N C() 0)]
Wini(@):= D> By (e ZZ i+ )
j=

i=1 ]:0 i=1
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Proof of Theorem

Then

N N
Pow_jw;
J W““d”(m‘f Wndi = 22|~ A
X X i J

e Br(o) (o))
B ZZ (i+j)e

i—/fcovu(a 10 )= Bu(oo)
= (i+j)e

N N .
_ Zzﬁ covu(o—i0}) (5.39)
< (i+j)e

Y& ulog2—v(o_;) vi(o))
+ ﬂzz it ) , (5.40)

here we used the fact that v* = v_ x v,. By (5.14) and (5.17), we know that in the
Dobrushin uniqueness region (5.39) is bounded, i.e.,

ZZ ﬁlCOV;M-'(_O'] z)a-])l < 00.

i=1 j=0

Therefore, to show

sup f W[N]d N f W[N]d,u (5.41)
it is enough to show that
lu(oof —v_(0_;)- vi(0;)
< 00. 5.42
p Z]Z; T IF (5.42)

By Theoremin Chapter we have that v, (0 ;) —— (o), similarly, one
j—oo
can also argue that v_(o_;) —— u(o). For n € Z, denote
1— 00
ty =0 )— plol. (5.43)

Then (5.40) can be rewritten in the following form

N N

(o) —v_(o_;)- _p ZZ luloo)tj +ulog)t_; — 1t

P i+ ) (it )

i=1 j=0 i=1 j=0

(5.44)
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Eigenfunctions for the Dyson potential in a field

Now we show that there exists a constant C, = Cy(«, 8, h) > 0 such that for
every n €Z,

<G 5.45
" = -+ e .

In fact, we prove the above inequality for positive n’s and the case of negative n’s
can be treated similarly. Fix j € N. Then by Theorem 5.3.5} one has that

rJ-:U ajdy—f ajdv("))sz(ljb)j, (5.46)
X X
where D = D(®) which is given by and b = (by)z is given by the following:
O
by = suplly}, (o) =1l gl (5.47)
weX

For any &, w € X, one has that

(0)
1 (sl ) =1l Elogse)

(0

b w(0) (0) y(0)
—HP(Eswpgpe)-HY! (;wme)z[eH;" (Es@(spe)—H" (mwmc)_eH?(ésw{s}c)—H;"(mw{s}c)]

Ns

(Z e—HS‘I’(nSa){S}c)) . (Z e—HS‘I’(O)(T}sw{S}”))
Ns

Ns

e

Thus since

(0) (0) 1
sup |HY (& w5 —HE (s - HY " (s -HY (nsw{s}c))\w(—)

Enw (Is]+ 1)1
sup 72, (1o sy )— 7 ooy loo = O ) (5.48)
ok | WHIEITT T HE e e T syt |

Hence there exists C; > 0 such that for all s € Z,

G
ho<—3 | 5.49
O 649
Then (5.46) yields that
D's
[<2C )y — 15 5.50
15262 e 1 o0
SEZ
Hence by using (5.17), we obtain that
1
t;<2CC . 5.51
1268 D T e R T -5

SEZ

156



Proof of Theorem

The right-hand side of the above inequality can be written as

1
;(IHS—]D“ (s[+De1 Zl(l+s+])a(1+s) (1+ )
. . 1 L1
L1+ j—s)(s+ 1o (14 j)ot
S 1
- Z(1+s—j)a(s+l)a—1

s=j+1
o) 1 Lj/2] 1

-— —F (5.52
;(S-i-])a a2 et 0%
L

1 1 a
+ Z (j—s)e-lsa + ia—1 + éji—z ’
s J J

IN

here | t] and [¢] denote respectively the floor and ceiling of r € R. Note that

1j/2] j-1 1 o0 «
1 1 2¢ 1 2 1
Z i Tga T Z i Toa = ja1 2asa T _Z 1
po} (] _S)O!— sa s:[j/z] (] _s)a— sa ](Z— po) sa ]a ~ sa—
and by the Stolz-Cesaro theorem
>
=13
consequently,
j—1
> ! =0(j"™). (5.53)
i (1+j—s)(s+1)e!
By combining (5.52) and (5.53), one obtains that
=0(j'™). (5.54)
Sezz:uﬂs—ma (sl+ a1~ 7Y

Hence, in light of (5.51), we conclude that (5.45) holds in the case of n > 0.
Using (5.45), we can now estimate (5.44) from the above. In fact, one has

N

ZZ |.u(0'0)t +‘u(0'0)t—z I t]|
(i+j)

Y S uoo)lt; AL (o)l o 1t
Z]Z (i+ ) +.ZZ (z+01)a 22

i=1
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Eigenfunctions for the Dyson potential in a field

