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Chapter 1

Introduction

The development of the so-called Sinai–Ruelle–Bowen (SRB) Thermodynamic
Formalism emerged at the crossroads of Equilibrium Statistical Mechanics and
Dynamical Systems. A pioneering step in this direction was taken by Kolmogorov,
who was among the first to rigorously address how to quantify entropy – a cen-
tral concept in statistical physics – within the framework of dynamical systems.
In 1957, Kolmogorov, together with Sinai, introduced the concept of measure-
theoretic entropy (now commonly known as Kolmogorov–Sinai entropy) to dy-
namical systems. This formalism provided a precise mathematical language to
capture the idea of entropy in evolving systems, bridging statistical mechanics
with ergodic theory. This foundational work on entropy laid the groundwork
for what would later become the SRB Thermodynamic Formalism—a powerful
framework that unifies thermodynamic concepts with the long-term behaviour
of dynamical systems.

Efforts to construct a rigorous theory of statistical physics began long be-
fore the formal introduction of entropy as a mathematical concept. At its core,
the primary aim of Equilibrium Statistical Physics is to understand the collec-
tive behaviour of systems composed of a vast number of interacting constituents.
These constituents could be atoms or molecules forming a physical substance,
or more abstract entities such as populations of organisms—humans, insects, or
animals—interacting within a shared environment.

The earliest conceptual steps toward studying such collective phenomena
can be traced back to ancient Greek philosophers such as Democritus and Aristo-
tle, who were among the first to speculate that matter is composed of indivisible
units—what we now call atoms. These foundational ideas were later extended by
Islamic scholars like Ibn Sina (Avicenna) and Al-Biruni, whose correspondence
explored the nature and formation of matter in a more systematic way [5, 26].

The modern understanding of how atoms and molecules are organised in
gases, liquids, and crystals was significantly shaped by the work of Boltzmann
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Introduction

and Gibbs in the 19th century. Boltzmann, in particular, introduced a statistical
definition of entropy, providing a microscopic interpretation of the Second Law
of Thermodynamics—a cornerstone in the foundations of statistical mechanics.

In the early 20th century, Lenz proposed what is now known as the Lenz–Ising
model (a.k.a. Ising model), originally intended to provide a mathematical expla-
nation for the Curie temperature and the phenomenon of spontaneous magneti-
sation in ferromagnetic materials. While early analytical efforts failed to demon-
strate phase transitions in these models rigorously, a breakthrough came in the
1930s when Peierls offered a geometric argument establishing the existence of
phase transitions in the two-dimensional Ising model. Since Peierls’ contribu-
tion, the Ising model has served as a prototypical framework in mathematical
Statistical Mechanics, providing a fertile ground for testing hypotheses and de-
veloping rigorous methods to understand complex collective behaviours.

Systematic mathematical study of lattice spin and gas models—and their as-
sociated phase transitions—began in the late 1960s through the foundational
works of Dobrushin, Lanford, and Ruelle [13,33]. They proposed a rigorous frame-
work in which the possible state of each constituent in a large system could be de-
scribed via a system of conditional probabilities. More precisely, if the interaction
among constituents in the system (σi )i∈L is described by a family Φ = (ΦΛ)Λ⋐L,
then the probability that a constituentσi is in a state a ∈ E , given that the other
constituents (σ j ) j∈L\i are in the states (x j ) j∈L\i ∈ E L\i , is given by

µΦ(σi = a |σ j = x j , j ∈L \ i ) =
e −H Φ

{i }(ai xL\i )

∑

ā∈E e −H Φ
{i }(āi xL\i )

, (1.1)

where E denotes the set of all possible states, assumed to be at most countable,
and H{i } :=
∑

i∈V ⋐L
ΦV —known as the Hamiltonian of the system on {i }—represents

the total influence of the constituents (σ j ) j∈L\i on σi . More generally, for a fi-
nite subset Λ ⋐ L, the joint probability that the constituents σΛ := (σi )i∈Λ are in
the states aΛ := (ai )i∈Λ ∈ E Λ, given that the remainder of the system is in states
xL\Λ := (x j ) j∈L\Λ, is described by the Boltzmann ansatz:

µΦ(σΛ = aΛ|σL\Λ = xL\Λ) =
e −H Φ

Λ (aΛxL\Λ)

∑

āΛ∈E Λ e −H Φ
Λ (āΛxL\Λ)

. (1.2)

A notable mathematical limitation of the Boltzmann ansatz is that different
interactions (ΦΛ)Λ⋐L can lead to the same system of conditional probabilities – a
phenomenon formalised under the concept of physical equivalence. To address
this ambiguity, a more robust mathematical formulation of the global state of
the system is given through a regular system of conditional probabilities, com-
monly referred to as specifications. Interestingly, the notion of specification is

2



closely tied to a dynamical concept known as a cocycle, which allows for a gen-
eralisation of Gibbs measures beyond simple lattice structures. By using this
relationship, Bowen infused the theory of Gibbs measures with a distinctly dy-
namical systems perspective. Building on the foundations laid by Sinai and Ru-
elle, Bowen extended the notion of Gibbs measures to broader dynamical con-
texts, including Axiom A diffeomorphisms and general hyperbolic systems. His
work provided a crucial bridge between the statistical mechanics formulation
and the language of dynamical systems by redefining Gibbs measures within this
new framework—a definition we revisit in Chapter 3, where we compare it with
the standard DLR (Dobrushin–Lanford–Ruelle) formulation from statistical me-
chanics. Moreover, under fairly general conditions—such as the existence of a
Markov partition—these broader dynamical systems can often be shown to be
conjugate to product-type systems, effectively linking the dynamical perspective
back to the more classical approaches.

In practical applications, the most commonly encountered cases for the in-
dexing set (or set of sites)L include deterministic and random graphs, countable
groups, and semi-groups. In the context of dynamical systems, particular atten-
tion is given to situations where L is a countable group or semi-group, as these
naturally induce a group action on the configuration space Ω = E L—a structure
that is especially rich from the viewpoint of dynamical systems. In this thesis, we
primarily focus on two specific choices for the indexing set L: either L = Zd for
some d ≥ 1, orL=Z+. Within these settings, we investigate Gibbs measures from
various viewpoints, examining both their foundational definitions and a range of
properties relevant to statistical mechanics and dynamical systems.

The thesis is intrinsically divided into three parts. In the first part (covered
in Chapters 2 and 3), we explore the various notions of Gibbsianity as they ap-
pear in both Statistical Mechanics and Dynamical Systems, and we study the
interplay between these frameworks. Among other topics, we discuss the Ko-
zlov–Sullivan characterisation of specifications, present a form of interaction-
independent variational principle which is new to the literature, and analyse the
Gibbs properties of equilibrium states. The second part (encompassing Chapters
4 and 5) shifts the focus to one-dimensional systems. Here, we examine Gibbs
measures defined on both the whole-line Z and the half-line Z+, and we com-
pare the features of these two settings. A closely related subject in this section
is the principal eigenfunction problem for Ruelle-Perron-Frobenius transfer op-
erators. In fact, this part initiates a systematic study of the thermodynamic for-
malism for long-range potentials in dimension one. Finally, the third part (pre-
sented in Chapter 6) is devoted to an investigation of the multifractal properties
of a general Gibbsian system, with special attention given to the aspects governed
by large deviations.
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Introduction

1.1 Gibbs Measures in Dynamical Systems

In the first part of this thesis, we explore various notions of Gibbsianity, which
differ in terms of their level of generality and mathematical setup. The standard
Gibbsian formalism is built in configuration spaces. Let us fix a single-site space
(also known as the single-spin space in models related to magnetism), denoted
by E . Throughout the thesis, we assume E to be finite. Typical examples of such
spaces include the Ising spin space {±1}, the lattice gas space {0, 1}, or the set
of colours {1, 2, . . . , q } for q ≥ 2, as encountered in Potts models. We always en-
dow E with the discrete topology. Next, consider an arbitrary countable set L,
referred to as the set of sites. Examples of L include the vertex (or edge) set of an
infinite graph – either deterministic or random – such as a Cayley tree, a count-
able group like Zd , or a semigroup such as Zd

+. The configuration space is then
defined as Ω := E L. Equipped with the product topology, Ω becomes a compact
and metrizable space. We denote by F the Borel σ-algebra generated by this
topology. The space of real-valued continuous functions on Ω is written as C (Ω),
andM1(Ω) denotes the simplex of Borel probability measures onΩ. Given a con-
figurationω ∈ Ω and a finite subset Λ ⋐ L (which we refer to as a finite volume),
we define the cylindrical set associated withω as [ωΛ] := {ξ ∈Ω : ξi =ωi , i ∈ Λ}.
For each site i ∈L, we define the random variableσi :Ω→ E byσi (ω) :=ωi . For
any subset V ⊂L (finite or infinite), we denote byFV the smallest sub-σ-algebra
ofF with respect to which the collection {σi }i∈V is measurable. Finally, the tail
σ-algebra T is defined as T :=∩Λ⋐LFL\Λ.

1.1.1 Classical Gibbs formalism in statistical mechanics

The standard definition of Gibbs states in statistical mechanics is related – via the
Boltzmann ansatz (1.2)– to the notion of interaction. An interaction Φ on Ω is a
family (ΦΛ)Λ⋐L of Λ−local functions ΦΛ : Ω→ R, i.e., each ΦΛ is FΛ measurable.
An interactionΦ= (ΦΛ)Λ⋐L is called uniformly absolutely convergent (UAC) if for
every i ∈L,

∑

i∈Λ⋐L
sup
ω∈Ω
|ΦΛ(ω)|<∞. (1.3)

For any finite volume Λ⋐L, one can associate the Hamiltonian

H Φ
Λ :=
∑

V ⋐L
V ∩Λ ̸=;

ΦV .

Note that under the UAC condition, H Φ
Λ is a well-defined and continuous func-

tion on Ω.
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Gibbs Measures in Dynamical Systems

Definition 1.1.1. A probability measure µ ∈M1(Ω) is called a Gibbs measure for
the interaction Φ (denoted by µ ∈G (Φ)) if for every f ∈C (Ω),

µ( f |FΛc )(ω) =
1

Z ΦΛ (ω)

∑

ω̄Λ∈E Λ

f (ω̄ΛωΛc ) · e −H Φ
Λ (ω̄ΛωΛc ), µ−a.e. ω ∈Ω, (1.4)

where Z ΦΛ (ω), known as the partition function, normalises (1.4) to 1:

Z ΦΛ (ω) :=
∑

ω̄Λ∈E Λ

e −H Φ
Λ (ω̄ΛωΛc ),

and ω̄ΛωΛc denotes the concatenated configuration.

When E is compact – which is the case throughout this thesis – the set G (Φ)
of Gibbs measures for Φ is always non-empty, convex, and compact with respect
to the weak-* topology. Since the existence of Gibbs measures is always guar-
anteed under these conditions, the more physically relevant question concerns
their uniqueness. Specifically, one says that the interaction Φ exhibits a phase
transition if there exist multiple Gibbs measures for Φ, i.e., if #G (Φ)> 1.

1.1.2 DLR Gibbs formalism

The modern approach, also known as the Dobrushin-Lanford-Ruelle (DLR) ap-
proach, to Gibbs measures in mathematical Statistical Mechanics is rather dif-
ferent and does not involve interactions. Instead, one immediately starts with a
family of regular conditional probabilities, which is known as specification. Since
there is no initial reference measure, one needs to define the regular conditional
probabilities everywhere on Ω rather than almost everywhere. A regular condi-
tional probability in a volume Λ⋐L is a proper probability kernel γΛ from (Ω,F )
to (Ω,FΛc ), i.e., γΛ :F ×Ω→ [0, 1] such that

• for allω ∈Ω, γΛ(·|ω) :F → [0, 1] is a probability measure on Ω;

• for every B ∈F , γΛ(B |·) :Ω→ [0, 1] isFΛc−measurable;

• for each B ∈FΛc , γΛ(B |·) =1B (·).

A specification γ on Ω is a consistent family of regular conditional probabilities
γΛ indexed by Λ ⋐ L. This means that for every pair of finite volumes∆ ⊂ Λ ⋐ L,
the consistency condition holds:

γΛ(B |ω) = γΛγ∆(B |ω) :=
∫

Ω

γ∆(B |ξ)γΛ(dξ|ω), B ∈F , ω ∈Ω. (1.5)
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Definition 1.1.2. A probability measure µ ∈ M1(Ω) is a Gibbs measure for the
specification γ, if for every Λ⋐L and f ∈C (Ω), one has

µ( f |FΛc )(ω) = γΛ( f |ω) :=
∑

ω̄Λ∈E Λ

f (ω̄ΛωΛc )γΛ([ω̄Λ]|ω), µ−a.e. ω ∈Ω. (1.6)

Equivalently, µ is Gibbs for γ if for every Λ⋐L,

µ(B ) = (µγΛ)(B ) :=

∫

Ω

γΛ(B |ξ)µ(dξ), B ∈F . (1.7)

The set G (γ) of Gibbs measures for a specification γ is always convex and
closed in the weak-* topology. However, it is not necessarily non-empty. Ex-
istence is guaranteed under an additional regularity condition: if γ is continu-
ous—that is, it satisfies the Feller property—then G (γ) ̸= ;. This property requires
that for every f ∈ C (Ω) and every finite volume Λ ⋐ L, the function γΛ( f | ·) be-
longs to C (Ω). A continuous specification γ on Ω is called a Gibbsian specifica-
tion if it is non-null, i.e., for every Λ⋐L and all ξ,ω ∈Ω,

γΛ([ξΛ]|ω)> 0. (1.8)

In fact, one can readily check that any UAC interaction Φ gives rise to a Gibbsian
specification γΦ = (γΦΛ)Λ⋐L defined by:

γΦΛ(B |ω) :=
1

Z ΦΛ (ω)

∑

ω̄Λ∈E Λ

1B (ω̄ΛωΛc ) · e −H Φ
Λ (ω̄ΛωΛc ), B ∈F , ω ∈Ω. (1.9)

By the celebrated theorem of Kozlov [31], the opposite statement is also true,
namely, for any Gibbsian specification γ, there exists a UAC interaction Φ such
that γ= γΦ. However, subtleties arise when the specification has certain symme-
tries, and if it is also required to find a UAC interaction respecting those symme-
tries. For example, when L = Zd or L = Z+, the natural shift (left-shift) transfor-
mations Sj , j ∈L acts onΩby (Sjω)i∈L = (ωi+ j )i∈L. An interactionΦonΩ is called
translation-invariant if for every Λ ⋐ L and j ∈ L, ΦΛ+ j = ΦΛ ◦Sj . A specification

γ on the lattice L = Zd is translation-invariant if for every Λ ⋐ Zd , j ∈ Zd , B ∈F
and ω ∈ Ω, γΛ+ j (B |ω) = γΛ(Sj (B )|Sjω). It is worth noting that any translation-
invariant Gibbsian specification admits at least one translation-invariant Gibbs
measure—that is, a Gibbs measure that is invariant under the shift map. More-
over, any translation-invariant UAC interaction generates a translation-invariant
Gibbsian specification (see Figure 2.1). However, a recent result by [1], in the
case L = Z, demonstrates that there exist translation-invariant Gibbsian speci-
fications that are not generated by any translation-invariant UAC interaction. In
Chapter 2 of this thesis, we address a similar question in the setting L=Z+.
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Theorem 1.1.3. There exists a translation-shift invariant Gibbsian specification
on Z+ that can not be associated with a translation-invariant UAC interaction.

Our proof of Theorem 1.1.3 is constructive, in contrast to the non-constructive
approach used in [1]. In Chapter 2, we also establish a precise criterion charac-
terising when a Gibbsian specification on Z+ can be generated by a translation-
invariant UAC interaction. We emphasise that no analogous criterion is known
for the whole line Z.

This mismatch between the classes of translation-invariant interactions and
translation-invariant specifications has important implications for the classical
theory of equilibrium statistical physics. Translation-invariant Gibbs measures –
those invariant under the shift maps – play a central role in statistical physics, as
they are considered physically meaningful descriptions of macroscopic phases in
infinite systems. It is well known that every translation-invariant Gibbs measure
corresponds to a translation-invariant Gibbsian specification. However, not all
such specifications arise from translation-invariant UAC interactions. This sug-
gests that relying solely on interactions to study translation-invariant Gibbs mea-
sures may be conceptually inadequate. Nevertheless, much of classical mathe-
matical statistical mechanics has been historically developed through the lens of
interactions. Key results concerning translation-invariant Gibbs measures—such
as the variational principle and large deviation principles—are typically formu-
lated in terms of interactions. This tension naturally motivates the development
of a theory of translation-invariant Gibbs measures based purely on specifica-
tions. Some progress in this direction has already been made. For instance, [32]
establishes a version of the variational principle using specifications alone. Com-
bined with results from [36], this leads to large deviation bounds applicable to all
translation-invariant Gibbs measures. In Chapter 2 of this thesis, we aim to con-
tribute further to this line of research by proving a new, more dynamical form of
the variational principle—also formulated entirely in terms of specifications.

Theorem 1.1.4. Assume γ is a translation-invariant Gibbs specification on Ω =
E Z

d
. Then, for any translation-invariant measure ρ ∈M1(Ω), there exists a con-

tinuous function uργ ∈C (Ω) associated with γ such that the translation-invariant

Gibbs measures for γ are precisely the equilibrium states for the potential uργ , i.e.,

h (µ)+

∫

Ω

uργ dµ= sup
¦

h (τ)+

∫

Ω

uργ dτ :τ ∈M1,S (Ω)
©

⇐⇒ µ ∈GS (γ), (1.10)

where h (τ) is the measure-theoretic entropy of the translation-invariant measure
τ andM1,S (Ω) denotes the class of translation-invariant measures on Ω.
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1.1.3 G-formalism and its relation to DLR formalism on Z+
In 1972, Keane [30] introduced the notion of a g -measure in ergodic theory, which
is a one-sided counterpart of translation-invariant Gibbs measures. Later, in 1991,
Brown and Dooley [11] extended this concept to G -measures, which generalise
g -measures to the setting of non-translation-invariant measures. Let E ≃ Z/qZ
and consider the direct sum Γ :=

⊕

Z+

E and its subgroup Γ∆ := {ω ∈ Γ :ωi = 0, i ∈

Z+\∆} for∆⋐Z+. Then a family G of Borel measusrable functions GΛ :Ω→ [0, 1],
Ω= E Z+ , indexed by the finite subsetsΛofZ+ is called a G−family if for allΛ⋐Z+,

∑

ω∈ΓΛ

GΛ(ω+η) = 1, η ∈Ω, (1.11)

and for all∆⊂Λ⋐Z+,

GΛ(ω+η)G∆(η) =GΛ(η)G∆(ω+η), ω ∈ Γ∆, η ∈Ω, (1.12)

here the sumω+η should be understood coordinate-wise, i.e., (ω+η)i :=ωi+ηi .

For any Λ ⋐ Z+, and ν ∈ M1(Ω), define νΛ :=
1

q |Λ|

∑

x∈ΓΛ

x∗ν, where for x ∈ ΓΛ, x∗ :

M1(Ω)→M1(Ω) is the pushforward of the map x :Ω→Ω, x (η) = x +η. It is clear
that ν≪ νΛ since e∗ν= ν, where e is the neutral element of the group Γ .

Definition 1.1.5. A probability measure ν ∈ M1(Ω) is called a G−measure for a
G−family G = (GΛ)Λ⋐Z+ , if for all Λ⋐Z+,

dν

dνΛ
= q |Λ|GΛ. (1.13)

We note that a G−measure becomes a g−measure if the associated G−family
is continuous, positive and

G[0,n+1]∩Z+
G[0,n ]∩Z+

=G{0} ◦Sn+1, n ∈Z+. (1.14)

In Chapter 2, we demonstrate that the G−formalism introduced by Brown and
Dooley coincides with the DLR Gibbs formalism on the latticeZ+. More precisely,
we show that

Theorem 1.1.6. The relation

γΛ(ηΛ|ηZ+\Λ) :=G (η), Λ⋐Z+, η ∈Ω= E Z+ , (1.15)

establishes one-to-one correspondence between the G-families and the specifica-
tions on Z+. Furthermore,ν is a G-measure for G if and only ifν is a Gibbs measure
for γ.

8
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1.1.4 Gibbsianity of equilibrium states

In Chapter 3, which constitutes the remaining portion of the first part of the
thesis, we shift our focus to the Gibbsianity of equilibrium states on the shift
spaceΩ= E Z. Although the results presented in this chapter are valid for higher-
dimensional lattices Zd , we restrict our attention to the one-dimensional case
in order to avoid cumbersome formulas. Note that a translation-invariant mea-
sure µ on Ω = E Z is an equilibrium state for a continuous function (potential)
φ :Ω→R, denoted by µ ∈ ES (φ), if

h (µ) +

∫

Ω

φdµ= sup
¦

h (τ) +

∫

Ω

φdτ : τ ∈M1,S (Ω)
©

. (1.16)

We note that the class of equilibrium states rather is broad (see Figure 3.1): if
µ1, . . . ,µk are some ergodic measures onΩ, then one can find a continuous poten-
tialφ ∈C (Ω) such that all these measures are equilibrium states forφ [17, 27, 39].
This remarkable generality suggests that equilibrium states can exhibit a wide
range of behaviours, and in particular, one cannot expect them to possess any
form of Gibbsianity in general. In Section 3, we investigate two types of Gibb-
sianity for an equilibrium state µ (for a potentialφ):

• DLR Gibbsianity: we explore whether there exists a Gibbsian specification
γ on Ω= E Z such that µ ∈G (γ);

• (weak) Bowen-Gibbsianity: we investigate if there exists a sequence of pos-

itive numbers Cn > 0, n ∈N, that is subexponential, i.e., lim
n→∞

1

n
log Cn = 0,

such that for all n andω ∈Ω,

1

Cn
≤
µ({ω̃ ∈Ω : ω̃n−1

0 =ωn−1
0 })

e Snφ(ω)−nP
≤Cn , (1.17)

where Snφ is the ergodic sum, i.e., Snφ :=
n−1
∑

j=0

φ ◦Sj .

The Gibbsianity properties of equilibrium states mentioned above have been
extensively studied under various regularity assumptions on the potential φ by
Sinai, Bowen, Ruelle, Haydn, Pfister, Sullivan, and more recently by Bissacott and
collaborators [3, 7, 10, 23–25, 37, 40]. In Chapter 3, we establish both the DLR
Gibbs and weak Bowen-Gibbs properties of equilibrium states under a barely
minimal regularity assumption on the potential φ, which we refer to as the ex-
tensibility condition.

Definition 1.1.7. A potential φ : Ω→R satisfies the extensibility condition if for
all a0, b0 ∈ E the sequence of functions

ρa0,b0
n (ω) :=

n
∑

i=−n

�

φ ◦Si (ω
−1
−∞b0ω

∞
1 )−φ ◦Si (ω

−1
−∞a0ω

∞
1 )
�

9
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converges uniformly inω ∈Ω= E Z as n→∞.

The uniform limit lim
n→∞

ρa0,b0 (ω) gives rise to a cocycle ρφ on the asymptotic

equivalence relation T(Ω) := {(ω̄,ω) ∈ Ω×Ω : ω̄i =ωi for all but finitely many i ∈
Z}which the same amounts to saying that for all (ω̄,ω̂), (ω̂,ω) ∈T(Ω)

ρφ(ω̄,ω̂) +ρφ(ω̂,ω) =ρφ(ω̄,ω). (1.18)

One can associate a non-null specification
⇋
γ
φ
= (
⇋
γ
φ

Λ )Λ⋐Z on Ω= E Z with the co-

cycle ρφ via

⇋
γ
φ

Λ (ωΛ|ωΛc ) =
� ∑

ξΛ∈E Λ

e ρ
φ (ξΛωZ\Λ,ω)
�−1

, ω ∈Ω, Λ⋐Z. (1.19)

The uniform nature of the limit lim
n→∞

ρa0,b0
n ensures the Gibbsianity of the speci-

fication
⇋
γ
φ

.
The extensibility condition is not very restrictive. Notably, unlike the con-

ditions used in the works of Sinai, Bowen, Ruelle, and Walters, it does not im-
ply uniqueness of equilibrium states. Moreover, the extensibility condition en-
compasses all previously studied classes of potentials. In Chapter 3, we demon-
strate that this condition is sufficient to guarantee both DLR Gibbsianity and
weak Bowen-Gibbsianity of the equilibrium states.

Theorem 1.1.8. Suppose φ ∈ C (Ω) has the extensibility property. Then any equi-
librium state µ forφ is

(1) Gibbs in the Dobrushin-Lanford-Ruelle sense, in fact, ES (φ) =GS (
⇋
γ
φ
);

(2) weak Bowen-Gibbs relative to the potentialφ.

In Chapter 3, we also establish, in a certain sense, a converse to Theorem 1.1.8.
Specifically, we prove that any DLR Gibbs measure, as defined in Definition 1.1.2,
is in fact an equilibrium state for some extensible potential. Additionally, we re-
mark that Theorem 1.1.8 generalises the main result of [4] by extending it to the
setting of general, not necessarily normalised, potentials.

1.2 Transfer operators for long-range potentials

The second part of the thesis comprises Chapters 4 and 5, where we investi-
gate and compare the Gibbs formalisms on the whole-line Z and the half-line
Z+. A key tool in this comparison is the Perron-Frobenius-Ruelle transfer op-
erator, which plays a central role in our analysis. These operators—viewed as

10
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infinite-dimensional analogues of positive matrices—were introduced into the
thermodynamic formalism by D. Ruelle, primarily to study the mixing properties
of Gibbs measures in one-dimensional systems. Throughout Chapters 4 and 5,
we fix a finite set E and denote the configuration spaces by X = E Z for the whole
line and X+ = E Z+ for the half line.

For a potential φ ∈ C (X+), the associated Perron-Frobenius-Ruelle transfer
operatorLφ is defined by

Lφ f (x ) :=
∑

a∈E

e φ(a x ) f (a x ), f ∈RX+ , (1.20)

where a x denotes the configuration obtained by prepending the symbol a to x .
The transfer operator maps the space of real-valued continuous functions C (X+)
into itself and is bounded when restricted to C (X+). Moreover, its spectral radius
equals λ= e P (φ), where P (φ) denotes the topological pressure of the potentialφ.

1.2.1 The role of transfer operators in the Gibbs formalism on Z+
The Perron-Frobenius-Ruelle transfer operators play a pivotal role in the Gibbs
formalism on the half-line Z+. Given any potential φ ∈ C (Ω), one can naturally

associate a Gibbsian specification
*
γ
φ
= (
*
γ
φ

Λ )Λ⋐Z+ on the configuration space X+
via the formula:

*
γ
φ

Λ (aΛ|xΛc ) =
exp ((Sn+1φ)(aΛxΛc ))
∑

āΛ
exp ((Sn+1φ)(āΛxΛc ))

, aΛ ∈ E Λ, x ∈ X+. (1.21)

Then one has the following interesting relationship between the specification
*
γ
φ

and the transfer operatorLφ :

*
γ
φ

[0,n−1]( f |x ) =
L n
φ f (Sn x )

L n
φ 1(Sn x )

, n ∈N, x ∈ X+, and f : X+→R. (1.22)

Using (1.22), one can show that the eigenprobabilities of the operatorLφ corre-
sponding to the spectral radius λ are exactly the Gibbs measures for the specifi-

cation
*
γ
φ
[12, 43], i.e.,

ν ∈G (
*
γ
φ
) ⇐⇒ L ∗φν=λν. (1.23)

In Chapter 4, we prove for an extensible potential φ that the translations of a

half-line Gibbs measure ν ∈G (
*
γ
φ
) converge to a two-sided Gibbs measure.

Theorem 1.2.1. Suppose φ satisfies the extensibility condition and ν ∈ G (
*
γ
φ
).

Consider µ0 := ν− × ν, where ν− is any probability measure on X− := E −N. As-
sume that a subsequence {µnk

= µ0 ◦S−nk }k≥0 converges to a probability measure

11
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µ in the weak∗ topology as k →∞. Then for µ-almost all x ∈ X :

µ(x0|x−1
−∞, x∞1 ) =

⇋
γ
φ

{0}(x0|x−1
−∞, x∞1 ).

Hence, µ is a whole-line Gibbs measure for the whole-line specification
⇋
γ
φ

.

1.2.2 Spectral properties of transfer operators

If the potentialφ related to a translation-invariant UAC interaction Φ on Z by

φ =−
∑

0∈V ⋐Z+

ΦV , (1.24)

then the translation-invariant Gibbs measures µ of the interaction Φ is given by
dµ= hdν, where h is the eigenfunction and ν is an eigenprobability ofLφ corre-
sponding to λ, provided that the transfer operatorLφ has an eigenfunction h ∈
L 1(X+,ν). It is worth noting that by (1.23), the transfer operatorLφ always has an
eigenprobability. However, the existence of an eigenfunction – which is a central
issue in thermodynamic formalism – depends heavily on (the regularity of) the
potential φ. A long line of research by Ruelle, Walters and others has been dedi-
cated to studying the existence problem of eigenfunctions [18, 19, 38, 39, 41–43].
For a function f : X+→ R and n ∈ N, we define the variation of f in the volume
[0, n −1]⊂Z+ by

vn ( f ) := sup{ f (x )− f (y ) : x , y ∈ X+, x n−1
0 = y n−1

0 }.

It was Ruelle who first established the following fundamental result for Hölder
continuous potentials, which is now known as Ruelle’s Theorem:

Theorem 1.2.2. Let the potential φ be Hölder continuous, i.e., for some θ ∈ (0, 1),
C > 0 and for all n ∈N, vn (φ)≤C θ n . Then

(1) there exists a unique equilibrium state µ forφ and the transfer operatorLφ
also has a unique eigenprobability ν corresponding to the spectral radius
λ= e P (φ);

(2) the transfer operator has a positive continuous eigenfunction h ∈C (X+) cor-
responding to λ;

(3) for every f ∈C (X+), the sequence
¦ 1

λn
L n
φ f
©

n≥1
converges uniformly toν( f )·

h as n→∞, where ν( f ) :=

∫

X+

f dν.

12
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Walters later proved [41, 42] Ruelle’s theorem under weaker conditions, such
as the summable variations:

∑

n∈N
vn (φ)<∞, and the so-called Walters condition,

which requires that lim
p→∞

sup
n∈N

vn+p (Snφ) = 0. Walters also partly extended [43]Ru-

elle’s theorem to the class of the so-called Bowen potentials, namely thoseφ sat-
isfying sup

n∈N
vn (Snφ)<∞. In the Bowen setting, Walters was only able to establish

the existence of a bounded eigenfunction h of the transfer operator, while the
existence of a continuous eigenfunction remains an open problem to this day.
Independently, Fan and Jiang [18] proved Ruelle’s theorem under the Dini con-
dition, a refinement of Hölder continuity. These regularity conditions satisfy the
strict chain

summable variations =⇒ Walters condition =⇒ Bowen condition,

with no reversals. From the statistical mechanics perspective, all these condi-
tions are considered short-range, in the sense that for every β ≥ 0, the scaled po-
tential βφ admits a unique equilibrium state and a unique half-line Gibbs mea-
sure. In contrast, we refer to a potential φ as long-range if there exists a finite
β > 0 such that βφ admits multiple equilibrium states and multiple half-line
Gibbs measures. In one-dimensional statistical mechanics, long-range poten-
tials are often favoured over short-range potentials. This preference stems from
the fact that long-range models exhibit non-trivial phase diagrams, including the
emergence of finite critical temperatures, which are absent in short-range sys-
tems due to the lack of phase transitions at any finite temperature. At criticality,
long-range models often display complex, fractal-like structures and rich critical
behaviour, making them fundamentally distinct from short-range systems. Be-
yond their physical richness, long-range models are valued for the mathematical
challenges they pose, as they often resist classical techniques and demand new
analytical tools, making them both difficult and fascinating to study.

In Chapter 4, we attempt to extend Ruelle’s theorem to the long-range poten-
tials. We consider potentials φ which are linked to some translation-invariant

UAC interaction on X = E Z via φ = −
∑

0∈V ⋐Z+

ΦV . By removing all terms V ⋐ Z

with min V < 0 ≤ max V from Φ and returning them back one by one, we con-
struct intermediate interactions {Ψ (k ) : k ∈Z+}. Formally, we consider the family

A =
�

Λ⋐Z : min(Λ)< 0, maxΛ≥ 0
	

.

indexed according to some arbitrary order: A = {Λ1,Λ2, . . .}. Then define, for
each k ∈Z+,

Ψ (k )Λ =

¨

0, Λ ∈ {Λi : i ≥ k +1},
ΦΛ, otherwise.

(1.25)
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In particular, Ψ (0) has no interaction between the left and right half lines. Clearly,
all the constructed interactions are UAC and in addition have the following prop-
erties:

• For any finite volume V ⊂Z, ||H Ψ (k )

V −H Φ
V ||∞ ≤
∑

Λ j∩V ̸=;
j≥k

||ΦΛ j
||∞ −−−→

k→∞
0;

• the specifications γΨ
(k )

converge to γΦ as k →∞ in the sense that, for all
B ∈F and V ⋐Z,

γΨ
(k )

V (B |ω)−−−→
k→∞

γΦV (B |ω) uniformly in the boundary conditionsω ∈ X ;

• if ν(k ) is a Gibbs measure for Ψ (k ), then any weak∗-limit point, µ of the se-
quence {ν(k )}k≥0 is a Gibbs measure for the potential Φ.

In this setup, we prove the following theorem:

Theorem 1.2.3. Assume the following:

1) the interaction Φ satisfies:
∑

0∈Λ⋐Z
(|Λ| − 1) · ||ΦΛ||∞ < 2, which is known as the

Dobrushin uniqueness condition in literature [22];

2)
∞
∑

k=1

∑

i∈Z
δi (ΦΛk

)2 <∞, where for F : X →R, δi F := sup
ξZ\{i }=ηZ\{i }

|F (ξ)− F (η)|;

3)
∞
∑

k=1

ρk <∞, where ρk := sup
n∈Z+

�

�

�

�

∫

X

ΦΛk
dν(n )
�

�

�

�

and ν(n ) ∈G (Φ(n )).

Then the interactions Φ and Ψ (0) have unique Gibbs states µ and ν(0) and µ≪ ν(0).
In particular, the restriction µ+ of µ to X+ is absolutely continuous with respect to
the half-line Gibbs measure ν forφ. Furthermore, the transfer operatorLφ for the

potentialφ has an integrable eigenfunction h=
dµ+
dν
∈ L 1(X+,ν).

1.2.3 Eigenfunctions of the transfer operator for the Dyson model

The so-called Dyson model, the long-range Ising model, is probably one of the
most prominent examples in one-dimensional statistical mechanics. The Dyson
model is defined on the shift space {±1}Z by the interaction:

ΦD
Λ (ω) =











−β J|i− j |ωiω j , if Λ= {i , j } ⊂Z, i ̸= j ;

−hωi , if Λ= {i } ⊂Z;

0, otherwise,

(1.26)
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where β ≥ 0 represents the inverse temperature, h ∈ R is the external field and
J|i− j | = |i − j |−α for the ferromagnetic model and J|i− j | = −|i − j |−α for the anti-
ferromagnteic model, where α > 1. The Dyson potential φ associated with the
Dyson interaction is defined as

φD (ω) =−
∑

0∈V ⋐Z+

ΦD
V (ω) = hω0+

∞
∑

k=1

β Jkω0ωk . (1.27)

The following theorem about the phase diagram of the ferromagnetic Dyson
model is due to Dyson [14] and Fröhlich and Spencer [21].

Theorem 1.2.4. (i) Let h = 0, then for everyα ∈ (1, 2], there exists critical inverse
temperature βc (α) ∈ (0,∞) such that for every β ∈ [0,βc (α)), the interaction
ΦD has a unique Gibbs measure and for allβ ≥βc (α),Φ

D has multiple Gibbs
measures.

(ii) If h ̸= 0, then the interaction ΦD has a unique Gibbs measure for all β ≥ 0
and α> 1.

In the phase transition region, there exist exactly two extremal Gibbs mea-
sures, often referred to as the + and − phases, denoted by µ+α,β ,0 and µ−α,β ,0, re-

spectively, for the Dyson modelΦD . In 2019, 50 years after Dyson’s initial work, Jo-
hansson, Öberg and Pollicott showed [28] that there exists a similar critical value
β+c (α) for the half-line Dyson model φD , which separates the phase transitions
region from the uniqueness region.

Theorem 1.2.5. For every α ∈ (1, 2], there exists a critical value β+c (α) ∈ (0,∞)
such that for every β < β+c (α), there exists a unique half-line Gibbs measure for

the specification
*
γ
φ

and for all β >β+c (α), there are multiple Gibbs measures, i.e.,

#G (
*
γ
φ
)> 1.

It has been conjectured in [28] that for all α> 1, βc (α) =β
+
c (α). For h ̸= 0, one

can compare the half-line Gibbs measures with the whole-line Gibbs measures
using Griffiths’ inequalities [20]. This comparison implies that, for every β ≥ 0

and α> 1, there exists a unique half-line Gibbs measure for
*
γ
φ

.
In 2023, by employing the random-cluster representation of the Ising mod-

els, Johansson, Öberg and Pollicott [29] were also able to establish that for h = 0,

α ∈
�3

2
, 2
�

and sufficiently small β ≥ 0, the transfer operatorLφ for the ferromag-

netic Dyson potentialφ has a continuous eigenfunction. In Chapter 4, we prove
a similar result with a different method, which is based on the construction of the
intermediate interactions.
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Theorem 1.2.6. Letφ be either ferromagnetic or antiferromagnetic Dyson poten-
tial (1.27). Suppose h = 0, α> 1 and β > 0 is sufficiently small. Then,

(i) φ admits a unique equilibrium stateµ+ ∈ ES (φ)and Gibbs stateν ∈G (
*
γ
φ
);

(ii) for all α> 1, µ+ is equivalent to ν, i.e., µ+≪ ν and ν≪µ+. In particular, the
Perron-Frobenius transfer operatorLφ has an eigenfunction in L 1(X+,ν);

(iii) if α >
3

2
, there exists a continuous version of the Radon-Nikodym density

dµ+
dν

, ensuring a continuous eigenfunction forLφ .

Our technique offers a significant advantage over the method developed in
[29], as it allows us to address the antiferromagnetic Dyson potential and to han-

dle the previously inaccessible regime α ∈
�

1,
3

2

�

for the ferromagnetic Dyson

model in the Dobrushin uniqueness region. It is worth noting that, following the
announcement of our results in [16], Johansson, Öberg, and Pollicott succeeded
in extending their approach to cover the entire uniqueness region of the ferro-

magnetic Dyson model, namely the case h = 0, α ∈
�3

2
, 2
�

, and β ∈ [0,βc (α)), by

employing a concentration inequality established in [45]. Recently, by leveraging
a result of Bauerschmidt and Dagallier [2], we have also extended Theorem 1.2.6
– using the approach we developed in the second part of this thesis – to the entire
uniqueness region of the ferromagnetic Dyson model (see Theorem 4.G).

Theorem 1.2.7. Letφ be the ferromagnetic Dyson potential. Suppose h = 0. Then
the following statements hold.

(i) For every α ∈ (1, 2], we have βc (α) ≤ β+c (α). Hence for every α ∈ (1, 2] and
β ∈ [0,βc (α), there exists a unique equilibrium state µ+ and a (half-line)
Gibbs state ν for the potentialφ.

(ii) For each α ∈ (1, 2] and all β ∈ [0,βc (α)), the equilibrium state µ+ is equiv-
alent to the half-line Gibbs state ν. In particular, Lφ admits an integrable

eigenfunction
dµ+
dν
∈ L 1(ν) corresponding to its spectral radius.

(iii) If α ∈
�3

2
, 2
�

, then for all β ∈ [0,βc (α)), there exists a continuous version of

the Radon-Nikodym derivative
dµ+
dν

. Hence,Lφ has a continuous principal

eigenfunction.

However, none of these studies, [29] and [16], cover the case of the Dyson po-
tential with a nonzero external field h ̸= 0. The approach in [29] relies heavily on
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the random cluster representation of the Dyson model. The central obstacle to
extending the method in [29] to non-zero external fields is the loss of symmetry,
essential for the random cluster representation, which disrupts the cluster de-
cay analysis. The method developed in [16] requires a certain sum of two-point
functions to be uniformly bounded, a condition that fails for the Dyson model in
a field. Nevertheless, one can adopt the technique in [16] to the case of non-zero
external fields, as we shall do in Chapter 5.

Theorem 1.2.8. Suppose α ∈
�3

2
, 2
�

, β ≥ 0 and |h | > 0 is sufficiently large (|h | >
2βζ(α) + log 4βζ(α) is enough, here ζ is the Riemann zeta function). Then

(i) the Dyson potentialφ has a unique equilibrium stateµ+ and there also exists
a unique eigenprobability ν ofL ∗φ ;

(ii) µ+ is absolutely continuous with respect to ν, i.e., µ+≪ ν. In particular, the
Perron-Frobenius transfer operatorLφ admits an integrable eigenfunction

corresponding to the spectral radius λ= e P (φ).

(iii) The Radon-Nikodym derivative
dµ+
dν

does not have a continuous version. In

particular, the Perron-Frobenius transfer operator does not have a continu-
ous principal eigenfunction.

In [34], we conjectured that forα ∈
�

1,
3

2

�

, h ̸= 0, and all β ≥ 0, the equilibrium

state µ+ and the half-line Gibbs measure ν are mutually singular.
A comparison between Theorem 1.2.6 and Theorem 1.2.8 reveals a stark con-

trast between the zero-field and non-zero-field regimes. In particular, the pres-
ence of an external field leads to a loss of regularity: the corresponding eigen-
function is "one degree" less regular than that of the zero-field case, for the same
values of α and β .

1.3 Multifractals and Large Deviations in Dynamical Sys-
tems

In ergodic theory—and in many practical applications—it is often important to
understand the size and nature of rare events. An event may be considered rare
in the sense of measure theory – it does not occur almost surely, but this does not
imply that it never occurs.

As a concrete example, consider the two-sided shift spaceΩ := E Z, where the
alphabet E = {±1} represents Ising spins. For each configuration x ∈ Ω, define
the spin observable σn (x ) := xn ∈ E . We are interested in the behaviour of the
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Birkhoff averages

An (x ) :=
1

2n +1

n
∑

i=−n

σn (x ) =
1

2n +1

n
∑

i=−n

σ0 ◦S n (x ), x ∈Ω,

where S : Ω → Ω is the left shift map, defined by S (x )i = xi+1 for all i ∈ Z. Ac-
cording to Birkhoff’s ergodic theorem, for every ergodic probability measure µ
on Ω, the sequence An (x )n∈N converges µ-almost surely to the space average

µ(σ0) =

∫

Ω

σ0dµ. This leads us to the study of multifractal level sets:

Kα :=
¦

x ∈Ω : lim
n→∞

1

2n +1

n
∑

i=−n

σn (x ) =α
©

. (1.28)

By Birkhoff’s theorem, we know that µ(Kµ(σ0)) = 1, meaning that almost every
point (with respect to µ) lies in the level set corresponding to the mean value
µ(σ0). For any other α ∈R \µ(σ0), the set Kα is µ-null; that is, µ(Kα) = 0.

Now, consider another ergodic measureνonΩ, such thatν(σ0) ̸=µ(σ0). Then
the set Kν(σ0) is a rare event with respect to µ, since µ(Kν(σ0)) = 0, but it is of full
measure with respect to ν. In this way, what is negligible for one measure may be
typical for another, illustrating the subtleties of rare events in the ergodic setting.
Of course, studying the size of such rare events using measures alone may not
always be sufficient. In these cases, dimension theory provides a more powerful
tool. Specifically, it becomes more practical to investigate the "dimension" – for
example, the Hausdorff dimension – of the sets Kα.

Now, let us generalise the problem within the broader framework of dynam-
ical systems. Assume that we are given a compact metric space Ω, which is not
necessarily a shift space or a configuration space, along with a continuous trans-
formation T : Ω→ Ω, which need not be injective. Instead of limiting ourselves

to the standard Birkhoff averages
1

n

n−1
∑

i=0

f ◦T i (x ) for some observable f : Ω→R,

we consider a more general setup. Let X := {Xn}n∈N be a sequence of Borel-
measurable functions, which need not even be continuous. We now define the
multifractal level sets associated with this sequence X :

Kα := {ω ∈Ω : lim
n→∞

1

n
Xn (ω) =α}, α ∈R. (1.29)

It is worth noting that the study of the "dimension" of multifractal sets Kα – or
the investigation of the so-called multifractal spectrum α ∈R 7→ dim(Kα) – has a
rich history, dating back to Besicovitch (1935) [6], Eggleston (1949) [15], and con-
tinuing to the present day. Many researchers have contributed to this field, ad-
dressing the problem at varying levels of generality. A more comprehensive list of
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relevant works can be found in Chapter 6. However, it is important to note that
almost all previous studies, whether implicitly or explicitly, rely on ideas from
large deviations theory. The objective of Chapter 6 is to explore the necessary
and sufficient conditions under which one can derive the properties of the multi-
fractal spectrum directly from the large deviation characteristics of the sequence
X . Consequently, Chapter 6 aims to address the general multifractal setup as
broadly as possible.

As mentioned above, our goal is to study the "dimension" of the sets Kα, for
α ∈ R. There are several reasonable notions of "dimension" that can be used in
this context, including Hausdorff dimension, box-counting dimension, packing
dimension, and topological entropy for sets. Before proceeding, it is essential to
specify which notion of dimension we will adopt. Among the various candidates,
we choose to work with topological entropy for non-compact sets, a concept intro-
duced by Bowen [8]. This choice is motivated by the fact that topological entropy
is the most inherently dynamical of the aforementioned notions—it depends not
only on the underlying space Ω but also on the dynamics defined by the trans-
formation T . Furthermore, depending on the nature of the dynamical system,
topological entropy can coincide with other notions of dimension. For instance,
whenΩ is a shift space and T is the shift map, the topological entropy of a set co-
incides (up to a multiplicative constant) with its Hausdorff dimension. We now
proceed to define topological entropy for sets. For a set Z ⊂Ω, and for any t ∈R,
ε> 0, and N ∈N, define

m (Z , t ,ε, N ) := inf
¦

∞
∑

i=1

e −ni t : Z ⊂
∞
⋃

i=1

Bni
(xi ,ε), ; ni ≥N
©

, (1.30)

where, for x ∈Ω and n ∈N, the n-th dynamical ball is given by Bn (x ,ε) := {y ∈Ω :
d (T i y , T i x ) < ε, 0 ≤ i ≤ n − 1}. By convention, we define m (;, t ,ε, N ) = 0 for all
values of t , ε, and N . Clearly, the function m (Z , t ,ε, N ) is monotonic in N , and
thus we can define

m (Z , t ,ε) := lim
N→∞

m (Z , t ,ε, N ).

It can be shown (see [35]) that m (·, t ,ε) defines an outer measure, with properties
analogous to those of the t -dimensional Hausdorff outer measure. In particular,
there exists a critical value t ′ ∈R such that

m (Z , t ′,ε) =

¨

+∞, if t ′ < t ,

0, if t ′ > t .

We denote this critical value by htop(T , Z ,ε). Thus, htop(T , Z ,ε) = inf{t ∈ R :
m (Z , t ,ε) = 0}= sup{t ∈R : m (Z , t ,ε) = +∞}. Since htop(T , Z ,ε) is monotonic in
ε, we define the topological entropy of the set Z by

htop(T , Z ) := lim
ε→0+

htop(T , Z ,ε).
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It is important to emphasise that the set Z ⊂Ω is neither assumed to be compact
nor T -invariant. Throughout our work, we also assume that the topological en-
tropy of the full spaceΩ is finite, i.e., htop(T ,Ω)<∞. The topological entropy has
the following basic properties:

• Monotonicity: if Z1 ⊂ Z2, then htop(T , Z1)≤ htop(T , Z2);

• Countable stability: if Z =
⋃

n

Zn , then htop(T , Z ) = sup
n

htop(T , Zn ).

Another key concept in Chapter 6 is the large deviation principle (LDP). An
extended function I : R→ [0,+∞] is called a large deviations rate function (or
simply a rate function) if it is lower semicontinuous, meaning that for everyλ ∈R,
the set {t ∈ R : I (t ) ≤ λ} is closed. A rate function I is said to be good if all of its
sub-level sets {t : I (t ) ≤ λ} ⊂ R are compact for every λ ∈ R. This additional
compactness condition ensures that the function has "well-behaved" minimis-
ing properties over closed subsets of R. For a set E ⊂R, we adopt the shorthand
notation I (E ) := inf

t ∈E
I (t ).

Definition 1.3.1. Let ν be a Borel probability measure on Ω and Xn :Ω→R, n ≥ 1

be random variables. The sequence
¦ 1

n
Xn

©

n∈N
satisfies the Large Deviation Prin-

ciple (LDP) with a rate function I if

(1) for all closed set F ⊂R,

lim sup
n→∞

1

n
logν
�

§

1

n
Xn ∈ F
ª

�

≤−I (F ), (1.31)

(2) for all open set G ⊂R,

lim inf
n→∞

1

n
logν
�

§

1

n
Xn ∈G
ª

�

≥−I (G ). (1.32)

We say that the sequence
¦ 1

n
Xn

©

n∈N
satisfies the weak Large Deviation Prin-

ciple (weak LDP) with a rate function I if, in place of the upper bound condition
(1.31), the following weaker version holds:

(1′) for all compact F ⊂R,

lim sup
n→∞

1

n
logν
�

§

1

n
Xn ∈ F
ª

�

≤−I (F ). (1.33)

We assume that the underlying measure ν is a Bowen-Gibbs measure with
respect to a constant potential, i.e., for some h > 0, and for every ε > 0 there
exists D (ε)> 0 such that for all x ∈Ω and n ∈N,

1

D (ϵ)
e −nh ≤ ν
�

Bn (x ,ε)
�

≤D (ϵ)e −nh . (1.34)
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Theorem 1.3.2. Assume the sequence {Xn}n∈N satisfies the weak Bowen condition,
that is, for some δ > 0,

(A1) lim
n→∞

vn ,δ(Xn )
n

= 0,

where for H : Ω→ R, vn ,δ(H ) is (n ,δ)-variation of the function H , i.e., vn ,δ(H ) :=

sup{H (y )−H (z ) : d (T i y , T i z ) ≤ δ, i = 0, n −1}. If the sequence
¦ 1

n
Xn

©

satisfies

the weak LDP upper bound with a rate function IX : R → [0,+∞], then for all
α ∈R, one has

htop(T , Kα)≤ htop(T ,Ω)− IX (α). (1.35)

To obtain the reverse inequality in (1.35), i.e., the corresponding lower bound,
additional structural assumptions are required.

(A2) The sequence {Xn}n is weakly almost additive, i.e., there are non-negative
constants An = o (n ) such that for all x ∈Ω and n , m ∈N,

|Xn+m (x )−Xn (x )−Xm (T
n x )| ≤ An ; (1.36)

(A3) T :Ω→Ω is an expansive, i.e., there existsρ > 0 such that if d (T n (x ), T n (y ))<
ρ for all non-negative integer n , then x = y , and strongly topologically ex-
act transformation, i.e., for any ε> 0 there is a natural number M1 ∈N such
that for all n ∈N and x ∈Ω, T n+M1 (Bn (x ,ε)) =Ω.

Theorem 1.3.3. Assume the conditions (A1), (A2) and (A3). If the sequence
¦ 1

n
Xn

©

n∈N
satisfies LDP with an essentially strictly convex good rate function IX , then one has
the following:

(i) there exists extended real numbers −∞≤ α ≤ α ≤ +∞ such that Kα ̸= ; for
every α ∈ (α,α) and Kα = ; for all α /∈ [α,α].

(ii) htop(T , Kα) = htop(T ,Ω)− IX (α) holds for all α ∈ (α,α).
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Gibbs Measures in Dynamical
Systems
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Chapter 2

On the Gibbs formalism in
Dynamical Systems

Abstract: In this chapter, we review various notions of Gibbs measures, including DLR
measures, G-measures, g-measures and compare them with each other. The chapter
also aims to discuss the Kozlov-Sullivan characterisation of specifications in Equilib-
rium Statistical Mechanics within the framework of Dynamical Systems. In addition, on
the whole-line shift space, we also demonstrate an interaction-independent variational
principle.

Furthermore, we provide a necessary and sufficient criterion for a specification on
a half-line shift space to ensure the existence of a generating translation-invariant UAC
interaction, highlighting the lack of an analogous condition for whole-line shift spaces.

27



On the Gibbs formalism in Dynamical Systems

2.1 Introduction

The so-called Gibbs (DLR) formalism – the study of probability measures de-
fined via their conditional probabilities, a perspective formalised in the notion
of a Gibbs measure – was first initiated by Dobrushin, Lanford, and Ruelle to
mathematically describe various phenomena in statistical mechanics, including
phase transitions. The DLR formalism is developed based on the notion of spec-
ifications. Although it was formally established in the 1970s, the foundations of
the theory of Gibbs measures trace back to the earlier works of Boltzmann and
Gibbs. The classical Gibbs formalism starts with the well-known Boltzmann fac-
tor, which is a probability measure interpreted as the probability of a particu-
lar portion of a macroscopic system being in a certain energy state. This mea-
sure is connected to the interactions that define the model quantitatively. This is
why the classical Gibbs formalism is developed based on the interactions. Subse-
quently, Kozlov [21] and Sullivan [28] established that the Gibbs formalism based
on specifications is essentially equivalent to the one based on interactions, as
every Gibbsian specification is generated by some UAC interaction. However,
if one restricts oneself to the setup of translation-invariant measures, then one
can see a subtle difference between those Gibbs formalisms. In fact, as shown in
[2], not every translation-invariant Gibbs measure is prescribed by a translation-
invariant uniformly absolutely continuous (UAC) interaction, even though it is
always prescribed by a translation-invariant specification. This naturally calls
for a reconstruction of classical statistical mechanics framed in terms of speci-
fications. Moreover, the renormalisation group transformation of a Gibbs mea-
sure often results in a loss of the Gibbs property, meaning the transformed mea-
sure may lack a continuous version of its conditional probabilities. However,
in more favourable cases, the transformed measure may retain an ‘almost con-
tinuous’ version of conditional probabilities, which frequently cannot be asso-
ciated with any reasonable interaction. This challenge further emphasises the
need to study Gibbs measures based on specifications alone. In this regard, con-
siderable work has already been done, particularly in the context of generalised
Gibbs measures, as explored in [10, 22, 24]. In particular, [22] establishes a ver-
sion of the interaction-independent variational principle. Expanding on this, we
present a new form of the interaction-independent variational principle, which is
more suited to the framework of dynamical systems. We also discuss the Kozlov-
Sullivan characterisation of the translation-invariant Gibbs measures. Further-
more, we also give an explicit example of a translation-invariant specification on
the half-line Z+ which is not generated by any translation-invariant UAC inter-
action.

Later developments in both Statistical Mechanics and Dynamical Systems led
to the definition of Gibbs measures independent of specifications or interactions,
based instead on the concept of families of multipliers or G -families. The first
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of these alternative approaches was introduced to extend the notion of Gibbs
measures to more general (semi)group actions beyond Zd orN. The idea of a G -
family was inspired by Keane’s work [20] and introduced into ergodic theory by
Brown and Dooley [4], where it was used to study generalised Riesz products in
harmonic analysis. In this chapter, we compare these alternative definitions of
Gibbs measures with the classical definition based on specifications.

The chapter is structured as follows:

• In Section 2.2, we recall the different definitions of the Gibbs measures that
appeared in Statistical Mechanics and Dynamical Systems literature and
compare these definitions with the one based on the specifications.

• In Section 2.3, the Kozlov-Sullivan characterisation of the Gibbsian speci-
fications on the full lattice Zd will be discussed.

