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Chapter 1

Setting the Scene

1.1 Motivation

A discrete-time dynamical system is an abstract space along with a collection of rules that
describes how the space can evolve from one discrete time-step to the next. The abstract space
is called the state space of the system as it gives the different states that the system may be
in, and the evolution of the state space with respect to the collection of rules is referred to as
the dynamics of the system. In this thesis, we will quantify the unlikeliness of probabilistically
unlikely events defined via certain families of discrete-time dynamical systems. There are
several ways in which the unlikeliness of a dynamically defined event may be quantified. The
most natural of course is to use a probability measure to assign a probability that the event
occurs. We will also see that other notions may be used to deduce more information in the
situation when the probability is zero. In this case, the events that we consider are examples
of fractals, which are sets often characterised by having a geometrically complicated boundary
and repeating structure. We will use the Hausdorff dimension – a function which quantifies
the geometric complexity of a fractal boundary – to distinguish them.

This thesis is split into two parts each consisting of two chapters.

Part I is devoted to studying ‘Birkhoff average level sets’ for different dynamical systems. A
Birkhoff average is the average over time of some fixed potential along the trajectory of a
dynamical system and is one of the most critical quantities appearing in ergodic theory: the
study of statistical properties of dynamical systems expressed through the behaviour of such
averages. The Birkhoff average level sets are the elements of a partition of a dynamical system’s
state space into subsets determined by the different values taken by Birkhoff averages evaluated
at each state. In other words, there is a one-to-one correspondence between each level set and
each distinct Birkhoff average. Given the importance of Birkhoff averages to ergodic theory, it
is a relevant question to ask how large the size of the level sets of Birkhoff averages can be. For
many dynamical systems, including ergodic dynamical systems (see §1.3.4) and the systems that
we will consider throughout Part I, one level set has full probability and the rest therefore have
zero probability so the size of Birkhoff average level sets may be further quantified using the
Hausdorff dimension. The Hausdorff dimension of sets of Birkhoff averages have been studied
in various contexts; see e.g. [PW01; BSS02a; JS07; BM08; FLMW10; KR14; IJ15; BJKR21;
Jur21; JR21; Rus23].

In Chapter 2, the Birkhoff averages will be given with respect to a type of dynamical system
called an iterated function system where the dynamics are given by a collection of self-maps
on the same state space that do not increase distances between states. The particular iterated
function systems that we consider will be finite collections of affine maps of the unit square,
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meaning that each map may be written as a linear transformation composed with a translation.
In [BJKR21], the authors consider iterated function systems of affine maps under certain ‘irre-
ducibility conditions’ on the linear parts and obtain a formula for the Hausdorff dimension of
the level sets of Birkhoff averages corresponding to these systems for any continuous potential.
In the first half of Chapter 2, we will obtain the same formula in this setting but with the
irreducibility conditions replaced with one of two alternate conditions that each concern how
rarely iterates of the iterated function system overlap. This setting is a subcase of the main
result in [Ree11]; however, given the extra conditions on our system, we will be able to obtain
more information than is given there.

For the rest of Chapter 2 and then in Chapter 3, we consider dynamical systems called number
systems that are used to generate and assign number expansions, i.e. symbolic representations,
to each of the numbers in a state space. Using these number systems, we may define a family of
events by considering the different frequencies of occurrence of symbols, called digits, that can
appear in the number expansions of the numbers in the state space. These events are types of
sets called Besicovitch-Eggleston sets due to the pioneering works of Besicovitch and Eggleston;
in [Bes35], Besicovitch studied such events defined using binary (base-2) expansions, and Eggle-
ston continued this study in [Egg49] to events defined via any other integer base expansion such
as the decimal (base-10) expansion. We will see in §1.3.4 that the frequency of occurrence of a
digit in a number expansion may be written as a Birkhoff average with respect to a certain po-
tential so Besicovitch-Eggleston sets are particular level sets of Birkhoff averages; hence, we will
use the Hausdorff dimension to study them further. There is a plethora of literature concerning
the Hausdorff dimension of sets determined by digit properties of number expansions; see e.g.
[Bes35; Egg49; PW99; BSS02a; BI09; FLMW10; Mun11; FJLR15; NT24]. Most relevant to
this thesis is [FLMW10, Theorem 1.2], where the authors obtain the Hausdorff dimension of
Besicovitch-Eggleston sets defined for dynamical systems generating symbolic representations
that draw from a countably infinite pool of symbols. As an application, they obtain [FLMW10,
Theorem 1.1] by transferring the former result on symbolic dynamical systems to number sys-
tems given by maps on the unit interval that are piecewise linear and piecewise bijective – the
so-called Generalised Lüroth Series (GLS) maps introduced in [BBDK96]. GLS maps will be
particularly relevant throughout Part I.

An important feature of the number systems considered in Part I is that they are ‘non-
autonomous’. A dynamical system is called autonomous if its dynamics are given in a time-
independent manner, meaning that the rules used to evolve the system are the same at any
point in time, and is called non-autonomous otherwise. There are two types of autonomous
dynamical systems: deterministic and random. A dynamical system is deterministic if every
state of the system has exactly one possible evolution at each time-step so that there is no
uncertainty as to how the system will evolve over time. In contrast, a random dynamical sys-
tem is an autonomous but non-deterministic dynamical system that consists of two parts: an
autonomous random process and a non-autonomous dynamical system driven by the random
process. The dynamical systems that we will consider in the latter half of Chapter 2 and in
Chapter 3 will be non-autonomous so the dynamics will be time-dependent, meaning that the
rules used to evolve the system may change from one time-step to the next. Non-deterministic
dynamical systems are important to consider because they better capture the behaviour of
real-world phenomena, which are rarely governed by time-independent processes. There are
many results on number expansions generated by non-deterministic dynamical systems, e.g.
[DK03; DV05; DK07; Kem14; KKV17; DO18; DK20; KM22b; NT24; GKKS25; BDKK+24].
The latter half of Chapter 2 is devoted to proving a result similar to [FLMW10, Theorem 1.1]
(where the authors treat autonomous and deterministic number systems driven by GLS maps)
but for non-autonomous number systems constructed from GLS maps whose associated number
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expansions draw from a finite pool of digits. We generalise this in Chapter 3 by allowing the
pool of digits to be countably infinite under an additional minor assumption on the system.
The result obtained in Chapter 3 contains the autonomous deterministic case considered in
[FLMW10, Theorem 1.1] as a subcase.

The results in Part I will require a blend of techniques from measure theory, ergodic theory,
fractal geometry and symbolic dynamics, the foundations of which will all be introduced in
§1.3.

In Part II, we consider a broad class of abstract deterministic dynamical systems that includes
dynamical systems of great interest such as Gibbs-Markov maps and AFU maps; see §1.2. In
particular, this includes some of the GLS number systems used in Part I to construct the non-
autonomous systems considered there. We will use this broad class of dynamical systems to
define random variables and then analyse the probability that the value of the (suitably centred
and scaled) partial sums of these random variables falls within an unlikely range. The study of
such behaviour for partial sums of random variables is known as large deviations theory and in
a classical setting defines an unlikely range to be that which is outside of what is dictated by
the classical Central Limit Theorem, i.e. the statement that the distributions of these partial
sums converge to a normal distribution under conditions on the mean and variance of the
random variables. We will consider stable large deviations, which defines an unlikely range to
be that which is outside of what is dictated by a stable limit theorem – a generalisation of the
classical central limit theorem which states that the distributions of partial sums converge under
certain conditions to an α-stable distribution, where α ∈ (0, 2] is called the stability parameter
of the stable distribution. We give further details concerning stable distributions and stable
large deviations in §1.4. The complete statement for stable large deviations of independent and
identically distributed (i.i.d.) random variables is a culmination of the results in [Hey67; Nag69;
Nag79; Roz89; Ber19], which we will recall in Theorem 1.8. In the dependent stable setting,
there are only a few large deviations results; see e.g. [Gan96; MW13; Tak19] and the brief
discussion of these in §4.2. For references concerning classical (exponential) large deviations
and different applications, see [Hol00] and the references therein.

Throughout Part II, we will be interested in large deviations in the setup of α-stable distribu-
tions when the classical CLT does not hold. In particular, we will present a new large deviations
result in the context of α-stable dependent random variables with α ∈ (0, 1) ∪ (1, 2] (with in-
finite variance) in Chapter 4 by first reproving the i.i.d. case in a way that better caters for
dynamically defined random variables and then using that and the assumptions on the class
of dynamical systems to deduce the dependent case. This result holds for the majority of the
range of large deviations given in Theorem 1.8 and for all stability parameters α ∈ (0, 1)∪(1, 2],
avoiding the significantly difficult case of α = 1 corresponding to the distributions of the scaled
and centred partial sums converging to a Cauchy distribution. This is seemingly the first stable
large deviations result for dynamical systems with natural conditions that is close to the gener-
ality of Theorem 1.8. The method in Chapter 4 suggests a way to obtain error rates for general
stable large deviations for the first time. In Chapter 5, we use the method from Chapter 4
in the i.i.d. setting to give error rates for large deviations in the particular setup of Cauchy
distributed i.i.d. random variables (i.e. when α = 1). The result that we obtain holds for the
majority of the range of large deviations given in Theorem 1.8. We also obtain error rates over
the full range by slightly modifying the type of deviations considered by introducing a large
upper bound to the partial sums; we refer to these deviations as quasi-large deviations. As
an application of the results obtained in Chapter 4 and Chapter 5, we prove stable large and
quasi-large deviations statements and give error rates on the different means of digits appearing
in some of the deterministic number expansions seen in Part I.
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The necessary background and preliminaries for Part II will be provided in §1.4.

1.2 Dynamical Systems

We shall explain more precisely what defines a dynamical system and then give some of the
basic concepts in dynamical systems theory that will be used throughout this thesis.

A dynamical system consists of an abstract space X representing the various states that the
system can be in, referred to as the state space, along with a way to describe the evolution
of X over time. In this thesis, we will only consider discrete-time dynamical systems so one
way to define the dynamics of the system is by specifying a set T = {Ts : X → X}s∈S of
transformations indexed by a subset S ⊂ N0

..= {0, 1, 2, . . . } of non-negative integers in such a
way that Tωn describes the possible evolutions of the state space from the (n − 1)th time-step
to the nth time-step for each n ∈ N and each choice of fibre ω = (ωn)n∈N ∈ Ω ..= SN. We
will adopt the measure-theoretic framework for our dynamical systems: that X, along with a
sigma-algebra A and a measure µ, is a measure space and T is a collection of measurable non-
singular transformations with respect to (X,A, µ), i.e. each T ∈ T satisfies T−1(A) ∈ A and
µ(A) = 0 ⇐⇒ µ(T−1(A)) = 0 for all A ∈ A. From now on, all dynamical systems mentioned
in this thesis will be assumed to be discrete-time dynamical systems, and all transformations
associated with dynamical systems will be assumed to be measurable and non-singular with
respect to the underlying measure space.

In the above notation, if T contains only a single transformation T : X → X, then we will
denote the dynamical system by (X,A, µ, T ). In this case, the dynamics are autonomous and
deterministic; the transformation T dictates the evolution of the state space X over time – a
state x ∈ X will be in state T (x) at the next time-step, state T (T (x)) at the time-step after
that, and so on. Writing

T n ..=

n times︷ ︸︸ ︷
T ◦ · · · ◦ T , n ∈ N,

for the nth iterate of T , we define the orbit of x under T to be the set {T n(x) : n ∈ N} of states
that x evolves into over time. As an example, consider the deterministic dynamical system
([0, 1],B([0, 1]), λ, T ), where B([0, 1]) denotes the Borel sigma-algebra on [0, 1], λ denotes the
Lebesgue measure restricted to [0, 1] and T : [0, 1] → [0, 1] is the doubling map defined by
T (x) = 2x mod 1. Figure 1.1(a) shows a graph of the doubling map; notice that the unit
interval is partitioned into two subintervals [0, 1

2
) and [1

2
, 1], and that T is linear and bijective

on each of these subintervals. In general, if a map [0, 1] → [0, 1] is injective and continuous
on the interior of each element of a countable partition of [0, 1], then each injective continuous
part is called a branch and each partition element is called a branch support or just a support
when the context is clear. Furthermore, if a branch is additionally surjective, then the branch
is called full. So, the doubling map has two full linear branches with supports [0, 1

2
) and [1

2
, 1].

Figure 1.1(b) illustrates how to generate the orbit of a state x with respect to the doubling
map.

A dynamical system on a measure space (X,A, µ) with dynamics dictated by a collection of
transformations T = {T : X → X}s∈S is non-autonomous since each state x ∈ X may be
mapped to different states at each time-step by the maps of T so the evolution over time of
each x is ambiguous; see Figure 1.2(b). We will denote a non-autonomous dynamical system
by (X,A, µ, T ). It is possible to obtain from (X,A, µ, T ) a deterministic system by considering
the trajectories along a fixed fibre ω ∈ Ω. These trajectories are defined with respect to ω via
the operator

T nω
..= Tωn ◦ · · · ◦ Tω2 ◦ Tω1 , n ∈ N,

10
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allowing us to define the orbit of a state x ∈ X along the fibre ω by {T nω (x) : n ∈ N}.

As an example, consider the following non-autonomous dynamical system ([0, 1],B([0, 1]), λ, T )
along a fibre ω, where ([0, 1],B([0, 1]), λ) is the Lebesgue measure space on the unit interval as
above and T = {Ts}s∈{2,3} consists of the maps Ts : [0, 1] → [0, 1], x 7→ sx mod 1, s ∈ {2, 3};
see Figure 1.1(a) and Figure 1.2(a) for graphs of T2 and T3 respectively. Figure 1.2(c) shows
the orbit of a number x0 ∈ [0, 1] along a fibre ω of the form ω = (2, 3, 2, 2, . . . ) ∈ {2, 3}N.

Given a non-autonomous dynamical system (X,A, µ, T ), one can obtain an associated random
dynamical system by introducing a map σ : Ω → Ω defined via some random process that
drives the non-autonomous dynamics. The dynamics of a random dynamical system are then
determined autonomously by the skew-product R : Ω ×X → Ω ×X, (ω, x) 7→ (σ(ω), Tω1(x)).
The first coordinate keeps track of the driving system and the second coordinate gives the
dynamics of the non-autonomous system according to the driving system.

0 1

1

1
2

(a) Doubling map

x0 x1x2x3 x4 x5

(b) Iteration

Figure 1.1: Iteration of the doubling map T : [0, 1] → [0, 1], x 7→ 2x mod 1. (a) shows the
graph of T . The green lines are the branches of T . (b) shows the iteration of T to obtain the
orbit of a state x0 up to the 5th iterate. The solid, black line has equation y = x. The red,
dashed lines show the iteration process. For n = 1, . . . , 5, xn ..= T n(x0).

0 1

1

1
3

2
3

(a) Trebling map

x0 T2(x0)T3(x0)

(b) Non-deterministic iteration

x0 x1x2x3 x4

(c) Deterministic iteration

Figure 1.2: Iteration of the non-autonomous dynamical system ([0, 1],B([0, 1]), λ, T ), where
T = {Ts}s∈{2,3} consists of the maps Ts(x) = sx mod 1, s ∈ {2, 3}. (a) shows the graph
of the trebling map T3. (b) shows the different images of a number x0 ∈ [0, 1] under the
maps of T . (c) shows the beginning of an orbit of a number x0 along a fibre ω of the form
ω = (2, 3, 2, 2, . . . ) ∈ {2, 3}N, where xj ..= T j(x0) for j = 1, 2, 3, 4.
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For the majority of Part I, we will be interested in the fibres of non-autonomous dynamical
systems constructed from families of piecewise linear, full-branched unit interval maps such as
the doubling map and trebling map above as well as maps that have a countable infinity of
branches.

In Part II, we will treat a broad class of abstract deterministic dynamical systems including
Gibbs-Markov maps. Let (X,A, µ) be a probability space with a countable measurable partition
{Ij}j∈N, and let T : X → X be ameasure-preserving transformation, meaning that µ(T−1(A)) =
µ(A) for all A ∈ A. We further assume that µ is ‘ergodic’ with respect to T ; see Definition 1.6
in §1.3.4. Define s(y, y′) to be the least integer n ≥ 0 such that T n(y) and T n(y′) lie in
distinct partition elements. Assuming that s(y, y′) = +∞ if and only if y = y′, it follows that
dθ(y, y

′) = θs(y,y
′) defines a metric for each θ ∈ (0, 1). Put g ..= dµ

dµ◦T : X → R.

Definition 1.1 (Gibbs-Markov Map). Let (X,A, µ, T ) be a deterministic dynamical system
with µ ergodic with respect to the measure-preserving transformation T . We say that T is
a Gibbs-Markov map and that (X,A, µ, T ) is a Gibbs-Markov dynamical system if T has the
following three properties.

• (Markov Map) T (Ij) is a union of partition elements and T |Ij : Ij → T (Ij) is a measurable
bijection for each j ∈ N

• (Big Images) inf{µ(T (Ij)) : j ∈ N} > 0

• (Bounded Distortion) There are constants C > 0 and θ ∈ (0, 1) such that, for each j ∈ N
and y, y′ ∈ Ij, |log g(y)− log g(y′)| ≤ Cdθ(y, y

′)

The maps with a countable infinity of branches that we will see throughout the thesis, such
as certain GLS maps and the continued fraction map defined in §1.3.1, are examples of Gibbs-
Markov maps. For a more detailed background on Gibbs-Markov maps, see for instance [Aar97,
Chapter 4] and [AD01].

The broad class of dynamical systems considered in Part II also includes AFU maps.

Definition 1.2 (AFU Map). Let {Ij} be a measurable partition of [0, 1] into open intervals.
We call a map T : [0, 1] → [0, 1] an AFU map if T |Ij is C2 and strictly monotone for each Ij,
and

(A) (Adler’s Condition) T ′′/(T ′)2 is bounded on
⋃
j Ij, where T

′ and T ′′ denote the first and
second derivatives of T respectively.

(F) (Finite Images) The set of images {T (Ij)} is finite.

(U) (Uniform Expansion) There exists ρ > 1 such that |T ′| ≥ ρ on
⋃
j Ij.

Such maps were introduced in [Zwe98] (see [ADSZ04] also).

1.3 Expansions, Digit Frequencies and Dimensions

1.3.1 Number Systems

A number expansion is a representation of a real number using a finite or infinite string of digits
from a given set of symbols called a digit set. Common examples include the decimal expansion,
which uses the digit set {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}, and the binary expansion, which uses the digit
set {0, 1}. We can generate expansions of numbers by using a type of dynamical system known
as a number system. This is a dynamical system on a set of numbers that assigns each number

12
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0 1

1

1
2

(a) Doubling map

0 1

1

1
4

1
3

1
2· · ·

(b) Lüroth map

0 1

1

1
4

1
3

1
2· · ·

(c) Continued fraction map

Figure 1.3: Examples of dynamical systems that generate number expansions

a symbolic representation. The symbols used in these representations determine the associated
digit set. For example, the number system ([0, 1],B([0, 1]), λ, T ) with λ the Lebesgue measure
and T the doubling map as defined in §1.2 (see Figure 1.3(a)) generates binary expansions
for the numbers in [0, 1]. By assigning the digit 0 to the branch of T with support [0, 1

2
), the

digit 1 to the branch of T with support [1
2
, 1] and then iterating the system, we follow the

orbit of each number x ∈ [0, 1] and track the digits met along the way. In this way, we obtain
a sequence of digits (bj(x))j∈N given by bj(x) = 0 whenever T j−1(x) ∈ [0, 1

2
) and bj(x) = 1

whenever T j−1(x) ∈ [1
2
, 1]. From Figure 1.1(b), one can see that the number x0 ∈ [0, 1] has

b1(x0) = 0, b2(x0) = 1, b3(x0) = 1, and so on. For each x, the sequence (bj(x))j∈N can be put
into the binary series expansion to recover x:

x =
∑
j∈N

bj(x)

2j
=
b1(x)

21
+
b2(x)

22
+
b3(x)

23
+ · · · .

For each number x, the number of representations of x can range from none at all to uncountably
many depending on the number system. For example, the number π − 3 ∈ [0, 1] has a unique
(infinite) decimal expansion:

π − 3 =
1

101
+

4

102
+

1

103
+

5

104
+

9

105
+

2

106
+

6

107
+

5

108
+

3

109
+ · · · = 0.141592653 · · ·

whilst 1
2
has two decimal expansions – one with an infinite tail of 0s (so the expansion is finite)

and one with an infinite tail of 1s:

1

2
=

1

21
+

0

22
+

0

23
+

0

24
+ · · · = 0.5,

1

2
=

0

21
+

1

22
+

1

23
+

1

24
+ · · · = 0.499999 · · · .

The binary and decimal number systems belong to the family of integer-base number systems.
The branches of a map giving one such number system are all full and linear with the same
integer-valued slope, called the base. One can also consider number systems where the supports
of the branches do not equally partition the unit interval; such partitions may admit a countable
infinity of branches. For example, the Lüroth series expansions, which were first studied by
J. Lüroth in [Lür83] and have the form

x =
1

b1(x)
+

1

b1(x)(b1(x) + 1)b2(x)
+ · · ·+ 1

bn(x)
∏

1≤k<n bk(x)(bk(x) + 1)
+ · · · (1.1)

for sequences (bn(x))n∈N ∈ NN, can be generated by the number system ([0, 1],B([0, 1]), λ, L),
where L : [0, 1] → [0, 1] is the Lüroth map, which was first introduced in [JV69] and is defined

13
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by L(0) = 0 and piecewise on the intervals
(

1
k+1

, 1
k

]
, k ∈ N, by

L(x) = k(k + 1)x− k whenever x ∈
(

1

k + 1
,
1

k

]
. (1.2)

Figure 1.3(b) shows a graph of the Lüroth map. A sequence (Ak)k∈N of subsets of [0, 1] has an
accumulation point at c if for any ε > 0, there exists a k0 ∈ N so that Ak ⊂ (c − ε, c + ε) for
all k ≥ k0. Notice then that the partition {( 1

k+1
, 1
k
] : k ∈ N} of supports of branches of the

Lüroth map is countably infinite with an accumulation point at c = 0. In [BBDK96], the authors
generalise Lüroth series expansions by introducing Generalised Lüroth Series (GLS) expansions,
which are generated by a family of dynamical systems of the form ([0, 1],B([0, 1]), λ, T ) with
T : [0, 1] → [0, 1] any piecewise linear full-branched interval map. Such maps are called GLS
maps and have countably many branches, each of positive or negative slope, that are supported
on some partition of the unit interval. If we index the branches with a set B ⊂ N and write
(−1)εbNb, b ∈ B, for the signed slope of the bth branch, where εb ∈ {0, 1} and Nb > 1, then the
associated number expansions generated by GLS number systems have the form

x =
tb1
Nb1

+ (−1)εb1
tb2

Nb1Nb2

+ · · ·+ (−1)εb1+···+εbn−1
tbn∏

1≤ℓ≤nNbℓ

+ · · · , (1.3)

where tb is a non-negative quantity depending on the position of the bth branch on the unit
interval. As the name suggests, we may obtain Lüroth series expansions as a type of GLS
expansion by taking the partition {( 1

k+1
, 1
k
] : k ∈ N} ∪ {0} of the unit interval and taking all

branches to have positive slopes. We will define GLS maps explicitly in §2.1.

Even more distinct from the previous examples of number expansions are regular continued
fraction expansions. Instead of representing each number with a series expansion, a number is
instead represented with a nest of finitely or infinitely continuing fractions. For example, the
number π − 3 ∈ [0, 1] has a unique (infinite) continued fraction expansion

π − 3 =
1

7 +
1

15 +
1

1 +
1

292 + · · ·

.

The dynamics of continued fraction expansions are given on the same partition as the Lüroth
map by the continued fraction map G : [0, 1] → [0, 1] defined by G(0) = 0 and piecewise on the
intervals ( 1

k+1
, 1
k
], k ∈ N, by

G(x) =
1

x
− k whenever x ∈

(
1

k + 1
,
1

k

]
. (1.4)

Figure 1.3(c) shows a graph of the continued fraction map.

So far, the number systems encountered have all been examples of dynamical systems given
by a single map so only that one map and its associated digit set are used to generate the
different number expansions. We can also consider non-autonomous number systems that
encode numbers in a time-dependent manner by using more than one map – each with its
own digit set. As a simple example, one could consider the non-autonomous number system

14
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([0, 1],B([0, 1]), λ, T ) along the fibre ω from Figure 1.2. Number expansions in this system have
the form

x =
bω1

Nω1

+
bω2

Nω1Nω2

+ · · · =
∑
n∈N

bωn∏
1≤k≤nNωk

,

for sequences (bn)n∈N such that bn ∈ {0, 1} for all n ∈ N with ωn = 2 and bn ∈ {0, 1, 2}
otherwise, where Ns, s ∈ {2, 3}, denotes the slope of the branches of the sth map, i.e. N2

..= 2
and N3

..= 3. So, the denominators appearing in these expansions are products of 2s and 3s.
For a more general example, consider the collection T = {T1, T2} of any two GLS maps. For
each s ∈ {1, 2}, index the branches of each map Ts with elements from an indexing set Bs ⊂ N,
and, for each b ∈ Bs, denote by (−1)εs,bNs,b the signed slope of the bth branch of the map Ts,
where εs,b ∈ {0, 1} and Ns,b > 1. Then any number expansion of x ∈ [0, 1] generated by the
number system ([0, 1],B([0, 1]), λ, T ) along a fibre ω ∈ {1, 2}N has the form

x =
tω1,b1

Nω1,b1

+ (−1)εω1,b1
tω2,b2

Nω1,b1Nω2,b2

+ · · ·+ (−1)εω1,b1
+···+εωn−1,bn−1

tωn,bn∏
1≤ℓ≤nNωℓ,bℓ

+ · · · (1.5)

with ts,b a non-negative quantity depending on the position of the bth branch of Ts on the unit
interval, where (bn)n∈N is an ω-compatible sequence, i.e. bn ∈ Bωn for all n ∈ N. Depending on
the context, we will refer to expansions of the form in (1.5) as GLS IFS expansions or as Non-
autonomous GLS (NGLS) expansions. We write (bn(ω, x))n∈N for the particular ω-compatible
sequence giving the expansion of x in (1.5) and refer to it as the digit sequence of x along ω with
respect to the number system ([0, 1],B([0, 1]), λ, T ). In other words, we have for each n ∈ N
that bn(ω, x) ∈ Bωn is such that bn(ω, x) = b if and only if T n−1

ω (x) belongs to the support of
the bth branch of Tωn . Observe that expansions of the form (1.5) are determined completely by
pairs of indices (s, b) with b ∈ Bs and s ∈ S. Consequently, we define

D ..= {(s, b) : b ∈ Bs, s ∈ S}

to be the digit set of a non-autonomous number system and we call its elements digits.

In Part I, we will be interested in the frequency of occurrence of the digits of D appearing in
expansions of the form (1.5) generated by non-autonomous number systems constructed from
finite families of GLS maps.

1.3.2 Symbolic Dynamics

Let (X,A, µ, T ) be a non-autonomous number system, and let D be the associated digit set.
So, T is a collection of maps indexed by a set S and D = {(s, b) : b ∈ Bs, s ∈ S}, where
Bs is the index set of the branches of Ts ∈ T . Fix a fibre ω ∈ Ω ..= SN. As explained in
§1.3.1, the numbers x ∈ X can naturally be associated with sequences (bn(ω, x))n∈N of digits
in D. In the examples of non-autonomous number systems that we will consider later in the
thesis, this gives a conjugacy between the dynamics of the system and the symbolic dynamics
of the left-shift map σD defined on the space of infinite sequences (dn)n∈N of digits in D by
(dn)n∈N 7→ (dn+1)n∈N. Consequently, much of the study of these number systems may be
reduced to studying properties of the symbolic dynamics of the left-shift map σD.

We give some general definitions and notation for symbolic dynamical systems. Let Υ be a
countable set of symbols, which we call an alphabet, and denote by ΥN the set of one-sided
infinite sequences (υ1, υ2, . . . ) of elements in Υ. For each n ∈ N0, the set Υ

n is the set of words
of length n, where we let Υ0 ..= {∅} be the set containing only the empty word denoted by ∅.
Let Υ∗ ..=

⋃
n∈N0

Υn be the set of all words. For a word υ ∈ Υ∗, we use the notation |υ| for
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its length so that |υ| = n if υ ∈ Υn. If υ = υ1 · · · υn ∈ Υ∗, then for each k ≤ n, we use the
notation υ|k ..= υ1 · · · υk. Similarly, for a sequence ξ = (ξn)n∈N ∈ ΥN and any n ∈ N, we set
ξ|n ..= ξ1 · · · ξn.
We may specify a topology on ΥN by considering the compact metric space (ΥN, ρ), where
ρ : ΥN ×ΥN → [0, 1] is the metric given by

ρ(ξ, ζ) =

{
2−min{n∈N: ξn ̸=ζn}, ξ ̸= ζ,

0, ξ = ζ.

The level-n cylinder set corresponding to a word υ ∈ Υn, n ∈ N0, is denoted by

[υ] = {ξ ∈ ΥN : ξ|n = υ}.

and is both open and closed with respect to the topology on ΥN specified by ρ. The collection
of all cylinder sets generates the Borel sigma-algebra on ΥN.

The left-shift map σΥ on the alphabet Υ is the map σΥ : ΥN → ΥN given by (ξn)n∈N 7→ (ξn+1)n∈N.
With a slight abuse of notation, we will use σ to denote the left-shift map on any sequence space
without specifying the alphabet as a subscript whenever no confusion can arise. Let M(ΥN, σ)
denote the set of all shift-invariant Borel probability measures on ΥN. For µ ∈ M(ΥN, σ), we
use hµ(σ) to denote the measure-theoretic entropy of µ with respect to σ. As a consequence of
the Kolmogorov-Sinai Theorem (see e.g. [DK21]),

hµ(σ) = − lim
n→+∞

1

n

∑
υ∈Υn

µ([υ]) log µ([υ]),

where 0 log 0 ..= 0. Given a probability vector p = (pυ)υ∈Υ, the p-Bernoulli measure µp is the
probability measure on (ΥN, σ) defined on each cylinder [υ] = [υ1 · · · υn] by µp([υ]) = pυ1 · · · pυn .
It is well-known (see e.g. [DK21, p158]) that the measure-theoretic entropy of µp with respect
to σ is given by

hµp(σ) = −
∑
υ∈Υ

pυ log pu. (1.6)

For each ξ ∈ ΥN, υ ∈ Υ and n ∈ N, we denote by τυ(ξ, n) ..= #{1 ≤ ℓ ≤ n : ξℓ = υ} the number
of times that the symbol υ occurs in the first n elements of the sequence ξ, and we write

τυ(ξ) ..= lim
n→+∞

τυ(ξ, n)

n

for the frequency of the digit υ in ξ when it exists.

1.3.3 Fractal Geometry

A fractal is a mathematical object that typically displays detailed geometric structure at arbi-
trarily small scales and is usually characterised by having a rough boundary and a repeating
structure. A fractal can often be defined as the attractor of an iterated function system (IFS),
which we define as follows.

Definition 1.3. Fix m ∈ N.

(i) (Contraction) A map g : Rm → Rm is a contraction if
∣∣g(x) − g(y)

∣∣ ≤ r|x − y| for all
x,y ∈ Rm and some r ∈ (0,+∞). We call r the contraction ratio of g.
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(ii) (Iterated Function System) An IFS is a countable collection I = {gu : Rm → Rm}u∈U of
contractions.

(iii) (Attractor) An attractor of an IFS I = {gu : Rm → Rm}u∈U is a set Λ ⊂ Rm with the
property that gu(Λ) = Λ for all u ∈ U .

It was shown in [Hut81] that an IFS I of contractions on Rm always has a unique non-empty
attractor. If the contractions are all affine, i.e. if each g ∈ I may be written in the form
g(x) = Ax+ v with A ∈ GLm(R) and v ∈ Rm, then the IFS is called affine and the resulting
attractor is called a self-affine set. In addition, if the matrices A ∈ GLm(R) are all diagonal, i.e.
if the non-diagonal entries of each matrix are all zero, then the IFS is called diagonally affine.
In the specific case when m = 2, we call a self-affine set a carpet. A simple family of carpets
are the Bedford-McMullen carpets first studied independently in [Bed84; McM84]. These sets
are defined to be the attractors of affine IFSs I = {gu : [0, 1]2 → [0, 1]2}u∈U with each map gu,
u ∈ U , of the form

gu(x) =

[
1/r 0
0 1/s

]
x+

[
(iu − 1)/r
(ju − 1)/s

]
,

where (iu, ju) ∈ {(i1, j1), . . . , (ik, jk)} ⊂ {1, . . . , r} × {1, . . . , s} for integers r ≥ s ∈ N and
k ≤ rs. In other words, the unit square is first divided into rs rectangles each with the same
height and the same width and then the k rectangles with indices in the above set are selected
and the others discarded. This process is repeated within each of the k selected rectangles by
subdividing each of them into rs rectangles and choosing in each the k rectangles with the
correct indices. After infinitely many iterations, the Bedford-McMullen carpet is the collection
of points that have not been discarded; see Figure 1.4.

In Chapter 2, we consider a construction similar to that of the Bedford-McMullen carpets but
we instead partition the unit square into horizontal strips and then independently subdivide each

0 1

1

0 1

1

1
2

1
3

2
3

g1 g2

g3 g4

−→
I

(a) The IFS I = {g1, g2, g3, g4} on the unit square

(b) 1st Iteration (c) 2nd Iteration (d) 3rd Iteration (e) Attractor

Figure 1.4: The generation of a Bedford-McMullen carpet as the attractor of an IFS I. The
blue regions indicate the interior and the white regions indicate void. (a) shows the action of
each gu, u = 1, 2, 3, 4, on [0, 1]2. (b)-(d) show the first three iterations of I on [0, 1]2. (e) shows
an approximation of the attractor of I, a Bedford-McMullen carpet, on [0, 1]2.
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of the strips into rectangles whose widths are all strictly less than their heights (or vice versa).
If we were to continue as with the construction of Bedford-McMullen carpets by selecting a
collection of rectangles and repeating the same process to these rectangles infinitely many times,
then we would obtain an attractor known as a Lalley-Gatzouras carpet; see [LG92]. We study
level sets on Lalley-Gatzouras carpets under particular conditions concerning the overlaps of
functions in the IFS. Without discarding any of the rectangles, the resulting attractor is just
the unit square. Such IFSs that generate the unit square, which we will later refer to as GLS
IFSs, may be associated to a skew-product map defined on the unit square by a finite collection
of GLS maps with finitely many branches; we study the level sets defined by fibres of these
systems as well.

The usual notions of size, e.g. length, area, volume, are often unable to capture the geometric
complexity of fractals. Instead, a more complex measure of size is needed, which we give in the
next definition.

Definition 1.4. Fix m ∈ N and A ⊂ Rm. For each B ⊂ Rm, denote by |B| the Euclidean
diameter of B.

(i) (δ-cover) For any δ > 0, a cover U = {Uj}j∈J of A is called a δ-cover of A if |Uj| < δ
for all j ∈ J .

(ii) (Hausdorff Outer Measure) For any t ≥ 0, the t-Hausdorff outer-measure of A is given
by

Ht(A) ..= lim
δ→0

inf

{∑
U∈U

|U |t : U is a δ-cover of A

}
.

(iii) (Hausdorff Dimension) The Hausdorff dimension dimH A of A is given by

dimH A ..= inf{t ≥ 0 : Ht(A) = 0}.

Equivalently (see e.g. [Fal14]), dimH A can be defined as dimH A ..= sup{t ≥ 0 : Ht(A) = +∞}
or as the number t0 ≥ 0 with the property that

Ht(A) =

{
+∞, t < t0,

0, t > t0.

In other words, dimH A is the value of t ≥ 0 where Ht(A) transitions from +∞ to 0; see
Figure 1.5. Note that Ht0(A) can be any value in [0,+∞].

Ht(A)

+∞

0
0 t0

t

Figure 1.5: A plot of Ht(A) over t ≥ 0 for a set A with dimH A = t0.
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As an example, the Hausdorff dimension of a general Bedford-McMullen carpet is given by the
formula (see [Bed84; McM84])

log
∑

1≤j≤s#{1 ≤ ℓ ≤ k : jℓ = j}
log s
log r

log s
.

In particular, the Hausdorff dimension of the Bedford-McMullen carpet Λ in Figure 1.4 is

dimH Λ =
log(2 · 2

log 2
log 3 )

log 2
= 1 +

log 2

log 3
≈ 1.6309.

The Hausdorff dimension of a set is often very difficult to calculate directly due to the need
to find an optimal cover within the definition of the Hausdorff outer-measure; therefore, much
of the focus of fractal geometry is to find different techniques that bypass this complication,
allowing the Hausdorff dimensions of fractals to be calculated explicitly even when the optimal
cover is unknown. One such strategy is to relate the Hausdorff dimension of a set with certain
dimension quantities for suitably chosen measures – we introduce these dimension quantities
now. For a Borel probability measure µ supported on a subset X ⊂ Rm, m ∈ N, we define the
Hausdorff dimension of µ to be

dimH µ = inf{dimH A : A ⊂ X a Borel set, µ(A) = 1}.

A fact that we will use several times is the following: for any Borel set A ⊂ X with µ(A) = 1,
it follows that dimH A ≥ dimH µ. We will also make use of the following equivalent definition
of dimH µ (see e.g. [Pes97, p41]):

dimH µ = lim
ε→0

inf{dimH A : A ⊂ X a Borel set, µ(A) > 1− ε}. (1.7)

In addition, we define the lower pointwise dimension of µ at a point x ∈ A by

dµ(x)
..= lim inf

r→0

log µ(B(x, r))

log r
,

where B(x, r) denotes the open Euclidean ball in Rm with radius r centred at x.

We will use the next result to relate the above concepts of Hausdorff dimension and pointwise
dimension (see e.g. [You84], [Pes97, Theorems 7.1 and 7.2]).

Lemma 1.5. Fix m ∈ N. Let µ be a finite Borel measure supported on X ⊂ Rm, and take a
Borel subset A ⊆ X.

(i) If dµ(x) ≤ c for some c > 0 and every x ∈ A, then dimH A ≤ c.

(ii) If dµ(x) ≥ c for some c > 0 and µ-a.e. x ∈ X, then dimH µ ≥ c.

1.3.4 Ergodic Theory

Let (X,A, µ, T ) be a dynamical system driven by a single transformation T : X → X, and
recall that T is therefore assumed to be (X,A)-measurable. We will assume throughout this
section that µ is a probability measure. Recall that (X,A, µ, T ) is measure-preserving if we
have µ(T−1(A)) = µ(A) for all A ∈ A. In this case, we call T a µ-preserving transformation
and µ a T -invariant measure.

19



1

CHAPTER 1. SETTING THE SCENE

Ergodic theory is the study of the average behaviour of measure-preserving dynamical systems
over time. Central to ergodic theory are ergodic transformations: the measure-preserving
transformations T : X → X that, for any A ∈ A with T−1(A) = A, can only be decomposed
into measurable transformations TA : A → A and TX\A : X \ A → X \ A trivially, i.e. such
that T is the same as one of TA or TX\A up to µ-null sets. This means that, when studying the
average behaviour of measure-preserving dynamical systems, it is only necessary to consider
the ergodic transformations. To be more precise, we give the following definition of ergodicity.

Definition 1.6 (Ergodicity). Let (X,A, µ, T ) be a measure-preserving deterministic dynamical
system. Then T is ergodic if, for every A ∈ A with T−1(A) = A, either µ(A) = 0 or µ(A) = 1.

When T is ergodic, then we say that µ is ergodic with respect to T or that µ is T -ergodic, and
we call (X,A, µ, T ) an ergodic dynamical system. A fundamental result in ergodic theory for
ergodic dynamical systems is the Birkhoff Ergodic Theorem, which states that the time average
of an integrable potential (function) converges to the space average.

Theorem 1.7 (Birkhoff Ergodic Theorem). Let (X,A, µ, T ) be an ergodic dynamical system.
Then for any potential Φ : X → Rm, m ∈ N, that belongs to the set L1(X,B, µ) of µ-integrable
functions,

lim
n→+∞

1

n

∑
1≤ℓ≤n

Φ ◦ T ℓ−1(x) =

∫
X

Φdµ, µ-a.e. x ∈ X. (1.8)

The left-hand side of (1.8) is called the Birkhoff average of Φ at x. Given a dynamical system
(X,A, µ, T ) and a potential Φ : X → Rm, one may consider the α-level sets

FΦ(α) ..=

{
x ∈ X : lim

n→+∞

1

n

∑
1≤ℓ≤n

Φ ◦ T ℓ−1(x) = α

}
, α ∈ Rm,

of points whose Birkhoff average of Φ is given by the vector α. If µ is T -ergodic, then the
Birkhoff Ergodic Theorem implies that µ(FΦ(α)) = 1 for α ..=

∫
X
Φdµ and µ(FΦ(α)) = 0 for

all other α ∈ Rm. It is therefore logical to quantify the size of Birkhoff average α-level sets
with a function that distinguishes between zero measure sets such as the Hausdorff dimension
from Definition 1.4.

The main object of study in Part I is the Birkhoff dimension spectrum of a potential Φ, which
is the function α 7→ dimH FΦ(α). We will be interested in finding precise formulae for Birkhoff
dimension spectra with respect to the two different types of dynamical systems mentioned in
§1.3.3, namely the Lalley-Gatzouras IFSs under certain overlap conditions and the fibres of
a skew-product associated with a GLS IFS. For the former system, we study the sets FΦ(α)
for any continuous potential Φ and appropriate vector α. For the latter system, we consider
the specific choice of potential Φ that allows us to write the digit frequencies of digits in D
appearing in the random GLS expansions as Birkhoff averages. In this setting, the Birkhoff
average level sets are Besicovitch-Eggleston sets as mentioned in §1.1. Along the fibres y ∈ [0, 1]
of GLS IFSs (which we map from Ω to [0, 1] for convenience in this setting), these sets are

Fy(α) ..= π
(
{ξ = (ωn, bn)n∈N ∈ DN : τd(ξ) = αd ∀d ∈ D}

)
,

where α = (αd)d∈D is a fixed probability vector, ω = (ωn)n∈N 7→ y is the fixed fibre and π is
the map DN → [0, 1]2 that takes digit sequences to their corresponding points via the series
expansions in (1.5). We call the probability vectors α that define the different Besicovitch-
Eggleston sets frequency vectors. In Chapter 3, where we study the same fibres of skew-products
defined by collections of GLS maps but for GLS maps with countably many branches, it is no
longer useful to consider the GLS IFS representation of the system so there is no benefit from
mapping the fibre to [0, 1]. Consequently, the relevant Besicovitch-Eggleston sets, which are
defined in the same way, are denoted by Fω(α) instead for each fixed fibre ω ∈ Ω.
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1.4 Stable Large Deviations

Classical large deviations theory is an area of probability theory devoted to analysing the
probabilistic behaviour of sums of events that deviate by an amount more than is prescribed by
the classical central limit theorem (CLT). The CLT may be stated as follows. Let (Xj)j∈N be a
sequence of independent identically distributed (i.i.d.) random variables on a probability space(
R,B(R),P

)
, and let EX1 (resp. VarX1) denote the expectation (resp. variance) of X1 with

respect to the measure P. Suppose that EX1 is finite and that VarX1 is finite and non-zero.
Then, the partial sums Sn ..= X1 + · · ·+Xn (n ∈ N) satisfy

Sn − nEX1√
nVarX1

→ Z

as n→ +∞ in distribution with respect to P, where Z ∼ N (0, 1) is a standard normal random
variable. The CLT can be generalised further allowing for the same conclusion to be drawn even
for sequences of dependent random variables such as those given by a mixing random process. In
any case, the CLT determines the probability that the partial sums Sn of a sequence (Xj)j∈N of
random variables deviates from nEX1 by a quantity of order

√
n as n→ +∞. Such deviations

are called normal deviations, and, unsurprisingly, a deviation of Sn from nEX1 by a quantity
of order strictly greater than

√
n is therefore called a large deviation (LD).

If the condition that the variance of X1 be finite is dropped in the CLT, then the attractor
random variable of the (suitably rescaled and renormalised) partial sums is a (non-normal)
stable distribution. We say that a random variable Y has a stable distribution if any linear
combination of independent Y -distributed random variables also has the same distribution as
Y (up to scaling and centring). Associated with each stable distribution is a stability parameter
α ∈ (0, 2]. Note that α = 1 corresponds to Y having a Cauchy distribution and α = 2
corresponds to Y having a normal distribution; see Figure 1.6.

We set some notation. Define the scaling sequence (an)n∈N and centring sequence (bn)n∈N by

aαn
(
1 + o(1)

)
=

{
nℓ(an), α ∈ (0, 2),

nℓ̂(an), α = 2,
bn ..=


0, α ∈ (0, 1),

nE(X11{|X1|≤an}), α = 1,

nEX1, α ∈ (1, 2],

(1.9)

where ℓ̂(x) ..= 1 +
∫ 1+x

1
ℓ(u)/u du with ℓ a slowly varying function, i.e. a non-negative P-

measurable function ℓ : (0,+∞) → R with the property that ℓ(cx)/ℓ(x) → 1 as x → +∞
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(a) Standard Cauchy Distribution
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(b) Standard Normal Distribution

Figure 1.6: Probability density functions of the symmetric, centred, non-skewed α-stable
distribution Yα for α = 1 and α = 2.
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for any c > 0 (see [BGT87, §1.2.1]). For a partial sum Sn of a sequence (Xj)j∈N of i.i.d. random
variables, it is known that (Sn−bn)/an is in the domain of attraction of an α-stable distribution,
i.e. that

Sn − bn
an

→ Yα in distribution as n→ +∞ (1.10)

for some α-stable random variable Yα, if and only if the random variable X1 satisfies the
following condition on its tails:

P(X1 > x) = px−αℓ(x)
(
1 + o(1)

)
and P(X1 < −x) = qx−αℓ(x)

(
1 + o(1)

)
, (1.11)

where p, q ≥ 0 with p + q = 1. If p = 0 in (1.11), then P(Xj > x) = px−αℓ(x)
(
1 + o(1)

)
is to

be interpreted as P(Xj > x) = o
(
x−αℓ(x)

)
, and the case of q = 0 in (1.11) has an analogous

interpretation. Equation (1.10) can be seen as a CLT with non-standard normalisation; thus,
the usual starting point for the study of large deviations in the α-stable i.i.d. setting is to
assume (1.11).

Precise large deviations in the α-stable setting have been known since [Hey67; Nag69; Nag79]
when α = (0, 1) ∪ (1, 2) and only recently since [Ber19] when α = 1. The case of α = 2 is
contained in [Roz89, Theorem 6]. We collect these results in the following theorem. Let

Φ(x) ..=
1 + o(1)√

2π
e−

1
2
x2

be the distribution function of a standard normal random variable.

Theorem 1.8 ([Hey67; Nag69; Nag79; Roz89; Ber19]). Assume (1.11), and let (an)n∈N and
(bn)n∈N be the sequences defined in (1.9). Let N : N → (0,+∞) be such that N(n)/an → +∞
as n→ +∞. Then the following statements hold as n→ +∞:

(i) If α ∈ (0, 2), then
P(Sn − bn > N) = nP(X1 > N)

(
1 + o(1)

)
. (1.12)

(ii) If α = 2, then

P(Sn − bn > N) =

(
nP(X1 > N) + Φ

(
N

an

))(
1 + o(1)

)
. (1.13)

Similar statements hold for P(Sn − bn < −N).

Remark 1.9. To illustrate the role of Φ, we can take for example ℓ(x) ≡ 1 so that ℓ̂(x) = log x
and N = an logN

(
1 + o(1)

)
. Then the term with Φ(N/an) dominates the term nP(X1 > N)

by approximately a factor of logN .

Throughout Part II, we will be interested in large deviations in the setup of α-stable distri-
butions when the classical CLT does not hold. In particular, we will present in Chapter 4 a
new large deviations result similar to Theorem 1.8 but in the context of α-stable dependent
random variables with α ∈ (0, 1) ∪ (1, 2] (with infinite variance). In Chapter 5, we focus on
the much harder case of α = 1 and give error rates for large deviations in the setup of i.i.d.
Cauchy distributions. We also introduce the notion of quasi-large deviations, where the range
of unlikeliness considered for the partial sums Sn has a large upper bound. Central to the
method of proof of these results will be the Fourier inversion formula, used to rephrase the
problems in terms of characteristic functions; see e.g. [Bil12, Theorem 26.2].

Theorem 1.10 (Fourier Inversion Formula). For a random variable X on the probability space
(R,B(R),P), let ΨX(t) ..=

∫
R e

itx dP(X ≤ x), t ∈ R, denote the characteristic function of X. If
P({a}) = P({b}) = 0, then

P
(
X ∈ [a, b]

)
=

1

2π
lim

s→+∞

∫ +s

−s

e−ita − e−itb

it
ΨX(t) dt.
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1.5 Outline of Thesis

We conclude this chapter by summarising the content to follow.

Part I: Birkhoff Spectra for Autonomous and Non-autonomous Number Systems

In Chapter 2, we study Birkhoff dimension spectra for two different types of dynamical systems
and different families of Birkhoff potentials. The first type of system is the family of IFSs
known as Lalley-Gatzouras carpets, which we study for all continuous Birkhoff potentials.
We determine the set of parameters for which the Birkhoff level sets are non-empty and, for
such parameters, we compute the Birkhoff dimension spectrum under one of two additional
assumptions on the way in which the functions of the Lalley-Gatzouras IFS overlap. This
result gives the same formula as in [BJKR21] but under different conditions. This result is
also a subcase of [Ree11], but we are able to obtain more information given our additional
assumptions. The main difficulty in this (two-dimensional) setting is that the systems we treat
are non-conformal, i.e. the contraction ratios in the relevant self-affine IFSs differ in the two
stable directions, which means that many of the usual methods used in fractal geometry do not
apply.

The second type of dynamical system that we consider in Chapter 2 is the non-autonomous
system given by a family of GLS IFSs used to generate GLS expansions with redundancy.
Specifically, we consider these systems along fixed fibres. For the choice of potential, we take
the one that captures the digit frequencies of digits appearing in the GLS IFS expansions. The
resulting Birkhoff average level sets are then a family of Besicovitch-Eggleston sets i.e. sets of
points whose digit frequencies are given by some specified frequency vector. As in the setting
above, we determine the set of parameters for which the Birkhoff level sets are non-empty and,
for such parameters, compute the Birkhoff dimension spectrum. As a corollary, we may use
the Birkhoff dimension spectrum along the fibres to deduce a lower bound for the Hausdorff
dimension of the Besicovitch-Eggleston sets for the full system. In contrast to the first setting,
this non-autonomous setting is conformal so the standard methods of fractal geometry may
be used; however, non-autonomy means that fundamental results such as the Birkhoff Ergodic
Theorem cannot be used.

In Chapter 3, we extend the results in Chapter 2 on the non-autonomous number systems by
dropping the condition that the interval maps giving each number system have only finitely
many branches. As before, we determine the set of parameters for which the Besicovitch-
Eggleston sets of these more general systems are non-empty and, for such parameters, compute
the Birkhoff dimension spectrum. To do this, we make a minor additional assumption on the
system that is satisfied for a wide variety of systems. The result that we obtain contains the
deterministic setting [FLMW10, Theorem 1.1] as a subcase. Since the underlying symbolic
dynamics of the system now operates on an infinite alphabet, many of the arguments used in
the finite setting of Chapter 2 fail to carry over. Consequently, we do not rely on the methods in
Chapter 2 but instead adapt some of the techniques used in the deterministic setting [FLMW10],
which also operates on an infinite alphabet.

Part II: Stable Large Deviations for Deterministic Dynamical Systems

In Chapter 4, we will be interested in obtaining a result similar in spirit to Theorem 1.8 for
dependent sequences of dynamically defined random variables. Current results in the literature
that attempt this either fail to capture the full range of large deviations as in Theorem 1.8 or
have conditions that are extremely difficult to verify for dynamical systems; see §4.2 for a brief
discussion of some of these results. In contrast, the generalisation of Theorem 1.8 for dependent
sequences that we obtain in Chapter 4, namely Theorem 4.11, has natural conditions known
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to be satisfied for a broad class of (autonomous) dynamical systems and treats the full range
of large deviations, giving the optimal behaviour in the majority of this range; Theorem 4.11
holds for all stability parameters α ∈ (0, 1) ∪ (1, 2]. We obtain these results by using the
Fourier inversion formula to rephrase the problem in terms of characteristic functions and then
by applying Nagaev’s spectral method (see e.g. [Gou10b]), allowing us to write the characteristic
function in terms of a related characteristic function for an i.i.d. sequence of random variables
plus some well-behaved quantities that we may obtain good estimates for. The results may
be applied to the class of Gibbs-Markov dynamical systems, including the continued fraction
map, allowing us to obtain a statement on the large deviations of the Hölder mean of continued
fraction digits, as well as other dynamical systems such as AFU maps; see §4.4.

In Chapter 5, we investigate the specific case of α = 1 in the above setting, i.e. when the partial
sums are in the domain of attraction of a Cauchy distribution. This case is much harder due to
the inherent pathological behaviour of the Cauchy distribution and means that results of the
generality of those in Chapter 4 are very difficult to obtain in this setting. Instead, we obtain
error rates for the large deviations in Theorem 1.8 of Cauchy i.i.d. random variables over the
majority of the range; see Theorem 5.1. We also obtain error rates for quasi-large deviations
of Cauchy i.i.d. random variables over the full range of large deviations seen in Theorem 1.8;
see Theorem 5.2. To do this, we use the same method as in Chapter 4 (when treating i.i.d.
sequences), but we adapt the techniques to work in the α = 1 setting and so as to give error
rates. We then apply the above results to find the error rates for the large and quasi-large
deviations of the arithmetic mean of digits coming from Lüroth series expansions and other
GLS expansions.
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Chapter 2

Birkhoff Spectra for Certain
Diagonally Self-affine Sets

The results in this chapter are based on the article [IKM24]:

Birkhoff Spectrum for Diagonally Self-affine Sets and
Besicovitch-Eggleston Sets for GLS Systems with Redundancy

Abstract

We calculate the Birkhoff spectrum in terms of the Hausdorff dimension of level sets for Birkhoff averages of
continuous potentials for a certain family of diagonally affine IFSs. Also, we study Besicovitch-Eggleston sets
for finite GLS number systems with redundancy. The redundancy refers to the fact that each number x ∈ [0, 1]
has uncountably many expansions in the system. We determine the Hausdorff dimension of digit frequency sets
for such expansions along fibres.

