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Chapter 3

Gibbs Properties of Equilibrium
States

Abstract: In this chapter, we consider the problem of equivalence of Gibbs states and
equilibrium states for continuous potentials on full shift spaces EZ. Sinai, Bowen, Ruelle
and others established equivalence under various assumptions on the potential ¢. At
the same time, it is known that every ergodic measure is an equilibrium state for some
continuous potential. This means that the equivalence can occur only under some ap-
propriate conditions on the potential function. In this chapter, we identify the necessary
and sufficient conditions for the equivalence.

This chapter is based on M. Makhmudov, E. Verbitskiy, “Gibbs Properties of Equilibrium States”,
arXiv:2503.15263.
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Introduction

3.1 Introduction

DLR Gibbs measures were introduced by Dobrushin (1968) and Lanford and Ru-
elle (1969) to describe the collective behaviour of a system composed of a large
number of components, each governed by a local law. Soon after, the Gibbs mea-
sures found applications in other fields of science and various areas of math-
ematics. In particular, in the early 1970’s, Sinai showed that natural invariant
measures for hyperbolic dynamical systems are Gibbs measures. The original
definition of Gibbs measures in statistical mechanics is somewhat cumbersome
in the context of dynamical systems. For this reason, Bowen [3] provided a more
suitable definition of Gibbs states from the dynamical systems perspective: a
translation-invariant measure gy on Q= E Z E is finite, is called Gibbs in Bowen’s
sense, or Bowen-Gibbs, for a continuous potential ¢ : 2 — R, if for some constants
C>1land P, forall neNand every w €2

1 u{ee:ai =0

—< <C, 3.1
C exp (S, ¢(w)—nP)

n—1

where S, ¢(w) = Z(,Z)(Skw) and S : Q — Q is the left shift on Q. Subsequently,
k=0

weaker versions of this notion were introduced. Namely, a translation-invariant

measure y on () is weak Bowen-Gibbs if u satisfies

1 p{ee: ol =wi™h
oS ot <Cp, (3.2)

for some subexponential sequence {C,,} of positive real numbers, i.e., logC,, =
o(n).

Let us stress that Bowen'’s definition of Gibbs measures is actually a theorem in
Statistical Mechanics. More specifically, if ¢ is a translation-invariant DLR-Gibbs
measure (see Section [3.2]for the notion), then there exists a continuous function
¢ : Q — R and positive numbers C,, = C,(¢) such that holds. Therefore,
we prefer to use the name of Gibbs measures for measures which are Gibbs in
the DLR sense, and we refer to the measures satisfying and as Bowen-
Gibbs and weak Bowen-Gibbs measures.

The notion of weak Gibbs states in Bowen'’s sense is also somewhat mislead-
ing, as it suggests some form of non-Gibbsianity and competes with a notion un-
der the same name in Statistical Mechanics. As we will see below, weak Bowen-
Gibbs measures can be bona-fide Gibbs measures in the DLR sense. We also note
that there are examples of weak Gibbs measures in the DLR sense, which are weak
Bowen-Gibbs as well [[17].

Bowen'’s definition and its weak form are extremely convenient from
the Dynamical Systems point of view. At the same time, using such definitions,

71



Gibbs Properties of Equilibrium States

one can, in principle, say very little about the conditional probabilities of the un-
derlying measure, which is the classical approach to Gibbs measures in Statistical
Mechanics. In fact, there exist Bowen-Gibbs measures that are not DLR-Gibbs
measures [2, Subsection 5.2].

Anotherimportant notion is that of equilibrium states. A translation-invariant
measure y on 2 = EZ is called an equilibrium state for a (continuous) potential
¢:Q—-Rif

h(m+f pdu="P(9) (3.3)
Q

where P(¢) is the topological pressure of ¢ and h(u) is the measure-theoretic
entropy of u. For expansive systems like those we consider in this chapter, equi-
librium states always exist. It is easy to see that a weak Bowen-Gibbs state is also
an equilibrium state for the same potential [19].

