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Chapter 1

Introduction

The development of the so-called Sinai-Ruelle-Bowen (SRB) Thermodynamic
Formalism emerged at the crossroads of Equilibrium Statistical Mechanics and
Dynamical Systems. A pioneering step in this direction was taken by Kolmogorov,
who was among the first to rigorously address how to quantify entropy — a cen-
tral concept in statistical physics — within the framework of dynamical systems.
In 1957, Kolmogorov, together with Sinai, introduced the concept of measure-
theoretic entropy (now commonly known as Kolmogorov-Sinai entropy) to dy-
namical systems. This formalism provided a precise mathematical language to
capture the idea of entropy in evolving systems, bridging statistical mechanics
with ergodic theory. This foundational work on entropy laid the groundwork
for what would later become the SRB Thermodynamic Formalism—a powerful
framework that unifies thermodynamic concepts with the long-term behaviour
of dynamical systems.

Efforts to construct a rigorous theory of statistical physics began long be-
fore the formal introduction of entropy as a mathematical concept. At its core,
the primary aim of Equilibrium Statistical Physics is to understand the collec-
tive behaviour of systems composed of a vast number of interacting constituents.
These constituents could be atoms or molecules forming a physical substance,
or more abstract entities such as populations of organisms—humans, insects, or
animals—interacting within a shared environment.

The earliest conceptual steps toward studying such collective phenomena
can be traced back to ancient Greek philosophers such as Democritus and Aristo-
tle, who were among the first to speculate that matter is composed of indivisible
units—what we now call atoms. These foundational ideas were later extended by
Islamic scholars like Ibn Sina (Avicenna) and Al-Biruni, whose correspondence
explored the nature and formation of matter in a more systematic way [5,26].

The modern understanding of how atoms and molecules are organised in
gases, liquids, and crystals was significantly shaped by the work of Boltzmann
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and Gibbs in the 19th century. Boltzmann, in particular, introduced a statistical
definition of entropy, providing a microscopic interpretation of the Second Law
of Thermodynamics—a cornerstone in the foundations of statistical mechanics.

In the early 20th century, Lenz proposed what is now known as the Lenz-Ising
model (a.k.a. Ising model), originally intended to provide a mathematical expla-
nation for the Curie temperature and the phenomenon of spontaneous magneti-
sation in ferromagnetic materials. While early analytical efforts failed to demon-
strate phase transitions in these models rigorously, a breakthrough came in the
1930s when Peierls offered a geometric argument establishing the existence of
phase transitions in the two-dimensional Ising model. Since Peierls’ contribu-
tion, the Ising model has served as a prototypical framework in mathematical
Statistical Mechanics, providing a fertile ground for testing hypotheses and de-
veloping rigorous methods to understand complex collective behaviours.

Systematic mathematical study of lattice spin and gas models—and their as-
sociated phase transitions—began in the late 1960s through the foundational
works of Dobrushin, Lanford, and Ruelle [13,33]. They proposed arigorous frame-
work in which the possible state of each constituent in a large system could be de-
scribed via a system of conditional probabilities. More precisely, if the interaction
among constituents in the system (0;);<. is described by a family ® = (®4)per,
then the probability that a constituent o; is in a state a € E, given that the other
constituents (0 ) jer\; are in the states (x;)jer\; € E L g given by

e—H{I;}(aixL\i)

y‘b(ai:alaj:xj, jel\i)= (1.1)

—H? (@;x1\;)’
gep€ WO

where E denotes the set of all possible states, assumed to be at most countable,
and Hy;, .= Z ®,—known as the Hamiltonian of the system on {i}—represents

ieVel
the total influence of the constituents (0 ;)jer\; on o;. More generally, for a fi-

nite subset A @ L, the joint probability that the constituents o, :=(0;);ex are in
the states a, = (a;);ep € EV, given that the remainder of the system is in states
xp\A == (X})jeL\a, is described by the Boltzmann ansatz:

e—Hf(“A XL\A)

. 1.2
D ayeEn e M (@) o2
A

p®(op = aplop = x) =

A notable mathematical limitation of the Boltzmann ansatz is that different
interactions (® )¢, can lead to the same system of conditional probabilities — a
phenomenon formalised under the concept of physical equivalence. To address
this ambiguity, a more robust mathematical formulation of the global state of
the system is given through a regular system of conditional probabilities, com-
monly referred to as specifications. Interestingly, the notion of specification is



closely tied to a dynamical concept known as a cocycle, which allows for a gen-
eralisation of Gibbs measures beyond simple lattice structures. By using this
relationship, Bowen infused the theory of Gibbs measures with a distinctly dy-
namical systems perspective. Building on the foundations laid by Sinai and Ru-
elle, Bowen extended the notion of Gibbs measures to broader dynamical con-
texts, including Axiom A diffeomorphisms and general hyperbolic systems. His
work provided a crucial bridge between the statistical mechanics formulation
and the language of dynamical systems by redefining Gibbs measures within this
new framework—a definition we revisit in Chapter 3, where we compare it with
the standard DLR (Dobrushin-Lanford-Ruelle) formulation from statistical me-
chanics. Moreover, under fairly general conditions—such as the existence of a
Markov partition—these broader dynamical systems can often be shown to be
conjugate to product-type systems, effectively linking the dynamical perspective
back to the more classical approaches.

In practical applications, the most commonly encountered cases for the in-
dexing set (or set of sites) L include deterministic and random graphs, countable
groups, and semi-groups. In the context of dynamical systems, particular atten-
tion is given to situations where L is a countable group or semi-group, as these
naturally induce a group action on the configuration space Q = E*—a structure
that is especially rich from the viewpoint of dynamical systems. In this thesis, we
primarily focus on two specific choices for the indexing set L: either L = Z¢ for
some d > 1, or L =Z,. Within these settings, we investigate Gibbs measures from
various viewpoints, examining both their foundational definitions and a range of
properties relevant to statistical mechanics and dynamical systems.

The thesis is intrinsically divided into three parts. In the first part (covered
in Chapters 2 and 3), we explore the various notions of Gibbsianity as they ap-
pear in both Statistical Mechanics and Dynamical Systems, and we study the
interplay between these frameworks. Among other topics, we discuss the Ko-
zlov-Sullivan characterisation of specifications, present a form of interaction-
independent variational principle which is new to the literature, and analyse the
Gibbs properties of equilibrium states. The second part (encompassing Chapters
4 and 5) shifts the focus to one-dimensional systems. Here, we examine Gibbs
measures defined on both the whole-line Z and the half-line Z,, and we com-
pare the features of these two settings. A closely related subject in this section
is the principal eigenfunction problem for Ruelle-Perron-Frobenius transfer op-
erators. In fact, this part initiates a systematic study of the thermodynamic for-
malism for long-range potentials in dimension one. Finally, the third part (pre-
sented in Chapter 6) is devoted to an investigation of the multifractal properties
of a general Gibbsian system, with special attention given to the aspects governed
by large deviations.
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1.1 Gibbs Measures in Dynamical Systems

In the first part of this thesis, we explore various notions of Gibbsianity, which
differ in terms of their level of generality and mathematical setup. The standard
Gibbsian formalism is built in configuration spaces. Let us fix a single-site space
(also known as the single-spin space in models related to magnetism), denoted
by E. Throughout the thesis, we assume E to be finite. Typical examples of such
spaces include the Ising spin space {1}, the lattice gas space {0, 1}, or the set
of colours {1,2,...,q} for g > 2, as encountered in Potts models. We always en-
dow E with the discrete topology. Next, consider an arbitrary countable set L,
referred to as the set of sites. Examples of L include the vertex (or edge) set of an
infinite graph — either deterministic or random — such as a Cayley tree, a count-
able group like z% ora semigroup such as Zj‘f. The configuration space is then
defined as Q := EL. Equipped with the product topology, 2 becomes a compact
and metrizable space. We denote by # the Borel o-algebra generated by this
topology. The space of real-valued continuous functions on 2 is written as C(f2),
and ./,(2) denotes the simplex of Borel probability measures on 2. Given a con-
figuration w € 2 and a finite subset A € L. (which we refer to as a finite volume),
we define the cylindrical set associated with w as [wp]:={€Q:&; = w;, i € A}
For each site i € L, we define the random variable o; : 2 — E by 0;(w) := w;. For
any subset V c L (finite or infinite), we denote by %, the smallest sub-o-algebra
of 7 with respect to which the collection {0 ;};cy is measurable. Finally, the tail
o-algebra 7 is defined as .7 := N, Fp\a-

1.1.1 Classical Gibbs formalism in statistical mechanics

The standard definition of Gibbs states in statistical mechanics is related — via the
Boltzmann ansatz (1.2)- to the notion of interaction. An interaction ® on Q is a
family (®5)aer, of A—local functions &, : Q@ — R, i.e., each ®, is %, measurable.
An interaction ® = (® ), ¢, is called uniformly absolutely convergent (UAC) if for
everyi €L,

Z sup|®,(w)| < co. (1.3)

ieheL @<
For any finite volume A € L, one can associate the Hamiltonian

f{?::: :E: by

Vel
VNAF#D

Note that under the UAC condition, H /‘3’ is a well-defined and continuous func-
tion on Q.
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Definition 1.1.1. A probability measure u € #,(X) is called a Gibbs measure for
the interaction ® (denoted by u € 4(®)) if for every f € C(Q),

1 B
U(f1Z e Nw) = Z5@) Z F(@rwpe)- e @) go weq, (1.4)
A C(_)AGEA

where Zf(w), known as the partition function, normalises | tol:

ZY(w):= Z e HY(@r0xe),

W EEA
and & jw . denotes the concatenated configuration.

When E is compact — which is the case throughout this thesis — the set 4(®)
of Gibbs measures for ® is always non-empty, convex, and compact with respect
to the weak-* topology. Since the existence of Gibbs measures is always guar-
anteed under these conditions, the more physically relevant question concerns
their uniqueness. Specifically, one says that the interaction ® exhibits a phase
transition if there exist multiple Gibbs measures for 9, i.e., if #4(®) > 1.

1.1.2 DLR Gibbs formalism

The modern approach, also known as the Dobrushin-Lanford-Ruelle (DLR) ap-
proach, to Gibbs measures in mathematical Statistical Mechanics is rather dif-
ferent and does not involve interactions. Instead, one immediately starts with a
family of regular conditional probabilities, which is known as specification. Since
there is no initial reference measure, one needs to define the regular conditional
probabilities everywhere on Q2 rather than almost everywhere. A regular condi-
tional probability in a volume A € L is a proper probability kernel y, from (2, )
to (0, Fac) ie., ya: F xQ—][0,1] such that

e forall w e, yp(-|w): F —[0,1]is a probability measure on £;
e forevery Be %, yA(B|-): 2—[0,1] is . —measurable;
e foreach B € Z ), ya(B|-)=153().

A specification y on 1 is a consistent family of regular conditional probabilities
v indexed by A @ L. This means that for every pair of finite volumes A c A €L,
the consistency condition holds:

TA(Blw)=7A7a(Blw) :=f ra(Bl&)yaldé|w), BEF, we. (1.5)
Q
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Definition 1.1.2. A probability measure u € #,(?) is a Gibbs measure for the
specificationy, if for every A € L and f € C(Q0), one has

ulf1ZpNw)=7alflw):= Z fl@ropra((@n]lw), p—ae we. (1.6

@ EEA

Equivalently, u is Gibbs fory if for every A€ L,

M(B)=(M7A)(B)i=f ra(BlSu(ds), BeF. (1.7)
0

The set ¢(y) of Gibbs measures for a specification y is always convex and
closed in the weak-* topology. However, it is not necessarily non-empty. Ex-
istence is guaranteed under an additional regularity condition: if y is continu-
ous—that is, it satisfies the Feller property—then ¢(y) # 0. This property requires
that for every f € C(Q2) and every finite volume A &€ L, the function y,(f | -) be-
longs to C(£2). A continuous specification 7 on 2 is called a Gibbsian specifica-
tion if it is non-null, i.e., forevery AeL and all §, w € Q,

7A([Ea]lw)>0. (1.8)

In fact, one can readily check that any UAC interaction ® gives rise to a Gibbsian
specification y® = (yi)A@L defined by:

yi(B| Z 1g(@pwpe)-e” HY(@r@xe) ,BeZ, wel. (1.9

Zq)( a)AeE’\

By the celebrated theorem of Kozlov [31]], the opposite statement is also true,
namely, for any Gibbsian specification 7, there exists a UAC interaction ¢ such
that y = y®. However, subtleties arise when the specification has certain symme-
tries, and if it is also required to find a UAC interaction respecting those symme-
tries. For example, when L = Z% orL = Z.., the natural shift (left-shift) transfor-
mations S;, j € Lactsonby(S;w)ier, = (w4 j)ieL- Aninteraction ® on Qs called
translation-invariant if for every A€ L and j €L, &5, ; =®, 0 S;. A specification
v on the lattice L = Z¢ is translation-invariant if for every A € Z%, j € 2%, Be F
and w € Q, 7a4j(Blw) = rA(S;(B)IS;jw). It is worth noting that any translation-
invariant Gibbsian specification admits at least one translation-invariant Gibbs
measure—that is, a Gibbs measure that is invariant under the shift map. More-
over, any translation-invariant UAC interaction generates a translation-invariant
Gibbsian specification (see Figure [2.1). However, a recent result by [1], in the
case L = Z, demonstrates that there exist translation-invariant Gibbsian speci-
fications that are not generated by any translation-invariant UAC interaction. In
Chapter 2 of this thesis, we address a similar question in the setting L =Z,..
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Theorem 1.1.3. There exists a translation-shift invariant Gibbsian specification
on Z, that can not be associated with a translation-invariant UAC interaction.

Our proof of Theorem([1.1.3]is constructive, in contrast to the non-constructive
approach used in [1]. In Chapter 2, we also establish a precise criterion charac-
terising when a Gibbsian specification on Z, can be generated by a translation-
invariant UAC interaction. We emphasise that no analogous criterion is known
for the whole line Z.

This mismatch between the classes of translation-invariant interactions and
translation-invariant specifications has important implications for the classical
theory of equilibrium statistical physics. Translation-invariant Gibbs measures —
those invariant under the shift maps — play a central role in statistical physics, as
they are considered physically meaningful descriptions of macroscopic phases in
infinite systems. It is well known that every translation-invariant Gibbs measure
corresponds to a translation-invariant Gibbsian specification. However, not all
such specifications arise from translation-invariant UAC interactions. This sug-
gests that relying solely on interactions to study translation-invariant Gibbs mea-
sures may be conceptually inadequate. Nevertheless, much of classical mathe-
matical statistical mechanics has been historically developed through the lens of
interactions. Keyresults concerning translation-invariant Gibbs measures—such
as the variational principle and large deviation principles—are typically formu-
lated in terms of interactions. This tension naturally motivates the development
of a theory of translation-invariant Gibbs measures based purely on specifica-
tions. Some progress in this direction has already been made. For instance, [32]
establishes a version of the variational principle using specifications alone. Com-
bined with results from [36], this leads to large deviation bounds applicable to all
translation-invariant Gibbs measures. In Chapter 2 of this thesis, we aim to con-
tribute further to this line of research by proving a new, more dynamical form of
the variational principle—also formulated entirely in terms of specifications.

Theorem 1.1.4. Assume v is a translation-invariant Gibbs specification on Q =
E%. Then, for any translation-invariant measure p € #,(2), there exists a con-
tinuous function uf € C(2) associated with y such that the translation-invariant
Gibbs measures for y are precisely the equilibrium states for the potential uf ,1.e.,

h(,u)+f ufdu:sup{h(f)JrJ wPdt:te 5} < pes(y), (1.10)
Q Q

where h(7) is the measure-theoretic entropy of the translation-invariant measure
T and M 5(S2) denotes the class of translation-invariant measures on §Q.
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1.1.3 G-formalism and its relation to DLR formalism on Z

In 1972, Keane [30] introduced the notion of a g -measurein ergodic theory, which
isaone-sided counterpart of translation-invariant Gibbs measures. Later, in 1991,
Brown and Dooley [11] extended this concept to G-measures, which generalise
g-measures to the setting of non-translation-invariant measures. Let E ~Z/qZ

and consider the direct sum I' := @ E and its subgroup I'h :={wel:w; =0, i€
z.

Z, \A}for A @ Z,. Then afamily G of Borel measusrable functions G, : 2 — [0, 1],

Q= EZ%+ indexed by the finite subsets A of Z., is called a G—familyifforallA € Z,

zz(auw+m=1,neﬂ, (1.11)
(,L)EFA
andforal AcCAeZ,,
GrA(w +1)Ga(N) = GA(N)Ga(w +7), w€Tp, NEQ, (1.12)

here the sum w+7 should be understood coordinate-wise, i.e., (w+n); := w; +1;.
1

For any A € Z,, and v € .#,(Q), define v, := W

E X, v, where for x € Iy, x, :
x€ly

M (Q) — #41(9) is the pushforward of the map x: Q2 — Q, x(n)= x +n. Itis clear
that v< v, since e, v= v, where e is the neutral element of the group T

Definition 1.1.5. A probability measure v € #1(2) is called a G—measure for a
G—family G =(Gp)aez,, if forall A€ Z,,

—=g"NG,. (1.13)

We note that a G—measure becomes a g—measure if the associated G—family
is continuous, positive and

G
JOmE: = Gy o Sust, NEZ,. (1.14)

Gio,nnz,

In Chapter 2, we demonstrate that the G—formalism introduced by Brown and
Dooley coincides with the DLR Gibbs formalism on the lattice Z, . More precisely,
we show that

Theorem 1.1.6. The relation
ANz ) =G(), A€Zy, neQ=E", (1.15)

establishes one-to-one correspondence between the G-families and the specifica-
tionson Z, . Furthermore, v is a G-measure for G ifand only if v is a Gibbs measure

fory.
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1.1.4 Gibbsianity of equilibrium states

In Chapter 3, which constitutes the remaining portion of the first part of the
thesis, we shift our focus to the Gibbsianity of equilibrium states on the shift
space 2= EZ. Although the results presented in this chapter are valid for higher-
dimensional lattices Z¢, we restrict our attention to the one-dimensional case
in order to avoid cumbersome formulas. Note that a translation-invariant mea-
sure u on 2 = EZ is an equilibrium state for a continuous function (potential)
¢ :Q— R, denoted by u € §7(¢), if

,u)+f ¢du—sup{h fqbdr TE M s(Q )} (1.16)
Q Q

We note that the class of equilibrium states rather is broad (see Figure [3.1): if
U1, .., Ui are some ergodic measures on £, then one can find a continuous poten—
tial ¢ € C(Q2) such that all these measures are equilibrium states for ¢ [17,27,39].
This remarkable generality suggests that equilibrium states can exhibit a wide
range of behaviours, and in particular, one cannot expect them to possess any
form of Gibbsianity in general. In Section 3, we investigate two types of Gibb-
sianity for an equilibrium state u (for a potential ¢):

* DLR Gibbsianity: we explore whether there exists a Gibbsian specification
y on Q= EZ such that u € (y);

* (weak) Bowen-Gibbsianity: we investigate if there exists a sequence of pos-
itive numbers C,, > 0, n €N, that is subexponential, i.e., nlglc}o % logC,, =0,
such that for all n and w €9,

1 u({weQ aF l—wo m

C_ PRI <Gy, (1.17)
n—1
where S,, ¢ is the ergodic sum, i.e., S, ¢ = Z ¢oS;.
j=0

The Gibbsianity properties of equilibrium states mentioned above have been
extensively studied under various regularity assumptions on the potential ¢ by
Sinai, Bowen, Ruelle, Haydn, Pfister, Sullivan, and more recently by Bissacott and
collaborators [3,[7,/10,23-25}37,/40]. In Chapter 3, we establish both the DLR
Gibbs and weak Bowen-Gibbs properties of equilibrium states under a barely
minimal regularity assumption on the potential ¢, which we refer to as the ex-
tensibility condition.

Definition 1.1.7. A potential ¢ : Q — R satisfies the extensibility condition if for
all ay, by € E the sequence of functions

n

)= > (¢ oSl o)~ ¢ o Sk, aws)

i=—n



Introduction

converges uniformly in w € Q= E% asn — oo.

The uniform limit nlirgo p“b(w) gives rise to a cocycle p? on the asymptotic
equivalence relation ¥(2) := {(&, w) € A x Q: ®; = w; for all but finitely many i €
Z} which the same amounts to saying that for all (&, ©), (@, w) € T(Q)

P20, d)+p?(d,w)=p?(®,w). (1.18)

=0 =
One can associate a non-null specification y  =(y,)Jaez ONQ2=E Z with the co-
cycle p? via

=0 ‘ -1
yA(a)Ala)Ac)z( Z eP“’(fA‘”Z\A'”)) L weQ, AeZ. (1.19)

EA€EA
The uniform nature of the limit lir(r>1o pZO'b" ensures the Gibbsianity of the speci-
n—

fication ?(p.

The extensibility condition is not very restrictive. Notably, unlike the con-
ditions used in the works of Sinai, Bowen, Ruelle, and Walters, it does not im-
ply uniqueness of equilibrium states. Moreover, the extensibility condition en-
compasses all previously studied classes of potentials. In Chapter 3, we demon-
strate that this condition is sufficient to guarantee both DLR Gibbsianity and
weak Bowen-Gibbsianity of the equilibrium states.

Theorem 1.1.8. Suppose ¢ € C(2) has the extensibility property. Then any equi-
librium state u for ¢ is

=¢
(1) Gibbs in the Dobrushin-Lanford-Ruelle sense, in fact, 85 (¢)=%s(y );
(2) weak Bowen-Gibbs relative to the potential ¢ .

In Chapter 3, we also establish, in a certain sense, a converse to Theorem
Specifically, we prove that any DLR Gibbs measure, as defined in Definition[1.1.2}
is in fact an equilibrium state for some extensible potential. Additionally, we re-
mark that Theorem generalises the main result of [4] by extending it to the
setting of general, not necessarily normalised, potentials.

1.2 Transfer operators for long-range potentials

The second part of the thesis comprises Chapters 4 and 5, where we investi-
gate and compare the Gibbs formalisms on the whole-line Z and the half-line
Z,. A key tool in this comparison is the Perron-Frobenius-Ruelle transfer op-
erator, which plays a central role in our analysis. These operators—viewed as

10
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infinite-dimensional analogues of positive matrices—were introduced into the
thermodynamic formalism by D. Ruelle, primarily to study the mixing properties
of Gibbs measures in one-dimensional systems. Throughout Chapters 4 and 5,
we fix a finite set E and denote the configuration spaces by X = EZ for the whole
line and X, = E%+ for the half line.

For a potential ¢p € C(X,), the associated Perron-Frobenius-Ruelle transfer
operator %, is defined by

Lyf(x)=> e?“f(ax), feR™, (1.20)

acE

where a x denotes the configuration obtained by prepending the symbol a to x.
The transfer operator maps the space of real-valued continuous functions C(X,)
into itself and is bounded when restricted to C(X, ). Moreover, its spectral radius
equals A=e” @) where P(¢) denotes the topological pressure of the potential ¢.

1.2.1 The role of transfer operators in the Gibbs formalism on Z_,

The Perron-Frobenius-Ruelle transfer operators play a pivotal role in the Gibbs
formalism on the half-line Z, . Given any potential ¢ € C(£2), one can naturally

associate a Gibbsian specification ?(p = (?i )aez, on the configuration space X,
via the formula:
exp ((Sp419)(apxc))

_ ,a € EMxeX,. (1.21)
XD (S @) drxac) *

70 arlxne) = 5

Then one has the following interesting relationship between the specification ?(p
and the transfer operator Z:
£y f(Snx)

ffq;’l(snx)

Using (1.22), one can show that the eigenprobabilities of the operator £ corre-
sponding to the spectral radius A are exactly the Gibbs measures for the specifi-

?ﬁ)’n_l](flx): , neN, xeX,, and f: X, —R. (1.22)

cation ?d) [12}}43], i.e.,
ved(r") — Lyv=2v. (1.23)
In Chapter 4, we prove for an extensible potential ¢ that the translations of a

half-line Gibbs measure y€ ¥ (?¢) converge to a two-sided Gibbs measure.

Theorem 1.2.1. Suppose ¢ satisfies the extensibility condition and v € %(?%.
Consider i == v_ x v, where v_ is any probability measure on X_ := E™. As-
sume that a subsequence {1, = oo S "*}r=o converges to a probability measure

11
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u in the weak® topology as k — oo. Then for u-almost all x € X :
-1 ooy =9 -1 o0
‘U’(x0|x_oo, xl ) = Y{O}(x()lx—oo’ xl )
Hence, u is a whole-line Gibbs measure for the whole-line specification ? .

1.2.2 Spectral properties of transfer operators

If the potential ¢ related to a translation-invariant UAC interaction ¢ on Z by

p=— D oy, (1.24)

0eVeZ,

then the translation-invariant Gibbs measures u of the interaction @ is given by
du=hd v, where h is the eigenfunction and v is an eigenprobability of Z;, corre-
sponding to A, provided that the transfer operator £ has an eigenfunction h €
L'(X,, ). Itis worth noting that by , the transfer operator £ always has an
eigenprobability. However, the existence of an eigenfunction — which is a central
issue in thermodynamic formalism — depends heavily on (the regularity of) the
potential ¢. A long line of research by Ruelle, Walters and others has been dedi-
cated to studying the existence problem of eigenfunctions [[18}/19}38,(39,/41-43].
For a function f : X, — R and n € N, we define the variation of f in the volume
[0,n—1]CZ, by

va(f) = sup{f(x)— f(y): x,y € Xy, xI 7 =y

It was Ruelle who first established the following fundamental result for Hélder
continuous potentials, which is now known as Ruelle’s Theorem:

Theorem 1.2.2. Let the potential ¢ be Holder continuous, i.e., for some 8 € (0, 1),
C>0andforallneN, v,(¢)< CO". Then

(1) there exists a unique equilibrium state u for ¢ and the transfer operator £,

also has a unique eigenprobability v corresponding to the spectral radius
A= eP@)

’

(2) the transfer operator has a positive continuous eigenfunctionh € C(X,) cor-
responding to A;

1
(3) forevery f € C(X,), thesequence{ﬁffgf}n>l converges uniformly to v(f):

hasn— oo, where v(f):=| fdv.
X,

12
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Walters later proved [41},42] Ruelle’s theorem under weaker conditions, such

as the summable variations: Z v, (@) < 0o, and the so-called Walters condition,
neN

which requires that linC}<> Sup V,1p(S, @)= 0. Walters also partly extended [43] Ru-
P00 peN

elle’s theorem to the class of the so-called Bowen potentials, namely those ¢ sat-

isfying sup vn(S,¢) < 0o. In the Bowen setting, Walters was only able to establish

the ex1stence of a bounded eigenfunction h of the transfer operator, while the
existence of a continuous eigenfunction remains an open problem to this day.
Independently, Fan and Jiang 18] proved Ruelle’s theorem under the Dini con-
dition, a refinement of Holder continuity. These regularity conditions satisfy the
strict chain

summable variations = Walters condition =— Bowen condition,

with no reversals. From the statistical mechanics perspective, all these condi-
tions are considered short-range, in the sense that for every 8 > 0, the scaled po-
tential 8¢ admits a unique equilibrium state and a unique half-line Gibbs mea-
sure. In contrast, we refer to a potential ¢ as long-range if there exists a finite
B > 0 such that ¢ admits multiple equilibrium states and multiple half-line
Gibbs measures. In one-dimensional statistical mechanics, long-range poten-
tials are often favoured over short-range potentials. This preference stems from
the fact that long-range models exhibit non-trivial phase diagrams, including the
emergence of finite critical temperatures, which are absent in short-range sys-
tems due to the lack of phase transitions at any finite temperature. At criticality,
long-range models often display complex, fractal-like structures and rich critical
behaviour, making them fundamentally distinct from short-range systems. Be-
yond their physical richness, long-range models are valued for the mathematical
challenges they pose, as they often resist classical techniques and demand new
analytical tools, making them both difficult and fascinating to study.

In Chapter 4, we attempt to extend Ruelle’s theorem to the long-range poten-
tials. We consider potentials ¢ which are linked to some translation-invariant
UAC interaction on X = EZ via ¢ = — Z ®y. By removing all terms V &€ Z

0eVeZ,
with minV < 0 < maxV from ¢ and returning them back one by one, we con-

struct intermediate interactions {¥'©) : k € Z, }. Formally, we consider the family
o = {A € Z: min(A) < 0, maxA > 0}.

indexed according to some arbitrary order: .&/ = {A;,A,,...}. Then define, for
eachkeZ,,

0, Ae{A;:izk+1},
‘I}/(\k)z{ A2 } (1.25)

Dy, otherwise.

13
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In particular, U(®) has no interaction between the left and right halflines. Clearly,
all the constructed interactions are UAC and in addition have the following prop-
erties:

. k) ]
* For any finite volume V CZ, |[H,, —H|[co < Z ||(I>Aj||<><> —0;
ANV#D koo
jzk

. . (k) .
« the specifications y¥" converge to y* as k — oo in the sense that, for all
BeZ and V €7Z,

yg(k) (Blw) — y‘g(Bla)) uniformly in the boundary conditions w € X;;
— 00

o if ¥® is a Gibbs measure for ¥'¥), then any weak*-limit point, u of the se-
quence (R k>0 is a Gibbs measure for the potential .

In this setup, we prove the following theorem:
Theorem 1.2.3. Assume the following:

1) the interaction ® satisfies: Z (IAl=1) - ||®lloo < 2, which is known as the

0eAcZ
Dobrushin uniqueness condition in literature [22];

o
2) Zz5i(¢Ak)2 < oo, whereforF: X —R, 6,F:= sup |F(&)—Fn)l;
k=1i€Z Sani =Nz

f (I)Akd V(n)
X

Then the interactions ® and V* have unique Gibbs states u and O and u< W0,
In particular, the restriction u, of u to X, is absolutely continuous with respect to
the half-line Gibbs measure v for ¢. Furthermore, the transfer operator £ for the

d
potential ¢ has an integrable eigenfunctionh = di; e L'(X,,»).

oo
3) Zpk < 00, where py. := sup and "V e g(@™).

=1 nezy

1.2.3 Eigenfunctions of the transfer operator for the Dyson model

The so-called Dyson model, the long-range Ising model, is probably one of the
most prominent examples in one-dimensional statistical mechanics. The Dyson
model is defined on the shift space {£1}Z by the interaction:

—/5]|l_]|0)10)], lfA:{l,]}CZ, 175],
P (w)=1 —hw;, ifA={i}cz; (1.26)
0, otherwise,

14
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where 8 > 0 represents the inverse temperature, h € R is the external field and
Jii—ji = li— jI™* for the ferromagnetic model and Jj;_; = —|i — j|™“ for the anti-
ferromagnteic model, where a > 1. The Dyson potential ¢ associated with the
Dyson interaction is defined as

PP (w)=— Z @3(w)=hwo+2/3]kwowk. (1.27)
k=1

0eVeZ,

The following theorem about the phase diagram of the ferromagnetic Dyson
model is due to Dyson [14] and Frohlich and Spencer [21].

Theorem 1.2.4. (i) Leth =0, then foreverya €(1, 2], there exists critical inverse
temperature 3.(a) € (0, 00) such that for every p €[0, B.(a)), the interaction
®” has a unique Gibbs measure and for all p > B.(a), ®° has multiple Gibbs
measures.

(ii) Ifh # 0, then the interaction ®° has a unique Gibbs measure for all p > 0
anda>1.

In the phase transition region, there exist exactly two extremal Gibbs mea-
sures, often referred to as the + and — phases, denoted by ,u; B0 and u, B0 Te-
spectively, for the Dyson model @ . In 2019, 50 years after Dyson’s initial work, Jo-
hansson, Oberg and Pollicott showed [28] that there exists a similar critical value
ﬂ:(a) for the half-line Dyson model ¢, which separates the phase transitions
region from the uniqueness region.

Theorem 1.2.5. For every a € (1,2], there exists a critical value /3;(0{) € (0,00)
such that for every B < ﬁj(a), there exists a unique half-line Gibbs measure for

the specification ?(p and for all § > ﬁ:(a), there are multiple Gibbs measures, i.e.,
#%(?‘p) > 1.

It has been conjectured in [28] that for all > 1, B.(a) = ﬁj(a). For h # 0, one
can compare the half-line Gibbs measures with the whole-line Gibbs measures
using Griffiths’ inequalities [20]. This comparison implies that, for every f > 0

and a > 1, there exists a unique half-line Gibbs measure for ? .
In 2023, by employing the random-cluster representation of the Ising mod-
els, Johansson, Oberg and Pollicott [29] were also able to establish that for h =0,
3
ac (E’ 2] and sufficiently small § > 0, the transfer operator £, for the ferromag-

netic Dyson potential ¢ has a continuous eigenfunction. In Chapter 4, we prove
a similar result with a different method, which is based on the construction of the
intermediate interactions.

15
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Theorem 1.2.6. Let ¢ be either ferromagnetic or antiferromagnetic Dyson poten-
tial (1.27). Suppose h =0, a > 1 and f8 > 0 is sufficiently small. Then,

(i) ¢ admitsauniqueequilibrium stateu, € §.(¢) and Gibbs state v € g(?(p )

(ii) foralla>1, u, isequivalentto v, i.e., u, < vand v< u,. In particular, the
Perron-Frobenius transfer operator £, has an eigenfunction in LY(X,,v);

3
(iii) ifa > 2 there exists a continuous version of the Radon-Nikodym density

dp

dvy

Our technique offers a significant advantage over the method developed in
[29], as it allows us to address the antiferromagnetic Dyson potential and to han-

, ensuring a continuous eigenfunction for £ .

3
dle the previously inaccessible regime a € (1, E] for the ferromagnetic Dyson

model in the Dobrushin uniqueness region. It is worth noting that, following the
announcement of our results in [16], Johansson, Oberg, and Pollicott succeeded
in extending their approach to cover the entire uniqueness region of the ferro-

3
magnetic Dyson model, namely the case h =0, a € (5,2], and g €0, B.(a)), by

employing a concentration inequality established in [45]. Recently, by leveraging
a result of Bauerschmidt and Dagallier [2], we have also extended Theorem|[1.2.6]
—using the approach we developed in the second part of this thesis —to the entire
uniqueness region of the ferromagnetic Dyson model (see Theorem 4.G).

Theorem 1.2.7. Let ¢ be the ferromagnetic Dyson potential. Suppose h =0. Then
the following statements hold.

(i) For every a € (1,2], we have f3.(a) < ﬁ:(a). Hence for every a € (1,2] and
B € [0, B.(a), there exists a unique equilibrium state u, and a (half-line)
Gibbs state v for the potential ¢ .

(ii) Foreach a € (1,2] and all § € [0, B.(a)), the equilibrium state u is equiv-
alent to the half-line Gibbs state v. In particular, £, admits an integrable

d
eigenfunction Gl L'(v) corresponding to its spectral radius.

dv
3
i) Ifa € (5,2], then for all § € [0, B.()), there exists a continuous version of

d
the Radon-Nikodym derivative diaj Hence, £ has a continuous principal

eigenfunction.

However, none of these studies, [29] and [16], cover the case of the Dyson po-
tential with a nonzero external field % # 0. The approach in [29] relies heavily on
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the random cluster representation of the Dyson model. The central obstacle to
extending the method in [29]] to non-zero external fields is the loss of symmetry,
essential for the random cluster representation, which disrupts the cluster de-
cay analysis. The method developed in [16] requires a certain sum of two-point
functions to be uniformly bounded, a condition that fails for the Dyson model in
a field. Nevertheless, one can adopt the technique in [16] to the case of non-zero
external fields, as we shall do in Chapter 5.

3
Theorem 1.2.8. Suppose a € (2,2], B =0 and |h| > 0 is sufficiently large (|h| >
2B¢(a)+1og4Bl(a) is enough, here{ is the Riemann zeta function). Then

(i) the Dyson potential ¢ hasa uniqueequilibrium stateu, and there also exists
a unique eigenprobability v of £3;

(ii) w4 is absolutely continuous with respect to v, i.e., u, < v. In particular, the
Perron-Frobenius transfer operator £, admits an integrable eigenfunction

corresponding to the spectral radius \. = e” @),

d
(iii) The Radon-Nikodym derivative % does not have a continuous version. In

y
particular, the Perron-Frobenius transfer operator does not have a continu-
ous principal eigenfunction.

3
In [34], we conjectured that for « € (1, 5], h #0, and all § > 0, the equilibrium

state .. and the half-line Gibbs measure v are mutually singular.

A comparison between Theorem[1.2.6/and Theorem[1.2.8|reveals a stark con-
trast between the zero-field and non-zero-field regimes. In particular, the pres-
ence of an external field leads to a loss of regularity: the corresponding eigen-
function is "one degree" less regular than that of the zero-field case, for the same
values of ¢ and 3.

1.3 Multifractals and Large Deviations in Dynamical Sys-
tems

In ergodic theory—and in many practical applications—it is often important to
understand the size and nature of rare events. An event may be considered rare
in the sense of measure theory — it does not occur almost surely, but this does not
imply that it never occurs.

As a concrete example, consider the two-sided shift space 2 := EZ, where the
alphabet E = {£1} represents Ising spins. For each configuration x € (2, define
the spin observable o, (x) := x,, € E. We are interested in the behaviour of the
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Birkhoff averages

1 < 1 < .
Aglx)= g D an(x)=2n+1i;aoos (x), xeQ,

i=—n

where S : Q — Q is the left shift map, defined by S(x); = x;,; forall i € Z. Ac-
cording to Birkhoff’s ergodic theorem, for every ergodic probability measure u
on €, the sequence A,(x),cy converges u-almost surely to the space average

u(og)=| ooedu. This leads us to the study of multifractal level sets:
9)

1 n
K, ::{xEQ:nlggo Y i;nan(x):a}. (1.28)
By Birkhoff’s theorem, we know that u(K,s,)) = 1, meaning that almost every
point (with respect to u) lies in the level set corresponding to the mean value
u(o). For any other a € R\ u(0y), the set K, is u-null; that is, u(K,)=0.

Now, consider another ergodic measure von 2, such that "o ) # u(og). Then
the set K, is a rare event with respect to u, since u(Ky,)) = 0, but it is of full
measure with respect to v. In this way, what is negligible for one measure may be
typical for another, illustrating the subtleties of rare events in the ergodic setting.
Of course, studying the size of such rare events using measures alone may not
always be sufficient. In these cases, dimension theory provides a more powerful
tool. Specifically, it becomes more practical to investigate the "dimension" — for
example, the Hausdorff dimension - of the sets K.

Now, let us generalise the problem within the broader framework of dynam-
ical systems. Assume that we are given a compact metric space (2, which is not
necessarily a shift space or a configuration space, along with a continuous trans-

formation T : Q2 — Q, which need not be injective. Instead of limiting ourselves
1 n—1 )
to the standard Birkhoff averages — Z f o T'(x) for some observable f : Q — R,
n 4
i=0
we consider a more general setup. Let X = {X,,},x be a sequence of Borel-
measurable functions, which need not even be continuous. We now define the
multifractal level sets associated with this sequence X:

1
K, ={weQ: lim —X,(w)=a}, acR. (1.29)
n—oo pn

It is worth noting that the study of the "dimension" of multifractal sets K, — or
the investigation of the so-called multifractal spectrum a € R — dim(K,) - has a
rich history, dating back to Besicovitch (1935) [6]], Eggleston (1949) [15], and con-
tinuing to the present day. Many researchers have contributed to this field, ad-
dressing the problem at varying levels of generality. A more comprehensive list of
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relevant works can be found in Chapter 6. However, it is important to note that
almost all previous studies, whether implicitly or explicitly, rely on ideas from
large deviations theory. The objective of Chapter 6 is to explore the necessary
and sufficient conditions under which one can derive the properties of the multi-
fractal spectrum directly from the large deviation characteristics of the sequence
X. Consequently, Chapter 6 aims to address the general multifractal setup as
broadly as possible.

As mentioned above, our goal is to study the "dimension" of the sets K, for
a € R. There are several reasonable notions of "dimension" that can be used in
this context, including Hausdorff dimension, box-counting dimension, packing
dimension, and topological entropy for sets. Before proceeding, it is essential to
specify which notion of dimension we will adopt. Among the various candidates,
we choose to work with topological entropy for non-compact sets, a concept intro-
duced by Bowen [8]. This choice is motivated by the fact that topological entropy
is the most inherently dynamical of the aforementioned notions—it depends not
only on the underlying space Q2 but also on the dynamics defined by the trans-
formation T. Furthermore, depending on the nature of the dynamical system,
topological entropy can coincide with other notions of dimension. For instance,
when Q is a shift space and T is the shift map, the topological entropy of a set co-
incides (up to a multiplicative constant) with its Hausdorff dimension. We now
proceed to define topological entropy for sets. For a set Z c 2, and for any ¢t € R,
€>0,and N €N, define

(o) oo
m(Z,t,e,N):= inf{Ze_”” :ZC U By, (x;,€),5n; > N}, (1.30)
i=1 i=1
where, for x e Q and n €N, the n-th dynamical ball is given by B,,(x,€):={y €Q:
d(Tiy, Tix)<e 0<i<n—1} By convention, we define m(f, t,e, N) = 0 for all
values of ¢, €, and N. Clearly, the function m(Z, ¢, €, N) is monotonic in N, and
thus we can define
m(Z,t,e):= lim m(Z,t,e N).
N—oo

It can be shown (see [35]) that mi(-, £, €) defines an outer measure, with properties
analogous to those of the ¢-dimensional Hausdorff outer measure. In particular,
there exists a critical value ¢’ € R such that

+o0, ift'<r,

m(Z,t' €)=
( ) {0, ift'>t.

We denote this critical value by ho,(T, Z,€). Thus, hip(T,Z,€) = inf{r € R :

m(Z,t,e)=0}=sup{t €eR: m(Z,t,€e)=+00}. Since hi,(T, Z, €) is monotonic in
€, we define the topological entropy of the set Z by

htop(TrZ) = lim htop(T»Z, €).
€—0+
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It is important to emphasise that the set Z c Q2 is neither assumed to be compact
nor T-invariant. Throughout our work, we also assume that the topological en-
tropy of the full space Q is finite, i.e., hp(T,2) < 00. The topological entropy has
the following basic properties:

* Monotonicity: if Z, C Z,, then hop(T, Z1) < hop(T, Z5);

* Countable stability: if Z = UZ”’ then hiop(T, Z) = sup hiop(T, Z,).
n n

Another key concept in Chapter 6 is the large deviation principle (LDP). An
extended function I : R — [0,+00] is called a large deviations rate function (or
simply arate function) if it is lower semicontinuous, meaning that for every A € R,
the set {r e R: I(t) < A} is closed. A rate function [ is said to be good if all of its
sub-level sets {r : I(t) < A} € R are compact for every A € R. This additional
compactness condition ensures that the function has "well-behaved" minimis-
ing properties over closed subsets of R. For a set E C R, we adopt the shorthand
notation I(E):= }QEIW

Definition 1.3.1. Let v be a Borel probability measureonQ and X,, :Q2—R, n>1

1

be random variables. The sequence { —X n} o~ satisfies the Large Deviation Prin-
n n

ciple (LDP) with a rate function I if

(1) forall closed set F C R,

1 1
limsup — log v({—Xn EF})S—I(F), (1.31)
n n

n—oo

(2) forall open set G CR,

1 1
liminf—logv({—XnGG})Z—I(G). (1.32)
n—co n
1 . o .
We say that the sequence {;X n }neN satisfies the weak Large Deviation Prin-

ciple (weak LDP) with a rate function [ if, in place of the upper bound condition
(1.31), the following weaker version holds:

(1) forall compact F CR,

1 1
limsup —log ”({ZX” GF}) <—I(F). (1.33)

n—oo

We assume that the underlying measure v is a Bowen-Gibbs measure with
respect to a constant potential, i.e., for some h > 0, and for every € > 0 there
exists D(e)> 0 such that forall x e Qand n €N,

L —nh —nh
D’ <¥(B,(x,€)) < D(e)e " (1.34)
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Theorem 1.3.2. Assume the sequence{X,},cy Satisfies the weak Bowen condition,
that is, for some 6 >0,

X
A1) lim 2o n) ”)=0,

n—oo n
where for H : Q@ — R, v, 5(H) is (n, 0)-variation of the function H, i.e., v, s(H) :=
. . - 1
sup{H(y)—H(z):d(T'y,T'z) <6, i =0,n—1}. If the sequence {;Xn} satisfies
the weak LDP upper bound with a rate function Iy : R — [0,400], then for all

a €R, one has
htop( T, Ka) < htop( T, Q) - IX(a)- (1.35)

To obtain the reverse inequality in (I.35), i.e., the corresponding lower bound,
additional structural assumptions are required.

(A2) The sequence {X,}, is weakly almost additive, i.e., there are non-negative
constants A,, = o(n) such that for all x e Q and n, m €N,

|1 X4 () = X (%) = X (T" )| < Ap; (1.36)

(A3) T :Q— Qisan expansive,i.e., there exists p > 0such thatif d(T"(x), T"(y)) <
p for all non-negative integer n, then x = y, and strongly topologically ex-
act transformation, i.e., for any € > 0 there is a natural number M; € N such
that forall n e Nand x € Q, T"™ (B, (x,€)) = .

1
Theorem 1.3.3. Assumethe conditions (Al), (A2) and (A3). Ifthe sequence { ;X n }neN

satisfies LDP with an essentially strictly convex good rate function Iy, then one has
the following:

(i) there exists extended real numbers —oo < o < 'd < +00 such that K, # 0 for
everya € (a,a) and K, =0 foralla ¢ [a,a].

