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Part I

Gibbs Measures in Dynamical
Systems

25





Chapter 2

On the Gibbs formalism in
Dynamical Systems

Abstract: In this chapter, we review various notions of Gibbs measures, including DLR
measures, G-measures, g-measures and compare them with each other. The chapter
also aims to discuss the Kozlov-Sullivan characterisation of specifications in Equilib-
rium Statistical Mechanics within the framework of Dynamical Systems. In addition, on
the whole-line shift space, we also demonstrate an interaction-independent variational
principle.

Furthermore, we provide a necessary and sufficient criterion for a specification on
a half-line shift space to ensure the existence of a generating translation-invariant UAC
interaction, highlighting the lack of an analogous condition for whole-line shift spaces.
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On the Gibbs formalism in Dynamical Systems

2.1 Introduction

The so-called Gibbs (DLR) formalism – the study of probability measures de-
fined via their conditional probabilities, a perspective formalised in the notion
of a Gibbs measure – was first initiated by Dobrushin, Lanford, and Ruelle to
mathematically describe various phenomena in statistical mechanics, including
phase transitions. The DLR formalism is developed based on the notion of spec-
ifications. Although it was formally established in the 1970s, the foundations of
the theory of Gibbs measures trace back to the earlier works of Boltzmann and
Gibbs. The classical Gibbs formalism starts with the well-known Boltzmann fac-
tor, which is a probability measure interpreted as the probability of a particu-
lar portion of a macroscopic system being in a certain energy state. This mea-
sure is connected to the interactions that define the model quantitatively. This is
why the classical Gibbs formalism is developed based on the interactions. Subse-
quently, Kozlov [21] and Sullivan [28] established that the Gibbs formalism based
on specifications is essentially equivalent to the one based on interactions, as
every Gibbsian specification is generated by some UAC interaction. However,
if one restricts oneself to the setup of translation-invariant measures, then one
can see a subtle difference between those Gibbs formalisms. In fact, as shown in
[2], not every translation-invariant Gibbs measure is prescribed by a translation-
invariant uniformly absolutely continuous (UAC) interaction, even though it is
always prescribed by a translation-invariant specification. This naturally calls
for a reconstruction of classical statistical mechanics framed in terms of speci-
fications. Moreover, the renormalisation group transformation of a Gibbs mea-
sure often results in a loss of the Gibbs property, meaning the transformed mea-
sure may lack a continuous version of its conditional probabilities. However,
in more favourable cases, the transformed measure may retain an ‘almost con-
tinuous’ version of conditional probabilities, which frequently cannot be asso-
ciated with any reasonable interaction. This challenge further emphasises the
need to study Gibbs measures based on specifications alone. In this regard, con-
siderable work has already been done, particularly in the context of generalised
Gibbs measures, as explored in [10, 22, 24]. In particular, [22] establishes a ver-
sion of the interaction-independent variational principle. Expanding on this, we
present a new form of the interaction-independent variational principle, which is
more suited to the framework of dynamical systems. We also discuss the Kozlov-
Sullivan characterisation of the translation-invariant Gibbs measures. Further-
more, we also give an explicit example of a translation-invariant specification on
the half-line Z+ which is not generated by any translation-invariant UAC inter-
action.

Later developments in both Statistical Mechanics and Dynamical Systems led
to the definition of Gibbs measures independent of specifications or interactions,
based instead on the concept of families of multipliers or G -families. The first
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Preliminaries

of these alternative approaches was introduced to extend the notion of Gibbs
measures to more general (semi)group actions beyond Zd orN. The idea of a G -
family was inspired by Keane’s work [20] and introduced into ergodic theory by
Brown and Dooley [4], where it was used to study generalised Riesz products in
harmonic analysis. In this chapter, we compare these alternative definitions of
Gibbs measures with the classical definition based on specifications.

The chapter is structured as follows:

• In Section 2.2, we recall the different definitions of the Gibbs measures that
appeared in Statistical Mechanics and Dynamical Systems literature and
compare these definitions with the one based on the specifications.

• In Section 2.3, the Kozlov-Sullivan characterisation of the Gibbsian speci-
fications on the full lattice Zd will be discussed.

• In Section 2.4, we state the first set of our main results. There, we formulate
an interaction-independent version of the variational principle, aligned with
the spirit of dynamical systems.

• Section 2.5 focuses on the Gibbs formalism on the half-lineZ+. In this sec-
tion, we also compare the concept of G -measures, introduced by Brown
and Dooley in the 1990s, with the DLR-Gibbs measures. Additionally, we
provide an example of a translation-invariant Gibbsian specification onZ+
that is not generated by a translation-invariant UAC interaction.

• Section 2.6 is dedicated to the proofs of the main results of this chapter.

2.2 Preliminaries

2.2.1 The Gibbs measures in DLR formalism

The DLR formalism starts with the so-called specification – a given family of con-
ditional probabilities. Since there is no a priori underlying probability measure,
one should define the prescribing family of the conditional probabilities every-
where, not almost everywhere.

In this chapter, we consider the shift spaces in the form Ω := E L, where E is a
finite set equipped with the discrete topology and interpreted as the state-space
of the system, and L is interpreted as the set of sites, which is at most a count-
able set. We denote the Borel σ−algebra in Ω by F , and for Λ ⊂ L, FΛ denotes
the minimalσ−algebra containing all the cylindrical [σV ] sets based on volume
V ⋐Λ.M1(Ω) denotes the set of probability measures on Ω. A function f :Ω→R
is called local if there exists a finite volume Λ⋐L such that f isFΛ−measurable.
Then a specification γ is a family of positive functions {γΛ}Λ⋐L – the so-called
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On the Gibbs formalism in Dynamical Systems

probability kernels on Ω indexed by the finite volumes Λ ⋐ L which has the fol-
lowing properties:

(P1) for each Λ ⋐ L and every B ∈ F , the function (B |ω) ∈ F ×Ω
γΛ7−−→ [0, 1] is

measurable inFΛc as a function ofω;

(P2) for eachΛ⋐L and allω ∈Ω, the function γΛ(·|ω) :F → [0, 1] is a probability
measure onF ;

(P3) (properness) for each Λ⋐L and every B ∈FΛc andω ∈Ω, γΛ(B |ω) =1B (ω);

(P4) (consistency) for all∆⊂Λ⋐L,

γΛγ∆ = γΛ, (2.1)

where γΛγ∆(B |ω) :=
∫

Ω

γ∆(B |η)γΛ(dη|ω), B ∈F , ω ∈Ω.

Definition 2.2.1. A specification γ on Ω is called quasilocal if for any local func-
tion f and volume Λ ⋐ L, one has that γΛ( f ) ∈ C (Ω), where forω ∈Ω, γΛ( f )(ω) :=
∫

Ω

f (ξ)γΛ(dξ|ω).

Describing the specifications with their specification densities is often convenient.
The density of a specification γ in the volume Λ⋐L is γΛ(ωΛ|ωΛc ) := γΛ([ω]Λ|ω),
here [ω]Λ denotes the cylinderic set based on the volumeΛ and the configuration
ω, i.e., [ω]Λ := {ξ ∈Ω : ξΛ =ωΛ}.

Definition 2.2.2. A specification γ is called non-null (or positive) if for all Λ⋐L,

inf
ω∈Ω

γΛ(ωΛ|ωΛc )> 0.

We call a specification Gibbsian if it is quasilocal and non-null at the same time.
The consistency property (2.1) of specifications yields the following for specifi-
cation densities:

γΛ(ηΛ|ωΛc ) = γ∆(η∆|ηΛ/∆ωΛc )
∑

σ∆∈E ∆

γΛ(σ∆ηΛ/∆|ωΛc ), ∀∆⊂Λ⋐L, ∀ω,η ∈Ω.

(2.2)
The characterising property of the non-null specification densities is the so-called
bar moving property, which we use frequently in the chapter; therefore, we state
it below:

γ∆(β∆|ω∆c )
γ∆(α∆|ω∆c )

=
γΛ(β∆ωΛ\∆|ωΛc )
γΛ(α∆ωΛ\∆|ωΛc )

, ∆⊂Λ⋐L, α,β ,ω ∈Ω. (2.3)

Now we turn to the consistent probability measures with the specifications.
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Preliminaries

Definition 2.2.3. A probability measure µ ∈ M1(Ω) is consistent with a specifi-
cation γ if for all Λ ⋐ L, the conditional probability µ(·|FΛc ) is prescribed by the
probability kernel γΛ, i.e., for all B ∈F , and µ−almost everyω ∈Ω,

µ(B |FΛc )(ω) = γΛ(B |ω).

This is equivalent to stating that the measureµ satisfies the DLR equations, i.e., for
all Λ⋐L and B ∈F ,

µ(B ) = (µγΛ)(B ) :=

∫

Ω

γΛ(B |ω)µ(dω). (2.4)

The set of consistent measures with a specification γ is denoted by G (Ω,γ).

It should be stressed that any probability measure µ ∈ M1(Ω) is prescribed
by some specification γ [17]. Conversely, in the general case, one can’t guaran-
tee the existence of a consistent probability measure with a given specification
γ [16], i.e., it can be a case that G (Ω,γ) = ;. Therefore, specifications without ex-
tra properties are not very interesting. In practice, the quasilocal specifications
hold more significance. One of the important properties of the quasilocal spec-
ifications is that there always exists a consistent probability measure as long as
the state-space E is compact, as is the case in this chapter. In fact, for any se-
quence {τn}n∈N ⊂ M1(Ω) of probability measures, any weak∗ limiting point of
the set {τnγΛ : n ∈ N, Λ ⋐ L} is consistent with γ. In particular, G (Ω,γ) is a con-
vex closed, thus compact subset ofM1(Ω) in the weak∗ topology. Another crucial
property of the quasilocal specifications is that one probability measure can not
be consistent with two distinct quasilocal specifications. Thus it would be more
interesting if a measure is consistent with a quasilocal or a Gibbsian specification.

Definition 2.2.4. A probability measure µ ∈ M1(Ω) is called a Gibbs measure
(state) if µ is prescribed by a Gibbsian specification, i.e., there exists a Gibbsian
specification γ such that µ ∈G (Ω,γ).

Although there always exists a consistent measure with a quasilocal specifi-
cation, in particular, a Gibbsian specification, it is often the case that there are
multiple of such measures. In this case, one says that the underlying specifica-
tion exhibits phase transitions.

2.2.2 The Classical Gibbs formalism

The classical Gibbs formalism starts with an interactionΦ - a family of local func-
tions ΦΛ indexed by Λ ⋐ L on a configuration space Ω = E L such that for each Λ,
ΦΛ isFΛ−measurable. If the given interaction Φ is sufficiently regular, then one
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On the Gibbs formalism in Dynamical Systems

can associate a specification with it. More precisely, the interaction Hamiltonian
H Φ
Λ , a.k.a. the interaction energy in a volume Λ⋐L, is

H Φ
Λ (ω) :=
∑

V ⋐L,
V ∩Λ ̸=;

ΦV (ω), ω ∈Ω. (2.5)

Without any condition on the interaction Φ, the sum in (2.5) does not need to
converge. In literature, depending on the mode of the convergence of the sum in
(2.5), different classes of interactions arise.

(1) An interaction Φ is called uniformly convergent if the sum (2.5) converges
uniformly onω ∈Ω, i.e., for any cofinal sequence {Vn}n∈N of the finite vol-
umes, the finite sum

∑

V ⊂Vn
V ∩Λ ̸=;

ΦV (ω)

converges to H Φ
Λ (ω) uniformly inω ∈Ω as n→∞;

(2) An interaction Φ is uniformly absolutely convergent (UAC) if for all i ∈L,
∑

i∈V ⋐L
sup
ω∈Ω
|ΦV (ω)|<∞.

(3) Fix a configuration θ ∈ Ω. An interaction Φ is called relatively absolutely
convergent if for all j ∈L, the sum

∑

j∈V ⋐L
|ΦV (ω)−ΦV (ω jθ{ j }c )|

converges uniformly in ω ∈ Ω. It should be mentioned that the concept
of relatively absolute convergence of an interaction is independent of the
choice of the configuration θ .

(4) An interaction Φ on Ω is called variation-summable if for all i ∈L,
∑

i∈V ⋐L
δiΦV <∞,

where δi f denotes the oscillation/variance of the function f :Ω→R at the
coordinate i : δi f := sup{ f (ξ)− f (η) : ξL\{i } =ηL\{i }}.