Afundamental result highlighting the breadth of the class of equilibrium states
is the following: if uy,..., u; are some ergodic measures on £, then one can find a
continuous potential ¢ € C(2) such that all these measures are equilibrium states
for ¢ [7,/12,22]. This remarkable generality suggests that equilibrium states can
exhibit a wide range of behaviors, and in particular, one cannot expect them to
possess any form of Gibbsianity in general. This leads to a natural question: un-
der what conditions on ¢ are the equilibrium states Gibbs, either in the DLR or
the Bowen sense? This question has a long history of research:

e For Hélder continuous potentials, Sinai proved that equilibrium states are
Gibbs in the DLR sense [23, Theorem 1], and the Bowen-Gibbs property
was established by Bowen [3]]. Haydn extended Sinai’s results to the non-
symbolic setup [9}(10].

o Ruelle [21] (see also [14, Theorem 5.3.1]) studied the DLR Gibbsianity of the

unique equilibrium states for potential ¢ with summable variations:

Zvarngb < 00, varnqb:=sup{¢(co)—¢(c'o):w]-=c'oj, OSan—l}.

n>1

The Bowen-Gibbs property was treated by Keller [14, Theorem 5.2.4, (c)]

o Walters [25] considered potentials satisfying even a weaker condition:

P—=00 pe

n
lim supvar(_, ,4+pSn19 =0, here S,,,¢ = Z Qo st (3.4)
N i=0

Walters showed that there exists a unique equilibrium state for potentials
satisfying (3.4), and they have the so-called, g—measure property, which
amounts to saying that the equilibrium state has continuous one-sided con-
ditional probabilities. Combining this with the result of [2], one concludes
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Introduction

the DLR Gibbsianity of the unique equilibrium state of a potential in the
Walters class. In [11], Haydn and Ruelle extended this to a more general
setup than the setup of shift spaces. In the same paper, Haydn and Ruelle
also established the Bowen-Gibbs property of the unique equilibrium state
for a potential satisfying the Bowen condition:

supvar_p ,Sp+1¢ <+09,
neN

which is slightly weaker than Walters’ original condition.

e More recently, Pfister and Sullivan [20] established the weak Bowen-Gibbs

property of equilibrium states for potentials ¢ with summable oscillations:

(o]

> Gip<+00, 8, =sup{p(w)—p(@):w;=a; j#i}.

i=—o00

Unlike the preceding conditions, the summable oscillations condition does
not imply the uniqueness of the corresponding equilibrium states. How-
ever, the DLR Gibbs property of equilibrium states under summable oscil-
lations has not been addressed.

In this chapter, we continue the long line of research on the Gibbsianity of
equilibrium states, as discussed above, and also extend the main result of [2],
where a similar question has been answered in the case of g—measures. In this
chapter, we show that under a similar assumption on the potential ¢, one can
establish the Gibbs properties of equilibrium states and vice versa. This assump-
tion on the regularity of the potential ¢ : Q — R is the extensibility condition,
which requires that for all a,, by € E the sequence of functions

n
(@)= Y (908 (0 biof) = ¢ oS (07 a0 )
i=—n
converges uniformly in w € Q as n — co. The extensibility condition is not very
restrictive. For example, it does not imply the uniqueness of the equilibrium
states, unlike the results by Sinai, Bowen, Ruelle and Walters. Furthermore, the
extensibility condition covers the previously treated classes, including the class
of Holder continuous potentials, potentials with summable variations, Walter’s
class, as well as the class of potentials with summable oscillations. However,
the potentials in Bowen’s class do not necessarily have the extensibility property
[2, Section 5.5]. An important example of extensible potentials is the Dyson po-

o0
tential, q)D (w):=hw, +Z ﬁw—oawn, o € {£1}%, which has been extensively stud-
n

n=1
ied recently [6}/13,(18], where k, 8 € R and a > 1.
The following theorem, the first of our main results in this chapter, establishes
the Gibbs properties of the equilibrium states of an extensible potential.
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Gibbs Properties of Equilibrium States

Theorem 3.A. Suppose ¢ € C(Q2) has the extensibility property. Then any equilib-
rium state u € 85 (¢) is

(1) Gibbs in the Dobrushin-Lanford-Ruelle sense;
(2) weak Bowen-Gibbs relative to the potential ¢.

The proof of Theorem3.A]is given in Section 3.5} and uses the following idea:
for a given potential ¢ € C(Q2) satisfying the extensibility condition, we construct
a natural two-sided Gibbsian specification (a consistent family of regular proba-
bility kernels) y¢ on 2 = EZ. Then we show that any translation-invariant DLR-
Gibbs state v for the specification 7’¢ will be an equilibrium state for ¢. Hence,
the set of Gibbs states associated with the specification y¢ is a subset of the set
of equilibrium states for ¢p. Finally, if we take any equilibrium state 7 € £(¢)
and a DLR-Gibbs state u € %(y?), we will show that the relative entropy den-
sity rate h(t|u) is zero. This allows us to use the classical variational principle.
[15, Theorem 4.1] and conclude that T € %(y% as well.

Our second main result is about the translation-invariant Gibbs measures,
which in some sense is a converse of Theorem 3.Al

Theorem 3.B. Assume . is a translation-invariant DLR Gibbs measureonQ = EZ.
Then u is an equilibrium state for a potential with the extensibility property.