(i) hiop(T, Kg) = heop(T,2) — Ix (@) holds for all a € (¢, a).
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Chapter 2

On the Gibbs formalism in
Dynamical Systems

Abstract: In this chapter, we review various notions of Gibbs measures, including DLR
measures, G-measures, g-measures and compare them with each other. The chapter
also aims to discuss the Kozlov-Sullivan characterisation of specifications in Equilib-
rium Statistical Mechanics within the framework of Dynamical Systems. In addition, on
the whole-line shift space, we also demonstrate an interaction-independent variational
principle.

Furthermore, we provide a necessary and sufficient criterion for a specification on
a half-line shift space to ensure the existence of a generating translation-invariant UAC
interaction, highlighting the lack of an analogous condition for whole-line shift spaces.
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On the Gibbs formalism in Dynamical Systems

2.1 Introduction

The so-called Gibbs (DLR) formalism — the study of probability measures de-
fined via their conditional probabilities, a perspective formalised in the notion
of a Gibbs measure — was first initiated by Dobrushin, Lanford, and Ruelle to
mathematically describe various phenomena in statistical mechanics, including
phase transitions. The DLR formalism is developed based on the notion of spec-
ifications. Although it was formally established in the 1970s, the foundations of
the theory of Gibbs measures trace back to the earlier works of Boltzmann and
Gibbs. The classical Gibbs formalism starts with the well-known Boltzmann fac-
tor, which is a probability measure interpreted as the probability of a particu-
lar portion of a macroscopic system being in a certain energy state. This mea-
sure is connected to the interactions that define the model quantitatively. This is
why the classical Gibbs formalism is developed based on the interactions. Subse-
quently, Kozlov [21] and Sullivan [28] established that the Gibbs formalism based
on specifications is essentially equivalent to the one based on interactions, as
every Gibbsian specification is generated by some UAC interaction. However,
if one restricts oneself to the setup of translation-invariant measures, then one
can see a subtle difference between those Gibbs formalisms. In fact, as shown in
[2], not every translation-invariant Gibbs measure is prescribed by a translation-
invariant uniformly absolutely continuous (UAC) interaction, even though it is
always prescribed by a translation-invariant specification. This naturally calls
for a reconstruction of classical statistical mechanics framed in terms of speci-
fications. Moreover, the renormalisation group transformation of a Gibbs mea-
sure often results in a loss of the Gibbs property, meaning the transformed mea-
sure may lack a continuous version of its conditional probabilities. However,
in more favourable cases, the transformed measure may retain an ‘almost con-
tinuous’ version of conditional probabilities, which frequently cannot be asso-
ciated with any reasonable interaction. This challenge further emphasises the
need to study Gibbs measures based on specifications alone. In this regard, con-
siderable work has already been done, particularly in the context of generalised
Gibbs measures, as explored in [10}22,24]. In particular, [22] establishes a ver-
sion of the interaction-independent variational principle. Expanding on this, we
present anew form of the interaction-independent variational principle, which is
more suited to the framework of dynamical systems. We also discuss the Kozlov-
Sullivan characterisation of the translation-invariant Gibbs measures. Further-
more, we also give an explicit example of a translation-invariant specification on
the half-line Z, which is not generated by any translation-invariant UAC inter-
action.

Later developments in both Statistical Mechanics and Dynamical Systems led
to the definition of Gibbs measures independent of specifications or interactions,
based instead on the concept of families of multipliers or G -families. The first
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of these alternative approaches was introduced to extend the notion of Gibbs
measures to more general (semi)group actions beyond Z¢ or N. The idea of a G-
family was inspired by Keane’s work [20] and introduced into ergodic theory by
Brown and Dooley [4], where it was used to study generalised Riesz products in
harmonic analysis. In this chapter, we compare these alternative definitions of
Gibbs measures with the classical definition based on specifications.

The chapter is structured as follows:

* In Section[2.2] we recall the different definitions of the Gibbs measures that
appeared in Statistical Mechanics and Dynamical Systems literature and
compare these definitions with the one based on the specifications.

* In Section[2.3} the Kozlov-Sullivan characterisation of the Gibbsian speci-
fications on the full lattice Z¢ will be discussed.

* In Section[2.4] we state the first set of our main results. There, we formulate
aninteraction-independent version of the variational principle, aligned with
the spirit of dynamical systems.

* Section[2.5/focuses on the Gibbs formalism on the half-line Z, . In this sec-
tion, we also compare the concept of G-measures, introduced by Brown
and Dooley in the 1990s, with the DLR-Gibbs measures. Additionally, we
provide an example of a translation-invariant Gibbsian specificationon Z
that is not generated by a translation-invariant UAC interaction.

* Section[2.6]is dedicated to the proofs of the main results of this chapter.

2.2 Preliminaries

2.2.1 The Gibbs measures in DLR formalism

The DLR formalism starts with the so-called specification — a given family of con-
ditional probabilities. Since there is no a priori underlying probability measure,
one should define the prescribing family of the conditional probabilities every-
where, not almost everywhere.

In this chapter, we consider the shift spaces in the form Q:= E L where E is a
finite set equipped with the discrete topology and interpreted as the state-space
of the system, and L is interpreted as the set of sites, which is at most a count-
able set. We denote the Borel o—algebra in Q2 by &, and for A c L, &, denotes
the minimal o—algebra containing all the cylindrical [0y ] sets based on volume
V € A. #,(9Q) denotes the set of probability measures on Q2. A function f: Q — R
is called local if there exists a finite volume A € L such that f is #,—measurable.
Then a specification y is a family of positive functions {y,}rer — the so-called
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probability kernels on 2 indexed by the finite volumes A € L which has the fol-
lowing properties:

(P1) for each A € L and every B € Z, the function (B|w) € & x Q LN [0,1] is
measurable in %, as a function of w;

(P2) foreach A €L and all w € Q, the function 7, (-|w): & — [0, 1] is a probability
measure on .%;

(P3) (properness)for each A € L and every B € #,. and w €, y5(B|w)=13(w);

(P4) (consistency)forall ACAeL,

YAYA=T A 2.1

where vy A(Blw) = f ra(BInyaldnlw), BEF, we.
Q

Definition 2.2.1. A specification y on X is called quasilocal if for any local func-
tion f and volume A €L, one has that y,(f) € C(Q), where for w € Q, y(f)(w) ==

f f@raldllw).
Q

Describing the specifications with their specification densities is often convenient.
The density of a specification y in the volume A @ L is yx(wp|wpc) :=7a(lwlp]w),
here [w], denotes the cylinderic set based on the volume A and the configuration
w,ie, [w]y={EeQ:Ey=wr}

Definition 2.2.2. A specification v is called non-null (or positive) if for all A €L,
inf YA(C')AM)AC) > 0.
weN

We call a specification Gibbsian if it is quasilocal and non-null at the same time.
The consistency property (2.1) of specifications yields the following for specifi-
cation densities:

TAMAlwac) =7aNalna/awac) Z TAlO AN Al@A), VACAEL, Yoo, n €.
O'AEEA

(2.2)
The characterising property of the non-null specification densities is the so-called
bar moving property, which we use frequently in the chapter; therefore, we state
it below:

ralBalwae) _ rA(Bawnalwac)
ral@alwac)  ral@awpalwa)

AcAel, a,B,we. (2.3)

Now we turn to the consistent probability measures with the specifications.
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Definition 2.2.3. A probability measure u € () is consistent with a specifi-
cation v if for all A € L, the conditional probability u(-|Z ) is prescribed by the
probability kernely,, i.e., for all B€ Z, and u—almost every w €,

U(B|F e Nw) =y A(Blw).

This is equivalent to stating that the measure u satisfies the DLR equations, i.e., for
allN\eL and B e %,

p(B) = (uyr)(B) :=J rA(Blwlu(d w). (2.4)
Q

The set of consistent measures with a specification y is denoted by 4(,7).

It should be stressed that any probability measure u € .#,(?) is prescribed
by some specification y [17]. Conversely, in the general case, one can’t guaran-
tee the existence of a consistent probability measure with a given specification
vy [16], i.e., it can be a case that ¢((2,y) = 0. Therefore, specifications without ex-
tra properties are not very interesting. In practice, the quasilocal specifications
hold more significance. One of the important properties of the quasilocal spec-
ifications is that there always exists a consistent probability measure as long as
the state-space E is compact, as is the case in this chapter. In fact, for any se-
quence {T,},en C #:1(Q2) of probability measures, any weak* limiting point of
the set {7,y : n €N, A € L} is consistent with y. In particular, 4(,7) is a con-
vex closed, thus compact subset of ./, (f2) in the weak® topology. Another crucial
property of the quasilocal specifications is that one probability measure can not
be consistent with two distinct quasilocal specifications. Thus it would be more
interesting if a measure is consistent with a quasilocal or a Gibbsian specification.

Definition 2.2.4. A probability measure u € #,(?) is called a Gibbs measure
(state) if u is prescribed by a Gibbsian specification, i.e., there exists a Gibbsian
specification y such that u€(Q,y).

Although there always exists a consistent measure with a quasilocal specifi-
cation, in particular, a Gibbsian specification, it is often the case that there are
multiple of such measures. In this case, one says that the underlying specifica-
tion exhibits phase transitions.

2.2.2 The Classical Gibbs formalism

The classical Gibbs formalism starts with an interaction ® - a family of local func-
tions ®, indexed by A € L on a configuration space 2 = E™ such that for each A,
®, is Z,—measurable. If the given interaction & is sufficiently regular, then one
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can associate a specification with it. More precisely, the interaction Hamiltonian
HY,aka. the interaction energy in a volume A €L, is

HY(w):= Z dy(w), we. 2.5)
Vel,

VNAF£D
Without any condition on the interaction ®, the sum in (2.5) does not need to
converge. In literature, depending on the mode of the convergence of the sum in
(2.5), different classes of interactions arise.

(1) Aninteraction @ is called uniformly convergent if the sum converges
uniformly on w €, i.e., for any cofinal sequence {V},}, .y of the finite vol-
umes, the finite sum

D dvle)

vcy,
VNA#D

converges to H f (w) uniformly in w € Q as n — 00;

(2) An interaction @ is uniformly absolutely convergent (UAC) if for all i €L,

Z sup |dy (w)| < oo.
ieVelL WL

(3) Fix a configuration 6 € Q. An interaction ® is called relatively absolutely
convergent if for all j €L, the sum

converges uniformly in w € Q. It should be mentioned that the concept
of relatively absolute convergence of an interaction is independent of the
choice of the configuration 6.

(4) An interaction ® on (2 is called variation-summable if for all i €L,

where 6; f denotes the oscillation/variance of the function f : 2 — R at the
coordinate i: 6, f :=sup{f(&)— f(n): Er\(iy = Ny }-

Among the above convergence classes of interactions, the class of UAC interac-
tions is the smallest, and the class of relatively convergent potentials is the largest
one. Note that the first two summability modes guarantee, for all A € L, the ex-
istence of a continuous Hamiltonian H /‘\I) defined by . Then for all A € L, one
can define the Boltzmann factor yi for ® by
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e—Hf\I’(’?AO)AL‘)

Z e_H/?(T_]A‘UAC) ’
NAEEA

ny€E weq. (2.6)

rr(nalwae) =

One can readily check that the family {yi} AeL. CcOmprises specification-densities.
The associated specification y® can be recovered from the Boltzmann factor yf
by

raBlw)= > rrnalor)dn,e, (B), BEF, we,

T]AEEA

It is clear that the specification y® is non-null and quasilocal, if the interaction ®
is uniformly convergent.

One easily notices that the relative absolute convergence or variation-summability
of an interaction @® is not sufficient to guarantee the convergence of the Hamil-
tonian , therefore, in these classes of interactions, one may not have a de-
fined Hamiltonian. Despite this, there is another way of associating a specifica-
tion with an interaction. Note that if one writes in the following form,

1

o
TalEalnac)= -
A 2 EXP(H/?@AUAJ—HE(@AT)M))

SAEEA

1
= - (2.7)
2 exp( > [‘I’v(iAnAc)—‘I’v(iAnAc)D
E\€EA VNA#D

then it becomes apparent that one does not really need the convergence of the

sum Hy = Z &, to associate a specification )'q’ with an interaction ®. In fact,

Vel
VNA#D

if the interaction ® is relatively absolutely convergent, then the equation (2.7)
makes sense; therefore, y? is well-defined.

Once the relationship between specifications and interactions is established
by either or (2.7), the following question arises: how generic is the class of
specifications generated by interactions? In fact, this question has been stud-
ied by Kozlov, Sullivan and Grimmett and others [1,2}/18,21}/28]. Here we only
mention a theorem by Kozlov which answers the question, and will discuss the
question and Kozlov’s method in greater detail in Section[2.3]

Theorem 2.2.5 (Kozlov’s theorem). [2,(12,16}21|] Every Gibbsian specification is
generated by a UAC interaction. In other words, for any Gibbsian specification v,
there exists a UAC interaction ® on Q such thaty =v°.

Notably, the Kozlov theorem applies to any countable set L, and this is the
elegance of the theorem.
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2.2.3 The parameterization of specifications with cocycles

We start this subsection by introducing the asymptotic equivalence relation—also
known as the Gibbs relation or homoclinic relation—denoted by () c Q2 x Q. We
say that two-configurations w, ' € Q= E™ are asymptotically equivalent/homo-
clinic, i.e., (w, w’) € T(Q), if there exists A € L such that w,. = /. For each fixed
A € L one can introduce a subequivalence relation T () by (w, w’') € TA(Q) &

Wac = a)/AC. Then it is clear that T(Q2) = U TA(Q). Note that each TA(Q2) € 2 x Q2
AcL
is closed, thus a compact subset of the product space Q2 x Q2. One can introduce a

relevant topology on %(Q) as follows: ¢ c ¥(f2) is open if and only if 0 = U O,
AcL
where 0, is an open subset of T (2) € Q2 x Q in the induced product topology on

Qx0Q. Note that this topology in T(Q) is strictly finer than the induced topology on
T(Q) by 2 x Q. Nevertheless, these two topologies in T(2) induce the same Borel
sigma-algebra. It should also be stressed that a function f : T(Q?) — R is continu-
ous iff for all A € L, the restriction f|z, ) is continuous in the induced topology
by Q2 x Q.

Now we turn to cocycles on the asymptotic equivalence relation T(£2). A map
P () — Ris called a cocycle on 2 (or T(Q)—cocycle) if for all (w,n),(n, &) € T(Y),

plw,n)+pn,&)=p(w,f). (2.8)

If p is a cocycle, it can be readily checked that for all (w, &) € (), p(w, w)=0and
p(w,&)=—p(&,w). Another important observation is that there is a one-to-one
correspondence between the non-null specifications on Q2 and measurable cocy-
cles on Q. In fact, let p be a measurable cocycle on (), then one can associate
a specification (density) y with p by

1

e—Pwansc,N)’
wpr€EA

rhmalnse) = A€L, neq. 2.9)

One can easily verify that (2.9) is indeed a specification density. In fact, by the
cocycle condition (2.8), one has

0 e~ PEaNc, M)
IZAYA@A'”AC)— ZA S e PO Eale-pEnae, )
SAEE gAGE a)AEEA
e~ PN, M)
i (2.10)
Z e—P(wanse, )
wp€EA
=1
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By a direct calculation, it can be confirmed that the cocycle condition implies the
consistency condition (2.2) as well. In fact, forall AcAeLand ne€q,

nAlnAf Z'}’A OANmAlNAe)= Z( Z e—P@AT)ACvn)—P(wAT)Ac,UAT)AC))_l

A Epa,wp

_Z( Z e P@ANAe=Pp(Eanac, UAnAC)) 1

Oa \Ay(UA

_Z(Z —plwanac, ’7)) 1(2 e_P(gAnACrUAT)AC))71

&

=> e—P(wmAc»n))_l S(Sereteana ,aAnAc))—l

wp (/NN

ﬁ(TIAVIAc)ZTg(UAV)Ac)

(QFN

rhMalnAe)-

N
IIH

.10)
(2.11)

The other way around, let y be a non-null specification on the configuration
space (2, then one can associate a cocycle p” with y by the following formula: for
(w,8) €T (),

pT(w,&):=logya(€alEac)—logya(walwye). (2.12)

Note that p7 is well-defined due to the bar moving property , and it is also
clear that p” is measurable and satisfies (2.8).

Remark 2.2.6. It is easy to see that (2.9) associates a Gibbsian (quasilocal) spec-
ification to a continuous cocycle, and associates a continuous cocycle to a
Gibbsian specification. Hence, there is a one-to-one correspondence between Gibb-
sian specifications and continuous cocycles on ().

Now let the specification y be generated by an interaction @, i.e., y := y®. Then
the corresponding cocycle p® has the following form:

Pl )= (@y(w)—0y(), (@ )T (2.13)

Vel

It is clear that if the sum in li converges for all w €, then p® is well-defined
and for (w, w’) € T,(R), one has

p(w,0") = H(w)—H (o),

and hence one can restore (2.7) for the specification y®. However, another impor-
tant observation is that the convergence of the sum in lb for all (w, w’) € T(Q)
does not imply the convergence of the sum in (2.5).
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2.2.4 Capocaccia’s definition of Gibbs measures

In 1976, Capocaccia extended the notion of the Gibbs measure to the general
setup of the actions of the group Z“. This subsection aims to recall her definition
of the particular setup of the full shift space 2 = E Zd, and we also observe that
for this specific setup, Capocaccia’s definition agrees with the definition of Gibbs
measures in DLR formalism (see Definition[2.2.4])

In her original paper, Capocaccia showed that any Gibbs measure in the clas-
sical DLR sense is also Gibbs in the sense of [5]. In this subsection, we prove the
opposite.

Capocaccia’s definition involves the notions of conjugating homeomorphism
and a family of multipliers. The conjugating homeomorphism between asymp-
totically equivalent points (x, y) € T(2) is a homeomorphism ¢ defined on some
open neighbourhood ¢ of x and taking values in 2 such that ¢(x) = y and there
exists A € Z4 satisfying, (x’, p(x")) € TA(Q) for all x’ € 0. It should be noted that
for every open subset x € 0’ C 0, ¢’ := ¢|4 has the same properties as (0, ).

Remark 2.2.7. Note that for any asymptotic pair (x,y) € $4(2), there is a canoni-
cal conjugating homeomorphism ¢ :[x], — [y ]a defined by

X elx]y = YAXLe- (2.14)

Thus if (0, ) is another conjugating homeomorphism for the pair(x, y), then by
the second part of Theorem 1 in (5|, thereis a cylindrical set|x]y containedin[x] N
O such that |y}, = Plix),- Therefore, without loss of generality, we can always
assume that the conjugating homeomorphism @ has a canonical form and
the open set O containing x is actually a cylindrical set.

Definition 2.2.8. A family of multipliers is a family f :=(f,,,) of positive contin-
uous functions fg , defined on O indexed by the conjugating homeomorphisms ¢
on open sets O such that

() if0'c 0 and ¢’ = plg then fg .= fo,plor
(i) if0 c 0'n(p’ ) (0", then
foo=(forplo)-(Forpro9'lo) (2.15)
A family f =(fo,,) of multipliers is called translation-invariant if
(iii) foreveryie€Z® and all(0, ®),
fs:(0),8i0p08 ; = fo,0 ©S=is (2.16)

where S; is the shift by i € Z% ie,weN—Sw= (Wj4yi)jeza
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Below, we define the concept of Gibbs measure for a family of multipliers.

Definition 2.2.9. A Gibbs measure for a family of multipliers f = (f,,) is a prob-
ability measure u € /() such that for any pair (0, @), one has

@ fo,p - o) = tlyo) (2.17)

where @, denotes the pushforward of the map ¢ : 0 — 2 and for the Borel set
B €7, u|p is the restriction of the measure . to the set B, i.e., for B€ Z, u|g(B) =
u(BNB).

Now we show that if a probability measure is Gibbs in the sense of the above
definition, then it is also Gibbs for an appropriate specification in the sense of
Definition In fact, if p is a Gibbs measure for a family of multipliers f =
(fo,p), consider a cocycle pf defined as follows: let (x, y) € T(2) and (0, ¢) be a
conjugating homeomorphism corresponding to this pair (x, y), then put

pf(x,y)::—logfﬁ,(p(x). (2.18)

Then, using , one can check that p/ satisfies the cocycle equation (2.8).
Indeed, consider a triplet (x, y),(y, z),(x, z) € T(?) of asymptotic pairs, assume
the conjugating homeomorphisms (0’, ¢"), (0”,¢") and (0, ¢) with ¢ c 0’ n
(¢')"1(0”) correspond to these pairs. Then

Pl +p (r2) = —log[forplx): foren(y)]
= —10g[ for (1) fom ol (2))]
~10g f5,(x)
= pl(x,2).

The continuity of the cocycle p/ is clear from its definition li . Note thatif the
family f of multipliers is translation-invariant, then the associated cocycle pf is
translation-invariant in the sense

pl(x,)=pl(Six,S:y), (x,y)€TQ), i eZ*

(see also Section. In fact, let (x, y) € ¥(?) and assume (0, ¢) is a correspond-
ing conjugating homeomorphism, then for any i € Z%, one has

pl(Six,Sy) = pl(Six,Sip(x))
Pl (Six,8;pSi(S; x))
_logfs,ﬁ,s,ws_l(slx)
—log fo,p 0 S5-i(S;i x)
ol (x,y).

=
=l o
o2)

37



On the Gibbs formalism in Dynamical Systems

With a similar argument, one can also show the opposite; namely, if the cocycle
p/ is translation-invariant, so is the family f of multipliers.

Now consider the Gibbsian specification y/ associated with p/ via . Now
we aim to show u € %(yf ). Pick any configuration x € Q and a finite volume
A € Z%. Then by Remark one can choose a finite volume V with A c V
such that for all y € Q with yy. = x,., the conjugating homeomorphism (&, ¢)
corresponding to the pair (x, y) has a canonical form in the cylinder [xy/].
Now take a bounded measurable test function g : [x];, — R. Then by , for
all y with yyc = x5, one has that

(yvxye)
Jfcyv—v,(y’;(ywx’w)n[x]v(x’)—rfv(xv|x’w)n[y]v(x’))u(dx’)=o, 2.19)
Q Yv(xv|xvc)
hence
(yvxye)
f SV (0] (g oy ) =) G eyl Ly ) ') = 0. (2.20)
Q '}’V(xlevc)

Thus, since g is chosen arbitrarily,

O lxl eyl ) = 1] (v xu(y|x).), u—ae. x’ €. 2.21)

The bar moving property and the above equation yield that

rl Ol ] xie) = 74 (el g u(lxh.), u—a.e. x’ €. (2.22)

Then by summing up both sides of the above equation against y, € E*, one gets
that

wlxalxs) =7h(xalxl,), p—ae. x’ €. (2.23)

Thus p is indeed consistent with the specification yf .

2.2.5 Equilibrium states

The notion of equilibrium state is developed in parallel with the notion of Gibbs
measure and plays an important role both in Mathematical Statistical Mechanics
and Dynamical Systems. In fact, one can see the concept of the equilibrium state
as a counterpart of the concept of Gibbs states in the sense that the Gibbs states
are defined in terms of "local rules" (the DLR equations), but the equilibrium
states are defined in terms of a "global rule" (the variational equation). Note that
a measure U € #;() is translation-invariant if for all i € z4, U =puoS; I We
denote the set of translation-invariant probability measures on Q by .#; ().
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Definition 2.2.10. Let ¢ : Q@ — R be a continuous function on the shift space

O = E%'. A translation-invariant probability measure u € M, 5(9) is called an
equilibrium state for ¢ if

h(u)+J (pd,u=sup{h(f)+f pdr:Te 5}, (2.24)
Q Q

where h(u) is the measure-theoretic entropy of the measure u. We denote the set of
equilibrium states for a function ¢ by &5 ().

Note that any continuous function ¢ on 2 has at least one equilibrium state.
There is an interesting relationship between the equilibrium states and Gibbs
measures known as the variational principle, and we shall discuss it in detail in
Section 2.4

2.3 On the Kozlov-Sullivan characterisation of the Gibb-
sian specifications on Z?

In this section, we discuss Kozlov’s theorem, as presented in Theorem[2.2.5] and
Kozlov’s regrouping method, which is key to proving the Kozlov theorem.

2.3.1 Translation-invariant generators of Gibbsian specifications

Recall that a measure p € .#,(Q) is translation-invariant if for all i € Z%, u = po
S !, An interaction ® = (®y )y cza is called translation-invariant if for all A € z¢
and i € Z%, one has

(I)AOSZ'Z(I)A+I" (225)

Similarly, a specification y on Q is translation-invariant if forall A € Z, i € 74,
andevery Be Z weq),

Y a+i(Blw)=71A(Si(B)IS; w). (2.26)

Note that a translation-invariant uniform-summable (or relatively uniformly
convergent) interaction gives rise to a translation-invariant Gibbsian specifica-
tion y‘I’. Surprisingly, the opposite of this statement is not true: a non-translation-
invariant interaction may also give rise to a translation-invariant specification
(see theinteractionin (2.32)). Nonetheless, a translation-invariant non-null spec-
ification y always generates a translation-invariant cocycle p7 i.e., for all (w, @) €
T(Q) and i € 2%,

plw,0)=p"(S;w,S;d) (2.27)

and vice versa.
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In the context of Gibbs measures, a translation-invariant quasilocal specifi-
cation always admits a translation-invariant Gibbs measure, and vice versa. That
is, a quasilocal specification prescribing a translation-invariant measure must it-
self be translation-invariant. However, this statement is not true for the inter-
actions, in fact, a translation-invariant measure can be a Gibbs measure for a
non-translation-invariant interaction (see the figure below)

Translation-invariant «————————— Translation-invariant
Gibbsian specifications ----- - _______---- -l  Gibbs measures

7
s

Translation-invariant
UAC interactions

Figure 2.1

By Kozlov’s theorem (Theorem [2.2.5), it is a well-known fact that any Gibb-
sian specification is generated by some UAC interaction on 2. However, one may
ask if every translation-invariant Gibbsian specification is also generated by a
translation-invariant UAC interaction. Unfortunately, the answer to this ques-
tion is not affirmative in general [2].

Theorem 2.3.1. [2] There exists a translation-invariant Gibbsian specification on
Q=1{0,1} which is not generated by any translation-invariant UAC interaction.

The proof of Theorem is not constructive but based on showing the
non-surjectivity of certain bounded operators. Therefore, the specification men-
tioned in Theorem[2.3.1]is not explicit. It is worth noting that in Subsection[2.5.5}
we consider a similar question on the one-sided full shift space X, = EZ+, and
prove an analogue of Theorem[2.3.1} however, the example that we provide is ex-
plicit.

The mismatch issue between translation-invariant Gibbs measures and translation-
invariant UAC interactions raised by Theorem can be resolved by two ap-
proaches:

(i) relaxing the UAC condition for the generating interaction;
(ii) imposingstronger regularity conditions on the specification than the quasilo-

cality.

40



On the Kozlov-Sullivan characterization

Below, we discuss these approaches in order.
One way of solving the issue by the first approach is done by Sullivan.

Theorem 2.3.2 (Sullivan’s theorem). [2}[28] Lety be a translation-invariant Gibb-
sian specification on (). Then there exists a translation-invariant variation-sum-
mable interaction ¥ such thaty =1".

In his original paper [21], Kozlov suggests a condition which solves the issue with
the second approach. Denote the r'—variation of the single-site density 7oy of

a Gibbsian specification y on E z by v(r), i.e.,

v(r)=sup{roy(EolE o3 ) =Ty olnoye) | Ei =1y, Vie[-r, 119 N2}, (2.28)
then the following is one of the results in [21].

Theorem 2.3.3. Assume a translation-invariant Gibbsian specification y on ) =
d . L. .
EZ" has summable-variations in the sense that

Z ré-1 v(r)< oo. (2.29)
r=1

Then the specification y is generated by a translation-invariant UAC interaction.

The proof of Theorem[2.3.3]is constructive and relies on the same method as the
proof of Theorem[2.2.5] One can easily notice that Theorem [2.3.3applies to the
finite-range specifications since v(r) = 0 after some r € N. However, if it comes
to the infinite-range specifications, is quite a restrictive condition; for ex-
ample, in dimension one, it prevents the underlying specification from the phase
transitions.

Theorem 2.3.4. Lety be a translation-invariant Gibbsian specification on Q)= E-
satisfying (2.29). Then there is a unique Gibbs measure compatible with v, i.e.,
#49(Q,r)=1.

For completeness, we shall provide a proof of the above theorem in Section|2.6

2.3.2 The challenges of extending Kozlov’s method to the translation-
invariant setup

In his original paper [21], Kozlov proved two theorems — Theorem[2.2.5|and The-
orem|2.3.3|above — on the generating interactions of Gibbsian specifications. The
idea of proofs of both theorems is based on a regrouping of the bonds in Grim-
mett’s vacuum interaction [18]. The regrouping procedure in the proof of Ko-
zlov’s first theorem (Theorem [2.2.5|above), which we refer to as Kozlov’s first way
of regrouping, does not adhere to any order, algebraic, or graph structure in Z¢.
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Consequently, it produces an interaction that is uniformly absolutely convergent
(UAC) but does not align with the structural properties of Zd In contrast, the re-
grouping procedure in his second theorem (Theorem [2.3.3| above), referred to
as Kozlov’s second way of regrouping, respects the order and graph structure of
the lattice Z%. As a result, while it produces an interaction with good algebraic
properties, it may have very bad summability properties. Below, we demonstrate
these disadvantages of Kozlov’s regrouping method in a special example of the
specification of the Dyson model.

Recall that the single-site density of Dyson’s specification y” at a site i € Z is
defined by

exp(ﬁ Z z+k+wz k)) v Q
ﬁzoo wl+k+wl k)+exp /521301 wz+k+wz k) wEe
(2.30)

where a € (1,2] is the decay rate of the coupling constants and > 0 is the in-
verse temperature. Note that the associated specification y” is uniquely recov-
ered from these single-site densities [13].

The vacuum interaction for the specification y” corresponding to the vac-
uum configuration — := —15 is given by the the following lattice-gas interaction
o

7{[;}((*)”@2\{1'}):

Bl+w)l+w;) .. .
— |i—lj|a I ifA={i,j}cZ, i#]j;

2BL(a)1+ w;), ifA={i}cZ;
0, otherwise,

P (w):= (2.31)

where { is the Riemann zeta function.

If we enumerate the elements in Z by {¢;,¢,,¢3,...}, where for k €N, £,;._; :=
k—1and {5 :=—Fk, and define for (k,i) eN?, LY :=={(; : k< j <k+2}, #F =0
and

gk ={BcL t eB\F*,

then Kozlov’s first way of regrouping produces the following interaction for y?:

if A# LY, forall (k, i) e N%;

o= Z ., ifA= Lgl, for some (k, i) € N°. (2.32)
Besk

By the construction, the interaction KR — ((I)f RY generates the specification
yD and is UAC. However, ®X®! is not translation-invariant, because

OKRL (@)= B+ wo)(2d(a)—2—w_ — wy)

and for all k € Z\ {0}, one has (D{k Lk k+1; =0
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Kozlov’s second way of regrouping produces the following interaction for the
specification y”:

D T ifA=[(,(+2]NZ, (€Z;
(<j<t+2
o= Ny, ifA=[00+28]0Z, L€Z, keN\{1}; (233)
(42k-1< j<l+2k
0, otherwise,

(I)KRZ

This time, by the construction, the produced interaction is translation-
KR2

invariant, but not UAC. In fact, for k > 2, one has the following for ||<I>[0,2k] lloo:

ok
1K= S 2, (2.34)
i=2k-14]
thus for all k > 2,
185 57 loo 2 28 - 207K, (2.35)
Hence for a €(1,2], one has
o0 o0
D lef e = D @E + DIl = 28 257 = oo, (236)
0eVeZ k=2 k=2

Thus ®¥™2 is not a UAC interaction.

Remark 2.3.5. Although Kozlov's method does not yield interactions for the speci-
fication of the Dyson model having desired algebraic and summability properties,
Grimmett's vacuum interaction ®~ given by already possesses these proper-
ties. However, Grimmett's vacuum interaction does not always have good summa-
bility properties and, in fact, it often lacks the UAC property.

2.4 Main ResultsI: An Interaction-Independent Variational-
Principle on Z¢ and its Consequences

2.4.1 An Interaction-Independent Variational Principle

In probability theory, there are several notions that aim to measure the discrep-
ancy between probability measures. One such concept is relative entropy, which
plays a key role in both information theory and statistics and is also important in
the formulation of the variational principle in Mathematical Statistical Mechan-
ics.
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Consider probability measures 7,u € .#4(2) with full support, i.e., for any
cylindrical set [op], 0 € Q, A € Z%, one has 7([o,]) > 0 and u(loa]) > 0. For a
finite volume A € Z4, consider the marginals 7, and u, of probability measures
7 and u which are finite-volume measures on the sub-sigma algebra Z,. By the
full-support condition, one has 75 < u, and vice versa. Then the relative entropy
H(talup) of T relative to uy is

dart
H(tplup) = Jlog—Adﬁ:A (2.37)
Q duA

T([oal)

= D tloallog——5

e ullos)’

By a direct application of the Jensen inequality, one can show that H(7,|us) >
0. However, for the infinite volume measures 7 and y, it is often the case that
H(7|u)=+o0o which is not a quite useful information in comparing 7 to u. Nev-
ertheless, in the case of infinite volume measures, the specific relative entropy —
which can be interpreted as the relative entropy per site — gives some informa-
tion. Recall that the specific relative entropy h(t|u) of T relative to u is defined
by

1
h(t|u):= nlggo A_H(TAnl‘LLAn) (2.38)
n

provided the limit exists.

Now consider a translation-invariant UAC interaction ® on 2. Then one has
the following, the so-called variational principle for translation-invariant Gibbs
measures for the interaction ®. In order to stress the difference, we state two ver-
sions of the variational principle in separate statements. Yet, these versions are
equivalent, atleastin the case where the specification is generated by a translation-
invariant UAC interaction.

First, for the UAC interaction ®, define a continuous function (potential) by

Up :=— Z ﬁ@v
OsVezd

which is interpreted in Statistical Mechanics as the energy contribution from (the
neighbourhood of) the origin.

Theorem 2.4.1. [16, Chapter 15]

(VP1) Letu€%s(®) and v € M, 5(SY), then the specific relative entropy h(t|u) of T
with respect to U exists and

h(tlu)=0 < 1e%Y(d). (2.39)
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(VP2) The translation-invariant Gibbs measures for the interaction ® are exactly
the equilibrium states for the potential uy and viceversa, i.e., 95(®) = 8 ¥ (ug).
In other words, for a translation-invariant measure u € ., s(S2), one has

h(,u)+f uq,d,u:sup{h(f)+f updT:TE M5} = pes(@)
Q Q
(2.40)

Remark2.4.2. [n[25], Pfister proves that for any translation-invariant probability
measure v € M s(2) and every translation-invariant measure u € #, s(2) which
is asymptotically decoupled from above, the relative entropy h(t|u) exists. Note
that a measure v € /() is asymptotically decoupled from above if there exist
g:N—-Nandc:N—[0,00)with lim M=Oand lim c(n)

n—oo n n—oo |A,,|

everyi€Z',n €N, A€ 7, ,; andall BE Fi,y ., one has

=0 such that for

WANB) < e“™y(A)n(B). (2.41)

Any Gibbs measure, in the sense of Definition[2.2.4, is asymptotically decoupled
from both above and below, namely together with the upper bound (2.41), the fol-
lowing lower bound also holds for v:

e MW yA)»B) < AN B). (2.42)

In the first statement of Theorem [2.4.1} all participating quantities and no-
tions are independent of the form of interaction ®. Therefore, it is reasonable
to expect a generalisation of the statement to the Gibbsian specifications. In the
light of Theorem [2.3.1] such a generalisation would be strictly stronger than the
first statement of Theorem [2.4.1] In [22], the authors proved such a generalisa-
tion.

Theorem 2.4.3. [22] Let y be a translation-invariant Gibbsian specification and
u€9s(y). Then for all v € M, 5(S2), the specific relative entropy h(t|u) exists and

h(rlu)=0 <> Te%(y)

The purpose of this section is to state the VP2 in terms of specifications. To do
so, first, we have to extend certain interaction-dependent thermodynamic quan-
tities such as the notion of the contribution to energy from the origin to the setup
of specifications.

Henceforth, < denotes the lexicographic order in the lattice Z%, and for i, j €
z% with i < i, jl=1{ke 78 i<k< j}. Open and half-open intervals are also
defined analogously. For n €N, A,, denotes the volume [—n, n]“nz?. Consider
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a translation-invariant probability measure p € .4 5(©2), and define a function
interpreted as the contribution to the energy from the origin by

7 0}(@ol|O<owso)
ul(w):=1 lo (d0), weq. (2.43)
’ fg & 7{0}(90|0<0w>0) P

Remark 2.4.4. Note that the notion of the contribution to the energy from the ori-
gin that we have introduced above generalise the corresponding notion in Statis-
tical Mechanics. This can be illustrated through the concept of physical equiva-
lence. In fact, if a translation-invariant Gibbsian specification v is generated by a
translation-invariant UAC interaction ®, then uf is physically equivalent to ug =

1
— Z ﬁ‘l’v, i.e., there exists a constant C € R such that for all T € M, 5(2), one
0eVezd

Y
Q

Q
translation-invariant probability measures p € #, s(S2) are physically equivalent
to each other. It should also be noted that if the reference measure p is a Dirac mea-

sure 0 where+ is a constant configuration with+; =+ € E foralli Z4, then
provides the following function:

7 10}(@Wol +<0 Ws0)
710} (+ol +<o0 @>0) ’

has | ufdr :f uedt + C. In particular, all functions uf parameterised by the

u;(w) :=log wenN. (2.44)
The following theorem is a natural generalisation of the second part (VP2) of
Theorem to the setup of specifications.

Theorem 2.A. AssumeY is a translation-invariant Gibbs specification on ). Then
the translation-invariant Gibbs measures for y are exactly the equilibrium states
for the potential uf and vice versa, i.e., 95(y) =8 (uf ). In other words,

h(,u)+f u;’duzsup{h(r)+J wdtite M5} < pes(y). 245
Q Q

We shall present a proof of Theorem [2.A|in Section It should be noted
that our proof of the theorem yields, as a byproduct, the following formula for
the specific relative entropy h(7|u) of a translation measure 7 with respect to a
Gibbs measure u.

Corollary A.1. Let u be a translation-invariant Gibbs measure prescribed by a
Gibbsian specificationy and T be a translation-invariant measure on ). Then for
the specific relative entropy h(t|u), one has

1
| J logya, (wa, |lwpe)T(dw). (2.46)
nlJo

h(tlp) = —h(7)— lim A
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So far, we have not established any regularity properties of the function u
which is associated with a translation-invariant Gibbsian specification y via .
We now demonstrate that u? possesses the extensibility property. Recall that
a continuous potential ¢ : Q — R satisfies the extensibility condition if for all
a,b € E the sequence

EP (@)=Y (¢ oSi(@”) = oSi(w®)

i€A,
converges uniformly on w € Q as n — 00, here the configuration w? is given by
.« Ja k=0,
Wi = d
wy, keZ\{0}.

Proposition 2.4.5. Lety be a translation-invariant Gibbsian specification on ).
Then uf satisfies the extensibility condition.

Proof. Pickany a, b € E and w €. One can check that for any n €N,

EP(w)= D [uf o Si(w")—uf 0 Si(0)]

iel,

J 7 103((@)olO<o(@(i 0)bows0)>0) 0(d6)
iel,

7103 (00| O<o(w(i 0)bows0)s0)
z<0

f 710} ((0)ol0<o(@(i 0y @w>0)>0)
= 7104001 0<0(w(i,0) 0 W>0)>0)

p(d0)+ E"(w).
l<0

Then, by applying the bar moving property, one gets

b,
EV (@)= K w)= 3
ieA,
1<0

iori1{(@io(bo)-i1o(ei050) 20 )
J log == p(do)

(R CICORICRICIRERIEY

—1

T{0,—i} 90(“0) il0<o(w lO)a)>0) >0_)
f log = p(do),
leA

g Toen((@nola0)-i10<0(wi0w-0) 0 )
and thus

E) (@)= B (w)=
f T{—i}((bo)—i|9<0(C‘)[i,0)w>0)#20.) 7 =i} ((@0)=i10<o(w(i,0)w>0) 20 )
lo -
ieA

: (do).
8 7{—1’}((“0)—1’|9<0(w[i,0)w>0)7é20_) Y =i} (Po)—i|0<o(e(i 0) 60>0)7é Ol)p
—1

i<0
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Hence by the translation-invariance of y and p,

Fba C())—
byl 0. ; wy; gy (bg|O<; i gy
f 7’{0}( 0l0<; Wi 0)@W>0) de)_zfl 710} (bolO<; (i ) >0)p(d0)
ien, 7’{0} ao|9<zw[zo)60>0 ien, T{o}(ﬂo|9<l (1,0)@>0)
z<0 z<0
b 9 minA, W[min b 9 w
:flo 7 10}(D0|0<min A, ©[minA,,,0)@ p(d0)— f 7103 (bolO<o >°)p(d9).
7’{0}(“0|9<mm/\,,60[mm/\,, 0) 60>0 7’{0}(610|9<0w>0)
Thus
by |0 w bo|w
Fnb’“(co):flo 710}(Do|O<minA, @[mina,,0)@>0) (d0) o 7 03(bol Zd\{O}).
T{o}(ao|9<mm/\,,w[mm/\ ow>o) =09 7’{0}(@0|wzd\{0})
(2.47)
OJ

2.4.2 Frasure entropies

In the rest of this section, we restrict ourselves to the one-dimensional setup, i.e.,
d=1.

For the measure-theoretic entropy of a translation-invariant measure 7 on
the shift space 2 = EZ, one can prove that

h(T):—f log 7(wo|wso)T(d w). (2.48)
Q
One can generalise the above formula for any finite set A € Z, by
1
h(t)=— |A| logT(wAIwZAA)T(da)) (2.49)

These formulas are valid if one conditions on the past instead of the future. It
is then natural to ask whether these formulas remain valid if the one-sided con-
ditioning is replaced with two-sided conditioning. In fact, by substituting the
one-sided conditioning with two-sided conditioning in (2.48), one obtains the
erasure entropy h™(7) of the measure 7 [29], namely,

h (1) :—f log T(wo|woyc)T(d w). (2.50)
Q

It should be stressed that a similar formula to (2.49) does not hold for the erasure
entropies; therefore, for a finite volume A @ Z, the erasure entropy of v in A is
defined in [11] as

hy (7) :=—f logT(wp|wpc)T(dw). (2.51)
Q
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The erasure entropy is always less than, and generally not equal to, the measure-
theoretic entropy. However, in the limit, one can expect the equality of these two
notions as the following theorem states.

Theorem 2.4.6. [11]] Assume T be a translation-invariant Gibbs measure for a
translation-invariant UAC interaction ®, i.e., T € 95(®). Then

SR S
IJ{%IZI mhA (t)=h(7). (2.52)

The following corollary of Theorem [2.A]enables us to extend the above result to
any translation-invariant Gibbs measure.

Corollary 2.4.7. Let T be a translation-invariant Gibbs measure on Q1= EZ. Then

lim Lh_ ()= h(7). (2.53)

n=o0 [, | A

2.5 Main Results II: Gibbs formalism on Z_

2.5.1 DLR-Gibbs formalismon Z,

In this section, we work on the half-line Z,, denoting the configuration space
EZ+ by X, with the left-shift (or translation) map S acting on X, as follows: for
xeX,,andallieZ,, (Sx); = x;41.

Let ? be a non-null specification on X, . Set

8o(x) =7 (g (%| %), x € X,, (2.54)

and for all n > 1, consider a function g, : X, — [0, 1] given by

T 100X 1%,51)

Tion-1(%g 125°)

g.(x)= xeX,. (2.55)

Note that by the construction, for all n > 0, one has
. n
T lxee) =] [&e(x), xex.. (2.56)
k=0
The functions {g,,, n € Z, } has the following properties:

Proposition 2.5.1. (1) Foralln >0, g, is a positive function, and §, € F} co),
i.e., §, is independent of the first n —1 coordinates.

(2) Foralln>0,and x € X, Z En(ynx ) =1.
neE
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Proof. (1) Positivity follows from the non-nullness of the specification ? The in-
dependence from the first n—1 coordinates follows from the bar moving property
3. B

(2) Firstly, since 7 is a specification, for all x € X, Z &o()x;°) = 1. Fix

.7_60€E

n > 1, and assume that the statement is correct for all k < n. Then, since 7 is a
specification, by the first part of the proposition and from (2.56), for all x € X,
one has

n
1= > et xg2)

yo"eE"“ k=0
~ o0 ~ n o ~ n_..oo
= > &l xS DL S X D &l x53)
Yn€E Yn1€E WEE
= Z gn(ynx;il)
Vn€E

O

Remark 2.5.2. The first part of Proposition|2.5.1) yields that for all n € Z.., there
exists a positive measurable function g, on X, suchthatg, = g,°S". Then the sec-
ond part of Proposition is equivalent to that for alln > 0, g,, is a g—function
[20] on X, i.e., forallx € X, Z gnlax)=1.

acE

In terms of g,,’s, (2.56) reads

n n
Tomlxs) =] Jaro sk (x)=exp(D loggrosh(x)), xex,. @57
k=0 k=0

Thus, anon-null specification on X, uniquely determines a sequence of g-functions.
Now consider the opposite situation: assume that a sequence ¢ :={p;:k€Z,}
of Borel functions on X, is given. For all A € Z,, define

exp (31_ ¥k 0 S¥(yaxac))
sner XD (X p_o Pk 0 SK(FaXac))

—p
Y Al xac) = 5 y,x€X,, (2.58)

. 4 =P —@
where n := maxA. Then one can readily check that the family vy := (7, Jaez,
is indeed specification densities, therefore, one can associate a non-null spec-
ification with the sequence ¢. Then we conclude that there is an association

between the non-null specifications on X, and the generalized Birkhoff sums
n—1

Snp = Z ¢;0S’, n €N, where each ¢; is a Borel function. However, this asso-
i=0

ciation is not one-to-one, in fact, different generalized Birkhoff sums might give
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rise to the same specification which leads to the notion of physical equivalence
of potentials [10]. In terms of cocycles on Z,, this means that any measurable
(continuous) cocycle p on X, is given by

p(,0)= Tpro 8K (w)—proSH (), (@ o) eTX,), (2.59)
k=0

where each ¢ is a measurable (continuous) function on X, and vise versa, i.e.,
forany sequence { }rcz, of measurable (continuous) functions ;. : X, - R, k >
0, defines a measurable (continuous) cocycle on (X, ).

