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Chapter 2

On the Gibbs formalism in
Dynamical Systems

Abstract: In this chapter, we review various notions of Gibbs measures, including DLR
measures, G-measures, g-measures and compare them with each other. The chapter
also aims to discuss the Kozlov-Sullivan characterisation of specifications in Equilib-
rium Statistical Mechanics within the framework of Dynamical Systems. In addition, on
the whole-line shift space, we also demonstrate an interaction-independent variational
principle.

Furthermore, we provide a necessary and sufficient criterion for a specification on
a half-line shift space to ensure the existence of a generating translation-invariant UAC
interaction, highlighting the lack of an analogous condition for whole-line shift spaces.
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On the Gibbs formalism in Dynamical Systems

2.1 Introduction

The so-called Gibbs (DLR) formalism — the study of probability measures de-
fined via their conditional probabilities, a perspective formalised in the notion
of a Gibbs measure — was first initiated by Dobrushin, Lanford, and Ruelle to
mathematically describe various phenomena in statistical mechanics, including
phase transitions. The DLR formalism is developed based on the notion of spec-
ifications. Although it was formally established in the 1970s, the foundations of
the theory of Gibbs measures trace back to the earlier works of Boltzmann and
Gibbs. The classical Gibbs formalism starts with the well-known Boltzmann fac-
tor, which is a probability measure interpreted as the probability of a particu-
lar portion of a macroscopic system being in a certain energy state. This mea-
sure is connected to the interactions that define the model quantitatively. This is
why the classical Gibbs formalism is developed based on the interactions. Subse-
quently, Kozlov [21] and Sullivan [28] established that the Gibbs formalism based
on specifications is essentially equivalent to the one based on interactions, as
every Gibbsian specification is generated by some UAC interaction. However,
if one restricts oneself to the setup of translation-invariant measures, then one
can see a subtle difference between those Gibbs formalisms. In fact, as shown in
[2], not every translation-invariant Gibbs measure is prescribed by a translation-
invariant uniformly absolutely continuous (UAC) interaction, even though it is
always prescribed by a translation-invariant specification. This naturally calls
for a reconstruction of classical statistical mechanics framed in terms of speci-
fications. Moreover, the renormalisation group transformation of a Gibbs mea-
sure often results in a loss of the Gibbs property, meaning the transformed mea-
sure may lack a continuous version of its conditional probabilities. However,
in more favourable cases, the transformed measure may retain an ‘almost con-
tinuous’ version of conditional probabilities, which frequently cannot be asso-
ciated with any reasonable interaction. This challenge further emphasises the
need to study Gibbs measures based on specifications alone. In this regard, con-
siderable work has already been done, particularly in the context of generalised
Gibbs measures, as explored in [10}22,24]. In particular, [22] establishes a ver-
sion of the interaction-independent variational principle. Expanding on this, we
present anew form of the interaction-independent variational principle, which is
more suited to the framework of dynamical systems. We also discuss the Kozlov-
Sullivan characterisation of the translation-invariant Gibbs measures. Further-
more, we also give an explicit example of a translation-invariant specification on
the half-line Z, which is not generated by any translation-invariant UAC inter-
action.

Later developments in both Statistical Mechanics and Dynamical Systems led
to the definition of Gibbs measures independent of specifications or interactions,
based instead on the concept of families of multipliers or G -families. The first
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Preliminaries

of these alternative approaches was introduced to extend the notion of Gibbs
measures to more general (semi)group actions beyond Z¢ or N. The idea of a G-
family was inspired by Keane’s work [20] and introduced into ergodic theory by
Brown and Dooley [4], where it was used to study generalised Riesz products in
harmonic analysis. In this chapter, we compare these alternative definitions of
Gibbs measures with the classical definition based on specifications.

The chapter is structured as follows:

* In Section[2.2] we recall the different definitions of the Gibbs measures that
appeared in Statistical Mechanics and Dynamical Systems literature and
compare these definitions with the one based on the specifications.

* In Section[2.3} the Kozlov-Sullivan characterisation of the Gibbsian speci-
fications on the full lattice Z¢ will be discussed.

* In Section[2.4] we state the first set of our main results. There, we formulate
aninteraction-independent version of the variational principle, aligned with
the spirit of dynamical systems.

* Section[2.5/focuses on the Gibbs formalism on the half-line Z, . In this sec-
tion, we also compare the concept of G-measures, introduced by Brown
and Dooley in the 1990s, with the DLR-Gibbs measures. Additionally, we
provide an example of a translation-invariant Gibbsian specificationon Z
that is not generated by a translation-invariant UAC interaction.

* Section[2.6]is dedicated to the proofs of the main results of this chapter.

2.2 Preliminaries

2.2.1 The Gibbs measures in DLR formalism

The DLR formalism starts with the so-called specification — a given family of con-
ditional probabilities. Since there is no a priori underlying probability measure,
one should define the prescribing family of the conditional probabilities every-
where, not almost everywhere.

In this chapter, we consider the shift spaces in the form Q:= E L where E is a
finite set equipped with the discrete topology and interpreted as the state-space
of the system, and L is interpreted as the set of sites, which is at most a count-
able set. We denote the Borel o—algebra in Q2 by &, and for A c L, &, denotes
the minimal o—algebra containing all the cylindrical [0y ] sets based on volume
V € A. #,(9Q) denotes the set of probability measures on Q2. A function f: Q — R
is called local if there exists a finite volume A € L such that f is #,—measurable.
Then a specification y is a family of positive functions {y,}rer — the so-called
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On the Gibbs formalism in Dynamical Systems

probability kernels on 2 indexed by the finite volumes A € L which has the fol-
lowing properties:

(P1) for each A € L and every B € Z, the function (B|w) € & x Q LN [0,1] is
measurable in %, as a function of w;

(P2) foreach A €L and all w € Q, the function 7, (-|w): & — [0, 1] is a probability
measure on .%;

(P3) (properness)for each A € L and every B € #,. and w €, y5(B|w)=13(w);

(P4) (consistency)forall ACAeL,

YAYA=T A 2.1

where vy A(Blw) = f ra(BInyaldnlw), BEF, we.
Q

Definition 2.2.1. A specification y on X is called quasilocal if for any local func-
tion f and volume A €L, one has that y,(f) € C(Q), where for w € Q, y(f)(w) ==

f f@raldllw).
Q

Describing the specifications with their specification densities is often convenient.
The density of a specification y in the volume A @ L is yx(wp|wpc) :=7a(lwlp]w),
here [w], denotes the cylinderic set based on the volume A and the configuration
w,ie, [w]y={EeQ:Ey=wr}

Definition 2.2.2. A specification v is called non-null (or positive) if for all A €L,
inf YA(C')AM)AC) > 0.
weN

We call a specification Gibbsian if it is quasilocal and non-null at the same time.
The consistency property (2.1) of specifications yields the following for specifi-
cation densities:

TAMAlwac) =7aNalna/awac) Z TAlO AN Al@A), VACAEL, Yoo, n €.
O'AEEA

(2.2)
The characterising property of the non-null specification densities is the so-called
bar moving property, which we use frequently in the chapter; therefore, we state
it below:

ralBalwae) _ rA(Bawnalwac)
ral@alwac)  ral@awpalwa)

AcAel, a,B,we. (2.3)

Now we turn to the consistent probability measures with the specifications.
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Preliminaries

Definition 2.2.3. A probability measure u € () is consistent with a specifi-
cation v if for all A € L, the conditional probability u(-|Z ) is prescribed by the
probability kernely,, i.e., for all B€ Z, and u—almost every w €,

U(B|F e Nw) =y A(Blw).

This is equivalent to stating that the measure u satisfies the DLR equations, i.e., for
allN\eL and B e %,

p(B) = (uyr)(B) :=J rA(Blwlu(d w). (2.4)
Q

The set of consistent measures with a specification y is denoted by 4(,7).

It should be stressed that any probability measure u € .#,(?) is prescribed
by some specification y [17]. Conversely, in the general case, one can’t guaran-
tee the existence of a consistent probability measure with a given specification
vy [16], i.e., it can be a case that ¢((2,y) = 0. Therefore, specifications without ex-
tra properties are not very interesting. In practice, the quasilocal specifications
hold more significance. One of the important properties of the quasilocal spec-
ifications is that there always exists a consistent probability measure as long as
the state-space E is compact, as is the case in this chapter. In fact, for any se-
quence {T,},en C #:1(Q2) of probability measures, any weak* limiting point of
the set {7,y : n €N, A € L} is consistent with y. In particular, 4(,7) is a con-
vex closed, thus compact subset of ./, (f2) in the weak® topology. Another crucial
property of the quasilocal specifications is that one probability measure can not
be consistent with two distinct quasilocal specifications. Thus it would be more
interesting if a measure is consistent with a quasilocal or a Gibbsian specification.

Definition 2.2.4. A probability measure u € #,(?) is called a Gibbs measure
(state) if u is prescribed by a Gibbsian specification, i.e., there exists a Gibbsian
specification y such that u€(Q,y).

Although there always exists a consistent measure with a quasilocal specifi-
cation, in particular, a Gibbsian specification, it is often the case that there are
multiple of such measures. In this case, one says that the underlying specifica-
tion exhibits phase transitions.

2.2.2 The Classical Gibbs formalism

The classical Gibbs formalism starts with an interaction ® - a family of local func-
tions ®, indexed by A € L on a configuration space 2 = E™ such that for each A,
®, is Z,—measurable. If the given interaction & is sufficiently regular, then one
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On the Gibbs formalism in Dynamical Systems

can associate a specification with it. More precisely, the interaction Hamiltonian
HY,aka. the interaction energy in a volume A €L, is

HY(w):= Z dy(w), we. 2.5)
Vel,

VNAF£D
Without any condition on the interaction ®, the sum in (2.5) does not need to
converge. In literature, depending on the mode of the convergence of the sum in
(2.5), different classes of interactions arise.