We should note that if u is a Gibbs measure for a translation-invariant uni-
formly absolutely convergent (UAC) interaction, then the claim is rather stan-
dard [16, Theorem 3.2]. However, as demonstrated in [1], not all translation-
invariant Gibbs measures are compatible with a translation-invariant UAC inter-
action. Thus, Theorem[3.B|generalises the result in [16, Theorem 3.2] to a broader
setting, encompassing all translation-invariant Gibbs measures, including those
that are not Gibbs for any translation-invariant UAC interaction.

The proof of Theorem [3.B|is constructive and is also given in Section[3.5] In
fact, we construct a natural one-sided potential ¢, out of the Gibbsian specifi-
cation y for u. Then we show that ¢, is extensible, and this allows us to apply
Theorem3.Alto ¢,.

One might observe an analogy between our results and Sullivan’s theorem [24,
Theorem 1] in Statistical Mechanics. In Sullivan’s theorem, the role of extensible
potentials is played by the so-called .Z-convergent interactions, a notion that is
also syntactically similar to the notion of extensibility.

We also note that the statements of Theorems|[3.Aland [3.B} along with their
proofs presented in this chapter, naturally extend to higher-dimensional lattices
Z% ordered lexicographically (see Propositionand Propositionin Chap-
ter[2). Since there is no substantial difference in the proofs, we only focus on the
one-dimensional lattice Z.
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DLR Gibbs Formalism

The diagram on the right sum-
marises the relationship between Equilibrium states

equilibrium states and various no-
tions of Gibbs states.

This chapter is organised as follows:

e In Section we introduce the
basic concepts in the DLR Gibbs
formalism such as Gibbs mea-
sures, specifications and interac-
tions. Here, we also recall some
important results, such as the vari-
ational principle from the classical
DLR Gibbs formalism.

Figure 3.1

e In Section we discuss the motivation behind Bowen’s definition of Gibbs
states.

* InSection[3.4} we discuss the relationship between the extensible potentials and
Gibbsian specifications.

* Section[3.5]is dedicated to the proofs of the main results in this chapter.

3.2 DLR Gibbs Formalism

The theory of Gibbs states, which is put forward by Dobrushin, Lanford, and Ru-
elle, is very flexible and allows one to define Gibbs states on very general lattice
spaces ET, where E is a Polish space and L is a countable set. In the present
chapter, we are primarily interested in probability measures on Q = EZ, E is fi-
nite, which are invariant under the left shift S: Q — Q.

3.2.1 Specifications, Interactions, and Gibbs states in Statistical Me-
chanics

The standard Statistical Mechanics description of Gibbs states is rather differ-
ent from the definitions of Bowen-Gibbs and weak Bowen-Gibbs measures. The
principal point is the explicit description of the family of conditional expecta-
tions indexed by finite subsets A of Z. More precisely, in Statistical Mechanics,
one starts with a family of regular conditional expectations, which for f : Q — R,
given by

raflo)i= D ralEaload) fErwpe),

gAEEA
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Gibbs Properties of Equilibrium States

where

exp(—HA@ XY ))
Zj(w)

@)= ) exp(~Hy(Eox)) 6

JA€EA

rA(Ealwpc)=

In order to guarantee the tower property of the conditional expectations, one
needs to assume consistency of y’s: o =yao7vy for V.c A, where for f : Q@ - R

measurable and w € Q, (ypory)(flw) := | rv(fIn)raldnlw). The latter is en-

Q
sured if the functions Hy : 2 — R - called a Hamiltonian in A- are of a rather
special form:

Hy(w)= > @y(wy) (3.6)

Vez,
VNA#£D

here the summation is taken over all finite subsets of Z (denoted by € Z) which
have non-empty intersection with A. Here ® = {®,,V € Z} is called an inter-
action and each function @y : Q — R is local, meaning that the value of &y (w)
depends only on the values of w within V, hence, we write ®/(wy/). In order for
these expressions to make sense, one needs to assume a suitable form of summa-
bility in (3.6). The standard and sufficient assumption is uniform absolute con-
vergence (UAC): forall i € Z,

D levllco= Y supley(wy)l < oo.

ieVeZ icVez WL

If ® is an UAC interaction, the corresponding specification y = (yx)acz defined by
(8.9), is

e non-null: for all A, infy,(wa|wac) >0,
w
* continuous: for every A, w — 7,(wy|wpc) is continuous.