• In Section 2.4, we state the first set of our main results. There, we formulate
an interaction-independent version of the variational principle, aligned with
the spirit of dynamical systems.

• Section 2.5 focuses on the Gibbs formalism on the half-lineZ+. In this sec-
tion, we also compare the concept of G -measures, introduced by Brown
and Dooley in the 1990s, with the DLR-Gibbs measures. Additionally, we
provide an example of a translation-invariant Gibbsian specification onZ+
that is not generated by a translation-invariant UAC interaction.

• Section 2.6 is dedicated to the proofs of the main results of this chapter.

2.2 Preliminaries

2.2.1 The Gibbs measures in DLR formalism

The DLR formalism starts with the so-called specification – a given family of con-
ditional probabilities. Since there is no a priori underlying probability measure,
one should define the prescribing family of the conditional probabilities every-
where, not almost everywhere.

In this chapter, we consider the shift spaces in the form Ω := E L, where E is a
finite set equipped with the discrete topology and interpreted as the state-space
of the system, and L is interpreted as the set of sites, which is at most a count-
able set. We denote the Borel σ−algebra in Ω by F , and for Λ ⊂ L, FΛ denotes
the minimalσ−algebra containing all the cylindrical [σV ] sets based on volume
V ⋐Λ.M1(Ω) denotes the set of probability measures on Ω. A function f :Ω→R
is called local if there exists a finite volume Λ⋐L such that f isFΛ−measurable.
Then a specification γ is a family of positive functions {γΛ}Λ⋐L – the so-called
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probability kernels on Ω indexed by the finite volumes Λ ⋐ L which has the fol-
lowing properties:

(P1) for each Λ ⋐ L and every B ∈ F , the function (B |ω) ∈ F ×Ω
γΛ7−−→ [0, 1] is

measurable inFΛc as a function ofω;

(P2) for eachΛ⋐L and allω ∈Ω, the function γΛ(·|ω) :F → [0, 1] is a probability
measure onF ;

(P3) (properness) for each Λ⋐L and every B ∈FΛc andω ∈Ω, γΛ(B |ω) =1B (ω);

(P4) (consistency) for all∆⊂Λ⋐L,

γΛγ∆ = γΛ, (2.1)

where γΛγ∆(B |ω) :=
∫

Ω

γ∆(B |η)γΛ(dη|ω), B ∈F , ω ∈Ω.

Definition 2.2.1. A specification γ on Ω is called quasilocal if for any local func-
tion f and volume Λ ⋐ L, one has that γΛ( f ) ∈ C (Ω), where forω ∈Ω, γΛ( f )(ω) :=
∫

Ω

f (ξ)γΛ(dξ|ω).

Describing the specifications with their specification densities is often convenient.
The density of a specification γ in the volume Λ⋐L is γΛ(ωΛ|ωΛc ) := γΛ([ω]Λ|ω),
here [ω]Λ denotes the cylinderic set based on the volumeΛ and the configuration
ω, i.e., [ω]Λ := {ξ ∈Ω : ξΛ =ωΛ}.

Definition 2.2.2. A specification γ is called non-null (or positive) if for all Λ⋐L,

inf
ω∈Ω

γΛ(ωΛ|ωΛc )> 0.

We call a specification Gibbsian if it is quasilocal and non-null at the same time.
The consistency property (2.1) of specifications yields the following for specifi-
cation densities:

γΛ(ηΛ|ωΛc ) = γ∆(η∆|ηΛ/∆ωΛc )
∑

σ∆∈E ∆

γΛ(σ∆ηΛ/∆|ωΛc ), ∀∆⊂Λ⋐L, ∀ω,η ∈Ω.

(2.2)
The characterising property of the non-null specification densities is the so-called
bar moving property, which we use frequently in the chapter; therefore, we state
it below:

γ∆(β∆|ω∆c )
γ∆(α∆|ω∆c )

=
γΛ(β∆ωΛ\∆|ωΛc )
γΛ(α∆ωΛ\∆|ωΛc )

, ∆⊂Λ⋐L, α,β ,ω ∈Ω. (2.3)

Now we turn to the consistent probability measures with the specifications.
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Definition 2.2.3. A probability measure µ ∈ M1(Ω) is consistent with a specifi-
cation γ if for all Λ ⋐ L, the conditional probability µ(·|FΛc ) is prescribed by the
probability kernel γΛ, i.e., for all B ∈F , and µ−almost everyω ∈Ω,

µ(B |FΛc )(ω) = γΛ(B |ω).

This is equivalent to stating that the measureµ satisfies the DLR equations, i.e., for
all Λ⋐L and B ∈F ,

µ(B ) = (µγΛ)(B ) :=

∫

Ω

γΛ(B |ω)µ(dω). (2.4)

The set of consistent measures with a specification γ is denoted by G (Ω,γ).

It should be stressed that any probability measure µ ∈ M1(Ω) is prescribed
by some specification γ [17]. Conversely, in the general case, one can’t guaran-
tee the existence of a consistent probability measure with a given specification
γ [16], i.e., it can be a case that G (Ω,γ) = ;. Therefore, specifications without ex-
tra properties are not very interesting. In practice, the quasilocal specifications
hold more significance. One of the important properties of the quasilocal spec-
ifications is that there always exists a consistent probability measure as long as
the state-space E is compact, as is the case in this chapter. In fact, for any se-
quence {τn}n∈N ⊂ M1(Ω) of probability measures, any weak∗ limiting point of
the set {τnγΛ : n ∈ N, Λ ⋐ L} is consistent with γ. In particular, G (Ω,γ) is a con-
vex closed, thus compact subset ofM1(Ω) in the weak∗ topology. Another crucial
property of the quasilocal specifications is that one probability measure can not
be consistent with two distinct quasilocal specifications. Thus it would be more
interesting if a measure is consistent with a quasilocal or a Gibbsian specification.

Definition 2.2.4. A probability measure µ ∈ M1(Ω) is called a Gibbs measure
(state) if µ is prescribed by a Gibbsian specification, i.e., there exists a Gibbsian
specification γ such that µ ∈G (Ω,γ).

Although there always exists a consistent measure with a quasilocal specifi-
cation, in particular, a Gibbsian specification, it is often the case that there are
multiple of such measures. In this case, one says that the underlying specifica-
tion exhibits phase transitions.

2.2.2 The Classical Gibbs formalism

The classical Gibbs formalism starts with an interactionΦ - a family of local func-
tions ΦΛ indexed by Λ ⋐ L on a configuration space Ω = E L such that for each Λ,
ΦΛ isFΛ−measurable. If the given interaction Φ is sufficiently regular, then one
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can associate a specification with it. More precisely, the interaction Hamiltonian
H Φ
Λ , a.k.a. the interaction energy in a volume Λ⋐L, is

H Φ
Λ (ω) :=
∑

V ⋐L,
V ∩Λ ̸=;

ΦV (ω), ω ∈Ω. (2.5)

Without any condition on the interaction Φ, the sum in (2.5) does not need to
converge. In literature, depending on the mode of the convergence of the sum in
(2.5), different classes of interactions arise.

(1) An interaction Φ is called uniformly convergent if the sum (2.5) converges
uniformly onω ∈Ω, i.e., for any cofinal sequence {Vn}n∈N of the finite vol-
umes, the finite sum

∑

V ⊂Vn
V ∩Λ ̸=;

ΦV (ω)

converges to H Φ
Λ (ω) uniformly inω ∈Ω as n→∞;

(2) An interaction Φ is uniformly absolutely convergent (UAC) if for all i ∈L,
∑

i∈V ⋐L
sup
ω∈Ω
|ΦV (ω)|<∞.

(3) Fix a configuration θ ∈ Ω. An interaction Φ is called relatively absolutely
convergent if for all j ∈L, the sum

∑

j∈V ⋐L
|ΦV (ω)−ΦV (ω jθ{ j }c )|

converges uniformly in ω ∈ Ω. It should be mentioned that the concept
of relatively absolute convergence of an interaction is independent of the
choice of the configuration θ .

(4) An interaction Φ on Ω is called variation-summable if for all i ∈L,
∑

i∈V ⋐L
δiΦV <∞,

where δi f denotes the oscillation/variance of the function f :Ω→R at the
coordinate i : δi f := sup{ f (ξ)− f (η) : ξL\{i } =ηL\{i }}.

Among the above convergence classes of interactions, the class of UAC interac-
tions is the smallest, and the class of relatively convergent potentials is the largest
one. Note that the first two summability modes guarantee, for all Λ ⋐ L, the ex-
istence of a continuous Hamiltonian H Φ

Λ defined by (2.5). Then for all Λ⋐L, one
can define the Boltzmann factor γΦΛ for Φ by
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γΦΛ(ηΛ|ωΛc ) :=
e −H Φ

Λ (ηΛωΛc )

∑

η̄Λ∈E Λ
e −H Φ

Λ (η̄ΛωΛc )
, ηΛ ∈ E Λ, ω ∈Ω. (2.6)

One can readily check that the family {γΦΛ}Λ⋐L comprises specification-densities.
The associated specification γΦ can be recovered from the Boltzmann factor γΦΛ
by

γΦΛ(B |ω) :=
∑

ηΛ∈E Λ

γΦΛ(ηΛ|ωΛc )δηΛωΛc (B ), B ∈F ,ω ∈Ω.

It is clear that the specification γΦ is non-null and quasilocal, if the interaction Φ
is uniformly convergent.
One easily notices that the relative absolute convergence or variation-summability
of an interaction Φ is not sufficient to guarantee the convergence of the Hamil-
tonian (2.5), therefore, in these classes of interactions, one may not have a de-
fined Hamiltonian. Despite this, there is another way of associating a specifica-
tion with an interaction. Note that if one writes (2.6) in the following form,

γΦΛ(ξΛ|ηΛc ) =
1

∑

ξ̄Λ∈E Λ
exp
�

H Φ
Λ (ξΛηΛc )−H Φ

Λ (ξ̄ΛηΛc )
�

=
1

∑

ξ̄Λ∈E Λ
exp
�

∑

V ∩Λ ̸=;

�

ΦV (ξΛηΛc )−ΦV (ξ̄ΛηΛc )
�� (2.7)

then it becomes apparent that one does not really need the convergence of the

sum HΛ =
∑

V ⋐L
V ∩Λ ̸=;

ΦV to associate a specification γΦ with an interaction Φ. In fact,

if the interaction Φ is relatively absolutely convergent, then the equation (2.7)
makes sense; therefore, γΦ is well-defined.

Once the relationship between specifications and interactions is established
by either (2.5) or (2.7), the following question arises: how generic is the class of
specifications generated by interactions? In fact, this question has been stud-
ied by Kozlov, Sullivan and Grimmett and others [1, 2, 18, 21, 28]. Here we only
mention a theorem by Kozlov which answers the question, and will discuss the
question and Kozlov’s method in greater detail in Section 2.3.

Theorem 2.2.5 (Kozlov’s theorem). [2, 12, 16, 21] Every Gibbsian specification is
generated by a UAC interaction. In other words, for any Gibbsian specification γ,
there exists a UAC interaction Φ on Ω such that γ= γΦ.

Notably, the Kozlov theorem applies to any countable set L, and this is the
elegance of the theorem.

33



On the Gibbs formalism in Dynamical Systems

2.2.3 The parameterization of specifications with cocycles

We start this subsection by introducing the asymptotic equivalence relation—also
known as the Gibbs relation or homoclinic relation—denoted by T(Ω)⊂Ω×Ω. We
say that two-configurationsω,ω′ ∈Ω= E L are asymptotically equivalent/homo-
clinic, i.e., (ω,ω′) ∈T(Ω), if there exists Λ⋐L such thatωΛc =ω′Λc . For each fixed
∆ ⋐ L one can introduce a subequivalence relation T∆(Ω) by (ω,ω′) ∈ T∆(Ω)⇔
ω∆c =ω′∆c . Then it is clear that T(Ω) =

⋃

∆⋐L
T∆(Ω). Note that each T∆(Ω) ⋐ Ω×Ω

is closed, thus a compact subset of the product spaceΩ×Ω. One can introduce a
relevant topology on T(Ω) as follows: O ⊂ T(Ω) is open if and only if O =

⋃

∆⋐L
O∆,

where O∆ is an open subset of T∆(Ω)⊂Ω×Ω in the induced product topology on
Ω×Ω. Note that this topology inT(Ω) is strictly finer than the induced topology on
T(Ω) by Ω×Ω. Nevertheless, these two topologies in T(Ω) induce the same Borel
sigma-algebra. It should also be stressed that a function f : T(Ω)→R is continu-
ous iff for all∆⋐L, the restriction f |T∆(Ω) is continuous in the induced topology
by Ω×Ω.

Now we turn to cocycles on the asymptotic equivalence relation T(Ω). A map
ρ : T(Ω)→R is called a cocycle on Ω (or T(Ω)−cocycle) if for all (ω,η), (η,ξ) ∈T(Ω),

ρ(ω,η) +ρ(η,ξ) =ρ(ω,ξ). (2.8)

Ifρ is a cocycle, it can be readily checked that for all (ω,ξ) ∈T(Ω),ρ(ω,ω) = 0 and
ρ(ω,ξ) = −ρ(ξ,ω). Another important observation is that there is a one-to-one
correspondence between the non-null specifications onΩ and measurable cocy-
cles on Ω. In fact, let ρ be a measurable cocycle on T(Ω), then one can associate
a specification (density) γwith ρ by

γ
ρ
Λ (ηΛ|ηΛc ) :=

1
∑

ωΛ∈E Λ
e −ρ(ωΛηΛc ,η) , Λ⋐L, η ∈Ω. (2.9)

One can easily verify that (2.9) is indeed a specification density. In fact, by the
cocycle condition (2.8), one has

∑

ξΛ∈E Λ

γ
ρ
Λ (ξΛ|ηΛc ) =
∑

ξΛ∈E Λ

e −ρ(ξΛηΛc ,η)
∑

ωΛ∈E Λ
e −ρ(ωΛηΛc , ξΛηΛc )−ρ(ξΛηΛc ,η)

=

∑

ξΛ∈E Λ
e −ρ(ξΛηΛc ,η)

∑

ωΛ∈E Λ
e −ρ(ωΛηΛc ,η)

= 1

(2.10)
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By a direct calculation, it can be confirmed that the cocycle condition implies the
consistency condition (2.2) as well. In fact, for all∆⊂Λ⋐L and η ∈Ω,

γ
ρ
∆(η∆|η∆c )
∑

σ∆

γ
ρ
Λ (σ∆ηΛ\∆|ηΛc ) =

∑

σ∆

� ∑

ξ∆,ωΛ

e −ρ(ξ∆η∆c ,η)−ρ(ωΛηΛc ,σ∆η∆c )
�−1

=
∑

σ∆

� ∑

ξ∆,ωΛ

e −ρ(ωΛηΛc ,η)−ρ(ξ∆η∆c ,σ∆η∆c )
�−1

=
∑

σ∆

�∑

ωΛ

e −ρ(ωΛηΛc ,η)
�−1�∑

ξ∆

e −ρ(ξ∆η∆c ,σ∆η∆c )
�−1

=
�∑

ωΛ

e −ρ(ωΛηΛc ,η)
�−1∑

σ∆

�∑

ξ∆

e −ρ(ξ∆η∆c ,σ∆η∆c )
�−1

= γρΛ (ηΛ|ηΛc )
∑

σ∆

γ
ρ
∆(σ∆|η∆c )

(2.10)
= γ

ρ
Λ (ηΛ|ηΛc ).

(2.11)

The other way around, let γ be a non-null specification on the configuration
spaceΩ, then one can associate a cocycleργ with γ by the following formula: for
(ω,ξ) ∈TΛ(Ω),

ργ(ω,ξ) := logγΛ(ξΛ|ξΛc )− logγΛ(ωΛ|ωΛc ). (2.12)

Note that ργ is well-defined due to the bar moving property (2.3), and it is also
clear that ργ is measurable and satisfies (2.8).

Remark 2.2.6. It is easy to see that (2.9) associates a Gibbsian (quasilocal) spec-
ification to a continuous cocycle, and (2.12) associates a continuous cocycle to a
Gibbsian specification. Hence, there is a one-to-one correspondence between Gibb-
sian specifications and continuous cocycles on Ω.

Now let the specificationγbe generated by an interactionΦ, i.e., γ := γΦ. Then
the corresponding cocycle ρΦ has the following form:

ρΦ(ω,ω′) =
∑

V ⋐L

�

ΦV (ω)−ΦV (ω
′)
�

, (ω,ω′) ∈T(Ω). (2.13)

It is clear that if the sum in (2.5) converges for allω ∈ Ω, then ρΦ is well-defined
and for (ω,ω′) ∈TΛ(Ω), one has

ρΦ(ω,ω′) =H Φ
Λ (ω)−H Φ

Λ (ω
′),

and hence one can restore (2.7) for the specificationγΦ. However, another impor-
tant observation is that the convergence of the sum in (2.13) for all (ω,ω′) ∈T(Ω)
does not imply the convergence of the sum in (2.5).
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2.2.4 Capocaccia’s definition of Gibbs measures

In 1976, Capocaccia extended the notion of the Gibbs measure to the general
setup of the actions of the groupZd . This subsection aims to recall her definition

of the particular setup of the full shift space Ω = E Z
d

, and we also observe that
for this specific setup, Capocaccia’s definition agrees with the definition of Gibbs
measures in DLR formalism (see Definition 2.2.4.)

In her original paper, Capocaccia showed that any Gibbs measure in the clas-
sical DLR sense is also Gibbs in the sense of [5]. In this subsection, we prove the
opposite.

Capocaccia’s definition involves the notions of conjugating homeomorphism
and a family of multipliers. The conjugating homeomorphism between asymp-
totically equivalent points (x , y ) ∈T(Ω) is a homeomorphismϕ defined on some
open neighbourhood O of x and taking values in Ω such that ϕ(x ) = y and there
exists Λ ⋐ Zd satisfying, (x ′,ϕ(x ′)) ∈ TΛ(Ω) for all x ′ ∈ O . It should be noted that
for every open subset x ∈O ′ ⊂O , ϕ′ :=ϕ|O ′ has the same properties as (O ,ϕ).

Remark 2.2.7. Note that for any asymptotic pair (x , y ) ∈TΛ(Ω), there is a canoni-
cal conjugating homeomorphism ϕ̃ : [x ]Λ→ [y ]Λ defined by

x ′ ∈ [x ]Λ
ϕ̃
7→ yΛx ′Λc . (2.14)

Thus if (O ,ϕ) is another conjugating homeomorphism for the pair (x , y ), then by
the second part of Theorem 1 in [5], there is a cylindrical set [x ]V contained in [x ]Λ∩
O such that ϕ|[x ]V = ϕ̃|[x ]V . Therefore, without loss of generality, we can always
assume that the conjugating homeomorphism ϕ has a canonical form (2.14) and
the open set O containing x is actually a cylindrical set.

Definition 2.2.8. A family of multipliers is a family f := ( fO ,ϕ) of positive contin-
uous functions fO ,ϕ defined on O indexed by the conjugating homeomorphismsϕ
on open sets O such that

(i) if O ′ ⊂O and ϕ′ =ϕ|O ′ then fO ′,ϕ′ = fO ,ϕ |O ′ ;

(ii) if O ⊂O ′ ∩ (ϕ′)−1(O ′′), then

fO ,ϕ =
�

fO ′,ϕ′ |O
�

·
�

fO ′′,ϕ′′ ◦ϕ′|O
�

. (2.15)

A family f = ( fO ,ϕ) of multipliers is called translation-invariant if

(iii) for every i ∈Zd and all (O ,ϕ),

fSi (O ),Si ◦ϕ◦S−i
= fO ,ϕ ◦S−i , (2.16)

where Si is the shift by i ∈Zd , i.e.,ω ∈Ω 7→ Siω= (ω j+i ) j∈Zd
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Below, we define the concept of Gibbs measure for a family of multipliers.

Definition 2.2.9. A Gibbs measure for a family of multipliers f = ( fO ,ϕ) is a prob-
ability measure µ ∈M1(Ω) such that for any pair (O ,ϕ), one has

ϕ∗( fO ,ϕ ·µ|O ) =µ|ϕ(O ), (2.17)

where ϕ∗ denotes the pushforward of the map ϕ : O → Ω and for the Borel set
B ∈F , µ|B is the restriction of the measure µ to the set B , i.e., for B̃ ∈F , µ|B (B̃ ) =
µ(B ∩ B̃ ).

Now we show that if a probability measure is Gibbs in the sense of the above
definition, then it is also Gibbs for an appropriate specification in the sense of
Definition 2.2.4. In fact, if µ is a Gibbs measure for a family of multipliers f =
( fO ,ϕ), consider a cocycle ρ f defined as follows: let (x , y ) ∈ T(Ω) and (O ,ϕ) be a
conjugating homeomorphism corresponding to this pair (x , y ), then put

ρ f (x , y ) :=− log fO ,ϕ(x ). (2.18)

Then, using (2.15), one can check that ρ f satisfies the cocycle equation (2.8).
Indeed, consider a triplet (x , y ), (y , z ), (x , z ) ∈ T(Ω) of asymptotic pairs, assume
the conjugating homeomorphisms (O ′,ϕ′), (O ′′,ϕ′′) and (O ,ϕ) with O ⊂ O ′ ∩
(ϕ′)−1(O ′′) correspond to these pairs. Then

ρ f (x , y ) +ρ f (y , z ) = − log
�

fO ′,ϕ′ (x ) · fO ′′,ϕ′′ (y )
�

= − log
�

fO ′,ϕ′ (x ) · fO ′′,ϕ′′ (ϕ′(x ))
�

(2.15)
= − log fO ,ϕ(x )

= ρ f (x , z ).

The continuity of the cocycleρ f is clear from its definition (2.18). Note that if the
family f of multipliers is translation-invariant, then the associated cocycle ρ f is
translation-invariant in the sense

ρ f (x , y ) =ρ f (Si x ,Si y ), (x , y ) ∈T(Ω), i ∈Zd

(see also Section 2.3). In fact, let (x , y ) ∈T(Ω) and assume (O ,ϕ) is a correspond-
ing conjugating homeomorphism, then for any i ∈Zd , one has

ρ f (Si x ,Si y ) = ρ f (Si x ,Siϕ(x ))

= ρ f (Si x ,SiϕS−i (Si x ))

= − log fSiO ,SiϕS−i
(Si x )

(2.16)
= − log fO ,ϕ ◦S−i (Si x )

= ρ f (x , y ).
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With a similar argument, one can also show the opposite; namely, if the cocycle
ρ f is translation-invariant, so is the family f of multipliers.

Now consider the Gibbsian specification γ f associated withρ f via (2.9). Now
we aim to show µ ∈ G (γ f ). Pick any configuration x ∈ Ω and a finite volume
Λ ⋐ Zd . Then by Remark 2.2.7, one can choose a finite volume V with Λ ⊂ V
such that for all y ∈ Ω with yΛc = xΛc , the conjugating homeomorphism (O ,ϕ)
corresponding to the pair (x , y ) has a canonical form (2.14) in the cylinder [xV ].
Now take a bounded measurable test function g : [x ]V → R. Then by (2.17), for
all y with yΛc = xΛc , one has that

∫

Ω

g (yV x ′V c )

γ
f
V (xV |x ′V c )

�

γ
f
V (yV |x ′V c )1[x ]V (x

′)−γ f
V (xV |x ′V c )1[y ]V (x

′)
�

µ(d x ′) = 0, (2.19)

hence

∫

Ω

g (yV x ′V c )

γ
f
V (xV |x ′V c )

�

γ
f
V (yV |x ′V c )µ(xV |x ′V c )−γ

f
V (xV |x ′V c )µ(yV |x ′V c )

�

µ(d x ′) = 0. (2.20)

Thus, since g is chosen arbitrarily,

γ
f
V (yV |x ′V c )µ(xV |x ′V c ) = γ

f
V (xV |x ′V c )µ(yV |x ′V c ), µ−a.e. x ′ ∈Ω. (2.21)

The bar moving property (2.3) and the above equation yield that

γ
f
Λ(yΛ|x

′
Λc )µ(xΛ|x ′Λc ) = γ

f
Λ(xΛ|x

′
Λc )µ(yΛ|x ′Λc ), µ−a.e. x ′ ∈Ω. (2.22)

Then by summing up both sides of the above equation against yΛ ∈ E Λ, one gets
that

µ(xΛ|x ′Λc ) = γ
f
Λ(xΛ|x

′
Λc ), µ−a.e. x ′ ∈Ω. (2.23)

Thus µ is indeed consistent with the specification γ f .

2.2.5 Equilibrium states

The notion of equilibrium state is developed in parallel with the notion of Gibbs
measure and plays an important role both in Mathematical Statistical Mechanics
and Dynamical Systems. In fact, one can see the concept of the equilibrium state
as a counterpart of the concept of Gibbs states in the sense that the Gibbs states
are defined in terms of "local rules" (the DLR equations), but the equilibrium
states are defined in terms of a "global rule" (the variational equation). Note that
a measure µ ∈ M1(Ω) is translation-invariant if for all i ∈ Zd , µ = µ ◦ S−1

i . We
denote the set of translation-invariant probability measures on Ω byM1,S (Ω).
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Definition 2.2.10. Let ϕ : Ω → R be a continuous function on the shift space

Ω = E Z
d

. A translation-invariant probability measure µ ∈ M1,S (Ω) is called an
equilibrium state for ϕ if

h (µ) +

∫

Ω

ϕdµ= sup
¦

h (τ) +

∫

Ω

ϕdτ :τ ∈M1,S (Ω)
©

, (2.24)

where h (µ) is the measure-theoretic entropy of the measure µ. We denote the set of
equilibrium states for a function ϕ by ES (ϕ).

Note that any continuous function ϕ on Ω has at least one equilibrium state.
There is an interesting relationship between the equilibrium states and Gibbs
measures known as the variational principle, and we shall discuss it in detail in
Section 2.4.

2.3 On the Kozlov-Sullivan characterisation of the Gibb-
sian specifications on Zd

In this section, we discuss Kozlov’s theorem, as presented in Theorem 2.2.5, and
Kozlov’s regrouping method, which is key to proving the Kozlov theorem.

2.3.1 Translation-invariant generators of Gibbsian specifications

Recall that a measure µ ∈M1(Ω) is translation-invariant if for all i ∈ Zd , µ = µ ◦
S−1

i . An interaction Φ = (ΦV )V ⋐Zd is called translation-invariant if for all Λ ⋐ Zd

and i ∈Zd , one has
ΦΛ ◦Si =ΦΛ+i . (2.25)

Similarly, a specification γ on Ω is translation-invariant if for all Λ ⋐ Z, i ∈ Zd ,
and every B ∈F ω ∈Ω,

γΛ+i (B |ω) = γΛ(Si (B )|Siω). (2.26)

Note that a translation-invariant uniform-summable (or relatively uniformly
convergent) interaction gives rise to a translation-invariant Gibbsian specifica-
tionγΦ. Surprisingly, the opposite of this statement is not true: a non-translation-
invariant interaction may also give rise to a translation-invariant specification
(see the interaction in (2.32)). Nonetheless, a translation-invariant non-null spec-
ification γ always generates a translation-invariant cocycle ργ i.e., for all (ω,ω̄) ∈
T(Ω) and i ∈Zd ,

ργ(ω,ω̄) =ργ(Siω,Si ω̄) (2.27)

and vice versa.
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In the context of Gibbs measures, a translation-invariant quasilocal specifi-
cation always admits a translation-invariant Gibbs measure, and vice versa. That
is, a quasilocal specification prescribing a translation-invariant measure must it-
self be translation-invariant. However, this statement is not true for the inter-
actions, in fact, a translation-invariant measure can be a Gibbs measure for a
non-translation-invariant interaction (see the figure below)

Translation-invariant
Gibbsian specifications

Translation-invariant
Gibbs measures

× ×

Translation-invariant
UAC interactions

up
to

phase
tra

nsit
io

ns

up to phase transitions

Figure 2.1

By Kozlov’s theorem (Theorem 2.2.5), it is a well-known fact that any Gibb-
sian specification is generated by some UAC interaction onΩ. However, one may
ask if every translation-invariant Gibbsian specification is also generated by a
translation-invariant UAC interaction. Unfortunately, the answer to this ques-
tion is not affirmative in general [2].

Theorem 2.3.1. [2] There exists a translation-invariant Gibbsian specification on
Ω= {0, 1}Z which is not generated by any translation-invariant UAC interaction.

The proof of Theorem 2.3.1 is not constructive but based on showing the
non-surjectivity of certain bounded operators. Therefore, the specification men-
tioned in Theorem 2.3.1 is not explicit. It is worth noting that in Subsection 2.5.5,
we consider a similar question on the one-sided full shift space X+ = E Z+ , and
prove an analogue of Theorem 2.3.1; however, the example that we provide is ex-
plicit.
The mismatch issue between translation-invariant Gibbs measures and translation-
invariant UAC interactions raised by Theorem 2.3.1 can be resolved by two ap-
proaches:

(i) relaxing the UAC condition for the generating interaction;

(ii) imposing stronger regularity conditions on the specification than the quasilo-
cality.
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Below, we discuss these approaches in order.
One way of solving the issue by the first approach is done by Sullivan.

Theorem 2.3.2 (Sullivan’s theorem). [2, 28] Let γ be a translation-invariant Gibb-
sian specification on Ω. Then there exists a translation-invariant variation-sum-
mable interaction Ψ such that γ= γΨ .

In his original paper [21], Kozlov suggests a condition which solves the issue with
the second approach. Denote the r th−variation of the single-site density γ{0} of

a Gibbsian specification γ on E Z
d

by v (r ), i.e.,

v (r ) := sup{γ{0}(ξ0|ξ{0}c )−γ{0}(η0|η{0}c ) | ξi =ηi , ∀i ∈ [−r, r ]d ∩Zd }, (2.28)

then the following is one of the results in [21].

Theorem 2.3.3. Assume a translation-invariant Gibbsian specification γ on Ω =
E Z

d
has summable-variations in the sense that

∞
∑

r=1

r d−1v (r )<∞. (2.29)

Then the specification γ is generated by a translation-invariant UAC interaction.

The proof of Theorem 2.3.3 is constructive and relies on the same method as the
proof of Theorem 2.2.5. One can easily notice that Theorem 2.3.3 applies to the
finite-range specifications since v (r ) = 0 after some r ∈ N. However, if it comes
to the infinite-range specifications, (2.29) is quite a restrictive condition; for ex-
ample, in dimension one, it prevents the underlying specification from the phase
transitions.

Theorem 2.3.4. Let γ be a translation-invariant Gibbsian specification onΩ= E Z

satisfying (2.29). Then there is a unique Gibbs measure compatible with γ, i.e.,
#G (Ω,γ) = 1.

For completeness, we shall provide a proof of the above theorem in Section 2.6.

2.3.2 The challenges of extending Kozlov’s method to the translation-
invariant setup

In his original paper [21], Kozlov proved two theorems – Theorem 2.2.5 and The-
orem 2.3.3 above – on the generating interactions of Gibbsian specifications. The
idea of proofs of both theorems is based on a regrouping of the bonds in Grim-
mett’s vacuum interaction [18]. The regrouping procedure in the proof of Ko-
zlov’s first theorem (Theorem 2.2.5 above), which we refer to as Kozlov’s first way
of regrouping, does not adhere to any order, algebraic, or graph structure in Zd .
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Consequently, it produces an interaction that is uniformly absolutely convergent
(UAC) but does not align with the structural properties of Zd . In contrast, the re-
grouping procedure in his second theorem (Theorem 2.3.3 above), referred to
as Kozlov’s second way of regrouping, respects the order and graph structure of
the lattice Zd . As a result, while it produces an interaction with good algebraic
properties, it may have very bad summability properties. Below, we demonstrate
these disadvantages of Kozlov’s regrouping method in a special example of the
specification of the Dyson model.

Recall that the single-site density of Dyson’s specification γD at a site i ∈Z is
defined by

γD
{i }(ωi |ωZ\{i }) :=

exp (β
∑∞

k=1
ωi (ωi+k+ωi−k )

kα )

exp (β
∑∞

k=1
ωi+k+ωi−k

kα ) +exp (−β
∑∞

k=1
ωi+k+ωi−k

kα )
, ∀ω ∈Ω,

(2.30)
where α ∈ (1, 2] is the decay rate of the coupling constants and β ≥ 0 is the in-
verse temperature. Note that the associated specification γD is uniquely recov-
ered from these single-site densities [13].

The vacuum interaction for the specification γD corresponding to the vac-
uum configuration − := −1Z is given by the the following lattice-gas interaction
Φ−:

Φ−Λ(ω) :=















−
β (1+ωi )(1+ω j )

|i − j |α
, if Λ= {i , j } ⊂Z, i ̸= j ;

2βζ(α)(1+ωi ), if Λ= {i } ⊂Z;

0, otherwise,

(2.31)

where ζ is the Riemann zeta function.
If we enumerate the elements in Z by {ℓ1,ℓ2,ℓ3, ...}, where for k ∈ N, ℓ2k−1 :=

k − 1 and ℓ2k := −k , and define for (k , i ) ∈N2, L k
2i := {ℓ j : k ≤ j ≤ k + 2i }, S k

0 := ;
and

S k
i := {B ⊂ L k

2i : ℓk ∈ B } \S k
i−1,

then Kozlov’s first way of regrouping produces the following interaction for γD :

ΦK R 1
Λ :=







0, if Λ ̸= L k
2i for all (k , i ) ∈N2;

∑

B∈S k
i

Φ−B , if Λ= L k
2i , for some (k , i ) ∈N2. (2.32)

By the construction, the interactionΦK R 1 = (ΦK R 1
Λ )Λ⋐Z generates the specification

γD and is UAC. However, ΦK R 1 is not translation-invariant, because

ΦK R 1
{−1,0,1}(ω) =β (1+ω0)(2ζ(α)−2−ω−1−ω1)

and for all k ∈Z \ {0}, one has ΦK R 1
{k−1,k ,k+1} ≡ 0.
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Kozlov’s second way of regrouping produces the following interaction for the
specification γD :

ΦK R 2
Λ :=























∑

ℓ≤ j≤ℓ+2

Φ−{ℓ, j }, if Λ= [ℓ,ℓ+2]∩Z, ℓ ∈Z;

∑

ℓ+2k−1< j≤ℓ+2k

Φ−{ℓ, j }, if Λ= [ℓ,ℓ+2k ]∩Z, ℓ ∈Z, k ∈N \ {1};

0, otherwise,

(2.33)

This time, by the construction, the produced interaction ΦK R 2 is translation-
invariant, but not UAC. In fact, for k ≥ 2, one has the following for ∥ΦK R 2

[0,2k ]∥∞:

∥ΦK R 2
[0,2k ]∥∞ =

2k
∑

i=2k−1+1

4β

iα
, (2.34)

thus for all k ≥ 2,
∥ΦK R 2
[0,2k ]∥∞ ≥ 2β ·2(1−α)k . (2.35)

Hence for α ∈ (1, 2], one has

∑

0∈V ⋐Z
∥ΦK R 2

V ∥∞ ≥
∞
∑

k=2

(2k +1)∥ΦK R 2
[0,2k ]∥∞ ≥ 2β ·

∞
∑

k=2

2(2−α)k = ∞. (2.36)

Thus ΦK M 2 is not a UAC interaction.

Remark 2.3.5. Although Kozlov’s method does not yield interactions for the speci-
fication of the Dyson model having desired algebraic and summability properties,
Grimmett’s vacuum interaction Φ− given by (2.31) already possesses these proper-
ties. However, Grimmett’s vacuum interaction does not always have good summa-
bility properties and, in fact, it often lacks the UAC property.

2.4 Main Results I: An Interaction-Independent Variational-
Principle on Zd and its Consequences

2.4.1 An Interaction-Independent Variational Principle

In probability theory, there are several notions that aim to measure the discrep-
ancy between probability measures. One such concept is relative entropy, which
plays a key role in both information theory and statistics and is also important in
the formulation of the variational principle in Mathematical Statistical Mechan-
ics.

43



On the Gibbs formalism in Dynamical Systems

Consider probability measures τ,µ ∈ M1(Ω) with full support, i.e., for any
cylindrical set [σΛ], σ ∈ Ω, Λ ⋐ Zd , one has τ([σΛ]) > 0 and µ([σΛ]) > 0. For a
finite volume Λ⋐Zd , consider the marginals τΛ and µΛ of probability measures
τ and µ which are finite-volume measures on the sub-sigma algebraFΛ. By the
full-support condition, one hasτΛ≪µΛ and vice versa. Then the relative entropy
H (τΛ|µΛ) of τΛ relative to µΛ is

H (τΛ|µΛ) :=

∫

Ω

log
dτΛ
dµΛ

dτΛ (2.37)

=
∑

σΛ∈E Λ

τ([σΛ]) log
τ([σΛ])
µ([σΛ])

.

By a direct application of the Jensen inequality, one can show that H (τΛ|µΛ) ≥
0. However, for the infinite volume measures τ and µ, it is often the case that
H (τ|µ) = +∞which is not a quite useful information in comparing τ to µ. Nev-
ertheless, in the case of infinite volume measures, the specific relative entropy –
which can be interpreted as the relative entropy per site – gives some informa-
tion. Recall that the specific relative entropy h (τ|µ) of τ relative to µ is defined
by

h (τ|µ) := lim
n→∞

1

Λn
H (τΛn

|µΛn
) (2.38)

provided the limit exists.
Now consider a translation-invariant UAC interaction Φ on Ω. Then one has

the following, the so-called variational principle for translation-invariant Gibbs
measures for the interaction Φ. In order to stress the difference, we state two ver-
sions of the variational principle in separate statements. Yet, these versions are
equivalent, at least in the case where the specification is generated by a translation-
invariant UAC interaction.

First, for the UAC interaction Φ, define a continuous function (potential) by

uΦ :=−
∑

0∈V ⋐Zd

1

|V |
ΦV

which is interpreted in Statistical Mechanics as the energy contribution from (the
neighbourhood of) the origin.

Theorem 2.4.1. [16, Chapter 15]

(VP1) Let µ ∈GS (Φ) and τ ∈M1,S (Ω), then the specific relative entropy h (τ|µ) of τ
with respect to µ exists and

h (τ|µ) = 0 ⇐⇒ τ ∈GS (Φ). (2.39)
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(VP2) The translation-invariant Gibbs measures for the interaction Φ are exactly
the equilibrium states for the potential uΦ and vice versa, i.e., GS (Φ) = ES (uΦ).
In other words, for a translation-invariant measure µ ∈M1,S (Ω), one has

h (µ) +

∫

Ω

uΦdµ= sup
¦

h (τ) +

∫

Ω

uΦdτ :τ ∈M1,S (Ω)
©

⇐⇒ µ ∈GS (Φ).

(2.40)

Remark 2.4.2. In [25], Pfister proves that for any translation-invariant probability
measure τ ∈M1,S (Ω) and every translation-invariant measure µ ∈M1,S (Ω)which
is asymptotically decoupled from above, the relative entropy h (τ|µ) exists. Note
that a measure ν ∈ M1(Ω) is asymptotically decoupled from above if there exist

g :N→N and c :N→ [0,∞) with lim
n→∞

g (n )
n
= 0 and lim

n→∞

c (n )
|Λn |

= 0 such that for

every i ∈Zd , n ∈N, A ∈FΛn+i and all B ∈Fi+Λn+g (n )
, one has

ν(A ∩B )≤ e c (n )ν(A)ν(B ). (2.41)

Any Gibbs measure, in the sense of Definition 2.2.4, is asymptotically decoupled
from both above and below, namely together with the upper bound (2.41), the fol-
lowing lower bound also holds for ν:

e −c (n )ν(A)ν(B )≤ ν(A ∩B ). (2.42)

In the first statement of Theorem 2.4.1, all participating quantities and no-
tions are independent of the form of interaction Φ. Therefore, it is reasonable
to expect a generalisation of the statement to the Gibbsian specifications. In the
light of Theorem 2.3.1, such a generalisation would be strictly stronger than the
first statement of Theorem 2.4.1. In [22], the authors proved such a generalisa-
tion.

Theorem 2.4.3. [22] Let γ be a translation-invariant Gibbsian specification and
µ ∈GS (γ). Then for all τ ∈M1,S (Ω), the specific relative entropy h (τ|µ) exists and

h (τ|µ) = 0 ⇐⇒ τ ∈GS (γ).

The purpose of this section is to state the VP2 in terms of specifications. To do
so, first, we have to extend certain interaction-dependent thermodynamic quan-
tities such as the notion of the contribution to energy from the origin to the setup
of specifications.

Henceforth, ≤ denotes the lexicographic order in the lattice Zd , and for i , j ∈
Zd with i ≤ j , [i , j ] := {k ∈ Zd : i ≤ k ≤ j }. Open and half-open intervals are also
defined analogously. For n ∈ N, Λn denotes the volume [−n , n ]d ∩Zd . Consider
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a translation-invariant probability measure ρ ∈M1,S (Ω), and define a function
interpreted as the contribution to the energy from the origin by

uργ (ω) :=

∫

Ω

log
γ{0}(ω0|θ<0ω>0)
γ{0}(θ0|θ<0ω>0)

ρ(dθ ), ω ∈Ω. (2.43)

Remark 2.4.4. Note that the notion of the contribution to the energy from the ori-
gin that we have introduced above generalise the corresponding notion in Statis-
tical Mechanics. This can be illustrated through the concept of physical equiva-
lence. In fact, if a translation-invariant Gibbsian specification γ is generated by a
translation-invariant UAC interaction Φ, then uργ is physically equivalent to uΦ =

−
∑

0∈V ⋐Zd

1

|V |
ΦV , i.e., there exists a constant C ∈R such that for allτ ∈M1,S (Ω), one

has

∫

Ω

uργ dτ=

∫

Ω

uΦdτ+C . In particular, all functions uργ parameterised by the

translation-invariant probability measures ρ ∈M1,S (Ω) are physically equivalent
to each other. It should also be noted that if the reference measureρ is a Dirac mea-
sure δ+++ where +++ is a constant configuration with +++i = + ∈ E for all i ∈ Zd , then
(2.43) provides the following function:

u+++γ (ω) := log
γ{0}(ω0|+<0ω>0)
γ{0}(+0|+<0ω>0)

, ω ∈Ω. (2.44)

The following theorem is a natural generalisation of the second part (VP2) of
Theorem 2.4.1 to the setup of specifications.

Theorem 2.A. Assume γ is a translation-invariant Gibbs specification onΩ. Then
the translation-invariant Gibbs measures for γ are exactly the equilibrium states
for the potential uργ and vice versa, i.e., GS (γ) = ES (uργ ). In other words,

h (µ)+

∫

Ω

uργ dµ= sup
¦

h (τ)+

∫

Ω

uργ dτ :τ ∈M1,S (Ω)
©

⇐⇒ µ ∈GS (γ). (2.45)

We shall present a proof of Theorem 2.A in Section 2.6. It should be noted
that our proof of the theorem yields, as a byproduct, the following formula for
the specific relative entropy h (τ|µ) of a translation measure τ with respect to a
Gibbs measure µ.

Corollary A.1. Let µ be a translation-invariant Gibbs measure prescribed by a
Gibbsian specification γ and τ be a translation-invariant measure on Ω. Then for
the specific relative entropy h (τ|µ), one has

h (τ|µ) = −h (τ)− lim
n→∞

1

|Λn |

∫

Ω

logγΛn
(ωΛn
|ωΛc

n
)τ(dω). (2.46)
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So far, we have not established any regularity properties of the function uργ ,
which is associated with a translation-invariant Gibbsian specificationγvia (2.43).
We now demonstrate that uργ possesses the extensibility property. Recall that
a continuous potential φ : Ω → R satisfies the extensibility condition if for all
a , b ∈ E the sequence

F b ,a
n (ω) :=
∑

i∈Λn

�

φ ◦Si (ω
b )−φ ◦Si (ω

a )
�

converges uniformly onω ∈Ω as n→∞, here the configurationωa is given by

ωa
k =

¨

a , k = 0,

ωk , k ∈Zd \ {0}.

Proposition 2.4.5. Let γ be a translation-invariant Gibbsian specification on Ω.
Then uργ satisfies the extensibility condition.

Proof. Pick any a , b ∈ E andω ∈Ω. One can check that for any n ∈N,

F b ,a
n (ω) =
∑

i∈Λn

�

uργ ◦Si (ω
b )−uργ ◦Si (ω

a )
�

=
∑

i∈Λn
i<0

∫

Ω

log
γ{0}((ωi )0|θ<0(ω(i ,0)b0ω>0)>0)
γ{0}(θ0|θ<0(ω(i ,0)b0ω>0)>0)

ρ(dθ )

−
∑

i∈Λn
i<0

∫

Ω

log
γ{0}((ωi )0|θ<0(ω(i ,0)a0ω>0)>0)
γ{0}(θ0|θ<0(ω(i ,0)a0ω>0)>0)

ρ(dθ ) + F b ,a
0 (ω).

Then, by applying the bar moving property, one gets

F b ,a
n (ω)− F b ,a

0 (ω) =
∑

i∈Λn
i<0

∫

Ω

log
γ{0,−i }
�

(ωi )0(b0)−i |θ<0(ω(i ,0)ω>0) >0
̸=−i

�

γ{0,−i }
�

θ0(b0)−i |θ<0(ω(i ,0)ω>0) >0
̸=−i

� ρ(dθ )

+
∑

i∈Λn
i<0

∫

Ω

log
γ{0,−i }
�

θ0(a0)−i |θ<0(ω(i ,0)ω>0) >0
̸=−i

�

γ{0,−i }
�

(ωi )0(a0)−i |θ<0(ω(i ,0)ω>0) >0
̸=−i

�ρ(dθ ),

and thus

F b ,a
n (ω)− F b ,a

0 (ω) =

∑

i∈Λn
i<0

∫

Ω

log
γ{−i }((b0)−i |θ<0(ω[i ,0)ω>0) ≥0

̸=−i
)

γ{−i }((a0)−i |θ<0(ω[i ,0)ω>0) ≥0
̸=−i
)
·
γ{−i }((a0)−i |θ≤0(ω(i ,0)ω>0) >0

̸=−i
)

γ{−i }((b0)−i |θ≤0(ω(i ,0)ω>0) >0
̸=−i
)
ρ(dθ ).
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Hence by the translation-invariance of γ and ρ,

F b ,a
n (ω)− F b ,a

0 (ω) =

=
∑

i∈Λn
i<0

∫

Ω

log
γ{0}(b0|θ<iω[i ,0)ω>0)
γ{0}(a0|θ<iω[i ,0)ω>0)

ρ(dθ )−
∑

i∈Λn
i<0

∫

Ω

log
γ{0}(b0|θ≤iω(i ,0)ω>0)
γ{0}(a0|θ≤iω(i ,0)ω>0)

ρ(dθ )

=

∫

Ω

log
γ{0}(b0|θ<minΛn

ω[minΛn ,0)ω>0)
γ{0}(a0|θ<minΛn

ω[minΛn ,0)ω>0)
ρ(dθ )−
∫

Ω

log
γ{0}(b0|θ<0ω>0)
γ{0}(a0|θ<0ω>0)

ρ(dθ ).

Thus

F b ,a
n (ω) =

∫

Ω

log
γ{0}(b0|θ<minΛn

ω[minΛn ,0)ω>0)
γ{0}(a0|θ<minΛn

ω[minΛn ,0)ω>0)
ρ(dθ ) ▶

▶

n→∞
ω∈Ω

log
γ{0}(b0|ωZd \{0})
γ{0}(a0|ωZd \{0})

.

(2.47)

2.4.2 Erasure entropies

In the rest of this section, we restrict ourselves to the one-dimensional setup, i.e.,
d = 1.

For the measure-theoretic entropy of a translation-invariant measure τ on
the shift space Ω= E Z, one can prove that

h (τ) =−
∫

Ω

logτ(ω0|ω>0)τ(dω). (2.48)

One can generalise the above formula for any finite set Λ⋐Z+ by

h (τ) =−
1

|Λ|

∫

Ω

logτ(ωΛ|ωZ+\Λ)τ(dω). (2.49)

These formulas are valid if one conditions on the past instead of the future. It
is then natural to ask whether these formulas remain valid if the one-sided con-
ditioning is replaced with two-sided conditioning. In fact, by substituting the
one-sided conditioning with two-sided conditioning in (2.48), one obtains the
erasure entropy h−(τ) of the measure τ [29], namely,

h−(τ) =−
∫

Ω

logτ(ω0|ω{0}c )τ(dω). (2.50)

It should be stressed that a similar formula to (2.49) does not hold for the erasure
entropies; therefore, for a finite volume Λ ⋐ Z, the erasure entropy of τ in Λ is
defined in [11] as

h−Λ (τ) :=−
∫

Ω

logτ(ωΛ|ωΛc )τ(dω). (2.51)
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The erasure entropy is always less than, and generally not equal to, the measure-
theoretic entropy. However, in the limit, one can expect the equality of these two
notions as the following theorem states.

Theorem 2.4.6. [11] Assume τ be a translation-invariant Gibbs measure for a
translation-invariant UAC interaction Φ, i.e., τ ∈GS (Φ). Then

lim
Λ↑Z

1

|Λ|
h−Λ (τ) = h (τ). (2.52)

The following corollary of Theorem 2.A enables us to extend the above result to
any translation-invariant Gibbs measure.

Corollary 2.4.7. Let τ be a translation-invariant Gibbs measure on Ω= E Z. Then

lim
n→∞

1

|Λn |
h−Λn
(τ) = h (τ). (2.53)

2.5 Main Results II: Gibbs formalism on Z+

2.5.1 DLR-Gibbs formalism on Z+
In this section, we work on the half-line Z+, denoting the configuration space
E Z+ by X+, with the left-shift (or translation) map S acting on X+ as follows: for
x ∈ X+, and all i ∈Z+, (S x )i = xi+1.

Let
*
γ be a non-null specification on X+. Set

g̃0(x ) :=
*
γ{0}(x0|x∞1 ), x ∈ X+, (2.54)

and for all n ≥ 1, consider a function g̃n : X+→ [0, 1] given by

g̃n (x ) :=

*
γ [0,n ](x

n
0 |x∞n+1)

*
γ [0,n−1](x

n−1
0 |x

∞
n )

, x ∈ X+. (2.55)

Note that by the construction, for all n ≥ 0, one has

*
γ [0,n ](x

n
0 |x
∞
n+1) =

n
∏

k=0

g̃k (x ), x ∈ X+. (2.56)

The functions {g̃n , n ∈Z+} has the following properties:

Proposition 2.5.1. (1) For all n ≥ 0, g̃n is a positive function, and g̃n ∈F[n ,∞),
i.e., g̃n is independent of the first n −1 coordinates.

(2) For all n ≥ 0, and x ∈ X+,
∑

yn∈E

g̃n (yn x∞n+1) = 1.
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Proof. (1) Positivity follows from the non-nullness of the specification
*
γ. The in-

dependence from the first n−1 coordinates follows from the bar moving property
(2.3).

(2) Firstly, since
*
γ is a specification, for all x ∈ X+,

∑

x̄0∈E

g̃0(y0 x∞1 ) = 1. Fix

n ≥ 1, and assume that the statement is correct for all k < n . Then, since
*
γ is a

specification, by the first part of the proposition and from (2.56), for all x ∈ X+,
one has

1=
∑

y n
0 ∈E n+1

n
∏

k=0

g̃k (y
n

k x∞n+1)

=
∑

yn∈E

g̃n (yn x∞n+1)
∑

yn−1∈E

g̃n−1(y
n

n−1 x∞n+1) · · ·
∑

y0∈E

g̃0(y
n

0 x∞n+1)

=
∑

yn∈E

g̃n (yn x∞n+1)

Remark 2.5.2. The first part of Proposition 2.5.1 yields that for all n ∈ Z+, there
exists a positive measurable function gn on X+ such that g̃n = gn ◦S n . Then the sec-
ond part of Proposition 2.5.1 is equivalent to that for all n ≥ 0, gn is a g−function

[20] on X+, i.e., for all x ∈ X+,
∑

a∈E

gn (a x ) = 1.

In terms of gn ’s, (2.56) reads

*
γ [0,n ](x

n
0 |x
∞
n+1) =

n
∏

k=0

gk ◦S k (x ) = exp
�

n
∑

k=0

log gk ◦S k (x )
�

, x ∈ X+. (2.57)

Thus, a non-null specification on X+ uniquely determines a sequence of g -functions.
Now consider the opposite situation: assume that a sequence ϕ̄ := {ϕk : k ∈ Z+}
of Borel functions on X+ is given. For all Λ⋐Z+, define

*
γ
ϕ̄

Λ (yΛ|xΛc ) :=
exp (
∑n

k=0ϕk ◦S k (yΛxΛc ))
∑

ȳΛ∈E Λ exp (
∑n

k=0ϕk ◦S k ( ȳΛxΛc ))
, y , x ∈ X+, (2.58)

where n := maxΛ. Then one can readily check that the family
*
γ
ϕ̄

:= (
*
γ
ϕ̄

Λ )Λ⋐Z+
is indeed specification densities, therefore, one can associate a non-null spec-
ification with the sequence ϕ̄. Then we conclude that there is an association
between the non-null specifications on X+ and the generalized Birkhoff sums

Sn ϕ̄ :=
n−1
∑

i=0

φi ◦S i , n ∈ N, where each ϕi is a Borel function. However, this asso-

ciation is not one-to-one, in fact, different generalized Birkhoff sums might give
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rise to the same specification which leads to the notion of physical equivalence
of potentials [10]. In terms of cocycles on Z+, this means that any measurable
(continuous) cocycle ρ on X+ is given by

ρ(ω,ω′) =
∞
∑

k=0

[ϕk ◦S k (ω)−ϕk ◦S k (ω′)], (ω,ω′) ∈T(X+), (2.59)

where each φk is a measurable (continuous) function on X+, and vise versa, i.e.,
for any sequence {ϕk }k∈Z+ of measurable (continuous) functionsϕk : X+→R, k ≥
0, (2.59) defines a measurable (continuous) cocycle on T(X+).

Now consider a measurable (continuous) cocycleρ on X+. We define the base
of the cocycle ρ by the following formula:

ρ0(ω,ω′) =ρ(ω,ω′)−ρ(Sω,Sω′), (ω,ω′) ∈T(X+). (2.60)

Then it is clear thatρ0 is also a measurable cocycle on T(X+), and it is continuous
if ρ is continuous. Furthermore, one has the following important identity for ρ:

ρ(ω,ω′) =
∞
∑

k=0

ρ0(S
kω,S kω′), (ω,ω′) ∈T(X+). (2.61)

2.5.2 Interactions on the lattice Z+

Now we turn to the interaction on X+ = E Z+ . By following the concept of transla-
tion-invariant interactions on Z, we define such a notion for the interactions on
Z+. Note that we also use the term one-sided interaction for the interactions on

X+. We again define the translation-invariance of a one-sided interaction
*
Φ with

(2.25), but this time we only assume that Λ runs over the finite subsets of Z+, i.e.,
for all Λ⋐Z+, the following holds true

*
ΦΛ ◦S =

*
ΦΛ+1. (2.62)

Note that the restriction of a translation-invariant interaction Φ on Ω= E Z to X+
remains translation-invariant. Simultaneously, any left-shift invariant interac-

tion
*
Φ on X+ can be extended toΩ by translation, namely, the translated interac-

tion Φ is defined for the volumes Λ ⋐ Z with minΛ < 0 by ΦΛ :=
*
ΦΛ−minΛ ◦S minΛ

(note that S is invertible on Ω). Thus there is a one-to-one correspondence be-
tween the translation-invariant interactions onΩ and X+. It should also be men-

tioned that one-sided translation-invariant interaction
*
Φ does not give rise to

a "translation-invariant" specification γ
*
Φ on Z+ in a sense that the associated

cocycle ρ
*
Φ satisfies ρ

*
Φ(ω,ω′) = ρ

*
Φ(Sω,Sω′) (note that we define translation-

invariant specifications in Subsection 2.5.5 in a slightly different way).
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We should note that there is a one-to-one correspondence between the trans-
lation -invariant UAC interactions on X+ and the continuous potentials in C (X+).
In fact, any translation-invariant UAC interactionΦ on X+ can be associated with
a continuous potentialφ ∈C (X+) by the following formula:

φ =−
∑

0∈V ⋐Z+

*
ΦV . (2.63)

Then, in fact, one can check that for all n ∈N,

Snφ =
n−1
∑

i=0

φ ◦S i =−H
*
Φ
[0,n−1] (2.64)

where H
*
Φ
[0,n−1] is the Hamiltonian in the volume V , i.e., H

*
Φ
[0,n−1] =
∑

V ⋐Z+
V ∩[0,n−1]̸=;

*
ΦV .