Among the above convergence classes of interactions, the class of UAC interac-
tions is the smallest, and the class of relatively convergent potentials is the largest
one. Note that the first two summability modes guarantee, for all Λ ⋐ L, the ex-
istence of a continuous Hamiltonian H Φ

Λ defined by (2.5). Then for all Λ⋐L, one
can define the Boltzmann factor γΦΛ for Φ by
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γΦΛ(ηΛ|ωΛc ) :=
e −H Φ

Λ (ηΛωΛc )

∑

η̄Λ∈E Λ
e −H Φ

Λ (η̄ΛωΛc )
, ηΛ ∈ E Λ, ω ∈Ω. (2.6)

One can readily check that the family {γΦΛ}Λ⋐L comprises specification-densities.
The associated specification γΦ can be recovered from the Boltzmann factor γΦΛ
by

γΦΛ(B |ω) :=
∑

ηΛ∈E Λ

γΦΛ(ηΛ|ωΛc )δηΛωΛc (B ), B ∈F ,ω ∈Ω.

It is clear that the specification γΦ is non-null and quasilocal, if the interaction Φ
is uniformly convergent.
One easily notices that the relative absolute convergence or variation-summability
of an interaction Φ is not sufficient to guarantee the convergence of the Hamil-
tonian (2.5), therefore, in these classes of interactions, one may not have a de-
fined Hamiltonian. Despite this, there is another way of associating a specifica-
tion with an interaction. Note that if one writes (2.6) in the following form,

γΦΛ(ξΛ|ηΛc ) =
1

∑

ξ̄Λ∈E Λ
exp
�

H Φ
Λ (ξΛηΛc )−H Φ

Λ (ξ̄ΛηΛc )
�

=
1

∑

ξ̄Λ∈E Λ
exp
�

∑

V ∩Λ ̸=;

�

ΦV (ξΛηΛc )−ΦV (ξ̄ΛηΛc )
�� (2.7)

then it becomes apparent that one does not really need the convergence of the

sum HΛ =
∑

V ⋐L
V ∩Λ ̸=;

ΦV to associate a specification γΦ with an interaction Φ. In fact,

if the interaction Φ is relatively absolutely convergent, then the equation (2.7)
makes sense; therefore, γΦ is well-defined.

Once the relationship between specifications and interactions is established
by either (2.5) or (2.7), the following question arises: how generic is the class of
specifications generated by interactions? In fact, this question has been stud-
ied by Kozlov, Sullivan and Grimmett and others [1, 2, 18, 21, 28]. Here we only
mention a theorem by Kozlov which answers the question, and will discuss the
question and Kozlov’s method in greater detail in Section 2.3.

Theorem 2.2.5 (Kozlov’s theorem). [2, 12, 16, 21] Every Gibbsian specification is
generated by a UAC interaction. In other words, for any Gibbsian specification γ,
there exists a UAC interaction Φ on Ω such that γ= γΦ.

Notably, the Kozlov theorem applies to any countable set L, and this is the
elegance of the theorem.
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2.2.3 The parameterization of specifications with cocycles

We start this subsection by introducing the asymptotic equivalence relation—also
known as the Gibbs relation or homoclinic relation—denoted by T(Ω)⊂Ω×Ω. We
say that two-configurationsω,ω′ ∈Ω= E L are asymptotically equivalent/homo-
clinic, i.e., (ω,ω′) ∈T(Ω), if there exists Λ⋐L such thatωΛc =ω′Λc . For each fixed
∆ ⋐ L one can introduce a subequivalence relation T∆(Ω) by (ω,ω′) ∈ T∆(Ω)⇔
ω∆c =ω′∆c . Then it is clear that T(Ω) =

⋃

∆⋐L
T∆(Ω). Note that each T∆(Ω) ⋐ Ω×Ω

is closed, thus a compact subset of the product spaceΩ×Ω. One can introduce a
relevant topology on T(Ω) as follows: O ⊂ T(Ω) is open if and only if O =

⋃

∆⋐L
O∆,

where O∆ is an open subset of T∆(Ω)⊂Ω×Ω in the induced product topology on
Ω×Ω. Note that this topology inT(Ω) is strictly finer than the induced topology on
T(Ω) by Ω×Ω. Nevertheless, these two topologies in T(Ω) induce the same Borel
sigma-algebra. It should also be stressed that a function f : T(Ω)→R is continu-
ous iff for all∆⋐L, the restriction f |T∆(Ω) is continuous in the induced topology
by Ω×Ω.

Now we turn to cocycles on the asymptotic equivalence relation T(Ω). A map
ρ : T(Ω)→R is called a cocycle on Ω (or T(Ω)−cocycle) if for all (ω,η), (η,ξ) ∈T(Ω),

ρ(ω,η) +ρ(η,ξ) =ρ(ω,ξ). (2.8)

Ifρ is a cocycle, it can be readily checked that for all (ω,ξ) ∈T(Ω),ρ(ω,ω) = 0 and
ρ(ω,ξ) = −ρ(ξ,ω). Another important observation is that there is a one-to-one
correspondence between the non-null specifications onΩ and measurable cocy-
cles on Ω. In fact, let ρ be a measurable cocycle on T(Ω), then one can associate
a specification (density) γwith ρ by

γ
ρ
Λ (ηΛ|ηΛc ) :=

1
∑

ωΛ∈E Λ
e −ρ(ωΛηΛc ,η) , Λ⋐L, η ∈Ω. (2.9)

One can easily verify that (2.9) is indeed a specification density. In fact, by the
cocycle condition (2.8), one has

∑

ξΛ∈E Λ

γ
ρ
Λ (ξΛ|ηΛc ) =
∑

ξΛ∈E Λ

e −ρ(ξΛηΛc ,η)
∑

ωΛ∈E Λ
e −ρ(ωΛηΛc , ξΛηΛc )−ρ(ξΛηΛc ,η)

=

∑

ξΛ∈E Λ
e −ρ(ξΛηΛc ,η)

∑

ωΛ∈E Λ
e −ρ(ωΛηΛc ,η)

= 1

(2.10)
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By a direct calculation, it can be confirmed that the cocycle condition implies the
consistency condition (2.2) as well. In fact, for all∆⊂Λ⋐L and η ∈Ω,

γ
ρ
∆(η∆|η∆c )
∑

σ∆

γ
ρ
Λ (σ∆ηΛ\∆|ηΛc ) =

∑

σ∆

� ∑

ξ∆,ωΛ

e −ρ(ξ∆η∆c ,η)−ρ(ωΛηΛc ,σ∆η∆c )
�−1

=
∑

σ∆

� ∑

ξ∆,ωΛ

e −ρ(ωΛηΛc ,η)−ρ(ξ∆η∆c ,σ∆η∆c )
�−1

=
∑

σ∆

�∑

ωΛ

e −ρ(ωΛηΛc ,η)
�−1�∑

ξ∆

e −ρ(ξ∆η∆c ,σ∆η∆c )
�−1

=
�∑

ωΛ

e −ρ(ωΛηΛc ,η)
�−1∑

σ∆

�∑

ξ∆

e −ρ(ξ∆η∆c ,σ∆η∆c )
�−1

= γρΛ (ηΛ|ηΛc )
∑

σ∆

γ
ρ
∆(σ∆|η∆c )

(2.10)
= γ

ρ
Λ (ηΛ|ηΛc ).

(2.11)

The other way around, let γ be a non-null specification on the configuration
spaceΩ, then one can associate a cocycleργ with γ by the following formula: for
(ω,ξ) ∈TΛ(Ω),

ργ(ω,ξ) := logγΛ(ξΛ|ξΛc )− logγΛ(ωΛ|ωΛc ). (2.12)

Note that ργ is well-defined due to the bar moving property (2.3), and it is also
clear that ργ is measurable and satisfies (2.8).

Remark 2.2.6. It is easy to see that (2.9) associates a Gibbsian (quasilocal) spec-
ification to a continuous cocycle, and (2.12) associates a continuous cocycle to a
Gibbsian specification. Hence, there is a one-to-one correspondence between Gibb-
sian specifications and continuous cocycles on Ω.

Now let the specificationγbe generated by an interactionΦ, i.e., γ := γΦ. Then
the corresponding cocycle ρΦ has the following form:

ρΦ(ω,ω′) =
∑

V ⋐L

�

ΦV (ω)−ΦV (ω
′)
�

, (ω,ω′) ∈T(Ω). (2.13)

It is clear that if the sum in (2.5) converges for allω ∈ Ω, then ρΦ is well-defined
and for (ω,ω′) ∈TΛ(Ω), one has

ρΦ(ω,ω′) =H Φ
Λ (ω)−H Φ

Λ (ω
′),

and hence one can restore (2.7) for the specificationγΦ. However, another impor-
tant observation is that the convergence of the sum in (2.13) for all (ω,ω′) ∈T(Ω)
does not imply the convergence of the sum in (2.5).
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2.2.4 Capocaccia’s definition of Gibbs measures

In 1976, Capocaccia extended the notion of the Gibbs measure to the general
setup of the actions of the groupZd . This subsection aims to recall her definition

of the particular setup of the full shift space Ω = E Z
d

, and we also observe that
for this specific setup, Capocaccia’s definition agrees with the definition of Gibbs
measures in DLR formalism (see Definition 2.2.4.)

In her original paper, Capocaccia showed that any Gibbs measure in the clas-
sical DLR sense is also Gibbs in the sense of [5]. In this subsection, we prove the
opposite.

Capocaccia’s definition involves the notions of conjugating homeomorphism
and a family of multipliers. The conjugating homeomorphism between asymp-
totically equivalent points (x , y ) ∈T(Ω) is a homeomorphismϕ defined on some
open neighbourhood O of x and taking values in Ω such that ϕ(x ) = y and there
exists Λ ⋐ Zd satisfying, (x ′,ϕ(x ′)) ∈ TΛ(Ω) for all x ′ ∈ O . It should be noted that
for every open subset x ∈O ′ ⊂O , ϕ′ :=ϕ|O ′ has the same properties as (O ,ϕ).

Remark 2.2.7. Note that for any asymptotic pair (x , y ) ∈TΛ(Ω), there is a canoni-
cal conjugating homeomorphism ϕ̃ : [x ]Λ→ [y ]Λ defined by

x ′ ∈ [x ]Λ
ϕ̃
7→ yΛx ′Λc . (2.14)

Thus if (O ,ϕ) is another conjugating homeomorphism for the pair (x , y ), then by
the second part of Theorem 1 in [5], there is a cylindrical set [x ]V contained in [x ]Λ∩
O such that ϕ|[x ]V = ϕ̃|[x ]V . Therefore, without loss of generality, we can always
assume that the conjugating homeomorphism ϕ has a canonical form (2.14) and
the open set O containing x is actually a cylindrical set.

Definition 2.2.8. A family of multipliers is a family f := ( fO ,ϕ) of positive contin-
uous functions fO ,ϕ defined on O indexed by the conjugating homeomorphismsϕ
on open sets O such that

(i) if O ′ ⊂O and ϕ′ =ϕ|O ′ then fO ′,ϕ′ = fO ,ϕ |O ′ ;

(ii) if O ⊂O ′ ∩ (ϕ′)−1(O ′′), then

fO ,ϕ =
�

fO ′,ϕ′ |O
�

·
�

fO ′′,ϕ′′ ◦ϕ′|O
�

. (2.15)

A family f = ( fO ,ϕ) of multipliers is called translation-invariant if

(iii) for every i ∈Zd and all (O ,ϕ),

fSi (O ),Si ◦ϕ◦S−i
= fO ,ϕ ◦S−i , (2.16)

where Si is the shift by i ∈Zd , i.e.,ω ∈Ω 7→ Siω= (ω j+i ) j∈Zd
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Below, we define the concept of Gibbs measure for a family of multipliers.

Definition 2.2.9. A Gibbs measure for a family of multipliers f = ( fO ,ϕ) is a prob-
ability measure µ ∈M1(Ω) such that for any pair (O ,ϕ), one has

ϕ∗( fO ,ϕ ·µ|O ) =µ|ϕ(O ), (2.17)

where ϕ∗ denotes the pushforward of the map ϕ : O → Ω and for the Borel set
B ∈F , µ|B is the restriction of the measure µ to the set B , i.e., for B̃ ∈F , µ|B (B̃ ) =
µ(B ∩ B̃ ).