In statistical mechanics, the second property is often referred to as quasi-locality.
Animportant property of positive specifications, which will be used in the proofs,
is the so-called bar moving property:

ralalwac) _ ralla®aalwne)
rallalowad)  rallawaaloae)’

(3.7)

forall £,Z,w € Q and every A C A € Z. The bar moving property is equivalent to
the consistency condition of specifications.
A non-null continuous specification y = {y,} is called Gibbsian.
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DLR Gibbs Formalism

Definition 3.2.1. Supposey ={ya} is a Gibbsian specification on ). The measure
u is called Gibbs fory, denoted by u € 9(y), if for every A € Z,

wWwplwac) =ralwalwae), foru—ae weq,

equivalently, if the DLR equations hold: for every f € C(Q2) and A € Z,

f YA(flw)u(dw)= f flw)u(dw).
Q Q

For any Gibbsian specification 7, the set of corresponding Gibbs measures
9(ry) is a non-empty convex set. In case, ¢4(7) consists of multiple measures, one
says that y exhibits phase transitions.

3.2.2 Translation-invariance and the Variational Principle

The modern approach to Gibbsian formalism is to think about Gibbsian spec-
ifications 7y in an interaction independent fashion. The reason for this is that
a measure U can be consistent with at most one Gibbsian specification, while
there are infinitely many interactions ® giving rise to the same Gibbsian spec-
ification. In fact, it was proven by Kozlov that for any Gibbsian specification y
there exists a (in fact many) UAC interaction @ such that y = y®. However, such
a representation is not always possible in a way that respects translation invari-
ance. It is shown in [1] that there exists a Gibbsian specification y on {0,1}% that
is translation-invariant - meaning y,,1 =y o S for every A @ Z — but can not be
associated with any translation-invariant UAC interaction ®, where &, = ®, 0 S
for all A € Z, via . Nevertheless, many important results in Statistical Me-
chanics, including the variational principle, can be formulated independently of
interactions.

Theorem 3.2.2. [15] Let y be a translation-invariant Gibbsian specification and
u€9Ys(y). Then forall T € M, 5(0), the specific relative entropy h(t|u) exists and

h(t|lu)=0 < 1€%(y).

In Chapter[2} we proved some technical lemmas about translation-invariant
specifications, which would be useful for us. For n e N, we set A,, :=[—n,n]NZ.
We fix a letter a in the finite alphabet E and we will use the notation a, to denote
the constant configuration consisting of a’s.

Lemma 3.2.3. Suppose v is a translation-invariant Gibbsian specification on Q.
Then

)

sup (3.8)

o,w,NeN

g @ c a c
log 710,1)(T10,n)@(0,n)e)  Y10,n1(A10,n)|M10,n) ))’zo(n).

10,71(@10,n)|@[0,n)c)  Y10,n1(T[0,1]|M[0,n]c)
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Gibbs Properties of Equilibrium States

(ii) the sequence { — logy,,(as, IwA;)}neN converges uniformly in w €Q to

1
[Anl
a constant which we denote by P?(y).

3.3 Bowen’s property of Gibbs measures

By comparing the definitions of Gibbs measures in Statistical Mechanics and that
of Bowen, it is immediately clear why Bowen’s definition is so attractive and pop-
ular for dynamicists: it captures the most important, from the Dynamical Sys-
tems point of view, properties of Gibbsian states — uniform estimates on mea-
sures of cylindric sets in terms of ergodic averages of the potential function. In
fact, whether the measure has the Bowen property or the weak Bowen property,
rarely makes any difference in Dynamical Systems: the subexpontential bound
is as good as the uniform bound in practically any computations.

Nevertheless, Bowen was fully aware that his definition of Gibbs states is not
the same as in Statistical Mechanics: "In statistical mechanics, Gibbs states are
not defined by the above theorem. We have ignored many subtleties that come up
in more complicated systems", |3, page 6]. To introduce the definition, Bowen was
motivated by an example ([3} page 5]) of a translation-invariant pair interaction
®, dy, Z0 onlyif V = {k} or V ={k,n}, k, n € Z, satistying a strong summability
condition

1
[@i01lloo+5 D 1nl-11B0mlloo < 00 (3.9)
nezZ\{0}

The above condition is a special case of a well-known uniqueness condition in
thermodynamic formalism [8}[22]:

diam(V)
> — i levles <co. (3.10)
0eVez

Let us now discuss the Bowen-Gibbs and the weak Bowen-Gibbs properties of
DLR Gibbs states.