Hence
*
γ
φ
= γ

*
Φ, in other words, the one-sided interaction

*
Φ and the function φ

are the same from the viewpoint of Thermodynamic Formalism.
The opposite of the above observation is also true. More precisely, as the fol-

lowing proposition states, with any continuous function φ, one can associate

an (in fact, many) translation-invariant one-sided UAC interaction
*
Φ satisfying

(2.63).

Proposition 2.5.3. For any potentialφ ∈C (X+), there exists a translation-invariant

UAC interaction
*
Φ on X+ such thatφ =−

∑

0∈V ⋐Z+

*
ΦV .

Proof. It is an immediate application of the Stone-Weirstrass theorem to show
that for the potential φ, there exists a sequence { fn}n∈N of local functions on X+
such that φ =

∑

n∈N
fn and
∑

n∈N
∥ fn∥∞ <∞. Let Λn denote the finite volume on

which the local function fn is based. We define an interaction
*
Φ on X+ as follows:

*
ΦΛ =− fn if Λ is a translation of Λn , otherwise,

*
ΦΛ = 0. Then by the construction,

*
Φ is translation-invariant interaction on X+ and satisfies the conditions of the
proposition.

Remark 2.5.4. By Theorem 2.2.5 and using the arguments in Subsection 2.5.1,
we summarise the correspondence between the UAC interactions and the Birkhoff
sums on X+ in the following box:

2.5.3 G-measures and their relationship with the DLR-Gibbs measures

So far, we have not needed an algebraic structure in the state space E and the
configuration space X+. Now, we identify the state space E with the finite cyclic
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(General) UAC interactions ⇐⇒ Generalized Birkhoff sums

Translation-invariant UAC interactions ⇐⇒ Birkhoff sums

group Zl = Z/lZ ≃ {0, 1, · · · , l − 1}, where l = |E |. For the configurations ω,ω′ ∈
X+, we denote the coordinate-wise addition byω+ω′, i.e.,ω+ω′ = (ωi +ω

′
i )i∈Z+ .

Then, clearly, X+ becomes a compact Abelian group. We denote the direct sum
⊕

Z+

E by Γ . Note that Γ ⊂ X+, and ω ∈ X+ is in Γ iff there exists ∆ ⋐ Z+ such that

ωi = 0 for all i ∈ ∆c . For each ∆ ⋐ Z+, one can define a subgroup Γ∆ of Γ by
Γ∆ := {ω ∈ Γ :ωi = 0, i ∈∆c }. Then it is clear that Γ =

⋃

∆⋐Z+

Γ∆.

Now consider a family G := (GΛ)Λ⋐Z+ of nonnegative Borel functions GΛ :
X+→ [0, 1]. G is called compatible if for all∆⊂Λ⋐Z+,

GΛ(x +ω)G∆(ω) =GΛ(ω)G∆(x +ω), x ∈ Γ∆,ω ∈ X+, (2.65)

and normalized if for all Λ⋐Z+,
∑

ξΛ∈E Λ

GΛ(ξΛηΛc ) = 1. (2.66)

We call a compatible normalized family G = (GΛ)Λ⋐Z+ a G-family [4].
Note that each x ∈ Γ defines a map x : X+→ X+ byω 7→ x (ω) = x+ω. Then let

x∗ :M1(X+)→M1(X+) denote the pushforward of x . For a probability measure
ν ∈M1(X+) and a finite volume Λ⋐Z+, define

νΛ :=
1

l |Λ|

∑

x∈ΓΛ

x∗ν. (2.67)

Then it is clear that ν ≪ νΛ since e∗ν = ν where e is the neutral element of the
group Γ .

Definition 2.5.5. [4] A probability measure ν ∈M1(X+) is called a G-measure, if
there exists a G-family G = (GΛ)Λ⋐Z+ such that for all Λ⋐Z+,

dν

dνΛ
= l |Λ|GΛ. (2.68)

A G−measure ν is called g-measure if for the associated G−family, one has

G[0,n+1]∩Z+
G[0,n ]∩Z+

=G{0} ◦S n+1, n ∈Z+. (2.69)

The g−measures have applications in harmonic analysis, in particular, in the
theory of Riesz products [20]. Inspired by these applications of g -measures, Brown
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and Dooley developed G -formalism by extending the concept of g -measures and
utilising the formalism of Riesz products [4]. However, the following simple propo-
sition and Theorem 2.B demonstrate that the notions of G -family and G -measure
are equivalent to the notions of specification and DLR-Gibbs measures on X+.

Proposition 2.5.6. (i) Let G = (GV )V ⋐Z+ be a G-family, then γ = (γV )V ⋐Z+ de-
fined by

γV (ξV |ηV c ) :=G (ξV ηV c ), V ⋐Z+, ξV ∈ E V , η ∈ X+, (2.70)

is a family of specification densities.

(ii) Let γ be a specification on X+, then

GV (x ) := γV (xV |xV c ), x ∈ X+, V ⋐Z+ (2.71)

is a G-family.

Proof. "(i)" By the normalization condition (2.66), for allη ∈ X+,
∑

ξV ∈E V

γV (ξV |ηV c ) =

1. Then for∆⊂Λ⋐L,ω,η ∈ X+, by the compatibility condition (2.65),

γ∆(η∆|ηΛ/∆ωΛc )
∑

σ∆∈E ∆

γΛ(σ∆ηΛ/∆|ωΛc ) =G∆(ηΛωΛc )
∑

σ∆

GΛ(σ∆ηΛ\∆ωΛc )

(2.65)
=
∑

σ∆

�

G∆(σ∆ηΛ\∆ωΛc )GΛ(ηΛωΛc )
�

(2.66)
= GΛ(ηΛωΛc )

= γΛ(ηΛ|ωΛc ).

"(ii)" Clearly, G is a normalized family. To prove compatibility, take any x∆ ∈
E ∆ andω ∈ X+, then

GΛ(ω)G∆(x∆ω∆c ) = γΛ(ωΛ|ωΛc )γ∆(x∆|ω∆c )
(2.2)
= γ∆(x∆|ω∆c )γ∆(ω∆|ω∆c )

∑

σ∆

γΛ(σ∆ωΛ\∆|ωΛc )

(2.2)
= γ∆(ω∆|ω∆c )γΛ(x∆ωΛ\∆|ωΛc )

=G∆(ω)GΛ(x∆ω∆c ).

Remark 2.5.7. The above proposition establishes a one-to-one correspondence be-
tween specifications and G−families on X+. Furthermore, a G-family is positive
(continuous) if and only if the associated specification is non-null (qusilocal).
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Theorem 2.B. Let G be a family and γ be the associated specification. Then µ is a
G-measure for G if and only if µ ∈G (γ).

We postpone the proof of Theorem 2.B until Section 2.6.
As we have already seen in this subsection and Subsection 2.2.3, the notions

of non-null specification, positive G-family and cocycle are equivalent in the half-
line setup. Due to this fact, we have been able to derive equations for the associ-
ated DLR-Gibbs measures in terms of specifications and G-families. By the next
theorem, we derive such an equation for the associated DLR-Gibbs measures in
terms of the cocycles.

Theorem 2.5.8. Let G be a positive G-family on X+ and ρ be the associated mea-
surable cocycle (c.f., (2.12) and (2.70) ). Then ν is a G-measure for G , or equiv-
alently, ν is a DLR-Gibbs measure for the corresponding specification γ = γρ (c.f.,
(2.9)), if and only if for all y ∈ Γ , y∗ν≪ ν, and the following equations are satisfied:

d (y∗ν)
dν

(ω) = expρ(ω,ω− y ), ν− a.e.,ω ∈ X+. (2.72)

Proof. "if": Assume that for all y ∈ Γ , y∗ν≪ ν and (2.72) is satisfied. Then from
(2.9) and (2.71), for all Λ⋐Z+ and for ν− almost everyω ∈ X+,

dνΛ
dν
(ω) =

1

l |Λ|

∑

x∈ΓΛ

d (x∗ν)
dν

(ω) =
1

l |Λ|

∑

x∈ΓΛ

e ρ(ω,ω−x ) =
1

l |Λ|

∑

ξΛ∈E Λ

e −ρ(ξΛωΛc ,ω)

=
1

l |Λ|GΛ(ω)
.

"only if": Let ν be a G-measure for G , and take any y ∈ Γ , and let y ∈ ΓΛ. Consider
the measure y∗ν. It can be checked that

(y∗ν)Λ =
1

l |Λ|

∑

x∈ΓΛ

x∗(y∗ν) =
1

l |Λ|

∑

x∈ΓΛ

(x + y )∗ν= νΛ.

Clearly, y∗ν ≪ νΛ and let f :=
d (y∗ν)

dνΛ
. Then for all B ∈ F , one has ν(B − y ) =

∫

B

f dνΛ, and hence

ν(B ) =

∫

X+

f ·1B+y dνΛ =

∫

X+

f ◦ y ·1B d (νΛ ◦ y ). (2.73)

Note that νΛ ◦ y =
1

l |Λ|

∑

x∈ΓΛ

(ν◦ x )◦ y =
1

l |Λ|

∑

x∈ΓΛ

ν◦ (x + y ) = νΛ. Hence (2.73) yields

dν

dνΛ
= f ◦ y , νΛ- a.e. Thus since ν is a G-measure for G , (2.68) implies that for
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νΛ−a.e. ω ∈ X+, f (ω) = l |Λ|GΛ(ω− y ), therefore,

d (y∗ν)
dνΛ

= l |Λ|GΛ ◦ (−y ), νΛ-a.e. . (2.74)

Then by again applying (2.68), one has

d (y∗ν)
dν

(ω) =
GΛ(ω− y )

GΛ(ω)
, ν-a.e. ω ∈ X+. (2.75)

2.5.4 Gibbsianness in dynamical systems

We have defined the specifications in the half-line context in Subsection 2.5.1,
and established the relationship between the generalised Birkhoff sums and the
specifications. In the theory of dynamical systems, a specification associated
with Birkhoff sums via (2.58) is particularly interesting. Note that in this case,

for a continuous function (potential)φ : X+→R, the specification
*
γ
φ

:=
*
γ
(Snφ)

is
given by

*
γ
φ

Λ (aΛ|xZ+\Λ) =
exp
�

(Sn+1φ)(aΛxZ+\Λ)
�

∑

āΛ∈E Λ
exp
�

(Sn+1φ)(āΛxZ+\Λ)
� , a , x ∈ X+,Λ⋐Z+, n :=maxΛ.

(2.76)
It should be noted that there are Gibbsian specifications on X+ which can not be
associated with any φ ∈ C (X+) via (2.76). Below we give an example of such a
specification.

Example 2.5.9. Consider the following cocycle on Ω+:

ρ(ω,ω′) =
∞
∑

k=0

(k +1)(ωk −ω′k ), (ω,ω′) ∈T(Ω+). (2.77)

Note that ρ corresponds to the generalized Birkhoff sum
n−1
∑

k=0

(k +1)(σ0 ◦S k ), n ≥ 0.

The associated specification γρ can not be generated by someφ ∈C (X+) via (2.76)
(c.f. Theorem C1), since

sup
(ω,ω′)∈T(Ω+)

�

�

�

∞
∑

k=1

�

σ0 ◦S k (ω)−σ0 ◦S k (ω′)
�

�

�

�=∞.
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We call a specification γ on Z+ dynamical if γ can be generated by someφ ∈
C (X+) via (2.76). Equivalently, γ is dynamical if and only if the associated cocycle
ργ (c.f., (2.12)) is Gibbs, i.e., for someφ ∈C (X+),

ργ(ω,ω′) =
∞
∑

k=0

�

φ ◦S k (ω)−φ ◦S k (ω′)
�

, (ω,ω′) ∈T(Ω+). (2.78)

Remark 2.5.10. In fact, by the discussion at the end of Subsection 2.5.2 (see Remark
2.5.4), the dynamical specifications on X+ are exactly the specifications which are
generated by the translation-invariant UAC interactions on X+.

By Example 2.5.9, it is an interesting question to know when a Gibbsian speci-
fication is dynamical. Note that this question was also asked in [9]. The following
statement answers this question:

Theorem 2.C. Assume that γ is a Gibbsian specification on X+ and ργ is the cor-
responding cocycle. Letρ

γ
0 (ω,ω′) =ργ(ω,ω′)−ργ(Sω,Sω′), (ω,ω′) ∈T(X+) be the

base of the cocycleργ. Then the following statements are equivalent to each other:

(i) γ is a dynamical specification, in the other words, γ is generated by a transla-
tion-invariant UAC interaction on X+;

(ii) ργ is a Gibbs cocycle;

(iii) the cocycleρ
γ
0 can be extended from T(X+)⊂ X+×X+ to a continuous cocycle

on the full equivalence relation X+×X+;

(iv) ρ
γ
0 is uniformly continuous onT(X+) in the induced topology (which is metriz-

able) by X+×X+.

It is often difficult to check the condition of Theorem 2.C, therefore, one needs
more practical conditions. The following theorems give us such necessary and
sufficient conditions.

Corollary C1. Let γ be a Gibbsian specification onΩ+ andργ be the corresponding
cocycle on T(Ω+). If γ is a dynamical specification (i.e., ργ is a Gibbs cocycle), then

sup
(ω,ω′)∈T(Ω+)

|ργ(ω,ω′)−ργ(Sω,Sω′)|<∞. (2.79)

Corollary C2. Assume that γ is a Gibbsian specification on Ω+ and

ργ(ω,ω′) =
∞
∑

k=0

[φk ◦S k (ω)−φk◦S k (ω′)], (ω,ω′) ∈T(Ω+),

is the cocycle corresponding to γ. If
∞
∑

k=1

||φk −φk−1||∞ <∞ (2.80)

then γ is a dynamical specification.
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We shall prove Theorem 2.C and its corollaries in Section 2.6.

2.5.5 Kozlov-Sullivan characterisation on the lattice Z+

By motivating Theorem 2.3.1, we define the translation-invariant specifications
on X+ as follows:

Definition 2.5.11. A translation-invariant interactionΦ onZ+ is called variation-
summable if

∑

0∈V ⋐Z+

δ0ΦV <∞.

We call a specification γ on Z+ a translation-invariant Gibbsian specification if
there exists a translation-invariant variation-summable interaction Φ onZ+ such
that γ= γΦ.

Remark 2.5.12. By definition, any dynamical specification is translation-invariant.
However, any translation-invariant Gibbsian specification does not need to be dy-
namical (c.f., Theorem 2.D)

Then it is an interesting question to answer if any translation-invariant Gibb-
sian specification on Z+ can be associated with a translation-invariant invari-
ant UAC interaction on Z+. Note that Theorem 2.2.5 implies that any one-sided
Gibbsian specification, in particular, a translation-invariant one can be associ-
ated with a UAC interaction; however, the associated interaction does not always
need to be translation-invariant as the following theorem states:

Theorem 2.D. There exists a left-shift invariant Gibbsian specification onZ+, which
can not be associated with a translation-invariant UAC interaction.

We shall give an explicit example of an interaction satisfying conditions of
Theorem 2.D in the next section.

2.6 Proofs of the Main results

2.6.1 Proof of Theorem 2.3.4

Fix a periodic configuration θ ∈ Ω, i.e., Sθ = θ . For every Λ ⋐ Z consider a func-
tion defined by

ΦθΛ(ωΛ) :=
∑

V ⊂Λ
V ̸=;

(−1)|Λ\V | log
γV (θV |θV c )
γV (ωV |θV c )

, ωΛ ∈ E Λ. (2.81)
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Then Φθ := (ΦθΛ)Λ⋐Z is a translation-invariant interaction on Ω [16, 18]. Using the

interaction Φθ we define another interaction by

ΦΛ :=







∑

B∈Sℓ,i

ΦθB , if for some ℓ ∈Z and i ∈N, Λ= [ℓ,ℓ+2i ]∩Z,

0, otherwise,
(2.82)

where

Sℓ,1 := {B ⋐Z : ℓ ∈ B ⊂ [ℓ,ℓ+2]}.

and for i ≥ 2

Sℓ,i := {B ⋐Z : ℓ ∈ B ⊂ [ℓ,ℓ+2i ], B ̸⊂ [ℓ,ℓ+2i−1]}.

It can be checked that Φ = (ΦΛ)Λ⋐Z is also a translation-invariant interaction
on Z, and under condition (2.29), Φ is also UAC and generates γ [21]. Further-
more, the following estimation is also valid for Φ: for all ℓ ∈Z and i ≥ 2,








Φ[ℓ,ℓ+2i ]










∞
≤ C v (2i−1), (2.83)

where C > 0 is a constant independent of both ℓ ∈Z and i ∈N. Then

∑

min V ≤0<max V

∥ΦV ∥∞ =
∞
∑

i=1

0
∑

ℓ=−2i+1

∥Φ[ℓ,ℓ+2i ]∥∞

=
0
∑

ℓ=−1

∥Φ[ℓ,ℓ+2i ]∥∞+
∞
∑

i=2

0
∑

ℓ=−2i+1

∥Φ[ℓ,ℓ+2i ]∥∞

≤
0
∑

ℓ=−1

∥Φ[ℓ,ℓ+2i ]∥∞+C
∞
∑

i=2

2i+2v (2i−1)

< ∞.

Thus by Theorem 8.39 in [16], it can be concluded that #G (Ω,Φ) = #G (Ω,γ) = 1.

2.6.2 Proof of Theorem 2.A

We start this subsection by proving the following important proposition. Fix a
state + ∈ E and denote the constant configuration, where every component is in
the state + by+++.

Proposition 2.6.1. (i) The sequence
¦

−
1

|Λn |
logγΛn

(+Λn
|ωΛc

n
)
©

n∈N
converges uni-

formly onω ∈Ω to a constant P+++(γ) as n→∞.
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(ii) For ρ ∈ M1,S (Ω), the sequence
¦

−
1

|Λn |

∫

Ω

logγΛn
(θΛn
|ωΛc

n
)ρ(dθ )
©

n∈N
con-

verges uniformly onω ∈Ω to a constant P ρ(γ)which depends only on γ and
ρ as n→∞.

Proof. Part (i): The proof of the first part of Proposition 2.6.1 presented below,
relies on the following lemma, whose proof can be found in [22].

Lemma 2.6.2. For the translation-invariant Gibbsian specification γ, one has

lim
n→∞

1

|Λn |
sup
ξ,η∈Ω

log
γΛn
(+Λn
|ξΛc

n
)

γΛn
(+Λn
|ηΛc

n
)
= 0. (2.84)

In the light of Lemma 2.6.2, the uniform convergence of the functional se-
quence

¦ 1

|Λn |
logγΛn

(+Λn
|•Λc

n
)
©

n∈N

follows if we show that the numerical sequence
¦ 1

|Λn |
logγΛn

(+Λn
|+Λc

n
)
©

n∈N
con-

verges.
We shall consider the vacuum interaction Φ+++ corresponding to the vacuum con-
figuration+++. By the vacuum condition, one has that

γΛn
(+++Λn
|ωΛc

n
) = Z Φ

+++

Λn
(ωΛc

n
)−1, (2.85)

where Z Φ
+++

Λn
(ωΛc

n
) is the partition function corresponding to the interaction Φ+++ in

the volume Λn . Thus we have to prove that the infinite volume pressure is well-

defined for the interactionΦ+++. Then this implies that lim
n→∞

1

|Λn |
logγΛn

(+Λn
|ωΛc

n
) =

−P (Φ+++). Note that in general, the interaction Φ+++ is not UAC, however, it is always
uniformly convergent. Therefore, the classical theorems in Statistical Mechanics
do not apply to guarantee the existence of the pressure P (Φ+++). For every r ∈ N,
we consider a finite-range interaction Φ+++,r defined by

Φ+++,r
Λ :=

¨

Φ+++Λ, if diam(Λ)≤ r ;

0, if diam(Λ)> r.
(2.86)

Note that for every r ∈ N, the interaction Φ+++,r is finite-range, therefore, the se-

quence
¦ 1

|Λn |
log Z Φ

+++,r

Λn
(ω)
©

n∈N
converges uniformly onω ∈Ω to the pressure P (Φ+++,r )

as n→∞. For every r ∈N, one can readily check by the vacuum property of the
interaction Φ+++ that
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log
Z Φ

+++

Λn
(+++)

Z Φ+
++,r

Λn
(+++)

= log

∑

ω∈ΩΛn

e
−
∑

V ⊂Λn

Φ+++V (ω)

∑

ω∈ΩΛn

e
−
∑

V ⊂Λn

Φ+++,r
V (ω)

≤ sup
ω∈ΩΛn

�

�

�

∑

V ⊂Λn
diam(V )>r

Φ+++V (ω)
�

�

�

≤
∑

i∈Λn

sup
ω∈Ω

�

�

�

∑

i∈V ⋐Z
diam(V )>r

Φ+++V (ω)
�

�

�

= |Λn |sup
ω∈Ω

�

�

�

∑

0∈V ⋐Z
diam(V )>r

Φ+++V (ω)
�

�

�. (2.87)

Thus, in particular, for any s , r ∈N, one also has

�

�

� log
Z Φ

+++,s

Λn
(+++)

Z Φ+
++,r

Λn
(+++)

�

�

� =
�

�

� log
Z Φ

+++

Λn
(+++)

Z Φ+
++,r

Λn
(+++)
− log

Z Φ
+++

Λn
(+++)

Z Φ+
++,s

Λn
(+++)

�

�

�

≤ 2|Λn |sup
ω∈Ω

�

�

�

∑

0∈V ⋐Z
diam(V )>min{s ,r }

Φ+++V (ω)
�

�

�. (2.88)

Thus by dividing both sides by |Λn | and taking limit as n →∞, one obtains that
for all s , r ∈N,

|P (Φ+++,s )−P (Φ+++,r )| ≤ 2 · sup
ω∈Ω

�

�

�

∑

0∈V ⋐Z
diam(V )>min{s ,r }

Φ+++V (ω)
�

�

�. (2.89)

Since the interaction Φ+++ is uniformly convergent, one has that

2 · sup
ω∈Ω

�

�

�

∑

0∈V ⋐Z
diam(V )>n

Φ+++V (ω)
�

�

�−−−→
n→∞

0. (2.90)

Hence (2.89) yields that the sequence {P (Φ+++,r )}r∈N is fundamental. Thus one can

immediately conclude from (2.87) that the sequence
¦ 1

|Λn |
log Z Φ

+++

Λn
(+++)
©

n∈N
is con-

vergent.
Part (ii): By the first part of Lemma 3.7 in [22], one has that

lim
n→∞

1

|Λn |

∫

Ω

log
γΛn
(θΛn
|ωΛc

n
)

γΛn
(+Λn
|ωΛc

n
)
ρ(dθ ) =

∫

Ω

log
γ{0}(θ0|+<0 θ>0)
γ{0}(+0|+<0 θ>0)

ρ(dθ ), (2.91)
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and the limit in LHS is uniform onω ∈Ω. Thus by the first part, one can conclude
the second part of the theorem, since

lim
n→∞

1

|Λn |

∫

Ω

logγΛn
(θΛn
|ωΛc

n
)ρ(dθ ) = lim

n→∞

1

|Λn |
logγΛn

(+Λn
|ωΛc

n
)

+

∫

Ω

log
γ{0}(θ0|+<0 θ>0)
γ{0}(+0|+<0 θ>0)

ρ(dθ ).

Below we prove an important statement for the energy contribution from the
origin, which will be useful in the proof of Theorem 2.A.

Proposition 2.6.3. Let γ be a translation-invariant Gibbsian specification on Ω
and uργ be the associated energy contribution from the origin as defined in (2.43).
Then for all translation-invariant probability measure τ ∈M1,S (Ω), one has that

lim
n→∞

1

|Λn |

∫

Ω

∫

Ω

log
γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
ρ(dθ )τ(dω) =

∫

Ω

uργ (ω)τ(dω). (2.92)

Proof of Proposition 2.6.3. For the specification densities γΛ, Λ ⋐ Zd , we use the
notationsγΛ(ωΛ|ωΛc ) andγΛ(ω) interchangeably. By the bar moving the property
of the specification densities, one has that

γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
=
∏

i∈Λn

γ{i }(ωi |θ[minΛn ,i )ω[minΛn ,i ]c )
γ{i }(θi |θ[minΛn ,i )ω[minΛn ,i ]c )

. (2.93)

For any ℓ1,ℓ2 ∈Zd with ℓ1 ≤ ℓ2 and θ ∈Ω, define a transformation

Θθ[ℓ1,ℓ2]
(ω) :=

¨

ωi , if i /∈ [ℓ1,ℓ2];

θi , if i ∈ [ℓ1,ℓ2].
(2.94)

If ℓ1 ≰ ℓ2, then [ℓ1,ℓ2] = ;; therefore, for allω ∈Ω, we set Θ[ℓ1ℓ2](ω) =ω. Note that

the families {Sℓ : ℓ ∈ Zd } and {Θ[ℓ1,ℓ2] : ℓ1,ℓ2 ∈ Zd ,ℓ1 ≤ ℓ2} of the transformations

on Ω have the following commutativity-type property: for any ℓ1,2,3 ∈ Zd with
ℓ1 ≤ ℓ2, one has

Sℓ3
◦Θθ[ℓ1,ℓ2]

=Θ
Sℓ3θ

[ℓ1−ℓ3,ℓ2−ℓ3]
◦Sℓ3

. (2.95)

Using the transformations {Θθ[ℓ1,ℓ2]
}ℓ1≤ℓ2

, (2.93) can be written as

γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
=
∏

i∈Λn

γ{i } ◦Θθ[minΛn ,i )(ω)

γ{i } ◦Θθ[minΛn ,i ](ω)
. (2.96)
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By the translation-invariance of the specification γ, one can write (2.96) as

γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
=
∏

i∈Λn

γ{0} ◦Si ◦Θθ[minΛn ,i )(ω)

γ{0} ◦Si ◦Θθ[minΛn ,i ](ω)
. (2.97)

Hence by the translation-invariance of the measures τ andρ, one can obtain
from (2.95) and Fubini’s theorem that

1

|Λn |

∫

Ω

∫

Ω

log
γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
ρ(dθ )τ(dω) =

=
1

|Λn |

∑

i∈Λn

∫

Ω

∫

Ω

log
γ{0} ◦Si ◦Θθ[minΛn ,i )(ω)

γ{0} ◦Si ◦Θθ[minΛn ,i ](ω)
ρ(dθ )τ(dω)

=
1

|Λn |

∑

i∈Λn

∫

Ω

∫

Ω

log
γ{0} ◦Θ

Siθ
[minΛn−i ,0) ◦Si (ω)

γ{0} ◦Θ
Siθ
[minΛn−i ,0] ◦Si (ω)

ρ(dθ )τ(dω)

=
1

|Λn |

∑

i∈Λn+minΛn

∫

Ω

∫

Ω

log
γ{0} ◦Θθ[i ,0)(ω)

γ{0} ◦Θθ[i ,0](ω)
ρ(dθ )τ(dω). (2.98)

By quasilocality and non-nullness of γ, the net
¦

log
γ{0} ◦Θθ[i ,0)(ω)

γ{0} ◦Θθ[i ,0](ω)

©

i<0
converges

uniformly in (θ ,ω) ∈ Ω×Ω to uγ(θ ,ω) := log
γ{0}(ω0|θ<0ω>0)
γ{0}(θ0|θ<0ω>0)

as i1, ..., id →−∞.

Hence, by the Stolz-Cesaro theorem, one has that

lim
n→∞

1

|Λn |

∑

i∈Λn+minΛn

log
γ{0} ◦Θθ[i ,0)(ω)

γ{0} ◦Θθ[i ,0](ω)
= uγ(θ ,ω) uniformly on (θ ,ω) ∈Ω×Ω.

(2.99)
Thus (2.98) yields the desired claim.

Remark 2.6.4. If the telescoping starts from the other end, one can end up with
the following instead of (2.93):

γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
=
∏

i∈Λn

γ{i }(ωi |θ(i ,maxΛn ]ω[i ,maxΛn ]c )
γ{i }(θi |θ(i ,maxΛn ]ω[i ,maxΛn ]c )

. (2.100)

Then, with a similar argument to the proof of Proposition 2.6.3, one can also show
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that

lim
n→∞

1

|Λn |

∫

Ω

∫

Ω

log
γΛn
(ωΛn
|ωΛc

n
)

γΛn
(θΛn
|ωΛc

n
)
ρ(dθ )τ(dω)

=

∫

Ω

ũρ(ω)τ(dω) =

∫

Ω

∫

Ω

ũγ(θ ,ω)ρ(dθ )τ(dω),

where

ũγ(θ ,ω) := log
γ{0}(ω0|ω<0θ>0)
γ{0}(θ0|ω<0θ>0)

and ũργ (ω) :=

∫

Ω

ũγ(θ ,ω)ρ(dθ ).

In particular, uργ and ũργ are physically equivalent, i.e., for all τ ∈M1,S (Ω),

∫

Ω

uργ dτ=

∫

Ω

ũργ dτ. (2.101)

Proof of Theorem 2.A. For a translation-invariant measureτ ∈M1,S (Ω)and a trans-
lation -invariant Gibbs measure µ̄ ∈GS (γ), it is proven in the first part of Theorem
3.3 in [22] that

P+++(γ)−
∫

Ω

u+++γ dτ−h (τ) = h (τ|µ̄). (2.102)

For any ρ ∈M1,S (Ω), we have proven in Proposition 2.6.1 and Proposition 2.6.3
that

lim
n→∞
−

1

|Λn |

∫

Ω

logγΛn
(ωΛn
|ωΛc

n
)τ(dω) = P ρ(γ)−

∫

Ω

uργ (ω)τ(dω). (2.103)

Note that LHS of (2.103) is independent of ρ, thus (2.102) yields for ρ =δ+++,

lim
n→∞
−

1

|Λn |

∫

Ω

logγΛn
(ωΛn
|ωΛc

n
)τ(dω) = h (τ) +h (τ|µ̄). (2.104)

Then by combining (2.104) with (2.103), we obtain that

∫

Ω

uργ (ω)τ(dω) +h (τ) = P ρ(γ)−h (τ|µ̄). (2.105)

Then the rest of the proof follows from Theorem 2.4.3.
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2.6.3 Proofs of Theorems 2.B, 2.C, and 2.D

Proof of Theorem 2.B. Consider a probability measure τ ∈M1(X+). Then for Λ⋐
Z+ and B ∈F , one has

(GΛ ·τΛ)(B ) :=
∫

X+

GΛ1B dτΛ

=
1

|ΓΛ|

∑

x∈ΓΛ

∫

X+

GΛ1B d x∗τ

=
1

|ΓΛ|

∑

x∈ΓΛ

∫

X+

GΛ(x +ω)1B (x +ω)τ(dω), (2.106)

and

(τγΛ)(B ) =
∑

x∈ΓΛ

∫

X+

GΛ(ω+ x )1B (ω+ x )τ(dω). (2.107)

Then by combining (2.106) and (2.107), one concludes that for all Λ⋐Z+,

τγΛ = (l
|Λ|GΛ) ·τΛ. (2.108)

Note that in the light of (2.108), the DLR equation (2.4) and the consistency equa-
tion (2.68) for the G-measures are the same. Thus one immediately concludes the
statement of the theorem.

Proof of Theorem 2.C. ”(i ) ⇔ (i i ) ⇒ (i i i )” Let γ be a dynamical specification,
then there exists ϕ ∈C (X+) such that the corresponding cocycle ργ is given by

ργ(ω,ω̄) =
∞
∑

k=0

[ϕ ◦S k (ω)−ϕ ◦S k (ω̄)], (ω,ω̄) ∈T(X+).

Thus for all (ω,ω̄) ∈ T(X+), ρ
γ
0 (ω,ω̄) = ϕ(ω)−ϕ(ω̄), and then it is clear that ρ

γ
0

is extended to the cocycle λ : X+ × X+ → R which is defined by λ(η,ξ) = ϕ(η)−
ϕ(ξ), (η,ξ) ∈ X+×X+. Clearly, λ is continuous since ϕ is continuous.

”(i i i )⇒ (i i )” Assume that ρ
γ
0 extends to a continuous cocycle λ on the full

equivalence relation X+ × X+. Fix any ξ̃ ∈ X+ × X+ and for ω ∈ X+, set ϕ(ω) =
λ(ω, ξ̃). Then for any (ω,ξ) ∈ X+×X+,

λ(ω,ξ) =λ(ω, ξ̃) +λ(ξ̃,ξ) =λ(ω,ξ)−λ(ξ, ξ̃) =ϕ(ω)−ϕ(ξ). (2.109)

The continuity of λ implies the continuity of ϕ. Furthermore, (2.109) immedi-
ately implies that for all (ω,ω̄) ∈T(X+),ρ

γ
0 (ω,ω̄) =λ(ω,ω̄) =ϕ(ω)−ϕ(ω̄) Then by

(2.61) one concludes that ργ is indeed a Gibbs cocycle.
”(i i i )⇒ (i v )” The extension of ρ

γ
0 to X+ × X+ is continuous and the product

space X+×X+ is compact. Then as a continuous function on the compact space,
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the extension is uniformly continuous, thus its restriction to T(X+)which isρ
γ
0 is

also uniformly continuous.
”(i v )⇒ (i i i )” First, note that T(X+) is dense in X+×X+ in the product topol-

ogy. Now take a pair (ξ,η) ∈ X+ × X+ of configurations, and let the sequence
{(ξ(n ),η(n ))}n∈N ⊂ T(X+) converges to (ξ,η) in the product topology. Since ρ

γ
0 :

T(X+)→R is a uniformly continuous function, the sequence {ργ0 (ξ
(n ),η(n ))}n∈N ⊂

R is convergent because a uniformly continuous function preserves fundamen-
tality of the sequences. Hence we can define an extension ρ̄

γ
0 : X+×X+ by ρ̄

γ
0 (ξ,η) :=

lim
n→∞

ρ
γ
0 (ξ

(n ),η(n )). It is clear that the value of ρ̄
γ
0 (ξ,η) does not depend on the

choice of the sequence {(ξ(n ),η(n ))}n∈N and by the construction, ρ̄
γ
0 is continuous

on X+×X+ and extends ρ
γ
0 .

Below we give the proofs of corollaries of Theorem 2.C.

Proof of Corollary C1. By Theorem 2.C, ρ
γ
0 can be extended to a continuous co-

cycle on X+ × X+. Since X+ × X+ is compact, the extension is bounded, thus the
statement of the theorem follows.

Proof of Corollary C2. In fact, one can check the following for ρ
γ
0 : for all (ω,ω̄) ∈

T(X+),

ρ
γ
0 (ω,ω̄) =φ0(ω)−φ0(ω̄) +

∞
∑

k=1

[(φk −φk−1) ◦S k (ω)− (φk −φk−1) ◦S k (ω̄)].

Then if (2.80) is satisfied then the sum
∞
∑

k=1

[(φk −φk−1)◦S k (ξ)−(φk −φk−1)◦S k (η)]

converges uniformly on (ξ,η) ∈ X+×X+, therefore, the cocycle λ defined by

λ(ξ,η) =φ0(ξ)−φ0(η)+
∞
∑

k=1

[(φk −φk−1)◦S k (ξ)−(φk −φk−1)◦S k (η)], (ξ,η) ∈T(X+)

is continuous on X+ × X+. ρ
γ
0 extends to λ, thus by Theorem 2.C, γ is indeed a

dynamical specification.

Proofs of Theorem 2.D. Consider the Ising spin space E = {−1, 1} and the follow-
ing interaction Ψ on X+: forω ∈ X+, set

ΨΛ(ω) :=







−
ωiω j

|i − j |α
+κω j , if Λ= {i , j } ⊂Z+, i < j ;

0, otherwise,
(2.110)

where α > 1 and κ > 0. Then Ψ is translation-shift invariant, but it is not UAC.

For i , j ∈ Z+, with i < j , ||Ψ{i , j }||∞ = κ+
1

|i − j |α
. Thus
∑

0∈V ⋐Z+

||ΨV ||∞ =
∞
∑

j=1

�

κ+
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1

j α

�

=∞. However, Ψ is a variation-summable interaction. In fact, for all j ∈N,

δ0Ψ{0, j } =
2

j α
, therefore,
∑

0∈V ⋐Z+

δ0ΨV =
∞
∑

j=1

2

j α
<∞. Thus the associated one-

sided specification
*
γ
Ψ

is Gibbsian, which is the same amount as saying that the
associated cocycle ρΨ is continuous. Furthermore, for (ω,ω̄) ∈T(X+),

ρΨ0 (ω,ω̄) =ρΨ (ω,ω̄)−ρΨ (Sω,Sω̄)

=
∑

0∈V ⋐Z+

[ΨV (ω)−ΨV (ω̄)]

=
∞
∑

j=1

�ω̄0ω̄ j −ω0ω j

j α
+κ(ω j − ω̄ j )
�

.

Thus, sup
(ω,ω̄)∈T(X+)

ρΨ0 (ω,ω̄) =∞ which contradicts to Theorem C1. Therefore, the

corresponding specification γΨ is not dynamical, which is equivalent to saying
thatγΨ is not generated by any translation-invariant UAC interaction (see Remark
2.5.10 and the discussion at the end of Subsection 2.5.1).
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Chapter 3

Gibbs Properties of Equilibrium
States

Abstract: In this chapter, we consider the problem of equivalence of Gibbs states and
equilibrium states for continuous potentials on full shift spaces E Z. Sinai, Bowen, Ruelle
and others established equivalence under various assumptions on the potential φ. At
the same time, it is known that every ergodic measure is an equilibrium state for some
continuous potential. This means that the equivalence can occur only under some ap-
propriate conditions on the potential function. In this chapter, we identify the necessary
and sufficient conditions for the equivalence.

This chapter is based on M. Makhmudov, E. Verbitskiy, “Gibbs Properties of Equilibrium States”,
arXiv:2503.15263.
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3.1 Introduction

DLR Gibbs measures were introduced by Dobrushin (1968) and Lanford and Ru-
elle (1969) to describe the collective behaviour of a system composed of a large
number of components, each governed by a local law. Soon after, the Gibbs mea-
sures found applications in other fields of science and various areas of math-
ematics. In particular, in the early 1970’s, Sinai showed that natural invariant
measures for hyperbolic dynamical systems are Gibbs measures. The original
definition of Gibbs measures in statistical mechanics is somewhat cumbersome
in the context of dynamical systems. For this reason, Bowen [3] provided a more
suitable definition of Gibbs states from the dynamical systems perspective: a
translation-invariant measure µ on Ω= E Z, E is finite, is called Gibbs in Bowen’s
sense, or Bowen-Gibbs, for a continuous potentialφ :Ω→R, if for some constants
C > 1 and P , for all n ∈N and everyω ∈Ω

1

C
≤
µ
�

{ω̃ ∈Ω : ω̃n−1
0 =ωn−1

0 }
�

exp
�

Snφ(ω)−nP
� ≤C , (3.1)

where Snφ(ω) =
n−1
∑

k=0

φ(S kω) and S : Ω → Ω is the left shift on Ω. Subsequently,

weaker versions of this notion were introduced. Namely, a translation-invariant
measure µ on Ω is weak Bowen-Gibbs if µ satisfies

1

Cn
≤
µ({ω̃ ∈Ω : ω̃n−1

0 =ωn−1
0 })

e Snφ(ω)−nP
≤Cn , (3.2)

for some subexponential sequence {Cn} of positive real numbers, i.e., log Cn =
o (n ).

Let us stress that Bowen’s definition of Gibbs measures is actually a theorem in
Statistical Mechanics. More specifically, ifµ is a translation-invariant DLR-Gibbs
measure (see Section 3.2 for the notion), then there exists a continuous function
φ : Ω → R and positive numbers Cn = Cn (φ) such that (3.2) holds. Therefore,
we prefer to use the name of Gibbs measures for measures which are Gibbs in
the DLR sense, and we refer to the measures satisfying (3.1) and (3.2) as Bowen-
Gibbs and weak Bowen-Gibbs measures.

The notion of weak Gibbs states in Bowen’s sense is also somewhat mislead-
ing, as it suggests some form of non-Gibbsianity and competes with a notion un-
der the same name in Statistical Mechanics. As we will see below, weak Bowen-
Gibbs measures can be bona-fide Gibbs measures in the DLR sense. We also note
that there are examples of weak Gibbs measures in the DLR sense, which are weak
Bowen-Gibbs as well [17].

Bowen’s definition (3.1) and its weak form (3.2) are extremely convenient from
the Dynamical Systems point of view. At the same time, using such definitions,
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one can, in principle, say very little about the conditional probabilities of the un-
derlying measure, which is the classical approach to Gibbs measures in Statistical
Mechanics. In fact, there exist Bowen-Gibbs measures that are not DLR-Gibbs
measures [2, Subsection 5.2].

Another important notion is that of equilibrium states. A translation-invariant
measure µ on Ω = E Z is called an equilibrium state for a (continuous) potential
φ :Ω→R if

h (µ) +

∫

Ω

φdµ= P (φ), (3.3)

where P (φ) is the topological pressure of φ and h (µ) is the measure-theoretic
entropy of µ. For expansive systems like those we consider in this chapter, equi-
librium states always exist. It is easy to see that a weak Bowen-Gibbs state is also
an equilibrium state for the same potential [19].

A fundamental result highlighting the breadth of the class of equilibrium states
is the following: ifµ1, . . . ,µk are some ergodic measures onΩ, then one can find a
continuous potentialφ ∈C (Ω) such that all these measures are equilibrium states
for φ [7, 12, 22]. This remarkable generality suggests that equilibrium states can
exhibit a wide range of behaviors, and in particular, one cannot expect them to
possess any form of Gibbsianity in general. This leads to a natural question: un-
der what conditions on φ are the equilibrium states Gibbs, either in the DLR or
the Bowen sense? This question has a long history of research:

• For Hölder continuous potentials, Sinai proved that equilibrium states are
Gibbs in the DLR sense [23, Theorem 1], and the Bowen-Gibbs property
was established by Bowen [3]. Haydn extended Sinai’s results to the non-
symbolic setup [9, 10].

• Ruelle [21] (see also [14, Theorem 5.3.1]) studied the DLR Gibbsianity of the
unique equilibrium states for potentialφ with summable variations:
∑

n≥1

varnφ <∞, varnφ := sup
�

φ(ω)−φ(ω̄) :ω j = ω̄ j , 0≤ j ≤ n −1
	

.

The Bowen-Gibbs property was treated by Keller [14, Theorem 5.2.4, (c)]

• Walters [25] considered potentials satisfying even a weaker condition:

lim
p→∞

sup
n∈N

var[−p ,n+p ]Sn+1φ = 0, here Sn+1φ =
n
∑

i=0

φ ◦S i . (3.4)

Walters showed that there exists a unique equilibrium state for potentials
satisfying (3.4), and they have the so-called, g−measure property, which
amounts to saying that the equilibrium state has continuous one-sided con-
ditional probabilities. Combining this with the result of [2], one concludes
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the DLR Gibbsianity of the unique equilibrium state of a potential in the
Walters class. In [11], Haydn and Ruelle extended this to a more general
setup than the setup of shift spaces. In the same paper, Haydn and Ruelle
also established the Bowen-Gibbs property of the unique equilibrium state
for a potential satisfying the Bowen condition:

sup
n∈N

var[−n ,n ]Sn+1φ <+∞,

which is slightly weaker than Walters’ original condition.

• More recently, Pfister and Sullivan [20] established the weak Bowen-Gibbs
property of equilibrium states for potentialsφ with summable oscillations:

∞
∑

i=−∞
δiφ <+∞, δiφ := sup{φ(ω)−φ(ω̄) :ω j = ω̄ j , j ̸= i }.

Unlike the preceding conditions, the summable oscillations condition does
not imply the uniqueness of the corresponding equilibrium states. How-
ever, the DLR Gibbs property of equilibrium states under summable oscil-
lations has not been addressed.

In this chapter, we continue the long line of research on the Gibbsianity of
equilibrium states, as discussed above, and also extend the main result of [2],
where a similar question has been answered in the case of g−measures. In this
chapter, we show that under a similar assumption on the potential φ, one can
establish the Gibbs properties of equilibrium states and vice versa. This assump-
tion on the regularity of the potential φ : Ω → R is the extensibility condition,
which requires that for all a0, b0 ∈ E the sequence of functions

ρa0,b0
n (ω) :=

n
∑

i=−n

�

φ ◦S i (ω−1
−∞b0ω

∞
1 )−φ ◦S i (ω−1

−∞a0ω
∞
1 )
�

converges uniformly inω ∈ Ω as n →∞. The extensibility condition is not very
restrictive. For example, it does not imply the uniqueness of the equilibrium
states, unlike the results by Sinai, Bowen, Ruelle and Walters. Furthermore, the
extensibility condition covers the previously treated classes, including the class
of Hölder continuous potentials, potentials with summable variations, Walter’s
class, as well as the class of potentials with summable oscillations. However,
the potentials in Bowen’s class do not necessarily have the extensibility property
[2, Section 5.5]. An important example of extensible potentials is the Dyson po-

tential,φD (ω) := hω0+
∞
∑

n=1

βω0ωn

nα
, ω ∈ {±1}Z, which has been extensively stud-

ied recently [6, 13, 18], where h ,β ∈R and α> 1.
The following theorem, the first of our main results in this chapter, establishes

the Gibbs properties of the equilibrium states of an extensible potential.
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Theorem 3.A. Supposeφ ∈C (Ω) has the extensibility property. Then any equilib-
rium state µ ∈ ES (φ) is

(1) Gibbs in the Dobrushin-Lanford-Ruelle sense;

(2) weak Bowen-Gibbs relative to the potentialφ.

The proof of Theorem 3.A is given in Section 3.5, and uses the following idea:
for a given potentialφ ∈C (Ω) satisfying the extensibility condition, we construct
a natural two-sided Gibbsian specification (a consistent family of regular proba-
bility kernels) γφ on Ω = E Z. Then we show that any translation-invariant DLR-
Gibbs state ν for the specification γφ will be an equilibrium state for φ. Hence,
the set of Gibbs states associated with the specification γφ is a subset of the set
of equilibrium states for φ. Finally, if we take any equilibrium state τ ∈ ES (φ)
and a DLR-Gibbs state µ ∈ GS (γ

φ), we will show that the relative entropy den-
sity rate h (τ|µ) is zero. This allows us to use the classical variational principle.
[15, Theorem 4.1] and conclude that τ ∈GS (γ

φ) as well.
Our second main result is about the translation-invariant Gibbs measures,

which in some sense is a converse of Theorem 3.A.

Theorem 3.B. Assumeµ is a translation-invariant DLR Gibbs measure onΩ= E Z.
Then µ is an equilibrium state for a potential with the extensibility property.

We should note that if µ is a Gibbs measure for a translation-invariant uni-
formly absolutely convergent (UAC) interaction, then the claim is rather stan-
dard [16, Theorem 3.2]. However, as demonstrated in [1], not all translation-
invariant Gibbs measures are compatible with a translation-invariant UAC inter-
action. Thus, Theorem 3.B generalises the result in [16, Theorem 3.2] to a broader
setting, encompassing all translation-invariant Gibbs measures, including those
that are not Gibbs for any translation-invariant UAC interaction.

The proof of Theorem 3.B is constructive and is also given in Section 3.5. In
fact, we construct a natural one-sided potential φγ out of the Gibbsian specifi-
cation γ for µ. Then we show that φγ is extensible, and this allows us to apply
Theorem 3.A toφγ.

One might observe an analogy between our results and Sullivan’s theorem [24,
Theorem 1] in Statistical Mechanics. In Sullivan’s theorem, the role of extensible
potentials is played by the so-called L -convergent interactions, a notion that is
also syntactically similar to the notion of extensibility.

We also note that the statements of Theorems 3.A and 3.B, along with their
proofs presented in this chapter, naturally extend to higher-dimensional lattices
Zd ordered lexicographically (see Proposition 2.4.5 and Proposition 2.6.3 in Chap-
ter 2). Since there is no substantial difference in the proofs, we only focus on the
one-dimensional lattice Z.
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Equilibrium states

Weak Bowen-Gibbs states

Bowen-Gibbs states

DLR Gibbs states

Figure 3.1

The diagram on the right sum-
marises the relationship between
equilibrium states and various no-
tions of Gibbs states.

This chapter is organised as follows:

• In Section 3.2, we introduce the
basic concepts in the DLR Gibbs
formalism such as Gibbs mea-
sures, specifications and interac-
tions. Here, we also recall some
important results, such as the vari-
ational principle from the classical
DLR Gibbs formalism.

• In Section 3.3, we discuss the motivation behind Bowen’s definition of Gibbs
states.

• In Section 3.4, we discuss the relationship between the extensible potentials and
Gibbsian specifications.

• Section 3.5 is dedicated to the proofs of the main results in this chapter.

3.2 DLR Gibbs Formalism

The theory of Gibbs states, which is put forward by Dobrushin, Lanford, and Ru-
elle, is very flexible and allows one to define Gibbs states on very general lattice
spaces E L, where E is a Polish space and L is a countable set. In the present
chapter, we are primarily interested in probability measures on Ω = E Z, E is fi-
nite, which are invariant under the left shift S :Ω→Ω.

3.2.1 Specifications, Interactions, and Gibbs states in Statistical Me-
chanics

The standard Statistical Mechanics description of Gibbs states is rather differ-
ent from the definitions of Bowen-Gibbs and weak Bowen-Gibbs measures. The
principal point is the explicit description of the family of conditional expecta-
tions indexed by finite subsets Λ of Z. More precisely, in Statistical Mechanics,
one starts with a family of regular conditional expectations, which for f :Ω→R,
given by

γΛ( f |ω) :=
∑

ξΛ∈E Λ

γΛ(ξΛ|ωΛc ) f (ξΛωΛc ),
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where

γΛ(ξΛ|ωΛc ) =
exp
�

−HΛ(ξΛωΛc )
�

ZΛ(ω)
, ZΛ(ω) =
∑

ζΛ∈E Λ

exp
�

−HΛ(ξΛωΛc )
�

. (3.5)

In order to guarantee the tower property of the conditional expectations, one
needs to assume consistency of γΛ’s: γΛ = γΛ ◦γV for V ⊂ Λ, where for f : Ω→ R

measurable and ω ∈ Ω, (γΛ ◦ γV )( f |ω) :=

∫

Ω

γV ( f |η)γΛ(dη|ω). The latter is en-

sured if the functions HΛ : Ω → R – called a Hamiltonian in Λ– are of a rather
special form:

HΛ(ω) =
∑

V ⋐Z
V ∩Λ ̸=∅

ΦV (ωV ), (3.6)

here the summation is taken over all finite subsets of Z (denoted by ⋐ Z) which
have non-empty intersection with Λ. Here Φ = {ΦV , V ⋐ Z} is called an inter-
action and each function ΦV : Ω→ R is local, meaning that the value of ΦV (ω)
depends only on the values ofω within V , hence, we write ΦV (ωV ). In order for
these expressions to make sense, one needs to assume a suitable form of summa-
bility in (3.6). The standard and sufficient assumption is uniform absolute con-
vergence (UAC): for all i ∈Z,

∑

i∈V ⋐Z
∥ΦV ∥∞ =
∑

i∈V ⋐Z
sup
ω∈Ω
|ΦV (ωV )|<∞.

If Φ is an UAC interaction, the corresponding specification γ= (γΛ)Λ⋐Z defined by
(3.5), is

• non-null: for all Λ, inf
ω
γΛ(ωΛ|ωΛc )> 0,

• continuous: for every Λ,ω 7→ γΛ(ωΛ|ωΛc ) is continuous.

In statistical mechanics, the second property is often referred to as quasi-locality.
An important property of positive specifications, which will be used in the proofs,
is the so-called bar moving property:

γ∆(ξ∆|ω∆c )
γ∆(ζ∆|ω∆c )

=
γΛ(ξ∆ωΛ\∆|ωΛc )
γΛ(ζ∆ωΛ\∆|ωΛc )

, (3.7)

for all ξ,ζ,ω ∈ Ω and every ∆ ⊂ Λ ⋐ Z. The bar moving property is equivalent to
the consistency condition of specifications.

A non-null continuous specification γ= {γΛ} is called Gibbsian.
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Definition 3.2.1. Suppose γ= {γΛ} is a Gibbsian specification on Ω. The measure
µ is called Gibbs for γ, denoted by µ ∈G (γ), if for every Λ⋐Z,

µ(ωΛ|ωΛc ) = γΛ(ωΛ|ωΛc ), for µ−a.e. ω ∈Ω,

equivalently, if the DLR equations hold: for every f ∈C (Ω) and Λ⋐Z,
∫

Ω

γΛ( f |ω)µ(dω) =
∫

Ω

f (ω)µ(dω).

For any Gibbsian specification γ, the set of corresponding Gibbs measures
G (γ) is a non-empty convex set. In case, G (γ) consists of multiple measures, one
says that γ exhibits phase transitions.

3.2.2 Translation-invariance and the Variational Principle

The modern approach to Gibbsian formalism is to think about Gibbsian spec-
ifications γ in an interaction independent fashion. The reason for this is that
a measure µ can be consistent with at most one Gibbsian specification, while
there are infinitely many interactions Φ giving rise to the same Gibbsian spec-
ification. In fact, it was proven by Kozlov that for any Gibbsian specification γ
there exists a (in fact many) UAC interaction Φ such that γ = γΦ. However, such
a representation is not always possible in a way that respects translation invari-
ance. It is shown in [1] that there exists a Gibbsian specification γ on {0, 1}Z that
is translation-invariant – meaning γΛ+1 = γΛ ◦S for every Λ⋐Z – but can not be
associated with any translation-invariant UAC interaction Φ, where ΦΛ = ΦΛ ◦S
for all Λ ⋐ Z, via (3.5). Nevertheless, many important results in Statistical Me-
chanics, including the variational principle, can be formulated independently of
interactions.

Theorem 3.2.2. [15] Let γ be a translation-invariant Gibbsian specification and
µ ∈GS (γ). Then for all τ ∈M1,S (Ω), the specific relative entropy h (τ|µ) exists and

h (τ|µ) = 0 ⇐⇒ τ ∈GS (γ).

In Chapter 2, we proved some technical lemmas about translation-invariant
specifications, which would be useful for us. For n ∈N, we set Λn := [−n , n ]∩Z.
We fix a letter a in the finite alphabet E and we will use the notation a, to denote
the constant configuration consisting of a’s.

Lemma 3.2.3. Suppose γ is a translation-invariant Gibbsian specification on Ω.
Then

(i)

sup
σ,ω,η∈Ω

�

�

� log
�γ[0,n ](σ[0,n ]|ω[0,n ]c )
γ[0,n ](a[0,n ]|ω[0,n ]c )

·
γ[0,n ](a[0,n ]|η[0,n ]c )
γ[0,n ](σ[0,n ]|η[0,n ]c )

�

�

�

�= o (n ). (3.8)
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(ii) the sequence
¦

−
1

|Λn |
logγΛn

(aΛn
|ωΛc

n
)
©

n∈N
converges uniformly inω ∈ Ω to

a constant which we denote by P a(γ).