Now we only show that the first term remains bounded as N — oo, and the
boundedness of the other terms can be shown similarly. In fact, there exists C, > 0
such that for all NV,

]:01

Nt

J
SG Z jo1’
=1

3
Thus by (5.45) and by taking into account the fact that a > 2 one immediately
concludes that for all N €N,

S| S 1
ZZ(, C2C4Z j2a—2 < C2C4Zj2a—2 <00
j=1 j=1

j=0i=1

(5.55)

Part (iii): By the first part, we can also conclude that the entire sequence { f N} eny

g V‘l(lo as k — oo in the weak topology in Lt ( ). This follows

from the fact that a limit point of the sequence {f*'};cy should be a Radon-

converges to f =

Nikodym density of some u* € 4(®), but 4(®) = {u}, therefore, —— is the only

au
Ao
limit point. Thus
! e
= lim ——, (5.56)

here the limit is understood in the weak topology in L'( )
Note that the weak convergence of { f©)} to f in the weak topology in L!(#?)

also implies the weak convergence of f, +(k) = f ®dy_to [+ in the weak topol-
X
ogy in L'(v). In fact, for any bounded g € Fz,, by taking into account the fact

that "9 = v_ x y, one has

¥ —f) f [ f (19~ frdv_Jgav
X, X, JX_

(f+ f+ng
J f g(f®—frdv_dv
X, JX_

J g(f®=av’-—-o.
X

k—o0

Hence we obtain an analog of (5.56) for f,, i.e.,

= lim ——. (5.57)
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Proof of Theorem

Here the above limit should be again understood in an appropriate topology.
Now assume the transfer operator £, has a continuous eigenfunction f, or

d ~
in other words, the Radon-Nikodym derivative % has a continuous version f.
14

Then for »—a.e. x € X,, f(x) = f.(x), and f, as a function on compact space X,
is bounded. Hence f, € L°°(v), therefore,

1
up{ ——— adv:yeX,, A€Z, i <||fillroo(y) < 00. (5.58)
p{ V([yAD [yA]f+ y + +} f+ L (V)

Hence to prove the second part of Theorem [5.4} it is enough to show that the
supremum in (5.58) is infinite. In fact, below we show that

sup fidv=+oc0. (5.59)

neN V([lg]) [161]

In other words, we show that 1z, = (+1;);ez, € X4 is an essential discontinuity
du

Tdv . To do so, fix n € N and consider

point of the Radon-Nikdoym density f, =
g =11p1. By (5.57), one has that

f e W& y_(4&)
f+]l[1 ]dv— hm wdn). (5.60)

X (151 fX+fX e”MEDy_(dE)ndn)

Thus, since {Wy1}yen (for the definition, see the proof of the first part) is a sub-
sequence of {W }ren,

f e MGy (dE)
1 Jx, [ e "MEDy_(dE)ndn)

f f+]1[1n]dV— hm (d?’]) (5.61)

Now fix N € N and n € X, consider Wy as a function of £. Clearly, it is a
local function, thus by the first part of Theorem forall k eR,

,

J eK[Vl/[N](E,n)—fXJ/\/[N](i,n) dé) v (dE)< DK 18(Wen (-, ))H2 (5.62)

where D = 4(1 — ¢(®)) 2. By the Cauchy-Schwarz inequality, one can also obtain
a lower bound for the integral, in fact,

e—Dl\2||5(WN (- ))H2 < f eK‘[VV[N](ivV)) fX Wini(En)v_(d&)] (dg) (5.63)
X
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Eigenfunctions for the Dyson potential in a field

Forall s €N,

N

o_s(WMny(m)=2p ‘ Z (s Z]J)

j=0

Moo
. Szﬁ;(wﬂa

3
Hence for a > X

oo

18(Win (I3 < 4P Z(iia) =:4f2Cy(a) < 0.

Hence one obtains from (5.62) and (5.63) that

ol e dx WmED- @) f e MNIED ) (dE) < Gy e i MMEMT-D (5 6y
X_

where G5 := PP G(@)

By applying the Gaussian Concentration Bounds to Wy as a function of both
& and ), one can obtain an analogue of for %, In fact, by using the Cauchy-
Schwarz inequality, one can easily check that

—D||5(WN] || efX WN]dV( f e_VV[N]d V(O) < eDHQ(VWN])H% . efX—W[N]dV(O). (5.65)
X

Forany s eZ,

8p 1 B Ce
)< e+ D) oS (566

i=|s|+1

where Cg > 0 is only dependent on a. Hence, since a > 3/2,

1
IB(Wen I3 = (M) < (BCs)P D Tz = Glapr<co. (6.67)
SEZ SEZ $
Then one obtains from (5.65) that
C;t ey na < f e Wmd 0 < Gy - efxWmd ", (5.68)
X

here Cg = Cg(a, B, h) := D - C;(a, B). By combining (5.61), (5.64) and (5.68), one
concludes that forany NeNandne X,

f e WiniEn y_(d&)
fx e~ Wini g 1(0)
Cy- efx Wind VO [ Winy(Em)v-(dE)