Now consider a measurable (continuous) cocycle p on X, . We define the base
of the cocycle p by the following formula:

Po(w, ) =p(w,)—p(Sw,Sw), (w,w)eT(X,). (2.60)

Then it is clear that p is also a measurable cocycle on ¥(X, ), and it is continuous
if p is continuous. Furthermore, one has the following important identity for p:

p(w,w’)=2p0(8kw,8ka)’), (w, ) eT(X,). (2.61)
k=0

2.5.2 Interactions on the lattice Z..

Now we turn to the interaction on X, = EZ+. By following the concept of transla-
tion-invariant interactions on Z, we define such a notion for the interactions on
Z. . Note that we also use the term one-sided interaction for the interactions on

X, . We again define the translation-invariance of a one-sided interaction ® with
(2.25), but this time we only assume that A runs over the finite subsets of Z,, i.e.,
for all A € Z,, the following holds true

D) 0S=Py,;. (2.62)
Note that the restriction of a translation-invariant interaction ® on Q2= EZ to X,
remains translation-invariant. Simultaneously, any left-shift invariant interac-
tion ® on X, can be extended to Q2 by translation, namely, the translated interac-

tion @ is defined for the volumes A € Z with minA < 0 by ®, := ®_pinp 0 STPA
(note that S is invertible on €2). Thus there is a one-to-one correspondence be-
tween the translation-invariant interactions on 2 and X,.. It should also be men-

tioned that one-sided translation-invariant interaction ® does not give rise to
a "translation-invariant" specification y® on Z, in a sense that the associated

cocycle p? satisfies p®(w,w’) = p®(Sw, Sw’) (note that we define translation-
invariant specifications in Subsection in a slightly different way).
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We should note that there is a one-to-one correspondence between the trans-
lation -invariant UAC interactions on X, and the continuous potentials in C(X,).
In fact, any translation-invariant UAC interaction ® on X, can be associated with
a continuous potential ¢p € C(X,) by the following formula:

—— Z Dy (2.63)

Then, in fact, one can check that for all n € N,

n—1 _
j o
Sup=> poS'=—Hg (2.64)
i=0
where H[g’, n—1] is the Hamiltonian in the volume V, i.e., H[g’, ne1] = Z dy.
VeZ,
VN[0,n—1]#40

Hence ?d) = 7?, in other words, the one-sided interaction ® and the function ¢
are the same from the viewpoint of Thermodynamic Formalism.

The opposite of the above observation is also true. More precisely, as the fol-
lowing proposition states, with any continuous function ¢, one can associate

an (in fact, many) translation-invariant one-sided UAC interaction & satisfying
2.63).
Proposition 2.5.3. Forany potential ¢p € C(X,), thereexists atranslation-invariant

UAC interaction ® on X, such that ¢ =— Z Dy .
0eVez,

Proof. Tt is an immediate application of the Stone-Weirstrass theorem to show
that for the potential ¢, there exists a sequence {f;,} .,y 0f local functions on X,
such that ¢ = Z fn and ZII fulloo < 00. Let A,, denote the finite volume on

neN neN
which the local function f,, is based. We define an interaction ® on X, as follows:
&, =—f, if A is a translation of A,,, otherwise, &, = 0. Then by the construction,
® is translation-invariant interaction on X, and satisfies the conditions of the
proposition. O

Remark 2.5.4. By Theorem and using the arguments in Subsection
we summarise the correspondence between the UAC interactions and the Birkhoff
sums on X, in the following box:

2.5.3 G-measures and their relationship with the DLR-Gibbs measures

So far, we have not needed an algebraic structure in the state space E and the
configuration space X, . Now, we identify the state space E with the finite cyclic
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(General) UAC interactions <= Generalized Birkhoff sums

Translation-invariant UAC interactions <= Birkhoff sums

group Z; = Z/1Z ~{0,1,---,1 — 1}, where [ = |E|. For the configurations w, ' €
X., we denote the coordinate-wise addition by w+a’, i.e., w+w’ = (w;+®})iez, .
Then, clearly, X, becomes a compact Abelian group. We denote the direct sum

@E byT. Note that T c X, and w € X, is in T iff there exists A € Z, such that
z,
w; =0 forall i € A°. For each A @ Z,, one can define a subgroup I'y of I by
Th:={wel:w;=0,icA"}. Thenitis clear thatI = U TA.
ACZ,
Now consider a family G := (Gy)aez, of nonnegative Borel functions G, :

X, —1[0,1]. G is called compatible ifforal ACAcZ,,
GA(x + W)GA(Ww) = Gp(W)GA(x + W), x €Tp,w e X, (2.65)
and normalizedifforal A€ Z,,

Z GA(EAnAe)=1. (2.66)

gAGEA

We call a compatible normalized family G = (G )<z, a G-family [4].

Note that each x €' definesamap x : X, — X, by w — x(w)= x+w. Thenlet
X, : AM(X,) — #1(X,) denote the pushforward of x. For a probability measure
ve #(X,) and a finite volume A € Z, define

1
=T ; X, 7. (2.67)
A

Then it is clear that ¥ < v, since e, v = v where e is the neutral element of the
group I'.

Definition 2.5.5. [4]] A probability measure v € #(X,) is called a G-measure, if
there exists a G-family G =(Gy)pez, such that forallA € Z.,

— =N G,. 2.68
N A ( )

A G—measure v is called g-measure if for the associated G—family, one has

G[O,n+1]ﬁZ+

Gome =Gy oS"!, nez,. (2.69)
\]NZ,

The g—measures have applications in harmonic analysis, in particular, in the
theory of Riesz products [20]. Inspired by these applications of g-measures, Brown
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and Dooley developed G -formalism by extending the concept of g-measures and
utilising the formalism of Riesz products [4]. However, the following simple propo-
sition and Theorem[2.B|demonstrate that the notions of G-family and G -measure
are equivalent to the notions of specification and DLR-Gibbs measures on X, .

Proposition 2.5.6. (i) Let G = (Gy)yez, be a G-family, theny = (yy)vez, de-
fined by

rvEvinve):=GEvnye), VeZ, EyeEY, neX,, (2.70)
is a family of specification densities.
(ii) Lety be a specification on X, then
Gy(x):=rv(xylxye), xeX,, VEZ, (2.71)

is a G-family.

Proof. "(i)" By the normalization condition (2.66), foralln € X, Z rv(&vinye)=
SyeEY

1. Then for Ac A €L, w,n € X,, by the compatibility condition (2.65),

ra(Nalna/awae) Z VA(UAT)A/AlwAc)=GA(TIAwAc)ZGA(UAT)A\AwAc)

OAEEA oA
=

oA

£:66)
=" GaA(Nawae)

=rA(Malwpe).

GA(T AN\ A©A)GA(NA WA ))

"(ii)" Clearly, G is a normalized family. To prove compatibility, take any xx €
E® and w € X,, then

GA(@)Ga(xawac) =7A(@plwpc)ralxalwac)
57
&2 ralxalwae)ralwalwae )Z ralTawaalwpe)
o\

[\
1IN

ralwalwac)yalxawaalwae)
Ga(w)Gp(xpwac).

O

Remark 2.5.7. The above proposition establishes a one-to-one correspondence be-
tween specifications and G—families on X, . Furthermore, a G-family is positive
(continuous) if and only if the associated specification is non-null (qusilocal).
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Theorem 2.B. Let G be a family and y be the associated specification. Then u is a
G-measure for G ifand only if u € 9(y).

We postpone the proof of Theorem 2.Buntil Section

As we have already seen in this subsection and Subsection[2.2.3} the notions
of non-null specification, positive G-family and cocycle are equivalent in the half-
line setup. Due to this fact, we have been able to derive equations for the associ-
ated DLR-Gibbs measures in terms of specifications and G-families. By the next
theorem, we derive such an equation for the associated DLR-Gibbs measures in
terms of the cocycles.

Theorem 2.5.8. Let G be a positive G-family on X, and p be the associated mea-
surable cocycle (c.f., and ). Then v is a G-measure for G, or equiv-
alently, v is a DLR-Gibbs measure for the corresponding specificationy = y* (c.f,
(2.9), ifand only ifforally €T, y, v < v, and the following equations are satisfied:

d(y,v)
dvy

Proof. "if": Assume that for all y €T, y,v< v and (2.72) is satisfied. Then from
(2.9) and (2.71), for all A € Z, and for y— almost every w € X,

dvA x*v) .,
ay @ IAIZ (@)= |A|Z eP e = |A| D, e e

x€ly EN\CEA

(w)=expp(w,w—y), v—ae,weX,. (2.72)

1
NG (@)

"onlyif": Let ybe a G-measure for G, and take any y €T, and let y €T,. Consider
the measure y, v. It can be checked that

(y* l|A| Zx* J’*V) l|A| Z x+J’)*V VA-

xel xel)
_dyy) ~
Clearly, y,v < v, and let f = o Then for all B € %, one has ¥(B—y) =
A
J fdv,, and hence
B
YB)= f- ]lB+deA—J foy-1gd(vpyoy). (2.73)
X,

Note that yyoy = Tl Z(V ox)oy=— A Z vo(x+y)= v,. Hence (2.73) yields

xel"A xel"A

dvy
i f oy, va-a.e. Thus since vis a G-measure for G, (2.68) implies that for
A
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y—a.e. we Xy, f(w)= l'AlGA(a) —y), therefore,

d
_(y* ") = l|A|GAo(—y), Vp-a.e. . (2.74)
d YA

Then by again applying (2.68), one has

d(y,v) )= Gplw—y)
avy B GA(C!))

, v-a.e. weX,. (2.75)

2.5.4 Gibbsianness in dynamical systems

We have defined the specifications in the half-line context in Subsection [2.5.1}
and established the relationship between the generalised Birkhoff sums and the
specifications. In the theory of dynamical systems, a specification associated

with Birkhoff sums via (2.58) is particularly interesting. Note that in this case,

for a continuous function (potential) ¢ : X, — R, the specification y(p =7 ¢ is

given by

exp((Sur19)(anxz,\1))
> eXP((5n+1¢)(dAxZ+\A)),

dAEEA

?f(aA|xZ+\A): a,x<€ X, ,A@Z,,n:=maxA.

(2.76)
It should be noted that there are Gibbsian specifications on X, which can not be
associated with any ¢ € C(X,) via (2.76). Below we give an example of such a
specification.

Example 2.5.9. Consider the following cocycle on,.:

oo
p(w,w’):Z(k+ D(wr— o)), (,0)eT(Q). 2.77)
k=0
n—1
Note that p corresponds to the generalized Birkhoff sum Z(k +1)(oy08), n>o0.
k=0

The associated specification y” can not be generated by some ¢ € C(X,) via
(c.f: Theorem|CI)), since

= OQ.

o0
sup Z[Uoosk(a))—aoosk(w’)]
(w,0)eX() ' 0
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We call a specification y on Z, dynamical if y can be generated by some ¢ €
C(X,)via (2.76). Equivalently, y is dynamical if and only if the associated cocycle
p7 (cf, (2.12)) is Gibbs, i.e., for some ¢ € C(X,),

(e0)

p(,0)= [poSK(w)—p oS ()] (v,e)eT(Q,). (2.78)
k=0

Remark 2.5.10. In fact, by the discussion at the end of Subsection|2.5.2 (see Remark

2.5.4), the dynamical specifications on X, are exactly the specifications which are
y p + y p
generated by the translation-invariant UAC interactions on X, .

By Example[2.5.9} itis an interesting question to know when a Gibbsian speci-
fication is dynamical. Note that this question was also asked in [9]. The following
statement answers this question:

Theorem 2.C. Assume thaty is a Gibbsian specification on X, and p7 is the cor-
responding cocycle. Let pll(w, ') = p¥(w, ") —pT(Sw,S&’), (v, ") € T(X,) be the
base of the cocycle p”. Then the following statements are equivalent to each other:

(i) v isadynamical specification, in the other words, v is generated by a transla-
tion-invariant UAC interaction on X ;

(ii) p" is a Gibbs cocycle;

(iii) the cocycle pg can be extended from T(X,) Cc X, x X, to a continuous cocycle
on the full equivalence relation X, x X, ;

(iv) pg is uniformly continuous on (X, ) in theinduced topology (which is metriz-
able) by X, x X,.

Itis often difficult to check the condition of Theorem[2.C} therefore, one needs
more practical conditions. The following theorems give us such necessary and
sufficient conditions.

Corollary C1. Lety be a Gibbsian specification on, and p’ be the corresponding
cocycle on (). Ify is a dynamical specification (i.e., p" is a Gibbs cocycle), then

sup |p7(w,0)—p"(Sw,Sw’)| < oo. (2.79)
(w,0)eZ(Qy)

Corollary C2. Assume thaty is a Gibbsian specification on ), and

PpT(@,0) =Y (i 085 (@)= proSK (@), (@, ) €T(Q),
k=0

is the cocycle corresponding toy. If

D llpk—pialloo < 00 (2.80)
k=1

then v is a dynamical specification.
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We shall prove Theorem[2.Cland its corollaries in Section[2.6

2.5.5 Kozlov-Sullivan characterisation on the lattice Z,

By motivating Theorem [2.3.1, we define the translation-invariant specifications
on X, as follows:

Definition 2.5.11. A translation-invariant interaction® onZ, is called variation-

summable if
Z 0Py < 0.
0eVeZ,

We call a specificationy on Z, a translation-invariant Gibbsian specification if
there exists a translation-invariant variation-summable interaction ® on Z,. such
thaty =7°.

Remark 2.5.12. Bydefinition, any dynamical specification is translation-invariant.
However, any translation-invariant Gibbsian specification does not need to be dy-

namical (c.f., Theorem[2.D)

Then it is an interesting question to answer if any translation-invariant Gibb-
sian specification on Z, can be associated with a translation-invariant invari-
ant UAC interaction on Z .. Note that Theorem[2.2.5/implies that any one-sided
Gibbsian specification, in particular, a translation-invariant one can be associ-
ated with a UAC interaction; however, the associated interaction does not always
need to be translation-invariant as the following theorem states:

Theorem 2.D. Thereexists a left-shift invariant Gibbsian specification onZ,., which
can not be associated with a translation-invariant UAC interaction.

We shall give an explicit example of an interaction satisfying conditions of
Theorem[2.D]in the next section.

2.6 Proofs of the Main results

2.6.1 Proofof Theoremm

Fix a periodic configuration 8 €, i.e., SO = 8. For every A @ Z consider a func-
tion defined by

0% (wy) = Z(—l)'A\V' logm, wy € BN (2.81)
v;/a rviwv|bye)
14
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Then &7 := (‘I’,H\)A@z is a translation-invariant interaction on 2 [16,/18]. Using the
interaction ®° we define another interaction by

Z <I>0, ifforsomeéeZandieN,A=[€,€+2i]ﬁZ,
@ = { Beot, (2.82)
0, otherwise,

where
S ={BeZ:LeBcCl[l,{+2]}.

and fori>?2
Si={BeZ:teBC[(,{+2'], BLL,t+27"]}
It can be checked that ® = (®, ),z is also a translation-invariant interaction

on Z, and under condition (2.29), ® is also UAC and generates y [21]. Further-
more, the following estimation is also valid for ®: forall{ € Z and i > 2,

< Cou(2™h, (2.83)

H‘I’[e,e+2i] -

where C > 0 is a constant independent of both £ € Z and i € N. Then

0
> vl = i D rzilloo

min V<0<maxV i=1(=—2i+1
0 &) 0
= D APpranlloat Y. D 1P rsanlloo
{=—1 i=2 {=—2i+1
0 (o]
< Z 1P r42i1ll 00 + CZZHZ (2"
{=—1 i=2
< oo.

Thus by Theorem 8.39 in [16], it can be concluded that #4(Q,®) =#4(Q,y)=1.

2.6.2 Proof of Theorem

We start this subsection by proving the following important proposition. Fix a
state + € E and denote the constant configuration, where every component is in
the state + by +.

1
Proposition 2.6.1. (i) The sequence{— logya, (+a, lwae )}neN converges uni-

|Anl
formly on w € Q to a constant P*(y) as n — oco.
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(ii) For p € M, (), the sequence{ logya, (Oa, lwae )p(d@)} oy Con-

IAI

verges uniformly on w €2 to a constant P"’ (y) which depends only ony and
p asn— oo.

Proof. Part (i): The proof of the first part of Proposition [2.6.1] presented below,
relies on the following lemma, whose proof can be found in [22].

Lemma 2.6.2. For the translation-invariant Gibbsian specification y, one has

I A, (+a,1€A¢) _
n=00 [Apl e nea  Ta,(+a,1M4g)

(2.84)

In the light of Lemma [2.6.2} the uniform convergence of the functional se-
quence

logya, (+a,loAc )} N

{IAI

follows if we show that the numerical sequence { NCTWEIY: )} con-
n

eN

1Al
verges.

We shall consider the vacuum interaction ®* corresponding to the vacuum con-
figuration +. By the vacuum condition, one has that

+ _
TA, (Fa,lopc) = Zfﬂ (wae)™, (2.85)

where Z; o (wy¢) is the partition function corresponding to the interaction ®* in
the Volume A,,. Thus we have to prove that the infinite volume pressure is well-

defined for the interaction ®*. Then this implies that hm ——logra,(+a,lwac) =

0 |Ay|
—P(®"). Note that in general, the interaction ®* is not UAC, however, it is always

uniformly convergent. Therefore, the classical theorems in Statistical Mechanics
do not apply to guarantee the existence of the pressure P(®*). For every r € N,
we consider a finite-range interaction ®*’ defined by
oF, ifdiam(A)<r;
S (2.86)

0, ifdiam(A)>r.

Note that for every r € N, the interaction o7 s finite-range, therefore, the se-

1 v
quence {m log Z;f: (a))}neN converges uniformly on w € Q to the pressure P(®*")
n

as n — 00. For every r €N, one can readily check by the vacuum property of the
interaction ®* that
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Z 7VZA q);(w)
e V<hn

1 Z(I)+( ) _ 1 CL)GQAH
gZCI>+r( ) - Og _ 2 <I>-‘i},r(w)

Z e Vchn

a)EQAn
sup Z @*‘}(w)‘

WEQy, VcA,
diam(V)>r

sup Z @T,(a))‘

ien, @S icverz
diam(V)>r
= |A,|sup Z @T,(w)‘. (2.87)

W€ pevez
diam(V)>r

IA

IA

Thus, in particular, for any s, r € N, one also has

‘1 Z¢+S(+)‘ ‘1 Z;f:(-l') | )
0 = |lo —log
gZ<I>+r( ) gZ[({):f(_'_) Z(I)“'K(_'_)
< 2|A,|sup > @T,(w)‘. (2.88)
well 0cVeZ

diam(V)>min{s,r}

Thus by dividing both sides by |A,,| and taking limit as n — 00, one obtains that
forall s, r €N,

|P(®@Y*)—P(®"")| < 2-sup

wen 0eVEZ
diam(V)>min{s,r}

o)) (2.89)

Since the interaction ®* is uniformly convergent, one has that

2-sup ot (w)’ ——0. (2.90)
wel OGVZ@Z ! nmee
diam(V)>n

Hence (2.89) yields that the sequence {P(®*")} oy is fundamental. Thus one can

1
immediately conclude from (2.87) that the sequence {m log Z/‘z’:(+)}n€N is con-

vergent.
Part (ii): By the first part of Lemma 3.7 in [22], one has that

. 1 7a, (0, lwAc) f 710300l +<0 0-0)
lim lo " n(df)=| lo (de), (2.91)
B T, f TNV LA R o e PN LU
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and the limit in LHS is uniform on w € Q). Thus by the first part, one can conclude
the second part of the theorem, since

1
lo (Oh,lwpe)p(dB) = lim —1lo (+a, lwac)
|A | 8V A, WUA, 1WA oo A YA\ T, 1WA

Bl +<0 6
+ Jlog 7 10}(Bo +<0 050)
Y103 (+ol +<0 O50)

p(do).

O

Below we prove an important statement for the energy contribution from the
origin, which will be useful in the proof of Theorem[2.A]

Proposition 2.6.3. Let ¥ be a translation-invariant Gibbsian specification on 2
and uf be the associated energy contribution from the origin as defined in .
Then for all translation-invariant probability measure T € ./, s(Q2), one has that

)
p(do)t(d 7(d (2.92)
S TA JQ L eA |wAc) [de)= f el

Proof of Proposition[2.6.3. For the specification densities 1, A € Z?, we use the
notations y(wx|wac) and 74 (w) interchangeably. By the bar moving the property
of the specification densities, one has that

Ta (@, lorg) l—[ Y i} (@ilOminA,,, ) @minA,,, i1 )

— (2.93)
YA,Z(QA,JC‘)AZ) ieA, Y{l}(gllg[mlnl\ i)@[minA,, 1]0)
Forany/,,{, e Z% with l, </{, and 0 €Q, define a transformation
o ifi¢[ly,45];
0) , (@)=1" " FEL L] (2.94)
otz 0,-, if i 6[51,62].

If ¢, £¢,, then [{,,£,]=0; therefore, for all w € Q, we set Oy 4,(w) = w. Note that
the families {S; : £ € Z%} and O, 0, : 41,02 € Z%,¢, < {,} of the transformations
on 2 have the following commutativity-type property: for any £,,3 € 7% with
¢, </{,, onehas

S 0
S o@@ 3

1,61 = ©O1ty—t3,0,—5]° St (2.95)

Using the transformations {@[el,lz]}glggz, (2.93) can be written as

0
Tan(@n,l0as) 11 710 ©Olmina,. (@)
YAn(eAnlwAf,) ieh, Y{i} Oe[gminAn’i](C())

(2.96)
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By the translation-invariance of the specification 7, one can write (2.96) as

}’A,,(COA,,|¢0A§,) T{0}©S;© e[mmA y(@)

YAn(BAnkf‘)Af,) ieA, Y{O}OS OG)[mlnA l](a)).

(2.97)

Hence by the translation-invariance of the measures 7 and p, one can obtain
from (2.95) and Fubini’s theorem that

©x;) _
lAlff T o PO dw) =

Yi01°S; 0@f (w)
JJ {0} [minA,,,i) p(d@)ﬂ:(da))
ieh, 7[0} oS; 0@[mmA ](0))

S; 0

Y O@rlnin .08 (w)

> fjlog o bt p(d6)r(de)
710} ©Opmina,—i,0] ° i(w)

_ f f 101210 p(d0)r(dw). (2.98)

|A i€A,+minA,, {0}06[1 0]( )

AL

a 710} 0, ()
By quasilocality and non-nullness of 7, the net { log —} __converges
Y {0} O@[i_o]( ) <0
wo|Oow
uniformly in (6, w) € 2 x Q to u,(6, ) :=log 710)(@ol0<0®~0) as iy, ..., ig — —00.

710}(B0l0<0w>0)
Hence, by the Stolz-Cesaro theorem, one has that

1 710} °Of, ()
{}% = u, (0, w) uniformly on (8, w) € 2 x Q.
=00 [A,| ien, Tmina, 110300 (@)
(2.99)
Thus yields the desired claim.
O

Remark 2.6.4. If the telescoping starts from the other end, one can end up with
the following instead of {2.93):

rAn(wAnlwAf,) . 7{1}(60 |91maxA ]w[lmaxA ]C) (2.100)
TAn(gAnlwAf,) ien,, 7’{1}(0 |01maxA 2140, maxA,, ]C)

Then, with a similar argument to the proof of Proposition|2.6.3, one can also show
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that
lim — Jflogwp(de)f(dw)
n—00 |A, | 7A, (04, lwnc)
Q Q

:f P (w)t(dw)= f f i, (0, w)p(dB)T(dw),
Q0

Q

where

- 7’{0}(600|0)<09>0) f

i, (0,w):=lo it (8, w)p

7 8 0 (Bolw0-0) v
Q

In particular, uf and a;’ are physically equivalent, i.e., for all T € #, (),

f ufdrzf ﬁfdr. (2.101)
Q Q

Proof of Theorem[2.Al For atranslation-invariant measure 7 € ./, () and a trans-
lation -invariant Gibbs measure j1 € ¥s(y), itis proven in the first part of Theorem
3.3in [22] that

P+(y)—f u;“d'r—h(f): h(t|f). (2.102)
Q

For any p € ./ 5(f2), we have proven in Proposition and Proposition 2.6.3]
that

lim —

n—oo

Ay

J logya, (W, lwpe)T(dw)=PP(y) —f uf(w)f(dw). (2.103)
Q

Q

Note that LHS of is independent of p, thus yields for p =6,

lim —
n—0oQ0

1
J logya, (wa, |lwpe)T(dw) = h(T)+ h(T|@). (2.104)
Q

1Ay

Then by combining (2.104) with (2.103), we obtain that

f uf(w)ﬂ:(da))+h(T):Pp(r)—h(Tlﬂ). (2.105)
Q

Then the rest of the proof follows from Theorem[2.4.3]
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2.6.3 Proofs of Theorems2.B} 2.C, and[2.D)|

Proof of Theorem[2.B. Consider a probability measure 7 € .#,(X, ). Then for A @
Z, and B € &, one has

(Ga-7TA)B) 5=f GallgdTy
Xy

1
=— Gpylgdx,t
|rA|x;A L Ae
j Gr(x + W)l p(x + w)T(dw), (2.106)
|A| xel) J X,
and

(Tra)(B)= ZJ Grlw+ x)1 g(w + x)T(d w). (2.107)

xel J X,

Then by combining and (2.107), one concludes that forall A € Z,,
tra=(MGy) 7). (2.108)

Note that in the light of (2.108), the DLR equation (2.4) and the consistency equa-
tion (2.68) for the G-measures are the same. Thus one immediately concludes the
statement of the theorem. O

Proof of Theorem[2.4. "(i) < (ii) = (iii)” Let y be a dynamical specification,
then there exists ¢ € C(X, ) such that the corresponding cocycle p is given by

M(w,0)=Y [pos*(w)—posk(a)], (v 0)eTX,).
k=0

Thus for all (w, ®) € T(X,), pg(w, @) = p(w)— (@), and then it is clear that p0
is extended to the cocycle A : X, x X, — R which is defined by A(n, &) = ¢(n)—
(&), (n,&)e X, x X,. Clearly, A is continuous since ¢ is continuous.

"(iii) = (ii)” Assume that pg extends to a continuous cocycle A on the full
equivalence relation X, x X,. Fix any & € X, x X, and for w € X,, set p(w) =
AMw, &). Then for any (w, &) € X, x X,

Mw, &)= Mw, &)+ AE,8) = Aw, &) —AE,8) = p(w)— (&) (2.109)

The continuity of A implies the continuity of ¢. Furthermore, (2.109) immedi-
ately implies that for all (w, ®) € T(X,), pg(w, w)=AMw, ®)=p(w)—p(w) Then by
(2.61) one concludes that p” is indeed a Gibbs cocycle.

"(iii)= (iv)” The extension of pg to X, x X, is continuous and the product
space X, x X, is compact. Then as a continuous function on the compact space,
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the extension is uniformly continuous, thus its restriction to T(X, ) which is pg is
also uniformly continuous.

"(iv)= (iii)” First, note that ¥(X,) is dense in X, x X, in the product topol-
ogy. Now take a pair (§,n) € X, x X, of configurations, and let the sequence
{(5("),n(”))}neN C ¥(X,) converges to (£,n) in the product topology. Since pg :
%(X,)— Ris a uniformly continuous function, the sequence { pg (EM MY, en ©
R is convergent because a uniformly continuous function preserves fundamen-
tality of the sequences. Hence we can define an extension pg : X, xX, by pg (&,n):=
nll)rgo pg(i(”), n(")). It is clear that the value of pg(é’, 1) does not depend on the

choice of the sequence {(& (m), r)("))} nen and by the construction, pg is continuous
on X, x X, and extends pg . O

Below we give the proofs of corollaries of Theorem[2.C|

Proof of Corollary|C] By Theorem pg can be extended to a continuous co-
cycle on X, x X,. Since X, x X, is compact, the extension is bounded, thus the
statement of the theorem follows. O

Proof of Corollary[C2 In fact, one can check the following for pg : forall (w,®)
‘I(X-I-))

Pi(w, @)= Po(w)— o(@) +Z[(¢k —pr1)0S (W)= (P — Pr1) o SK(@)]
k=1

Then if (2.80) is satisfied then the sumZ[(«pk—¢k_1)osk(§)—(¢k—¢k_1)osk(n)]

converges uniformly on (£,n) € X, x Xli_,ltherefore, the cocycle A defined by
AE M= polE)—pom)+ D _[(@r—Pr—1)oSK(E)—(@r—Pr—1)oS* M), (£,meT(X,)
k=1

is continuous on X, x X,. pg extends to A, thus by Theorem y is indeed a
dynamical specification. O

Proofs of Theorem[2.D. Consider the Ising spin space E = {—1, 1} and the follow-
ing interaction ¥ on X, : for w € X,, set
wiwj+ ifA={i,j}CZ,, i<]
———+kw;, ifA={i,j}CZ,, i<];
Uy (w):={ li—jle ! PEEn s (2.110)
0, otherwise,

where o > 1 and k¥ > 0. Then W is translation-shift invariant, but it is not UAC.
o

li_lj|a.Thus > ylleo = D (k+

0eVez, j=1

For i, j € Z,, with i < j, ||¥y; jjlloo = K +

66



Proofs of the Main results

1

—a) = 0o. However, ¥ is a variation-summable interaction. In fact, for all j €N,
J

2 2 .
0oy n = —, therefore, 000y = — < 00. Thus the associated one-

{0,j} a P
J 0eVeZ, j=1J
—

sided specification y is Gibbsian, which is the same amount as saying that the
associated cocycle p‘p is continuous. Furthermore, for (w, ®) € T(X,),

Py (@,@)=p"(w,&)—p*(Sw,S®)
= D [Wy(w)-y(a)]

0eVeZ,

=i[w+x(wj—@j)].
)

Thus, sup pg’ (w, @) = oo which contradicts to Theorem|C1| Therefore, the
(0,®)€T(X,)

corresponding specification y¥ is not dynamical, which is equivalent to saying
thaty” is not generated by any translation-invariant UAC interaction (see Remark
2.5.10|and the discussion at the end of Subsection|2.5.1).

O
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Chapter 3

Gibbs Properties of Equilibrium
States

Abstract: In this chapter, we consider the problem of equivalence of Gibbs states and
equilibrium states for continuous potentials on full shift spaces EZ. Sinai, Bowen, Ruelle
and others established equivalence under various assumptions on the potential ¢. At
the same time, it is known that every ergodic measure is an equilibrium state for some
continuous potential. This means that the equivalence can occur only under some ap-
propriate conditions on the potential function. In this chapter, we identify the necessary
and sufficient conditions for the equivalence.

This chapter is based on M. Makhmudov, E. Verbitskiy, “Gibbs Properties of Equilibrium States”,
arXiv:2503.15263.
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3.1 Introduction

DLR Gibbs measures were introduced by Dobrushin (1968) and Lanford and Ru-
elle (1969) to describe the collective behaviour of a system composed of a large
number of components, each governed by a local law. Soon after, the Gibbs mea-
sures found applications in other fields of science and various areas of math-
ematics. In particular, in the early 1970’s, Sinai showed that natural invariant
measures for hyperbolic dynamical systems are Gibbs measures. The original
definition of Gibbs measures in statistical mechanics is somewhat cumbersome
in the context of dynamical systems. For this reason, Bowen [3] provided a more
suitable definition of Gibbs states from the dynamical systems perspective: a
translation-invariant measure gy on Q= E Z E is finite, is called Gibbs in Bowen’s
sense, or Bowen-Gibbs, for a continuous potential ¢ : 2 — R, if for some constants
C>1land P, forall neNand every w €2

1 u{ee:ai =0

—< <C, 3.1
C exp (S, ¢(w)—nP)

n—1

where S, ¢(w) = Z(,Z)(Skw) and S : Q — Q is the left shift on Q. Subsequently,
k=0

weaker versions of this notion were introduced. Namely, a translation-invariant

measure y on () is weak Bowen-Gibbs if u satisfies

1 p{ee: ol =wi™h
oS ot <Cp, (3.2)

for some subexponential sequence {C,,} of positive real numbers, i.e., logC,, =
o(n).

Let us stress that Bowen'’s definition of Gibbs measures is actually a theorem in
Statistical Mechanics. More specifically, if ¢ is a translation-invariant DLR-Gibbs
measure (see Section [3.2]for the notion), then there exists a continuous function
¢ : Q — R and positive numbers C,, = C,(¢) such that holds. Therefore,
we prefer to use the name of Gibbs measures for measures which are Gibbs in
the DLR sense, and we refer to the measures satisfying and as Bowen-
Gibbs and weak Bowen-Gibbs measures.

The notion of weak Gibbs states in Bowen'’s sense is also somewhat mislead-
ing, as it suggests some form of non-Gibbsianity and competes with a notion un-
der the same name in Statistical Mechanics. As we will see below, weak Bowen-
Gibbs measures can be bona-fide Gibbs measures in the DLR sense. We also note
that there are examples of weak Gibbs measures in the DLR sense, which are weak
Bowen-Gibbs as well [[17].

Bowen'’s definition and its weak form are extremely convenient from
the Dynamical Systems point of view. At the same time, using such definitions,
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one can, in principle, say very little about the conditional probabilities of the un-
derlying measure, which is the classical approach to Gibbs measures in Statistical
Mechanics. In fact, there exist Bowen-Gibbs measures that are not DLR-Gibbs
measures [2, Subsection 5.2].

Anotherimportant notion is that of equilibrium states. A translation-invariant
measure y on 2 = EZ is called an equilibrium state for a (continuous) potential
¢:Q—-Rif

h(m+f pdu="P(9) (3.3)
Q

where P(¢) is the topological pressure of ¢ and h(u) is the measure-theoretic
entropy of u. For expansive systems like those we consider in this chapter, equi-
librium states always exist. It is easy to see that a weak Bowen-Gibbs state is also
an equilibrium state for the same potential [19].

Afundamental result highlighting the breadth of the class of equilibrium states
is the following: if uy,..., u; are some ergodic measures on £, then one can find a
continuous potential ¢ € C(2) such that all these measures are equilibrium states
for ¢ [7,/12,22]. This remarkable generality suggests that equilibrium states can
exhibit a wide range of behaviors, and in particular, one cannot expect them to
possess any form of Gibbsianity in general. This leads to a natural question: un-
der what conditions on ¢ are the equilibrium states Gibbs, either in the DLR or
the Bowen sense? This question has a long history of research:

e For Hélder continuous potentials, Sinai proved that equilibrium states are
Gibbs in the DLR sense [23, Theorem 1], and the Bowen-Gibbs property
was established by Bowen [3]]. Haydn extended Sinai’s results to the non-
symbolic setup [9}(10].

o Ruelle [21] (see also [14, Theorem 5.3.1]) studied the DLR Gibbsianity of the

unique equilibrium states for potential ¢ with summable variations:

Zvarngb < 00, varnqb:=sup{¢(co)—¢(c'o):w]-=c'oj, OSan—l}.

n>1

The Bowen-Gibbs property was treated by Keller [14, Theorem 5.2.4, (c)]

o Walters [25] considered potentials satisfying even a weaker condition:

P—=00 pe

n
lim supvar(_, ,4+pSn19 =0, here S,,,¢ = Z Qo st (3.4)
N i=0

Walters showed that there exists a unique equilibrium state for potentials
satisfying (3.4), and they have the so-called, g—measure property, which
amounts to saying that the equilibrium state has continuous one-sided con-
ditional probabilities. Combining this with the result of [2], one concludes
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the DLR Gibbsianity of the unique equilibrium state of a potential in the
Walters class. In [11], Haydn and Ruelle extended this to a more general
setup than the setup of shift spaces. In the same paper, Haydn and Ruelle
also established the Bowen-Gibbs property of the unique equilibrium state
for a potential satisfying the Bowen condition:

supvar_p ,Sp+1¢ <+09,
neN

which is slightly weaker than Walters’ original condition.

e More recently, Pfister and Sullivan [20] established the weak Bowen-Gibbs

property of equilibrium states for potentials ¢ with summable oscillations:

(o]

> Gip<+00, 8, =sup{p(w)—p(@):w;=a; j#i}.

i=—o00

Unlike the preceding conditions, the summable oscillations condition does
not imply the uniqueness of the corresponding equilibrium states. How-
ever, the DLR Gibbs property of equilibrium states under summable oscil-
lations has not been addressed.

In this chapter, we continue the long line of research on the Gibbsianity of
equilibrium states, as discussed above, and also extend the main result of [2],
where a similar question has been answered in the case of g—measures. In this
chapter, we show that under a similar assumption on the potential ¢, one can
establish the Gibbs properties of equilibrium states and vice versa. This assump-
tion on the regularity of the potential ¢ : Q — R is the extensibility condition,
which requires that for all a,, by € E the sequence of functions

n
(@)= Y (908 (0 biof) = ¢ oS (07 a0 )
i=—n
converges uniformly in w € Q as n — co. The extensibility condition is not very
restrictive. For example, it does not imply the uniqueness of the equilibrium
states, unlike the results by Sinai, Bowen, Ruelle and Walters. Furthermore, the
extensibility condition covers the previously treated classes, including the class
of Holder continuous potentials, potentials with summable variations, Walter’s
class, as well as the class of potentials with summable oscillations. However,
the potentials in Bowen’s class do not necessarily have the extensibility property
[2, Section 5.5]. An important example of extensible potentials is the Dyson po-

o0
tential, q)D (w):=hw, +Z ﬁw—oawn, o € {£1}%, which has been extensively stud-
n

n=1
ied recently [6}/13,(18], where k, 8 € R and a > 1.
The following theorem, the first of our main results in this chapter, establishes
the Gibbs properties of the equilibrium states of an extensible potential.
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Theorem 3.A. Suppose ¢ € C(Q2) has the extensibility property. Then any equilib-
rium state u € 85 (¢) is

(1) Gibbs in the Dobrushin-Lanford-Ruelle sense;
(2) weak Bowen-Gibbs relative to the potential ¢.

The proof of Theorem3.A]is given in Section 3.5} and uses the following idea:
for a given potential ¢ € C(Q2) satisfying the extensibility condition, we construct
a natural two-sided Gibbsian specification (a consistent family of regular proba-
bility kernels) y¢ on 2 = EZ. Then we show that any translation-invariant DLR-
Gibbs state v for the specification 7’¢ will be an equilibrium state for ¢. Hence,
the set of Gibbs states associated with the specification y¢ is a subset of the set
of equilibrium states for ¢p. Finally, if we take any equilibrium state 7 € £(¢)
and a DLR-Gibbs state u € %(y?), we will show that the relative entropy den-
sity rate h(t|u) is zero. This allows us to use the classical variational principle.
[15, Theorem 4.1] and conclude that T € %(y% as well.

Our second main result is about the translation-invariant Gibbs measures,
which in some sense is a converse of Theorem 3.Al

Theorem 3.B. Assume . is a translation-invariant DLR Gibbs measureonQ = EZ.
Then u is an equilibrium state for a potential with the extensibility property.

We should note that if u is a Gibbs measure for a translation-invariant uni-
formly absolutely convergent (UAC) interaction, then the claim is rather stan-
dard [16, Theorem 3.2]. However, as demonstrated in [1], not all translation-
invariant Gibbs measures are compatible with a translation-invariant UAC inter-
action. Thus, Theorem[3.B|generalises the result in [16, Theorem 3.2] to a broader
setting, encompassing all translation-invariant Gibbs measures, including those
that are not Gibbs for any translation-invariant UAC interaction.

The proof of Theorem [3.B|is constructive and is also given in Section[3.5] In
fact, we construct a natural one-sided potential ¢, out of the Gibbsian specifi-
cation y for u. Then we show that ¢, is extensible, and this allows us to apply
Theorem3.Alto ¢,.

One might observe an analogy between our results and Sullivan’s theorem [24,
Theorem 1] in Statistical Mechanics. In Sullivan’s theorem, the role of extensible
potentials is played by the so-called .Z-convergent interactions, a notion that is
also syntactically similar to the notion of extensibility.

We also note that the statements of Theorems|[3.Aland [3.B} along with their
proofs presented in this chapter, naturally extend to higher-dimensional lattices
Z% ordered lexicographically (see Propositionand Propositionin Chap-
ter[2). Since there is no substantial difference in the proofs, we only focus on the
one-dimensional lattice Z.
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The diagram on the right sum-
marises the relationship between Equilibrium states

equilibrium states and various no-
tions of Gibbs states.

This chapter is organised as follows:

e In Section we introduce the
basic concepts in the DLR Gibbs
formalism such as Gibbs mea-
sures, specifications and interac-
tions. Here, we also recall some
important results, such as the vari-
ational principle from the classical
DLR Gibbs formalism.

Figure 3.1

e In Section we discuss the motivation behind Bowen’s definition of Gibbs
states.

* InSection[3.4} we discuss the relationship between the extensible potentials and
Gibbsian specifications.

* Section[3.5]is dedicated to the proofs of the main results in this chapter.

3.2 DLR Gibbs Formalism

The theory of Gibbs states, which is put forward by Dobrushin, Lanford, and Ru-
elle, is very flexible and allows one to define Gibbs states on very general lattice
spaces ET, where E is a Polish space and L is a countable set. In the present
chapter, we are primarily interested in probability measures on Q = EZ, E is fi-
nite, which are invariant under the left shift S: Q — Q.

3.2.1 Specifications, Interactions, and Gibbs states in Statistical Me-
chanics

The standard Statistical Mechanics description of Gibbs states is rather differ-
ent from the definitions of Bowen-Gibbs and weak Bowen-Gibbs measures. The
principal point is the explicit description of the family of conditional expecta-
tions indexed by finite subsets A of Z. More precisely, in Statistical Mechanics,
one starts with a family of regular conditional expectations, which for f : Q — R,
given by

raflo)i= D ralEaload) fErwpe),

gAEEA
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where

exp(—HA@ XY ))
Zj(w)

@)= ) exp(~Hy(Eox)) 6

JA€EA

rA(Ealwpc)=

In order to guarantee the tower property of the conditional expectations, one
needs to assume consistency of y’s: o =yao7vy for V.c A, where for f : Q@ - R

measurable and w € Q, (ypory)(flw) := | rv(fIn)raldnlw). The latter is en-

Q
sured if the functions Hy : 2 — R - called a Hamiltonian in A- are of a rather
special form:

Hy(w)= > @y(wy) (3.6)

Vez,
VNA#£D

here the summation is taken over all finite subsets of Z (denoted by € Z) which
have non-empty intersection with A. Here ® = {®,,V € Z} is called an inter-
action and each function @y : Q — R is local, meaning that the value of &y (w)
depends only on the values of w within V, hence, we write ®/(wy/). In order for
these expressions to make sense, one needs to assume a suitable form of summa-
bility in (3.6). The standard and sufficient assumption is uniform absolute con-
vergence (UAC): forall i € Z,

D levllco= Y supley(wy)l < oo.

ieVeZ icVez WL

If ® is an UAC interaction, the corresponding specification y = (yx)acz defined by
(8.9), is

e non-null: for all A, infy,(wa|wac) >0,
w
* continuous: for every A, w — 7,(wy|wpc) is continuous.

In statistical mechanics, the second property is often referred to as quasi-locality.
Animportant property of positive specifications, which will be used in the proofs,
is the so-called bar moving property:

ralalwac) _ ralla®aalwne)
rallalowad)  rallawaaloae)’

(3.7)

forall £,Z,w € Q and every A C A € Z. The bar moving property is equivalent to
the consistency condition of specifications.
A non-null continuous specification y = {y,} is called Gibbsian.
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Definition 3.2.1. Supposey ={ya} is a Gibbsian specification on ). The measure
u is called Gibbs fory, denoted by u € 9(y), if for every A € Z,

wWwplwac) =ralwalwae), foru—ae weq,

equivalently, if the DLR equations hold: for every f € C(Q2) and A € Z,

f YA(flw)u(dw)= f flw)u(dw).
Q Q

For any Gibbsian specification 7, the set of corresponding Gibbs measures
9(ry) is a non-empty convex set. In case, ¢4(7) consists of multiple measures, one
says that y exhibits phase transitions.

3.2.2 Translation-invariance and the Variational Principle

The modern approach to Gibbsian formalism is to think about Gibbsian spec-
ifications 7y in an interaction independent fashion. The reason for this is that
a measure U can be consistent with at most one Gibbsian specification, while
there are infinitely many interactions ® giving rise to the same Gibbsian spec-
ification. In fact, it was proven by Kozlov that for any Gibbsian specification y
there exists a (in fact many) UAC interaction @ such that y = y®. However, such
a representation is not always possible in a way that respects translation invari-
ance. It is shown in [1] that there exists a Gibbsian specification y on {0,1}% that
is translation-invariant - meaning y,,1 =y o S for every A @ Z — but can not be
associated with any translation-invariant UAC interaction ®, where &, = ®, 0 S
for all A € Z, via . Nevertheless, many important results in Statistical Me-
chanics, including the variational principle, can be formulated independently of
interactions.