3.3 Bowen’s property of Gibbs measures

By comparing the definitions of Gibbs measures in Statistical Mechanics and that
of Bowen, it is immediately clear why Bowen’s definition is so attractive and pop-
ular for dynamicists: it captures the most important, from the Dynamical Sys-
tems point of view, properties of Gibbsian states – uniform estimates on mea-
sures of cylindric sets in terms of ergodic averages of the potential function. In
fact, whether the measure has the Bowen property or the weak Bowen property,
rarely makes any difference in Dynamical Systems: the subexpontential bound
is as good as the uniform bound in practically any computations.

Nevertheless, Bowen was fully aware that his definition of Gibbs states is not
the same as in Statistical Mechanics: "In statistical mechanics, Gibbs states are
not defined by the above theorem. We have ignored many subtleties that come up
in more complicated systems", [3, page 6]. To introduce the definition, Bowen was
motivated by an example ([3, page 5]) of a translation-invariant pair interaction
Φ, ΦV ̸≡ 0 only if V = {k} or V = {k , n}, k , n ∈ Z, satisfying a strong summability
condition

∥Φ{0}∥∞+
1

2

∑

n∈Z\{0}
|n | · ∥Φ{0,n}∥∞ <∞. (3.9)

The above condition is a special case of a well-known uniqueness condition in
thermodynamic formalism [8, 22]:

∑

0∈V ⋐Z

diam(V )
|V |

· ∥ΦV ∥∞ <∞. (3.10)

Let us now discuss the Bowen-Gibbs and the weak Bowen-Gibbs properties of
DLR Gibbs states.

Theorem 3.3.1. Suppose Φ= {ΦV }V ⋐Z is a translation-invariant UAC interaction

and let φ = −
∑

0∈V ⋐Z+

ΦV . Then there exists a sequence {Cn} with n−1 log Cn → 0,

such that for every translation-invariant Gibbs measure µ for Φ, for all n andω ∈
Ω, one has

1

Cn
≤
µ
�

{ω̃ ∈Ω : ω̃n−1
0 =ωn−1

0 }
�

exp
�

Snφ(ω)−nP (φ)
� ≤Cn .

If, furthermore, the interactionΦ satisfies a stronger summability condition (3.10),
then there exists a unique Gibbs measure µ for Φ, and for some C > 1, every n ≥ 1
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and allω ∈Ω,
1

C
≤
µ({ω̃ ∈Ω : ω̃n−1

0 =ωn−1
0 })

exp
�

Snφ(ω)−nP (φ)
� ≤C . (3.11)

Let us sketch the proof of this theorem using known results in Statistical Me-
chanics. The first claim is standard [8, Theorem 15.23]. Applying the DLR equa-
tions to the indicator function of the cylinder set [σn−1

0 ], one concludes that

µ([σn−1
0 ]) =

∫

exp
�

−HΛn
(σΛn

ηΛc
n
)
�

ZΛn
(η)

µ(dη).

The sequence of functions
1

|Λn |
log ZΛn

(η) converges to the pressure P (Φ) = P (φ)

uniformly inηas n→∞ [8, Theorem 15.30, part (a)]. Thus log ZΛn
(η) = exp(|Λn |P+

o (n )).
To study the numerator, we use the estimate (15.25) in [8]:

sup
σ,η∈Ω

�

�

�

∑

i∈Λn

φ ◦S i (σ) +HΛn
(σΛn

ηΛc
n
)
�

�

�≤
∑

i∈Λn

∑

V ∋i
V ̸⊂Λn

∥ΦV ∥∞, (3.12)

and the fact that the uniformly absolute convergence of the interactionΦ ensures
that

∑

i∈Λn

∑

V ∋i
V ̸⊂Λn

∥ΦV ∥∞ = o (|Λn |).

The uniqueness of the Gibbs measures under (3.10) follows from Theorem 8.39
in [8] (see also Comment 8.41 and equation (8.42) in [8]). Note that (3.10) implies
that
∑

i∈Λn

∑

V ∋i
V ̸⊂Λn

∥ΦV ∥∞ remains bounded as n →∞, in fact, for all n ∈ N, one has

that

∑

i∈Λn

∑

V ∋i
V ̸⊂Λn

∥ΦV ∥∞≤
∑

0∈V ⋐Z+

diam(V ) · ∥ΦV ∥∞ =
∑

0∈V ⋐Z

diam(V )
|V |

· ∥ΦV ∥∞ =: D .

This together with (3.12) yields that

sup
σ,η∈Ω

�

�

�

∑

i∈Λn

φ ◦S i (σ)−
∑

i∈Λn

φ ◦S i (σΛn
ηΛc

n
)
�

�

�≤ 2D , (3.13)

i.e., φ satisfies Bowen’s condition [27]. Then (3.11) follows from Theorem 4.6 in
[27] and from the fact that the translation-invariant Gibbs measures for Φ are
equilibrium states forφ [8, Theorem 15.39].
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Remark 3.3.2. Note that it is not a coincidence that the condition (3.10) implying
the Bowen property, also implies uniqueness. Indeed, suppose µ and ν are two er-
godic measures onΩwith the Bowen-Gibbs property for some continuous potential
φ. Then the Bowen-Gibbs property implies that

1

C
≤
µ([ωn

0 ])
ν([ωn

0 ])
≤C

for all n and everyω ∈Ω, and hence the measuresµ andν are equivalent, and thus
are equal.

3.4 Potentials, Cocycles, and Specifications

An alternative, more dynamical approach to DLR-Gibbs measures, also known
as the Ruelle-Capocaccia approach, was introduced in [4]. However, as demon-
strated in the original work [4], for lattice systems, which is the setting in this
chapter, the Ruelle-Capocaccia definition of Gibbs measures coincides with the
specification-based definition given in this chapter. Keller’s book [14, Chapter 5]
provides an excellent summary of Gibbs measures following the Ruelle-Capocaccia
approach under the assumption that the underlying potential has summable vari-
ations. Below we explore how this approach extends to cases where the potential
lacks summable variations but still has the extensibility property.

Recall that the extensibility condition requires that for all ω ∈ Ω and every
a , ã ∈ E , the sequence of functions

ρa ,ã
n (ω) =

n
∑

i=−n

�

φ(S iωa )−φ(S iωã )
�

, n ≥ 0, (3.14)

converges uniformly as n→∞. Here, we use the notationωa = (ωa
k )k∈Z is given

by

ωa
k =

¨

a , k = 0,

ωk , k ̸= 0.

Therefore, we can define a continuous function ρa ,ã
n (ω) :Ω→R,

ρ(ωa ,ωã ) = lim
n→∞

ρa ,ã
n (ω).

Proposition 3.4.1. Suppose φ satisfies the extensibility condition, then for any
pairξ,η ∈Ω, such that the set {k ∈Z : ξk ̸=ηk } is finite, the sequence of continuous
functions

ρn (ξ,η) =
n
∑

i=−n

�

φ(S iξ)−φ(S iη)
�

, n ≥ 0, (3.15)

converges. Furthermore,
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(1) the limiting functionρ(ξ,η) = lim
n
ρn (ξ,η) is a cocycle, i.e., for every ξ,η,ζ ∈

Ωwith ξi =ηi = ζi for all i with |i | ≫ 1, one has

ρ(ξ,ζ) =ρ(ξ,η) +ρ(η,ζ); (3.16)

(2) ρ is translation-invariant in the sense that for every pair (ξ,η)with {k ∈Z :
ξk ̸=ηk } finite,

ρ(ξ,η) =ρ(Sξ,Sη). (3.17)

(3) for every Λ⋐Z and ηΛ,ζΛ ∈ E Λ, ρ(ηΛξZ\Λ,ζΛξZ\Λ) is a continuous function
of ξ.

Proof. We carry out the proof in two steps.
First Step: Let ξ,η ∈ Ω such that for some k ∈ Z, ξZ\{k} = ηZ\{k}. Without loss of
generality, let k > 0. Then

n
∑

i=−n

[φ ◦S i−k (S kξ)−φ ◦S i−k (S kη)] =
n−k
∑

i=−n−k

[φ ◦S i (S kξ)−φ ◦S i (S kη)]

=
n
∑

i=−n

[φ ◦S i (S kξ)−φ ◦S i (S kη)] (3.18)

−
n
∑

i=n−k+1

[φ ◦S i (S kξ)−φ ◦S i (S kη)] (3.19)

+
−n−1
∑

i=−n−k

[φ ◦S i (S kξ)−φ ◦S i (S kη)]. (3.20)

Since (S kξ)Z\{0} = (S
kη)Z\{0}, the extensibility property ofφ yields that the sum in

(3.18) converges uniformly to ρφ(S kξ,S kη) as n→∞. Note that for any i ∈Z,

|φ ◦S i (S kξ)−φ ◦S i (S kη)| ≤δiφ ≤ var(−|i |, |i |)φ −−−→
|i |→∞

0.

Thus for (3.19) and (3.20), one has that

�

�

�

n
∑

i=n−k+1

[φ ◦S−i (S kξ)−φ ◦S−i (S kη)]
�

�

�≤ k ·var(k−n , n−k )φ

and
�

�

�

−n−1
∑

i=−n−k

[φ ◦S−i (S kξ)−φ ◦S−i (S kη)]
�

�

�≤ k ·var(k−n , n−k )φ.

Thus since k is fixed and var(k−n , n−k )φ −−−→n→∞
0, both sums in (3.19) and (3.20)

converge uniformly to 0 as n→∞. Therefore, ρ is defined at (ξ,η) and ρ(ξ,η) =
ρ(S kξ,S kη).
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Second Step: Let ξ,η ∈Ω such that for some Λ⋐Z, ξZ\Λ =ηZ\Λ. Then there exists
m ∈N such that Λ⊂ [−m , m ]∩Z. Then for n >m , one has

n
∑

i=−n

[φ◦S i (ξ)−φ◦S i (η)] =
m
∑

j=−m

n
∑

i=−n

[φ◦S i (ξ−m−1
−∞ η

j−1
−m ξ

∞
j )−φ◦S

i (ξ−m−1
−∞ η

j
−mξ

∞
j+1)].

By the first step, the sum over i on the RHS of the last equation above converges
uniformly for each j as n→∞.
We now address statements (1)-(3). Claim (1) follows directly from the definition
of ρ. Equations (3.16) and (3.17) easily follow from the first and second steps
discussed above. The continuity of the map ξ 7→ ρ(ηΛξZ\Λ,ζΛξZ\Λ) for all Λ ⋐ Z
and η,ζ ∈Ω is a consequence of the uniform convergence of (3.15).

Now, we shall discuss how to associate a Gibbsian specification with an ex-
tensible potential and vice versa. We have the following theorem.

Theorem 3.4.2. (i) Suppose φ :Ω→R is a continuous function with extensibility

property, then γφ = (γφΛ )Λ⋐Z given by

γ
φ
Λ (ωΛ|ωΛc ) =
� ∑

ξΛ∈E Λ

e ρ
φ (ξΛωZ\Λ,ω)
�−1

, ω ∈Ω (3.21)

is a translation invariant Gibbsian specification.
(ii) Suppose γ= (γΛ)Λ⋐Z is a translation invariant Gibbsian specification, then

φγ(ω) = log
γ{0}(ω0|a−1

−∞ω
∞
1 )

γ{0}(a0|a−1
−∞ω

∞
1 )

, ω ∈Ω (3.22)

is a continuous function with extensibility property such that γφγ = γ.

Proof. (i): This part is proven in Subsection 2.2.3.

(ii): The second part has been established in greater generality in Proposition
2.4.5; here, we consider the particular case where ρ is the Dirac measure δa and
d = 1. Owing to its concreteness and reduced level of abstraction, we provide a
separate proof for this case.

Pick any a0, b0 ∈ E andω ∈Ω. Sinceφγ is a one-sided function, one can check
that for any n ∈N,

ρa0,b0
n (ω)−ρa0,b0

0 (ω) =
n
∑

i=1

�

φγ ◦S−i (b0ω{0}c )−φγ ◦S−i (a0ω{0}c )
�

(3.23)
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and for the right-hand side of the above equation, one has

R H S =
n
∑

i=1

log
γ{0}((ω−i )0|a−N(ω−1

−i+1b0ω
∞
1 )
∞
1 )

γ{0}(a0|a−N(ω−1
−i+1b0ω

∞
1 )
∞
1 )
·
γ{0}(a0|a−N(ω−1

−i+1a0ω
∞
1 )
∞
1 )

γ{0}((ω−i )0|a−N(ω−1
−i+1a0ω

∞
1 )
∞
1 )

.

Then, by applying the bar moving property, one gets

ρa0,b0
n (ω)−ρa0,b0

0 (ω) =
n
∑

i=1

log
γ{0,i }((ω−i )0(b0)i |a−N(ω−1

−i+1)
i−1
1 (ω∞1 )

∞
i+1)

γ{0,i }(a0(b0)i |a−N(ω−1
−i+1)

i−1
1 (ω∞1 )

∞
i+1)

+
n
∑

i=1

log
γ{0,i }(a0(a0)i |a−N(ω−1

−i+1)
i−1
1 (ω∞1 )

∞
i+1)

γ{0,i }((ω−i )0(a0)i |a−N(ω−1
−i+1)

i−1
1 (ω∞1 )

∞
i+1)

and thus, by applying the bar moving property once more,

ρa0,b0
n −ρa0,b0

0 =
n
∑

i=1

log
γ{i }((b0)i |a−N(ω−1

−i )
i−1
0 (ω∞1 )

∞
i+1)

γ{i }((a0)i |a−N(ω−1
−i )

i−1
0 (ω∞1 )

∞
i+1)

+
n
∑

i=1

log
γ{i }((a0)i |aZ− (ω

−1
−i+1)

i−1
1 (ω∞1 )

∞
i+1)

γ{i }((b0)i |aZ− (ω
−1
−i+1)

i−1
1 (ω∞1 )

∞
i+1)

,

here Z− denotes −N∪{0}. Hence, by the translation-invariance of γ,

ρa0,b0
n (ω)−ρa0,b0

0 (ω) =
n
∑

i=1

log
γ{0}(b0|a−i−1

−∞ ω
−1
−iω
∞
1 )

γ{0}(a0|a−i−1
−∞ ω

−1
−iω
∞
1 )
·
γ{0}(a0|a−i

−∞ω
−1
−i+1ω

∞
1 )

γ{0}(b0|a−i
−∞ω

−1
−i+1ω

∞
1 )

=
n
∑

i=1

log
γ{0}(b0|a−i−1

−∞ ω
−1
−iω
∞
1 )

γ{0}(a0|a−i−1
−∞ ω

−1
−iω
∞
1 )
−

n−1
∑

i=0

log
γ{0}(b0|a−i−1

−∞ ω
−1
−iω
∞
1 )

γ{0}(a0|a−i−1
−∞ ω

−1
−iω
∞
1 )

= log
γ{0}(b0|a−n−1

−∞ ω−1
−nω

∞
1 )

γ{0}(a0|a−n−1
−∞ ω−1

−nω
∞
1 )
− log

γ{0}(b0|a−1
−∞ω

∞
1 )

γ{0}(a0|a−1
−∞ω

∞
1 )

.

Thus

ρa0,b0
n (ω) = log

γ{0}(b0|a−n−1
−∞ ω−1

−nω
∞
1 )

γ{0}(a0|a−n−1
−∞ ω−1

−nω
∞
1 )

▶

▶

n→∞
ω∈Ω

log
γ{0}(b0|ω−1

−∞ω
∞
1 )

γ{0}(a0|ω−1
−∞ω

∞
1 )

. (3.24)

The last limit also shows that γφγ = γ.

3.5 Proofs

The proofs of Theorem 3.A and Theorem 3.B will be based on two lemmas. Our
first lemma states the following.
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Lemma 3.5.1. Let φ ∈ C (Ω) be an extensible function and γφ be the associated
Gibbsian specification. Then the one-sided extensible function φγφ ∈ C (Ω+) is
weakly cohomologous toφ, i.e., there exists C ∈R such that for all τ ∈M1,S (Ω),

∫

Ω

φγφdτ=

∫

Ω

φdτ+C . (3.25)

Remark 3.5.2. The second part of Theorem 3.4.2 implies that the chain γ→φγ→
γφγ is closed, i.e., γ= γφγ . For an extensible functionφ, the diagramφ→ γφ→φγφ
is, in general, not closed, i.e., it is not always true thatφ =φγφ .

Proof. Note that φγφ is a half-line function. For any ωZ+ ∈ Ω+, one can easily
check the following:

φγφ (ωZ+ ) = lim
n→∞

n
∑

i=−n

�

φ ◦S i (a−1
−∞ω

∞
0 )−φ ◦S i (a0

−∞ω
∞
1 )
�

(3.26)

and the above limit is uniform on ωZ+ ∈ Ω+. For any τ ∈ M1,S (Ω+) and n ∈ N,
denote

In (τ) :=

∫

Ω

n
∑

i=−n

�

φ ◦S i (a−1
−∞ω

∞
0 )−φ ◦S i (a0

−∞ω
∞
1 )
�

τ(dω).

For any ℓ1,ℓ2 ∈Z∪{−∞,∞}with ℓ1 ≤ ℓ2, define a transformation

Θ[ℓ1,ℓ2](ω)i :=

¨

ωi , if i /∈ [ℓ1,ℓ2];

a, if i ∈ [ℓ1,ℓ2].
(3.27)

If ℓ1 ≰ ℓ2, then [ℓ1,ℓ2] = ;, therefore, for allω ∈Ω, we set Θ[ℓ1ℓ2](ω) =ω. Note that
the families {Sℓ : ℓ ∈ Z} and {Θ[ℓ1,ℓ2] : ℓ1,ℓ2 ∈ Z,ℓ1 ≤ ℓ2} of the transformations on
Ω have the following commutativity-type property: for any ℓ1,2,3 ∈Zwith ℓ1 ≤ ℓ2,

Sℓ3
◦Θ[ℓ1,ℓ2] =Θ[ℓ1−ℓ3,ℓ2−ℓ3] ◦Sℓ3

. (3.28)

Thus In (τ) is written in terms of the transformations Θ as follows:

In (τ) =
n
∑

i=−n

∫

Ω

φ ◦Θ(−∞,−i−1] ◦S i (ω)τ(dω)−
n
∑

i=−n

∫

Ω

φ ◦Θ(−∞,−i ] ◦S i (ω)τ(dω)

(3.29)
Then, by the translation-invariance of measure τ,

In (τ) =
n
∑

i=−n

∫

Ω

φ ◦Θ(−∞,−i−1]dτ−
n
∑

i=−n

∫

Ω

φ ◦Θ(−∞,−i ]dτ (3.30)

=

∫

Ω

φ ◦Θ(−∞,−n−1]dτ−
∫

Ω

φ ◦Θ(−∞,n ]dτ. (3.31)
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By continuity ofφ, the sequences {φ◦Θ(−∞,−n−1](ω)}n∈Z+ and {φ◦Θ(−∞,n ](ω)}n∈Z+
converge uniformly inω ∈Ω toφ(ω) andφ(a), respectively, as n→∞. Thus one
concludes that

lim
n→∞

In (τ) =

∫

Ω

φdτ−φ(a). (3.32)

Since the limit in (3.26) is uniform, we conclude from (3.32) that

∫

Ω

φγφ (ω)τ(dω) =

∫

Ω

φ(ω)τ(dω)−φ(a). (3.33)

Now, we formulate the second lemma.

Lemma 3.5.3. Let γ be a translation-invariant Gibbsian specification and φγ be
the associated extensible function. Then

(i) Every translation-invariant Gibbs state µ ∈GS (γ) is weak Bowen-Gibbs with
respect toφγ, i.e., µ satisfies (3.2);

(ii) The set of translation-invariant Gibbs states for γ coincides with the set of
the equilibrium states forφγ, i.e., GS (γ) = ES (φγ).

Proof. (i): Now we shall prove that any translation-invariant DLR Gibbs measure
µ prescribed by a specification γ is weak Bowen-Gibbs relative to the potential
φγ.

The first part of Lemma 3.2.3 and translation-invariance of the specification
γ imply

lim
n→∞
−

1

n
logγ[0,n ](a[0,n ]|ω[0,n ]c ) = P a(γ) (3.34)

and the convergence is uniform inω ∈Ω.
Now consider a configurationσ ∈Ω+ and a cylindric set [σn

0 ], then by the DLR
equations,

µ([σn
0 ]) =

∫

X

γ[0,n ](σ[0,n ]|η[0,n ]c )µ(dη)

=

∫

X

γ[0,n ](σ[0,n ]|η[0,n ]c )
γ[0,n ](a[0,n ]|η[0,n ]c )

·γ[0,n ](a[0,n ]|η[0,n ]c )µ(dη). (3.35)

By translation-invariance of the specification γ, Lemma 3.2.3 yields that

µ([σn
0 ]) =

∫

X

γ[0,n ](σ[0,n ]|η[0,n ]c )
γ[0,n ](a[0,n ]|η[0,n ]c )

· e −nP a(γ)+o (n )µ(dη),
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here the error factor o (n ) is independent onη and only depends on n . Therefore,

µ([σn
0 ]) = e −nP a(γ)+o (n )

∫

X

γ[0,n ](σ[0,n ]|η[0,n ]c )
γ[0,n ](a[0,n ]|η[0,n ]c )

µ(dη), (3.36)

Hence, by taking into account (3.8), we obtain that

µ([σn
0 ]) = e −nP a(γ) ·

γ[0,n ](σ[0,n ]|a[0,n ]c )
γ[0,n ](a[0,n ]|a[0,n ]c )

· e o (n ). (3.37)

Using the bar moving property (3.7), we have that

γ[0,n ](σ[0,n ]|a[0,n ]c )
γ[0,n ](a[0,n ]|a[0,n ]c )

=
n
∏

i=0

γ[0,n ](a[0,i )σ[i ,n ]|a[0,n ]c )
γ[0,n ](a[0,i ]σ(i ,n ]|a[0,n ]c )

(3.7)
=

n
∏

i=0

γ{i }(σi |σ(i ,n ]a[i ,n ]c )
γ{i }(ai |σ(i ,n ]a[i ,n ]c )

=
n
∏

i=0

e φγ◦S
i (σ[0,n ]a[0,n ]c ). (3.38)

Note that in the last equation of (3.38), we used the fact thatφγ is independent of
the components in the negative half-line −N. Combining (3.38) with (3.37), we
get

µ([σn
0 ]) =

e Sn+1φγ(σ[0,n ]a[0,n ]c )

e nP a(γ) · e o (n ). (3.39)

Note that

varn (Sn+1φγ)≤
n
∑

k=0

vark (φγ) (3.40)

and sinceφγ is continuous, vark (φγ)→ 0 as k →∞. Thus varn (Sn+1φγ) = o (n ),
and hence we obtain from (3.39) that

µ([σn
0 ]) =

e Sn+1φγ(σ)

e nP a(γ) e o (n ). (3.41)

We note that the weak Bowen-Gibbs property (3.41) implies that P a(γ) = P (φγ),
where P (φγ) is the topological pressure ofφγ.

(ii): Now take any τ ∈M1,S (Ω) and µ ∈ GS (γ). The relative entropy Hn (τ|µ) is
given by

Hn (τ|µ) =
∑

a n
0 ∈E n+1

τ([a n
0 ]) log

τ([a n
0 ])

µ([a n
0 ])

=
∑

a n
0 ∈E n+1

τ([a n
0 ]) logτ([a n

0 ])−
∑

a n
0 ∈E n+1

τ([a n
0 ]) logµ([a n

0 ]) (3.42)
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For the first sum in (3.42), one has that

1

n

∑

a n
0 ∈E n+1

τ([a n
0 ]) logτ([a n

0 ])−−−→n→∞
−h (τ). (3.43)

For the second sum, by inserting (3.40) and using (3.41), one has
∑

a n
0 ∈E n+1

τ([a n
0 ]) logµ([a n

0 ]) =
∑

a n
0 ∈E n+1

τ([a n
0 ])(Sn+1φγ− (n +1)P a(γ) +o (n )

= (n +1)

∫

Ω

φγdτ− (n +1)P a(γ) +o (n ). (3.44)

By combining (3.43) and (3.44), and since P a(γ) = P (φγ), one concludes that the
relative entropy density rate h (τ|µ) indeed exists and

h (τ|µ) = lim
n→∞

1

n
Hn (τ|µ) =−h (τ)−

∫

Ω

φγdτ+P (φγ). (3.45)

Thus the Variational Principle (Theorem 3.2.2) yields that τ is a Gibbs state for γ
if and only if τ is an equilibrium state forφγ, i.e., GS (γ) = ES (φγ).

Proof of Theorem 3.A. One can easily see that weakly cohomologous potentials
have the same equilibrium states because the functionals τ ∈M1,S (Ω) 7→ h (τ) +
∫

Ω

φdτ and τ ∈ M1,S (Ω) 7→ h (τ) +

∫

Ω

φγφdτ differ by only a constant P (φγφ )−

P (φ). Furthermore, the weak cohomology between φγφ and φ also yields the
following [7, Proposition 2.34]:

lim
n→∞

1

n










n−1
∑

i=0

�

φγφ −φ−P (φγφ ) +P (φ)
�

◦S i









∞
= 0. (3.46)

Then the first part of Theorem 3.A follows from Lemma 3.5.1 and the second part
of Lemma 3.5.3 since the weak cohomologous potentials have the same set of
equilibrium states, i.e., ES (φ) = ES (φγφ ). The second part of Theorem 3.A also
follows from Lemma 3.5.1 and Lemma 3.5.3. In fact, by applying the first and
second parts of Lemma 3.5.3 to γ = γφ , one obtains from Lemma 3.5.1 that for
any equilibrium state µ ∈ ES (φ),

µ([σn−1
0 ]) =

e
(Snφγφ )(σ)

e
nP (φ

γφ
) e o (n ), σ ∈Ω, (3.47)

and by (3.46), one has that Sn (φ − P (φ)) = Sn (φγφ − P (φγφ )) + o (n ). Hence one
immediately concludes the weak Bowen-Gibbs property of µwith respect to the
potentialφ.

87



Gibbs Properties of Equilibrium States

Proof of Theorem 3.B. It is easy to see that the second part of Lemma 3.5.3 implies
Theorem 3.B.
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Chapter 4

On an extension of a theorem by
Ruelle to long-range potentials

Abstract: Ruelle’s transfer operator plays an important role in understanding thermody-
namic and probabilistic properties of dynamical systems. In this chapter, we develop a
method of finding eigenfunctions of transfer operators based on comparing Gibbs mea-
sures on the half-line Z+ and the whole line Z. For a rather broad class of potentials, in-
cluding both the ferromagnetic and antiferromagnetic long-range Dyson potentials, we
are able to establish the existence of integrable, but not necessarily continuous, eigen-
functions. For a subset thereof we prove that the eigenfunction is actually continuous.

This chapter is based on A. van Enter, R. Fernández, M. Makhmudov, E. Verbitskiy, “On an
extension of a theorem by Ruelle to long-range potentials ”, arXiv:2404.07326.
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4.1 Introduction

One of the main issues of equilibrium statistical mechanics is to derive and de-
scribe the properties of the possible (global) states of a macroscopic system start-
ing from the knowledge of the finite-volume (local) states of the system. In order
to give a mathematical framework to this problem, Dobrushin, Lanford, and Ru-
elle developed the so-called DLR formalism in the second half of the last century.

Shortly after their introduction of Gibbs measures, Spitzer and Averintsev [3,
61] characterised Gibbs measures for short-range potentials in terms of measures
having Markov properties. These results were then simplified and generalised, in
various directions by Hammersley and Clifford [44], by Sullivan, Kozlov [49, 62],
and by Geoffrey Grimmett in his first paper [41].

The novel DLR formalism was immediately adapted to the theory of Dynam-
ical Systems by Sinai [58–60]. There are, however, two important differences be-
tween the models typically studied in Statistical Mechanics and those studied in
Dynamical Systems. Firstly, in Dynamical Systems one is typically interested in
one-dimensional systems, that is, systems with configuration spaces E Z, where
E is the set of possible spin values and the spatial dimension represents time. The
conditional probabilities in Dynamical Systems are typically "one-sided" (from
past to future), those in Statistical Mechanics "two-sided" (from outside to in-
side). For short-range potentials this does not make much of a difference, al-
though in general regularity properties between one-sided and two-sided con-
ditional probabilities may differ [7, 8, 27, 28, 32]. Secondly, and perhaps more
important, the natural description of dynamical systems often involves half-line
configuration spaces E Z+ , rather than whole-line configuration spaces of the
form E Z.

Already in his original papers, Sinai addressed these questions, [58–60]. He
showed that Gibbs equilibrium states for exponentially decaying interactions are,
in fact, equilibrium states for half-line potentials as well. The issue of half-line
versus whole-line Gibbsianness is, therefore, as old as the theory of thermody-
namic formalism in Dynamical Systems. For more recent results established in
this area see, e.g., [7, 33, 64–67]. One of the most important Dynamical Systems
tools used in the study of Gibbs equilibrium states is the so-called Ruelle’s trans-
fer operator [57, 64]. Various probabilistic properties of chaotic dynamical sys-
tems can be characterised in terms of transfer operators. In particular, a central
issue is to characterise those potentials (interactions) for which transfer opera-
tors have positive continuous eigenfunctions that is, finding those potentials for
which Ruelle’s theorem holds. This question has been answered by different au-
thors [30, 54, 55, 64, 66, 67] for different regularity classes of potentials. In this
chapter, we answer it for potentials beyond these earlier studied classes.

This chapter is organised as follows:
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• In Section 4.2, Section 4.3, and Section 4.4 we introduce the notions of ther-
modynamic formalism that are important for this chapter.

• In Section 4.5, we discuss the relationship between half-line and whole-line
Gibbs measures and formulate the first part of the main results (Theorem
4.A and 4.B).

• In Section 4.6, we discuss when whole-line Gibbs measures are absolutely
continuous with respect to the product of two half-line ones, and we for-
mulate the second series of our main results (Theorem 4.C, 4.D and 4.E).

• In Section 4.7, the Dyson model, the main example of the chapter, is dis-
cussed. We then discuss what is the behaviour in other regimes of the phase
transitions.

• Section 4.8 and Section 4.9 are dedicated to the proofs of our main results
and the final remarks.

4.2 Basic notions: I. Specifications

The Dobrushin-Lanford-Ruelle definition of Gibbs states via specifications goes
well beyond the standard lattices Zd . Consider the lattice system Ω= E L, where
L is an at most countable set (lattice) and E is a set of possible spin values. In
this chapter, we will focus on finite E . We denote the Borel σ−algebra of the
measurable subsets of Ω byF . For a subset Λ ⊂ L, we defineFΛ as the minimal
σ-algebra that makes the mapsω ∈Ω 7→ωi ∈ E , i ∈ Λmeasurable. Additionally,
we let T represent the tailσ-algebra, defined by T :=∩Λ⋐LFΛ. The specification
is a consistent family of probability kernels (conditional probabilities) indexed by
finite subsets Λ of L denoted by Λ⋐L. The consistency condition is the require-
ment that γΛγ∆ = γΛ for all∆⊂Λ⋐L [39, Chapter 1].

In the sequel, for ∆,Λ ⊂ L, we will denote the concatenation of strings ξ∆ ∈
E ∆, ηΛ ∈ E Λ by ξ∆ηΛ, namely, ξ∆ηΛ is a string such that (ξ∆ηΛ)i = ξi if i ∈∆ and
(ξ∆ηΛ)i =ηi if i ∈Λ. Given the specification γ= {γΛ}Λ⋐L on Ω= E L, we say that a
probability measure µ on Ω is Gibbs for the specification γ or, equivalently, that
µ is consistent with γ, if

µ(σΛ|σΛc ) = γΛ(σΛσΛc ) for µ-a.a. σ ∈Ω,

or, equivalently, if the DLR equations hold:

∫

γΛ f dµ=

∫

f dµ,
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for all f ∈ L 1(Ω,µ), and every Λ⋐L, where

γΛ f (σ) =
∑

ξΛ∈E Λ

γΛ(ξΛ|σΛc ) f (ξΛσΛc ),

note that for ω ∈ Ω and Λ ⊂ L, ωΛc denotes the (infinite) string ωL\Λ. The set
of all Gibbs measures for γ will be denoted by G (Ω,γ). For any probability mea-
sure µ one can find at least one specification γ such that µ is Gibbs for γ [40].
However, useful and interesting specifications have additional properties such
as finite energy (non-nullness) and quasi-locality (continuity). We now turn to
two particular ways of defining specifications as used in Statistical Mechanics
and Dynamical Systems.

4.2.1 Gibbs(ian) specifications in Statistical Mechanics

An interaction Φ is a family of functions {ΦΛ}, indexed by finite subsets Λ ⋐ L,
such that each function ΦΛ, depends only on values of σ in Λ, that is, with a
slight abuse of notation, ΦΛ(σ) = ΦΛ(σΛ). One needs to impose some additional
summability conditions on the interactionΦ: Φ is said to be uniformly absolutely
convergent (UAC) if for all i ∈ L,

∑

i∈V ⋐L
||ΦV ||∞ <∞. For an UAC interaction Φ,

the specification (specification density) γΦ = {γΦΛ}Λ⋐L is defined as follows, for
ω,η ∈Ω,

γΦΛ(ωΛ|ηΛc ) :=
e −H Φ

Λ (ωΛηΛc )

Z ΦΛ (η)
, (4.1)

where H Φ
Λ (ω) :=
∑

V ∩Λ ̸=;
ΦV (ω) is the Hamiltonian in the volumeΛ, and Z ΦΛ is a nor-

malization constant (the partition function), i.e., Z ΦΛ (η) :=
∑

ω̄Λ∈E Λ

e −H Φ
Λ (ω̄ΛηΛc ).

It should be stressed that a Gibbsian specification γΦ is always quasilocal [5,
26, 39]. In the current setting, in which E is finite, this property is equivalent to
the fact that for all Λ ⋐ L and ωΛ ∈ E Λ, γΛ(ωΛ|η) is a continuous function of the
boundary condition η ∈ Ω. Another important property of the Gibbsian specifi-
cations is non-nullness, which means that for all volumesΛ⋐L, inf

η,ω∈Ω
γΦΛ(ωΛ|ηΛc )>

0.
We denote the set of Gibbs states for the interaction Φ by G (Ω,Φ) (or G (Φ)). It

is a convex set – in fact a simplex – which is always non-empty if, as is the case in
this chapter, the spin space E is compact.

Depending on the symmetries of the lattice L and the spin space E , the in-
teractions and specifications may also exhibit some symmetries. For example, if
L = Z, then an interaction Φ on X := E Z is called translation-invariant if for all
Λ ⋐ Z, every k ∈ Z andω ∈ X , ΦΛ+k (ω) = ΦΛ(S

k (ω)), where Λ+k := {i +k : i ∈ Λ}
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and S : X → X is left shift, i.e., for every i ∈ Z and ω ∈ X , (Sω)i = ωi+1. Re-
spectively, a specification γ on X = E Z is called translation-invariant if for all
B ∈ F , Λ ⋐ Z, k ∈ Z and ω ∈ X , γΛ+k (B |ω) = γΛ(S k (B )|S k (ω)). Translation-
invariant interactions give rise to translation-invariant specifications. To some
extent, the opposite statement is also true: Sullivan showed ([5, 62]) that for a
quasilocal translation-invariant specification on Z, one can find a translation-
invariant interaction Φ such that γ = γΦ. Recently, however, it was shown in [5]
that this interaction is not necessarily uniformly absolutely convergent.

It should be noted that Gibbsian specifications can be uniquely recovered
from a consistent family of single-site probability kernels (densities) {γ{i } : i ∈L}
[33]. Therefore, it is sufficient to study only the single-site densities of a Gibb-
sian specification instead of studying all densities. Due to this fact, it is worth
defining the single-site densities of a specification separately from the concept
of specification as follows.

Definition 4.2.1. [31]A collection {γ{i }}i∈L of positive functionsγ{i }(·|·) : E×E L\{i }→
(0, 1) is called the family of single-site densities of a specification if

(i)
∑

ai∈E

γ{i }(ai |ω{i }c ) = 1 for allω ∈Ω= E L, i ∈L,

(ii) and for all i , j ∈L, α,ω ∈Ω the following holds

γ{i }(αi |α jω{i , j }c )
∑

β{i , j }

γ{ j }(β j |βiω{i , j }c )γ{i }(βi |α jω{i , j }c )
γ{ j }(α j |βiω{i , j }c )

=
γ{ j }(α j |αiω{i , j }c )

∑

β{i , j }

γ{i }(βi |β jω{i , j }c )γ{ j }(β j |αiω{i , j }c )
γ{i }(αi |β jω{i , j }c )

.

The following theorem signifies the importance of single-site densities of a
specification, and it will be useful later.

Proposition 4.2.2. [33]Let {γ{i }}i∈L be single-site densities of a specification. There
is a unique non-null specification γ on (Ω,F ) having {γ{i }}i∈L as its single-site
densities. Furthermore, γ is quasilocal if and only if all functions in the collec-
tion {γ{i }}i∈L are continuous, and a probability measure µ ∈M1(Ω,F ) is consis-
tent with γ if and only if it is consistent with all single-site probability kernels γ{i },
i ∈L.

4.2.2 Gibbs(ian) specifications in Dynamical Systems and Transfer op-
erators

As already mentioned above, in Dynamical Systems, the ’natural’ lattice is the
half-line L = Z+. For an introductory treatment of some of these issues, see also
[48]. Let X+ = E Z+ be the space of one-sided sequencesω= (ωn )n≥0 in alphabet

E . We equip X+ with the metric d (ω,ω′) =
∞
∑

n=0

I[ωn ̸=ω′n ]2
−n . We also define the
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left-shift S on X+ by y = S x where yi = xi+1 for all i ≥ 0. Letφ : X+→R be a con-
tinuous function (potential). Following [16, 17, 64], we define the corresponding

specification
*
γ
φ

:= {
*
γn =

*
γ
φ

[0,n−1], n ≥ 1}, by

*
γn (a

n−1
0 |x

∞
n ) =

exp
�

(Snφ)(a n−1
0 x∞n )
�

∑

ā n−1
0

exp
�

(Snφ)(ā n−1
0 x∞n )
� , where (Snφ)(x ) =

n−1
∑

k=0

φ(S k x ).

(4.2)
This gives a family of probability kernels on finite intervals [0, n −1] in Z+. How-
ever, the definition extends to general volumes Λ⋐Z+ by

*
γΛ(aΛ|xΛc ) =

exp ((Sn+1φ)(aΛxΛc ))
∑

āΛ
exp ((Sn+1φ)(āΛxΛc ))

, aΛ ∈ E Λ, x ∈ X+, (4.3)

where n =maxΛ.
For f ∈C (X+,R), one has

*
γn ( f )(x ) =

∑

ā n−1
0

exp
�

(Snφ)(ā n−1
0 x∞n )
�

f (ā n−1
0 x∞n )

∑

ā n−1
0

exp
�

(Snφ)(ā n−1
0 x∞n )
� . (4.4)

It turns out that
*
γn ( f ) can naturally be expressed in terms of the Ruelle-Perron-

Frobenius transfer operator. This is the operatorLφ acting on the space of con-
tinuous functions C (X+,R) as

Lφ f (x ) =
∑

y ∈S−1 x

e φ(y ) f (y ) =
∑

a∈E

e φ(a x ) f (a x ), (4.5)

where the configuration a x is obtained by the concatenation of the letter a and
the configuration x . Thus, for any n ≥ 1,

L n
φ f (x ) =
∑

a n−1
0 ∈E n

e Snφ(a n−1
0 x ) f (a n−1

0 x ), and hence,
*
γn ( f )(x ) =

L n
φ f (S n x )

L n
φ 1(S n x )

.

One readily checks that the family of probability kernels {
*
γn} has the standard

properties of specifications; most importantly, the consistency condition

*
γm (

*
γn ( f )) =

*
γn (

*
γm ( f )) =

*
γm ( f )

for all f ∈ C (X+,R) and every m ≥ n ≥ 1, and this particular property can be
readily validated using properties of transfer operators [64, Theorem 2.1].

The set of all Gibbs states on X+ for potentialφ, i.e., the set of measures con-

sistent with the specification
*
γ
φ

, will be denoted by G (X+,φ). The set of Gibbs
measures G (X+,φ) is a closed convex set and the extremal points of G (X+,φ) are
tail-trivial.
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Transfer operators allow for a dual view on Gibbs measures G (X+,φ). Define
the dual operatorL ∗φ , acting on the space of measuresM (X+) by

∫

f d (L ∗φν) =
∫

Lφ f dν for all f ∈C (X+,R).

It is well-known that there exists at least one eigenprobability ν on X+ for the
maximal eigenvalue λ= e P (φ), i.e.,

L ∗φν= e P (φ)ν,

where P (φ) = lim
n→∞

1

n
log sup

x∈X+

L n 1(x ) is the so-called topological pressure of φ.

Combining the results of [64, Corollary 2.3] and [17, Theorem 4.8], we can con-
clude that the sets of probability eigenmeasures ofL ∗φ and the Gibbs states forφ
on X+ coincide:

ν ∈G (X+,φ) if and only ifL ∗φν=λν.

There is an interesting phenomenon in the theory of Gibbs measures on one-
sided (half-line) symbolic spaces, which has no direct analogue in the two-sided
(whole-line) context. Let us say that a continuous potential φ : X+→R is quasi-
normalized if Lφ1 is a constant function on X+. It turns out that φ is quasi-
normalized if and only if all Gibbs measures µ in G (X+,φ) are translation invari-
ant, i.e., µ=µ ◦S−1 [65, Theorem 1.2 (iii)].

4.2.3 Relation between Gibbsian specifications

Specifications discussed above are defined on different spaces: X = E Z vs X+ =
E Z+ , as well as, in different terms: namely, the interaction Φ vs the potential φ.
What is the relation between these classes of specifications?

For a given interaction Φ, the potentialφ should be interpreted as minus the
contribution to the energy from (the neighborhood of) the origin [57, Section
3.2], [26, Section 2.4.5]. In fact there are multiple possibilities to define relevant
φ, e.g.,

φ(ω) :=−
∑

0∈V ⋐Z

1

|V |
ΦV (ωV ), (4.6)

or,

φ(ω) :=−
∑

0∈V ⋐Z+

ΦV (ωV ). (4.7)

In the setup of Thermodynamic Formalism, the second choice is particularly
convenient, and it will be used in this chapter.
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It is worth mentioning that for everyφ ∈C (E Z+ ,R) there exists a translation-
invariant interaction Φφ on X = E Z satisfying (4.7) such that

∑

0∈V ⋐Z

1

|V |
||ΦφV ||∞ <∞,

nonetheless, such Φφ does not need to be unique [57]. The reciprocal property
would be more interesting, namely that for each φ ∈ C (X+) there would exist
a translation-invariant UAC interaction Φ on X satisfying (4.7). Unfortunately,
there exist counterexamples showing this to be false (c.f. Proposition 4.6.2 and
Section 4.9).

4.3 Basic notions II: The Ruelle theorem and Equilibrium
states

Gibbs measures are eigenmeasures of the duals of transfer operators correspond-
ing to the maximal eigenvalue. What can we say about the eigenfunctions of
transfer operators? Ruelle established the first result for smooth potentials [55,
57]: ifφ : X+→R is Hölder continuous, then the transfer operatorLφ has a posi-

tive continuous eigenfunction h ;Lφh =λh , withλ= e P (φ). The existence of con-
tinuous eigenfunctions has been established for larger classes of smooth poten-
tials: for example, by Walters for potentials with summable variations ([66, 67]).
For less regular potentials – the so-called Bowen class – Walters established the
existence of bounded measurable eigenfunctions.

There is an interesting principal relation between the Gibbs measures G (X+,φ),
eigenfunctions of transfer operators, and translation invariant equilibrium states.

Proposition 4.3.1. [51, Theorem 1] Consider a continuous potential φ ∈ C (X+),
and suppose ν ∈G (X+,φ) or, equivalently,L ∗φν= e P (φ)ν. Then

1) If there exists a non-negative eigenfunction h ∈ L 1(X+,ν) of the transfer op-
erator Lφ with Lφh = e P (φ)h, then µ = h ·ν (i.e., dµ = hdν) is a transla-
tion invariant equilibrium state of φ: namely, µ is the measure satisfying
the variational principle

h (S ,µ) +

∫

φdµ= sup
ρ∈M1(X+,S )

�

h (S ,ρ) +

∫

φdρ
�

=: P (φ).

where h (S , ·) is the Kolmogorov-Sinai entropy, the supremum is taken over
the set of all translation invariant probability measures on X+, and P (φ) is
the (topological) pressure ofφ.
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2) If there exists a translation invariant measure µ ∈M1(X+,S ) such that µ≪
ν, then µ is an equilibrium state for φ and the Radon-Nikodym derivative

h =
dµ

dν
is the eigenfunction ofLφ withLφh = e P (φ)h.

The proof of Proposition 4.3.1 follows standard arguments under the assump-
tion that the eigenfunction (Radon-Nikodym density) is continuous [64]. While
the transfer operatorLφ is typically considered as an operator acting on contin-
uous functions, it can be readily extended to L 1(ν). The standard proof is then
adapted to integrable functions in a straightforward fashion.

By the above proposition, the condition that the transfer operatorLφ has an

eigenfunction for the maximal eigenvalueλ= e P (φ) is equivalent to the existence
of an equilibrium state forφ on X+ having this eigenfunction as Radon-Nikodym
derivative with respect to some Gibbs state ν ∈G (X+,φ).

We should note that the approach based on Proposition 4.3.1 has already
been used in at least two particular cases: for Dyson potentials by Johansson,
Öberg, Pollicott [47], and for product-type potentials by Cioletti, Denker, Lopes,
Stadlbauer [15]. Let us now recall these results. The Dyson potential φD is given
by

φD (x ) :=β
∞
∑

n=1

x0 xn

nα
, x ∈ {−1, 1}Z+ , (4.8)

where β ≥ 0 is the inverse temperature and α > 1 is the model parameter. The
Dyson potentialφD originates from the standard Dyson interaction Φ, by means
of (4.7),

ΦΛ(ω) :=







−
βωiω j

|i − j |α
, if Λ= {i , j } ⊂Z, i ̸= j ;

0, otherwise.
(4.9)

If α > 2, φD has summable variations, and, hence, the Ruelle-Walters theo-
rem applies, and the transfer operator has a unique positive continuous eigen-
function [67]. For α ∈ (1, 2], in complete analogy to the classical (whole-line)
Dyson model on {−1, 1}Z, phase transitions – the existence of multiple Gibbs
measures – occur [46], and no general result in Dynamical Systems applies. The
main result of [47] reads

Theorem 4.3.2. [47] For α ∈
�3

2
, 2
�

and all sufficiently small1 β ∈ [0,+∞) there ex-

ists a positive continuous eigenfunction of the Perron-Frobenius transfer operator
LφD .

1This result has been improved by the authors since we first submitted our paper [29]. Their
result now reads that the continuous eigenfunction exists for all supercritical temperatures.
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Remark 4.3.3. Theorem 4.3.2 holds for all β < β1
c , where β1

c is the critical value
for a certain long-range Bernoulli percolation1. For further details, see Section 4.9
and [47].

In [15], the authors introduced a product-type potential φP : {−1, 1}Z+ → R,
with

φP (x ) :=β
∞
∑

n=1

xn

nα
, (4.10)

where again β ≥ 0 and α > 1. As above, φP has a summable variation for α >
2, and thus the standard theory applies [67]. For each β and α > 1, there is a

unique Gibbs state ν which has the product form ν =
∞
∏

n=0

λn , with λn (1) = pn =

exp (β
∑n

i=1 i−α)

2 cosh (β
∑n

i=1 i−α)
, while the unique equilibrium state for φP is the Bernoulli

measure µ on {−1, 1}Z+ with µ([1]0) = lim
n→∞

pn =
e βζ(α)

2 cosh(βζ(α))
.

Theorem 4.3.4. [15]

(i) For α > 3/2, the equilibrium state µP is absolutely continuous with respect
to the Gibbs state νP , and thus the Perron-Frobenius transfer operatorLφp t

has an eigenfunction h P :=
dµP

dνP
∈ L 1(X+,νP ). The density h P is continuous

for α> 2, and essentially discontinuous if α≤ 2.

(ii) If 1 < α ≤ 3/2, then µP and νP are singular measures, and therefore, the
transfer operatorLφP does not have an eigenfunction in L 1(X+,νP ).

4.4 Basic notions III: Equivalence of interactions. Dobrushin
uniqueness condition

4.4.1 Equivalent specifications

We start this section with the notion of equivalent Gibbsian specifications; we
follow closely the book by Georgii [39, Chapter 7].

Definition 4.4.1. Two Gibbsian specifications γ, γ̃ are called equivalent, denoted
by γ≃ γ̃ if there exists a constant C > 1 such that

c −1γΛ(A | ·)≤ γ̃Λ(A | ·)≤ c γΛ(A | ·)

for all Λ ∈Z and A ∈F .
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In particular, if Φ and Ψ are both UAC interactions, and γ= γΦ, γ̃= γΨ are the
corresponding Gibbsian specifications, then γΦ ≃ γΨ if

sup
Λ⋐Z





H Φ
Λ −H Ψ

Λ





<∞. (4.11)

The sufficient condition (4.11) certainly holds if the collection of sets

{Λ⋐Z :ΦΛ(·) ̸=ΨΛ(·)}

is finite. In this case, we say that Ψ is a finite perturbation of Φ, and vice versa.
The following theorem summarizes the properties of sets of Gibbs measures

of two equivalent specifications.

Theorem 4.4.2. [39, Theorem 7.3] Let γ and γ̃ be two equivalent specifications.
Then G (γ) ̸= ; if and only if G (γ̃) ̸= ;, and in this case there is an affine bijection
µ↔ µ̃ between G (γ) and G (γ̃) such that µ = µ̃ on T . In particular, |exG (γ)| =
|exG (γ̃)|.

4.4.2 Dobrushin uniqueness condition and its corollaries

This is one of the most general criteria for the uniqueness of Gibbs states. We dis-
cuss it in the framework of a general countable set L of sites and a configuration
space Ω := E L. Consider a uniformly absolutely convergent (UAC) interaction
Φ = {ΦΛ(·) : Λ ⋐ L} on Ω and let γΦ be the corresponding Gibbsian specification.
For any sites i , j ∈L, define

C (γΦ)i , j := sup
ηL\{ j }=ηL\{ j }

||γΦ{i }(·|η)−γ
Φ
{i }(·|η)||∞,

where || · ||∞ is the supremum norm onM (Ω) defined by ||τ||∞ := sup
B∈B (Ω)

|τ(B )|

for any finite signed Borel measure τ. The infinite matrix C (γΦ) := (C (γΦ)i , j )i , j∈L
is called the Dobrushin interdependence matrix.

Definition 4.4.3. [18, 37, 39] The specification γΦ satisfies the Dobrushin unique-
ness (contraction) condition if

c (γΦ) := sup
i∈L

∑

j∈L
C (γΦ)i , j < 1. (4.12)

The Dobrushin uniqueness condition admits a slightly stronger — and easy
to check— form:
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Proposition 4.4.4. [39, Proposition 8.8] LetL be any countable set, and suppose a
UAC interaction Φ= {ΦΛ(·) :Λ⋐L} is such that

c̄ (Φ) :=
1

2
sup
i∈L

∑

Λ∋i

(|Λ| −1)δ(ΦΛ)< 1, (4.13)

where δ( f ) := sup{| f (ξ)− f (η)| : ξ,η ∈ E L} is the variation of f : E L→R. Then γΦ

satisfies the Dobrushin uniqueness condition.

The proof of Proposition 4.4.4 boils down to showing that for all i , j , i ̸= j ,

C (γΦ)i j ≤
1

2

∑

{i , j }⊂Λ
δ(ΦΛ) =: C̄ (Φ)i j ,

and hence c (γΦ) = sup
i

∑

j

C (γΦ)i j ≤ sup
i

∑

j

C̄ (Φ)i j = c̄ (Φ). Notice that the non-

negative matrix C̄ (Φ) := (C̄ (Φ)i , j )i , j∈L is symmetric.
Note that by transitioning to condition (4.13), we are reinforcing the primary

condition of this chapter, which is the Dobrushin uniqueness condition (4.12),
but with a particular purpose. The condition (4.13) is stable under a perturbation
of the underlying model/interactionΦ. Indeed, letΨ = {ΨV }V ⋐L be an interaction
such that for V ⋐L, either ΨV = ΦV or ΨV = 0, then it is straightforward to check
that c̄ (Ψ)≤ c̄ (Φ). Thus Ψ inherits the Dobrushin uniqueness condition from Φ as
long as Φ satisfies (4.13).

The crucial property of the Dobrushin uniqueness condition is that it pro-
vides the uniqueness of the compatible probability measures with the specifica-
tion γΦ. In fact, we have the following theorem.

Theorem 4.4.5. [18][37, Section 6.5][39, Chapter 8] If γΦ satisfies the Dobrushin
uniqueness condition (4.12), then

�

�G (γΦ)
�

�≤ 1.

If E is compact, as is the case in this chapter, there is always at least one Gibbs
state; hence, the inequality becomes an equality.

The validity of Dobrushin’s criterion yields two important properties of the
unique Gibbs state: concentration inequalities and explicit bounds on the decay
of correlations.
The first property involves the coefficient c̄ (Φ), and it provides the tail bounds for
the unique Gibbs measure. Let

δk F := sup
�

F (ξ)− F (η) : ξ j =η j , j ∈L \ {k}
	

(4.14)

denote the oscillation of a local function F : Ω → R at a site k ∈ L and δ(F ) =
(δk F )k∈L is the oscillation vector, where Ω= E L.
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Theorem 4.4.6. [50] Suppose Φ is a UAC interaction satisfying (4.13) and let µΦ be
its unique Gibbs measure. Set

D :=
4

(1− c̄ (Φ))2
. (4.15)

Then, for all t > 0 and every continuous function F on Ω, one has

µΦ
�¦

ω ∈Ω : F (ω)−
∫

Ω

F dµΦ ≥ t
©�

≤ e
− 2t 2

D ||δ(F )||22 , (4.16)

where ||δ(F )||22 :=
∑

k∈L
(δk F )2.

It is a well-known fact that (4.16) implies that F is sub-Gaussian and µΦ has
the moment concentration bounds as stated in the following theorem ([63, Propo-
sition 2.5.2]).

Theorem 4.4.7. [63] Assume that a probability measure µΦ satisfies (4.16) with a
constant D =D (µΦ)> 0. Then:

(i) µΦ satisfies a Gaussian Concentration Bound with the constant D , i.e., for
any continuous function F on Ω= E L, one has

∫

Ω

e F −
∫

Ω
F dµΦdµΦ ≤ e D ||δ(F )||22 . (4.17)

(ii) for all m ∈N and any continuous function F on Ω, one has
∫

Ω

�

�

�F −
∫

Ω

F dµΦ

�

�

�

m
dµΦ ≤
�D ||δ(F )||22

2

�
m
2

mΓ
�m

2

�

, (4.18)

where Γ is Euler’s gamma function.

We present the second property in the particular setup L=Z, and it involves
the Z×Zmatrix

D (γΦ) =
∞
∑

n=0

C (γΦ)n . (4.19)

The sum of the Z×Z matrices in the right-hand side converges due to the Do-
brushin condition (4.12).

Proposition 4.4.8. [36, 39] Consider a UAC interaction Φ on X = E Z.