(1) Aninteraction @ is called uniformly convergent if the sum converges
uniformly on w €, i.e., for any cofinal sequence {V},}, .y of the finite vol-
umes, the finite sum

D dvle)

vcy,
VNA#D

converges to H f (w) uniformly in w € Q as n — 00;

(2) An interaction @ is uniformly absolutely convergent (UAC) if for all i €L,

Z sup |dy (w)| < oo.
ieVelL WL

(3) Fix a configuration 6 € Q. An interaction ® is called relatively absolutely
convergent if for all j €L, the sum

converges uniformly in w € Q. It should be mentioned that the concept
of relatively absolute convergence of an interaction is independent of the
choice of the configuration 6.

(4) An interaction ® on (2 is called variation-summable if for all i €L,

where 6; f denotes the oscillation/variance of the function f : 2 — R at the
coordinate i: 6, f :=sup{f(&)— f(n): Er\(iy = Ny }-

Among the above convergence classes of interactions, the class of UAC interac-
tions is the smallest, and the class of relatively convergent potentials is the largest
one. Note that the first two summability modes guarantee, for all A € L, the ex-
istence of a continuous Hamiltonian H /‘\I) defined by . Then for all A € L, one
can define the Boltzmann factor yi for ® by
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e—Hf\I’(’?AO)AL‘)

Z e_H/?(T_]A‘UAC) ’
NAEEA

ny€E weq. (2.6)

rr(nalwae) =

One can readily check that the family {yi} AeL. CcOmprises specification-densities.
The associated specification y® can be recovered from the Boltzmann factor yf
by

raBlw)= > rrnalor)dn,e, (B), BEF, we,

T]AEEA

It is clear that the specification y® is non-null and quasilocal, if the interaction ®
is uniformly convergent.

One easily notices that the relative absolute convergence or variation-summability
of an interaction @® is not sufficient to guarantee the convergence of the Hamil-
tonian , therefore, in these classes of interactions, one may not have a de-
fined Hamiltonian. Despite this, there is another way of associating a specifica-
tion with an interaction. Note that if one writes in the following form,

1

o
TalEalnac)= -
A 2 EXP(H/?@AUAJ—HE(@AT)M))

SAEEA

1
= - (2.7)
2 exp( > [‘I’v(iAnAc)—‘I’v(iAnAc)D
E\€EA VNA#D

then it becomes apparent that one does not really need the convergence of the

sum Hy = Z &, to associate a specification )'q’ with an interaction ®. In fact,

Vel
VNA#D

if the interaction ® is relatively absolutely convergent, then the equation (2.7)
makes sense; therefore, y? is well-defined.

Once the relationship between specifications and interactions is established
by either or (2.7), the following question arises: how generic is the class of
specifications generated by interactions? In fact, this question has been stud-
ied by Kozlov, Sullivan and Grimmett and others [1,2}/18,21}/28]. Here we only
mention a theorem by Kozlov which answers the question, and will discuss the
question and Kozlov’s method in greater detail in Section[2.3]

Theorem 2.2.5 (Kozlov’s theorem). [2,(12,16}21|] Every Gibbsian specification is
generated by a UAC interaction. In other words, for any Gibbsian specification v,
there exists a UAC interaction ® on Q such thaty =v°.

Notably, the Kozlov theorem applies to any countable set L, and this is the
elegance of the theorem.
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On the Gibbs formalism in Dynamical Systems

2.2.3 The parameterization of specifications with cocycles

We start this subsection by introducing the asymptotic equivalence relation—also
known as the Gibbs relation or homoclinic relation—denoted by () c Q2 x Q. We
say that two-configurations w, ' € Q= E™ are asymptotically equivalent/homo-
clinic, i.e., (w, w’) € T(Q), if there exists A € L such that w,. = /. For each fixed
A € L one can introduce a subequivalence relation T () by (w, w’') € TA(Q) &

Wac = a)/AC. Then it is clear that T(Q2) = U TA(Q). Note that each TA(Q2) € 2 x Q2
AcL
is closed, thus a compact subset of the product space Q2 x Q2. One can introduce a

relevant topology on %(Q) as follows: ¢ c ¥(f2) is open if and only if 0 = U O,
AcL
where 0, is an open subset of T (2) € Q2 x Q in the induced product topology on

Qx0Q. Note that this topology in T(Q) is strictly finer than the induced topology on
T(Q) by 2 x Q. Nevertheless, these two topologies in T(2) induce the same Borel
sigma-algebra. It should also be stressed that a function f : T(Q?) — R is continu-
ous iff for all A € L, the restriction f|z, ) is continuous in the induced topology
by Q2 x Q.

Now we turn to cocycles on the asymptotic equivalence relation T(£2). A map
P () — Ris called a cocycle on 2 (or T(Q)—cocycle) if for all (w,n),(n, &) € T(Y),

plw,n)+pn,&)=p(w,f). (2.8)

If p is a cocycle, it can be readily checked that for all (w, &) € (), p(w, w)=0and
p(w,&)=—p(&,w). Another important observation is that there is a one-to-one
correspondence between the non-null specifications on Q2 and measurable cocy-
cles on Q. In fact, let p be a measurable cocycle on (), then one can associate
a specification (density) y with p by

1

e—Pwansc,N)’
wpr€EA

rhmalnse) = A€L, neq. 2.9)

One can easily verify that (2.9) is indeed a specification density. In fact, by the
cocycle condition (2.8), one has

0 e~ PEaNc, M)
IZAYA@A'”AC)— ZA S e PO Eale-pEnae, )
SAEE gAGE a)AEEA
e~ PN, M)
i (2.10)
Z e—P(wanse, )
wp€EA
=1
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By a direct calculation, it can be confirmed that the cocycle condition implies the
consistency condition (2.2) as well. In fact, forall AcAeLand ne€q,

nAlnAf Z'}’A OANmAlNAe)= Z( Z e—P@AT)ACvn)—P(wAT)Ac,UAT)AC))_l

A Epa,wp

_Z( Z e P@ANAe=Pp(Eanac, UAnAC)) 1

Oa \Ay(UA

_Z(Z —plwanac, ’7)) 1(2 e_P(gAnACrUAT)AC))71

&

=> e—P(wmAc»n))_l S(Sereteana ,aAnAc))—l

wp (/NN

ﬁ(TIAVIAc)ZTg(UAV)Ac)

(QFN

rhMalnAe)-

N
IIH

.10)
(2.11)

The other way around, let y be a non-null specification on the configuration
space (2, then one can associate a cocycle p” with y by the following formula: for
(w,8) €T (),

pT(w,&):=logya(€alEac)—logya(walwye). (2.12)

Note that p7 is well-defined due to the bar moving property , and it is also
clear that p” is measurable and satisfies (2.8).

Remark 2.2.6. It is easy to see that (2.9) associates a Gibbsian (quasilocal) spec-
ification to a continuous cocycle, and associates a continuous cocycle to a
Gibbsian specification. Hence, there is a one-to-one correspondence between Gibb-
sian specifications and continuous cocycles on ().

Now let the specification y be generated by an interaction @, i.e., y := y®. Then
the corresponding cocycle p® has the following form:

Pl )= (@y(w)—0y(), (@ )T (2.13)

Vel

It is clear that if the sum in li converges for all w €, then p® is well-defined
and for (w, w’) € T,(R), one has

p(w,0") = H(w)—H (o),

and hence one can restore (2.7) for the specification y®. However, another impor-
tant observation is that the convergence of the sum in lb for all (w, w’) € T(Q)
does not imply the convergence of the sum in (2.5).
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2.2.4 Capocaccia’s definition of Gibbs measures

In 1976, Capocaccia extended the notion of the Gibbs measure to the general
setup of the actions of the group Z“. This subsection aims to recall her definition
of the particular setup of the full shift space 2 = E Zd, and we also observe that
for this specific setup, Capocaccia’s definition agrees with the definition of Gibbs
measures in DLR formalism (see Definition[2.2.4])

In her original paper, Capocaccia showed that any Gibbs measure in the clas-
sical DLR sense is also Gibbs in the sense of [5]. In this subsection, we prove the
opposite.

Capocaccia’s definition involves the notions of conjugating homeomorphism
and a family of multipliers. The conjugating homeomorphism between asymp-
totically equivalent points (x, y) € T(2) is a homeomorphism ¢ defined on some
open neighbourhood ¢ of x and taking values in 2 such that ¢(x) = y and there
exists A € Z4 satisfying, (x’, p(x")) € TA(Q) for all x’ € 0. It should be noted that
for every open subset x € 0’ C 0, ¢’ := ¢|4 has the same properties as (0, ).

Remark 2.2.7. Note that for any asymptotic pair (x,y) € $4(2), there is a canoni-
cal conjugating homeomorphism ¢ :[x], — [y ]a defined by

X elx]y = YAXLe- (2.14)

Thus if (0, ) is another conjugating homeomorphism for the pair(x, y), then by
the second part of Theorem 1 in (5|, thereis a cylindrical set|x]y containedin[x] N
O such that |y}, = Plix),- Therefore, without loss of generality, we can always
assume that the conjugating homeomorphism @ has a canonical form and
the open set O containing x is actually a cylindrical set.

Definition 2.2.8. A family of multipliers is a family f :=(f,,,) of positive contin-
uous functions fg , defined on O indexed by the conjugating homeomorphisms ¢
on open sets O such that

() if0'c 0 and ¢’ = plg then fg .= fo,plor
(i) if0 c 0'n(p’ ) (0", then
foo=(forplo)-(Forpro9'lo) (2.15)
A family f =(fo,,) of multipliers is called translation-invariant if
(iii) foreveryie€Z® and all(0, ®),
fs:(0),8i0p08 ; = fo,0 ©S=is (2.16)

where S; is the shift by i € Z% ie,weN—Sw= (Wj4yi)jeza
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Below, we define the concept of Gibbs measure for a family of multipliers.