Theorem 3.2.2. [15] Let y be a translation-invariant Gibbsian specification and
u€9Ys(y). Then forall T € M, 5(0), the specific relative entropy h(t|u) exists and

h(t|lu)=0 < 1€%(y).

In Chapter[2} we proved some technical lemmas about translation-invariant
specifications, which would be useful for us. For n e N, we set A,, :=[—n,n]NZ.
We fix a letter a in the finite alphabet E and we will use the notation a, to denote
the constant configuration consisting of a’s.

Lemma 3.2.3. Suppose v is a translation-invariant Gibbsian specification on Q.
Then

)

sup (3.8)

o,w,NeN

g @ c a c
log 710,1)(T10,n)@(0,n)e)  Y10,n1(A10,n)|M10,n) ))’zo(n).

10,71(@10,n)|@[0,n)c)  Y10,n1(T[0,1]|M[0,n]c)
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(ii) the sequence { — logy,,(as, IwA;)}neN converges uniformly in w €Q to

1
[Anl
a constant which we denote by P?(y).

3.3 Bowen’s property of Gibbs measures

By comparing the definitions of Gibbs measures in Statistical Mechanics and that
of Bowen, it is immediately clear why Bowen’s definition is so attractive and pop-
ular for dynamicists: it captures the most important, from the Dynamical Sys-
tems point of view, properties of Gibbsian states — uniform estimates on mea-
sures of cylindric sets in terms of ergodic averages of the potential function. In
fact, whether the measure has the Bowen property or the weak Bowen property,
rarely makes any difference in Dynamical Systems: the subexpontential bound
is as good as the uniform bound in practically any computations.

Nevertheless, Bowen was fully aware that his definition of Gibbs states is not
the same as in Statistical Mechanics: "In statistical mechanics, Gibbs states are
not defined by the above theorem. We have ignored many subtleties that come up
in more complicated systems", |3, page 6]. To introduce the definition, Bowen was
motivated by an example ([3} page 5]) of a translation-invariant pair interaction
®, dy, Z0 onlyif V = {k} or V ={k,n}, k, n € Z, satistying a strong summability
condition

1
[@i01lloo+5 D 1nl-11B0mlloo < 00 (3.9)
nezZ\{0}

The above condition is a special case of a well-known uniqueness condition in
thermodynamic formalism [8}[22]:

diam(V)
> — i levles <co. (3.10)
0eVez

Let us now discuss the Bowen-Gibbs and the weak Bowen-Gibbs properties of
DLR Gibbs states.

Theorem 3.3.1. Suppose® ={®y }y <z is a translation-invariant UAC interaction

and let ¢ = — Z ®\,. Then there exists a sequence {C,} with n"'log C, — 0,
0eVez,

such that for every translation-invariant Gibbs measure u for ®, for all n and w €

Q, one has

1 plioen: o=y
Cn ™ exp(Sy¢(w)—nP(¢))

If, furthermore, the interaction ® satisfies a stronger summability condition (3.10),
then there exists a unique Gibbs measure u for ®, and for some C > 1, everyn > 1

ne
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andall w €},

1 < p{eoeQ: o ' =wi™h -

C™ exp(S,¢(w)—nP(p))

Let us sketch the proof of this theorem using known results in Statistical Me-
chanics. The first claim is standard [8, Theorem 15.23]. Applying the DLR equa-
tions to the indicator function of the cylinder set [Ug_l], one concludes that

(3.11)

uldn).

n—lmy _ exp(—Hy,(04,1a¢))
#loo D_f Zy, (1)

1

|Anl
uniformlyinnasn — oo [8, Tﬁeorem 15.30, part (a)]. ThuslogZ, (n)=exp(|A,|P+

o(n)).

To study the numerator, we use the estimate (15.25) in [8]:

sup [ > ¢ oS @)+ Hy, (0r,r)| < D D 1@ lleo, (3.12)

onell ien ieh, Vi
VEA

The sequence of functions logZ,, (1) converges to the pressure P(®) = P(¢)

n

and the fact that the uniformly absolute convergence of the interaction ® ensures

that
D7 l@vlioo =0(IAl:

i€eA, Vi
n

The uniqueness of the Gibbs measures under (3.10) follows from Theorem 8.39
in [8]) (see also Comment 8.41 and equation (8.42) in [8])). Note that (3.10) implies
that Z Z [|®v|leo remains bounded as n — oo, in fact, for all n € N, one has

ieA, V>i
that
. diam(V)
2 D vllos D dian(V)-@ylloo= D> = 1@vlleo = D.
ey Y 0eVEZ, 0EVez

This together with (3.12) yields that

sup
o,nNeN

Z¢os"(a)—2¢os"(a%m;) <2D, (3.13)

i€\, i€\,

i.e., ¢ satisfies Bowen’s condition [27]. Then (3.11) follows from Theorem 4.6 in
[27] and from the fact that the translation-invariant Gibbs measures for ® are
equilibrium states for ¢ [8, Theorem 15.39].
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Remark 3.3.2. Note that it is not a coincidence that the condition implying
the Bowen property, also implies uniqueness. Indeed, suppose u and v are two er-
godic measures on ) with the Bowen-Gibbs property for some continuous potential
¢. Then the Bowen-Gibbs property implies that

1 o)
WwpD

foralln and every w € Q, and hence the measures u and v are equivalent, and thus
are equal.

3.4 Potentials, Cocycles, and Specifications

An alternative, more dynamical approach to DLR-Gibbs measures, also known
as the Ruelle-Capocaccia approach, was introduced in [4]. However, as demon-
strated in the original work [4], for lattice systems, which is the setting in this
chapter, the Ruelle-Capocaccia definition of Gibbs measures coincides with the
specification-based definition given in this chapter. Keller’s book [14, Chapter 5]
provides an excellent summary of Gibbs measures following the Ruelle-Capocaccia
approach under the assumption that the underlying potential has summable vari-
ations. Below we explore how this approach extends to cases where the potential
lacks summable variations but still has the extensibility property.

Recall that the extensibility condition requires that for all w € Q and every
a,d € E, the sequence of functions

n

pLiw)= D [P )~ p(S'wY], n=0, (3.14)

i=—n

converges uniformly as n — co. Here, we use the notation w“ = (w})kez is given
by

. Ja k=0,
Wy =
Wi, k;£0.
Therefore, we can define a continuous function pZ"i(w) Q- R,
a ay_ 1: a,a
plw®, w*)= nlggopn (w).

Proposition 3.4.1. Suppose ¢ satisfies the extensibility condition, then for any
pair&,n €, such that the set{k € Z: £ # ny} is finite, the sequence of continuous

functions
n

paEm= > [p(S'E)—p(S'n)], n>0, (3.15)

i=—n

converges. Furthermore,
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(1) thelimiting function p(&,n) = lirrlnpn(i, n) is a cocycle, i.e., forevery&,n, €
Quwith&;=n;={; foralli with|i|> 1, one has

P& =pEn+pn,); (3.16)

(2) p is translation-invariant in the sense that for every pair(&,n) with{k € Z:

Ex # Nk} finite,
p(&,n)=p(SE,Sn). (3.17)

(3) foreveryA@Z andny,{p € EM, PMrEz\n EaEz\A) is a continuous function
of €.

Proof. We carry out the proof in two steps.
First Step: Let &, € Q2 such that for some k € Z, &z (x} = Nz\(x}- Without loss of
generality, let k > 0. Then

n n—k
D [9osTH S —gosT S ] = D (9o (SF)—g oSS )
i=—n i=—n—k

- Z [poSi(SkE)—poSi(Skn)]  (3.18)

i=—n
n

— D [posista—gosi(stn)] 3.19)
i=n—k+1
—n—1

+ > [poSi(sFO—gosi Sty B.20)
i=—n—k
Since (S*& )20y = (S k 1)z\{0}> the extensibility property of ¢ yields that the sum in
converges uniformly to p¢(Sk§, Skn) as n — 00. Note that for any i € Z,
¢ 0 S (S*E)—p oS (S* )| <619 <var(yy, i ——0.

li|—o0

Thus for (3.19) and (3.20), one has that
n

> [9057(S5 )~ oSS )| < k-vary y,n @

i=n—k+1

and
—n—1

Y. (9057 (55 =g o5T(S ]| < k-var(,n0-

i=—n—k
Thus since k is fixed and var_, n—@ — 0, both sums in 1| and 1!

converge uniformly to 0 as n — oco. Therefore, p is defined at (§,1) and p(&,n) =
p(s*g, skn).
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Second Step: Let &, 1) € Q2 such that for some A € Z, £7\p = 1z\». Then there exists
m € N such that A ¢ [-m, m]NZ. Then for n > m, one has

i[«posi( oS’ ()= Z Z oS (€T E)—poS (€15 0 E5T

i=—n j=—mi=—n

By the first step, the sum over i on the RHS of the last equation above converges
uniformly for each j as n — oo.
We now address statements (1)-(3). Claim (1) follows directly from the definition
of p. Equations and easily follow from the first and second steps
discussed above. The continuity of the map & — p(nx&z\n,{a&z\n) forall A € Z
and 7, { € Q is a consequence of the uniform convergence of (3.15).

O

Now, we shall discuss how to associate a Gibbsian specification with an ex-
tensible potential and vice versa. We have the following theorem.

Theorem 3.4.2. (i) Suppose ¢ : Q2 — R is a continuous function with extensibility
property, then y¢ = (yf )Aez 8iven by

—1
ril@alor)=( > ef"Erenn )]y eq 3.21)
EAEEA

is a translation invariant Gibbsian specification.
(ii) Supposey = (Y A)rez IS a translation invariant Gibbsian specification, then

7iop(wola”L, )

¢, (w)=log —
r 710} (@0la”to w$°)

, WEN (3.22)

is a continuous function with extensibility property such that y¢Y =7.

Proof. (i): This part is proven in Subsection[2.2.3]

(ii): The second part has been established in greater generality in Proposition
here, we consider the particular case where p is the Dirac measure §, and
d = 1. Owing to its concreteness and reduced level of abstraction, we provide a
separate proof for this case.

Pick any ay, by € E and w € 2. Since ¢, is a one-sided function, one can check
that forany n €N,

plot(w)—piort(w) :Z[(p}, 0§~ (bywioe)— ¢y 0 S (@ow o)) (3.23)

i=1
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and for the right-hand side of the above equation, one has

RES = Zl 7 {0y ((w_;)olan(w™ }Hbowl )oo)‘ Y{o}(ao|a—N(CO_}+1dow<f°)°°)
- 7oy (apla_n(w _,+1b0601 )T°) 7’{0}((6071')0|“LN(60_,+1“00)1 )00)

Then, by applying the bar moving property, one gets

p20,b0(w) ao bo Cz)) Zl ‘)/{Ol}((w l)O(bO)'leLN(w:,l+1)i_l(w(fo ?fl)

= T0.3(@0(bo)ila_n(w ], )T ()50
-1 [ee]

+Zl T0.3(@0(@0)ila_n(w ], ) (@$)50)
i=1 710,11 ((w—i)o(ao); |a—N(0),}+1)i 1(6()1 )5o)

and thus, by applying the bar moving property once more,

ie1)

plorby _ pgo’bt):zn:lo 1y (Bo)ilan(w2))y (@)
" = rin((ag)ila_n(wI)y (wi)50)

)

+Zl ri(ao)ilaz (w7}, )i (wfe (l: ,
= ru(b)ilaz_(w —i+1)1 NP5

here Z_ denotes —N U {0}. Hence, by the translation-invariance of 7,

l 1

bola” '™} w$® agla w
w)= logr{O}( olaZ l1 ) 7{0}( 0[a 6 Wi )
—i

im1 V{o}(ao|a S w?®) Y{O}(b0|a—oow_}+1w1 )

ag, by ag, by
2 w)=py”

_Z 1i0)(bola @7} f )_”zl:lo 7{0}(bo|a:f;1w:}w?°)
- 7’{0} (apla”ss w }0)1 ) = 7’{0}(“0|a—oo w_ 601 )

Toy(bola” it w ™) 7i0y(bola”l )

=log - —log — .
Tioy(@la=ts 0 5,0i°%) T rig(aolaZe, wf)
Thus
puo,bo(w)zl Y{O}(b()la—golw , (IX)) — ] Y{O}(b(]k‘):(l)ow?o) (3 24)
" 7’{0}(ao|a—go ' 0f°) n—00 7(03(@0l =g §°)
The last limit also shows that y‘PV =7. O

3.5 Proofs

The proofs of Theorem [3.Aland Theorem [3.B|will be based on two lemmas. Our
first lemma states the following.
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Lemma 3.5.1. Let ¢ € C(Q2) be an extensible function and y¢ be the associated
Gibbsian specification. Then the one-sided extensible function ¢, € C(Q) is
weakly cohomologous to @, i.e., there exists C € R such that for all T € 4, 5(9),

J ¢Y¢dT=J< ¢odr+C. (3.25)
Q Q

Remark 3.5.2. The second part of Theorem[3.4.2 implies that the chainy — ¢, —
y¢7 isclosed, i.e.,y = y‘PV. For an extensible function ¢, the diagram ¢ — 7"7’ — Qo
is, in general, not closed, i.e., it is not always true that ¢ = ¢.o.

Proof. Note that ¢, is a half-line function. For any wz, € (1, one can easily
check the following:

Prolwz)=lim > [poSial wf)—pos'(a,0f*)]  (3.26)

i=—n

and the above limit is uniform on wz, € Q. For any 7 € .#, 5(Q;) and n € N,
denote

n

I(7) = fZ[¢os’(a:;wa”)wosl(aioowi"’)]r(dw).
Qij=—n

Forany{;,{, € ZU{—00, 00} with ¢; </,, define a transformation

w;, i iE[l, 4]

s (3.27)
a, ifielly,l,].

O, ¢, () = {

If ¢, £¢5, then [{,,£,] =0, therefore, for all w € Q, we set O 4,|(w) = w. Note that
the families {S; : £ € Z} and {©, ¢, : {1,{> € Z,{; < {,} of the transformations on
2 have the following commutativity-type property: for any ¢, » 3 € Z with £, </,,

Sty ©O10,,6,1 = Oty —t5,6,5]© St (3.28)

Thus I,,(7) is written in terms of the transformations O as follows:

L(7)= D> | $00 oo injoS (@)r(dw)— D | ¢ 0O esijoS (@)t(dw)

i=—nJN i=—nJdQ
(3.29)
Then, by the translation-invariance of measure 7,

n n
Z ¢ 0(“)(_00'_i_1]dT - Z ¢ O(')(—oo,—i]dT (3.30)

i=——nJ i=——nJ

f (P 0@(_00’_n_1]dT —f ¢ °®(—oo,n]d7~ (3.31)
Q Q

I(7)
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By continuity of ¢, the sequences {() 00_co —n—1)(@)} nez, ANd {P 0O oo n](W)} nez,
converge uniformly in w € Q to ¢(w) and ¢ (a), respectively, as n — co. Thus one
concludes that

nlggol f pdt—¢(a (3.32)

Since the limit in (3.26) is uniform, we conclude from (3.32) that
J Ppo(w)T(dw)= J p(w)r(dw)—¢(a). (3.33)
O

Now, we formulate the second lemma.

Lemma 3.5.3. Lety be a translation-invariant Gibbsian specification and ¢, be
the associated extensible function. Then

(i) Every translation-invariant Gibbs state u € 9s(y) is weak Bowen-Gibbs with

respect to ¢, i.e., u satisfies (3.2);

(ii) The set of translation-invariant Gibbs states for y coincides with the set of
the equilibrium states for ¢, i.e., Ys(r)= 59(¢)y).

Proof. (i): Now we shall prove that any translation-invariant DLR Gibbs measure
u prescribed by a specification y is weak Bowen-Gibbs relative to the potential
Py

The first part of Lemma and translation-invariance of the specification
7 imply

. 1 a
nlhngo—; log¥10,n1(a10,n)|@[0,n)c) = P?(1) (3.34)
and the convergence is uniform in w €.

Now consider a configuration o € 2, and a cylindric set [0 ], then by the DLR
equations,

u(loy) f 710,21(0710,111M10,m1 (7))
X

JY[o,n](U[o,n]ln[o,n]c)
x Y10,1(@[0,211M10,n1¢)

“110,n)(@0,211M[0,n)c J4(d 7). (3.35)

By translation-invariance of the specification y, Lemma[3.2.3]yields that

710,10 0,nMo,n1e) . pa
ulog)) = f e "udn),
° x Y10.n1(@0,n11M10,n1¢)
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here the error factor o(n) is independent on 1) and only depends on n. Therefore,

a g c
‘u([a.(r)l]) — e—nP (')’)'FO(FI)J Y[O,n]( [Ovn]|n[0:”] )H(dn), (3.36)
x Y10,1(@0,n)1M(0,n)c)

Hence, by taking into account (3.8), we obtain that

51PN 710,11(07[0,n11Q10,1)c) _ goln)

u(logl) = (3.37)
710,n1(@0,n)|210,n)¢ )
Using the bar moving property (3.7), we have that
Yo T0nll80,n1) 17 Y10.m)(@00,0)0i,n]lA0,n1) B2 l—[ YO ilo G miagi n)e)
710,n1(@0,n)110,n)c) i_a 710,n)(10,110(i,n] [0, )¢ ) (i1 @i lo(i n1agi nge)
n
— l_[ e‘PYOS’(D’[o,n]a[O,ﬂ]C), (338)
i=0

Note that in the last equation of (3.38), we used the fact that ¢, is independent of
the components in the negative half-line —N. Combining (3.38) with (3.37), we
get

esn+1 ¢7(0[0,n]a[0,n]5 )

oyl = e, (3.39)

enPa(y)

Note that

var,(Sy1¢;) < > _vary(¢,) (3.40)

and since ¢, is continuous, var(¢,) — 0 as k — co. Thus var,(S,,1¢,) = o(n),
and hence we obtain from (3.39) that

— o(n)
ulog)=—mge™" (3.41)

We note that the weak Bowen-Gibbs property implies that P*(y) = P(¢,),
where P(¢,) is the topological pressure of ¢, .

(ii): Now take any 7 € ./ 5(2) and u € %s(y). The relative entropy H,(7|u) is
given by

Hy(tlw) = >, 7(lagDlog ﬁ "B
ayeEn+l ay
= > clayDlogrllagh— >, =(ayDlogulay)) (3.42)
ajleEn+l ajeEn+l
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For the first sum in (3.42), one has that

1
— > wllaogr(lay]) o= —h(z). (3.43)
ajeEntl
For the second sum, by inserting and using (3.41), one has
> wllagDiogullay]) D e NSunpy—(n+1Py)+o(n)

a(;leEn+l a(;'eEn+l

(n+1)f ¢ dt—(n+1)P*y)+o(n). (3.44)
Q

By combining (3.43) and (3.44), and since P*(y) = P(¢,), one concludes that the
relative entropy density rate h(7|u) indeed exists and

h(t|u)= nlggo %Hn(fl,u) = —h(T)—f QydT + P(y). (3.45)
Q

Thus the Variational Principle (Theorem 3.2.2) yields that 7 is a Gibbs state for y
if and only if 7 is an equilibrium state for ¢,, i.e., ¥5(y) = £ (¢,).
O

Proof of Theorem[3.Al One can easily see that weakly cohomologous potentials
have the same equilibrium states because the functionals 7 € .#; s(Q?) — h(7)+

¢pdt and T € M, 5(Q) — h(t)+ | ¢,0d7 differ by only a constant P(¢¢)—

0 Q

P(¢). Furthermore, the weak cohomology between ¢.» and ¢ also yields the
following [7, Proposition 2.34]:

1 n—1

lim — Z[q)y(p—¢—p(¢r¢)+p(¢)]osfﬂoo=o. (3.46)

n—oo
n i=0

Then the first part of Theorem3.Alfollows from Lemma[3.5.1]and the second part
of Lemma [3.5.3| since the weak cohomologous potentials have the same set of
equilibrium states, i.e., §7(¢) = (¢4 ). The second part of Theoremalso
follows from Lemma and Lemma In fact, by applying the first and
second parts of Lemma to y = v?, one obtains from Lemma that for
any equilibrium state yu € £ (¢),
et
n— _ on
and by (3.46), one has that S, (¢ — P(¢)) = Su(¢,0 — P(¢,))+ o(n). Hence one
immediately concludes the weak Bowen-Gibbs property of u with respect to the
potential ¢.
O

87



Gibbs Properties of Equilibrium States

Proof of Theorem[3.B Itis easy to see that the second part of Lemma[3.5.3|implies
Theorem O
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Chapter 4

On an extension of a theorem by
Ruelle to long-range potentials

Abstract: Ruelle’s transfer operator plays an important role in understanding thermody-
namic and probabilistic properties of dynamical systems. In this chapter, we develop a
method of finding eigenfunctions of transfer operators based on comparing Gibbs mea-
sures on the half-line Z, and the whole line Z. For a rather broad class of potentials, in-
cluding both the ferromagnetic and antiferromagnetic long-range Dyson potentials, we
are able to establish the existence of integrable, but not necessarily continuous, eigen-
functions. For a subset thereof we prove that the eigenfunction is actually continuous.

This chapter is based on A. van Enter, R. Ferndndez, M. Makhmudov, E. Verbitskiy, “On an
extension of a theorem by Ruelle to long-range potentials ”, arXiv:2404.07326.
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Ruelle’s theorem for long-range potentials

4.1 Introduction

One of the main issues of equilibrium statistical mechanics is to derive and de-
scribe the properties of the possible (global) states of a macroscopic system start-
ing from the knowledge of the finite-volume (local) states of the system. In order
to give a mathematical framework to this problem, Dobrushin, Lanford, and Ru-
elle developed the so-called DLR formalism in the second half of the last century.

Shortly after their introduction of Gibbs measures, Spitzer and Averintsev [3,
61[] characterised Gibbs measures for short-range potentials in terms of measures
having Markov properties. These results were then simplified and generalised, in
various directions by Hammersley and Clifford [44], by Sullivan, Kozlov [49,/62],
and by Geoffrey Grimmett in his first paper [41].

The novel DLR formalism was immediately adapted to the theory of Dynam-
ical Systems by Sinai [58-60]. There are, however, two important differences be-
tween the models typically studied in Statistical Mechanics and those studied in
Dynamical Systems. Firstly, in Dynamical Systems one is typically interested in
one-dimensional systems, that is, systems with configuration spaces EZ, where
E isthe set of possible spin values and the spatial dimension represents time. The
conditional probabilities in Dynamical Systems are typically "one-sided" (from
past to future), those in Statistical Mechanics "two-sided" (from outside to in-
side). For short-range potentials this does not make much of a difference, al-
though in general regularity properties between one-sided and two-sided con-
ditional probabilities may differ [7,[8,27,[28,/32]. Secondly, and perhaps more
important, the natural description of dynamical systems often involves half-line
configuration spaces EZ+, rather than whole-line configuration spaces of the
form EZ.

Already in his original papers, Sinai addressed these questions, [58-60]. He
showed that Gibbs equilibrium states for exponentially decaying interactions are,
in fact, equilibrium states for half-line potentials as well. The issue of half-line
versus whole-line Gibbsianness is, therefore, as old as the theory of thermody-
namic formalism in Dynamical Systems. For more recent results established in
this area see, e.g., [7,/33,/64-67]. One of the most important Dynamical Systems
tools used in the study of Gibbs equilibrium states is the so-called Ruelle’s trans-
fer operator [57,(64]. Various probabilistic properties of chaotic dynamical sys-
tems can be characterised in terms of transfer operators. In particular, a central
issue is to characterise those potentials (interactions) for which transfer opera-
tors have positive continuous eigenfunctions that is, finding those potentials for
which Ruelle’s theorem holds. This question has been answered by different au-
thors [30} |54, 55,|64, 66, 67] for different regularity classes of potentials. In this
chapter, we answer it for potentials beyond these earlier studied classes.

This chapter is organised as follows:
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Basic notions: 1. Specifications

* InSection[4.2] Section[4.3] and Section[4.4lwe introduce the notions of ther-
modynamic formalism that are important for this chapter.

* InSectionf4.5} we discuss the relationship between half-line and whole-line
Gibbs measures and formulate the first part of the main results (Theorem

[4.Aland[4.B).

* In Section[4.6} we discuss when whole-line Gibbs measures are absolutely
continuous with respect to the product of two half-line ones, and we for-
mulate the second series of our main results (Theorem[4.C| [4.D]and [4.E).

* In Section[4.7} the Dyson model, the main example of the chapter, is dis-
cussed. We then discuss what is the behaviour in other regimes of the phase
transitions.

* Section[4.8]and Section[4.9)are dedicated to the proofs of our main results
and the final remarks.

4.2 Basic notions: 1. Specifications

The Dobrushin-Lanford-Ruelle definition of Gibbs states via specifications goes
well beyond the standard lattices Z¢. Consider the lattice system Q= E*, where
L is an at most countable set (lattice) and E is a set of possible spin values. In
this chapter, we will focus on finite E. We denote the Borel o—algebra of the
measurable subsets of Q by .Z. For a subset A c L, we define %, as the minimal
o -algebra that makes the maps w € 2 — w; € E, i € A measurable. Additionally,
we let .7 represent the tail o-algebra, defined by .7 := Np1. 7. The specification
is a consistent family of probability kernels (conditional probabilities) indexed by
finite subsets A of L. denoted by A € L. The consistency condition is the require-
ment that y,ya =7, forall A ¢ A € L [39, Chapter 1].

In the sequel, for A, A c L, we will denote the concatenation of strings 5 €
E®, 0y € EM by Eany, namely, £ 41, is a string such that (Ex1,); = £; if i € A and
(Eana)i =n; if i € A. Given the specification y = {y\}per on Q= E", we say that a
probability measure y on 2 is Gibbs for the specification 7 or, equivalently, that
u is consistent with 7, if

Woaloa)=ra(Or0)) foru-a.a. o€,

or, equivalently, if the DLR equations hold:

fmfdu=ffdu,
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Ruelle’s theorem for long-range potentials

for all f € L'(Q, u), and every A € L, where

raf(0)= D ralEalon)fEnose),

EA€EA

note that for w € Q and A C L, w,c denotes the (infinite) string wy\s. The set
of all Gibbs measures for y will be denoted by ¢(f2, 7). For any probability mea-
sure u one can find at least one specification y such that u is Gibbs for 7 [40].
However, useful and interesting specifications have additional properties such
as finite energy (non-nullness) and quasi-locality (continuity). We now turn to
two particular ways of defining specifications as used in Statistical Mechanics
and Dynamical Systems.

4.2.1 Gibbs(ian) specifications in Statistical Mechanics

An interaction @ is a family of functions {®,}, indexed by finite subsets A € L,
such that each function ®,, depends only on values of ¢ in A, that is, with a
slight abuse of notation, ®,(0) = ®,(0,). One needs to impose some additional
summability conditions on the interaction ®: ® is said to be uniformly absolutely
convergent (UAC) if for all i e L, Z [|®y]leo < 0. For an UAC interaction ®,
ieVel
the specification (specification density) y® = {yf} AcL is defined as follows, for
w,nNE),
e—Hff (@anac)

®
YAl©AlNAe) = ——5— (4.1)
A Z2(n)
where H ;\I’ (w):= Z @y (w)is the Hamiltonian in the volume A, and Zﬁ’ is a nor-
VNA#D
o -
malization constant (the partition function), i.e., Zy (1) := Z e AN (@amne)

W EEA
It should be stressed that a Gibbsian specification y?® is always quasilocal [5),
264,39]. In the current setting, in which E is finite, this property is equivalent to
the fact that for all A € L and w, € E®, ra(waln) is a continuous function of the
boundary condition n € 2. Another important property of the Gibbsian specifi-
cationsis non-nullness, which means that for all volumes A € L, nial)lefﬂ yi(a) AlAc) >

0.

We denote the set of Gibbs states for the interaction ® by 4(£2, ®) (or 4(®)). It
is a convex set —in fact a simplex — which is always non-empty if, as is the case in
this chapter, the spin space E is compact.

Depending on the symmetries of the lattice L and the spin space E, the in-
teractions and specifications may also exhibit some symmetries. For example, if
L = Z, then an interaction ® on X := EZ is called translation-invariant if for all
A€Z, everyk€Zand w € X, By r(w)=®,(S¥(w)), where A+ k :={i+k:iecA}
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and S : X — X is left shift, i.e., for every i € Z and w € X, (Sw); = w;41- Re-
spectively, a specification y on X = EZ is called translation-invariant if for all
BeZ , AeZ keZand w € X, yp((Blw) = yA(Sk(B)ISk(w)). Translation-
invariant interactions give rise to translation-invariant specifications. To some
extent, the opposite statement is also true: Sullivan showed ([5,62]) that for a
quasilocal translation-invariant specification on Z, one can find a translation-
invariant interaction ® such that y = y®. Recently, however, it was shown in [5]
that this interaction is not necessarily uniformly absolutely convergent.

It should be noted that Gibbsian specifications can be uniquely recovered
from a consistent family of single-site probability kernels (densities) {y; : i € L}
[33]. Therefore, it is sufficient to study only the single-site densities of a Gibb-
sian specification instead of studying all densities. Due to this fact, it is worth
defining the single-site densities of a specification separately from the concept
of specification as follows.

Definition 4.2.1. [31] A collection{y (i }c1, of positive functionsy ;(-|-) : E x EIMi
(0,1) is called the family of single-site densities of a specification if

(i) Z riyailogy) =1 forallw € Q= EY ieL,

a;€E
(ii) andforalli, j €L, a,w € the following holds

ruy@ilajog jye) rij(@jlaiwg je)

Z T BilBiwn e rin(Bilajwp jye) z Ty (BilBj i jye )y (Bjlaiwgi jye)
{i.J) Tia;lBiwy jie) 0.4} rufailBjwy jie)

The following theorem signifies the importance of single-site densities of a
specification, and it will be useful later.

Proposition4.2.2. [33] Let{y; } e be single-site densities of aspecification. There
is a unique non-null specification y on (Q, 7) having {y(}ic1 as its single-site
densities. Furthermore, v is quasilocal if and only if all functions in the collec-
tion {yi\}ieL are continuous, and a probability measure u € (2, F) is consis-
tent withy if and only if it is consistent with all single-site probability kernelsy ;,
i€el.

4.2.2 Gibbs(ian) specifications in Dynamical Systems and Transfer op-
erators

As already mentioned above, in Dynamical Systems, the 'natural’ lattice is the
half-line L = Z, . For an introductory treatment of some of these issues, see also
[48]. Let X, = EZ+ be the space of one-sided sequences w = (wn)nso in alphabet

oo
E. We equip X, with the metric d(w, )= Z]I[a)n # w’ 127", We also define the

n=0
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left-shift S on X, by y =Sx where y; = x;,; forall i > 0. Let ¢ : X, = R be a con-
tinuous function (potential). Following [16,/17,/64], we define the corresponding

specification ?¢ = {?n = ?[q;n_l], n > 1}, by

. B exp(S ¢)(an 1 00)) n—1
alx°)= “n where (S, ¢)(x)= Skx

7 (@l tx2%) = S exp(G ) 1) (Sa)(x)= D> _P(S*x)

4.2)

This gives a family of probability kernels on finite intervals [0,z — 1] in Z, . How-

ever, the definition extends to general volumes A € Z, by

- _exp((Spy19)apxc)) A
N = KTy PR K
where n = maxA.
For f € C(X,,R), one has
- a1 exp((Syp)(ag ™ 'x2°)) flagd ™" x2°)
7 uF)x)= 2 @0l ) oo" . (4.4)

S exp((S, )y %)

It turns out that ? »(f) can naturally be expressed in terms of the Ruelle-Perron-
Frobenius transfer operator. This is the operator .Z; acting on the space of con-
tinuous functions C(X,,R) as

Lyf(x)= D e?Vf(y)=> e?“f(ax), 4.5)

yeslx acE

where the configuration a x is obtained by the concatenation of the letter a and
the configuration x. Thus, forany n > 1,

- - 2 f(5"x)
L0 f(x)= Z S £(gn = x), and hence, 7,(f)(x)= .
ay'eEn ¢ (§mx)

One readily checks that the family of probability kernels {?n} has the standard
properties of specifications; most importantly, the consistency condition

YT D=1 (X (=7 ()

for all f € C(X,,R) and every m > n > 1, and this particular property can be
readily validated using properties of transfer operators |64, Theorem 2.1].
The set of all Gibbs states on X, for potential ¢, i.e., the set of measures con-

sistent with the specification ?qj, will be denoted by 4(X,, ¢). The set of Gibbs
measures ¥(X,, ¢) is a closed convex set and the extremal points of 4(X,, ¢) are
tail-trivial.
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Transfer operators allow for a dual view on Gibbs measures ¢4(X,, ¢). Define
the dual operator .¢7, acting on the space of measures ./ (X, ) by

ffd(fgv):f$¢fdv forall f € C(X,,R).

It is well-known that there exists at least one eigenprobability v on X, for the
maximal eigenvalue A = e” @) je.,

.,%; y=el®)y

1

where P(¢) = nlirgo - log sup .#"1(x) is the so-called topological pressure of ¢.
- xeX,

Combining the results of |64}, Corollary 2.3] and [17, Theorem 4.8], we can con-

clude that the sets of probability eigenmeasures of .,%; and the Gibbs states for ¢
on X, coincide:

ve¥(X,,¢)ifand onlyif.,‘f$ V=AW

There is an interesting phenomenon in the theory of Gibbs measures on one-
sided (half-line) symbolic spaces, which has no direct analogue in the two-sided
(whole-line) context. Let us say that a continuous potential ¢ : X, — R is quasi-
normalized if £41 is a constant function on X,. It turns out that ¢ is quasi-
normalized if and only if all Gibbs measures u in (X, ¢) are translation invari-
ant, i.e., u= oS! [65, Theorem 1.2 (iii)].

4.2.3 Relation between Gibbsian specifications

Specifications discussed above are defined on different spaces: X = EZ vs X, =
EZ+, as well as, in different terms: namely, the interaction ® vs the potential ¢.
What is the relation between these classes of specifications?

For a given interaction @, the potential ¢ should be interpreted as minus the
contribution to the energy from (the neighborhood of) the origin [57, Section
3.2], [26, Section 2.4.5]. In fact there are multiple possibilities to define relevant

¢,e.g.,

1
p©)== D>, eviwy), (4.6)
0eVeZ
o1,
pl@)i=— > y(wy). (4.7
0eVeZ,

In the setup of Thermodynamic Formalism, the second choice is particularly
convenient, and it will be used in this chapter.
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It is worth mentioning that for every ¢ € C(E%*,R) there exists a translation-
invariant interaction % on X = EZ satisfying 1) such that

nonetheless, such ®® does not need to be unique [57]. The reciprocal property
would be more interesting, namely that for each ¢ € C(X,) there would exist
a translation-invariant UAC interaction ® on X satisfying (4.7). Unfortunately,
there exist counterexamples showing this to be false (c.f. Proposition[4.6.2and

Section[4.9).

4.3 Basic notions II: The Ruelle theorem and Equilibrium
states

Gibbs measures are eigenmeasures of the duals of transfer operators correspond-
ing to the maximal eigenvalue. What can we say about the eigenfunctions of
transfer operators? Ruelle established the first result for smooth potentials [55|
57]: if ¢ : X, — R is Holder continuous, then the transfer operator .Z; has a posi-
tive continuous eigenfunction #; Ly h=Ah,withA=e” (#) The existence of con-
tinuous eigenfunctions has been established for larger classes of smooth poten-
tials: for example, by Walters for potentials with summable variations ([66,(67]).
For less regular potentials — the so-called Bowen class — Walters established the
existence of bounded measurable eigenfunctions.
There is an interesting principal relation between the Gibbs measures 4(X, ¢),

eigenfunctions of transfer operators, and translation invariant equilibrium states.

Proposition 4.3.1. [51, Theorem 1] Consider a continuous potential ¢ € C(X,),
and suppose v<€ (X, ¢) or, equivalently, 54’; v=e"®)y. Then

1) If there exists a non-negative eigenfunction h € L*(X,, v) of the transfer op-
erator £ with £yh = eP P, thenyu=nh-v (e, du=hdv) is a transla-
tion invariant equilibrium state of ¢: namely, u is the measure satisfying
the variational principle

h(S,u)+f¢du= sup )[h(S,p)+j¢dp]=:P(¢).

PEA(X,S

where h(S,-) is the Kolmogorov-Sinai entropy, the supremum is taken over
the set of all translation invariant probability measures on X, , and P (@) is
the (topological) pressure of ¢.
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2) If there exists a translation invariant measure u € #(X,,S) such that u <
v, then u is an equilibrium state for ¢ and the Radon-Nikodym derivative
h= Z—‘l: is the eigenfunction of £y with Ly h = e?@hp,

The proof of Proposition[4.3.1|follows standard arguments under the assump-
tion that the eigenfunction (Radon-Nikodym density) is continuous [64]. While
the transfer operator £ is typically considered as an operator acting on contin-
uous functions, it can be readily extended to L'(»). The standard proof is then
adapted to integrable functions in a straightforward fashion.

By the above proposition, the condition that the transfer operator £ has an
eigenfunction for the maximal eigenvalue A = e”?) is equivalent to the existence
of an equilibrium state for ¢ on X, having this eigenfunction as Radon-Nikodym
derivative with respect to some Gibbs state ve ¢(X,, ¢).

We should note that the approach based on Proposition has already
been used in at least two particular cases: for Dyson potentials by Johansson,
Oberg, Pollicott [47], and for product-type potentials by Cioletti, Denker, Lopes,

Stadlbauer [15]. Let us now recall these results. The Dyson potential ¢ is given
by

PP(x):=p > ", xe{-11%, 4.8)

a
n=1 n

where 8 > 0 is the inverse temperature and a > 1 is the model parameter. The
Dyson potential ¢ originates from the standard Dyson interaction ®, by means
of 4.7),
Bw;w j
——0 fA={i,j}CZ i#];
Dp(w)=1 li—jl ! g (4.9)
0, otherwise.

If & > 2, ¢ has summable variations, and, hence, the Ruelle-Walters theo-
rem applies, and the transfer operator has a unique positive continuous eigen-
function [67]. For a € (1,2], in complete analogy to the classical (whole-line)
Dyson model on {—1,1}%, phase transitions — the existence of multiple Gibbs
measures — occur [46], and no general result in Dynamical Systems applies. The
main result of [47] reads

3
Theorem 4.3.2. [47] Fora € (5, 2] and all sufficiently smal/a’ €[0,+00) there ex-

ists a positive continuous eigenfunction of the Perron-Frobenius transfer operator
Ly

!This result has been improved by the authors since we first submitted our paper [29]. Their
result now reads that the continuous eigenfunction exists for all supercritical temperatures.
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Remark 4.3.3. Theorem holds for all § < /301, where ﬁcl is the critical value
for a certain long-range Bernoulli percolation'. For further details, see Section
and [47].

In [15], the authors introduced a product-type potential ¢P {=1,1}* >R,
with

X
Pr(x)=p> ", (4.10)
where again 8 > 0 and a > 1. As above, ¢ has a summable variation for a >
2, and thus the standard theory applies [67]. For each f and a > 1, there is a
(e @)
unique Gibbs state v which has the product form v = l_[An, with A,(1)=p, =
n=0
exp(BY, i)
2cosh(B Y i—@)’

measure ¢ on {—1,1}% with u([1]p) = nlirgo Pn =

while the unique equilibrium state for ¢ is the Bernoulli
eB@)

2cosh(BL(a))’

Theorem 4.3.4. [15]

(i) Fora > 3/2, the equilibrium state u* is absolutely continuous with respect
to the Gibbs state v*, and thus the Perron-Frobenius transfer operator Lprt

d p
d—‘l:P € L'(X,,v"). Thedensity h* is continuous

for a> 2, and essentially discontinuous if a < 2.

has an eigenfunction h* :=

(ii) If1 < a < 3/2, then u* and v" are singular measures, and therefore, the
transfer operator £y » does not have an eigenfunction in L'(X,,v").

4.4 BasicnotionsIIl: Equivalence ofinteractions. Dobrushin
uniqueness condition

4.4.1 Equivalent specifications

We start this section with the notion of equivalent Gibbsian specifications; we
follow closely the book by Georgii [39, Chapter 7].

Definition 4.4.1. Two Gibbsian specifications v,¥ are called equivalent, denoted
by y ~ ¥ if there exists a constant C > 1 such that

cTIAAL) S FA(Al )< eralAlY)

forallA€eZ andAe .
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In particular, if ® and ¥ are both UAC interactions, and y = y®, # = y" are the
corresponding Gibbsian specifications, then y® ~ y¥ if

sup||HY —H)|| < oo. (4.11)
AcZ

The sufficient condition (4.11) certainly holds if the collection of sets

{A€Z:0)\()# U\ ()}

is finite. In this case, we say that ¥ is a finite perturbation of ®, and vice versa.
The following theorem summarizes the properties of sets of Gibbs measures
of two equivalent specifications.

Theorem 4.4.2. [39, Theorem 7.3] Let y and ¥ be two equivalent specifications.
Then 9 (y) # 0 if and only if 4(7) # 0, and in this case there is an affine bijection
u «— [ between ¥ (y) and 9 (¥) such that u = i on .7 . In particular, |ex¥(y)| =
|ex (7).

4.4.2 Dobrushin uniqueness condition and its corollaries

This is one of the most general criteria for the uniqueness of Gibbs states. We dis-
cuss it in the framework of a general countable set L of sites and a configuration
space Q := E*. Consider a uniformly absolutely convergent (UAC) interaction
®={P,\(-): A€ L} onQand let yq’ be the corresponding Gibbsian specification.
For any sites i, j €L, define

Cor™iji= sup g =17 Moo,
NLAGY =TI}

where || - ||co is the supremum norm on . (f2) defined by ||7||c := sup |7(B)|
Bex(Q)

for any finite signed Borel measure 7. The infinite matrix C (7"1’) =(C (yq’),-y jijeL
is called the Dobrushin interdependence matrix.

Definition 4.4.3. [18,37,39] The specificationy® satisfies the Dobrushin unique-
ness (contraction) condition if

c(y‘b) = supz C(yq’),-yj <1. (4.12)
iel ]E]L

The Dobrushin uniqueness condition admits a slightly stronger — and easy
to check— form:
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Proposition 4.4.4. [39, Proposition 8.8] Let L be any countable set, and suppose a
UAC interaction ® = {®,(-): A €L} is such that

1
c(®):=-su Al=1)o(®y) <1, (4.13)
(@) zief;“ = 1)5(@y)

where 6(f) == sup{|f(£)— f(n)|: £,n € E“} is the variation of f : E* —R. Theny®
satisfies the Dobrushin uniqueness condition.

The proof of Proposition[4.4.4]boils down to showing that for all 7, j, i # j,

1 -
ClrtYj<y D, 0@y)=C@)y,
{i,j}yeA

and hence c(y‘l’) = squ C(yq’)l-j < supz C‘(<I>),~]- = ¢(®). Notice that the non-
L b

negative matrix C(®) := (C(®); ;);, jer, is symmetric.

Note that by transitioning to condition (4.13), we are reinforcing the primary
condition of this chapter, which is the Dobrushin uniqueness condition (4.12),
but with a particular purpose. The condition (4.13) is stable under a perturbation
of the underlying model/interaction ®. Indeed, let U = {¥y, } <1 be an interaction
such that for V € L, either ¥y, = &y, or ¥y, =0, then it is straightforward to check
that ¢(¥) < ¢(®). Thus ¥ inherits the Dobrushin uniqueness condition from ® as
long as ® satisfies (4.13).

The crucial property of the Dobrushin uniqueness condition is that it pro-
vides the uniqueness of the compatible probability measures with the specifica-
tion y. In fact, we have the following theorem.

Theorem 4.4.5. [18][37, Section 6.5][39, Chapter 8] If yq’ satisfies the Dobrushin
uniqueness condition | , then |€4(y‘1’)| <1

If E is compact, as is the case in this chapter, there is always at least one Gibbs
state; hence, the inequality becomes an equality.

The validity of Dobrushin’s criterion yields two important properties of the
unique Gibbs state: concentration inequalities and explicit bounds on the decay
of correlations.

The first property involves the coefficient ¢(®), and it provides the tail bounds for
the unique Gibbs measure. Let

5 F ==sup{F(£)—F(n):&;=n;, jeL\{k}} (4.14)

denote the oscillation of a local function F : Q@ — R at a site k € L and 6(F) =
(6 F)rey, is the oscillation vector, where Q= E*.
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Theorem 4.4.6. [50] Suppose® is a UAC interaction satisfying and let ue be
its unique Gibbs measure. Set
D= ; . (4.15)
(1—c(®))?
Then, for all t > 0 and every continuous function F on 2, one has

2¢2

pa({wea: F(a))—f Fdpg > t}) < e PIA0E, (4.16)
Q

where||3(F)l; = > (8 F).
kel

It is a well-known fact that (4.16) implies that F is sub-Gaussian and ug has
the moment concentration bounds as stated in the following theorem (|63} Propo-
sition 2.5.2]).

Theorem 4.4.7. [63] Assume that a probability measure ug satisfies with a
constant D = D(ug) > 0. Then:

(i) ue satisfies a Gaussian Concentration Bound with the constant D, i.e., for
any continuous function F on Q1= E*, one has

f eFlaFdus g < DISFIE (4.17)
Q

(ii) for allm e N and any continuous function F on(}, one has

f ‘F—J quq,‘md%g(%)?mr(%), (4.18)
Q Q

wherel is Euler's gamma function.