(i) Assume the specification γΦ satisfies the Dobrushin condition (4.12) and let
µ be its unique Gibbs measure. Then, for all f , g ∈C (X ) and i ∈Z,
�

�

�covµ( f , g ◦S i )
�

�

�≤
1

4

∑

k , j∈Z
D (γΦ) j k ·δk f ·δ j−i g . (4.20)
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(ii) SupposeΦ satisfies (4.13) and define the non-negative symmetricZ×Z-matrix
by

D̄ (Φ) :=
∑

n≥0

C̄ (Φ)n . (4.21)

Then,

sup
i∈Z

∑

j∈Z
D̄ (Φ)i j ≤

1

1− c̄ (Φ)
. (4.22)

4.5 Main results I: From half-line to whole-line specifica-
tions and measures

4.5.1 From half-line to whole-line specifications

The main results of this chapter are grouped into two parts. In the first part, we
consider a half-line potentialφ : X+→R satisfying minor technical assumptions
and we identify the natural translation-invariant specification on X = E Z which

extends
*
γ
φ

. In the second part we provide sufficient conditions for the Gibbs/e-
quilibrium state on X+ to be absolutely continuous/equivalent with respect to
the corresponding half-line Gibbs state ν. Then Proposition 3.1 allows us to con-
clude that the transfer operator admits an eigenfunction.
First, we consider the issue of whether there is a whole-line specification natu-

rally associated with a half-line specification
*
γ
φ

. It turns out that under a very
mild condition onφ we obtain an affirmative answer.

Definition 4.5.1. We say that a continuous potential φ : X+→ R satisfies the ex-
tensibility condition if for all a0, b0 ∈ E the sequence

F a0,b0
n (x ) := Sn+1φ(x

−1
−n b0 x∞1 )−Sn+1φ(x

−1
−n a0 x∞1 ) =

n
∑

i=0

�

φ(x−1
−i b0 x∞1 )−φ(x

−1
−i a0 x∞1 )
�

converges uniformly on x ∈ X as n→∞.

This condition has first appeared in [7] in connection to a related question of
whether g -measures are also Gibbs. In terms of the extensibility condition, we
can reformulate the main result of [7] as follows.

Theorem 4.5.2. [7] Let µ be a g−measure for a continuous g−function g : X+→
(0, 1), i.e.,µ is translation-invariant and forµ−almost all x ∈ X+,µ(x0|F[1,∞))(x ) =
g (x ). Then µ (the natural extension) is a Gibbs measure on X if and only if log g
satisfies the extensibility condition.
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In [7], the authors identified several sufficient conditions for φ to satisfy the
extensibility condition, such as the Walters condition and the so-called Good Fu-
ture condition. Note that a function φ ∈ C (X+,R) satisfies the Walters condition

and the Good Future condition if lim
p→∞

sup
n≥1

vn+p (Snφ) = 0 and
∞
∑

k=1

δkφ <∞, re-

spectively. Here
vk (ϕ) := sup

x k−1
0 =y k−1

0

|ϕ(x )−ϕ(y )| (4.23)

is the k th−variation (or the oscillation in the volume [0, k − 1]) of a function ϕ :
X+→R and

δkϕ ≡ sup
x∈X+,ak ,bk∈E

�

�ϕ(x k−1
0 ak x∞k+1)−ϕ(x

k−1
0 bk x∞k+1)
�

� . (4.24)

is the oscillation of ϕ at the site k . Interesting examples of potentials satisfying
the extensibility condition are the Dyson potential (4.8) and the product-type po-
tential (4.10). Note that both potentials are in the Walters class if and only ifα> 2.
However, both satisfy the Good Future condition, and thus the extensibility con-
dition as well, for all admissible values of the parameterα, sinceδn (φ

D ) =O (n−α)
and δn (φ

P ) =O (n−α).
Gibbsianness for potentials satisfying the extensibility condition stems from

the fact that they lead to a natural whole-line translation-invariant specification.
Indeed, ifφ ∈C (X+,R) satisfies the extensibility condition the limits

⇋
γ
φ

{i }(σi |ω{i }c ) := lim
p→∞

e Si+p+1φ(ωi−1
−p σiω

∞
i+1)

∑

ω̄i
e Si+p+1φ(ωi−1

−p ω̄iω
∞
i+1)

(4.25)

are well defined for all i ∈Z. In turn, they lead to a full specification.

Proposition 4.5.3. There is a unique translation-invariant quasilocal non-null

specification
⇋
γ
φ

on X such that the functions (4.25) become its single-site densities.

Proof. By Proposition 4.2.2, it is sufficient to check that {
⇋
γ
φ

{i }}i∈Z satisfy condi-

tions (i) and (ii) of Definition 4.2.1. Clearly, {
⇋
γ
φ

{i }}i∈Z satisfies the first condition
In order to check the second condition, consider arbitrary i , j ∈Zwith i < j , and
p ∈N such that i , j ≫−p . Then a straightforward computation shows that

e Si+p+1φ(ωi−1
−p αiω

j−1
i+1α jω

∞
j+1)

∑

βi , j
e Sj+p+1φ(ωi−1

−p βiω
j−1
i+1β jω

∞
j+1)+Si+p+1φ(ωi−1

−p βiω
j−1
i+1α jω

∞
j+1)−Sj+p+1φ(ωi−1

−p βiω
j−1
i+1α jω

∞
j+1)
=

=
e Sj+p+1φ(ωi−1

−p αiω
j−1
i+1α jω

∞
j+1)

∑

βi , j
e Si+p+1φ(ωi−1

−p βiω
j−1
i+1β jω

∞
j+1)+Sj+p+1φ(ωi−1

−p αiω
j−1
i+1β jω

∞
j+1)−Si+p+1φ(ωi−1

−p αiω
j−1
i+1β jω

∞
j+1)

.
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The limit p →∞ of this identity yields condition (ii).
Finally, note that for all i ∈Z,

⇋
γ
φ

{0}((S
iσ)0|S i (ω){0}c ) = lim

p→∞

exp (Sp+1φ(ωi−1
i−pσiω

∞
i+1))

∑

σ̄i
exp (Sp+1φ(ωi−1

i−p σ̄iω
∞
i+1))

=
⇋
γ
φ

{i }(σi |ω{i }c )

and hence
⇋
γ
φ

is a translation-invariant specification.

Example 4.5.4. Let us illustrate the construction in the previous proof with the
Dyson potential φ defined in (4.8). In this case a straightforward computation
shows that for all p ∈N, β ≥ 0,σ0 ∈ {−1, 1} andω ∈ {−1, 1}Z,

exp
�

Sp+1φ(ω−1
−pσ0ω

∞
1 )
�

exp
�

Sp+1φ(ω−1
−p σ̄0ω

∞
1 )
� =

exp
�

β
∑−1

k=−p
σ0ωk
|k |α +β
∑+∞

k=1
σ0ωk
|k |α
�

exp
�

β
∑−1

k=−p
σ̄0ωk
|k |α +β
∑+∞

k=1
σ̄0ωk
|k |α
� .

Thus

exp
�

Sp+1φ(ω−1
−pσ0ω

∞
1 )
�

exp
�

Sp+1φ(ω−1
−pσ0ω

∞
1 )
�

+exp
�

Sp+1φ(ω−1
−p σ̄0ω

∞
1 )
� → γ{0}(σ0|ω−1

−∞,ω∞1 )

as p →∞, where

γ{0}(σ0|ω−1
−∞,ω∞1 ) =

exp
�

β
∑+∞

k=1
σ0(ωk+ω−k )

kα

�

exp
�

β
∑+∞

k=1
σ0(ωk+ω−k )

kα

�

+exp
�

β
∑+∞

k=1
σ̄0(ωk+ω−k )

kα

� .

4.5.2 Whole-line Gibbs measures as limits of half-line ones

Once the correspondence between
*
γ
φ

and
⇋
γ
φ

is established, it is interesting to

understand the relation between G (X+,
*
γ
φ
)
�

=G (X+,φ)
�

and G (X ,
⇋
γ
φ
).

Suppose ν is a Gibbs probability measure on X+ for some potential φ satis-
fying the extensibility condition, and consider an arbitrary measure ρ on X− =
E −N(e.g. a uniform Bernoulli measure), and consider the measure µ0 =ρ×ν on
X = X−×X+.

For any n ≥ 0, let

µn =µ0 ◦S−n ,

This is a sequence of Borel probability measures {µn}n≥0 on the compact metric
space X , and hence it has weak∗-converging subsequences {µnk

}. It turns out
that their limits are bona fide whole-line Gibbs measures.
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Theorem 4.A. Suppose φ satisfies the extensibility condition and ν ∈ G (X+,φ).
Consider µ0 := ρ × ν, where ρ is any probability measure on X−. Assume that
a subsequence {µnk

= µ0 ◦ S−nk }k≥0 converges to a probability measure µ in the
weak∗ topology as k →∞. Then for µ-almost all x :

µ(x0|x−1
−∞, x∞1 ) =

⇋
γ
φ

{0}(x0|x−1
−∞, x∞1 ) = lim

n→∞

exp
�

Sn+1φ(x−1
−n x0 x∞1 )
�

∑

ā0
exp
�

Sn+1φ(x−1
−n ā0 x∞1 )
� .

Hence µ is a whole-line Gibbs measure for the whole-line specification defined

by the kernels
⇋
γ
φ

{0}.

Now we turn to translation invariant measures.

Theorem 4.B. Assume the conditions of Theorem 4.A, let µ be a weak∗ limit point
of the following sequence of measures

µ̃n :=
1

n

n−1
∑

i=0

µ0 ◦S−i .

Thenµ is a translation-invariant Gibbs measure for
⇋
γ
φ

, i.e.,µ ∈GS (
⇋
γ
φ
) :=G (

⇋
γ
φ
)∩

M1(X ,S ).

We shall give the proofs of Theorem 4.A and Theorem 4.B in Section 4.8.

4.6 Main results II: Eigenfunctions of transfer operators
and absolute continuity of Gibbs measures

As mentioned in the introduction, we can show the existence of an eigenfunction
if we can show that the equilibrium state µ is absolutely continuous with respect
to the half-line non-translation invariant Gibbs measure ν. This approach has
recently been used by Johansson, Öberg and Pollicott [47] to show Theorem 4.3.2.
We also use this approach to prove the following theorem.

Theorem 4.C. Let φ be the Dyson potential (4.8). Suppose α > 1 and β > 0 is
sufficiently small. Then,

(i) the half-line Dyson model φ on X+ = {±1}Z+ admits a unique equilibrium
state µ+ and Gibbs state ν;

(ii) for all α > 1, µ+ is equivalent to ν, i.e., µ+ ≪ ν and ν ≪ µ+, and thus the
Perron-Frobenius transfer operatorLφ has an eigenfunction in L 1(X+,ν);
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(iii) furthermore, ifα>
3

2
, there exists a continuous version of the Radon-Nikodym

density
dµ+
dν

, and thus the Perron-Frobenius transfer operatorLφ has a con-

tinuous eigenfunction.

Remark 4.6.1. In fact, we prove Theorem 4.C under the Dobrushin uniqueness
condition (c.f. (4.12)-(4.13)). Therefore, the parameter β ≥ 0 should be sufficiently
small so that the corresponding whole-line Dyson interaction on X = {±1}Z satis-
fies the Dobrushin uniqueness condition (4.13).

We will show a much more general statement (Theorem 4.E below), from
which one can easily obtain the first two parts of Theorem 4.C. Our method of
proof of statement (iii) differs from that of [47], and can be generalised to other
models. The proof of Theorem 4.C will be presented in Section 4.8.

4.6.1 From C (X+) to the space of interactions on X

It is clear from Section 4.5 that every (half-line) translation-invariant UAC in-

teraction
*
Φ (i.e.,

*
ΦΛ ◦ S =

*
ΦΛ+1 ) on X+, yields a potential φ ∈ C (X+) with φ =

−
∑

0∈V ⋐Z+

*
ΦV , such that γφ = γ

*
Φ.

In the opposite direction, it is known that every potential φ yields an equiv-

alent interaction
*
Φ on X+ [57] which in its turn can be extended by translations

to an interaction Φ on X . This extension, however, is only guaranteed to belong

to the so-called B0(X ) class —-i.e., is such that
∑

0∈V ⋐Z+

1

|V |
||ΦV ||∞ <∞— but it

may fail to be UAC.
The determination of necessary and sufficient conditions forφ to yield a UAC

potential Φ on X is an open problem that we do not address here. Rather, in the
sequel we determine a class of potentials φ that admit a translation invariant
UAC interaction Φ on Z satisfying

φ =−
∑

0∈V ⋐Z+

ΦV . (4.26)

The following proposition shows that potentials in this class satisfy the extensi-
bility condition.

Proposition 4.6.2. Let φ ∈ C (X+) such that there exists a translation invariant

UAC interaction Φ onZ satisfyingφ =−
∑

0∈V ⋐Z+

ΦV . Thenφ satisfies the extensibil-

ity condition. Furthermore,
⇋
γ
φ
= γΦ.
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Proof. Note that

Sn+1φ =−
∑

V ∩[0,n ]̸=;; V ⋐Z+

ΦV .

Thus since the interaction is translation-invariant (Φ ◦S−n =ΦV −n )

Sn+1φ ◦S−n =−
∑

V ∩[−n ,0]̸=;; V ⋐[−n ,∞]
ΦV .

(The LHS of the above equation should be considered on X , otherwise, S−n is not
defined on X+.)

Pick any ξ,η ∈ X , such that ξ j =η j if j ̸= 0. Then

Sn+1φ(ξ
∞
−n )−Sn+1φ(η

∞
−n ) =

∑

V ∩[−n ,0]̸=;; V ⋐[−n ,∞]
(ΦV (η)−ΦV (ξ))

=
∑

0∈V ⋐[−n ,∞]
(ΦV (η)−ΦV (ξ)).

Since Φ is UAC,
∑

0∈V ⋐[−n ,∞]
[ΦV (ξ) − ΦV (η)] converges uniformly to H Φ

{0}(ξ) −

H Φ
{0}(η) =
∑

0∈V ⋐Z
(ΦV (ξ)−ΦV (η)) as n→∞. Thus it is also clear that

⇋
γ
φ
= γΦ.

Example 4.6.3. Consider the Dyson potential φ (c.f. (4.8)) with the state space
E = {−1, 1}, and the standard (whole-line) Dyson interaction Φ on Z (c.f. (4.9)).

Then it is easy to see thatφ =−
∑

0∈Λ⋐Z+

ΦΛ.

4.6.2 Decoupling across the origin

To every UAC interaction Φ onZwe can associate a sequence Ψ (k ) of interactions
obtained by removing all bonds linking −N and Z+ and adding them one at a
time. Formally, we consider the family

A =
�

Λ⋐Z : min(Λ)< 0, maxΛ≥ 0
	

.

indexed according to some arbitrary order: A = {Λ1,Λ2, . . .}. Then define, for
each k ∈Z+,

Ψ (k )Λ =

¨

0, Λ ∈ {Λi : i ≥ k +1},
ΦΛ, otherwise.

(4.27)

In particular, Ψ (0) has no interaction between the left and right half lines. Clearly,
all the constructed interactions are UAC and in addition have the following prop-
erties:
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Remark 4.6.4. 1) EveryΨ (k ) in (4.27) is a local (finite) perturbation ofΨ (0). More-

over, the sequence Ψ (k ) tends to Φ as k →∞, in the sense that Ψ (k )Λ ⇒ ΦΛ for
all Λ⋐Z.

2) For any finite volume V ,

||H Ψ (k )

V −H Φ
V ||∞ ≤
∑

Λ j∩V ̸=;
j≥k

||ΦΛ j
||∞ −−−→

k→∞
0.

3) The specifications γΨ
(k )

converge to γΦ as k →∞. More precisely, for all B ∈
F and V ⋐Z,

γΨ
(k )

V (B |ω)−−−→
k→∞

γΦV (B |ω) uniformly in the boundary conditionsω ∈ X .

4) In addition, ifν(k ) is a Gibbs measure forΨ (k ), then by Lemma 4.2, any weak∗-
limit point, µ of the sequence {ν(k )}k≥0 is a Gibbs measure for the potential
Φ.

Another important observation applies to the interaction Ψ (0). As it is con-
structed fromΦ by removing all interaction between−N andZ+, the correspond-

ing specificationγΨ
(0)

is of product type [39, Example 7.18]: γΨ
(0)
= γΦ

−
×γΦ

+
, where

Φ− and Φ+ are the restrictions of Φ respectively to the negative and positive half-
lines. Thus, the extreme Gibbs measures also factorize [39, Example 7.18]:

ex G (γΨ
(0)
) = {ν−×ν+ : ν− ∈ ex G (X−,γΦ

−
), ν+ ∈ ex G (X+,γΦ

+
)} . (4.28)

4.6.3 Absolute continuity

If Ψ (0) does not exhibit phase transitions, i.e., has a unique Gibbs measure, then
by Theorem 4.4.2, all the interactions Ψ (k ), k ≥ 1, do not exhibit phase transitions
as well. Let us denote by ν(k ) the unique Gibbs state for Ψ (k ).

Theorem 4.6.5. If the interaction Φ satisfies the Dobrushin uniqueness criterion
(4.13), so do all interactionsΨ (k ) and, furthermore,ν(k ) andν(0) are equivalent with

dν(k )

dν(0)
=

e −
∑k

i=1ΦΛi

∫

X
e −
∑k

i=1ΦΛi dν(0)
,

dν(0)

dν(k )
=

e
∑k

i=1ΦΛi

∫

X
e
∑k

i=1ΦΛi dν(k )
. (4.29)

Proof. The hereditary character of Dobrushin’s criterion follows from the obvious
fact that, for all k ∈Z+, c̄ (Ψ (k ))≤ c̄ (Φ).
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The proof of (4.29) follows, telescopically, from the partial Radon-Nikodym
derivatives

dν(k )

dν(k−1)
=

e −ΦΛk

∫

e −ΦΛk dν(k−1)
,

dν(k−1)

dν(k )
=

e ΦΛk

∫

e ΦΛk dν(k )
, (4.30)

which is a particular case of the following elementary lemma.

Lemma 4.6.6. Let Ψ be a UAC interaction that does not exhibit phase transitions.
Consider a perturbed interaction of the form Ψ̄ =Ψ+P with P a finite interaction
supported on A ⋐Z. If {ν}=G (Ψ) and ν̄ ∈G (Ψ̄), then ν̄≪ ν, and

d ν̄

dν
=

e −H P
A

∫

X
e −H P

A dν
. (4.31)

Proof. First, note that by Theorem 4.4.2, the model Ψ̄ does not exhibit phase tran-
sitions since it is a finite perturbation ofΨ. Thus {ν̄}=G (Ψ̄). By uniqueness of the
Gibbs state, we have that, for both interactions, the Gibbs measures are achieved
through limits

γΛ(·)
∗−−*
Λ↑Z

ν and γ̄Λ(·)
∗−−*
Λ↑Z

ν̄ (4.32)

where γ := γΨ and γ̄ := γΨ̄ are the Gibbsian kernels corresponding to the inter-
actions Ψ and Ψ̄ and free boundary conditions (that is, considering only bonds
within Λ). Consider any V ⊂ Λ ⋐ Z. As H Ψ̄

Λ =H P
A +H Ψ

Λ , for any cylindrical event
[σV ], we have that

γ̄Λ(σV ) =

∑

ξΛ
1σV

e −H P
A (ξA ) e −H Ψ

Λ (ξΛ)

∑

ξΛ
e −H P

A (ξA ) e −H Ψ
Λ (ξΛ)

.

Dividing top and bottom by
∑

ξΛ

e −H Ψ
Λ (ξΛ) we get

γ̄Λ(σV ) =
γΛ
�

1σV
e −H P

A
�

γΛ
�

e −H P
A
�

.

Taking limits over Λ and using (4.32) we obtain

ν̄(1σV
) = ν(1σV

f )

where f is, precisely, the right-hand side of (4.31). This concludes the proof be-
cause cylindrical events uniquely determine the measures.
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Now we turn to the restrictions ν(k )+ of measures ν(k ) to the half-line Z+, i.e.,

for B ∈F+, ν(k )+ (B ) := ν
(k )(X−×B ). Note that for the cylindrical sets [σΛ], Λ⋐Z+,

one has ν(k )+ ([σΛ]) = ν
(k )([σΛ]). Similarly, one can define the restrictions to the left

half-line −N. If the model Ψ (0) does not exhibit phase transitions, then ν(0) is a
product measure, i.e., ν(0) = ν(0)− ×ν

(0)
+ (c.f. (4.28)), where ν(0)− is the unique Gibbs

measure for the interaction Φ− on X−, and ν(0)+ is the unique Gibbs measure for
Φ+ on X+. If this is the case, then one can compute the Radon-Nikodym density

f (k )+ :=
dν(k )+

dν(0)+
, in fact, for allσ ∈ X+, k ∈Z+,

f (k )+ (σ) =

∫

X−
e
−
∑k

j=1ΦΛ j
(ξ,σ)

ν(0)− (dξ)
∫

X+

∫

X−
e
−
∑k

j=1ΦΛ j
(ξ,ζ)
ν(0)− (dξ)ν

(0)
+ (dζ)

. (4.33)

By Theorem 4.6.5, all the measures ν(k ), k ≥ 0 are equivalent to ν(0). However,
it is not clear whether the weak∗-limit points of the sequence {ν(k )}k∈Z+ are ab-

solutely continuous with respect to ν(0) or not. The following theorem provides
sufficient conditions.

Theorem 4.D. Assume thatΦ satisfies the Dobrushin uniqueness condition (4.13).
Suppose the family { f (k )}k∈N is uniformly integrable in L 1(ν(0)). Then the weak∗

limit point of the sequence {ν(k )} is a Gibbs measure for Φ and absolutely continu-
ous with respect to ν(0).

The next theorem is the main theorem of this section and it provides suffi-
cient conditions for uniform integrability of the family { f (k )}k∈N, and thus abso-
lute continuity of the weak∗ limit points with respect to ν(0).

Theorem 4.E. Assume the following

1) the interaction Φ satisfies the Dobrushin uniqueness condition (4.13);

2)
∞
∑

k=1

||δ(ΦΛk
)||22 <∞;

3)
∞
∑

k=1

ρk <∞, where ρk := sup
n∈N

�

�

�

�

∫

X

ΦΛk
dν(n )
�

�

�

�

.

Then Ψ (0) does not exhibit phase transitions, and { f (k ) : k ∈ N} is uniformly inte-
grable in L 1(ν(0)).

Remark 4.6.7. Note that the third, summability condition in Theorem 4.E is im-
portant. To illustrate this, consider the product-type potentialφP defined by (4.10).
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One can readily verify that the potentialφP coincides with the half-line mean en-

ergy at 0 — that is,φP =−
∑

0∈V ⋐Z+

ΦV — for the translation-invariant UAC interac-

tion:

ΦΛ(ω) =







−
βω j

|i − j |α
, Λ= {i , j } ⊂Z, j > i ,

0, otherwise .

This interaction Φ, which is not spin-flip invariant, satisfies the first and second
conditions of Theorem 4.E for β sufficiently small. In fact, for all β ≥ 0, both Do-

brushin interdependence matrices C (γΦ) and C (γφ
P
) are zero matrices, thus, both

specifications (not the interactions) satisfy the condition (4.12) for all β ’s. How-
ever, Φ does not satisfy the last condition of the theorem. Indeed, as the unique
Gibbs measure µ for Φ is Bernoulli with

µ([1]0) =
e βζ(α)

2 cosh(βζ(α))
,

one has
∫

X

σ0dµ= tanh(βζ(α))> 0.

Therefore, for all i ∈N, j ∈Z+,

ρ−i , j ≥
�

�

�

∫

X

Φ{−i , j }dµ
�

�

�=
β

(i + j )α
tanh(βζ(α)),

and thus the sum
∞
∑

i=1

∞
∑

j=0

ρ−i , j diverges, whereρ−i , j := sup
n∈N

�

�

�

∫

X

Φ{−i , j }dν
(n )
�

�

�. Hence,

Theorem 4.E does not apply to this particular model. Moreover, as asserted in the

second part of Theorem 4.3.4, for 1<α≤
3

2
, the conclusion of Theorem 4.E fails to

hold for this model.

The combination of Theorems 4.E and 4.D implies that ifΦ satisfies the condi-
tions of the former, the unique Gibbs measure µ ∈G (Φ) is absolutely continuous
with respect to ν(0). Note that, as a consequence, Theorem 4.E can not be true for
the previous interaction if 1<α≤ 3/2. Indeed, the second part of Theorem 4.3.4
directly implies that the measures µ and ν(0) are singular for those values of α.

It is natural to ask whether, reciprocally,ν(0) is also absolutely continuous with
respect to µ. The answer is affirmative modulo conditions comparable to those
of Theorem 4.E. The argument resorts also to a sequence of interactions but this
time obtained by removing one by one the bonds in the volumes inA = {Λ⋐Z :
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minΛ< 0, maxΛ≥ 0} instead of adding them to Ψ (0). More precisely, at each step
k ∈Z+, we construct a new interaction Φ(k ) as follows:

Φ(k )Λ =

¨

0, Λ ∈ {Λi : 1≤ i ≤ k},
ΦΛ, otherwise.

Then as previously, for all k ∈Z+, the matrix C̄ (Φ(k )) is dominated by C̄ (Φ), thus if
Φ satisfies the Dobrushin uniqueness condition (4.13) so do all the interactions
Φ(k ). Furthermore, Remark 4.6.4 still remains valid interchangingΦ andΨ (0). Thus
the sequence µ(k ) of unique Gibbs measures for each Φ(k ) converges in weak∗

sense to a Gibbs measure µ for Ψ (0). In addition, by Lemma 4.6.6, all the mea-
sures µ(k ) are equivalent to µ and their Radon-Nikodym derivatives are given by

f (k )µ :=
dµ(k )

dµ
=

e
∑k

i=1ΦΛi

∫

X
e
∑k

i=1ΦΛi dµ
.

To conclude, we present the following analogue of Theorem 4.E which can be
proven in a similar way.

Theorem 4.F. Assume that

1) the interaction Φ satisfies (4.13);

2)
∞
∑

k=1

||δ(ΦΛk
)||22 <∞;

3)
∞
∑

k=1

ρ
µ
k <∞, where ρ

µ
k := sup

n∈N

�

�

�

∫

X

ΦΛk
dµ(n )
�

�

�.

Then Ψ (0) does not exhibit phase transitions, and { f (k )µ : k ∈ N} is uniformly inte-

grable in L 1(µ). In particular, ν(0) is absolutely continuous with respect to µ.

We postpone the proofs of Theorem 4.D and Theorem 4.E until Section 4.8.

4.7 Application: Dyson model

This was our motivating example. Let us recall that the Dyson potential φ is de-
fined on the half-line configuration space X+ = {−1,+1}Z+ as

φ(x ) =β
∞
∑

n=1

x0 xn

nα
, x = (x0, x1, . . .) ∈ X+,
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for some α > 1. As mentioned in Example 4.6.3, this potential is related to the

whole-line Dyson modelΦ, defined in (4.9), byφ =−
∑

0∈V ⋐Z+

ΦV , and thus
⇋
γ
φ
= γΦ.

Hence by Theorem 4.A, for all ν ∈ G (φ), any weak* accumulation point of the
sequence {ν ◦S−n} is a restriction of some µ ∈G (Φ) to Z+.

The Dyson potential satisfies the Good Future condition because its oscilla-
tions (4.24) δn (φ) = O (n−α) are summable. As a consequence, it satisfies the ex-
tensibility condition. Forα> 2, furthermore, its variations vn (Snφ) := sup{Snφ(x )−
Snφ(y ) : x n−1

0 = y n−1
0 } are also summable and, therefore, the standard theory ap-

plies [67]. The case of α ∈ (1, 2] is significantly more subtle, and its theory is less
developed. Its most recent advance is (Theorem 4.3.2 above), obtained by Jo-
hansson, Öberg and Pollicott [47] through the random-cluster representation for
the whole-line Dyson model Φ (c.f. (4.9)).

Now, we recall some important properties of the Dyson model and its phase
diagram. It is clear that the interaction Φ is translation and spin-flip invariant.
One of the most interesting properties of the associated Gibbs measures is that
all the measures in G (Φ) are translation-invariant for all the values of the param-
eters α and β . However, this statement is not true as regards spin-flip invari-
ance. In fact, there is only one spin-flip invariant Gibbs measure in G (Φ) which
is the cause of the phase transitions for high β ’s. By applying FKG inequalities,
it can be shown that the (weak∗) limits µ+ := lim

Λ↑Z
γΦΛ(·|+) and µ− := lim

Λ↑Z
γΦΛ(·|−) ex-

ist, and both are extremal. In fact, µ− and µ+ are the only extremal elements of
G (Φ) since they stochastically dominate all other Gibbs measures of the model

i.e.

∫

X

f dµ− ≤
∫

X

f dµ≤
∫

X

f dµ+ for any Gibbs state µ ∈G (Φ) and for any non-

decreasing function f ∈C (X ). The phase diagram of this model is in many ways
similar to the phase diagram of the two-dimensional nearest-neighbour Ising
model, in fact, we have the following result.

Theorem 4.7.1. [23, 38, 56] For all α ∈ (1, 2], there exists a critical temperature
βc (α) ∈ (0,+∞) such that there is no phase transition for all β ∈ [0,βc (α)) (i.e.
µ+ = µ−), and there is a phase transition for all β ∈ (βc (α),+∞) (i.e. µ+ ̸= µ−).
Furthermore, for all the values of β , G (Φ) = [µ−;µ+].

Note that if α> 2, then for all the values of the inverse tempereature β > 0, Φ
does not exhibit phase transitions, i.e., |G (Φ)|= 1.

In [46], the authors proved that the phase diagram of the half-line Dyson model
φ is similar to the phase diagram of the whole-line Dyson model. In fact, they
showed that for all α ∈ (1, 2], there exists β+c , such that the for all β ∈ (0,β+c ), there
exists a unique half-line Gibbs state for φ, and for β > β+c , there exist multiple
Gibbs states. The authors also conjectured that the critical values β+c and βc of
the half and whole-line Dyson models are, in fact, equal β+c =βc .
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4.8 Proofs of the main results

4.8.1 Proofs of Theorems 4.A and 4.B

We shall use the following two simple lemmas in the proof of Theorem 4.A.

Lemma 4.8.1. [39, Remark 5.10] Let γ be a specification on X and µ ∈G (γ). Then
µ ◦S−1 is consistent with the specification γ(1), where

γ(1)Λ (B |ω) := γΛ+1(S
−1(B )|S−1(ω)), ∀B ∈F , ω ∈ X , ∀Λ⋐Z.

Lemma 4.8.2. [39, Theorem 4.17] Suppose γ and γ(n ), n ≥ 1 are specifications on
X = E Z. Assume that γ(n ) converge uniformly to γ as n →∞, in the sense that for
all Λ⋐Z and allσ ∈ X ,

γΛ(σΛ|ωΛc ) = lim
n→∞

γ(n )Λ (σΛ|ωΛc )

uniformly in the boundary conditionω ∈ X . Take µ(n ) ∈ G (γ(n )), and assume that
the sequence µ(n ) converges to some µ ∈ M1(X ) in the weak∗ topology. Then µ ∈
G (γ).

Proof of Theorem 4.A. We, first, prove the theorem in the case whereρ is the uni-

form Bernoulli measure on X−. Let us consider a family of functions γ(0){n} : E ×
E Z\{n}→ (0, 1) given by:

γ(0){n}(an |x n−1
−∞ , x∞n+1) :=

(

*
γ
φ

{n}(an |x n−1
−∞ , x∞n+1), n ≥ 0;

1/|E |, n < 0
(4.34)

with
*
γ
φ

{n}(an |x n−1
−∞ , x∞n+1) =

e Sn+1φ(x n−1
0 an x∞n+1)

∑

ān
e Sn+1φ(x n−1

0 ān x∞n+1)
(4.35)

are the single-site kernels for the half-line specification
*
γ
φ

. [To simplify we adopt
the convention x n

m = ; if n < m .] It can be easily checked that it is a family of
single-site densities of a specification, therefore, by Proposition 4.2.2 there is a

non-null quasilocal specification γ(0) on (X ,F ) having {γ(0){n}}n∈Z as its single-site

densities. Note that γ(0) is not translation-invariant. We claim that µ0 ∈ G (γ(0)).
To show this, it is enough, by Proposition 4.2.2, to check that µ0

�

γ(0){n}(F )
�

=µ0(F )
for each local cylindrical F . That is, we must show that

[ρ×ν]
�

γ(0){n}(1b r
k
)
�

= [ρ×ν]
�

1b r
k

�

(4.36)
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for all integer k ≤ r and n and all b r
k ∈ E r−k+1. A quick inspection shows that the

only non-trivial case is k ≤ n ≤ r , n ≥ 0. In this case

[ρ×ν]
�

γ(0){n}(1b r
k
)
�

= ρ
�

1b 0
k∧(−1)

�

ν
�*
γ{n}(1b r

k∨0
)
�

, (4.37)

and, as ν is a Gibbs measure forφ, we conclude that

[ρ×ν]
�

γ(0){n}(1b r
k
)
�

= ρ
�

1b 0
k∧(−1)

�

ν
�

1b r
k∨0

�

, (4.38)

proving (4.36).
The proof is concluded by invoking the previous lemmas. By Lemma 4.8.1,

for all p ∈N, the measure µp =µ0 ◦S−p is consistent with γ(p ), where

γ
(p )
Λ (B |ω) := γ

(0)
Λ+p (S

−p (B )|S−p (ω)), ∀B ∈F , ω ∈ X , ∀Λ⋐Z.

Note that the single-site density functions ofγ(p ) can be calculated explicitly, namely,
for allσ,ω ∈ X ,

γ
(p )
{i }(σi |ω{i }c ) :=











e Si+p+1φ(ωi−1
−p σiω

∞
i+1)

∑

ω̄i
e Si+p+1φ(ωi−1

−p ω̄iω
∞
i+1)

, i ≥−p ;

1/|E |, i <−p .

(4.39)

Thus
⇋
γ
φ

is the uniform limit of the sequence of specifications {γ(p )}p . Thus by

Lemma 4.8.2, we obtain that µ ∈ G (
⇋
γ
φ
). Hence, we establish the theorem in the

case where ρ is the uniform Bernoulli measure.
Now let ρ̃ ∈M1(X−) be an arbitrary measure, and letρ once again denote the

uniform Bernoulli measure on X−. Then for any local function g : X →R, g ◦S n

becomes FZ+ measurable, for sufficiently large n ≥ 1. Thus by Fubini’s theorem,
for sufficiently large n ,
∫

X

g ◦S n d (ρ̃×ν) =
∫

X+

g ◦S n dν=

∫

X

g ◦S n d (ρ×ν).

Hence, one concludes that a subsequence {(ρ̃ × ν) ◦ S−nk }k≥1 converges in the
weak∗ topology if and only if {(ρ×ν)◦S−nk }k≥1 converges and the limiting points
coincide.

The following lemma will be useful in the proof of Theorem 4.B.

Lemma 4.8.3. Under the conditions of Theorem 4.A, for all cylindrical sets C ⊂ X ,
and all volumes Λ⋐Z,

lim
n→∞

∫

X

�⇋
γ
φ

Λ (C |x )−1C (x )
�

µn (d x ) = 0 .
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Proof. We will show that

lim inf
n→∞

∫

X

�⇋
γ
φ

Λ (C |x )−1C (x )
�

µn (d x ) = 0 ; (4.40)

the analogous result for the lim sup can be shown similarly. Take any subse-
quence {nk } such that

lim
k→∞

∫

X

�⇋
γ
φ

Λ (C |x )−1C (x )
�

µnk
(d x ) = lim inf

n→∞

∫

X

�⇋
γ
φ

Λ (C |x )−1C (x )
�

µn (d x ).

By compactness ofM1(X ) the subsequence {µnk
}k converges in the weak∗-topology.

If µ is its limit, then µ ∈G (
⇋
γ
φ
) by Theorem 4.A. Thus,

lim
k→∞

∫

X

�⇋
γ
φ

Λ (C |x )−1C (x )
�

µnk
(d x ) =

∫

X

�⇋
γ
φ

Λ (C |x )−1C (x )
�

µ(d x ) = 0 .

Proof of Theorem 4.B. The proof of translation-invariance of µ is standard. Thus

it is enough to check the consistency, i.e., µ ∈ G (
⇋
γ
φ
). Let µ = lim

k
µ̃nk

, and take

any cylindrical event C . Then, the weak convergence implies that

∫

X

⇋
γ
φ

Λ (C |x )µ̃nk
(d x )−−−→

k→∞
(µ
⇋
γ
φ

Λ )(C ). (4.41)

On the other hand, the Stolz-Cesaro theorem and Lemma 4.8.3 yield that

1

nk

nk−1
∑

i=0

∫

X

�⇋
γ
φ

Λ (C |x )−1C (x )
�

µi (d x )−−−→
k→∞

0 .

Thus,

∫

X

⇋
γ
φ

Λ (C |x )µ̃nk
(d x ) =

1

nk

nk−1
∑

i=0

∫

X

�⇋
γ
φ

Λ (C |x )−1C (x )
�

µi (d x ) + µ̃nk
(C )−−−→

k→∞
µ(C ),

4.8.2 Proofs of Theorem 4.D, 4.E and 4.C

Proof of Theorem 4.D. By Theorem 4.6.5, each measure ν(k ) is absolutely contin-

uous with respect to ν(0) with f (k ) =
dν(k )

dν(0)
. Furthermore, by Theorem 4.4.2, ν(k )
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is the unique Gibbs measure for Ψ (k ) for all k ≥ 0. Letµ∗ be a weak∗ limit of a sub-
sequence {ν(ks )}s∈N. By Lemma 4.8.2, µ∗ ∈ G (Φ) (c.f. Remark 4.6.4). By the weak
star convergence, we have that for all g0 ∈C (X ),

∫

X

g0dν(ks ) =

∫

X

g0 f (ks )dν(0) −−−→
s→∞

∫

X

g0dµ∗. (4.42)

Since the family { f (k ) : k ∈Z+} is uniformly integrable, it is relatively weakly com-
pact in L 1(ν(0)) by the Dunford-Pettis theorem. Therefore, there exists a weak
limit point f ∈ L 1(ν(0)) of the sequence { f (ks )}s∈N. Without loss of generality, as-
sume that f (ks ) −−−*

s→∞
f . Thus for all g ∈ L∞(X ,ν(0)),

∫

X

g f (ks )dν(0) −−−→
s→∞

∫

X

g f dν(0). (4.43)

By combining (4.42) and (4.43), we conclude that for all g0 ∈C (X ),
∫

X

g0dµ∗ =

∫

X

g0 f dν(0).

Proof of Theorem 4.E. For all k ∈N, denote Wk :=
k
∑

i=1

ΦΛi
. Our argument relies on

two claims:

Claim 1:

sup
k≥0

�

�

�

∫

X

−Wk dν(k )
�

�

�<∞ .

Claim 2:

sup
k≥0

∫

X

e −Wk dν(0) <∞.

Then, as
∫

X

f (k ) log f (k )dν(0) =

∫

X

−Wk dν(k )− log

∫

X

e −Wk dν(0) ,

these claims imply that

sup
k≥0

∫

X

f (k ) log f (k )dν(0) <∞. (4.44)

Hence by applying de la Vallée Poussin’s theorem to the family { f (k ) : k ∈N} and
to the function t ∈ (0,+∞) 7→ t log t , one concludes that the family { f (k ) : k ∈N}
is uniformly integrable in L 1(ν(0)).
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The proof of Claim 1 is immediate:

�

�

�

∫

X

−Wk dν(k )
�

�

�≤
k
∑

i=1

�

�

�

∫

X

ΦΛi
dν(k )
�

�

�≤
k
∑

i=1

ρi ≤
∞
∑

i=1

ρi <∞ . (4.45)

The proof of Claim 2 relies on the Gaussian concentration bounds. Note that
for all k ∈ N, c̄ (Ψ (0)) ≤ c̄ (Ψ (k )) ≤ c̄ (Φ). Therefore, the Dobrushin uniqueness con-
dition c̄ (Φ)< 1 is inherited by all the intermediate interactions. Applying the first
part of Theorem 4.4.7 we see that the (only) measure µ ∈ G (Φ) and all the inter-
mediate measures ν(k ), k ≥ 0, satisfy the Gaussian Concentration Bound with the

same constant D :=
4

(1− c̄ (Φ))2
. This implies that, for all k ∈N,

∫

X

e −ΦΛk dν(k−1) ≤ e D ||δ(ΦΛk
)||22 e −
∫

X ΦΛk
dν(k−1)

. (4.46)

We combine this inequality with (4.30) to iterate
∫

X

e −(ΦΛk
+ΦΛk−1

)dν(k−2)

=

∫

X

e −ΦΛk dν(k−1))
∫

X

e −ΦΛk−1 dν(k−2)

≤ e D (||δ(ΦΛk
)||22+||δ(ΦΛk−1

)||22) · e −(
∫

X ΦΛk
dν(k−1)+
∫

X ΦΛk−1
dν(k−2)). (4.47)

By induction this yields
∫

X

e −
∑k

i=1ΦΛi dν(0) ≤ e D
∑k

i=1 ||δ(ΦΛi
)||22 · e −
∑k

i=1

∫

X ΦΛi
dν(i−1)

. (4.48)

Thus, by using (4.17) and (4.45), we have that
∫

X

e −Wk dν(0) ≤ e D
∑k

i=1 ||δ(ΦΛi
)||22 · e
∑k

i=1ρi (4.49)

for all k ∈N, and

sup
k∈N

∫

X

e −Wk dν(0) ≤ e D
∑∞

i=1 ||δ(ΦΛi
)||22 · e
∑∞

i=1ρi <∞. (4.50)

This proves Claim 2 and, hence, concludes the proof of the theorem.

Proof of Theorem 4.C.

Part (i): Its proof is rather straightforward. We choose β > 0, so that the re-
sulting Φ satisfies the Dobrushin uniqueness condition c̄ (Φ) < 1. This condition
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is inherited by Ψ (0), hence both potentials have a unique Gibbs state. Further-
more, as direct products of Gibbs measures for the restricted interactions Φ− and
Φ+ are Gibbs measures for Ψ (0), neither Φ− nor Φ+ may exhibit phase transitions
(c.f. Equation (4.28)). In particular, γφ = γΦ

+
admits only one Gibbs state.

Part (ii): We just have to verify the hypotheses of Theorem 4.E; the absolute
continuity follows then from Theorem 4.D. We chose 0<β ≤βDU with

βDU =
�

2
∞
∑

i=1

1

iα
�−1
=

1

2
ζ(α)−1 . (4.51)

Hence, by Proposition 4.4.4, for allβ ∈ (0,βDU ),Φ satisfies the Dobrushin unique-
ness condition c̄ (Φ) < 1. Hypothesis 1): Consequence of the Dobrushin unique-
ness criterion.

Hypothesis 2): For all i ∈N, j ∈Z+ and k ∈Z,

δk (Φ{−i , j }) =







0, k /∈ {−i , j };
2β

(i + j )α
, k ∈ {−i , j }.

Thus for all i ∈N, j ∈Z+, Therefore,

∑

i∈N,
j∈Z+

||δ(Φ{−i , j })||22 =
∑

i∈N,
j∈Z+

8β2

(i + j )2α
<∞ .

Hypothesis 3): We shall use inequalities (4.20) and (4.22). We use the notation
introduced in Section 4.4.2. Note that for all k ≥ 0 we have the componentwise
domination

C (γΨ
(k )
)i , j ≤ C̄ (Φ)i , j , D (γΨ

(k )
)i , j ≤ D̄ (Φ)i , j . (4.52)

Thus since c̄ (Φ)< 1 all the specifications γΨ
(k )

satisfy (4.12) (c.f. Section 4.4.2).
Applying (4.20) to the measures ν(k ), k ≥ 0 and using (4.52), we see that

sup
k≥0

�

�

�

∫

X

σ−m ·σ0 ◦S n dν(k )
�

�

�≤
1

4

∑

r, j∈Z
D̄ (Φ)r j ·δrσ−m ·δn− jσ0. (4.53)

Hence for all m ∈N and n ∈Z+,

(m +n )αρ−m ,n ≤
1

4

∑

r, j∈Z
D̄ (Φ)r j ·δrσ−m ·δn− jσ0. (4.54)
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Summing and applying inequality (4.22), we obtain

∞
∑

n=0

(m +n )αρ−m ,n ≤
1

4

∑

r, j ,n∈Z
D̄ (Φ)r j ·δrσ−m ·δn− jσ0

=
1

2

∑

r∈Z

�

δrσ−m ·
∑

j∈Z
D̄ (Φ)r j

�

(4.22)
≤

1

1− c̄ (Φ)
.

(4.55)

As a consequence, mα ·
∞
∑

n=0

ρ−m ,n ≤ (1− c̄ (Φ))−1 for all m ∈N, which implies

∞
∑

m=1

∞
∑

n=0

ρ−m ,n ≤
1

1− c̄ (Φ)

∞
∑

m=1

1

mα
<∞. (4.56)

This concludes the verification of the hypotheses of Theorem 4.E, which, to-
gether with Theorem 4.D imply that the unique limit point µ of the sequence
{ν(k )}k∈Z+ is absolutely continuous with respect to ν(0). As ν(0) = (ν(0))− × (ν(0))+

and (ν(0))+ coincides with the unique Gibbs state ν of φ, it follows that µ≪ ν(0)

implies that µ+≪ ν.
The proof of ν≪µ+ is analogous but using Theorem 4.F instead of Theorem

4.E.

Part (iii): This part follows from an application of the Arzelà–Ascoli theorem.
Before proceeding with the proof, we fix an enumeration {Λ1,Λ2, . . .} of the set
A = {Λ ⋐ Z : minΛ < 0 ≤maxΛ} such that, for every N ∈ N, there exists kN ∈ N
satisfying

kN
∑

i=1

ΦΛi
=
∑

min V <0≤max V
V ⊂[−N ,N ]

ΦV . (4.57)

Let us denoteξ the configurations in X− = {−1, 1}−N andσ those in X+ = {−1, 1}Z+ .
For all N ∈N, and (ξ,σ) ∈ X−×X+, define

WN (ξ,σ) :=
N
∑

i=1

N
∑

j=0

−
βξ−iσ j

(i + j )α

and

f [N ]+ (σ) :=
dν[N ]+

dν(0)+
(σ) =

∫

X−
e −WN (ξ,σ)ν(0)− (dξ)

∫

X+

∫

X−
e −WN (ξ,ζ)ν(0)− (dξ)ν

(0)
+ (dζ)

. (4.58)

The sequence { f [N ]+ }N ∈N is a subsequence of the sequence { f (k )+ }k∈Z+ defined in

(4.33), since f [N ]+ = f kN
+ . All f [N ]+ are local functions on X+, thus continuous. We
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claim that it is enough to prove that the family { f [N ]+ : N ∈ N} is relatively com-
pact in C (X+). Indeed, if this is true, there exists a function f+ ∈ C (X+) and a

subsequence { f [Nk ]
+ }k∈N such that f [Nk ]

+ ⇒ f+ as k →∞. Thus, by the argument
presented in the proof of Theorem 4.D, f+ is the Radon-Nikodym density of µ+
with respect to ν, and

Lφ f+(x ) = e P (S ,φ) f+(x )

for all for x ∈ X+ [in principle, the identity holds for ν−almost all x ∈ X+, but ν is
fully supported]. Hence f+ is the continuous eigenfunction of the transfer oper-
atorLφ corresponding to the largest eigenvalue. Note that we can also conclude

from this argument that the entire sequence { f [N ]+ }N ∈N converges in the uniform
topology.

To conclude, we turn to the proof of the relative compactness of the family
{ f [N ]+ : N ∈N}. By the Arzela-Ascoli theorem, it is enough to show that this family
is uniformly bounded and equicontinuous. These properties are proven sepa-
rately.

Uniform boundedness: As

c̄ (Φ−) =
1

2
sup
i∈−N

∑

i∈V ⋐−N
(|V | −1)δ(ΦV )≤

1

2
sup
i∈Z

∑

i∈V ⋐Z
(|V | −1)δ(ΦV ) = c̄ (Φ)< 1 ,

the interaction Φ− on −N satisfies the Dobrushin uniqueness condition, there-
fore, the unique Gibbs measure ν− ∈G (Φ−) satisfies the Gaussian Concentration
Bound (Theorem 4.4.7) with the constant D = 4(1− c̄ (Φ))−2. Fix any σ ∈ X+ and
consider WN (ξ,σ) as a function of ξ ∈ X−. Clearly, it is a local function, thus by
the first part of Theorem 4.4.7, for all κ ∈R,
∫

X−

e κWN (ξ,σ)ν−(dξ)≤ e Dκ2||δ(WN (·,σ))||22 · e κ
∫

X−
WN (ξ,σ)ν−(dξ). (4.59)

First, note that the interaction Φ− is invariant under the global spin-flip transfor-
mation, therefore, so is the unique Gibbs measure ν−. Thus for all N ∈ N and

σ ∈ X+,

∫

X−

WN (ξ,σ)ν−(dξ) = 0. Second, for all k ∈N,

δ−k (WN (·,σ)) = 2β
�

�

�

N
∑

j=0

σ j

(k + j )α

�

�

�≤ 2β
N
∑

j=0

1

(k + j )α
.

Hence if α>
3

2
, for all N ∈N,σ ∈ X+,

||δ(WN (·,σ))||22 ≤ 4β2
∞
∑

k=1

�

∞
∑

j=k

1

j α

�2
=: 4β2C1(α)<∞. (4.60)
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Then (4.59) implies that for all N ∈N,σ ∈ X+, one has
∫

X−

e κWN (ξ,σ)ν−(dξ)≤ e 4Dκ2β2C1(α). (4.61)

Changing κ→−κ in (4.61) we also obtain
∫

X−

e −κWN (ξ,σ)ν−(dξ)≤ e 4Dκ2β2C1(α). (4.62)

Thus by applying the Cauchy-Schwarz inequality, we obtain

1 =
�

∫

X−

e κWN (ξ,σ)/2 e −κWN (ξ,σ)/2ν−(dξ)
�2

≤
∫

X−

e −κWN (ξ,σ)ν−(dξ)

∫

X−

e κWN (ξ,σ)ν−(dξ)

≤ e 4Dκ2β2C1(α) ·
∫

X−

e κWN (ξ,σ)ν−(dξ)

which yields the lower bound

e −4Dκ2β2C1(α) ≤
∫

X−

e κWN (ξ,σ)ν−(dξ) (4.63)

for allσ ∈ X+, N ∈N. Putting (4.61) and (4.63) together yields the bounds

e −4Dκ2β2C1(α) ≤
∫

X+

∫

X−

e κWN (ξ,σ)ν−(dξ)ν+(dσ)≤ e 4Dκ2β2C1(α) (4.64)

which implies that the family { f [N ]+ : N ∈ N} is uniformly bounded from above
and below:

e −8Dβ2C1(α) ≤ f [N ]+ (σ)≤ e 8Dβ2C1(α) . (4.65)

Equicontinuity: As the denominator

∫

X

e −WN dν(0) is uniformly bounded from

above and below as shown in (4.64), it is enough to show that the family

¦

∫

X−

e −WN (ξ,·)ν−(dξ) : N ∈N
©

is equicontinuous. Consider n ∈Nand configurationsσ,σ̃ ∈ X+ such thatσn−1
0 =

σ̃n−1
0 . Then

�

�

�

∫

X−

�

e −WN (ξ,σ)− e −WN (ξ,σ̃)
�

ν−(dξ)
�

�

�≤
∫

X−

e −WN (ξ,σ) ·
�

�

�e WN (ξ,σ)−WN (ξ,σ̃)−1
�

�

�ν−(dξ).

(4.66)
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Thus, by the Cauchy-Schwarz inequality,

R H S ≤
�

∫

X−

e −2WN (ξ,σ)ν−(dξ)
�

1
2
�

∫

X−

�

e WN (ξ,σ)−WN (ξ,σ̃)−1
�2
ν−(dξ)
�

1
2

(4.67)

and (4.61) yields that

�

�

�

∫

X−

�

e −WN (ξ,σ)− e −WN (ξ,σ̃)
�

ν−(dξ)
�

�

�≤C2

�

∫

X−

�

e WN (ξ,σ)−WN (ξ,σ̃)−1
�2
ν−(dξ)
�

1
2

(4.68)
with C2 := e 8Dβ2C1(α). We will bound the last integral by bounding the exponent.

Note that

WN (ξ,σ)−WN (ξ,σ̃) =−β
N
∑

j=n

(σ j − σ̃ j )
N
∑

i=1

ξ−i

(i + j )α
(4.69)

and, thus, for all k ∈N,

δ−k (WN (·,σ)−WN (·,σ̃)) = 2β
�

�

�

N
∑

j=n

σ j − σ̃ j

(k + j )α

�

�

�≤ 4β
N
∑

j=n

1

(k + j )α
. (4.70)

Hence, for sufficiently large n and N > n ,

||δ(WN (·,σ)−WN (·,σ̃))||22 ≤ 16β2
∞
∑

k=1

�

N
∑

j=n

1

(k + j )α

�2
≤ 32β2

∞
∑

k=n+1

1

k 2(α−1)
=: un .

(4.71)
with

lim
n→∞

un = 0 if and only if α>
3

2
.

The spin-flip invariance of ν− implies that for all N ∈N,
∫

X−

[WN (ξ,σ)−WN (ξ,σ̃)]ν−(dξ) = 0 .

Then since Φ− satisfies (4.13), we have, from the second part of Theorem 4.4.7,
that for all m ∈N,
∫

X−

�

�

�WN (ξ,σ)−WN (ξ,σ̃)
�

�

�

m
ν−(dξ) ≤
�D ||δ(WN (·,σ)−WN (·,σ̃))||22

2

�
m
2

m Γ
�m

2

�

= m v m
n Γ
�m

2

�

(4.72)

with

vn :=
�D un

2

�
1
2

.
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We conclude by expanding the square in the right-hand side in (4.68):

Expanding the square in the right-hand side of (4.68),

∫

X−

�

e WN (ξ,σ)−WN (ξ,σ̃)−1
�2
ν−(dξ)

=

∫

X−

�

e 2[WN (ξ,σ)−WN (ξ,σ̃)]−2 e WN (ξ,σ)−WN (ξ,σ̃)+1
�

ν−(dξ)

≤ 1+
∞
∑

m=1

2m +2

m !

∫

X−

�

�

�WN (ξ,σ)−WN (ξ,σ̃)
�

�

�

m
ν−(dξ). (4.73)

Through elementary analysis one can show that

∞
∑

m=1

2m +2

m !
m v m

n Γ
�m

2

�

≤ 4vn +3e v 2
n +2e 4v 2

n −5. (4.74)

Therefore, we obtain from (4.68) and (4.72),

�

�

�

∫

X−

�

e −WN (ξ,σ)− e −WN (ξ,σ̃)
�

ν−(dξ)
�

�

�≤C2(4vn +3e v 2
n +2e 4v 2

n −5)
1
2 . (4.75)

Since lim
n→∞

vn = 0, we conclude that the family
¦

∫

X−

e −WN (ξ,·)ν−(dξ) : N ∈ N
©

is

indeed equicontinuous.

4.9 Final Remarks and Future Directions

The main results of the present work rely on two major assumptions: uniqueness
of the Gibbs measure and validity of the Gaussian concentration inequalities for
that measure. We informally refer to the combination of these two conditions as
strong uniqueness. Strong uniqueness holds for a wide class of Gibbs interac-
tions (potentials).

However, we would like to end with a discussion of one particular model – the
Dyson model, which served as the primary motivation for the present work. The
picture below (Figure 4.1) summarises the current state of the art in the eigen-
function problem for the Dyson potential with the parameters α> 1, β > 0.
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1 2
0

3/2α′

β ′

(a)

(b)

(c)

(d)

(e)

(f )

α

β

βc (α)

βDU
c (α)

Figure 4.1: Eigenfunctions for the Dyson model across the phase diagram 2

(a) Forα> 2, at all temperatures, the Dyson potential has summable variation,
and hence the classical results of Walters [66,67] allow one to conclude that
the transfer operator admits a continuous eigenfunction with summable
variation. Note also that forα> 2 we also have strong uniqueness: unique-
ness is due to Bowen [9], and the Gaussian Concentration Bounds have
been established in [12, 13]. Thus our results are also applicable, although
summable variation of the unique continuous positive eigenfunction re-
quires a separate argument.