Definition 2.2.9. A Gibbs measure for a family of multipliers f = (f,,) is a prob-
ability measure u € /() such that for any pair (0, @), one has

@ fo,p - o) = tlyo) (2.17)

where @, denotes the pushforward of the map ¢ : 0 — 2 and for the Borel set
B €7, u|p is the restriction of the measure . to the set B, i.e., for B€ Z, u|g(B) =
u(BNB).

Now we show that if a probability measure is Gibbs in the sense of the above
definition, then it is also Gibbs for an appropriate specification in the sense of
Definition In fact, if p is a Gibbs measure for a family of multipliers f =
(fo,p), consider a cocycle pf defined as follows: let (x, y) € T(2) and (0, ¢) be a
conjugating homeomorphism corresponding to this pair (x, y), then put

pf(x,y)::—logfﬁ,(p(x). (2.18)

Then, using , one can check that p/ satisfies the cocycle equation (2.8).
Indeed, consider a triplet (x, y),(y, z),(x, z) € T(?) of asymptotic pairs, assume
the conjugating homeomorphisms (0’, ¢"), (0”,¢") and (0, ¢) with ¢ c 0’ n
(¢')"1(0”) correspond to these pairs. Then

Pl +p (r2) = —log[forplx): foren(y)]
= —10g[ for (1) fom ol (2))]
~10g f5,(x)
= pl(x,2).

The continuity of the cocycle p/ is clear from its definition li . Note thatif the
family f of multipliers is translation-invariant, then the associated cocycle pf is
translation-invariant in the sense

pl(x,)=pl(Six,S:y), (x,y)€TQ), i eZ*

(see also Section. In fact, let (x, y) € ¥(?) and assume (0, ¢) is a correspond-
ing conjugating homeomorphism, then for any i € Z%, one has

pl(Six,Sy) = pl(Six,Sip(x))
Pl (Six,8;pSi(S; x))
_logfs,ﬁ,s,ws_l(slx)
—log fo,p 0 S5-i(S;i x)
ol (x,y).

=
=l o
o2)
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With a similar argument, one can also show the opposite; namely, if the cocycle
p/ is translation-invariant, so is the family f of multipliers.

Now consider the Gibbsian specification y/ associated with p/ via . Now
we aim to show u € %(yf ). Pick any configuration x € Q and a finite volume
A € Z%. Then by Remark one can choose a finite volume V with A c V
such that for all y € Q with yy. = x,., the conjugating homeomorphism (&, ¢)
corresponding to the pair (x, y) has a canonical form in the cylinder [xy/].
Now take a bounded measurable test function g : [x];, — R. Then by , for
all y with yyc = x5, one has that

(yvxye)
Jfcyv—v,(y’;(ywx’w)n[x]v(x’)—rfv(xv|x’w)n[y]v(x’))u(dx’)=o, 2.19)
Q Yv(xv|xvc)
hence
(yvxye)
f SV (0] (g oy ) =) G eyl Ly ) ') = 0. (2.20)
Q '}’V(xlevc)

Thus, since g is chosen arbitrarily,

O lxl eyl ) = 1] (v xu(y|x).), u—ae. x’ €. 2.21)

The bar moving property and the above equation yield that

rl Ol ] xie) = 74 (el g u(lxh.), u—a.e. x’ €. (2.22)

Then by summing up both sides of the above equation against y, € E*, one gets
that

wlxalxs) =7h(xalxl,), p—ae. x’ €. (2.23)

Thus p is indeed consistent with the specification yf .

2.2.5 Equilibrium states

The notion of equilibrium state is developed in parallel with the notion of Gibbs
measure and plays an important role both in Mathematical Statistical Mechanics
and Dynamical Systems. In fact, one can see the concept of the equilibrium state
as a counterpart of the concept of Gibbs states in the sense that the Gibbs states
are defined in terms of "local rules" (the DLR equations), but the equilibrium
states are defined in terms of a "global rule" (the variational equation). Note that
a measure U € #;() is translation-invariant if for all i € z4, U =puoS; I We
denote the set of translation-invariant probability measures on Q by .#; ().
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Definition 2.2.10. Let ¢ : Q@ — R be a continuous function on the shift space

O = E%'. A translation-invariant probability measure u € M, 5(9) is called an
equilibrium state for ¢ if

h(u)+J (pd,u=sup{h(f)+f pdr:Te 5}, (2.24)
Q Q

where h(u) is the measure-theoretic entropy of the measure u. We denote the set of
equilibrium states for a function ¢ by &5 ().

Note that any continuous function ¢ on 2 has at least one equilibrium state.
There is an interesting relationship between the equilibrium states and Gibbs
measures known as the variational principle, and we shall discuss it in detail in
Section 2.4

2.3 On the Kozlov-Sullivan characterisation of the Gibb-
sian specifications on Z?

In this section, we discuss Kozlov’s theorem, as presented in Theorem[2.2.5] and
Kozlov’s regrouping method, which is key to proving the Kozlov theorem.

2.3.1 Translation-invariant generators of Gibbsian specifications

Recall that a measure p € .#,(Q) is translation-invariant if for all i € Z%, u = po
S !, An interaction ® = (®y )y cza is called translation-invariant if for all A € z¢
and i € Z%, one has

(I)AOSZ'Z(I)A+I" (225)

Similarly, a specification y on Q is translation-invariant if forall A € Z, i € 74,
andevery Be Z weq),

Y a+i(Blw)=71A(Si(B)IS; w). (2.26)

Note that a translation-invariant uniform-summable (or relatively uniformly
convergent) interaction gives rise to a translation-invariant Gibbsian specifica-
tion y‘I’. Surprisingly, the opposite of this statement is not true: a non-translation-
invariant interaction may also give rise to a translation-invariant specification
(see theinteractionin (2.32)). Nonetheless, a translation-invariant non-null spec-
ification y always generates a translation-invariant cocycle p7 i.e., for all (w, @) €
T(Q) and i € 2%,

plw,0)=p"(S;w,S;d) (2.27)

and vice versa.
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In the context of Gibbs measures, a translation-invariant quasilocal specifi-
cation always admits a translation-invariant Gibbs measure, and vice versa. That
is, a quasilocal specification prescribing a translation-invariant measure must it-
self be translation-invariant. However, this statement is not true for the inter-
actions, in fact, a translation-invariant measure can be a Gibbs measure for a
non-translation-invariant interaction (see the figure below)

Translation-invariant «————————— Translation-invariant
Gibbsian specifications ----- - _______---- -l  Gibbs measures

7
s

Translation-invariant
UAC interactions

Figure 2.1

By Kozlov’s theorem (Theorem [2.2.5), it is a well-known fact that any Gibb-
sian specification is generated by some UAC interaction on 2. However, one may
ask if every translation-invariant Gibbsian specification is also generated by a
translation-invariant UAC interaction. Unfortunately, the answer to this ques-
tion is not affirmative in general [2].

Theorem 2.3.1. [2] There exists a translation-invariant Gibbsian specification on
Q=1{0,1} which is not generated by any translation-invariant UAC interaction.

The proof of Theorem is not constructive but based on showing the
non-surjectivity of certain bounded operators. Therefore, the specification men-
tioned in Theorem[2.3.1]is not explicit. It is worth noting that in Subsection[2.5.5}
we consider a similar question on the one-sided full shift space X, = EZ+, and
prove an analogue of Theorem[2.3.1} however, the example that we provide is ex-
plicit.

The mismatch issue between translation-invariant Gibbs measures and translation-
invariant UAC interactions raised by Theorem can be resolved by two ap-
proaches:

(i) relaxing the UAC condition for the generating interaction;
(ii) imposingstronger regularity conditions on the specification than the quasilo-

cality.
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Below, we discuss these approaches in order.
One way of solving the issue by the first approach is done by Sullivan.

Theorem 2.3.2 (Sullivan’s theorem). [2}[28] Lety be a translation-invariant Gibb-
sian specification on (). Then there exists a translation-invariant variation-sum-
mable interaction ¥ such thaty =1".

In his original paper [21], Kozlov suggests a condition which solves the issue with
the second approach. Denote the r'—variation of the single-site density 7oy of

a Gibbsian specification y on E z by v(r), i.e.,

v(r)=sup{roy(EolE o3 ) =Ty olnoye) | Ei =1y, Vie[-r, 119 N2}, (2.28)
then the following is one of the results in [21].

Theorem 2.3.3. Assume a translation-invariant Gibbsian specification y on ) =
d . L. .
EZ" has summable-variations in the sense that

Z ré-1 v(r)< oo. (2.29)
r=1

Then the specification y is generated by a translation-invariant UAC interaction.

The proof of Theorem[2.3.3]is constructive and relies on the same method as the
proof of Theorem[2.2.5] One can easily notice that Theorem [2.3.3applies to the
finite-range specifications since v(r) = 0 after some r € N. However, if it comes
to the infinite-range specifications, is quite a restrictive condition; for ex-
ample, in dimension one, it prevents the underlying specification from the phase
transitions.

Theorem 2.3.4. Lety be a translation-invariant Gibbsian specification on Q)= E-
satisfying (2.29). Then there is a unique Gibbs measure compatible with v, i.e.,
#49(Q,r)=1.