2.1 Introduction

We consider affine IFSs {Au + vu}u∈U indexed by a finite set U that are given by a collection
{Au : u ∈ U} ∈ GL2(R)#U of matrices of the form

Au =

[
bu 0
0 cu

]
, with 0 < |bu|, |cu| < 1, u ∈ U , (2.1)

and a collection (vu)u∈U of vectors of the form

vu =

[
βu
γu

]
∈ R2, u ∈ U .

For a fixed IFS as above, we will be interested in the multifractal properties of its self-affine
attractor Λ. Let σ : UN → UN denote the left shift. For any continuous potential Φ : UN → Rd,
d ∈ N, and for a given vector α = (α1, . . . , αd) ∈ Rd, consider the symbolic α-level sets

EΦ(α) ..=

{
ξ ∈ UN : lim

n→+∞

1

n

n−1∑
i=0

Φ ◦ σi(ξ) = α

}
. (2.2)

For ξ ∈ UN and n ∈ N, put Aξ|n−1 = Aξ1 · · ·Aξn−1 and define π : UN → Λ by

π(ξ) =
∑
n∈N

Aξ|n−1vξn . (2.3)
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Then the α-level set for Φ on Λ is the set FΦ(α) ..= π(EΦ(α)). There are various known results
on the dimension spectra of FΦ(α), i.e. the size of level sets with respect to dimension quantities
such as the Hausdorff dimension or topological entropy (in the sense of [Bow73]); see for instance
[BS01; FFW01; BSS02a; BSS02b; BM08; FH10; Ree11; KR14; Moh22; Moh24]. Multifractal
results for self-affine sets in terms of Lyapunov dimensions were obtained in [BJKR21] for
collections of matrices (Au)u∈U under certain strong-irreducibility and proximality conditions.
One can find more information about the multifractal formalism in [BG11; Cli14; Moh23]. In
this chapter, we will only treat the Hausdorff dimension spectra α 7→ dimH FΦ(α), where the
size of our level sets is quantified by the Hausdorff dimension dimH .

Let I = {fu : R → R}u∈U be an IFS of real-valued affine maps of the form fu(y) = duy+ δu, so
|du| < 1 for each u ∈ U . For a sequence u = u1 · · ·un ∈ Un, n ∈ N, we write

fu(y) ..= fu1 ◦ · · · ◦ fun(y) = duy + δu.

We say that I has exact overlaps if there are u,u′ ∈ Un for some n ∈ N such that fu = fu′ .
For u,u′ ∈ Un, we define the distance

dist(fu, fu′) ..=

{
|δu − δu′|, if du = du′ ;
+∞, otherwise.

In his breakthrough result, Hochman [Hoc14] introduced the Exponential Separation Condition
(ESC) to calculate the dimension of self-similar measures, i.e. measures associated to the IFS
I that are of the form

µ(A) =
∑
i∈Λ

piµ ◦ f−1
i (A), A ∈ B(Rd),

for some fixed probability vector (pi)i∈Λ, where Λ is the attractor of I. We say that I satisfies
the Exponential Separation Condition if there exists a constant c > 0 and infinitely many
integers n ∈ N such that dist(fu, fu′) ≥ cn for all u,u′ ∈ Un.

We say that a diagonally affine IFS {Au + vu}u∈U satisfies the Strong Open Set Condition
(SOSC) if there is an open set V ⊆ R2 such that all the sets (Au+vu)(V ) are pairwise disjoint,⋃
u∈U(Au + vu)(V ) ⊆ V and Λ ∩ V ̸= ∅, where Λ is the attractor of the IFS.

Our first result is for the following class of diagonally affine IFSs. Let G be the collection of all
IFSs {Au+ vu}u∈U with matrices as in (2.1) that satisfy the SOSC together with either (D) or
(D’):

(D) |bu| > |cu| for all u ∈ U and

(a) the IFS obtained from projecting to the first coordinate G1
..= {g1,u(y) = buy+βu}u∈U

satisfies the ESC, or,

(b) bu is algebraic for all u ∈ U and the IFS obtained by projecting to the first coordinate
G1

..= {g1,u(y) = buy + βu}u∈U has no exact overlaps;

(D’) |bu| < |cu| for all u ∈ U and

(a) the IFS obtained by projecting to the second coordinate G2
..= {g2,u(y) = cuy+γu}u∈U

satisfies the ESC, or,

(b) cu is algebraic for all u ∈ U and the IFS obtained from projecting to the second
coordinate G2

..= {g2,u(y) = cuy + γu}u∈U has no exact overlaps.
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An IFS satisfying condition (D’)(a) is shown in Figure 2.1(a).

Let M(UN, σ) denote the set of all σ-invariant Borel probability measures on UN, and let

LΦ
..=

{
α ∈ Rd : ∃ ξ ∈ UN with lim

n→+∞

1

n

n−1∑
i=0

Φ ◦ σi(ξ) = α

}

=

{
α ∈ Rd : ∃µ ∈ M(UN, σ) with

∫
UN

Φdµ = α

} (2.4)

be the collection of all vectorsα for which the corresponding level set is non-empty, known as the
spectrum of Φ. We use intLΦ to denote the interior of LΦ. Let P denote the topological pressure,
and let dimL µ denote the Lyapunov dimension of µ ∈ M(UN, σ); see §2.2 for definitions. Our
first result is as follows.

Theorem 2.1. Let {Au + vu}u∈U ∈ G, and let Φ : UN → Rd, d ∈ N, be a continuous potential.
Then for each α ∈ intLΦ,

dimH FΦ(α) = sup

{
dimL µ : µ ∈ M(UN, σ),

∫
UN

Φdµ = α

}
= sup

{
s ≥ 0 : inf

q∈Rd
P (log ϕs + ⟨q,Φ−α⟩) ≥ 0

}
.

The second family of IFSs that we consider in this chapter is motivated by the representations
of real numbers known as Generalised Lüroth Series (GLS) expansions introduced in [BBDK96].
Recall from §1.3.1 that, whilst Lüroth series expansions take their digits from the infinite digit
set N and all terms in the expansion are positive, a GLS number system can have either finite
or infinite digit sets and the corresponding GLS expansions can have both positive and negative
terms. Given a finite or countably infinite digit set B, a partition {[ℓb, rb]}b∈B of [0, 1] into closed
intervals and a vector (εb)b∈B ∈ {0, 1}#B, one can consider the IFS{

gb : [0, 1] → [0, 1]
}
b∈B, (2.5)

where gb maps the interval [0, 1] affinely onto [ℓb, rb] in an orientation-preserving manner if εb = 0
and in an orientation-reversing manner if εb = 1. In other words, if we write Nb

..= (rb − ℓb)
−1,

then gb(x) = ℓb+
εb+(−1)εbx

Nb
. Since gb([0, 1]) = [ℓb, rb] for each b ∈ B, it follows for each x ∈ [0, 1]

that there is a sequence (bn)n∈N such that

x = lim
n→+∞

gb1 ◦ · · · ◦ gbn(0).

In this notation, x can thus be expressed as

x =
∑
n∈N

(−1)
∑n−1

i=1 εbi
ℓbnNbn + εbn∏n

i=1Nbi

, (2.6)

which is the GLS expansion of x with digit set B from (1.3); here, we have set
∑0

i=1 εbi = 0.
One recovers the Lüroth series expansions by taking B = N, [ℓb, rb] = [ 1

b+1
, 1
b
] and εb = 0 for

each b ∈ N, and one obtains integer base N -expansions, N ≥ 2, by setting B = {0, 1, . . . , N−1}
and taking [ℓb, rb] = [ b

N
, b+1
N

] and εb = 0. The expansions from (2.6) can also be seen as signed
versions of Cantor base expansions, as introduced by Cantor in [Can69]. GLS expansions have
been considered previously in [Mun11; Arr15; KKSS15; JMS18; HK24; BK24] and recently
also in relation to neural networks [BKSN19; RHN23]. Level sets for Lüroth series expansions
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(a) An IFS satisfying (D’)(a)
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2

1
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2
3

(b) Example of a GLS IFS

Figure 2.1: Two examples of IFSs. The coloured rectangles indicate the images of the unit
square under the maps in the IFS.

and more generally GLS expansions have been considered in particular with respect to digit
frequencies; see [BI09; FLMW10]. These are the Besicovitch-Eggleston sets for such systems.

In the above setting, for any given GLS number system, all but countably many numbers in
[0, 1] have a unique GLS expansion in that system and the numbers that do not have a unique
expansion have exactly two expansions. In this chapter, we consider IFSs that correspond
to GLS number systems with redundancy, that is, in which all numbers have uncountably
many different representations in the system. Number systems with redundancy have proven
interesting in several settings, including signed binary expansions where they are used to find
so-called minimal weight expansions, i.e. expansions that maximise the number of digits 0,
see e.g. [MO90; KT93; DK20], and in non-integer base expansions in relation to applications
in analogue-to-digital converters and random number generation, see e.g. [DDGV06; JM16].
Number systems with redundancy have also been considered in [KKV17; KMTV22; KM22b]
for continued fraction expansions and Lüroth series expansions.

To obtain a GLS number system with redundancy, we take a finite index set S = {1, . . . , S} ⊂ N
and start with S IFSs that correspond to S different GLS number systems with finite digit sets.
We combine these into one diagonally affine IFS on R2, which we call a GLS IFS, by using a
positive probability vector (ps)s∈S – a vector with ps > 0 for all s ∈ S and

∑
s∈S ps = 1. This

vector (ps)s∈S can be thought of as the probabilities with which the sth GLS number system
is chosen to generate the nth digit in the expansions for each n ∈ N. Therefore, a GLS IFS is
given by the following data:

• an index set S ⊂ N and a positive probability vector (ps)s∈S

• for each s ∈ S, a branch-indexing set Bs ..= {1, . . . , Bs} ⊂ N with Bs ≥ 2, a partition
0 = r(s,1) < r(s,2) < · · · < r(s,Bs) = 1 and a vector (ε(s,b))b∈Bs ∈ {0, 1}Bs

If we set D ..= {(s, b) : b ∈ Bs, s ∈ S} and, for each (s, b) ∈ D, define q(s,b) ..= r(s,b+1) − r(s,b) and

A(s,b)
..=

[
(−1)ε(s,b)q(s,b) 0

0 ps

]
, v(s,b)

..=

[
r(s,b) + ε(s,b)q(s,b)∑

1≤ℓ<s pℓ

]
,

then we call the IFS {Ad + vd}d∈D a GLS IFS; see Figure 2.1(b) for an example.

We mention a few particular properties of GLS IFSs. Each GLS IFS satisfies the strong open
set condition and has Λ = [0, 1]2. For the projection onto the first coordinate, we use the
collection of maps G1 = {hd : [0, 1] → [0, 1]}d∈D, where, for each d ∈ D,

hd(x) ..= rd + qd(εd + (−1)εdx).
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Without additional assumptions, the GLS IFS need not fall into one of the categories (D)(a)
or (D)(b). The projection on the second coordinate G2 = {g2,(s,b)(y) = psy +

∑
1≤ℓ<s pℓ}(s,b)∈D

of a GLS IFS contains several duplicates of each map. Therefore, GLS IFSs do not fall into
the class of diagonally affine IFSs that satisfy (D’), but, by removing these duplicates, they can
potentially contain a sub-collection of contractions that satisfies (D’) as shown in Figure 2.1.

We can obtain number expansions from a GLS IFS in the following way. For each x ∈ [0, 1],
there are sequences (dm)m∈N ∈ DN such that x can be written as

x = lim
m→+∞

hd1 ◦ · · · ◦ hdm(0). (2.7)

If we write for each n ∈ N

ϵn = εdn , Nn = q−1
dn
, tn = rdn + εdnqdn , (2.8)

then it follows from (2.7) that

x =
∑
n∈N

(−1)
∑

1≤ℓ<n ϵℓ
tn∏

1≤ℓ≤nNℓ

(2.9)

and the resemblance with Lüroth series expansions becomes clear. It is shown in Proposition 2.7
below that, under the additional assumption on the GLS IFS that hd ̸= hd′ whenever d ̸= d′,
indeed all numbers x ∈ [0, 1] have uncountably many different representations of the form (2.7).
We give several examples of GLS IFSs and the associated number expansions at the end of the
chapter.

For GLS IFSs, we consider the potential that captures digit frequencies. Let 1[d] : DN → {0, 1}
denote the indicator function on [d]. Define the continuous potential 1 : DN → {0, 1}#D by
1(ξ) = (1[d](ξ))d∈D. Fix a frequency vector α = (αd)d∈D ∈ [0, 1]#D, and set F (α) ..= π(E1(α)).
Then

F (α) = {(x, y) ∈ [0, 1]2 : ∃ ξ ∈ π−1{(x, y)} s.t. τd(ξ) = αd for all d ∈ D} (2.10)

is the GLS digit frequency level set or Besicovitch-Eggleston set for α. Results on the Hausdorff
dimension spectrum α 7→ dimH F (α) have been obtained in [Nie99, Theorem 1] in the specific
case of Bedford-McMullen carpets, i.e. with ps = S−1 for each s ∈ S and (−1)εd = 1 and
qd = N−1 for each d ∈ D, where N ≥ 2 is some fixed integer. This result was extended in
[Ree11, Corollary 1] to Lalley-Gatzouras carpets, which are similar to our setting but have the
additional requirements that ε(s,b) = 0 and q(s,b) ≤ ps for all (s, b) ∈ D. In the current setting,
a lower bound for dimH F (α) in terms of the Ledrappier-Young formula for the Bernoulli
measure µα can be deduced from [BK17, Theorem 2.3 and Corollary 2.8] in the case that
the two Lyapunov exponents of the Bernoulli measure of the system differ and the frequency
vector α is strictly positive. In the case that the two Lyapunov exponents of the Bernoulli
measure µα are equal, one may apply [FH09] to obtain a similar lower bound in terms of the
Ledrappier-Young formula for µα.

Here, we will instead focus for fixed y ∈ [0, 1] on the fibre Besicovitch-Eggleston sets

Fy(α) ..=
{
x ∈ [0, 1] : ∃ ξ ∈ π−1{(x, y)} s.t. τd(ξ) = αd for all d ∈ D

}
,

recalling from §1.3.2 that τd(ξ) denotes the frequency of occurrence of the digit d in the sequence
ξ. We only consider frequency vectors α with αs ..=

∑
b∈Bs

α(s,b) > 0 for all s ∈ S (otherwise
we could just as well have considered a smaller GLS IFS). Set

Y (α) ..= {y ∈ [0, 1] : Fy(α) ̸= ∅}. (2.11)
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Let µα be the α-Bernoulli measure on DN. For each s ∈ S, let fs : [0, 1] → [0, 1] be the map
given by

fs(y) = psy +
∑
1≤ℓ<s

pℓ (2.12)

and define the map π2 : DN → [0, 1] by

((ωn, bn))n∈N 7→ lim
n→+∞

fω1 ◦ · · · ◦ fωn(0).

Set να ..= µα ◦ π−1
2 . As we will see later, να(Y (α)) = 1. We have the following results on the

Hausdorff dimension of the fibre Besicovitch-Eggleston sets.

Theorem 2.2. Let {Ad+vd}d∈D be a GLS IFS and α = (αd)d∈D ∈ [0, 1]#D a frequency vector.
Then

dimH Fy(α) ≤
∑

d∈D αd logαd −
∑

s∈S αs logαs∑
d∈D αd log qd

for all y ∈ Y (α). In addition,

dimH Fy(α) ≥
∑

d∈D αd logαd −
∑

s∈S αs logαs∑
d∈D αd log qd

for να-a.e. y ∈ Y (α).

Fibrewise results similar in spirit to Theorem 2.2 were obtained in [NT24], where the authors
study real numbers with a semi-regular continued fraction expansion that satisfies a certain
growth condition on its digits.

This chapter is outlined as follows. In §2.2, we provide the necessary preliminaries. We prove
Theorem 2.1 in §2.3. §2.4 is devoted to GLS IFSs. Here, we show given a GLS IFS that has
hd ̸= hd′ whenever d ̸= d′ that all x ∈ [0, 1] have uncountably many expansions of the form
(2.7). We then continue with some results on the spectra of the Besicovitch-Eggleston sets
F (α) and on the sets Y (α) with respect to the appropriate frequency potentials. These results
will be used in the proof of Theorem 2.2. This section also contains the proof of Theorem 2.2.
Finally, §2.5 contains some examples.

2.2 Preliminaries

In this section, we introduce some notation and definitions to be used in the rest of the chapter.

Let (Au)u∈U ∈ GL2(R)#U be a collection of matrices as in (2.1). Recall that, for a sequence
ξ = (ξn)n∈N ∈ UN and n ∈ N, we set Aξ|n = Aξ1 · · ·Aξn . For the entries on the diagonal of
Aξ|n , write bξ|n = bξ1 · · · bξn and cξ|n = cξ1 · · · cξn . For u = u1 · · ·un ∈ Un, we similarly write
Au = Au1 · · ·Aun with bu = bu1 · · · bun and cu = cu1 · · · cun for the diagonal entries.

Let P1 be the real projective line, which is the set of all lines through the origin in R2. We
say that a proper subset C ⊂ P1 is a cone if it is a closed projective interval and a multicone
if it is a finite union of cones. The collection (Au)u∈U of diagonal matrices as in (2.1) is called
dominated if there exists a multicone C ⊂ P1 such that

⋃
u∈U AuC ⊂ int C. It was shown in

[BG09, Theorem B] that (Au)u∈U is dominated if and only if there exist constants C > 0 and
0 < τ < 1 such that

bu · cu
max{bu, cu}2

≤ Cτn, ∀u ∈ Un, n ∈ N. (2.13)
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For each diagonal matrix Au as in (2.1), the singular value function is given by

ϕs(Au) ..=

{
max{bu, cu}s, if 0 ≤ s ≤ 1,

max{bu, cu}min{bu, cu}s−1, if 1 ≤ s < 2.

The Lyapunov exponents of the collection (Au)u∈U with respect to a measure µ ∈ M(UN, σ)
are defined as

χ1(µ) ..= − lim
n→+∞

1

n

∫
UN

logmax
{
bξ|n , cξ|n

}
dµ(ξ),

χ2(µ) ..= − lim
n→+∞

1

n

∫
UN

logmin
{
bξ|n , cξ|n

}
dµ(ξ).

The Lyapunov dimension of µ ∈ M(UN, σ) is defined to be

dimL µ ..= min

{
hµ(σ)

χ1(µ)
, 1 +

hµ(σ)− χ1(µ)

χ2(µ)

}
.

For a continuous potential Φ : UN → Rd, d ∈ N, write SnΦ =
∑n−1

k=0 Φ ◦ σk for its Birkhoff sum.
The topological pressure of Φ and (Au)u∈U is given by

P (log ϕs + Φ) = lim
n→+∞

1

n
log

∑
u∈Un

ϕs(Au) sup
ξ∈[u]

expSnΦ(ξ),

where the existence of the limit is guaranteed by sub-additivity.

For any subset U ⊆ Rd, d ∈ N, recall that we use the notation |U | = sup{|x− y| : x, y ∈ U} to
denote the diameter of U . In many cases, U will be an interval so |U | will just be its length.

2.3 Dominated, Diagonally Affine IFSs

In this section, we prove Theorem 2.1. Recall the definition of the natural projection π : UN → Λ
from (2.3) and the definitions of the sets EΦ(α) and LΦ from (2.2) and (2.4), respectively.
Additionally recall that FΦ(α) ..= π(EΦ(α)). We have the following upper bound for the
Hausdorff dimension of FΦ(α). In the proof, we make use of [BJKR21, Proposition 3.2], which
holds for general affine IFSs (including the diagonally affine case) on R2.

Lemma 2.3. Let {Au + vu}u∈U be a diagonally affine IFS on R2 such that the collection
(Au)u∈U is dominated. Let Φ : UN → Rd, d ∈ N, be a continuous potential. Then for each
α ∈ intLΦ,

dimH FΦ(α) ≤ sup

{
dimL µ : µ ∈ M(UN, σ),

∫
UN

Φdµ = α

}
= sup

{
s ≥ 0 : inf

q∈Rd
P
(
log ϕs + ⟨q,Φ−α⟩

)
≥ 0

}
.

Proof. It follows directly from [BJKR21, Lemma 3.1 and Proposition 3.2] for any diagonally
affine IFS {Au + vu}u∈U on R2, any continuous potential Φ : UN → Rd, d ∈ N, and any
α ∈ intLΦ that

dimH FΦ(α) ≤ sup

{
s ≥ 0 : inf

q∈Rd
P
(
log ϕs + ⟨q,Φ−α⟩

)
≥ 0

}
. (2.14)
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A measure ν ∈ M(UN, σn) is called an n-step Bernoulli measure if it is a Bernoulli measure on(
UN, σn

)
. For n-step Bernoulli measures ν ∈ M(UN, σn), write

ν̃ =
1

n

n−1∑
k=0

ν ◦ σ−k. (2.15)

Then ν̃ ∈ M(UN, σ) and ν̃ is ergodic. Since (Au)u∈U is dominated, it follows by [BJKR21,
Proposition 4.3] and (2.14) that for any α ∈ intLΦ,

sup

{
s ≥ 0 : inf

q∈Rd
P
(
log ϕs + ⟨q,Φ−α⟩

)
≥ 0

}
≤ sup

{
dimL ν̃ : ν fully supported n-step Bernoulli and

∫
UN

Φdν̃ = α

}
≤ sup

{
dimL µ : µ ∈ M(UN, σ) and

∫
UN

Φdµ = α

}
.

On the other hand, if µ ∈ M(UN, σ) such that
∫
UN Φdµ = α, then for any 0 ≤ t < dimL µ, it

holds by the sub-additive variational principle (see [CFH08]) that, for all q ∈ Rd,

P
(
log ϕt + ⟨q,Φ−α⟩

)
≥ hµ(σ) + lim

n→+∞

1

n

∫
UN

log ϕt
(
A ξ|n

)
dµ(ξ) > 0.

Hence,

t ≤ sup

{
s ≥ 0 : inf

q∈Rd
P
(
log ϕs + ⟨q,Φ−α⟩

)
≥ 0

}
and thus

sup

{
dimL µ : µ ∈ M(UN, σ),

∫
UN

Φdµ = α

}
≤ sup

{
s ≥ 0 : inf

q∈Rd
P
(
log ϕs + ⟨q,Φ−α⟩

)
≥ 0

}
holds, giving the result.

Remark 2.4. Note that the proof of Lemma 2.3 in fact shows that

sup

{
s ≥ 0 : inf

q∈Rd
P (log ϕs + ⟨q,Φ−α⟩) ≥ 0

}
= sup

{
dimL ν̃ : ν fully supported n-step Bernoulli and

∫
UN

Φdν̃ = α

}
= sup

{
dimL µ : µ ∈ M(UN, σ),

∫
UN

Φdµ = α

}
.

Under the additional conditions mentioned in the statement of Theorem 2.1, we can prove that
this upper bound in fact equals the Hausdorff dimension of the level set. Note that it would be
possible to combine Hochman [Hoc14] and Jordan and Simon [JS07] to obtain a similar result
for almost all vectors vu, but our Theorem 2.1 is proved for all vectors vu. [BJKR21] proved a
similar result for affine IFSs satisfying the SOSC under the assumption that the set of matrices
(Au)u∈U is strongly irreducible such that the generated subgroup of the normalised matrices is
not relatively compact; Theorem 2.1 is inspired by their result.
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Proof of Theorem 2.1. Let {Au + vu}u∈U ∈ G. For each u ∈ U , it holds that

bu · cu
max{bu, cu}2

=
min{bu, cu}
max{bu, cu}

< 1,

since either |bu| > |cu| for all u ∈ U or |bu| < |cu| for all u ∈ U . Take

τ ..= max
u∈U

{
min{bu, cu}
max{bu, cu}

}
.

Then τ < 1, and, since each Au is a diagonal matrix, we get (2.13) with C = 1. Hence, {Au}u∈U
is dominated and the desired upper bound for the Hausdorff dimension of FΦ(α) is therefore
given by Lemma 2.3.

For the lower bound, suppose that ν ∈ M(UN, σn) is a fully supported n-step Bernoulli measure
with

∫
UN Φdν̃ = α with ν̃ as defined in (2.15). The existence of the measure ν is guaranteed by

[BJKR21, Proposition 4.3]. Then ν̃ ∈ M(UN, σ) and is ergodic. Therefore, from
∫
UN Φdν̃ = α,

we get that

ν̃

({
ξ ∈ UN : lim

n→+∞

1

n
SnΦ(ξ) = α

})
= 1. (2.16)

Let ν̂ = ν̃ ◦ π−1. Assume that |bu| > |cu| for all u ∈ U so that we are in the situation of
condition (D) (the proof for the case (D’) goes similarly). Then the strong stable direction of
the collection (Au)u∈U is equal to the subspace parallel to the y-axis (see [BG09]). Let Pxν̂ be
the measure on [0, 1] given by the canonical projection onto the x-coordinate of ν̂. Since the
matrices Au are diagonal, Pxν̂ is a self-similar measure for the IFS G1, i.e. there is a probability
vector p̂ = (p̂u)u∈U such that

Pxν̂(B) =
∑
u∈U

p̂uPxν̂(g
−1
1,u(B))

for each Borel set B ⊆ [0, 1]. Then condition (D)(a) together with [Hoc14, Theorem 1.1] or
condition (D)(b) together with [Rap22, Theorem 1.2] yields

dimH Pxν̂ = min

{
1,
hν̃(σ)

χ1(ν̃)

}
. (2.17)

It then follows from [BK17, Corollaries 2.7 and 2.8] and (2.17) that dimH ν̂ = dimL ν̃. This
and (2.16) yield dimH FΦ(α) ≥ dimL ν̃. Since this holds for arbitrary fully supported n-step
Bernoulli measures ν with

∫
UN Φdν̃ = α, the result follows from Remark 2.4.

Remark 2.5. We make a small remark on the conditions (D) and (D’). It was shown by
Hochman in [Hoc14, proof of Theorem 1.5] that an IFS satisfies the ESC if it does not have
exact overlaps and all parameters bu, cu, βu, γu are algebraic numbers over Q. In [Che21; Bak21;
BK21] it was shown that there exist iterated function systems that do not contain exact overlaps
while there are cylinders which are super-exponentially close at all small scales, i.e. the ESC
does not hold. What is needed in the proof of Theorem 2.1 is (2.17), which is also guaranteed
by [Rap22] under the assumption of having algebraic bu, cu and no exact overlaps.

2.4 Digit Frequencies for Finite GLS Expansions

We now move to the second type of IFS we consider. Fix a GLS IFS {Ad + vd}d∈D. We start
by proving some properties of the expansions from (2.9).
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2.4.1 Multiple Representations

First, consider the representations of the points y ∈ [0, 1]. Recall the definition of the maps
fs, s ∈ S, from (2.12). The IFS {fs}s∈S satisfies the SOSC and has the interval [0, 1] as its
attractor. Put Ω ..= SN, and let πS : Ω → [0, 1] be the map given by

πS(ω) = lim
n→+∞

fω1 ◦ fω2 ◦ · · · ◦ fωn(0).

One easily sees that to all but countably many y ∈ [0, 1], there corresponds a unique sequence
ω ∈ Ω such that y = πS(ω) and otherwise #π−1

S {y} = 2 and there is one sequence ending
in an infinite string of 0’s and one ending in an infinite string of S’s. We make the following
observation, which we will use later on. Recall the definition of the set Y (α) from (2.11).

Lemma 2.6. Let α = (αd)d∈D ∈ [0, 1]#D be a frequency vector with αs > 0 for each s ∈ S.
Then #π−1

S {y} = 1 for all y ∈ Y (α).

Proof. Let y ∈ [0, 1] be such that #π−1
S {y} = 2, and let x ∈ [0, 1]. Recalling that S =

{1, . . . , S}, it follows that any ξ = (ωn, bn)n∈N ∈ π−1{(x, y)} either has ωn = 1 for all n large
enough or ωn = S for all n large enough. In the former case,

∑
b∈Bs

τ(s,b)(ξ) = 0 ̸= αs for all
s ̸= 1. In the latter case,

∑
b∈Bs

τ(s,b)(ξ) = 0 ̸= αs for all s ̸= S. Hence, (x, y) ̸∈ F (α) and thus
Y (α) = ∅.

For a fixed y ∈ [0, 1], we can consider the expansions one obtains from the GLS IFS for x ∈ [0, 1].
We define the fibre fundamental intervals corresponding to y by setting for each n ∈ N and
b1, . . . , bn satisfying bℓ ∈ Bωℓ

for all 1 ≤ ℓ ≤ n,

⟨b1 · · · bn⟩y ..= h(ω1,b1) ◦ · · · ◦ h(ωn,bn)([0, 1]), (2.18)

where (ωn)n∈N is the lexicographically smallest sequence in π−1
S {y}. For y ∈ Y (α), this means

that ω = (ωn)n∈N ∈ π−1
S {y} is the unique sequence that satisfies τs(ω) = αs for each s ∈ S; for

y ∈ [0, 1] \ Y (α), the sequence (ωn)n∈N is the one ending in an infinite string of S’s.

If we fix y ∈ Y (α) and take x ∈ [0, 1] such that #π−1{(x, y)} > 1, then we know by Lemma 2.6
that #π−1

S {y} = 1, say y = πS(ω). Consequently, x must have multiple expansions along the
fibre y and so must lie on the boundary of a fibre fundamental interval ⟨b1 · · · bn⟩y for some
bℓ ∈ Bωℓ

, 1 ≤ ℓ ≤ n, and some n ∈ N. Since each fibre fundamental interval has two boundary
points and there are only countably many fibre fundamental intervals, the set of such points x
must be countable.

Now, fix an x ∈ [0, 1]. Since the GLS IFS {Ad + vd}d∈D has [0, 1]2 as its attractor, to any
y ∈ [0, 1], there corresponds a sequence ξ ∈ DN such that π(ξ) = (x, y). Therefore, to any
sequence ω ∈ Ω, there corresponds a sequence (bn)n∈N with bn ∈ Bωn for each n ∈ N such that

x = lim
n→+∞

h(ω1,b1) ◦ · · · ◦ h(ωn,bn)(0).

We show that if hd ̸= hd′ whenever d ̸= d′, then each of the sequences ω ∈ Ω yields a different
GLS expansion for x as in (2.9).

The GLS expansions from (2.9) are given by the triples of digits (ϵn, Nn, tn), n ∈ N, from (2.8).
Therefore, if we set

A =
{(
εd, q

−1
d , rd + εdqd

)
: d ∈ D

}
,

then we can think of A as the GLS digit set corresponding to {Ad + vd}d∈D and we can
map sequences ((ωn, bn))n∈N ∈ DN to sequences (ϵn, Nn, tn)n∈N ∈ AN through the identification
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given in (2.8). Let ω, ω′ ∈ Ω be two different sequences so that there is an m ∈ N such that
ωm ̸= ω′

m. Let (ωn, bn)n∈N, (ω
′
n, b

′
n)n∈N ∈ DN be two sequences that both project to x in the

second coordinate under π. Since ωm ̸= ω′
m, it holds that (ωm, bm) ̸= (ω′

m, b
′
m). If we assume

that hd ̸= hd′ whenever d ̸= d′, then it would follow that ε(ωm,bm) ̸= ε(ω′
m,b

′
m) or q(ωm,bm) ̸= q(ω′

m,b
′
m)

and thus that the digits from A corresponding to (ωm, bm) and (ω′
m, b

′
m) differ. Therefore, we

immediately find the following result.

Proposition 2.7. Let {Ad+vd}d∈D be a GLS IFS with the additional assumption that hd ̸= hd′
whenever d ̸= d′. Then for each x ∈ [0, 1], there are uncountably many different digit sequences
(ϵn, Nn, tn)n∈N ∈ AN with

x =
∑
n∈N

(−1)
∑

1≤ℓ<n ϵℓ
tn∏

1≤ℓ≤nNℓ

.

The above also shows that there is a one-to-one correspondence between the sequences in DN

and in AN, which justifies considering the elements of D as digits in GLS expansions.

2.4.2 Non-empty Level Sets

In this section, we determine for which frequency vectors α the level set F (α) ..= π(E1(α))
from (2.10) and the set Y (α) from (2.11) are non-empty. We first consider the level sets F (α).

Proposition 2.8. The set F (α) is non-empty for any frequency vector α = (αd)d∈D ∈ [0, 1]#D.

Proof. Fix a frequency vector α = (αd)d∈D ∈ [0, 1]#D. It is sufficient to construct a sequence
ξ = (ξn)n∈N ∈ DN such that τd(ξ) = αd for each d ∈ D since then π(ξ) ∈ F (α). Denote by ⌊·⌉
the nearest-integer function. Order the elements in D by setting (s, b) ≺ (s′, b′) if either s < s′

or if s = s′ and b < b′. For each n ∈ N, set

En = {d ∈ D : ⌊nαd⌉ = ⌊(n− 1)αd⌉+ 1} = {en,1 ≺ · · · ≺ en,mn},

where En can be empty and thus mn = 0 for some n. Define ξ ∈ DN by setting for each n ∈ N
and 1 ≤ m ≤ mn

ξm+
∑n−1

i=1 mi
= en,m,

where we let
∑0

i=1mi = 0. Clearly, there are infinitely many n for which En ̸= ∅ so ξ is well
defined. Now observe that, for each n, the number of terms of ξ we have defined using

⋃n
i=1Ei

is
n∑
i=1

mi =
∑
d∈D

⌊nαd⌉.

Since
∑

d∈D nαd = n and m ..= #D < +∞, we must have

n−m ≤
n∑
i=1

mi ≤ n+m.

Thus for each d ∈ D,

#{0 ≤ m < n : ξm = d}
n

≤ #{0 ≤ m < m+
∑n

i=1mi : ξm = d}
n

≤ #{0 ≤ m <
∑n

i=1mi : ξm = d}+m

n
≤ nαd + 1 +m

n
.
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Similarly, it holds that

#{0 ≤ m < n : ξm = d}
n

≥ nαd − 1−m

n
.

Taking the limit as n→ +∞ yields τd(ξ) = αd for all d ∈ D.

For a fixed frequency vector α, we would like to determine the set Y (α) of points y ∈ [0, 1]
for which there exists an x ∈ [0, 1] such that the point (x, y) has digit frequencies given by α;
see (2.11). Recall the definition of the Borel measure να = µα ◦ π−1

2 from §2.1. We have the
following result.

Proposition 2.9. Let α = (αd)d∈D ∈ [0, 1]#D. Then

Y (α) =

{
y ∈ [0, 1] : ∃ ξ ∈ π−1

2 {y} s.t.
∑
b∈Bs

τ(s,b)(ξ) = αs for all s ∈ S

}
.

In particular, να(Y (α)) = 1.

Proof. For the forward direction, set

Y =

{
y ∈ [0, 1] : ∃ ξ ∈ π−1

2 {y} s.t.
∑
b∈Bs

τ(s,b)(ξ) = αs for all s ∈ S

}

and take y ∈ Y (α). This means that Fy(α) ̸= ∅ so there is a ξ ∈ DN such that π(ξ) = (x, y)
for some x ∈ [0, 1] and τd(ξ) = αd for all d ∈ D. Consequently, we find that∑

b∈Bs

τ(s,b)(ξ) =
∑
b∈Bs

α(s,b) = αs

for all s ∈ S and so y ∈ Y .

For the reverse direction, take y ∈ Y . Then there is a ξ′ = (ωn, b
′
n)n∈N ∈ π−1

2 {y} for which it
holds that

∑
b∈Bs

τ(s,b)(ξ
′) = αs for all s ∈ S. For each s ∈ S and n ∈ N, set

E(s)
n

..=

{
(s, b) ∈ D :

⌊
nα(s,b)

αs

⌉
=

⌊
(n− 1)α(s,b)

αs

⌉
+ 1

}
=
{
e
(s)
n,1 ≺ · · · ≺ e

(s)

n,m
(s)
n

}
and let ξ(s) ∈ DN be the sequence obtained from concatenating all elements from the sets E

(s)
n

as in Proposition 2.8 so that

ξ(s) = e
(s)
1,1 · · · e

(s)

1,m
(s)
1

e
(s)
2,1 · · · e

(s)

2,m
(s)
2

e
(s)
3,1 · · · .

Then as in Proposition 2.8, we obtain for each b ∈ Bs that

lim
n→+∞

#{1 ≤ ℓ ≤ n : ξ
(s)
ℓ = (s, b)}

n
=
α(s,b)

αs
.

We now weave the sequences ξ(s) together to construct a sequence ξ = (ωn, bn)n∈N ∈ DN that
satisfies τd(ξ) = αd for all d ∈ D. Then π(ξ) = (x, y) for some x ∈ Fy(α), which shows
that Fy(α) ̸= ∅. For each ℓ ∈ N, let ξℓ be the τωℓ

(ω, ℓ)th element of the sequence ξ(ωℓ). So,

ξ1 = ξ
(ω1)
1 = e

(ω1)
1,1 , ξ2 either equals ξ

(ω1)
2 if ω1 = ω2 or ξ

(ω2)
1 if ω1 ̸= ω2, et cetera. As the sequences
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in the first coordinates of ξ = (ωℓ, bℓ)ℓ∈N and ξ′ = (ωℓ, b
′
ℓ)ℓ∈N coincide, we have for each s ∈ S

that ∑
b∈Bs

τ(s,b)(ξ) =
∑
b∈Bs

τ(s,b)(ξ
′) = αs.

Moreover, for each d = (s, b) ∈ D and n ∈ N,

#{1 ≤ ℓ ≤ n : ξℓ = d} = #{1 ≤ ℓ ≤ τs(ω, n) : ξ
(s)
ℓ = d}. (2.19)

If αs > 0, then τs(ω, n) > 0 for all n large enough and so, for any d = (s, b) ∈ D, we obtain

τd(ξ) = lim
n→+∞

#{1 ≤ ℓ ≤ τs(ω, n) : ξ
(s)
m = d}

τs(ω, n)
· τs(ω, n)

n
=
α(s,b)

αs

∑
b∈Bs

τ(s,b)(ξ) = α(s,b).

If αs = 0, then α(s,b) = 0 for each b ∈ Bs and by (2.19),

0 ≤ τ(s,b)(ξ) ≤ lim
n→+∞

τs(ω, n)

n
= αs = 0.

This gives the first part of the statement.

As
{
ξ ∈ DN : τd(ξ) = αd for all d ∈ D

}
⊆ π−1

2 (Y (α)), it follows from the definition of µα that
να(Y (α)) = 1.

2.4.3 The Hausdorff Dimension of the Besicovitch-Eggleston Sets

In this section, we prove Theorem 2.2. The proof is similar to [BI09, Theorem 3.1] and
[FLMW10, Theorem 1.1], which both treat digit frequencies for expansions with infinite digit
sets that can be generated by an IFS on R as in (2.5). Their results do not apply to our setting
because the IFS {hd : [0, 1] → [0, 1]}d∈D on R is not of this type. Nevertheless, since we have a
finite digit set, we can adapt the method of proof from [BI09, Theorem 3.1].

Fix y ∈ Y (α), and let ω ∈ Ω be the unique sequence such that πS(ω) = y by Lemma 2.6.
Recall the definition of the fibre fundamental intervals ⟨b1 · · · bn⟩y from (2.18). Note that we
obtain a semi-algebra of sets generating the Borel sigma-algebra B([0, 1]) on [0, 1] by taking the
collection of all intervals (open, closed and half-open) that can be formed by the endpoints of
the fibre fundamental intervals. Define the map my,α on the collection of all fibre fundamental
intervals by

my,α(⟨b1 · · · bn⟩y) =
∏

1≤ℓ≤n

α(ωℓ,bℓ)

αωℓ

, bℓ ∈ Bωℓ
, 1 ≤ ℓ ≤ n, n ∈ N,

and by the same quantity for any interval determined by the same endpoints. Put my,α(∅) ..= 0.

Lemma 2.10. my,α extends to a probability measure on the measurable space ([0, 1],B([0, 1])).

Proof. It is easy to see thatmy,α defines a pre-measure on the semi-algebra of fibre fundamental
intervals, and it is then a straight-forward application of Carathéodory’s extension theorem to
extend my,α; see the proof of Lemma 3.14 in the next chapter for details of a similar result.

We prove some properties of my,α in certain situations in the next two lemmas.

Lemma 2.11. Suppose that the frequency vector α satisfies the additional property that there
is a ς ∈ S for which there exists a b ∈ Bς such that 0 < α(ς,b) < ας . Then my,α({x}) = 0 for all
x ∈ [0, 1].
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Proof. By definition of my,α, any endpoint x ∈ [0, 1] of a fibre fundamental interval has
my,α({x}) = 0. If x ∈ [0, 1] is not an endpoint of a fibre fundamental interval, then there
is a sequence (bn)n∈N such that ⋂

n∈N

⟨b1 · · · bn⟩y = {x},

which implies that

my,α({x}) = lim
n→+∞

∏
1≤ℓ≤n

α(ωℓ,bℓ)

αωℓ

≤ lim
n→+∞

(
max{α(ς,b) : b ∈ Bς}

ας

)τς(ω,n)
.

Since αs > 0 for all s ∈ S by assumption on α, we have that τς(ω) = ας > 0 by Proposition 2.9,
using that y ∈ Y (α), so we must have τς(ω, n) → +∞ as n → +∞. By the additional
assumption on α, it follows that max{α(ς,b) : b ∈ Bς} < ας and so we have my,α({x}) = 0 by
the inequality above.

Lemma 2.12. For να-a.e. y ∈ Y (α), it holds that my,α(Fy(α)) = 1.

Proof. By Proposition 2.9, we have for each (s, b) ∈ D that∫
[0,1]

∫
[0,1]

1π([(s,b)])(x, y) dmy,α(x) dνα(y)

=

∫
[
∑s−1

i=1 pi,
∑s

i=0 pi]

∫
[0,1]

1⟨b⟩y)(x) dmy,α(x) dνα(y)

=
α(s,b)

αs
να

([
s−1∑
i=1

pi,
s∑
i=1

pi

])
= α(s,b) =

∫
[0,1]2

1π([(s,b)]) dµα ◦ π−1.

(2.20)

Since the collection {π([d1 · · · dn]) : dℓ ∈ D, 1 ≤ ℓ ≤ n} generates the Borel sigma-algebra
B([0, 1]2), we can conclude from (2.20) that∫

[0,1]

∫
[0,1]

f dmy,α dνα =

∫
[0,1]2

f dµα ◦ π−1 (2.21)

for all f ∈ L1([0, 1]2,B([0, 1]2), µα ◦ π−1).

Set E ..= {y ∈ Y (α) : my,α(Fy(α)) < 1}, and suppose so as to obtain a contradiction that
να(E) > 0. By (2.21) with f = 1F (α) together with Proposition 2.9, we find that

µα ◦ π−1(F (α)) =

∫
Y (α)

∫
[0,1]

1Fy(α)(x) dmy,α(x) dνα(y)

=

∫
Y (α)\E

1 dνα +

∫
E

∫
[0,1]

1Fy(α)(x) dmy,α(x) dνα(y)

<

∫
Y (α)

1 dνα = 1.

On the other hand, recall that E1(α) is the symbolic Besicovitch-Eggleston set containing all
sequences ξ ∈ DN with τd(ξ) = αd for each d ∈ D. Therefore, by the definition of µα,

1 = µα(E1(α)) ≤ µα ◦ π−1(F (α)) < 1,

which is a contradiction. It follows that my,α(Fy(α)) = 1 for να-a.e. y ∈ Y (α).
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Before we move to the proof of Theorem 2.2, to simplify notation, we put p(s,b) = ps for all
(s, b) ∈ D. Also, let Pα be the (αs)s∈S-Bernoulli measure on Ω.

Proof of Theorem 2.2. Fix a y ∈ Y (α). Recall that the lower pointwise dimension of my,α at
the point x ∈ [0, 1] is defined by

dmy,α
(x) = lim inf

r→0

logmy,α(B(x, r))

log r
,

where B(x, r) is the open interval of length 2r centred at x. One can verify that the collection
{⟨b1 · · · bn⟩y : n ∈ N} satisfies conditions (CB1)–(CB3) of the Moran-type construction from
[Pes97, §15]. Moreover, for any intervals ⟨b1 · · · bn⟩y, ⟨b1 · · · bnbn+1⟩y, it holds that

|⟨b1 · · · bn⟩y| ≤ (max
d∈D

qd)
n, min

d∈D
qd · |⟨b1 · · · bn⟩y| ≤ |⟨b1 · · · bnbn+1⟩y|.

Therefore, by e.g. [Pes97, Theorem 15.3(1)], we can replace the balls B(x, r) in the definition
of dmy,α

with the fibre fundamental intervals ⟨b1 · · · bn⟩y to obtain an upper bound for dmy,α
(x)

for all x ∈ Fy(α) and a lower bound for my,α-a.e. x ∈ [0, 1] in the case that my,α(Fy(α)) = 1.
To be more precise, for x ∈ Fy(α) with ξ = ((ωℓ, bℓ))ℓ∈N ∈ π−1{(x, y)} that has τd(ξ) = αd for
each d ∈ D, we find that

dmy,α
(x) ≤ lim

n→+∞

logmy,α(⟨b1 · · · bn⟩y)
log|⟨b1 · · · bn⟩y|

= lim
n→+∞

log
∏

1≤ℓ≤n α(ωℓ,bℓ)/αωℓ

log
∏

1≤ℓ≤n q(ωℓ,bℓ)

= lim
n→+∞

1
n

∑
1≤ℓ≤n logα(ωℓ,bℓ) − 1

n

∑
1≤ℓ≤n logαωℓ

1
n

∑
1≤ℓ≤n log q(ωℓ,bℓ)

.

By collecting like terms, we find that∑
1≤ℓ≤n

logα(ωℓ,bℓ) =
∑
d∈D

#{1 ≤ ℓ ≤ n : ξℓ = d} logαd,∑
1≤ℓ≤n

logαωℓ
=
∑
s∈S

#{1 ≤ ℓ ≤ n : ωℓ = s} logαs,∑
1≤ℓ≤n

log q(ωℓ,bℓ) =
∑
d∈D

#{1 ≤ ℓ ≤ n : ξℓ = d} log qd.

Since x ∈ Fy(α), we have for each d ∈ D and s ∈ S that

lim
n→+∞

#{1 ≤ ℓ ≤ n : ξℓ = d}
n

= τd(ξ) = αd,

lim
n→+∞

#{1 ≤ ℓ ≤ n : ωℓ = s}
n

= lim
n→+∞

∑
b∈Bs

#{1 ≤ ℓ ≤ n : ξ(ωℓ,b) = (s, b)}
n

= αs.

Thus, recalling the definition of measure-theoretic entropy from (1.6), we find that

dmy,α
(x) ≤

∑
d∈D αd logαd −

∑
s∈S αs logαs∑

d∈D αd log qd
=
hµα(σ)− hPα(σS)

−
∑

d∈D αd log qd

for all x ∈ Fy(α). Therefore, it follows from Lemma 1.5(i) that

dimH Fy(α) ≤ hµα(σ)− hPα(σS)

−
∑

d∈D αd log qd
.
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To prove the second statement, we split into two cases. First, suppose that there is no ς ∈ S
such that 0 < α(ς,b) < ας for some b ∈ Bς . Then for each s ∈ S, we must have that there is a
unique bs ∈ Bs such that α(s,bs) = αs. Note then that

∑
d∈D αd logαd =

∑
s∈S αs logαs and so∑

d∈D αd logαd −
∑

s∈S αs logαs∑
d∈D αd log qd

= 0,

which is trivially a lower bound for dimH Fy(α).

In the case that there is a ς ∈ S such that 0 < α(ς,b) < ας for some b ∈ Bς , fix y ∈ Y (α)
such that my,α(Fy(α)) = 1, which holds for να-a.e. y ∈ Y (α) by Lemma 2.12. Let ω ∈ π−1

S {y}
be the unique sequence with τs(ω) = αs for each s ∈ S (recall Lemma 2.6). By the above
computations for the upper bound of dimH Fy(α) together with [Pes97, Theorem 15.3(2)], we
have for my,α-a.e. x ∈ [0, 1] that

dmy,α
(x) ≥ inf lim

n→+∞

logmy,α(⟨b1 · · · bn⟩y)
log|⟨b1 · · · bn⟩y|

, (2.22)

where the infimum is taken over all sequences (bn)n∈N such that (ωn, bn)n∈N ∈ π−1{(x, y)}. We
have seen that the set of x for which #π−1{(x, y)} > 1 is countable so is therefore a my,α-null
set by Lemma 2.11, which may be applied in this case. Consequently, the infimum on the
right-hand side of (2.22) is over a single sequence for my,α-a.e. x ∈ [0, 1]. Fix x ∈ Fy(α) such
that (2.22) and #π−1{(x, y)} = 1 both hold. Then

dmy,α
(x) ≥ lim

n→+∞

logmy,α(⟨b1 · · · bn⟩y)
log diam(⟨b1 · · · bn⟩y)

= lim
n→+∞

1
n

∑
d∈D #{1 ≤ ℓ ≤ n : ξℓ = d} logαd − 1

n

∑
s∈S #{1 ≤ ℓ ≤ n : ωℓ = s} logαs

1
n

∑
d∈D #{1 ≤ ℓ ≤ n : ξℓ = d} log qd

.

Since x ∈ Fy(α), we find for each d ∈ D and s ∈ S that

τd(ξ) = lim
n→+∞

#{1 ≤ ℓ ≤ n : ξℓ = d}
n

= αd and

τs(ω) = lim
n→+∞

#{1 ≤ ℓ ≤ n : ωℓ = s}
n

= αs.

Therefore,

dmy,α
(x) ≥

∑
d∈D αd logαd −

∑
s∈S αs logαs∑

d∈D αd log qd
=
hµα(σ)− hPα(σS)

−
∑

d∈D αd log qd
.

Since this holds for my,α-a.e. x ∈ Fy(α) and my,α(Fy(α)) = 1, it follows from Lemma 2.12 and
Lemma 1.5(ii) that

dimH Fy(α) ≥ dimH my,α ≥ hµα(σ)− hPα(σS)

−
∑

d∈D αd log qd
.

2.5 Additional Remarks & Examples

Remark 2.13. The bounds in Theorem 2.2 give a precise formula for the Hausdorff dimension
for Pα-a.e. y ∈ Y (α), and one may wonder if there exist y ∈ Y (α) for which this formula
does not hold. We will see in Lemma 3.14 of Chapter 3 that, if we were to instead construct
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the measure my,α by first starting on the sigma-algebra of sets that intersect Fy(α) and then
extending to B([0, 1]) by setting my,α(A) = my,α(A∩Fy(α)) for each A ∈ B([0, 1]) (as opposed
to defining my,α on B([0, 1]) immediately), then it would follow directly from the construction
thatmy,α(Fy(α)) = 1 for all y ∈ Y (α), which would allow us to extend the result in Theorem 2.2
to hold for all y ∈ Y (α).

Remark 2.14. As a corollary of Theorem 2.2, we can obtain a lower bound in terms of the
Ledrappier-Young formula for the Bernoulli measure µα for the Hausdorff dimension of the
Besicovitch-Eggleston sets F (α) from (2.10):

dimH F (α) ≥ hµα(σ)− hPα(σS)

−
∑

d∈D αd log qd
+

hPα(σS)

−
∑

s∈S αs log ps
.

To see this, set

t0 ..=

∑
d∈D αd logαd −

∑
s∈S αs logαs∑

d∈D αd log qd
.

Put A ..= {y ∈ Y (α) : dimH Fy(α) = t0}, and fix t ≥ 0 such that Ht
(
Fy(α)

)
> c for all y ∈ A

and some constant c > 0. The Marstrand Cartesian product theorem [Mar54] states that, for
any r ≥ 0, there is a constant k > 0 such that

Hr+t
(
F (α)

)
≥ ck · Hr(A).

By definition, Hr(A) = +∞ for all 0 ≤ r < dimH A so we see that dimH F (α) ≥ r + t. Since
this holds for all 0 ≤ t < dimH Fy(α), we find for any y ∈ A that

dimH F (α) ≥ dimH Fy(α) + dimH A.

By definition of A and Theorem 2.2, we know that dimH Fy(α) = t0 so it only remains to
compute dimH A. By Proposition 2.9 and Theorem 2.2, we see that να(A) = 1 so we have

dimH A ≥ inf{dimH F : F ⊂ [0, 1] s.t. να(F ) = 1} = dimH να.

We show that

dimH να ≥
−
∑

s∈S αs logαs

−
∑

s∈S αs log ps
.

By Lemma 1.5(ii), it suffices to show that for να-a.e. y ∈ Y (α),

dνα(y) ≥
−
∑

s∈S αs logαs

−
∑

s∈S αs log ps
.

So, fix y ∈ Y (α), and write ω ∈ Ω for the unique digit sequence associated to y (recall
Lemma 2.6). Note that the measure να = µα ◦ π−1

2 can be seen as the push-back of the
Bernoulli measure on Ω determined by the probability vector (αs)s∈S . Therefore, we are in a
situation very similar to that of [BI09, Theorem 3.1] but with finitely many digits. Indeed,
we can define T : [0, 1] → [0, 1] by T (y) = f−1

s (y) if y ∈
(∑s−1

i=1 pi,
∑s

i=0 pi)
)
and T (y) = 0

otherwise. Then να is an ergodic T -invariant measure, and we may therefore use the same
methods as in the proof of [BI09, Theorem 3.1] to find that

dνα(y) ≥
−
∑

s∈S αs logαs

−
∑

s∈S αs log ps
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for να-a.e. y ∈ Y (α) as desired. Hence,

dimH F (α) ≥
∑

d∈D αd logαd −
∑

s∈S αs logαs∑
d∈D αd log qd

+
−
∑

s∈S αs logαs

−
∑

s∈S αs log ps

=
hµα(σ)− hPα(σS)

−
∑

d∈D αd log qd
+

hPα(σS)

−
∑

s∈S αs log ps
.