(b) For α ∈ (3/2, 2] existence of a continuous eigenfunction was first proved by
Johansson, Öberg, and Pollicott for sufficiently small β and then extended
to the whole subcritical region [47]. The proof in [47] relies on rather spe-
cific properties of the Dyson model, e.g., representation of the model via
the random cluster model, which typically restricts one to ferromagnetic
models [22, 45] We strongly believe that the Gaussian concentration in-
equality, and hence, the method used in this chapter can be extended to
the whole uniqueness region as well (See the Appendix).

2The monotonicity of the function α 7→ βc (α) follows from the GKS inequality [37], while the
monotonicity of the function α 7→βDU

c (α) follows from (4.51)
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(c) In this region, we have established the existence of an integrable eigenfunc-
tion. (c.f. the second part of Theorem 4.C). We conjecture that the result is
sharp: for α≤ 3/2, the transfer operator does not have a continuous eigen-
function.

(d) We conjecture that the result obtained for the region (c) must hold for all
β ’s below the critical value βc (α).

(e) In the supercritical regime: α > 1 and β > βc (α), we believe that transfer
operators do not admit integrable eigenfunctions.

(f) The only result which applies to the supercritical phase is [8], where it has
been shown that in a particular region, both pure phases of the Dyson model
Φ are not g−measures. That immediately implies that the transfer opera-
tor does not have a continuous eigenfunction; otherwise, the normalized

function g =
h · e φ

λ ·h ◦S
would become a g−function for all the phases, in par-

ticular, the pure phases of the model.

To summarize the picture, we conjecture that for the Dyson potential, transfer
operator does not have an eigenfunction in the supercritical regime, and does
have an eigenfunction in the subcritical regime. The smoothness of the eigen-
function is varying with α: from summable variation for α> 2, to continuous for
α ∈ (3/2, 2], to L 1 but not continuous for α≤ 3/2.

The key to establishing properties of transfer operators for the Dyson poten-
tial is, in our opinion, a proper understanding of the probabilistic properties of
the left-right interaction energy function:

W (ξ,σ) =
∑

i<0≤ j

−
βξiσ j

( j − i )α
, ξ ∈ X−,σ ∈ X+.

For example, in the case α > 2, the results follow almost immediately from the
simple observation that the interaction energy function is uniformly bounded

sup
ξ∈X−,σ∈X+

|W (ξ,σ)|=β
∑

i<0≤ j

1

( j − i )α
<∞,

and all expressions for densities above automatically lead to continuous func-
tions. The next interesting ’critical value’ α = 3/2 also appears quite naturally:
The left-right interaction energies W (ξ,σ) for a fixed σ ∈ X+, but ν−-random
configurations ξ ∈ X−, can be represented as

W (ξ,σ) =
∑

i<0

Zi , Zi = ξi

�

−
∑

j≥0

σ j

( j − i )α

�

.
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The variances var(Zi ) = O (|i |−2(α−1)) become summable for α > 3/2 [c.f. (4.60)].
Hence, assuming weak correlations, the condition α> 3/2 corresponds to the al-
most sure existence of the left-right interaction energy for random conditions on
the left half-line interacting with any (in particular, the all plus or all minus) con-
figuration on the right half-line. The concentration inequality can be interpreted
as the rigorous transcription of this observation, and the Dobrushin condition as
the guarantor of weak correlations.

We strongly believe that the analysis of the left-right interaction energy func-
tion can be extended to the whole subcritical regime β <βc (α).

We finish the discussion with two interesting questions. As customary in dy-
namical systems, we study continuous potentials φ ∈ C (X+). In Section 4.6.1,
however, we switch to the language of Statistical Mechanics and assume that the

potential can be represented as φ = −
∑

0∈V ⋐Z+

ΦV for some translation invariant

UAC interaction Φ on Z , c.f. [57]. This is clearly the case for the Dyson potential.
In general, however, we do not know any reasonable description of the class of
such potentialsφ.

Finally, in the opposite direction, under which conditions can a Gibbsian spec-
ification γ, on the half-lattice Z+, be represented as γ = γφ for some φ ∈ C (X+)?
One possible approach to finding such representations would be extending the
Kozlov-Sullivan characterisation on Z to the half-line Z+ [5].

4.10 Appendix: Eigenfunctions for the near-critical ferro-
magnetic Dyson model

The appendix aims to present an extension of the results of Chapter 4 to the en-
tire uniqueness region of the ferromagnetic Dyson model and sketch its proof
by building on recent advances by Bauerschmidt and Dagallier [6], as well as a
fundamental result by Duminil-Copin and Tassion [21].

In [6], the authors established log-Sobolev inequalities for the finite volume
Gibbs measures of ferromagnetic Ising models, building on newly obtained cor-
relation inequality by Ding, Song, and Sun [19].

Definition 4.10.1. A measure τ on XS := {±1}S , where S ⊆ Z is a finite or in-
finite subset, satisfies the log-Sobolev inequality (LSI) if there exists a constant
D =D (τ)> 0 such that, for every local function f : XS →R,

Entτ( f 2)≤ 2D

∫

XS

∑

i∈S
( f (ω)− f (ω(i )))2τ(dω), (4.76)

This appendix is based on M. Makhmudov, “Concentration inequalities and Transfer operators
for supercritical Dyson models”, arXiv:2508.01703.
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whereω(i ) denotes the configuration obtained fromω by flipping the spin at site i
and keeping all other spins unchanged, i.e.,

ω(i )j :=

¨

ω j , i ̸= j ;

−ωi , i = j ,

and for a non-negative local function f̃ : XS →R, the entropy of f̃ with respect to

τ is defined as Entτ( f̃ ) :=

∫

XS

f̃ log f̃ dτ−
∫

XS

f̃ dτ · log

∫

XS

f̃ dτ. The smallest

such constant D is called the log-Sobolev constant for τ.

Bauerschmidt and Dagallier studied ferromagnetic Ising models in a general
setting on finite lattices, under suitable assumptions on the model’s coupling ma-
trix. Below, we recall their result in the absence of external fields. Specifically,
consider a probability measure τ on XV := {±1}V , where V is finite, defined by

τβ ({ωV }) =
e −

β
2 (ωV ,AωV )

∑

ωV ∈XV
e −

β
2 (ωV ,AωV )

, ωV ∈ XV ,

where A is a symmetric V × V matrix and β ≥ 0. Then, under suitable condi-
tions on the coupling matrix A, the measureτβ satisfies the log-Sobolev inequal-
ity (4.76) with a constant

D ≤
1

4
+
β

2
e 2βχβ ,V , (4.77)

where χβ ,V denotes the susceptibility of τβ , defined as

χβ ,V := sup
j∈V

∑

i∈V

∫

XV

ωiω j τ
β (dω). (4.78)

The following are the conditions that the coupling matrix A must satisfy for (4.77)
to hold:

(A1) Off-diagonal entries of A are non-positive, i.e., Ai j ≤ 0 for i ̸= j ;

(A2) A is positive definite;

(A3) The spectral radius ρ(A) of A is bounded by 1.

The coupling matrices of the Dyson model (4.9) satisfy condition (A1), but gen-
erally fail to satisfy (A2) and (A3). By carefully modifying the coupling matrices
of the Dyson model to fulfill conditions (A2) and (A3), one can ensure that the
log-Sobolev inequalities hold for the finite-volume Gibbs measures of the Dyson
model with free boundary conditions throughout the entire uniqueness region.
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However, to obtain meaningful results for infinite-volume measures, it is neces-
sary to control the log-Sobolev constants across different volumes V , since the
right-hand side of (4.77) depends on V . Thanks to the second GKS inequality
[37], for every supercritical β <βc (α) :=βc (Φ), the following bound holds:

χβ ,V ≤
∑

i∈Z

∫

X

ω0ωi µ(dω) =:χβ , (4.79)

where µ denotes the unique Gibbs measure of Φ. In 2018, Duminil-Copin and
Tassion [21] proved the finiteness of the infinite-volume susceptibility for all β <

βc (α). As a consequence, one obtains a uniform log-Sobolev constant D0 :=
1

4
+

β

2
e 2βχβ valid for all finite-volume Gibbs measures µ;V of Φ. This, in turn, im-

plies that the infinite-volume Gibbs measure µ satisfies the log-Sobolev inequal-
ity with constant D (µ) ≤ D0. Analogously, one can establish the log-Sobolev in-

equalities with the same constant D0 =
1

4
+
β

2
e 2βχβ for the Gibbs measures cor-

responding to the intermediate interactions {Ψ (k )}k∈Z+ . This can be achieved
through the following two steps:

Step (1): First, we establish the uniqueness of the Gibbs measures for the interac-
tions Ψ (k ), k ∈ Z+, if β < βc (α). In fact, by using the GKS inequalities, one

can show that µ(+) =µ(−) implies ν(k )(−) = ν
(k )
(+) for every k ∈Z+, where µ(±) and

ν(k )(±) denote the plus and minus phases of Φ and Ψ (k ), respectively. In light

of the FKG inequalities, this yields that βc (α)≤β (k )c (α) :=βc (Ψ
(k )).

Step (2): Forβ <βc (α), one can apply the same technique used for the finite-volume

Gibbs measures of Φ to show that the finite-volume Gibbs measure ν(k ),;V

of Ψ (k ) in a volume V ⋐ Z satisfies the LSI with a constant not exceeding
1

4
+
β

2
e 2βχ (k )β ,V , where χ (k )β ,V := sup

j∈V

∑

i∈V

ν(k ),;V (σiσ j ). By applying the GKS in-

equalities again, it follows for every k ∈ Z+ and V ⋐ Z that χ (k )β ,V ≤ χβ .
Therefore, by passing to the limit as V ↑ Z, one obtains that the unique
infinite-volume Gibbs measure ν(k ) of Ψ (k ) satisfies the LSI with the con-

stant D0 =
1

4
+
β

2
e 2βχβ .

In the next stage, we obtain the Gaussian Concentration Bound (4.17) from
the LSI using the Herbst argument [4]. In fact, the following statement is valid.

Proposition 4.10.2. Assume τ ∈M1(X ) is a unique Gibbs measure for an interac-
tion Ψ = (ΨV )V ⋐Z with

sup
i∈Z

∑

V ∋i
V ⋐Z

∥ΨV ∥∞ <∞. (4.80)
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If τ satisfies the log Sobolev inequality with a constant D > 0, then τ has the

Gaussian concentration bounds (4.17) with the constant
D (M +1)

2
, where M :=

exp
�

2 sup
i∈Z

∑

V ∋i

∥ΨV ∥∞
�

By applying Proposition 4.10.2, along with the techniques used in the proofs
of Theorems 4.D, 4.E, and 4.C, we have established the theorem below.

Theorem 4.G. Let Φ be the ferromagnetic Dyson interaction (4.9), and letφ be the
corresponding Dyson potential (4.8). Then the following statements hold.

(i) For every α ∈ (1, 2], we have βc (α) ≤ β+c (α), where β+c (α) is the critical tem-
perature forφ. (See Section 4.7 for details.)

(ii) For all α ∈ (1, 2] and for every β ∈ [0,βc (α)), the GCB (4.17) holds for the
unique Gibbs measure µ of Φ and the unique half-line Gibbs measure ν+ of

φ with the constant D =
(1+2βe 2βχβ )(1+ e 4βζ(α))

8
, where χβ is the suscep-

tibility of the Dyson model at β (c.f., (4.79)) and ζ(α) :=
∞
∑

n=1

n−α.

(iii) For each α ∈ (1, 2] and all β ∈ [0,βc (α)), the restriction µ|X+ of µ to X+ is
equivalent to ν+, i.e., µ|X+ ≪ ν+ and ν+ ≪ µ|X+ . In particular, Lφ admits

an integrable eigenfunction
dµ|X+
dν+

∈ L 1(ν+) corresponding to its spectral ra-

dius.

(iv) Ifα ∈
�3

2
, 2
�

, then for allβ ∈ [0,βc (α)), there exists a continuous version of the

Radon-Nikodym derivative
dµ|X+
dν+

. Hence, Lφ has a continuous principal

eigenfunction.

Remark 4.10.3. The fourth part of Theorem 4.G has also been established by Jo-
hansson, Öberg, and Pollicott by using the random cluster representation of the
ferromagnetic Ising models in combination with the concentration inequality es-
tablished specifically for the random cluster models in [45].

A detailed proof of Theorem 4.G, along with further developments based on
the log-Sobolev approach, can be found in [52].
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Chapter 5

The Eigenfunctions of the
transfer operator for the Dyson
model in a field

Abstract: In this chapter, we prove that, for high temperatures or strong magnetic fields,
there exists a non-negative, integrable (with respect to the unique half-line Gibbs mea-

sure) eigenfunction of the transfer operator for the Dyson model if α ∈
�3

2
, 2
�

. However,

unlike in the zero-magnetic-field case, this eigenfunction is not continuous.

This chapter is based on M. Makhmudov, “The Eigenfunctions of the Transfer Operator for the
Dyson model in a field”, arXiv:2502.09588.
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5.1 Introduction

The study of the so-called equilibrium states, specific types of invariant measures,
has been a central topic in the ergodic theory of dynamical systems since the
1970s. The foundations of this theory were laid in the seminal works of Bowen
and Ruelle at the end of the decade. Equilibrium states also play a crucial role
in equilibrium statistical mechanics. A pivotal result in this context is the clas-
sical variational principle, proved by Lanford and Ruelle in 1969, which estab-
lishes that, under certain conditions, translation-invariant Gibbs measures coin-
cide with equilibrium states. Recall that an equilibrium state µ for a continuous
potential φ on the one-sided shift space (we also refer to it as the half-line shift
space) X+ := E Z+ , |E | <∞ are probability measures on X+ which are invariant
under the shift (translation) map S : X+→ X+, (S x ) j = x j+1, j ∈Z+ and solves the
variational equation:
∫

X+

φdµ+h(µ) = sup
¦

∫

X+

φdτ+h(τ) : τ ∈M1,S (X+)
©

, (5.1)

whereM1,S (X+) is the simplex of translation-invariant probability measures on
X+ and h(τ) denotes the measure-theoretic entropy of the translation-invariant
measure τ.

A natural and effective approach to studying equilibrium states for a potential
φ is through the transfer operator Lφ , which acts on the space of functions on
X+, particularly on continuous functions, via:

Lφ f (x ) :=
∑

a∈E

e φ(a x ) f (a x ), f ∈RX+ , x ∈ X+. (5.2)

In fact, if h is an eigenfunction ofLφ , i.e.,Lφh=λh, and ν is an eigenprobability
for its adjointL ∗φ : C (X+)

∗→C (X+)
∗, i.e.,L ∗φν=λν, whereλ is the spectral radius

ofLφ , then the measure dµ = h ·dν is an equilibrium state for φ and vice versa
(see Proposition 3.1 in [5]). Classical fixed-point theorems ensure the existence of
an eigenprobability for the adjointL ∗φ , however, the existence of an eigenfunc-
tion forLφ is not always guaranteed. This issue has been extensively studied by
Ruelle, Walters and others under various regularity conditions on φ [18, 20–23].
Notably, every potential φ satisfying these regularity conditions shares two key
properties:

(P1) for all β > 0, the potential βφ admits a unique equilibrium state;

(P2) the transfer operator Lφ is stable under "smooth" perturbations of φ in
the sense that ifLφ has a (principal) eigenfunction, thenLφ+υ also has a
(principal) eigenfunction with the same regularity properties for every local
function υ : X+→R.
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Note that the first property rules out the possibility of phase transitions, i.e., the
existence of multiple equilibrium states for someβ , a phenomenon of significant
interest in statistical mechanics. Consequently, these classical conditions on φ
exclude important one-dimensional models. Efforts to extend the theory to more
general one-dimensional models have emerged in recent studies. In 2019, Cio-
letti et al. analyzed transfer operators for product-type potentials, which fall out-
side existing classes but still satisfy (P1) and (P2) [2]. A relevant study conducted
in [1], though in a slightly different setup, provides a result that has implications
for the transfer operator of the so-called Dyson potential. This potential corre-
sponds to the 1D long-range Ising model [15] and is defined by:

φ(x ) = h x0+β
∞
∑

n=1

x0 xn

nα
, x ∈ X+ :=±1Z+ , (5.3)

where α > 1 is the decay rate of the coupling, β ≥ 0 is the inverse temperature,
and h ∈ R represents the strength of the external field. The study in [1] shows
that the transfer operator does not have a continuous eigenfunction when h = 0
and β is sufficiently large. A more notable development came in 2023 when Jo-
hansson, Öberg, and Pollicott analysed the transfer operator for the Dyson po-
tential in the supercritical regime. Shortly thereafter, I, in collaboration with van
Enter, Fernández, and Verbitskiy, introduced a new approach to addressing the
eigenfunction problem for long-range models [5]. Following the developments
in [5, 15], the following result on the Dyson model is known:

Theorem 5.1.1. [5, 15] Letφ be the Dyson potential (5.3). Suppose h = 0, then:

(i) for all α > 1 and for β ≥ 0 sufficiently small, the unique equilibrium state
µ+ forφ is equivalent to the unique half-line Gibbs state ν forφ, i.e., µ+≪ ν
and ν ≪ µ+. In particular, the Perron-Frobenius transfer operator Lφ has
an eigenfunction in L 1(X+,ν);

(ii) furthermore, ifα>
3

2
, then for all 0<β <βc there exists a continuous version

of the Radon-Nikodym density
dµ+
dν

, and thus the Perron-Frobenius transfer

operatorLφ has a positive continuous eigenfunction, where βc is the criti-
cal temperature of the phase transitions for the standard Dyson model (see
Theorem 5.2.1 in the next section).

However, both studies, [15] and [5], do not cover the case of the Dyson po-
tential with a nonzero external field h ̸= 0. The approach in [15] relies heavily on
the random cluster representation of the Dyson model. The central obstacle to
extending the method in [15] to non-zero external fields is the loss of symmetry,
essential for the random cluster representation, which disrupts the cluster decay
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analysis. The method developed in [5] requires a certain sum of two-point func-
tions to be uniformly bounded, a condition that fails for the Dyson model in a
field. In this chapter, we adopt the technique from the previous chapter to treat
the Dyson model in a nonzero field. The result of this chapter is as follows:

Theorem 5.A. Suppose α ∈ (
3

2
, 2], β ≥ 0 and |h | > 0 is sufficiently large (|h | >

2βζ(α) + log 4βζ(α) is enough, here ζ is the Riemann zeta function). Then

(i) the Dyson potentialφ has a unique equilibrium stateµ+ and there also exists
a unique eigenprobability ν ofL ∗φ ;

(ii) µ+ is absolutely continuous with respect to ν, i.e., µ+≪ ν. In particular, the
Perron-Frobenius transfer operatorLφ admits an integrable eigenfunction

corresponding to the spectral radius λ= e P (φ).

(iii) The Radon-Nikdoym derivative
dµ+
dν

does not have a continuous version. In

particular, the Perron-Frobenius transfer operator does not have a continu-
ous principal eigenfunction.

Remark 5.1.2. (i) Theorem 5.A is proven under a strong uniqueness condition
for the Dyson interaction Φ (see (5.6) and Section 5.2), a concept introduced
in [5]. This condition is implied by the Dobrushin uniqueness condition
(DUC) on Φ (Section 5.3). The interaction Φ satisfies DUC if either 1) β is

sufficiently small so that β ≤
1

2ζ(α)
or 2) |h | is sufficiently large so that |h |>

2βζ(α) + log 4βζ(α). Note that in the first version of the Dobrushin unique-
ness condition, there is no constraint on the external field h. We prove Theo-
rem 5.A for large |h |’s, however, the statement of Theorem 5.A remains valid
and the same proof works for the first version of the DUC which covers the

domain 0≤β <
1

2ζ(α)
and h ̸= 0.

We, in fact, believe that Theorem 5.A is true for all h ∈ R but h = 0, i.e., the
transfer operatorLφ has an integrable but not continuous eigenfunction for
all β ≥ 0, h ̸= 0 (See Figure 5.1).

(ii) It is worth noting that Theorem 5.A suggests a certain similarity between the
Dyson potential in a field and product-type potentials [2]. Note that for a
product-type potential, there exists a unique equilibrium stateµ+ and eigen-

probability ν which both are Bernoulli measures such that ν =
∞
∏

n=0

λn with

λn (1) = pn =
exp (β
∑n

i=1 i−α)

2 cosh (β
∑n

i=1 i−α)
and µ+ =

∞
∏

n=0

λ∞ [2, 5]. Thus one can check
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that

∫

E

√

√dλ∞
dλn

dλn =
p

p∞pn +
Æ

(1−p∞)(1−pn ) = 1+O ∗((pn −p∞)
2),

therefore,

log

∫

E

√

√dλ∞
dλn

dλn =O ∗((pn −p∞)
2) =O ∗(n−2α+2), (5.4)

here u (t ) = O ∗(v (t )) means the existence of C1, C2 > 0 such that C1|u (t )| ≤
|v (t )| ≤C2|u (t )| for all sufficiently small t . Then by (5.4), Kakutani’s theorem

implies that µ+≪ ν if α>
3

2
and µ+ ⊥ ν if α≤

3

2
.

In the case of the Dyson potential, in the presence of a strong external field,
spin-spin correlations become negligible, as they decay rapidly. Consequently,
individual spins behave like independent random variables. Thus, we ex-
pect a phenomenon similar to that observed with product-type potentials,
as described above, to occur in the Dyson model under an external field: for

α ∈
�

3

2
, 2
�

, we have µ+≪ ν, while for α ∈
�

1,
3

2

�

, µ+ ⊥ ν (See Figure 5.1).

0
1 3

2

2
(I)

µ+≪ ν!
dµ+
dν
∈C (X+)!

(II)
µ+≪ ν!

dµ+
dν
̸∈C (X+)!

(II)
µ+≪ ν!

dµ+
dν
̸∈C (X+)!

(III)
µ+ ⊥ ν?

(IV)
µ+≪ ν?

dµ+
dν
̸∈C (X+)?

α

h

βDU
c (α)
−βDU

c (α)

Figure 5.1: Eigenfunctions diagram for Dyson’s model in a field for a fixed β > 0.
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Note that the potential φ0(x ) = β
∞
∑

n=1

x0 xn

nα
, x ∈ X+ = {±1}Z+ violates both

(P1) and (P2) properties mentioned above. In fact, for all α ∈ (1, 2], there exists
βc (α) > 0 such that for all β > βc (α), φ0 has multiple equilibrium states [4, 8].
As regards the second property, the second parts of Theorem 5.1.1 and Theorem
5.A yields that the transfer operator Lφ0 is unstable under "smooth" perturba-

tions of φ0 since for α ∈ (
3

2
, 2] and β < βc , the principal eigenfunction ofLφ0 is

continuous whereas for h ̸= 0,Lφ0+hσ0
admits an integrable but not continuous

eigenfunction, whereσ0(x ) = x0 for x ∈ X+.

The chapter is organised as follows. In the Section 5.2 we define the notions
of specifications and interactions. Here, we also introduce the interaction of the
Dyson model. Section 5.3 is dedicated to the Dobrushin uniqueness condition
and its consequences, which are important for this chapter. In Section 5.4, we
discuss the construction of the intermediate interactions which are instrumental
in the proof of Theorem 5.A. Section 5.5 is dedicated to the proof of Theorem 5.A.

5.2 Specifications and Interactions

In this chapter, we again consider the ferromagnetic spin space E = {±1}. For
a countable set L of sites, we consider a configuration space Ω = E L. For L, we
either consider the set of integers Z, or the set of negative integers −N, or the set
of non-negative integers Z+. As a product of compact sets, Ω is a compact and
also a metrizable topological space. In fact, for any θ ∈ (0, 1), d (x , y ) = θ n(x ,y )

metrizes X+, here for x , y ∈ X+, n(x , y ) =min{ j ∈ Z+ : x j ̸= yj }. F denotes the
Borel sigma-algebra of X . For any Λ⊂L, a sub sigma-algebraFΛ ⊂F is defined
as the minimal sigma-algebra so that for all j ∈ Λ, the functions σ j : Ω→ E are
measurable where ξ ∈ Ω 7→ σ j (ξ) = ξ j ∈ {±1}. For configurations ξ,η ∈ Ω and a
volume Λ ⊂ L, ξΛηΛc denotes the concatenated configuration, i.e., (ξΛηΛc )i = ξi

if i ∈Λ and (ξΛηΛc )i =ηi if i ∈Λc =L \Λ.

A specification γ, a regular family of conditional probabilities, is defined as a
consistent family of proper probability kernels γΛ :F×Ω→ [0, 1] indexed by finite
subsets Λ ofL, denoted by Λ⋐L [9, Chapter 1]. A probability measure µ ∈M1(Ω)
is Gibbs for a specification γ if it is consistent with γ, i.e., for all Λ ⋐ L, µ = µγΛ,

here B ∈ F 7→ µγΛ(B ) :=

∫

Ω

γΛ(B |η)µ(dη). The set of Gibbs measures for the

specification γ is denoted by G (γ).
The classical approach to specifications is via interactions. An interaction Φ

is a family (ΦΛ)Λ⋐L of functionsΦΛ :Ω→R such thatΦΛ ∈FΛ, i.e., eachΦΛ is inde-
pendent of coordinates outside Λ. An interaction is called Uniformly Absolutely
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Convergent (UAC) if for all j ∈L,

∑

j∈V ⋐L
sup
ω∈Ω
|ΦV (ω)|<∞.

For a UAC interactionΦ, the Hamiltonian in a volumeΛ⋐L is HΛ :=
∑

V ∩Λ ̸=;
ΦV and

the associated specification (density) γΦ is defined by

γΦΛ(ωΛ|ωΛc ) :=
e −HΛ(ω)

ZΛ(ωΛc )
, ω ∈Ω, (5.5)

where ZΛ is the normalization constant, also known as the partition function,
which is ZΛ(ωΛc ) :=

∑

ξΛ∈E Λ

e −HΛ(ξΛωΛc ). Note that the specification γΦ = (γΦΛ)Λ⋐L is

restored from (5.5) by

γΦΛ(B |ω) :=
∑

ξΛ∈E Λ

1B (ξΛωΛc )γΦΛ(ξΛ|ωΛc ), B ∈F , ω ∈Ω.

This chapter focuses on the Dyson model, a cornerstone of one-dimensional sta-
tistical mechanics renowned for its long-range interactions and critical phenom-
ena. It is defined on the lattice L=Z by

ΦΛ(ω) :=















−
βωiω j

|i − j |α
, if Λ= {i , j } ⊂Z, i ̸= j ;

−hωi , Λ= {i };
0, otherwise,

(5.6)

where α ∈ (1, 2] is a parameter describing the decay of the interaction strength,
β ≥ 0 is the inverse temperature and h ∈ R represents the external field. In fact,
the Dyson potential defined in (5.3) is related to the Dyson interaction Φ by

φ =−
∑

0∈Λ⋐Z+

ΦΛ.

The following theorem about the phase diagram of the Dyson model is well-known.

Theorem 5.2.1. [4, 7, 8] Suppose Φ be the Dyson interaction given in (5.6).

(i) If h ̸= 0, then Φ has a unique Gibbs measure, i.e., |G (γΦ)|= 1;

(ii) If h = 0, there exists a finite critical temperature βc (α) > 0 such that for all
β ∈ [0,βc (α)), |G (γΦ)|= 1 and for β >βc (α), Φ exhibits phase transitions, i.e.,
|G (γΦ)|> 1.
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5.3 The Dobrushin uniqueness condition for strong exter-
nal fields

Dobrushin uniqueness condition is one of the most general criteria for the unique-
ness of Gibbs states. We discuss it in the framework of a general countable set L
of sites and a configuration spaceΩ := E L. In fact, we use the Dobrushin unique-
ness condition in the two cases of Lwhich are L ∈ {−N,Z}.

Consider a uniformly absolutely convergent (UAC) interactionΦ= {ΦΛ(·) :Λ⋐
L} on Ω and let γΦ be the corresponding Gibbsian specification. For any sites
i , j ∈L, define

C (γΦ)i , j := sup
ηL\{ j }=ηL\{ j }

||γΦ{i }(·|η)−γ
Φ
{i }(·|η)||∞,

where || · ||∞ is the supremum norm onM (Ω) defined by ||τ||∞ := sup
B∈F
|τ(B )| for

any finite signed Borel measure τ. The infinite matrix C (γΦ) := (C (γΦ)i , j )i , j∈L is
called the Dobrushin interdependence matrix.

Definition 5.3.1. [9]The specification γΦ satisfies the Dobrushin uniqueness con-
dition if

c (γΦ) := sup
i∈L

∑

j∈L
C (γΦ)i , j < 1. (5.7)

The Dobrushin uniqueness condition admits slightly stronger — and easy
to check— forms. One of them is a high-temperature condition, which is con-
sidered in [5]. Another version is known as the strong magnetic field condition,
which we formulate here:

Proposition 5.3.2. [9, Example 8.13] Let L be any countable set and E = {±1}.
Assume Φ be a UAC interaction on Ω = {±1}L such that Φ{i } = −hσi for all i ∈ L
and for some h ∈R. Suppose

|h |> log sup
i∈L

¦

exp
�1

2

∑

A∋i ,|A|≥2

δ(ΦA)
�

·
∑

A∋i

(|A| −1)δ(ΦA)
©

, (5.8)

where δ( f ) := sup{| f (ξ)− f (η)| : ξ,η ∈ E L} is the variation of f : E L→R. Then γΦ

satisfies the Dobrushin uniqueness condition.

The proof of Proposition 5.8 boils down to showing that for all i , j , i ̸= j ,

C (γΦ)i j ≤ exp
�

− |h |+
1

2

∑

A∋i ,|A|≥2

δ(ΦA)
�

·
∑

A⊃{i , j }
δ(ΦA) =: C̄ (Φ)i j ,
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and hence c (γΦ) = sup
i

∑

j

C (γΦ)i j ≤ sup
i

∑

j

C̄ (Φ)i j = c̄ (Φ). Note that, here without

loss of generality, we set C̄ (Φ)i i = 0 for all i ∈ L. Notice that the non-negative
matrix C̄ (Φ) := (C̄ (Φ)i , j )i , j∈L is symmetric.

The condition (5.8) is stable under a perturbation of the underlying model/in-
teraction Φ. Indeed, let Ψ = {ΨV }V ⋐L be an interaction such that for V ⋐L, either
ΨV =ΦV orΨV = 0, then it is straightforward to check that the matrix C̄ (Ψ) is dom-
inated by C̄ (Φ), i.e., for all i , j ∈L, C̄ (Ψ)i j ≤ C̄ (Φ)i j , thus, in particular, c̄ (Ψ)≤ c̄ (Φ).
Hence Ψ inherits the Dobrushin uniqueness condition from Φ as long as Φ satis-
fies (5.8).

The crucial property of the Dobrushin uniqueness condition is that it pro-
vides the uniqueness of the compatible probability measures with the specifica-
tion γΦ. In fact, we have the following theorem.

Theorem 5.3.3. [9, Chapter 8] If γΦ satisfies the Dobrushin uniqueness condition
(5.7), then
�

�G (γΦ)
�

�= 1.

The validity of Dobrushin’s criterion yields several important properties of the
unique Gibbs state such as concentration inequalities and explicit bounds on the
decay of correlations.
The first property involves the coefficient c̄ (Φ), which governs the deviation be-
haviour of the unique Gibbs measure. Let

δk F := sup
�

F (ξ)− F (η) : ξ j =η j , j ∈L \ {k}
	

(5.9)

denote the oscillation of a local function F : Ω → R at a site k ∈ L and δ(F ) =
(δk F )k∈L is the oscillation vector, where Ω= E L.

Theorem 5.3.4. [17][19] Suppose Φ is a UAC interaction satisfying (5.8) and let µΦ
be its unique Gibbs measure. Set

D :=
4

(1− c̄ (Φ))2
. (5.10)

Then µΦ satisfies a Gaussian Concentration Bound with the constant D , i.e., for
any continuous function F on Ω= E L, one has

∫

Ω

e F −
∫

Ω
F dµΦdµΦ ≤ e D ||δ(F )||22 .

The second important consequence of the Dobrushin’s uniqueness condition
is the following:

Theorem 5.3.5. [9, Theorem 8.20] Let γ and γ̃ be two specifications on Ω = E L.
Suppose γ satisfies Dobrushin’s condition. For each i ∈L, we let bi be a measurable
function on Ω such that

||γ{i }(·|ω{i }c )− γ̃{i }(·|ω{i }c )||∞ ≤ bi (ω) (5.11)
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for allω ∈Ω. If µ ∈G (γ) and µ̃ ∈G (γ̃) then for all f ∈C (Ω),

|µ( f )− µ̃( f )| ≤
∑

i , j∈L
δi ( f )D (γ)i , j µ̃(b j ). (5.12)

We present the third property in the particular setup L = Z, and it involves
the Z×Zmatrix

D (γΦ) =
∞
∑

n=0

C (γΦ)n . (5.13)

The sum of the Z×Z matrices in the right-hand side converges due to the Do-
brushin condition (5.7).

Proposition 5.3.6. [6, 9] Consider a UAC interaction Φ on X = E Z. Assume the
specificationγΦ satisfies the Dobrushin condition (5.7) and letµbe its unique Gibbs
measure. Then, for all f , g ∈C (X ) and i ∈Z,

�

�

�covµ( f , g ◦S i )
�

�

�≤
1

4

∑

k , j∈Z
D (γΦ) j k ·δk f ·δ j−i g . (5.14)

SupposeΦ satisfies the Dobrushin condition (5.8) and define the non-negative
symmetric Z×Z−matrix by

D̄ (Φ) :=
∑

n≥0

C̄ (Φ)n . (5.15)

The sum in the right-hand side of (5.15) converges due to (5.8). Furthermore,
D̄ (Φ) is invertible and D̄ (Φ)−1 = IZ×Z− C̄ (Φ), where IZ×Z denotes the identity ma-
trix (operator) on l 2(Z).
In general, one can show that the off-diagonal elements D̄ (Φ) decay as they get
far away from the diagonal, i.e., D̄ (Φ)i j = o (1) as |i − j | →∞. However, the decay
rate largely depends on the interaction Φ. Now we discuss the decay rate in the
case of Dyson interaction Φ defined by (5.6). For i ̸= j , one can readily check that

C̄ (Φ)i j =
2β ·exp (−|h |+2βζ(α))

|i − j |α
=O (|i − j |−α). (5.16)

Thus by Jaffard’s theorem ([14, Proposition 3] and [13, Theorem 1.1]), one has
the same asymptotics for the off-diagonal elements of the inverse matrix (IZ×Z−
C̄ (Φ))−1 = D̄ (Φ), i.e., D̄ (Φ)i j =O (|i− j |−α). Thus there exists a constant C J > 0 such
that for all i , j ∈Z,

D̄ (Φ)i , j ≤
C J

(1+ |i − j |)α
. (5.17)
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5.4 Construction of intermediate interactions

In this section, we recall the construction of the intermediate interaction from
[5]. For the Dyson interaction Φ given by (5.6) and each k ∈ Z+, we construct
intermediate interactionsΨ (k ) in the following way. We will representZ=−N∪Z+.
Consider the countable collection of finite subset of Zwith endpoints in −N and
Z+:

A = {Λ⋐Z : min(Λ)< 0, maxΛ≥ 0}.

Index elements ofA in an orderA = {Λ1,Λ2, . . .} in a way that for every N ∈ N,
there exists kN ∈N such that

kN
∑

i=1

ΦΛi
=
∑

min V <0≤max V
V ⊂[−N ,N ]

ΦV . (5.18)

Then define

Ψ (k )Λ =

¨

ΦΛ, Λ /∈ {Λi : i ≥ k +1},
0, Λ ∈ {Λi : i ≥ k +1},

In other words, we first remove all ΦΛ’s with Λ ∈ A from Φ, and then add them
one by one. Clearly, all the constructed interactions are UAC.

Remark 5.4.1. 1) EveryΨ (k ) is a local (finite) perturbation ofΨ (0), andΨ (k ) tend

to Φ as k →∞, in the sense that Ψ (k )Λ ⇒ΦΛ for all Λ⋐Z.

2) For any finite volume V , one can readily check that

||H Ψ (k )

V −H Φ
V ||∞ ≤
∑

Λ j∩V ̸=;
j≥k

||ΦΛ||∞ −−−→
k→∞

0.

3) For specifications, it can also be concluded that γΨ
(k )

converges to γΦ as k →
∞, i.e., for all B ∈F and V ⋐Z,

γΨ
(k )

V (B |ω)−−−→
k→∞

γΦV (B |ω) uniformly on the b.c. ω ∈Ω.

4) In addition, if ν(k ) is a Gibbs measure for Ψ (k ), then by Theorem 4.17 in [9],
any weak∗-limit point of the sequence {ν(k )}k≥0 becomes a Gibbs measure for
the potential Φ.

Another important observation is the following: since we have constructed
Ψ (0) from Φ by removing all the interactions between the left −N and the right Z+
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half-lines, the corresponding specification γΨ
(0)

becomes product type [9, Exam-

ple 7.18]. More precisely, γΨ
(0)
= γΦ

−
× γΦ

+
, where Φ− and Φ+ are the restrictions

of Φ to the half-lines −N and Z+, respectively. Thus we have the following for the
extreme Gibbs measures [9, Example 7.18]:

ex G (γΨ
(0)
) = {ν−×ν+ : ν− ∈ ex G (γΦ

−
), ν+ ∈ ex G (γΦ

+
)} (5.19)

For k ≥ 0, let ν(k ) ∈ G (Ψ (k )). For any k ≥ 1, we also consider the following
function:

f (k ) =
e −
∑k

i=1ΦΛi

∫

Ω
e −
∑k

i=1ΦΛi dν(0)
. (5.20)

Now we state two important lemmas which will be used in the proof of The-
orem 5.A.

Lemma 5.4.2. [5, Theorem 6.5] If the interactionΦ satisfies the Dobrushin unique-
ness condition (5.8), so do all interactions Ψ (k ). Furthermore, ν(k ) and ν(0) are
equivalent with

dν(k )

dν(0)
=

e −
∑k

i=1ΦΛi

∫

X
e −
∑k

i=1ΦΛi dν(0)
,

dν(0)

dν(k )
=

e
∑k

i=1ΦΛi

∫

X
e
∑k

i=1ΦΛi dν(k )
.

Lemma 5.4.2 further implies that for any k ≥ 1,

dν(k )

dν(k−1)
=

e −ΦΛk

∫

e −ΦΛk dν(k−1)
. (5.21)

Lemma 5.4.3. [5, Theorem D] Assume that Φ satisfies the Dobrushin uniqueness
condition (5.8). Suppose the family { f (k )}k∈N is uniformly integrable in L 1(ν(0)).
Then the weak∗ limit point of the sequence {ν(k )} is a Gibbs measure for Φ and
absolutely continuous with respect to ν(0).

Proofs of both Lemma 5.4.2 and Lemma 5.4.3 can be found in [5].
We end this section by noting that if h ≥ 0, then the Griffiths–Kelly–Sherman

(GKS) inequality applies to the Gibbs measures ν(k ) and µ [10–12, 16]. Namely,
for every τ ∈ {µ,ν(k ), k ≥ 0} and all A, B ⋐Z, one has

∫

Ω

σAdτ≥ 0 (5.22)

and
∫

Ω

σAσB dτ≥
∫

Ω

σAdτ ·
∫

Ω

σB dτ, (5.23)
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where σA :=
∏

i∈A

σi and for i ∈Z,ω ∈ X 7→σi (ω) =ωi . The GKS inequalities also

imply the following inequality for τ ∈ {µ,ν(k ), k ≥ 0}: for every A, B ⋐Z and t ≥ 0,
∫

Ω

σB e tσA dτ≥
∫

Ω

σB dτ ·
∫

Ω

e tσA dτ. (5.24)

5.5 Proof of Theorem 5.A

Part (i): Firstly, note that the uniqueness of Gibbs measures for Φ and Ψ (0) easily
follows from Theorem 5.3.3. Thus by (5.19), the restrictionΦ+ ofΦ to the half-line
Z+ also has a unique Gibbs measure ν+. Furthermore, Theorem 4.8 in [3] implies
that the transfer operator Lφ has a unique eigenprobability ν, and ν = ν+ (see
also Subsection 2.2 in [5]).

Part (ii): We start the proof of the second part by noting that the positive and
negative fields are related by the global-spin flip transformation S : X+ → X+
defined byS (x )n =−xn for all n ∈Z+. In fact, for the Dyson potentialφ given by
(5.3), one has that

φ ◦S =−hσ0+β
∞
∑

n=1

σ0σn

nα
. (5.25)

For any continuous potentialψ ∈C (X+) one can easily check that
�

Lψ◦S f
�

◦S =Lψ(f ◦S ), f ∈RX+ . (5.26)

Thus, the topological pressures ofψ andψ◦S coincide, i.e., p (ψ) = p (ψ◦S ) and
ν ∈M1(X+) is an eigenprobability ofL ∗ψ if and only if ν◦S is an eigenprobability

ofL ∗ψ◦S . Furthermore, h is an eigenfunction ofLψ corresponding to λ= e p (ψ) if
and only if h ◦S is an eigenfunction ofLψ◦S corresponding to λ.

By the above argument, we may assume without loss of generality that the
external field h is positive for the remainder of the proof.

We below show that the unique Gibbs measure µ for Φ is absolutely continu-
ous with respect to ν(0). Then this yields that the restriction µ+ of µ toZ+ is abso-

lutely continuous with respect to ν and the Radon-Nikdoym density f+ :=
dµ+
dν

is given by

f+(ω
∞
0 ) =

∫

X−

f (ξ−1
−∞ω

∞
0 )ν−(dξ), (5.27)

where f =
dµ

dν(0)
. Then Proposition 3.1 in [5] also yields that the Radon-Nikodym

density
dµ+
dν

is an eigenfunction of the transfer operator Lφ corresponding to

λ= e P (φ).
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Note that for the Dyson interaction Φ, one has, for all i ∈N, j ∈Z+ and k ∈Z,

δk (Φ{−i , j }) =







0, k /∈ {−i , j };
2β

(i + j )α
, k ∈ {−i , j }.

Thus for all i ∈N, j ∈ Z+, ||δ(Φ{−i , j })||22 =
8β2

(i + j )2α
. Therefore,
∑

i∈N,
j∈Z+

||δ(Φ{−i , j })||22 =

∑

i∈N,
j∈Z+

8β2

(i + j )2α
<∞.

Consider any Λk ∈A and n ∈N. It follows from (5.21) that

∫

Ω

ΦΛk
dν(n ) =

−JΛk

∫

Ω
σΛk

e JΛnσΛn dν(n−1)

∫

Ω
e JΛnσΛn dν(n−1)

,

here for Λ⋐Z+, JΛ := h if Λ= {i } and JΛ :=
β

|i − j |α
if Λ= {i , j }. Then by (5.24),

∫

Ω

ΦΛk
dν(n ) ≤

∫

Ω
ΦΛk

dν(n−1) ·
∫

Ω
e JΛnσΛn dν(n−1)

∫

Ω
e JΛnσΛn dν(n−1)

=

∫

Ω

ΦΛk
dν(n−1). (5.28)

Note that ν(n ) converges to µ as n →∞ in the weak star topology. Thus one can
obtain from (5.28) that for all Λk ∈A , n ∈N,
∫

Ω

ΦΛk
dν(0) ≥
∫

Ω

ΦΛk
dν(n ) ≥ lim

n→∞

∫

Ω

ΦΛk
dν(n ) =

∫

Ω

ΦΛk
dµ. (5.29)

For all k ∈N, denote Wk :=
k
∑

i=1

ΦΛi
. Then we aim to prove

sup
k≥0

∫

X

f (k ) log f (k )dν(0) <∞. (5.30)

Hence by applying de la Vallée Poussin’s theorem to the family { f (k ) : k ∈N}and to
the function t ∈ (0,+∞) 7→ t log t , one concludes that the family { f (k ) : k ∈N} is
uniformly integrable in L 1(ν(0)). Then Theorem 5.4.3 imply that the unique limit
point µ is absolutely continuous with respect to ν(0).

Note that for every k ∈N,
∫

X

f (k ) log f (k )dν(0) =

∫

X

−Wk dν(k )− log

∫

X

e −Wk dν(0). (5.31)
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Here one can easily check that

sup
k∈N

∫

X

e −Wk dν(0) =+∞.

Under conditions of our main theorem, we argue that

sup
k∈N

∫

X

−Wk dν(k ) =+∞.

Therefore, the method of the proof of Theorem E in [5] does not work here. We
instead prove the following two claims:

Claim 1:

sup
k∈N

�

�

�

∫

X

Wk dν(k )−
∫

X

Wk dµ
�

�

�<∞;

Claim 2:

sup
k∈N

�

�

�− log

∫

X

e −Wk dν(0)−
∫

X

Wk dµ
�

�

�<∞.

One can easily see from (5.31) that Claim 1 and Claim 2 indeed imply (5.30).
Note that for all k ∈ N, c̄ (Ψ (0)) ≤ c̄ (Ψ (k )) ≤ c̄ (Φ). Therefore, the Dobrushin

uniqueness condition c̄ (Φ) < 1 is inherited by all the intermediate interactions.
Applying the first part of Theorem 4.4.7 we see that the (only) measure µ ∈ G (Φ)
and all the intermediate measures ν(k ), k ≥ 0, satisfy the Gaussian Concentration

Bound with the same constant D :=
4

(1− c̄ (Φ))2
. This implies that, for all k ∈N,

∫

X

e −ΦΛk dν(k−1) ≤ e D ||δ(ΦΛk
)||22 e −
∫

X ΦΛk
dν(k−1)

. (5.32)

We combine this inequality with (5.21) to iterate

∫

X

e −(ΦΛk
+ΦΛk−1

)dν(k−2))

=

∫

X

e −ΦΛk dν(k−1))
∫

X

e −ΦΛk−1 dν(k−2))

≤ e D (||δ(ΦΛk
)||22+||δ(ΦΛk−1

)||22) · e −(
∫

X ΦΛk
dν(k−1)+
∫

X ΦΛk−1
dν(k−2)). (5.33)

By induction this yields

∫

X

e −
∑k

i=1ΦΛi dν(0) ≤ e D
∑k

i=1 ||δ(ΦΛi
)||22 · e −
∑k

i=1

∫

X ΦΛi
dν(i−1)

. (5.34)
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Similarly, one can also obtain the lower bound:

∫

X

e −
∑k

i=1ΦΛi dν(0) ≥ e −D
∑k

i=1 ||δ(ΦΛi
)||22 · e −
∑k

i=1

∫

X ΦΛi
dν(i−1)

. (5.35)

Hence for all k ∈N,

−C1−
k
∑

i=1

∫

X

ΦΛi
dν(i−1) ≤ log

∫

X

e −
∑k

i=1ΦΛi dν(0) ≤C1−
k
∑

i=1

∫

X

ΦΛi
dν(i−1), (5.36)

where C1 := D ·
∞
∑

i=1

||δ(ΦΛi
)||22 =
∑

i∈N,
j∈Z+

8β2

(i + j )2α
<∞. Thus instead of Claim 2, it

suffices to show the following:

sup
k∈N

�

�

�

k
∑

i=1

∫

X

ΦΛi
dν(i−1)−
∫

X

Wk dµ
�

�

�<∞. (5.37)

Thus, in the light of (5.29), Claim 1 and Claim 2 are implied by the following:

Claim 3:

sup
k∈N

�

�

�

∫

X

Wk dν(0)−
∫

X

Wk dµ
�

�

�<∞. (5.38)

By the GKS inequality (c.f., 5.29), we, in fact, have that

∫

X

ΦΛi
dν(0)−
∫

X

ΦΛi
dµ≥ 0,

hence the sequence {
∫

X

Wk dν(0)−
∫

X

Wk dµ}k increases with k . Thus instead of

considering all Wk ’s, it is enough to consider the subsequence {W[N ]}N ∈Ns, where

W[N ](ω) :=
N
∑

i=1

N
∑

j=0

Φ{−i , j }(ω) =
N
∑

i=1

N
∑

j=0

−
βω−iω j

(i + j )α
.
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Then
∫

X

W[N ]dν
(0)−
∫

X

W[N ]dµ =
N
∑

i=1

N
∑

j=0

∫

X

−
βω−iω j

(i + j )α
ν(0)(dω)

−
N
∑

i=1

N
∑

j=0

∫

X

−
βω−iω j

(i + j )α
µ(dω)

=
N
∑

i=1

N
∑

j=0

−βν−(σ−i ) ·ν+(σ j )

(i + j )α

−
N
∑

i=1

N
∑

j=0

−βcovµ(σ−i ,σ j )−βµ(σ0)2

(i + j )α

=
N
∑

i=1

N
∑

j=0

βcovµ(σ−i ,σ j )

(i + j )α
(5.39)

+ β
N
∑

i=1

N
∑

j=0

µ(σ0)2−ν−(σ−i ) ·ν+(σ j )

(i + j )α
, (5.40)

here we used the fact that ν0 = ν−×ν+. By (5.14) and (5.17), we know that in the
Dobrushin uniqueness region (5.39) is bounded, i.e.,

∞
∑

i=1

∞
∑

j=0

β |covµ(σ−i ,σ j )|
(i + j )α

<∞.

Therefore, to show

sup
N ∈N

�

∫

X

W[N ]dν
(0)−
∫

X

W[N ]dµ
�

<∞ (5.41)

it is enough to show that

β
∞
∑

i=1

∞
∑

j=0

|µ(σ0)2−ν−(σ−i ) ·ν+(σ j )|
(i + j )α

<∞. (5.42)

By Theorem 4.A in Chapter 4, we have that ν+(σ j )−−−→
j→∞

µ(σ0), similarly, one

can also argue that ν−(σ−i )−−−→
i→∞

µ(σ0). For n ∈Z, denote

tn := |ν(0)(σn )−µ(σ0|. (5.43)

Then (5.40) can be rewritten in the following form

β
N
∑

i=1

N
∑

j=0

|µ(σ0)2−ν−(σ−i ) ·ν+(σ j )|
(i + j )α

=β
N
∑

i=1

N
∑

j=0

|µ(σ0)t j +µ(σ0)t−i − t−i t j |
(i + j )α

.

(5.44)
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Now we show that there exists a constant C2 = C2(α,β , h ) > 0 such that for
every n ∈Z,

tn ≤
C2

(|n |+1)α−1
. (5.45)

In fact, we prove the above inequality for positive n ’s and the case of negative n ’s
can be treated similarly. Fix j ∈N. Then by Theorem 5.3.5, one has that

t j =
�

�

�

∫

X

σ j dµ−
∫

X

σ j dν(0)
�

�

�≤ 2(D̄ b ) j , (5.46)

where D̄ = D̄ (Φ)which is given by (5.15) and b = (bs )s∈Z is given by the following:

bs := sup
ω∈X
∥γΦ{s }(·|ω{s }c )−γ

Ψ (0)

{s } (·|ω{s }c )∥∞. (5.47)

For any ξ,ω ∈ X , one has that

γΦ{s }(ξs |ω{s }c )−γΨ
(0)

{s } (ξs |ω{s }c )

=

e −H Φ
s (ξsω{s }c )−H Ψ(0)

s (ξsω{s }c )
∑

ηs

�

e H Ψ(0)
s (ξsω{s }c )−H Ψ(0)

s (ηsω{s }c )− e H Φ
s (ξsω{s }c )−H Φ

s (ηsω{s }c )
�

�

∑

ηs

e −H Φ
s (ηsω{s }c )
�

·
�

∑

ηs

e −H Φ(0)
s (ηsω{s }c )
�

.

Thus since

sup
ξ,η,ω

�

�

�H Φ
s (ξsω{s }c )−H Φ

s (ηsω{s }c )−
�

H Ψ (0)

s (ξsω{s }c )−H Ψ (0)

s (ηsω{s }c )
�

�

�

�=O
� 1

(|s |+1)α−1

�

sup
ω∈X
||γΦ{s }(·|ω{s }c )−γ

Ψ (0)

{s } (·|ω{s }c )||∞ =O
� 1

(|s |+1)α−1

�

. (5.48)

Hence there exists C3 > 0 such that for all s ∈Z,

bs ≤
C3

(|s |+1)α−1
. (5.49)

Then (5.46) yields that

t j ≤ 2C3

∑

s∈Z

D̄j ,s

(|s |+1)α−1
. (5.50)

Hence by using (5.17), we obtain that

t j ≤ 2C3C J

∑

s∈Z

1

(1+ |s − j |)α(|s |+1)α−1
. (5.51)
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The right-hand side of the above inequality can be written as

∑

s∈Z

1

(1+ |s − j |)α(|s |+1)α−1
=

∞
∑

s=1

1

(1+ s + j )α(1+ s )α−1
+

1

(1+ j )α

+
j−1
∑

s=1

1

(1+ j − s )α(s +1)α−1
+

1

(1+ j )α−1

+
∞
∑

s= j+1

1

(1+ s − j )α(s +1)α−1

≤
∞
∑

s=1

1

(s + j )α
+

1

j α
+
⌊ j /2⌋
∑

s=1

1

( j − s )α−1sα
(5.52)

+
j−1
∑

s=⌈ j /2⌉

1

( j − s )α−1sα
+

1

j α−1
+
ζ(α)
j α−1

,

here ⌊t ⌋ and ⌈t ⌉ denote respectively the floor and ceiling of t ∈R. Note that

⌊ j /2⌋
∑

s=1

1

( j − s )α−1sα
+

j−1
∑

s=⌈ j /2⌉

1

( j − s )α−1sα
≤

2α−1

j α−1

∞
∑

s=1

1

sα
+

2α

j α

j
∑

s=1

1

sα−1

and by the Stolz-Cesaro theorem

j
∑

s=1

1

sα−1
= o ( j−1),

consequently,
j−1
∑

s=1

1

(1+ j − s )α(s +1)α−1
=O ( j 1−α). (5.53)

By combining (5.52) and (5.53), one obtains that

∑

s∈Z

1

(1+ |s − j |)α(|s |+1)α−1
=O ( j 1−α). (5.54)

Hence, in light of (5.51), we conclude that (5.45) holds in the case of n > 0.
Using (5.45), we can now estimate (5.44) from the above. In fact, one has

N
∑

i=1

N
∑

j=0

|µ(σ0)t j +µ(σ0)t−i − t−i t j |
(i + j )α

≤
N
∑

i=1

N
∑

j=0

|µ(σ0)|t j

(i + j )α
+

N
∑

i=1

N
∑

j=0

|µ(σ0)|t−i

(i + j )α
+

N
∑

i=1

N
∑

j=0

t−i t j

(i + j )α
.
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Now we only show that the first term remains bounded as N → ∞, and the
boundedness of the other terms can be shown similarly. In fact, there exists C4 > 0
such that for all N ,

N
∑

j=0

N
∑

i=1

t j

(i + j )α
≤

N
∑

j=0

∞
∑

i=1

t j

(i + j )α
≤C4

N
∑

j=1

t j

j α−1
.