We present the second property in the particular setup L = Z, and it involves
the Z x Z matrix

oo
D(r")=> ™). (4.19)
n=0
The sum of the Z x Z matrices in the right-hand side converges due to the Do-
brushin condition (4.12).
Proposition 4.4.8. [36,39] Consider a UAC interaction® on X = E zZ,
(i) Assume the specification y® satisfies the Dobrushin condition and let
u be its unique Gibbs measure. Then, forall f,g € C(X) andi€Z,

1
<1 Z D(y®)jx-6f6j-ig. (4.20)
k,jeZ

covu(f,gosi)
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(ii) Suppose® satisfies and define the non-negative symmetric Zx Z-matrix

by
D(®):= Z C(®)" . 4.21)
n>0
Then, )
su D(@®);; < ———. (4.22)
ieé’jezz = @)

4.5 Main results I: From half-line to whole-line specifica-
tions and measures

4.5.1 From half-line to whole-line specifications

The main results of this chapter are grouped into two parts. In the first part, we
consider a half-line potential ¢ : X, — R satisfying minor technical assumptions
and we identify the natural translation-invariant specification on X = EZ which

extends ?(p. In the second part we provide sufficient conditions for the Gibbs/e-
quilibrium state on X, to be absolutely continuous/equivalent with respect to
the corresponding half-line Gibbs state v. Then Proposition 3.1 allows us to con-
clude that the transfer operator admits an eigenfunction.

First, we consider the issue of whether there is a whole-line specification natu-

. . . . . =9
rally associated with a half-line specification y . It turns out that under a very
mild condition on ¢ we obtain an affirmative answer.

Definition 4.5.1. We say that a continuous potential ¢ : X, — R satisfies the ex-
tensibility condition if for all ay, by € E the sequence

n

Ef0(x) = 81 (3 h o X, )= @ (X p a0 x7°) = D ( (3] box ()= (x} ap )
i=0

converges uniformlyon x € X asn — 0o,

This condition has first appeared in [7] in connection to a related question of
whether g-measures are also Gibbs. In terms of the extensibility condition, we
can reformulate the main result of [7] as follows.

Theorem 4.5.2. [7] Let u be a g—measure for a continuous g—function g : X, —
(0,1), i.e., u is translation-invariant and for uy—almost all x € X, u(xo| 71, 00))(x) =
g(x). Then u (the natural extension) is a Gibbs measure on X if and only iflogg
satisfies the extensibility condition.
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In [7]], the authors identified several sufficient conditions for ¢ to satisfy the
extensibility condition, such as the Walters condition and the so-called Good Fu-
ture condition. Note that a function ¢ € C(X,,R) satisfies the Walters condition

o
and the Good Future condition if lim sup v,,,(S,¢)=0 and Z5k¢ < 00, re-
=00 p>1 P
spectively. Here

v(p):= sup [p(x)—@(y)l (4.23)
xk1=y k1
0 0
is the k™—variation (or the oscillation in the volume [0, k —1]) of a function ¢ :
X, —Rand

Orp=  sup {go(xéc_lakx,ffl)—go(xéc_l bkx,ffl)|. (4.24)
xeXy,ay,breE
is the oscillation of ¢ at the site k. Interesting examples of potentials satisfying
the extensibility condition are the Dyson potential and the product-type po-
tential (4.10). Note that both potentials are in the Walters class if and only if a > 2.
However, both satisfy the Good Future condition, and thus the extensibility con-
dition as well, for all admissible values of the parameter a, since 6 ,,(¢ Dy=o(n™
and 6,(¢")=0(n™%).
Gibbsianness for potentials satisfying the extensibility condition stems from
the fact that they lead to a natural whole-line translation-invariant specification.
Indeed, if ¢ € C(X,,R) satisfies the extensibility condition the limits

—0 eSi+p+1¢(wi_plin?fl)
7 (O ilwge) = lim (4.25)

—
p—00 Za‘)i esi+]9+1¢(wl—p wiw?fl)

are well defined for all i € Z. In turn, they lead to a full specification.

Proposition 4.5.3. There is a unique translation-invariant quasilocal non-null

=9
specificationy onX such thatthe functions (4.25) become its single-site densities.

=0
Proof. By Proposition 4.2.2] it is sufficient to check that {y ( l.}} iez, satisfy condi-

=¢
tions (i) and (ii) of Definition4.2.1| Clearly, {y {,-}}iez satisfies the first condition
In order to check the second condition, consider arbitrary i, j € Z with i < j, and
p € Nsuch that i, j > —p. Then a straightforward computation shows that

. -1
5i+p+1¢(wiplaiw,-+1 a; wﬁll

e
1 = i1 j—1 i—1 Jj—1 B
Z esj+p+1 Pl Biw;iy) BiwF2 )+ irpr1 P, Biw; ) @jw7R)=Sipr1 Pl Biw;,, ajwi?))
i,j
Sipndw oo la;w®)
e it Pl €W, 005,

- i—1 j-1 i—1 j-1 i—1 i1 :
Z esi+p+l¢(wl—p Biwiy Bi@S HSjpr1 P, i, Biw53 ) Sipn @0l aiwiy, Bjwis)
i,j
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The limit p — oo of this identity yields condition (ii).
Finally, note that for all i € Z,

exp(Sp+19(w ; U C‘)H_l)) =0
7’ (S'o)olS" (w){O}c)— lim =7 (0iloge)
“ LS SRR Pt R
=9 Lo o
and hence y is a translation-invariant specification. O

Example 4.5.4. Let us illustrate the construction in the previous proof with the
Dyson potential ¢ defined in (4.8). In this case a straightforward computation
shows that forallp eN, 20,00 {—1,1} and w € {—1, 1}%,

exp(Spnp(em,o00)) exp(BEL, Gt +B S i)
exp (8,1 9(w70007)  exp(B XL, G+ AT Gi)

Thus

exp(S (W=l oew®™)
p( P+1¢ p~ 0 ) oo)_)Y{O}(U()lw:})o’w(lx’)

exp(SpH(p(wZ;,an‘f))+exp(Sp+1¢(wZ;,(70wl )
as p — 0o, where

exp (ﬂ Z+°° Tol¢ wk+w k))
exp (ﬂ Z+Oo M) + exp (ﬁ Z’LOO Go wk+w k))

T Tolw L, )=

4.5.2 Whole-line Gibbs measures as limits of half-line ones

—¢ =9 . o .
Once the correspondence between ¥ and y is established, it is interesting to

understand the relation between ¢(X,, ?d) )( =9(X,, ¢)) and 4(X, ?(p ).

Suppose v is a Gibbs probability measure on X, for some potential ¢ satis-
fying the extensibility condition, and consider an arbitrary measure p on X_ =
EN(e.g. a uniform Bernoulli measure), and consider the measure iy =p x v on
X=X_xX,.

For any n >0, let

Pn=HooS™",

This is a sequence of Borel probability measures {u,},>¢ on the compact metric
space X, and hence it has weak®-converging subsequences {u,, }. It turns out
that their limits are bona fide whole-line Gibbs measures.
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Theorem 4.A. Suppose ¢ satisfies the extensibility condition and v € 9(X,, ¢).
Consider uy := p x v, where p is any probability measure on X_. Assume that
a subsequence {{L,, = g°S " }i>o converges to a probability measure . in the
weak* topology as k — oo. Then for u-almost all x:

_ —¢ _ o exp(Su@(xTlxx )
U(xolx =20, x°) =7 (%0l x4, x7°) = lim —
o © . noee S exp (Sp1 @ (x4 dox°))

Hence u is a whole-line Gibbs measure for the whole-line specification defined
=¢
by the kernels v ;.
Now we turn to translation invariant measures.

Theorem 4.B. Assume the conditions of Theorem[4.A, let u be a weak® limit point
of the following sequence of measures

1 n—1
=L —i
Un = n;ﬂoos .

=¢ =¢ =0
Then u is a translation-invariant Gibbs measurefory ,i.e,uc%(y ):=9(r N

MH(X,S).

We shall give the proofs of Theorem[4.Aland Theorem[4.B|in Section[4.8|

4.6 Main results II: Eigenfunctions of transfer operators
and absolute continuity of Gibbs measures

As mentioned in the introduction, we can show the existence of an eigenfunction
if we can show that the equilibrium state u is absolutely continuous with respect
to the half-line non-translation invariant Gibbs measure v. This approach has
recently been used by Johansson, Oberg and Pollicott [47] to show Theorem
We also use this approach to prove the following theorem.

Theorem 4.C. Let ¢ be the Dyson potential (4.8). Suppose a > 1 and f > 0 is
sufficiently small. Then,

(i) the half-line Dyson model ¢ on X, = {+1}*+ admits a unique equilibrium
state u, and Gibbs state v;

(ii) forall a > 1, u, is equivalent to v, i.e., u,. < v and v < u., and thus the
Perron-Frobenius transfer operator £ has an eigenfunction in LY (X, v);
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3
(iii) furthermore, ifa > X there exists a continuous version of the Radon-Nikodym

. d .
density %, and thus the Perron-Frobenius transfer operator £ has a con-
Y
tinuous eigenfunction.

Remark 4.6.1. In fact, we prove Theorem under the Dobrushin uniqueness
condition (c.f. (4.12)-({4.13)). Therefore, the parameter 8 > 0 should be sufficiently
small so that the corresponding whole-line Dyson interaction on X = {+1}% satis-
fies the Dobrushin uniqueness condition {4.13).

We will show a much more general statement (Theorem below), from
which one can easily obtain the first two parts of Theorem Our method of
proof of statement (iii) differs from that of [47], and can be generalised to other
models. The proof of Theorem[4.Cwill be presented in Section[4.8

4.6.1 From C(X,)to the space of interactions on X

It is clear from Section [4.5] that every (half-line) translation-invariant UAC in-
teraction ¢ (i.e., ¢y oS = ®,,, ) on X,, yields a potential ¢ € C(X,) with ¢ =
— Z @y, such that y? =72,

0eVeZ,

In the opposite direction, it is known that every potential ¢ yields an equiv-
alent interaction ® on X, [57] which in its turn can be extended by translations
to an interaction ® on X. This extension, however, is only guaranteed to belong

1
to the so-called %,(X) class —-i.e., is such that Z —||®y]leo < 00— but it
06V@Z+| |
may fail to be UAC.

The determination of necessary and sufficient conditions for ¢ to yield a UAC
potential ® on X is an open problem that we do not address here. Rather, in the
sequel we determine a class of potentials ¢ that admit a translation invariant
UAC interaction ¢ on Z satisfying

p=— > Oy (4.26)

0eVeZ,

The following proposition shows that potentials in this class satisfy the extensi-
bility condition.

Proposition 4.6.2. Let ¢ € C(X,) such that there exists a translation invariant
UAC interaction ® on Z satisfying ¢ =— Z &y, Then ¢ satisfies the extensibil-
0eV ez,

. . =0
ity condition. Furthermore,y =7%.
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Proof. Note that
Sn1¢ =— Z Py.
VN[0,nl#0; VeZ,

Thus since the interaction is translation-invariant (®o S™" =®y,_,,)

SwapoS== > @y
VN[—n,01#0; Ve[—n,00]

(The LHS of the above equation should be considered on X, otherwise, S~ is not
defined on X, .)
Pick any £,n € X, such that £; =7 if j #0. Then

Sur1PEZ) = Sp19(N%) = > @y () =By ()
VN[—n,0]#0; V €[—n,00]

D> @v—ov(©).

0V &[—n,00]

Since ® is UAC, > [®y(&)—®y(n)] converges uniformly to Hig(£)—

0€V €[—n,o0]

=¢
H{‘g}(n) = Z (@y(E)—Dy(n)) as n — oo. Thusitis also clear that y = yq’. O
0eVez
Example 4.6.3. Consider the Dyson potential ¢ (c.f. (4.8)) with the state space
E ={-1,1}, and the standard (whole-line) Dyson interaction ® onZ (c.f. (4.9).

Then it is easy to see that ¢p =— Z Dy
0€AECZ,

4.6.2 Decoupling across the origin

To every UAC interaction ¢ on Z we can associate a sequence UM of interactions
obtained by removing all bonds linking —N and Z, and adding them one at a
time. Formally, we consider the family

o = {A@Z: min(A) <0, maxA > 0}.

indexed according to some arbitrary order: .&/ = {A;,A,,...}. Then define, for
eachkeZ,,

(4.27)

kIj(k)— 0, AE{AiIi2k+1},
B Dy, otherwise.

In particular, ¥”) has no interaction between the left and right halflines. Clearly,
all the constructed interactions are UAC and in addition have the following prop-
erties:
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Remark 4.6.4. 1) Every\ll(k) in isalocal (finite) perturbation oftIJ(O). More-
over, the sequence W) tends to ® as k — oo, in the sense that \Iff\k) =@, for
allAcZ.

2) For any finite volume V,

(k) ]
1Y ~Hylloo < D 1194, lle ———0.
ANVAD
j=k

3) The specifications 7,\1/(’“ converge toy® as k — 0o. More precisely, for all B €
FandV €Z,

rl‘p/(k)(Blw) — r‘g(B|a)) uniformly in the boundary conditions w € X.

4) Inaddition, ifv(k) is a Gibbs measure for\IJ(k), then by Lemma 4.2, any weak" -
limit point, u of the sequence { »h} k>0 1S a Gibbs measure for the potential
.

Another important observation applies to the interaction U'%. As it is con-
structed from ® by removing all interaction between —N and Z, , the correspond-
ing specification y‘I’(O) is of product type [39, Example 7.18]: y‘pm) =r¥ x y‘b+, where
@~ and ®* are the restrictions of ® respectively to the negative and positive half-
lines. Thus, the extreme Gibbs measures also factorize [39, Example 7.18]:

exg(y‘l’m)) ={v_xv.:v_eex¥9 (X, rq’f), y, €ex %(X+,yq’+)} . (4.28)

4.6.3 Absolute continuity

1f © does not exhibit phase transitions, i.e., has a unique Gibbs measure, then
by Theorem ‘ all the interactions ), k > 1, do not exhibit phase transitions
as well. Let us denote by »*) the unique Gibbs state for ¥,

Theorem 4.6.5. If the interaction ® satisfies the Dobrushin uniqueness criterion
, sodo all interactions W\*) and, furthermore, ¥~ and v° are equivalent with

anh e T dvo e Zic 1
d v J‘X e_Zle(DAidV(O) T d Wb fX erzlq)AidV(k) '

(4.29)

Proof. The hereditary character of Dobrushin’s criterion follows from the obvious
fact that, forall k € Z, ¢ < ¢(d).
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The proof of follows, telescopically, from the partial Radon-Nikodym
derivatives

av® e M d k=1 e
= , = , (4.30)
d vik—1) f e P g plk=1) d vk) f e®M d vK)
which is a particular case of the following elementary lemma. O

Lemma 4.6.6. LetW be a UAC interaction that does not exhibit phase transitions.
Consider a perturbed interaction of the form U =W +'B with*} a finite interaction
supportedon A€ Z. If {v} =9(¥) and v€ 4(V), then V< v, and

dv e—HY (4.31)
dv —HP 5. ’

f xe ady

Proof. First, note that by Theoreml4.4.2} the model ¥ does not exhibit phase tran-
sitions since it is a finite perturbation of &. Thus {7} = ¢(¥). By uniqueness of the
Gibbs state, we have that, for both interactions, the Gibbs measures are achieved

through limits
* *
)— dyA()— 7 4.32
AT vand 7a0) o (4.32)

where y := y¥ and 7 := y" are the Gibbsian kernels corresponding to the inter-
actions ¥ and V¥ and free boundary conditions (that is, considering only bonds
within A). Consider any V C A€ Z. As H, /‘\I’ = H:f +H XD , for any cylindrical event
[ov], we have that

S 1o, oMY (E4) g—HY(EN)

> o—Hi (E4) g—HY(EA)
A

7alov) =
Dividing top and bottom by Z e HVEN) e get
Ea

_ 7A(10V e_Hf)

Taloy) =
rale )
Taking limits over A and using we obtain

g, ) = Mg, )

where f is, precisely, the right-hand side of (4.31). This concludes the proof be-
cause cylindrical events uniquely determine the measures. O

113



Ruelle’s theorem for long-range potentials

Now we turn to the restrictions V(f) of measures ¥ to the half-line Z,,ie.,
forBe 7., V(f)(B) := ¥®)(X_ x B). Note that for the cylindrical sets [op], A € Z,,
one has Vﬂc)([cr AD= "o, Similarly, one can define the restrictions to the left
half-line —N. If the model U'”) does not exhibit phase transitions, then »? is a
product measure, i.e., W0 =90 VE?) (ct. ), where ¥ is the unique Gibbs
measure for the interaction &~ on X_, and v(f) is the unique Gibbs measure for
®* on X,. If this is the case, then one can compute the Radon-Nikodym density

(k)
= ﬁ, in fact, forallo € X,, k € Z,,
avy

k -
[y e e ag)

)= )
fX+ in 9_21;:1 (I)Aj(gvé’) V(_O)(d g) V(J?)(d z:)

(4.33)

By Theorem all the measures ¥*), k > 0 are equivalent to »'%). However,
it is not clear whether the weak*-limit points of the sequence {v(k)} kez, are ab-

solutely continuous with respect to »% or not. The following theorem provides
sufficient conditions.

Theorem 4.D. Assume that® satisfies the Dobrushin uniqueness condition (4.13).
Suppose the family {f "} rey is uniformly integrable in L*(V?)). Then the weak*
limit point of the sequence { WO} is a Gibbs measure for® and absolutely continu-
ous with respect to V0.

The next theorem is the main theorem of this section and it provides suffi-
cient conditions for uniform integrability of the family { f (B} e, and thus abso-
lute continuity of the weak® limit points with respect to W0

Theorem 4.E. Assume the following

1) the interaction ® satisfies the Dobrushin uniqueness condition (4.13);

oo
2) D 1I5(@,)If3 < oo;
k=1

f (I)Akd V(n)
X

Then W% does not exhibit phase transitions, and {f ®): k e N} is uniformly inte-
grable in Ll(v(o)).

oo
3) Zpk < 00, where py. :=sup
=1 neN

Remark 4.6.7. Note that the third, summability condition in Theorem[4.H is im-
portant. To illustrate this, consider the product-type potential ¢* defined by .
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One can readily verify that the potential ¢ coincides with the half-line mean en-

ergy at0 — that is, p* =— Z &y, — for the translation-invariant UAC interac-
0eVezZ,
tion:
S PO A —tijie i,
Pp(w)=1 li—jl@
0, otherwise .

This interaction ®, which is not spin-flip invariant, satisfies the first and second
conditions of Theorem|4.H for B sufficiently small. In fact, for all § > 0, both Do-
brushin interdependence matrices C (y‘l’) and C (y"’P) are zero matrices, thus, both
specifications (not the interactions) satisfy the condition for all B’s. How-
ever, ® does not satisfy the last condition of the theorem. Indeed, as the unique
Gibbs measure ., for ® is Bernoulli with

BL@)

H([l]o)=m,

one has

f ogdu =tanh(B{(a)) > 0.
X
Therefore, forallieN, jeZ,,

P—ij= ‘ L q’{—i,j}du) =G f NG tanh(8{(a)),

and thus thesumZZp_,-,j diverges, wherep_; ; :=sup f O pd v(")‘. Hence,
i=1 j=0 neNlJx

Theorem[4.H does not apply to this particular model. Moreover, as asserted in the

3
second part of Theorem|4.3.4, for1 <a < X the conclusion of Theorem fails to
hold for this model.

The combination of Theorems[4.Eland[4.D]implies that if ® satisfies the condi-
tions of the former, the unique Gibbs measure u € 4(®) is absolutely continuous
with respect to %), Note that, as a consequence, Theorem|4.E|can not be true for
the previous interaction if 1 < ¢ < 3/2. Indeed, the second part of Theorem[4.3.4
directly implies that the measures y and % are singular for those values of a.

Itis natural to ask whether, reciprocally, Wisalso absolutely continuous with
respect to u. The answer is affirmative modulo conditions comparable to those
of Theorem[4.E] The argument resorts also to a sequence of interactions but this
time obtained by removing one by one the bonds in the volumes in .o/ ={A € Z:
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minA < 0, maxA > 0} instead of adding them to v More precisely, at each step
k € Z,, we construct a new interaction ) as follows:

o) —
AT .
Dy, otherwise.

. {0, Aef{A;:1<i<k},

Then as previously, for all k € Z,, the matrix C(®*) is dominated by C(®), thus if
o satlsﬁes the Dobrushin uniqueness condition so do all the 1nteract10ns
o®, Furthermore, Remark 4still remains valid 1nterchang1ng<1> and U, Thus
the sequence u*) of unique Gibbs measures for each ) converges in weak*
sense to a Gibbs measure y for ¥%. In addition, by Lemma all the mea-
sures u(k) are equivalent to y and their Radon-Nikodym derivatives are given by

k
[ op apd ezfjl i
# d‘U, fX eZizlq)Ai d‘u

To conclude, we present the following analogue of Theorem which can be
proven in a similar way.

Theorem 4.F. Assume that

1) the interaction ® satisfies (4.13);

oo
2) > 118(@,)II3 < o0;
k=1

3) Zpk<oo wherepk =sup

neN

f ‘I)Akd.u(n)
X

Then W) does not exhibit phase transitions, and { fu(k) : k € N} is uniformly inte-

grable in L'(u). In particular, V% is absolutely continuous with respect to .

We postpone the proofs of Theorem [4.D|and Theorem 4. until Section

4.7 Application: Dyson model

This was our motivating example. Let us recall that the Dyson potential ¢ is de-
fined on the half-line configuration space X, = {—1,+1}% as

XoX
X) ﬂz n’ xorxlr )GX-H
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for some @ > 1. As mentioned in Example [4.6.3} this potential is related to the

=¢
(4.9), by ¢p =— Z ®y,andthusy =7°.
0EVeZ,
Hence by Theorem for all v € ¥(¢), any weak* accumulation point of the

sequence {vo S "} is a restriction of some yu € 4(®) to Z,.

The Dyson potential satisﬁes the Good Future condition because its oscilla-
tions (4.24) & ,(¢) = ) are summable. As a consequence, it satisfies the ex-
tens1b111ty condltlon For a > 2, furthermore, its variations v, (S, ¢) :=sup{S, ¢ (x)—
Spp(y):xg~ = yO"_l} are also summable and, therefore, the standard theory ap-
plies [67]. The case of a € (1, 2] is significantly more subtle and its theory is less
developed. Its most recent advance is (Theorem [4.3.2| above), obtained by Jo-
hansson, Oberg and Pollicott [47] through the random cluster representation for
the whole-line Dyson model ® (c.f. (4.9)).

Now, we recall some important properties of the Dyson model and its phase
diagram. It is clear that the interaction @ is translation and spin-flip invariant.
One of the most interesting properties of the associated Gibbs measures is that
all the measures in 4(®) are translation-invariant for all the values of the param-
eters a and . However, this statement is not true as regards spin-flip invari-
ance. In fact, there is only one spin-flip invariant Gibbs measure in ¢(®) which
is the cause of the phase transitions for high ’s. By applying FKG inequalities,
it can be shown that the (weak*) limits u* := R?Zl yi(.|+) and u= := I/gg yi(.|_) ex-

whole-line Dyson model ®, defined in

ist, and both are extremal. In fact, u~ and u* are the only extremal elements of
¢ (®) since they stochastically dominate all other Gibbs measures of the model

ie. J fdu=<| fdu< | fdu* forany Gibbs state u € 4(®) and for any non-
X

X X
decreasing function f € C(X). The phase diagram of this model is in many ways
similar to the phase diagram of the two-dimensional nearest-neighbour Ising
model, in fact, we have the following result.

Theorem 4.7.1. [23,138,/56] For all a € (1,2], there exists a critical temperature
/36 (0,+00) such that there is no phase transition for all § € [0, ﬁc(a)) (i.e.
ut = ,u ), and there is a phase transition for all B € (B.(a),+00) (i.e. u* # u~).
Furthermore, for all the values of B, 4(®)=[u~;u"].

Note that if a > 2, then for all the values of the inverse tempereature § > 0, ®
does not exhibit phase transitions, i.e., |¥(®)| = 1.

In[46], the authors proved that the phase diagram of the half-line Dyson model
¢ is similar to the phase diagram of the whole-line Dyson model. In fact, they
showed that for all @ € (1, 2], there exists 8, such that the for all § € (0, ), there
exists a unique half-line Gibbs state for ¢, and for § > B, there exist multiple
Gibbs states. The authors also conjectured that the critical values /3;* and B, of
the half and whole-line Dyson models are, in fact, equal /3;L =p..
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4.8 Proofs of the main results

4.8.1 Proofs of Theorems and

We shall use the following two simple lemmas in the proof of Theorem[4.A]

Lemma 4.8.1. [39, Remark 5.10] Let v be a specification on X and y € 4 (y). Then
wo S~ is consistent with the specification y(l), where

Y O(Blw) =72 (STUB)S (W), VBEZF, weX, YACL.

Lemma 4.8.2. [39, Theorem 4.17] Suppose y and y(”), n > 1 are specifications on
X = EZ. Assume that y(”) converge uniformly toy as n — 00, in the sense that for
allA\eZ andallo € X,

ra@alon) = lim Y oalws)

uniformly in the boundary condition w € X. Take u(") € 54(7’(”)), and assume that
the sequence u(”) converges to some y € M(X) in the weak* topology. Then u €

G(r)-

Proof of Theorem[4.Al We, first, prove the theorem in the case where p is the uni-
form Bernoulli measure on X_. Let us consider a family of functions yi(;l)} 1 E x

EZ\MM _(0,1) given by:

=9 n—1 _oo

) n—1 oo Y m@nlxlog, x,01), n=0;

Yon(anlx" ,x20 )i=4 " 00’ Tnt (4.34)
{n}\7'n o0’ Mn+l l/|E|, n<0

with
I esn+1¢(xonilanx,?$1)

=9 n—1 _
T im@nlxos, x2)) = S oSt ) (4.35)

are the single-site kernels for the half-line specification ?¢ . [ To simplify we adopt
the convention x,, = @ if n < m.] It can be easily checked that it is a family of
single-site densities of a specification, therefore, by Proposition there is a
non-null quasilocal specification 7,(0) on (X, ) having {y({(g}}nez as its single-site
densities. Note that y(o) is not translation-invariant. We claim that y, € ¢4 (7(0)).
To show this, it is enough, by Proposition}|4.2.2} to check that ,uo(yi(;)}(F )) = uo(F)
for each local cylindrical F. That is, we must show that

lp x V(ro, (L) = [p x V(Lyy) (4.36)
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for allinteger k < r and n and all b, € E” kLA quick inspection shows that the
only non-trivial case is k < n < r, n > 0. In this case

0 -
[p x V](Yin)}(]lbk’)) = p(ﬂb;?“fn) V(?’{n}(ﬂbk’vo))» (4.37)
and, as v is a Gibbs measure for ¢, we conclude that
(0) —
Lo x V(1 (1)) = p(1 b;?A(_n) 1y, ) (4.38)

proving @38).
The proof is concluded by invoking the previous lemmas. By Lemma [4.8.1}

for all p €N, the measure u,, = oo S™” is consistent with y(p ), where
r(Blw) =1L, (SP(BISP(w), VBEF, we X, VACZ.

Note that the single-site density functions of y(p ) can be calculated explicitly, namely,
forallo,we X,

eSi+p+1¢(wl:p10'iw?:1)

P 1eworne) = Sipr @) o0 iz—p;
T Tilwgye) = > edinflom, Givi (4.39)

1/IE|, i<—p.

=0
Thus ¥ is the uniform limit of the sequence of specifications {y")} p- Thus by

—
=

Lemmal4.8.2} we obtain that u € 4(y ). Hence, we establish the theorem in the
case where p is the uniform Bernoulli measure.

Now let g € #,(X_) be an arbitrary measure, and let p once again denote the
uniform Bernoulli measure on X_. Then for any local function g : X - R, goS"
becomes F;, measurable, for sufficiently large n > 1. Thus by Fubini’s theorem,
for sufficiently large n,

J goS”" d(ﬁxv)=f goS”dv=J goS"d(p x ).
X X, X

Hence, one concludes that a subsequence {(p x ¥)o S "*};5; converges in the
weak* topology if and only if {(p x )0 S~ "}, converges and the limiting points
coincide. O

The following lemma will be useful in the proof of Theorem[4.B}

Lemma 4.8.3. Under the conditions of Theorem[4.A} for all cylindrical sets C C X,
and all volumes A € Z,

Jim. J [Fr (0~ 1) n(dx)=0.
X
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Proof. We will show that

li,gggff [FA (I~ 100 nldx)=0; (4.40)
X

the analogous result for the limsup can be shown similarly. Take any subse-
quence {n;} such that

hm f [yA(C|x) 1 (x)],unk dx)—hmlnfj [yA(Clx )],un(dx)

By compactness of ./, (X) the subsequence {u,, } converges in the weak*-topology.

=0
If u is its limit, then u € 4(y ) by Theorem Thus,

hmf [TA (Clx) =T (x)]pn, (dx) = f YA(C|X c(x)|uldx)=0.

O

Proof of Theorem[4.B, The proof of translation-invariance of u is standard. Thus
- . . =0 N
it is enough to check the consistency, i.e., u € 4(y ). Let u = hlrcn fin,, and take

any cylindrical event C. Then, the weak convergence implies that
=¢ 5 =¢
YA(C|x).unk(dx)—’(.uYA)(C)- (4.41)
X k—o0
On the other hand, the Stolz-Cesaro theorem and Lemma[4.8.3]yield that
n—1
J 7A(Clx)— (x)]“i(dx);H—OO’O‘

Thus,

k—oo

nk 1
J 7 (ClX)in, (dx)= f [TA (Clx)— llc(x)]ul(dx)wnk( )——u(C),

O

4.8.2 Proofs of Theorem4.D} 4.E/and 4.C

Proof of Theorem[4.Dl By Theorem ‘ each measure "¢ is absolutely contin-
_d k)

T d o)

uous with respect to O with f . Furthermore, by Theorem [4.4.2 k)

120
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is the unique Gibbs measure for ¥¥) for all k > 0. Let u©* be a weak® limit of a sub-

sequence {"*)} .. By Lemma u* € 4(®) (c.f. Remark . By the weak
star convergence, we have that for all g, € C(X),

J god V&) =J gof*®an? — f godu*. (4.42)
b X 7o Jx

Since the family {f*): k € Z, } is uniformly integrable, it is relatively weakly com-
pact in L'(»9) by the Dunford-Pettis theorem. Therefore, there exists a weak
limit point f € L'(#?) of the sequence {f*)};cy. Without loss of generality, as-
sume that ) f. Thus for all g € L*°(X, ¥,

§—00

f gfar? —— f gran’. (4.43)
X X

By combining and (4.43), we conclude that for all g, € C(X),

f godH*:J gode(O)-
X X

k

Proof of Theorem[4.E, For all k €N, denote W, := Z ®,,. Our argument relies on
i=1

O

two claims:
Claim 1:
sup f —Wkdv(k)‘ <00.
k>0 Jx
Claim 2:
supJ e Wed WY < co.
k>0 J x
Then, as

f f(k) logf(k)d W0 :f —W,d v(k)—logf e W@y,
X X X

these claims imply that

supJ F®10g FB YO < co. (4.44)
k>0 Jx

Hence by applying de la Vallée Poussin’s theorem to the family { f*): k € N} and
to the function ¢ € (0,+00) — tlogt, one concludes that the family {f(k) 1k eN}
is uniformly integrable in L'(#?).
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The proof of Claim 1 is immediate:

[ -wae
X

The proof of Claim 2 relies on the Gaussian concentration bounds. Note that
forall k e N, 5(\11(0)) <¢ (\ll(k)) < ¢(®). Therefore, the Dobrushin uniqueness con-
dition ¢(®) < 1 is inherited by all the intermediate interactions. Applying the first
part of Theorem [4.4.7|we see that the (only) measure u € 4(®) and all the inter-
mediate measures "/, k > 0, satisfy the Gaussian Concentration Bound with the

k oo
@Aidv“”’sZp,-gzp,-<oo. (4.45)
X i=1 i=1

4
same constant D := ————. This implies that, for all k €N,
(1—c(@))
f o~ g k1) < G DIB@L I o [ B, d s (4.46)
X

We combine this inequality with (4.30) to iterate

f o @rtea ) g 4 (k=2)
X

— J _q)Adekl f —(I)Ak]dvkz

< DUBEAIEHIO@ I o[ re @[ @ @) g )
By induction this yields
J e_Z;czl ®a d 90 < eDZle l8(@rII3 . e_Zlefx q)/\idv(iil), (4.48)
X

Thus, by using and ({4.45), we have that

f W d 1f0) < DX I8N o X i (4.49)
X
forall k €N, and
supf e~ Wi d 0 < D XS @I . o350 ¢ o0, (4.50)
keN
This proves Claim 2 and, hence, concludes the proof of the theorem. O
Proof of Theorem[4.G,

Part (i): Tts proof is rather straightforward. We choose 8 > 0, so that the re-
sulting & satisfies the Dobrushin uniqueness condition ¢(®) < 1. This condition
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is inherited by ¥ hence both potentials have a unique Gibbs state. Further-
more, as direct products of Gibbs measures for the restricted interactions ®~ and
®* are Gibbs measures for ¥, neither (If nor ®* may exhibit phase transitions
(c.f. Equation (4 ) In partlcular y¢ =7? " admits only one Gibbs state.

Part (ii): We just have to verify the hypotheses of Theorem the absolute
continuity follows then from Theorem[4.D] We chose 0 < 8 < By with

- 1
Bou = Z =) =5 (4.51)

—

Hence, by Proposition[4.4.4} for all B €(0, Bp ), @ satisfies the Dobrushin unique-
ness condition ¢(®) < 1. Hypothesis 1): Consequence of the Dobrushin unique-
ness criterion.

Hypothesis 2): ForallieN, jeZ, and k € Z,

. ) 0, 5 k&{—i, j}
@ij))=4 2 L
G+ ke{-i,j}.

Thusforalli eN, jeZ,, Therefore,

2
S8l = Y o <o

ieN, ieN,
J€zZy J€Zy

Hypothesis 3): We shall use inequalities (4.20) and (4.22). We use the notation
introduced in Section Note that for all k > 0 we have the componentwise
domination

cr"i;<C@)y; . DY) <D@®);; (4.52)

Thus smce c((I)) <1lallthe spec1ﬁcat1ons ¥ ¥ satisfy (4.12) (c.f. Section .

Applymg 0) to the measures ¥¥, k>0 and using (4.52), we see that

sup f O'_m-aooS”dv(k‘ Z D(®),;:0,0_p,-0p_;0. (4.53)
k=01 x r]eZ
Henceforall meNand neZ,,
1
(m+n)p_pmn< ZJZ rj" 0,0 -0, j0y. (4.54)

123



Ruelle’s theorem for long-range potentials

Summing and applying inequality (4.22), we obtain

oo

1 -
Z(m‘l‘n)ap—m,n SZ Z D((I))rj'aro'—m'5n—jo'0
n=0 r,j,n€EZ
= —Z[a O_m- D D(@),] (4.55)
rez JEZ
[@.22) 1
1—¢(®)

oo
As a consequence, m“ - Z Pomn<(1— ¢(®)) ! for all m €N, which implies
n=0

(ee]

[e.olNe’e) 1
mzzg 1—c(<I>) Z%@O- (4.56)

This concludes the verification of the hypotheses of Theorem which, to-
gether with Theorem [4.D|imply that the unique limit point ,u of the sequence
{V } keZ is absolutely continuous with respect to W0, As O =( (0))_ X (V(o))+
and (¥"O)" coincides with the unique Gibbs state v of ¢, it follows that u < ¥
implies that u* < .

The proof of y< u™ is analogous but using Theoreminstead of Theorem
[4.El

Part (iii): This part follows from an application of the Arzela—Ascoli theorem.
Before proceeding with the proof, we fix an enumeration {A;, A,,...} of the set
./ ={A € Z: min A < 0 < maxA} such that, for every N € N, there exists ky € N

satisfying .
N
Z(I)Ai = Z Dy. (4.57)
i=1

min V<0<max V
Vc[—N,N]

Let us denote & the configurationsin X_ = {—1,1} ™ and o those in X, = {—1,1}%.
Forall N €N, and (,0) € X_ x X, define

N BEo
Wy(E,0):= ZZ (H]’

i=1 j=0

and
[V = & v&N] Jx. ewff W(de) .
T, e e agaz)
The sequence { f [N ]} NGN is a subsequence of the sequence { fik)} rez, defined in
(4.33), since f v ] VAl f [N are local functions on X, thus continuous. We
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claim that it is enough to prove that the family { fiN I N eN}is relatively com-
pact in C(X,). Indeed if this is true, there exists a function f, € C(X,) and a
subsequence { f+ k]} xen such that f} Nel o fi+ as k — oo. Thus, by the argument
presented in the proof of Theorem[4.D} f; is the Radon-Nikodym density of u..
with respect to v, and

Ly folx)= "V fi(x)

for all for x € X, [in principle, the identity holds for y—almost all x € X, but vis
fully supported]. Hence f; is the continuous eigenfunction of the transfer oper-
ator £ corresponding to the largest eigenvalue. Note that we can also conclude
from this argument that the entire sequence {f’ iN N ven converges in the uniform
topology.

To conclude, we turn to the proof of the relative compactness of the family
{f. +[N N eN}. By the Arzela-Ascoli theorem, it is enough to show that this family
is uniformly bounded and equicontinuous. These properties are proven sepa-
rately.

Uniform boundedness: As

c@)=gsup > (VI-D5@y)< ssup S (VI-1)5@y)=c@)<1,
I€NjeVe-N €2 jcVez
the interaction @ on —N satisfies the Dobrushin uniqueness condition, there-
fore, the unique Gibbs measure v_ € ¢(®") satisfies the Gaussian Concentration
Bound (Theorem with the constant D = 4(1 — ¢(®)) 2. Fix any o € X, and
consider Wy (&, o) as a function of £ € X_. Clearly, it is a local function, thus by
the first part of Theorem[4.4.7, for all k € R,

f eXMEDy_(d8)< ePRIBIMEONE N EANAD T (g 5g)
X_

First, note that the interaction &~ is invariant under the global spin-flip transfor-
mation, therefore, so is the unique Gibbs measure v_. Thus for all N € N and

ogeX,, f Wy (E,0)v_(d&)=0. Second, for all k €N,
X

5—k(WN(-,0))=2/3)§:L)<2 3
(ke el
Hence1fa> ,foral NeN, o eX,,
(o] o0
18(Wy (-, o)) ;(Zk]ia) =:4B2C)(a) < 0o. (4.60)
=1 j=
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Then (4.59) implies that for all N €N, o € X, one has

f eKWN (dé‘) 4DK2ﬁ2C1(a)' (4.61)
X
Changing x — —« in ([@.61) we also obtain
[ e FWNE0)y, ()< @D FGI), (4.62)
JX_

Thus by applying the Cauchy-Schwarz inequality, we obtain

1 = J ekWNEU/Z —KkWy(&,0)/2 V—(dg)]
-J X

IA

fe—KWN@"”v_(da) f eMWENy (ag)
X X

IA

e4DK2/J’2C1(05) f eKWN V_(dg)
X_

which yields the lower bound
3_4DK2/32C1(‘1) SJ eKWN(E,U) V_(df) (4.63)
X_
forall o € X, N e N. Putting (4.61) and (4.63) together yields the bounds

s f J e"WENy (dE)vy(do) < et PrPa (4.64)
X,

which implies that the family {f, INT. N e N} is uniformly bounded from above
and below:

Equicontinuity: As the denominator | e~"¥d»? is uniformly bounded from

X
above and below as shown in (4.64), it is enough to show that the family

{J e ")y (d2): NeN}
X

is equicontinuous. Consider n € N and configurations o, € X, suchthato ™
n 1
. Then

‘J [e_WN(g'U)—e_WN(i,ff)]v_(dg)‘ Sf e~ W0 ‘ e WW(E0)-Wy(E,6) _ 1|v_(df).
X X_
(4.66)

1_
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Thus, by the Cauchy-Schwarz inequality,

RHS<( f eZWN(i"”v_(dg))é(f [eWN(fv")*WN(iﬁ)—1]2v_(d§)) (4.67)
X X

Dl

and yields that
“WN(E0)_ ,—W(ED) Wy (E0)-W(E0) _ 1T 2
[e —e ]V,(di) SCZ( [e —1] V,(di))

(4.68)
with C, := 8PP “Gi(@) We will bound the last integral by bounding the exponent.

Note that

N
Wi (&,0)= Wy(E,0)=—p D (0, ])Z (H])a (4.69)
j=n

and, thus, for all k €N,

- 00
5K (,0) = Wi, 0) =26 3l | <
j=n

N
1
4/5;” T (4.70)

Hence, for sufficiently large n and N > n,

I8(Wa(-, o) — Wi(-, )2 < 16 Z(Z

k=1 ]:n k=n+1

with 3
lim u, =0 ifand onlyif a > >

n—oo

The spin-flip invariance of v_ implies that forall N €N,
f [(Wn(E,0)—Wn(E,0)]v(dE)=0.
X_

Then since @~ satisfies (4.13), we have, from the second part of Theorem [4.4.7,
that for all m €N,

(DIIQ(WN(-, o)—Wn(, o)l )% mr(ﬂ)

f \WN(é,a)—WN(g,&)]mv_(dé)
X_

2 2
= mv" r(%) 4.72)
with 1
by = (Dzun)z
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We conclude by expanding the square in the right-hand side in (4.68):
Expanding the square in the right-hand side of (4.68),

J [ o W(E0)-Wy(£,0) _ 1]2 v_(d&)
X

= f [eZ[WN(gya)*WN(iyﬁ)] -2 eWN(ivU)*WN(fﬁ) + 1] v_(d&)
X

IA

1+Z:1 = L (W (. 0)-wi(,0)| " v-(az) (4.73)

m

Through elementary analysis one can show that

o

2Mm 42 m

muT(=) <4v, +3e"n +2¢*"n —5. (4.74)
m)! n 2

m=1 '

Therefore, we obtain from (4.68) and (4.72),

U [e7 (&) g=WiEa)] v,(dg)‘ < Cy(4v, +3e" +2e%i —5)2.  (4.75)
X_

Since HI‘(I)IO v, = 0, we conclude that the family {f e~y (d £):Ne N} is
n—
X_
indeed equicontinuous. O

4.9 Final Remarks and Future Directions

The main results of the present work rely on two major assumptions: uniqueness
of the Gibbs measure and validity of the Gaussian concentration inequalities for
that measure. We informally refer to the combination of these two conditions as
strong uniqueness. Strong uniqueness holds for a wide class of Gibbs interac-
tions (potentials).

However, we would like to end with a discussion of one particular model - the
Dyson model, which served as the primary motivation for the present work. The
picture below (Figure summarises the current state of the art in the eigen-
function problem for the Dyson potential with the parameters ¢ > 1, f > 0.
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— Bela)

--- @

(@)
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Figure 4.1: Eigenfunctions for the Dyson model across the phase diagramﬂ

(a) Fora>2,atall temperatures, the Dyson potential has summable variation,
and hence the classical results of Walters [66}/67]] allow one to conclude that
the transfer operator admits a continuous eigenfunction with summable
variation. Note also that for a > 2 we also have strong uniqueness: unique-
ness is due to Bowen [9], and the Gaussian Concentration Bounds have
been established in [[12}/13]]. Thus our results are also applicable, although
summable variation of the unique continuous positive eigenfunction re-
quires a separate argument.

(b) For a €(3/2,2] existence of a continuous eigenfunction was first proved by
Johansson, Oberg, and Pollicott for sufficiently small § and then extended
to the whole subcritical region [47]. The proof in [47] relies on rather spe-
cific properties of the Dyson model, e.g., representation of the model via
the random cluster model, which typically restricts one to ferromagnetic
models [22,45] We strongly believe that the Gaussian concentration in-
equality, and hence, the method used in this chapter can be extended to
the whole uniqueness region as well (See the Appendix).

“The monotonicity of the function a — f,(a) follows from the GKS inequality [37], while the
monotonicity of the function @ — " () follows from
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(c) Inthisregion, we have established the existence of an integrable eigenfunc-
tion. (c.f. the second part of Theorem[4.C). We conjecture that the result is
sharp: for a < 3/2, the transfer operator does not have a continuous eigen-
function.

(d) We conjecture that the result obtained for the region (c) must hold for all
B’s below the critical value ().

(e) In the supercritical regime: ¢ > 1 and 8 > f.(a), we believe that transfer
operators do not admit integrable eigenfunctions.

(f) The only result which applies to the supercritical phase is [8], where it has
been shown thatin a particular region, both pure phases of the Dyson model
® are not g—measures. That immediately implies that the transfer opera-
tor does not have a continuous eigenfunction; otherwise, the normalized

h-e?
A-hoS
ticular, the pure phases of the model.

function g = would become a g—function for all the phases, in par-

To summarize the picture, we conjecture that for the Dyson potential, transfer
operator does not have an eigenfunction in the supercritical regime, and does
have an eigenfunction in the subcritical regime. The smoothness of the eigen-
function is varying with a: from summable variation for @ > 2, to continuous for
a €(3/2,2], to L' but not continuous for a < 3/2.

The key to establishing properties of transfer operators for the Dyson poten-
tial is, in our opinion, a proper understanding of the probabilistic properties of
the left-right interaction energy function:

weo)= Y L2, cex oex,

i<0<j

For example, in the case a > 2, the results follow almost immediately from the
simple observation that the interaction energy function is uniformly bounded

1
(j—1)

< 00,

sup  |W(E,0)=p

feX_ ,0eX, i<0<j

and all expressions for densities above automatically lead to continuous func-
tions. The next interesting ’critical value’ ¢ = 3/2 also appears quite naturally:
The left-right interaction energies W (&, o) for a fixed o € X, but v_-random
configurations & € X_, can be represented as

W(ﬁ,o')zzzi, Zi= 5i(_z (]-iji)a )

i<0 Jj=0
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The variances var(Z;) = 0(]i|*V) become summable for a > 3/2 [c.f. 4.60)].
Hence, assuming weak correlations, the condition @ > 3/2 corresponds to the al-
most sure existence of the left-right interaction energy for random conditions on
the left half-line interacting with any (in particular, the all plus or all minus) con-
figuration on the right half-line. The concentration inequality can be interpreted
as the rigorous transcription of this observation, and the Dobrushin condition as
the guarantor of weak correlations.