Example 2.15. For a concrete example, take S = {1, 2}, B1 = {1, 2}, B2 = {1, 2, 3} so that
D = {(1, 1), (1, 2), (2, 1), (2, 2), (2, 3)}. Let

h(1,b)(x) =
x+ b

2
, b ∈ B1,

h(2,b)(x) =
x+ b

3
, b ∈ B2.

So, εd = 0 for all d ∈ D, and r(1,1) =
1
2
, r(2,1) =

1
3
and r(2,2) =

2
3
. Take p ∈ (0, 1) arbitrary, and

let p1 = p. Then f1(y) = py and f2(y) = (1− p)y + p. This gives

A(1,b) =

[
1/2 0
0 p

]
, A(2,b) =

[
1/3 0
0 1− p

]
and

v(1,1) = v(2,1) =

[
0
0

]
, v(1,2) =

[
1/2
0

]
, v(2,2) =

[
1/3
p

]
, v(2,3) =

[
2/3
p

]
.

See Figure 2.1(b) for an illustration of how this GLS IFS {Ad + vd}d∈D acts on [0, 1]2. For
the number expansions, if (dm)m∈N ∈ DN, then, for each m ∈ N, we get km = 0, Nm = 2 if
ωm = 0 and Nm = 3 if ωm = 1, and tm ∈ {0, 1

2
, 1
3
, 2
3
}. So for each (dm)m∈N ∈ DN, if we set

κ(n) = #{1 ≤ ℓ ≤ n : ωℓ = 0}, then (2.7) becomes

lim
n→+∞

hd1 ◦ · · · ◦ hdn(0) =
∑
n∈N

tn
2κ(n)3n−κ(n)

.

Hence, this GLS IFS produces number expansions in mixed base 2 and 3 for each x ∈ [0, 1]. Note
that for this IFS, hd ̸= hd′ if d ̸= d′ so from Proposition 2.7, it follows that each x ∈ [0, 1] has
uncountably many different expansions with mixed bases 2 and 3. We have α1 = α(1,1) + α(1,2)

and α2 = α(2,1) + α(2,2) + α(2,3) so Theorem 2.2 yields for να-a.e. y ∈ Y (α) that

dimH Fy(α) =
−
∑

d∈D αd logαd − (−α1 logα1 − α2 logα2)

α1 log 2 + α2 log 3
.

Note that if we consider the IFS {A(1,1) + v(1,1),A(2,3) + v(2,3)} with A(s,b) and v(s,b) as in
the example and we take 1

2
< p < 2

3
, then we obtain a diagonally affine IFS that satisfies

condition (D’)(a). Hence, we can apply Theorem 2.1 to this IFS to obtain for each α ∈ (0, 1)
an expression for the Hausdorff dimension of the set of points (x, y) ∈ [0, 1]2 that have a GLS
expansion containing only the digits (1, 1) and (2, 3) and in which (1, 1) occurs with frequency
α (and thus (2, 3) with frequency 1 − α). Of course, here we can take any other combination
of a digit from {(1, 1), (1, 2)} and a digit from {(2, 1), (2, 2), (2, 3)} to obtain a similar result.

We can extend this example in the following sense. Fix some finite set S = {1, . . . , S} ⊂ N and
a finite branch-indexing set Bs = {1, . . . , Bs} for each s ∈ S. So,

D = {(s, b) : b ∈ Bs, s ∈ S}.

46



2

§2.5. ADDITIONAL REMARKS & EXAMPLES

Also fix some probability vector (ps)s∈S . For (s, b) ∈ D, set

A(s,b) =

[
1/Bs 0
0 ps

]
, v(s,b) =

[
b/Bs∑s−1
i=1 pi

]
.

For each x ∈ [0, 1] and sequence ω ∈ Ω, the GLS expansion produced by this system has the
form

x =
∑
n∈N

bn

B
c1,n
1 B

c2,n
2 · · ·BcS,n

S

,

with bn ∈ Bωn and cs,n = #{1 ≤ ℓ ≤ n : ωℓ = s}. In other words, the system produces for each
x ∈ [0, 1] uncountably many different mixed base expansions with bases B1, . . . , BS. Here, we
need to remark that we consider two GLS expansions produced by the system different if the
two corresponding sequences in

A =
⋃

(s,b)∈D

{(
0, Bs,

b

Bs

)}

are different. For the point 0, for example, this means that the GLS expansions generated by
the system are all of the expansions of the form

0 =
∑
n∈N

0

B
c1,n
1 · · ·BcS,n

S

,

with (c1,n, . . . , cS,n) ∈ NS satisfying
∑

s∈S cs,n = n for each n ∈ N.

Example 2.16. Fix an N ∈ N with N ≥ 3 and a 0 < p < 1. Set B = {1, . . . , N} and
D ..= {(s, b) : s ∈ {0, 1}, b ∈ B}. For b ∈ B, set

A(1,b) =

[
1/N 0
0 p

]
, A(2,b) =

[
−1/N 0

0 1− p

]
and

v(1,b) =

[
b/N
0

]
, v(2,b) =

[
(b+ 1)/N

p

]
.

Then for any x ∈ [0, 1] and any ω ∈ {0, 1}N, the number expansion of x produced by this
system has the form

x =
∑
n∈N

(−1)ωn
bn
Nn

,

for some sequence (bn)n∈N ∈ BN. So, the system produces for each x a signed base N -expansion
in which the signs of the terms correspond to a preset sequence of signs ω.

Additionally, this system satisfies hd ̸= hd′ whenever d ̸= d′ so, for any frequency vector α ∈
(0, 1)2N , the Hausdorff dimension of the Besicovitch-Eggleston set Fy(α) for να-a.e. y ∈ Y (α)
is given by Theorem 2.2. For 1

N
< p < N−1

N
and any b, c ∈ B, the system {A(1,b)+v(1,b),A(2,c)+

v(2,c)} satisfies (D’)(a) so Theorem 2.1 also applies.
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Chapter 3

Besicovitch-Eggleston Sets for
Non-autonomous GLS Maps

Abstract

We derive a formula for the Hausdorff dimension of Besicovitch-Eggleston level sets associated with non-

autonomous dynamics constructed from families T of GLS maps, which we refer to as Non-autonomous Gener-

alised Lüroth Series (NGLS) maps. The formula obtained shows that the universal-lower-bound phenomenon

present in the autonomous case studied in [FLMW10] persists in this non-autonomous setting.

3.1 Introduction

Recall from §1.3.1 that the Lüroth map is the piecewise linear map L : [0, 1] → [0, 1] defined
by L(0) = 0 and

L(x) = k(k + 1)x− k whenever x ∈
(

1

k + 1
,
1

k

]
, k ∈ N;

see Figure 3.1(c). For each k ∈ N, write NL,k
..= k(k + 1) for the slope of the branch of L

supported on the interval ( 1
k+1

, 1
k
]. Every x ∈ [0, 1] \ Q has a unique associated Lüroth series

expansion

x =
∑
n∈N

bn(x)∏
1≤ℓ≤nNL,bℓ(x)

,

where bn(x) ..= k whenever Ln−1(x) ∈ ( 1
k+1

, 1
k
] for n ∈ N. Such expansions were first studied by

Lüroth in [Lür83], and the map was first introduced in [JV69]. We refer to the numbers bn(x)
as the digits of the Lüroth series expansion of x. In [FLMW10], Fan et al. obtained a formula
for the Hausdorff dimension of the Besicovitch-Eggleston level sets for Lüroth series expansions.
More precisely, for any frequency vector α = (αk)k∈N, the authors of [FLMW10] obtained the
following result for the set FL(α) of numbers in [0, 1] \Q that have each digit k ∈ N appear in
their Lüroth series expansion with frequency αk.

Theorem 3.1 ([FLMW10]). Fix a frequency vector α = (αk)k∈N. Then the Hausdorff dimen-
sion of FL(α) is

dimH FL(α) = max

{
1

2
, lim inf
m→+∞

−
∑

1≤k≤m αk logαk∑
1≤k≤m αk logNL,k

}
.
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One of the important observations made in [FLMW10] is the universal lower bound of 1
2
in

the formula from Theorem 3.1, which occurs due to the fact that the digit set of the map L
is infinite. This 1

2
is the exponent of convergence of the sequence (N−1

L,k)k∈N of lengths of the

supports ( 1
k+1

, 1
k
] of the branches of the Lüroth map:

1

2
= inf

{
t ≥ 0 :

∑
n∈N

N−t
L,n < +∞

}
.

In the second term in the formula from Theorem 3.1, we recognise the entropy and the Lyapunov
exponent for the α-Bernoulli measure on N.
The main result from [FLMW10] is actually stronger than stated in Theorem 3.1 in that it
also holds if the Lüroth map is replaced by any other piecewise linear interval map that can
be modelled by a full shift on countably many symbols. In particular, this includes GLS maps;
recall their definition from Chapter 2 and see Figure 3.1 for examples.

In this paper, we obtain a result similar to Theorem 3.1 but for the Besicovitch-Eggleston level
sets FT ,ω(α) of non-autonomous dynamical systems (T , ω), where T ..= {Ts : [0, 1] → [0, 1]}s∈S
is a collection of GLS maps indexed by a finite set S and ω ∈ Ω ..= SN. In other words, the
dynamics of the system are given non-autonomously by

T nω
..= Tωn ◦ · · · ◦ Tω2 ◦ Tω1 , n ∈ N. (3.1)

We refer to the pair (T , ω) as a Non-autonomous Generalised Lüroth Series (NGLS) map. Note
that these maps are essentially the same as the fibres of GLS maps with redundancy studied
in Chapter 2 except that the fibre here will be kept as a sequence on S rather than be mapped
to a point in [0, 1] as was done in Chapter 2. This is because we will not explore the associated
two-dimensional skew product or related IFSs on the unit square in this chapter so there is no
reason to map the fibre off of the symbolic space. It is also worth emphasising that, in contrast
with the GLS IFSs treated in Chapter 2, the collections T of GLS maps considered in this
chapter will not have the restriction that their maps each have only finitely many branches.

Similar to the expansions obtained from GLS IFSs in Chapter 2 (recall (2.9) from §2.1 and
Proposition 2.7), we can obtain number expansions from an NGLS map (T , ω). For a fixed
point, these two expansions (with respect to the fibre ω) will be the same, but we shall neverthe-
less reconstruct them here in this slightly altered setting. For each s ∈ S, write {Is,b : b ∈ Bs}
for the interval partition of the GLS map Ts ∈ T . Define bn = bn(ω, x) ..= b whenever

0 1

1

1
2

(a) The doubling map

0 1

1

1
π

5
6

(b) Finite-branched GLS

0 1

1

1
4

1
3

1
2· · ·

(c) The Lüroth map

0 1

1

1
6

1
4 · · · 3

4
5
6

(d) Infinite-branched GLS

Figure 3.1: Examples of GLS maps with finitely or infinitely many branches. The Lüroth map
has infinitely many branches accumulating at zero. The GLS map in (d) has infinitely many
branches accumulating at 1/2.
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T n−1
ω (x) ∈ Iωn,b, n ∈ N. When this sequence exists, i.e. when it holds for each n ∈ N that
T n−1
ω (x) ∈ Iωn,b for some b ∈ Bωn , then x can be expressed as

x =
∑
n∈N

(−1)εω1,b1
+···+εωn−1,bn−1 tωn,bn∏
1≤ℓ≤nNωℓ,bℓ

, (3.2)

for some quantities εωn,bn ∈ {0, 1}, Nωn,bn > 1 and tωn,bn ∈ (0, 1) that relate to the properties
of the map Tωn , which we will define explicitly later in §3.2.

From (3.2), we see that the NGLS expansion of x is completely determined by the sequence
(ωn, bn(ω, x))n∈N so we refer to D ..= {(s, b) : b ∈ Bs, s ∈ S} as the digit set of (T , ω) and
its elements as digits of NGLS expansions. We refer to an expansion as in (3.2) as an NGLS
expansion and to the sequence (bn)n∈N as the (T , ω)-expansion of x.

Our main results are on spectra for digit frequency level sets generated by NGLS maps (T , ω).
For each d ∈ D and each frequency vector α = (αd)d∈D, these sets are the Besicovitch-Eggleston
α-level sets for (T , ω) given by

FT ,ω(α) ..=

{
x ∈ [0, 1] : lim

n→+∞

#{1 ≤ ℓ ≤ n : (ωℓ, bℓ(ω, x)) = d}
n

= αd for all d ∈ D
}
.

The dimension spectrum is α 7→ dimH FT ,ω(α). Set ΩT (α) ..= {ω ∈ Ω : FT ,ω(α) ̸= ∅},
which we call the fibre spectrum of α. Throughout the chapter, we will assume the following
non-degeneracy condition on the frequency vectors α:

For each s ∈ S, there exists a b ∈ Bs such that α(s,b) > 0. (∗)

The first result is on the form of the frequency spectra ΩT (α). Put αs ..=
∑

b∈Bs
α(s,b) for each

s ∈ S.

Theorem 3.2. (Fibre Spectra) Fix a finite collection T ..= {Ts : [0, 1] → [0, 1]}s∈S of GLS
maps and a frequency vector α = (αd)d∈D satisfying (∗). Then

ΩT (α) =

{
ω ∈ Ω : lim

n→+∞

#{1 ≤ ℓ ≤ n : ωℓ = s}
n

= αs for all s ∈ S
}
.

This result is an analogue of Proposition 2.9 from Chapter 2 for NGLS maps. In fact, the
statement of Theorem 3.2 is more general as we do not impose that the maps of T have only
finitely many branches.

Before we state the second main result, we set some further notation. For each s ∈ S, define
the exponent of convergence of the map Ts by

η(Ts) ..= inf

{
t ≥ 0 :

∑
b∈Bs

N−t
s,b < +∞

}
∈ [0, 1],

and put ηT ..= max{η(Ts) : s ∈ S}. In addition, define the fibre dimension with respect to T
and α by

βT (α) ..= lim inf
m→+∞

∑
s∈S αs logαs −

∑
d∈Dm

αd logαd∑
d∈Dm

αd logNd

,

where Dm
..= {(s, b) ∈ D : b ≤ m}. Put SN

..= {s ∈ S : Bs = N}.
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Theorem 3.3. (Dimension Spectra) Fix a finite collection T ..= {Ts : [0, 1] → [0, 1]}s∈S of GLS
maps, a frequency vector α = (αd)d∈D satisfying (∗) and an ω ∈ ΩT (α). Assume that the limit

lim
n→+∞

log n

logNs,n

(3.3)

exists for all s ∈ SN. Then

dimH FT ,ω(α) = max{ηT , βT (α)}. (3.4)

Furthermore, if
∑

d∈D αd logNd = +∞, then dimH FT ,ω(α) = ηT .

Comparing (3.4) with the statement from Theorem 3.1, one can see the effect of the non-
autonomous setting in both terms. The first term is now given by the maximal exponent of
convergence over all maps in T . In the second term, the measure-theoretic entropy of the
α-Bernoulli measure appearing in the numerator of the expression from Theorem 3.1 is now
replaced by the fibre entropy of that measure for the non-autonomous system; see §3.2.

The limit in condition (3.3), when it exists, is in fact an expression for η(Ts) – see (3.19) in
§3.5. The condition is quite unrestrictive and holds, for example, if n 7→ Ns,n is a regularly
varying function (in the sense of [BGT87]) for each s ∈ SN.

We can obtain Theorem 3.1 as a subcase of Theorem 3.3 by taking T = {TL} to contain only
the Lüroth map (so D = {L} × N). Then any frequency vector α = (αd)d∈D automatically
satisfies (∗) since αL ..=

∑
n∈N α(L,n) = 1 > 0. In addition, n 7→ NL,n

..= n(n + 1) is regularly
varying with index 2 so it follows that (3.3) holds. Theorem 3.3 also includes the case where
T contains only GLS maps with finitely many branches, in which case the digit set D is finite
and η(Ts) = 0 for each s ∈ S so (3.3) holds and (3.4) becomes

dimH FT ,ω(α) =

∑
s∈S αs logαs −

∑
d∈D αd logαd∑

d∈D αd logNd

,

which is an analogue of the statement in Theorem 2.2. As the result of Theorem 2.2 holds only
for almost all fibres, Theorem 3.3 is a generalisation of this.

Other generalisations of [FLMW10, Theorem 1.1] (and Theorem 3.1) include [GL16] to group
frequencies of digits in Lüroth series expansions and [Rus23] to countable symbolic dynam-
ical systems modelled by subshifts of finite type (both in the autonomous setting). A non-
autonomous result similar in flavour to Theorem 3.3 is that of [NT24], which treats irrational
numbers whose semi-regular continued fraction expansions satisfy certain growth conditions.
Dynamics of the form (3.1) are also considered in the setting of random dynamics and the as-
sociated skew products. There are many results in this direction for systems related to number
expansions including the study of random continued fraction expansions in [KKV17; DO18;
KMTV22; BDKK+24], random binary expansions in [DK20], random β-expansions in [DK03;
DV05; DK07; DV07; Kem14; BD17; Suz19; Tie23] and random Lüroth series expansions in
[KM22a; KM22b; GKKS25].

The chapter is organised as follows. In §3.2, we introduce some further notation concerning
NGLS maps and Besicovitch-Eggleston sets. The proof of Theorem 3.2 is given in §3.3. §3.4
proves the upper bound of Theorem 3.3 in Proposition 3.4. The proof of the lower bound ηT
is given in §3.5 – see Proposition 3.9. The remainder of the proof of Theorem 3.3 is given in
§3.6. In particular, the proof of the lower bound βT (α) is given in Proposition 3.17.
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3.2 Preliminaries

In this section, we fix some notation and collect some preliminaries that are used throughout the
chapter. Recall that for any subset U ⊆ R, the notation |U | ..= sup{|x− y| : x, y ∈ U} denotes
the diameter of U . In addition, recall for any u ∈ U , n ∈ N and sequence ξ = (ξn)n∈N ∈ UN

that τu(ξ, n) = #{1 ≤ ℓ ≤ n : ξℓ = u} denotes the number of times that the symbol u occurs
in the first n elements of ξ and

τu(ζ) = lim
n→+∞

τu(ζ, n)

n

denotes the frequency of the symbol u in the sequence ξ if the limit exists.

3.2.1 Definition of Non-autonomous GLS Maps

Throughout the chapter, we fix the following system. Let S be a finite set and let T = {Ts}s∈S
be a family of GLS maps Ts : [0, 1] → [0, 1]. Recall that this means that each map Ts has an
associated countable index set Bs ⊆ N and is given by two pieces of data:

• a collection of disjoint non-degenerate open intervals {Is,b : b ∈ Bs} with
∑

b∈Bs
|Is,b| = 1

• a sequence (εs,b)b∈Bs on {0, 1} that specifies for each interval Is,b the orientation of Ts in
the sense that the sign of T ′

s on Is,b equals (−1)εs,b

We call the index set Bs of the interval partition of the map Ts the branch-indexing set of
Ts. We let Bs ..= N in the case that {Is,b : b ∈ Bs} is an infinite set, and, otherwise, we let
Bs ..= {1, 2, . . . , Bs} for some Bs ∈ N. We assume that the partition elements are ordered by
decreasing length so that, for b, b′ ∈ Bs with b < b′, it holds that |Is,b| ≥ |Is,b′ |. Write ℓs,b for
the left endpoints of the interval Is,b, and set Ns,b

..= |Is,b|−1 and ts,b ..= εs,b + ℓs,bNs,b. Then the
map Ts is given on Is,b by

Ts(x) = (−1)εs,b(Ns,bx− ts,b).

We set Ts(x) ..= 0 for any x /∈
⋃
b∈Bs

Is,b.

Set Ω ..= SN, and, for each ω ∈ Ω, let

Xω
..=

x ∈ [0, 1] : T nω (x) ∈
⋃

b∈Bωn+1

Iωn+1,b for all n ∈ N

. (3.5)

Notice that [0, 1] \ Xω is a countable set. For any n ∈ N, let Bnω ..=
∏

1≤ℓ≤n Bωℓ
denote the

collection of all blocks b1 · · · bn with the property that bℓ ∈ Bωℓ
for all 1 ≤ ℓ ≤ n. The map T nω

is piecewise affine on what we call the level-n fibre fundamental intervals (FFIs), which are the
intervals

⟨b1 · · · bn⟩ω ..= Iω1,b1 ∩ T−1
ω1
Iω2,b2 ∩ · · · ∩ (T n−1

ω )−1Iωn,bn

= {x ∈ [0, 1] : T kω (x) ∈ Iωk+1,bk+1
for all 0 ≤ k < n},

for b1 · · · bn ∈ Bnω. For x ∈ Xω, let the sequence (bn(ω, x))n∈N be given as in the introduction,
i.e. for n ∈ N, we set bn = bn(ω, x) = b if T n−1

ω (x) ∈ Iωn,b. Then for each x ∈ Xω and n ∈ N,

x =
tω1,b1

Nω1,b1

+ (−1)εω1,b1
Tω1(x)

Nω1,b1

= · · · =
n∑
k=1

(−1)
∑

1≤ℓ<k εωℓ,bℓ tωk,bk∏
1≤ℓ≤kNωℓ,bℓ

+
(−1)

∑
1≤ℓ≤n εωℓ,bℓT nω (x)∏
1≤ℓ≤nNωℓ,bℓ

,

and, as T nω (x) ∈ [0, 1] and Nωn,b > 1 for each n and b, the last term converges as n→ +∞ and
so we obtain the expression from (3.2). The sequence (bn(ω, x))n∈N satisfies bn(ω, x) ∈ Bωn for
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each n ∈ N. Denote by BN
ω

..=
∏

n∈N Bωn the set of such sequences, and define the projection
πω : BN

ω → [0, 1] by

πω
(
(bn)n∈N

)
=
∑
n∈N

(−1)
∑

1≤ℓ<n εωℓ,bℓ tωn,bn∏
1≤ℓ≤nNωℓ,bℓ

. (3.6)

By the definition of Xω, for any x ∈ Xω, there exists a unique sequence (bn)n∈N such that
x = πω((bn)n∈N), i.e. the (T , ω)-expansion of x is unique. The map πω is not injective: the set
(0, 1) \ Xω contains both the points that have multiple sequences mapped to them, i.e. that
are mapped to the common boundary of two FFIs after some iterations, and the points that
have no sequences mapped to them, i.e. that are mapped to some point that does not lie in
the closure of any FFI after some iterations. Note that the points 0 and 1 have at most one
(T , ω)-expansion.

Let F(n) denote the collection of all level-n FFIs. Note that for each n ∈ N, ⟨b1 · · · bn⟩ω ∩
⟨c1 · · · cn⟩ω = ∅ whenever b1 · · · bn ̸= c1 · · · cn and that

|⟨b1 · · · bn⟩ω| =
∏

1≤ℓ≤n

1

Nωℓ,bℓ

and

∣∣∣∣∣∣
⋃

b1···bn∈Bn
ω

⟨b1 · · · bn⟩ω

∣∣∣∣∣∣ = 1.

Since ⟨b1 · · · bn⟩ω ⊆ ⟨b1 · · · bn−1⟩ω for each n and lim
n→+∞

|⟨b1 · · · bn⟩ω| = 0, the collection

F ..=
⋃
n∈N

F(n) =
{
⟨b1 · · · bn⟩ω : b1 · · · bn ∈ Bnω, n ∈ N

}
generates the Borel σ-algebra B([0, 1]) on [0, 1].

3.3 Fibre Spectra

Let T = {Ts}s∈S be any finite collection of GLS maps and let α = (αd)d∈D be a frequency vector
satisfying (∗). Recall that the fibre spectrum ΩT (α) of α is the set of ω ∈ Ω for which FT ,ω(α)
is non-empty, and recall that αs ..=

∑
b∈Bs

α(s,b). In this section, we shall prove Theorem 3.2,
which asserts that ΩT (α) = {ω ∈ Ω : τs(ω) = αs ∀s ∈ S}.

Proof of Theorem 3.2. First, suppose that ω ∈ ΩT (α), and take x ∈ FT ,ω(α). Then

τs(ω) =
∑
b∈Bs

τ(s,b)(ω, x) =
∑
b∈Bs

α(s,b) = αs

for all s ∈ S, which proves the forward direction.

To prove the converse statement, take ω ∈ Ω such that τs(ω) = αs for all s ∈ S. For each
s ∈ S, it follows from the proof of Proposition 2.9 when |Bs| < +∞ and from e.g. [FLMW10,
Lemma 2.1] or [BK24, Theorem 3.1] when Bs = N that there exists a sequence (ds,n)n∈N of
digits in {s} × Bs whose digit frequencies are given by the frequency vector (α(s,b)/αs)b∈Bs :

lim
n→+∞

#{1 ≤ ℓ ≤ n : ds,ℓ = (s, b)}
n

=
α(s,b)

αs
, ∀b ∈ Bs. (3.7)

We weave these sequences together to define a sequence (dn)n∈N with dn = (ωn, bn) for some
bn ∈ Bωn , n ∈ N, and with digit frequencies given by α. Recall that τs(ω, n) denotes the
number of times that the symbol s ∈ S appears in the first block of n ∈ N symbols of ω. For
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each n ∈ N, set dn ..= dωn,τωn (ω,n). Then for each (s, b) ∈ D, it follows from the assumption
τs(ω) = αs and (3.7) that

lim
n→+∞

#{1 ≤ ℓ ≤ n : dℓ = (s, b)}
n

= lim
n→+∞

#{1 ≤ ℓ ≤ τs(ω, n) : ds,ℓ = (s, b)}
τs(ω, n)

· τs(ω, n)
n

=
α(s,b)

αs
· αs(ω) = α(s,b),

as desired.

It remains to show that (dn)n∈N implies the existence of a point x ∈ FT ,ω(α). Put x ..=
πω((bn)n∈N), where πω is the projection defined in (3.6). If (dn)n∈N gives the (T , ω)-expansion
of x, then x ∈ FT ,ω(α) and we are done. Therefore, suppose that the (T , ω)-expansion of x is
not given by the sequence (dn)n∈N. This means that x is an endpoint of the FFI ⟨b1 · · · bℓ⟩ω for
some ℓ ∈ N, which implies that πσk(ω)((bn+k)n∈N) ∈ {0, 1} for all k ≥ ℓ. For any k ≥ ℓ there is

at most one sequence (c
(k)
n )n∈N ∈ BN

σk(ω)
with πσk(ω)((ck+n)n∈N) = 0 and at most one sequence

(e
(k)
n )n∈N ∈ BN

σk(ω)
with πσk(ω)((ek+n)n∈N) = 1 and one of these sequences equals (bn+k)n∈N.

To find a point y ∈ FT ,ω(α), we change the sequence (bn)n∈N to another sequence (b̃n)n∈N ∈ BN
ω

that has the same digit frequencies but for which

πσk(ω)((b̃k+n)n∈N) ̸∈ {0, 1}

for any k ∈ N so that y = πω((b̃n)n∈N) has a unique (T , ω)-expansion. We obtain the sequence
(b̃n)n∈N by setting

b̃n =

{
min (Bωn \ {bn}), if n ≥ ℓ and

√
n ∈ N,

bn, otherwise.

Obviously (b̃k+n)n∈N ̸= (bk+n)n∈N for any k ≥ ℓ so

πσk(ω)((b̃k+n)n∈N) ̸= πσk(ω)((bk+n)n∈N) (3.8)

for any k ≥ ℓ. Suppose without loss of generality that (bk+n)n∈N = (e
(k)
n )n∈N. If the sequence

(c
(k)
n )n∈N also exists, then either there is a j such that c

(k)
j+n = e

(k)
j+n for all n ∈ N, or c(k)n ̸= e

(k)
n

for all n ∈ N. This is due to the fact that for any s ∈ S 0 and 1 are the boundary points of at
most one interval Is,b. In both cases (b̃k+n)n∈N ̸= (c

(k)
n )n∈N and we obtain that for any k ≥ ℓ,

πσk(ω)((b̃k+n)n∈N) ̸= πσk(ω)((c
(k)
n )n∈N),

so together with (3.8) we see that πσk(ω)((b̃k+n)n∈N) ̸∈ {0, 1}. Hence, the sequence (b̃n)n∈N is

the (T , ω)-expansion of the point πω((b̃n)n∈N). Moreover, for each d ∈ D and each n ∈ N,

#{1 ≤ ℓ ≤ n : (ωn, b̃n) = d}
n

≥ #{1 ≤ ℓ ≤ n : (ωn, bn) = d} −
√
n− 1

n
,

and similarly

#{1 ≤ ℓ ≤ n : (ωn, b̃n) = d}
n

≤ #{1 ≤ ℓ ≤ n : (ωn, bn) = d}+
√
n+ 1

n
.

Therefore,

lim
n→+∞

#{1 ≤ ℓ ≤ n : (ωn, b̃n) = d}
n

= αd

so y ∈ FT ,ω(α) and thus ω ∈ ΩT (α).
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3.4 Upper Bound for dimH FT ,ω(α)

Recall that

ηT = max
s∈S

inf

{
t ≥ 0 :

∑
b∈Bs

N−t
s,b < +∞

}
,

βT (α) = lim inf
m→+∞

∑
s∈S αs logαs −

∑
d∈Dm

αd logαd∑
d∈Dm

αd logNd

,

where Dm
..= {(s, b) ∈ D : b ≤ m}. In this section, we prove the following proposition, which is

precisely the upper bound in Theorem 3.3.

Proposition 3.4. Let α = (αd)d∈D be a frequency vector satisfying (∗), and fix ω ∈ ΩT (α).
Then dimH FT ,ω(α) ≤ max{ηT , βT (α)}.

Throughout this section, we fix a frequency vector α = (αd)d∈D satisfying (∗) and an ω ∈
ΩT (α). We first introduce some notation and then prove four auxiliary lemmas.

For each m ∈ N, put Dc
m

..= {(s, b) ∈ D : b > m}, and set Bs,m ..= {b ∈ Bs : b ≤ m} and
Bcs,m ..= {b ∈ Bs : b > m} for each s ∈ S. For b1 · · · bn ∈ Bnω set

τd(ω, b1 · · · bn) ..= #{1 ≤ ℓ ≤ n : (ωℓ, bℓ) = d}.

For each n,m ∈ N and ε > 0, let Nn = Nn(m, ε) be the set of vectors (nd)d∈Dm ∈ N#Dm

0 that
satisfy the following two properties:

•
∣∣nd

n
− αd

∣∣ < ε for all d ∈ Dm;

•
∑

b∈Bs,m
n(s,b) ≤ τs(ω, n) for all s ∈ S.

Lemma 3.5. Let ε > 0. Then there is an Nε ∈ N such that Nn(m, ε) ̸= ∅ for all n ≥ Nε and
m ∈ N.

Proof. By (∗), there is an N1 ∈ N such that, for each n ≥ N1 and s ∈ S, we have

τs(ω, n) > n
∑
b∈Bs

α(s,b) −
nε

2
.

Put Nε
..= max{N1, ⌈2

ε
⌉}, and, for each m ∈ N, n ≥ Nε and d ∈ Dm, set nd = ⌊nαd− nε

2
⌋. Then

for n ≥ Nε and d ∈ Dm,

nαd −
nε

2
− 1 <

⌊
nαd −

nε

2

⌋
< nαd

and hence

αd − ε < αd −
ε

2
− 1

n
<
nd
n
< αd.

Moreover, for any s ∈ S, since #Bs,m ≥ 1,∑
b∈Bs,m

n(s,b) ≤
∑
b∈Bs,m

(
nα(s,b) −

nε

2

)
≤ n

∑
b∈Bs,m

α(s,b) −
nε

2
< τs(ω, n).

Therefore, (nd)d∈Dm ∈ Nn(m, ε).
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The next lemma concerns the sets

Hn = Hn(α,m, ε) ..=

{
x ∈ [0, 1] :

∣∣∣∣τd(ω, x, n)n
− αd

∣∣∣∣ < ε∀d ∈ Dm

}
,

which will be used to cover FT ,ω(α). Note that Nn ̸= ∅ if Hn ̸= ∅.

Lemma 3.6. Fix t ≥ 0, ε > 0 and m, k0 ∈ N. Then

Ht

(⋂
k≥k0

Hk

)
≤ lim inf

n→+∞

∑
(nd)∈Nn

( ∏
d∈Dm

N−tnd
d

) ∑
b1···bn∈Bn

ω
τd(ω,b1···bn)=nd

∏
1≤ℓ≤n

bℓ>m

N−t
ωℓ,bℓ

. (3.9)

Proof. Fix δ > 0 and let n(δ) be the smallest integer such that |⟨b1 · · · bn(δ)⟩ω|t < δ for all

b1 · · · bn(δ) ∈ Bn(δ)ω . Then for any n > max{k0, n(δ)}, we have that

Ht
δ

(⋂
k≥k0

Hk

)
= inf

{∑
U∈U

|U |t : U is a δ-cover of
⋂
k≥k0

Hk

}

≤ inf
k≥n(δ)


∑

b1···bk∈Bk
ω

⟨b1···bk⟩ω∩Hn ̸=∅

|⟨b1 · · · bk⟩ω|t

 ≤
∑

b1···bn∈Bn
ω

⟨b1···bn⟩ω∩Hn ̸=∅

|⟨b1 · · · bn⟩ω|t

≤
∑

(nd)∈Nn

∑
b1···bn∈Bn

ω
τd(ω,b1···bn)=nd,d∈Dm

∏
1≤ℓ≤n

N−t
ωℓ,bℓ

=
∑

(nd)∈Nn

( ∏
d∈Dm

N−tnd
d

) ∑
b1···bn∈Bn

ω
τd(ω,b1···bn)=nd,d∈Dm

∏
1≤ℓ≤n

bℓ>m

N−t
ωℓ,bℓ

.

Since this holds for all n > max{k0, n(δ)}, we find that

Ht
δ

(⋂
k≥k0

Hk

)
≤ lim inf

n→+∞

∑
(nd)∈Nn

( ∏
d∈Dm

N−tnd
d

) ∑
b1···bn∈Bn

ω
τd(ω,b1···bn)=nd

∏
1≤ℓ≤n

bℓ>m

N−t
ωℓ,bℓ

.

The result follows by taking δ → 0.

In the next lemma, we compute the inner sum of the right-hand side of (3.9). Given a vector
(nd) ∈ Nn, for each s ∈ S, we set ns ..=

∑
b∈Bs,m

n(s,b).

Lemma 3.7. Fix t ≥ 0, ε > 0 and m ∈ N. Let n be large enough so that Nn(m, ε) ̸= ∅, and
let (nd) ∈ Nn. Then∑

b1···bn∈Bn
ω

τd(ω,b1···bn)=nd, d∈Dm

∏
1≤ℓ≤n
bℓ>m

N−t
ωℓ,bℓ

=

∏
s∈S

 ∑
b∈Bc

s,m

N−t
s,b

τs(ω,n)−ns
 ∏

s∈S τs(ω, n)!(∏
d∈Dm

nd!
)(∏

s∈S(τs(ω, n)− ns)!
) .
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Proof. Set κ ..= n −
∑

d∈Dm
nd. Any string b1 · · · bn ∈ Bnω for which τd(ω, b1 · · · bn) = nd for all

d ∈ Dm has exactly
∑

d∈Dm
nd terms that are at most m and κ terms that are larger than m.

The value of the product ∏
1≤ℓ≤n
bℓ>m

N−t
ωℓ,bℓ

depends only on the index and value of the κ entries in b1 · · · bn that are larger than m.

Fix indices 1 ≤ v1 < v2 < · · · < vκ ≤ n where the digits b > m can occur. This means that
for each 1 ≤ ℓ ≤ κ, we have #Bωvℓ

> m and nωvℓ
< τωvℓ

(ω, n). In addition, fix values c1, . . . , cκ
that these digits can take; so, cℓ ∈ Bcωvℓ

,m for each 1 ≤ ℓ ≤ κ. Then for each b1 · · · bn ∈ Bnω that

has bvℓ = cℓ for each 1 ≤ ℓ ≤ κ and τd(ω, b1 · · · bn) = nd for each d ∈ Dm, we have∏
1≤ℓ≤n
bℓ>m

N−t
ωℓ,bℓ

=
∏

1≤ℓ≤κ

N−t
ωvℓ

,cℓ
.

The number of words b1 · · · bn with these properties is given by∏
s∈S

ns!∏
b∈Bs,m

n(s,b)!
=

∏
s∈S ns!∏
d∈Dm

nd!
.

Therefore, if we let Vn be the collection of sets {v1, . . . , vκ} of indices with 1 ≤ v1 < · · · < vκ ≤ n,
#Bωvℓ

> m and nωvℓ
< τωvℓ

(ω, n) for each 1 ≤ ℓ ≤ κ, then

∑
b1···bn∈Bn

ω
τd(ω,b1···bn)=nd,d∈Dm

∏
1≤ℓ≤n
bℓ>m

N−t
ωℓ,bℓ

=

∏
s∈S ns!∏
d∈Dm

nd!

∑
{v1,...,vκ}∈Vn

∑
c1,...,cκ

cℓ∈Bc
ωvℓ

,m

∏
1≤ℓ≤κ

N−t
ωvℓ

,cℓ
. (3.10)

Next, we focus on the inner sum on the right-hand side of (3.10) and show that this is also
independent of the choice of positions {v1, . . . , vκ} ∈ Vn; so, fix {v1, . . . , vκ} ∈ Vn. Observe that

∑
c1,...,cκ

cℓ∈Bc
ωvℓ

,m

∏
1≤ℓ≤κ

N−t
ωvℓ

,bcℓ
=

∑
c1∈Bc

ωv1 ,m

N−t
ωv1 ,c1

 ∑
c2∈Bc

ωv2 ,m

N−t
ωv2 ,c2

· · ·

 ∑
cκ∈Bc

ωvκ ,m

N−t
ωvκ ,cκ

 · · ·


=
∏

1≤ℓ≤κ

∑
b∈Bc

ωvℓ
,m

N−t
ωvℓ

,b, (3.11)

using independence of the κ sums in the second equality. By collecting like-terms, we get

∏
1≤ℓ≤κ

∑
b∈Bc

ωvℓ
,m

N−t
ωvℓ

,b =
∏
s∈S

∏
1≤ℓ≤κ
ωvℓ

=s

∑
b∈Bc

s,m

N−t
s,b =

∏
s∈S

 ∑
b∈Bc

s,m

N−t
s,b

τs(ω,n)−ns

, (3.12)

where the right-hand side is independent of {v1, . . . , vκ}. Therefore, putting (3.10), (3.11) and
(3.12) together yields

∑
b1···bn∈Bn

ω
τd(ω,b1···bn)=nd,d∈Dm

∏
1≤ℓ≤n
bℓ>m

N−t
ωℓ,bℓ

=

∏
s∈S

 ∑
b∈Bc

s,m

N−t
s,b

τs(ω,n)−ns
 ∏

s∈S ns!∏
d∈Dm

nd!
#Vn. (3.13)
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It only remains to compute #Vn. For each s ∈ S, there are τs(ω, n) indices 1 ≤ ℓ ≤ n with
ωℓ = s out of which τs(ω, n) − ns have (ωℓ, bℓ) = (s, b) for some b > m. There are

(
τs(ω,n)
ns

)
possible arrangements of this kind and so

#Vn =
∏
s∈S

(
τs(ω, n)

ns

)
=

∏
s∈S τs(ω, n)!∏

s∈S ns!
∏

s∈S(τs(ω, n)− ns)!
.

Substituting this into (3.13) gives the result.

In order to find recognisable quantities later, we shall find the exponential behaviour of some
of the terms appearing in Lemmas 3.6 and 3.7. Set

f
(
t;m, ε, n, (nd)

)
..=

1

n
log

( ∏
d∈Dm

N−tnd
d

)∏
s∈S

 ∑
b∈Bc

s,m

N−t
s,b

τs(ω,n)−ns
 ∏

s∈S τs(ω, n)!∏
d∈Dm

nd!
∏

s∈S(τs(ω, n)− ns)!

.
Then f

(
t;m, ε, n, (nd)

)
can be written as the sum of five terms. We consider each of these

separately. First, set

A ..= t
∑
d∈Dm

(
αd −

nd
n

)
logNd

so that
1

n
log

( ∏
d∈Dm

N−tnd
d

)
= −t

∑
d∈Dm

αd logNd + A.

Note for each c > 0 that, by taking ε < c/(t
∑

d∈Dm
logNd) and Nε to be the value given by

Lemma 3.5, we have for any n ≥ Nε and (nd)d∈Dm ∈ Nn(m, ε) that |A| < c. Similarly, for the
second part, set

B ..=
∑
s∈S

τs(ω, n)− ns
n

−
∑
b∈Bc

s,m

α(s,b)

 log
∑
b∈Bc

s,m

N−t
s,b

so that

1

n
log
∏
s∈S

 ∑
b∈Bc

s,m

N−t
s,b

τs(ω,n)−ns

=
∑
s∈S

 ∑
b∈Bc

s,m

α(s,b)

 log
∑
b∈Bc

s,m

N−t
s,b +B.

Let c > 0. Take ε < c/
∑

s∈S log
∑

b∈Bc
s,m

N−t
s,b . Then using (∗) and Lemma 3.5, we can find an

N ∈ N such that, for each n ≥ N and (nd)d∈Dm ∈ Nn(m, ε),∣∣∣∣∣∣τs(ω, n)− ns
n

−
∑
b∈Bc

s,m

α(s,b)

∣∣∣∣∣∣ ≤
∣∣∣∣∣τs(ω, n)n

−
∑
b∈Bs

α(s,b)

∣∣∣∣∣+ ∑
b∈Bs,m

∣∣∣α(s,b) −
n(s,b)

n

∣∣∣ < ε (3.14)

and thus |B| < c. For the last three parts, we can write

1

n
log

∏
s∈S τs(ω, n)!∏

d∈Dm
nd!
∏

s∈S(τs(ω, n)− ns)!
=

1

n

∑
s∈S

log τs(ω, n)!−
1

n

∑
d∈Dm

log nd!

− 1

n

∑
s∈S

log(τs(ω, n)− ns)!.
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Stirling’s approximation log x! = x log x− x+O(log x), x→ +∞, and the fact that∑
d∈Dm

nd +
∑
s∈S

(τs(ω, n)− ns) = n =
∑
s∈S

τs(ω, n)

together yield

1

n
log

∏
s∈S τs(ω, n)!∏

d∈Dm
nd!
∏

s∈S(τs(ω, n)− ns)!
=
∑
s∈S

τs(ω, n)

n
log τs(ω, n)−

∑
d∈Dm

nd
n

log nd

−
∑
s∈S

τs(ω, n)− ns
n

log(τs(ω, n)− ns) +O
(
log n

n

)
=
∑
s∈S

τs(ω, n)

n
log

τs(ω, n)

n
−
∑
d∈Dm

nd
n

log
nd
n

−
∑
s∈S

τs(ω, n)− ns
n

log
τs(ω, n)− ns

n
+O

(
log n

n

)
.

Set

C ..=
∑
s∈S

τs(ω, n)

n
log

τs(ω, n)

n
−
∑
s∈S

αs logαs,

and note that |C| → 0 as n→ +∞. Set

D ..=
∑
d∈Dm

αd logαd −
∑
d∈Dm

nd
n

log
nd
n
.

By the uniform continuity of the map x 7→ x log x on [0, 1] and by Lemma 3.5, for any c > 0,
there is an ε > 0 and an N ∈ N such that, for all n ≥ N and all (nd)d∈Dm ∈ Nn(m, ε), we have
|D| < c. Finally, set

E ..=
∑
s∈S

 ∑
b∈Bc

s,m

α(s,b)

 log

 ∑
b∈Bc

s,m

α(s,b)

−
∑
s∈S

τs(ω, n)− ns
n

log
τs(ω, n)− ns

n
.

Using (3.14) and the uniform continuity of the map x 7→ x log x on [0, 1], we find again by
Lemma 3.5 that, for any c > 0, there is an ε > 0 and an N ∈ N such that |E| < c for all n ≥ N
and all (nd)d∈Dm ∈ Nn(m, ε). The above observations together lead to the following lemma.

Lemma 3.8. Fix t ≥ 0. Then for any m ∈ N, ε > 0, n ≥ Nε and (nd) ∈ Nn(α,m, ε),

fn
(
t;m, ε, n, (nd)

)
= −t

∑
d∈Dm

αd logNd +
∑
s∈S

 ∑
b∈Bc

s,m

α(s,b)

 log
∑
b∈Bc

s,m

N−t
s,b

+
∑
s∈S

αs logαs −
∑
d∈Dm

αd logαd −
∑
s∈S

 ∑
b∈Bc

s,m

α(s,b)

 log

 ∑
b∈Bc

s,m

α(s,b)


+ A+B + C +D + E +O

(
log n

n

)
.

Moreover, for any c > 0 and m ∈ N there are ε > 0 and n = n(m, ε) ∈ N such that, for each
n ≥ n, the set Nn(m, ε) is non-empty and, for each (nd)d∈Dm ∈ Nn(m, ε),

|A+B + C +D + E| < c.
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We are now ready to prove the upper bound in Theorem 3.3.

Proof of Proposition 3.4. Put t0 ..= max{ηT , βT (α)}. To show that dimH FT ,ω(α) ≤ t0, it
suffices to show that Ht0

(
FT ,ω(α)

)
= 0. Observe that for any fixed ε > 0 and m ∈ N,

FT ,ω(α) ⊂
⋃
k0∈N

⋂
k≥k0

Hk(α,m, ε).

We first show, using the lemmas above, that for any k0 ∈ N and appropriate m ∈ N and ε > 0,

Ht0

(⋂
k≥k0

Hk(α,m, ε)

)
= 0. (3.15)

So, fix k0 ∈ N. Let δ > 0 and set t(δ) ..= t0 + 5δ. Then for any m ∈ N and ε > 0, the
Lemmas 3.6, 3.7 and 3.8 give

Ht(δ)

(⋂
k≥k0

Hk

)
≤ lim inf

n→+∞

∑
(nd)∈Nn

expnfn
(
t(δ);m, ε, n, (nd)

)
. (3.16)

To prove (3.15), it suffices to find ε > 0 andm ∈ N for which the right-hand side of (3.16) equals
0. We start by, for suitable n, bounding fn(t(δ);m, ε, n, (nd)) above by a negative quantity
independent of the choice of (nd) ∈ Nn(m, ε). By definition of βT (α), there are infinitely many
m ∈ N such that ∣∣∣∣∑s∈S αs logαs −

∑
d∈Dm

αd logαd∑
d∈Dm

αd logNd

− βT (α)

∣∣∣∣ < δ.

For any such m,∑
s∈S

αs logαs −
∑
d∈Dm

αd logαd ≤ (βT (α) + δ)
∑
d∈Dm

αd logNd ≤ (t0 + δ)
∑
d∈Dm

αd logNd.

Next, Bcs,m ⊇ Bcs,m+1 for each m and
⋂

Bcs,m = ∅, so for each s ∈ S,
∑

b∈Bc
s,m

α(s,b) → 0 as

m → +∞. Since −x log x → 0 as x → 0, and since Dm ⊆ Dm+1, we thus find for any large
enough m ∈ N that

−
∑
s∈S

 ∑
b∈Bc

s,m

α(s,b)

 log

 ∑
b∈Bc

s,m

α(s,b)

 < δ
∑
d∈Dm

αd logNd.

In addition, since t(δ) > ηT , it follows that for any s ∈ S and m ∈ N,∑
b∈Bc

s,m

N
−t(δ)
s,b < +∞.

Hence, for any large enough m ∈ N we have

∑
s∈S

 ∑
b∈Bc

s,m

α(s,b)

 log
∑
b∈Bc

s,m

N
−t(δ)
s,b < δ

∑
d∈Dm

αd logNd.
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This means that there are infinitely many m ∈ N, such that

−t(δ)
∑
d∈Dm

αd logNd +
∑
s∈S

 ∑
b∈Bc

s,m

α(s,b)

 log
∑
b∈Bc

s,m

N
−t(δ)
s,b +

∑
s∈S

αs logαs −
∑
d∈Dm

αd logαd

−
∑
s∈S

 ∑
b∈Bc

s,m

α(s,b)

 log

 ∑
b∈Bc

s,m

α(s,b)


≤ (−t(δ) + t0 + δ + δ + δ)

∑
d∈Dm

αd logNd = −2δ
∑
d∈Dm

αd logNd.

Fix such an m. Then by Lemma 3.8 there is an ε > 0 and an n = n(m, ε) ∈ N such that for all
n ≥ n the set Nn(m, ε) is non-empty and for all (nd) ∈ Nn(m, ε),

A+B + C +D + E < δ
∑
d∈Dm

αd logNd.

Thus for all n ≥ n,

fn
(
t(δ);m, ε, n, (nd)

)
≤ −δ

∑
d∈Dm

αd logNd +O
(
log n

n

)
,

which is negative for large enough n ∈ N. Substituting this into (3.16) and noting that

#Nn(m, ε) ≤
∑
d∈Dm

(
n(αd + ε)− n(αd − ε)

)
= #Dm · 2εn

for all n ∈ N yields

0 ≤ Ht(δ)

(⋂
k≥k0

Hk

)
≤ lim inf

n→+∞
#Nn · exp

(
−δn

∑
d∈Dm

αd logNd +O(log n)

)

≤ lim
n→+∞

#Dm · 2εn exp

(
−δn

∑
d∈Dm

αd logNd +O(log n)

)
= 0.

Since this holds for all k0 ∈ N we find that

dimH FT ,ω(α) ≤ dimH

(⋃
k0∈N

⋂
k≥k0

Hk

)
= sup

k0∈N
dimH

(⋂
k≥k0

Hk

)
≤ t0 + 5δ.

As this holds for any δ > 0, we may take δ → 0 to obtain dimH FT ,ω(α) ≤ max{ηT , βT (α)}.

3.5 Lower Bound: Exponent of Convergence

Let T be a collection of GLS maps indexed by a finite set S that satisfies (3.3), i.e. that the
limit

lim
n→+∞

log n

logNs,n

exists for all s ∈ SN. In this section, we will prove that dimH FT ,ω(α) ≥ ηT for any frequency
vector α = (αd)d∈D satisfying (∗) and any ω ∈ ΩT (α). If ηT = 0, then this holds trivially;
therefore, we assume hereafter that ηT > 0, which implies that SN ̸= ∅, i.e. that T contains at
least one map Ts with Bs = N. We prove the following proposition.
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Proposition 3.9. Let α = (αd)d∈D be a frequency vector satisfying (∗), and fix ω ∈ ΩT (α).
Assume that ηT > 0 and that (3.3) holds. Then dimH FT ,ω(α) ≥ ηT .

Throughout this section, we fix a frequency vector α = (αd)d∈D satisfying (∗), an ω ∈ ΩT (α)
and ς ∈ SN such that

ηT = η(Tς) > 0 (3.17)

holds. To prove Proposition 3.9, we will need to prove several auxiliary lemmas.

Observe that ω ∈ ΩT (α) together with the non-redundancy condition (∗) on α implies that
τς(ω) = ας > 0 so there must be infinitely many ℓ ∈ N for which ωℓ = ς. Order these indices
j1 < j2 < · · · < jk < · · · . Fix γ ∈ (1, 2), and define a (strictly increasing) function θ : N → N
by θ(k) ..= j⌈kγ⌉. Recall that τς(ω, k) denotes the number of occurrences of the symbol ς in the
first block of length k of symbols in the sequence ω. Since τς(ω) > 0, we have

jk =
τς(ω, jk)

τς(ω)

(
1 + o(1)

)
=

k

τς(ω)

(
1 + o(1)

)
, k → +∞.

Therefore, θ has the following properties:

(Θ1) ωθ(k) = ς for all k ∈ N.

(Θ2) θ(k) = kγ

τς(ω)

(
1 + o(1)

)
as k → +∞ with 1 < γ < 2.

During the proof of Proposition 3.9, we will obtain a lower bound for the Hausdorff dimension
of FT ,ω(α) by altering the proof in [FLMW10, Theorem 1.2] (the part involving the exponent
of convergence) to work in our setting. More precisely, the strategy will be to fix a z ∈ FT ,ω(α)
and consider a subset of points x ∈ FT ,ω(α) such that the digit sequence (bn(ω, x))n∈N of x is
the same as the digit sequence (bn(ω, z))n∈N of z except along the subsequence (bθ(k)(ω, x))k∈N;
see (3.21) below. The digits along this subsequence will instead be chosen from intervals whose
size is governed by the sequence of numbers (2k)k∈N. The freedom of choice of these digits will
allow us to construct in Lemma 3.10 a measure µz on this subset that has desirable measure-
theoretic entropy, which can then be used to deduce that ηT is a lower bound for dimH FT ,ω(α)
via an analogue of Billingsley’s Lemma (see [Bil65], [BP17, Lemma 1.4.1]), namely Lemma 3.12
below.

Throughout this section, we shall fix ε, δ ∈ (0, 1). There is a κ1(ε, δ) ∈ N such that

2k − 2δk > 2(1−ε)k, ∀k ≥ κ1(ε, δ). (3.18)

Additionally, since we have ordered for each s ∈ S the (unsigned) slopes Ns,b, b ∈ Bs, of Ts so
that Ns,b increases as b increases, we have by [PS72, p26] and (3.3) that

η(Ts) = lim sup
n→+∞

log n

logNs,n

= lim
n→+∞

log n

logNs,n

. (3.19)

Thus, since SN is a finite set, there is a κ2(ε, δ) ∈ N such that

Nη(Ts)
s,n ≤ n1+ε, ∀s ∈ SN, n ≥ κ2(ε, δ). (3.20)

Fix κ ≥ max{κ1(ε, δ), κ2(ε, δ)}. Next, take z ∈ FT ,ω(α), which exists since ω ∈ ΩT (α), and
define the set

Fz ..=
{
x ∈ Xω : bθ(k)(ω, x) ∈ N ∩ (2k − 2δk, 2k]∀k ≥ κ, bℓ(ω, x) = bℓ(ω, z) otherwise

}
. (3.21)
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Note that Fz ̸= ∅, since by (Θ1), N ∩ (2k − 2δk, 2k] ⊂ Bθ(k) for all k ∈ N. Moreover, we have
θ(k)/k → +∞ by (Θ2) so the digit frequencies of x ∈ Fz are the same as the digit frequencies
of z. Thus, it follows that Fz is a subset of FT ,ω(α).