Thus by (5.45) and by taking into account the fact that α >
3

2
, one immediately

concludes that for all N ∈N,

N
∑

j=0

N
∑

i=1

t j

(i + j )α
≤C2C4

N
∑

j=1

1

j 2α−2
≤C2C4

∞
∑

j=1

1

j 2α−2
<∞. (5.55)

Part (iii): By the first part, we can also conclude that the entire sequence { f (k )}k∈N
converges to f =

dµ

dν(0)
as k →∞ in the weak topology in L 1(ν(0)). This follows

from the fact that a limit point of the sequence { f (k )}k∈N should be a Radon-

Nikodym density of some µ∗ ∈ G (Φ), but G (Φ) = {µ}, therefore,
dµ

dν(0)
is the only

limit point. Thus

f = lim
k→∞

e −Wk

∫

X
e −Wk dν(0)

, (5.56)

here the limit is understood in the weak topology in L 1(ν(0)).
Note that the weak convergence of { f (k )} to f in the weak topology in L 1(ν(0))

also implies the weak convergence of f (k )+ :=

∫

X−

f (k )dν− to f+ in the weak topol-

ogy in L 1(ν). In fact, for any bounded g ∈ FZ+ , by taking into account the fact

that ν(0) = ν−×ν, one has
∫

X+

( f (k )+ − f+)g dν =

∫

X+

�

∫

X−

( f (k )− f )dν−
�

g dν

=

∫

X+

∫

X−

g ( f (k )− f )dν−dν

=

∫

X

g ( f (k )− f )dν(0) −−−→
k→∞

0.

Hence we obtain an analog of (5.56) for f+, i.e.,

f+ = lim
k→∞

∫

X−
e −Wk dν−
∫

X
e −Wk dν(0)

. (5.57)
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Here the above limit should be again understood in an appropriate topology.
Now assume the transfer operatorLφ has a continuous eigenfunction f̃ , or

in other words, the Radon-Nikodym derivative
dµ+
dν

has a continuous version f̃ .

Then for ν−a.e. x ∈ X+, f̃ (x ) = f+(x ), and f̃ , as a function on compact space X+,
is bounded. Hence f+ ∈ L∞(ν), therefore,

sup
¦ 1

ν([yΛ])

∫

[yΛ]
f+ dν : y ∈ X+, Λ⋐Z+

©

≤ ∥ f+∥L∞(ν) <∞. (5.58)

Hence to prove the second part of Theorem 5.A, it is enough to show that the
supremum in (5.58) is infinite. In fact, below we show that

sup
n∈N

1

ν([1n
0 ])

∫

[1n
0 ]

f+dν=+∞. (5.59)

In other words, we show that 1Z+ = (+1i )i∈Z+ ∈ X+ is an essential discontinuity

point of the Radon-Nikdoym density f+ =
dµ+
d dν

. To do so, fix n ∈N and consider

g =1[1n
0 ]. By (5.57), one has that

∫

X+

f+1[1n
0 ]dν= lim

k→∞

∫

[1n
0 ]

∫

X−
e −Wk (ξ,η)ν−(dξ)

∫

X+

∫

X−
e −Wk (ξ,η̄)ν−(dξ)ν(d η̄)

ν(dη). (5.60)

Thus, since {W[N ]}N ∈N (for the definition, see the proof of the first part) is a sub-
sequence of {Wk }k∈N,

∫

X+

f+1[1n
0 ]dν= lim

N→∞

∫

[1n
0 ]

∫

X−
e −W[N ](ξ,η)ν−(dξ)

∫

X+

∫

X−
e −W[N ](ξ,η̄)ν−(dξ)ν(d η̄)

ν(dη). (5.61)

Now fix N ∈ N and η ∈ X+, consider W[N ] as a function of ξ. Clearly, it is a
local function, thus by the first part of Theorem 5.3.4, for all κ ∈R,

∫

X−

e κ[W[N ](ξ,η)−
∫

X−
W[N ](ξ,η)ν−(dξ)]ν−(dξ)≤ e Dκ2||δ(W[N ](·,η))||22 , (5.62)

where D = 4(1− c̄ (Φ))−2. By the Cauchy-Schwarz inequality, one can also obtain
a lower bound for the integral, in fact,

e −Dκ2||δ(W[N ](·,η))||22 ≤
∫

X−

e κ[W[N ](ξ,η)−
∫

X−
W[N ](ξ,η)ν−(dξ)]ν−(dξ). (5.63)
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For all s ∈N,

δ−s (W[N ](·,η)) = 2β
�

�

�

N
∑

j=0

η j

(s + j )α

�

�

�≤ 2β
N
∑

j=0

1

(s + j )α
.

Hence for α>
3

2
,

||δ(W[N ](·,η))||22 ≤ 4β2
∞
∑

s=1

�

∞
∑

j=s

1

j α

�2
=: 4β2C1(α)<∞.

Hence one obtains from (5.62) and (5.63) that

C −1
5 · e

−
∫

X−
W[N ](ξ,η)ν−(dξ) ≤
∫

X−

e −W[N ](ξ,η)ν−(dξ)≤C5 · e
−
∫

X−
W[N ](ξ,η)ν−(dξ), (5.64)

where C5 := e 4Dβ2C1(α).
By applying the Gaussian Concentration Bounds to W[N ] as a function of both

ξ andη, one can obtain an analogue of (5.64) forν(0). In fact, by using the Cauchy-
Schwarz inequality, one can easily check that

e −D ||δ(W[N ])||22 · e
∫

X −W[N ]dν
(0)
≤
∫

X

e −W[N ]dν(0) ≤ e D ||δ(W[N ])||22 · e
∫

X −W[N ]dν
(0)

. (5.65)

For any s ∈Z,

δs (W[N ])≤
8β

(|s |+1)α
+2β

∞
∑

i=|s |+1

1

iα
≤

βC6

(|s |+1)α−1
, (5.66)

where C6 > 0 is only dependent on α. Hence, since α> 3/2,

||δ(W[N ])||22 =
∑

s∈Z
(δs (W[N ]))

2 ≤ (βC6)
2
∑

s∈Z

1

(|s |+1)2α−2
=: C7(α,β )<∞. (5.67)

Then one obtains from (5.65) that

C −1
8 · e
∫

X −W[N ]dν
(0)
≤
∫

X

e −W[N ]dν(0) ≤C8 · e
∫

X −W[N ]dν
(0)

, (5.68)

here C8 = C8(α,β , h ) := D ·C7(α,β ). By combining (5.61), (5.64) and (5.68), one
concludes that for any N ∈N and η ∈ X+,

C −1
9 · e
∫

X W[N ]dν
(0)−
∫

X−
W[N ](ξ,η)ν−(dξ) ≤

∫

X−
e −W[N ](ξ,η)ν−(dξ)
∫

X
e −W[N ]dν(0)

(5.69)

≤ C9 · e
∫

X W[N ]dν
(0)−
∫

X−
W[N ](ξ,η)ν−(dξ), (5.70)
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here C9 =C9(α,β , h ) :=max{C5, C8}. Hence, by Jensen’s inequality,

1

ν([1n
0 ])

∫

[1n
0 ]

∫

X−

e −W[N ](ξ,η)ν−(dξ)

∫

X

e −W[N ]dν(0)
ν(dη)≥

C −1
9

ν([1n
0 ])
·
∫

[1n
0 ]

e

∫

X

W[N ]dν
(0)−
∫

X−
W[N ](ξ,η)ν−(dξ)

ν(dη)

≥C −1
9 ·exp

�

1

ν([1n
0 ])

∫

[1n
0 ]

�∫

X

W[N ](ξ, η̄)ν(0)(dξ, d η̄)−
∫

X−

W[N ](ξ,η)ν−(dξ)

�

ν(dη)

�

(5.71)

Note that for any η ∈ X+, one has

∫

X

W[N ](ξ, η̄)ν(0)(dξ, d η̄)−
∫

X−

W[N ](ξ,η)ν−(dξ) =β
N
∑

i=1

N
∑

j=0

ν−(σ−i )[η j −ν(σ j )]

(i + j )α

(5.72)

Hence

∫

[1n
0 ]

�

∫

X

W[N ](ξ, η̄)ν(0)(dξ, d η̄)−
∫

X−

W[N ](ξ,η)ν−(dξ)
�

ν(dη)

=β

∫

[1n
0 ]

N
∑

i=1

N
∑

j=0

ν−(σ−i )[η j −ν(σ j )]

(i + j )α
ν(dη)

=β
N
∑

i=1

N
∑

j=0

ν−(σ−i )
(i + j )α

∫

[1n
0 ]
[σ j −ν(σ j )]dν. (5.73)

Then since both σ j and 1[1n
0 ] are non-decreasing functions and ν is a positively

correlated measure, by the FKG inequality [7], for any j ∈Z+,

∫

[1n
0 ]
[σ j −ν(σ j )]dν=

∫

X+

σ j1[1n
0 ]−
∫

X+

σ j dν

∫

X+

1[1n
0 ]dν≥ 0. (5.74)

Furthermore, for 1≤ j ≤ n , one has

∫

[1n
0 ]
[σ j −ν(σ j )]dν= ν([1

n
0 ])(1−ν(σ j )). (5.75)

We also note that by (5.22), for all i ∈N,

ν−(σ−i )≥ 0. (5.76)
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By combining these arguments,

β
N
∑

i=1

N
∑

j=0

ν−(σ−i )
(i + j )α

∫

[1n
0 ]
[σ j −ν(σ j )]dν ≥ β

n
∑

j=0

N
∑

i=1

ν−(σ−i )
(i + j )α

∫

[1n
0 ]
[σ j −ν(σ j )]dν

=β
n
∑

j=0

N
∑

i=1

ν−(σ−i )
(i + j )α

ν([1n
0 ])(1−ν(σ j )). (5.77)

Hence by (5.73),

1

ν([1n
0 ])

∫

[1n
0 ]

�

∫

X

W[N ](ξ, η̄)ν(0)(dξ, d η̄)−
∫

X−

W[N ](ξ,η)ν−(dξ)
�

ν(dη)

≥
β

ν([1n
0 ])

n
∑

j=0

N
∑

i=1

ν−(σ−i )(1−ν(σ j ))ν([1n
0 ])

(i + j )α

=β
n
∑

j=0

N
∑

i=1

ν−(σ−i )(1−ν(σ j ))

(i + j )α
(5.78)

Then (5.71) and (5.78) yields that for any N ∈N,

1

ν([1n
0 ])

∫

[1n
0 ]

∫

X−
e −W[N ](ξ,η)ν−(dξ)
∫

X
e −W[N ]dν(0)

ν(dη)≥C −1
9 ·exp
�

β
n
∑

j=0

N
∑

i=1

ν−(σ−i )(1−ν(σ j ))

(i + j )α

�

(5.79)

Hence (5.61) implies

1

ν([1n
0 ])

∫

[1n
0 ]

f+dν ≥ lim
N→∞

C −1
9 ·exp
�

β
n
∑

j=0

N
∑

i=1

ν−(σ−i )(1−ν(σ j ))

(i + j )α

�

= C −1
9 ·exp
�

β
n
∑

j=0

∞
∑

i=1

ν−(σ−i )(1−ν(σ j ))

(i + j )α

�

. (5.80)

It follows from (5.45) that lim
i→∞

ν−(σ−i ) = lim
j→∞

ν(σ j ) =µ(σ0)> 0. Thus

κ̃ := sup
j∈Z+

ν(σ j )< 1

and there exists R ∈ N which depends only on ν(0) = ν− × ν and µ (thus R only

depends on the model parametersα,β , h) such thatν−(σ−i )≥
µ(σ0)

2
for all i ≥R .

Hence we obtain from (5.80) that

1

ν([1n
0 ])

∫

[1n
0 ]

f+dν≥C −1
9 ·exp
�β (1− κ̃)µ(σ0)

2

n
∑

j=0

∞
∑

i=R

1

(i + j )α

�

. (5.81)
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Proof of Theorem 5.A

One can readily check that the sum on the right-hand side of (5.81) diverges as

n →∞. In fact, there exists C10 = C10(α) ∈ (0, 1) such that
∞
∑

i=R

1

(i + j )α
≥ C10(R +

j )1−α, therefore,

∞
∑

j=0

∞
∑

i=R

1

(i + j )α
≥C10

∞
∑

j=0

1

(R + j )α−1
=∞.

Hence, one indeed concludes that

sup
n∈N

1

ν([1n
0 ])

∫

[1n
0 ]

f+dν=+∞.

Remark 5.5.1. The statements of Theorem 5.A remain valid for the Dyson interac-
tion Φ̂= (Φ̂Λ)Λ⋐Z with inhomogeneous external fields:

Φ̂Λ(ω) :=















−βωiω j

|i − j |α
, if Λ= {i , j }, i ̸= j ;

hiωi , if Λ= {i };
0, otherwise,

(5.82)

as long as the fields hi ∈ R are sufficiently strong. Specifically, if α ∈
�3

2
, 2
�

, β ≥ 0,

and
inf
i∈Z
|hi | ≥ 2βζ(α) + log(4βζ(α)),

then the interactions Φ̂ and Ψ̂ (0) admit unique Gibbs measures µ ∈ G (Φ̂) and ν(0) ∈
G (Ψ̂ (0)), and we haveµ≪ ν(0). Moreover, the Radon-Nikodym density of the restric-
tion µ|X+ with respect to ν(0)|X+ does not have a continuous version. However, in
this general (inhomogeneous) case, we cannot always associate a potential to Φ̂ via

the formula
∑

0∈V ⋐Z+

Φ̂V , due to the lack of translation invariance of Φ̂. We note that

Φ̂ is translation-invariant if and only if hi ∈R is constant over i ∈Z.
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Chapter 6

Multifractal Formalism from
Large Deviations

Abstract: It has often been observed that the multifractal formalism and the large devi-
ation principles are intimately related. In fact, multifractal formalism was heuristically
derived using the ideas of large deviations. In many cases where multifractal properties
have been rigorously established, the corresponding large deviation results hold as well.
This naturally raises the question of under what conditions the multifractal formalism
can be directly deduced from the corresponding large deviation results.

In this chapter, we take the first steps in establishing a systematic program for de-
riving multifractal formalism directly from large deviations. We consider a sequence
{Xn}n∈N of measurable functions on a metric space Ω, satisfying a large deviation prin-

ciple, and consider the level sets Kα = {ω : lim
n→∞

Xn (ω)
n

=α}. Under additional techni-

cal conditions, typical in multifractal analysis, we estimate the entropy spectrum of Kα
directly from the large deviation rate function associated with the sequence {Xn}, and
demonstrate that many known results in multifractal formalism can be immediately re-
covered within this framework.

This chapter is based on M. Makhmudov, E. Verbitskiy, Q. Xiao, “Multifractal Formalism from
Large Deviations”, arXiv:2402.15642.
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6.1 Introduction

The concept of multifractal formalism (MF) was proposed in the 1980’s by Parisi,
Frisch, Hentchel [4, 28] in the context of the study of turbulence. It has been sug-
gested that natural local quantities have multiple fluctuation scales. These possi-
ble fluctuations can be described using a singluarity spectrum. The multifractal
formalism states that the singularity spectrum is dual, in the sense of Legendre
transform, to some integral ‘free energy’-type function of the system. The core
idea of multifractal formalism is based on the assumption that a specific proba-
bilistic Large Deviation Principle (LDP) holds for the system.

The first rigorous mathematical results [3,11,35,36]have been obtained in the
late 1980s and early 1990s (Collet, Lebowitz, Riedli, Falconer, Olsen, Pesin), and
since the late 1990’s there was an explosion of research in this area [9, 18, 20–22,
31–34, 37, 43]. Multifractal formalism has been rigorously established for very
large classes of dynamical systems and a plethora of local observables. However,
a somewhat curious phenomenon has occurred. Though the original motiva-
tion and the first rigorous results relied rather heavily on probabilistic methods
of Large Deviations, in subsequent works the link to Large Deviations have be-
come somewhat less pronounced. In fact, we are not aware of a single rigorous
multifractal result without an accompanying Large Deviations result. However,
it is also clear that more assumptions are required for the validity of multifractal
formalism than for the validity of Large Deviations Principles. For example, for
multifractal analysis, the phase space must be a metric space, while this is not
really a requirement for Large Deviations.

This brings us to the natural question: assuming that the local quantity of
interest is a pointwise limit of quantities, whose probabilistic behaviour is gov-
erned by Large Deviations, what could be said about the corresponding singular-
ity spectrum and multifractal formalism?

Let us compare two old results, first LDP for Bernoulli random variables, and
second, what we would now call a multifractal result for frequencies of digits in
binary expansions. However, this result precedes the multifractal idea by nearly
50 years.

Theorem 6.1.1 (LDP for coin-tossing). Suppose (Xk ) are i.i.d. Bernoulli random

variables withP (X1 = 0) =P (X1 = 1) =
1

2
. Set Sn =

n
∑

i=1

X i , then {Sn/n} satisfies LDP

with the rate function I (p ) = log 2−H (p ), where H (p ) =−p log p−(1−p ) log(1−p )
if p ∈ [0, 1], otherwise H (p ) =−∞. Namely,

lim
n→∞

1

n
logP
�Sn

n
∈ (a , b )
�

=− inf
p∈(a ,b )

I (p ), for all −∞≤ a ≤ b ≤∞.

The above theorem is one of the first Large Deviation results, and it is useful to
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compare it with possibly the first multifractal result by Besicovitch [5] and Eggle-
ston [15] in the 1930s and the 1940s. This multifractal result was, first, proved by
Besicovitch [5] for N = 2 (binary shift), and later, extended by Eggleston [15] for
general N (N is the cardinality of the alphabet).

Theorem 6.1.2 (Besicovitch-Eggleston). Let Ω= {0, 1}Z+ then

dimH

(

ω ∈Ω : lim
n

1

n

n−1
∑

j=0

ω j = p

)

=
H (p )
log 2

, ∀p ∈ [0, 1],

where dimH denotes the Hausdorff dimension.

It is important to stress that not only rate functions in the above theorems are
related, but in fact, the proofs are also very similar.

Next to the Hausdorff dimension, there is another, but in some sense more
dynamical set characteristic, known as topological entropy, denoted by htop(σ, ·),
which is used frequently to analyse non-compact non-invariant sets. However,
in the setting of symbolic dynamics (Ω := (0, ..., l − 1)Z+ ,σ), one has htop(σ, Z ) =
log l · dimH (Z ) for all Z ⊂ Ω, in particular, htop(σ,Ω) = log l , where σ : Ω → Ω
is the left shift map. Using the topological entropy, the previous results can be
summarized as

htop(σ, Kp ) = htop(σ,Ω)− I (p ), ∀p ∈R , (6.1)

where Kp := {ω ∈Ω : lim
n

Sn (ω)/n = p} and Sn (ω) :=
n−1
∑

i=0

ωi , ω ∈Ω.

6.1.1 Multifractal analysis of Birkhoff averages of Hölder continuous
functions

Most of the first results in the multifractal analysis of dynamical systems can be
reduced to the results in the multifractal analysis of Birkhoff averages of certain
potentials. For simplicity, suppose Ω = A Z+ is the set of all infinite sequences
ω = (ω0,ω1, . . .) in a finite alphabet A , equipped with a metric ρ, generating
the product topology. Denote by σ : Ω→ Ω the left shift on Ω. The topological
pressure of a continuous functionφ :Ω→R is defined as

P (φ) = lim
n→∞

1

n
log
∑

(a0,...,an−1)∈An

�

sup
ω∈[a n−1

0 ]
exp(Snφ(ω))
�

, Snϕ(ω) =
n−1
∑

k=0

φ(σkω),

where [a n−1
0 ] := {ω ∈Ω :ωi = ai , i = 0, ..., n−1} is the cylinder of the length n . It is

well-known that the pressure function q 7→ Pq (φ) := P (qφ), is convex. Moreover,
by the celebrated result of Ruelle, the pressure function for a Hölder continuous
potentialφ is real-analytic.
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It turns out that the real-analyticity of the pressure function immediately gives
us the Large Deviations Principle for ergodic averages Xn (ω) = Snφ(ω). More
specifically, one has the following result1

Theorem 6.1.3 (Gärtner-Ellis). Suppose {Xn} is a sequence of real-valued random
variables defined on a common probability space (Ω,F , m ). Assume that for every
q ∈R, the logarithmic moment generating function, defined as the limit

Λ(q )≜ lim
n→∞

1

n
logEm e q Xn = lim

n→∞

1

n
log

∫

e q Xn (ω)m (dω)

exists and is finite. Denote byΛ∗ the Legendre transform (convex dual) ofΛ, defined
by

Λ∗(α) = sup
q∈R

�

αq −Λ(q )
�

.

Then

(a) for any closed set F ⊂R,

lim sup
n→∞

1

n
log m
�§

ω ∈Ω :
1

n
Xn (ω) ∈ F
ª�

≤− inf
α∈F
Λ∗(α);

(b) if, furthermore Λ(q ) is differentiable on R, for any open set G ⊂R,

lim inf
n→∞

1

n
log m
�§

ω ∈Ω :
1

n
Xn (ω) ∈G
ª�

≥− inf
α∈G
Λ∗(α).

In order to apply the Gärtner-Ellis theorem to ergodic averages Xn (ω) = Snφ(ω)
it is necessary to introduce the reference measure m . A good choice would be the
uniform or the measure of maximal entropy for Ω. Namely, let l = |A | the num-
ber of different letters in alphabetA , and let m =ρZ+ be the product of uniform
measures ρ onA . Then one immediately concludes that

Λφ(q ) = Pφ(q )− log l = P (qφ)− log l .

Therefore, for Hölder continuous functions φ’s, the logarithmic moment gener-
ating function Λφ(q ) is also real-analytic, and hence the Gärtner-Ellis theorem is
applicable. The so-called large deviations rate function is then

Iφ(α) =Λ∗φ(α) = sup
q∈R

�

qα−Λφ(q )
�

= sup
q∈R

�

qα−Pφ(q ) + log l
�

= log l +P ∗φ(α).

Note also that htop(σ,Ω) = log l . Hence,

Iφ(α) = htop(σ,Ω) +P ∗φ(α)
1This is not the most general form of the Gärtner-Ellis theorem.

171



Multifractal Formalism from Large Deviations

Theorem 6.1.4 ([3]). Suppose Ω = AZ+ and φ : Ω→ R is Hölder continuous. For
α ∈R, consider the set

Kα =

¨

ω ∈Ω : lim
n→∞

1

n

n−1
∑

k=0

φ(σkω) =α

«

.

Then there exist α,α ∈R such that

• for every α ∈ (α,α), Kα ̸=∅ and

dimH (Kα) =
1

log l
inf

q

�

P (qφ)−qα
�

=−
1

log l
sup

q

�

qα−P (qφ)
�

=−
P ∗φ(α)

log l
.

• the multifractal spectrum

α 7→ Dφ(α) := dimH (Kα)

is a real-analytic function of α on (α,α).

Again, if we consider the topological entropy htop(σ, ·) instead of the Haus-
dorff dimension dimH (·), taking into account, that htop(σ,Ω) = log l , we obtain
that the large deviations rate function and the topological entropy of level sets of
ergodic averages are related

htop(σ, Kα) = htop(σ,Ω)−Iφ(α).

It was observed in [46], that the result of Theorem 6.1.4 can be extended to a
much larger class of dynamical systems and observablesφ with the key property
being that for every q ∈ R, there is a unique equilibrium state µq for qφ. To
ensure uniqueness, one has to make two types of assumptions: on the map f :
Ω → Ω and the potential (observable) φ : Ω → R. For example, in [46] it was
assumed that

• the map f : Ω → Ω is an expansive homeomorphism with specification
property

• the continuous observableφ :Ω→R is in the Bowen class, i.e., for all ε> 0,

sup
dn (ω,ω′)<ε

�

�

�(Snφ)(ω)− (Snφ)(ω
′)
�

�

�≤ K (ε)<∞

where the supremum is taken over allω,ω′ such that

dn (ω,ω′) = max
k=0,...,n−1

d ( f k (ω), f k (ω′))<ε.
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Under these conditions, the Gärtner-Ellis theorem holds for ergodic sums Xn (ω) =
Snφ(ω) with a differentiable logarithmic moment generating function Λ(q ), and
the multifractal spectrum for ergodic averages is given by the Legendre transform
of the pressure function, i.e., for all α ∈ (α,α),

htop( f , Kα) = inf
q

�

P (qφ)−qα
�

=−P ∗φ(α).

Furthermore, the logarithmic moment-generating function Λ is related to the
pressure function Pφ by Λ(q ) = Pφ(q )−htop( f ,Ω), q ∈R.

6.1.2 Multifractal analysis of Birkhoff averages of continuous functions

If one considers simply continuous observables φ : Ω → R, it is no longer true
that there is a unique equilibrium state µq for the potential qφ for all q ∈ R.
Therefore, a different approach is required.

In the case of symbolic systems (Ω = AZ+ , σ : Ω→ Ω is the left-shift), the first
results were obtained independently by Fan and Feng [18, 20] and Olivier [31, 32].
The methods are quite different: Olivier relied on the density of Hölder continu-
ous function in the space of all continuous functions. Fan and Feng constructed
the so-called Moran fractal. The approach of Fan and Feng turned out to be very
suitable for generalization to abstract compact spaces. In [48] the following vari-
ational principle for multifractal spectra has been obtained:

Theorem 6.1.5 ([48]). Suppose T :Ω→Ω is a continuous transformation of a com-
pact metric space (Ω, d )with the specification property and φ :Ω→R is a contin-
uous observable. Then there exist α,α ∈ R such that for every α ∈ (α,α), Kα ̸= ∅,
and

htop(T , Kα) = sup
µ∈M (Ω,T )

¦

hµ(T ) :

∫

φdµ=α
©

,

where supremum is taken overM (Ω, T ) of all T -invariant measures on Ω, and
hµ(T ) is the Kolmogorov–Sinai entropy of µ.

For such systems, the Large Deviation Principle has been established in 1990
by Young [51]. We will not recall the most general form of the result, but refor-
mulate it in a such form that the relation to the multifractal formalism becomes
apparent immediately.

Theorem 6.1.6 ([51], Theorem 1). Suppose m is a not necessarily invariant Ahlfors-
Bowen reference measure on Ω. Suppose ϕ : Ω → R is continuous. Then for all
c ∈R, one has

lim sup
n→∞

1

n
log m
§

1

n
Snϕ ≥ c
ª

≤ sup
µ∈M (Ω,T )

�

hµ(T ) :

∫

ϕdµ≥ c

�

−htop(T ,Ω).
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If, furthermore, T has a specification property, then for all c ∈R, one has

lim inf
n→∞

1

n
log m
§

1

n
Snϕ > c
ª

≥ sup
µ∈M (Ω,T )

�

hµ(T ) :

∫

ϕdµ> c

�

−htop(T ,Ω).

This result allows us to say, that under the above conditions, the sequence of
random variables {Xn (ω) = (Snφ)(ω)} satisfies the Large Deviation Principle with
the rate function

Iφ(α) = htop(T ,Ω)− sup
µ∈M (Ω,T )

¦

hµ(T ) :

∫

φdµ=α
©

.

As in the cases considered above, combining the results of Theorems 6.1.5 and
6.1.6, one concludes that for topological dynamical systems with specification,
the large deviations rate function Iφ and the multifractal spectrum Eφ(α) :=
htop(T , Kα) are related by

Eφ(α) = htop(T ,Ω)− Iφ(α).

In fact, the methods developed by Young are instrumental in the proof of Theo-
rem 6.1.5 in [48].

6.1.3 Multifractal analysis beyond Birkhoff sums

A number of multifractal results have been obtained for the level sets of the form

Kα =
¦

ω ∈Ω : lim
n→∞

1

n
Xn (ω) =α
©

,

where Xn ’s are not necessarily Birkhoff sums of the form Snφ, for some φ. For
example, such non-additive observable arise naturally in the multifractal analy-
sis of pointwise Lyapunov exponents for the products of matrices. Namely, sup-
pose a map M : Ω → Md (R) is given where Md (R) is the algebra of d × d real
matrices. We can associate to every x ∈Ω and n ∈N, a random variable Xn (x ) :=
log ||M (T n−1 x )M (T n−2 x ) · · ·M (x )||provided that ||M (T n−1 x )M (T n−2 x ) · · ·M (x )|| ≠
0, where || · || is a norm on Md (R). Clearly, {Xn}n∈N is not an additive sequence if
d ≥ 2.

A non-additive sequence of potentials can also be encountered if one con-
siders weighted ergodic sums {S w

n f } of a continuous potential f on the space Ω,

i.e., S w
n f :=

n−1
∑

i=0

wi f ◦T i , n ∈Z+ and wn ∈R are weights [19]. It is easy to see that

{S w
n f } is not additive unless all the weights wn , n ∈Z+ are the same.

Another example of non-additive sequences arises in studying pointwise en-
tropies of probability measures. Suppose µ is a fully supported probability mea-
sure on Ω. For a fixed δ > 0, define a sequence of random variables as Xn (x ) :=
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− logµ(Bn (x ,δ)), n ∈ N, x ∈ Ω, where Bn (x ,δ) := {y ∈ Ω : d (T i y , T i x ) < δ, i =
0, . . . , n −1}, n ≥ 1.

We shall discuss these and other examples in greater detail in Section 6.7 and
show how our results can be applied in these cases.

6.2 Preliminaries and Notations

In this section, we assume that we are given a compact metric space (Ω, d )equipped
with a continuous transformation T : Ω → Ω. We denote by M (Ω), M (Ω, T ) the
sets of all Borel probability measures and T -invariant Borel probability measures
on Ω, respectively. For x , y ∈ Ω and n ∈ N, the Bowen metric dn is defined as
dn (x , y ) := max

0≤i≤n−1
d (T i x , T i y ). By Bn (x ,ϵ)we denote an open ball of radius ϵ > 0

in the metric dn centred at x ∈Ω, i.e., Bn (x ,ϵ) := {y ∈Ω : dn (x , y )< ϵ}.

6.2.1 Topological Entropy

The notion of topological entropy of non-compact and non-invariant sets has
been introduced by Bowen [7] in 1973. This chapter uses an equivalent definition
of Bowen’s topological entropy given in [41]. For Z ⊂ Ω, and all t ∈R, ε > 0, and
N ∈N, let

m (Z , t ,ε, N ) := inf

¨∞
∑

i=1

e −ni t : Z ⊂
∞
⋃

i=1

Bni
(xi ,ε), ni ≥N

«

. (6.2)

By the standard convention, m (;, t ,ε, N ) = 0, for all t ,ε, N . Obviously, m (Z , t ,ε, N )
does not decrease on N , thus we can define

m (Z , t ,ε) := lim
N→∞

m (Z , t ,ε, N ).

One can show [41] that m (·, t ,ε) is an outer measure with properties similar to
those of t -dimensional Hausdorff outer measure. In particular, there exists a crit-
ical value t ′ ∈R such that

m (Z , t ′,ε) =

¨

+∞, if t ′ < t ,

0, if t ′ > t .

We denote this critical value by htop(T , Z ,ε). Thus

htop(T , Z ,ε) = inf{t ∈R : m (Z , t ,ε) = 0}= sup{t ∈R : m (Z , t ,ε) = +∞}.

Furthermore, since htop(T , Z ,ε) is monotonic in ε, we can define the topological
entropy of Z by

htop(T , Z ) := lim
ε→0+

htop(T , Z ,ε).
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It should be stressed that the set Z is not assumed to be compact nor T -invariant.
Finally, by our convention, htop(T ,;) =−∞, and htop(T , Z )≥ 0 for all non-empty
subsets Z ⊂ Ω. We summarize the basic properties of the topological entropy in
the following remark.

Remark 6.2.1 ([41]). (i) Monotonicity: if Z1 ⊂ Z2, then htop(T , Z1)≤ htop(T , Z2);

(ii) Countable stability: if Z =
⋃

n

Zn , then htop(T , Z ) = sup
n

htop(T , Zn ).

Remark 6.2.2. The notions of topological entropy and Hausdorff dimension coin-
cide if the underlying space Ω is a symbolic space. Suppose Ω = {1, 2, . . . , l }Z+ with
integer l ≥ 2, and the metric on Ω is defined as

d (x , y ) =
1

l k
, where k =min{i ≥ 0 : xi ̸= yi },

then Z ⊆Ω, dimH (Z ) =
htop(T , Z )

log l
.

6.2.2 Local (pointwise) entropies

Consider a Borel probability measureµ on the metric space (Ω, d ), and define
the lower and upper pointwise entropies of µ at x ∈Ω as

hµ(T , x ) := lim
ϵ→0

lim inf
n→∞

−
1

n
logµ(Bn (x ,ϵ)), hµ(T , x ) := lim

ϵ→0
lim sup

n→∞
−

1

n
logµ(Bn (x ,ϵ)).

Note that the limit in ϵ exists due to the monotonicity. Feng and Huang [26]
extended the notion of measure-theoretic entropy to non-invariant measures
by motivating the result of Brin and Katok. In fact, for a probability measure
µ ∈M (Ω), Feng and Huang [26] defined the upper and lower measure-theoretic
entropies of µ relative to the transformation T by

hµ(T ) :=

∫

Ω

hµ(T , x )µ(d x ) and hµ(T ) :=

∫

Ω

hµ(T , x )µ(d x ).

Note that the above formulas are consistent with the classical notion of measure-
theoretic entropy due to the Brin-Katok theorem [8]. In fact, if µ ∈M (Ω, T ), then
hµ(T ) = hµ(T ) = hµ(T ), where hµ(T ) is the measure-theoretic entropy of µ with
respect to T . In [26], the authors also extended the classical variational principle
to the non-invariant setting. More precisely, they showed for a compact, but not
necessarily invariant set K ⊆Ω that

htop(T , K ) = sup{hµ(T ) :µ ∈M (Ω), µ(K ) = 1}. (6.3)

The next theorem is a dynamical analogue of the mass distribution principle
and is very useful for the estimation of topological entropies of various sets.
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Theorem 6.2.3 ([30]). Let µ be a Borel probability measure on Ω, and E be a Borel
subset of Ω.

(1) If hµ(T , x )≤ t for some t <∞ and all x ∈ E , then htop(T , E )≤ t .

(2) If µ(E ) > 0, and hµ(T , x ) ≥ t for some t > 0 and all x ∈ E , then
htop(T , E )≥ t .

6.2.3 Ahlfors-Bowen measures

Definition 6.2.4. We say that a not necessarily invariant Borel probability measure
m on Ω is Ahlfors-Bowen if there exists h > 0 such that for every ε > 0 there exists
a finite positive constant, D (ϵ) such that for every n ≥ 1 and allω ∈Ω, one has

1

D (ϵ)
e −nh ≤m
�

Bn (ω,ε)
�

≤D (ϵ)e −nh . (6.4)

It is easy to see from the definition that an Ahlfors-Bowen measure has a very
simple spectrum of local entropies. More specifically, hm (T ,ω) := h for allω ∈Ω.
Furthermore, one has the following simple lemma for the constant h .

Lemma 6.2.5. Suppose m is Ahlfors-Bowen measure for T onΩ, then h = htop(T ,Ω).

Proof. Since m is an Ahlfors-Bowen measure, for anyω ∈ Ω, one has hm (T ,ω) =
h . Therefore, by Theorem 6.2.3, we immediately conclude that htop(T ,Ω) = h .

6.2.4 Conditions on the underlying transformation

In applications, topological dynamical systems (TDS) usually have some sort
of expansivity and mixing properties. Therefore, there is a vast amount of lit-
erature devoted to studying dynamical systems with these properties. We also
impose expansivity and mixing properties on our underlying transformation to
prove some of our results.

Definition 6.2.6. A continuous transformation T : Ω → Ω is called expansive if
there exists a constant ρ > 0 such that if

d (T n (x ), T n (y ))<ρ for all non-negative integer n , then x = y .

The maximal ρ with such a property is called the expansive constant.

A slightly stronger version of topological mixing is topological exactness. Topo-
logical exactness of the transformation T is that for every ε> 0 and x ∈Ω there is
N :=N (x ,ε) ∈ N such that T N (B (x ,ε)) = Ω. Basically, by using the compactness
of the underlying spaceΩ, one can uniformise the constant N with x ∈Ω. A rela-
tively stronger version of topological exactness which we call strong topological
exactness also gives uniform control over the Bowen balls of the transformation.
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Definition 6.2.7. We call a continuous transformation T : Ω→ Ω strongly topo-
logically exact if for any ε > 0 there is a natural number M1 ∈ N such that for all
n ∈N and x ∈Ω,

T n+M1 (Bn (x ,ε)) =Ω. (6.5)

Note that topologically mixing subshifts of finite type are strongly topologi-
cally exact. Walters ([50]) showed that an expansive, strongly topologically exact
transformation has a weak form of the specification property, namely, one has
the following theorem:

Theorem 6.2.8 ([50]). Let T : Ω→ Ω be an expansive strongly topologically exact
transformation, then T satisfies the weak specification condition, i.e., for any ϵ > 0
there exists a natural number M2 ∈N such that for all x , x ′ ∈Ω and every n1, n2 ∈
N, there exists w ∈Ωwith d (T i w , T i x )< ϵ, 0≤ i ≤ n1−1 and d (T n1+M2+ j w , T j x ′)<
ϵ, 0 ≤ j ≤ n2 − 1. Note that the latter condition is equivalent to the following: for
every ε > 0 there exists an integer M2 > 0 such that for all x , x ′ ∈Ω and n1, n2 ∈N,
one has

Bn1
(x ,ε)∩T −(n1+M2)(Bn2

(x ′,ε)) ̸= ;. (6.6)

Remark 6.2.9. If T : Ω → Ω is an expansive homeomorphism with weak spec-
ification property, then the measure of maximal entropy for T is Ahlfors-Bowen
[50, Theorem 4.6].

6.2.5 Class of random variables

We say that the sequence {Xn}n≥1 of real-valued random variables (observables)
on Ω is subadditive if for every m , n ≥ 1,

Xn+m ≤ Xn +Xm ◦T n .

We call a sequence {Xn}n≥1 of random variables onΩweakly almost additive (or
simply, almost additive), if there are non-negative constants An = o (n ) such that
for all x ∈Ω and n , m ∈N,

|Xn+m (x )−Xn (x )−Xm (T
n x )| ≤ An . (6.7)

Recently, Cuneo [12, Theorem 1.2] showed that weakly almost additive sequences
of continuous functions can be approximated uniformly by Birkhoff’s sums of
continuous functions.

For a function H : Ω→ R and n ∈ N, δ > 0, we denote the (n ,δ)-variation of
the function H by vn ,δ(H ) := sup

dn (y ,z )≤δ
|H (y )−H (z )|.
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Definition 6.2.10. A sequence {Xn} of random variables on Ω satisfies the Bowen
condition, if there exists δ > 0 such that sup

n∈N
vn ,δ(Xn ) < +∞. We say that the se-

quence {Xn} satisfies the weak Bowen condition if there exists δ > 0 such that

lim
n→∞

vn ,δ(Xn )
n

= 0. (6.8)

It should be mentioned that the continuity of the random variables Xn , n ≥ 1,
is not assumed in the definition of the weak Bowen condition, and neither the
Bowen condition nor the weak Bowen condition implies the continuity of each
individual random variable Xn . However, if a sequence of functions {Xn} satisfies
the weak Bowen condition, then each function Xn is bounded. Indeed, sinceΩ is
compact, for every n , there exists a finite cover {Bn (ωi ,δ/2)}i , and the observable
Xn is a bounded function on each ball Bn (ωi ,δ/2) in the cover.

Remark 6.2.11. One can observe that if T is expansive, then the sequence of er-
godic sums of any continuous potential ψ : Ω→ R satisfies weak Bowen’s condi-

tion. Namely, if Xn = Snψ=
n−1
∑

i=0

ψ ◦T i , then vn ,δ(Xn )≤
n
∑

i=1

vi ,δ(ψ), and thus

lim
n→∞

vn ,δ(Xn )
n
≤ lim

n→∞

∑n
i=1 vi ,δ(ψ)

n
= 0

by Stolz-Cesaro’s theorem, sinceψ :Ω→R is continuous and hence lim
n→∞

vn ,δ(ψ) =
0, where positive number δ is smaller than the expansive constant of T .

6.3 Large Deviations

6.3.1 Some concepts from convex analysis

In this section, we consider functions with values in R := R ∪ {±∞}. A convex
function φ :R→R is called a proper convex function if φ(t )>−∞ for all t ∈R
and φ ̸≡ +∞. The essential domain of the convex function φ is dom(φ) := {t ∈
R :φ(t )<+∞}. Note that dom(φ)⊂R is a convex set.

Suppose φ : R→ (−∞,+∞] is a proper convex function and assume that φ
is finite at some t ∈R. A real number t ∗ is a subgradient of φ at t if for all s ∈R,
φ(t )+ t ∗(s − t )≤φ(s ) holds. Denote the set of all subgradients ofφ at t by ∂ φ(t ).

It is easy to check that ∂ φ(t ) = R
⋂�

sup
s>0

φ(t )−φ(t − s )
s

, inf
s>0

φ(t + s )−φ(t )
s

�

=

R
⋂

[φ′−(t ),φ
′
+(t )], where φ′−(t ), φ

′
+(t ) ∈R are left and right derivatives of φ at t .

We define the domain of the multivalued mapping ∂ φ : t ∈ dom(φ) 7→ ∂ φ(t )⊂R
by dom(∂ φ) := {t ∈ dom(φ) : ∂ ϕ(t ) ̸= ;}. Note that in general, dom(∂ φ) is not a
convex set.
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Definition 6.3.1. A proper convex functionφ :R→R is called essentially strictly
convex ifφ is strictly convex on every convex subset of dom(∂ φ). Note that a convex
functionφ is called strictly convex in a convex set D ⊂R, if for every t1, t2 ∈D with
t1 ̸= t2 and λ ∈ (0, 1),φ(λt1+ (1−λ)t2)<λφ(t1) + (1−λ)φ(t2).

It is a well-known fact that finite convex functions are very close to differen-
tiable functions. However, if it comes to extended convex functions, then one
needs to be more careful about the essential domain of the function.

Definition 6.3.2. A proper convex function φ : R→ R is essentially smooth if it
satisfies the following conditions:

(a) dom(φ)◦ ̸= ;, where A◦ denotes the interior of a set A;

(b) φ is differentiable on dom(φ)◦;

(c) φ is steep, namely, lim
n→∞

�

�φ (tn )
�

�=∞whenever {tn} is a sequence in dom(φ)◦

converging to a boundary point of dom(φ)◦.

An extended, not necessarily convex, function φ : R→ R is lower semicon-
tinuous if for all λ ∈ R, {t ∈ R : φ(t ) ≤ λ} is a closed subset of R. Equivalently,
a function φ is lower semicontinuous if and only if lim inf

x→x0
φ(x ) ≥ φ(x0) for all

x0 ∈R. Note that a lower semicontinuous function achieves its minimum in any
compact set.

The following theorem shows that essentially strictly convex and essentially
smooth convex functions are intimately related in terms of the Legendre trans-
form.

Theorem 6.3.3 ([45]). A lower semicontinuous proper convex function φ is es-
sentially strictly convex if and only if its Legendre transform, φ∗(t ) := sup

q∈R
{t q −

φ(q )}, t ∈R, is essentially smooth.

6.3.2 Large deviations

Definition 6.3.4. An extended function I : R→ [0,+∞] is called a large devia-
tions rate function (or simply a rate function) if it is lower semicontinuous. A rate
function I is called good if the sub-level sets, {t : I (t )≤ λ} ⊂R are compact for all
λ ∈R. For E ⊂R, I (E ) abbreviates inf

t ∈E
I (t ) i.e., I (E ) := inf

t ∈E
I (t ).

Note that a good rate function achieves its minimum in any closed set.
Suppose (Ω,F ,µ) is a probability space and Xn : Ω→ R, n ≥ 1, are random

variables.
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Definition 6.3.5. The sequence of random variables {
1

n
Xn}+∞n=1 satisfies the large

deviations principle (LDP) with a rate function I if for all Borel sets E ⊂R,

− I (E ◦)≤ lim inf
n→∞

1

n
logµ
�¦

ω :
Xn (ω)

n
∈ E
©�

≤

≤ lim sup
n→∞

1

n
logµ
�¦

ω :
Xn (ω)

n
∈ E
©�

≤−I (E ),

where E , E ◦ denote the closure and the interior of E , respectively.

One of the most convenient ways to establish the validity of the LDP is pro-
vided by the Gärtner-Ellis theorem which we have stated in a partial case in Theo-
rem 6.1.3. Denote the normalised log-moment generating function of Xn byφn ,
i.e., for t ∈R

φn (t ) :=
1

n
log

∫

Ω

e t Xn dµ.

Note thatφn may take value+∞. Define the log-moment generating function of
the sequence X := {Xn} by φX (t ) := lim sup

n→∞
φn (t ), t ∈ R. Then the Gärtner-Ellis

theorem states that if for all t ∈ R, the limit, lim
n→∞

φn (t ) exists and is finite, and

the log-moment generating function φX is essentially smooth, then {
1

n
Xn}n∈N

satisfies the LDP with a good rate function IX := φ∗X . An inverse statement to
this in some sense is the celebrated Varadhan’s lemma, which we reformulate
slightly for our purposes below. One can find a general version of the theorem in
[14, Theorem 4.3.1].

Theorem 6.3.6 ([14]). Suppose that {
1

n
Xn}+∞n=1 satisfies the LDP with a good rate

function I :R→ [0,∞], and

lim sup
n→0

1

n
log

∫

Ω

e t Xn dµ=φX (t )<∞

hold for all t ∈R. Then the limit lim
n→0

1

n
logEµ
�

e t Xn
�

exists and

φX (t ) = lim
n→0

1

n
log

∫

Ω

e t Xn dµ= sup
q∈R
{t q − I (q )}= I ∗(t ), for all t ∈R.

Sometimes, a weak version of LDP is more convenient for purposes, since it
is easier to establish than the full LDP.

Definition 6.3.7. Let (Ω,F ,µ) be a probability space and Xn : Ω→ R, n ≥ 1 be

random variables. The sequence {
1

n
Xn}n∈N satisfies the weak Large Deviation

Principle (weak LDP) with a rate function I if
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1) for all compact set F ⊂R,

lim sup
n→∞

1

n
logµ
�

§

1

n
Xn ∈ F
ª

�

≤−I (F ),

2) for all open set G ⊂R,

lim inf
n→∞

1

n
logµ
�

§

1

n
Xn ∈G
ª

�

≥−I (G ).

Note that the only difference between LDP and weak LDP is in the upper large
deviation bound.

As one can see in the Gärtner-Ellis theorem, the LDP upper bound requires
fewer conditions than the lower bound. However, one still needs to make rather
mild assumptions (for example, the existence of the limit log-moment generat-
ing function as in Theorem 6.1.3) to obtain the upper bound. Nevertheless, one
can establish the upper weak large deviation bound without any additional as-
sumption about the sequence as the following folklore theorem states.

Theorem 6.3.8. Let {Xn} be a sequence of random variables on a probability space

(Ω,F ,µ). Then the sequence {
1

n
Xn}n∈N satisfies the weak large deviations upper

bound with the rate function IX :=φ∗X , i.e., for any compact set F ⋐R, the follow-
ing holds

lim sup
n→∞

1

n
logµ
�

§

1

n
Xn ∈ F
ª

�

≤−IX (F ). (6.9)

6.4 Main results

The main goal of this chapter is to obtain the Multifractal spectra for the sequence
¦ 1

n
Xn

©

under the assumption that the sequence satisfies LDP. As a byproduct, we

also obtain a formula that relates the entropy spectra with the LDP rate function.
Although we assume in our theorems that the reference measure satisfies the
Ahlfors-Bowen condition, one should be able to generalise the results to a multi-
fractal measure τwith the smooth multifractal spectrum, i.e. α 7→ htop(T , Eα) is a
smooth function, where Eα := {ω : hτ(ω) =α}.

Assume that the ambient space (Ω, d ) is compact, and we have a continuous
transformation T :Ω→Ωwith finite topological entropy, i.e., htop(T ,Ω)<∞. It is
also assumed that a sequence X := {Xn}of random variables onΩ and a reference
measure ν ∈ M (Ω) satisfying Ahlfors-Bowen condition with the parameter h =
htop(T ,Ω) are given. It should be stressed that we are not assuming {Xn : n ∈ N}
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are continuous functions, and ν is T -invariant. We denote, for α ∈R, the α-level

set of the sequence {
1

n
Xn} by

Kα := {x ∈Ω : lim
n→∞

1

n
Xn (x ) =α},

and the domain of the multifractal spectrum byLX := {α ∈R : Kα ̸= ;}. We shall
study the entropy spectrum EX (α) := htop(T , Kα). In the statements of our theo-
rems, we shall assume some of the following main conditions:

(A1) The sequence {Xn}n satisfies the weak Bowen condition;

(A2) The sequence {Xn}n is weakly almost additive;

(A3) T :Ω→Ω is an expansive strongly topologically exact transformation.

We now present our first main result that estimates the entropy spectrumEX from
above in terms of the LDP rate function.

Theorem 6.A. Assume (A1), and the sequence
¦ 1

n
Xn

©

satisfies the weak large de-

viations upper bound with a rate function IX : R→ [0,+∞], i.e. for all compact
F ⊂R one has

lim sup
n→∞

1

n
logν
¦ 1

n
Xn ∈ F
©

≤−IX (F ). (6.10)

Then for all α ∈LX , one has

EX (α)≤ htop(T ,Ω)− IX (α). (6.11)

Letφn (q ) :=
1

n
logEνe q Xn andφX := lim sup

n→∞
φn be the log and log-limit moment-

generating functions of the random variable Xn , respectively. Notice that the
moment-generating functions φn exist and are finite for all n ∈ N since the ob-
servables Xn are bounded functions by the weak Bowen condition. The next re-
sult estimates the spectrum EX from above in terms of the log-moment generat-
ing functionφX of X .

Theorem 5.B. Assume (A1), then for all α ∈LX

EX (α)≤ htop(T ,Ω)−φ∗X (α), (6.12)

whereφ∗X is the Legendre-Fenchel transform ofφX .

Remark 6.4.1. If one drops the condition (A1) in the above theorems, then the
statements of the theorems will be false. Assume Ω := {0, 1}Z+ , T : Ω → Ω is the
left shift transformation, x ∈ Ω and κ ∈ R \ {1}. Set Xn (ω) := n if ωi = xi , i =
0, 1, . . . , n 2−1, and Xn (ω) := κn otherwise. ThenφX (q ) = κq for every q ∈R, hence
by Theorem 6.1.3, the sequence {Xn}n∈N satisfies LDP with a good rate function
φ∗X . However, one has htop(T , K1) = 0> htop(T ,Ω)−ϕ∗X (1) = log 2−∞=−∞.
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Remark 6.4.2. We should note that one can prove the same statements as in The-
orem 6.A and Theorem 5.B with the following condition which is slightly weaker
than the weak Bowen condition: there exists δ > 0 such that

lim inf
n→∞

vn ,δ(Xn )
n

= 0.

One might expect equality in Theorem 6.A and Theorem 5.B, but it is easy
to show by examples that the conditions of these theorems are “too general" to
prove such equality. The subsequent theorem provides sufficient conditions for
the equality to hold in Theorem 6.A and Theorem 5.B.

Theorem 6.C. Assume the conditions (A1), (A2) and (A3). If the sequence
� 1

n
Xn

	

n∈N
satisfies LDP with an essentially strictly convex good rate function IX , then one has
the following:

(i) There exists extended real numbers −∞ ≤ α ≤ α ≤ +∞ such that (α,α) ⊂
LX ⊂ [α,α].

(ii) EX (α) = htop(T ,Ω)− IX (α) holds for all α ∈ (α,α).

Finally, it is well-known that a result of multifractal formalism for random
variables can be generalized straightforwardly to random vectors (see [48]). In

particular, one can directly extend the above theorems to sequences {−→X n}n∈N of

random vectors
−→
X n :Ω→Rd with straightforward modification of the conditions

(A1)-(A3).

6.5 Proofs of Theorem 6.A and Theorem 5.B: Upper bounds

In the proofs of our theorems, we frequently use the Vitali covering lemma in the
following form.

Lemma 6.5.1 (Vitali covering lemma). Let (Ξ, d ) be a metric space, and suppose F
is a non-empty finite collection of balls. Then there exists a disjoint subcollection
F′ ⊆ F, such that

⋃

B∈F
B ⊂
⋃

B ′∈F′
3B ′, where 3B ′ denotes a ball with the same centre

as the ball B ′, but with three times the radius of B ′.

Proof of Theorem 6.A. First, we will show for any α ∈LX := {α ∈R : Kα ̸= ;} that

IX (α)≤ h , (6.13)

where h = htop(T ,Ω) (c.f. Lemma 6.2.5). This, in particular, implies that LX ⊂
dom(IX ).
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Fix any decreasing sequence {δm} of positive numbers such that δm → 0 as
m→∞. For α ∈LX set

K (n )α,m := {w ∈Ω :−δm <
1

n
Xn (w )−α<δm}, and Zm , j :=

⋂

n≥ j

K (n )α,m

⋂

Kα. (6.14)

Then for every m ∈N, one has Kα =
⋃

j

Zm , j .

We prove (6.13) by assuming the contradiction. Suppose that IX (α) > h for
some α ∈ LX . Then there is ∆ > 0 such that h < ∆ < IX (α). Take δ > 0, and
consider the closed interval [α− δ,α+ δ]. Since IX is a lower semi-continuous
function, IX attains its minimum on [α−δ,α+δ] at some pointαδ ∈ [α−δ,α+δ],
i.e., IX (αδ) = IX ([α − δ,α + δ]). Thus for all δ > 0, IX (αδ) ≤ IX (α), therefore,
lim sup
δ→0

IX (αδ) ≤ IX (α). But on the other hand, lim inf
δ→0

IX (αδ) ≥ IX (α) since IX

is lower semi-continuous and αδ → α as δ → 0. Thus one can conclude that
lim
δ→0

IX ([α−δ,α+δ]) = IX (α), therefore, there exists δ > 0 such that IX ([α−δ,α+

δ])>∆. Take any ε> 0, and fix it. Then since {Xn} satisfies the weak Bowen con-

dition, there exists N0 ∈ N such that
vn ,ε(Xn )

n
<
δ

2
for all n ≥ N0. Furthermore,

since δm → 0, there is m∗ ∈Nwith δm∗ <δ/2. Finally, since
⋃

j

Zm∗, j = Kα ̸= ; and

{Zm∗, j } j is an ascending chain of the sets, there exists z ∈ Kα and j ∗ ∈N such that
for all j ≥ j ∗, z ∈ Zm∗, j . Thus, for all N ≥ j ∗, one can readily check that

BN (z ,ε)⊂
¦

w ∈Ω :
1

N
XN (w ) ∈
�

α−δm∗ −
vN ,ε(XN )

N
,α+δm∗ +

vN ,ε(XN )
N

�©

. (6.15)

Therefore, for every N ≥max{ j ∗, N0} one has

BN (z ,ε)⊂
¦ 1

N
XN ∈
�

α−δ,α+δ
�©

. (6.16)

Since ν is an Ahlfors-Bowen measure, for every N ≥max{ j ∗, N0} one obtains

1

N
logν
¦ 1

N
XN ∈ [α−δ,α+δ]

©

≥
1

N
logν(BN (z ,ε))≥−h −

log D (ε)
N

. (6.17)

Then (6.10) leads

−h ≤ lim sup
N→∞

1

N
logν
¦ 1

N
XN ∈ [α−δ,α+δ]

©

≤−IX ([α−δ,α+δ])<−∆.

But this is a contradiction to h <∆, therefore, IX (α)≤ h for every α ∈LX .
Now we prove the inequality (6.11). Let {δm} and Zm , j be as above. Take any

α ∈LX and ε> 0. Since IX is a lower semi-continuous function, lim
δ→0

IX ([a−δ, a+
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δ]) = IX (a ) for all a ∈ R. Since IX (α) < +∞ for α ∈ LX , for arbitrary σ > 0, there
exists m ′ ∈N, and δ′ > 0 such that, for all m ≥m ′ and δ≤δ′

�

�

�IX ([α−δm −δ;α+δm +δ])− IX (α)
�

�

�<σ.