Now we show that if a probability measure is Gibbs in the sense of the above
definition, then it is also Gibbs for an appropriate specification in the sense of
Definition 2.2.4. In fact, if µ is a Gibbs measure for a family of multipliers f =
( fO ,ϕ), consider a cocycle ρ f defined as follows: let (x , y ) ∈ T(Ω) and (O ,ϕ) be a
conjugating homeomorphism corresponding to this pair (x , y ), then put

ρ f (x , y ) :=− log fO ,ϕ(x ). (2.18)

Then, using (2.15), one can check that ρ f satisfies the cocycle equation (2.8).
Indeed, consider a triplet (x , y ), (y , z ), (x , z ) ∈ T(Ω) of asymptotic pairs, assume
the conjugating homeomorphisms (O ′,ϕ′), (O ′′,ϕ′′) and (O ,ϕ) with O ⊂ O ′ ∩
(ϕ′)−1(O ′′) correspond to these pairs. Then

ρ f (x , y ) +ρ f (y , z ) = − log
�

fO ′,ϕ′ (x ) · fO ′′,ϕ′′ (y )
�

= − log
�

fO ′,ϕ′ (x ) · fO ′′,ϕ′′ (ϕ′(x ))
�

(2.15)
= − log fO ,ϕ(x )

= ρ f (x , z ).

The continuity of the cocycleρ f is clear from its definition (2.18). Note that if the
family f of multipliers is translation-invariant, then the associated cocycle ρ f is
translation-invariant in the sense

ρ f (x , y ) =ρ f (Si x ,Si y ), (x , y ) ∈T(Ω), i ∈Zd

(see also Section 2.3). In fact, let (x , y ) ∈T(Ω) and assume (O ,ϕ) is a correspond-
ing conjugating homeomorphism, then for any i ∈Zd , one has

ρ f (Si x ,Si y ) = ρ f (Si x ,Siϕ(x ))

= ρ f (Si x ,SiϕS−i (Si x ))

= − log fSiO ,SiϕS−i
(Si x )

(2.16)
= − log fO ,ϕ ◦S−i (Si x )

= ρ f (x , y ).
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With a similar argument, one can also show the opposite; namely, if the cocycle
ρ f is translation-invariant, so is the family f of multipliers.

Now consider the Gibbsian specification γ f associated withρ f via (2.9). Now
we aim to show µ ∈ G (γ f ). Pick any configuration x ∈ Ω and a finite volume
Λ ⋐ Zd . Then by Remark 2.2.7, one can choose a finite volume V with Λ ⊂ V
such that for all y ∈ Ω with yΛc = xΛc , the conjugating homeomorphism (O ,ϕ)
corresponding to the pair (x , y ) has a canonical form (2.14) in the cylinder [xV ].
Now take a bounded measurable test function g : [x ]V → R. Then by (2.17), for
all y with yΛc = xΛc , one has that

∫

Ω

g (yV x ′V c )

γ
f
V (xV |x ′V c )

�

γ
f
V (yV |x ′V c )1[x ]V (x

′)−γ f
V (xV |x ′V c )1[y ]V (x

′)
�

µ(d x ′) = 0, (2.19)

hence

∫

Ω

g (yV x ′V c )

γ
f
V (xV |x ′V c )

�

γ
f
V (yV |x ′V c )µ(xV |x ′V c )−γ

f
V (xV |x ′V c )µ(yV |x ′V c )

�

µ(d x ′) = 0. (2.20)

Thus, since g is chosen arbitrarily,

γ
f
V (yV |x ′V c )µ(xV |x ′V c ) = γ

f
V (xV |x ′V c )µ(yV |x ′V c ), µ−a.e. x ′ ∈Ω. (2.21)

The bar moving property (2.3) and the above equation yield that

γ
f
Λ(yΛ|x

′
Λc )µ(xΛ|x ′Λc ) = γ

f
Λ(xΛ|x

′
Λc )µ(yΛ|x ′Λc ), µ−a.e. x ′ ∈Ω. (2.22)

Then by summing up both sides of the above equation against yΛ ∈ E Λ, one gets
that

µ(xΛ|x ′Λc ) = γ
f
Λ(xΛ|x

′
Λc ), µ−a.e. x ′ ∈Ω. (2.23)

Thus µ is indeed consistent with the specification γ f .

2.2.5 Equilibrium states

The notion of equilibrium state is developed in parallel with the notion of Gibbs
measure and plays an important role both in Mathematical Statistical Mechanics
and Dynamical Systems. In fact, one can see the concept of the equilibrium state
as a counterpart of the concept of Gibbs states in the sense that the Gibbs states
are defined in terms of "local rules" (the DLR equations), but the equilibrium
states are defined in terms of a "global rule" (the variational equation). Note that
a measure µ ∈ M1(Ω) is translation-invariant if for all i ∈ Zd , µ = µ ◦ S−1

i . We
denote the set of translation-invariant probability measures on Ω byM1,S (Ω).
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Definition 2.2.10. Let ϕ : Ω → R be a continuous function on the shift space

Ω = E Z
d

. A translation-invariant probability measure µ ∈ M1,S (Ω) is called an
equilibrium state for ϕ if

h (µ) +

∫

Ω

ϕdµ= sup
¦

h (τ) +

∫

Ω

ϕdτ :τ ∈M1,S (Ω)
©

, (2.24)

where h (µ) is the measure-theoretic entropy of the measure µ. We denote the set of
equilibrium states for a function ϕ by ES (ϕ).

Note that any continuous function ϕ on Ω has at least one equilibrium state.
There is an interesting relationship between the equilibrium states and Gibbs
measures known as the variational principle, and we shall discuss it in detail in
Section 2.4.

2.3 On the Kozlov-Sullivan characterisation of the Gibb-
sian specifications on Zd

In this section, we discuss Kozlov’s theorem, as presented in Theorem 2.2.5, and
Kozlov’s regrouping method, which is key to proving the Kozlov theorem.

2.3.1 Translation-invariant generators of Gibbsian specifications

Recall that a measure µ ∈M1(Ω) is translation-invariant if for all i ∈ Zd , µ = µ ◦
S−1

i . An interaction Φ = (ΦV )V ⋐Zd is called translation-invariant if for all Λ ⋐ Zd

and i ∈Zd , one has
ΦΛ ◦Si =ΦΛ+i . (2.25)

Similarly, a specification γ on Ω is translation-invariant if for all Λ ⋐ Z, i ∈ Zd ,
and every B ∈F ω ∈Ω,

γΛ+i (B |ω) = γΛ(Si (B )|Siω). (2.26)

Note that a translation-invariant uniform-summable (or relatively uniformly
convergent) interaction gives rise to a translation-invariant Gibbsian specifica-
tionγΦ. Surprisingly, the opposite of this statement is not true: a non-translation-
invariant interaction may also give rise to a translation-invariant specification
(see the interaction in (2.32)). Nonetheless, a translation-invariant non-null spec-
ification γ always generates a translation-invariant cocycle ργ i.e., for all (ω,ω̄) ∈
T(Ω) and i ∈Zd ,

ργ(ω,ω̄) =ργ(Siω,Si ω̄) (2.27)

and vice versa.
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In the context of Gibbs measures, a translation-invariant quasilocal specifi-
cation always admits a translation-invariant Gibbs measure, and vice versa. That
is, a quasilocal specification prescribing a translation-invariant measure must it-
self be translation-invariant. However, this statement is not true for the inter-
actions, in fact, a translation-invariant measure can be a Gibbs measure for a
non-translation-invariant interaction (see the figure below)

Translation-invariant
Gibbsian specifications

Translation-invariant
Gibbs measures

× ×

Translation-invariant
UAC interactions

up
to

phase
tra

nsit
io

ns

up to phase transitions

Figure 2.1

By Kozlov’s theorem (Theorem 2.2.5), it is a well-known fact that any Gibb-
sian specification is generated by some UAC interaction onΩ. However, one may
ask if every translation-invariant Gibbsian specification is also generated by a
translation-invariant UAC interaction. Unfortunately, the answer to this ques-
tion is not affirmative in general [2].

Theorem 2.3.1. [2] There exists a translation-invariant Gibbsian specification on
Ω= {0, 1}Z which is not generated by any translation-invariant UAC interaction.

The proof of Theorem 2.3.1 is not constructive but based on showing the
non-surjectivity of certain bounded operators. Therefore, the specification men-
tioned in Theorem 2.3.1 is not explicit. It is worth noting that in Subsection 2.5.5,
we consider a similar question on the one-sided full shift space X+ = E Z+ , and
prove an analogue of Theorem 2.3.1; however, the example that we provide is ex-
plicit.
The mismatch issue between translation-invariant Gibbs measures and translation-
invariant UAC interactions raised by Theorem 2.3.1 can be resolved by two ap-
proaches:

(i) relaxing the UAC condition for the generating interaction;

(ii) imposing stronger regularity conditions on the specification than the quasilo-
cality.
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Below, we discuss these approaches in order.
One way of solving the issue by the first approach is done by Sullivan.

Theorem 2.3.2 (Sullivan’s theorem). [2, 28] Let γ be a translation-invariant Gibb-
sian specification on Ω. Then there exists a translation-invariant variation-sum-
mable interaction Ψ such that γ= γΨ .

In his original paper [21], Kozlov suggests a condition which solves the issue with
the second approach. Denote the r th−variation of the single-site density γ{0} of

a Gibbsian specification γ on E Z
d

by v (r ), i.e.,

v (r ) := sup{γ{0}(ξ0|ξ{0}c )−γ{0}(η0|η{0}c ) | ξi =ηi , ∀i ∈ [−r, r ]d ∩Zd }, (2.28)

then the following is one of the results in [21].

Theorem 2.3.3. Assume a translation-invariant Gibbsian specification γ on Ω =
E Z

d
has summable-variations in the sense that

∞
∑

r=1

r d−1v (r )<∞. (2.29)

Then the specification γ is generated by a translation-invariant UAC interaction.

The proof of Theorem 2.3.3 is constructive and relies on the same method as the
proof of Theorem 2.2.5. One can easily notice that Theorem 2.3.3 applies to the
finite-range specifications since v (r ) = 0 after some r ∈ N. However, if it comes
to the infinite-range specifications, (2.29) is quite a restrictive condition; for ex-
ample, in dimension one, it prevents the underlying specification from the phase
transitions.

Theorem 2.3.4. Let γ be a translation-invariant Gibbsian specification onΩ= E Z

satisfying (2.29). Then there is a unique Gibbs measure compatible with γ, i.e.,
#G (Ω,γ) = 1.

For completeness, we shall provide a proof of the above theorem in Section 2.6.

2.3.2 The challenges of extending Kozlov’s method to the translation-
invariant setup

In his original paper [21], Kozlov proved two theorems – Theorem 2.2.5 and The-
orem 2.3.3 above – on the generating interactions of Gibbsian specifications. The
idea of proofs of both theorems is based on a regrouping of the bonds in Grim-
mett’s vacuum interaction [18]. The regrouping procedure in the proof of Ko-
zlov’s first theorem (Theorem 2.2.5 above), which we refer to as Kozlov’s first way
of regrouping, does not adhere to any order, algebraic, or graph structure in Zd .
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Consequently, it produces an interaction that is uniformly absolutely convergent
(UAC) but does not align with the structural properties of Zd . In contrast, the re-
grouping procedure in his second theorem (Theorem 2.3.3 above), referred to
as Kozlov’s second way of regrouping, respects the order and graph structure of
the lattice Zd . As a result, while it produces an interaction with good algebraic
properties, it may have very bad summability properties. Below, we demonstrate
these disadvantages of Kozlov’s regrouping method in a special example of the
specification of the Dyson model.

Recall that the single-site density of Dyson’s specification γD at a site i ∈Z is
defined by

γD
{i }(ωi |ωZ\{i }) :=

exp (β
∑∞

k=1
ωi (ωi+k+ωi−k )

kα )

exp (β
∑∞

k=1
ωi+k+ωi−k

kα ) +exp (−β
∑∞

k=1
ωi+k+ωi−k

kα )
, ∀ω ∈Ω,

(2.30)
where α ∈ (1, 2] is the decay rate of the coupling constants and β ≥ 0 is the in-
verse temperature. Note that the associated specification γD is uniquely recov-
ered from these single-site densities [13].