To obtain the desired lower bound in the proof of Proposition 3.9, we will apply a non-
autonomous analogue (Lemma 3.12 below) of Billingsley’s Lemma to Fz and a measure µz
supported on Fz. We will deduce the existence of µz via the Ionescu-Tulcea theorem. For each
n ∈ N, define κ(n) ..= min{k ≥ κ : θ(k) > n} and note that κ(n) > κ if and only if n ≥ θ(κ).

Lemma 3.10. For any z ∈ FT ,ω(α) there is a probability measure µz on
(
[0, 1],B([0, 1])

)
that

has µz(Fz) = 1 and satisfies

µz
(
⟨b1 · · · bn⟩ω

)
=


∏

κ≤k<κ(n)

⌈
2δk
⌉−1

, if ⟨b1 · · · bn⟩ω ∩ Fz ̸= ∅,

0, otherwise,

(3.22)

for each b1 · · · bn ∈ Bnω, n ∈ N, where
∏

κ≤k<κ(n)
⌈
2δk
⌉−1 ..= 1 if there is no κ ≤ k < κ(n).

Proof. Let µ̃1 = δb1(ω,z) be the Dirac measure at b1(ω, z) on the measurable space (Bω1 ,P(Bω1)).
For each n ∈ N \ {1}, define the stochastic kernel Kn : (Bn−1

ω ,P(Bn−1
ω )) → (Bωn ,P(Bωn)) by

setting for each b1 · · · bn−1 ∈ Bn−1
ω and each A ∈ P(Bωn)

Kn(b1 · · · bn−1, A) ..=


δbn(ω,z), if n ̸= θ(k), k ≥ κ,

⌈2kδ⌉−1
∑

j∈(2k−2δk,2k]∩N

δj, if n = θ(k), k ≥ κ.

For each n ∈ N, let µ̃n be the probability measure µ̃1 ⊗
⊗n

k=2Kk on (Bnω,P(Bnω)). Also, let C
denote the σ-algebra on BN

ω generated by the cylinder sets

[b1 · · · bn]ω ..= {ξ = (ξi)i∈N ∈ BN
ω : ξi = bi, 1 ≤ i ≤ n}.

By the Ionescu-Tulcea Theorem (see e.g. [Kle20, Theorem 14.35]), there exists a unique prob-
ability measure µ̃z on (BN

ω , C) with the property that, for each A ∈ P(Bnω),

µ̃z(A× Bωn+1 × Bωn+2 × · · · ) = µ̃n(A). (3.23)

Recall the definition of πω from (3.6), and let µz be the probability measure on ([0, 1],B([0, 1]))
given by µz = µ̃z ◦ π−1

ω . Fix n ∈ N and b1 · · · bn ∈ Bnω. Then [b1 · · · bn]ω = π−1
ω

(
⟨b1 · · · bn⟩ω

)
.

The inverse image π−1
ω

(
⟨b1 · · · bn⟩ω \ ⟨b1 · · · bn⟩ω

)
consists of at most four sequences in BN

ω corre-
sponding to at most the two endpoints of ⟨b1 · · · bn⟩ω. Hence, we find by (3.23) that

µz
(
⟨b1 · · · bn⟩ω

)
= µz

(
⟨b1 · · · bn⟩ω

)
= µ̃z([b1 · · · bn]ω) = µ̃n({b1 · · · bn}).

Then (3.22) follows from the definition of µ̃n.

Finally, we verify that µz(Fz) = 1. Put

En = {a1 · · · an ∈ Bnω : µ̃n({a1 · · · an}) > 0}

and note that
Fz =

⋂
n∈N

⋃
a1···an∈En

⟨a1 · · · an⟩ω ∩Xω.
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Since for each m ∈ N
m⋂
n=1

⋃
a1···an∈En

⟨a1 · · · an⟩ω =
⋃

a1···am∈Em

⟨a1 · · · am⟩ω ⊇
⋃

a1···am+1∈Em+1

⟨a1 · · · am+1⟩ω,

and [0, 1] \Xω consists of at most countably many endpoints of FFIs, it holds that

µz(Fz) = lim
n→∞

µz

( ⋃
a1···an∈En

⟨a1 · · · an⟩ω

)
= lim

n→∞

∑
a1···an∈En

µz(⟨a1 · · · an⟩ω)

= lim
n→∞

∑
a1···an∈En

µ̃z ◦ π−1
ω

(
⟨a1 · · · an⟩ω

)
= lim

n→+∞

∑
a1···an∈Bn

ω

µ̃n({a1 · · · an}) = lim
n→+∞

1 = 1.

This gives the result.

Next, we will construct a point z ∈ FT ,ω(α) such that the first block of n digits of z corresponds
to branches of maps of T with sufficiently small slopes. Write η ..= min{η(Ts) : s ∈ SN} ∈ (0, 1].

Lemma 3.11. There is a z ∈ FT ,ω(α) for which there exists a constant Nz ∈ N (depending on
ε and δ) such that Nωn,bn(ω,z) ≤ n(1+ε)/η for all n ≥ Nz. Furthermore, as n→ +∞,∑

1≤ℓ≤n

logNωℓ,bℓ(ω,z) = o(κ(n)2).

Proof. [FLMW10, Lemma 2.1] yields for each s ∈ S a sequence (b
(s)
n )n∈N on Bs ⊆ N such that

lim
n→+∞

#
{
1 ≤ ℓ ≤ n : b

(s)
ℓ = b

}
n

=
α(s,b)

αs
, ∀ b ∈ Bs,

and b
(s)
τs(ω,n)

≤ n for all n ∈ N. By weaving the sequences (b
(s)
n )n∈N, s ∈ S, together according to

ω as we did in the proof of Theorem 3.2, we can obtain an ω-compatible sequence (bn)n∈N on
N such that

lim
n→+∞

#{1 ≤ ℓ ≤ n : (ωℓ, bℓ) = (s, b)}
n

=
α(s,b)

αs
, ∀ (s, b) ∈ D,

and bn ..= bωn

τωn (ω,n)
≤ n for all n ∈ N. Put dn ..= (ωn, bn) for each n ∈ N, and, if necessary, alter

dn, n > 1, as we did at the end of the proof of Theorem 3.2 so that π((dn)n∈N) ∈ Xω gives a
valid (T , ω)-expansion. Note that altering dn, n > 1, in this way will change some of the bn
to 1 or to 2 and thus preserves the inequality bn ≤ n. If we set z ..= π((dn)n∈N) ∈ Xω, then
z ∈ FT ,ω(α) and is such that bn(ω, z) ≤ n for all n ∈ N.
Now, since #Bs < +∞ for each s ∈ S \SN, we may define M ..= max{Ns,b : b ∈ Bs, s ∈ S \SN}.
Fix n ≥ Nz

..= max{M,κ} ∈ N. If ωn ∈ SN, then logNωn,bn(ω,z) ≤ logNωn,n ≤ 1+ε
η(Tωn )

log n by

construction of z and (3.20), using that n ≥ κ. If ωn ∈ S \ SN instead, then we have that
logNωn,bn(ω,z) ≤ logM ≤ log n by definition of M and Nz. The proof of the first statement
then follows.

To prove the second statement, we may apply the first statement to obtain∑
1≤ℓ≤n

logNωℓ,bℓ(ω,z) ≤
∑

1≤ℓ≤Nz

logNωℓ,bℓ(ω,z) + cz
∑

Nz≤ℓ≤n

log ℓ ≤ C + cz(n−Nz) log n

≤ (C + cz)n log n,

(3.24)
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for any n ≥ Nz, where we have set cz ..= (1 + ε)/η and C ..=
∑

1≤ℓ≤Nz
logNωℓ,bℓ(ω,z), which are

both independent of n. By (Θ2), we have (for 1 < γ < 2) that, for any ε0 > 0, there is a
K = K(ε0) ∈ N such that |τς(ω)θ(k)/kγ − 1| < ε0 for all k ≥ K, which implies that

θ(k) <
kγ

τς(ω)
(1 + ε0).

Recall for each n ∈ N that κ(n) = min{k ≥ κ : θ(k) > n} so θ(k) > n for any k ≥ κ(n). Let N

be such that κ(N) > K. Then for all n ≥ N and k ≥ κ(n), kγ > τς(ω)
1+ε0

n. Thus,

κ(n)2 >

(
τς(ω)

1 + ε0
n

)2/γ

, ∀n ≥ N. (3.25)

Since 2/γ > 1, we have n log n = o(n2/γ) and so it follows from (3.25) that n log n = o(κ(n)2)
as n→ +∞. Substituting this into (3.24) completes the proof.

Fix z as in Lemma 3.11. We shall use [Caj81, p36] (see also [Weg68, Satz 2]) to compute a
lower bound for the Hausdorff dimension of Fz using δ0-covers of FFIs as δ0 → 0. Dimension
defined using only covers of fundamental intervals (or, more generally, cylinder sets) is known
as the Billingsley dimension; see [Bil65]. In our setting, we shall define the Billingsley fibre
dimension dimω A of a subset A ⊂ [0, 1] to be the value t0 ≥ 0 such that Ht

ω(A) = 0 for all
t > t0 and Ht

ω(A) = +∞ for all t < t0, where Ht
ω is the Billingsley fibre t-measure given by

Ht
ω(A)

..= lim
δ0→0

inf

{∑
i∈I

|Ai|t : {Ai}i∈I is a δ0-cover of A with FFIs

}
.

The limit in δ0 above exists and defines a measure by e.g. [Caj81, §2].

Lemma 3.12. Fix ω ∈ ΩT (α). Let z ∈ FT ,ω(α) be as in Lemma 3.11, and let µz be the
measure constructed in Lemma 3.10 for z. If there is a t0 ≥ 0 for which

lim inf
n→+∞

log µz(⟨b1(ω, x) · · · bn(ω, x)⟩ω)
log|⟨b1(ω, x) · · · bn(ω, x)⟩ω|

≥ t0, ∀x ∈ Fz, (3.26)

then dimH Fz ≥ t0.

Proof. The method of proof is to first show that (3.26) implies dimω Fz ≥ t0 and then to
show that dimH Fz = dimω Fz. The first part of the method can be proved analogously to
Billingsley’s Lemma for autonomous systems (see e.g. [BP17, Lemma 1.4.1]) by using the FFIs
⟨b1(ω, x) · · · bn(ω, x)⟩ω in place of the usual fundamental intervals. For completeness, we repro-
duce the proof here in our setting.

Fix 0 ≤ t < t0. Given (3.26), we have for all x ∈ Fz that

lim sup
n→+∞

µz
(
⟨b1(ω, x) · · · bn(ω, x)⟩ω

)∣∣⟨b1(ω, x) · · · bn(ω, x)⟩ω∣∣t ≤ 1.

For a fixed constant C > 1 and k ∈ N, put

Fz,k ..=
{
x ∈ Fz : µz

(
⟨b1(ω, x) · · · bn(ω, x)⟩ω

)
< C

∣∣⟨b1(ω, x) · · · bn(ω, x)⟩ω∣∣t ∀n > k
}
.
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Note that Fz =
⋃
k∈N Fz,k and Fz,k ⊂ Fz,k+1 for all k ∈ N so µz(Fz,k) → µz(Fz) = 1 as k → +∞.

Take δ0 ∈ (0, 1) and consider any δ0-cover {Cj}j∈J of Fz by FFIs. Then {Cj}j∈J is a cover of
Fz,k for every k and so we find that∑

j∈J

|Cj|t ≥
∑
j∈J

Cj∩Fz,k ̸=∅

|Cj|t ≥ C−1
∑
j∈J

Cj∩Fz,k ̸=∅

µz(Cj) ≥ C−1µz(Fz,k)

for all k ∈ N. Thus, we have Ht
ω(Fz) ≥ C−1µz(Fz,k) for all k ∈ N and taking k → +∞ gives

Ht
ω(Fz) ≥ C−1 > 0 for any 0 ≤ t < t0. Therefore, dimω Fz ≥ t0.

We now show that dimH Fz = dimω Fz. Since the length of FFIs decreases to 0 as their level
increases, it suffices by [Caj81, p36] to show for each x ∈ Fz that

lim
n→+∞

log|⟨b1(ω, x) · · · bn+1(ω, x)⟩ω|
log|⟨b1(ω, x) · · · bn(ω, x)⟩ω|

= 1. (3.27)

To prove this, first recall from (3.25) that there is an N ∈ N and a constant c > 0 such that
κ(n) > cn1/γ for all n ≥ N , where γ ∈ (1, 2), so we thus have for some N ′ ≥ N that n < 2κ(n)

for all n ≥ N ′. Fix n ≥ max{N ′, Nz, θ(κ)} so that (3.18), (3.20) and n < 2κ(n) all hold, and fix
x ∈ Fz. The chosen ordering on the digits of Tς implies that Nς,1 ≤ · · · ≤ Nς,b for all b ∈ N.
Since

∑
b∈Bς

N−1
ς,b = 1, we must have Nς,b ≥ b for all b ∈ N, else

∑
1≤ℓ≤bN

−1
ς,ℓ > b · b−1 = 1. Then

(3.18) implies for any b ∈ (2k − 2δk, 2k], k ≥ κ, that

logNς,b ≥ log b > log(2k − 2δk) > (1− ε)k log 2

and so it follows from (Θ1) and the fact that x ∈ Fz that

0 ≤
logNωn+1,bn+1(ω,x)∑
1≤ℓ≤n logNωℓ,bℓ(ω,x)

≤
logNωn+1,bn+1(ω,x)∑

κ≤k<κ(n) logNς,bθ(k)(ω,x)

≤ 1

(1− ε) log 2

logNωn+1,bn+1(ω,x)∑
κ≤k<κ(n) k

=
2

(1− ε) log 2

logNωn+1,bn+1(ω,x)

κ(n)(κ(n)− 1)− κ(κ− 1)
.

We show that the quantity on the right-hand side of the above equation vanishes as n→ +∞,
which we do by splitting into two cases. First, suppose that n + 1 = θ(κ(n)). Then we have
bn+1(ω, x) ∈

(
2κ(n) − 2δκ(n), 2κ(n)

]
since x ∈ Fz so (Θ1) and (3.20) yield

logNωn+1,bn+1(ω,x) = logNς,bn+1(ω,x) ≤
1 + ε

ηT
log bn+1(ω, x) ≤

1 + ε

ηT
κ(n) log 2. (3.28)

Suppose instead that n + 1 ̸= θ(κ(n)). Then n + 1 ̸= θ(k) for all k ≥ κ so it follows from the
fact that x ∈ Fz and Lemma 3.11 that

logNωn+1,bn+1(ω,x) = logNωn+1,bn+1(ω,z) ≤
1 + ε

η
log(n+ 1) ≤ 1 + ε

η
κ(n) log 2,

using that n ≥ N ′. Since ηT ≥ η, we have that

0 ≤ lim
n→+∞

logNωn+1,bn+1(ω,x)

κ(n)(κ(n)− 1)− κ(κ− 1)
≤ 1 + ε

η
lim

n→+∞

κ(n) log 2

κ(n)(κ(n)− 1)− κ(κ− 1)
= 0.

67



3

CHAPTER 3. BESICOVITCH-EGGLESTON SETS FOR NGLS MAPS

Consequently,

lim
n→+∞

log|⟨b1(ω, x) · · · bn+1(ω, x)⟩ω|
log|⟨b1(ω, x) · · · bn(ω, x)⟩ω|

= lim
n→+∞

∑
1≤ℓ≤n+1 logNωℓ,bℓ(ω,x)∑
1≤ℓ≤n logNωℓ,bℓ(ω,x)

= 1 + lim
n→+∞

logNωn+1,bn+1(ω,x)∑
1≤ℓ≤n logNωℓ,bℓ(ω,x)

= 1

and so (3.27) holds. Therefore, dimH Fz = dimω Fz ≥ t0.

We now have everything that we need to prove Proposition 3.9.

Proof of Proposition 3.9. Recall that ς ∈ S satisfies (3.17). Fix ε, δ ∈ (0, 1), and take κ ∈ N
(depending on ε, δ) so that (3.18) and (3.20) hold. Fix z ∈ FT ,ω(α) as in Lemma 3.11. Let
Fz = Fz(ε, δ) be the subset of FT ,ω(α) defined in (3.21), and let µz be the measure con-
structed in Lemma 3.10 that is supported on Fz. To obtain a lower bound for dimH FT ,ω(α),
by Lemma 3.12, it suffices to show that

lim inf
n→+∞

log µz(⟨b1(ω, x) · · · bn(ω, x)⟩ω)
log|⟨b1(ω, x) · · · bn(ω, x)⟩ω|

≥ δ

1 + ε
ηT , ∀x ∈ Fz, (3.29)

since then dimH FT ,ω(α) ≥ dimH Fz ≥ δ
1+ε

ηT and we can take ε → 0 and δ → 1 to get the
desired lower bound. Take x ∈ Fz and observe that

− log|⟨b1(ω, x) · · · bn(ω, x)⟩ω| =
∑

1≤ℓ≤n

logNωℓ,bℓ(ω,x)

≤
∑

1≤ℓ≤n

logNωℓ,bℓ(ω,z) +
∑

κ≤k<κ(n)

logNς,bθ(k)(ω,x).

By the same reasoning as in the derivation of (3.28), we have

logNς,bθ(k)(ω,x) ≤
1 + ε

ηT
k log 2, ∀k ≥ κ,

so, for any x ∈ Fz,

log µz(⟨b1(ω, x) · · · bn(ω, x)⟩ω)
log|⟨b1(ω, x) · · · bn(ω, x)⟩ω|

≥
∑

κ≤k<κ(n) δk log 2∑
1≤ℓ≤n logNωℓ,bℓ(ω,z) +

1+ε
ηT

∑
κ≤k<κ(n) k log 2

=
cnδ

1 + ε
ηT ,

where

cn ..=

∑
κ≤k<κ(n) k log 2

ηT
1+ε

∑
1≤ℓ≤n logNωℓ,bℓ(ω,z) +

∑
κ≤k<κ(n) k log 2

.

By Lemma 3.11, it follows that

lim
n→+∞

∑
1≤ℓ≤n logNωℓ,bℓ(ω,z)∑
κ≤k<κ(n) k log 2

=
2

log 2
lim

n→+∞

∑
1≤ℓ≤n logNωℓ,bℓ(ω,z)

κ(n)(κ(n)− 1)− κ(κ− 1)
= 0,

and thus cn → 1 as n→ +∞, which gives (3.29). Therefore,

dimH FT ,ω(α) ≥ δ

1 + ε
ηT

by Lemma 3.12 and we may take ε→ 0 and δ → 1 to conclude the proof.
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3.6 Lower Bound: Fibre Dimension

Fix an NGLS map (T , ω). This section will be devoted to proving that βT (α) is a lower bound
for dimH FT ,ω(α). In the autonomous setting of [FLMW10], this is achieved by applying the
Birkhoff Ergodic Theorem, but this is not an option for us in our non-autonomous setting.
Consequently, we must find an alternate method of proof for this bound. We do this by con-
structing in §3.6.1 a sequence ((T (m), ω))m∈N of NGLS maps from T , where T (m) ..= {T (m)

s }s∈S
consists of unit interval maps with only finitely many branches; the first m branches of T

(m)
s ,

ordered by decreasing branch-support length, are taken to agree with the first m branches of
Ts. The purpose of these maps will be to provide a finite-branched approximation of the maps
of T , becoming more accurate as m→ +∞. We will then show in §3.6.2 that the lower bound
βT (α) of dimH FT ,ω(α) follows by relating certain dimension quantities associated with (T , ω)
and (T (m), ω) as m → +∞, allowing us to apply methods that work on finite alphabets, e.g.
from Theorem 2.2 and [BI09, Theorem 3.1]. More precisely, we will relate the pointwise di-

mensions of a measure µω,α supported on FT ,ω(α) and its counterpart measure µ
(m)
ω,α associated

with (T (m), ω) – see Lemma 3.14 and Corollary 3.15 below for the construction of the measures
and (3.38) for the relation between their pointwise dimensions.

3.6.1 Approximation with Finite-branched NGLS Maps

In this section, we construct the NGLS maps (T (m), ω), m ∈ N, and establish some of their
main properties needed in the proof of Theorem 3.3.

Fix m ∈ N and s ∈ S. Note that the set [0, 1] \
⋃
b∈Bs, b≤m Is,b is the union of at most finitely

many disjoint (non-degenerate) closed intervals and at most finitely many singletons and can

possibly be empty. We will construct T
(m)
s from Ts ∈ T by keeping the first m branches of

Ts, that is, those branches supported on intervals Is,b with b ≤ m, and then putting affine and
positively oriented branches on the remainder of the interval. Instead of labelling the intervals
I
(m)
s,b of the GLS maps T

(m)
s by consecutive integers, as we did for Ts, we now do the following.

For b ∈ Bs ∩ {1, 2, . . . ,m}, we set I(m)
s,b

..= Is,b, i.e. we use the same labels as for Ts. In addition,

we label each non-degenerate open interval I of maximal length in [0, 1]\
⋃
b∈Bs, b≤m Is,b by I

(m)
s,b ,

where b = min{c ∈ N : Is,c ⊆ I} > m. Let B(m)
s denote the corresponding branch-indexing set

for T
(m)
s . Then B

(m)
s = {1, 2, . . . ,m + 1} ∪ B̃(m)

s for some set B̃
(m)
s ⊆ N>m+1. Let ℓ

(m)
s,b denote

the left endpoint of the interval I
(m)
s,b . Then we define T

(m)
s : [0, 1] → [0, 1] by

T (m)
s (x) =


Ts(x), if x ∈ I

(m)
s,b , b ≤ m,∣∣I(m)

s,b

∣∣−1(
x− ℓ

(m)
s,b

)
, if x ∈ I

(m)
s,b , b > m,

0, otherwise.

See Figure 3.2 for examples of GLS maps and their first three associated approximations. Note
that we have chosen the labels of the intervals such that the map T

(m+1)
s equals T

(m)
s on all

intervals except I
(m)
s,m+1, which for T

(m+1)
s is split into at most three intervals; these intervals are

I
(m+1)
s,m+1 and at most two other intervals I

(m+1)
s,b′ for some b′ ∈ N such that no interval I

(m)
s,b′ exists.

For each m ∈ N, put T (m) ..=
{
T

(m)
s

}
s∈S , and denote by D(m) ..=

{
(s, b) ∈ D : s ∈ S, b ∈ B(m)

s

}
the associated digit set. Observe then that Dm is a subset of both D and D(m). In fact, Dm is
precisely the set of labels of branches that are shared by each Ts and T

(m)
s , s ∈ S.
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Figure 3.2: Three examples of GLS maps Ts with their first three approximations T
(m)
s for

m = 1, 2, 3. In (a)-(c), we see the first three approximations of the Lüroth map TL shown in
(d). In (e)-(g), we see the first three approximations of the GLS map TF with finite set BF
shown in (h). In (i)-(k), we see the first three approximations of the GLS map TI with infinite
set BI shown in (l).

Given a frequency vector α = (αd)d∈D, define the frequency vector α(m) = (α
(m)
d )d∈D(m) by

α
(m)
(s,b)

..=



α(s,b), if b ≤ m,

∑
c∈Bs

Is,c⊂I(m)
s,b

α(s,c), otherwise.
(3.30)

In other words, α(m) is defined to be the same as α on the intervals I
(m)
s,b , b ≤ m, and is

otherwise the sum of the entries of α whose indices label intervals Is,c contained in I
(m)
s,b , b > m.

For each c ∈ B(m)
s , set N

(m)
s,c

..=
∣∣T (m)
s

′∣∣ on I(m)
s,c . To distinguish the FFIs of an NGLS (T , ω) and

an approximation NGLS (T (m), ω), m ∈ N, we shall write ⟨b1 · · · bn⟩(m)
ω with bℓ ∈ B(m)

ωℓ for each
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1 ≤ ℓ ≤ n and n ∈ N for the FFIs of the latter NGLS. Given the definition of the frequency
vector α(m) in (3.30), define the Besicovitch-Eggleston α(m)-level set for (T (m), ω) by

FT (m), ω(α
(m)) ..=

{
x ∈ X(m)

ω : lim
n→+∞

#{1 ≤ ℓ ≤ n : (ωℓ, b
(m)
ℓ (ω, x)) = d}

n
= α

(m)
d ∀d ∈ D(m)

}
,

where X
(m)
ω is defined similarly to Xω but instead with respect to (T (m), ω) (recall (3.5)), and

b
(m)
ℓ (ω, x) is the ℓth digit in the (T (m), ω)-expansion of x.

In Lemma 3.14 below, we will construct a probability measure µω,α supported on FT ,ω(α).
The method used will allow us to obtain as a corollary the existence of probability measures
µ
(m)
ω,α supported on FT (m),ω(α

(m)), m ∈ N. These measures will allow us to obtain the lower
bound βT (α) for dimH FT ,ω(α) in the next section. We will deduce the existence of µω,α via
Carathéodory’s extension theorem, but, before we can do this, we first need to construct a
measure-theoretic ring of subsets Fω,α of FT ,ω(α) and a candidate pre-measure µ∗

ω,α on Fω,α.
Put

Fω,α
..=
{
A ∩ FT ,ω(α) : A is a countable union of FFIs of (T , ω)

}
∪ {∅}.

For A ∩ FT ,ω(α) ∈ Fω,α, we define the Fω,α-maximal partition to be the unique partition
P ⊆ Fω,α of A ∩ FT ,ω(α) into non-empty elements of Fω,α such that, for each P ∈ P , there
does not exist an FFI B with P ⊊ B ∩ FT ,ω(α) ⊊ A ∩ FT ,ω(α), and we denote it by PA. We
then set µ∗

ω,α(∅) ..= 0 and

µ∗
ω,α

(
A ∩ FT ,ω(α)

)
..=

∑
⟨b1···bn⟩ω∩FT ,ω(α)∈PA

∏
1≤ℓ≤n

α(ωℓ,bℓ)

αωℓ

for any countable union of FFIs A. Note that if A = ⟨b1 · · · bn⟩ω is an FFI, then it follows that
PA = {A ∩ FT ,ω(α)} and µ∗

ω,α(A ∩ FT ,ω(α)) =
∏

1≤ℓ≤n α(ωℓ,bℓ)/αωℓ
< +∞. From this, one can

deduce for each m ≥ n that∑
c1···cm∈Bm

ω
⟨c1···cm⟩ω∩FT ,ω(α)⊂A∩FT ,ω(α)

µ∗
ω,α

(
⟨c1 · · · cm⟩ω ∩ FT ,ω(α)

)
=

∑
c1···cm∈Bm

ω
⟨c1···cm⟩ω∩FT ,ω(α)⊂A∩FT ,ω(α)

∏
1≤ℓ≤m

α(ωℓ,cℓ)

αωℓ

=
∑

c1···cm−1∈Bm−1
ω

⟨c1···cm−1⟩ω∩FT ,ω(α)⊂A∩FT ,ω(α)

( ∏
1≤ℓ≤m−1

α(ωℓ,cℓ)

αωℓ

) ∑
cm∈Bωm

α(ωm,cm)

αωm

=
∑

c1···cm−1∈Bm−1
ω

⟨c1···cm−1⟩ω∩FT ,ω(α)⊂A∩FT ,ω(α)

∏
1≤ℓ≤m−1

α(ωℓ,cℓ)

αωℓ

= · · ·

=
∑

c1···cn∈Bn
ω

⟨c1···cn⟩ω∩FT ,ω(α)⊂A∩FT ,ω(α)

∏
1≤ℓ≤n

α(ωℓ,cℓ)

αωℓ

=
∏

1≤ℓ≤n

α(ωℓ,bℓ)

αωℓ

= µ∗
ω,α

(
A ∩ FT ,ω(α)

)
. (3.31)

We have the following lemma on the value of µ∗
ω,α on FFIs.
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Lemma 3.13. Fix a frequency vector α satisfying (∗), and suppose that there is an s ∈ S for
which 0 < α(s,b) < αs for some b ∈ Bs. Let ω ∈ ΩT (α). Then for each ε > 0 there is a K ∈ N
such that for all n ≥ K and for all b1 · · · bn ∈ Bnω,

µ∗
ω,α

(
⟨b1 · · · bn⟩ω ∩ FT ,ω(α)

)
< ε.

Proof. The assumption implies that 0 ≤ α(s,b) < αs for all b ∈ Bs so, for any b1 · · · bn ∈ Bnω, we
have

µ∗
ω,α

(
⟨b1 · · · bn⟩ω ∩ FT ,ω(α)

)
=
∏

1≤ℓ≤n

α(ωℓ,bℓ)

αωℓ

≤
(
max{α(s,b) : b ∈ Bs}

αs

)τs(ω,n)
.

The result follows since τs(ω, n) → +∞ as n→ +∞.

The following lemma states that µ∗
ω,α can be extended to a probability measure.

Lemma 3.14. Fix a frequency vector α satisfying (∗), and suppose that there is an s ∈ S for
which 0 < α(s,b) < αs for some b ∈ Bs. Then µ∗

ω,α is a pre-measure over the measure-theoretic
ring of subsets Fω,α of FT ,ω(α) and extends to a probability measure µω,α on the measurable
space

(
[0, 1],B([0, 1])

)
. Furthermore, µω,α has support FT ,ω(α) and satisfies

µω,α
(
⟨b1 · · · bn⟩ω

)
=
∏

1≤ℓ≤n

α(ωℓ,bℓ)

αωℓ

, ∀b1 · · · bn ∈ Bnω, n ∈ N. (3.32)

Proof. To show that the map µ∗
ω,α is a pre-measure on Fω,α we need to prove for any countable

union of FFIs A and any countable collection of countable unions of FFIs (Aj)j∈J so that
A =

⋃
j∈J Aj that

µ∗
ω,α(A ∩ FT ,ω(α)) =

∑
j∈J

µ∗
ω,α

(
Aj ∩ FT ,ω(α)

)
.

We split the proof that the map µ∗
ω,α is a pre-measure on Fω,α into a couple of steps.

Step 1: A bound on the level of the FFIs

The first step is to consider the situation where there is a bound on the level of the FFIs involved.
Let A = ⟨b1 · · · bn⟩ω, Aj = ⟨b(j)1 · · · b(j)nj ⟩ω be FFIs and assume thatM ..= sup{nj : j ∈ J} < +∞.
Then

µ∗
ω,α

(
A ∩ FT ,ω(α)

)
=
∏

1≤ℓ≤n

α(ωℓ,bℓ)

αωℓ

and µ∗
ω,α

(
Aj ∩ FT ,ω(α)

)
=

∏
1≤ℓ≤nj

α
(ωℓ,b

(j)
ℓ )

αωℓ

(3.33)

for all j ∈ J . Then, using (3.31) for A and each Aj, j ∈ J , yields

µ∗
ω,α

(
A ∩ FT ,ω(α)

)
=

∑
c1···cM∈BM

ω
⟨c1···cM ⟩ω∩FT ,ω(α)⊂A∩FT ,ω(α)

∏
1≤ℓ≤M

α(ωℓ,cℓ)

αωℓ

=
∑
j∈J

∑
c1···cM∈BM

ω
⟨c1···cM ⟩ω∩FT ,ω(α)⊂Aj∩FT ,ω(α)

∏
1≤ℓ≤M

α(ωℓ,cℓ)

αωℓ

=
∑
j∈J

µ∗
ω,α

(
Aj ∩ FT ,ω(α)

)
.

(3.34)

Now suppose that A and Aj, j ∈ J , are instead countable unions of FFIs. We shall denote by
PA = {A(i) ∩ FT ,ω(α) : i ∈ I} the Fω,α-maximal partition of A with countable index set I so
that each A(i) is an FFI and

µ∗
ω,α

(
A ∩ FT ,ω(α)

)
=
∑
i∈I

µ∗
ω,α

(
A(i) ∩ FT ,ω(α)

)
.
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Similarly, for each j ∈ J , write

PAj
=
{〈
b
(j,k)
1 · · · b(j,k)nj,k

〉
ω
∩ FT ,ω(α) : k ∈ Kj

}
for some countable index set Kj so that

µ∗
ω,α

(
Aj ∩ FT ,ω(α)

)
=
∑
k∈Kj

µ∗
ω,α

(〈
b
(j,k)
1 · · · b(j,k)nj,k

〉
ω
∩ FT ,ω(α)

)
.

Assume that sup{nj,k : j ∈ J, k ∈ Kj} < +∞. Set Aj,k ..= ⟨b(j,k)1 · · · b(j,k)nj,k ⟩ω. Then for each Aj,k,
there is a unique A(i) such that Aj,k ⊆ A(i) so define J (i) ..= {(j, k) : Aj,k ⊆ A(i), j ∈ J, k ∈ Kj}.
Since ⋃

i∈I

A(i) ∩ FT ,ω(α) =
⋃
j∈J

⋃
k∈Kj

Aj,k ∩ FT ,ω(α),

it must hold that
⋃
i∈I J

(i) = {(j, k) : j ∈ J, k ∈ Kj}. Therefore,

µ∗
ω,α

(
A ∩ FT ,ω(α)

)
=
∑
i∈I

µ∗
ω,α

(
A(i) ∩ FT ,ω(α)

)
=
∑
i∈I

∑
(j,k)∈J(i)

µ∗
ω,α

(
Aj,k ∩ FT ,ω(α)

)
=
∑
j∈J

∑
k∈Kj

µ∗
ω,α

(
Aj,k ∩ FT ,ω(α)

)
=
∑
j∈J

µ∗
ω,α

(
Aj ∩ FT ,ω(α)

)
,

where we have used (3.34) in the second equality.

Step 2: No bound on the level of the FFIs

Suppose that A is an FFI and each Aj, j ∈ J , is a countable union of FFIs. As above, for each
j ∈ J , write

PAj
=
{〈
b
(j,k)
1 · · · b(j,k)nj,k

〉
ω
∩ FT ,ω(α) : k ∈ Kj

}
for some countable index set Kj and FFIs Aj,k = ⟨b(j,k)1 · · · b(j,k)nj,k ⟩ω, k ∈ Kj. Now assume that
sup{nj,k : j ∈ J, k ∈ Kj} = +∞. Enumerate the elements of {nj,k : j ∈ J, k ∈ Kj} by
p1 < p2 < p3 < · · · and for each m set Jm = {(j, k) : nj,k = pm, j ∈ J, k ∈ Kj}. For each
m ∈ N, we have by the previous step that

µ∗
ω,α

 ⋃
1≤ℓ≤m

⋃
(j,k)∈Jℓ

Aj,k ∩ FT ,ω(α)

 =
∑

1≤ℓ≤m

∑
(j,k)∈Jℓ

µ∗
ω,α

(
Aj,k ∩ FT ,ω(α)

)
,

and we see that the sequence (µ∗
ω,α(

⋃
1≤ℓ≤m

⋃
(j,k)∈Jℓ Aj,k ∩ FT ,ω(α)))m∈N is increasing and the

limit as m→ +∞ exists. Also for m ∈ N, let

Bm
..= A \

⋃
1≤ℓ≤m

⋃
(j,k)∈Jℓ

Aj,k.

Note that Bm is not necessarily a countable union of FFIs as it might contain some of the
endpoints of FFIs that are not contained in any FFI or some accumulation points of the
branches of Tmω . However, since FT ,ω(α) ⊆ Xω, we have that

Bm ∩ FT ,ω(α) =
⋃
ℓ∈Lm

Bm,ℓ ∩ FT ,ω(α)
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for some countable collection (Bm,ℓ)ℓ∈Lm of FFIs of level pm. Therefore, µ
∗
ω,α(Bm ∩ FT ,ω(α)) is

well-defined and, by (3.34),

µ∗
ω,α

(
Bm ∩ FT ,ω(α)

)
=
∑
ℓ∈Lm

µ∗
ω,α

(
Bm,ℓ ∩ FT ,ω(α)

)
.

Note that
Bm = Bm+1 ∪

⋃
(j,k)∈Jm+1

Aj,k, (3.35)

so, by Step 1, (µ∗
ω,α(Bm ∩ FT ,ω(α)))m∈N is a decreasing sequence and the limit as m → +∞

exists. For each m ∈ N, we can write

A =
⋃

1≤ℓ≤m

⋃
(j,k)∈Jℓ

Aj,k ∪Bm

and thus we have by Step 1 that

µ∗
ω,α

(
A ∩ FT ,ω(α)

)
=
∑

1≤ℓ≤m

∑
(j,k)∈Jℓ

µ∗
ω,α

(
Aj,k ∩ FT ,ω(α)

)
+ µ∗

ω,α

(
Bm ∩ FT ,ω(α)

)
.

Taking the limit as m→ +∞ yields

µ∗
ω,α

(
A ∩ FT ,ω(α)

)
=
∑
j∈J

µ∗
ω,α

(
Aj ∩ FT ,ω(α)

)
+ lim

m→+∞
µ∗
ω,α

(
Bm ∩ FT ,ω(α)

)
.

What is left to show is that µ∗
ω,α(Bm ∩ FT ,ω(α)) → 0 as m → +∞. Suppose to the contrary

that µ∗
ω,α(Bm ∩ FT ,ω(α)) ↛ 0 as m → +∞. This means that there exists an ε > 0 such that,

for all m ∈ N, we have µ∗
ω,α(Bm ∩ FT ,ω(α)) > 2ε. By Step 1, we know for each m ∈ N and

m′ ≥ pm that

µ∗
ω,α

(
Bm ∩ FT ,ω(α)

)
=

∑
d1···dm′∈Bm′

ω

⟨d1···dm′ ⟩ω⊆Bm

∏
1≤ℓ≤m′

αωℓ,dℓ

αωℓ

≤
∑

d1···dm′∈Bm′
ω

⟨d1···dm′ ⟩ω⊆A

∏
1≤ℓ≤m′

αωℓ,dℓ

αωℓ

= µ∗
ω,α

(
A ∩ FT ,ω(α)

)
< +∞.

Therefore, by Lemma 3.13 there is a k1 ≥ pm such that for each k ≥ k1 we can find a finite
subset E (m,k) ⊆ {d1 · · · dk ∈ Bkω : ⟨d1 · · · dk⟩ω ⊆ Bm} for which∑

d1···dk∈E(m,k)

∏
1≤ℓ≤k

αωℓ,dℓ

αωℓ

≥
∑

d1···dk∈Bk
ω

⟨d1···dk⟩ω⊆Bm

∏
1≤ℓ≤k

αωℓ,dℓ

αωℓ

− ε

2m+1
.

Let Ek,l and Ek,r denote the left and rightmost FFIs from {⟨d1 · · · dk⟩ω : d1 · · · dk ∈ E (m,k)}
respectively. By Lemma 3.13, we can find a k = k(m) ≥ k1 such that

µ∗
ω,α

(
Ek,l ∩ FT ,ω(α)

)
+ µ∗

ω,α

(
Ek,r ∩ FT ,ω(α)

)
<

ε

2m+1
.

Let
Cm =

⋃
d1···dk∈E(m,k)

⟨d1 · · · dk⟩ω \ (Ek,l ∪ Ek,r).
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Then Cm ⊆ Bm and moreover, by (3.34)

µ∗
ω,α

(
Cm ∩ FT ,ω(α)

)
=

∑
d1···dk∈E(m,k)

∏
1≤ℓ≤k

αωℓ,dℓ

αωℓ

− µ∗
ω,α

(
Ek,l ∩ FT ,ω(α)

)
− µ∗

ω,α

(
Ek,r ∩ FT ,ω(α)

)
≥

∑
d1···dk∈Bk

ω
⟨d1···dk⟩ω⊆Bm

∏
1≤ℓ≤k

αωℓ,dℓ

αωℓ

− ε

2m+1
− ε

2m+1

= µ∗
ω,α

(
Bm ∩ FT ,ω(α)

)
− ε

2m
.

For each m ∈ N, the set
⋂

1≤k≤mCm is a countable union of FFIs of level at most k(m).
Therefore, we have for each m ∈ N by Step 1 that

µ∗
ω,α

(
Bm ∩ FT ,ω(α)

)
− µ∗

ω,α

( ⋂
1≤k≤m

Ck ∩ FT ,ω(α)

)

= µ∗
ω,α

((
Bm \

⋂
1≤k≤m

Ck

)
∩ FT ,ω(α)

)
≤ µ∗

ω,α

( ⋃
1≤k≤m

(Bk \ Ck) ∩ FT ,ω(α)

)
≤
∑

1≤k≤m

µ∗
ω,α

(
(Bk \ Ck) ∩ FT ,ω(α)

)
≤
∑

1≤k≤m

ε

2k
≤ ε.

However, we also have µ∗
ω,α(Bm ∩ FT ,ω(α)) ≥ 2ε so we must have

µ∗
ω,α

( ⋂
1≤k≤m

Ck ∩ FT ,ω(α)

)
≥ ε, ∀m ∈ N.

For eachm ∈ N, if we putKm
..=
⋂

1≤k≤mCk, thenKm is compact with µ∗
ω,α(Km∩FT ,ω(α)) ≥ ε,

which means that Km ̸= ∅. Therefore, the fact that Km ⊂ Cm ⊂ Bm for all m ∈ N together
with (3.35) yields

∅ ≠
⋂
m∈N

Km ⊂
⋂
m∈N

Bm = ∅,

which is a contradiction. Hence,

lim
m→+∞

µ∗
ω,α

(
Bm ∩ FT ,ω(α)

)
= 0

and thus µ∗
ω,α(A ∩ FT ,ω(α)) =

∑
j∈J µ

∗
ω,α(Aj ∩ FT ,ω(α)) also in this case.

To show countable additivity, it only remains to consider the case when A and Aj, j ∈ J , are
both countable unions of FFIs. Having established the result for FFIs A, this now follows by
the same reasoning used at the end of Step 1. Hence, µ∗

ω,α is countably additive.

Step 3: Existence of the probability measure µω,α satisfying (3.32)

From the above, it follows that µ∗
ω,α is a pre-measure on Fω,α and so extends to a measure µω,α

on
(
FT ,ω(α), σ(Fω,α)

)
by Carathéodory’s extension theorem. We may further extend µω,α to

the measurable space
(
[0, 1],B([0, 1])

)
by setting

µω,α(B) = µω,α
(
B ∩ FT ,ω(α)

)
, ∀B ∈ B([0, 1]).

Since µω,α agrees with µ∗
ω,α on Fω,α, (3.32) follows from (3.33). To see that µω,α is a probability

measure, observe that

µω,α
(
FT ,ω(α)

)
= µω,α

 ⋃
b∈Bω1

⟨b⟩ω ∩ FT ,ω(α)

 =
∑
b∈Bω1

α(ω1,b)

αω1

= 1.
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Then, since µω,α(B) = µω,α(B ∩ FT ,ω(α)) ≤ µω,α(FT ,ω(α)) for all B ∈ B([0, 1]), it follows that
µω,α is a probability measure with support FT ,ω(α).

We obtain the following corollary of Lemma 3.14 for the NGLS maps (T (m), ω), m ∈ N.

Corollary 3.15. Fix m ∈ N, and suppose that there exists an s ∈ S such that 0 < α
(m)
(s,b) < αs

for some b ∈ B(m)
s . Then there is a probability measure µ

(m)
ω,α defined on the measurable space(

[0, 1],B([0, 1])
)
that is supported on FT (m),ω(α

(m)) with

µ(m)
ω,α

(
⟨b1 · · · bn⟩(m)

ω

)
=
∏

1≤ℓ≤n

α
(m)
(ωℓ,bℓ)

αωℓ

, ∀b1 · · · bn ∈
∏

1≤ℓ≤n

B(m)
ωℓ
. (3.36)

The next lemma relates the measures µω,α and µ
(m)
ω,α, m ∈ N.

Lemma 3.16. For every B ∈ B([0, 1]),

µω,α(B) = lim
m→+∞

µ(m)
ω,α(B).

Proof. As F ∪ {∅} generates B([0, 1]) and µω,α(∅) = µ
(m)
ω,α(∅) = 0 for all m ∈ N, it suffices to

show for each b1 · · · bn ∈ Bnω that there is an m0 ∈ N such that

µ(m)
ω,α

(
⟨b1 · · · bn⟩ω

)
= µω,α

(
⟨b1 · · · bn⟩ω

)
for all m ≥ m0. So, fix n ∈ N and b1 · · · bn ∈ Bnω. Then m0

..= max{bℓ : 1 ≤ ℓ ≤ n} + 1 is such
that (ωℓ, bℓ) ∈ Dm ⊂ D(m) for all 1 ≤ ℓ ≤ n and all m ≥ m0. Thus, by (3.32), (3.36) and the
definition of α(m), we have

µ(m)
ω,α

(
⟨b1 · · · bn⟩ω

)
= µ(m)

ω,α

(
⟨b1 · · · bn⟩(m)

ω

)
=
∏

1≤ℓ≤n

α
(m)
(ωℓ,bℓ)

αωℓ

=
∏

1≤ℓ≤n

α(ωℓ,bℓ)

αωℓ

= µω,α
(
⟨b1 · · · bn⟩ω

)
for all m ≥ m0.

3.6.2 Proving Theorem 3.3

We first show that dimH FT ,ω(α) ≥ βT (α) for all ω ∈ ΩT (α) using the NGLS maps (T (m), ω),
m ∈ N, constructed in §3.6.1, which will then allow us to prove Theorem 3.3 at the end of this
section. To prove the lower bound, we begin with the case when

∑
d∈D αd logNd < +∞.

Proposition 3.17. If
∑

d∈D αd logNd < +∞, then dimH FT ,ω(α) ≥ βT (α) for all ω ∈ ΩT (α).

Proof. Fix ω ∈ ΩT (α). We first prove a trivial case. If there is no s ∈ S for which 0 < α(s,b) < αs
for some b ∈ Bs, then it follows for each s ∈ S that there is a cs ∈ Bs such that α(s,cs) = αs and
α(s,b) = 0 for all b ∈ Bs \ {cs}. Thus, we have∑

s∈S

αs logαs =
∑
s∈S

α(s,cs) logα(s,cs) =
∑
d∈D

αd logαd,

using the convention that 0 log 0 ..= 0, which implies that

βT (α) = lim inf
m→+∞

∑
s∈S αs logαs −

∑
d∈D αd logαd∑

d∈Dm
αd logNd

= 0 ≤ dimH FT ,ω(α).
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Therefore, suppose that there is an s ∈ S such that 0 < α(s,b) < αs for some b ∈ Bs, and note

that this implies that there is an M ∈ N such that, for each m ≥ M , 0 < α
(m)
(s,b) < αs for the

same s ∈ S and for some b ∈ B(m)
s . Let µω,α be the measure defined in Lemma 3.14, and, for

each m ≥ M , let µ
(m)
ω,α be the measure defined in Corollary 3.15. To obtain the desired lower

bound, the aim is to relate dimH FT ,ω(α) with the Hausdorff dimension of each of the measures

µ
(m)
ω,α for m ∈ N sufficiently large. Since these measures are defined on limit sets constructed

using finite digit sets, we will then be able to use the method in [BI09, Theorem 3.1] to show
that

d
µ
(m)
ω,α

(x) ≥ cm

∑
s∈S αs logαs −

∑
d∈Dm

αd logαd∑
d∈Dm

αd logNd

, µ(m)
ω,α-a.e. x ∈ [0, 1], (3.37)

where (cm)m∈N is a sequence of constants such that cm → 1 as m → +∞. To complete the
proof, we will apply Lemma 1.5; so, fix δ > 0. Since µω,α

(
FT ,ω(α)

)
= 1, Lemma 3.16 implies

that there is an M(δ) ≥M such that µ
(m)
ω,α

(
FT ,ω(α)

)
> 1− δ for all m ≥M(δ). Fix m ≥M(δ).

Then

dimH FT ,ω(α) ≥ inf
{
dimH A : A ∈ B([0, 1]), µ(m)

ω,α(A) > 1− δ
}
≥ dimH µ

(m)
ω,α − E(δ), (3.38)

where

E(δ) ..= sup
m′≥M(δ)

∣∣∣dimH µ
(m′)
ω,α − inf

{
dimH A : A ∈ B([0, 1]), µ(m′)

ω,α (A) > 1− δ
}∣∣∣.

From (1.7), we see for any m′ ≥M(δ) that

dimH µ
(m′)
ω,α = lim

ε→0
inf{dimH A : A ∈ B([0, 1]), µ(m′)

ω,α (A) > 1− ε}.

Then

lim
ε→0

∣∣∣dimH µ
(m′)
ω,α − inf

{
dimH A : A ∈ B([0, 1]), µ(m′)

ω,α (A) > 1− ε
}∣∣∣ = 0

so, since M(δ) increases to +∞ as δ decreases to 0, we see that E(δ) is monotone decreasing
to 0 as δ → 0.

By Lemma 1.5, proving (3.37) will mean that the same lower bound will hold for dimH µ
(m)
ω,α.

By a standard argument in dimension theory (see e.g. [Pes97, Theorem 15.3]), replacing the

balls in the definition of the (lower) pointwise dimension of µ
(m)
ω,α at x with FFIs of (T (m), ω)

yields a lower bound for µ
(m)
ω,α-a.e. x ∈ [0, 1]:

d
µ
(m)
ω,α

(x) ..= lim inf
r→0

log µ
(m)
ω,α

(
B(x, r)

)
log r

≥ lim inf
n→+∞

log µ
(m)
ω,α

(〈
b
(m)
1 (ω, x) · · · b(m)

n (ω, x)
〉(m)

ω

)
log
∣∣〈b(m)

1 (ω, x) · · · b(m)
n (ω, x)

〉(m)

ω

∣∣
= lim inf

n→+∞

1
n

∑
1≤ℓ≤n log(α

(m)

(ωℓ,b
(m)
ℓ (ω,x))

/αωℓ
)

− 1
n

∑
1≤ℓ≤n logN

(m)

ωℓ,b
(m)
ℓ (ω,x)

.

By Corollary 3.15, µ
(m)
ω,α-a.e. x ∈ [0, 1] belongs to FT (m), ω(α

(m)) so we may collect like terms to
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see that for such x,

lim
n→+∞

1

n

∑
1≤ℓ≤n

log
α
(m)

(ωℓ,b
(m)
ℓ (ω,x))

αωℓ

= lim
n→+∞

 ∑
d∈D(m)

τd
(
ω, b

(m)
1 (ω, x) · · · b(m)

n (ω, x)
)

n
logα

(m)
d −

∑
s∈S

τs(ω, n)

n
logαs


=
∑

d∈D(m)

α
(m)
d logα

(m)
d −

∑
s∈S

αs logαs

and

lim
n→+∞

1

n

∑
1≤ℓ≤n

logN
(m)

ωℓ,b
(m)
ℓ (ω,x)

= lim
n→+∞

∑
d∈D(m)

τd
(
ω, b

(m)
1 (ω, x) · · · b(m)

n (ω, x)
)

n
logN

(m)
d

=
∑

d∈D(m)

α
(m)
d logN

(m)
d > 0.

Since the sets D(m) and S are finite, we therefore have for µ
(m)
ω,α-a.e. x ∈ [0, 1] that

d
µ
(m)
ω,α

(x) ≥
∑

s∈S αs logαs −
∑

d∈D(m) α
(m)
d logα

(m)
d∑

d∈D(m) α
(m)
d logN

(m)
d

≥
∑

s∈S αs logαs −
∑

d∈Dm
αd logαd∑

d∈Dm
αd logNd +

∑
d∈D(m)\Dm

α
(m)
d logN

(m)
d

= cm

∑
s∈S αs logαs −

∑
d∈Dm

αd logαd∑
d∈Dm

αd logNd

,

where

cm ..=

∑
d∈Dm

αd logNd∑
d∈Dm

αd logNd +
∑

d∈D(m)\Dm
α
(m)
d logN

(m)
d

.

Therefore, (3.37) holds and so putting (3.37), (3.38) and Lemma 1.5 together yields

dimH FT ,ω(α) ≥ cm

∑
s∈S αs logαs −

∑
d∈Dm

αd logαd∑
d∈Dm

αd logNd

− E(δ)

for all m ≥M(δ). Now, for any m ≥M(δ), observe that Ns,c ≥ N
(m)
s,b for any (s, b) ∈ D(m) and

(s, c) ∈ D such that Is,c ⊂ I
(m)
s,b so the definition of α(m) yields∑

d∈D(m)\Dm

α
(m)
d logN

(m)
d =

∑
s∈S

∑
b∈B(m)

s
b>m

∑
c∈Bs

Is,c⊂I(m)
s,b

α(s,c) logN
(m)
s,b ≤

∑
s∈S

∑
b∈B(m)

s
b>m

∑
c∈Bs

Is,c⊂I(m)
s,b

α(s,c) logNs,c

=
∑

d∈D\Dm

αd logNd < +∞

by the assumption. Thus, we may take m → +∞ to see that
∑

d∈D(m)\Dm
α
(m)
d logN

(m)
d → 0

and so cm → 1 as m→ +∞, as desired. Hence, taking m→ +∞ gives

dimH FT ,ω(α) ≥ lim inf
m→+∞

(∑
s∈S αs logαs −

∑
d∈Dm

αd logαd∑
d∈Dm

αd logNd

− E(δ)

)
= βT (α)− E(δ).

Since E(δ) → 0 as δ → 0, we may take δ → 0 to obtain the desired lower bound.
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Proof of Theorem 3.3. The upper bound is precisely Proposition 3.4.

In the case that
∑

d∈D αd logNd < +∞, then the lower bound follows from Propositions 3.9
and 3.17. If

∑
d∈D αd logNd = +∞, then we have for all ω ∈ ΩT (α) that

dimH FT ,ω(α) ≥ ηT ≥ βT (α). (3.39)

The first inequality follows from Proposition 3.9 and the second inequality follows analogously
to [FLMW10, Lemma 2.4]. In other words, we have max{ηT , βT (α)} = ηT so Proposition 3.9
gives the desired lower bound in this case.

The proof of the final statement of Theorem 3.3 follows from Proposition 3.4 and (3.39).