Again lim
n→∞

vn ,ε(Xn )
n

= 0, choose sufficiently large N1 ∈N such that
vn ,ε(Xn )

n
< δ′

for all n ≥N1. From (6.10) one can choose N2 ∈N such that for all n ≥N2

ν
¦ 1

n
Xn ∈ [α−δm ′−δ′,α+δm ′+δ

′]
©

≤ e n (−IX ([α−δm ′−δ′,α+δm ′+δ′])+σ) ≤ e n (−IX (α)+2σ).

(6.18)
Now take any j ∈ N with Zm ′, j ̸= ;, and for all N ≥ max{ j , N1, N2} consider the

cover {BN (z ,ε/3)}z∈Zm ′ , j
of Zm ′, j . Clearly, it also covers Z m ′, j , therefore, by com-

pactness, there is a finite subcover {BN (zi ,ε/3)}i of Zm ′, j . Then by Vitali covering
lemma (Lemma 6.5.1) there exists a disjoint subcollection {BN (zik

,ε/3)}k such
that Zm ′, j ⊂ ∪i BN (zi ,ε/3) ⊂ ∪k BN (zik

,ε). Therefore, without loss of generality,
one can assume that there is a finite disjoint collection BN := {BN (zi ,ε/3)}zi∈Zm ′ , j

of the balls such that Zm ′, j ⊂
⋃

i

BN (zi ,ε). Since zi ∈ Zm ′, j , one can easily check

for every i that

BN (zi ,ε)⊂
¦

w ∈Ω :
1

N
XN (w ) ∈
�

α−δm ′ −
vN ,ε(XN )

N
,α+δm ′ +

vN ,ε(XN )
N

�©

.

Thus by the choice of N , for all i ,

BN (zi ,ε)⊂
¦ 1

N
XN ∈ (α−δm ′ −δ′,α+δm ′ +δ

′)
©

,

and hence
⋃

i

BN (zi ,ε)⊂
¦ 1

N
XN ∈ (α−δm ′ −δ′,α+δm ′ +δ

′)
©

.

Since BN := {BN (zi ,ε/3)} is a disjoint collection of the balls, one can easily get
the following from the above

∑

i

ν(BN (zi ,ε/3))≤ ν
�¦ 1

N
XN ∈ (α−δm ′ −δ′,α+δm ′ +δ

′)
©�

.

Thus it follows from (6.18) that
∑

i

ν(BN (zi ,ε/3))≤ e N (−IX (α)+2σ).

Since ν is an Ahlfors-Bowen measure, we can thus conclude that

#BN ≤D (ε/3)e N (h−IX (α)+2σ).
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Since {BN (zi ,ε)}i is a cover of Zm ′, j , one can immediately obtain from (6.2) that

m (Zm ′, j , t ,ε, N )≤ #BN · e −N t .

Then by combining the last two inequalities, one gets

m (Zm ′, j , t ,ε, N )≤D (ε/3)e −N (t−h+IX (α)−2σ). (6.19)

Notice that σ is not chosen yet, therefore, if t > h − IX (α) then one can choose

σ in the interval
�

0,
t −h + IX (α)

2

�

. Let t > h − IX (α) be any number. Then one

can obtain from (6.19) that htop(T , Zm ′, j ,ε) ≤ t , and notice that this inequality
holds for any ε > 0 and for all large j ∈ N. Therefore, htop(T , Zm ′, j ) ≤ t for all
sufficiently large j , thus by the countable stability of the topological entropy, we
can get htop(T , Kα)≤ t since {Zm ′, j } j ↑ Kα. Thus we can obtain the desired result
since t is chosen arbitrarily in (h − IX (α),∞).

Proof of Theorem 5.B. One can readily check thatφ∗X is an extended convex lower-
semi-continuous function onR. Indeed, the lower semi-continuity ofφ∗X follows
from the fact that it is the superior envelope of the family {ut : t ∈R} of extended

continuous functions α ∈ R
ut−→ αt −φ(t ) ∈ R. Furthermore, since φX (0) = 0,

one has φ∗X ≥ 0. Thus φ∗X is a rate function in the sense of Definition 6.3.4. By
Theorem 6.3.8, one has the weak large deviations upper bound for the sequence
¦ 1

n
Xn

©

with the rate functionφ∗X , i.e., for all compact F ⋐R, one has the follow-

ing

lim sup
n→∞

1

n
logν
¦ 1

n
Xn ∈ F
©

≤− inf
F
(φ∗X ) =:−φ∗X (F ). (6.20)

Thus one can immediately obtain the statement of the theorem from Theorem
6.A.

6.6 Proof of Theorem 6.C: Lower bound

The goal of this section is to prove Theorem 6.C. For any real number q and a
natural number n denote

Zn (q ) :=

∫

Ω

e q Xn dν.

We will employ the Large Deviations technique. Namely, for every q , by using
Cramer’s exponential tilting method, we will construct a measure µq (Lemma
6.6.3) such that for everyω ∈Ω, n ∈N

µq (Bn (ω,ε))≤
e q Xn (ω)

Zn (q )
ν(Bn (ω,ε))×K (n , q ,ε), (6.21)
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where the uniform ‘correction’ factor K (n , q ,ε)> 0 is subexponential in n .
Once (6.21) is established, we immediately obtain that for allω ∈Ω, one has

−
1

n
logµq (Bn (ω,ε))≥−

q Xn (ω)
n

+
1

n
logZn (q )−

1

n
logν(Bn (ω,ε))+o (1).

Therefore, forω ∈ Kα we then conclude

hµq
(T ,ω) = lim

ε→0
lim inf
n→∞

−
1

n
logµq (Bn (ω,ε))≥ htop(T ,Ω)−qα+φX (q ). (6.22)

Furthermore, for a given α, we will identify q such that µq (Kα) = 1 (Lemma
6.6.7). As usual, q = qα is such that α = φ′(qα). Therefore, by the entropy distri-
bution principle (Theorem 6.2.3), we can conclude that

htop(T , Kα)≥−qαα+φX (qα) +htop(T ,Ω) = htop(T ,Ω)−φ∗X (α) = htop(T ,Ω)− IX (α).
(6.23)

After combining this with the upper bound, we obtain the claim of Theorem 6.C.
Now, let us turn to the rigorous proof.

6.6.1 A fundamental inequality

In this subsection, we shall establish a compound inequality for the dynamical
systems which is introduced in Subsection 6.2.4. Recall that for any ε > 0 there
exists M1(ε) ∈N such that for all x ∈Ω and every n ∈N, T n+M1 (Bn (x ,ε)) =Ω since
T is strongly topologically exact transformation, and there exists M2(ε) ∈N such
that for all x , x ′ ∈Ω and every n1, n2 ∈N, Bn1

(x ,ε)∩T −(n1+M2)
�

Bn2
(x ′,ε)
�

̸= ; since
T has the weak specification property (c.f. equations (6.5) and (6.6)). Let M1(ε)
and M2(ε) be the smallest integers satisfying these properties, respectively. For
ε> 0, let

M (ε) :=max{M1(ε), M2(ε/2)}. (6.24)

If no confusion arises, we just use M for M (ε) without stressing its dependence
on ε. One has the following lemma for the expansive dynamical systems with
certain mixing properties.

Lemma 6.6.1. For any sufficiently small ε, there exists a positive constant C1(ε)
such that for any n ∈N all x ∈Ω and for any measurable function Y :Ω→ [0,+∞)
one has

C1(ε)−1

ν(Bn (x ,ϵ))

∫

Bn (x ,ϵ)
Y ◦T n+M dν(y )≤

∫

Ω

Y dν≤
C1(ε)

ν(Bn (x ,ϵ))

∫

Bn (x ,ϵ)
Y ◦T n+M dν.

Proof. We assume that T is expansive. Let ρe x p denote the expansivity con-
stant of T . Consider ε ∈ (0,ρe x p/2), n ∈ N, x ∈ Ω and a measurable function
Y :Ω→ [0,+∞). Let νx ,n be the conditional probability measure on Bn (x ,ε), i.e.,
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Proof of Theorem 6.C: Lower bound

νx ,n (A) := ν(A|Bn (x ,ε)) =
ν(A)

ν(Bn (x ,ϵ))
for a Borel set A ⊂ Bn (x ,ε). Set τx ,n := νx ,n ◦

T −(n+M ), thenτx ,n is always a probability measure onΩ since T n+M (Bn (x ,ε)) =Ω.
Note that νx ,n and τx ,n also depend on ε, but we omit this to avoid cumbersome
notations in our subsequent expressions. It is easy to check that

∫

Ω

Y (z )dτx ,n (z ) =
1

ν(Bn (x ,ϵ))

∫

Bn (x ,ϵ)
Y (T n+M z )dν(z ). (6.25)

Therefore, the claim of the lemma is equivalent to showing the existence of a con-
stant C1(ε)> 0 independent of n and x such that

C1(ε)
−1

∫

Ω

Y (y )dτx ,n (y )≤
∫

Ω

Y (y )dν(y )≤C1(ε)

∫

Ω

Y (y )dτx ,n (y ). (6.26)

We now present the proof of this statement in three steps.
Step 1: We start by showing that there exists a constant C2(ε) > 0, dependent

only on ε, such that for every k ∈N and y ∈Ω,

C2(ε)
−1 ≤

τx ,n (Bk (y ,ε))
ν(Bk (y ,ε))

≤C2(ε). (6.27)

Consider arbitrary k ∈N, y ∈Ω. By the choice of M :=M (ε), we have

T −(n+M )Bk (y ,ϵ/2)∩Bn (x ,ϵ/2) ̸= ;.

Then for any z ∈ T −(n+M )Bk (y ,ϵ/2)∩Bn (x ,ϵ/2), one has

Bn+M+k (z ,ϵ/2)⊂ T −(n+M )Bk (y ,ϵ)∩Bn (x ,ϵ).

Since ν is an Ahlfors-Bowen measure (c.f. (6.4)), we can get

D (ε/2)−1e −(n+M+k )h ≤ ν(Bn+M+k (z ,ϵ/2))≤ ν(T −(n+M )Bk (y ,ϵ)∩Bn (x ,ϵ)). (6.28)

Hence

τx ,n (Bk (y ,ε)) =
ν(T −(n+M )Bk (y ,ϵ)∩Bn (x ,ϵ))

ν(Bn (x ,ϵ))

≥
D (ε/2)−1e −(n+M+k )h

D (ε)e −nh

≥D (ϵ/2)−1D (ϵ)−2e −M hν(Bk (y ,ϵ)).

(6.29)

In order to get an upper bound in (6.27), set B ′ := T −(n+M )Bk (y ,ϵ)∩Bn (x ,ϵ). Then
since {Bn+M+k (z , 2ε) : z ∈ B ′} is a cover of B ′, by the the compactness of Ω and
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the Vitali covering lemma (Lemma 6.5.1), there exists a finite disjoint subcollec-
tion G := {Bn+M+k (zi , 2ε)}zi∈B ′ such that {Bn+M+k (zi , 6ε)}zi∈B ′ covers B ′. Denote
S := {T n zi : Bn+M+k (zi , 2ε) ∈ G}. Because of the disjointness of G and by the
definition of B ′, it is easy to check that ♯S = ♯G and S is a (M , 2ε)-separated set.
Therefore, if we denote the cardinality of a maximal (M , 2ε)-separated set inΩ by
s(M , 2ε), then it is clear that ♯G = ♯S ≤ s(M , 2ε). From these and (6.4), it follows
that

ν(B ′)≤
∑

i

ν(Bn+M+k (zi , 6ε))≤D (6ε)s(M , 2ε)e −(n+M+k )h . (6.30)

This bound then implies

τx ,n (Bk (y ,ε)) =
ν(B ′)

ν(Bn (x ,ε))
≤

D (6ε)s(M , 2ε)e −(n+M+k )h

D (ε)−1e −nh

≤D (6ε)D (ε)2s(M , 2ε)ν(Bk (y ,ε)).
(6.31)

Combining (6.29), (6.31), the constant

C2(ε) :=max{D (ϵ/2)D (ϵ)2e M h , D (6ε)D (ε)2s(M , 2ε)}

satisfies the inequality (6.27).
Step 2: In this step, we shall prove (6.26) for continuous non-negative func-

tions: namely, if the constant C1(ε) :=C2(ε)D (2ε)D (ε) andψ ∈C (Ω,R+), then

C1(ε)
−1

∫

Ω

ψdτx ,n ≤
∫

Ω

ψdν≤C1(ε)

∫

Ω

ψdτx ,n . (6.32)

Consider an arbitrary N ∈ N and let EN be a maximal (N , 2ε)-separated set in
Ω. Thus {BN (x , 2ε) : x ∈ EN } is a cover of Ω and {BN (x ,ε) : x ∈ EN } are pairwise
disjoint. By successively applying (6.4) and (6.27) to these collections of the balls,
one can obtain
∫

Ω

ψdτx ,n ≥C2(ε)
−1D (2ε)−1D (ε)−1

∫

Ω

ψdν−C2(ε)
−1(vN ,2ε(ψ)+D (2ε)D (ε)vN ,ε(ψ)).

(6.33)
Since vN ,2ε(ψ) → 0, vN ,ε(ψ) → 0 as N → ∞ (c.f. Remark 6.2.11), one obtains
∫

Ω

ψdτx ,n ≥C2(ε)
−1D (2ε)−1D (ε)−1

∫

Ω

ψdν. The opposite inequality is proved in

exactly the same way.
Step 3: Now, let Ỹ be any bounded non-negative measurable function on Ω.

By Lusin’s theorem and Tietz’s extension theorem ([17]), one can approximate Ỹ

by non-negative continuous functionsψk : Ω→ R, k ∈ N such that

∫

Ω

ψk dν→
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Proof of Theorem 6.C: Lower bound

∫

Ω

Ỹ dν and

∫

Ω

ψk dτx ,n →
∫

Ω

Ỹ dτx ,n as k →∞. Hence it can be obtained from

(6.32) that

C1(ε)
−1

∫

Ω

Ỹ dτx ,n ≤
∫

Ω

Ỹ dν≤C1(ε)

∫

Ω

Ỹ dτx ,n . (6.34)

Now we conclude (6.26) from (6.34). Consider a non-negative measurable
function Y on Ω, and let YN := Y ·1Y ≤N for N ∈ N. Then YN is a bounded non-
negative function, and {YN } converges monotonically to Y as N →∞. There-
fore, by the monotone convergence theorem and from (6.34), one gets (6.26).

6.6.2 A “tilted" measure and its relationship with the reference mea-
sure

For any real number q ∈ R and a natural number n ∈ N, define a probability
measure µn ,q by Cramer’s tilting method as

dµn ,q :=
e q Xn

Eνe q Xn
dν=

e q Xn

Zn (q )
dν.

For any q ∈ R, consider the sequence {µn ,q }n≥1 of probability measures. Since
M (Ω) is a compact set in weak∗ topology, there is a convergent subsequence
{µNj ,q } j , and we denote the weak∗−limit of this subsequence by µq . In this sub-
section, we shall establish an important relation (c.f. Lemma 6.6.3) between µq

and ν under the conditions of Theorem 6.C. First, we prove an important lemma.

Lemma 6.6.2. For all n ∈ N, q ∈ R, there exists a positive constant C4(n , q ) with

lim
n→∞

log C4(n , q )
n

= 0 such that for any m ∈N,

C4(n , q )−1 ≤
Zn+M+m (q )
Zn (q )Zm (q )

≤C4(n , q ), (6.35)

where M ∈N is as in (6.24).

Proof. Fix a sufficiently small ε. Consider n , m ∈N, q ∈R. Note that by the weak
Bowen condition, each Xk is a bounded function. In what follows, ||Xk || denotes
the supremum norm of a function Xk . Since the sequence X is almost additive,
one has

Zn+M+m (q ) =

∫

Ω

e q Xn+M+m (y )dν(y )≤ e |q |(An+AM+||XM ||)
∫

Ω

e q Xn (y )e q Xm (T n+M y )dν(y ).

(6.36)
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Let E be a maximal (n ,ϵ)-separated set in Ω. Then one has that
⋃

x∈E

Bn (x ,ϵ) = Ω

and {Bn (x ,ε/2)}x∈E is a disjoint collection of Bowen balls. Therefore,
∫

Ω

e q Xn (y )e q Xm (T n+M y )dν(y )≤
∑

x∈E

∫

Bn (x ,ϵ)
e q Xn (y )e q Xm (T n+M y )dν(y )

≤ e |q |vn ,ε(Xn )
∑

x∈E

e q Xn (x )
∫

Bn (x ,ϵ)
e q Xm (T n+M y )dν(y )

≤ e |q |vn ,ε(Xn )C1(ϵ)Zm (q )
∑

x∈E

e q Xn (x )ν(Bn (x ,ϵ)),

(6.37)

where the second inequality holds since {Xn} satisfies weak Bowen’s condition
and the last inequality holds by Lemma 6.6.1 applied to Y = Xm . Now we estimate

the sum
∑

x∈E

e q Xn (x )ν(Bn (x ,ϵ)) from above. One has

∑

x∈E

e q Xn (x )ν(Bn (x ,ϵ))≤
∑

x∈E

e q Xn (x )D (ϵ/2)D (ϵ)ν(Bn (x ,ϵ/2))

≤D (ϵ/2)D (ϵ)e |q |vn ,ε/2(Xn )
∑

x∈E

∫

Bn (x ,ϵ/2)
e q Xn (y )dν

≤D (ϵ/2)D (ϵ)e |q |vn ,ε/2(Xn )Zn (q ).

(6.38)

After combining (6.36), (6.37) and (6.38)

Zn+M+m (q )
Zn (q )Zm (q )

≤C5(n , q ), (6.39)

where C5(n , q ) := e |q |(An+AM+||XM ||)e |q |(vn ,ε/2(Xn )+vn ,ε(Xn ))C1(ϵ)D (ϵ/2)D (ϵ).
With similar reasoning, one gets the following inequalities

Zn+M+m (q )≥ e −|q |(An+AM+||XM ||)
∫

Ω

e q Xn (y )e q Xm (T n+M y )dν(y ), (6.40)

∫

Ω

e q Xn (y )e q Xm (T n+M y )dν(y )ν(y )≥

≥ e −|q |vn ,ε/2(Xn )C1(ϵ/2)
−1Zm (q )
∑

x∈E

e q Xn (x )ν(Bn (x ,ϵ/2)), (6.41)

and
∑

x∈E

e q Xn (x )ν(Bn (x ,ϵ/2))≥ e −|q |vn ,ε(Xn )D (ϵ/2)−1D (ϵ)−1Zn (q ). (6.42)
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After combining these inequalities, one has

Zn+M+m (q )
Zn (q )Zm (q )

≥C6(n , q )−1, (6.43)

where C6(n , q ) := e |q |(An+AM+||XM ||)e |q |(vn ,ε/2(Xn )+vn ,ε(Xn ))C1(ϵ/2)D (ϵ/2)D (ϵ).
From (6.39) and (6.43), it is clear that C4(n , q ) :=max{C5(n , q ), C6(n , q )} satis-

fies the conditions of the lemma.

Lemma 6.6.3. For any sufficiently small ε> 0 and for any n ∈N, q ∈R there exists

a constant C7(n , q ,ε)> 0 such that lim
n→∞

log C7(n , q ,ε)
n

= 0 and for all x ∈Ω,

µq (Bn (x ,ϵ))≤C7(n , q ,ε)
e q Xn (x )

Zn (q )
ν(Bn (x ,ϵ)). (6.44)

Proof. Consider again ε ∈ (0,ρe x p/2), where ρe x p is the expansivity constant of
the transformation T , and x ∈Ω, n ∈N, q ∈R. By the Portmanteau theorem, we
have

µq (Bn (x ,ϵ))≤ lim inf
j→∞

∫

Bn (x ,ϵ)

e
q XNj

(y )

ZNj
(q )

dν(y ). (6.45)

Now we estimate the numerator

∫

Bn (x ,ϵ)
e

q XNj
(y )

dν(y ) and denominator ZNj
(q )

separately. By Lemma 6.6.2, one has

1

ZNj
(q )
=

1

Zn+M+Nj−n−M (q )
≤C4(n , q )

1

Zn (q )ZNj−n−M (q )
. (6.46)

For the integral in the numerator, the following estimations are valid
∫

Bn (x ,ϵ)

e
q Xn+M+Nj −n−M (y )dν(y )≤ e |q |Ãn ,M

∫

Bn (x ,ϵ)

e
q (Xn (y )+XM (T n y )+XNj −n−M (T n+M y ))

dν(y )

≤ e |q |(Ãn ,M+||XM ||)
∫

Bn (x ,ϵ)

e
q (Xn (y )+XNj −n−M (T n+M y ))

dν(y )

≤C8(n , q ,ε)e q Xn (x )
∫

Bn (x ,ϵ)
e

q XNj −n−M (T n+M y )
dν(y ),

(6.47)

where Ãn ,M = An +AM and C8(n , q ,ε) := e |q |(Ãn ,M+||XM ||+vn ,ε(Xn )). Note that
∫

Bn (x ,ϵ)
e

q XNj −n−M (T n+M y )
dν(y )≤C1(ϵ)ZNj−n−M (q )ν(Bn (x ,ϵ)). (6.48)
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Thus it follows from (6.47) that
∫

Bn (x ,ϵ)
e

q XNj
(y )

dν(y )≤C1(ε)C8(n , q ,ε)e q Xn (x )ν(Bn (x ,ϵ))ZNj−n−M (q ). (6.49)

Hence it is easy to see from (6.45)-(6.46) that the constant

C7(n , q ,ε) :=C1(ε)C4(n , q )C8(n , q ,ε)

satisfies (6.44), and by Lemma 6.6.2 and the weak Bowen condition, one gets

lim
n→∞

log C7(n , q ,ε)
n

= 0.

6.6.3 Differentiability of the log-moment generating function

Lemma 6.6.4. For all q ∈ R, the limit lim
n→∞

1

n
logZn (q ) exists and finite. Thus,

φX = lim
n→∞

1

n
logZn is a finite convex function. Furthermore, φX = I ∗X and φ∗X =

IX .

First, we state a slight generalization of the classical Fekete’s lemma which is

used to verify the existence and finiteness of the limit lim
n→∞

1

n
logZn (q ).

Lemma 6.6.5 ([18]). Let {an}n≥0 be a sequence of real numbers. Assume that there

exists a natural number N ∈N and real numbers D ,∆n ≥ 0, n ∈Nwith lim
n→∞

∆n

n
=

0 such that for all m ∈Z+ and n ≥N

an+m ≤ an +am +D +∆n . (6.50)

Then the limit lim
n→∞

an

n
exists and belongs to R

⋃

{−∞}.

Proof of Lemma 6.6.4. By using Lemma 6.6.2, it can be shown for q ∈R, n ≥M +1
and any m ∈Z+ that

logZn+m (q )≤ logZn (q ) + logZm (q ) +2 log C4(n −M , q ). (6.51)

Thus by Lemma 6.6.5, the limit lim
n→∞

1

n
logZn (q ) exists and lim

n→∞

1

n
logZn (q ) <

+∞. By applying a similar argument to the sequence {− logZn (q )}, one shows

that lim
n→∞

1

n
logZn (q )>−∞.

Clearly, each logZn is a convex function, thusφX is also a convex function as
the pointwise limit of convex functions.

Since for all q ∈R, φX (q ) < +∞, and
¦ 1

n
Xn

©

n∈N
satisfies LDP with the good

rate function IX , we immediately obtain from Theorem 6.3.6 that I ∗X =φX . Note
that IX = φ

∗
X also holds by the Fenchel duality lemma ([14]), since IX is convex

and lower semi-continuous.
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Now we show thatφX is a differentiable function. In fact, the following holds
true.

Lemma 6.6.6. The function φX is continuously differentiable on R, i.e., φX ∈
C 1(R).

Proof. By Lemma 6.6.4, we have that I ∗X = φX . Thus since IX is an essentially
strictly convex rate function, φX is an essentially smooth function by Theorem
6.3.3. Hence since dom(φX ) = R by Lemma 6.6.4, we have that φX is a differen-
tiable function onR. Note thatφX is a convex function, therefore,φX ∈C 1(R) by
Darboux’s intermediate value theorem.

By the monotonicity of φ′X , we define α := lim
t→−∞

φ′X (t ) and α := lim
t→+∞

φ′X (t ).
Then by convexity ofφX , it is easy to verify the following limits

α= lim
q→−∞

φX (q )
q

, and α= lim
q→+∞

φX (q )
q

. (6.52)

6.6.4 A measure supported on the level set and a proof of Theorem 6.C

Lemma 6.6.7. Under the conditions of Theorem 6.C, for every α ∈ (α,α), there ex-
ists q ∈R such that µq (Kα) = 1. In particular, (α,α)⊂LX .

The proof of the lemma relies on the following well-known result in the theory
of convex functions.

Proposition 6.6.8 ([16, 45]). For any convex function Λ defined on R, we have
(1) βq ≤Λ∗(β ) +Λ(q ) for any q ,β ∈R,
(2) if Λ is differentiable at q then βq =Λ∗(β ) +Λ(q )⇐⇒β =Λ′(q ).

Proof of Lemma 6.6.7. Note that the for every q ∈R, the limit lim
n→∞

1

n
logEνe q Xn

exists by Lemma 6.6.4. One ([19]) can prove that the following limit

Cq (β ) := lim
n→∞

1

n
logEµq

e βXn ,

also exists, and Cq (β ) = φX (q + β )−φX (q ), ∀β , q ∈ R. Then we have C ′q (β ) =
φ′X (q +β ) and Cq (0) = 0, and thus C ∗q (γ) ≥ 0 for any γ ∈ R. Moreover, C ∗q (α) = 0

if and only if α = C ′q (0) =φ
′
X (q ). The following two observations show that µq is

supported on the level set Kα:

• For any nonempty closed set F ⊂R such that α /∈ F , ηF := inf
γ∈F

C ∗q (γ)> 0.
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• Since the limit lim
n→∞

1

n
logEµq

e βXn exists for any β ∈ R, by the first part of

Theorem 6.1.3, for any closed set F , we have,

lim sup
n→∞

1

n
logµq ({ω ∈Ω :

1

n
Xn (ω) ∈ F })≤−ηF < 0.

In fact, for m ∈N, consider Fm :=R\(α−
1

m
,α+

1

m
). From the above observations

and the Borel-Cantelli lemma, one has for every m ∈N that

µq

� ⋂

j∈N

⋃

n≥ j

¦ 1

n
Xn ∈ Fm

©�

= 0. (6.53)

Therefore,

µq (Kα) = lim
m→∞

µq

� ⋃

j∈N

⋂

n≥ j

¦ 1

n
Xn ∈ F c

m

©�

= 1. (6.54)

Proof of Theorem 6.C. The first claim: (α,α)⊂LX is proven in Lemma 6.6.7. Now
we show that LX ⊂ [α,α]. Take any α ∈ LX , then by Theorem 5.B, φ∗X (α) ≤ h =
htop(T ,Ω). Thus by Young’s inequality (the first statement of Proposition 6.6.8),
one has for all q ∈R,

αq ≤φ∗X (α) +φX (q )≤ h +φX (q ). (6.55)

Hence for q < 0,

α≥
h

q
+
φX (q )

q
, and for q > 0, α≤

h

q
+
φX (q )

q
. (6.56)

Furthermore, from (6.52) and (6.56), for q < 0, we conclude that α ≥ lim
q→−∞

�h

q
+

φX (q )
q

�

=α, and for q > 0, we conclude that α≤ lim
q→+∞

�h

q
+
φX (q )

q

�

=α.

The second claim: By combining Lemma 6.6.3, Lemma 6.6.7, Proposition 6.6.8
and Theorem 6.2.3, one concludes the proof of the second claim (c.f. (6.21)-
(6.23)).

6.7 Examples and Discussion

In this section, we shall discuss some of the known results of multifractal formal-
ism, and show how they can be treated by the results of this chapter.
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6.7.1 Lyapunov exponents for products of matrices.

We shall adopt the setup in ([23],[24], [27]). Consider a map M : Ω → Md (R),
where Ω := {1, ..., q }Z+ is a full shift space with the shift transformation T , and
Md (R) is the algebra of d × d real matrices. For n ∈ N, x ∈ Ω, set Mn (x ) :=
M (T n−1 x ) M (T n−2 x ) · · ·M (x ). We impose the following two conditions on the
map M :

(C1): Mn (x ) ̸=O holds for all n ∈N and x ∈Ω, where O is the zero matrix;

(C2): M depends only on finitely many coordinates, i.e., M is locally constant.

Note that condition (C1) is automatically satisfied if, for example, the map M
takes values in the set G Ld (R) of irreducible matrices, or the set M +

d (R) of d ×d
positive matrices. In [24], the authors imposed an irreducibility condition which
also implies the condition (C1). Under the condition (C1), one can define the
(upper) Lyapunov exponent of the cocycle (T , M ) as: for x ∈Ω,

λ+M (x ) := lim
n→∞

1

n
log ||Mn (x )||,

provided the limit exists, where || · || is a matrix norm. Let Kα := {x ∈ Ω : λ+M (x ) =
α}, and LM := {α ∈ R : Kα ̸= ;}. We denote Xn (x ) := log ||Mn (x )|| for all n ∈
N, x ∈ Ω. Then it is clear that Xn is a locally constant function since M is only
dependent on finitely many coordinates, therefore, the sequence {Xn} satisfies
the Bowen condition. In [27], the authors introduced the pressure function PM of
the cocycle (T , M ) by

PM (t ) := lim
n→∞

1

n
log
∑

ω∈Ωn

sup
x∈[ω]
||M (T n−1 x )M (T n−1 x ) · · ·M (x )||t , ∀ t ∈R,

where Ωn := {1, ..., q }n , n ∈N. Note that the above limit exists and

PM (t ) = log q +φX (t ), t ∈R, (6.57)

whereφX is the log moment generating function of the sequence {Xn}, i.e.,φX (t ) =

lim
n→∞

1

n
log

∫

Ω

exp (t Xn )dν, t ∈R, and ν is the uniform Bernoulli measure on Ω.

Then by applying Theorem 5.B, one can obtain that

htop(T , Kα)≤ log q −φ∗X (α) = inf
q∈R
{−αq +PM (q )} (6.58)

for all α ∈LM . Note that the last inequality generalizes the upper bound of The-
orem 1.1 in [24]. In the same theorem, the authors also proved the lower bound
under much stronger conditions than the conditions we have imposed above.
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In this setup, we can not treat the lower bound with Theorem 6.C, since the se-
quence {Xn} is not almost additive in general. However, if the map M takes values
in the set M +

d (R) of d × d positive matrices, then it was proven in [27], [23] that
the sequence {Xn} is in fact almost additive. Furthermore, in this case, D.J. Feng
has proven in [23] that the pressure function PM is differentiable, thus φX is also
differentiable by (6.57). Then, in this particular setup, one can apply Theorem
6.C and obtain the equality in (6.58).

6.7.2 Ratios of the Birkhoff sums

In large deviation theory, the contraction principle describes how the large de-
viation rate function evolves if the corresponding sequence of random elements
(probability measures, random variables) is transformed by a continuous map.
More specifically, ifX andY are Hausdorff topological spaces and a family {µn}
of probability measures onX satisfies the LDP with the rate function I , F :X →
Y is a continuous map, then τn := µn ◦ F −1 satisfies LDP with the rate func-
tion J (y ) := inf

x : F (x )=y
I (x ). For example, suppose X (1)n = Snφ, X (2)n = Snψ, where

φ,ψ are continuous functions on a compact metric space Ω and ψ is strictly
positive. Suppose ν is a probability measure such that the (vector) sequence
X = (X (1)n , X (2)n ) satisfies the LDP with the rate function IX (α,β ). Then a new se-
quence Z = {Zn}n≥1 of random variables

Zn :=
X (1)n

X (2)n

=
Snφ

Snψ
, n ≥ 1,

satisfies LDP with the rate function JZ (γ) = inf
α/β=γ

IX (α,β ). Thus we can easily ob-

tain many non-trivial observables satisfying LDP. In case, X (1)n = Snφ, X (2)n = Snψ,
ψ > 0, one easily shows that {nZn} satisfies the weak Bowen condition, there-
fore, Theorem 6.A applies, and hence htop(T , K Z

γ ) ≤ htop(T ,Ω)− inf
α/β=γ

IX (α,β ) =

htop(T ,Ω)− JZ (γ). In this case, one can also easily obtain a lower bound as well.
Indeed, for any α,β such that

K X
α,β := {ω ∈Ω :

1

n
(Snφ)(ω)→α,

1

n
(Snψ)(ω)→β},

we have that K X
α,β ⊆ K Z

α/β . Therefore, htop(T , K Z
γ ) ≥ htop(T , K X

α,β ), where γ = α/β .
Note that Theorem 6.C has been established for random variables, but the same
argument works for random vectors as well. (There are also other results for the
level sets of the form K X

α,β , c.f., [40, 48].) Hence htop(T , K Z
γ )≥ htop(T ,Ω)− IX (α,β ),
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and thus

htop(T , K Z
γ )≥ sup

α/β=γ
[htop(T ,Ω)− IX (α,β )]

= htop(T ,Ω)− inf
α/β=γ

IX (α,β )

= htop(T ,Ω)− JZ (γ).

Therefore, combining two inequalities conclude that htop(T , K Z
γ ) = htop(T ,Ω)−

JZ (γ).

6.7.3 Almost additive sequences over a subshift of finite type.

In [6], the authors considered almost additive sequences of continuous potentials
and they obtained an expression for the multifractal spectra of the level sets of the
sequence in terms of a rate function. In this subsection, we shall discuss that the
setup considered in [6] is covered by Theorem 6.C. Let us now recall the result of
[6] using the notation of the present chapter.

Theorem 6.7.1 ([6]). Let (Ω, T ) be a topologically mixing subshift of finite type.
Assume that X := {Xn}n∈N is an almost additive sequence satisfying Bowen’s con-

dition, and X is not cohomologous to a constant, i.e.,
Xn

n
does not uniformly con-

verge to a constant as n → ∞. Furthermore, assume that lim
n→∞

1

n

∫

Ω

Xn dν =

inf
n∈N

1

n

∫

Ω

Xn dν= 0, whereν is the unique measure of maximal entropy for T . Then

htop(T , Kα) = htop(T ,Ω)−φ∗X (α).

It is clear that the Bowen condition implies the weak Bowen condition, and a
mixing subshift of finite type satisfies the condition (A3) in Theorem 6.C. In The-

orem 6.C, it is also assumed that the sequence {
1

n
Xn}n∈N satisfies LDP with an

essentially strictly convex good rate function. Note that if the moment generating
functionφX of the sequence X is finite and differentiable onR, then by Theorem

6.1.3 {
1

n
Xn}n∈N satisfies LDP with a good rate functionφ∗X . Furthermore, by The-

orem 6.3.3,φ∗X is also an essentially strictly convex function. Below, we show that
the conditions of Theorem 6.7.1 imply differentiability of the moment-generating
functionφX . In [6], it is observed that

φX (t ) = Ptop(T , t X )−htop(T ,Ω), for all t ∈R, (6.59)
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where Ptop(T , t X ) is the topological pressure (for the concept, see [6], [1], [25], [52])
of T of the almost additive sequence X = {Xn}, and

φX (t ) = lim
n→∞

1

n
log

∫

Ω

e t Xn (x )ν(d x )

as usual. In [2], by generalising the well-known result in [46] to almost additive
setting, the authors proved that t 7→ Ptop(T , t X ) is differentiable at 0 if the almost
additive sequence X has unique equilibrium state (for the concept, see [6], [1],
[25], [52]), and showed

d

d t
Ptop(T , t X )
�

�

t=t0
= lim

n→∞

∫

Ω

Xn

n
dµt0X ,

where µt0X is the unique equilibrium state of t0X = {t0Xn}. In 2006, Barreira
proved that if an almost additive sequence X satisfies Bowen’s condition, then it
has a unique equilibrium state [1], therefore, from the above one can conclude
that the pressure function t ∈R 7→ Ptop(T , t X ) is differentiable everywhere on R.
Then from (6.59), the log-moment generating function φX is also differentiable
on R, and hence, the conditions of Theorem 6.7.1 imply the conditions of Theo-
rem 6.C.

6.7.4 Multifractal Formalism in the absence of strict convexity of the
rate function.

The Manneville-Pomeau map is one of the well-known examples of a non- uni-
formly expanding interval map. For a given s ∈ (0, 1), the Manneville–Pomeau
map T : [0, 1]→ [0, 1] is defined as

T (x ) := x + x 1+s mod 1.

It should be noted that T is topologically conjugate to a one-sided full shift, there-
fore, it has the specification property. It is also easy to check that T is strongly
topologically exact and expansive. The upper Lyapunov exponent λT is defined
as

λT (x ) = lim
n→∞

1

n
log(T n )′(x )

provided that the limit exists at a point x ∈ [0, 1]. Set

Kα := {x ∈Ω :λT (x ) =α}, LT := {α ∈R : Kα ̸= ;}.

Define, ψ(x ) := log T ′(x ) = log(1 + (1 + s )x s ), x ∈ [0, 1]. Then it is easy to no-
tice that the Lyapunov exponent λT exists at a point x if and only if the limit
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lim
n→∞

1

n
Snψ(x ) converges, and lim

n→∞

1

n
Snψ(x ) = λT (x ). It was shown in [44], [49]

that the pressure function Pψ(q ) := P (T , qψ), q ∈ R exhibits a first order phase
transition at the point q = −1, in a sense that Pψ is not differentiable at q = −1,
furthermore, it is strictly convex positive differentiable function in (−1,∞), and
Pψ(q ) = 0 for all q < −1. Since T is expansive and satisfies the specification,
there is a unique measure of maximal entropy ν ∈ M ([0, 1]) for T , and it also
becomes the Ahlfors-Bowen measure ([50]). Define Xn := Snψ for all n ∈ N, and

set φX (q ) := lim sup
n→∞

1

n
log

∫ 1

0

e q Xn dν, q ∈ R. Then one can easily check that

φX (q ) = htop(T , [0, 1]) + Pψ(q ) for all q ∈ R. Thus since {Xn} satisfies the weak
Bowen condition one obtains from Theorem 5.B that for all α ∈LT ,

htop(T , Kα)≤ htop(T , [0, 1])−φ∗X (α) =−P ∗ψ(α) = inf
q∈R
{P (T , qψ)−αq }. (6.60)

Now we discuss the lower bound. As we have already mentioned, φX is not dif-

ferentiable everywhere; otherwise, the sequence
� 1

n
Xn

	

satisfies LDP with an es-

sentially strictly convex good rate function. However, Lemma 6.6.3 and Lemma
6.6.7 are still applicable if α ∈ {0}∪ ((Pψ)′+(−1), α), where (Pψ)

′
+(−1)> 0 is the right

derivative of Pψ at the point −1, and α := lim
q→∞

P ′ψ(q ). Thus one can obtain from

these lemmas that

htop(T , Kα) = htop(T , [0, 1])−φ∗X (α) =−P ∗ψ(α) = inf
q∈R
{P (T , qψ)−αq }, (6.61)

holds for all α ∈ {0}∪ ((Pψ)′+(−1), α).
We should note that in [48], the above equality was proven for all α ∈ (0,α) by

a different method.

6.7.5 Local or pointwise entropies.

Recall that the upper and the lower local entropies of an invariant measure µ at
a point x ∈Ω are defined as

hµ(T , x ) := lim
ε→0+

lim sup
n→∞

−
1

n
logµ(Bn (x ,ε)), hµ(T , x ) := lim

ε→0+
lim inf
n→∞

−
1

n
logµ(Bn (x ,ε)).

If hµ(T , x ) = hµ(T , x ), we say that the local entropy of the measure µ at x exists

and denote by hµ(T , x ) the common value. Finally, consider the α-level set K (µ)α
of the local entropies

K (µ)α := {x ∈Ω : hµ(T , x ) =α},

and the entropy spectrum Eµ(α) := htop(T , K (µ)α ).
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In [47], the authors introduced the notion of weak entropy doubling condition

Cn (ε) = sup
x

µ(Bn (x ,ε))
µ(Bn (x ,ε/2))

<∞, and lim
n

1

n
log Cn (ε) = 0.

Note that the weak entropy doubling condition implies the weak Bowen condi-
tion for observables Xn :Ω→R given by

Xn (x ) =− logµ(Bn (x ,ε)).

Indeed, it is easy to show that vn ,ε(Xn )≤ log Cn (2ε).
In [47] it was shown that ifµ is fully supported measures satisfying the (weak)

entropy doubling condition, then for any α one has:

Eµ(α) := htop(T , K (µ)α )≤H ∗µ (α),

where H ∗µ (α) is the Legendre transform of the correlation entropy function

Hµ(q ) = lim
ε→0

lim inf
n→∞

−
1

n
log Iµ(q , n ,ε), Iµ(q , n ,ε) =















∫

µ(Bn (x ,ε))q−1dµ, if q ̸= 1,
∫

logµ(Bn (x ,ε))dµ, if q = 1.

Note the similarity between this result and the upper bound (Theorem 6.A) – un-
der very similar mild regularity assumptions, one obtains an upper bound on the
multifractal spectrum.

In order to obtain a lower bound on the multifractal spectrum of local en-
tropies one needs additional assumptions on the measure µ. For example, µ is
the so-called Bowen-Gibbs measure:

1

C (ε)
≤

µ(Bn (x ,ε))

exp(
∑n−1

k=0φ(T k x ))
≤C (ε).

Then the multifractal analysis of level sets of local entropies is reduced to the

analysis of level sets of Birkhoff’s averages Kα = {ω :
1

n

n−1
∑

k=0

φ(T kω)→α}, see [47].

6.7.6 Weighted ergodic averages

Fan ([19]) recently studied multifractal spectra of a sequence {Xn} in the form

Xn :=
n−1
∑

i=0

fi ◦T i , where fi , i ∈Z+ are continuous functions on the shift spaceΩ :=

A Z+ , whereA is a finite alphabet with #A = q . A motivation to study this kind of
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sequence has been the weighted ergodic averages S w
n f =

n−1
∑

i=0

wi f ◦T i , n ∈Z+ of a

potential f ∈C (Ω), where {wi : i ∈Z+} ⊂R are some fixed weights. This is indeed
a special case of the former sequence if one sets fi = wi f for all i ∈ Z+. To find
the dimension spectra of the sequence {Xn} in terms of the partition function,
Fan made two assumptions:

(H1): The limitφ(t ) = lim
n→∞

1

n
log

∫

Ω

exp (t Xn )dµ exists for all t ∈R,

(H2): sup
n∈Z+

sup
x n−1

0 =y n−1
0

n−1
∑

i=0

| fi (T
i (x ))− fi (T

i (y ))|<+∞.

Recall that in the shift space, for all Z ⊂ Ω, htop(T , Z ) = log q · dimH (Z ). Under
the assumptions (H1)-(H2), Fan obtained the following theorem reformulated in
terms of topological entropies:

Theorem 6.7.2 ([19] ). If λ≥ 0,

htop(T ,Ω)−φ∗(max∂ φ(λ))≤ htop(T , K∂ φ(λ))≤ htop(T ,Ω)−φ∗(min∂ φ(λ)),

where ∂ φ(λ) is the set of all subgradients ofφ at λ, and

K[a ;b ] =
¦

ω ∈Ω : a ≤ lim inf
n→∞

Xn (ω)
n
≤ lim sup

n→∞

Xn (ω)
n
≤ b
©

for a , b ∈R.

If λ< 0, we have similar estimates but we have to exchange the roles of min∂ φ(λ)
and max∂ φ(λ). In particular, if φ is differentiable at λ, then for the level set Kα,
α=φ′(λ), one has

htop(T , Kα) = htop(T ,Ω)−φ∗(α). (6.62)

Now we should note that condition (H2) implies the Bowen condition, and
thus the weak Bowen condition as well. In fact, the condition (H2) is strictly
stronger than the Bowen condition as the following example shows.

Example 6.7.3. LetA = {0, 1}, and an =
(−1)n

nγ
, γ ∈ (1, 2], n ∈ N. Define f (ω) :=

∑

n∈N
anωn forω ∈Ω, then f ∈C (Ω). It is easy to notice that

1) sup
n∈N

∞
∑

j=1

(|a j |+ ...+ |a j+n−1|) =
∑

j∈N
j |a j |=+∞;

2) sup
n∈N

∞
∑

j=1

|a j + ...+a j+n−1|<+∞.
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Thus

sup
n∈N

sup
ωn−1

0 =ω̄n−1
0

n−1
∑

i=0

|( f ◦T i )(ω)− ( f ◦T i )(ω̄)|=+∞, (6.63)

but sup
n∈N

vn ( fn )<+∞, where fn :=
n−1
∑

i=0

f ◦T i .

Since the sequence {Xn} satisfies the weak Bowen condition, Theorem 5.B
generalizes the inequality htop(T , Kα)≤ htop(T ,Ω)−φ∗(α)which is a part of (6.62)
since it relaxes both assumptions (H1) and (H2).

It should be stressed that Theorem 6.C is not applicable in this setup since
the sequence {Xn}n∈N is not almost additive in general.

6.8 Final remarks

In this work, we began building a systematic framework to derive multifractal
formalism directly from large deviation principles. Under standard multifrac-
tal conditions, we progressed this approach by establishing Theorems A and C.
Nevertheless, we believe this program has the potential to extend well beyond the
cases studied here; indeed, the conclusions of Theorems A and C should be appli-
cable in more general settings. To encourage further development, we highlight
below several promising setups that we consider especially suitable for advanc-
ing this program.

A) It would be interesting if one could obtain an analogue of the above results
for the Hausdorff dimension instead of the topological entropy. However, the
Hausdorff dimension might be more difficult to treat as it is not related to the
dynamics of the underlying transformation.

B) In [38–40], the authors propose considering a more general form of the

level sets than the standard Kα := {ω ∈ Ω : lim
n→∞

Xn (ω)
n

= α}. Specifically, for C ⊂
R,

KC := {ω ∈Ω : the set of limit points of the sequence {Xn (ω)/n}n∈N is C }.
(6.64)

Note that one restores Kα if C = {α}.
It would be interesting to investigate the relationship between the generalized

multifractal spectra of {Xn},

C ⊂R 7→ EX (C ) := htop(T , KC ),

and the LDP rate function of {Xn}.
C) In [10], the author explored the entropy spectrum for the ratios of Birkhoff

sums (see Subsection 6.7.2) for a family of pairs of potentials (φi ,ψi ), i ∈ 1, ..., d .
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Final remarks

In [10], instead of a specification condition, the author assumes the existence
of a dense family of continuous functions with unique equilibrium states. This
assumption slightly differs from the specification condition (see Definition 6.2.7
and Theorem 6.2.8) in the present chapter. Therefore, it will be worthwhile to
explore whether our theorems in this chapter can be proven using the existence
of a dense family of continuous potentials with unique equilibrium states, rather
than relying on strong topological exactness.

D) The results of this chapter can be extended to the case that the reference
measure is a Bowen–Gibbs measure, i.e., there exists potential ζ ∈ C (Ω,R) such
that for every ε > 0 there exists a constant C (ε) ≥ 1 satisfying for all n ∈ N and
x ∈Ω that

C (ε)−1 exp(ζn (x ))≤ ν(Bn (x ,ε))≤C (ε)exp(ζn (x )). (6.65)

It is easy to see that the Ahlfors-Bowen measures satisfy the above property
(6.65) with a constant potential ζ ≡ const. To extend the results for such mea-
sures, instead of the topological entropy, one can consider another dimension
characteristics of the sets related to the potentialζ. We note that the Pesin–Pitskel
topological pressure [42] associated with the potential ζ is suitable for this pur-
pose.
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Summary

This thesis explores the rigorous mathematical foundations of Gibbs measures,
which are fundamental objects at the intersection of statistical mechanics and
dynamical systems. Rooted in the pioneering works of Boltzmann and Gibbs,
Gibbs measures provide a precise probabilistic description of the equilibrium
states of systems with a vast number of interacting constituents. These ideas,
formalised in the Dobrushin–Lanford–Ruelle (DLR) framework, lie at the heart of
our understanding of phase transitions, long-term statistical behaviour, and the
connections between microscopic interactions and macroscopic phenomena.

The thesis is structured into three interconnected parts. The first part devel-
ops the conceptual and technical foundations for several notions of Gibbsianity.
It explores how Gibbs measures appear both as equilibrium distributions in sta-
tistical mechanics and as invariant measures in ergodic theory and dynamical
systems. One of the key results is a constructive demonstration of a translation-
invariant Gibbsian specification that can not be generated by any translation-
invariant, uniformly absolutely summable interaction. This reveals an impor-
tant structural mismatch and exposes conceptual limitations within the classical
framework. To address this gap, the thesis establishes a new variational prin-
ciple formulated entirely in terms of specifications, providing a robust alterna-
tive perspective that aligns more closely with the language of dynamical systems
and does not rely on traditional interaction-based formulations. Moreover, it has
been shown in the literature that certain long-range systems can admit equilib-
rium states that lack Gibbsian properties. To resolve this, the thesis identifies
barely a minimal condition under which all equilibrium states of such long-range
systems remain Gibbsian, thus clarifying the delicate boundary between general
equilibrium measures and Gibbs states.

The second part turns to one-dimensional systems, which, despite their ap-
parent simplicity, are a fertile ground for testing theoretical ideas about long-
range interactions, phase transitions, and the spectral properties of transfer op-
erators. Here, the Perron–Frobenius–Ruelle transfer operator plays a central role:
it links the statistical structure of Gibbs measures with dynamical evolution and
mixing properties. A significant contribution of this section is the development
of new techniques for proving the existence and regularity of eigenfunctions of
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transfer operators under minimal regularity assumptions – extending the classi-
cal theory to a class of long-range models for which previous results do not apply.
These methods are applied in particular to the celebrated Dyson model, a proto-
typical example of a one-dimensional long-range Ising model that illustrates the
rich interplay between statistical mechanics and dynamical systems.

The third part extends the study of Gibbs measures to multifractal analysis
and large deviation principles in dynamical systems. Many phenomena of physi-
cal and mathematical interest depend on understanding rare events and the fine-
scale statistical structure of systems over long time horizons. Using topological
entropy as a dimension, the thesis develops a rigorous framework connecting the
multifractal spectrum of general observables to large deviation properties. The
results provide necessary and sufficient conditions for deducing the dimension
and frequency of rare events directly from the large deviation behaviour of the
system. This approach unifies ideas from ergodic theory, large deviations the-
ory, and dimension theory, showing how the same core probabilistic structures
underlie both typical and exceptional behaviour in complex systems.

Taken together, this thesis offers a cohesive and original development of mod-
ern Gibbs theory that bridges foundational concepts and contemporary chal-
lenges. By clarifying the subtle relation between specifications and interactions,
establishing new results for transfer operators in long-range settings, and con-
necting multifractal properties to large deviation principles, it significantly ad-
vances our understanding of how local interactions, global symmetries, and rare
events interplay in mathematical physics and dynamical systems.
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Samenvatting

Deze scriptie onderzoekt de rigoureuze wiskundige fundamenten van Gibbs -
maatregelen, die fundamentele objecten zijn op het snijvlak van de statistische
mechanica en dynamische systemen. Geworteld in het baanbrekende werk van
Boltzmann en Gibbs bieden Gibbs-maatregelen een nauwkeurige probabilistis-
che beschrijving van de evenwichtstoestanden van systemen met een groot aan-
tal onderling interagerende componenten. Deze ideeën, geformaliseerd in het
Dobrushin – Lanford – Ruelle (DLR)-kader, vormen de kern van ons begrip van
faseovergangen, langetermijn statistisch gedrag en de verbanden tussen micro-
scopische interacties en macroscopische verschijnselen.

De scriptie is opgebouwd uit drie onderling verbonden delen. Het eerste
deel ontwikkelt de conceptuele en technische basis voor verschillende noties van
Gibbsianiteit. Het onderzoekt hoe Gibbs-maatregelen zowel verschijnen als even-
wichtsverdelingen in de statistische mechanica als invariantiemaatregelen in de
ergodentheorie en dynamische systemen. Een van de belangrijkste resultaten is
een constructieve demonstratie van een translatie - invariante Gibbs-specificatie
die niet kan worden voortgebracht door enige translatie-invariante, uniform ab-
soluut sommeerbare interactie. Dit onthult een belangrijk structureel spanning-
sveld en legt conceptuele beperkingen bloot binnen het klassieke kader. Om
dit hiaat aan te pakken, formuleert de scriptie een nieuw variatieprincipe dat
volledig is opgesteld in termen van specificaties. Dit biedt een robuust alter-
natief perspectief dat nauwer aansluit bij de taal van dynamische systemen en
niet afhankelijk is van traditionele, interactie-gebaseerde formuleringen. Boven-
dien is in de literatuur aangetoond dat bepaalde systemen met langeafstandsin-
teracties evenwichtstoestanden kunnen toelaten die geen Gibbs-eigenschappen
bezitten. Om dit op te lossen, identificeert de scriptie een minimaal vereiste
conditie waaronder alle evenwichtstoestanden van zulke langeafstandssystemen
Gibbsiaans blijven, waarmee de delicate grens tussen algemene evenwichtsmaa-
tregelen en Gibbs-toestanden wordt verduidelijkt.

Het tweede deel richt zich op eendimensionale systemen die, ondanks hun
schijnbare eenvoud, een vruchtbare grond vormen om theoretische ideeën over
langeafstandsinteracties, faseovergangen en de spectrale eigenschappen van trans-
feroperatoren te toetsen. Hierin speelt de Perron–Frobenius–Ruelle transferop-

211



Bibliography

erator een centrale rol: deze verbindt de statistische structuur van Gibbs - maa-
tregelen met de dynamische evolutie en mengingseigenschappen. Een belan-
grijke bijdrage van dit deel is de ontwikkeling van nieuwe technieken om het
bestaan en de regulariteit van eigenfuncties van transferoperatoren aan te to-
nen onder minimale regulariteitsvoorwaarden — waarmee de klassieke theorie
wordt uitgebreid naar een klasse van langeafstandsmodellen waarvoor eerdere
resultaten niet van toepassing waren. Deze methoden worden in het bijzon-
der toegepast op het beroemde Dyson model, een prototypisch voorbeeld van
een eendimensionaal langeafstands Isingmodel dat de rijke wisselwerking tussen
statistische mechanica en dynamische systemen illustreert.

Het derde deel breidt de studie van Gibbs - maatregelen uit naar multifrac-
tale analyse en grote deviatieprincipes in dynamische systemen. Veel fenomenen
van fysisch en wiskundig belang hangen samen met het begrijpen van zeldzame
gebeurtenissen en de fijnmazige statistische structuur van systemen over lange
tijdschalen. Met topologische entropie als dimensie ontwikkelt de scriptie een
rigoureus kader dat het multifractale spectrum van algemene meetbare groothe-
den verbindt met eigenschappen van grote deviatie. De resultaten bieden noodza-
kelijke en voldoende voorwaarden om de dimensie en frequentie van zeldzame
gebeurtenissen direct af te leiden uit het grote deviatiesgedrag van het systeem.
Deze benadering verenigt ideeën uit de ergodentheorie, grootedeviatietheorie en
dimensionale theorie, en laat zien hoe dezelfde probabilistische kernstructuren
zowel typisch als uitzonderlijk gedrag in complexe systemen ondersteunen.

Gezamenlijk biedt deze scriptie een samenhangende en originele ontwikkel-
ing van de moderne Gibbs-theorie die fundamentele concepten en hedendaagse
uitdagingen met elkaar verbindt. Door de subtiele relatie tussen specificaties en
interacties te verduidelijken, nieuwe resultaten vast te stellen voor transferopera-
toren in langeafstandscontexten en multifractale eigenschappen te koppelen aan
grote deviatieprincipes, draagt zij significant bij aan ons begrip van hoe lokale in-
teracties, globale symmetrieën en zeldzame gebeurtenissen samenkomen in de
mathematische fysica en dynamische systemen.
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