For completeness, we shall provide a proof of the above theorem in Section|2.6

2.3.2 The challenges of extending Kozlov’s method to the translation-
invariant setup

In his original paper [21], Kozlov proved two theorems — Theorem[2.2.5|and The-
orem|2.3.3|above — on the generating interactions of Gibbsian specifications. The
idea of proofs of both theorems is based on a regrouping of the bonds in Grim-
mett’s vacuum interaction [18]. The regrouping procedure in the proof of Ko-
zlov’s first theorem (Theorem [2.2.5|above), which we refer to as Kozlov’s first way
of regrouping, does not adhere to any order, algebraic, or graph structure in Z¢.
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Consequently, it produces an interaction that is uniformly absolutely convergent
(UAC) but does not align with the structural properties of Zd In contrast, the re-
grouping procedure in his second theorem (Theorem [2.3.3| above), referred to
as Kozlov’s second way of regrouping, respects the order and graph structure of
the lattice Z%. As a result, while it produces an interaction with good algebraic
properties, it may have very bad summability properties. Below, we demonstrate
these disadvantages of Kozlov’s regrouping method in a special example of the
specification of the Dyson model.

Recall that the single-site density of Dyson’s specification y” at a site i € Z is
defined by

exp(ﬁ Z z+k+wz k)) v Q
ﬁzoo wl+k+wl k)+exp /521301 wz+k+wz k) wEe
(2.30)

where a € (1,2] is the decay rate of the coupling constants and > 0 is the in-
verse temperature. Note that the associated specification y” is uniquely recov-
ered from these single-site densities [13].

The vacuum interaction for the specification y” corresponding to the vac-
uum configuration — := —15 is given by the the following lattice-gas interaction
o

7{[;}((*)”@2\{1'}):

Bl+w)l+w;) .. .
— |i—lj|a I ifA={i,j}cZ, i#]j;

2BL(a)1+ w;), ifA={i}cZ;
0, otherwise,

P (w):= (2.31)

where { is the Riemann zeta function.

If we enumerate the elements in Z by {¢;,¢,,¢3,...}, where for k €N, £,;._; :=
k—1and {5 :=—Fk, and define for (k,i) eN?, LY :=={(; : k< j <k+2}, #F =0
and

gk ={BcL t eB\F*,

then Kozlov’s first way of regrouping produces the following interaction for y?:

if A# LY, forall (k, i) e N%;

o= Z ., ifA= Lgl, for some (k, i) € N°. (2.32)
Besk

By the construction, the interaction KR — ((I)f RY generates the specification
yD and is UAC. However, ®X®! is not translation-invariant, because

OKRL (@)= B+ wo)(2d(a)—2—w_ — wy)

and for all k € Z\ {0}, one has (D{k Lk k+1; =0
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Kozlov’s second way of regrouping produces the following interaction for the
specification y”:

D T ifA=[(,(+2]NZ, (€Z;
(<j<t+2
o= Ny, ifA=[00+28]0Z, L€Z, keN\{1}; (233)
(42k-1< j<l+2k
0, otherwise,

(I)KRZ

This time, by the construction, the produced interaction is translation-
KR2

invariant, but not UAC. In fact, for k > 2, one has the following for ||<I>[0,2k] lloo:

ok
1K= S 2, (2.34)
i=2k-14]
thus for all k > 2,
185 57 loo 2 28 - 207K, (2.35)
Hence for a €(1,2], one has
o0 o0
D lef e = D @E + DIl = 28 257 = oo, (236)
0eVeZ k=2 k=2

Thus ®¥™2 is not a UAC interaction.

Remark 2.3.5. Although Kozlov's method does not yield interactions for the speci-
fication of the Dyson model having desired algebraic and summability properties,
Grimmett's vacuum interaction ®~ given by already possesses these proper-
ties. However, Grimmett's vacuum interaction does not always have good summa-
bility properties and, in fact, it often lacks the UAC property.

2.4 Main ResultsI: An Interaction-Independent Variational-
Principle on Z¢ and its Consequences

2.4.1 An Interaction-Independent Variational Principle

In probability theory, there are several notions that aim to measure the discrep-
ancy between probability measures. One such concept is relative entropy, which
plays a key role in both information theory and statistics and is also important in
the formulation of the variational principle in Mathematical Statistical Mechan-
ics.
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Consider probability measures 7,u € .#4(2) with full support, i.e., for any
cylindrical set [op], 0 € Q, A € Z%, one has 7([o,]) > 0 and u(loa]) > 0. For a
finite volume A € Z4, consider the marginals 7, and u, of probability measures
7 and u which are finite-volume measures on the sub-sigma algebra Z,. By the
full-support condition, one has 75 < u, and vice versa. Then the relative entropy
H(talup) of T relative to uy is

dart
H(tplup) = Jlog—Adﬁ:A (2.37)
Q duA

T([oal)

= D tloallog——5

e ullos)’

By a direct application of the Jensen inequality, one can show that H(7,|us) >
0. However, for the infinite volume measures 7 and y, it is often the case that
H(7|u)=+o0o which is not a quite useful information in comparing 7 to u. Nev-
ertheless, in the case of infinite volume measures, the specific relative entropy —
which can be interpreted as the relative entropy per site — gives some informa-
tion. Recall that the specific relative entropy h(t|u) of T relative to u is defined
by

1
h(t|u):= nlggo A_H(TAnl‘LLAn) (2.38)
n

provided the limit exists.

Now consider a translation-invariant UAC interaction ® on 2. Then one has
the following, the so-called variational principle for translation-invariant Gibbs
measures for the interaction ®. In order to stress the difference, we state two ver-
sions of the variational principle in separate statements. Yet, these versions are
equivalent, atleastin the case where the specification is generated by a translation-
invariant UAC interaction.

First, for the UAC interaction ®, define a continuous function (potential) by

Up :=— Z ﬁ@v
OsVezd

which is interpreted in Statistical Mechanics as the energy contribution from (the
neighbourhood of) the origin.

Theorem 2.4.1. [16, Chapter 15]

(VP1) Letu€%s(®) and v € M, 5(SY), then the specific relative entropy h(t|u) of T
with respect to U exists and

h(tlu)=0 < 1e%Y(d). (2.39)
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(VP2) The translation-invariant Gibbs measures for the interaction ® are exactly
the equilibrium states for the potential uy and viceversa, i.e., 95(®) = 8 ¥ (ug).
In other words, for a translation-invariant measure u € ., s(S2), one has

h(,u)+f uq,d,u:sup{h(f)+f updT:TE M5} = pes(@)
Q Q
(2.40)

Remark2.4.2. [n[25], Pfister proves that for any translation-invariant probability
measure v € M s(2) and every translation-invariant measure u € #, s(2) which
is asymptotically decoupled from above, the relative entropy h(t|u) exists. Note
that a measure v € /() is asymptotically decoupled from above if there exist
g:N—-Nandc:N—[0,00)with lim M=Oand lim c(n)

n—oo n n—oo |A,,|

everyi€Z',n €N, A€ 7, ,; andall BE Fi,y ., one has

=0 such that for

WANB) < e“™y(A)n(B). (2.41)

Any Gibbs measure, in the sense of Definition[2.2.4, is asymptotically decoupled
from both above and below, namely together with the upper bound (2.41), the fol-
lowing lower bound also holds for v:

e MW yA)»B) < AN B). (2.42)

In the first statement of Theorem [2.4.1} all participating quantities and no-
tions are independent of the form of interaction ®. Therefore, it is reasonable
to expect a generalisation of the statement to the Gibbsian specifications. In the
light of Theorem [2.3.1] such a generalisation would be strictly stronger than the
first statement of Theorem [2.4.1] In [22], the authors proved such a generalisa-
tion.

Theorem 2.4.3. [22] Let y be a translation-invariant Gibbsian specification and
u€9s(y). Then for all v € M, 5(S2), the specific relative entropy h(t|u) exists and

h(rlu)=0 <> Te%(y)

The purpose of this section is to state the VP2 in terms of specifications. To do
so, first, we have to extend certain interaction-dependent thermodynamic quan-
tities such as the notion of the contribution to energy from the origin to the setup
of specifications.

Henceforth, < denotes the lexicographic order in the lattice Z%, and for i, j €
z% with i < i, jl=1{ke 78 i<k< j}. Open and half-open intervals are also
defined analogously. For n €N, A,, denotes the volume [—n, n]“nz?. Consider
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a translation-invariant probability measure p € .4 5(©2), and define a function
interpreted as the contribution to the energy from the origin by

7 0}(@ol|O<owso)
ul(w):=1 lo (d0), weq. (2.43)
’ fg & 7{0}(90|0<0w>0) P

Remark 2.4.4. Note that the notion of the contribution to the energy from the ori-
gin that we have introduced above generalise the corresponding notion in Statis-
tical Mechanics. This can be illustrated through the concept of physical equiva-
lence. In fact, if a translation-invariant Gibbsian specification v is generated by a
translation-invariant UAC interaction ®, then uf is physically equivalent to ug =

1
— Z ﬁ‘l’v, i.e., there exists a constant C € R such that for all T € M, 5(2), one
0eVezd

Y
Q

Q
translation-invariant probability measures p € #, s(S2) are physically equivalent
to each other. It should also be noted that if the reference measure p is a Dirac mea-

sure 0 where+ is a constant configuration with+; =+ € E foralli Z4, then
provides the following function:

7 10}(@Wol +<0 Ws0)
710} (+ol +<o0 @>0) ’

has | ufdr :f uedt + C. In particular, all functions uf parameterised by the

u;(w) :=log wenN. (2.44)
The following theorem is a natural generalisation of the second part (VP2) of
Theorem to the setup of specifications.

Theorem 2.A. AssumeY is a translation-invariant Gibbs specification on ). Then
the translation-invariant Gibbs measures for y are exactly the equilibrium states
for the potential uf and vice versa, i.e., 95(y) =8 (uf ). In other words,

h(,u)+f u;’duzsup{h(r)+J wdtite M5} < pes(y). 245
Q Q

We shall present a proof of Theorem [2.A|in Section It should be noted
that our proof of the theorem yields, as a byproduct, the following formula for
the specific relative entropy h(7|u) of a translation measure 7 with respect to a
Gibbs measure u.