3.7 Additional Remarks & Examples

Remark 3.18. As for the fibres of GLS IFSs in Chapter 2, the NGLS maps (T , ω), ω ∈ Ω, are
fibre maps of a corresponding two-dimensional skew product map Ω× [0, 1] → Ω× [0, 1] given
by (ω, x) 7→ (σS(ω), Tω1(x)). We may therefore use Theorem 3.3 to deduce a lower bound for
the Hausdorff dimension of the α-level sets F (α) ..= {(ω, x) ∈ Ω× [0, 1] : τd(ω, x) = αd ∀d ∈ D}.
Note that the Hausdorff dimension for subsets of Ω×[0, 1] is defined with respect to the product
metric on Ω × [0, 1] of the metric ρp on Ω and of the Euclidean metric on [0, 1], where ρp is
defined for any choice of fixed probability vector p = (ps)s∈S with positive entries by

ρp(ω, ω
′) =

∏
1≤ℓ≤n(ω,ω′)

pωℓ
, ω, ω′ ∈ Ω,

where n(ω, ω′) ..= min{n ∈ N : ωn+1 ̸= ω′
n+1}. The lower bound in question is in terms of the

Ledrappier-Young formula for the α-Bernoulli measure µα on DN:

dimH F (α) ≥ hµα(σ)− hPα(σS)∑
d∈D αd logNd

+
hPα(σS)

−
∑

s∈S αs log ps
,

where Pα is the (αs)s∈S-Bernoulli measure on Ω. Set t0 ..= max{ηT , βT (α)}. By Theorem 3.3,
we have {ω ∈ Ω : dimH FT ,ω(α) = t0} = ΩT (α) so we may use the same reasoning as in
Remark 2.14 to find for any ω ∈ ΩT (α) that

dimH F (α) ≥ dimH FT ,ω(α) + dimH ΩT (α) = t0 + dimH ΩT (α).

It remains to compute dimH ΩT (α). Since Pα is σS-ergodic with Pα([s]) = αs for each s ∈ S,
it follows from Theorem 3.2 that ΩT (α) is a symbolic Birkhoff level set on the finite alphabet
S with respect to Pα so we may apply [FLMW10, Theorem 1.2] (the symbolic version of
Theorem 3.1) to find that

dimH ΩT (α) =
−
∑

s∈S αs logαs

−
∑

s∈S αs log ps
=

hPα(σS)

−
∑

s∈S αs log ps
.

Example 3.19. Set S = {1, 2}. Let T1 be the Lüroth map and T2 be the alternating Lüroth
map defined by T2(x) = 1− T1(x), i.e. T2 is the Lüroth map but the orientation of each of the
branches is reversed; see Figure 3.3. Set T ..= {Ts}s∈S and D = S×N. Since Ns,n = n(n+1) for
all (s, n) ∈ D, (3.3) holds and η(T1) = η(T2) =

1
2
, which implies that ηT = 1

2
. Fix ω ∈ SN. For
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any frequency vector α = (αd)d∈D satisfying (∗), the conclusions of Theorems 3.2 and 3.3 hold,
i.e. we have that dimH FT ,ω(α) = 0 if there is an s ∈ S such that τs(ω) ̸= αs and, otherwise,

dimH FT ,ω(α) = max

{
1

2
, lim inf
m→+∞

α1 logα1 + α2 logα2 −
∑

s∈S
∑

1≤n≤m α(s,n) logα(s,n)∑
1≤n≤m(α(1,n) + α(2,n)) log n(n+ 1)

}
.

In particular, if α additionally satisfies
∑

n∈N α(s,n) log n(n+1) < +∞ for each s ∈ S, then the
last equation becomes

dimH FT ,ω(α) = max

{
1

2
,
α1 logα1 + α2 logα2 −

∑
s∈S
∑

n∈N α(s,n) logα(s,n)∑
n∈N(α(1,n) + α(2,n)) log n(n+ 1)

}
.

0 1

1

1
4

1
3

1
2· · · 0 1

1

1
4

1
3

1
2· · ·

Figure 3.3: The Lüroth map (left) and the alternating Lüroth map (right).
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Chapter 4

Non-Cauchy Stable Large Deviations
for Deterministic Dynamical Systems

The results in this chapter are based on the article [IT24]:

Stable Large Deviations for Deterministic Dynamical Systems

Abstract

We obtain large deviations for a class of non-square-integrable dependent random variables in the domain of
attraction of an α-stable distribution, α ∈ (0, 1) ∪ (1, 2]. This class includes ergodic sums of observables in the
domain of attraction of an α-stable distribution driven by Gibbs-Markov maps.

4.1 Introduction

The purpose of this chapter is to obtain large deviations (LD) for a class of dependent random
variables satisfying α-stable limit laws, α ∈ (0, 1) ∪ (1, 2]. In particular, we obtain α-stable
large deviations, α ∈ (0, 1)∪ (1, 2], of a similar form as Theorem 1.8 for a class of deterministic
dynamical systems (including Gibbs-Markov maps – recall Definition 1.1 and see §4.4.1 for
details). As far as we are aware, this is the first stable LD result for dynamical systems. The
case of α = 1 has significant difficulties that we do not treat here – see Chapter 5 for related
i.i.d. results when α = 1.

A version of Theorem 1.8 for a class of dependent random variables satisfying certain clustering
and limit conditions has been obtained in [MW13], which we discuss briefly in §4.2.1. To our
knowledge, this is the only previous work in which a version ‘close’ to the general form of
Theorem 1.8 for dependent random variables has been considered; by close, we mean that (1.12)
is shown to hold in a certain range of N/an → +∞ as opposed to the whole region of n and
N so that N/an → +∞. It is not clear to us how to verify the limit conditions in [MW13,
Theorem 3.1] for the class of dynamical systems considered here, and, in this chapter, we use
a different method of proof.

The somewhat related problem of stable local large deviations (LLD)1 for deterministic dynam-
ical systems (including Gibbs-Markov maps) has been treated in [MT22]. An optimal LLD has
been obtained very recently in [MPT24] for (the much more challenging) dynamical systems
(with very heavy dependencies) of physical interest known as Lorentz gases. We note that
stable LLD does not imply stable LD; even for i.i.d. random variables, stable LLD does not

1A stable LLD result is concerned with bounds on P(Sn − bn ∈ (N − h,N + h)), for h > 0, as N/an → +∞.
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imply2 Theorem 1.8 in the generality of (1.11) though, under ideal smoothness of the tail prob-
abilities (1.11), this is in fact possible; see [Ber19, Theorem 2.4]. For deterministic dynamical
systems, the transition from the stable LLD obtained in [MT22; MPT24] to a version of The-
orem 1.8 seems impossible. As we shall soon explain, obtaining a version of Theorem 1.8 for
dynamical systems is in many respects much more delicate than stable LLD. In this chapter,
we restrict ourselves to the class of dynamical systems treated in [MT22].

Throughout the rest of the chapter, we let N : N → (0,+∞) be so that N(n) → +∞ as
n→ +∞ and N(n)/an → +∞ as n→ +∞. We state the main result and refer to Theorem 4.11
in §4.3.2 for a more general version.

Theorem 4.1. Let (Ω,A, µ, T ) be a mixing Gibbs-Markov dynamical system. Suppose that
v : Ω → R is a measurable observable with

∫
Ω
v2 dµ = +∞ that satisfies (1.11) (with µ instead

of P). Suppose further that v is locally Lipschitz and satisfies a ‘nice’ technical condition (more
precisely, (4.46) stated in §4.4.1). Write vn =

∑n−1
j=0 v◦T j for the ergodic sum of v, and assume

that vn satisfies (1.10) (with vn instead of Sn) with an and bn as in (1.9). Let δ > 0 be arbitrarily
small and set

D(x) =

{
x−α(log x)ℓ(x), if α ∈ (0, 1),

x−(α−δ), if α ∈ (1, 2].

Take any N = N(n) such that N/an → +∞. If α ∈ (0, 1) ∪ (1, 2), then

|µ(vn > N)− nµ(v > N)| = O
(
D(N)

)
+ o

(
nℓ(N)

Nα

)
as n→ +∞, and a similar statement holds for µ(vn < −N). If α = 2, then

|µ(vn > N)− nµ(v > N)| = O
(
D(N)

)
+O

(
n logN

N2

)
+O

(
nℓ̂(N)

N2

)

as n→ +∞, where ℓ̂ is as in (1.9), and a similar statement holds for µ(vn < −N).

The corollary below gives the range of N = N(n) for which µ(vn > N) = nµ(v > N)(1 + o(1))
holds when α ∈ (1, 2). In the case α = 2 however, notice when ℓ ≡ 1 that the asymptotic
equality fails; see Remark 1.9. For α ∈ (1, 2), the probability that vn is larger than N is
equivalent to the probability that there is exactly one jump larger than N , i.e. that there exists
exactly one j = 0, . . . , n− 1 so that v ◦ T j > N .

Corollary 4.2. Assume the setup of Theorem 4.11. Then µ(vn > N) ∼ nµ(v > N) holds

• for α ∈ (0, 1) and N ∈ (an, e
an), where a is small and independent of n

• for α ∈ (1, 2) and N ∈ (an, n
1/δ) for any δ > 0

Whilst we focus on observables taking values in R, we believe, at the expense of cumbersome
notation throughout, that Theorem 4.1 can be extended to Rd-valued observables.

2As shown in [CD19; Ber19], under (1.11) with α ∈ (0, 2) (see also [MT22] for a different proof and for the

case α = 2), for any h > 0, there exists C > 0 so that P(Sn − bn ∈ [x − h, x + h]) ≤ C n
an

ℓ(|x|)
1+|x|α , for all n ∈ N

and for all x ∈ R.
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Although the proof below of Theorem 4.1 is quite technical, the main steps can be summarised
as follows:

(i) Rephrase Theorem 1.8 for α ∈ (0, 1) ∪ (1, 2) (and (1.13) for α = 2) for i.i.d. sequences in
terms of characteristic functions – see §4.3.1.

(ii) Decompose the Fourier transform (analogue of characteristic function) for the ergodic
sum vn =

∑n−1
j=0 v ◦ T j into the characteristic function of an i.i.d. sequence and ‘some

good’ quantities – see §4.3.3 and §4.3.4.

(iii) Estimate the various integrals appearing (from the ‘good’ quantities) in the analytic
expression of µ(vn − bn > x) via ‘modulus-of-continuity’ type arguments (in the sense
of [Kat76, Chapter 1]) – see §4.3.5.

(iv) Put (i) and (iii) together to conclude.

As an explicit application of Theorem 4.1 (and Corollary 4.2), we obtain large deviations for
the ρ-Hölder mean of continued fraction expansions for all ρ > 1.

Recall that the continued fraction map G : [0, 1] → [0, 1] defined on the probability space
([0, 1],B([0, 1]), λ) is given by G(0) = 0 and G(x) = x−1 mod 1 otherwise; see Figure 4.1. In
addition, recall that the continued fraction measure µG given by

µG(A) =
1

log 2

∫
A

1

1 + x
dλ(x), A ∈ B([0, 1])

is absolutely continuous with respect to the Lebesgue measure and is G-ergodic. It is known
that each y ∈ [0, 1] \ Q has a unique continued fraction expansion. For each j ∈ N, let
dj : [0, 1] \ Q → N be the function such that dj(y) is the j

th digit appearing in the continued
fraction expansion of y ∈ [0, 1] \Q.

Corollary 4.3. Fix ρ > 1. Then for x in the range x ∈ (n, ean) as n → +∞, where a > 0 is
any positive constant,

µG

({
y ∈ [0, 1] \Q :

(
d1(y)

ρ + · · ·+ dn(y)
ρ

n

)1/ρ

≥ x

})
=
n1−1/ρ

x log 2

(
1 + o(1)

)
.

Note that in order to obtain the result in Corollary 4.3 for the arithmetic (1-Hölder) mean, we
would need Theorem 4.1 to hold for α = 1; see Corollary 5.3 and Corollary 5.19 in the next
chapter for related i.i.d. results in the case of α = 1.

The proof of Corollary 4.3 is given in §4.4.2.

4.2 Discussion of Related Results

Before getting to the proof of Theorem 4.1, we will first review some stable large deviations
results in the literature for sequences of non-i.i.d. random variables with no second moment
and therefore no standard CLT.
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4.2.1 [MW13]: Precise Large Deviations for Dependent Regularly
Varying Sequences

The closest result to Theorem 1.8 in the literature for non-i.i.d. sequences is that of [MW13]. For
sums Sn ..= X1+ · · ·+Xn in the domain of an α-stable distribution, where (Xj)j∈N is a sequence
of random variables on (Ω,A,P) and α ∈ (0, 2], the authors give the precise asymptotics of
P(Sn > x) as x → +∞ under certain conditions. As mentioned in Chapter 1, the asymptotics
are well understood in the i.i.d. case and are given by Theorem 1.8 – the conclusion of which
can be rewritten as

lim
n→+∞

sup
x≥an

∣∣∣∣P(Sn − bn > x)

nP(|X1| > x)
− 1

∣∣∣∣ = 0 and lim
n→+∞

sup
x≥an

∣∣∣∣P(Sn − bn < −x)
nP(|X1| > x)

− 1

∣∣∣∣ = 0.

The authors of [MW13] extend the precise LD given by Theorem 1.8 to dependent stationary
sequences (Xj)j∈N that satisfy the following conditions:

(MW1) (Regularly-varying-tail condition) Xj satisfies (1.11) for all j ∈ N;

(MW2) (Anti-clustering condition) For each n, k ∈ N, there exist constants δk = o(k−2) and
sets Λn ⊂ (0,+∞) with bn ..= inf Λn → +∞ such that nP(|X| > bn) → 0 and

lim
k→+∞

lim sup
n→+∞

sup
x∈Λn

δ−αk

n∑
j=k

P
(
|Xj| > xδk

∣∣|X0| > xδk
)
= 0.

(MW3) The limit b+ ..= lim
k→+∞

(
b+(k + 1)− b+(k)

)
exists, where

b+(k) ..= lim
x→+∞

P(Sk > x)

P(|X1| > x)
= lim

n→+∞
nP(Sk > an), k ∈ N.

(MW4) For any sequence (εk)k∈N satisfying εk = o(k−1) and (k + 1)δk ≤ εk,

lim
k→+∞

lim sup
n→+∞

sup
x∈Λn

P
(∑n

i=1Xi1{|Xi|≤δkx} > εkx
)

nP(|X| > x)
= 0.

Note that the quantities b+(k) and b−(k), k ∈ N, in (MW3) exist by (MW1). In addition, the
anti-clustering condition (MW2) ensures that long-range dependencies of extremes are avoided
by preventing possible clusters of exceedances of high thresholds by (Xj) from being too large.
Under these conditions, the authors obtain the following precise large deviation principle.

0 1

1

1
4

1
3

1
2· · ·

Figure 4.1: The continued fraction map
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Theorem 4.4 ([MW13]). Let (Xj)j∈N be a dependent stationary sequence of random variables
that satisfy (MW1)–(MW4). Then

lim
n→+∞

sup
x∈Λn

∣∣∣∣ P(Sn > x)

nP(|X1| > x)
− b+

∣∣∣∣ = 0 and lim
n→+∞

sup
x∈Λn

∣∣∣∣ P(Sn < −x)
nP(|X1| > x)

− b−

∣∣∣∣ = 0.

In particular, Theorem 4.4 gives

P(Sn > x) = b+nP(|X1| > x)
(
1 + o(1)

)
, x > bn → +∞,

and a similar statement holds for P(Sn < −x). So, the range of x for which Theorem 4.4 holds
is quite comparable to the range for which Theorem 1.8 holds.

We briefly discuss the conditions (MW1)–(MW4) and their applicability to dynamical systems.
The condition (MW1), i.e. that the sequence (Xj)j∈N of random variables satisfies (1.11), is
a very natural condition to impose on dynamically defined random variables and is straight-
forward to verify. The anti-clustering condition (MW2) is commonly assumed when studying
limit theory for extremes of dependent sequences and can be verified for dynamical systems
that are, for example, strongly mixing. The condition (MW3) is greatly problematic as it is
extremely difficult to verify, even for i.i.d. systems, without very strong additional assumptions
on the system. The condition (MW4) is also known to hold for various dynamical systems; the
authors give examples in [MW13, Remarks 3.2 and 3.3].

In summary, proving that the limit b+ exists is a major step in proving precise LD, which
motivates the question as to whether a precise LD result exists with conditions better catered
to dynamically defined random variables.

4.2.2 [Gan96]: Large Deviations for a Heavy-tailed Mixing Sequence

In [Gan96], the author gives a form of large deviations for sequences of dynamically defined
random variables (Yj)j∈N under the assumption that the dynamics satisfy a certain mixing
condition. The type of result obtained is known as a large deviation principle (LDP), which,
for suitably scaled partial sums Zn of random variables,

• establishes the speed of convergence to zero as n→ +∞ of the probabilities P(Zn ∈ · )

• provides an explicit function describing the rate of decay

More precisely, an LDP with rate sn and rate function I is the property of the probabilities
P(Zn ∈ · ), n ∈ N, that

lim sup
n→+∞

1

sn
logP(Zn ∈ C) ≤ − inf

x∈C
I(x) for all closed sets C ⊂ R,

lim inf
n→+∞

1

sn
logP(Zn ∈ O) ≥ − inf

x∈O
I(x) for all open sets O ⊂ R,

for some function I : R → [0,+∞] that satisfies the definition of a rate function: that I has
compact level sets.

The specific mixing condition used involves the β-mixing coefficients β(n), n ∈ N (see [Dou94]).
These coefficients can be thought of as a measure of pairwise independence of the random
variables in (Yj)j∈N with a value close to zero signifying near-independent behaviour. Assuming
that the β-mixing coefficients decay to 0 as n → +∞ at a sufficiently fast rate allows one to
ensure that (Yj)j∈N behaves on average like an i.i.d. sequence. Under this condition, the author
obtains an LDP with speed log n of the empirical averages (Sn/n)n∈N.
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Theorem 4.5 ([Gan96, Theorem 2.2]). Fix a sequence (Yj)j∈N of random variables satisfying
(1.11) with α ∈ (1, 2). Assume that β(n) ≤ n−φ(n) for some function φ : N → (0,+∞) with
φ(n) → +∞ as n → +∞. Then the probabilities P(Sn/n ∈ · ), n ∈ N, satisfy an LDP with
speed log n and rate function I given by

I(y) ..=


α− 1, y > EX1,

0, y = EX1,

+∞, y < EX1.

Super-exponential decay of β-mixing coefficients is known to occur for a large class of dynamical
systems, including Gibbs-Markov maps (see §4.4.1) such as the continued fraction map.

The loss of generality when comparing Theorem 4.5 with Theorem 1.8 is twofold. First, Theo-
rem 4.5 only applies to sequences of α-stable random variables with α ∈ (1, 2), i.e. with finite
mean. Second, Theorem 4.5 can give the rate of decay of P(Sn ≥ ny) only when y is inde-
pendent of n, which is a consequence of having scaled Sn by n rather than an as directed by
(1.10).

4.2.3 [Tak19]: Large Deviation Principle for Arithmetic Functions
in Continued Fraction Expansions

In [Tak19], the author considers a dynamically defined sequence (Yj)j∈N of random variables
on the probability space ([0, 1],B([0, 1]), λ) given by Yj ..= (ψ ◦ d1) ◦ Gj−1 = ψ ◦ dj, where
G : [0, 1] → [0, 1] is the continued fraction map given in (1.4), ψ is any unbounded arithmetic
function and dj : [0, 1] \Q → N is the jth continued fraction digit function given in §4.1. Then
EYj = +∞ for each j ∈ N so we are in the α-stable setting with α ∈ (0, 1). The author obtains
the following result.

Theorem 4.6 ([Tak19, Theorem 1(b)]). For every a ∈ R,

lim
n→+∞

1

n
log λ

({
x ∈ [0, 1] \Q :

1

n

n∑
j=1

ψ ◦ dj(x) ≥ a

})
= 0.

Due to the speed n and scaling n having been chosen, Theorem 4.6 tells us that the rate of
decay of the arithmetic mean of continued fraction digits is at most sub-exponential but does
not give any further information. It is an intriguing question as to whether one can deduce a
more quantitative result with the same setup.

4.3 Proving Theorem 4.1

4.3.1 Rephrasing Theorem 1.8 in Terms of Characteristic Functions

As mentioned in the summary of the proof of Theorem 4.1 at the end of §4.1, the starting point
of the proof is to rephrase the i.i.d. case Theorem 1.8 in terms of characteristic functions. We
start with a general lemma that is valid whenever N(n) → +∞ as n→ +∞.

Lemma 4.7. Let (Zn)n∈N be a sequence of random variables, and let Y be another random
variable defined on the same probability space but independent of all the Zn. Assume that there
exist two sequences N = N(n) and hN = hN(n) such that P(|Y | > hN) = o(P(Zn > N)) and

P(Zn > N ± hN) = P(Zn > N)(1 + o(1)) as n→ +∞. Then for Z̃n ..= Zn + Y , we have

P(Z̃n > N) = P(Zn > N)(1 + o(1)) as n→ +∞.

90



4

§4.3. PROVING THEOREM 4.1

Proof. Since Zn and Y are independent, we have (for h = hN(n)) that

P(Zn > N + h) = P(Zn > N + h, |Y | > h) + P(Zn > N + h, |Y | ≤ h)

≤ P(|Y | > h) + P(Z̃n > N).

Therefore

P(Z̃n > N) ≥ P(Zn > N + h)− P(|Y | > h) = P(Zn > N)
(
1 + o(1)

)
.

For the other inequality, we have

P(Zn ≤ N − h) = P(Zn ≤ N − h, |Y | > h) + P(Zn ≤ N − h, |Y | ≤ h)

≤ P(|Y | > h) + P(Z̃n ≤ N).

Therefore,

P(Z̃n > N) = 1− P(Z̃n ≤ N) ≤ 1− P(Zn ≤ N − h) + P(|Y | > h)

= P(Zn > N − h) + P(|Y | > h) = P(Zn > N)
(
1 + o(1)

)
.

This finishes the proof.

For t ∈ R, let Ψ(t) ..= E(eitX1) be the characteristic function of X1. In this section, we translate
Theorem 1.8 for α ∈ (0, 1) ∪ (1, 2] into a statement on the characteristic function Ψ(t). Such
a translation is captured in equation (4.1) below, which is the starting point for the dynamic
setting. Since α ̸= 1, we can assume with no loss of generality that bn = 0; for α ∈ (0, 1), this
is given, while, for α ∈ (1, 2], we simply replace X1 by X1 − E(X1).

Proposition 4.8. Assume the setup of Theorem 1.8 with α ̸= 1. Let Y be an L2 random
variable, independent of Sn (for each n), with real-valued, even and C2 characteristic function
ΨY , supported in [−ε, ε] for some3 small ε > 0. Take any N = N(n) such that an = o(N(n))
and let g(n) be so that nN = o(g(n)). Then

(i) If α ∈ (0, 1) ∪ (1, 2), then the first asymptotic equivalence in (1.12) holds if and only if∣∣∣∣∫ +ε

−ε
(e−itN − e−it(N+g(n)))ΨY (t)

Ψ(t)n − nΨ(t)

it
dt

∣∣∣∣ = o(nP(X1 > N)) (4.1)

as n→ +∞.

(ii) If α = 2, then (1.13) holds if and only if∣∣∣∣∫ +ε

−ε
(e−itN − e−it(N+g(n)))ΨY (t)

Ψ(t)n − nΨ(t)

it
dt− Φ

(
N

an

)∣∣∣∣
= o

(
nP(X1 > N) + Φ

(
N

an

))
as n→ +∞.

3The existence of such a random variable Y on the same probability space and with characteristic function
ΨY follows from, for instance, [Gou10a, Proposition 3.8], [KT22, Proof of Theorem 3] and [MT22, Footnote 1].

91



4

CHAPTER 4. STABLE LD FOR DETERMINISTIC DYNAMICAL SYSTEMS

Remark 4.9. (a) The second asymptotic equivalence in (1.12) can be dealt with in the same
way by using the fact that P(Sn < −N) = P(−Sn > N).

(b) If the random variables Xi are Z-valued (so Sn is Z-valued), then one could exploit a simpler
formula, bypassing the presence of ΨY in the statement of Proposition 4.8. Indeed,

P(Sn > N) =
∑
j>N

P(Sn = j) =
∑
j>N

1

2π

∫ π

−π
e−itjΨ(t)n dt.

Proof. To start with, recall the inversion formulae

P(X1 ∈ (N,N + g(n)]) = lim
T→+∞

1

2π

∫ +T

−T

e−itN − e−it(N+g(n))

it
Ψ(t) dt

and

P(Sn ∈ (N,N + g(n)]) = lim
T→+∞

1

2π

∫ +T

−T

e−itN − e−it(N+g(n))

it
Ψ(t)n dt,

for any choice of g(n). We want to allow that N(n), g(n) → +∞ and thus obtain the desired
formula for P(Sn > N). Recall that nN = o(g(n)), and compute that

P(X1 > N + g(n)) = pℓ(N + g(n))
1

g(n)α
1 + o(1)

(1 +N/g(n))α
= o

(
nℓ(N + g(n))

g(n)α

)
= o(P(X1 > N)).

Since N = o
(
(N + g(n))/n

)
, it follows that

P(Sn > N + g(n)) ≤
n−1∑
j=0

P
(
|Xj| >

N + g(n)

n

)
= o(nP(X1 > N)).

Thus, given the choice of g(n), we have P(X1 ∈ (N,N + g(n)]) = P(X1 > N)(1 + o(1)) and

P(Sn ∈ (N,N + g(n)]) = P(Sn > N)− P(Sn > N + g(n))

= P(Sn > N) + o(nP(X1 > N)).

Therefore, as n→ +∞,

P(X1 > N) = lim
T→+∞

1

2π

∫ +T

−T

e−itN − e−it(N+g(n))

it
Ψ(t) dt+ o(P(X1 > N)) (4.2)

and

P(Sn > N) = lim
T→+∞

1

2π

∫ +T

−T

e−itN − e−it(N+g(n))

it
Ψ(t)n dt+ o(nP(X1 > N)). (4.3)

Next, we argue that one can adjust the domain of integration in (4.3). Put S̃n ..= Sn+Y , where
Y is as in the statement, that is, an L2 random variable, independent of Sn, with real-valued,
even and C2 Fourier transform ΨY , supported in [−ε, ε] for some small ε > 0. The analogues
of (4.2) and (4.3) are:

P(X1 + Y > N) =
1 + o(1)

2π

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t)Ψ(t) dt (4.4)

and

P(Sn + Y > N) =
1

2π

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t)Ψ(t)n dt+ o

(
nP
(
X1 +

Y

n
> N

))
. (4.5)
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To compare the tails of X1 and X1 + Y , and of Sn and S̃n = Sn + Y , we will use Lemma 4.7
several times, making different choices for Zn appearing in that lemma.

The case α ∈ (0, 1) ∪ (1, 2)

Take δ ∈ (0, 2− α) and hN = N
α+δ
2 = o(N) so that P(X1 > N ± hN) = P(X1 > N)(1 + o(1)).

Since Y is L2, we have P(|Y | > hN) = o(h−2
N ) = o(N−α−δ) = o(N−αℓ(N)) = o(P(X1 > N)).

Therefore Lemma 4.7 for Zn ≡ X1 gives

P(X1 > N) = P(X1+Y > N)(1+o(1)) =
1 + o(1)

2π

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t)Ψ(t) dt. (4.6)

Next we want to obtain a version with Sn in (4.5).

From (1.12) to (4.1). If Sn satisfies (1.12), i.e. P(Sn > N) = nP(X1 > N)(1 + o(1)), then
the previous computation and choice of hN give also P(Sn > N + hN) = P(Sn > N)(1 + o(1))
and P(|Y | > hN) = o(P(X1 > N)) = o(P(Sn > N)). Therefore, Lemma 4.7 for Zn = Sn and

S̃n = Sn + Y give
P(Sn > N) = P(S̃n > N)(1 + o(1)).

From (4.1) to (1.12). Note that P(|Y |/n > hN) < P(|Y | > hN) = o(P(X1 > N)). If (4.1)

holds, then using (4.5) and (4.6) together with (4.4) yields P(S̃n > N) = nP(X1 > N)(1+o(1)).

Again, by using Lemma 4.7 with Zn = S̃n, Sn = S̃n − Y and hN = N
α+δ
2 = o(N), we may

conclude that
P(S̃n > N) = P(Sn > N)(1 + o(1)). (4.7)

Hence, after subtracting (4.4) from (4.5) and apply (4.6) and (4.7), we obtain

|P(Sn > N)− nP(X1 > N)|

=
1 + o(1)

2π

∣∣∣∣∫ +ε

−ε
(e−itN − e−it(N+g(n)))ΨY (t)

Ψ(t)n − nΨ(t)

it
dt

∣∣∣∣+ o(nP(X1 > N))

= o(nP(X1 > N)).

as n,N → +∞ so that an = o(N).

The case α = 2

Let m(N) be so that P(|Y | > N) = N−2m(N) (so m(N) = o(ℓ(N))). The choice of m(N)
ensures that there is a function m̃(N) → +∞ such that also m̃(N)2m(N/m̃(N)) = o(ℓ(N)).
Now take hN = N/m̃(N) = o(N). Then P(X1 > N + hN) = P(X1 > N)(1 + o(1)). Moreover

P
(
|Y |
n

> hN

)
< P(|Y | > hN) ≪

m̃(N)2m(N/m̃(N))

N2
= o

(
ℓ(N)

N2

)
= o(P(X1 > N)).

By the same argument used in obtaining (4.6), P(X1 + Y > N) = P(X1 > N)(1 + o(1)) and

P(X1 > N) =
1 + o(1)

2π

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t)Ψ(t) dt. (4.8)

The same choice of hN gives P(Sn > N + hN) = P(Sn > N)(1 + o(1)) and P(|Y | > hN) =

o(P(X1 > N) = o(P(Sn > N). Therefore Lemma 4.7 gives P(S̃n > N) = P(Sn > N)(1 + o(1)).
Combining these estimates with (4.5) gives

P(Sn > N) =
1 + o(1)

2π

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t)Ψ(t)n dt+ o(nP(X1 > N)). (4.9)
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Now, we insert the tail (1.13), subtract Φ(N/an) and (4.8) n times. This gives∣∣∣∣∫ +ε

−ε
(e−itN − e−it(N+g(n)))ΨY (t)

Ψ(t)n − nΨ(t)

it
dt− Φ

(
N

an

)∣∣∣∣ = o

(
nP(X1 > N) + Φ

(
N

an

))
,

as required. For the converse, (1.13) follows directly from the above formula together with (4.8)
and (4.9).

For use below in the setup of dependent random variables (arising in the context of dynamical
systems) we record the following consequence of the proof of Proposition 4.8.

Proposition 4.10. Let (vj)j≥0 be a sequence of random variables that are not necessarily
independent but are identically distributed on some probability space (Ω, µ). Suppose that vj

satisfies (1.11) (with vj instead of Xj and µ instead of P) and write vn =
∑n−1

j=0 v
j. Assume

that vn satisfies (1.10) with vn instead of Sn and an and bn as in (1.9). Let Y be an L2 random
variable, independent of vn (for each n), with real-valued, even and C2 Fourier transform ΨY ,
supported in [−ε, ε] for some4 small ε > 0. Take any N = N(n) such that an = o(N(n))
and let g(n) = N(n)1+ε0 with ε0 > 0. Moreover, suppose that there exists W (N, n) so that
nP(X1 > N) = O(W (N, n)) and so that

(i) If α ∈ (0, 1) ∪ (1, 2), as n→ +∞,∣∣∣∣∣
∫ +ε

−ε
(e−itN − e−it(N+g(n)))ΨY (t)

Eµ(eitvn)− nEµ(eitv
0
)

it
dt

∣∣∣∣∣ = O(W (N, n)).

(ii) If α = 2, as n→ +∞,∣∣∣∣∣
∫ +ε

−ε
(e−itN − e−it(N+g(n)))ΨY (t)

Eµ(eitvn)− nEµ(eitv
0
)

it
dt− Φ

(
N

an

)∣∣∣∣∣
= O(W (N, n)) + o

(
Φ

(
N

an

))
.

Then

(i) If α ∈ (0, 1) ∪ (1, 2), as n→ +∞,∣∣µ(vn > N)− nµ(v0 > N)
∣∣ = O(W (N, n)).

(ii) If α = 2, as n→ +∞,

∣∣µ(vn > N)− nµ(v0 > N)
∣∣ = O(W (N, n)) + o

(
Φ

(
N

an

))
.

Proof. First, note that the only place where we required independence inside the proof of
Proposition 4.8 was where we translated the content of Theorem 1.8 with α ̸= 1 in terms

of
∣∣∣∫ +ε

−ε (e
−itN − e−it(N+g(n)))Ψ(t)n−nΨ(t)

it
ΨY (t) dt

∣∣∣. As explained below, the same proof (for the

converse part) with Ψ(t)n replaced by Eµ(eitvn) yields the conclusion of the current proposition.

4In the dynamical setting, ε will be fixed in Fact 4.14.
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First, by the same argument as the one used in obtaining (4.2) and (4.3), we have

µ(vn > N) = lim
T→+∞

1

2π

∫ +T

−T

e−itN − e−it(N+g(n))

it
Eµ(eitvn) dt+ o

(
nµ(v0 > N)

)
and

µ(v0 > N) = lim
T→+∞

1

2π

∫ +T

−T

e−itN − e−it(N+g(n))

it
Eµ(eitv

0

) dt.

Also, analogously to (4.4) and (4.5),

µ(v0 + Y > N) =
1

2π

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t)Eµ(eitv

0

) dt,

µ(vn + Y > N) =
1

2π

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t)Eµ(eitvn) dt+ o

(
nµ(v0 > N)

)
and ∣∣µ(vn + Y > N)− nµ(v0 > N)

∣∣− o
(
nµ(v0 > N)

)
=

{
O(W (N, n)), α ∈ (0, 1) ∪ (1, 2),

O(W (N, n)) + o
(
Φ
(
N
an

))
α = 2.

It remains to argue that µ(vn + Y > N) = µ(vn > N)(1 + o(1)). If α ∈ (0, 1) ∪ (1, 2),

we proceed as in obtaining (4.7), by applying Lemma 4.7 with Zn = S̃n, Sn = S̃n − Y and

hN = N
α+δ
2 = o(N). If α = 2, we proceed as in the argument used in obtaining (4.9) with the

same choice of hN as there (and Sn replaced by vn).

4.3.2 Abstract Setup for Dynamical Systems

Let T : Ω → Ω be a measure-preserving map on a probability space (Ω, µ). Let v : Ω → R be a
measurable observable with

∫
Ω
v2 dµ = +∞. We fix α ∈ (0, 1) ∪ (1, 2] throughout and assume

(H1) µ(v > x) = px−αℓ(x)(1 + o(1)), µ(v ≤ −x) = qx−αℓ(x)(1 + o(1))

as x → +∞, where ℓ is slowly varying and p + q = 1. Recall ℓ and ℓ̂ from (1.9). Throughout,
we shall work with

ℓ0 ..=

{
ℓ, α ∈ (0, 1) ∪ (1, 2),

ℓ̂, α = 2.

Let R : L1 → L1 be the transfer operator for T defined via
∫
Ω
Rf g dµ =

∫
Ω
f g ◦ T dµ. Given

t ∈ R, define the perturbed operator R(t) : L1 → L1 by R(t)f = R(eitvf). We assume that
there is a Banach space B ⊂ L∞ containing the constant functions, and with norm ∥·∥ satisfying
|φ|∞ ≤ ∥φ∥ for φ ∈ B, such that

(H2) There exist ε > 0, C > 0 such that for all |t|, |h| ∈ Bε(0),

(i) ∥R(t)∥ ≤ C for α ∈ (0, 1) ∪ (1, 2] and ∥R′(t)∥ ≤ C for α ∈ (1, 2].

(ii) If α ∈ (0, 1), then ∥R(t+ h)−R(t)∥ ≤ C|h|αℓ(1/|h|).
(iii) If α ∈ (1, 2], then ∥R(t + h) − R(t) − ihR′(0)∥ ≤ C|h|(|t|α′−1 + |h|α′−1) for any

α′ ∈ (1, α).

(iv) If α ∈ (1, 2], then ∥R′(t+ h)−R′(t)∥ ≤ C|h|α−1ℓ0(1/|h|).
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Item (iii) is maybe not as natural as an estimate on ∥R(t+ h)−R(t)− ihR′(t)∥, but it is what
is required in the proofs (it is crucial for the proofs of items (ii) and (iii) of Proposition 4.20),
and its validity is checked in §4.4.

Since R(0) = R and B contains constant functions, 1 is an eigenvalue of R(0). We assume the
following:

(H3) The eigenvalue 1 is simple, and the remainder of the spectrum of R(0) : B → B is
contained in a disk of radius less than 1.

Throughout, write vn =
∑n−1

j=0 v ◦ T j. It is known (see [AD01]) that, under hypotheses
(H1)–(H3), distributional convergence (vn − bn)/an →d Yα to an α-stable random variable
Yα holds, where an and bn are defined as in (1.9). With no loss of generality, when α ∈ (1, 2],
we assume that

∫
Ω
v dµ = 0. Hence, bn = 0 for α ∈ (0, 1) ∪ (1, 2]. With this specified, we state

the main result in the abstract setup.

Theorem 4.11. Suppose that (H1)–(H3) hold. Let δ > 0 be arbitrarily small and set

D(x) =

{
x−αℓ(x) log x, if α ∈ (0, 1),

x−(α−δ), if α ∈ (1, 2].

Take N = N(n) such that N/an → +∞. Then, as n→ +∞,

(i) If α ∈ (0, 1) ∪ (1, 2), then

|µ(vn > N)− nµ(v > N)| = O
(
D(N)

)
+ o

(
nℓ(N)

Nα

)
,

and a similar statement holds for µ(vn ≤ −N).

(ii) If α = 2, then

|µ(vn > N)− nµ(v > N)| = O
(
D(N)

)
+O

(
n logN

N2

)
+O

(
nℓ̂(N)

N2

)
,

and a similar statement holds for µ(vn ≤ −N).

4.3.3 Strategy of the Proof

In the proof below of Theorem 4.11, we shall proceed by reasoning as in §4.3.1 and prove the
statement on the right tail. More precisely, as in §4.3.1, we shall work with the inversion for-
mula for distribution functions. As recalled in §4.3.4 below, the relevant characteristic function
Eµ(eitvn) of the partial sum of dependent quantities {v ◦T j}j≥0 decomposes into the character-
istic function of the partial sum of i.i.d. random variables {v̂j}j≥0, which we refer to as Ψ(t)n

(see §4.3.4), and ‘some other’ quantities. As recalled in §4.3.4, Eµ(eitv) = Eµ(eitv̂j) = Ψ(t) for
all t. This together with a fact recorded inside the proof of Proposition 4.8, namely (4.6) (with
Xj = v̂j), ensures that, given ε > 0 small enough,

µ(v > N)(1 + o(1)) =
1

2π
lim

n→+∞

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t)Ψ(t) dt, (4.10)
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where ΨY is as in the statement of Proposition 4.8. By Proposition 4.10 (with vj = v ◦ T j)
and (4.10), the conclusion of Theorem 4.11 follows once we show for some ε > 0 that∣∣∣∣∫ +ε

−ε
(e−itN − e−it(N+g(n)))ΨY (t)

Eµ(eitvn)− nΨ(t)

it
dt

∣∣∣∣ = O
(
D(N)

)
+ o

(
nℓ0(N)

Nα

)
(4.11)

when α ∈ (0, 1) ∪ (1, 2) and∣∣∣∣∫ +ε

−ε
(e−itN − e−it(N+g(n)))ΨY (t)

Eµ(eitvn)− nΨ(t)

it
dt

∣∣∣∣ = O

(
D(N) +

n logN + nℓ̂(N)

N2

)
(4.12)

when α = 2, using that Φ(N/an) ≪ (N/an)
−2 ≪ nN−2ℓ̂(N).

If we write Eµ(eitvn) = Ψ(t)n + (Eµ(eitvn)− Ψ(t)n) and use the translation recorded in Propo-
sition 4.8, equations (4.11) and (4.12) follow as soon as we show that

∣∣∣∣∫ +ε

−ε
(e−itN − e−it(N+g(n)))ΨY (t)

Eµ(eitvn)−Ψ(t)n

it
dt

∣∣∣∣ = O
(
D(N)

)
+ o

(
nℓ0(N)

Nα

)
(4.13)

when α ∈ (0, 1) ∪ (1, 2) and∣∣∣∣∫ +ε

−ε
(e−itN − e−it(N+g(n)))ΨY (t)

Eµ(eitvn)−Ψ(t)n

it
dt− Φ

(
N

an

)∣∣∣∣
= O

(
D(N) +

n logN + nℓ̂(N)

N2

)
(4.14)

when α = 2.

Since Eµ(eitvn) =
∫
Ω
R(t)n 1 dµ, we take the next section to decompose

∫
Ω
R(t)n1 dµ into Ψ(t)n

and ‘good’ quantities. The idea is to isolate Ψ(t)n in the expression of
∫
Ω
R(t)n1 dµ so as to be

able to use the equivalent of (4.1). The meaning of ‘good’ quantities will become clear in §4.3.5
below, where we complete the proof of Theorem 4.11. At this stage, we can point out that the
proof uses a ‘modulus-of-continuity’ argument (and also a derivative in the case α ∈ (1, 2]).
Although this type of argument has some similarity with the ones used in [MT22], the current
arguments are much more delicate. To carry out a modulus-of-continuity argument, it is crucial
that we obtain enough decay in t in the expression of

∫
Ω
R(t)n1 dµ−Ψ(t)n; this is necessary to

counteract the effect of the division by t in the integrand in (4.13). The details are postponed
to §4.3.5.

4.3.4 Decomposing
∫
ΩR(t)

n
1 dµ into Ψ(t)n and ‘Good’ Quantities.

The main result of this section is Proposition 4.20 and is stated at the end of the present
section. We first recall some general facts under (H1)–(H3), some of which were recently
clarified in [MT22, §3.2].

By (H2) and (H3), there exists ε > 0 and a continuous family λ(t) of simple eigenvalues of
R(t) for |t| ≤ 3ε with λ(0) = 1. The associated spectral projections P (t), |t| ≤ 3ε, form a
continuous family of bounded linear operators on B. Moreover, there is a continuous family of
linear operators Q(t) on B and constants C > 0, δ0 ∈ (0, 1) such that for |t| ≤ 3ε

R(t) = λ(t)P (t) +Q(t) and ∥Q(t)n∥ ≤ Cδn0 . (4.15)

Let ζ(t) ..= P (t)1∫
P (t)1 dµ

be the normalised eigenvector corresponding to λ(t).
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Lemma 4.12. Assume (H2). Then there exists ε > 0 such that the properties of R(t) listed in
(H2) are inherited by P (t), Q(t), λ(t) and ζ(t) for all |t|, |t+ h| ≤ 3ε.

Lemma 4.12 holds with a simplified version of (H2)(iii) obtained by moving ihR′(0) to the other
side of the ≪-sign); namely, for α ∈ (1, 2],

∥R(t+ h)−R(t)∥ ≪ |h|. (4.16)

The full strength of (H2)(iii) is exploited in Lemma 4.13 below.

A consequence of (H2)(iii) for the operators P and Q

Lemma 4.13. Let α ∈ (1, 2]. Then there exists C > 0 so that the following hold for all
|t|, |t+ h| ∈ B3ε(0) and for any α′ ∈ (1, α).

(i) ∥P (t + h) − P (t) − ihP ′(0)∥ ≤ C|h|(|t|α′−1 + |h|α′−1), and a similar statement holds for
ζ(t) ..= P (t)1/

∫
P (t)1 dµ.

(ii) ∥Q(t+ h)−Q(t)− ihQ′(0)∥ ≤ C|h|(|t|α′−1 + |h|α′−1).

Proof. (i) Recall that λ(t) is an isolated eigenvalue in the spectrum of R(t) for every |t| ≤ 3ε.
Hence, for any δ ∈ (0, 3ε), we have P (t) = (2πi)−1

∫
|ξ−1|=δ(ξ −R(t))−1 dξ and so it follows that

P ′(t) = (2πi)−1
∫
|ξ−1|=δ(ξ −R(t))−1R′(t)(ξ −R(t))−1 dξ. With these specified we see that

2πi
(
P (t+ h)− P (t)

)
=

∫
|ξ−1|=δ

(
ξ −R(t+ h)

)−1(
R(t+ h)−R(t)

)(
ξ −R(t)

)−1
dξ

=

∫
|ξ−1|=δ

(
ξ −R(t+ h)

)−1
(R(t+ h)−R(t)− ihR′(0))

(
ξ −R(t)

)−1
dξ

+ ih

∫
|ξ−1|=δ

(
ξ −R(t+ h)

)−1
R′(0)

(
ξ −R(t)

)−1
dξ

=.. I(t, h) + J(t, h).

By (H2)(iii), ∥I(t, h)∥ ≪ |h|(|t|α′−1 + |h|α′−1), for any α′ ∈ (1, α). Also,

J(t, h) = ih

∫
|ξ−1|=δ

(
ξ −R(0)

)−1
R′(0)

(
ξ −R(t)

)−1
dξ

+ ih

∫
|ξ−1|=δ

((
ξ −R(t+ h)

)−1 −
(
ξ −R(0)

)−1
)
R′(0)

(
ξ −R(t)

)−1
dξ

= ih

∫
|ξ−1|=δ

(
ξ −R(0)

)−1
R′(0)

(
ξ −R(0)

)−1
dξ

+ ih

∫
|ξ−1|=δ

((
ξ −R(t+ h)

)−1 −
(
ξ −R(0)

)−1
)
R′(0)

(
ξ −R(t)

)−1
dξ

+ ih

∫
|ξ−1|=δ

(
ξ −R(0)

)−1
R′(0)

((
ξ −R(t)

)−1 −
(
ξ −R(0)

)−1
)
dξ

= ih(2πi)P ′(0) + ih(J1(t, h) + J2(t, h)).

By (4.16), i.e. the simplified version of (H2)(iii), we have

∥R(t+ h)−R(0)∥ ≤ ∥R(t)−R(0)∥+ ∥R(t+ h)−R(t)∥ ≪ |t|+ |h|
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and thus ∥J1(t, h)∥, ∥J2(t, h)∥ ≪ |h|(|t|+ |h|). Altogether, we have found that

P (t+ h)− P (t)− ihP ′(0) = (2πi)−1I(t, h) + (2πi)−1h(J1(t, h) + J2(t, h)),

and that each term satisfies the claimed estimate, which concludes the proof of the statement
on P (t). The statement on ζ(t) follows directly from the definition and the statement on P (t).

(ii) We shall use that Q(t) = R(t)(I − P (t)), where I denotes the identity operator. So,
Q′(t) = (R(t)(I − P (t)))′ = R′(t)(I − P (t))−R(t)P ′(t) and thus

Q′(0) = R′(0)− R(0)P ′(0)− R′(0)P (0). (4.17)

With this specified, we compute that

Q(t+ h)−Q(t) = R(t+ h)−R(t) +R(t)P (t)−R(t+ h)P (t+ h)

= R(t+ h)−R(t) +R(t)
(
P (t)− P (t+ h)

)
−
(
R(t+ h)−R(t)

)
P (t+ h)

=
(
R(t+ h)−R(t)− ihR′(0)

)
−R(t)

(
P (t+ h)− P (t)− ihP ′(0)

)
−
(
R(t+ h)−R(t)− ihR′(0)

)
P (t+ h)

+ ihR′(0)− ihR(t)P ′(0)− ihR′(0)P (t+ h).

Using (H2)(iii) and item (i) above, we have∥∥Q(t+ h)−Q(t)− ih
(
R′(0)− R(t)P ′(0) +R′(0)P (t+ h)

)∥∥≪ |h|(|tα′−1 + |h|α′−1)

for any α′ ∈ (1, α). By (H2)(iii) and (4.17),

ih
(
R′(0)− R(t)P ′(0)− R′(0)P (t+ h)

)
= ih

(
R′(0)− R(0)P ′(0)− R′(0)P (0)

)
+D(t, h)

= ihQ′(0) +D(t, h),

where ∥D(t, h)∥ ≪ |h|(|t|+ |h|).

Some properties of λ and details on Ψ

Let Ψ(t) be the characteristic function of the i.i.d. random variables v̂j : Ω → R so that v̂j and
v ◦ T j have the same distribution. Similarly to v, we take

∫
Ω
v̂j dµ = 0 (when α > 1). Since v̂j

satisfies (H1),

1−Ψ(t) = cα|t|αℓ0
(

1

|t|

)(
1 + o(1)

)
, t→ 0. (4.18)

Equation (4.18) has been established in [GK49; IL65] (see also [AD01, Theorem 5.1]). Also, as
established in these works (in particular, [AD01]) and clarified in [MT22, Lemma 2.1],

Fact 4.14. There exist constants ε, c > 0, such that

|Ψ(t)| ≤ exp

(
−c|t|αℓ0

(
1

|t|

))
, ∀t ∈ B3ε(0).

Throughout the rest of the chapter, we fix ε so that both Fact 4.14 and equation (4.15) hold.
It is known that there exists C > 0 so that for all |t|, |t+ h| ∈ B3ε(0),

|Ψ(t+ h)−Ψ(t)| ≤

{
C|h|αℓ(1/|h|), α ∈ (0, 1),

C|h|, α ∈ (1, 2].
(4.19)
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Furthermore, if α ∈ (1, 2], then Ψ is differentiable and, writing Ψ′ for its derivative,

|Ψ′(t)| ≤ Cℓ0

(
1

|t|

)
|t|α−1 (4.20)

for some C > 0. For a precise reference for the validity of (4.19) and (4.20), see for instance
[MT22, Lemma 2.2].

Lemma 4.15. Let V (t) = λ(t)−Ψ(t). Then there exist C,C ′ so that the following hold for all
|t|, |t+ h| ∈ B3ε(0):

(i) If α ∈ (0, 1), then |V (t)| ≤ C|t|2αℓ(1/|t|)2, |V (t + h)− V (t)| ≤ C ′|h|αℓ(1/|h|)|t|αℓ(1/|t|).
If α ∈ (1, 2], then |V (t)| ≤ C|t|2 and |V (t+ h)− V (t)| ≤ C ′|h|(|t|+ |h|).

(ii) If α ∈ (1, 2], then V is differentiable and, writing V ′ for its derivative, |V ′(t)| ≤ C|t| and
|V ′(t+ h)− V ′(t)| ≤ C|h|α′−1ℓ0(

1
|h|)(|t|+ |h|) + C ′|h| for any α′ ∈ (1, α).

Before proceeding with the proof, we note that Lemma 4.15 together with (4.18) and (4.20)
implies that

1− λ(t) = cαℓ0

(
1

|t|

)
|t|α(1 + o(1)) and, for α ∈ (1, 2], |λ′(t)| ≤ Cℓ0

(
1

|t|

)
|t|α−1, (4.21)

for some C > 0.

Proof of Lemma 4.15. Write

λ(t) =

∫
R(t)ζ(t) dµ =

∫
Ω

R(t)1 dµ+

∫ (
R(t)−R(0)

)(
ζ(t)− ζ(0)

)
dµ

=

∫
Ω

eitv dµ+

∫
Ω

(
R(t)−R(0)

)(
ζ(t)− ζ(0)

)
dµ = Ψ(t) + V (t).

This gives the (well-known) decomposition of λ into Ψ and V in the statement of the lemma.

We still need to clarify the properties of V . Since B ⊂ L∞, item (i) for the case α ∈ (0, 1)
follows immediately from (H2)(ii) and Lemma 4.12. The second part of item (i) for the case
α ∈ (1, 2] follows similarly using that, by (4.16), ∥R(t+ h)−R(0)∥ ≪ |t|+ |h|.

For item (ii), we first note that

V ′(t) =

∫
Ω

(
R(t)−R(0)

)
ζ ′(t) dµ+

∫
Ω

R′(t)
(
ζ(t)− ζ(0)

)
dµ.

Lemma 4.12 and Fact 4.14 together with ∥R(t) − R(0)∥ ≪ |t| imply that |V ′(t)| ≪ |t|. Next,
compute that

V ′(t+ h)− V ′(t) =

∫
Ω

(
R(t+ h)−R(t)

)
ζ ′(t+ h) dµ+

∫
Ω

(
R(t)−R(0)

)
(ζ ′(t+ h)− ζ ′(t)) dµ

+

∫
Ω

(R′(t+ h)−R′(t))
(
ζ(t)− ζ(0)

)
dµ+

∫
Ω

R′(t+ h) (ζ(t+ h)− ζ(t)) dµ

=.. I1(t, h) + I2(t, h) + I3(t, h) + I4(t, h).
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Recall ∥R′(t)∥, |ζ ′(t)| ≪ 1 and ∥R(t + h) − R(0)∥ ≪ |t| + |h|. These together with (H2)(iv)
and Lemma 4.12 give that |I2(t, h)|, |I4(t, h)| ≪ |h|α−1ℓ0(1/|h|)(|t| + |h|). Regarding I1(t, h),
compute that

I1(t, h) = ih

∫
Ω

R′(0)ζ ′(t+ h) dµ+

∫
Ω

(R(t+ h)−R(t)− ihR′(0))ζ ′(t+ h) dµ

= ih

∫
Ω

R′(0)ζ ′(0) dµ+ ih

∫
Ω

R′(0)(ζ ′(t+ h)− ζ ′(0)) dµ

+

∫
Ω

(R(t+ h)−R(t)− ihR′(0))ζ ′(t+ h) dµ.

Similarly,

I4(t, h) = ih

∫
Ω

R′(0)ζ ′(0) dµ+ ih

∫
Ω

(R′(t+ h)−R′(0))ζ ′(0) dµ

+

∫
Ω

R′(t+ h) (ζ(t+ h)− ζ(t)− ihζ ′(0)) dµ.

By (H2)(iii), (H2)(iv) and Lemma 4.12,

|I1(t, h)− ih

∫
Ω

R′(0)ζ ′(0) dµ| ≪ |h|(|t|α′−1 + |h|α′−1)

for any α′ ∈ (1, α). By (H2)(iv) (together with Lemma 4.12) and Lemma 4.13(i),

|I4(t, h)− ih

∫
Ω

R′(0)ζ ′(0) dµ| ≪ |h|(|t|α′−1 + |h|α′−1)

for any α′ ∈ (1, α). Hence,

|I1(t, h) + I4(t, h)| ≪ |h|+ |h|(|t|α′−1 + |h|α′−1)

for any α′ ∈ (1, α), ending the proof.