Theorem 3.3.1. Suppose® ={®y }y <z is a translation-invariant UAC interaction

and let ¢ = — Z ®\,. Then there exists a sequence {C,} with n"'log C, — 0,
0eVez,

such that for every translation-invariant Gibbs measure u for ®, for all n and w €

Q, one has

1 plioen: o=y
Cn ™ exp(Sy¢(w)—nP(¢))

If, furthermore, the interaction ® satisfies a stronger summability condition (3.10),
then there exists a unique Gibbs measure u for ®, and for some C > 1, everyn > 1

ne

78



Bowen’s property of Gibbs measures

andall w €},

1 < p{eoeQ: o ' =wi™h -

C™ exp(S,¢(w)—nP(p))

Let us sketch the proof of this theorem using known results in Statistical Me-
chanics. The first claim is standard [8, Theorem 15.23]. Applying the DLR equa-
tions to the indicator function of the cylinder set [Ug_l], one concludes that

(3.11)

uldn).

n—lmy _ exp(—Hy,(04,1a¢))
#loo D_f Zy, (1)

1

|Anl
uniformlyinnasn — oo [8, Tﬁeorem 15.30, part (a)]. ThuslogZ, (n)=exp(|A,|P+

o(n)).

To study the numerator, we use the estimate (15.25) in [8]:

sup [ > ¢ oS @)+ Hy, (0r,r)| < D D 1@ lleo, (3.12)

onell ien ieh, Vi
VEA

The sequence of functions logZ,, (1) converges to the pressure P(®) = P(¢)

n

and the fact that the uniformly absolute convergence of the interaction ® ensures

that
D7 l@vlioo =0(IAl:

i€eA, Vi
n

The uniqueness of the Gibbs measures under (3.10) follows from Theorem 8.39
in [8]) (see also Comment 8.41 and equation (8.42) in [8])). Note that (3.10) implies
that Z Z [|®v|leo remains bounded as n — oo, in fact, for all n € N, one has

ieA, V>i
that
. diam(V)
2 D vllos D dian(V)-@ylloo= D> = 1@vlleo = D.
ey Y 0eVEZ, 0EVez

This together with (3.12) yields that

sup
o,nNeN

Z¢os"(a)—2¢os"(a%m;) <2D, (3.13)

i€\, i€\,

i.e., ¢ satisfies Bowen’s condition [27]. Then (3.11) follows from Theorem 4.6 in
[27] and from the fact that the translation-invariant Gibbs measures for ® are
equilibrium states for ¢ [8, Theorem 15.39].
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Gibbs Properties of Equilibrium States

Remark 3.3.2. Note that it is not a coincidence that the condition implying
the Bowen property, also implies uniqueness. Indeed, suppose u and v are two er-
godic measures on ) with the Bowen-Gibbs property for some continuous potential
¢. Then the Bowen-Gibbs property implies that

1 o)
WwpD

foralln and every w € Q, and hence the measures u and v are equivalent, and thus
are equal.

3.4 Potentials, Cocycles, and Specifications

An alternative, more dynamical approach to DLR-Gibbs measures, also known
as the Ruelle-Capocaccia approach, was introduced in [4]. However, as demon-
strated in the original work [4], for lattice systems, which is the setting in this
chapter, the Ruelle-Capocaccia definition of Gibbs measures coincides with the
specification-based definition given in this chapter. Keller’s book [14, Chapter 5]
provides an excellent summary of Gibbs measures following the Ruelle-Capocaccia
approach under the assumption that the underlying potential has summable vari-
ations. Below we explore how this approach extends to cases where the potential
lacks summable variations but still has the extensibility property.

Recall that the extensibility condition requires that for all w € Q and every
a,d € E, the sequence of functions

n

pLiw)= D [P )~ p(S'wY], n=0, (3.14)

i=—n

converges uniformly as n — co. Here, we use the notation w“ = (w})kez is given
by

. Ja k=0,
Wy =
Wi, k;£0.
Therefore, we can define a continuous function pZ"i(w) Q- R,
a ay_ 1: a,a
plw®, w*)= nlggopn (w).

Proposition 3.4.1. Suppose ¢ satisfies the extensibility condition, then for any
pair&,n €, such that the set{k € Z: £ # ny} is finite, the sequence of continuous

functions
n

paEm= > [p(S'E)—p(S'n)], n>0, (3.15)

i=—n

converges. Furthermore,
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Potentials, Cocycles, and Specifications

(1) thelimiting function p(&,n) = lirrlnpn(i, n) is a cocycle, i.e., forevery&,n, €
Quwith&;=n;={; foralli with|i|> 1, one has

P& =pEn+pn,); (3.16)

(2) p is translation-invariant in the sense that for every pair(&,n) with{k € Z:

Ex # Nk} finite,
p(&,n)=p(SE,Sn). (3.17)

(3) foreveryA@Z andny,{p € EM, PMrEz\n EaEz\A) is a continuous function
of €.