The vacuum interaction for the specification γD corresponding to the vac-
uum configuration − := −1Z is given by the the following lattice-gas interaction
Φ−:

Φ−Λ(ω) :=















−
β (1+ωi )(1+ω j )

|i − j |α
, if Λ= {i , j } ⊂Z, i ̸= j ;

2βζ(α)(1+ωi ), if Λ= {i } ⊂Z;

0, otherwise,

(2.31)

where ζ is the Riemann zeta function.
If we enumerate the elements in Z by {ℓ1,ℓ2,ℓ3, ...}, where for k ∈ N, ℓ2k−1 :=

k − 1 and ℓ2k := −k , and define for (k , i ) ∈N2, L k
2i := {ℓ j : k ≤ j ≤ k + 2i }, S k

0 := ;
and

S k
i := {B ⊂ L k

2i : ℓk ∈ B } \S k
i−1,

then Kozlov’s first way of regrouping produces the following interaction for γD :

ΦK R 1
Λ :=







0, if Λ ̸= L k
2i for all (k , i ) ∈N2;

∑

B∈S k
i

Φ−B , if Λ= L k
2i , for some (k , i ) ∈N2. (2.32)

By the construction, the interactionΦK R 1 = (ΦK R 1
Λ )Λ⋐Z generates the specification

γD and is UAC. However, ΦK R 1 is not translation-invariant, because

ΦK R 1
{−1,0,1}(ω) =β (1+ω0)(2ζ(α)−2−ω−1−ω1)

and for all k ∈Z \ {0}, one has ΦK R 1
{k−1,k ,k+1} ≡ 0.
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Kozlov’s second way of regrouping produces the following interaction for the
specification γD :

ΦK R 2
Λ :=























∑

ℓ≤ j≤ℓ+2

Φ−{ℓ, j }, if Λ= [ℓ,ℓ+2]∩Z, ℓ ∈Z;

∑

ℓ+2k−1< j≤ℓ+2k

Φ−{ℓ, j }, if Λ= [ℓ,ℓ+2k ]∩Z, ℓ ∈Z, k ∈N \ {1};

0, otherwise,

(2.33)

This time, by the construction, the produced interaction ΦK R 2 is translation-
invariant, but not UAC. In fact, for k ≥ 2, one has the following for ∥ΦK R 2

[0,2k ]∥∞:

∥ΦK R 2
[0,2k ]∥∞ =

2k
∑

i=2k−1+1

4β

iα
, (2.34)

thus for all k ≥ 2,
∥ΦK R 2
[0,2k ]∥∞ ≥ 2β ·2(1−α)k . (2.35)

Hence for α ∈ (1, 2], one has

∑

0∈V ⋐Z
∥ΦK R 2

V ∥∞ ≥
∞
∑

k=2

(2k +1)∥ΦK R 2
[0,2k ]∥∞ ≥ 2β ·

∞
∑

k=2

2(2−α)k = ∞. (2.36)

Thus ΦK M 2 is not a UAC interaction.

Remark 2.3.5. Although Kozlov’s method does not yield interactions for the speci-
fication of the Dyson model having desired algebraic and summability properties,
Grimmett’s vacuum interaction Φ− given by (2.31) already possesses these proper-
ties. However, Grimmett’s vacuum interaction does not always have good summa-
bility properties and, in fact, it often lacks the UAC property.

2.4 Main Results I: An Interaction-Independent Variational-
Principle on Zd and its Consequences

2.4.1 An Interaction-Independent Variational Principle

In probability theory, there are several notions that aim to measure the discrep-
ancy between probability measures. One such concept is relative entropy, which
plays a key role in both information theory and statistics and is also important in
the formulation of the variational principle in Mathematical Statistical Mechan-
ics.
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Consider probability measures τ,µ ∈ M1(Ω) with full support, i.e., for any
cylindrical set [σΛ], σ ∈ Ω, Λ ⋐ Zd , one has τ([σΛ]) > 0 and µ([σΛ]) > 0. For a
finite volume Λ⋐Zd , consider the marginals τΛ and µΛ of probability measures
τ and µ which are finite-volume measures on the sub-sigma algebraFΛ. By the
full-support condition, one hasτΛ≪µΛ and vice versa. Then the relative entropy
H (τΛ|µΛ) of τΛ relative to µΛ is

H (τΛ|µΛ) :=

∫

Ω

log
dτΛ
dµΛ

dτΛ (2.37)

=
∑

σΛ∈E Λ

τ([σΛ]) log
τ([σΛ])
µ([σΛ])

.

By a direct application of the Jensen inequality, one can show that H (τΛ|µΛ) ≥
0. However, for the infinite volume measures τ and µ, it is often the case that
H (τ|µ) = +∞which is not a quite useful information in comparing τ to µ. Nev-
ertheless, in the case of infinite volume measures, the specific relative entropy –
which can be interpreted as the relative entropy per site – gives some informa-
tion. Recall that the specific relative entropy h (τ|µ) of τ relative to µ is defined
by

h (τ|µ) := lim
n→∞

1

Λn
H (τΛn

|µΛn
) (2.38)

provided the limit exists.
Now consider a translation-invariant UAC interaction Φ on Ω. Then one has

the following, the so-called variational principle for translation-invariant Gibbs
measures for the interaction Φ. In order to stress the difference, we state two ver-
sions of the variational principle in separate statements. Yet, these versions are
equivalent, at least in the case where the specification is generated by a translation-
invariant UAC interaction.

First, for the UAC interaction Φ, define a continuous function (potential) by

uΦ :=−
∑

0∈V ⋐Zd

1

|V |
ΦV

which is interpreted in Statistical Mechanics as the energy contribution from (the
neighbourhood of) the origin.

Theorem 2.4.1. [16, Chapter 15]

(VP1) Let µ ∈GS (Φ) and τ ∈M1,S (Ω), then the specific relative entropy h (τ|µ) of τ
with respect to µ exists and

h (τ|µ) = 0 ⇐⇒ τ ∈GS (Φ). (2.39)
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(VP2) The translation-invariant Gibbs measures for the interaction Φ are exactly
the equilibrium states for the potential uΦ and vice versa, i.e., GS (Φ) = ES (uΦ).
In other words, for a translation-invariant measure µ ∈M1,S (Ω), one has

h (µ) +

∫

Ω

uΦdµ= sup
¦

h (τ) +

∫

Ω

uΦdτ :τ ∈M1,S (Ω)
©

⇐⇒ µ ∈GS (Φ).

(2.40)

Remark 2.4.2. In [25], Pfister proves that for any translation-invariant probability
measure τ ∈M1,S (Ω) and every translation-invariant measure µ ∈M1,S (Ω)which
is asymptotically decoupled from above, the relative entropy h (τ|µ) exists. Note
that a measure ν ∈ M1(Ω) is asymptotically decoupled from above if there exist

g :N→N and c :N→ [0,∞) with lim
n→∞

g (n )
n
= 0 and lim

n→∞

c (n )
|Λn |

= 0 such that for

every i ∈Zd , n ∈N, A ∈FΛn+i and all B ∈Fi+Λn+g (n )
, one has

ν(A ∩B )≤ e c (n )ν(A)ν(B ). (2.41)

Any Gibbs measure, in the sense of Definition 2.2.4, is asymptotically decoupled
from both above and below, namely together with the upper bound (2.41), the fol-
lowing lower bound also holds for ν:

e −c (n )ν(A)ν(B )≤ ν(A ∩B ). (2.42)

In the first statement of Theorem 2.4.1, all participating quantities and no-
tions are independent of the form of interaction Φ. Therefore, it is reasonable
to expect a generalisation of the statement to the Gibbsian specifications. In the
light of Theorem 2.3.1, such a generalisation would be strictly stronger than the
first statement of Theorem 2.4.1. In [22], the authors proved such a generalisa-
tion.

Theorem 2.4.3. [22] Let γ be a translation-invariant Gibbsian specification and
µ ∈GS (γ). Then for all τ ∈M1,S (Ω), the specific relative entropy h (τ|µ) exists and

h (τ|µ) = 0 ⇐⇒ τ ∈GS (γ).

The purpose of this section is to state the VP2 in terms of specifications. To do
so, first, we have to extend certain interaction-dependent thermodynamic quan-
tities such as the notion of the contribution to energy from the origin to the setup
of specifications.

Henceforth, ≤ denotes the lexicographic order in the lattice Zd , and for i , j ∈
Zd with i ≤ j , [i , j ] := {k ∈ Zd : i ≤ k ≤ j }. Open and half-open intervals are also
defined analogously. For n ∈ N, Λn denotes the volume [−n , n ]d ∩Zd . Consider
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a translation-invariant probability measure ρ ∈M1,S (Ω), and define a function
interpreted as the contribution to the energy from the origin by

uργ (ω) :=

∫

Ω

log
γ{0}(ω0|θ<0ω>0)
γ{0}(θ0|θ<0ω>0)

ρ(dθ ), ω ∈Ω. (2.43)

Remark 2.4.4. Note that the notion of the contribution to the energy from the ori-
gin that we have introduced above generalise the corresponding notion in Statis-
tical Mechanics. This can be illustrated through the concept of physical equiva-
lence. In fact, if a translation-invariant Gibbsian specification γ is generated by a
translation-invariant UAC interaction Φ, then uργ is physically equivalent to uΦ =

−
∑

0∈V ⋐Zd

1

|V |
ΦV , i.e., there exists a constant C ∈R such that for allτ ∈M1,S (Ω), one

has

∫

Ω

uργ dτ=

∫

Ω

uΦdτ+C . In particular, all functions uργ parameterised by the

translation-invariant probability measures ρ ∈M1,S (Ω) are physically equivalent
to each other. It should also be noted that if the reference measureρ is a Dirac mea-
sure δ+++ where +++ is a constant configuration with +++i = + ∈ E for all i ∈ Zd , then
(2.43) provides the following function:

u+++γ (ω) := log
γ{0}(ω0|+<0ω>0)
γ{0}(+0|+<0ω>0)

, ω ∈Ω. (2.44)

The following theorem is a natural generalisation of the second part (VP2) of
Theorem 2.4.1 to the setup of specifications.

Theorem 2.A. Assume γ is a translation-invariant Gibbs specification onΩ. Then
the translation-invariant Gibbs measures for γ are exactly the equilibrium states
for the potential uργ and vice versa, i.e., GS (γ) = ES (uργ ). In other words,

h (µ)+

∫

Ω

uργ dµ= sup
¦

h (τ)+

∫

Ω

uργ dτ :τ ∈M1,S (Ω)
©

⇐⇒ µ ∈GS (γ). (2.45)

We shall present a proof of Theorem 2.A in Section 2.6. It should be noted
that our proof of the theorem yields, as a byproduct, the following formula for
the specific relative entropy h (τ|µ) of a translation measure τ with respect to a
Gibbs measure µ.

Corollary A.1. Let µ be a translation-invariant Gibbs measure prescribed by a
Gibbsian specification γ and τ be a translation-invariant measure on Ω. Then for
the specific relative entropy h (τ|µ), one has

h (τ|µ) = −h (τ)− lim
n→∞

1

|Λn |

∫

Ω

logγΛn
(ωΛn
|ωΛc

n
)τ(dω). (2.46)
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So far, we have not established any regularity properties of the function uργ ,
which is associated with a translation-invariant Gibbsian specificationγvia (2.43).
We now demonstrate that uργ possesses the extensibility property. Recall that
a continuous potential φ : Ω → R satisfies the extensibility condition if for all
a , b ∈ E the sequence

F b ,a
n (ω) :=
∑

i∈Λn

�

φ ◦Si (ω
b )−φ ◦Si (ω

a )
�

converges uniformly onω ∈Ω as n→∞, here the configurationωa is given by

ωa
k =

¨

a , k = 0,

ωk , k ∈Zd \ {0}.

Proposition 2.4.5. Let γ be a translation-invariant Gibbsian specification on Ω.
Then uργ satisfies the extensibility condition.

Proof. Pick any a , b ∈ E andω ∈Ω. One can check that for any n ∈N,

F b ,a
n (ω) =
∑

i∈Λn

�

uργ ◦Si (ω
b )−uργ ◦Si (ω

a )
�

=
∑

i∈Λn
i<0

∫

Ω

log
γ{0}((ωi )0|θ<0(ω(i ,0)b0ω>0)>0)
γ{0}(θ0|θ<0(ω(i ,0)b0ω>0)>0)

ρ(dθ )

−
∑

i∈Λn
i<0

∫

Ω

log
γ{0}((ωi )0|θ<0(ω(i ,0)a0ω>0)>0)
γ{0}(θ0|θ<0(ω(i ,0)a0ω>0)>0)

ρ(dθ ) + F b ,a
0 (ω).