We strongly believe that the analysis of the left-right interaction energy func-
tion can be extended to the whole subcritical regime § < B.(a).

We finish the discussion with two interesting questions. As customary in dy-
namical systems, we study continuous potentials ¢ € C(X,). In Section[4.6.1}
however, we switch to the language of Statistical Mechanics and assume that the
potential can be represented as ¢ = — Z &, for some translation invariant

0eVeZ,
UAC interaction ® on Z, c.f. [57]. This is clearly the case for the Dyson potential.

In general, however, we do not know any reasonable description of the class of
such potentials ¢.

Finally, in the opposite direction, under which conditions can a Gibbsian spec-
ification 7, on the half-lattice Z,, be represented as y = 7,¢ for some ¢ € C(X,)?
One possible approach to finding such representations would be extending the
Kozlov-Sullivan characterisation on Z to the half-line Z,_ [5].

4.10 Appendix: Eigenfunctions for the near-critical ferro-
magnetic Dyson model

The appendix aims to present an extension of the results of Chapter 4 to the en-
tire uniqueness region of the ferromagnetic Dyson model and sketch its proof
by building on recent advances by Bauerschmidt and Dagallier [6], as well as a
fundamental result by Duminil-Copin and Tassion [21].

In [6], the authors established log-Sobolev inequalities for the finite volume
Gibbs measures of ferromagnetic Ising models, building on newly obtained cor-
relation inequality by Ding, Song, and Sun [19].

Definition 4.10.1. A measure T on Xy = {£1}”, where & C Z is a finite or in-
finite subset, satisfies the log-Sobolev inequality (LSI) if there exists a constant
D = D(1)> 0 such that, for every local function f : X4 — R,

Ent(/?) szDJ > (flw)— floPr(dw) (4.76)

Xy ied

This appendix is based on M. Makhmudov, “Concentration inequalities and Transfer operators
for supercritical Dyson models”, arXiv:2508.01703.
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where 0\ denotes the configuration obtained from w by flipping the spin at site i
and keeping all other spins unchanged, i.e.,

gefor it

—wi, i:j,

and for a non-negative local function f : X, — R, the entropy of f with respect to

7 is defined as Ent . (f) := flogfdr— fdr- logJ f dv. The smallest
Xy Xy Xy
such constant D is called the lyog—Sobolev constant for. ’

Bauerschmidt and Dagallier studied ferromagnetic Ising models in a general
setting on finite lattices, under suitable assumptions on the model’s coupling ma-
trix. Below, we recall their result in the absence of external fields. Specifically,
consider a probability measure 7 on Xy, := {1}V, where V is finite, defined by

e—g(vava)

p _
" ({owv})= , wy Xy,
v e—g(wv,va) v v

wy Xy

where A is a symmetric V x V matrix and 8 > 0. Then, under suitable condi-
tions on the coupling matrix A, the measure 77 satisfies the log-Sobolev inequal-

ity (4.76) with a constant
1
p<tiB oy (4.77)
4 2

where yg v denotes the susceptibility of 7P defined as
XBV = supi W;w; P(dw). (4.78)
JeVievJxy

The following are the conditions that the coupling matrix A must satisfy for (4.77)
to hold:

(A1) Off-diagonal entries of A are non-positive, i.e., A;; <0 for i # j;
(A2) Ais positive definite;
(A3) The spectral radius p(A) of A is bounded by 1.

The coupling matrices of the Dyson model satisfy condition (Al), but gen-
erally fail to satisfy (A2) and (A3). By carefully modifying the coupling matrices
of the Dyson model to fulfill conditions (A2) and (A3), one can ensure that the
log-Sobolev inequalities hold for the finite-volume Gibbs measures of the Dyson
model with free boundary conditions throughout the entire uniqueness region.
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However, to obtain meaningful results for infinite-volume measures, it is neces-
sary to control the log-Sobolev constants across different volumes V, since the
right-hand side of depends on V. Thanks to the second GKS inequality
[37]], for every supercritical B < B.(a) := B.(®), the following bound holds:

XB,V SZJ wow; Uldw)=: yp, (4.79)
X

i€Z
where y denotes the unique Gibbs measure of ®. In 2018, Duminil-Copin and
Tassion [21] proved the finiteness of the infinite-volume susceptibility for all f <
P.(a). As a consequence, one obtains a uniform log-Sobolev constant Dy := 1 +
b
2
plies that the infinite-volume Gibbs measure u satisfies the log-Sobolev inequal-
ity with constant D(u) < D,. Analogously, one can establish the log-Sobolev in-

e?P 7 valid for all finite-volume Gibbs measures ,u?/ of ®. This, in turn, im-

1
equalities with the same constant Dy = 1 + gezﬁ %p for the Gibbs measures cor-

responding to the intermediate interactions {\Il(k)} ez, This can be achieved
through the following two steps:

Step (1): First, we establish the uniqueness of the Gibbs measures for the interac-
tions ¥¥, k € Z,, if B < Bc(@). In fact, by using the GKS inequalities, one

can show that u,) =y implies vgg = vgg for every k € Z,,, where ) and

vEg denote the plus and minus phases of ® and o), respectively. In light
of the FKG inequalities, this yields that .(a) < ﬂgk)(a) =p (0,

Step (2): For B < B.(a), one can apply the same technique used for the finite-volume

Gibbs measures of ® to show that the finite-volume Gibbs measure v(‘fw
of U in a volume V e Z satisfies the LSI with a constant not exceeding
1 (k)
-+ ﬁezﬂ){/f"/, where )((k) = supz v(k)’ﬂ(aia ;). By applying the GKS in-
4 2 BV jev & v /

I5S]

equalities again, it follows for every k € Z, and V & Z that )(ék%/ < xp-
Therefore, by passing to the limit as V' T Z, one obtains that the unique
infinite-volume Gibbs measure »¥ of U(¥ satisfies the LSI with the con-

1
stant Dy = — + Eezﬂ)‘/’.
4 2

In the next stage, we obtain the Gaussian Concentration Bound (4.17) from
the LSI using the Herbst argument [4]. In fact, the following statement is valid.

Proposition 4.10.2. Assume T € ./#,(X) is a unique Gibbs measure for an interac-
tionV = (lI’V)V@Z with
sup Y [y le < 00. (4.80)

€2 Y5i
Ve&Z
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If © satisfies the log Sobolev inequality with a constant D > 0, then © has the

) . . D(M +1)
Gaussian concentration bounds (4.17) with the constant — where M =
exp(250p S 19y o)

i€Z Vi

By applying Proposition[4.10.2} along with the techniques used in the proofs
of Theorems[4.D} and[4.C| we have established the theorem below.

Theorem 4.G. Let ® be the ferromagnetic Dyson interaction (4.9), and let ¢ be the
corresponding Dyson potential (4.8). Then the following statements hold.

(i) For every a € (1,2], we have B.(a) < ﬁ;r(a), where ﬂj(a) is the critical tem-
perature for ¢. (See Section[4.7| for details.)

(ii) For all a € (1,2] and for every 8 € [0, B.()), the GCB holds for the
unique Gibbs measure u of ® and the unique half-line Gibbs measure v, of
1+28e2Bxp)(1 4 e4hil@)
( pe 8)( ¢ ), where y g is the suscep-
tibility of the Dyson model at  (c.f,, (4.79)) and {(a):= » n™*.

n=1

¢ with the constant D =

(iii) For each a € (1,2] and all B € [0, B.(a)), the restriction u|x, of u to X, is
equivalent to vy, ie., ulx, < vy and v, < ulx,. In particular, £, admits

|x . :
aduls.S3 € L'(v,) corresponding to its spectral ra-

an integrable eigenfunction
dv,

dius.

3
(iv) Ifae (E’ 2], then for all €10, B.(a)), there exists a continuous version of the

|x,

d
Radon-Nikodym derivative . Hence, £, has a continuous principal

Vi
eigenfunction.

Remark 4.10.3. The fourth part of Theorem[4.G has also been established by Jo-
hansson, Oberg, and Pollicott by using the random cluster representation of the
ferromagnetic Ising models in combination with the concentration inequality es-
tablished specifically for the random cluster models in [45].

A detailed proof of Theorem|[4.G, along with further developments based on
the log-Sobolev approach, can be found in [52].
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Chapter 5

The Eigenfunctions of the
transfer operator for the Dyson
model in a field

Abstract: In this chapter, we prove that, for high temperatures or strong magnetic fields,
there exists a non-negative, integrable (with respect to the unique half-line Gibbs mea-

3
sure) eigenfunction of the transfer operator for the Dyson model if a € (5, 2]. However,
unlike in the zero-magnetic-field case, this eigenfunction is not continuous.

This chapter is based on M. Makhmudov, “The Eigenfunctions of the Transfer Operator for the
Dyson model in a field”, arXiv:2502.09588.
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Eigenfunctions for the Dyson potential in a field

5.1 Introduction

The study of the so-called equilibrium states, specific types of invariant measures,
has been a central topic in the ergodic theory of dynamical systems since the
1970s. The foundations of this theory were laid in the seminal works of Bowen
and Ruelle at the end of the decade. Equilibrium states also play a crucial role
in equilibrium statistical mechanics. A pivotal result in this context is the clas-
sical variational principle, proved by Lanford and Ruelle in 1969, which estab-
lishes that, under certain conditions, translation-invariant Gibbs measures coin-
cide with equilibrium states. Recall that an equilibrium state u for a continuous
potential ¢ on the one-sided shift space (we also refer to it as the half-line shift
space) X, := EZ+, |E| < co are probability measures on X, which are invariant
under the shift (translation) map S : X, — X, (Sx); = x;41, j € Z, and solves the
variational equation:

f ¢du+b(u)=sup] J pdr+(v): T M 5(X)], (5.1)
X, X,

where ./, s(X,) is the simplex of translation-invariant probability measures on
X, and h(7) denotes the measure-theoretic entropy of the translation-invariant
measure 7.

Anatural and effective approach to studying equilibrium states for a potential
¢ is through the transfer operator £, which acts on the space of functions on
X,, particularly on continuous functions, via:

Ly flx):= Z e? I f(ax), feRY, xeX,. (5.2)

acE

In fact, if b is an eigenfunction of £, i.e., £3h = Ah, and v is an eigenprobability
forits adjoint 2; :C(X,) — C(X,) e, Z; vy = A7, where A is the spectral radius
of £, then the measure du =1 - d v is an equilibrium state for ¢ and vice versa
(see Proposition 3.1 in [5])). Classical fixed-point theorems ensure the existence of
an eigenprobability for the adjoint .2(’;, however, the existence of an eigenfunc-
tion for £ is not always guaranteed. This issue has been extensively studied by
Ruelle, Walters and others under various regularity conditions on ¢ [18}20-23].
Notably, every potential ¢ satisfying these regularity conditions shares two key
properties:

(P1) forall 8 > 0, the potential ¢ admits a unique equilibrium state;

(P2) the transfer operator %, is stable under "smooth" perturbations of ¢ in
the sense that if £, has a (principal) eigenfunction, then £, also has a
(principal) eigenfunction with the same regularity properties for everylocal
function v: X, - R.
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Note that the first property rules out the possibility of phase transitions, i.e., the
existence of multiple equilibrium states for some 3, a phenomenon of significant
interest in statistical mechanics. Consequently, these classical conditions on ¢
exclude important one-dimensional models. Efforts to extend the theory to more
general one-dimensional models have emerged in recent studies. In 2019, Cio-
letti et al. analyzed transfer operators for product-type potentials, which fall out-
side existing classes but still satisfy (P1) and (P2) [2]]. A relevant study conducted
in [1], though in a slightly different setup, provides a result that has implications
for the transfer operator of the so-called Dyson potential. This potential corre-
sponds to the 1D long-range Ising model [[15] and is defined by:

XoX
071y e X, =417 (5.3)
na

P(x)=hxog+p >
n=1

where a > 1 is the decay rate of the coupling, 8 > 0 is the inverse temperature,
and h € R represents the strength of the external field. The study in [1] shows
that the transfer operator does not have a continuous eigenfunction when 2 =0
and f is sufficiently large. A more notable development came in 2023 when Jo-
hansson, Oberg, and Pollicott analysed the transfer operator for the Dyson po-
tential in the supercritical regime. Shortly thereafter, I, in collaboration with van
Enter, Fernandez, and Verbitskiy, introduced a new approach to addressing the
eigenfunction problem for long-range models [5]. Following the developments
in [5,/15], the following result on the Dyson model is known:

Theorem 5.1.1. [5,[15] Let ¢ be the Dyson potential (5.3). Suppose h =0, then:

(i) foralla > 1 and for B = 0 sufficiently small, the unique equilibrium state
Uy for ¢ is equivalent to the unique half-line Gibbs state v for ¢, i.e., u, < v
and v < uy. In particular, the Perron-Frobenius transfer operator £y has
an eigenfunction in L'(X,, v);

. . 3 . . .
(ii) furthermore, ifa> 3 then forall0 < B < B, thereexists acontinuous version

d
of the Radon-Nikodym density di;r, and thus the Perron-Frobenius transfer

operator £ has a positive continuous eigenfunction, where 3. is the criti-
cal temperature of the phase transitions for the standard Dyson model (see
Theorem in the next section).

However, both studies, [15] and [5], do not cover the case of the Dyson po-
tential with a nonzero external field & # 0. The approach in [15] relies heavily on
the random cluster representation of the Dyson model. The central obstacle to
extending the method in [15] to non-zero external fields is the loss of symmetry,
essential for the random cluster representation, which disrupts the cluster decay
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analysis. The method developed in [5] requires a certain sum of two-point func-
tions to be uniformly bounded, a condition that fails for the Dyson model in a

field.

In this chapter, we adopt the technique from the previous chapter to treat

the Dyson model in a nonzero field. The result of this chapter is as follows:

3
Theorem 5.A. Suppose o € (5,2], B = 0 and |h| > 0 is sufficiently large (|h| >
23¢(a)+log4Bl(a) is enough, here { is the Riemann zeta function). Then

)

(i)

(iii)

the Dyson potential ¢ has a unique equilibrium state u. and there also exists
a unique eigenprobability v of £ ;

Uy is absolutely continuous with respect to v, i.e., uy < v. In particular, the
Perron-Frobenius transfer operator £, admits an integrable eigenfunction

corresponding to the spectral radius .= e’ @),

d
The Radon-Nikdoym derivative GH+ does not have a continuous version. In

v
particular, the Perron-Frobenius transfer operator does not have a continu-
ous principal eigenfunction.

Remark 5.1.2. (i) Theorem[5.A|is proven under a strong uniqueness condition

(i)
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for the Dyson interaction ® (see (5.6) and Section[5.2), a concept introduced
in [5). This condition is implied by the Dobrushin uniqueness condition
(DUC) on ® (Section[5.3). The interaction ® satisfies DUC if either 1) f is

1
sufficiently small so that p < 27

()
2(a)+log4B(a). Note that in the first version of the Dobrushin unique-

ness condition, there is no constraint on the external field h. We prove Theo-
rem[5.A for large | h|’s, however, the statement of Theorem|[5.A remains valid
and the same proof works for the first version of the DUC which covers the

and h #0.

or 2) |h| is sufficiently large so that |h| >

domain0< <

2(a)
We, in fact, believe that Theorem[5.A is true for allh € R but h =0, i.e., the
transfer operator £, has an integrable but not continuous eigenfunction for

all p >0, h #0 (See Figure[5.1).

It is worth noting that Theorem|5.A suggests a certain similarity between the
Dyson potential in a field and product-type potentials [2]. Note that for a
product-type potential, there exists a unique equilibrium state u., and eigen-

oo
probability v which both are Bernoulli measures such that v = l—[An with

n=0

exp(B Y, i ™% =
A,(D)=p, = = and U, = Moo 1205l]. Thus one can check
=P =5 BT b !l:! oo [2)5]
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that

Ao
J daa dlnz poopn+\/(1_poo)(1_pn)=1+O*((pn_poo)2)’
E n

therefore,
CM_OO — N* _ 2\ _ k(42042
E n

here u(t) = O*(v(t)) means the existence of Cy, C, > 0 such that C;|u(t)| <
lv(2)] < Colu(t)| for all sufficiently small t . Then by (5.4), Kakutani's theorem
3

implies that u, < vifa> > andu, L vifa< >

In the case of the Dyson potential, in the presence of a strong external field,
spin-spin correlations become negligible, as they decay rapidly. Consequently,
individual spins behave like independent random variables. Thus, we ex-
pect a phenomenon similar to that observed with product-type potentials,
as described above, to occur in the Dyson model under an external d: for

3 3
ae (E’Z]’ we have u, < v, while fora € (1, 5], uy L v (See Figure|5.1)).

h
i1} APV (a)
d My < —[;DU((Z)
o g (X, ) :
0 (I vy 95)
! a
1 wy L :? d,u+<<v? 2 d,u+<<v!
2 Uy 2 Uy )
XL “reC(X,)
(In
Uy <M
da
L ¢ (X, )

Figure 5.1: Eigenfunctions diagram for Dyson’s model in a field for a fixed 8 > 0.
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XoX

n
na

o0
Note that the potential ¢o(x) = Z , X € X, = {*1}% violates both
n=1

(P1) and (P2) properties mentioned above. In fact, for all a € (1, 2], there exists
PB.(a) > 0 such that for all § > B.(a), ¢¢ has multiple equilibrium states [4}, 8.
As regards the second property, the second parts of Theorem and Theorem
yields that the transfer operator £, is unstable under "smooth" perturba-

3
tions of ¢ since for @ € (-,2] and < 8., the principal eigenfunction of £y, is

continuous whereas for 1 # 0, £ +1s, admits an integrable but not continuous
eigenfunction, where oy(x) = x, for x € X,.

The chapter is organised as follows. In the Section[5.2|we define the notions
of specifications and interactions. Here, we also introduce the interaction of the
Dyson model. Section[5.3)is dedicated to the Dobrushin uniqueness condition
and its consequences, which are important for this chapter. In Section|5.4} we
discuss the construction of the intermediate interactions which are instrumental
in the proof of Theorem[5.A] Section[5.5)is dedicated to the proof of Theorem[5.A|

5.2 Specifications and Interactions

In this chapter, we again consider the ferromagnetic spin space E = {£1}. For
a countable set L of sites, we consider a configuration space Q = E*. For L, we
either consider the set of integers Z, or the set of negative integers —N, or the set
of non-negative integers Z,. As a product of compact sets, €2 is a compact and
also a metrizable topological space. In fact, for any 0 € (0,1), d(x, y) = %)
metrizes X, here for x,y € X, n(x,y) =min{j € Z, : x; # y;}. 7 denotes the
Borel sigma-algebra of X. For any A c L, a sub sigma-algebra %, c % is defined
as the minimal sigma-algebra so that for all j € A, the functions o; : 2 — E are
measurable where £ € Q — o ;(£) = £; € {£1}. For configurations £,n € 2 and a
volume A C I, 51y denotes the concatenated configuration, i.e., (Exnac); =&;
ifieAand (Eanyc);=n;ifi e A°=L\A.

A specification y, a regular family of conditional probabilities, is defined as a
consistent family of proper probability kernels y : Z xQ — [0, 1] indexed by finite
subsets A of L, denoted by A € L [9, Chapter 1]. A probability measure u € .#:(2)
is Gibbs for a specification 7 if it is consistent with 7, i.e., for all A € L, u = uy,,

here B € & — uya(B) := J ra(Bln)u(dn). The set of Gibbs measures for the

specification y is denoted bygg (7).

The classical approach to specifications is via interactions. An interaction ®
is a family (®5) e of functions @, : 2 — R such that &, € #,, i.e., each @, is inde-
pendent of coordinates outside A. An interaction is called Uniformly Absolutely
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Convergent (UAC) iffor all j €L,

Z sup |®y (w)| < oo.
jevel @2

For a UAC interaction ®, the Hamiltonian in a volume A €L is Hy := Z &y and

VNA#D
the associated specification (density) ¥ is defined by
e_H/\(w)
riosloy)=———, weQ, (5.5)
A Z\(wne)

where Z, is the normalization constant, also known as the partition function,
which is Zy(wy.) == Z e HrCrre) Note that the specification y® = (rVaer is
EACEA

restored from (5.5) by

raBlw)i= D 1gEror)riEalon), BeZ, weq.

gAEEA

This chapter focuses on the Dyson model, a cornerstone of one-dimensional sta-
tistical mechanics renowned for its long-range interactions and critical phenom-
ena. It is defined on the lattice L =Z by

W;wW;
—ﬁ. l].';, ifA={i,j}CZ, i#j;
0, otherwise,

where « € (1,2] is a parameter describing the decay of the interaction strength,
B = 0is the inverse temperature and & € R represents the external field. In fact,
the Dyson potential defined in (5.3) is related to the Dyson interaction ® by

¢:— Z (I)A.

0EACZ,
The following theorem about the phase diagram of the Dyson model is well-known.
Theorem 5.2.1. [4}[7,8] Suppose ® be the Dyson interaction given in (5.6).
(i) Ifh #0, then ® has a unique Gibbs measure, i.e., |€¢(y‘1’)| =1;

(ii) If h = 0, there exists a finite critical temperature B.(a) > 0 such that for all
B €0, Be(@), |9(1®)| = 1 and for B > B.(), ® exhibits phase transitions, i.e.,
<> 1.
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5.3 The Dobrushin uniqueness condition for strong exter-
nal fields

Dobrushin uniqueness condition is one of the most general criteria for the unique-
ness of Gibbs states. We discuss it in the framework of a general countable set L.
of sites and a configuration space Q2 := E. In fact, we use the Dobrushin unique-
ness condition in the two cases of L. which are L. € {—N, Z}.

Consider a uniformly absolutely convergent (UAC) interaction ® = {®,(-): A &
L} on Q2 and let y® be the corresponding Gibbsian specification. For any sites
i,je€L, define

Cor™ij= sup |lrf =15 Moo,
LAY =AY

where || || o0 is the supremum norm on . (2) defined by || || := sup |7(B)| for
7

any finite signed Borel measure 7. The infinite matrix C (}’q’) =(C (yq’),-y i jeL 18
called the Dobrushin interdependence matrix.

Definition 5.3.1. [9] The specification y‘l’ satisfies the Dobrushin uniqueness con-
dition if
c(}’q’) = supz C(yq’)iyj <1. (5.7)
iel jeL

The Dobrushin uniqueness condition admits slightly stronger — and easy
to check— forms. One of them is a high-temperature condition, which is con-
sidered in [5]. Another version is known as the strong magnetic field condition,
which we formulate here:

Proposition 5.3.2. [9, Example 8.13] Let L. be any countable set and E = {+1}.
Assume ® be a UAC interaction on 2 = {1} such that ®jy =—ho; foralli €L
and for some h € R. Suppose

|h|>log§1€1£{exp(% > 5(<I>A))-Z(|A|—1)5(<I>A)}, (5.8)

ASi|A[>2 ASi

where 5(f) :=sup{|f(&)— f()|: &,n € E-} is the variation of f : EX - R. Then y‘p
satisfies the Dobrushin uniqueness condition.

The proof of Proposition[5.8|boils down to showing that for all i, j, i # j,

Coyy<ep(—lhl+5 Y @) Y 6@ =C@),,

Asi|A]>2 A>{i,j}
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and hence c(}fq’) = supz C (yq’)l— i< supz C(P); j = ¢(®). Note that, here without
i i 5

loss of generality, we set C(®);; = 0 for all i € .. Notice that the non-negative
matrix C(®) :=(C(®);,);,jer is symmetric.

The condition is stable under a perturbation of the underlying model/in-
teraction ®. Indeed, let ¥ = {Uy, } /. be an interaction such that for V € L, either
Uy, =y or ¥y, =0, thenitis straightforward to check that the matrix C(¥) is dom-
inated by C(®),i.e., foralli, j €L, C(¥);; < C(®);;, thus, in particular, ¢(¥) < &(®).
Hence W inherits the Dobrushin uniqueness condition from ® as long as ® satis-
fies (5.8).

The crucial property of the Dobrushin uniqueness condition is that it pro-
vides the uniqueness of the compatible probability measures with the specifica-
tion y®. In fact, we have the following theorem.

Theorem 5.3.3. [9, Chapter 8] Ify® satisfies the Dobrushin uniqueness condition
, then |§4(yq’)| =1.

The validity of Dobrushin’s criterion yields several important properties of the
unique Gibbs state such as concentration inequalities and explicit bounds on the
decay of correlations.

The first property involves the coefficient ¢(®), which governs the deviation be-
haviour of the unique Gibbs measure. Let

8¢ F :=sup{F(§)—F(n):&;=n;, jeL\{k}} (5.9)

denote the oscillation of a local function F : 2 — R at a site k € L and 6(F) =
(6 F)ger, is the oscillation vector, where Q= E™.

Theorem 5.3.4. [17][19] Suppose® is a UAC interaction satisfying (5.8) and let i
be its unique Gibbs measure. Set
D = 4 (5.10)
S (1-c@pr '

Then ug satisfies a Gaussian Concentration Bound with the constant D, i.e., for
any continuous function F onQ = E™, one has

f eF=JaFdue gy < oPISEIE,
Q

The second important consequence of the Dobrushin’s uniqueness condition
is the following:

Theorem 5.3.5. [9, Theorem 8.20] Let y and ¥ be two specifications on Q = E™.
Supposey satisfies Dobrushin’s condition. For each i € L, we let b; be a measurable
function on Q) such that

1y (i3 Clogye) =T oge)lloo < bi(w) (5.11)
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forallweQ. Ifue9(y) and i €9 (¥) then forall f € C(Q),

() =B D 8i(FID () by). (5.12)

i,jel

We present the third property in the particular setup L. = Z, and it involves
the Z x Z matrix

D(r")=> Cci™). (5.13)
n=0

The sum of the Z x Z matrices in the right-hand side converges due to the Do-
brushin condition (5.7).

Proposition 5.3.6. [6,(9] Consider a UAC interaction ® on X = E Z. Assume the
specificationy® satisfies the Dobrushin condition and let u be its unique Gibbs
measure. Then, forall f,g € C(X) andi€<€Z,

: 1
covy(f,g08")| < 1 Z D(r®)jk-0xf-6;-i8. (5.14)

k,jeZ

Suppose @ satisfies the Dobrushin condition (5.8) and define the non-negative
symmetric Z x Z—matrix by

D(®@):= Z C(@)". (5.15)

n=0

The sum in the right-hand side of converges due to (5.8). Furthermore,
D(®) is invertible and D(®) ' = I,z — C(®), where I, denotes the identity ma-
trix (operator) on 12(2).

In general, one can show that the off-diagonal elements D(®) decay as they get
far away from the diagonal, i.e., D(®); j=o(1)as|i— j| — co. However, the decay
rate largely depends on the interaction ®. Now we discuss the decay rate in the
case of Dyson interaction ® defined by (5.6). For i # j, one can readily check that

3 . —|h
C(®);;= 2P exp?il_][lzzﬁ{(a)) =0(i—jI™%). (5.16)

Thus by Jaffard’s theorem (|14, Proposition 3] and [13, Theorem 1.1]), one has
the same asymptotics for the off-diagonal elements of the inverse matrix (1«7 —
C(®))' =D(®),i.e., D(®);; = O(|i—j|~*). Thus there exists a constant C; > 0 such
thatforall i, j€Z,

- C
D P
D@ < =i (5.17)
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5.4 Construction of intermediate interactions

In this section, we recall the construction of the intermediate interaction from
[5]. For the Dyson interaction ® given by and each k € Z,, we construct
intermediate interactions ¥*) in the following way. We will represent Z = —NUZ, .
Consider the countable collection of finite subset of Z with endpoints in —N and
Z,:

.o/ ={A @Z: min(A) <0, maxA > 0}.

Index elements of .¢/ in an order .o/ = {A,A,,...} in a way that for every N € N,
there exists ky € N such that

k,
zN:‘pAi = Z Oy . (5.18)
i=1

min V<0<max V
VC[—N,N]

Then define
g 10 AE{Aiz k41,
oo AefA;iixk+1},

In other words, we first remove all ®,’s with A € .¢/ from ®, and then add them
one by one. Clearly, all the constructed interactions are UAC.

Remark 5.4.1. 1) Every\I/(k) isalocal (finite) perturbation of\I!(O), and U™ tend
to® as k — o0, in the sense thatlll&k) 3@, forallA cZ.

2) For any finite volume V , one can readily check that

wk) ®
IHy = Hylloo < E I2Alloc —— 0.
k—o00
AjNV#D
j=k

3) For specifications, it can also be concluded that y‘I’(k} converges toy® as k —
0o, ie., forallBeZ andV €Z,

Tgk)(BVO) — vV (Blw) uniformly on the b.c. € Q.
— 00

4) In addition, if &) is a Gibbs measure for WO then by Theorem 4.17 in 9],
any weak® -limit point of the sequence { ik )}kzo becomes a Gibbs measure for
the potential .

Another important observation is the following: since we have constructed
U9 from ® by removing all the interactions between the left —N and the right Z,

149



Eigenfunctions for the Dyson potential in a field

half-lines, the corresponding specification yq’(m becomes product type [9, Exam-
ple 7.18]. More precisely, y‘l’(o) =7 x y‘I’+, where ®~ and ®* are the restrictions
of @ to the half-lines —N and Z,, respectively. Thus we have the following for the

extreme Gibbs measures [9, Example 7.18]:

ex%(}f‘p(o)) ={r xv v eex?(y?), v eex¥(r®)} (5.19)

For k > 0, let ¥* € (W), For any k > 1, we also consider the following
function: )
*Z‘=1<I)A~
e ~i=1"Ai
o= ; : (5.20)
fQ e_Zi=1 Py, d y(0)

Now we state two important lemmas which will be used in the proof of The-

orem[5.Al

Lemma5.4.2. [5, Theorem 6.5] If the interaction® satisfies the Dobrushin unique-
ness condition @), so do all interactions ¥®. Furthermore, ¥* and v are
equivalent with

d k) e~ i Oy, d o eZin

Ay fX 6_2;(:1 24; d 1(0) Codwh fX er:l(I)Ai d k) .

Lemma further implies that for any k > 1,

%) e
d k=1 fe—%kdv(k—l)'

(6.21)

Lemma 5.4.3. [5, Theorem D] Assume that ® satisfies the Dobrushin uniqueness
condition @) Suppose the family {f N} ey is uniformly integrable in L'(»9).
Then the weak®* limit point of the sequence (WO} is a Gibbs measure for ® and
absolutely continuous with respect to P,

Proofs of both Lemmal5.4.2|and Lemma|5.4.3|can be found in [5].

We end this section by noting that if i > 0, then the Griffiths—Kelly-Sherman
(GKS) inequality applies to the Gibbs measures »*) and u [10H12,/16]. Namely,
for every 7 € {u, "X, k >0} and all A, B €Z, one has

j o.dT>0 (5.22)
Q

f O'AO'BdTZJ O'Ad’L"J ogdr, (5.23)
Q Q Q

and
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where 04 := l_[(r,- and fori €Z, w € X — 0;(w) = w;. The GKS inequalities also
i€A
imply the following inequality for 7 € {u, ¥*, k > 0}: for every A,BeZand t >0,

J O'Bemf‘dfzf O'BdT-f e'%1dr. (5.24)
Q Q Q

5.5 Proof of Theorem|5.A|

Part (i): Firstly, note that the uniqueness of Gibbs measures for ® and g easily
follows from Theorem Thus by , the restriction ®* of ® to the half-line
Z, also has a unique Gibbs measure v*. Furthermore, Theorem 4.8 in [3] implies
that the transfer operator .Z; has a unique eigenprobability v, and v = v* (see
also Subsection 2.2 in [5]).

Part (ii): We start the proof of the second part by noting that the positive and
negative fields are related by the global-spin flip transformation & : X, — X,
defined by & (x),, =—x,, for all n € Z,. In fact, for the Dyson potential ¢ given by
(5.3), one has that

oo
oY
¢oy:—hao+/321 fla”. (5.25)
n=
For any continuous potential i) € C(X, ) one can easily check that
(Lyos f)o S =Ly(fos), feR™. (5.26)

Thus, the topological pressures of ¢ and i) 0.# coincide, i.e., p(y) = p(y0.¥) and
ve #,(X,)is an eigenprobability of .Z:L ifand only if vo.¥ is an eigenprobability

of 547,0 - Furthermore, h is an eigenfunction of .#,, corresponding to A = e” W) if
and only if h o & is an eigenfunction of %, corresponding to A.

By the above argument, we may assume without loss of generality that the
external field £ is positive for the remainder of the proof.

We below show that the unique Gibbs measure u for ® is absolutely continu-
ous with respect to 9. Then this yields that the restriction u, of u to Z, is abso-

d
lutely continuous with respect to v and the Radon-Nikdoym density f, := d,u;
is given by
frlwg®)= f FEZL wf)v_(d?), (5.27)
X

d
where f = d_v‘l(LO)' Then Proposition 3.1 in [5] also yields that the Radon-Nikodym

density di; is an eigenfunction of the transfer operator ., corresponding to
A=el®),
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Note that for the Dyson interaction ®, one has, forallieN, j€Z, and k € Z,

0, k¢{—i,j}
Ok(®ijp)=4 2B .
' , ke{—i, j}.
I
ThusforallieN, jeZ,, ”é(‘b{—i,]’})”g = Sﬂ_z . Therefore, Z ||§(<I>{_l-,j})||§ =
(i+j)2e =

JEZ,

832
2 i+ jpe

i€N,
J€zy

Consider any Ay € ./ and n € N. It follows from (5.21) that

(n) —Ini fQ O A e/an 7 d ")
¢Akd1) =
0 er]Ana'AndV(ﬂ—l)

)

hereforAeZ,, J,:=hifA={i}and J, = if A={i, j}. Then by (5.24),

B
li—jl*

n—1) 7, 2w O Ay n—1)
@y, dn" f“(I)A’“dV( " Jg et dy @y, d Y. (5.28)
0 f e /8O  pln—1) 0

Note that ¥ converges to u as n — oo in the weak star topology. Thus one can
obtain from (5.28) that for all A; € ./, n €N,

f(l)Akdv J@A d""> lim J @Akdv("):J @y, du. (5.29)
0 0 = Ja Q

k
For all k €N, denote W, := Z(I) ;- Then we aim to prove
i=1

sup f logf 9 < oo, (5.30)
k>0 Jx

Hence by applying de la Vallée Poussin’s theorem to the family { f *): k e N}andto
the function t € (0,+00) — tlog¢, one concludes that the family { f ). k eN}is
uniformly integrable in L'( »%). Then Theorem imply that the unique limit
point u is absolutely continuous with respect to »°

Note that for every k €N,

f F®10g FB G = f —W,d P —log f e Wed )0, (5.31)
X X X
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Here one can easily check that
sup | e ™ed ¥ =+o00.
keN Jx

Under conditions of our main theorem, we argue that
sup | —Wed V¥ =+c0.
keN J x

Therefore, the method of the proof of Theorem E in [5] does not work here. We
instead prove the following two claims:

Claim 1:
sup J Wkdv(k)—f Wkd‘u‘<oo;
keN! Jx X
Claim 2:
sup —logf e_Wkdv(O)—f Wkd,u’<oo.
keN X X

One can easily see from that Claim 1 and Claim 2 indeed imply (5.30).
Note that for all k € N, ¢(0?) < ¢(W¥) < ¢(®). Therefore, the Dobrushin
uniqueness condition ¢(®) < 1 is inherited by all the intermediate interactions.
Applying the first part of Theoremwe see that the (only) measure u € 4(®)
and all the intermediate measures »*’, k > 0, satisfy the Gaussian Concentration

4
Bound with the same constant D := W This implies that, for all k €N,
—C
f e~ d kD) < PIBRAIE p= [ B0 d VY (5.32)
X

We combine this inequality with (5.21) to iterate

f e (@ t0r ) g ) (k=2)
X

= Je_q“kd k1) f e P g k=2
X X

< o PUB@AIEHIE®@n,_IE) . o=([x Pap d VD4 [y @y a2 (5.33)

By induction this yields

f e~ Zin i g )0 < oD X I8@NIE . =X [ @0, A (5.34)
X
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Eigenfunctions for the Dyson potential in a field

Similarly, one can also obtain the lower bound:
J e i1 B g0 > g DT 1005 o= Xiny [ @0, Y, (5.35)
X

Hence for all k €N,

k k
. k .
—E f @, d"'Y<log f e—Zf:I‘I’AidV(O)scl—E f @, d Y, (5.36)
i=1JX X i=1JX

o
8p>
where C, := D - 5(® )12 < 00. Thus instead of Claim 2, it
| ;n_( Al = ZN TN
JEZy
suffices to show the following:

k
sup Zf @Aidv(i_l)—J Wkd,u‘<oo. (5.37)
X X

keN i=1

Thus, in the light of (5.29), Claim 1 and Claim 2 are implied by the following:
Claim 3:

sup
keN

f Wkdv(o)—f Wkdu’<oo. (5.38)
X X

By the GKS inequality (c.f.,[5.29), we, in fact, have that f D), d V(O)—J ), du=0,
X X

hence the sequence {f W.d WO — Wi du} increases with k. Thus instead of

X X
considering all W ’s, it is enough to consider the subsequence { Wy} yens, where

N N N N C() 0)]
Wini(@):= D> By (e ZZ i+ )
j=

i=1 ]:0 i=1
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Proof of Theorem

Then

N N
Pow_jw;
J W““d”(m‘f Wndi = 22|~ A
X X i J

e Br(o) (o))
B ZZ (i+j)e

i—/fcovu(a 10 )= Bu(oo)
= (i+j)e

N N .
_ Zzﬁ covu(o—i0}) (5.39)
< (i+j)e

Y& ulog2—v(o_;) vi(o))
+ ﬂzz it ) , (5.40)

here we used the fact that v* = v_ x v,. By (5.14) and (5.17), we know that in the
Dobrushin uniqueness region (5.39) is bounded, i.e.,

ZZ ﬁlCOV;M-'(_O'] z)a-])l < 00.

i=1 j=0

Therefore, to show

sup f W[N]d N f W[N]d,u (5.41)
it is enough to show that
lu(oof —v_(0_;)- vi(0;)
< 00. 5.42
p Z]Z; T IF (5.42)

By Theoremin Chapter we have that v, (0 ;) —— (o), similarly, one
j—oo
can also argue that v_(o_;) —— u(o). For n € Z, denote
1— 00
ty =0 )— plol. (5.43)

Then (5.40) can be rewritten in the following form

N N

(o) —v_(o_;)- _p ZZ luloo)tj +ulog)t_; — 1t

P i+ ) (it )

i=1 j=0 i=1 j=0

(5.44)
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Eigenfunctions for the Dyson potential in a field

Now we show that there exists a constant C, = Cy(«, 8, h) > 0 such that for
every n €Z,

<G 5.45
" = -+ e .

In fact, we prove the above inequality for positive n’s and the case of negative n’s
can be treated similarly. Fix j € N. Then by Theorem 5.3.5} one has that

rJ-:U ajdy—f ajdv("))sz(ljb)j, (5.46)
X X
where D = D(®) which is given by and b = (by)z is given by the following:
O
by = suplly}, (o) =1l gl (5.47)
weX

For any &, w € X, one has that

(0)
1 (sl ) =1l Elogse)

(0

b w(0) (0) y(0)
—HP(Eswpgpe)-HY! (;wme)z[eH;" (Es@(spe)—H" (mwmc)_eH?(ésw{s}c)—H;"(mw{s}c)]

Ns

(Z e—HS‘I’(nSa){S}c)) . (Z e—HS‘I’(O)(T}sw{S}”))
Ns

Ns

e

Thus since

(0) (0) 1
sup |HY (& w5 —HE (s - HY " (s -HY (nsw{s}c))\w(—)

Enw (Is]+ 1)1
sup 72, (1o sy )— 7 ooy loo = O ) (5.48)
ok | WHIEITT T HE e e T syt |

Hence there exists C; > 0 such that for all s € Z,

G
ho<—3 | 5.49
O 649
Then (5.46) yields that
D's
[<2C )y — 15 5.50
15262 e 1 o0
SEZ
Hence by using (5.17), we obtain that
1
t;<2CC . 5.51
1268 D T e R T -5

SEZ
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Proof of Theorem

The right-hand side of the above inequality can be written as

1
;(IHS—]D“ (s[+De1 Zl(l+s+])a(1+s) (1+ )
. . 1 L1
L1+ j—s)(s+ 1o (14 j)ot
S 1
- Z(1+s—j)a(s+l)a—1

s=j+1
o) 1 Lj/2] 1

-— —F (5.52
;(S-i-])a a2 et 0%
L

1 1 a
+ Z (j—s)e-lsa + ia—1 + éji—z ’
s J J

IN

here | t] and [¢] denote respectively the floor and ceiling of r € R. Note that

1j/2] j-1 1 o0 «
1 1 2¢ 1 2 1
Z i Tga T Z i Toa = ja1 2asa T _Z 1
po} (] _S)O!— sa s:[j/z] (] _s)a— sa ](Z— po) sa ]a ~ sa—
and by the Stolz-Cesaro theorem
>
=13
consequently,
j—1
> ! =0(j"™). (5.53)
i (1+j—s)(s+1)e!
By combining (5.52) and (5.53), one obtains that
=0(j'™). (5.54)
Sezz:uﬂs—ma (sl+ a1~ 7Y

Hence, in light of (5.51), we conclude that (5.45) holds in the case of n > 0.
Using (5.45), we can now estimate (5.44) from the above. In fact, one has

N

ZZ |.u(0'0)t +‘u(0'0)t—z I t]|
(i+j)

Y S uoo)lt; AL (o)l o 1t
Z]Z (i+ ) +.ZZ (z+01)a 22

i=1
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Eigenfunctions for the Dyson potential in a field

Now we only show that the first term remains bounded as N — oo, and the
boundedness of the other terms can be shown similarly. In fact, there exists C, > 0
such that for all NV,

]:01

Nt

J
SG Z jo1’
=1

3
Thus by (5.45) and by taking into account the fact that a > 2 one immediately
concludes that for all N €N,

S| S 1
ZZ(, C2C4Z j2a—2 < C2C4Zj2a—2 <00
j=1 j=1

j=0i=1

(5.55)

Part (iii): By the first part, we can also conclude that the entire sequence { f N} eny

g V‘l(lo as k — oo in the weak topology in Lt ( ). This follows

from the fact that a limit point of the sequence {f*'};cy should be a Radon-

converges to f =

Nikodym density of some u* € 4(®), but 4(®) = {u}, therefore, —— is the only

au
Ao
limit point. Thus
! e
= lim ——, (5.56)

here the limit is understood in the weak topology in L'( )
Note that the weak convergence of { f©)} to f in the weak topology in L!(#?)

also implies the weak convergence of f, +(k) = f ®dy_to [+ in the weak topol-
X
ogy in L'(v). In fact, for any bounded g € Fz,, by taking into account the fact

that "9 = v_ x y, one has

¥ —f) f [ f (19~ frdv_Jgav
X, X, JX_

(f+ f+ng
J f g(f®—frdv_dv
X, JX_

J g(f®=av’-—-o.
X

k—o0

Hence we obtain an analog of (5.56) for f,, i.e.,

= lim ——. (5.57)
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Proof of Theorem

Here the above limit should be again understood in an appropriate topology.
Now assume the transfer operator £, has a continuous eigenfunction f, or

d ~
in other words, the Radon-Nikodym derivative % has a continuous version f.
14

Then for »—a.e. x € X,, f(x) = f.(x), and f, as a function on compact space X,
is bounded. Hence f, € L°°(v), therefore,

1
up{ ——— adv:yeX,, A€Z, i <||fillroo(y) < 00. (5.58)
p{ V([yAD [yA]f+ y + +} f+ L (V)

Hence to prove the second part of Theorem [5.4} it is enough to show that the
supremum in (5.58) is infinite. In fact, below we show that

sup fidv=+oc0. (5.59)

neN V([lg]) [161]

In other words, we show that 1z, = (+1;);ez, € X4 is an essential discontinuity
du

Tdv . To do so, fix n € N and consider

point of the Radon-Nikdoym density f, =
g =11p1. By (5.57), one has that

f e W& y_(4&)
f+]l[1 ]dv— hm wdn). (5.60)

X (151 fX+fX e”MEDy_(dE)ndn)

Thus, since {Wy1}yen (for the definition, see the proof of the first part) is a sub-
sequence of {W }ren,

f e MGy (dE)
1 Jx, [ e "MEDy_(dE)ndn)

f f+]1[1n]dV— hm (d?’]) (5.61)

Now fix N € N and n € X, consider Wy as a function of £. Clearly, it is a
local function, thus by the first part of Theorem forall k eR,

,

J eK[Vl/[N](E,n)—fXJ/\/[N](i,n) dé) v (dE)< DK 18(Wen (-, ))H2 (5.62)

where D = 4(1 — ¢(®)) 2. By the Cauchy-Schwarz inequality, one can also obtain
a lower bound for the integral, in fact,

e—Dl\2||5(WN (- ))H2 < f eK‘[VV[N](ivV)) fX Wini(En)v_(d&)] (dg) (5.63)
X
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Eigenfunctions for the Dyson potential in a field

Forall s €N,

N

o_s(WMny(m)=2p ‘ Z (s Z]J)

j=0

Moo
. Szﬁ;(wﬂa

3
Hence for a > X

oo

18(Win (I3 < 4P Z(iia) =:4f2Cy(a) < 0.