Proof. We carry out the proof in two steps.
First Step: Let &, € Q2 such that for some k € Z, &z (x} = Nz\(x}- Without loss of
generality, let k > 0. Then

n n—k
D [9osTH S —gosT S ] = D (9o (SF)—g oSS )
i=—n i=—n—k

- Z [poSi(SkE)—poSi(Skn)]  (3.18)

i=—n
n

— D [posista—gosi(stn)] 3.19)
i=n—k+1
—n—1

+ > [poSi(sFO—gosi Sty B.20)
i=—n—k
Since (S*& )20y = (S k 1)z\{0}> the extensibility property of ¢ yields that the sum in
converges uniformly to p¢(Sk§, Skn) as n — 00. Note that for any i € Z,
¢ 0 S (S*E)—p oS (S* )| <619 <var(yy, i ——0.

li|—o0

Thus for (3.19) and (3.20), one has that
n

> [9057(S5 )~ oSS )| < k-vary y,n @

i=n—k+1

and
—n—1

Y. (9057 (55 =g o5T(S ]| < k-var(,n0-

i=—n—k
Thus since k is fixed and var_, n—@ — 0, both sums in 1| and 1!

converge uniformly to 0 as n — oco. Therefore, p is defined at (§,1) and p(&,n) =
p(s*g, skn).
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Gibbs Properties of Equilibrium States

Second Step: Let &, 1) € Q2 such that for some A € Z, £7\p = 1z\». Then there exists
m € N such that A ¢ [-m, m]NZ. Then for n > m, one has

i[«posi( oS’ ()= Z Z oS (€T E)—poS (€15 0 E5T

i=—n j=—mi=—n

By the first step, the sum over i on the RHS of the last equation above converges
uniformly for each j as n — oo.
We now address statements (1)-(3). Claim (1) follows directly from the definition
of p. Equations and easily follow from the first and second steps
discussed above. The continuity of the map & — p(nx&z\n,{a&z\n) forall A € Z
and 7, { € Q is a consequence of the uniform convergence of (3.15).

O

Now, we shall discuss how to associate a Gibbsian specification with an ex-
tensible potential and vice versa. We have the following theorem.

Theorem 3.4.2. (i) Suppose ¢ : Q2 — R is a continuous function with extensibility
property, then y¢ = (yf )Aez 8iven by

—1
ril@alor)=( > ef"Erenn )]y eq 3.21)
EAEEA

is a translation invariant Gibbsian specification.
(ii) Supposey = (Y A)rez IS a translation invariant Gibbsian specification, then

7iop(wola”L, )

¢, (w)=log —
r 710} (@0la”to w$°)

, WEN (3.22)

is a continuous function with extensibility property such that y¢Y =7.

Proof. (i): This part is proven in Subsection[2.2.3]

(ii): The second part has been established in greater generality in Proposition
here, we consider the particular case where p is the Dirac measure §, and
d = 1. Owing to its concreteness and reduced level of abstraction, we provide a
separate proof for this case.

Pick any ay, by € E and w € 2. Since ¢, is a one-sided function, one can check
that forany n €N,

plot(w)—piort(w) :Z[(p}, 0§~ (bywioe)— ¢y 0 S (@ow o)) (3.23)

i=1
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and for the right-hand side of the above equation, one has

RES = Zl 7 {0y ((w_;)olan(w™ }Hbowl )oo)‘ Y{o}(ao|a—N(CO_}+1dow<f°)°°)
- 7oy (apla_n(w _,+1b0601 )T°) 7’{0}((6071')0|“LN(60_,+1“00)1 )00)

Then, by applying the bar moving property, one gets

p20,b0(w) ao bo Cz)) Zl ‘)/{Ol}((w l)O(bO)'leLN(w:,l+1)i_l(w(fo ?fl)

= T0.3(@0(bo)ila_n(w ], )T ()50
-1 [ee]

+Zl T0.3(@0(@0)ila_n(w ], ) (@$)50)
i=1 710,11 ((w—i)o(ao); |a—N(0),}+1)i 1(6()1 )5o)

and thus, by applying the bar moving property once more,

ie1)

plorby _ pgo’bt):zn:lo 1y (Bo)ilan(w2))y (@)
" = rin((ag)ila_n(wI)y (wi)50)

)

+Zl ri(ao)ilaz (w7}, )i (wfe (l: ,
= ru(b)ilaz_(w —i+1)1 NP5

here Z_ denotes —N U {0}. Hence, by the translation-invariance of 7,

l 1

bola” '™} w$® agla w
w)= logr{O}( olaZ l1 ) 7{0}( 0[a 6 Wi )
—i

im1 V{o}(ao|a S w?®) Y{O}(b0|a—oow_}+1w1 )

ag, by ag, by
2 w)=py”