For use in the proofs to follow, we recall one more property of λ when α ∈ (1, 2]; this is
a refined version of the continuity properties recorded in Lemma 4.12 (this type of estimate
appears inside [MT22, Proof of Theorem 3.2]).

Lemma 4.16. If α ∈ (1, 2], then there exists C > 0 so that, for all t, t + h ∈ B3ε(0) with

|h| ≤ |t|
2
,

|λ(t+ h)− λ(t)| ≤ C|h|(|t|α−1 + |h|α−1)ℓ0

(
1

|t|+ |h|

)
,

and a similar statement holds for Ψ.

Proof. By the mean value theorem, λ(t + h) − λ(t) = hλ′(t∗) for some t∗ ∈ [t, t + h] and the
conclusion follows.

A first decomposition of
∫
Ω
R(t)n1 dµ into Ψ(t)n and ‘good’ quantities

Lemma 4.17. Put

V̂ (t, n) ..=

∫
Ω

R(t)n1 dµ−Ψ(t)n −
∫
Ω

Q(t)n1 dµ.

Then the following hold for all n ∈ N and all |t|, |h| ∈ Bε(0) with |h| ≤ |t|/2.
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(i) If α ∈ (0, 1), then

∣∣∣V̂ (t, n)
∣∣∣≪ (

|t|αℓ
(

1

|t|

)
+ n|t|2αℓ

(
1

|t|

)2
)
|Ψ(t)|n

∣∣∣V̂ (t+ h, n)− V̂ (t, n)
∣∣∣≪ (

|h|αℓ
(

1

|h|

)
+ n|h|αℓ

(
1

|h|

)
|t|αℓ

(
1

|t|

))
|Ψ(t)|n.

(ii) If α ∈ (1, 2], then for any α′ ∈ (1, α),∣∣∣∣V̂ (t, n)− itλ(t)n
∫
Ω

P ′(0)1 dµ

∣∣∣∣≪ (
|t|α′

+ n|t|2
)
|Ψ(t)|n.

(iii) If α ∈ (1, 2], then for any α′ ∈ (1, α),∣∣∣∣V̂ (t+ h, n)− V̂ (t, n)− ihλ(t)n
∫
Ω

P ′(0)1 dµ

∣∣∣∣
≪
(
|h||t|α′−1 + n|h||t|α−1ℓ0

(
1

|t|

))
|Ψ(t)|n.

(iv) If α ∈ (1, 2], then V̂ is differentiable in t and, writing V̂ ′(t, n) for its derivative,∣∣∣∣V̂ ′(t, n)− λ(t)n
∫
Ω

P ′(0)1 dµ

∣∣∣∣ ≤ (|t|α−1ℓ0

(
1

|t|

)
+ n|t|+ n2|t|α+1ℓ0

(
1

|t|

))
|Ψ(t)|n

and ∣∣∣V̂ ′(t+ h, n)− V̂ ′(t, n)− ih ∈ Nλ(t)n−1λ′(t)

∫
Ω

P ′(0)1 dµ
∣∣∣

≪ |h|α−1ℓ0

(
1

|h|

)
|Ψ(t)|n + n

(
|t||h|α′−1ℓ0

(
1

|h|

)
+ |h|

)
|Ψ(t)|n

+ n2

(
|t|2α−1|h|ℓ0

(
1

|t|

)2

+ |t|2|h|α−1ℓ0

(
1

|h|

)
+ |h||t|αℓ0

(
1

|t|

))
|Ψ(t)|n

+ n3|t|2α|h|ℓ0
(

1

|t|

)2

|Ψ(t)|n.

Proof. By (4.15),∫
Ω

R(t)n1 dµ−
∫
Ω

Q(t)n1 dµ = λ(t)n
∫
Ω

P (t)1 dµ

= λ(t)n
∫
Ω

P (0)1 dµ+ λ(t)n
∫
Ω

(
P (t)− P (0)

)
1 dµ

= Ψ(t)n + (λ(t)n −Ψ(t)n) + λ(t)n
∫
Ω

(
P (t)− P (0)

)
1 dµ.

Hence,

V̂ (t, n) =
(
λ(t)n −Ψ(t)n

)
+ λ(t)n

∫
Ω

(
P (t)− P (0)

)
1 dµ =.. A(t, n) +B(t, n). (4.22)
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Throughout the rest of the proof, we will use that, by Lemma 4.15, |λ(t)n| ≪ |Ψ(t)|n.
(i) Note by Lemma 4.12 and (H2)(ii) that |B(t, n)| ≪ |t|αℓ(1/|t|)|Ψ(t)|n. Next, using (H2)(ii)
and Lemma 4.12,

|B(t+ h, n)−B(t, n)| ≤ |h|αℓ
(

1

|h|

)
|Ψ(t)|n + |λ(t+ h)n − λ(t)n||t|αℓ

(
1

|t|

)
.

Note that λ(t + h)n − λ(t)n = (λ(t + h) − λ(t))
∑n−1

j=0 λ(t + h)jλ(t)n−j. This together with
Lemma 4.12 implies that |λ(t+ h)n − λ(t)n| ≪ n|h|αℓ(1/|h|)|Ψ(t)|n. Hence,

|B(t+ h, n)−B(t, n)| ≤ |h|αℓ
(

1

|h|

)(
n|t|αℓ

(
1

|t|

)
+ 1

)
|Ψ(t)|n.

It remains to deal with A(t, n) in (4.22). Given V (t) = λ(t)−Ψ(t) as in Lemma 4.15, we have
A(t, n) = V (t)

∑n−1
j=0 λ(t)

jΨ(t)n−j−1. This together with the properties of V in Lemma 4.15(i)

implies that |A(t, n)| ≪ n|t|2αℓ(1/|t|)2|Ψ(t)|n. To deal with the continuity properties of A(t, n),
we first compute that(

λ(t+ h)n −Ψ(t+ h)n
)
−
(
λ(t)n −Ψ(t)n

)
= V (t+ h)

n−1∑
j=0

λ(t+ h)jΨ(t+ h)n−j−1 − V (t)
n−1∑
j=0

λ(t)jΨ(t)n−j−1

=
(
V (t+ h)− V (t)

) n−1∑
j=0

λ(t+ h)jΨ(t+ h)n−j−1 (4.23)

+ V (t)
n−1∑
j=0

(
λ(t+ h)j − λ(t)j

)
Ψ(t+ h)n−j−1

+ V (t)
n−1∑
j=0

λ(t)j
(
Ψ(t+ h)n−j−1 −Ψ(t)n−j−1

)
Using (4.23), we compute that |A(t+ h, n)− A(t, n)| ≪ I1 + I2 + I3, where

I1 = |V (t+ h)− V (t)|
n−1∑
j=0

|λ(t+ h)j| |Ψ(t+ h)n−j−1| ≪ n|h|αℓ
(

1

|h|

)
|t|αℓ

(
1

|t|

)
|Ψ(t+ h)n|,

I2 = |V (t)|
n−1∑
j=0

|λ(t+ h)j − λ(t)j| |Ψ(t+ h)n−j−1| ≪ n|h|αℓ
(

1

|h|

)
|t|2αℓ

(
1

|t|

)2

|Ψ(t+ h)n|,

using Lemma 4.12 and Lemma 4.15 again, and

I3 = |V (t)|
n−1∑
j=0

|λ(t)j| |Ψ(t+ h)n−j−1 −Ψ(t)n−j−1| ≪ n|h|αℓ
(

1

|h|

)
|t|2αℓ

(
1

|t|

)2

|Ψ(t)|n,

where we have used (4.19) as well.

(ii) We continue from (4.22). First, |A(t, n)| ≪ n|V (t)||Ψ(t)|n, and, using Lemma 4.15(i) (the
statement on V for the case α ∈ (1, 2]), |A(t, n)| ≪ n|t|2|Ψ(t)|n. Next, we rewrite B(t, n) in a
convenient way:

B(t, n) = itλ(t)n
∫
Ω

P ′(0)1 dµ+ λ(t)n
∫
Ω

(
P (t)− P (0)− itP ′(0)

)
1 dµ.
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By Lemma 4.13(i),
∣∣λ(t)n ∫

Ω

(
P (t)− P (0)− itP ′(0)

)
1 dµ

∣∣ ≪ |t|α′ |Ψ(t)|n for any α′ ∈ (1, α),
and the conclusion follows.

(iii) We start from (4.22). First,

|A(t+ h, n)− A(t, n)| ≪ |λ(t+ h)n − λ(t)n|+ |Ψ(t+ h)n −Ψ(t)n|
≪ n|λ(t+ h)− λ(t)| |λ(t)n|+ n|Ψ(t+ h)−Ψ(t)| |Ψ(t)|n

≪ n|h||t|α−1 ℓ0

(
1

|t|

)
|Ψ(t)|n,

where we have used Lemma 4.16. It remains to deal with B defined in (4.22). Observe that

B(t+ h, n)−B(t, n) = λ(t)n
∫
Ω

(
P (t+ h)− P (t)

)
1 dµ

+ (λ(t+ h)n − λ(t)n)

∫
Ω

(
P (t+ h)− P (0)

)
1 dµ

=.. J1(t, h, n) + J2(t, h, n).

First, by Lemma 4.12 and Lemma 4.16,

|J2(t, h, n)| ≪ n|λ(t+ h)− λ(t)| |λ(t)n||t+ h| ≪ n |h||t|α ℓ0
(

1

|t|

)
|Ψ(t)|n.

Now

J1(t, h, n) = ihλ(t)n
∫
Ω

P ′(0)1 dµ+ λ(t)n
∫
Ω

(
P (t+ h)− P (t)− ihP ′(0)

)
1 dµ.

Using Lemma 4.13(i), we obtain that for any α′ ∈ (1, α),∣∣∣∣J1(t, h, n)− ihλ(t)n
∫
Ω

P ′(0)1 dµ

∣∣∣∣≪ |h|(|t|α′−1 + |h|α′−1) |Ψ(t)|n,

ending the proof of (iii).

(iv) Differentiating in (4.22),

V̂ ′(t, n) = n
(
λ(t)n−1λ′(t)−Ψ(t)n−1Ψ′(t)

)
+ nλ(t)n−1λ′(t)

∫
Ω

(
P (t)− P (0)

)
1 dµ

+ λ(t)n
∫
Ω

P ′(t)1 dµ

=.. A0(t, n) + A1(t, n) + A2(t, n). (4.24)

Recalling from Lemma 4.15 that V (t) = λ(t)−Ψ(t), we compute that

A0(t, n) = nλ′(t)
(
λ(t)n−1 −Ψ(t)n−1

)
+ nΨ(t)n−1(λ′(t)−Ψ′(t))

= nλ′(t)
(
λ(t)n−1 −Ψ(t)n−1

)
+ nΨ(t)n−1V ′(t). (4.25)

It follows from equation (4.21) and Lemma 4.15(i) and (ii) that

|A0(t, n) ≪ n|t|α−1ℓ0

(
1

|t|

)
n|V (t)| |Ψ(t)|n + n|V ′(t)| |Ψ(t)|n

≪ n2|t|α+1ℓ0

(
1

|t|

)
|Ψ(t)|n + n|t| |Ψ(t)|n.
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Regarding A1, using equation (4.21) (the statement on the derivative) and Lemma 4.12, we
obtain |A1(t, n)| ≪ n|t|αℓ0(1/|t|)|Ψ(t)|n. For A2, write

A2(t, n) = λ(t)n
∫
Ω

P ′(0)1 dµ+ λ(t)n
∫
Ω

(
P ′(t)− P ′(0)

)
1 dµ

=.. λ(t)n
∫
Ω

P ′(0)1 dµ+ A1
2(t, n). (4.26)

By Lemma 4.12 and (H2)(iv), |A1
2(t, n)| ≪ |t|α−1ℓ0(1/|t|)|Ψ(t)|n. Thus,∣∣∣∣A2(t, n)− λ(t)n
∫
Ω

P ′(0)1 dµ

∣∣∣∣≪ |t|α−1ℓ0

(
1

|t|

)
|Ψ(t)|n.

Putting together the estimates for A0, A1, A2,∣∣∣∣V̂ ′(t, n)− λ(t)n
∫
Ω

P ′(0)1 dµ

∣∣∣∣≪ (
n2|t|α+1ℓ0

(
1

|t|

)
+ n|t|

)
|Ψ(t)|n + n|t|αℓ0

(
1

|t|

)
|Ψ(t)|n

+ |t|α−1ℓ0

(
1

|t|

)
|Ψ(t)|n

≪
(
|t|α−1ℓ0

(
1

|t|

)
+ n|t|+ n2|t|α+1ℓ0

(
1

|t|

))
|Ψ(t)|n,

as claimed.

We continue with the continuity properties of V̂ ′ studying each term in (4.22).

Term A0 in (4.24). Using the expression (4.25), we compute that

|A0(t+ h, n)− A0(t, n)| ≪ n2|λ′(t+ h)− λ′(t)| |Ψ(t)n−1| |V (t)|
+ n|λ′(t)|

∣∣(λ(t+ h)n−1 −Ψ(t+ h)n−1
)
−
(
λ(t)n−1 −Ψ(t)n−1

)∣∣
+ n
∣∣Ψ(t+ h)n−1 −Ψ(t)n−1

∣∣|V ′(t)|+ n|Ψ(t)n−1||V ′(t+ h)− V ′(t)|
=.. I1(t, h, n) + I2(t, h, n) + I3(t, h, n) + I4(t, h, n).

By Lemma 4.15(ii),

I4(t, h, n) ≪ n|h|α′−1ℓ0

(
1

|h|

)
(|t|+ |h|)|Ψ(t)n−1|+ n|h||Ψ(t)n−1|.

By Lemma 4.16 (the statement on Ψ), Lemma 4.15(ii) and (4.20),

I3(t, h, n) ≪ n2|h||t|ℓ0
(

1

|t|+ |h|

)
(|t|α−1 + |h|α−1) |Ψ(t)|n

≪ n2|h||t|ℓ0
(

1

|t|+ |h|

)
|t|α−1 |Ψ(t)|n.

We continue with I2. First, recalling equation (4.20) and using Lemma 4.15 and Lemma 4.16,

∣∣(λ(t+ h)n −Ψ(t+ h)n
)
−
(
λ(t)n −Ψ(t)n

)∣∣
≪ n

∣∣V (t+ h)− V (t)
∣∣ |Ψ(t)n−1|+ n2|V (t)|

∣∣λ(t+ h)− λ(t)
∣∣ |Ψ(t)n−1|

+ n2|V (t)|
∣∣Ψ(t+ h)−Ψ(t)

∣∣ |Ψ(t)n−1|

≪ n|h|(|t|+ |h|) |Ψ(t)n−1|+ n2|h||t|2ℓ0
(

1

|t|+ |h|

)(
|t|α−1 + |h|α−1

)
|Ψ(t)n−1|. (4.27)
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By equations (4.27) and (4.21),

I2(t, h, n) ≪ n2|h||t|α ℓ0
(

1

|t|+ |h|

)
|Ψ(t)n−1|+ n3|h||t|2αℓ0

(
1

|t|+ |h|

)2

|Ψ(t)n−1|.

Finally, by Lemma 4.12 and (H2)(iv), |λ′(t + h) − λ′(t)| ≪ hα−1ℓ0(1/|h|). This together with
Lemma 4.15(i) gives

I1(t, h, n) ≪ n2|h|α−1|t|2ℓ0
(

1

|t|+ |h|

)
|Ψ(t)|n.

Putting together the estimates for I4, I3, I2, I1, we obtain

|A0(t+ h, n)− A0(t, n)| ≪
(
n|h|α−1ℓ0

(
1

|h|

)
(|t|+ |h|) + n|h|

)
|Ψ(t)n−1| (4.28)

+

(
n2|h|α−1ℓ0

(
1

|h|

)
|t|2 + n2|h||t|αℓ0

(
1

|t|+ |h|

))
|Ψ(t)n−1|

+ n3|h||t|2α ℓ0
(

1

|t|+ |h|

)2

|Ψ(t)n−1|.

Term A1 in (4.24). We compute that

A1(t+ h, n)− A1(t, n) = nλ(t)n−1λ′(t)

∫
Ω

(
P (t+ h)− P (t)

)
1 dµ

+ n(λ(t+ h)n−1 − λ(t)n−1)λ′(t)

∫
Ω

(
P (t+ h)− P (0)

)
1 dµ

+ nλ(t+ h)n−1(λ′(t+ h)− λ′(t))

∫
Ω

(
P (t+ h)− P (0)

)
1 dµ

=.. J1(t, h, n) + J2(t, h, n) + J3(t, h, n).

By Lemma 4.12 and arguments similar to the ones used in estimating A0 above,

|J2(t, h, n)| ≪ n2|h||t|2α−1ℓ0

(
1

|t|+ |h|

)2

|Ψ(t)|n and |J3(t, h, n)| ≪ n|h|α−1ℓ0

(
1

|h|

)
|t| |Ψ(t)|n.

Finally, for any α′ ∈ (1, α),

J1(t, h, n) = ihn λ(t)n−1λ′(t)

∫
Ω

P ′(0)1 dµ+ nλ(t)n−1λ′(t)

∫
Ω

(
P (t+ h)− P (t)− ihP ′(0)

)
1 dµ

= ihn λ(t)n−1λ′(t)

∫
Ω

P ′(0)1 dµ+O
(
n|h||t|α′+α−2 |Ψ(t)|n

)
,

where in the last line we have used equation (4.21) and Lemma 4.13(i).

Altogether,∣∣∣∣A1(t+ h, n)− A1(t, n)− ihn λ(t)n−1λ′(t)

∫
Ω

P ′(0)1 dµ

∣∣∣∣
≪

(
n|h||t|α′+α−2 + n2|h||t|2α−1ℓ0

(
1

|t|+ |h|

)2

+ n|h|α−1ℓ0

(
1

|h|

)
|t|

)
|Ψ(t)|n. (4.29)
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Term A2 in (4.24). Here we use the definition of A1
2 in (4.26). By Lemma 4.12 and Lemma 4.16,

|A1
2(t+ h, n)− A1

2(t, n)| ≪ |λ(t+ h)n − λ(t)n| ∥P ′(t)∥+ |λ(t)n| ∥P ′(t+ h)− P ′(t)∥

≪ n|h||t|α−1ℓ0

(
1

|t|+ |h|

)
|Ψ(t)|n + |h|α−1ℓ0

(
1

|h|

)
|Ψ(t)|n.

The second statement of item (iv) follows by putting together the estimate on A1
2 with the

equations (4.28) and (4.29). More precisely, putting all these together (recorded in the order
A0, A1 and A2) and recalling (4.29),∣∣∣∣V̂ ′(t+ h, n)− V̂ ′(t, n)− ihn λ(t)n−1λ′(t)

∫
Ω

P ′(0)1 dµ

∣∣∣∣
≪ |h|α−1ℓ0

(
1

|h|

)
|Ψ(t)|n + n

(
|t||h|α′−1ℓ0

(
1

|h|

)
+ |h|+ |t|α′+α−2|h|ℓ0

(
1

|t|

))
|Ψ(t)|n

+ n2

(
|t|2α−1|h|ℓ0

(
1

|t|+ |h|

)2

+ |t|2|h|α−1ℓ0

(
1

|h|

)
+ |h||t|αℓ0

(
1

|t|+ |h|

))
|Ψ(t)|n

+ n3|t|2α|h|ℓ0
(

1

|t|+ |h|

)2

|Ψ(t)|n.

Using that |h| ≤ |t|/2, we can ignore the term |t|α′+α−2|h|ℓ0(1/|t|). More precisely, we see that
for any ε > 0,

|t|α′+α−2|h|ℓ0
(

1

|t|

)
= |t| |t|α′+α−3 |h|2−α−εℓ0

(
1

|t|

)
|h|α−1+ε ≪ |t| |t|α′−1−εℓ0

(
1

|t|

)
|h|α−1+ε

Since α′ > 1 and ε > 0 is arbitrarily small, |t|α′−1−εℓ0(1/|t|) = o(1) as |t| → 0. Also, we have
|h|α−1+ε ≪ |h|α−1ℓ0(1/|h|). Thus,

|t|α′+α−2|h|ℓ0
(

1

|t|

)
≪ |t||h|α−1ℓ0

(
1

|h|

)
≪ |t||h|α′−1ℓ0

(
1

|h|

)
.

This completes the proof of (iv).

Properties of Q(t)n

Lemma 4.18. For n ≥ 1, consider the operatorW (t, n) = Q(t)n−Q(0)n. Let δ0 be as in (4.15).
Let |t|, |h| ∈ Bε(0). The following hold for some δ0 < δ1 < δ2 < 1 and for some C ′, C ′′ > 0.

(i) If α ∈ (0, 1), then

∥W (t, n)∥ ≤ C ′δn1 |t|αℓ
(

1

|t|

)
and ∥W (t+ h, n)−W (t, n)∥ ≤ C ′′δn1 |h|αℓ

(
1

|h|

)
.

(ii) If α ∈ (1, 2], then for any α′ ∈ (1, α).∥∥(W (t+ h, n)−W (t, n)− ihQ(0)n−1Q′(0)
)
1

∥∥
≤ C ′δn2 |h|(|t|α

′−1 + |h|α′−1) + C ′′n|h|(|t|+ |h|).

(iii) If α ∈ (1, 2], then W is differentiable and noticing W ′(t, n) = (Q(t)n)′,

∥W ′(t+ h, n)−W ′(t, n)∥ = ∥(Q(t+ h)n)′ − (Q(t)n)′∥ ≤ C ′′δn1 |h|α−1ℓ0

(
1

|h|

)
.
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Proof. Compute that

∥W (t, n)∥ =
n−1∑
j=0

∥Q(t)j∥ ∥Q(t)−Q(0)∥ ∥Q(0)n−j−1∥,

∥W (t+ h, n)−W (t, n)∥ ≪
n−1∑
j=0

∥Q(t+ h)j∥ ∥Q(t+ h)−Q(t)∥ ∥Q(t)n−j−1∥

and

(Q(t)n)′ =
n−1∑
j=0

Q(t)jQ′(t)Q(t)n−j−1.

Using these equations, as well as ∥Q(t+ h)−Q(t)∥ ≪ |t|+ |h| (which follows from (4.16) and
∥Qn(t)∥ ≤ Cδn0 from (4.15), we have

∥Q(t+ h)−Q(0)∥ ≪ δn0 (|t|+ |h|). (4.30)

(i) and (iii) The proof of these are included in [MT22, Proof of Lemma 3.7]; the claimed esti-
mates follow directly from the previous three displayed formulae, equation (4.15), assumptions
(H2)(i) and (H2)(iv), respectively and Lemma 4.12.

(ii) Note that W (t+ h, n)−W (t, n)− ih(Q(0)n)′ = Q(t+ h)n−Q(t)n− ih(Q(0)n)′. We take
M ∈ N such that ∥QM(t)∥ ≤ CδM0 ≤ 1

2
in (4.15).

We will need a two-step induction argument, first for n ≤M , and then for n > M .

Step 1: when n ≤M

Take the induction hypothesis: for any α′ ∈ (1, α), there is Cind > 0 such that∥∥∥∥∥Q(t+ h)n −Q(t)n − ihQ(0)n−1Q′(0)− ih
(
Q(0)Q′(0) +Q′(0)Q(0)

) n−1∑
j=0

Q(0)j

∥∥∥∥∥
≪ Cind n|h|

(
Cnδn−1

1 (|t|α′−1 + |h|α′−1) + (|t|+ |h|)
)
, (4.31)

for C from (4.15). We will first prove this statement by induction but only for 1 ≤ n ≤ M .
Afterwards we explain how to adjust the induction for n > M and with a new uniform constant
Ĉind instead of CindC

n. It is very likely that the second term n|h|(|t| + |h|) can be improved,
but this estimate suffices for the proof of the main result.

Since Q(0)1 = R(0)(I − P (0))1 = 0, we have
∑n−1

j=1 Q(0)
j
1 = 0 and nδn0 ≤ δn1 for some

δ1 ∈ (δ0, 1), (ii) follows.

We show that (4.31) holds using an induction argument. A straightforward (but lengthy)
calculation verifies the statement for n = 2. To see this, compute that

Q(t+ h)2 −Q(t)2 = Q(t+ h)
(
Q(t+ h)−Q(t)

)
+
(
Q(t+ h)−Q(t)

)
Q(t)

= Q(t+ h)
(
Q(t+ h)−Q(t)− ihQ′(0)

)
+
(
Q(t+ h)−Q(t)− ihQ′(0)

)
Q(t) + ihQ(t+ h)Q′(0) + ihQ′(0)Q(t).

So, (
Q(t+ h)2 −Q(t)2

)
− ihQ(0)Q′(0)− ihQ′(0)Q(0)

= Q(t+ h)
(
Q(t+ h)−Q(t)− ihQ′(0)

)
+
(
Q(t+ h)−Q(t)− ihQ′(0)

)
Q(t)

+ ih
(
Q(t+ h)−Q(0)

)
Q′(0) + ihQ′(0)

(
Q(t)−Q(0)

)
.
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Using Lemma 4.13(ii), (H2)(iii) and Lemma 4.12,∥∥Q(t+ h)2 −Q(t)2 − ihQ(0)Q′(0)− ihQ′(0)Q(0)
∥∥≪ 2δ0|h|(|t|α

′−1 + |h|α′−1) + |h|(|t|+ |h|)

for any α′ ∈ (1, α). This verifies the statement for n = 2. To make the assumption (4.31) more
clear, we also record n = 3.

Q(t+ h)3 −Q(t)3 = Q(t+ h)2
(
Q(t+ h)−Q(t)

)
+
(
Q(t+ h)2 −Q(t)2

)
Q(t)

= Q(t+ h)2
(
Q(t+ h)−Q(t)− ihQ′(0)

)
+
(
Q(t+ h)2 −Q(t)2 − ihQ(0)Q′(0)− ihQ′(0)Q(0)

)
Q(t)

+ ihQ(t+ h)2Q′(0) + ih
(
Q(0)Q′(0) +Q′(0)Q(0)

)
Q(t).

So,

Q(t+ h)3 −Q(t)3 − ihQ(0)2Q′(0) + ih
(
Q(0)Q′(0) +Q′(0)Q(0)

)
Q(0)

= Q(t+ h)2
(
Q(t+ h)−Q(t)− ihQ′(0)

)
+
(
Q(t+ h)2 −Q(t)2 − ihQ(0)Q′(0)− ihQ′(0)Q(0)

)
Q(t)

+ ih
(
Q(t+ h)2 −Q(0)2

)
Q′(0) + ih

(
Q(0)Q′(0) +Q′(0)Q(0)

)(
Q(t)−Q(0)

)
=.. I1 + I2 + I3 + I4.

Using the same estimates as for n = 2, we have |I1| ≪ δ20|h|(|t|α
′−1 + |h|α′−1). Using the

statement on n = 2 and that ∥Q(t)∥ ≪ δ0, |I2| ≪ 2δ20 |h|(|t|α
′−1 + δ0 |h|α

′−1) + |h|(|t|+ |h|),
|I3| ≪ δ20|h|(|t|+ |h|) (using (4.30) as well) and |I4| ≪ |h|(|t|+ |h|). Thus,

|I1 + I2 + I3 + I4| ≪ 3δ20|h|(|t|α
′−1 + |h|α′−1) + (1 + δ0)|h|(|t|+ |h|).

Since 1 + δ0 < 3, the statement for n = 3 is verified.

The general case n ∈ N follows by induction. So, assume that (4.31) holds for n. We want to
prove the hypothesis for n+ 1. Note that

Q(t+ h)n+1 −Q(t)n+1

= Q(t+ h)n
(
Q(t+ h)−Q(t)

)
+
(
Q(t+ h)n −Q(t)n

)
Q(t)

= Q(t+ h)n(Q(t+ h)−Q(t)− ihQ′(0))

+

(
Q(t+ h)n −Q(t)n − ihQ(0)n−1Q′(0)− ih(Q(0)Q′(0) +Q′(0)Q(0))

n−1∑
j=0

Q(0)j

)
Q(t)

+ ihQ(t+ h)nQ′(0) + ihQ(0)n−1Q′(0)Q(t) + ih
(
Q(0)Q′(0) +Q′(0)Q(0)

) n−1∑
j=0

Q(0)jQ(t).

Thus,

Q(t+ h)n+1 −Q(t)n+1 − ihQ(0)nQ′(0)− ih
(
Q(0)Q′(0) +Q′(0)Q(0)

) n−1∑
j=0

Q(0)j Q(0)

= Q(t+ h)n
(
Q(t+ h)−Q(t)− ihQ′(0)

)
+

(
Q(t+ h)n −Q(t)n − ihQ(0)n−1Q′(0)− ih

(
Q(0)Q′(0) +Q′(0)Q(0)

) n−1∑
j=0

Q(0)j

)
Q(t)

+ ih(Q(t+ h)n −Q(0)n)Q′(0) + ih
(
Q(0)Q′(0) +Q′(0)Q(0)

) n−1∑
j=0

Q(0)j
(
Q(t)−Q(0)

)
=.. J1 + J2 + J3 + J4.
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Now, |J1| ≪ δn0 |h|(|t|α
′−1 + |h|α′−1). Using (4.31) and (4.15),

|J2| ≤ CCindn|h|
(
Cnδn−1

1 (|t|α′−1 + |h|α′−1) + (|t|+ |h|)
)
.

Using (4.30), |J3| ≪ δ10|h| (|t|+ |h|). Since ∥Q(t)−Q(0)∥ ≪ |t| and ∥
∑n−1

j=0 Q(0)
j∥ = O(1), we

get |J4| ≪ |h|(|t|+ |h|). The statement on n+ 1 follows by adding these estimates.

Step 2: when n > M

Next, we will do the induction in steps of M iterates. That is, we consider

R̂(t) ..= RM(t) = λM(t)P (t) +QM(t) =.. λ̂(t)P (t) + Q̂(t),

and recall that ∥Q̂∥ ≤ 1
2
by the choice of M . The reason why the previous induction is of no

use for all n is due to the factor Cn, for which we have no control; however, using steps of M
iterates, C can be replaced by 1

2
, so if we use the induction hypothesis: for any α′ ∈ (1, α),

there is Ĉind > 0 such that∥∥∥∥Q̂(t+ h)n − Q̂(t)n − ihQ̂(0)n−1Q̂′(0)− ih
(
Q̂(0)Q̂′(0) + Q̂′(0)Q̂(0)

) n−1∑
j=0

Q̂(0)j
∥∥∥∥

≪ Ĉind n|h|
(
δn−1
2 (|t|α′−1 + |h|α′−1) + (|t|+ |h|)

)
,

for δ2 ..= δ
1/M
1 , the above induction proof works. Apart from M -dependent constants, the

estimates of J1, J3 and J4 still hold. This gives the required result for all n = n0 + jM and
j ≥ 0 (where the initial step j = 0 follows from the first induction for 1 ≤ n0 ≤M).

A final form of the decomposition of
∫
Ω
R(t)n1 dµ into Ψ(t)n and ‘good’ quantities

To simplify the statement of Lemmas 4.17 and 4.18 further, we record the following facts.
Recall that we have assumed that

∫
Ω
v dµ = 0 (when α > 1).

Lemma 4.19. Let (Q(0)n)′ = (Q(t)n)′|t=0, n ∈ N. Then∫
Ω

P ′(0)1 dµ = 0 and

∫
Ω

(Q(0)n)′1 dµ =

∫
Ω

Q(0)n−1Q′(0)1 dµ = 0.

Proof. As in the proof of Lemma 4.13,

P ′(0)1 =
1

2πi

∫
|ξ−1|=δ

(
ξ −R(0)

)−1
R′(0)

(
ξ −R(0)

)−1
1 dξ.

However, (ξ − R(0))−1
1 = (ξ − 1)−1 for all ξ ̸= 1. Since we also know that R′(0)1 = iR(0)v,

using Fubini’s theorem we obtain

2πi

∫
Ω

P ′(0)1 dµ = i

∫
Ω

∫
|ξ−1|=δ

(ξ − 1)−1
(
ξ −R(0)

)−1
R(0)v dξ dµ

= i

∫
|ξ−1|=δ

(ξ − 1)−1
∑
j∈N0

ξ−j−1

∫
Ω

R(0)jR(0)v dµ dξ

= i

∫
|ξ−1|=δ

(ξ − 1)−1
∑
j∈N0

ξ−j−1

∫
Ω

R(0)j+1v dµ dξ

= i

∫
|ξ−1|=δ

(ξ − 1)−1
∑
j∈N0

ξ−j−1

∫
Ω

v dµ dξ = 0,

concluding the argument for the first part of the statement.
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Next, recall that (Q(t)n)′ =
∑n−1

j=0 Q(t)
jQ′(t)Q(t)n−j. Hence,∫

Ω

(Q(0)n)′1 dµ =

∫
Ω

n−1∑
j=0

Q(0)jQ′(0)Q(0)n−j−1
1 dµ.

Since Q(0)1 = 0 and Q(0)n−j−1
1 = 0 for all j < n− 1, we thus have∫

Ω

(Q(0)n)′1 dµ =

∫
Ω

Q(0)n−1Q′(0)1 dµ.

Recall from (4.17) that Q′(0)1 = −R(0)P ′(0)1. As a consequence,∫
Ω

(Q(0)n)′1 dµ = −
∫
Ω

Q(0)n−1R(0)P ′(0)1 dµ

= −
∫
Ω

R(0)n−1(I − P (0))R(0)P ′(0)1 dµ

= −
∫
Ω

R(0)nP ′(0)1 dµ+

∫
Ω

R(0)n−1P (0)R(0)P ′(0)1 dµ

= −
∫
Ω

P ′(0)1 dµ+

∫
Ω

R(0)P ′(0)1 dµ = 0,

which ends the proof.

Putting the last three lemmas together, we obtain the following.

Proposition 4.20. Suppose that (H1)–(H3) hold. Set U(t, n) ..=
∫
Ω
R(t)n1 dµ − Ψ(t)n. Then

the following hold for all n ∈ N and all |t|, |h| ∈ Bε(0) with |h| ≤ |t|/2.
(i) For α ∈ (0, 1),

|U(t, n)| ≤

(
C0|t|αℓ

(
1

|t|

)
+ n|t|2αℓ

(
1

|t|

)2
)
|Ψ(t)|n, and

|U(t+ h, n)− U(t, n)| ≤
(
|h|αℓ

(
1

|h|

)
+ n|h|αℓ

(
1

|h|

)
|t|αℓ

(
1

|t|

))
|Ψ(t)|n.

(ii) If α ∈ (1, 2], we have for any α′ ∈ (1, α) that

|U(t, n)| ≤
(
|t|α′

+ n|t|2
)
|Ψ(t)|n, and

|U(t+ h, n)− U(t, n)| ≤ |h||t|α′−1 |Ψ(t)|n + n|h||t|.

(iii) If α ∈ (1, 2], then U is differentiable in t and, writing U ′(t, n) for its derivative,

U ′(t, n) ≪
(
|t|α−1ℓ0

(
1

|t|

)
+ n|t|+ n2|t|α+1ℓ0

(
1

|t|

))
|Ψ(t)|n

and ∣∣U ′(t+ h, n)− U ′(t, n)
∣∣

≪ |h|α−1ℓ0

(
1

|h|

)
|Ψ(t)|n + n

(
|t||h|α′−1ℓ0

(
1

|h|

)
+ |h|

)
|Ψ(t)|n

+ n2

(
|t|2α−1|h|ℓ0

(
1

|t|

)2

+ |t|2|h|α−1ℓ0

(
1

|h|

)
+ |h||t|αℓ0

(
1

|t|

))
|Ψ(t)|n

+ n3|t|2α|h|ℓ0
(

1

|t|

)2

|Ψ(t)|n.
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Proof. In the notation of Lemma 4.17 and Lemma 4.18,

U(t, n) =

∫
Ω

R(t)n1 dµ−Ψ(t)n = V̂ (t, n) +

∫
Ω

W (t, n)1 dµ

since W (t, n)1 = Q(t)n1−Q(0)n1 = Q(t)n1 (because Q(0)n1 = 0 for all n ∈ N).

(i) This follows immediately from Lemma 4.17(i) and Lemma 4.18(i).

(ii) By Lemma 4.19,
∫
Ω
P ′(0)1 dµ =

∫
Ω
(Q(0)n)′1 dµ =

∫
Ω
Q(0)n−1Q′(0)1 dµ = 0. Then

Lemma 4.17(ii) gives,

|U(t, n)| ≪
(
|t|α′

+ n|t|2
)
|Ψ(t)|n,

which proves the first statement of item (ii). We already know that
∫
Ω
Q(0)n−1Q′(0)1 dµ = 0.

This together with Lemma 4.18(ii) (and recalling that |h| ≤ |t|/2) implies that∣∣∣∣∫
Ω

(W (t+ h, n)−W (t, n))1 dµ

∣∣∣∣≪ δn1 |h||t|α
′−1 + n|h||t|.

Combining this with Lemma 4.17(iii),

|U(t+ h, n)− U(t, n)| ≤
(
|h||t|α′−1 + n|h||t|α−1ℓ0(1/|t|)

)
|Ψ(t)|n + n|h||t|

≪ |h||t|α′−1 |Ψ(t)|n + n|h||t|,

which proves the second statement of item (ii).

(iii) This follows immediately from Lemma 4.17(iv), Lemma 4.18(iii) and also the fact that∫
Ω
P ′(0)1 dµ = 0.

4.3.5 Proof of Theorem 4.11

As already mentioned in the paragraph after the statement of Theorem 4.11, it suffices to show
that (4.13) and (4.14) hold. In the notation of Proposition 4.20, Eµ(eitvn) =

∫
Ω
R(t)n1 dµ =

U(t, n) + Ψ(t)n and the LHS of equation (4.13), for α ∈ (0, 1) ∪ (1, 2), becomes∣∣∣∣∫ +ε

−ε
(e−itN − e−it(N+g(n)))ΨY (t)

U(t, n)

it
dt

∣∣∣∣ = O
(
D(N)

)
+ o

(
nℓ0(N)

Nα

)
. (4.32)

where (in the notation of Theorem 4.11),

D(N) =

{
N−αℓ(N) logN, if α ∈ (0, 1),

N−(α−δ), if α ∈ (1, 2].

Similarly, for α = 2, equation (4.14) becomes∣∣∣∣∫ +ε

−ε
(e−itN − e−it(N+g(n)))ΨY (t)

U(t, n)

it
dt

∣∣∣∣ = O
(
D(N)

)
+O

(
n logN

N2

)
+O

(
nℓ̂(N)

N2

)
. (4.33)

In what follows we show that (4.32) and (4.33) hold by showing that for α ∈ (0, 1) ∪ (1, 2),∣∣∣∣∫ +ε

−ε
e−itNΨY (t)

U(t, n)

it
dt

∣∣∣∣ = O
(
D(N)

)
+ o
(
nN−αℓ0(N)

)
. (4.34)
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and for α = 2,∣∣∣∣∫ +ε

−ε
e−itNΨY (t)

U(t, n)

it
dt

∣∣∣∣ = O
(
D(N)

)
+O

(
n logN

N2

)
+O

(
nℓ̂(N)

N2

)
. (4.35)

A similar argument shows for α ∈ (0, 1) ∪ (1, 2) that∣∣∣∣∫ +ε

−ε
e−it(N+g(n))ΨY (t)

U(t, n)

it
dt

∣∣∣∣ = O
(
D(N + g(n))

)
+O

(
n log(N + g(n))

(N + g(n))2

)
+ o

(
nℓ0(N + g(n))

(N + g(n))α

)
,

and a corresponding statement for α = 2, concluding the proof of Theorem 4.11.

The validity of equations (4.34) and (4.35) will be shown via a ‘modulus-of-continuity’ argument.
To carry out such an argument, it is crucial that we have enough decay in t in the expression of
U(t, n) as to counteract the effect of the division by t in the integrand of (4.34). Proposition 4.20
tracks this type of decay in t (along with finer continuity properties in h) and it is in this sense
that we call U(t, n) a ‘good quantity’.

Before embarking on the final calculations, we need to recall one more technical lemma.

Lemma 4.21 ([MT22, Lemma 2.3]). Let L : (0,+∞) → (0,+∞) be a slowly varying function.
For all β > 0, there exists C > 0 so that for all n ∈ N,∫ ε

0

tβL(t−1)|Ψ(t)|n dt ≤ C
L(an)

a1+βn

.

We may now proceed to the proof of (4.34).

Proof of Equation (4.34).

The case α ∈ (0, 1). Set f(t, n) ..= ΨY (t)
U(t,n)
t

and K(n,N) ..=
∫ +ε

−ε e
−itNf(t, n) dt. To be able

to apply the modulus-of-continuity argument we need to split the domain of integration (so as
to be able to deal with the difference coming from 1

t
− 1

t− π
N
). For this purpose, write

K(n,N) =

∫ 2π
N

− 2π
N

e−itNf(t, n) dt+

∫ − 2π
N

−ε
e−itNf(t, n) dt+

∫ ε

2π
N

e−itNf(t, n) dt

=.. K0(n,N) +K−(n,N) +K+(n,N).

By Proposition 4.20(i), |f(t, n)| ≪ (n|t|2α−1ℓ(1/|t|)2 + |t|α−1ℓ(1/|t|))|Ψ(t)|n. Thus, we compute
using Karamata’s Theorem (see e.g. [BGT87, Theorem 1.5.11]) that

|K0(n,N)| ≪
∫ 2π

N

0

tα−1ℓ

(
1

t

)
dt+ n

∫ 2π
N

0

t2α−1ℓ

(
1

t

)2

dt≪ ℓ(N)

Nα
+
nℓ(N)2

N2α
= o

(
nℓ(N)

Nα

)
.

We estimate K+ via modulus-of-continuity; the estimate for K− is similar. With the change
of variables t→ t− π/N ,

K+(n,N) = −
∫ ε+π/N

(2π+π)/N

e−itNf
(
t− π

N
, n
)
dt,
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and summing the two expressions of K+ gives

2K+(n,N) = −
∫ ε+π/N

ε

e−itNf
(
t− π

N
, n
)
dt+

∫ 2π+π
N

2π
N

e−itNf
(
t− π

N
, n
)
dt

+

∫ ε

2π
N

e−itN
(
f(t, n)− f

(
t− π

N
, n
))

dt

=.. K1 +K2 +K3.

Since the integrands of K1 and K2 are bounded, |K1|, |K2| = o(nN−αℓ(N)). We continue with
K3, computing that

|K3| ≤

∣∣∣∣∣
∫ ε

2π
N

e−itN
(
ΨY (t)−ΨY

(
t− π

N

))U(t, n)
t

dt

∣∣∣∣∣
+

∣∣∣∣∣
∫ ε

2π
N

e−itNΨY

(
t− π

N

)U(t, n)− U(t− π
N
, n)

t
dt

∣∣∣∣∣
+

∣∣∣∣∣
∫ ε

2π
N

e−itNΨY

(
t− π

N

)
U
(
t− π

n
, n
)(1

t
− 1

t− π
N

)
dt

∣∣∣∣∣
=.. K1

3 +K2
3 +K3

3 .

Since ΨY is Lipschitz and |f(t, n)| ≪ (n|t|2α−1ℓ(1/|t|)2 + |t|α−1ℓ(1/|t|))|Ψ(t)|n,

K1
3 ≪ 1

N

∫ ε

2π
N

tα−1ℓ

(
1

t

)
dt+

n

N

∫ ε

2π
N

t2α−1ℓ

(
1

t

)2

dt

≪ ℓ(N)

Nα
+
nℓ(N)

N2α
= o(nN−αℓ(N)).

So far, all the terms are as good as desired. The loss in the statement comes from treating the
remaining integrals K2

3 and K3
3 . By Proposition 4.20(i),

|U(t+ h, n)− U(t, n)| ≪
(
|h|αℓ

( 1

|h|

)
+ n|h|αℓ

( 1

|h|

)
|t|αℓ

( 1

|t|

))
|Ψ(t)|n.

Taking h = π/N ,

|K2
3 | ≪

ℓ(N)

Nα

∫ ε

2π
N

1

t
dt+

nℓ(N)

Nα

∫ ε

2π
N

tα−1ℓ

(
1

t

)
|Ψ(t)|n dt

≪ ℓ(N) logN

Nα
+
ℓ(N)

Nα
n

∫ ε

2π
N

tα−1ℓ

(
1

t

)
|Ψ(t)|n dt. (4.36)

The second term is unproblematic. By Lemma 4.21, with β = α− 1 and L = ℓ,

n

∫ ε

2π
N

tα−1ℓ

(
1

t

)
|Ψ(t)|n dt≪ n

aαn
ℓ(an) ≪ 1.

Hence, K2
3 ≪ N−αℓ(N) logN .

For K3
3 , we use again that |U(t, n)/t| ≪ n|t|2α−1ℓ(1/|t|)2 + |t|α−1ℓ(1/|t|) and that

∣∣∣1t − 1
t− π

N

∣∣∣≪
N−1t−2. So, by Karamata’s Theorem,

|K3
3 | ≪

1

N

∫ ε

2π
N

tα−2ℓ

(
1

t

)
dt+

n

N

∫ ε

2π
N

t2α−2ℓ

(
1

t

)2

dt≪ ℓ(N)

Nα
+
nℓ(N)2

N2α
≪ ℓ(N)

Nα
+ o

(
nℓ(N)

Nα

)
,
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ending the argument for case α ∈ (0, 1).

The case α ∈ (1, 2]. Set M(n,N) ..=
∫ +ε

−ε e
−itNΨY (t)U(t, n)/it dt. Since the boundary terms

cancel, integration by parts gives

M(n,N) =
1

iN

∫ +ε

−ε
e−itNΨ′

Y (t)
U(t, n)

it
dt+

1

iN

∫ +ε

−ε
e−itNΨY (t)

U ′(t, n)

it
dt

− 1

iN

∫ +ε

−ε
e−itNΨY (t)

U(t, n)

t2
dt

=..
1

iN
M1(n,N) +

1

iN
M2(n,N) +

1

iN
M3(n,N). (4.37)

Throughout the rest of the proof, we take α′ close to α (that is, α − α′ is positive but as
small as we want). By Proposition 4.20(ii), |U(t, n)| ≪ n|t|2 + |t|α′

. By Proposition 4.20(iii),
|U ′(t, n)| ≪ (n|t|+ |t|α−1ℓ0(1/|t|) + n2|t|α+1ℓ0(1/|t|))|Ψ(t)|n. Hence, integrating by parts once
more, ∣∣∣∣ 1iNM1(n,N)

∣∣∣∣≪ 1

N2

∫ ε

0

|Ψ′′
Y (t)|

|U(t, n)|
t

dt+
1

N2

∫ ε

0

|Ψ′
Y (t)|

|U ′(t, n)|
t

dt

+
1

N2

∫ ε

0

|Ψ′
Y (t)|

|U(t, n)|
t2

dt

≪ n

N2
= o

(
nℓ0(N)

Nα

)
, (4.38)

using that the variance is infinite by assumption when α = 2 so ℓ0(N) → +∞. Here, we have
also used that ΨY is C2 (with bounded first and second derivative).

Next we estimate M2 and M3 via the modulus-of-continuity argument similarly to the proof in
the case α ∈ (0, 1) above.

Regarding M2,

M2(n,N) =

∫ 2π
N

− 2π
N

e−itNΨY (t)
U ′(t, n)

t
dt+

∫ − 2π
N

−ε
e−itNΨY (t)

U ′(t, n)

t
dt

+

∫ ε

2π
N

e−itNΨY (t)
U ′(t, n)

t
dt

=.. M0
2 (n,N) +M−

2 (n,N) +M+
2 (n,N). (4.39)

Next,

M0
2 (n,N) ≪ n

∫ 2π
N

0

1 dt+

∫ 2π
N

0

tα−2ℓ0

(
1

t

)
dt+ n2

∫ 2π
N

0

tαℓ0

(
1

t

)
dt

≪ n

N
+
ℓ0(N)

Nα−1
+
n2ℓ0(N)

Nα+1
= O

( n
N

)
+ o

(
nℓ0(N)

Nα−1

)
.

Similarly to the argument used above for the case α ∈ (0, 1) (when estimating K+, K−), it

suffices to estimate M+
2 (n,N). Set g(t, n) ..= ΨY (t)

U ′(t,n)
t

and compute that

2M+
2 (n,N) = −

∫ ε+ π
N

ε

e−itNg
(
t− π

N
, n
)
dt+

∫ 2π+π
N

2π
N

e−itNg
(
t− π

N
, n
)
dt

+

∫ ε

2π
N

e−itN
(
g(t, n)− g

(
t− π

N
, n
))

dt

=.. M1
2 +M2

2 +M3
2 . (4.40)
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The estimates forM1
2 andM2

2 go similarly to the estimate forM0
2 (n,N) above and give |M1

2 | =
O(1/N) = o(nN−(α−1)ℓ0(N)) and |M2

2 | = o(nN−(α−1)ℓ0(N)).

Regarding M3
2 , recalling that ΨY is bounded, we compute that

|M3
2 | ≪

∫ ε

2π
N

∣∣∣ΨY (t)−ΨY

(
t− π

N

)∣∣∣ |U ′(t, n)|
t

dt+

∫ ε

2π
N

ΨY

(
t− π

N

)∣∣U ′(t, n)− U ′(t− π
N
, n
)∣∣

t
dt

+

∫ ε

2π
N

ΨY

(
t− π

N

)∣∣∣U ′
(
t− π

N
, n
)∣∣∣ ∣∣∣∣1t − 1

t− π
N

∣∣∣∣ dt
=.. L1 + L2 + L3.

Recall that |U ′(t, n)/t| ≪ (n+ |t|α−2ℓ0(1/|t|) + n2|t|αℓ0(1/|t|))|Ψ(t)|n. Since ΨY is Lipschitz,
by Lemma 4.21 with β ∈ {α− 2, α} and L = ℓ, we get

L1 ≪
n

N

∫ ε

2π
N

|Ψ(t)|n dt≪ n

Nan
, (4.41)

using that aαn ∼ nℓ0(an). By Proposition 4.20(iii),∣∣U ′(t+ h, n)− U ′(t, n)
∣∣

≪ |h|α−1ℓ0

(
1

|h|

)
|Ψ(t)|n + n

(
|t||h|α′−1ℓ0

(
1

|h|

)
+ |h|

)
|Ψ(t)|n

+ n2

(
|t|2α−1|h|ℓ0

(
1

|t|

)2

+ |t|2|h|α−1ℓ0

(
1

|h|

)
+ |h||t|αℓ0

(
1

|t|

))
|Ψ(t)|n

+ n3|t|2α|h|ℓ0
(

1

|t|

)2

|Ψ(t)|n.

Using this estimate with h = π/N and recalling that |Ψ(t)| ≤ e−ct
αℓ0(1/t),

L2 ≪
ℓ0(N)

Nα−1

∫ ε

2π
N

1

t
dt+

nℓ0(N)

Nα′−1

∫ ε

2π
N

|Ψ(t)|n dt+ n

N

∫ ε

2π
N

1

t
dt

+
n2ℓ0(N)

Nα−1

∫ ε

2π
N

t2α−2ℓ0

(
1

t

)
|Ψ(t)|n dt+ n2ℓ0(N)

Nα−1

∫ ε

2π
N

t |Ψ(t)|n dt

+
n2

N

∫ ε

2π
N

tα−1ℓ0

(
1

t

)
|Ψ(t)|n dt+ n3

N

∫ ε

2π
N

t2α−1ℓ0

(
1

t

)2

|Ψ(t)|n dt.

To treat the latter four integrals, we apply Lemma 4.21 with various choice of β and L: taking
β = α− 1 and L = ℓ0, we get∫ ε

2π
N

tα−1ℓ0

(
1

t

)
|Ψ(t)|n dt≪ ℓ0(an)

aαn
≪ 1

n
. (4.42)

Taking β = 2α− 1 and L = ℓ0, and using that aαn ∼ nℓ0(an), we get∫ ε

2π
N

t2α−2ℓ0

(
1

t

)
|Ψ(t)|n dt≪ ℓ0(an)

a2α−1
n

≪ 1

n2−1/α−δ∗ , for any δ∗ > 0, and∫ ε

2π
N

t2α−1ℓ0

(
1

t

)2

|Ψ(t)|n dt≪ ℓ0(an)
2

a2αn
≪ 1

n2
. (4.43)
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Taking β = 1 and L = 1,∫ ε

2π
N

t |Ψ(t)|n dt≪ 1

a2n
≪ 1

(nℓ0(an))2/α
≪ 1

n2/α−δ∗ , for any δ∗ > 0. (4.44)

Using the same computation as in (4.41),
∫ ε

2π
N
|Ψ(t)|n dt ≪ a−1

n . These estimates together

with (4.42), (4.43) and (4.44) (after a change of variables t→ σ/an) imply that

L2 ≪
nℓ0(N)

Nα′−1

1

an
+
n logN

N
+

logN ℓ0(N)

Nα−1
+
n2ℓ0(N)

Nα−1

1

n2−1/α−δ∗

+
n2

N

1

n
+
n2ℓ0(N)

Nα−1

1

n2/α−δ∗ +
n3

N

1

n2

= O
(
ℓ0(N) logN

Nα−1

)
+O

(
n logN

N

)
+ o

(
nℓ0(N)

Nα′−1

)
;

here, we have used that n2

n2−1/α−δ∗ < n, n2

n2/α−δ∗ < n and that aαn ∼ nℓ0(an). The argument for
estimating L3 goes similarly to the argument used for K2

3 in (4.36) (inside the proof for the
case α ∈ (0, 1) above). Recall that |U ′(t, n)| ≪ (|t|α−1ℓ0(1/|t|) + n|t|+ n2|t|α+1ℓ0(1/|t|))|Ψ(t)|n

and
∣∣∣1t − 1

t− π
N

∣∣∣≪ N−1t−2. Hence, using Karamata’s Theorem,

L3 ≪
1

N

∫ ε

2π
N

tα−3ℓ0

(
1

t

)
dt+

n

N

∫ ε

2π
N

1

t
dt+

n2

N

∫ ε

2π
N

tα−1ℓ0

(
1

t

)
|Ψ(t)|n dt

≪ ℓ0(N)

Nα−1
+
n logN

N
+
n

N
.

where we have used (4.42). Putting all the above together and recalling (4.40),∣∣∣∣ 1iNM2(n,N)

∣∣∣∣ = O
(
ℓ0(N) logN

Nα′

)
+O

(
n logN

N2

)
+ o

(
nℓ0(N)

Nα

)
. (4.45)

It remains to estimate M3(n,N) in (4.37). We use the modulus-of-continuity argument again.
Similarly to (4.39),

M3(n,N) =

∫ 2π
N

− 2π
N

e−itNΨY (t)
U(t, n)

t2
dt+

∫ − 2π
N

−ε
e−itNΨY (t)

U(t, n)

t2
dt

+

∫ ε

2π
N

e−itNΨY (t)
U(t, n)

t2
dt

=.. M0
3 (n,N) +M−

3 (n,N) +M+
3 (n,N).