Corollary A.1. Let u be a translation-invariant Gibbs measure prescribed by a
Gibbsian specificationy and T be a translation-invariant measure on ). Then for
the specific relative entropy h(t|u), one has

1
| J logya, (wa, |lwpe)T(dw). (2.46)
nlJo

h(tlp) = —h(7)— lim A
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So far, we have not established any regularity properties of the function u
which is associated with a translation-invariant Gibbsian specification y via .
We now demonstrate that u? possesses the extensibility property. Recall that
a continuous potential ¢ : Q — R satisfies the extensibility condition if for all
a,b € E the sequence

EP (@)=Y (¢ oSi(@”) = oSi(w®)

i€A,
converges uniformly on w € Q as n — 00, here the configuration w? is given by
.« Ja k=0,
Wi = d
wy, keZ\{0}.

Proposition 2.4.5. Lety be a translation-invariant Gibbsian specification on ).
Then uf satisfies the extensibility condition.

Proof. Pickany a, b € E and w €. One can check that for any n €N,

EP(w)= D [uf o Si(w")—uf 0 Si(0)]

iel,

J 7 103((@)olO<o(@(i 0)bows0)>0) 0(d6)
iel,

7103 (00| O<o(w(i 0)bows0)s0)
z<0

f 710} ((0)ol0<o(@(i 0y @w>0)>0)
= 7104001 0<0(w(i,0) 0 W>0)>0)

p(d0)+ E"(w).
l<0

Then, by applying the bar moving property, one gets

b,
EV (@)= K w)= 3
ieA,
1<0

iori1{(@io(bo)-i1o(ei050) 20 )
J log == p(do)

(R CICORICRICIRERIEY

—1

T{0,—i} 90(“0) il0<o(w lO)a)>0) >0_)
f log = p(do),
leA

g Toen((@nola0)-i10<0(wi0w-0) 0 )
and thus

E) (@)= B (w)=
f T{—i}((bo)—i|9<0(C‘)[i,0)w>0)#20.) 7 =i} ((@0)=i10<o(w(i,0)w>0) 20 )
lo -
ieA

: (do).
8 7{—1’}((“0)—1’|9<0(w[i,0)w>0)7é20_) Y =i} (Po)—i|0<o(e(i 0) 60>0)7é Ol)p
—1

i<0
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Hence by the translation-invariance of y and p,

Fba C())—
byl 0. ; wy; gy (bg|O<; i gy
f 7’{0}( 0l0<; Wi 0)@W>0) de)_zfl 710} (bolO<; (i ) >0)p(d0)
ien, 7’{0} ao|9<zw[zo)60>0 ien, T{o}(ﬂo|9<l (1,0)@>0)
z<0 z<0
b 9 minA, W[min b 9 w
:flo 7 10}(D0|0<min A, ©[minA,,,0)@ p(d0)— f 7103 (bolO<o >°)p(d9).
7’{0}(“0|9<mm/\,,60[mm/\,, 0) 60>0 7’{0}(610|9<0w>0)
Thus
by |0 w bo|w
Fnb’“(co):flo 710}(Do|O<minA, @[mina,,0)@>0) (d0) o 7 03(bol Zd\{O}).
T{o}(ao|9<mm/\,,w[mm/\ ow>o) =09 7’{0}(@0|wzd\{0})
(2.47)
OJ

2.4.2 Frasure entropies

In the rest of this section, we restrict ourselves to the one-dimensional setup, i.e.,
d=1.

For the measure-theoretic entropy of a translation-invariant measure 7 on
the shift space 2 = EZ, one can prove that

h(T):—f log 7(wo|wso)T(d w). (2.48)
Q
One can generalise the above formula for any finite set A € Z, by
1
h(t)=— |A| logT(wAIwZAA)T(da)) (2.49)

These formulas are valid if one conditions on the past instead of the future. It
is then natural to ask whether these formulas remain valid if the one-sided con-
ditioning is replaced with two-sided conditioning. In fact, by substituting the
one-sided conditioning with two-sided conditioning in (2.48), one obtains the
erasure entropy h™(7) of the measure 7 [29], namely,

h (1) :—f log T(wo|woyc)T(d w). (2.50)
Q

It should be stressed that a similar formula to (2.49) does not hold for the erasure
entropies; therefore, for a finite volume A @ Z, the erasure entropy of v in A is
defined in [11] as

hy (7) :=—f logT(wp|wpc)T(dw). (2.51)
Q
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The erasure entropy is always less than, and generally not equal to, the measure-
theoretic entropy. However, in the limit, one can expect the equality of these two
notions as the following theorem states.

Theorem 2.4.6. [11]] Assume T be a translation-invariant Gibbs measure for a
translation-invariant UAC interaction ®, i.e., T € 95(®). Then

SR S
IJ{%IZI mhA (t)=h(7). (2.52)

The following corollary of Theorem [2.A]enables us to extend the above result to
any translation-invariant Gibbs measure.

Corollary 2.4.7. Let T be a translation-invariant Gibbs measure on Q1= EZ. Then

lim Lh_ ()= h(7). (2.53)

n=o0 [, | A

2.5 Main Results II: Gibbs formalism on Z_

2.5.1 DLR-Gibbs formalismon Z,

In this section, we work on the half-line Z,, denoting the configuration space
EZ+ by X, with the left-shift (or translation) map S acting on X, as follows: for
xeX,,andallieZ,, (Sx); = x;41.

Let ? be a non-null specification on X, . Set

8o(x) =7 (g (%| %), x € X,, (2.54)

and for all n > 1, consider a function g, : X, — [0, 1] given by

T 100X 1%,51)

Tion-1(%g 125°)

g.(x)= xeX,. (2.55)

Note that by the construction, for all n > 0, one has
. n
T lxee) =] [&e(x), xex.. (2.56)
k=0
The functions {g,,, n € Z, } has the following properties:

Proposition 2.5.1. (1) Foralln >0, g, is a positive function, and §, € F} co),
i.e., §, is independent of the first n —1 coordinates.

(2) Foralln>0,and x € X, Z En(ynx ) =1.
neE
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Proof. (1) Positivity follows from the non-nullness of the specification ? The in-
dependence from the first n—1 coordinates follows from the bar moving property
3. B

(2) Firstly, since 7 is a specification, for all x € X, Z &o()x;°) = 1. Fix

.7_60€E

n > 1, and assume that the statement is correct for all k < n. Then, since 7 is a
specification, by the first part of the proposition and from (2.56), for all x € X,
one has

n
1= > et xg2)

yo"eE"“ k=0
~ o0 ~ n o ~ n_..oo
= > &l xS DL S X D &l x53)
Yn€E Yn1€E WEE
= Z gn(ynx;il)
Vn€E

O

Remark 2.5.2. The first part of Proposition|2.5.1) yields that for all n € Z.., there
exists a positive measurable function g, on X, suchthatg, = g,°S". Then the sec-
ond part of Proposition is equivalent to that for alln > 0, g,, is a g—function
[20] on X, i.e., forallx € X, Z gnlax)=1.

acE

In terms of g,,’s, (2.56) reads

n n
Tomlxs) =] Jaro sk (x)=exp(D loggrosh(x)), xex,. @57
k=0 k=0

Thus, anon-null specification on X, uniquely determines a sequence of g-functions.
Now consider the opposite situation: assume that a sequence ¢ :={p;:k€Z,}
of Borel functions on X, is given. For all A € Z,, define

exp (31_ ¥k 0 S¥(yaxac))
sner XD (X p_o Pk 0 SK(FaXac))

—p
Y Al xac) = 5 y,x€X,, (2.58)

. 4 =P —@
where n := maxA. Then one can readily check that the family vy := (7, Jaez,
is indeed specification densities, therefore, one can associate a non-null spec-
ification with the sequence ¢. Then we conclude that there is an association

between the non-null specifications on X, and the generalized Birkhoff sums
n—1

Snp = Z ¢;0S’, n €N, where each ¢; is a Borel function. However, this asso-
i=0

ciation is not one-to-one, in fact, different generalized Birkhoff sums might give
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rise to the same specification which leads to the notion of physical equivalence
of potentials [10]. In terms of cocycles on Z,, this means that any measurable
(continuous) cocycle p on X, is given by

p(,0)= Tpro 8K (w)—proSH (), (@ o) eTX,), (2.59)
k=0

where each ¢ is a measurable (continuous) function on X, and vise versa, i.e.,
forany sequence { }rcz, of measurable (continuous) functions ;. : X, - R, k >
0, defines a measurable (continuous) cocycle on (X, ).

Now consider a measurable (continuous) cocycle p on X, . We define the base
of the cocycle p by the following formula:

Po(w, ) =p(w,)—p(Sw,Sw), (w,w)eT(X,). (2.60)

Then it is clear that p is also a measurable cocycle on ¥(X, ), and it is continuous
if p is continuous. Furthermore, one has the following important identity for p:

p(w,w’)=2p0(8kw,8ka)’), (w, ) eT(X,). (2.61)
k=0

2.5.2 Interactions on the lattice Z..

Now we turn to the interaction on X, = EZ+. By following the concept of transla-
tion-invariant interactions on Z, we define such a notion for the interactions on
Z. . Note that we also use the term one-sided interaction for the interactions on

X, . We again define the translation-invariance of a one-sided interaction ® with
(2.25), but this time we only assume that A runs over the finite subsets of Z,, i.e.,
for all A € Z,, the following holds true

D) 0S=Py,;. (2.62)
Note that the restriction of a translation-invariant interaction ® on Q2= EZ to X,
remains translation-invariant. Simultaneously, any left-shift invariant interac-
tion ® on X, can be extended to Q2 by translation, namely, the translated interac-

tion @ is defined for the volumes A € Z with minA < 0 by ®, := ®_pinp 0 STPA
(note that S is invertible on €2). Thus there is a one-to-one correspondence be-
tween the translation-invariant interactions on 2 and X,.. It should also be men-

tioned that one-sided translation-invariant interaction ® does not give rise to
a "translation-invariant" specification y® on Z, in a sense that the associated

cocycle p? satisfies p®(w,w’) = p®(Sw, Sw’) (note that we define translation-
invariant specifications in Subsection in a slightly different way).
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We should note that there is a one-to-one correspondence between the trans-
lation -invariant UAC interactions on X, and the continuous potentials in C(X,).
In fact, any translation-invariant UAC interaction ® on X, can be associated with
a continuous potential ¢p € C(X,) by the following formula:

—— Z Dy (2.63)

Then, in fact, one can check that for all n € N,

n—1 _
j o
Sup=> poS'=—Hg (2.64)
i=0
where H[g’, n—1] is the Hamiltonian in the volume V, i.e., H[g’, ne1] = Z dy.
VeZ,
VN[0,n—1]#40

Hence ?d) = 7?, in other words, the one-sided interaction ® and the function ¢
are the same from the viewpoint of Thermodynamic Formalism.