Then, by applying the bar moving property, one gets

F b ,a
n (ω)− F b ,a

0 (ω) =
∑

i∈Λn
i<0

∫

Ω

log
γ{0,−i }
�

(ωi )0(b0)−i |θ<0(ω(i ,0)ω>0) >0
̸=−i

�

γ{0,−i }
�

θ0(b0)−i |θ<0(ω(i ,0)ω>0) >0
̸=−i

� ρ(dθ )

+
∑

i∈Λn
i<0

∫

Ω

log
γ{0,−i }
�

θ0(a0)−i |θ<0(ω(i ,0)ω>0) >0
̸=−i

�

γ{0,−i }
�

(ωi )0(a0)−i |θ<0(ω(i ,0)ω>0) >0
̸=−i

�ρ(dθ ),

and thus

F b ,a
n (ω)− F b ,a

0 (ω) =

∑

i∈Λn
i<0

∫

Ω

log
γ{−i }((b0)−i |θ<0(ω[i ,0)ω>0) ≥0

̸=−i
)

γ{−i }((a0)−i |θ<0(ω[i ,0)ω>0) ≥0
̸=−i
)
·
γ{−i }((a0)−i |θ≤0(ω(i ,0)ω>0) >0

̸=−i
)

γ{−i }((b0)−i |θ≤0(ω(i ,0)ω>0) >0
̸=−i
)
ρ(dθ ).
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Hence by the translation-invariance of γ and ρ,

F b ,a
n (ω)− F b ,a

0 (ω) =

=
∑

i∈Λn
i<0

∫

Ω

log
γ{0}(b0|θ<iω[i ,0)ω>0)
γ{0}(a0|θ<iω[i ,0)ω>0)

ρ(dθ )−
∑

i∈Λn
i<0

∫

Ω

log
γ{0}(b0|θ≤iω(i ,0)ω>0)
γ{0}(a0|θ≤iω(i ,0)ω>0)

ρ(dθ )

=

∫

Ω

log
γ{0}(b0|θ<minΛn

ω[minΛn ,0)ω>0)
γ{0}(a0|θ<minΛn

ω[minΛn ,0)ω>0)
ρ(dθ )−
∫

Ω

log
γ{0}(b0|θ<0ω>0)
γ{0}(a0|θ<0ω>0)

ρ(dθ ).

Thus

F b ,a
n (ω) =

∫

Ω

log
γ{0}(b0|θ<minΛn

ω[minΛn ,0)ω>0)
γ{0}(a0|θ<minΛn

ω[minΛn ,0)ω>0)
ρ(dθ ) ▶

▶

n→∞
ω∈Ω

log
γ{0}(b0|ωZd \{0})
γ{0}(a0|ωZd \{0})

.

(2.47)

2.4.2 Erasure entropies

In the rest of this section, we restrict ourselves to the one-dimensional setup, i.e.,
d = 1.

For the measure-theoretic entropy of a translation-invariant measure τ on
the shift space Ω= E Z, one can prove that

h (τ) =−
∫

Ω

logτ(ω0|ω>0)τ(dω). (2.48)

One can generalise the above formula for any finite set Λ⋐Z+ by

h (τ) =−
1

|Λ|

∫

Ω

logτ(ωΛ|ωZ+\Λ)τ(dω). (2.49)

These formulas are valid if one conditions on the past instead of the future. It
is then natural to ask whether these formulas remain valid if the one-sided con-
ditioning is replaced with two-sided conditioning. In fact, by substituting the
one-sided conditioning with two-sided conditioning in (2.48), one obtains the
erasure entropy h−(τ) of the measure τ [29], namely,

h−(τ) =−
∫

Ω

logτ(ω0|ω{0}c )τ(dω). (2.50)

It should be stressed that a similar formula to (2.49) does not hold for the erasure
entropies; therefore, for a finite volume Λ ⋐ Z, the erasure entropy of τ in Λ is
defined in [11] as

h−Λ (τ) :=−
∫

Ω

logτ(ωΛ|ωΛc )τ(dω). (2.51)
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The erasure entropy is always less than, and generally not equal to, the measure-
theoretic entropy. However, in the limit, one can expect the equality of these two
notions as the following theorem states.

Theorem 2.4.6. [11] Assume τ be a translation-invariant Gibbs measure for a
translation-invariant UAC interaction Φ, i.e., τ ∈GS (Φ). Then

lim
Λ↑Z

1

|Λ|
h−Λ (τ) = h (τ). (2.52)

The following corollary of Theorem 2.A enables us to extend the above result to
any translation-invariant Gibbs measure.

Corollary 2.4.7. Let τ be a translation-invariant Gibbs measure on Ω= E Z. Then

lim
n→∞

1

|Λn |
h−Λn
(τ) = h (τ). (2.53)

2.5 Main Results II: Gibbs formalism on Z+

2.5.1 DLR-Gibbs formalism on Z+
In this section, we work on the half-line Z+, denoting the configuration space
E Z+ by X+, with the left-shift (or translation) map S acting on X+ as follows: for
x ∈ X+, and all i ∈Z+, (S x )i = xi+1.

Let
*
γ be a non-null specification on X+. Set

g̃0(x ) :=
*
γ{0}(x0|x∞1 ), x ∈ X+, (2.54)

and for all n ≥ 1, consider a function g̃n : X+→ [0, 1] given by

g̃n (x ) :=

*
γ [0,n ](x

n
0 |x∞n+1)

*
γ [0,n−1](x

n−1
0 |x

∞
n )

, x ∈ X+. (2.55)

Note that by the construction, for all n ≥ 0, one has

*
γ [0,n ](x

n
0 |x
∞
n+1) =

n
∏

k=0

g̃k (x ), x ∈ X+. (2.56)

The functions {g̃n , n ∈Z+} has the following properties:

Proposition 2.5.1. (1) For all n ≥ 0, g̃n is a positive function, and g̃n ∈F[n ,∞),
i.e., g̃n is independent of the first n −1 coordinates.

(2) For all n ≥ 0, and x ∈ X+,
∑

yn∈E

g̃n (yn x∞n+1) = 1.
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Proof. (1) Positivity follows from the non-nullness of the specification
*
γ. The in-

dependence from the first n−1 coordinates follows from the bar moving property
(2.3).

(2) Firstly, since
*
γ is a specification, for all x ∈ X+,

∑

x̄0∈E

g̃0(y0 x∞1 ) = 1. Fix

n ≥ 1, and assume that the statement is correct for all k < n . Then, since
*
γ is a

specification, by the first part of the proposition and from (2.56), for all x ∈ X+,
one has

1=
∑

y n
0 ∈E n+1

n
∏

k=0

g̃k (y
n

k x∞n+1)

=
∑

yn∈E

g̃n (yn x∞n+1)
∑

yn−1∈E

g̃n−1(y
n

n−1 x∞n+1) · · ·
∑

y0∈E

g̃0(y
n

0 x∞n+1)

=
∑

yn∈E

g̃n (yn x∞n+1)

Remark 2.5.2. The first part of Proposition 2.5.1 yields that for all n ∈ Z+, there
exists a positive measurable function gn on X+ such that g̃n = gn ◦S n . Then the sec-
ond part of Proposition 2.5.1 is equivalent to that for all n ≥ 0, gn is a g−function

[20] on X+, i.e., for all x ∈ X+,
∑

a∈E

gn (a x ) = 1.

In terms of gn ’s, (2.56) reads

*
γ [0,n ](x

n
0 |x
∞
n+1) =

n
∏

k=0

gk ◦S k (x ) = exp
�

n
∑

k=0

log gk ◦S k (x )
�

, x ∈ X+. (2.57)

Thus, a non-null specification on X+ uniquely determines a sequence of g -functions.
Now consider the opposite situation: assume that a sequence ϕ̄ := {ϕk : k ∈ Z+}
of Borel functions on X+ is given. For all Λ⋐Z+, define

*
γ
ϕ̄

Λ (yΛ|xΛc ) :=
exp (
∑n

k=0ϕk ◦S k (yΛxΛc ))
∑

ȳΛ∈E Λ exp (
∑n

k=0ϕk ◦S k ( ȳΛxΛc ))
, y , x ∈ X+, (2.58)

where n := maxΛ. Then one can readily check that the family
*
γ
ϕ̄

:= (
*
γ
ϕ̄

Λ )Λ⋐Z+
is indeed specification densities, therefore, one can associate a non-null spec-
ification with the sequence ϕ̄. Then we conclude that there is an association
between the non-null specifications on X+ and the generalized Birkhoff sums

Sn ϕ̄ :=
n−1
∑

i=0

φi ◦S i , n ∈ N, where each ϕi is a Borel function. However, this asso-

ciation is not one-to-one, in fact, different generalized Birkhoff sums might give
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rise to the same specification which leads to the notion of physical equivalence
of potentials [10]. In terms of cocycles on Z+, this means that any measurable
(continuous) cocycle ρ on X+ is given by

ρ(ω,ω′) =
∞
∑

k=0

[ϕk ◦S k (ω)−ϕk ◦S k (ω′)], (ω,ω′) ∈T(X+), (2.59)

where each φk is a measurable (continuous) function on X+, and vise versa, i.e.,
for any sequence {ϕk }k∈Z+ of measurable (continuous) functionsϕk : X+→R, k ≥
0, (2.59) defines a measurable (continuous) cocycle on T(X+).

Now consider a measurable (continuous) cocycleρ on X+. We define the base
of the cocycle ρ by the following formula:

ρ0(ω,ω′) =ρ(ω,ω′)−ρ(Sω,Sω′), (ω,ω′) ∈T(X+). (2.60)

Then it is clear thatρ0 is also a measurable cocycle on T(X+), and it is continuous
if ρ is continuous. Furthermore, one has the following important identity for ρ:

ρ(ω,ω′) =
∞
∑

k=0

ρ0(S
kω,S kω′), (ω,ω′) ∈T(X+). (2.61)

2.5.2 Interactions on the lattice Z+

Now we turn to the interaction on X+ = E Z+ . By following the concept of transla-
tion-invariant interactions on Z, we define such a notion for the interactions on
Z+. Note that we also use the term one-sided interaction for the interactions on

X+. We again define the translation-invariance of a one-sided interaction
*
Φ with

(2.25), but this time we only assume that Λ runs over the finite subsets of Z+, i.e.,
for all Λ⋐Z+, the following holds true

*
ΦΛ ◦S =

*
ΦΛ+1. (2.62)

Note that the restriction of a translation-invariant interaction Φ on Ω= E Z to X+
remains translation-invariant. Simultaneously, any left-shift invariant interac-

tion
*
Φ on X+ can be extended toΩ by translation, namely, the translated interac-

tion Φ is defined for the volumes Λ ⋐ Z with minΛ < 0 by ΦΛ :=
*
ΦΛ−minΛ ◦S minΛ

(note that S is invertible on Ω). Thus there is a one-to-one correspondence be-
tween the translation-invariant interactions onΩ and X+. It should also be men-

tioned that one-sided translation-invariant interaction
*
Φ does not give rise to

a "translation-invariant" specification γ
*
Φ on Z+ in a sense that the associated

cocycle ρ
*
Φ satisfies ρ

*
Φ(ω,ω′) = ρ

*
Φ(Sω,Sω′) (note that we define translation-

invariant specifications in Subsection 2.5.5 in a slightly different way).
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We should note that there is a one-to-one correspondence between the trans-
lation -invariant UAC interactions on X+ and the continuous potentials in C (X+).
In fact, any translation-invariant UAC interactionΦ on X+ can be associated with
a continuous potentialφ ∈C (X+) by the following formula:

φ =−
∑

0∈V ⋐Z+

*
ΦV . (2.63)

Then, in fact, one can check that for all n ∈N,

Snφ =
n−1
∑

i=0

φ ◦S i =−H
*
Φ
[0,n−1] (2.64)

where H
*
Φ
[0,n−1] is the Hamiltonian in the volume V , i.e., H

*
Φ
[0,n−1] =
∑

V ⋐Z+
V ∩[0,n−1]̸=;

*
ΦV .

Hence
*
γ
φ
= γ

*
Φ, in other words, the one-sided interaction

*
Φ and the function φ

are the same from the viewpoint of Thermodynamic Formalism.
The opposite of the above observation is also true. More precisely, as the fol-

lowing proposition states, with any continuous function φ, one can associate

an (in fact, many) translation-invariant one-sided UAC interaction
*
Φ satisfying

(2.63).