Recall that, by Proposition 4.20(ii), |U(t, n)| ≪ (|t|α′
+n|t|2)|Ψ(t)|n for any α′ ∈ (1, α). An easy

computation shows that |M0
3 (n,N)| = O(N1−α′

) + O(nN−1) = O(N1−α′
) + o(nℓ0(N)Nα−1),

noting that we have infinite variance by assumption when α = 2 so ℓ0(N) → +∞.

Similarly to the argument used for (4.39), it suffices to estimate M+
3 (n,N). We compute that

|M+
3 | ≪

∫ ε

2π
N

∣∣∣ΨY (t)−ΨY

(
t− π

N

)∣∣∣ |U(t, n)|
t2

dt+

∫ ε

2π
N

ΨY

(
t− π

N

)∣∣U(t, n)− U
(
t− π

N
, n
)∣∣

t2
dt

+

∫ ε

2π
N

ΨY

(
t− π

N

)∣∣∣U(t− π

N
, n
)∣∣∣ ∣∣∣∣∣ 1t2 − 1(

t− π
N

)2
∣∣∣∣∣ dt

=.. S1 + S2 + S3.
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Clearly, S1 ≪ nN−1 = o(nN−(α−1)ℓ0(N)). By Proposition 4.20(ii), for any α′ ∈ (1, α),

|U(t+ h, n)− U(t, n)| ≪ |h||t|α′−1 |Ψ(t)|n + n|h||t|.

Taking h = π/N ,

S2 ≪
1

N

∫ ε

2π
N

tα
′−3 dt+

n

N

∫ ε

2π
N

t−1 dt≪ 1

Nα′−1
+
n logN

N
.

Finally, recall again that, by Proposition 4.20(ii), |U(t, n)| ≪ |t|α′
+ n|t|2 for any α′ ∈ (1, α).

Hence,

S3 ≪
1

N

∫ ε

2π
N

tα
′−3 dt+

n

N

∫ ε

2π
N

t−1 dt≪ 1

Nα′−1
+
n logN

N
.

Thus,

|M+
3 | =

{
O(N−(α′−1)) + o

(
nN−(α−1)ℓ0(N)

)
, if α ∈ (1, 2),

O(N−(α′−1)) +O
(
nN−1(ℓ0(N) + logN)

)
, if α = 2.

The integral |M−
3 | can be estimated similarly and gives similar estimates. Altogether,∣∣∣∣ 1iNM3(n,N)

∣∣∣∣ =
{
O(N−α′

) + o
(
nN−αℓ0(N)

)
, if α ∈ (1, 2),

O(N−α′
) +O

(
nN−2(ℓ0(N) + logN)

)
if α = 2.

The conclusion follows from the previous displayed equation together with (4.37), (4.38), (4.45)
and also by recalling that ℓ0(N) logN ≪ N δ0 for any δ0 arbitrarily small.

4.4 Applications

4.4.1 Gibbs-Markov Maps

Let (X,µ) be a probability space with an at most countable measurable partition {Ij}j∈N, and
let T : X → X be an ergodic measure-preserving transformation. Recall from Definition 1.1
that T is a Gibbs-Markov map if it is a Markov map with the big images property and bounded
distortion. Fix θ ∈ (0, 1), and recall from §1.2 that this gives a metric dθ on X defined by
dθ(x, x

′) = θs(x,x
′), where s(x, x′) denotes the least integer n ∈ N0 such that T n(x) and T n(x′)

lie in distinct partition elements. Given f : X → R, set

Djf ..= sup

{
|f(x)− f(x′)|
dθ(x, x′)

: x, x′ ∈ Ij, x ̸= x′
}
, |f |θ ..= sup{Djf : j ∈ N}.

We let the Banach space Bθ ⊂ L∞ consist of functions f : X → R such that |f |θ < +∞ with
norm ∥f∥θ = |f |∞ + |f |θ < +∞.

Proposition 4.22. Suppose that T is a mixing Gibbs-Markov map, and take v : X → R with∫
X
v2 dµ = +∞ and |v|θ < +∞. Assume moreover that there exists C > 0 so that∣∣v|Ij ∣∣θ ≤ C inf

j∈N

∣∣v|Ij ∣∣, ∀j ∈ N. (4.46)

Fix α ∈ (0, 1) ∪ (1, 2], and assume that the tails of v satisfy (H1). Then conditions (H1)–(H3)
are satisfied with Banach space B = Bθ.
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Proof. Condition (H1) is an assumption on v and condition (H3) is well known; see [Aar97,
Chapter 4] and [AD01]. Conditions (H2)(i), (ii) are again well known, and condition (H2)(iv)
has been verified in [MT22, Proof of Proposition 3.10].

It remains to verify (H2)(ii). First note that

∥R(t+ h)−R(t)− ihR′(0)∥ ≤
∥∥R(eitv(eihv − 1− ihv

))∥∥+ ∥∥R(ihv(eitv − 1)
)∥∥.

Let φ ∈ {v(eitv − 1), eitv
(
eihv − 1− ihv

)
}, and recall that φ satisfies assumption (4.46). As

shown in [MT17, Proof of Proposition 12.1], under (4.46), there exists C > 0 so that, for all
f ∈ Bθ,

∥R(φf)∥ ≤ C∥f∥ ∥φ∥L1(µ).

Since we know v satisfies (H1), we have for any α′ ∈ (1, α),

∥v(eitv − 1)∥L1(µ) ≪ |t|α′−1 and
∥∥eihv − 1− ihv

∥∥
L1(µ)

≪ |h|α′
.

Thus,
∥∥R(eitv(eihv − 1− ihv

)∥∥≪ |h|α′
and ∥R(ihv(eitv − 1))∥ ≪ |h||t|α′−1.

4.4.2 Hölder Mean of Continued Fraction Expansion Digits

In this section, we prove Corollary 4.3 on the Hölder mean of continued fraction digits as an
application of Theorem 4.11. We will need the following lemma, which states that a sequence
of random variables defined via continued fraction digits satisfies (H1) with α ∈ (0, 1) ∪ (1, 2].

Lemma 4.23. Suppose that ψ : (0,+∞) → (0,+∞) is a regularly varying function of index
ρ > 0 of the form ψ(x) = xρℓa(x

ρ
a )
(
1 + o(1)

)
for some slowly varying function ℓ and constant

a > 0. Suppose further that ψ is locally bounded on [X,+∞) for some X ≥ 0. Then as
x→ +∞,

µG(ψ ◦ d1 > x) =
1 + o(1)

log 2
x−1/ρ

(
ℓ#(x1/a)

)−a/ρ
.

Proof of Corollary 4.3. Fix ρ > 1, a > 0 and take x in the range x ∈ (n, ean) as n → +∞. To
mimic earlier notation, set α ..= 1/ρ ∈ (0, 1) and N = N(n, x) = xρn. Define ψ : N → (0,+∞)
by ψ(n) = nρ. Since dj = d1 ◦Gj−1 for all j ∈ N, we have

µG

({
y ∈ [0, 1] \Q :

(
dρ1(y) + · · ·+ dρn(y)

n

) 1
ρ

> x

})
= µG

(
Sn(ψ ◦ d1) > N

)
.

By Lemma 4.23, we have µG(ψ ◦ d1 ≥ x) = x−αℓ(x)
(
1+ o(1)

)
, where ℓ(x) ≡ (log 2)−1. In addi-

tion, it was shown in [Aar97] that the continued fraction map is Gibbs-Markov. Consequently,
we may apply Proposition 4.22 to see that (H1)–(H3) are satisfied. Since an = nρ(1 + o(1))
and bn = 0 (recall (1.9)), and since x ∈ (n, ean) as n → +∞, it follows that N ∈ (an, e

a′n) as
n → +∞ for some constant a′ > 0 so we may apply Theorem 4.11 (and Corollary 4.2) with
v = ψ ◦ d1 to see that

µG
(
Sn(ψ ◦ d1) > N

)
= nµG(ψ ◦ d1 > N)

(
1 + o(1)

)
=

n

Nα log 2

(
1 + o(1)

)
.

Putting the above two equations together completes the proof.

It remains to prove Lemma 4.23.
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Proof of Lemma 4.23. Note that ψ is locally bounded on [X,+∞) so the results of [BGT87,
§1.5] apply. First, we may apply [BGT87, Theorem 1.5.3] to obtain an increasing function
ψ1 =

(
1 + o(1)

)
ψ. Fix x > 0, and set

Ax ..= {n ∈ N : ψ1(n) ≥ x}, φ1(x) ..= min{n ∈ N : ψ1(n) ≥ x}.

Since ψ1 is increasing, it follows that Ax = {n ∈ N : n ≥ φ1(x)}. Now, the set of points
x ∈ [0, 1] \Q whose first digit in the Lüroth series expansion is d1(x) = n is [ 1

n+1
, 1
n
] \Q so we

have by the dominated convergence theorem that

µG(ψ1 ◦ d1 ≥ x) =

∫
[0,1]

∑
n∈Ax

1[ 1
n+1

, 1
n ]\Q

dµG =
∑
n∈Ax

µG

([
1

n+ 1
,
1

n

])
=

∑
n≥φ1(x)

µG

([
1

n+ 1
,
1

n

])
= µG

((
0,

1

φ1(x)

])

=
1

log 2
log

(
1 +

1

φ1(x)

)
=

1 + o(1)

φ1(x) log 2
,

using that µG(Q) = 0 (since µG ≪ λ). It remains to find the asymptotic behaviour of φ1. By
[BGT87, Theorem 1.5.2], φ1 is an asymptotic inverse of ψ1 so, by [BGT87, Theorem 1.5.3], it
follows that

φ1(x) = x1/ρ
(
ℓ#(x1/a)

)a/ρ(
1 + o(1)

)
.

Therefore,

µG(ψ1 ◦ d1 ≥ x) =
1 + o(1)

log 2
x−1/ρ

(
ℓ#(x1/a)

)−a/ρ
.

Since µG(ψ ◦ d1 ≥ x)
)
= µG

(
ψ1 ◦ d1 ≥ x(1 + o(1))

)
, the result follows.

4.4.3 Non-Markov Expanding Interval Maps (a.k.a. AFU maps)

Let {Ij}j be a measurable partition of [0, 1] consisting of open intervals, and recall the definition
of an AFU map on the partition {Ij} from Definition 1.2. Since AFU maps are not necessarily
Markov, Hölder spaces are not preserved by the transfer operator of T so it is therefore standard
to consider the space of bounded variation functions instead. Accordingly, we define the Banach
space B = BV ⊂ L∞ to consist of functions f : Ω → R such that Var(f) < +∞ with norm
∥f∥ = |f |∞ +Var(f), where

Var(f) = inf
g∼f

sup
0=y0<...<yk=1

k∑
i=1

|g(yi)− g(yi−1)|,

denotes the variation of the (equivalence class) of f , where g ∼ f if f and g differ on a null set.
Also, we let VarI(f) denote the variation of f on I.

We suppose that T : Ω → Ω is topologically mixing. Then there is a unique absolutely
continuous T -invariant probability measure µ, and µ is mixing.

Proposition 4.24. Assume T is a topologically mixing AFU map, and take v : Ω → R with∫
Ω
v2 dµ = +∞ and supI VarI(v) < +∞. Fix α ∈ (0, 1) ∪ (1, 2], and assume that the tails of v

satisfy (H1). Then conditions (H1)–(H3) are satisfied with Banach space B = BV.
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Proof. Condition (H1) is an assumption and condition (H3) is well-known for mixing AFU
maps; see [Zwe98]. Apart from (H2)(iii), the remaining items of (H2) have been clarified
in [MT22, Proof of Proposition 3.11].

The verification of (H2)(iii) is similar to the one in Proposition 4.22 with the only change
being that the assumption in (4.46) is replaced by supI VarI(v) < +∞. The latter ensures
that VarI(e

itv) ≪ |t|VarI(v) ≪ |t| and similarly VarI(e
ihv) ≪ |h|. Using this and proceeding as

in [MT22, Proof of Proposition 3.11], we have for φ = v(eitv−1) that ∥R(φf)∥ ≤ C∥f∥ ∥φ∥L1(µ).

A similar calculation, which we sketch below, gives the same estimate for φ = eitv(eihv−1−ihv).
Compute that ∥R(eitv(eihv − 1− ihv)f)∥ = S1 + S2 + S3, where

S1 =
∑
I

µ(I) sup
I

|eihv − 1− ihv| sup
I

|f | ≪ ∥eihv − 1− ihv∥L1(µ),

S2 =
∑
I

µ(I) sup
I

|eitv|
(
VarI(e

ihv) + |h|VarI(v)
)
sup
I

|f | ≪ |h|,

S3 =
∑
I

µ(I) sup
I

|eitv
(
eihv − 1− ihv

)
|VarI(f) ≪ ∥eihv − 1− ihv∥L1(µ).

From here onwards, the proof goes exactly the same as in Proposition 4.22.

121





5

Chapter 5

Error Rates for I.I.D. Cauchy Stable
Large and Quasi-large Deviations

Abstract

We obtain error rates for large deviations of sums of i.i.d. random variables given by a Cauchy stable distribution.
We treat a slightly reduced range of 1-stable large deviations and the full range of modified large deviations,
which we call quasi-large deviations. As an application, we give the error rates for the large and quasi-large
deviations of the arithmetic mean of digits coming from Lüroth series expansions.

5.1 Introduction

We recall the statement of the Cauchy (α = 1) case of Theorem 1.8, which was proved recently
in [Ber19]. Consider a sequence (Xj)j∈N of i.i.d. random variables on the probability space
(R,B(R),P). Suppose that (Sn−bn)/an is in the domain of attraction of a Cauchy distribution,
where (an)n∈N and (bn)n∈N are the scaling and centring sequences given in (1.9) by an

(
1+o(1)

)
=

nℓ(an) and bn = nE(X11{|X1|≤an}), n ∈ N, for some slowly varying function ℓ, and recall from
§1.4 that this is equivalent to having assumed that

P(X1 > x) = px−1ℓ(x)
(
1 + o(1)

)
and P(X1 < −x) = qx−1ℓ(x)

(
1 + o(1)

)
, (5.1)

where p, q > 0 with p+ q = 1. Then for x such that x/an as n→ +∞,

P(Sn − bn > x) = nP(X1 > x)
(
1 + o(1)

)
, P(Sn − bn < −x) = nP(X1 > x)

(
1 + o(1)

)
. (5.2)

In this chapter, we will be interested in obtaining error rates for the large deviations in (5.2).
Due to the application to Lüroth series expansions (recall (1.1)) that we have in mind, we shall
focus on the case with no first moment. We will also restrict to the easiest possible case, namely
that (Xj)j∈N is a sequence of i.i.d. random variables given by

P(X1 > x) =
∑
j∈N

cj
xj
, x > 0, (5.3)

where (cj)j∈N is a (summable) sequence of real constants with c1 > 0, but all that is really
needed is for the characteristic function of X1 to have two derivatives; see §5.2.1. Given (5.3),
it follows that (Sn − bn)/an is in the domain of attraction of a Cauchy distribution, where
(an)n∈N and (bn)n∈N are as above, so (5.1) holds with p = 1, q = 0 and ℓ ≡ 1. In fact, (5.3)
implies for each n ∈ N that an(1 + o(1)) = n and bn(1 + o(1)) = n log n.
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For notational convenience throughout, write N = N(x, n) ..= x+ bn, and note that

N

an
=
N

n

(
1 + o(1)

)
≥
(
1 + o(1)

)
log n→ +∞, as n→ +∞.

We obtain the following large deviations result.

Theorem 5.1. Assume (5.3). Then for any p ≥ 2 and all x such that N = N(x, n) ..= x + bn
satisfies n logN = o(N) as n→ +∞,

P(Sn − bn > x) = nP(X1 > N) + o

(
n2(logN)2 +N2/p

N2

)
.

Obtaining error rates for the large deviations in (5.2) (p = 1, q = 0, ℓ ≡ 1) comes at the cost of
reducing the range of x for which the result is optimal. In order to obtain error rates for the
full range of x, i.e. such that x/an → +∞, we introduce an upper bound to the deviation of Sn
considered. This gives the following result.

Theorem 5.2. Assume (5.3). Then as x/an → +∞,

P
(
Sn − bn ∈ [x, x+ g(n)]

)
= nP

(
X1 ∈ [N,N + g(n)]

)
+ o

(
n2(log n)2 +N2/p

N2

)
for any p ≥ 2 and any choice of function g : R → (0,+∞) with g(n) → +∞ as n→ +∞ such
that

g(n)(logN)2

N
= o
(
(log n)2

)
and

ng(n)

N + g(n)
= o
(
(log n)2

)
as n→ +∞. (5.4)

We refer to the result in Theorem 5.2, i.e. a deviation of centred partial sums Sn − bn of the
form Sn − bn ∈ [x, x+ g(n)], where g : R → (0,+∞) satisfies g(n) → +∞ and g(n) = o(N) as
n → +∞, as a quasi-large deviation. Note that the condition g(n) = o(N) prevents a quasi-
large deviation from being a genuine large deviation. Note also that a quasi-large deviation
differs from a local large deviation because the interval [x, x + g(n)] considered here is large,
given that g(n) → +∞, which is in contrast with the intervals [x, x+ h], h > 0 fixed, that are
considered for local large deviations.

We then consider the following application of Theorems 5.1 and 5.2. Recall the definition of the
Lüroth map L : [0, 1] → [0, 1] in (1.2) (shown below in Figure 5.1) and that every x ∈ [0, 1] \Q
has a unique associated Lüroth series expansion of the form

0 1

1

1
4

1
3

1
2· · ·

Figure 5.1: The Lüroth map

124



5

§5.2. TECHNICAL INGREDIENTS OF THE PROOFS

x =
∑
n∈N

dn(x)∏
1≤ℓ≤n dℓ(x)(dℓ(x) + 1)

,

where dn(x) ..= k whenever Ln−1(x) ∈
(

1
k+1

, 1
k

]
for n ∈ N. Let λ be the Lebesgue measure

restricted to the unit interval. In this setting, Theorems 5.1 and 5.2 give the following corollary.

Corollary 5.3. Fix y ∈ [0, 1] \Q and consider the arithmetic average

Sn(y) ..=
d1(y) + · · ·+ dn(y)

n
=

1

n

∑
1≤ℓ≤n

d1 ◦ Lℓ−1(y)

of the Lüroth digits of y. Then the following statements hold for any p ≥ 2.

(i) For all x such that N ..= x+ bn satisfies n logN = o(N) as n→ +∞,

λ
(
Sn(y)− bn ≥ x

)
=

n

N
+ o

(
n2(logN)2 +N2/p

N2

)
.

(ii) As x/an → +∞,

λ
(
Sn(y)− bn ∈ [x, x+ g(n)]

)
=

ng(n)

N(N + g(n))
+ o

(
n2(log n)2 +N2/p

N2

)
for any choice of function g : R → (0,+∞) satisfying (5.4).

The outline of this chapter is the following. In §5.2, we give the main strategy of the proofs
of Theorems 5.1 and 5.2, which will follow the same method up to the end of §5.3. More
precisely, we show in §5.2.1 that Theorems 5.1 and 5.2 follow once we expand a certain integral
(I in (5.5) below) involving the characteristic function of Sn and a function g. In §5.2.2, we
determine the precise form of the characteristic function given (5.3), and we derive estimates
for related quantities in §5.2.3. In §5.3, we integrate the integral obtained in §5.2.1 by parts
and split it into more manageable sub-integrals. Each is computed up to certain quantities
that depend on the choice of g. It is at this point that the argument takes two paths; in §5.4,
we take g in the range of large deviations, namely with g(n) ≫ N , and complete the proof
of Theorem 5.1, while, in §5.5, we take g in the range of quasi-large deviations, namely as in
(5.4), and complete the proof of Theorem 5.2. In §5.6, we apply Theorems 5.1 and 5.2 to the
digit functions associated with Lüroth series expansions to obtain Corollary 5.3. We also obtain
a generalisation of this result to GLS expansions under a certain condition on the associated
branch-support partition.

5.2 Technical Ingredients of the Proofs

To prove Theorems 5.1 and 5.2, we will use the same method as in §4.3.1, but we must use
slightly different techniques in order to get error rates. Namely, we first use the Fourier inversion
formula for probability measures (see e.g. [Bil12, Theorem 26.2]) to translate the statements
of Theorems 5.1 and 5.2, which are on the measure P, into statements on the characteristic
function Ψ(t) ..=

∫ +∞
0

eitx dP(X1 ≤ x) of X1. We show during §5.2.1 that the conclusions of
Theorems 5.1 and 5.2 follow once we obtain the power expansion in N up to second order terms
of the integral

I∗ ..=

∫ +ε

−ε

(
e−itN − e−it(N+g(n))

)Ψ(t)n − nΨ(t)

it
ΨY (t) dt,
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where ε > 0 is a constant and Y is a random variable to be introduced later with a charac-
teristic function ΨY (t) satisfying convenient properties that allow us to restrict the domain of
integration to a neighbourhood of zero; §5.2.1. The main difficulty in expanding the integral
I∗ comes from the fact that the factor of t−1 in the integrand blows up. To overcome this, we
rewrite Ψ(t)n − nΨ(t) as a multiple of Ψ(t) − 1 plus a quantity that is independent of Ψ(t),
which splits I∗ into two parts. Using the proof of [AD98, Theorem 2] and the form of P(X1 > x)
given in (5.3), it follows that

Ψ(t)− 1 = b sgn(t)t
(
1 + o(1)

)
+ i
(
− ct log|t|

)(
1 + o(1)

)
, t ∈ [−ε, ε],

for constants b, c > 0, which has a factor of t, so we can use Ψ(t)− 1 in the first part of I∗ to
counteract the effect of t−1. We can show that the second part of I∗ is negligible by using the
Fourier inversion formula again.

The next step is to expand the first part of I∗ using integration by parts and a modulus-
of-continuity argument as in [Kat76, Chapter 1] to produce factors of N−1. We expand up to
quantities whose behaviour depends on the range of g(n); these quantities can be found in (5.29)
and are treated in §5.4 (resp. §5.5) for g in the range of large (resp. quasi-large) deviations.
The expansion can be found in Proposition 5.9.

In order to keep the power of n at most two throughout the calculations to follow, we use
Lemma 4.21, e.g. [MT22, Lemma 2.3], which we restate here for α = 1 (although not stated in
[MT22] for α = 1, the proof there generalises immediately to this case).

Lemma 5.4 ([MT22, Lemma 2.3]). Let ℓ : (0,+∞) → (0,+∞) be a continuous slowly varying
function. Fix 0 ≤ b < a ≤ ε, n ∈ N and δ > 0. Then for any ρ ≥ 0,∫ a

b

tρℓ(t−1)|Ψ(t)|n dt = O
(
n−(ρ+1)ℓ(n)

)
.

5.2.1 Rephrasing the Problem in Terms of Characteristic Functions

We translate the statements of Theorems 5.1 and 5.2 into statements on the characteristic
function Ψ(t) by using the method in §4.3.1 but recording the error terms along the way. We
will start with the following two lemmas, the first of which is an analogue of Lemma 4.7. Recall
that N ..= x+ bn is a function of n, and x is taken in the range x/an → +∞ as n→ +∞.

Lemma 5.5. Let (Zj)j∈N be a sequence of random variables on (R,B(R),P). Fix p ≥ 2, and
let Y be a centred random variable independent of the Zj that is in Lp(R,B(R),P) and has
a real-valued even characteristic function ΨY ∈ C2(R,B(R),P) supported in [−ε, ε] for some
small constant ε > 0. Assume that there is a function κ : R → (0,+∞) with κ(n) = o(N2) and
κ(n) → +∞ as n → +∞ such that P

(
Zn > N ± κ(n)

)
= P(Zn > N) + o

(
κ(n)/N2

)
. Then as

n→ +∞,

P(Zn > N) = P(Zn + Y > N) + o

(
1

κ(n)p
+
κ(n)

N2

)
.

Proof. Conditioning on Y gives

P
(
Zn > N + κ(n)

)
= P

(
Zn > N + κ(n)

∣∣ |Y | > κ(n)
)
+ P

(
Zn > N + κ(n)

∣∣ |Y | ≤ κ(n)
)

≤ P
(
|Y | > κ(n)

)
+ P(Zn + Y > N).

Since Y ∈ Lp, it follows by the assumption on κ that

P(Zn + Y > N) ≥ P
(
Zn > N + κ(n)

)
− P

(
|Y | > κ(n)

)
= P(Zn > N) + o

(
1

κ(n)p
+
κ(n)

N2

)
.
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Similarly,

P
(
Zn ≤ N − κ(n)

)
= P

(
Zn ≤ N − κ(n)

∣∣ |Y | > κ(n)
)
+ P

(
Zn ≤ N − κ(n)

∣∣ |Y | ≤ κ(n)
)

≤ P
(
|Y | > κ(n)

)
+ P(Zn + Y ≤ N)

and so

P(Zn + Y > N) = 1− P(Zn + Y ≤ N) ≤ 1− P
(
Zn ≤ N − κ(n)

)
+ P

(
|Y | > κ(n)

)
= P

(
Zn > N − κ(n)

)
+ P

(
|Y | > κ(n)

)
= P(Zn > N) + o

(
1

κ(n)p
+
κ(n)

N2

)
.

The existence of a random variable Y as in Lemma 5.5 follows for every p ≥ 2 from [Gou10a,
Proposition 3.8]. Throughout the rest of the chapter, we fix p ≥ 2 and such a random variable
Y ∈ Lp that is independent of the Xj, j ∈ N. Write ΨY (t), t ∈ [−ε, ε], for its characteristic
function.

Lemma 5.6. Let g : R → (0,+∞) be such that g(n) → +∞ as n→ +∞. Then

P
(
Sn ∈ [N,N + g(n)]

)
= P

(
Sn + Y ∈ [N,N + g(n)]

)
+ o

(
N2/p

N2

)
.

Furthermore, if we additionally assume that g(n) ≥ N2, then

P(Sn > N) = P
(
Sn + Y ∈ [N,N + g(n)]

)
+ o

(
N2/p

N2

)
.

Proof. First, note for any choice of positive function κ that (5.3) gives

P(Sn > N)− P
(
Sn > N + κ(n)

)
=
∑
j∈N

cj

(
1

N j
− 1

(N + κ(n))j

)
=
∑
j∈N

cj
(N + κ(n))j −N j

N j(N + κ(n))j

=
κ(n)

N(N + κ(n))

∑
j∈N

∑
0≤k<j

cj
Nk(N + κ(n))j−1−k

=
κ(n)

N2

(
1 + o(1)

)
and similarly P(Sn > N) − P

(
Sn > N − κ(n)

)
= κ(n)N−2

(
1 + o(1)

)
. Additionally, since

Y ∈ Lp, we know that P
(
|Y | > κ(n)

)
= o
(
κ(n)−p

)
. Choose κ(n) ..= N2/(p+1). Then it follows

that P
(
Sn > N ± κ(n)

)
= P(Sn > N) + o

(
N−(2−2/p)

)
and P

(
|Y | > κ(n)

)
= o
(
N−(2−2/p)

)
so we

may apply Lemma 5.5 to see that

P
(
Sn ∈ [N,N + g(n)]

)
= P(Sn ≥ N)− P

(
Sn > N + g(n)

)
= P(Sn + Y ≥ N)− P

(
Sn + Y > N + g(n)

)
+ o
(
N−(2−2/p)

)
= P

(
Sn + Y ∈ [N,N + g(n)]

)
+ o
(
N−(2−2/p)

)
,

which completes the proof of the first statement. To prove the second statement, note that
g(n) ≥ N2 and (5.3) imply that

P
(
Sn > N + g(n)

)
≤ nP

(
X1 >

N + g(n)

n

)
=

c1n
2

N + g(n)

(
1 + o(1)

)
= O

(
n2

N2

)
.
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Consequently,

P
(
Sn ∈ [N,N + g(n)]

)
= P(Sn ≥ N)− P

(
Sn > N + g(n)

)
= P(Sn > N) +O

(
n2

N2

)
and so the second statement follows from the first.

Fix n ∈ N, and let g : R → (0,+∞) be an increasing function with g(n) → +∞ as n → +∞
to be specified later (in §5.4, we will take g as in Theorem 5.1 to get large deviations, and we
will take g as in Theorem 5.2 to give quasi-large deviations in §5.5). In the next proposition,
we reduce proving Theorems 5.1 and 5.2 to analysing a certain integral written in terms of
characteristic functions, which is analogous to the result in Proposition 4.8 but catered towards
obtaining error rates.

Proposition 5.7. Let g : R → (0,+∞) be such that g(n) → +∞ as n→ +∞. Fix p ≥ 2, and
let Y ∈ Lp be as in Lemma 5.5. Put

I ..=

∫ +ε

−ε

(
e−itN − e−it(N+g(n))

)Ψ(t)− 1

it
ΨY (t)F (t, n) dt. (5.5)

Then

P
(
Sn ∈ [N,N + g(n)]

)
= nP

(
X1 ∈ [N,N + g(n)]

)
+

I

2π
+ o

(
N2/p

N2

)
.

Furthermore, if we additionally assume that g(n) ≥ N2, then

P(Sn > N) = nP(X1 > N) +
I

2π
+ o

(
N2/p

N2

)
.

Proof. Since the characteristic function of X1 + Y is Ψ(t)ΨY (t) and the characteristic function
of Sn+Y is Ψ(t)nΨY (t), then, using that the Xj, j ∈ N, are i.i.d. random variables, the Fourier
inversion formula yields

P
(
X1 + Y ∈ [N,N + g(n)]

)
= lim

a→+∞

1

2π

∫ a

−a

e−itN − e−it(N+g(n))

it
Ψ(t)ΨY (t) dt,

P
(
Sn + Y ∈ [N,N + g(n)]

)
= lim

a→+∞

1

2π

∫ a

−a

e−itN − e−it(N+g(n))

it
Ψ(t)nΨY (t) dt.

(5.6)

The purpose of having introduced the random variable Y is to adjust the domain of integration
in (5.6) and remove the limit in a. Indeed, since the characteristic function ΨY of Y has support
[−ε, ε], we see that (5.6) simplifies to give

P
(
X1 + Y ∈ [N,N + g(n)]

)
=

1

2π

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t)Ψ(t) dt,

P
(
Sn + Y ∈ [N,N + g(n)]

)
=

1

2π

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t)Ψ(t)n dt.

(5.7)

Next, observe that

Ψ(t)n − nΨ(t) =
(
Ψ(t)n−1 − 1

)
Ψ(t)− (n− 1)Ψ(t) =

(
Ψ(t)− 1

) n−1∑
k=1

Ψ(t)k − (n− 1)Ψ(t)

=
(
Ψ(t)− 1

) n−1∑
k=1

(
Ψ(t)k − 1

)
+ (n− 1)

(
Ψ(t)− 1

)
− (n− 1)Ψ(t)

=
(
Ψ(t)− 1

) n−1∑
k=1

(
Ψ(t)k − 1

)
− (n− 1). (5.8)
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so, by setting

F (t, n) ..=
n−1∑
k=1

(
Ψ(t)k − 1

)
, (5.9)

it follows from (5.7) and (5.8) that

P
(
Sn + Y ∈ [N,N + g(n)]

)
− nP

(
X1 + Y ∈ [N,N + g(n)]

)
=

1

2π

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t)

(
Ψ(t)n − nΨ(t)

)
dt

=
I

2π
− n− 1

2π

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t) dt. (5.10)

Applying the Fourier inversion formula again and using that Y ∈ L2 gives

n− 1

2π

∫ +ε

−ε

e−itN − e−it(N+g(n))

it
ΨY (t) dt = (n− 1) lim

a→+∞

1

2π

∫ +a

−a

e−itN − e−it(N+g(n))

it
ΨY (t) dt

= (n− 1)P
(
Y ∈ [N,N + g(n)]

)
≤ nP(Y ≥ N) = O

( n

N2

)
, (5.11)

Substituting (5.11) into (5.10) gives

P
(
Sn + Y ∈ [N,N + g(n)]

)
− nP

(
X1 + Y ∈ [N,N + g(n)]

)
=

I

2π
+O

( n

N2

)
,

and the proof concludes by applying Lemma 5.6.

Hence, to prove Theorems 5.1 and 5.2, it suffices to estimate the integral I for g in the range
prescribed by large deviations and quasi-large deviations respectively.

5.2.2 Form of the Characteristic Function

Before we can expand the integral I defined in (5.5), we will need to determine the exact form
of the characteristic function Ψ(t), t ∈ [−ε, ε].

Lemma 5.8. Assume (5.3). Then the characteristic function Ψ(t) of X1 is given by

Ψ(t) = 1 + Cit+
∑
r∈N

trΨr(t), t ∈ [−ε, ε],

where C ..=
∫ 1

0
eitxP(X1 > x) dx ≥ 0 is a constant and Ψr(t) ..= 1

(r−1)!

(
ζr + ξre

it− cri
r log|t|

)
for

bounded constants ζr, ξr ∈ C.

An immediate consequence of Lemma 5.8 is that Ψ(t) is of the form Ψ(t) = 1−c1it log|t|+tf(t)
with

f(t) ..= Ci+ ζ1 + ξ1e
it +

∑
r∈N

trΨr+1(t) = A+O
(∣∣t log|t|∣∣), (5.12)

where A ..= Ci+ ζ1 + ξ1 ∈ C.
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Proof of Lemma 5.8. Briefly following the method at the beginning of [AD98, Theorem 2],
integration by parts gives

Ψ(t) = 1 +

∫ +∞

0

(eitx − 1) dP(X1 ≤ x) = 1 + it

∫ +∞

0

eitxP(X1 > x) dx

= 1 + it

∫ 1

0

eitxP(X1 > x) dx+ it

∫ +∞

1

eitx
∑
j∈N

cj
xj

dx = 1 + Cit+ it
∑
j∈N

cj

∫ +∞

1

eitx

xj
dx.

For each j ∈ N, integration by parts j − 1 times yields∫ +∞

1

eitx

xj
dx =

∑
1≤k<j

eit(it)j−1−k

(j − 1) · · ·
(
j − (j − k)

)
tk

+
(it)j−1

(j − 1)!

∫ +∞

1

eitx

x
dx

=
(it)j−1

(j − 1)!

(
eit
∑

1≤k<j

(k − 1)!

(it)k
+

∫ +∞

1

eitx

x
dx

)
.

It is known (e.g. see [AS64]) that the exponential integral E1(z) satisfies

E1(z) ..=

∫ +∞

1

e−xz

x
dx = −Log z − γ −

∑
k∈N

(−z)k

k!k

for all z ∈ C with Re z ≥ 0 and arg z ∈ (−π, π], where Log z is the principal branch of the
complex logarithm and γ is the Euler-Mascheroni constant. Thus,∫ +∞

1

eitx

x
dx = E1(−it) = − log|t| − γ − iπ

2
−
∑
k∈N

(it)k

k! k
.

Consequently,

Ψ(t)− 1− Cit =
∑
j∈N

cj(it)
j

(j − 1)!

(
eit
∑

1≤k<j

(k − 1)!

(it)k
− log|t| − γ − iπ

2
−
∑
k∈N

(it)k

k! k

)
. (5.13)

Observe that each infinite series in (5.13) is absolutely convergent so we may change the order
of summation. Then by collecting like-terms in (5.13), we see for each r ∈ N that

ζr ..= −crir
(
γ +

iπ

2

)
− (r − 1)!

∑
j,k∈N
j+k=r

cji
r

(j − 1)!k! k
and ξr ..= (r − 1)!

∑
j,k∈N
j−k=r

cji
r(k − 1)!

(j − 1)!

yield Ψr(t) = 1
(r−1)!

(ζr + ξre
it − cri

r log|t|) as the rth coefficient in the power expansion of

Ψ(t)− 1− Cit.

5.2.3 Estimates for Quantities Involving the Characteristic Function

In this section, we shall collect various estimates for quantities involving the characteristic
function that will be needed later. Fix 0 < |t| ≤ ε and r ∈ N. From the definition of Ψr in
Lemma 5.8, it is immediate that

Ψr(t) = −cri
r log|t|

(r − 1)!
+O(1). (5.14)
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The derivative of log|t| is t−1, which blows up at t = 0 in a controlled way. Thus, we have that

Ψ′
r(t) =

iξre
it − cri

rt−1

(r − 1)!
= O

(
|t|−1

(r − 1)!

)
,

Ψ′′
r(t) =

−ξreit + cri
rt−2

(r − 1)!
= O

(
t−2

(r − 1)!

)
.

(5.15)

Recall the definition of f(t) from (5.12). By (5.14) and (5.15),

f ′(t) = ξ1ie
it +

∑
r∈N

(
rtr−1Ψr+1(t) + trΨ′

r+1(t)
)
= Ψ2(t) +O(1) =

c2
2
log|t|+O(1),

f ′′(t) = −ξ1eit +
∑
r∈N

(
r(r − 1)tr−2Ψr+1(t) + 2rtr−1Ψ′

r+1(t) + trΨ′′
r+1(t)

)
= O(|t|−1).

(5.16)

Since Ψ(t) = 1− c1it log|t|+ tf(t), (5.12) and (5.16) yield

Ψ′(t) = −c1i
(
1 + log|t|

)
+ f(t) + tf ′(t) = −c1i log|t|+B +O

(∣∣t log|t|∣∣),
Ψ′′(t) = −c1it−1 + 2f ′(t) + tf ′′(t) = −c1it−1 +O(log|t|),

(5.17)

where B ..= (C − c1)i+ ζ1 + ξ1 ∈ C. Recall the definition of F (t, n) from (5.9). Factorising and
using that Ψ(t)− 1 = O

(∣∣t log|t|∣∣), we find that

F (t, n) =
(
Ψ(t)− 1

) n−1∑
j=1

j−1∑
k=0

Ψ(t)k = O(n2
∣∣t log|t|∣∣). (5.18)

Differentiating the expression for F (t, n) in (5.9) and applying (5.17), we obtain

F ′(t, n) = Ψ′(t)
n−1∑
j=1

jΨ(t)j−1 =
(
−c1i log|t|+B

) n−1∑
j=1

jΨ(t)j−1 +O
(
n2
∣∣t log|t|∣∣). (5.19)

In §5.3.3, we will need an estimate for F ′(t, n)−F ′(t−h, n), 0 < h < |t| < ε, such that any term
including a logarithm is explicit; see (5.25) below. This requires several auxiliary estimates,
which we shall derive first. It follows from the mean value theorem that there is a ξ ∈ [t− h, t]
such that f ′(t)− f ′(t− h) = f ′′(ξ)h and so (5.16) yields

f ′(t)− f ′(t− h) = O(h|t|−1). (5.20)

By the same reasoning but with (5.15) in place of (5.16), we have that

trΨr(t)− (t− h)rΨr(t− h) = O
(
h
∣∣tr−1 log|t|

∣∣)
so it follows from (5.12), (5.14) and the definition of Ψr(t) in Lemma 5.8 that

f(t)− f(t− h) = ξ1(e
it − ei(t−h)) + t

(
Ψ2(t)−Ψ2(t− h)

)
+ hΨ2(t− h) +O(h|t log|t||)

= −c2
2
t log

(
1− h

t

)
+
c2
2
h log|t− h|+O(h)

=
c2
2
h log|t− h|+O(h). (5.21)
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Thus, it follows from Lemma 5.8, the definition of f in (5.12) and (5.21) that

Ψ(t)−Ψ(t− h) = c1it log

(
1− h

t

)
+ t
(
f(t)− f(t− h)

)
+ hf(t− h)

= c1it log

(
1− h

t

)
+ Ah+O(h|t log|t||), (5.22)

where A ..= Ci+ ζ1 + ξ1 ∈ C. Consequently, we have

Ψ(t)r −Ψ(t− h)r =
(
Ψ(t)−Ψ(t− h)

) r−1∑
j=0

Ψ(t)jΨ(t− h)r−1−j

=

(
c1it log

(
1− h

t

)
+ Ah

) r−1∑
j=0

Ψ(t)jΨ(t− h)r−1−j (5.23)

+O
(
rh
∣∣t log|t|Ψ(t)r−1

∣∣).
By (5.16), (5.20) and (5.21),

Ψ′(t)−Ψ′(t− h) = c1i log

(
1− h

t

)
+ f(t)− f(t− h) + t

(
f ′(t)− f ′(t− h)

)
+ hf ′(t− h)

= c1i log

(
1− h

t

)
+ c2h log|t− h|+O(h). (5.24)

Therefore, it follows by adding and subtracting terms, factorising and then applying (5.17),
(5.23) and (5.24) that

F ′(t, n)− F ′(t− h, n)

=
(
Ψ′(t)−Ψ′(t− h)

) n−1∑
j=1

jΨ(t)j−1 +Ψ′(t− h)
n−1∑
j=1

j
(
Ψ(t)j−1 −Ψ(t− h)j−1

)
=

(
c1i log

(
1− h

t

)
+ c2h log|t− h|

) n−1∑
j=1

jΨ(t)j−1 (5.25)

− c1i

(
c1it log

(
1− h

t

)
+ Ah

)
log|t− h|

n−1∑
j=1

j−2∑
k=0

jΨ(t)kΨ(t− h)j−2−k)
+O

(
h

n−1∑
j=1

j2|Ψ(t)|j−1

)
.

Throughout §5.3, we will need estimates for the function Θ(t) ..= (Ψ(t)−1)/it and its derivatives.
Observe by Lemma 5.8 and (5.12) that

Θ(t) = −c1 log|t| − if(t) = −c1 log|t| − Ai+O
(∣∣t log|t|∣∣). (5.26)

Next, observe by (5.16) that

Θ′(t) = −c1t−1 − if ′(t) = −c1t−1 +O(|log|t||),
Θ′′(t) = c1t

−2 − if ′′(t) = c1t
−2 +O(|t|−1).

(5.27)
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In addition, it follows from (5.22) and (5.26) that

Θ(t)−Θ(t− h) =
Ψ(t)− 1

it
− Ψ(t− h)− 1

i(t− h)
=

Ψ(t)−Ψ(t− h)

it
− ht−1Θ(t− h)

= c1 log

(
1− h

t

)
+ c1ht

−1 log|t− h|+O(h|log|t||). (5.28)

We will also use the following facts, which will allow us to ignore ΨY and Ψ′
Y (t) when integrating

in §5.3. Since ΨY (0) = 1 and ΨY ∈ C2(R,B(R),P), we have for any −ε ≤ a < b ≤ ε and any
function y that is integrable on [a, b],∫ b

a

y(t)ΨY (t) dt =

∫ b

a

y(t) dt+

∫ b

a

y(t)
(
ΨY (t)−ΨY (0)

)
dt =

∫ b

a

y(t) dt+O
(∫ b

a

|ty(t)| dt
)
. (†)

In addition, since Ψ′
Y (0) = EY = 0 and Ψ′

Y ∈ C1(R,B(R),P), we also have∫ b

a

y(t)Ψ′
Y (t) dt =

∫ b

a

y(t)
(
Ψ′
Y (t)−Ψ′

Y (0)
)
dt = O

(∫ b

a

|ty(t)| dt
)
. (‡)

5.3 Expanding the Integral I

Recall that Θ(t) ..= (Ψ(t) − 1)/it and F (t, n) ..=
∑n−1

j=1 (Ψ(t)j − 1). In this section, we will
prove Proposition 5.9 below, which expands the integral I in (5.5) up to quantities that are
asymptotically equivalent (or can be treated analogously) to one of the following:

X1
..=
[(
e−itN − e−it(N+g(n))

)
Θ′(t)F (t, n)

]h
−h,

X2
..=

∫ ε

h

(
e−itN − e−it(N+g(n))

)
t−1(log t)2Ψ(t)n dt,

X3
..=

∫ h

0

(
e−itN − e−it(N+g(n))

)
(log t)2Ψ(t)n dt,

X4
..= n

∫ ε

h

(
e−itN − e−it(N+g(n))

)
(log t)2Ψ(t)n dt.

(5.29)

The estimates of these quantities are affected by the choice of g; it is these quantities and our
choice of g that determines whether we get the partial-range large deviations in Theorem 5.1 (see
Proposition 5.16) or the full-range quasi-large deviations in Theorem 5.2 (see Proposition 5.17).

Proposition 5.9. Recall that n log n = o(N) as n → +∞, and let g : N → (0,+∞) be an
increasing function such that g(n) → +∞ as n→ +∞. Then as n→ +∞,

I ..=

∫ +ε

−ε

(
e−itN − e−it(N+g(n))

)
Θ(t)ΨY (t)F (t, n) dt

= O
(

1

N2
|X1|+

n2

N2
|X2|+

n2

N
|X3|+

n2

N2
|X4|

)
+O

(
n2 log n

N2

)
.

Throughout the current section, we fix N = N(n) such that N/n → +∞ as n → +∞ and
g : N → (0,+∞) an increasing function such that g(n) → +∞ as n → +∞. To prove
Proposition 5.9, we split I into two parts: I = I(N)− I(N + g(n)), where

I(N) ..=

∫ +ε

−ε
e−itNΘ(t)ΨY (t)F (t, n) dt,

I
(
N + g(n)

)
..=

∫ +ε

−ε
e−it(N+g(n))Θ(t)ΨY (t)F (t, n) dt.
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Integrating I(N) by parts gives

I(N) =

[
ie−itN

N
Θ(t)ΨY (t)F (t, n)

]+ε
−ε

+
1

iN

∫ +ε

−ε
e−itNΘ(t)Ψ′

Y (t)F (t, n) dt

+
1

iN

∫ +ε

−ε
e−itNΘ′(t)ΨY (t)F (t, n) dt+

1

iN

∫ +ε

−ε
e−itNΘ(t)ΨY (t)F

′(t, n) dt

=.. I0(N) + I1(N) + I2(N) + I3(N). (5.30)

In the same way, we can write

I(N + g(n)) = I0(N + g(n)) + I1(N + g(n)) + I2(N + g(n)) + I3(N + g(n))

by replacing N with N + g(n) throughout (5.30). Put Ij ..= I(N) − I(N + g(n)) for each
j = 0, 1, 2, 3 so that I = I0 + I1 + I2 + I3. To proceed, we give the expansion of each term Ij
as a lemma. I0 and I1 are simple and are treated in the next section in Lemmas 5.10 and 5.11.
The integrals I2 and I3 are less straightforward so they will be computed up to the quantities
in (5.29) in §5.3.2 and §5.3.3 respectively.

5.3.1 Expanding I0 and the Sub-integral I1 of I

Lemma 5.10. For any n ∈ N,

I0 ..=

[
ie−itN

N
Θ(t)ΨY (t)F (t, n)

]+ε
−ε

−
[
ie−it(N+g(n))

N + g(n)
Θ(t)ΨY (t)F (t, n)

]+ε
−ε

= 0.

Proof. Since ΨY is C2, even and supported in [−ε, ε], we have that

ΨY (±ε) = ΨY (ε)−ΨY

(
ε+

1

Na

)
= O

(
1

Na

)
for any a > 0. Thus, we must have ΨY (±ε) = 0, whence the result follows.

Lemma 5.11. As n→ +∞,

I1 ..=
1

iN

∫ +ε

−ε
e−itNΘ(t)Ψ′

Y (t)F (t, n) dt−
1

i(N + g(n))

∫ +ε

−ε
e−it(N+g(n))Θ(t)Ψ′

Y (t)F (t, n) dt

= O
(
n2

N2

)
.

Proof. Integrating I1(N) ..= 1
iN

∫ +ε

−ε e
−itNΘ(t)Ψ′

Y (t)F (t, n) dt by parts gives

I1(N) =

[
e−itN

N2
Θ(t)Ψ′

Y (t)F (t, n)

]+ε
−ε

− 1

N2

∫ +ε

−ε
e−itNΘ′(t)Ψ′

Y (t)F (t, n) dt

− 1

N2

∫ +ε

−ε
e−itNΘ(t)Ψ′′

Y (t)F (t, n) dt−
1

N2

∫ +ε

−ε
e−itNΘ(t)Ψ′

Y (t)F
′(t, n) dt

= O
(
n2

N2
+
n2

N2

∫ ε

0

|log t| dt+ n2

N2

∫ ε

0

t|log t| dt+ n2

N2

∫ ε

0

|log t| dt
)

= O
(
n2

N2

)
.

In the same way, we get

I1
(
N + g(n)

)
..=

1

i
(
N + g(n)

) ∫ +ε

−ε
e−it(N+g(n))Θ(t)Ψ′

Y (t)F (t, n) dt

= O

(
n2(

N + g(n)
)2
)

= O
(
n2

N2

)
,

which completes the proof.
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5.3.2 Expanding the Sub-integral I2 of I

Recall that Θ(t) ..= (Ψ(t)− 1)/it and F (t, n) ..=
∑n−1

j=1 (Ψ(t)j − 1). In this section, we treat the
integral I2 by decomposing it into quantities of type X1, X2 and X3 (recall (5.29)).

Lemma 5.12. As n→ +∞,

I2 ..=
1

iN

∫ +ε

−ε
e−itNΘ′(t)ΨY (t)F (t, n) dt−

1

i(N + g(n))

∫ +ε

−ε
e−it(N+g(n))Θ′(t)ΨY (t)F (t, n) dt

= O
(

1

N2
|X1|+

n2

N2
|X2|+

n2

N
|X3|

)
+O

(
n2

N2

)
.

Proof. We begin by splitting the range of I2(N):

I2(N) =
1

iN

∫
[h,ε]∪[−ε,−h]

e−itNΘ′(t)ΨY (t)F (t, n) dt+
1

iN

∫ h

−h
e−itNΘ′(t)ΨY (t)F (t, n) dt

= I+2 (N) + I
(0)
2 (N).

We split the range of I2(N + g(n)) = I+2 (N + g(n)) + I
(0)
2 (N + g(n)) in the same way so that

I2 ..= I2(N)− I2(N + g(n))

= I+2 (N)− I+2
(
N + g(n)

)
+ I

(0)
2 (N)− I

(0)
2

(
N + g(n)

)
. (5.31)

The range excluding zero

We integrate the first range I+2 (N) of I2(N) by parts:

I+2 (N) =

[
e−itN

N2
Θ′(t)ΨY (t)F (t, n)

]
[h,ε]∪[−ε,−h]

(5.32)

− 1

N2

∫
[h,ε]∪[−ε,−h]

e−itNΘ′′(t)ΨY (t)F (t, n) dt

− 1

N2

∫
[h,ε]∪[−ε,−h]

e−itNΘ′(t)Ψ′
Y (t)F (t, n) dt

− 1

N2

∫
[h,ε]∪[−ε,−h]

e−itNΘ′(t)ΨY (t)F
′(t, n) dt.

By (5.18) and (5.27), we can apply (†) to the first term on the right-hand side of (5.32) to
obtain [

e−itN

N2
Θ′(t)ΨY (t)F (t, n)

]
[h,ε]∪[−ε,−h]

= −
[
e−itN

N2
Θ′(t)F (t, n)

]h
−h

+O
(
n2

N2

)
.

We will match this quantity with its analogue coming from I+2 (N + g(n)) later, which will
produce a term of type X1. For the second term on the right-hand side of (5.32), we apply (†)
as we did for the first term to remove ΨY (t):

1

N2

∫
[h,ε]∪[−ε,−h]

e−itNΘ′′(t)ΨY (t)F (t, n) dt =
1

N2

∫
[h,ε]∪[−ε,−h]

e−itNΘ′′(t)F (t, n) dt+O
(
n2

N2

)
,
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and then factorise Ψ(t)− 1 = −c1it log|t|+ tf(t) from F (t, n) to obtain

− 1

N2

∫
[h,ε]∪[−ε,−h]

e−itNΘ′′(t)ΨY (t)F (t, n) dt

= − c1
N2

∫
[h,ε]∪[−ε,−h]

e−itN t−2F (t, n) dt+O
(
n2

N2

)
=
c21i

N2

n−1∑
j=1

j−1∑
k=0

∫
[h,ε]∪[−ε,−h]

e−itN t−1 log|t|Ψ(t)k dt (5.33)

− c1
N2

n−1∑
j=1

j−1∑
k=0

∫
[h,ε]∪[−ε,−h]

e−itN t−1f(t)Ψ(t)k dt+O
(
n2

N2

)
.

We will match the first term on the right-hand side of (5.33) with its analogue coming from
I2(N + g(n)) later, which will produce an integral of type X2. By (5.12), the second term on
the right-hand side of (5.33) is

− c1
N2

n−1∑
j=1

j−1∑
k=0

∫
[h,ε]∪[−ε,−h]

e−itN t−1f(t)Ψ(t)k dt

= −c1A
N2

n−1∑
j=1

j−1∑
k=0

∫
[h,ε]∪[−ε,−h]

e−itN t−1Ψ(t)k dt+O
(
n2

N2

)
,

where A ..= Ci + ζ1 + ξ1 ∈ C. Again, we match this term later to produce an integral of type
X2. Next, Θ′(t) = O(|t|−1) by (5.27) so, using (‡), the third term on the right-hand side of
(5.32) is

− 1

N2

∫
[h,ε]∪[−ε,−h]

e−itNΘ′(t)Ψ′
Y (t)F (t, n) dt = O

(
n2

N2

∫ ε

h

t|log t| dt
)

= O
(
n2

N2

)
.