_Z 1i0)(bola @7} f )_”zl:lo 7{0}(bo|a:f;1w:}w?°)
- 7’{0} (apla”ss w }0)1 ) = 7’{0}(“0|a—oo w_ 601 )

Toy(bola” it w ™) 7i0y(bola”l )

=log - —log — .
Tioy(@la=ts 0 5,0i°%) T rig(aolaZe, wf)
Thus
puo,bo(w)zl Y{O}(b()la—golw , (IX)) — ] Y{O}(b(]k‘):(l)ow?o) (3 24)
" 7’{0}(ao|a—go ' 0f°) n—00 7(03(@0l =g §°)
The last limit also shows that y‘PV =7. O

3.5 Proofs

The proofs of Theorem [3.Aland Theorem [3.B|will be based on two lemmas. Our
first lemma states the following.
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Lemma 3.5.1. Let ¢ € C(Q2) be an extensible function and y¢ be the associated
Gibbsian specification. Then the one-sided extensible function ¢, € C(Q) is
weakly cohomologous to @, i.e., there exists C € R such that for all T € 4, 5(9),

J ¢Y¢dT=J< ¢odr+C. (3.25)
Q Q

Remark 3.5.2. The second part of Theorem[3.4.2 implies that the chainy — ¢, —
y¢7 isclosed, i.e.,y = y‘PV. For an extensible function ¢, the diagram ¢ — 7"7’ — Qo
is, in general, not closed, i.e., it is not always true that ¢ = ¢.o.

Proof. Note that ¢, is a half-line function. For any wz, € (1, one can easily
check the following:

Prolwz)=lim > [poSial wf)—pos'(a,0f*)]  (3.26)

i=—n

and the above limit is uniform on wz, € Q. For any 7 € .#, 5(Q;) and n € N,
denote

n

I(7) = fZ[¢os’(a:;wa”)wosl(aioowi"’)]r(dw).
Qij=—n

Forany{;,{, € ZU{—00, 00} with ¢; </,, define a transformation

w;, i iE[l, 4]

s (3.27)
a, ifielly,l,].

O, ¢, () = {

If ¢, £¢5, then [{,,£,] =0, therefore, for all w € Q, we set O 4,|(w) = w. Note that
the families {S; : £ € Z} and {©, ¢, : {1,{> € Z,{; < {,} of the transformations on
2 have the following commutativity-type property: for any ¢, » 3 € Z with £, </,,

Sty ©O10,,6,1 = Oty —t5,6,5]© St (3.28)

Thus I,,(7) is written in terms of the transformations O as follows:

L(7)= D> | $00 oo injoS (@)r(dw)— D | ¢ 0O esijoS (@)t(dw)

i=—nJN i=—nJdQ
(3.29)
Then, by the translation-invariance of measure 7,

n n
Z ¢ 0(“)(_00'_i_1]dT - Z ¢ O(')(—oo,—i]dT (3.30)

i=——nJ i=——nJ

f (P 0@(_00’_n_1]dT —f ¢ °®(—oo,n]d7~ (3.31)
Q Q

I(7)
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Proofs

By continuity of ¢, the sequences {() 00_co —n—1)(@)} nez, ANd {P 0O oo n](W)} nez,
converge uniformly in w € Q to ¢(w) and ¢ (a), respectively, as n — co. Thus one
concludes that

nlggol f pdt—¢(a (3.32)

Since the limit in (3.26) is uniform, we conclude from (3.32) that
J Ppo(w)T(dw)= J p(w)r(dw)—¢(a). (3.33)
O

Now, we formulate the second lemma.

Lemma 3.5.3. Lety be a translation-invariant Gibbsian specification and ¢, be
the associated extensible function. Then

(i) Every translation-invariant Gibbs state u € 9s(y) is weak Bowen-Gibbs with

respect to ¢, i.e., u satisfies (3.2);

(ii) The set of translation-invariant Gibbs states for y coincides with the set of
the equilibrium states for ¢, i.e., Ys(r)= 59(¢)y).

Proof. (i): Now we shall prove that any translation-invariant DLR Gibbs measure
u prescribed by a specification y is weak Bowen-Gibbs relative to the potential
Py

The first part of Lemma and translation-invariance of the specification
7 imply

. 1 a
nlhngo—; log¥10,n1(a10,n)|@[0,n)c) = P?(1) (3.34)
and the convergence is uniform in w €.