Proposition 2.5.3. For any potentialφ ∈C (X+), there exists a translation-invariant

UAC interaction
*
Φ on X+ such thatφ =−

∑

0∈V ⋐Z+

*
ΦV .

Proof. It is an immediate application of the Stone-Weirstrass theorem to show
that for the potential φ, there exists a sequence { fn}n∈N of local functions on X+
such that φ =

∑

n∈N
fn and
∑

n∈N
∥ fn∥∞ <∞. Let Λn denote the finite volume on

which the local function fn is based. We define an interaction
*
Φ on X+ as follows:

*
ΦΛ =− fn if Λ is a translation of Λn , otherwise,

*
ΦΛ = 0. Then by the construction,

*
Φ is translation-invariant interaction on X+ and satisfies the conditions of the
proposition.

Remark 2.5.4. By Theorem 2.2.5 and using the arguments in Subsection 2.5.1,
we summarise the correspondence between the UAC interactions and the Birkhoff
sums on X+ in the following box:

2.5.3 G-measures and their relationship with the DLR-Gibbs measures

So far, we have not needed an algebraic structure in the state space E and the
configuration space X+. Now, we identify the state space E with the finite cyclic
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(General) UAC interactions ⇐⇒ Generalized Birkhoff sums

Translation-invariant UAC interactions ⇐⇒ Birkhoff sums

group Zl = Z/lZ ≃ {0, 1, · · · , l − 1}, where l = |E |. For the configurations ω,ω′ ∈
X+, we denote the coordinate-wise addition byω+ω′, i.e.,ω+ω′ = (ωi +ω

′
i )i∈Z+ .

Then, clearly, X+ becomes a compact Abelian group. We denote the direct sum
⊕

Z+

E by Γ . Note that Γ ⊂ X+, and ω ∈ X+ is in Γ iff there exists ∆ ⋐ Z+ such that

ωi = 0 for all i ∈ ∆c . For each ∆ ⋐ Z+, one can define a subgroup Γ∆ of Γ by
Γ∆ := {ω ∈ Γ :ωi = 0, i ∈∆c }. Then it is clear that Γ =

⋃

∆⋐Z+

Γ∆.

Now consider a family G := (GΛ)Λ⋐Z+ of nonnegative Borel functions GΛ :
X+→ [0, 1]. G is called compatible if for all∆⊂Λ⋐Z+,

GΛ(x +ω)G∆(ω) =GΛ(ω)G∆(x +ω), x ∈ Γ∆,ω ∈ X+, (2.65)

and normalized if for all Λ⋐Z+,
∑

ξΛ∈E Λ

GΛ(ξΛηΛc ) = 1. (2.66)

We call a compatible normalized family G = (GΛ)Λ⋐Z+ a G-family [4].
Note that each x ∈ Γ defines a map x : X+→ X+ byω 7→ x (ω) = x+ω. Then let

x∗ :M1(X+)→M1(X+) denote the pushforward of x . For a probability measure
ν ∈M1(X+) and a finite volume Λ⋐Z+, define

νΛ :=
1

l |Λ|

∑

x∈ΓΛ

x∗ν. (2.67)

Then it is clear that ν ≪ νΛ since e∗ν = ν where e is the neutral element of the
group Γ .

Definition 2.5.5. [4] A probability measure ν ∈M1(X+) is called a G-measure, if
there exists a G-family G = (GΛ)Λ⋐Z+ such that for all Λ⋐Z+,

dν

dνΛ
= l |Λ|GΛ. (2.68)

A G−measure ν is called g-measure if for the associated G−family, one has

G[0,n+1]∩Z+
G[0,n ]∩Z+

=G{0} ◦S n+1, n ∈Z+. (2.69)

The g−measures have applications in harmonic analysis, in particular, in the
theory of Riesz products [20]. Inspired by these applications of g -measures, Brown
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and Dooley developed G -formalism by extending the concept of g -measures and
utilising the formalism of Riesz products [4]. However, the following simple propo-
sition and Theorem 2.B demonstrate that the notions of G -family and G -measure
are equivalent to the notions of specification and DLR-Gibbs measures on X+.

Proposition 2.5.6. (i) Let G = (GV )V ⋐Z+ be a G-family, then γ = (γV )V ⋐Z+ de-
fined by

γV (ξV |ηV c ) :=G (ξV ηV c ), V ⋐Z+, ξV ∈ E V , η ∈ X+, (2.70)

is a family of specification densities.

(ii) Let γ be a specification on X+, then

GV (x ) := γV (xV |xV c ), x ∈ X+, V ⋐Z+ (2.71)

is a G-family.

Proof. "(i)" By the normalization condition (2.66), for allη ∈ X+,
∑

ξV ∈E V

γV (ξV |ηV c ) =

1. Then for∆⊂Λ⋐L,ω,η ∈ X+, by the compatibility condition (2.65),

γ∆(η∆|ηΛ/∆ωΛc )
∑

σ∆∈E ∆

γΛ(σ∆ηΛ/∆|ωΛc ) =G∆(ηΛωΛc )
∑

σ∆

GΛ(σ∆ηΛ\∆ωΛc )

(2.65)
=
∑

σ∆

�

G∆(σ∆ηΛ\∆ωΛc )GΛ(ηΛωΛc )
�

(2.66)
= GΛ(ηΛωΛc )

= γΛ(ηΛ|ωΛc ).

"(ii)" Clearly, G is a normalized family. To prove compatibility, take any x∆ ∈
E ∆ andω ∈ X+, then

GΛ(ω)G∆(x∆ω∆c ) = γΛ(ωΛ|ωΛc )γ∆(x∆|ω∆c )
(2.2)
= γ∆(x∆|ω∆c )γ∆(ω∆|ω∆c )

∑

σ∆

γΛ(σ∆ωΛ\∆|ωΛc )

(2.2)
= γ∆(ω∆|ω∆c )γΛ(x∆ωΛ\∆|ωΛc )

=G∆(ω)GΛ(x∆ω∆c ).

Remark 2.5.7. The above proposition establishes a one-to-one correspondence be-
tween specifications and G−families on X+. Furthermore, a G-family is positive
(continuous) if and only if the associated specification is non-null (qusilocal).

54



Main Results II: Gibbs formalism on Z+

Theorem 2.B. Let G be a family and γ be the associated specification. Then µ is a
G-measure for G if and only if µ ∈G (γ).

We postpone the proof of Theorem 2.B until Section 2.6.
As we have already seen in this subsection and Subsection 2.2.3, the notions

of non-null specification, positive G-family and cocycle are equivalent in the half-
line setup. Due to this fact, we have been able to derive equations for the associ-
ated DLR-Gibbs measures in terms of specifications and G-families. By the next
theorem, we derive such an equation for the associated DLR-Gibbs measures in
terms of the cocycles.

Theorem 2.5.8. Let G be a positive G-family on X+ and ρ be the associated mea-
surable cocycle (c.f., (2.12) and (2.70) ). Then ν is a G-measure for G , or equiv-
alently, ν is a DLR-Gibbs measure for the corresponding specification γ = γρ (c.f.,
(2.9)), if and only if for all y ∈ Γ , y∗ν≪ ν, and the following equations are satisfied:

d (y∗ν)
dν

(ω) = expρ(ω,ω− y ), ν− a.e.,ω ∈ X+. (2.72)

Proof. "if": Assume that for all y ∈ Γ , y∗ν≪ ν and (2.72) is satisfied. Then from
(2.9) and (2.71), for all Λ⋐Z+ and for ν− almost everyω ∈ X+,

dνΛ
dν
(ω) =

1

l |Λ|

∑

x∈ΓΛ

d (x∗ν)
dν

(ω) =
1

l |Λ|

∑

x∈ΓΛ

e ρ(ω,ω−x ) =
1

l |Λ|

∑

ξΛ∈E Λ

e −ρ(ξΛωΛc ,ω)

=
1

l |Λ|GΛ(ω)
.

"only if": Let ν be a G-measure for G , and take any y ∈ Γ , and let y ∈ ΓΛ. Consider
the measure y∗ν. It can be checked that

(y∗ν)Λ =
1

l |Λ|

∑

x∈ΓΛ

x∗(y∗ν) =
1

l |Λ|

∑

x∈ΓΛ

(x + y )∗ν= νΛ.

Clearly, y∗ν ≪ νΛ and let f :=
d (y∗ν)

dνΛ
. Then for all B ∈ F , one has ν(B − y ) =

∫

B

f dνΛ, and hence

ν(B ) =

∫

X+

f ·1B+y dνΛ =

∫

X+

f ◦ y ·1B d (νΛ ◦ y ). (2.73)

Note that νΛ ◦ y =
1

l |Λ|

∑

x∈ΓΛ

(ν◦ x )◦ y =
1

l |Λ|

∑

x∈ΓΛ

ν◦ (x + y ) = νΛ. Hence (2.73) yields

dν

dνΛ
= f ◦ y , νΛ- a.e. Thus since ν is a G-measure for G , (2.68) implies that for
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νΛ−a.e. ω ∈ X+, f (ω) = l |Λ|GΛ(ω− y ), therefore,

d (y∗ν)
dνΛ

= l |Λ|GΛ ◦ (−y ), νΛ-a.e. . (2.74)

Then by again applying (2.68), one has

d (y∗ν)
dν

(ω) =
GΛ(ω− y )

GΛ(ω)
, ν-a.e. ω ∈ X+. (2.75)

2.5.4 Gibbsianness in dynamical systems

We have defined the specifications in the half-line context in Subsection 2.5.1,
and established the relationship between the generalised Birkhoff sums and the
specifications. In the theory of dynamical systems, a specification associated
with Birkhoff sums via (2.58) is particularly interesting. Note that in this case,

for a continuous function (potential)φ : X+→R, the specification
*
γ
φ

:=
*
γ
(Snφ)

is
given by

*
γ
φ

Λ (aΛ|xZ+\Λ) =
exp
�

(Sn+1φ)(aΛxZ+\Λ)
�

∑

āΛ∈E Λ
exp
�

(Sn+1φ)(āΛxZ+\Λ)
� , a , x ∈ X+,Λ⋐Z+, n :=maxΛ.

(2.76)
It should be noted that there are Gibbsian specifications on X+ which can not be
associated with any φ ∈ C (X+) via (2.76). Below we give an example of such a
specification.

Example 2.5.9. Consider the following cocycle on Ω+:

ρ(ω,ω′) =
∞
∑

k=0

(k +1)(ωk −ω′k ), (ω,ω′) ∈T(Ω+). (2.77)

Note that ρ corresponds to the generalized Birkhoff sum
n−1
∑

k=0

(k +1)(σ0 ◦S k ), n ≥ 0.

The associated specification γρ can not be generated by someφ ∈C (X+) via (2.76)
(c.f. Theorem C1), since

sup
(ω,ω′)∈T(Ω+)

�

�

�

∞
∑

k=1

�

σ0 ◦S k (ω)−σ0 ◦S k (ω′)
�

�

�

�=∞.
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We call a specification γ on Z+ dynamical if γ can be generated by someφ ∈
C (X+) via (2.76). Equivalently, γ is dynamical if and only if the associated cocycle
ργ (c.f., (2.12)) is Gibbs, i.e., for someφ ∈C (X+),

ργ(ω,ω′) =
∞
∑

k=0

�

φ ◦S k (ω)−φ ◦S k (ω′)
�

, (ω,ω′) ∈T(Ω+). (2.78)

Remark 2.5.10. In fact, by the discussion at the end of Subsection 2.5.2 (see Remark
2.5.4), the dynamical specifications on X+ are exactly the specifications which are
generated by the translation-invariant UAC interactions on X+.

By Example 2.5.9, it is an interesting question to know when a Gibbsian speci-
fication is dynamical. Note that this question was also asked in [9]. The following
statement answers this question:

Theorem 2.C. Assume that γ is a Gibbsian specification on X+ and ργ is the cor-
responding cocycle. Letρ

γ
0 (ω,ω′) =ργ(ω,ω′)−ργ(Sω,Sω′), (ω,ω′) ∈T(X+) be the

base of the cocycleργ. Then the following statements are equivalent to each other:

(i) γ is a dynamical specification, in the other words, γ is generated by a transla-
tion-invariant UAC interaction on X+;

(ii) ργ is a Gibbs cocycle;

(iii) the cocycleρ
γ
0 can be extended from T(X+)⊂ X+×X+ to a continuous cocycle

on the full equivalence relation X+×X+;

(iv) ρ
γ
0 is uniformly continuous onT(X+) in the induced topology (which is metriz-

able) by X+×X+.