Hence one obtains from (5.62) and (5.63) that

ol e dx WmED- @) f e MNIED ) (dE) < Gy e i MMEMT-D (5 6y
X_

where G5 := PP G(@)

By applying the Gaussian Concentration Bounds to Wy as a function of both
& and ), one can obtain an analogue of for %, In fact, by using the Cauchy-
Schwarz inequality, one can easily check that

—D||5(WN] || efX WN]dV( f e_VV[N]d V(O) < eDHQ(VWN])H% . efX—W[N]dV(O). (5.65)
X

Forany s eZ,

8p 1 B Ce
)< e+ D) oS (566

i=|s|+1

where Cg > 0 is only dependent on a. Hence, since a > 3/2,

1
IB(Wen I3 = (M) < (BCs)P D Tz = Glapr<co. (6.67)
SEZ SEZ $
Then one obtains from (5.65) that
C;t ey na < f e Wmd 0 < Gy - efxWmd ", (5.68)
X

here Cg = Cg(a, B, h) := D - C;(a, B). By combining (5.61), (5.64) and (5.68), one
concludes that forany NeNandne X,

f e WiniEn y_(d&)
fx e~ Wini g 1(0)
Cy- efx Wind VO [ Winy(Em)v-(dE)

C9_1 ) efX Wiy d VO [ Win(En)v_(dE) (5.69)

IA

, (56.70)
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Proof of Theorem

here Cy = Gy(at, B, h) :=max{Cs, Cg}. Hence, by Jensen’s inequality,

fe WniEmy_(d&)
Wdn)= —

v([l”] f [ eVimd o gD

REI D ¢ (151

_cg‘l-exp( - [ f V\f[m(é,ﬁ)v‘m(dé,dm—J mm(&n)w(d@]v(dn))
V([l()]) [12] X X

(6.71)

c-1 | Winyd 0= [ Winy(Em)v_(d&)
e = ndn)

Note that for any n € X, , one has

N N
f W&, MY O(dE, dn)—f W (€, m)v_(dE) :ﬂzz V- z)[T]] Yo ;)]
1j=

= (i+j)e
(6.72)

Hence

J [f Wi (&, YO E, dn)— f W (&) v-(d&)|dn)
5] JX X_

v (0_)n;— o )]
[15] i=1 j=0 (i+j)0!

=B Wdn)

N
=P Z v_(a l) [oj—vo)ldy. (5.73)
i=1 j= [17]

Then since both ¢ ; and 1(;;; are non-decreasing functions and v is a positively
correlated measure, by the FKG inequality 7], for any j € Z,,

f [O'j— V(O'j)]dV=J o'j]l[l(’}]_f O'jd Vf ]l[l(r)z]dVZ 0. (5.74)
[15] X X X,

Furthermore, for 1 < j < n, one has
J [0 — o )ldv=n[15])1—Ho ). (5.75)
(151

We also note that by (5.22), for all i €N,

y_(0_;)>0. (5.76)
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Eigenfunctions for the Dyson potential in a field

By combining these arguments,

i=1 j=0 [15] j=0i=1 (15]
n N v (0_ )
= ———y([(1'NA— o ;). (5.77)
ﬂ;;(lﬂ)a W(151(1— Ao )
Hence by (5.73),
1

[ f mm(&,ﬁ)v@(di,dm—f Winy (£, m)v_(d )] dn)
X X_

15D Jyry
S P C i V—(U—i)(l._ V(.Uj))V([l(’)l])
w15 o5 (i+j)
oL (o)1= o))
_ﬁ;; T (5.78)
Then and yields that for any N €N,
1 [ e MmlENy_(ag) » n Ny (g )(1— Ao )
115D Jpuny [ e Mmd o) ndn)= G -exp(ﬁ j:O; G+)) )
(5.79)
Hence implies
1 "Iy (o-)(1— Mo ;)
WD g, 4 2 Jim, € -exp(p FO; )

Ge(p X3 AR, s

Jj=0i=1

It follows from (5.45) that lim v_(o_;)= lim Yo ;)= u(cy)> 0. Thus

i—00 j—oo

K:=sup "o;)<1
J€zZy

and there exists R € N which depends only on "9 = y_x yand u (thus R only

depends on the model parameters a, 8, h) such that v_(o_;) > ,u(z o) foralli > R.
Hence we obtain from (5.80) that
1 -
I s KL ) S S
V([lo]) [17] j=0i= R
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Proof of Theorem

One can readily check that the sum on the right-hand side of diverges as
(o]

n — oo. In fact, there exists C;y = Cjp(@) €(0,1)

1
> Cp(R +
it 10(

)79, therefore,

M8

3>

]:0 i=

| |
8

ZW

=~

Hence, one indeed concludes that

sup fidv=+o00.

neN VUISD [12]
O

Remark 5.5.1. The statements of Theorem|5.Aremain valid for the Dyson interac-
tion ® = (®,)rez with inhomogeneous external fields:

—powiw; o
U——}P‘]’ ifA={i,j}, i#];

Br@):=1 o A= (i) (5.82)
0, otherwise,

3
as long as the fields h; € R are sufficiently strong. Specifically, ifa € (5,2], B =0,

and
inf |hil = 2B (a)+1og(4B(a)),

then the interactions ® and \if admit unique Gibbs measures yu € 4(®) and »°
@), and we haveu < V ). Moreover, the Radon-Nikodym density of the restric-
tion ulx, with respect to 0| x, does not have a continuous version. However, in
this general (inhomogeneous) case, we cannot always associate a potential to® via
the formula Z &, due to the lack of translation invariance of ®. We note that
0eVeZ,
& is translation-invariant if and only if h; € R is constant over i € Z.
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Multifractals and Large
Deviations in Dynamical Systems
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Chapter 6

Multifractal Formalism from
Large Deviations

Abstract: It has often been observed that the multifractal formalism and the large devi-
ation principles are intimately related. In fact, multifractal formalism was heuristically
derived using the ideas of large deviations. In many cases where multifractal properties
have been rigorously established, the corresponding large deviation results hold as well.
This naturally raises the question of under what conditions the multifractal formalism
can be directly deduced from the corresponding large deviation results.

In this chapter, we take the first steps in establishing a systematic program for de-
riving multifractal formalism directly from large deviations. We consider a sequence
{X,}.en of measurable functions on a metric space (), satisfying a large deviation prin-

Xn(w)

ciple, and consider the level sets K, = {w: lim = a}. Under additional techni-

n—oo
cal conditions, typical in multifractal analysis, we estimate the entropy spectrum of K,

directly from the large deviation rate function associated with the sequence {X,,}, and
demonstrate that many known results in multifractal formalism can be immediately re-
covered within this framework.

This chapter is based on M. Makhmudov, E. Verbitskiy, Q. Xiao, “Multifractal Formalism from
Large Deviations”, arXiv:2402.15642.
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Introduction

6.1 Introduction

The concept of multifractal formalism (MF) was proposed in the 1980’s by Parisi,
Frisch, Hentchel [4,28] in the context of the study of turbulence. It has been sug-
gested that natural local quantities have multiple fluctuation scales. These possi-
ble fluctuations can be described using a singluarity spectrum. The multifractal
formalism states that the singularity spectrum is dual, in the sense of Legendre
transform, to some integral ‘free energy’-type function of the system. The core
idea of multifractal formalism is based on the assumption that a specific proba-
bilistic Large Deviation Principle (LDP) holds for the system.

The first rigorous mathematical results [3}[11,[35,/36] have been obtained in the
late 1980s and early 1990s (Collet, Lebowitz, Riedli, Falconer, Olsen, Pesin), and
since the late 1990’s there was an explosion of research in this area [9,|18}[20-22}
31-34,37,/43]. Multifractal formalism has been rigorously established for very
large classes of dynamical systems and a plethora of local observables. However,
a somewhat curious phenomenon has occurred. Though the original motiva-
tion and the first rigorous results relied rather heavily on probabilistic methods
of Large Deviations, in subsequent works the link to Large Deviations have be-
come somewhat less pronounced. In fact, we are not aware of a single rigorous
multifractal result without an accompanying Large Deviations result. However,
it is also clear that more assumptions are required for the validity of multifractal
formalism than for the validity of Large Deviations Principles. For example, for
multifractal analysis, the phase space must be a metric space, while this is not
really a requirement for Large Deviations.

This brings us to the natural question: assuming that the local quantity of
interest is a pointwise limit of quantities, whose probabilistic behaviour is gov-
erned by Large Deviations, what could be said about the corresponding singular-
ity spectrum and multifractal formalism?

Let us compare two old results, first LDP for Bernoulli random variables, and
second, what we would now call a multifractal result for frequencies of digits in
binary expansions. However, this result precedes the multifractal idea by nearly
50 years.

Theorem 6.1.1 (LDP for coin-tossing). Suppose (X}) are i.i.d. Bernoulli random
1 n
variables withP(X; =0)=P(X;=1)= 3 Set S, = ZX,-, then{S, /n} satisfies LDP
i=1
with the rate function I(p) =log2—H(p), where H(p)=—plogp—(1—p)log(1—p)
if p €[0,1], otherwise H(p) =—00. Namely,

1 S
lim —logP(— €(a,b)|=— inf I(p), Il —co<a<b<oo.
nan}on og (n (a )) pel(rtll,b) (p), fora oo <La [o%)

The above theorem is one of the first Large Deviation results, and it is useful to
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compare it with possibly the first multifractal result by Besicovitch [5] and Eggle-
ston [15[] in the 1930s and the 1940s. This multifractal result was, first, proved by
Besicovitch [5]] for N =2 (binary shift), and later, extended by Eggleston [15] for
general N (IV is the cardinality of the alphabet).

Theorem 6.1.2 (Besicovitch-Eggleston). LetQ={0,1}%+ then

15 H(p)
dimH{a)GQ: lirrln;jzz(;a)j:p} =@, Vp €[0,1],

where dimy denotes the Hausdorff dimension.

Itis important to stress that not only rate functions in the above theorems are
related, but in fact, the proofs are also very similar.

Next to the Hausdorff dimension, there is another, but in some sense more
dynamical set characteristic, known as ropological entropy, denoted by h., (0, ),
which is used frequently to analyse non-compact non-invariant sets. However,
in the setting of symbolic dynamics (Q := (0,...,] —1)%*,0), one has hiop(o, Z) =
log! -dimy(Z) for all Z c Q, in particular, hop(0,9) = logl, where o : Q@ — Q
is the left shift map. Using the topological entropy, the previous results can be
summarized as

hiop(0, Kp) = hiop(0, Q) —I(p), Vp R, (6.1)

n—1
where K, :={w€Q: lirrlnSn(a))/n =p} and §,(w):= Ea)i, w e,
i=0

6.1.1 Multifractal analysis of Birkhoff averages of Holder continuous
functions

Most of the first results in the multifractal analysis of dynamical systems can be
reduced to the results in the multifractal analysis of Birkhoff averages of certain
potentials. For simplicity, suppose Q = .¢7%+ is the set of all infinite sequences
w = (wg,w1,...) in a finite alphabet .¢/, equipped with a metric p, generating
the product topology. Denote by o : 2 — Q the left shift on Q2. The topological
pressure of a continuous function ¢ : Q2 — R is defined as

n—1
P@)=lim ~log > [ sup exp(S,0(@)) Supl@)=3 p(o¥w)
k=0

n—oopn —1
(ao,...,an,1 )EA" (,()G[a(;l ]

where [aé’_l] ={weN:w;=a;, i=0,...,n—1}is the cylinder of the length n. Itis
well-known that the pressure function g — P,(¢) := P(q ¢), is convex. Moreover,
by the celebrated result of Ruelle, the pressure function for a Hélder continuous
potential ¢ is real-analytic.
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It turns out that the real-analyticity of the pressure function immediately gives
us the Large Deviations Principle for ergodic averages X, (w) = S, ¢(w). More
specifically, one has the following result{l_-|

Theorem 6.1.3 (Gartner-Ellis). Suppose{X, } is a sequence of real-valued random
variables defined on a common probability space (2, F, m). Assume that for every
q €R, the logarithmic moment generating function, defined as the limit

1 1
A(q)—nhnolo—log]E ed%n = hnolo ;logf e 1% @) (d w)
exists and is finite. Denote by A* the Legendre transform (convex dual) of A, defined
by
A*(@)=sup(aq —A(q)).
geR
Then

(a) for any closed set F C R,

1 1
limsup;logm({weﬂ: . X, (w )GF}) — inf A*(a);

n—00 aeF

(b) if, furthermore A(q) is differentiable on R, for any open set G C R,

n—oo n acG

1 1
liminf —logm ({a) eN: ;Xn(a)) eG }) > —inf A*(a).

In order to apply the Gartner-Ellis theorem to ergodic averages X, (w) =S, ¢ (w
itis necessary to introduce the reference measure m. A good choice Would be the
uniform or the measure of maximal entropy for 2. Namely, let [ =|.¢/| the num-
ber of different letters in alphabet .7, and let m = p* be the product of uniform
measures p on .¢/. Then one immediately concludes that

Ay(g)=Py(q)—logl=P(q¢)—logl.

Therefore, for Hélder continuous functions ¢'’s, the logarithmic moment gener-
ating function A, (q) is also real-analytic, and hence the Gértner-Ellis theorem is
applicable. The so-called large deviations rate function is then

Iyl@)=Aj (a)—sup[qa A(p(q)]—sup[qa P¢(q)+logl]—logl+P*( )-
Note also that h,p(0,2) =log . Hence,

Ip(@) = heop(0, ) + Py(a)

!This is not the most general form of the Gértner-Ellis theorem.
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Theorem 6.1.4 ([3]). Suppose )= A% and ¢ : Q — R is Holder continuous. For
a €R, consider the set

Then there exist a, @ € R such that
* foreveryae(a,a), K, # @ and

Pj(a)
logl *

dimy (Ko)= 1~ mf(P (qp)—qa )——%SUP(W Pqg9))=-

* the multifractal spectrum
a— 9y(a):=dimy(K,)

is a real-analytic function of a on (a, a).

Again, if we consider the topological entropy h;.,(0,-) instead of the Haus-
dorff dimension dim(-), taking into account, that h,(0,2) = logl, we obtain
that the large deviations rate function and the topological entropy of level sets of
ergodic averages are related

hiop(0, Ky) = hyop(0, 1) — Iy ().

It was observed in [46], that the result of Theorem can be extended to a
much larger class of dynamical systems and observables ¢ with the key property
being that for every g € R, there is a unique equilibrium state u, for g¢. To
ensure uniqueness, one has to make two types of assumptions: on the map f :
Q — Q and the potential (observable) ¢ : Q@ — R. For example, in [46] it was
assumed that

e the map f : Q — Q is an expansive homeomorphism with specification
property

* the continuous observable ¢ : Q2 — R is in the Bowen class, i.e., for all € > 0,

sup (S, ¢)w)—(S,¢)(w K(e)< oo

dy(w,w)<e
where the supremum is taken over all w, w’ such that

dy( )= max_d(ff(e) fie)<e.
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Under these conditions, the Gartner-Ellis theorem holds for ergodic sums X, (w) =
S, ¢ (w) with a differentiable logarithmic moment generating function A(qg), and
the multifractal spectrum for ergodic averages is given by the Legendre transform
of the pressure function, i.e., for all a € (a, @),

oo f, Ko)=inf( P(q¢)— gt) =P} (a0

Furthermore, the logarithmic moment-generating function A is related to the
pressure function P, by Ag)= P¢(q) —hiop(f,82), g €R.

6.1.2 Multifractal analysis of Birkhoff averages of continuous functions

If one considers simply continuous observables ¢ : Q2 — R, it is no longer true
that there is a unique equilibrium state u, for the potential g¢ for all g € R.
Therefore, a different approach is required.

In the case of symbolic systems (2 = A%, o : Q@ — Q is the left-shift), the first
results were obtained independently by Fan and Feng [18,20]] and Olivier [31,32].
The methods are quite different: Olivier relied on the density of Holder continu-
ous function in the space of all continuous functions. Fan and Feng constructed
the so-called Moran fractal. The approach of Fan and Feng turned out to be very
suitable for generalization to abstract compact spaces. In [48] the following vari-
ational principle for multifractal spectra has been obtained:

Theorem 6.1.5 ([48]). Suppose T : Q2 — ) is a continuous transformation of a com-
pact metric space (90, d) with the specification property and ¢ : Q2 — R is a contin-
uous observable. Then there exist a,ad € R such that for every a € (a, @), K, # @,
and
heop(T, K)= sup {h,(T): f pdu=a},
ueM(Q,T)

where supremum is taken over (2, T) of all T -invariant measures on (0, and
h,(T) is the Kolmogorov-Sinai entropy of .

For such systems, the Large Deviation Principle has been established in 1990
by Young [51]. We will not recall the most general form of the result, but refor-
mulate it in a such form that the relation to the multifractal formalism becomes
apparent immediately.

Theorem 6.1.6 ([51], Theorem 1). Suppose m is a not necessarily invariant Ahlfors-
Bowen reference measure on ). Suppose ¢ : Q2 — R is continuous. Then for all
c €R, one has

1 1
limsup —logm {—Sngo > c} < sup {hﬂ(T):f pdu> c}—htop(T,Q).
n—oo N n UeM(Q,T)
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If, furthermore, T has a specification property, then for all c € R, one has

1 1
liminf—logm {—Sngo > c} > sup {hﬂ(T) : f pdu> c} — hyop( T, S2).
n—oo n n ueM(Q,T)
This result allows us to say, that under the above conditions, the sequence of
random variables {X,,(w) =(S,,¢)(w)} satisfies the Large Deviation Principle with
the rate function

I5(@) = hiop(T,)—  sup {hH(T) : J pdu= a}.
peMQ,T)

As in the cases considered above, combining the results of Theorems [6.1.5/and

one concludes that for topological dynamical systems with specification,

the large deviations rate function I, and the multifractal spectrum é”(p(a) =

hiop(T, K, ) are related by

Ep(a) = hiop(T,2)— Iy ().

In fact, the methods developed by Young are instrumental in the proof of Theo-

rem|6.1.5]in [48].

6.1.3 Multifractal analysis beyond Birkhoff sums

A number of multifractal results have been obtained for the level sets of the form

K, = {co eQ: nli_)rgo %Xn(w) = a},

where X,,’s are not necessarily Birkhoff sums of the form S, ¢, for some ¢. For
example, such non-additive observable arise naturally in the multifractal analy-
sis of pointwise Lyapunov exponents for the products of matrices. Namely, sup-
pose a map M : Q2 — M;(R) is given where M;(R) is the algebra of d x d real
matrices. We can associate to every x € Q2 and n €N, a random variable X,,(x):=
log||M(T" ' x)M(T" 2x)--- M(x)|| provided that || M (T" ' x)M(T" > x)--- M(x)|| #
0, where || - || is a norm on M;(R). Clearly, {X,,}, <y is not an additive sequence if
d>2.

A non-additive sequence of potentials can also be encountered if one con-

siders weighted ergodic sums {S,’ f} of a continuous potential f on the space £,
n—1

ie,S) f:= Z w;foT!, neZ, and w, €R are weights [19]. It is easy to see that
i=0
{S,’ f} is not additive unless all the weights w,,, n € Z, are the same.
Another example of non-additive sequences arises in studying pointwise en-
tropies of probability measures. Suppose u is a fully supported probability mea-
sure on (). For a fixed 0 > 0, define a sequence of random variables as X,,(x) :=
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—logu(B,(x,0)), n €N, x €Q, where B,(x,0) ={y €Q: d(Tiy, Tix)< 6, i=
0,....n—1}, n>1.

We shall discuss these and other examples in greater detail in Section[6.7]and
show how our results can be applied in these cases.

6.2 Preliminaries and Notations

In this section, we assume that we are given a compact metric space (2, d) equipped
with a continuous transformation T : Q — Q. We denote by M(Q2), M(, T') the
sets of all Borel probability measures and T -invariant Borel probability measures
on , respectively. For x,y € Q and n € N, the Bowen metric d,, is defined as
dy,(x,y):= 0<ln.1<anx_l d(Tix, Tiy). By B, (x, &) we denote an open ball of radius £ > 0

in the metric d,, centred at x €9, i.e., B,(x,&):={y € Q:d,(x,y)<e}.

6.2.1 Topological Entropy

The notion of topological entropy of non-compact and non-invariant sets has
been introduced by Bowen [7] in 1973. This chapter uses an equivalent definition
of Bowen’s topological entropy given in [41]]. For Z c Q, and all € R, € > 0, and
N €N, let

oo

oo
m(Z,t,e,N) ::inf{z e it 7 ¢ UBni(xi,e), n; > N}. (6.2)

i=1 i=1

By the standard convention, m(#, ¢t,e, N)=0, forall t,e, N. Obviously, m(Z, t,€,N)
does not decrease on IV, thus we can define

m(Z,t,e)::Nlim m(Z,t,e,N).
—00

One can show [41] that m(:, t, €) is an outer measure with properties similar to
those of ¢ -dimensional Hausdorff outer measure. In particular, there exists a crit-
ical value ¢’ € R such that

, +oo, ift'<t,
m(Z,t', €)= e
0, ift">t.
We denote this critical value by hip(T, Z, €). Thus
hiop(T, Z,€)=inf{t eR: m(Z,t,€)=0} =sup{t eR: m(Z, t,€)=+00}.

Furthermore, since h,,(T, Z, €) is monotonic in €, we can define the fopological
entropy of Z by
htop( T,72):= EIL%1+ htop( T,Z,e€).
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It should be stressed that the set Z is not assumed to be compact nor T -invariant.
Finally, by our convention, h,p(T, ()) =—o0, and hiop(T, Z) > 0 for all non-empty
subsets Z C 2. We summarize the basic properties of the topological entropy in
the following remark.

Remark 6.2.1 ([41]). (i) Monotonicity: ifZ, C Z,, thenhyop(T, Z1) < hiop(T, Z5);

(ii) Countable stability: if Z = UZ”’ then hiop(T, Z) = sup hop(T, Z,).
n n

Remark 6.2.2. The notions of topological entropy and Hausdorff dimension coin-
cide if the underlying space Q) is a symbolic space. Suppose 2= {1,2,..., 1} with
integer | > 2, and the metric on(Q is defined as

1
d(x,y)= I where k=min{i >0: x; # y;},

hiop(T, Z

6.2.2 Local (pointwise) entropies

Consider a Borel probability measure u on the metric space (£2, d), and define
the lower and upper pointwise entropies of u at x €Q as

QM(T, x):= £ii%linrg<i>r.}f—% logu(B,(x, €)), EM(T, Xx):= lg%liﬂgp—% logu(B,(x, €)).

Note that the limit in ¢ exists due to the monotonicity. Feng and Huang [26]
extended the notion of measure-theoretic entropy to non-invariant measures
by motivating the result of Brin and Katok. In fact, for a probability measure
u € (), Feng and Huang [26] defined the upper and lower measure-theoretic
entropies of u relative to the transformation T by

QM(T) = f Eu(T, x)u(dx)and h,(T):= f h, (T, x)u(d x).
Q Q
Note that the above formulas are consistent with the classical notion of measure-
theoretic entropy due to the Brin-Katok theorem [8]. In fact, if u € .# (2, T), then
h H(T) = EH(T) = h,(T), where h,(T) is the measure-theoretic entropy of u with
respect to T. In [26], the authors also extended the classical variational principle
to the non-invariant setting. More precisely, they showed for a compact, but not

necessarily invariant set K € (2 that
hiop(T, K)=sup{h (T): p€ A (), u(K)=1}. (6.3)

The next theorem is a dynamical analogue of the mass distribution principle
and is very useful for the estimation of topological entropies of various sets.
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Theorem 6.2.3 ([30]). Letu be a Borel probability measure onQ, and E be a Borel
subset of Q.

(1) Ifﬁu(T,x)s t for some t<oo and all x € E, then hyop(T,E)< 1.

) If u(E)>0, and QM(T,x)Z t for some t>0 and all x € E, then
Riop(T, E) > t.

6.2.3 Ahlfors-Bowen measures

Definition 6.2.4. We say that a not necessarily invariant Borel probability measure
m on $) is Ahlfors-Bowen if there exists h > 0 such that for every € > 0 there exists
a finite positive constant, D(€) such that for everyn > 1 and all w €2, one has

1

me—”” < m(B,(w,€)) < D(e)e " (6.4)

It is easy to see from the definition that an Ahlfors-Bowen measure has a very
simple spectrum of local entropies. More specifically, h,,(T, w):= h for all w €.
Furthermore, one has the following simple lemma for the constant h.

Lemma6.2.5. Suppose m is Ahlfors-Bowen measurefor T on(l, then h = hiop(T,2).

Proof. Since m is an Ahlfors-Bowen measure, for any w € €2, one has h,,(T, w) =
h. Therefore, by Theorem|6.2.3, we immediately conclude that hop(7,2)=h. O

6.2.4 Conditions on the underlying transformation

In applications, topological dynamical systems (TDS) usually have some sort
of expansivity and mixing properties. Therefore, there is a vast amount of lit-
erature devoted to studying dynamical systems with these properties. We also
impose expansivity and mixing properties on our underlying transformation to
prove some of our results.

Definition 6.2.6. A continuous transformation T : Q2 — Q is called expansive if
there exists a constant p > 0 such that if

d(T"(x), T"(y)) < p for all non-negative integer n, then x =y.
The maximal p with such a property is called the expansive constant.

A slightly stronger version of topological mixingis topological exactness. Topo-
logical exactness of the transformation T is that for every € > 0 and x € Q there is
N := N(x,€) €N such that TV (B(x,€)) = . Basically, by using the compactness
of the underlying space (2, one can uniformise the constant N with x € Q. A rela-
tively stronger version of topological exactness which we call strong topological
exactness also gives uniform control over the Bowen balls of the transformation.
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Definition 6.2.7. We call a continuous transformation T : Q2 —  strongly topo-
logically exact if for any € > 0 there is a natural number M, € N such that for all
neNandx e,

T"™M\(B,(x,€))=A. (6.5)

Note that topologically mixing subshifts of finite type are strongly topologi-
cally exact. Walters ([50]) showed that an expansive, strongly topologically exact
transformation has a weak form of the specification property, namely, one has
the following theorem:

Theorem 6.2.8 ([50]). Let T : 2 — Q be an expansive strongly topologically exact
transformation, then T satisfies the weak specification condition, i.e., for any € >0
there exists a natural number M, € N such that for all x, x" € Q and every n,, n, €
N, thereexists w € Qwithd(T'w, T'x)< e,0< i <ny—landd(T™ Mt yw, TIx") <
€, 0 < j < ny—1. Note that the latter condition is equivalent to the following: for
every € > 0 there exists an integer M, > 0 such that for all x, x’ € Q and n,, n, €N,
one has

By, (x,e)n T~ *M)(B, (x/,€)) # 0. (6.6)

Remark 6.2.9. If T : Q — Q is an expansive homeomorphism with weak spec-
ification property, then the measure of maximal entropy for T is Ahlfors-Bowen
[50, Theorem 4.6].

6.2.5 Class of random variables

We say that the sequence {X,,},; of real-valued random variables (observables)
on 2 is subadditive if for every m,n > 1,

Xpom <X, +X,,0T".

We call a sequence {X,,},,>; of random variables on Q2 weakly almost additive (or
simply, almost additive), if there are non-negative constants A,, = o(n) such that
forall x eQand n,meN,

|Xn+m(x)_Xn(x)_Xm(Tnx)|SAn- (67)

Recently, Cuneo [12, Theorem 1.2] showed that weakly almost additive sequences
of continuous functions can be approximated uniformly by Birkhoff’s sums of
continuous functions.

For a function H : Q2 - R and n €N, ¢ > 0, we denote the (n, §)-variation of

the function H by v, s(H):= sup |H(y)—H(z)|.
d,(y,z)<é
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Definition 6.2.10. A sequence{X,} of random variables on ) satisfies the Bowen

condition, if there exists 6 > 0 such that sup v, 5(X,) < +00. We say that the se-
neN

quence {X,} satisfies the weak Bowen condition if there exists 0 > 0 such that
Uy 5(X
lim Zno&n) _ o 6.8)
n—oo n

It should be mentioned that the continuity of the random variables X,,, n > 1,
is not assumed in the definition of the weak Bowen condition, and neither the
Bowen condition nor the weak Bowen condition implies the continuity of each
individual random variable X,,. However, if a sequence of functions { X, } satisfies
the weak Bowen condition, then each function X,, is bounded. Indeed, since 2 is
compact, for every n, there exists a finite cover { B,(w;, 0 /2)};, and the observable
X, is a bounded function on each ball B,,(w;,6/2) in the cover.

Remark 6.2.11. One can observe that if T is expansive, then the sequence of er-
godic sums of any continuous potential ) : Q2 — R satisfies weak Bowen’s condi-

n—1 n
tion. Namely, if X, = S,i) =le oT!, then Up5(Xp) < 2 v; 5(y), and thus
i=0 i=1
v, 5(X Ty
lim n,5( n) < lim Zl—l 1,5(110) -0
n—oo n n—oo n

by Stolz-Cesaro’s theorem, since ) : {2 — R is continuous and hence lirgo Uns()=
n—
0, where positive number o is smaller than the expansive constant of T .

6.3 Large Deviations

6.3.1 Some concepts from convex analysis

In this section, we consider functions with values in R := RU {0c0}. A convex
function ¢ : R — R is called a proper convex function if ¢(¢) > —oo for all t € R
and ¢ # +00. The essential domain of the convex function ¢ is dom(¢):= {t €
R: ¢(t) < +00}. Note that dom(¢) C R is a convex set.

Suppose ¢ : R — (—00,+00] is a proper convex function and assume that ¢
is finite at some ¢ € R. A real number ¢* is a subgradient of ¢ at ¢ if for all s € R,
@ (t)+1t*(s—t) < ¢(s)holds. Denote the set 0{2311 su‘t()grad)ients of(q) at g by 3( ¢;(z‘).

) Po(t)—p(t—s) . . P(t+s)—(t

It is easy to check that d¢(¢) = Rﬂ[sslig . , ggg . ] =
Rﬂ[qb’_(t), ¢’ (1)), where ¢’ (1), ¢’ (¢) €R are left and right derivatives of ¢ at .
We define the domain of the multivalued mapping d ¢ : t edom(¢)— d¢(t) CR
by dom(0 ¢) := {t € dom(¢): d ¢(t) # 0}. Note that in general, dom(Jd ¢) is not a
convex set.

179



Multifractal Formalism from Large Deviations

Definition 6.3.1. A proper convex function ¢ :R — R is called essentially strictly
convex if ¢ is strictly convex on every convex subset of dom(d ¢ ). Note that a convex
function ¢ is called strictly convex in a convex set D C R, if for every t1, t, € D with
Hh#tandAe(0,1), p(At; +(1—A)t) < Ap(t)+ (1 —A)p (1)

It is a well-known fact that finite convex functions are very close to differen-
tiable functions. However, if it comes to extended convex functions, then one
needs to be more careful about the essential domain of the function.

Definition 6.3.2. A proper convex function ¢ : R — R is essentially smooth if it
satisfies the following conditions:

(@) dom(¢)° #0, where A° denotes the interior of a set A;
(b) ¢ is differentiable on dom(¢)°;

(c) ¢ issteep, namely, nlirgo |¢> (tn)| = 0o whenever{t,} is a sequence in dom(¢ )’
converging to a boundary point of dom(¢)°.

An extended, not necessarily convex, function ¢ : R — R is lower semicon-
tinuous if for all A e R, {t e R: ¢(¢) < A} is a closed subset of R. Equivalently,
a function ¢ is lower semicontinuous if and only if li){nixnf P(x) = ¢(xp) for all

—Xo

Xy € R. Note that a lower semicontinuous function achieves its minimum in any
compact set.

The following theorem shows that essentially strictly convex and essentially
smooth convex functions are intimately related in terms of the Legendre trans-
form.

Theorem 6.3.3 ([45]). A lower semicontinuous proper convex function ¢ is es-

sentially strictly convex if and only if its Legendre transform, ¢*(t) := sup{tq —
qgeR
¢(q)}, t €R, is essentially smooth.

6.3.2 Large deviations

Definition 6.3.4. An extended function I : R — [0,+00] is called a large devia-
tions rate function (or simply a rate function) if it is lower semicontinuous. A rate
function I is called good if the sub-level sets, {t : I(t) < A} C R are compact for all
A€R. For E CR, I(E) abbreviates ;gbf I(t)ie,I(E):= tigl(t).

Note that a good rate function achieves its minimum in any closed set.

Suppose (2, #, u) is a probability space and X, : 2 — R, n > 1, are random
variables.
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1
Definition 6.3.5. The sequence of random variables {;X n} 137 satisfies the large
deviations principle (LDP) with a rate function I if for all Borel sets E CR,
Xn(w)

n

<limsup llog,u({a) : @ € E}) <—I(E),

n—oo N

—I(E%) snnnl(i)gf%logu({w: cE})<

where E, E° denote the closure and the interior of E, respectively.

One of the most convenient ways to establish the validity of the LDP is pro-
vided by the Gértner-Ellis theorem which we have stated in a partial case in Theo-
rem Denote the normalised log-moment generating function of X,, by ¢,
ie,forreR

1
¢n(t):= ;logf eXndy.
Q
Note that ¢,, may take value +0c0. Define the log-moment generating function of
the sequence X :={X,,} by ¢ x(¢) :=limsup ¢,(t), t € R. Then the Gértner-Ellis

n—oo
theorem states that if for all r € R, the limit, lim ¢,(¢) exists and is finite, and
n—.0oo

1
the log-moment generating function ¢y is essentially smooth, then {—X,},cn
n

satisfies the LDP with a good rate function Iy := ¢%. An inverse statement to
this in some sense is the celebrated Varadhan’s lemma, which we reformulate
slightly for our purposes below. One can find a general version of the theorem in
[14} Theorem 4.3.1].

1
Theorem 6.3.6 ([14])). Suppose that {EX" }1°7 satisfies the LDP with a good rate

function I : R — [0, 00], and

1
limsup;logf e ndy=¢x(t)<oo
Q

n—0

1
hold for all t €R. Then the limitlirr(l) - logE, [e'*"] exists and
n—!

1
¢X(t):lim—logf etX"d,u:sup{tq—I(q)}=I*(t), forall t eR.
n—0n 0 geR

Sometimes, a weak version of LDP is more convenient for purposes, since it
is easier to establish than the full LDP.

Definition 6.3.7. Let (2, Z,u) be a probability space and X,, : Q@ = R, n >1 be

1
random variables. The sequence {—X,,},cn satisfies the weak Large Deviation
Principle (weak LDP) with a rate function I if
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1) forall compact set F C R,

1 1
limsupglog,u({EXn € F}) <—=I(F),

n—oo

2) forallopensetG CR,
li 'fll 1X Gt |>—I(G
minf logy({ X, €G})=-1(G)

Note that the only difference between LDP and weak LDP is in the upper large
deviation bound.

As one can see in the Géartner-Ellis theorem, the LDP upper bound requires
fewer conditions than the lower bound. However, one still needs to make rather
mild assumptions (for example, the existence of the limit log-moment generat-
ing function as in Theorem|6.1.3) to obtain the upper bound. Nevertheless, one
can establish the upper weak large deviation bound without any additional as-
sumption about the sequence as the following folklore theorem states.

Theorem 6.3.8. Let{X,,} bea sequence of random variables on a probability space
1
(2, Z,u). Then the sequence {ZXn}neN satisfies the weak large deviations upper
bound with the rate function Ix = ¢%,, i.e., for any compact set F € R, the follow-
ing holds
I L ({1)( eF})< Iy(F) 6.9)
imsup —lo — — . .
P10 7, 4n S—Ix

n—oo

6.4 Main results

The main goal of this chapter is to obtain the Multifractal spectra for the sequence

1
{—X n } under the assumption that the sequence satisfies LDP. As a byproduct, we
n

also obtain a formula that relates the entropy spectra with the LDP rate function.
Although we assume in our theorems that the reference measure satisfies the
Ahlfors-Bowen condition, one should be able to generalise the results to a multi-
fractal measure 7 with the smooth multifractal spectrum, i.e. @ — hyop(T, E,) is a
smooth function, where E, :={w: h (w)=a}.

Assume that the ambient space (€, d) is compact, and we have a continuous
transformation T : 2 — Q with finite topological entropy, i.e., hop(T,82) < 00. Itis
also assumed that a sequence X :={X,,} ofrandom variables on 2 and a reference
measure v € /() satisfying Ahlfors-Bowen condition with the parameter i =
hiop(T,€2) are given. It should be stressed that we are not assuming {X,, : n € N}
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are continuous functions, and vy is T -invariant. We denote, for a € R, the a-level

1
set of the sequence {;Xn} by

1
K, ={xeQ: lim —X,(x)=a},
n—oo g

and the domain of the multifractal spectrum by £y :={a € R : K,, # }. We shall
study the entropy spectrum &x(a) := hop(T, K,). In the statements of our theo-
rems, we shall assume some of the following main conditions:

(A1) The sequence {X,}, satisfies the weak Bowen condition;
(A2) The sequence {X,}, is weakly almost additive;

(A3) T :Q2—is an expansive strongly topologically exact transformation.

We now present our first main result that estimates the entropy spectrum & from
above in terms of the LDP rate function.

1
Theorem 6.A. Assume (Al), and the sequence {;X n} satisfies the weak large de-

viations upper bound with a rate function Iy : R — [0,4+00], i.e. for all compact
F cR one has

1 1
limsup — log »{ = X, € F} <—Ix(F). (6.10)
n n

n—oo

Then for alla € £, one has

Ex () < hiop(T, Q) — Ix (). (6.11)

1

Let ¢ ,(q) = —logE,e? " and ¢ x :=limsup ¢, be the log and log-limit moment-
n n—0o0

generating functions of the random variable X,,, respectively. Notice that the

moment-generating functions ¢, exist and are finite for all n € N since the ob-
servables X, are bounded functions by the weak Bowen condition. The next re-
sult estimates the spectrum &y from above in terms of the log-moment generat-
ing function ¢ x of X.

Theorem 5.B. Assume (Al), then foralla € £x
Ex(@) < hiop(T, ) — 9% (), (6.12)
where ¢ is the Legendre-Fenchel transform of ¢ x .

Remark 6.4.1. If one drops the condition (Al) in the above theorems, then the
statements of the theorems will be false. Assume Q := {0,1}%+, T : Q — Q is the
left shift transformation, x € Q) and k € R\ {1}. Set X,,(w):=n ifw; = x;, i =
0,1,...,n*—1, and X, () := kn otherwise. Then ¢ x(q) =k q for every q € R, hence
by Theorem the sequence {X,},cn satisfies LDP with a good rate function
¢ - However, one has hyop(T, Ky) = 0> hyop(T,2)— ¢y (1) =log2 — 00 =—00.
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Remark 6.4.2. We should note that one can prove the same statements as in The-
orem|6.A and Theorem|5.B with the following condition which is slightly weaker
than the weak Bowen condition: there exists 0 > 0 such that

v, s5(X
liminf—”'5( n) =0.
n—oo n

One might expect equality in Theorem [6.Aland Theorem but it is easy
to show by examples that the conditions of these theorems are “too general" to
prove such equality. The subsequent theorem provides sufficient conditions for
the equality to hold in Theorem[6.A]and Theorem[5.B]

1
Theorem 6.C. Assume the conditions (Al), (A2) and (A3). Ifthe sequence { —X, } N
n

satisfies LDP with an essentially strictly convex good rate function Iy, then one has
the following:

(i) There exists extended real numbers —oo < o < @ < +00 such that (a,a) C
"%X - [Q) a]

(i) Ex(@)= hyop(T,2)— Ix(a) holds for all a € (¢, a).

Finally, it is well-known that a result of multifractal formalism for random
variables can be generalized straightforwardly to random vectors (see [48]). In

i
particular, one can directly extend the above theorems to sequences { X ,,},,cy of

random vectors X » - 2 — R? with straightforward modification of the conditions
(A1)-(A3).

6.5 Proofsof Theorem@ and Theorem|5.B: Upper bounds

In the proofs of our theorems, we frequently use the Vitali covering lemma in the
following form.

Lemma 6.5.1 (Vitali coveringlemma). Let (=, d) be a metric space, and suppose §
is a non-empty finite collection of balls. Then there exists a disjoint subcollection
§ C &, such that U BcC U 3B’, where 3B’ denotes a ball with the same centre

BEy  BEy

as the ball B', but with three times the radius of B'.

Proof of Theorem[6.A First, we will show for any a € £y := {a € R: K, # 0} that
Ix(a) < h, (6.13)

where h = hop(T,9) (c.f. Lemma. This, in particular, implies that £y C

dom(Ix).
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Fix any decreasing sequence {0,,} of positive numbers such that §,, — 0 as
m — o0. For a € £y set

1
K™ ={weQ:-5, < an(w)—a <8} and Z, ;= ﬂ. Kk, ﬂKa. (6.14)

,m
nzj

Then for every m €N, one has K, = UZm,j .

We prove by assuming the]contradiction. Suppose that Iy(a) > h for
some a € Lx. Then there is A > 0 such that h < A < Ix(a). Take 6 > 0, and
consider the closed interval [a — 0, a + 6]. Since Ix is a lower semi-continuous
function, Iy attains its minimum on[a@—6,a+0]at some point a5 € [a—06,a+6],
ie, Ix(as) = Ix([a— 6,a + 6]). Thus for all 6 > 0, Ix(as) < Ix(a), therefore,

limsup Ix(as) < Ix(a). But on the other hand, lirﬁniglflx(ag) > Ix(a) since Ix
50 -
is lower semi-continuous and az — a as 6 — 0. Thus one can conclude that

(1$in(1) Ix([a—6,a+ 0]) = Ix(a), therefore, there exists 6 > 0 such that Ix([a—0,a+
0])> A. Take any € > 0, and fix it. Then since {X,,} satisfies the weak Bowen con-

(X)

v o
dition, there exists N, € N such that L 5 for all n > N,. Furthermore,
n

since 6 ,,, — 0, there is m* € Nwith §,,,. < 6/2. Finally, since UZm*’f =K, #0and

i
{Z+j}; is an ascending chain of the sets, there exists z € K, and j* € N such that

forall j > j*, z € Z,,. j. Thus, for all N > j*, one can readily check that

UN,e(XN)

. 1 UN,e(XN)
By(z,€)c{weQ: ~Xn(w)e (@=8me— ,a+6m*+T)}. (6.15)

Therefore, for every N > max{j*, N;} one has
1
By(z,€)C {NXN ela—5,a+5]}. (6.16)

Since v is an Ahlfors-Bowen measure, for every N > max{j*, Ny} one obtains

1 1 1 log D(€)
~log V{NXN cla—6,a+6]}> ~logWBy(z, €)= —h——"2 (6.17)

Then (6.10) leads

1 1
—h Slimsupﬁlogv{ﬁXNe[a—5,a+5]} <—Ix([a—06,a+06])<—A.

N—o00o

But this is a contradiction to & < A, therefore, Ix(a) < h for every a € L.
Now we prove the inequality (6.11). Let {6,,} and Z,, ; be as above. Take any
a € %x and € > 0. Since Ix is alower semi-continuous function, (lsirr(l) Ix(la—0,a+
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0]) = Ix(a) for all a € R. Since Ix(a) < +o0o for a € ¥y, for arbitrary o > 0, there
exists m’ €N, and 6’ > 0 such that, for all m > m’ and 6§ < §’

Ix(a—=8,,—8;a+8,,+06])—Ix(a)| <o.

Up,e(X v (X
Again lim VnelXn) 0, choose sufficiently large N, € N such that VnelXn) <&

for all n > N;. From (6.10) one can choose N, € N such that for all n > N,

v{lX,, e [a—5m,—6’,a+5m1+6’]} < N Ix(0=8 8048, +5'1140) < pi—Ix(e)+20),

" (6.18)
Now take any j € N with Z,,, ; # 0, and for all N > max{j, N}, N>} consider the
cover {By(z,€/3)};cz,, . of Z,, ;. Clearly, it also covers Z m,j» therefore, by com-
pactness, there is a ﬁmte subcover {Bn(zi,€/3)}; of Zpy Then by Vitali covering
lemma (Lemma“ 6.5.1) there exists a disjoint subcollectlon {Bn(z;,,€/3)}x such
that Z,,, ; C U; By(z;,€/3) C UgBn(z,,€). Therefore, without loss of generality,
one can assume that there is a finite disjoint collection Zy := {By(z;,€/3)} ¢ Lo

of the balls such that Z,,, ; C U Bn(z;,€). Since z; € Z, j, one can easily check
for every i that i
By (z;,€) C {w GQ:%XN(w)E((z—6m,—w,a+5m/+WH.
Thus by the choice of N, for all i,
By(z;,€)C {%XN ela—8m—8,a+8,,+5)},

and hence

UBN zi,€)C {1xNe(a B — 0,0+ 8, +8)}.