The opposite of the above observation is also true. More precisely, as the fol-
lowing proposition states, with any continuous function ¢, one can associate

an (in fact, many) translation-invariant one-sided UAC interaction & satisfying
2.63).
Proposition 2.5.3. Forany potential ¢p € C(X,), thereexists atranslation-invariant

UAC interaction ® on X, such that ¢ =— Z Dy .
0eVez,

Proof. Tt is an immediate application of the Stone-Weirstrass theorem to show
that for the potential ¢, there exists a sequence {f;,} .,y 0f local functions on X,
such that ¢ = Z fn and ZII fulloo < 00. Let A,, denote the finite volume on

neN neN
which the local function f,, is based. We define an interaction ® on X, as follows:
&, =—f, if A is a translation of A,,, otherwise, &, = 0. Then by the construction,
® is translation-invariant interaction on X, and satisfies the conditions of the
proposition. O

Remark 2.5.4. By Theorem and using the arguments in Subsection
we summarise the correspondence between the UAC interactions and the Birkhoff
sums on X, in the following box:

2.5.3 G-measures and their relationship with the DLR-Gibbs measures

So far, we have not needed an algebraic structure in the state space E and the
configuration space X, . Now, we identify the state space E with the finite cyclic
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(General) UAC interactions <= Generalized Birkhoff sums

Translation-invariant UAC interactions <= Birkhoff sums

group Z; = Z/1Z ~{0,1,---,1 — 1}, where [ = |E|. For the configurations w, ' €
X., we denote the coordinate-wise addition by w+a’, i.e., w+w’ = (w;+®})iez, .
Then, clearly, X, becomes a compact Abelian group. We denote the direct sum

@E byT. Note that T c X, and w € X, is in T iff there exists A € Z, such that
z,
w; =0 forall i € A°. For each A @ Z,, one can define a subgroup I'y of I by
Th:={wel:w;=0,icA"}. Thenitis clear thatI = U TA.
ACZ,
Now consider a family G := (Gy)aez, of nonnegative Borel functions G, :

X, —1[0,1]. G is called compatible ifforal ACAcZ,,
GA(x + W)GA(Ww) = Gp(W)GA(x + W), x €Tp,w e X, (2.65)
and normalizedifforal A€ Z,,

Z GA(EAnAe)=1. (2.66)

gAGEA

We call a compatible normalized family G = (G )<z, a G-family [4].

Note that each x €' definesamap x : X, — X, by w — x(w)= x+w. Thenlet
X, : AM(X,) — #1(X,) denote the pushforward of x. For a probability measure
ve #(X,) and a finite volume A € Z, define

1
=T ; X, 7. (2.67)
A

Then it is clear that ¥ < v, since e, v = v where e is the neutral element of the
group I'.

Definition 2.5.5. [4]] A probability measure v € #(X,) is called a G-measure, if
there exists a G-family G =(Gy)pez, such that forallA € Z.,

— =N G,. 2.68
N A ( )

A G—measure v is called g-measure if for the associated G—family, one has

G[O,n+1]ﬁZ+

Gome =Gy oS"!, nez,. (2.69)
\]NZ,

The g—measures have applications in harmonic analysis, in particular, in the
theory of Riesz products [20]. Inspired by these applications of g-measures, Brown
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and Dooley developed G -formalism by extending the concept of g-measures and
utilising the formalism of Riesz products [4]. However, the following simple propo-
sition and Theorem[2.B|demonstrate that the notions of G-family and G -measure
are equivalent to the notions of specification and DLR-Gibbs measures on X, .

Proposition 2.5.6. (i) Let G = (Gy)yez, be a G-family, theny = (yy)vez, de-
fined by

rvEvinve):=GEvnye), VeZ, EyeEY, neX,, (2.70)
is a family of specification densities.
(ii) Lety be a specification on X, then
Gy(x):=rv(xylxye), xeX,, VEZ, (2.71)

is a G-family.

Proof. "(i)" By the normalization condition (2.66), foralln € X, Z rv(&vinye)=
SyeEY

1. Then for Ac A €L, w,n € X,, by the compatibility condition (2.65),

ra(Nalna/awae) Z VA(UAT)A/AlwAc)=GA(TIAwAc)ZGA(UAT)A\AwAc)

OAEEA oA
=

oA

£:66)
=" GaA(Nawae)

=rA(Malwpe).

GA(T AN\ A©A)GA(NA WA ))

"(ii)" Clearly, G is a normalized family. To prove compatibility, take any xx €
E® and w € X,, then

GA(@)Ga(xawac) =7A(@plwpc)ralxalwac)
57
&2 ralxalwae)ralwalwae )Z ralTawaalwpe)
o\

[\
1IN

ralwalwac)yalxawaalwae)
Ga(w)Gp(xpwac).

O

Remark 2.5.7. The above proposition establishes a one-to-one correspondence be-
tween specifications and G—families on X, . Furthermore, a G-family is positive
(continuous) if and only if the associated specification is non-null (qusilocal).

54



Main Results II: Gibbs formalism on Z .

Theorem 2.B. Let G be a family and y be the associated specification. Then u is a
G-measure for G ifand only if u € 9(y).

We postpone the proof of Theorem 2.Buntil Section

As we have already seen in this subsection and Subsection[2.2.3} the notions
of non-null specification, positive G-family and cocycle are equivalent in the half-
line setup. Due to this fact, we have been able to derive equations for the associ-
ated DLR-Gibbs measures in terms of specifications and G-families. By the next
theorem, we derive such an equation for the associated DLR-Gibbs measures in
terms of the cocycles.

Theorem 2.5.8. Let G be a positive G-family on X, and p be the associated mea-
surable cocycle (c.f., and ). Then v is a G-measure for G, or equiv-
alently, v is a DLR-Gibbs measure for the corresponding specificationy = y* (c.f,
(2.9), ifand only ifforally €T, y, v < v, and the following equations are satisfied:

d(y,v)
dvy

Proof. "if": Assume that for all y €T, y,v< v and (2.72) is satisfied. Then from
(2.9) and (2.71), for all A € Z, and for y— almost every w € X,

dvA x*v) .,
ay @ IAIZ (@)= |A|Z eP e = |A| D, e e

x€ly EN\CEA

(w)=expp(w,w—y), v—ae,weX,. (2.72)

1
NG (@)

"onlyif": Let ybe a G-measure for G, and take any y €T, and let y €T,. Consider
the measure y, v. It can be checked that

(y* l|A| Zx* J’*V) l|A| Z x+J’)*V VA-

xel xel)
_dyy) ~
Clearly, y,v < v, and let f = o Then for all B € %, one has ¥(B—y) =
A
J fdv,, and hence
B
YB)= f- ]lB+deA—J foy-1gd(vpyoy). (2.73)
X,

Note that yyoy = Tl Z(V ox)oy=— A Z vo(x+y)= v,. Hence (2.73) yields

xel"A xel"A

dvy
i f oy, va-a.e. Thus since vis a G-measure for G, (2.68) implies that for
A
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y—a.e. we Xy, f(w)= l'AlGA(a) —y), therefore,

d
_(y* ") = l|A|GAo(—y), Vp-a.e. . (2.74)
d YA

Then by again applying (2.68), one has

d(y,v) )= Gplw—y)
avy B GA(C!))

, v-a.e. weX,. (2.75)

2.5.4 Gibbsianness in dynamical systems

We have defined the specifications in the half-line context in Subsection [2.5.1}
and established the relationship between the generalised Birkhoff sums and the
specifications. In the theory of dynamical systems, a specification associated

with Birkhoff sums via (2.58) is particularly interesting. Note that in this case,

for a continuous function (potential) ¢ : X, — R, the specification y(p =7 ¢ is

given by

exp((Sur19)(anxz,\1))
> eXP((5n+1¢)(dAxZ+\A)),

dAEEA

?f(aA|xZ+\A): a,x<€ X, ,A@Z,,n:=maxA.

(2.76)
It should be noted that there are Gibbsian specifications on X, which can not be
associated with any ¢ € C(X,) via (2.76). Below we give an example of such a
specification.

Example 2.5.9. Consider the following cocycle on,.:

oo
p(w,w’):Z(k+ D(wr— o)), (,0)eT(Q). 2.77)
k=0
n—1
Note that p corresponds to the generalized Birkhoff sum Z(k +1)(oy08), n>o0.
k=0

The associated specification y” can not be generated by some ¢ € C(X,) via
(c.f: Theorem|CI)), since

= OQ.

o0
sup Z[Uoosk(a))—aoosk(w’)]
(w,0)eX() ' 0
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We call a specification y on Z, dynamical if y can be generated by some ¢ €
C(X,)via (2.76). Equivalently, y is dynamical if and only if the associated cocycle
p7 (cf, (2.12)) is Gibbs, i.e., for some ¢ € C(X,),

(e0)

p(,0)= [poSK(w)—p oS ()] (v,e)eT(Q,). (2.78)
k=0

Remark 2.5.10. In fact, by the discussion at the end of Subsection|2.5.2 (see Remark

2.5.4), the dynamical specifications on X, are exactly the specifications which are
y p + y p
generated by the translation-invariant UAC interactions on X, .