It is often difficult to check the condition of Theorem 2.C, therefore, one needs
more practical conditions. The following theorems give us such necessary and
sufficient conditions.

Corollary C1. Let γ be a Gibbsian specification onΩ+ andργ be the corresponding
cocycle on T(Ω+). If γ is a dynamical specification (i.e., ργ is a Gibbs cocycle), then

sup
(ω,ω′)∈T(Ω+)

|ργ(ω,ω′)−ργ(Sω,Sω′)|<∞. (2.79)

Corollary C2. Assume that γ is a Gibbsian specification on Ω+ and

ργ(ω,ω′) =
∞
∑

k=0

[φk ◦S k (ω)−φk◦S k (ω′)], (ω,ω′) ∈T(Ω+),

is the cocycle corresponding to γ. If
∞
∑

k=1

||φk −φk−1||∞ <∞ (2.80)

then γ is a dynamical specification.
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We shall prove Theorem 2.C and its corollaries in Section 2.6.

2.5.5 Kozlov-Sullivan characterisation on the lattice Z+

By motivating Theorem 2.3.1, we define the translation-invariant specifications
on X+ as follows:

Definition 2.5.11. A translation-invariant interactionΦ onZ+ is called variation-
summable if

∑

0∈V ⋐Z+

δ0ΦV <∞.

We call a specification γ on Z+ a translation-invariant Gibbsian specification if
there exists a translation-invariant variation-summable interaction Φ onZ+ such
that γ= γΦ.

Remark 2.5.12. By definition, any dynamical specification is translation-invariant.
However, any translation-invariant Gibbsian specification does not need to be dy-
namical (c.f., Theorem 2.D)

Then it is an interesting question to answer if any translation-invariant Gibb-
sian specification on Z+ can be associated with a translation-invariant invari-
ant UAC interaction on Z+. Note that Theorem 2.2.5 implies that any one-sided
Gibbsian specification, in particular, a translation-invariant one can be associ-
ated with a UAC interaction; however, the associated interaction does not always
need to be translation-invariant as the following theorem states:

Theorem 2.D. There exists a left-shift invariant Gibbsian specification onZ+, which
can not be associated with a translation-invariant UAC interaction.

We shall give an explicit example of an interaction satisfying conditions of
Theorem 2.D in the next section.

2.6 Proofs of the Main results

2.6.1 Proof of Theorem 2.3.4

Fix a periodic configuration θ ∈ Ω, i.e., Sθ = θ . For every Λ ⋐ Z consider a func-
tion defined by

ΦθΛ(ωΛ) :=
∑

V ⊂Λ
V ̸=;

(−1)|Λ\V | log
γV (θV |θV c )
γV (ωV |θV c )

, ωΛ ∈ E Λ. (2.81)
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Then Φθ := (ΦθΛ)Λ⋐Z is a translation-invariant interaction on Ω [16, 18]. Using the

interaction Φθ we define another interaction by

ΦΛ :=







∑

B∈Sℓ,i

ΦθB , if for some ℓ ∈Z and i ∈N, Λ= [ℓ,ℓ+2i ]∩Z,

0, otherwise,
(2.82)

where

Sℓ,1 := {B ⋐Z : ℓ ∈ B ⊂ [ℓ,ℓ+2]}.

and for i ≥ 2

Sℓ,i := {B ⋐Z : ℓ ∈ B ⊂ [ℓ,ℓ+2i ], B ̸⊂ [ℓ,ℓ+2i−1]}.

It can be checked that Φ = (ΦΛ)Λ⋐Z is also a translation-invariant interaction
on Z, and under condition (2.29), Φ is also UAC and generates γ [21]. Further-
more, the following estimation is also valid for Φ: for all ℓ ∈Z and i ≥ 2,








Φ[ℓ,ℓ+2i ]










∞
≤ C v (2i−1), (2.83)

where C > 0 is a constant independent of both ℓ ∈Z and i ∈N. Then

∑

min V ≤0<max V

∥ΦV ∥∞ =
∞
∑

i=1

0
∑

ℓ=−2i+1

∥Φ[ℓ,ℓ+2i ]∥∞

=
0
∑

ℓ=−1

∥Φ[ℓ,ℓ+2i ]∥∞+
∞
∑

i=2

0
∑

ℓ=−2i+1

∥Φ[ℓ,ℓ+2i ]∥∞

≤
0
∑

ℓ=−1

∥Φ[ℓ,ℓ+2i ]∥∞+C
∞
∑

i=2

2i+2v (2i−1)

< ∞.

Thus by Theorem 8.39 in [16], it can be concluded that #G (Ω,Φ) = #G (Ω,γ) = 1.

2.6.2 Proof of Theorem 2.A

We start this subsection by proving the following important proposition. Fix a
state + ∈ E and denote the constant configuration, where every component is in
the state + by+++.

Proposition 2.6.1. (i) The sequence
¦

−
1

|Λn |
logγΛn

(+Λn
|ωΛc

n
)
©

n∈N
converges uni-

formly onω ∈Ω to a constant P+++(γ) as n→∞.
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(ii) For ρ ∈ M1,S (Ω), the sequence
¦

−
1

|Λn |

∫

Ω

logγΛn
(θΛn
|ωΛc

n
)ρ(dθ )
©

n∈N
con-

verges uniformly onω ∈Ω to a constant P ρ(γ)which depends only on γ and
ρ as n→∞.

Proof. Part (i): The proof of the first part of Proposition 2.6.1 presented below,
relies on the following lemma, whose proof can be found in [22].

Lemma 2.6.2. For the translation-invariant Gibbsian specification γ, one has

lim
n→∞

1

|Λn |
sup
ξ,η∈Ω

log
γΛn
(+Λn
|ξΛc

n
)

γΛn
(+Λn
|ηΛc

n
)
= 0. (2.84)

In the light of Lemma 2.6.2, the uniform convergence of the functional se-
quence

¦ 1

|Λn |
logγΛn

(+Λn
|•Λc

n
)
©

n∈N

follows if we show that the numerical sequence
¦ 1

|Λn |
logγΛn

(+Λn
|+Λc

n
)
©

n∈N
con-

verges.
We shall consider the vacuum interaction Φ+++ corresponding to the vacuum con-
figuration+++. By the vacuum condition, one has that

γΛn
(+++Λn
|ωΛc

n
) = Z Φ

+++

Λn
(ωΛc

n
)−1, (2.85)

where Z Φ
+++

Λn
(ωΛc

n
) is the partition function corresponding to the interaction Φ+++ in

the volume Λn . Thus we have to prove that the infinite volume pressure is well-

defined for the interactionΦ+++. Then this implies that lim
n→∞

1

|Λn |
logγΛn

(+Λn
|ωΛc

n
) =

−P (Φ+++). Note that in general, the interaction Φ+++ is not UAC, however, it is always
uniformly convergent. Therefore, the classical theorems in Statistical Mechanics
do not apply to guarantee the existence of the pressure P (Φ+++). For every r ∈ N,
we consider a finite-range interaction Φ+++,r defined by

Φ+++,r
Λ :=

¨

Φ+++Λ, if diam(Λ)≤ r ;

0, if diam(Λ)> r.
(2.86)

Note that for every r ∈ N, the interaction Φ+++,r is finite-range, therefore, the se-

quence
¦ 1

|Λn |
log Z Φ

+++,r

Λn
(ω)
©

n∈N
converges uniformly onω ∈Ω to the pressure P (Φ+++,r )

as n→∞. For every r ∈N, one can readily check by the vacuum property of the
interaction Φ+++ that
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log
Z Φ

+++

Λn
(+++)

Z Φ+
++,r

Λn
(+++)

= log

∑

ω∈ΩΛn

e
−
∑

V ⊂Λn

Φ+++V (ω)

∑

ω∈ΩΛn

e
−
∑

V ⊂Λn

Φ+++,r
V (ω)

≤ sup
ω∈ΩΛn

�

�

�

∑

V ⊂Λn
diam(V )>r

Φ+++V (ω)
�

�

�

≤
∑

i∈Λn

sup
ω∈Ω

�

�

�

∑

i∈V ⋐Z
diam(V )>r

Φ+++V (ω)
�

�

�

= |Λn |sup
ω∈Ω

�

�

�

∑

0∈V ⋐Z
diam(V )>r

Φ+++V (ω)
�

�

�. (2.87)

Thus, in particular, for any s , r ∈N, one also has

�

�

� log
Z Φ

+++,s

Λn
(+++)

Z Φ+
++,r

Λn
(+++)

�

�

� =
�

�

� log
Z Φ

+++

Λn
(+++)

Z Φ+
++,r

Λn
(+++)
− log

Z Φ
+++

Λn
(+++)

Z Φ+
++,s

Λn
(+++)

�

�

�

≤ 2|Λn |sup
ω∈Ω

�

�

�

∑

0∈V ⋐Z
diam(V )>min{s ,r }

Φ+++V (ω)
�

�

�. (2.88)

Thus by dividing both sides by |Λn | and taking limit as n →∞, one obtains that
for all s , r ∈N,

|P (Φ+++,s )−P (Φ+++,r )| ≤ 2 · sup
ω∈Ω

�

�

�

∑

0∈V ⋐Z
diam(V )>min{s ,r }

Φ+++V (ω)
�

�

�. (2.89)

Since the interaction Φ+++ is uniformly convergent, one has that

2 · sup
ω∈Ω

�

�

�

∑

0∈V ⋐Z
diam(V )>n

Φ+++V (ω)
�

�

�−−−→
n→∞

0. (2.90)

Hence (2.89) yields that the sequence {P (Φ+++,r )}r∈N is fundamental. Thus one can

immediately conclude from (2.87) that the sequence
¦ 1

|Λn |
log Z Φ

+++

Λn
(+++)
©

n∈N
is con-

vergent.
Part (ii): By the first part of Lemma 3.7 in [22], one has that

lim
n→∞

1

|Λn |

∫

Ω

log
γΛn
(θΛn
|ωΛc

n
)

γΛn
(+Λn
|ωΛc

n
)
ρ(dθ ) =

∫

Ω

log
γ{0}(θ0|+<0 θ>0)
γ{0}(+0|+<0 θ>0)

ρ(dθ ), (2.91)
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and the limit in LHS is uniform onω ∈Ω. Thus by the first part, one can conclude
the second part of the theorem, since

lim
n→∞

1

|Λn |

∫

Ω

logγΛn
(θΛn
|ωΛc

n
)ρ(dθ ) = lim

n→∞

1

|Λn |
logγΛn

(+Λn
|ωΛc

n
)

+

∫

Ω

log
γ{0}(θ0|+<0 θ>0)
γ{0}(+0|+<0 θ>0)

ρ(dθ ).

Below we prove an important statement for the energy contribution from the
origin, which will be useful in the proof of Theorem 2.A.