Since Ay = {By(z;,€/3)} is a disjoint collection of the balls, one can easily get
the following from the above

> WByl(z:,€/3)) < v({%XN €(a—8,—8,a+8,+5})

i
Thus it follows from (6.18) that

Z V(By(z;,€/3)) < e NIx(a)+20).
i

Since v is an Ahlfors-Bowen measure, we can thus conclude that

#By < D(e/3)eN " Ix(@+29),
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Since {By(z;, €)}; is a cover of Z,,,/ ;, one can immediately obtain from that
M(Zyy jrt,6,N)<#By-e N,
Then by combining the last two inequalities, one gets
M(Zy j, 1, €,N) < D(g/3)e N I(@)20), (6.19)

Notice that o is not chosen yet, therefore, if + > h — Ix(a) then one can choose

t—h+1I
o in the interval (0, —Xm)) Let t > h — Ix(a) be any number. Then one

can obtain from that hop(T, Zyy,j,€) < t, and notice that this inequality
holds for any € > 0 and for all large j € N. Therefore, hiop(T,Zyy ;) < t for all
sufficiently large j, thus by the countable stability of the topological entropy, we
can get hyop(T, Ky) < t since {Z,,/ ;}; T K. Thus we can obtain the desired result
since t is chosen arbitrarily in (h — Ix(a), 00). O

Proof of Theorem[5.B, One canreadily check that ¢} is an extended convexlower-
semi-continuous function on R. Indeed, the lower semi-continuity of ¢} follows
from the fact that it is the superior envelope of the family {u, : t € R} of extended
continuous functions @ € R -5 at — Q(t) R. Furthermore, since ¢x(0)=0,
one has ¢ > 0. Thus ¢% is a rate function in the sense of Definition[6.3.4} By
Theorem|6.3.8} one has the weak large deviations upper bound for the sequence

1
{;Xn} with the rate function ¢%, i.e., for all compact F € R, one has the follow-
ing

1 1
limsup — log v{ﬁxn eF} <—inf(g}) = —9x(F). (6.20)

n—oo
Thus one can immediately obtain the statement of the theorem from Theorem
6.A]
O

6.6 Proof of Theorem IE Lower bound

The goal of this section is to prove Theorem For any real number g and a
natural number n denote

%,(q) :=f ed%ndy.
Q

We will employ the Large Deviations technique. Namely, for every g, by using
Cramer’s exponential tilting method, we will construct a measure u, (Lemma
6.6.3) such that for every w €, n €N

ean(w)

Zn(q)

Uqg(By(w,€)) < Y(By(w,€))x K(n,q,€), (6.21)
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where the uniform ‘correction’ factor K(n, g, €) > 0 is subexponential in 7.
Once (6.21) is established, we immediately obtain that for all w €2, one has

qX,(w)

1 1 1
- loguq(B,(w, €)= — + - log %,(q)— - log (B, (w, €))+ o(1).

Therefore, for w € K, we then conclude
T 1
ﬁﬂq(T, w)= %Tghnnlggf—z loguy(By(w, €)= hyop(T, Q) —qa+ ¢x(q). (6.22)

Furthermore, for a given a, we will 1dent1fy q such that u,(K,) =1 (Lemma
- As usual, g = q, is such that a = ¢’(g,). Therefore, by the entropy distri-
bution principle (Theorem|[6.2.3), we can conclude that

heop(T) Ko) =~ + ¢ x(Ga) + Meop( T, 2) = heop(T, Q)= ¢4 (@) = (T, 2) — Ix ().

(6.23)
After combining this with the upper bound, we obtain the claim of Theorem[6.C|
Now, let us turn to the rigorous proof.

6.6.1 A fundamental inequality

In this subsection, we shall establish a compound inequality for the dynamical
systems which is introduced in Subsection[6.2.4] Recall that for any € > 0 there
exists M; (e) € N such that for all x € Q and every n €N, T"™1(B,(x, €))=Q since
T is strongly topologically exact transformation, and there exists M,(€) € N such
that for all x, x’ € Q and every ny, n, €N, By, (x,€)N T_(”1+M2)(Bn2(x’ €))# since
T has the weak specification property (c.f. equations (6.5) and (6.6)). Let M, (e)
and M,(€e) be the smallest integers satisfying these propertles respectively. For
€>0,let

M(€e) := max{M,(€), M,(e/2)}. (6.24)

If no confusion arises, we just use M for M(€) without stressing its dependence
on €. One has the following lemma for the expansive dynamical systems with
certain mixing properties.

Lemma 6.6.1. For any sufficiently small e, there exists a positive constant C,(€)
such that forany n eN all x € Q and for any measurable function Y : 2 — [0,400)
one has

—1
Gi(e) J Yo TM g o(y) < de < ae@ f YoT"Mdy.
WBa(X,8) |5 ey 0 NBn(X,€)) ) g, x.e

Proof. We assume that T is expansive. Let p,,, denote the expansivity con-
stant of T. Consider € € (0,p.x,/2), n € N, x € Q and a measurable function
Y :Q2—[0,+00). Let v, , be the conditional probability measure on B,(x, €), i.e.,
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n(A)
W Bn(x,€))
T~ ("+M) then T x,n is always a probability measure on Q2 since T"M(B, (x,€))=.
Note that v, , and 7, , also depend on ¢, but we omit this to avoid cumbersome
notations in our subsequent expressions. It is easy to check that

_; n+M
fg Y(2)d7T, n(2)= W B.(x.8) an(xyg) Y(T z)d v(z). (6.25)

Therefore, the claim of the lemma is equivalent to showing the existence of a con-
stant C;(e)> 0 independent of n and x such that

Vin(A) = VA|B,(x,€)) = for aBorel set AC B,(x,€). Set T, , := vy 0

Cl(e)_lf Y()/)de,n(J/)Sf Y(J’)dV(J/)SQ(E)J Y(y)dtya(y).  (6.26)
0 0 0

We now present the proof of this statement in three steps.
Step 1: We start by showing that there exists a constant C,(€) > 0, dependent
only on €, such that for every k e Nand y €1,

Tx,n(Bk(y’ 6))
Y(Bi(y,€))

Consider arbitrary k €N, y € (). By the choice of M := M(¢€), we have

Cyle) ! < < Gy(e). (6.27)

T-"MIB (y,e/2)N B, (x,£/2) #0.
Then for any z € T "M B, (y,£/2)N B,(x,£/2), one has
Buinsk(2,€/2)C T MBy(y, )N By(x, €).
Since v is an Ahlfors-Bowen measure (c.f. ), we can get

D(e/2) e MR < (B rik(2,€/2) < W(T " MIBL(y,6)N B, (x,€)). (6.28)

Hence

WT~"MIB(y,)N B, (x, ¢))
Txn(Bi(y, €)= 2B, (x.8))
D(e/2) e~ (n+M+k)h (6.29)
D(e)e—nh
> D(e/2) ' D(e)2e ™M y(Bi(y, €)).

In order to get an upper bound in 1| set B’ := T_(”+M)Bk(y, €)NB,(x,€). Then
since {B,,.y+k(z,2€): z € B’} is a cover of B/, by the the compactness of Q and
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the Vitali covering lemma (Lemmal6.5.1), there exists a finite disjoint subcollec-
tion 9 :={By s ar+k(2i,2€)} ;,ep such that { By, y11k(2;,6€)},,ep covers B'. Denote
S ={T"z; : Byiym+r(2i,2€) € 9}. Because of the disjointness of ¢ and by the
definition of B’, it is easy to check that . =% and . is a (M, 2€)-separated set.
Therefore, if we denote the cardinality of a maximal (M, 2¢€)-separated set in Q2 by
s(M, 2€), then it is clear that ¢ = .7 < s(M, 2¢). From these and (6.4), it follows
that

WB') < Z WByinrsx(zi,6€)) < D(6€)s(M, 2€)e rM+k)h (6.30)

This bound then implies

WB’) < D(6€)s(M,2€)e(n+M+k)h
WBp(x,€)) ~ D(e)le—nh (6.31)
D(6€)D(€)*s(M, 2€) By (y, €)).

Combining (6.29), (6.31), the constant

Cy(€):=max{D(¢/2)D(e)>eM" D(6€)D(e)*s(M,2¢)}

Tx,n(Bk(y» 6)) =

satisfies the inequality (6.27).
Step 2: In this step, we shall prove l for continuous non-negative func-
tions: namely, if the constant C;(€) €)D(2€)D(€) and y € C(2,R,), then

fzpmxn dew Cl(e)J YdTyp. (6.32)

Consider an arbitrary N € N and let Ey be a maximal (N, 2¢)-separated set in
Q. Thus {By(x,2€): x € Ex} is a cover of Q and {By(x, €) : x € Ey} are pairwise
disjoint. By successively applying and to these collections of the balls,
one can obtain

-
f YdTye, > Cole) ' D2e) ' D(e) | Ydr—Cole) " (un 26 (Y)+D(2€)D(€) vy ().
Q

Jo
(6.33)
Since vy 26(Y) — 0,vn(y) — 0as N — oo (c.f. Remark|6.2.11), one obtains
[

Ydry, > Cy(e)'D2e) ' D(e)! 1 d v. The opposite inequality is proved in

0 JQ
exactly the same way.

Step 3: Now, let Y be any bounded non-negative measurable function on .

By Lusin’s theorem and Tietz’s extension theorem ([17]), one can approximate Y

by non-negative continuous functions ;. : @ = R, k € Nsuchthat | Y dv—
Q
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Ydvand | ¢rdt,, —»f Ydr, , as k — oco. Hence it can be obtained from
Q

Q
(6.32) that

Ci(e)” fydr” Jde<C1( )f Ydr, ,. (6.34)
Q Q Q

Now we conclude from (6.34). Consider a non-negative measurable
function Y on €2, and let Yy := Y - 1y<y for N € N. Then Y} is a bounded non-
negative function, and {Yy} converges monotonically to Y as N — oo. There—
fore, by the monotone convergence theorem and from (6.34), one gets (6.26}

6.6.2 A “tilted" measure and its relationship with the reference mea-
sure

For any real number g € R and a natural number n € N, define a probability
measure {4, , by Cramer’s tilting method as

d ean d ean d
Bt g e T 2

For any g € R, consider the sequence {u, 4},>1 of probability measures. Since
() is a compact set in weak® topology, there is a convergent subsequence
{‘uNj,q} j» and we denote the weak*—limit of this subsequence by p,. In this sub-
section, we shall establish an important relation (c.f. Lemma[6.6.3) between
and v under the conditions of Theorem[6.C| First, we prove an important lemma.

Lemma 6.6.2. Foralln € N, q € R, there exists a positive constant Cy(n, q) with

log Cy(n,
lim Og4—(nq):03uch that for any m €N,
n—00 n
— fgn+M+m(q)
n, —_C n, (6.35)
Cy(n,q)™! %)% (@) 4(n, q),

where M €N is as in ([6.24).

Proof. Fix a sufficiently small €. Consider n, m €N, g € R. Note that by the weak
Bowen condition, each X}, is a bounded function. In what follows, || X|| denotes
the supremum norm of a function X;. Since the sequence X is almost additive,
one has

Y imam(q) = f e 1 Xntm+m(y dV(y)<e|q|(A +AM+||XM||)f e9%n(¥) g4 Xm(T dv(y).
Q

(6.36)
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Let E be a maximal (n, €)-separated set in 2. Then one has that U B,(x,e)=0Q

x€E
and {B,(x,€/2)} < is a disjoint collection of Bowen balls. Therefore,

J 2 4%Xn(¥) g Xm( (Tn+M dv(y) ZJ e dXn(¥) gdXm (T"+M y) dv(y)
Q x€E J By(

n+M
Selq‘yne Zeqxn J eqX (T )dv(y)
xs

x€E

< elMne ol C,(e)%,(q) D e T* I w(B, (x, ),

x€E

(6.37)

where the second inequality holds since {X,,} satisfies weak Bowen’s condition
and thelast inequality holds by Lemmal6.6.1]applied to Y = X,,,. Now we estimate

the sum Z e 9%n(x (B (x,€)) from above. One has

x€E
D e OBy (x,6) < > e XID(e/2)D(e) W By(x, £/2))
x€E x€E
< D(g/2)D(¢)e!1Vner(Xn) Z f e?% gy
er B,(x,e/2)
< D(e/2)D(e)e! "2 X 2, (q).
After combining (6.36), and
gn+M+m(q)
7 o o < Gln,q)
(q)i‘fm(q) 9

where Cs(n, q) := e|q|(An+AM+HXM”)e|q|(vn,e/2(Xn)+vn,e(Xn))CI(E)D(E/Z)D(E)‘
With similar reasoning, one gets the following inequalities

Zrtom(q)> e_|q|(An+AM+||XM||)f ean(J’)equ(T“MY)d W),
Q

fean(y)equ(T"+My)dV(y)V(J/)Z
Q

> e W10l Gy (e/2) 2, () D e w(B,(x,£/2),

x€E

and

D et B,(x,e/2)) 2 e 1K) D (e /2) D () 2, (q).

x€E
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After combining these inequalities, one has

fgn+M+m(q)
Zn(@)Zn(q)

where Cy4(n, q) := eICII(An+AM+||XM||)e\IJI(Un,e/z(Xn)+Vn,e(Xn))CI(E/Z)D(E/Z)D(S)_
From (6.39) and (6.43), it is clear that C4(n, q) := max{Cs(n, q), C¢(n, q)} satis-
fies the conditions of the lemma. O

> Cs(n,q) ", (6.43)

Lemma 6.6.3. For any sufficiently small e > 0 and for any n €N, q € R there exists
log Cy(n, q,€)

aconstant@(n,c], €)>0such that lim ———— =0 and for aller,
u B,(x,e))<C n,q,e VB, (x, €)). (6.44)
q\Pn 7 ¥ ( ) n

Proof. Consider again € € (0, p,.,/2), where p,, is the expansivity constant of
the transformation T, and x €2, n €N, g € R. By the Portmanteau theorem, we
have

e 1XN;(¥)
g (Bp(x,€)) slier(i)ng‘Bn(xls) fZNj(CI) avy). (6.45)
Now we estimate the numerator f e XN g 1(y) and denominator %; Nj(q)
separately. By Lemma|6.6.2} one hzfs:l o
1 _ ! < Cy(n,q) ! ) (6.46)
Zn(4q)  Znimen—n-m(q) LD ZN;—n-m(q)

For the integral in the numerator, the following estimations are valid

f ean+M+Njfn7M(y)d Wy) < eWMn,M f eEi(Xn()/)+XM(T"y)+XNj,n,M(Tn+My))d V(y)

Bp(x,€) By(x,€)
< e\ql(z"ln,MJrllell) eq(Xn(y)+XNj—n—M(Tn+My))d wy)
B, (x,¢)
S C8(n,q,€)eqxn(x)J eqXNj_n_M(Tn+My)dV(y),
B, (x,¢)
(6.47)
where A,y = A, + Ay and Cg(n, q, €)= el 7l AnpHIXull+ v (Xn) Note that
X e Tn+M
f e M () < Cy(€) % -t (@) U Ba(x, €)). (6.48)
B, (x,¢)
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Thus it follows from that
f e "N dy(y) < Ci(€)Cy(n, g, €)e T WBy (X, ) ZN,—n-m(q). (6.49)
B,(x,¢)

Hence it is easy to see from (6.45)-(6.46) that the constant
Ci(n,q,€):=C(€)Cy(n, q)Cg(n, q,€)
satisfies (6.44), and by Lemma and the weak Bowen condition, one gets

1 o
lim 08Cm4.€) _ 0

n—oo n
6.6.3 Differentiability of the log-moment generating function

1
Lemma 6.6.4. For all q € R, the limit lirgo —log%,(q) exists and finite. Thus,
n— n
1
Ox = nlirgo —log %, is a finite convex function. Furthermore, ¢ x = Iy and ¢ =
—oon
Ix.
First, we state a slight generalization of the classical Fekete’s lemma which is

1
used to verify the existence and finiteness of the limit nlirgo —log %, (q).
—oon

Lemma 6.6.5 ([18]). Let{a,},>o be a sequence of real numbers. Assume that there

A
exists a natural number N € N and real numbers D, A,, >0, n € N with nlirgo 7" =
0 such that forallmeZ, andn> N

apim<ap+a,+D+A,. (6.50)
a
Then the limit lim — exists and belongs to ]RU{—oo}.
n—oo n

Proof of Lemmal6.6.4 By using Lemmal6.6.2} it can be shown for g € R, n > M +1
and any m € Z, that

log %, 1 m(q) <log%,(q)+log%,,(q)+2log Cy(n—M, q). (6.51)

R | . .1
Thus by Lemma [6.6.5} the limit nlggo Elong’n(q) exists and nILIgO Elogfn(q) <

+00. By applying a similar argument to the sequence {—log %,(q)}, one shows
.1
that nlinc}o - log%,(g)>—o0.

Clearly, each log %, is a convex function, thus ¢ is also a convex function as
the pointwise limit of convex functions.

1
Since for all g € R, ¢ x(q) < +00, and {ZX,Z}%N satisfies LDP with the good

rate function Iy, we immediately obtain from Theorem that Iy = ¢ x. Note
that Iy = ¢ also holds by the Fenchel duality lemma ([14]), since Iy is convex
and lower semi-continuous. O
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Now we show that ¢ y is a differentiable function. In fact, the following holds
true.

Lemma 6.6.6. The function ¢ x is continuously differentiable on R, i.e., ¢x €
C'(R).

Proof. By Lemma we have that I§ = ¢x. Thus since Ix is an essentially
strictly convex rate function, ¢ x is an essentially smooth function by Theorem
Hence since dom(¢ x) = R by Lemma|6.6.4, we have that ¢y is a differen-
tiable function on R. Note that ¢ x is a convex function, therefore, ¢y € CY(R) by
Darboux’s intermediate value theorem. O

By the monotonicity of ¢, we define a := tliinoo ¢ (t)and @ := . ligrnC>O @5 (1)
Then by convexity of ¢ x, it is easy to verify the following limits
dx(q) ~ lim ‘PX(CI).

a= lim ——, anda=
g——c0 (¢ g—+00 ¢

(6.52)

6.6.4 A measure supported on the level set and a proof of Theorem|6.C

Lemma 6.6.7. Under the conditions of Theorem[6.G, for every a € (2, @), there ex-
ists q €R such that u,(K,)=1. In particular, (¢, a) C L.

The proof of the lemma relies on the following well-known result in the theory
of convex functions.

Proposition 6.6.8 ([16}/45]). For any convex function A defined on R, we have

(1) Bq <A*(B)+Alq) forany q,p €R,
(2) if A is differentiable at q then Bq = A*(8)+Aq) <> B =N(q).

1
Proof of Lemmal6.6.7, Note that the for every g € R, the limit Jim -~ logE, e %
exists by Lemma One ([19])) can prove that the following limit

1
— lim — BXn
Cy(B):= nle nlogEqu ,

also exists, and C;(f8) = ¢x(q + B)— ¢x(q), VB,g € R. Then we have Cc,,(ﬁ) =
(p;((q + ) and C,(0) = 0, and thus C;(y) > 0 for any y € R. Moreover, C:;(a) =0
if and only if a = CL’I(O) = ¢ (g). The following two observations show that 1, is
supported on the level set K,:

* For any nonempty closed set F CRsuchthata ¢ F , ng = inlg C;(y) > 0.
ye
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1
* Since the limit nlirgo - logE,, ePXn exists for any f € R, by the first part of
Theorem|6.1.3} for any closed set F, we have,

1 1
limsup;log,uq({w en: ;Xn(w)e F} <—ng <0.

n—oQ

1 1
In fact, for m €N, consider F,, := R\(a—%, o+ E)' From the above observations
and the Borel-Cantelli lemma, one has for every m € N that

u(U {%Xn € Fy})=0. (6.53)

jeNn>j

Therefore, )
ug(K)= lim () {;Xn eF})=1. (6.54)
jeNn>j
O

Proof of Theorem[6.C. The first claim:(a, @) C £x is proven in Lemma Now
we show that %y C [@,a]. Take any a € L, then by Theorem pyla)<h=
hiop(T,2). Thus by Young's inequality (the first statement of Proposition [6.6.8),
one has for all g €R,

aq < px(@)+ox(q)<h+¢x(q). (6.55)
Hence for g <0,
h h
0!2—+¢X(q), and for g >0, as—+¢X(q). (6.56)
q q q q
Furthermore, from (6.52) and (6.56), for g < 0, we conclude that a > qlu_noo (E +

‘PX(CI)) (ﬁ+¢X(Q)):a.

= ¢, and for g > 0, we conclude that a < ligrnoo
q—)

q q
The second claim:By combining Lemmal6.6.3, Lemmal6.6.7, Proposition
and Theorem [6.2.3} one concludes the proof of the second claim (c.f. (6.21)-

©.23)).

O

6.7 Examples and Discussion

In this section, we shall discuss some of the known results of multifractal formal-
ism, and show how they can be treated by the results of this chapter.
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6.7.1 Lyapunov exponents for products of matrices.

We shall adopt the setup in ([23],[24], [27]). Consider a map M : Q@ — M,(R),
where Q := {1,..., q}Z+ is a full shift space with the shift transformation T, and
M, (R) is the algebra of d x d real matrices. For n € N, x € Q, set M, (x) :=
M(T" 1 x) M(T"2x)---M(x). We impose the following two conditions on the
map M:

(C1): M,(x)# O holds for all n e N and x € ), where O is the zero matrix;
(C2): M depends only on finitely many coordinates, i.e., M is locally constant.

Note that condition (C1) is automatically satisfied if, for example, the map M
takes values in the set G L;(R) of irreducible matrices, or the set M;(R) ofdxd
positive matrices. In [24], the authors imposed an irreducibility condition which
also implies the condition (C1). Under the condition (C1), one can define the
(upper) Lyapunov exponent of the cocycle (T, M) as: for x €2,

.1
Ayg(x):= lim — log||My ()]l

provided the limit exists, where || - || is a matrix norm. Let K, :={x € Q: A*M(x) =
a}, and %y, == {a € R : K, # 0}. We denote X,,(x) := log||M,(x)|| for all n
N, x € Q. Then it is clear that X,, is a locally constant function since M is only
dependent on finitely many coordinates, therefore, the sequence {X,,} satisfies
the Bowen condition. In [27], the authors introduced the pressure function P, of
the cocycle (T, M) by

1
Py(t):= lim —log Z sup ||[M(T" ' x)M(T" ' x)---M(x)||", VteR,

n—oo n o, xelw]
where Q,, :={1,...,q}", n € N. Note that the above limit exists and
Py(t)=logqg+ ¢x(t), t €R, (6.57)

where ¢ y is the log moment generating function of the sequence {X,, }, i.e., ¢ x(¢) =
1
linolo —log | exp(tX,)dv, t€R, and vis the uniform Bernoulli measure on (2.
n—o n

Q
Then by applying Theorem 5.B} one can obtain that

hiop(T, Kg) <logq — ¢ (a) = ;gﬂg{—aq + Py(q)} (6.58)
for all @ € %),. Note that the last inequality generalizes the upper bound of The-

orem 1.1 in [24]. In the same theorem, the authors also proved the lower bound
under much stronger conditions than the conditions we have imposed above.
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In this setup, we can not treat the lower bound with Theorem [6.C} since the se-
quence {X, } isnot almost additive in general. However, if the map M takes values
in the set M:{(R) of d x d positive matrices, then it was proven in [27], [23] that
the sequence {X,,} is in fact almost additive. Furthermore, in this case, D.J. Feng
has proven in [23] that the pressure function P, is differentiable, thus ¢y is also
differentiable by (6.57). Then, in this particular setup, one can apply Theorem

and obtain the equality in (6.58).

6.7.2 Ratios of the Birkhoff sums

In large deviation theory, the contraction principle describes how the large de-
viation rate function evolves if the corresponding sequence of random elements
(probability measures, random variables) is transformed by a continuous map.
More specifically, if & and % are Hausdorff topological spaces and a family {u,, }
of probability measures on & satisfies the LDP with the rate function I, F : & —
% is a continuous map, then 7, := u, o F! satisﬁes LDP with the rate func-
tion J(y) == x'lﬁigf)_y I(x). For example, suppose X =S,0, X = S,y, where

¢, are continuous functions on a compact metric space 2 and i) is strictly
positive Suppose y is a probability measure such that the (vector) sequence

(X ) satisfies the LDP with the rate function Ix(a, 8). Then a new se-
quence Z {Z }>1 of random variables

satisfies LDP with the rate function J;(y)= }gf Ix(a, B). Thus we can easily ob-

tain many non-trivial observables satisfying LDP. In case, X’ = S,, ¢, X =S¢,

Y > 0, one easily shows that {nZ,} satisfies the weak Bowen condition there-

fore, Theorem W applies, and hence hop(T, KyZ ) < hiop(T, Q) — }Ef Ix(a,B) =
a/B=y

hiop(T,2)— Jz(7). In this case, one can also easily obtain a lower bound as well.
Indeed, for any @, B such that

X . L a1 5
Kﬂ.—{a)GQ.n(an&)(w) a, n(snw)(w) B}

we have that KXﬁ - Kzﬁ Therefore, hiop(T, KZ) 2 Riop(T, KX ), where y = a/p.

Note that Theorem|[6.C|has been established for random varlables, but the same
argument works for random vectors as well. (There are also other results for the
level sets of the form K 0p C f., [40,48].) Hence hiop(T, KYZ) > hiop(T,0)—Ix(a, B),
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and thus

htop(T’ Kyz)z S/‘/‘;p [htop(T,Q)_IX(a’ﬁ)]
a/p=r

= htop( T,0)— a/igiy IX(a’ ﬁ)

= htop(T’ 0)— ]Z(Y)

Therefore, combining two inequalities conclude that hop (T, KYZ ) = hop(T,2) —
Iz (7).

6.7.3 Almost additive sequences over a subshift of finite type.

In [6], the authors considered almost additive sequences of continuous potentials
and they obtained an expression for the multifractal spectra of the level sets of the
sequence in terms of a rate function. In this subsection, we shall discuss that the
setup considered in [6] is covered by Theorem|[6.C] Let us now recall the result of
[6] using the notation of the present chapter.

Theorem 6.7.1 ([6]). Let (2, T) be a topologically mixing subshift of finite type.
Assume that X = {X, },en is an almost additive sequence satisfying Bowen's con-

dition, and X is not cohomologous to a constant, i.e., — does not uniformly con-
n

1
verge to a constant as n — oo. Furthermore, assume that lirgo —f X,dv =
n— n
Q

1
ingI - J X, dv=0, where v is the unique measure of maximal entropy for T. Then
ne

Q

htop( T,K,)= htop( T,Q)— ¢3k((a)

It is clear that the Bowen condition implies the weak Bowen condition, and a

mixing subshift of finite type satisfies the condition (A3) in Theorem[6.C| In The-
1

orem it is also assumed that the sequence {— X}, satisfies LDP with an

essentially strictly convex good rate function. Note thatif the moment generating
function ¢ y of the sequence X is finite and differentiable on R, then by Theorem

1
6.1.3 {;X n}nen satisfies LDP with a good rate function ¢%. Furthermore, by The-

orem 6.3.3[, ¢ is also an essentially strictly convex function. Below, we show that
the conditions of Theorem imply differentiability of the moment-generating
function ¢ . In 6], it is observed that

Px(£)= Prop(T, £ X)— hyop(T, ), for all £ €R, (6.59)
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where P, (T, £ X) is the topological pressure (for the concept, see [6], [1], [25], [52])
of T of the almost additive sequence X = {X,}, and

n—oo

1
()= lim Zlogfetx"(x)v(dx)
Q

as usual. In [2], by generalising the well-known result in [46] to almost additive
setting, the authors proved that ¢ — P,,,(T, t X) is differentiable at 0 if the almost
additive sequence X has unique equilibrium state (for the concept, see [6], [1],
[25], [52]), and showed

d

. Xn
EP'COP(T’ tX)|t:t0 = lim fQ 7d‘ul~0x,

where u, x is the unique equilibrium state of 7 X = {fX,,}. In 2006, Barreira
proved that if an almost additive sequence X satisfies Bowen’s condition, then it
has a unique equilibrium state [1], therefore, from the above one can conclude
that the pressure function ¢t € R — P,o,(T, ¢ X) is differentiable everywhere on R.
Then from (6.59), the log-moment generating function ¢ is also differentiable

on R, and hence, the conditions of Theorem imply the conditions of Theo-
rem[6.C

6.7.4 Multifractal Formalism in the absence of strict convexity of the
rate function.

The Manneville-Pomeau map is one of the well-known examples of a non- uni-
formly expanding interval map. For a given s € (0,1), the Manneville-Pomeau
map T :[0,1]— [0, 1] is defined as

T(x):=x+x" mod]1.

Itshould be noted that T is topologically conjugate to a one-sided full shift, there-
fore, it has the specification property. It is also easy to check that T is strongly
topologically exact and expansive. The upper Lyapunov exponent Ay is defined
as

Ar(x)= lim llo (T™Y(x)
riX)= am 8
provided that the limit exists at a point x €0, 1]. Set
Ky:={xeQ:Ar(x)=a}, %r={aeR:K,#0}.

Define, y(x) := log T'(x) = log(1 + (1 + s)x*), x € [0,1]. Then it is easy to no-
tice that the Lyapunov exponent A7 exists at a point x if and only if the limit
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nlgglo %Snw(x) converges, and nll)rgo %Snw(x) = Ar(x). It was shown in [44], [49]
that the pressure function Py(q) := P(T,qv), q € R exhibits a first order phase
transition at the point g = —1, in a sense that P, is not differentiable at g =—1,
furthermore, it is strictly convex positive differentiable function in (-1, o0), and
Py(q) = 0 for all g < —1. Since T is expansive and satisfies the specification,
there is a unique measure of maximal entropy v € .#([0,1]) for T, and it also

becomes the Ahlfors-Bowen measure ([50]). Define X,, := S, for all n € N, and
1

1
set ¢ x(q) := limsup ;logf 9Xndy, g € R. Then one can easily check that

n—oo
®x(q) = hiop(T,[0,1]) + Py(q) for all g € R. Thus since {X,,} satisfies the weak
Bowen condition one obtains from Theorem[5.B]|that for all « € <7,

eopl T, Ka) < luoo(T,10,1]) = 9y (@)= —P} (@) = InfP(T, qyp) —aq).  (6.60)

Now we discuss the lower bound. As we have already mentioned, ¢ x is not dif-

1
ferentiable everywhere; otherwise, the sequence {;X n} satisfies LDP with an es-

sentially strictly convex good rate function. However, Lemma and Lemma
-are still applicable if a € {0} U ((Pw) (=1), a), where (Plp) (—1)> 0is the right
derivative of P at the point —1, and @ := hm Pw(q) Thus one can obtain from

these lemmas that
Peop(T, Ky) = hiop(T,[0,1]) ¢X —Pw*(a)zggﬂg{P(T,qw)—aq}, (6.61)

holds for all @ € {0} U ((Pw)jr(—l), a).
We should note that in [48], the above equality was proven for all a € (0, @) by
a different method.

6.7.5 Local or pointwise entropies.

Recall that the upper and the lower local entropies of an invariant measure u at
a point x €Q are defined as

h hy(T, x):= llr(I)l llmsup——logu(B (x,€)), h (T x):= lim hmlnf——log,u(B (x,€)).

+ n—oo €—0+ n—oo

Ifh u(T x)= (T x), we say that the local entropy of the measure y at x exists

and denote by hu(T, x) the common value. Finally, consider the a-level set K D(Z
of the local entropies
W.={xe: hy(T, x)=aj},

and the entropy spectrum &,(a) := hyop(T, K(i“)).
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In [47], the authors introduced the notion of weak entropy doubling condition

U(By(x, €)) 1
Cule)= ———————— < 09, and lim —log C,(€)=0.
w(E=SUP 7 B (xeg2)) < O A lin 108 Cule)
Note that the weak entropy doubling condition implies the weak Bowen condi-
tion for observables X,, : 2 — R given by

Xn(x)=—logu(B,(x,€)).

Indeed, it is easy to show that v, ((X,) <logC,(2¢).
In [47] it was shown that if u is fully supported measures satisfying the (weak)
entropy doubling condition, then for any a one has:

84(0) = heop(T, K{) < Hi(@),

where H:(a) is the Legendre transform of the correlation entropy function

1 fu(Bn(x, €)1 'du, ifqg#1,
Hy(q)= grélggggf—glow(q, n,€), I(q,n, €)= f

logu(B,(x,€))du, ifqg=1.

Note the similarity between this result and the upper bound (Theorem|[6.A) — un-
der very similar mild regularity assumptions, one obtains an upper bound on the
multifractal spectrum.

In order to obtain a lower bound on the multifractal spectrum of local en-
tropies one needs additional assumptions on the measure u. For example, u is
the so-called Bowen-Gibbs measure:

1 pBulx,€))
C(e) ™ exp(Sizy ¢(Tkx)) ~

Then the multifractal analysis of level sets of local entropies is reduced to the
1

1+
analysis of level sets of Birkhoff’s averages K, = {w: - Z (p(Tka)) — a}, see [47].
k=0

6.7.6 Weighted ergodic averages

Fan ([19]) recently studied multifractal spectra of a sequence {X,,} in the form
n—1

X, = Z f;oT', where f;, i €Z, are continuous functions on the shift space Q2 :=
i=0

./ +, where ./ is a finite alphabet with #.</ = g. A motivation to study this kind of
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n—1
sequence has been the weighted ergodic averages S,” f = Z w;foT!, neZ, ofa
i=0
potential f € C(Q), where {w; : i € Z,} C R are some fixed weights. This is indeed
a special case of the former sequence if one sets f; = w; f forall i € Z,. To find
the dimension spectra of the sequence {X,,} in terms of the partition function,
Fan made two assumptions:

1
(H1): The limit ¢(¢) = nlirglo > logf exp(t X,,)du exists for all r eR,

Q
n_l . .
(H2): sup sup > If(T' ()= (T ()] <-+oo.
nely xi =y =0

Recall that in the shift space, for all Z c £, (T, Z) = logq - dimy(Z). Under
the assumptions (H1)-(H2), Fan obtained the following theorem reformulated in
terms of topological entropies:

Theorem 6.7.2 ([19]). IfA >0,
heop(T,2) — ¢*(maxd (1)) < heop(T, Ko p () < heop(T,2) — ¢*(mind ¢ (2)),
where 0 ¢ (A) is the set of all subgradients of ¢ at A, and

X X
n() Slimsup# < b}for a,beR.

n—oo

Iqa;b] = {w eN:a< llnl’nélé)lf

IfA <0, we have similar estimates but we have to exchange the roles of min d ¢ (1)

and max?d ¢(A). In particular, if ¢ is differentiable at A, then for the level set K,
a=¢’(A), one has

htop( T,Ky)= htop( T,)— ¢*(a) (6.62)

Now we should note that condition (H2) implies the Bowen condition, and
thus the weak Bowen condition as well. In fact, the condition (H2) is strictly
stronger than the Bowen condition as the following example shows.

—1)n
Example 6.7.3. Let.«f ={0,1}, and a,, = %, y €(1,2], n € N. Define f(w) =

Z a,wy forw e, then f € C(Q). It is easy to notice that

neN

o0
D supZ(laj|+...+|aj+n_1|)zzj|aj|:+Oo;
neN =1 =

o0
2) supzmj +ot@jyp| <+o0.

neN =1

203



Multifractal Formalism from Large Deviations

Thus
sup sup ZI fo T w)—(f o T(@) = +o00, (6.63)
neN wn lfw(r)z 1
n—1 )
butsup v,(f,) < +oo, where f, ::Zfo Ti
neN =

Since the sequence {X,,} satisfies the weak Bowen condition, Theorem
generalizes the inequality hop(T, Ky) < hiop(T,2)— ¢*() which is a part of
since it relaxes both assumptions (H1) and (H2).

It should be stressed that Theorem is not applicable in this setup since
the sequence {X,,},,cy is not almost additive in general.

6.8 Final remarks

In this work, we began building a systematic framework to derive multifractal
formalism directly from large deviation principles. Under standard multifrac-
tal conditions, we progressed this approach by establishing Theorems A and C.
Nevertheless, we believe this program has the potential to extend well beyond the
cases studied here; indeed, the conclusions of Theorems A and C should be appli-
cable in more general settings. To encourage further development, we highlight
below several promising setups that we consider especially suitable for advanc-
ing this program.

A) It would be interesting if one could obtain an analogue of the above results
for the Hausdorff dimension instead of the topological entropy. However, the
Hausdorff dimension might be more difficult to treat as it is not related to the
dynamics of the underlying transformation.

B) In [38-40], the authors propose considering a more general form of the

Xy(w)
n

level sets than the standard K, :={w €Q: nlingo = a}. Specifically, for C c

R,

K¢ :={w € Q: the set of limit points of the sequence {X,,(w)/n},cyis C}.
(6.64)
Note that one restores K, if C ={a}.
Itwould be interesting to investigate the relationship between the generalized
multifractal spectra of {X,,},

C CR— &x(C):= hyop(T, Kc),

and the LDP rate function of {X,,}.
C) In [10], the author explored the entropy spectrum for the ratios of Birkhoff
sums (see Subsection|[6.7.2) for a family of pairs of potentials (¢;,v';), i €1,...,d.
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In [10], instead of a specification condition, the author assumes the existence
of a dense family of continuous functions with unique equilibrium states. This
assumption slightly differs from the specification condition (see Definition[6.2.7]
and Theorem [6.2.8) in the present chapter. Therefore, it will be worthwhile to
explore whether our theorems in this chapter can be proven using the existence
of a dense family of continuous potentials with unique equilibrium states, rather
than relying on strong topological exactness.

D) The results of this chapter can be extended to the case that the reference
measure is a Bowen-Gibbs measure, i.e., there exists potential { € C(2,R) such
that for every € > 0 there exists a constant C(¢) > 1 satisfying for all n € N and
x €Q that

C(e)™" exp(,(x)) < W(By(x,€)) < C€)exp(¢ (%)) (6.65)

It is easy to see that the Ahlfors-Bowen measures satisfy the above property
(6.65) with a constant potential { = const. To extend the results for such mea-
sures, instead of the topological entropy, one can consider another dimension
characteristics of the sets related to the potential {. We note that the Pesin—Pitskel
topological pressure [42] associated with the potential ¢ is suitable for this pur-
pose.
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Summary

This thesis explores the rigorous mathematical foundations of Gibbs measures,
which are fundamental objects at the intersection of statistical mechanics and
dynamical systems. Rooted in the pioneering works of Boltzmann and Gibbs,
Gibbs measures provide a precise probabilistic description of the equilibrium
states of systems with a vast number of interacting constituents. These ideas,
formalised in the Dobrushin-Lanford-Ruelle (DLR) framework, lie at the heart of
our understanding of phase transitions, long-term statistical behaviour, and the
connections between microscopic interactions and macroscopic phenomena.

The thesis is structured into three interconnected parts. The first part devel-
ops the conceptual and technical foundations for several notions of Gibbsianity.
It explores how Gibbs measures appear both as equilibrium distributions in sta-
tistical mechanics and as invariant measures in ergodic theory and dynamical
systems. One of the key results is a constructive demonstration of a translation-
invariant Gibbsian specification that can not be generated by any translation-
invariant, uniformly absolutely summable interaction. This reveals an impor-
tant structural mismatch and exposes conceptual limitations within the classical
framework. To address this gap, the thesis establishes a new variational prin-
ciple formulated entirely in terms of specifications, providing a robust alterna-
tive perspective that aligns more closely with the language of dynamical systems
and does not rely on traditional interaction-based formulations. Moreover, it has
been shown in the literature that certain long-range systems can admit equilib-
rium states that lack Gibbsian properties. To resolve this, the thesis identifies
barely a minimal condition under which all equilibrium states of such long-range
systems remain Gibbsian, thus clarifying the delicate boundary between general
equilibrium measures and Gibbs states.

The second part turns to one-dimensional systems, which, despite their ap-
parent simplicity, are a fertile ground for testing theoretical ideas about long-
range interactions, phase transitions, and the spectral properties of transfer op-
erators. Here, the Perron-Frobenius—Ruelle transfer operator plays a central role:
it links the statistical structure of Gibbs measures with dynamical evolution and
mixing properties. A significant contribution of this section is the development
of new techniques for proving the existence and regularity of eigenfunctions of
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transfer operators under minimal regularity assumptions — extending the classi-
cal theory to a class of long-range models for which previous results do not apply.
These methods are applied in particular to the celebrated Dyson model, a proto-
typical example of a one-dimensional long-range Ising model that illustrates the
rich interplay between statistical mechanics and dynamical systems.

The third part extends the study of Gibbs measures to multifractal analysis
and large deviation principles in dynamical systems. Many phenomena of physi-
cal and mathematical interest depend on understanding rare events and the fine-
scale statistical structure of systems over long time horizons. Using topological
entropy as a dimension, the thesis develops a rigorous framework connecting the
multifractal spectrum of general observables to large deviation properties. The
results provide necessary and sufficient conditions for deducing the dimension
and frequency of rare events directly from the large deviation behaviour of the
system. This approach unifies ideas from ergodic theory, large deviations the-
ory, and dimension theory, showing how the same core probabilistic structures
underlie both typical and exceptional behaviour in complex systems.

Taken together, this thesis offers a cohesive and original development of mod-
ern Gibbs theory that bridges foundational concepts and contemporary chal-
lenges. By clarifying the subtle relation between specifications and interactions,
establishing new results for transfer operators in long-range settings, and con-
necting multifractal properties to large deviation principles, it significantly ad-
vances our understanding of how local interactions, global symmetries, and rare
events interplay in mathematical physics and dynamical systems.

210



Samenvatting

Deze scriptie onderzoekt de rigoureuze wiskundige fundamenten van Gibbs -
maatregelen, die fundamentele objecten zijn op het snijvlak van de statistische
mechanica en dynamische systemen. Geworteld in het baanbrekende werk van
Boltzmann en Gibbs bieden Gibbs-maatregelen een nauwkeurige probabilistis-
che beschrijving van de evenwichtstoestanden van systemen met een groot aan-
tal onderling interagerende componenten. Deze ideeén, geformaliseerd in het
Dobrushin — Lanford — Ruelle (DLR)-kader, vormen de kern van ons begrip van
faseovergangen, langetermijn statistisch gedrag en de verbanden tussen micro-
scopische interacties en macroscopische verschijnselen.

De scriptie is opgebouwd uit drie onderling verbonden delen. Het eerste
deel ontwikkelt de conceptuele en technische basis voor verschillende noties van
Gibbsianiteit. Het onderzoekt hoe Gibbs-maatregelen zowel verschijnen als even-
wichtsverdelingen in de statistische mechanica als invariantiemaatregelen in de
ergodentheorie en dynamische systemen. Een van de belangrijkste resultaten is
een constructieve demonstratie van een translatie - invariante Gibbs-specificatie
die niet kan worden voortgebracht door enige translatie-invariante, uniform ab-
soluut sommeerbare interactie. Dit onthult een belangrijk structureel spanning-
sveld en legt conceptuele beperkingen bloot binnen het klassieke kader. Om
dit hiaat aan te pakken, formuleert de scriptie een nieuw variatieprincipe dat
volledig is opgesteld in termen van specificaties. Dit biedt een robuust alter-
natief perspectief dat nauwer aansluit bij de taal van dynamische systemen en
niet afhankelijk is van traditionele, interactie-gebaseerde formuleringen. Boven-
dien is in de literatuur aangetoond dat bepaalde systemen met langeafstandsin-
teracties evenwichtstoestanden kunnen toelaten die geen Gibbs-eigenschappen
bezitten. Om dit op te lossen, identificeert de scriptie een minimaal vereiste
conditie waaronder alle evenwichtstoestanden van zulke langeafstandssystemen
Gibbsiaans blijven, waarmee de delicate grens tussen algemene evenwichtsmaa-
tregelen en Gibbs-toestanden wordt verduidelijkt.

Het tweede deel richt zich op eendimensionale systemen die, ondanks hun
schijnbare eenvoud, een vruchtbare grond vormen om theoretische ideeén over
langeafstandsinteracties, faseovergangen en de spectrale eigenschappen van trans-
feroperatoren te toetsen. Hierin speelt de Perron-Frobenius—Ruelle transferop-
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erator een centrale rol: deze verbindt de statistische structuur van Gibbs - maa-
tregelen met de dynamische evolutie en mengingseigenschappen. Een belan-
grijke bijdrage van dit deel is de ontwikkeling van nieuwe technieken om het
bestaan en de regulariteit van eigenfuncties van transferoperatoren aan te to-
nen onder minimale regulariteitsvoorwaarden — waarmee de klassieke theorie
wordt uitgebreid naar een klasse van langeafstandsmodellen waarvoor eerdere
resultaten niet van toepassing waren. Deze methoden worden in het bijzon-
der toegepast op het beroemde Dyson model, een prototypisch voorbeeld van
een eendimensionaal langeafstands Isingmodel dat de rijke wisselwerking tussen
statistische mechanica en dynamische systemen illustreert.

Het derde deel breidt de studie van Gibbs - maatregelen uit naar multifrac-
tale analyse en grote deviatieprincipes in dynamische systemen. Veel fenomenen
van fysisch en wiskundig belang hangen samen met het begrijpen van zeldzame
gebeurtenissen en de fijnmazige statistische structuur van systemen over lange
tijdschalen. Met topologische entropie als dimensie ontwikkelt de scriptie een
rigoureus kader dat het multifractale spectrum van algemene meetbare groothe-
denverbindt met eigenschappen van grote deviatie. De resultaten bieden noodza-
kelijke en voldoende voorwaarden om de dimensie en frequentie van zeldzame
gebeurtenissen direct af te leiden uit het grote deviatiesgedrag van het systeem.
Deze benadering verenigt ideeén uit de ergodentheorie, grootedeviatietheorie en
dimensionale theorie, en laat zien hoe dezelfde probabilistische kernstructuren
zowel typisch als uitzonderlijk gedrag in complexe systemen ondersteunen.

Gezamenlijk biedt deze scriptie een samenhangende en originele ontwikkel-
ing van de moderne Gibbs-theorie die fundamentele concepten en hedendaagse
uitdagingen met elkaar verbindt. Door de subtiele relatie tussen specificaties en
interacties te verduidelijken, nieuwe resultaten vast te stellen voor transferopera-
toren in langeafstandscontexten en multifractale eigenschappen te koppelen aan
grote deviatieprincipes, draagt zij significant bij aan ons begrip van hoe lokale in-
teracties, globale symmetrieén en zeldzame gebeurtenissen samenkomen in de
mathematische fysica en dynamische systemen.
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