By Example[2.5.9} itis an interesting question to know when a Gibbsian speci-
fication is dynamical. Note that this question was also asked in [9]. The following
statement answers this question:

Theorem 2.C. Assume thaty is a Gibbsian specification on X, and p7 is the cor-
responding cocycle. Let pll(w, ') = p¥(w, ") —pT(Sw,S&’), (v, ") € T(X,) be the
base of the cocycle p”. Then the following statements are equivalent to each other:

(i) v isadynamical specification, in the other words, v is generated by a transla-
tion-invariant UAC interaction on X ;

(ii) p" is a Gibbs cocycle;

(iii) the cocycle pg can be extended from T(X,) Cc X, x X, to a continuous cocycle
on the full equivalence relation X, x X, ;

(iv) pg is uniformly continuous on (X, ) in theinduced topology (which is metriz-
able) by X, x X,.

Itis often difficult to check the condition of Theorem[2.C} therefore, one needs
more practical conditions. The following theorems give us such necessary and
sufficient conditions.

Corollary C1. Lety be a Gibbsian specification on, and p’ be the corresponding
cocycle on (). Ify is a dynamical specification (i.e., p" is a Gibbs cocycle), then

sup |p7(w,0)—p"(Sw,Sw’)| < oo. (2.79)
(w,0)eZ(Qy)

Corollary C2. Assume thaty is a Gibbsian specification on ), and

PpT(@,0) =Y (i 085 (@)= proSK (@), (@, ) €T(Q),
k=0

is the cocycle corresponding toy. If

D llpk—pialloo < 00 (2.80)
k=1

then v is a dynamical specification.

57



On the Gibbs formalism in Dynamical Systems

We shall prove Theorem[2.Cland its corollaries in Section[2.6

2.5.5 Kozlov-Sullivan characterisation on the lattice Z,

By motivating Theorem [2.3.1, we define the translation-invariant specifications
on X, as follows:

Definition 2.5.11. A translation-invariant interaction® onZ, is called variation-

summable if
Z 0Py < 0.
0eVeZ,

We call a specificationy on Z, a translation-invariant Gibbsian specification if
there exists a translation-invariant variation-summable interaction ® on Z,. such
thaty =7°.

Remark 2.5.12. Bydefinition, any dynamical specification is translation-invariant.
However, any translation-invariant Gibbsian specification does not need to be dy-

namical (c.f., Theorem[2.D)

Then it is an interesting question to answer if any translation-invariant Gibb-
sian specification on Z, can be associated with a translation-invariant invari-
ant UAC interaction on Z .. Note that Theorem[2.2.5/implies that any one-sided
Gibbsian specification, in particular, a translation-invariant one can be associ-
ated with a UAC interaction; however, the associated interaction does not always
need to be translation-invariant as the following theorem states:

Theorem 2.D. Thereexists a left-shift invariant Gibbsian specification onZ,., which
can not be associated with a translation-invariant UAC interaction.

We shall give an explicit example of an interaction satisfying conditions of
Theorem[2.D]in the next section.

2.6 Proofs of the Main results

2.6.1 Proofof Theoremm

Fix a periodic configuration 8 €, i.e., SO = 8. For every A @ Z consider a func-
tion defined by

0% (wy) = Z(—l)'A\V' logm, wy € BN (2.81)
v;/a rviwv|bye)
14
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Then &7 := (‘I’,H\)A@z is a translation-invariant interaction on 2 [16,/18]. Using the
interaction ®° we define another interaction by

Z <I>0, ifforsomeéeZandieN,A=[€,€+2i]ﬁZ,
@ = { Beot, (2.82)
0, otherwise,

where
S ={BeZ:LeBcCl[l,{+2]}.

and fori>?2
Si={BeZ:teBC[(,{+2'], BLL,t+27"]}
It can be checked that ® = (®, ),z is also a translation-invariant interaction

on Z, and under condition (2.29), ® is also UAC and generates y [21]. Further-
more, the following estimation is also valid for ®: forall{ € Z and i > 2,

< Cou(2™h, (2.83)

H‘I’[e,e+2i] -

where C > 0 is a constant independent of both £ € Z and i € N. Then

0
> vl = i D rzilloo

min V<0<maxV i=1(=—2i+1
0 &) 0
= D APpranlloat Y. D 1P rsanlloo
{=—1 i=2 {=—2i+1
0 (o]
< Z 1P r42i1ll 00 + CZZHZ (2"
{=—1 i=2
< oo.

Thus by Theorem 8.39 in [16], it can be concluded that #4(Q,®) =#4(Q,y)=1.

2.6.2 Proof of Theorem

We start this subsection by proving the following important proposition. Fix a
state + € E and denote the constant configuration, where every component is in
the state + by +.

1
Proposition 2.6.1. (i) The sequence{— logya, (+a, lwae )}neN converges uni-

|Anl
formly on w € Q to a constant P*(y) as n — oco.
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(ii) For p € M, (), the sequence{ logya, (Oa, lwae )p(d@)} oy Con-

IAI

verges uniformly on w €2 to a constant P"’ (y) which depends only ony and
p asn— oo.

Proof. Part (i): The proof of the first part of Proposition [2.6.1] presented below,
relies on the following lemma, whose proof can be found in [22].

Lemma 2.6.2. For the translation-invariant Gibbsian specification y, one has

I A, (+a,1€A¢) _
n=00 [Apl e nea  Ta,(+a,1M4g)

(2.84)

In the light of Lemma [2.6.2} the uniform convergence of the functional se-
quence

logya, (+a,loAc )} N

{IAI

follows if we show that the numerical sequence { NCTWEIY: )} con-
n

eN

1Al
verges.

We shall consider the vacuum interaction ®* corresponding to the vacuum con-
figuration +. By the vacuum condition, one has that

+ _
TA, (Fa,lopc) = Zfﬂ (wae)™, (2.85)

where Z; o (wy¢) is the partition function corresponding to the interaction ®* in
the Volume A,,. Thus we have to prove that the infinite volume pressure is well-

defined for the interaction ®*. Then this implies that hm ——logra,(+a,lwac) =

0 |Ay|
—P(®"). Note that in general, the interaction ®* is not UAC, however, it is always

uniformly convergent. Therefore, the classical theorems in Statistical Mechanics
do not apply to guarantee the existence of the pressure P(®*). For every r € N,
we consider a finite-range interaction ®*’ defined by
oF, ifdiam(A)<r;
S (2.86)

0, ifdiam(A)>r.

Note that for every r € N, the interaction o7 s finite-range, therefore, the se-

1 v
quence {m log Z;f: (a))}neN converges uniformly on w € Q to the pressure P(®*")
n

as n — 00. For every r €N, one can readily check by the vacuum property of the
interaction ®* that
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Z 7VZA q);(w)
e V<hn

1 Z(I)+( ) _ 1 CL)GQAH
gZCI>+r( ) - Og _ 2 <I>-‘i},r(w)

Z e Vchn

a)EQAn
sup Z @*‘}(w)‘

WEQy, VcA,
diam(V)>r

sup Z @T,(a))‘

ien, @S icverz
diam(V)>r
= |A,|sup Z @T,(w)‘. (2.87)

W€ pevez
diam(V)>r

IA

IA

Thus, in particular, for any s, r € N, one also has

‘1 Z¢+S(+)‘ ‘1 Z;f:(-l') | )
0 = |lo —log
gZ<I>+r( ) gZ[({):f(_'_) Z(I)“'K(_'_)
< 2|A,|sup > @T,(w)‘. (2.88)
well 0cVeZ

diam(V)>min{s,r}

Thus by dividing both sides by |A,,| and taking limit as n — 00, one obtains that
forall s, r €N,

|P(®@Y*)—P(®"")| < 2-sup

wen 0eVEZ
diam(V)>min{s,r}

o)) (2.89)

Since the interaction ®* is uniformly convergent, one has that

2-sup ot (w)’ ——0. (2.90)
wel OGVZ@Z ! nmee
diam(V)>n

Hence (2.89) yields that the sequence {P(®*")} oy is fundamental. Thus one can

1
immediately conclude from (2.87) that the sequence {m log Z/‘z’:(+)}n€N is con-

vergent.
Part (ii): By the first part of Lemma 3.7 in [22], one has that

. 1 7a, (0, lwAc) f 710300l +<0 0-0)
lim lo " n(df)=| lo (de), (2.91)
B T, f TNV LA R o e PN LU
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and the limit in LHS is uniform on w € Q). Thus by the first part, one can conclude
the second part of the theorem, since

1
lo (Oh,lwpe)p(dB) = lim —1lo (+a, lwac)
|A | 8V A, WUA, 1WA oo A YA\ T, 1WA

Bl +<0 6
+ Jlog 7 10}(Bo +<0 050)
Y103 (+ol +<0 O50)

p(do).

O

Below we prove an important statement for the energy contribution from the
origin, which will be useful in the proof of Theorem[2.A]

Proposition 2.6.3. Let ¥ be a translation-invariant Gibbsian specification on 2
and uf be the associated energy contribution from the origin as defined in .
Then for all translation-invariant probability measure T € ./, s(Q2), one has that

)
p(do)t(d 7(d (2.92)
S TA JQ L eA |wAc) [de)= f el

Proof of Proposition[2.6.3. For the specification densities 1, A € Z?, we use the
notations y(wx|wac) and 74 (w) interchangeably. By the bar moving the property
of the specification densities, one has that

Ta (@, lorg) l—[ Y i} (@ilOminA,,, ) @minA,,, i1 )

— (2.93)
YA,Z(QA,JC‘)AZ) ieA, Y{l}(gllg[mlnl\ i)@[minA,, 1]0)
Forany/,,{, e Z% with l, </{, and 0 €Q, define a transformation
o ifi¢[ly,45];
0) , (@)=1" " FEL L] (2.94)
otz 0,-, if i 6[51,62].