Proposition 2.6.3. Let γ be a translation-invariant Gibbsian specification on Ω
and uργ be the associated energy contribution from the origin as defined in (2.43).
Then for all translation-invariant probability measure τ ∈M1,S (Ω), one has that

lim
n→∞

1

|Λn |

∫

Ω

∫

Ω

log
γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
ρ(dθ )τ(dω) =

∫

Ω

uργ (ω)τ(dω). (2.92)

Proof of Proposition 2.6.3. For the specification densities γΛ, Λ ⋐ Zd , we use the
notationsγΛ(ωΛ|ωΛc ) andγΛ(ω) interchangeably. By the bar moving the property
of the specification densities, one has that

γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
=
∏

i∈Λn

γ{i }(ωi |θ[minΛn ,i )ω[minΛn ,i ]c )
γ{i }(θi |θ[minΛn ,i )ω[minΛn ,i ]c )

. (2.93)

For any ℓ1,ℓ2 ∈Zd with ℓ1 ≤ ℓ2 and θ ∈Ω, define a transformation

Θθ[ℓ1,ℓ2]
(ω) :=

¨

ωi , if i /∈ [ℓ1,ℓ2];

θi , if i ∈ [ℓ1,ℓ2].
(2.94)

If ℓ1 ≰ ℓ2, then [ℓ1,ℓ2] = ;; therefore, for allω ∈Ω, we set Θ[ℓ1ℓ2](ω) =ω. Note that

the families {Sℓ : ℓ ∈ Zd } and {Θ[ℓ1,ℓ2] : ℓ1,ℓ2 ∈ Zd ,ℓ1 ≤ ℓ2} of the transformations

on Ω have the following commutativity-type property: for any ℓ1,2,3 ∈ Zd with
ℓ1 ≤ ℓ2, one has

Sℓ3
◦Θθ[ℓ1,ℓ2]

=Θ
Sℓ3θ

[ℓ1−ℓ3,ℓ2−ℓ3]
◦Sℓ3

. (2.95)

Using the transformations {Θθ[ℓ1,ℓ2]
}ℓ1≤ℓ2

, (2.93) can be written as

γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
=
∏

i∈Λn

γ{i } ◦Θθ[minΛn ,i )(ω)

γ{i } ◦Θθ[minΛn ,i ](ω)
. (2.96)
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By the translation-invariance of the specification γ, one can write (2.96) as

γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
=
∏

i∈Λn

γ{0} ◦Si ◦Θθ[minΛn ,i )(ω)

γ{0} ◦Si ◦Θθ[minΛn ,i ](ω)
. (2.97)

Hence by the translation-invariance of the measures τ andρ, one can obtain
from (2.95) and Fubini’s theorem that

1

|Λn |

∫

Ω

∫

Ω

log
γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
ρ(dθ )τ(dω) =

=
1

|Λn |

∑

i∈Λn

∫

Ω

∫

Ω

log
γ{0} ◦Si ◦Θθ[minΛn ,i )(ω)

γ{0} ◦Si ◦Θθ[minΛn ,i ](ω)
ρ(dθ )τ(dω)

=
1

|Λn |

∑

i∈Λn

∫

Ω

∫

Ω

log
γ{0} ◦Θ

Siθ
[minΛn−i ,0) ◦Si (ω)

γ{0} ◦Θ
Siθ
[minΛn−i ,0] ◦Si (ω)

ρ(dθ )τ(dω)

=
1

|Λn |

∑

i∈Λn+minΛn

∫

Ω

∫

Ω

log
γ{0} ◦Θθ[i ,0)(ω)

γ{0} ◦Θθ[i ,0](ω)
ρ(dθ )τ(dω). (2.98)

By quasilocality and non-nullness of γ, the net
¦

log
γ{0} ◦Θθ[i ,0)(ω)

γ{0} ◦Θθ[i ,0](ω)

©

i<0
converges

uniformly in (θ ,ω) ∈ Ω×Ω to uγ(θ ,ω) := log
γ{0}(ω0|θ<0ω>0)
γ{0}(θ0|θ<0ω>0)

as i1, ..., id →−∞.

Hence, by the Stolz-Cesaro theorem, one has that

lim
n→∞

1

|Λn |

∑

i∈Λn+minΛn

log
γ{0} ◦Θθ[i ,0)(ω)

γ{0} ◦Θθ[i ,0](ω)
= uγ(θ ,ω) uniformly on (θ ,ω) ∈Ω×Ω.

(2.99)
Thus (2.98) yields the desired claim.

Remark 2.6.4. If the telescoping starts from the other end, one can end up with
the following instead of (2.93):

γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
=
∏

i∈Λn

γ{i }(ωi |θ(i ,maxΛn ]ω[i ,maxΛn ]c )
γ{i }(θi |θ(i ,maxΛn ]ω[i ,maxΛn ]c )

. (2.100)

Then, with a similar argument to the proof of Proposition 2.6.3, one can also show
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that

lim
n→∞

1

|Λn |

∫

Ω

∫

Ω

log
γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
ρ(dθ )τ(dω)

=

∫

Ω

ũρ(ω)τ(dω) =

∫

Ω

∫

Ω

ũγ(θ ,ω)ρ(dθ )τ(dω),

where

ũγ(θ ,ω) := log
γ{0}(ω0|ω<0θ>0)
γ{0}(θ0|ω<0θ>0)

and ũργ (ω) :=

∫

Ω

ũγ(θ ,ω)ρ(dθ ).

In particular, uργ and ũργ are physically equivalent, i.e., for all τ ∈M1,S (Ω),

∫

Ω

uργ dτ=

∫

Ω

ũργ dτ. (2.101)

Proof of Theorem 2.A. For a translation-invariant measureτ ∈M1,S (Ω)and a trans-
lation -invariant Gibbs measure µ̄ ∈GS (γ), it is proven in the first part of Theorem
3.3 in [22] that

P+++(γ)−
∫

Ω

u+++γ dτ−h (τ) = h (τ|µ̄). (2.102)

For any ρ ∈M1,S (Ω), we have proven in Proposition 2.6.1 and Proposition 2.6.3
that

lim
n→∞
−

1

|Λn |

∫

Ω

logγΛn
(ωΛn
|ωΛc

n
)τ(dω) = P ρ(γ)−

∫

Ω

uργ (ω)τ(dω). (2.103)

Note that LHS of (2.103) is independent of ρ, thus (2.102) yields for ρ =δ+++,

lim
n→∞
−

1

|Λn |

∫

Ω

logγΛn
(ωΛn
|ωΛc

n
)τ(dω) = h (τ) +h (τ|µ̄). (2.104)

Then by combining (2.104) with (2.103), we obtain that

∫

Ω

uργ (ω)τ(dω) +h (τ) = P ρ(γ)−h (τ|µ̄). (2.105)

Then the rest of the proof follows from Theorem 2.4.3.
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2.6.3 Proofs of Theorems 2.B, 2.C, and 2.D

Proof of Theorem 2.B. Consider a probability measure τ ∈M1(X+). Then for Λ⋐
Z+ and B ∈F , one has

(GΛ ·τΛ)(B ) :=
∫

X+

GΛ1B dτΛ

=
1

|ΓΛ|

∑

x∈ΓΛ

∫

X+

GΛ1B d x∗τ

=
1

|ΓΛ|

∑

x∈ΓΛ

∫

X+

GΛ(x +ω)1B (x +ω)τ(dω), (2.106)

and

(τγΛ)(B ) =
∑

x∈ΓΛ

∫

X+

GΛ(ω+ x )1B (ω+ x )τ(dω). (2.107)

Then by combining (2.106) and (2.107), one concludes that for all Λ⋐Z+,

τγΛ = (l
|Λ|GΛ) ·τΛ. (2.108)

Note that in the light of (2.108), the DLR equation (2.4) and the consistency equa-
tion (2.68) for the G-measures are the same. Thus one immediately concludes the
statement of the theorem.

Proof of Theorem 2.C. ”(i ) ⇔ (i i ) ⇒ (i i i )” Let γ be a dynamical specification,
then there exists ϕ ∈C (X+) such that the corresponding cocycle ργ is given by

ργ(ω,ω̄) =
∞
∑

k=0

[ϕ ◦S k (ω)−ϕ ◦S k (ω̄)], (ω,ω̄) ∈T(X+).

Thus for all (ω,ω̄) ∈ T(X+), ρ
γ
0 (ω,ω̄) = ϕ(ω)−ϕ(ω̄), and then it is clear that ρ

γ
0

is extended to the cocycle λ : X+ × X+ → R which is defined by λ(η,ξ) = ϕ(η)−
ϕ(ξ), (η,ξ) ∈ X+×X+. Clearly, λ is continuous since ϕ is continuous.

”(i i i )⇒ (i i )” Assume that ρ
γ
0 extends to a continuous cocycle λ on the full

equivalence relation X+ × X+. Fix any ξ̃ ∈ X+ × X+ and for ω ∈ X+, set ϕ(ω) =
λ(ω, ξ̃). Then for any (ω,ξ) ∈ X+×X+,

λ(ω,ξ) =λ(ω, ξ̃) +λ(ξ̃,ξ) =λ(ω,ξ)−λ(ξ, ξ̃) =ϕ(ω)−ϕ(ξ). (2.109)

The continuity of λ implies the continuity of ϕ. Furthermore, (2.109) immedi-
ately implies that for all (ω,ω̄) ∈T(X+),ρ

γ
0 (ω,ω̄) =λ(ω,ω̄) =ϕ(ω)−ϕ(ω̄) Then by

(2.61) one concludes that ργ is indeed a Gibbs cocycle.
”(i i i )⇒ (i v )” The extension of ρ

γ
0 to X+ × X+ is continuous and the product

space X+×X+ is compact. Then as a continuous function on the compact space,
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the extension is uniformly continuous, thus its restriction to T(X+)which isρ
γ
0 is

also uniformly continuous.
”(i v )⇒ (i i i )” First, note that T(X+) is dense in X+×X+ in the product topol-

ogy. Now take a pair (ξ,η) ∈ X+ × X+ of configurations, and let the sequence
{(ξ(n ),η(n ))}n∈N ⊂ T(X+) converges to (ξ,η) in the product topology. Since ρ

γ
0 :

T(X+)→R is a uniformly continuous function, the sequence {ργ0 (ξ
(n ),η(n ))}n∈N ⊂

R is convergent because a uniformly continuous function preserves fundamen-
tality of the sequences. Hence we can define an extension ρ̄

γ
0 : X+×X+ by ρ̄

γ
0 (ξ,η) :=

lim
n→∞

ρ
γ
0 (ξ

(n ),η(n )). It is clear that the value of ρ̄
γ
0 (ξ,η) does not depend on the

choice of the sequence {(ξ(n ),η(n ))}n∈N and by the construction, ρ̄
γ
0 is continuous

on X+×X+ and extends ρ
γ
0 .

Below we give the proofs of corollaries of Theorem 2.C.

Proof of Corollary C1. By Theorem 2.C, ρ
γ
0 can be extended to a continuous co-

cycle on X+ × X+. Since X+ × X+ is compact, the extension is bounded, thus the
statement of the theorem follows.

Proof of Corollary C2. In fact, one can check the following for ρ
γ
0 : for all (ω,ω̄) ∈

T(X+),

ρ
γ
0 (ω,ω̄) =φ0(ω)−φ0(ω̄) +

∞
∑

k=1

[(φk −φk−1) ◦S k (ω)− (φk −φk−1) ◦S k (ω̄)].

Then if (2.80) is satisfied then the sum
∞
∑

k=1

[(φk −φk−1)◦S k (ξ)−(φk −φk−1)◦S k (η)]

converges uniformly on (ξ,η) ∈ X+×X+, therefore, the cocycle λ defined by

λ(ξ,η) =φ0(ξ)−φ0(η)+
∞
∑

k=1

[(φk −φk−1)◦S k (ξ)−(φk −φk−1)◦S k (η)], (ξ,η) ∈T(X+)

is continuous on X+ × X+. ρ
γ
0 extends to λ, thus by Theorem 2.C, γ is indeed a

dynamical specification.

Proofs of Theorem 2.D. Consider the Ising spin space E = {−1, 1} and the follow-
ing interaction Ψ on X+: forω ∈ X+, set

ΨΛ(ω) :=







−
ωiω j

|i − j |α
+κω j , if Λ= {i , j } ⊂Z+, i < j ;

0, otherwise,
(2.110)

where α > 1 and κ > 0. Then Ψ is translation-shift invariant, but it is not UAC.

For i , j ∈ Z+, with i < j , ||Ψ{i , j }||∞ = κ+
1

|i − j |α
. Thus
∑

0∈V ⋐Z+

||ΨV ||∞ =
∞
∑

j=1

�

κ+
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Proofs of the Main results

1

j α

�

=∞. However, Ψ is a variation-summable interaction. In fact, for all j ∈N,

δ0Ψ{0, j } =
2

j α
, therefore,
∑

0∈V ⋐Z+

δ0ΨV =
∞
∑

j=1

2

j α
<∞. Thus the associated one-

sided specification
*
γ
Ψ

is Gibbsian, which is the same amount as saying that the
associated cocycle ρΨ is continuous. Furthermore, for (ω,ω̄) ∈T(X+),

ρΨ0 (ω,ω̄) =ρΨ (ω,ω̄)−ρΨ (Sω,Sω̄)

=
∑

0∈V ⋐Z+

[ΨV (ω)−ΨV (ω̄)]

=
∞
∑

j=1

�ω̄0ω̄ j −ω0ω j

j α
+κ(ω j − ω̄ j )
�

.

Thus, sup
(ω,ω̄)∈T(X+)

ρΨ0 (ω,ω̄) =∞ which contradicts to Theorem C1. Therefore, the

corresponding specification γΨ is not dynamical, which is equivalent to saying
thatγΨ is not generated by any translation-invariant UAC interaction (see Remark
2.5.10 and the discussion at the end of Subsection 2.5.1).
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