Now consider a configuration o € 2, and a cylindric set [0 ], then by the DLR
equations,

u(loy) f 710,21(0710,111M10,m1 (7))
X

JY[o,n](U[o,n]ln[o,n]c)
x Y10,1(@[0,211M10,n1¢)

“110,n)(@0,211M[0,n)c J4(d 7). (3.35)

By translation-invariance of the specification y, Lemma[3.2.3]yields that

710,10 0,nMo,n1e) . pa
ulog)) = f e "udn),
° x Y10.n1(@0,n11M10,n1¢)
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here the error factor o(n) is independent on 1) and only depends on n. Therefore,

a g c
‘u([a.(r)l]) — e—nP (')’)'FO(FI)J Y[O,n]( [Ovn]|n[0:”] )H(dn), (3.36)
x Y10,1(@0,n)1M(0,n)c)

Hence, by taking into account (3.8), we obtain that

51PN 710,11(07[0,n11Q10,1)c) _ goln)

u(logl) = (3.37)
710,n1(@0,n)|210,n)¢ )
Using the bar moving property (3.7), we have that
Yo T0nll80,n1) 17 Y10.m)(@00,0)0i,n]lA0,n1) B2 l—[ YO ilo G miagi n)e)
710,n1(@0,n)110,n)c) i_a 710,n)(10,110(i,n] [0, )¢ ) (i1 @i lo(i n1agi nge)
n
— l_[ e‘PYOS’(D’[o,n]a[O,ﬂ]C), (338)
i=0

Note that in the last equation of (3.38), we used the fact that ¢, is independent of
the components in the negative half-line —N. Combining (3.38) with (3.37), we
get

esn+1 ¢7(0[0,n]a[0,n]5 )

oyl = e, (3.39)

enPa(y)

Note that

var,(Sy1¢;) < > _vary(¢,) (3.40)

and since ¢, is continuous, var(¢,) — 0 as k — co. Thus var,(S,,1¢,) = o(n),
and hence we obtain from (3.39) that

— o(n)
ulog)=—mge™" (3.41)

We note that the weak Bowen-Gibbs property implies that P*(y) = P(¢,),
where P(¢,) is the topological pressure of ¢, .

(ii): Now take any 7 € ./ 5(2) and u € %s(y). The relative entropy H,(7|u) is
given by

Hy(tlw) = >, 7(lagDlog ﬁ "B
ayeEn+l ay
= > clayDlogrllagh— >, =(ayDlogulay)) (3.42)
ajleEn+l ajeEn+l
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Proofs

For the first sum in (3.42), one has that

1
— > wllaogr(lay]) o= —h(z). (3.43)
ajeEntl
For the second sum, by inserting and using (3.41), one has
> wllagDiogullay]) D e NSunpy—(n+1Py)+o(n)

a(;leEn+l a(;'eEn+l

(n+1)f ¢ dt—(n+1)P*y)+o(n). (3.44)
Q

By combining (3.43) and (3.44), and since P*(y) = P(¢,), one concludes that the
relative entropy density rate h(7|u) indeed exists and

h(t|u)= nlggo %Hn(fl,u) = —h(T)—f QydT + P(y). (3.45)
Q

Thus the Variational Principle (Theorem 3.2.2) yields that 7 is a Gibbs state for y
if and only if 7 is an equilibrium state for ¢,, i.e., ¥5(y) = £ (¢,).
O

Proof of Theorem[3.Al One can easily see that weakly cohomologous potentials
have the same equilibrium states because the functionals 7 € .#; s(Q?) — h(7)+

¢pdt and T € M, 5(Q) — h(t)+ | ¢,0d7 differ by only a constant P(¢¢)—

0 Q

P(¢). Furthermore, the weak cohomology between ¢.» and ¢ also yields the
following [7, Proposition 2.34]:

1 n—1

lim — Z[q)y(p—¢—p(¢r¢)+p(¢)]osfﬂoo=o. (3.46)

n—oo
n i=0

Then the first part of Theorem3.Alfollows from Lemma[3.5.1]and the second part
of Lemma [3.5.3| since the weak cohomologous potentials have the same set of
equilibrium states, i.e., §7(¢) = (¢4 ). The second part of Theoremalso
follows from Lemma and Lemma In fact, by applying the first and
second parts of Lemma to y = v?, one obtains from Lemma that for
any equilibrium state yu € £ (¢),
et
n— _ on
and by (3.46), one has that S, (¢ — P(¢)) = Su(¢,0 — P(¢,))+ o(n). Hence one
immediately concludes the weak Bowen-Gibbs property of u with respect to the
potential ¢.
O
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Proof of Theorem[3.B Itis easy to see that the second part of Lemma[3.5.3|implies
Theorem O
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