C9_1 ) efX Wiy d VO [ Win(En)v_(dE) (5.69)

IA

, (56.70)

160



Proof of Theorem

here Cy = Gy(at, B, h) :=max{Cs, Cg}. Hence, by Jensen’s inequality,

fe WniEmy_(d&)
Wdn)= —

v([l”] f [ eVimd o gD

REI D ¢ (151

_cg‘l-exp( - [ f V\f[m(é,ﬁ)v‘m(dé,dm—J mm(&n)w(d@]v(dn))
V([l()]) [12] X X

(6.71)

c-1 | Winyd 0= [ Winy(Em)v_(d&)
e = ndn)

Note that for any n € X, , one has

N N
f W&, MY O(dE, dn)—f W (€, m)v_(dE) :ﬂzz V- z)[T]] Yo ;)]
1j=

= (i+j)e
(6.72)

Hence

J [f Wi (&, YO E, dn)— f W (&) v-(d&)|dn)
5] JX X_

v (0_)n;— o )]
[15] i=1 j=0 (i+j)0!

=B Wdn)

N
=P Z v_(a l) [oj—vo)ldy. (5.73)
i=1 j= [17]

Then since both ¢ ; and 1(;;; are non-decreasing functions and v is a positively
correlated measure, by the FKG inequality 7], for any j € Z,,

f [O'j— V(O'j)]dV=J o'j]l[l(’}]_f O'jd Vf ]l[l(r)z]dVZ 0. (5.74)
[15] X X X,

Furthermore, for 1 < j < n, one has
J [0 — o )ldv=n[15])1—Ho ). (5.75)
(151

We also note that by (5.22), for all i €N,

y_(0_;)>0. (5.76)
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Eigenfunctions for the Dyson potential in a field

By combining these arguments,

i=1 j=0 [15] j=0i=1 (15]
n N v (0_ )
= ———y([(1'NA— o ;). (5.77)
ﬂ;;(lﬂ)a W(151(1— Ao )
Hence by (5.73),
1

[ f mm(&,ﬁ)v@(di,dm—f Winy (£, m)v_(d )] dn)
X X_

15D Jyry
S P C i V—(U—i)(l._ V(.Uj))V([l(’)l])
w15 o5 (i+j)
oL (o)1= o))
_ﬁ;; T (5.78)
Then and yields that for any N €N,
1 [ e MmlENy_(ag) » n Ny (g )(1— Ao )
115D Jpuny [ e Mmd o) ndn)= G -exp(ﬁ j:O; G+)) )
(5.79)
Hence implies
1 "Iy (o-)(1— Mo ;)
WD g, 4 2 Jim, € -exp(p FO; )

Ge(p X3 AR, s

Jj=0i=1

It follows from (5.45) that lim v_(o_;)= lim Yo ;)= u(cy)> 0. Thus

i—00 j—oo

K:=sup "o;)<1
J€zZy

and there exists R € N which depends only on "9 = y_x yand u (thus R only

depends on the model parameters a, 8, h) such that v_(o_;) > ,u(z o) foralli > R.
Hence we obtain from (5.80) that
1 -
I s KL ) S S
V([lo]) [17] j=0i= R
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Proof of Theorem

One can readily check that the sum on the right-hand side of diverges as
(o]

n — oo. In fact, there exists C;y = Cjp(@) €(0,1)

1
> Cp(R +
it 10(

)79, therefore,

M8

3>

]:0 i=

| |
8

ZW

=~

Hence, one indeed concludes that

sup fidv=+o00.

neN VUISD [12]
O

Remark 5.5.1. The statements of Theorem|5.Aremain valid for the Dyson interac-
tion ® = (®,)rez with inhomogeneous external fields:

—powiw; o
U——}P‘]’ ifA={i,j}, i#];

Br@):=1 o A= (i) (5.82)
0, otherwise,

3
as long as the fields h; € R are sufficiently strong. Specifically, ifa € (5,2], B =0,

and
inf |hil = 2B (a)+1og(4B(a)),

then the interactions ® and \if admit unique Gibbs measures yu € 4(®) and »°
@), and we haveu < V ). Moreover, the Radon-Nikodym density of the restric-
tion ulx, with respect to 0| x, does not have a continuous version. However, in
this general (inhomogeneous) case, we cannot always associate a potential to® via
the formula Z &, due to the lack of translation invariance of ®. We note that
0eVeZ,
& is translation-invariant if and only if h; € R is constant over i € Z.
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