If ¢, £¢,, then [{,,£,]=0; therefore, for all w € Q, we set Oy 4,(w) = w. Note that
the families {S; : £ € Z%} and O, 0, : 41,02 € Z%,¢, < {,} of the transformations
on 2 have the following commutativity-type property: for any £,,3 € 7% with
¢, </{,, onehas

S 0
S o@@ 3

1,61 = ©O1ty—t3,0,—5]° St (2.95)

Using the transformations {@[el,lz]}glggz, (2.93) can be written as

0
Tan(@n,l0as) 11 710 ©Olmina,. (@)
YAn(eAnlwAf,) ieh, Y{i} Oe[gminAn’i](C())

(2.96)
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By the translation-invariance of the specification 7, one can write (2.96) as

}’A,,(COA,,|¢0A§,) T{0}©S;© e[mmA y(@)

YAn(BAnkf‘)Af,) ieA, Y{O}OS OG)[mlnA l](a)).

(2.97)

Hence by the translation-invariance of the measures 7 and p, one can obtain
from (2.95) and Fubini’s theorem that

©x;) _
lAlff T o PO dw) =

Yi01°S; 0@f (w)
JJ {0} [minA,,,i) p(d@)ﬂ:(da))
ieh, 7[0} oS; 0@[mmA ](0))

S; 0

Y O@rlnin .08 (w)

> fjlog o bt p(d6)r(de)
710} ©Opmina,—i,0] ° i(w)

_ f f 101210 p(d0)r(dw). (2.98)

|A i€A,+minA,, {0}06[1 0]( )

AL

a 710} 0, ()
By quasilocality and non-nullness of 7, the net { log —} __converges
Y {0} O@[i_o]( ) <0
wo|Oow
uniformly in (6, w) € 2 x Q to u,(6, ) :=log 710)(@ol0<0®~0) as iy, ..., ig — —00.

710}(B0l0<0w>0)
Hence, by the Stolz-Cesaro theorem, one has that

1 710} °Of, ()
{}% = u, (0, w) uniformly on (8, w) € 2 x Q.
=00 [A,| ien, Tmina, 110300 (@)
(2.99)
Thus yields the desired claim.
O

Remark 2.6.4. If the telescoping starts from the other end, one can end up with
the following instead of {2.93):

rAn(wAnlwAf,) . 7{1}(60 |91maxA ]w[lmaxA ]C) (2.100)
TAn(gAnlwAf,) ien,, 7’{1}(0 |01maxA 2140, maxA,, ]C)

Then, with a similar argument to the proof of Proposition|2.6.3, one can also show
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that
lim — Jflogwp(de)f(dw)
n—00 |A, | 7A, (04, lwnc)
Q Q

:f P (w)t(dw)= f f i, (0, w)p(dB)T(dw),
Q0

Q

where

- 7’{0}(600|0)<09>0) f

i, (0,w):=lo it (8, w)p

7 8 0 (Bolw0-0) v
Q

In particular, uf and a;’ are physically equivalent, i.e., for all T € #, (),

f ufdrzf ﬁfdr. (2.101)
Q Q

Proof of Theorem[2.Al For atranslation-invariant measure 7 € ./, () and a trans-
lation -invariant Gibbs measure j1 € ¥s(y), itis proven in the first part of Theorem
3.3in [22] that

P+(y)—f u;“d'r—h(f): h(t|f). (2.102)
Q

For any p € ./ 5(f2), we have proven in Proposition and Proposition 2.6.3]
that

lim —

n—oo

Ay

J logya, (W, lwpe)T(dw)=PP(y) —f uf(w)f(dw). (2.103)
Q

Q

Note that LHS of is independent of p, thus yields for p =6,

lim —
n—0oQ0

1
J logya, (wa, |lwpe)T(dw) = h(T)+ h(T|@). (2.104)
Q

1Ay

Then by combining (2.104) with (2.103), we obtain that

f uf(w)ﬂ:(da))+h(T):Pp(r)—h(Tlﬂ). (2.105)
Q

Then the rest of the proof follows from Theorem[2.4.3]
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2.6.3 Proofs of Theorems2.B} 2.C, and[2.D)|

Proof of Theorem[2.B. Consider a probability measure 7 € .#,(X, ). Then for A @
Z, and B € &, one has

(Ga-7TA)B) 5=f GallgdTy
Xy

1
=— Gpylgdx,t
|rA|x;A L Ae
j Gr(x + W)l p(x + w)T(dw), (2.106)
|A| xel) J X,
and

(Tra)(B)= ZJ Grlw+ x)1 g(w + x)T(d w). (2.107)

xel J X,

Then by combining and (2.107), one concludes that forall A € Z,,
tra=(MGy) 7). (2.108)

Note that in the light of (2.108), the DLR equation (2.4) and the consistency equa-
tion (2.68) for the G-measures are the same. Thus one immediately concludes the
statement of the theorem. O

Proof of Theorem[2.4. "(i) < (ii) = (iii)” Let y be a dynamical specification,
then there exists ¢ € C(X, ) such that the corresponding cocycle p is given by

M(w,0)=Y [pos*(w)—posk(a)], (v 0)eTX,).
k=0

Thus for all (w, ®) € T(X,), pg(w, @) = p(w)— (@), and then it is clear that p0
is extended to the cocycle A : X, x X, — R which is defined by A(n, &) = ¢(n)—
(&), (n,&)e X, x X,. Clearly, A is continuous since ¢ is continuous.

"(iii) = (ii)” Assume that pg extends to a continuous cocycle A on the full
equivalence relation X, x X,. Fix any & € X, x X, and for w € X,, set p(w) =
AMw, &). Then for any (w, &) € X, x X,

Mw, &)= Mw, &)+ AE,8) = Aw, &) —AE,8) = p(w)— (&) (2.109)

The continuity of A implies the continuity of ¢. Furthermore, (2.109) immedi-
ately implies that for all (w, ®) € T(X,), pg(w, w)=AMw, ®)=p(w)—p(w) Then by
(2.61) one concludes that p” is indeed a Gibbs cocycle.

"(iii)= (iv)” The extension of pg to X, x X, is continuous and the product
space X, x X, is compact. Then as a continuous function on the compact space,
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the extension is uniformly continuous, thus its restriction to T(X, ) which is pg is
also uniformly continuous.

"(iv)= (iii)” First, note that ¥(X,) is dense in X, x X, in the product topol-
ogy. Now take a pair (§,n) € X, x X, of configurations, and let the sequence
{(5("),n(”))}neN C ¥(X,) converges to (£,n) in the product topology. Since pg :
%(X,)— Ris a uniformly continuous function, the sequence { pg (EM MY, en ©
R is convergent because a uniformly continuous function preserves fundamen-
tality of the sequences. Hence we can define an extension pg : X, xX, by pg (&,n):=
nll)rgo pg(i(”), n(")). It is clear that the value of pg(é’, 1) does not depend on the

choice of the sequence {(& (m), r)("))} nen and by the construction, pg is continuous
on X, x X, and extends pg . O

Below we give the proofs of corollaries of Theorem[2.C|

Proof of Corollary|C] By Theorem pg can be extended to a continuous co-
cycle on X, x X,. Since X, x X, is compact, the extension is bounded, thus the
statement of the theorem follows. O

Proof of Corollary[C2 In fact, one can check the following for pg : forall (w,®)
‘I(X-I-))

Pi(w, @)= Po(w)— o(@) +Z[(¢k —pr1)0S (W)= (P — Pr1) o SK(@)]
k=1

Then if (2.80) is satisfied then the sumZ[(«pk—¢k_1)osk(§)—(¢k—¢k_1)osk(n)]

converges uniformly on (£,n) € X, x Xli_,ltherefore, the cocycle A defined by
AE M= polE)—pom)+ D _[(@r—Pr—1)oSK(E)—(@r—Pr—1)oS* M), (£,meT(X,)
k=1

is continuous on X, x X,. pg extends to A, thus by Theorem y is indeed a
dynamical specification. O

Proofs of Theorem[2.D. Consider the Ising spin space E = {—1, 1} and the follow-
ing interaction ¥ on X, : for w € X,, set
wiwj+ ifA={i,j}CZ,, i<]
———+kw;, ifA={i,j}CZ,, i<];
Uy (w):={ li—jle ! PEEn s (2.110)
0, otherwise,

where o > 1 and k¥ > 0. Then W is translation-shift invariant, but it is not UAC.
o

li_lj|a.Thus > ylleo = D (k+

0eVez, j=1

For i, j € Z,, with i < j, ||¥y; jjlloo = K +
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Proofs of the Main results

1

—a) = 0o. However, ¥ is a variation-summable interaction. In fact, for all j €N,
J

2 2 .
0oy n = —, therefore, 000y = — < 00. Thus the associated one-

{0,j} a P
J 0eVeZ, j=1J
—

sided specification y is Gibbsian, which is the same amount as saying that the
associated cocycle p‘p is continuous. Furthermore, for (w, ®) € T(X,),

Py (@,@)=p"(w,&)—p*(Sw,S®)
= D [Wy(w)-y(a)]

0eVeZ,

=i[w+x(wj—@j)].
)

Thus, sup pg’ (w, @) = oo which contradicts to Theorem|C1| Therefore, the
(0,®)€T(X,)

corresponding specification y¥ is not dynamical, which is equivalent to saying
thaty” is not generated by any translation-invariant UAC interaction (see Remark
2.5.10|and the discussion at the end of Subsection|2.5.1).

O
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