For the fourth term on the right-hand side of (5.32), applying (†) and computing F ′(t, n) gives

− 1

N2

∫
[h,ε]∪[−ε,−h]

e−itNΘ′(t)ΨY (t)F
′(t, n) dt

= − 1

N2

∫
[h,ε]∪[−ε,−h]

e−itNΘ′(t)F ′(t, n) dt+O
(
n2

N2

)
= − 1

N2

n−1∑
j=1

j

∫
[h,ε]∪[−ε,−h]

e−itNΘ′(t)Ψ′(t)Ψ(t)j−1 dt+O
(
n2

N2

)
.

By (5.17) and (5.27), we find that

Θ′(t)Ψ′(t) =
(
−c1t−1 +O(|log|t||)

)(
−c1i log|t|+B +O

(∣∣t log|t|∣∣))
= c21it

−1 log|t| − c1Bt
−1 +O

(
(log|t|)2

)
,

where B ..= (C − c1)i+ ζ1 + ξ1. Thus, the fourth term is

− 1

N2

∫
[h,ε]∪[−ε,−h]

e−itNΘ′(t)ΨY (t)F
′(t, n) dt

= − c21i

N2

n−1∑
j=1

j

∫
[h,ε]∪[−ε,−h]

e−itN t−1 log|t|Ψ(t)j−1 dt

+
c1B

N2

n−1∑
j=1

j

∫
[h,ε]∪[−ε,−h]

e−itN t−1Ψ(t)j−1 dt+O
(
n2

N2

)
.
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Putting all of the above together therefore yields

I+2 (N) = −
[
e−itN

N2
Θ′(t)F (t, n)

]h
−h

+
c21i

N2

n−1∑
j=1

j−1∑
k=0

∫
[h,ε]∪[−ε,−h]

e−itN t−1 log|t|Ψ(t)k dt

− c21i

N2

n−1∑
j=1

j

∫
[h,ε]∪[−ε,−h]

e−itN t−1 log|t|Ψ(t)j−1 dt

− c1A

N2

n−1∑
j=1

j−1∑
k=0

∫
[h,ε]∪[−ε,−h]

e−itN t−1Ψ(t)k dt

+
c1B

N2

n−1∑
j=1

j

∫
[h,ε]∪[−ε,−h]

e−itN t−1Ψ(t)j−1 dt+O
(
n2

N2

)
.

We may deduce an analogous expansion for I+2 (N + g(n)) by replacing N with N + g(n)
throughout; therefore, we find by adding and subtracting terms that

I+2 (N)− I+2
(
N + g(n)

)
= −

[
e−itN − e−it(N+g(n))

N2
Θ′(t)F (t, n)

]h
−h

+
c21i

N2

n−1∑
j=1

j−1∑
k=0

∫
[h,ε]∪[−ε,−h]

(
e−itN − e−it(N+g(n))

)
t−1 log|t|Ψ(t)k dt

− c21i

N2

n−1∑
j=1

j

∫
[h,ε]∪[−ε,−h]

(
e−itN − e−it(N+g(n))

)
t−1 log|t|Ψ(t)j−1 dt

− c1A

N2

n−1∑
j=1

j−1∑
k=0

∫
[h,ε]∪[−ε,−h]

(
e−itN − e−it(N+g(n))

)
t−1Ψ(t)k dt

+
c1B

N2

n−1∑
j=1

j

∫
[h,ε]∪[−ε,−h]

(
e−itN − e−it(N+g(n))

)
t−1Ψ(t)j−1 dt+O

(
n2

N2

)
= O

(
1

N2
|X1|+

n2

N2
|X2|

)
+O

(
n2

N2

)
. (5.34)

The range including zero

To treat the second range I
(0)
2 (N) of I2(N), first note that(

Ψ(t)− 1
)
Θ′(t) =

(
−c1it log|t|+O(|t|)

)(
−c1t−1 +O(|log|t||)

)
= c21i log|t|+O(1).

Consequently, applying (†) and then factorising F (t, n) gives

I
(0)
2 (N) ..=

1

iN

∫ h

−h
e−itNΘ′(t)ΨY (t)F (t, n) dt =

1

iN

∫ h

−h
e−itNΘ′(t)F (t, n) dt+O

(
n2(logN)2

N3

)
=

1

iN

n−1∑
j=1

j−1∑
k=0

∫ h

−h
e−itN

(
Ψ(t)− 1

)
Θ′(t)Ψ(t)k dt+O

(
n2(logN)2

N3

)

=
c21
N

n−1∑
j=1

j−1∑
k=0

∫ h

−h
e−itN log|t|Ψ(t)k dt+O

(
n2

N2

)
.
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We can deduce a similar expansion for I
(0)
2 (N + g(n)). Therefore, by adding and subtracting

terms, we get

I
(0)
2 (N)− I

(0)
2

(
N + g(n)

)
=
c21
N

n−1∑
j=1

j−1∑
k=0

∫ h

−h

(
e−itN − e−it(N+g(n))

)
log|t|Ψ(t)k dt+O

(
n2

N2

)
= O

(
n2

N
|X3|

)
+O

(
n2

N2

)
. (5.35)

The result follows from (5.31), (5.34) and (5.35).

5.3.3 Expanding the Sub-integral I3 of I

Recall that Θ(t) ..= (Ψ(t) − 1)/it and F (t, n) ..=
∑n−1

j=1 (Ψ(t)j − 1). In this section, we expand
the integral I3 from (5.30).

Proposition 5.13. As n→ +∞,

I3 ..=
1

iN

∫ +ε

−ε
e−itNΘ(t)ΨY (t)F

′(t, n) dt = O
(
n2

N2
|X2|+

n2

N
|X3|+

n2

N2
|X4|

)
+O

(
n2 log n

N2

)
.

In order to prove Proposition 5.13, so as not to introduce too many factors of n, we must not
differentiate F ′(t, n). Consequently, we cannot integrate I3(N) by parts as we have done with
I1(N) and I2(N) to obtain the second factor of N−1 needed. Instead, we use a modulus-of-
continuity argument to produce this factor. For this, we must first split the range of I3(N):

I3(N) =
1

iN

(∫ ε

h

+

∫ h

−h
+

∫ −h

−ε

)
e−itNΘ(t)ΨY (t)F

′(t, n) dt =.. J+(N) + J0(N) + J−(N).

We treat the integral J+(N) in the next lemma. The calculations used there can be used to
deduce the expansions of J0(N) and J−(N), which we record in Corollary 5.15 below.

Lemma 5.14. As n→ +∞,

J+ = O
(
n2

N2
|X2|+

n2

N
|X3|+

n2

N2
|X4|

)
+ o

(
n2(log n)2

N2

)
.

Proof. The change of coordinates t 7→ t− h yields

J+(N) ..=
1

iN

∫ ε

h

e−itNΘ(t)ΨY (t)F
′(t, n) dt = − 1

iN

∫ ε+h

2h

e−itNΘ(t− h)ΨY (t− h)F ′(t− h, n) dt

and so

2J+(N) =
1

iN

∫ ε

2h

e−itN
(
Θ(t)ΨY (t)F

′(t, n)−Θ(t− h)ΨY (t− h)F ′(t− h, n)
)
dt

+
1

iN

∫ 2h

h

e−itNΘ(t)ΨY (t)F
′(t, n) dt+

1

iN

∫ ε

ε−h
e−itNΘ(t)ΨY (t)F

′(t, n) dt

=.. J1(N) + J2(N) + J3(N).

138



5

§5.3. EXPANDING THE INTEGRAL I

The integral J1:

By adding and subtracting terms and using that ΨY ∈ C2, we find that

Θ(t)ΨY (t)F
′(t, n)−Θ(t− h)ΨY (t− h)F ′(t− h, n)

=
(
Θ(t)−Θ(t− h)

)
ΨY (t)F

′(t, n) + Θ(t− h)
(
ΨY (t)−ΨY (t− h)

)
F ′(t− h, n)

+ Θ(t− h)ΨY (t− h)
(
F ′(t, n)− F ′(t− h, n)

)
=
(
Θ(t)−Θ(t− h)

)
ΨY (t)F

′(t, n) + Θ(t− h)ΨY (t− h)
(
F ′(t, n)− F ′(t− h, n)

)
+O

(
n2h(log|t|)2

)
.

Consequently,

J1(N) ..=
1

iN

∫ ε

2h

e−itN
(
Θ(t)ΨY (t)F

′(t, n)−Θ(t− h)ΨY (t− h)F ′(t− h, n)
)
dt

=
1

iN

∫ ε

2h

e−itN
(
Θ(t)−Θ(t− h)

)
ΨY (t)F

′(t, n) dt (5.36)

+
1

iN

∫ ε

2h

e−itNΘ(t− h)ΨY (t− h)
(
F ′(t, n)− F ′(t− h, n)

)
dt+O

(
n2

N2

)
.

First, we find by (5.19) and (5.28) that

(
Θ(t)−Θ(t− h)

)
F ′(t, n)

= c1

(
log

(
1− h

t

)
+ ht−1 log|t− h|

)(
−c1i log|t|+B

) n−1∑
j=1

jΨ(t)j−1 +O
(
n2h(log|t|)2

)
,

where B ..= (C − c1)i + ζ1 + ξ1 ∈ C. Then (†) implies that the first of the integrals on the
right-hand side of (5.36) is

1

iN

∫ ε

2h

e−itN
(
Θ(t)−Θ(t− h)

)
ΨY (t)F

′(t, n) dt

=
1

iN

∫ ε

2h

e−itN
(
Θ(t)−Θ(t− h)

)
F ′(t, n) dt+O

(
n2

N2

)
=
c21
N

n−1∑
j=1

j

∫ ε

2h

e−itN
(
log

(
1− h

t

)
+ ht−1 log(t− h)

)(
−c1i log t+B

)
Ψ(t)j−1 dt+O

(
n2

N2

)
.

We pair this integral with the corresponding integral coming from J1(N+g(n)) later to produce
an integral that is asymptotically equivalent to X2. For the second integral on the right-hand
side of (5.36), we first apply (†) to remove ΨY (t− h):

1

iN

∫ ε

2h

e−itNΘ(t− h)ΨY (t− h)
(
F ′(t, n)− F ′(t− h, n)

)
dt

=
1

iN

∫ ε

2h

e−itNΘ(t− h)
(
F ′(t, n)− F ′(t− h, n)

)
dt+O

(
n2

N2

)
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We find by (5.25) and (5.26) that

Θ(t− h)
(
F ′(t, n)− F ′(t− h, n)

)
=
(
−c1 log|t− h| − Ai+O(|t log|t||)

)
×

((
c1i log

(
1− h

t

)
+ c2h log|t− h|

) n−1∑
j=1

jΨ(t)j−1

− c1i

(
c1it log

(
1− h

t

)
+ Ah

)
log|t− h|

n−1∑
j=2

j−2∑
k=0

jΨ(t)kΨ(t− h)j−2−k

+ O

(
h
n−1∑
j=2

j2|Ψ(t)|j−2

))

=

(
c1
(
−c1i log|t− h|+ A

)
log

(
1− h

t

)
− c1c2h

(
log|t− h|

)2) n−1∑
j=1

jΨ(t)j−1

+ c21i

(
c1it log

(
1− h

t

)
+ Ah

)(
log|t− h|

)2 n−1∑
j=2

j−2∑
k=0

jΨ(t)kΨ(t− h)j−2−k

+O

(
h|log|t||

n−1∑
j=1

j2|Ψ(t)|j−1

)
,

where A ..= Ci+ ζ1 + ξ1 ∈ C, so the second integral on the right-hand side of (5.36) is

1

iN

∫ ε

2h

e−itNΘ(t− h)ΨY (t− h)
(
F ′(t, n)− F ′(t− h, n)

)
dt

=
c1
iN

n−1∑
j=1

j

∫ ε

2h

e−itN log

(
1− h

t

)(
−c1i log(t− h) + A

)
Ψ(t)j−1 dt

− c1c2h

iN

n−1∑
j=1

j

∫ ε

2h

e−itN
(
log(t− h)

)2
Ψ(t)j−1 dt

+
c21
N

n−1∑
j=1

j−2∑
k=0

j

∫ ε

2h

e−itN
(
c1it log

(
1− h

t

)
+ Ah

)(
log(t− h)

)2
Ψ(t)j−1 dt

+O

(
1

N2

n−1∑
j=1

j2
∫ ε

2h

|log t||Ψ(t)|j−1 dt+
n2

N2

)
.

We match the first and third terms with their counterparts coming from the expansion of
J1
(
N + g(n)

)
later; the former will be asymptotic to X2 and the latter will be asymptotic X4.

By Lemma 5.4 with ℓ(x) = (log x)2, the second term is

−c1c2h
iN

n−1∑
j=1

j

∫ ε

2h

e−itN
(
log(t− h)

)2
Ψ(t)j−1 dt = O

(
1

N2

n−1∑
j=1

j

∫ ε

2h

(log t)2|Ψ(t)|j−1 dt

)

= O

(
1

N2

n−1∑
j=1

(log j)2

)
= O

(
n(log n)2

N2

)
,

140



5

§5.3. EXPANDING THE INTEGRAL I

and the error term simplifies, this time by Lemma 5.4 with ℓ(x) = |log x|, to give

O

(
1

N2

n−1∑
j=1

j2
∫ ε

2h

|log t||Ψ(t)|j−1 dt+
n2

N2

)
= O

(
1

N2

n−1∑
j=1

j log j +
n2

N2

)
= O

(
n2 log n

N2

)
.

Therefore, the second integral on the right-hand side of (5.36) is

1

iN

∫ ε

2h

e−itNΘ(t− h)ΨY (t− h)
(
F ′(t, n)− F ′(t− h, n)

)
dt

=
c1
iN

n−1∑
j=1

j

∫ ε

2h

e−itN log

(
1− h

t

)(
−c1i log(t− h) + A

)
Ψ(t)j−1 dt

+
c21
N

n−1∑
j=1

j−2∑
k=0

j

∫ ε

2h

e−itN
(
c1it log

(
1− h

t

)
+ Ah

)(
log(t− h)

)2
Ψ(t)j−1 dt+O

(
n2 log n

N2

)
.

Altogether, we have shown that

J1(N) =
c21
N

n−1∑
j=1

j

∫ ε

2h

e−itN
(
log

(
1− h

t

)
+ ht−1 log(t− h)

)(
−c1i log t+B

)
Ψ(t)j−1 dt

+
c1
iN

n−1∑
j=1

j

∫ ε

2h

e−itN log

(
1− h

t

)(
−c1i log(t− h) + A

)
Ψ(t)j−1 dt

+
c21
N

n−1∑
j=1

j−2∑
k=0

j

∫ ε

2h

e−itN
(
c1it log

(
1− h

t

)
+ Ah

)(
log(t− h)

)2
Ψ(t)j−1 dt

+O
(
n2 log n

N2

)

We can find an analogous expansion for J1
(
N + g(n)

)
so, since log(1 − h/t) = h

(
1 + o(1)

)
/t,

adding and subtracting terms to J1 = J1(N)− J1
(
N + g(n)

)
yields

J1 =
c21
N

n−1∑
j=1

j

∫ ε

2h

(
e−itN − eit(N+g(n))

)(
log

(
1− h

t

)
+ ht−1 log(t− h)

)(
B − c1i log t

)
Ψ(t)j−1 dt

+
c1
iN

n−1∑
j=1

j

∫ ε

2h

(
e−itN − eit(N+g(n))

)
log

(
1− h

t

)(
A− c1i log(t− h)

)
Ψ(t)j−1 dt

+
c21
N

n−1∑
j=1

j−2∑
k=0

j

∫ ε

2h

(
e−itN − eit(N+g(n))

)(
c1it log

(
1− h

t

)
+ Ah

)(
log(t− h)

)2
Ψ(t)j−1 dt

+O
(
n2 log n

N2

)
= O

(
n2

N2
|X2|+

n2

N2
|X4|

)
+O

(
n2 log n

N2

)
.
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The integral J2:

By (5.19) and (5.26), we find that

Θ(t)F ′(t, n) =
(
−c1 log|t| − Ai+O

(∣∣t log|t|∣∣))(−c1i log|t|+B +O
(∣∣t log|t|∣∣)) n−1∑

j=1

jΨ(t)j−1

= c1
(
c1i(log|t|)2 − (A+B) log|t|+O(1)

) n−1∑
j=1

jΨ(t)j−1.

Thus, (†) yields

J2(N) ..=
1

iN

∫ 2h

h

e−itNΘ(t)ΨY (t)F
′(t, n) dt =

1

iN

∫ 2h

h

e−itNΘ(t)F ′(t, n) dt+O
(
n2(logN)2

N4

)
=

c1
iN

n−1∑
j=1

j

∫ 2h

h

e−itN
(
c1i(log t)

2 − (A+B) log t
)
Ψ(t)j−1 dt+O

(
n2

N2

)
.

In the same way, we can find an analogous expansion for J2
(
N + g(n)

)
and so

J2 = J2(N)− J2
(
N + g(n)

)
=

c1
iN

n−1∑
j=1

j

∫ 2h

h

(
e−itN − e−it(N+g(n))

)(
c1i(log t)

2 − (A+B) log t
)
Ψ(t)j−1 dt+O

(
n2

N2

)
= O

(
n2

N
|X3|

)
+O

(
n2

N2

)
.

The integral J3:

We find by (5.19) and (5.26) that

J3(N) ..=
1

iN

∫ ε

ε−h
e−itNΘ(t)ΨY (t)F

′(t, n) dt = O
(
n2

N

∫ ε

ε−h
(log t)2 dt

)
= O

(
n2

N2

)
.

Similarly, J3
(
N + g(n)

)
= O(n2/N2) and so J3 = J3(N)− J3

(
N + g(n)

)
= O(n2/N2).

Putting the estimates for J1, J2 and J3 together gives the result.

Corollary 5.15. As n→ +∞,

J− ..=
1

iN

∫ −h

−ε
e−itNΘ(t)ΨY (t)F

′(t, n) dt = O
(
n2

N2
|X2|+

n2

N
|X3|+

n2

N2
|X4|

)
+O

(
n2 log n

N2

)
and

J0 = O
(
n2

N
|X3|

)
+O

(
n2

N2

)
.

Proof. The estimate for J− can be deduced from J+ by tracking the sign changes throughout
the proof of Lemma 5.14. The estimate for J0 follows by the same reasoning as is used to treat
J2 in Lemma 5.14.

Proof of Proposition 5.13. This follows from Lemma 5.14 and Corollary 5.15.

Proof of Proposition 5.9. This follows from Lemma 5.10, Lemma 5.11, Lemma 5.12 and Propo-
sition 5.13.
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5.4 Large Deviations: Proving Theorem 5.1

In this section, we prove Theorem 5.1. Given what we have shown so far in §5.2.1 and §5.3, it
remains to prove the following proposition concerning the quantities from (5.29).

Proposition 5.16. Fix n ∈ N, and let g be a positive multiple of 2πN2. Put h ..= π/N . Then

(i) X1
..=
[(
e−itN − e−it(N+g(n))

)
Θ′(t)F (t, n)

]h
−h = 0.

(ii) X2
..=
∫ ε
h
(e−itN − e−it(N+g(n)))t−1(log t)2Ψ(t)n dt = o

(
(logN)2

)
.

(iii) X3
..=
∫ h
0
(e−itN − e−it(N+g(n)))(log t)2Ψ(t)n dt = o

(
N−1(logN)2

)
.

(iv) X4
..= n

∫ ε
h

(
e−itN − e−it(N+g(n))

)
(log t)2Ψ(t)n dt = O

(
(log n)2

)
.

Proof.

(i) Since g(n) is a multiple of 2πN , we have e±ihN − e±ih(N+g(n)) = 0 and so X1 = 0.

(ii) By the change of variables σ = tN , we find that

X2 = (logN)2
∫ εN

π

e−iσ − e−iσ(1+g(n)/N)

σ

(
log σ/N

logN

)2

Ψ
( σ
N

)n
dσ

= (logN)2
∫ εN

π

e−iσ(1− e−iσg(n)/N)

σ

(
log σ/N

logN

)2

Ψ
( σ
N

)n
dσ.

By Potter’s bounds (see e.g. [BGT87]), we have for any 0 < δ < 1 that∣∣∣∣∣e−iσ(1− e−iσg(n)/N)

σ

(
log σ/N

logN

)2

Ψ
( σ
N

)n∣∣∣∣∣ ≤ 2e−kσ/Nσ−(1−δ),

which is integrable over [π,+∞] so, since
∣∣∣ log σ/NlogN

∣∣∣ → 1 and g(n)/N → +∞ as n → +∞, we

may apply the dominated convergence theorem to see that∫ εN

π

e−iσ(1− e−iσ
g(n)
N )

σ

log σ/N

logN
Ψ
( σ
N

)n
dσ

=
(
1 + o(1)

) ∫ +∞

π

e−iσ(1− e−iσ
g(n)
N )

σ

log σ/N

logN
Ψ
( σ
N

)n
dσ = o(1).

Therefore, X2 = o
(
(logN)2

)
.

(iii) This follows using the same method as in (ii).

(iv) This estimate follows from Lemma 5.4 with ℓ(x) = (log x)2.

Proof of Theorem 5.1. Choose g : R → (0,+∞) to be a positive multiple of 2πN2. Then
putting Proposition 5.9 and Proposition 5.16 together yields

I = O
(

1

N2
|X1|+

n2

N2
|X2|+

n2

N
|X3|+

n2

N2
|X4|

)
+O

(
n2 log n

N2

)
= o

(
n2(logN)2

N2

)
,

Therefore, we have by Proposition 5.7 that

P(Sn > N) = nP(X1 > N) + o

(
n2(logN)2 +N2/p

N2

)
.
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5.5 Quasi-large Deviations: Proving Theorem 5.2

In this section, we prove Theorem 5.2. Given what we have shown so far in §5.2.1 and §5.3, it
remains to prove the following proposition concerning the quantities from (5.29).

Proposition 5.17. Recall that n log n = o(N). Let g : N → (0,+∞) be an increasing function
satisfying (5.4) and g(n) → +∞ as n→ +∞. Put h ..= π/N . Then

(i) X1
..=
[(
e−itN − e−it(N+g(n))

)
Θ′(t)F (t, n)

]h
−h = o

(
n2(log n)2

)
.

(ii) X2
..=
∫ ε
h
(e−itN − e−it(N+g(n)))t−1(log t)2Ψ(t)n dt = o

(
(log n)2

)
.

(iii) X3
..=
∫ h
0
(e−itN − e−it(N+g(n)))(log t)2Ψ(t)n dt = o

(
(log n)2N−1

)
.

(iv) X4
..= n

∫ ε
h

(
e−itN − e−it(N+g(n))

)
(log t)2Ψ(t)n dt = o

(
(log n)2

)
.

Proof.

(i) Observe that

Θ′(h)−Θ′(−h) = −c1
(
h−1 − (−h)−1

)
− i
(
f ′(h)− f ′(−h)

)
= O(N) and

F (h, n)− F (−h, n) =
(
Ψ(h)−Ψ(−h)

) n−1∑
j=1

j−1∑
k=0

Ψ(h)kΨ(−h)j−1−k = O
(
n2 logN

N

)
so we have

X1 = −
[(
e−itN − e−it(N+g(n))

)
Θ′(t)F (t, n)

]h
−h +O(n2)

=
(
1− e−ihg(n)

)
Θ′(h)F (h, n)−

(
1− eihg(n)

)
Θ′(−h)F (−h, n) +O(n2)

=
(
eihg(n) − e−ihg(n)

)
Θ′(h)F (h, n) +

(
1− eihg(n)

)(
Θ′(h)−Θ′(−h)

)
F (h, n)

+
(
1− eihg(n)

)
Θ′(−h)

(
F (h, n)− F (−h, n)

)
+O(n2)

= O
(
hg(n) ·N · n

2 logN

N

)
= O

(
n2g(n) logN

N

)
= o
(
n2(log n)2

)
by the choice of g(n).

(ii) We first split X2 into two parts:

X2 =

∫ ε

h

e−itN t−1(log t)2Ψ(t)n dt−
∫ ε

h

e−it(N+g(n))t−1(log t)2Ψ(t)n dt.

Using the change of variables σ = tN on the first part, σ = t(N +g(n)) on the second and then
adding and subtracting terms yields

X2 =

∫ εN

hN

e−iσσ−1
(
log

σ

N

)2
Ψ
( σ
N

)n
dσ

−
∫ ε(N+g(n))

h(N+g(n))

e−iσσ−1

(
log

σ

N + g(n)

)2

Ψ

(
σ

N + g(n)

)n
dσ

=

∫ εN

π

e−iσσ−1

((
log

σ

N

)2
−
(
log

σ

N + g(n)

)2
)
Ψ

(
σ

N + g(n)

)n
dσ (5.37)

+

∫ εN

π

e−iσσ−1
(
log

σ

N

)2(
Ψ
( σ
N

)n
−Ψ

(
σ

N + g(n)

)n)
dσ

+

(∫ ε(N+g(n))

εN

−
∫ h(N+g(n))

hN

)
e−iσσ−1

(
log

σ

N + g(n)

)2

Ψ

(
σ

N + g(n)

)n
dσ.
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Since(
log

σ

N

)2
−
(
log

σ

N + g(n)

)2

= log

(
1 +

g(n)

N

)
log

σ2

N(N + g(n))
= O

(
g(n)

N
log

σ

N

)
,

using that g(n) = o(N) to expand the logarithm, the first of the terms on the right-hand side
of (5.37) is ∫ εN

π

e−iσσ−1

((
log

σ

N

)2
−
(
log

σ

N + g(n)

)2
)
Ψ

(
σ

N + g(n)

)n
dσ

= O
(
g(n)

N

∫ εN

π

σ−1 log
σ

N
dσ

)
= O

(
g(n)(logN)2

N

)
= o
(
(log n)2

)
. (5.38)

Next, we find after undoing the change of coordinates and applying (5.23) that∫ εN

π

e−iσσ−1
(
log

σ

N

)2(
Ψ
( σ
N

)n
−Ψ

(
σ

N + g(n)

)n)
dσ

=

∫ ε

h

e−itN t−1(log t)2
(
Ψ(t)n −Ψ

(
t− tg(n)

N + g(n)

)n)
dt = O

(
ng(n)

N + g(n)

∫ ε

h

(log t)2 dt

)
= O

(
ng(n)

N + g(n)

)
= o
(
(log n)2

)
. (5.39)

Last, we have(∫ ε(N+g(n))

εN

−
∫ h(N+g(n))

hN

)
e−iσσ−1

(
log

σ

N + g(n)

)2

Ψ

(
σ

N + g(n)

)n
dσ

= O

(
εg(n) · (εN)−1

(
log

N + g(n)

εN

)2

+ hg(n) · (hN)−1

(
log

N + g(n)

hN

)2
)

= O
(
g(n)(logN)2

N

)
= o
(
(log n)2

)
. (5.40)

Putting (5.37), (5.38), (5.39) and (5.40) together gives (ii).

(iii) As in (ii), we split the integral X3 into two parts and then use the change of variables
σ = tN on the first part and σ = t(N + g(n)) on the second part:

X3 =
1

N

∫ hN

0

e−iσ
(
log

σ

N

)2
Ψ
( σ
N

)n
dσ

− 1

N + g(n)

∫ h(N+g(n))

0

e−iσ
(
log

σ

N + g(n)

)2

Ψ

(
σ

N + g(n)

)n
dσ

=
g(n)

N(N + g(n)

∫ π

0

e−iσ
(
log

σ

N

)2
Ψ
( σ
N

)n
dσ

+
1

N + g(n)

∫ π

0

e−iσ

((
log

σ

N

)2
−
(
log

σ

N + g(n)

)2
)
Ψ

(
σ

N + g(n)

)n
dσ

+
1

N + g(n)

∫ π

0

e−iσ
(
log

σ

N

)2(
Ψ
( σ
N

)n
−Ψ

(
σ

N + g(n)

)n)
dσ

+
1

N + g(n)

∫ h(N+g(n))

hN

e−iσ
(
log

σ

N + g(n)

)2

Ψ

(
σ

N + g(n)

)n
dσ.
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The first integral is

g(n)

N(N + g(n))

∫ π

0

e−iσ
(
log

σ

N

)2
Ψ
( σ
N

)n
dσ = O

(
g(n)(logN)2

N(N + g(n))

)
= o

(
(log n)2

N

)
.

Following the derivation of (5.38), the second integral is

1

N + g(n)

∫ π

0

e−iσ

((
log

σ

N

)2
−
(
log

σ

N + g(n)

)2
)
Ψ

(
σ

N + g(n)

)n
dσ

= O
(

g(n)

N(N + g(n))

∫ π

0

log
σ

N
dσ

)
= O

(
g(n) logN

N(N + g(n))

)
= o(N−1).

Following the derivation of (5.39), the third integral is

1

N + g(n)

∫ π

0

e−iσ
(
log

σ

N

)2(
Ψ
( σ
N

)n
−Ψ

(
σ

N + g(n)

)n)
dσ

= O
(

ng(n)N

(N + g(n))2

∫ h

0

t(log t)2 dt

)
= O

(
ng(n)(logN)2

N(N + g(n))2

)
= o

(
(log n)2

N

)
.

The fourth integral is

1

N + g(n)

∫ h(N+g(n))

hN

e−iσ
(
log

σ

N + g(n)

)2

Ψ

(
σ

N + g(n)

)n
dσ

= O
(

hg(n)

N + g(n)
log

N + g(n)

hN

)
= O

(
g(n) log

(
N + g(n)

)
N(N + g(n))

)
= o

(
(log n)2

N

)
.

Putting the last five displayed equations together completes the proof of (iii).

(iv) Following the method in (ii) (and similarly to (iii)), we find that

X4 = n

∫ ε

h

e−itN(log t)2Ψ(t)n dt− n

∫ ε

h

e−it(N+g(n))(log t)2Ψ(t)n dt

=
ng(n)

N(N + g(n))

∫ εN

π

e−iσ
(
log

σ

N

)2
Ψ
( σ
N

)n
dσ

+
n

N + g(n)

∫ εN

π

e−iσ

((
log

σ

N

)2
−
(
log

σ

N + g(n)

)2
)
Ψ

(
σ

N + g(n)

)n
dσ

+
n

N + g(n)

∫ εN

π

e−iσ
(
log

σ

N

)2(
Ψ
( σ
N

)n
−Ψ

(
σ

N + g(n)

)n)
dσ

+
n

N + g(n)

(∫ εN

hN

−
∫ ε(N+g(n))

h(N+g(n))

)
e−iσ

(
log

σ

N + g(n)

)2

Ψ

(
σ

N + g(n)

)n
dσ.

By Lemma 5.4 with ℓ(x) = (log x)2, we find that the first term is

ng(n)

N(N + g(n))

∫ εN

π

e−iσ
(
log

σ

N

)2
Ψ
( σ
N

)n
dσ =

ng(n)

N + g(n)

∫ ε

h

e−itN(log t)2Ψ(t)n dt

= O
(
g(n)(log n)2

N + g(n)

)
= o
(
(log n)2

)
.
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Following the derivation of (5.38), the second term is

n

N + g(n)

∫ εN

π

e−iσ

((
log

σ

N

)2
−
(
log

σ

N + g(n)

)2
)
Ψ

(
σ

N + g(n)

)n
dσ

= O
(

ng(n)

N(N + g(n))

∫ εN

π

log
σ

N
dσ

)
= O

(
ng(n) logN

N(N + g(n))

)
= o
(
(log n)2

)
.

By (5.23) and Lemma 5.4 with ℓ(x) = (log x)2, we have that the third term is

n

N + g(n)

∫ εN

π

e−iσ
(
log

σ

N

)2(
Ψ
( σ
N

)n
−Ψ

(
σ

N + g(n)

)n)
dσ

= O
(

n2g(n)

N(N + g(n))2

∫ εN

π

(
log

σ

N

)2∣∣∣Ψ( σ
N

)∣∣∣n−1

dσ

)
= O

(
n2g(n)

(N + g(n))2

∫ ε

h

(log t)2|Ψ(t)|n−1 dt

)
= O

(
ng(n)(log n)2

(N + g(n))2

)
= o
(
(log n)2

)
.

Finally, the fourth term is

n

N + g(n)

(∫ εN

hN

−
∫ ε(N+g(n))

h(N+g(n))

)
e−iσ

(
log

σ

N + g(n)

)2

Ψ

(
σ

N + g(n)

)n
dσ

=
n

N + g(n)

(∫ h(N+g(n))

hN

−
∫ ε(N+g(n))

εN

)
e−iσ

(
log

σ

N + g(n)

)2

Ψ

(
σ

N + g(n)

)n
dσ

= O

(
n

N + g(n)
· hg(n) ·

(
log

N + g(n)

hN

)2

+
n

N + g(n)
· εg(n) ·

(
log

N + g(n)

εN

)2
)

= O
(
ng(n)(logN)2

N(N + g(n))
+

ng(n)3

N2(N + g(n))

)
= o
(
(log n)2

)
.

Putting the above five displayed equations together completes the proof of (iv).

Proof of Theorem 5.2. Putting Propositions 5.9 and 5.17 together yields

I = O
(

1

N2
|X1|+

n2

N2
|X2|+

n2

N
|X3|+

n2

N2
|X4|

)
+O

(
n2 log n

N2

)
= o

(
n2(log n)2

N2

)
.

Therefore, we have by Proposition 5.7 that

P
(
Sn ∈ [N,N + g(n)]

)
= nP

(
X1 ∈ [N,N + g(n)]

)
+ o

(
n2(log n)2 +N2/p

N2

)
.

5.6 Applications

5.6.1 Arithmetic Mean of Lüroth Series Expansion Digits

In this section, we apply Theorems 5.1 and 5.2 to the setting of Lüroth series expansions as
outlined in the introduction of this chapter. Recall the definition of the Lüroth map L and
the digits dn(x), n ∈ N, of each x ∈ [0, 1] \ Q. For a slowly varying function ℓ, recall that ℓ#

denotes the de Bruijn conjugate of ℓ. For each j ∈ N, write dj for the function x 7→ dj(x). We
first establish the tail behaviour of d1 when composed with certain regularly varying functions;
this is an analogue of Lemma 4.23 for Lüroth series expansions.
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Lemma 5.18. Suppose that ψ : (0,+∞) → (0,+∞) is invertible on the interval [x0,+∞) for
some x0 > 0. Then λ(ψ ◦ d1 ≥ x) = ⌈ψ−1(x)⌉−1 for all x ≥ x0.

Proof. Fix x ≥ x0. As the Lüroth map and the Gauss map are defined on the same partition{
( 1
n+1

, 1
n
] : n ∈ N

}
∪ {0}, we may use the argument in Lemma 4.23 to see that

λ(ψ ◦ d1 ≥ x) =
∑

ψ(n)≥x

λ

((
1

n+ 1
,
1

n

])
=

∑
n≥ψ−1(x)

λ

((
1

n+ 1
,
1

n

])

= λ

((
0,

1

⌈ψ−1(x)⌉

])
=

1

⌈ψ−1(x)⌉
.

Proof of Corollary 5.3. Define ψ : (0,+∞) → (0,+∞) by ψ(x) = x. Then Lemma 5.18 gives

λ(d1 ≥ x) = ⌈x⌉−1 =
1

x
− ⌈x⌉ − x

x⌈x⌉
=
∑
j∈N

cj
xj

for some sequence (cj)n∈N with c1 = 1. Thus, (5.3) holds so, since the dj, j ∈ N, are i.i.d.
random variables (see e.g. [BBDK96]), we may apply Theorems 5.1 and 5.2 to obtain the two
statements in Corollary 5.3, also using that cj/N

j = o(N−(2−2/p)) for all j ≥ 2.

5.6.2 Arithmetic Mean of GLS Expansion Digits

Recall from Part I that GLS maps are piecewise linear full-branched unit interval maps; see
Figure 3.1 in Part I and Figure 5.2 below for examples. In this section, we will generalise
Corollary 5.3 (and Lemma 5.18) to infinite branched GLS maps under a certain condition on
the branch-support partition.

Suppose that T is an infinite branched GLS map on the partition {Pn : n ∈ N} of [0, 1] into non-
degenerate sub-intervals of [0, 1] (up to some countable set, which has zero Lebesgue measure).
Recall that Nn

..= 1/λ(Pn), n ∈ N, denotes the unsigned slope of the nth branch of T . Let dn(y)
denote the nth digit appearing in the T -expansion of y ∈ [0, 1]\Q, and write d1 for the function
y 7→ d1(y).

0 1

1

1
4

1
3

1
2· · ·

(a) The Lüroth map

0 1

1

1
2

3
4

5
6· · ·

(b) Altered Lüroth example

0 1

1

2−2 2−1· · ·

(c) Non-Lüroth example

Figure 5.2: Examples of GLS maps with infinitely many branches that satisfy the condition
(5.41). (a) shows the usual Lüroth map. (b) shows a GLS map obtained by changing the signs
of slopes of, and locations of, the branches of the Lüroth map. (c) shows a GLS map whose nth

branch has support [2−n, 2−(n−1)], n ∈ N.
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Corollary 5.19. Let T be a GLS map on the digit set N, and let ψ : (0,+∞) → (0,+∞) be an
invertible function. Assume that there is a sequence (cj)j∈N of constants with c1 > 0 such that∑

n≥ψ−1(x)

N−1
n =

∑
j∈N

cj
xj

(5.41)

for all x sufficiently large. Set Sn(ψ◦d1) =
∑

1≤j≤n ψ◦d1◦T j−1. Then the following statements
hold for any p ≥ 2.

(i) For all x such that N ..= x+ bn satisfies n logN = o(N) as n→ +∞,

λ
(
Sn(ψ ◦ d1)− bn ≥ x

)
= nλ(ψ ◦ d1 ≥ N) + o

(
n2(logN)2 +N2/p

N2

)
.

In particular, if (5.41) holds for ψ(x) = x, then

λ

({
y ∈ [0, 1] \Q :

d1(y) + · · ·+ dn(y)

n
≥ x

})
=

n

N
+ o

(
n2(logN)2 +N2/p

N2

)
.

(ii) As x/an → +∞,

λ
(
Sn(ψ ◦ d1)− bn ∈ [x, x+ g(n)]

)
= nλ(ψ ◦ d1 ≥ N) + o

(
n2(log n)2 +N2/p

N2

)
.

In particular, if (5.41) holds for ψ(x) = x, then

λ

({
y ∈ [0, 1] \Q :

d1(y) + · · ·+ dn(y)

n
∈ [x, x+ g(n)]

})
=

ng(n)

N(N + g(n))

+ o

(
n2(log n)2 +N2/p

N2

)
for any choice of function g : R → (0,+∞) satisfying (5.4).

Proof. Following the proof of Lemma 5.18 (or Lemma 4.23) and then using the condition (5.41),
we see that there is a sequence (cj)j∈N with c1 > 0 such that

λ(ψ ◦ d1 ≥ x) =
∑

ψ(n)≥x

λ(Pn) =
∑

n≥ψ−1(x)

λ(Pn) =
∑

n≥ψ−1(x)

N−1
n =

∑
j∈N

cj
xj

for all x sufficiently large. Therefore, we may apply Theorems 5.1 and 5.2 to the random
variables Xj

..= ψ ◦ d1 ◦ T j−1 = ψ ◦ dj, j ∈ N, to get the main statements of (i) and (ii)
respectively. The statements on the arithmetic mean follow by taking ψ(x) = x.

The condition (5.41) in Corollary 5.19 holds in various settings. For example, (5.41) holds
for the Lüroth map and ψ(x) = x by the calculation in the proof of Lemma 5.18, using that
the branches of the Lüroth map are ordered by increasing (unsigned) slope from right to left,
which allowed us to obtain Corollary 5.3. By the convention that the branches of GLS maps
are ordered by increasing (unsigned) slope size, condition (5.41) continues to hold for any GLS
map obtained from the Lüroth map by changing the left-to-right order of the branches or by
changing the signs of the slopes; see Figure 5.2(b) for an example of a GLS map obtained in
this way.

For an example with a GLS not related to the Lüroth map, consider the GLS map T such
that the nth branch of T has positive slope and is supported on [2−n, 2−(n−1)] for each n ∈ N
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(one could further change the left-to-right order of these branches or change the signs of their
slopes); see Figure 5.2(c). Put ψ(x) = 2x. Then∑

n≥ψ−1(x)

N−1
n =

∑
n≥log2 x

2−n = 2−⌈log2 x⌉

so there is indeed a sequence (cj)j∈N with c1 > 0 such that (5.41) holds for this choice of GLS
T and invertible function ψ.
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Acta Arith. 215.4 (2024), pp. 327–353.

[Hut81] J. E. Hutchinson. “Fractals and self-similarity”. In: Indiana Univ. Math. J. 30.5 (1981),
pp. 713–747.

[IL65] I. A. Ibragimov and J. V. Linnik. Independent and Stationary sequences of random variables.
Izdat. “Nauka”, Moscow, 1965, p. 524.

[IKM24] J. Imbierski, C. Kalle, and R. Mohammadpour. “Birkhoff spectrum for diagonally self-affine
sets and digit frequencies for GLS systems with redundancy”. In: Proceedings of the Royal
Society of Edinburgh: Section A Mathematics (2024), pp. 1–26.

[IT24] J. Imbierski and D. Terhesiu. “Stable large deviations for deterministic dynamical systems”.
In: Stoch. Dyn. 24.4 (2024), Paper No. 2450023, 42.

[IJ15] G. Iommi and T. Jordan. “Multifractal analysis of Birkhoff averages for countable Markov
maps”. In: Ergodic Theory Dynam. Systems 35.8 (2015), pp. 2559–2586.
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Samenvatting

Een dynamisch systeem in discrete tijd is een abstracte ruimte samen met een collectie regels
die beschrijven hoe de ruimte zich kan ontwikkelen tussen opvolgende discrete tijdsstappen.
Deze abstracte ruimte heet de toestandsruimte van het systeem, gezien dat deze de verschei-
dene toestanden beschrijft waar het systeem zich in kan bevinden. De ontwikkeling van de
toestandsruimte met betrekking tot de collectie regels wordt de dynamica van het systeem ge-
noemd. In dit proefschrift hebben we de onwaarschijnlijkheid gekwantificeerd van een aantal
probabilistisch onwaarschijnlijke gebeurtenissen die gedefinieerd zijn vanuit bepaalde families
van dynamische systemen. Er waren verscheidene manieren waarop de onwaarschijnlijkheid
waarmee een dynamisch gedefinieerde gebeurtenis optreedt gekwantificeerd kon worden. De
meest natuurlijke was om een kans toe te wijzen dat zo’n gebeurtenis optrad, al gebruikten we
ook andere ideeën om meer informatie te verkrijgen in de situatie dat de kans op een gebeurtenis
nul was. In dit laatste geval waren de gebeurtenissen die we hebben beschouwd voorbeelden
van fractalen. Dit zijn verzamelingen die vaak gekarakteriseerd worden door een meetkundig
gecompliceerde rand en een herhalende structuur. In plaats van kansen hebben we daarom
gebruik gemaakt van de Hausdorff-dimensie – een functie die de meetkundige complexiteit van
een fractaal kwantificeert – om deze gebeurtenissen van elkaar te onderscheiden.

Dit proefschrift is opgedeeld in twee delen, elk bestaande uit twee hoofdstukken.

In Deel I zijn ‘niveauverzamelingen voor Birkhoff-gemiddelden’ bestudeerd voor verscheidene
dynamische systemen. Een Birkhoff-gemiddelde is het gemiddelde over de tijd van een of an-
dere vastgestelde functie langs de baan van een dynamisch systeem en is daarom één van de
meest belangrijke grootheden die verschijnen in de ergodentheorie – de studie van statistische
eigenschappen van dynamische systemen beschreven door het gedrag van zulke gemiddelden.
Gegeven een vaste functie Φ, ook wel een potentiaal genoemd, en een vast getal α uit de verza-
meling van alle mogelijke Birkhoff-gemiddelden is de Birkhoff-gemiddelde α-niveauverzameling
behorende bij Φ gedefinieerd als de verzameling van alle toestanden in de toestandsruimte waar-
van het Birkhoff-gemiddelde (m.b.t. Φ) langs de baan van de toestand gelijk is aan α. Gezien
het belang van Birkhoff-gemiddelden in de ergodentheorie is het een relevante vraag om te
stellen hoe groot de niveauverzamelingen van Birkhoff-gemiddelden kunnen zijn. Voor veel dy-
namische systemen, waaronder ergodische dynamische systemen (zie §1.3.4) en de systemen die
we in Deel I hebben beschouwd, hebben bijna alle toestanden in de toestandsruimte hetzelfde
Birkhoff-gemiddelde (m.b.t. één of andere vaste potentiaal), wat betekent dat er een unieke
niveauverzameling is met een kans van 1. Er kunnen ook toestanden zijn met een Birkhoff-
gemiddelde dat hiervan verschilt en dus aan een andere niveauverzameling toebehoren. Gezien
deze andere niveauverzamelingen allemaal een kans van 0 moeten hebben, hebben we van deze
verzamelingen de grootte verder gekwantificeerd met behulp van de Hausdorff-dimensie. De
Hausdorff-dimensie van verzamelingen van Birkhoff-gemiddelden zijn voor verschillende poten-
tialen bestudeerd in verscheidene contexten; zie bijvoorbeeld [PW01; BSS02a; JS07; BM08;
FLMW10; KR14; IJ15; BJKR21; Jur21; JR21; Rus23].
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In Hoofdstuk 2 zijn de Birkhoff-gemiddelden gegeven met betrekking tot een type dynamische
systemen genaamd gëıtereerde functiesystemen, waar de dynamica gegeven wordt door een col-
lectie functies van dezelfde toestandsruimte naar zichzelf die de afstanden tussen tweetallen
toestanden niet vergroten. In de eerste helft van Hoofdstuk 2 zijn de specifieke gëıtereerde
functiesystemen die we beschouwd hebben Lalley-Gatzouras systemen [LG92], die bestaan uit
eindige collecties van lineaire afbeeldingen op het eenheidsvierkant. In Stelling 2.1 hebben we
een formule verkregen voor de Hausdorff-dimensies van de niveauverzamelingen voor Birkhoff-
gemiddelden behorende bij deze systemen met betrekking tot een arbitraire continue potentiaal,
onder één van twee alternatieve voorwaarden die elk te maken hadden met hoe weinig de itera-
ties van het gëıtereerde functiesysteem overlapten. Deze situatie is ook in een meer algemene
context behandeld in [Ree11]; gezien de extra voorwaarden op ons systeem waren we echter
in staat meer informatie te verkrijgen dan daar (via andere methoden) gegeven is. Ook heb-
ben we in Propositie 2.8 de verzameling van waarden α verkregen die hoorden bij niet-lege
Birkhoff-gemiddelde niveauverzamelingen. De grootste uitdaging in deze (tweedimensionale)
context was dat de systemen die we behandelden niet-conform waren, wat wil zeggen dat de
mate waarin de functies punten langs elk van de twee assen van het eenheidsvierkant waarop
onze functies gedefinieerd zijn samentrokken van elkaar verschilden. Hierdoor konden veel van
de gebruikelijke methoden die in de fractale meetkunde gebruikt worden niet toegepast worden.

In de rest van Hoofdstuk 2, en vervolgens in Hoofdstuk 3, beschouwden we dynamische syste-
men genaamd getalsystemen, die gebruikt worden om getalsontwikkelingen, d.w.z. symbolische
representaties, te genereren en toe te wijzen aan elk getal in een toestandsruimte. Met behulp
van deze getalsystemen hebben we een familie van gebeurtenissen definieerd door de verschil-
lende frequenties te beschouwen waarin symbolen, ook wel cijfers genoemd, konden verschijnen
in de getalsontwikkelingen van de getallen in de toestandsruimte. Deze gebeurtenissen zijn een
type verzamelingen genaamd Besicovitch-Eggleston verzamelingen, vernoemd naar het baanbre-
kende werk van Besicovitch [Bes35] en Eggleston [Egg49]. Gegeven dat de frequentie waarin een
cijfer voorkomt in een getalsontwikkeling geschreven kan worden als een Birkhoff-gemiddelde
met betrekking tot een zekere potentiaal (zie §1.3.4), zijn Besicovitch-Eggleston verzamelingen
specifieke voorbeelden van niveauverzamelingen voor Birkhoff-gemiddelden. Dit betekent dat
deze verzamelingen behoren tot de bovengenoemde situatie waarin er een unieke niveauverza-
meling is met een kans van 1 en de andere niveauverzamelingen een kans van 0 hebben; we
hebben deze laatste verzamelingen verder bestudeerd met behulp van de Hausdorff-dimensie.
Er is een overvloed aan literatuur over de Hausdorff-dimensie van verzamelingen die bepaald
worden door eigenschappen van cijfers in getalsontwikkelingen; zie bijvoorbeeld [Bes35; Egg49;
PW99; BSS02a; BI09; FLMW10; Mun11; FJLR15; NT24]. Het meest relevant voor dit proef-
schrift was [FLMW10, Theorem 1.2], waar de auteurs de Hausdorff-dimensie verkrijgen van
Besicovitch-Eggleston verzamelingen gedefinieerd voor dynamische systemen die symbolische
representaties genereren waarin de cijfers uit een aftelbaar oneindige poel symbolen kunnen
komen. Als een toepassing verkrijgen ze [FLMW10, Theorem 1.1] door het bovengenoemde
resultaat over te dragen naar getalsystemen die gegeven worden door stuksgewijs lineair en
stuksgewijs bijectieve afbeeldingen op het eenheidsvierkant – de zogenaamde gegeneraliseerde
Lüroth ontwikkeling (in het Engels afgekort tot GLS) afbeeldingen gëıntroduceerd in [BBDK96].
Deze afbeeldingen zijn in het bijzonder in Deel I veel gebruikt.

Een belangrijke eigenschap van de getalsystemen die we in de tweede helft van Hoofdstuk 2
en in Hoofdstuk 3 beschouwden was dat deze niet-autonoom waren, dat wil zeggen dat van
deze systemen de dynamica gegeven werd op een tijdsafhankelijke manier; de regels die de tijd-
sevolutie van het systeem bepaalden konden van de ene tijdsstap naar de volgende veranderen.
Tijdsafhankelijke dynamische systemen zijn belangrijk om te beschouwen, omdat deze beter
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het gedrag omvatten van fenomenen uit de echte wereld, die niet vaak beschreven kunnen wor-
den door tijdsonafhankelijke processen. Er bestaan veel resultaten over getalsontwikkelingen
gegenereerd door niet-autonome en andere types tijdsafhankelijke dynamische systemen, zie
bijvoorbeeld [DK03; DV05; DK07; Kem14; KKV17; DO18; DK20; KM22b; NT24; GKKS25;
BDKK+24]. De tweede helft van Hoofdstuk 2 werd gewijd aan het bewijzen van een re-
sultaat (namelijk Stelling 2.2) dat vergelijkbaar is met [FLMW10, Theorem 1.1], maar dan
voor niet-autonome getalsystemen opgebouwd uit GLS afbeeldingen waarvan de bijbehorende
getalsontwikkelingen hun cijfers haalden uit een eindige poel cijfers. Ook verkregen we in
Propositie 2.9 de verzameling van waarden α waarvan de bijbehorende Birkhoff-gemiddelde
niveauverzamelingen voor deze niet-autonome systemen niet-leeg waren. In tegenstelling tot
de situatie van Stelling 2.1, zoals hierboven beschreven, was deze niet-autonome constructie
in Stelling 2.2 conform, waardoor we de standaardmethoden van de fractale meetkunde heb-
ben kunnen toegepassen; de niet-autonomie betekende echter weer dat fundamentele resultaten
zoals de Birkhoff-ergodenstelling (zie Stelling 1.7) niet gebruikt konden worden. Een stan-
daardmethode die in Hoofdstuk 2 is gebruikt was om de onderliggende ’symbolische dynamica’
van het getalsysteem te beschouwen. Een getalsysteem heeft een verzameling van bijbehorende
symbolen (namelijk de cijfers) waarvan je oneindige rijtjes kunt construeren door oneindig van
deze cijfers achter elkaar te zetten. Je kunt dan een symbolisch dynamisch systeem definiëren
op de ruimte van al deze oneindige rijtjes door de verschuivingsafbeelding te beschouwen, die
werkt door het eerste cijfer in een rijtje te verwijderen en de posities van alle overgebleven cijfers
met één naar links te verschuiven. Via de symbolische representaties die de getalsontwikkelin-
gen beschrijven, kun je de getallen in de toestandsruimte associëren met oneindige rijtjes van
symbolen uit de symbolenruimte en vice versa. Op deze manier kunnen eigenschappen van een
getalsysteem gevonden worden door de symbolische dynamica te bestuderen en eigenschappen
die we vinden over te dragen naar het originele getalsysteem.

In Hoofdstuk 3 generaliseerden we Stelling 2.2 uit Hoofdstuk 2 door toe te staan dat de mogelijke
poel cijfers aftelbaar oneindig is onder aanvullende, kleine voorwaarden op het systeem. De
generalisatie die we verkregen in Stelling 3.3 omvat de autonome gevallen die beschouwd zijn in
[FLMW10, Theorem 1.1]. We verkregen ook Stelling 3.2, een uitbreiding van Propositie 2.9 naar
dit geval. Gezien de onderliggende symbolische dynamica van het systeem op een oneindige
verzameling symbolen werkte, konden veel van de argumenten gebruikt in het eindige geval
uit Hoofdstuk 2 niet overgedragen worden. Als gevolg hiervan konden we niet uitgaan van
de methoden die in Hoofdstuk 2 gebruikt zijn, maar pasten we in plaats daarvan een aantal
technieken aan die gebruikt zijn in de autonome situatie zoals in [FLMW10], die ook op een
oneindige verzameling symbolen werkt.

In Deel II beschouwden we een uitgebreide klasse van abstracte deterministische dynamische
systemen, waaronder systemen die van groot belang zijn zoals Gibbs-Markov afbeeldingen en
AFU afbeeldingen (zie §1.2). Dit bevatte ook een aantal van de GLS getalsystemen die in Deel I
gebruikt zijn om de niet-autonome systemen te beschouwen. We hebben deze uitgebreide klasse
dynamische systemen gebruikt om stochastische variabelen te definiëren en de kans te analyse-
ren dat de waarden van de (voldoende gecentreerde en geschaalde) partiële sommen van deze
stochasten binnen een onwaarschijnlijk bereik vielen. Het bestuderen van dit soort gedrag van
partiële sommen van stochastische variabelen wordt de theorie van grote afwijking genoemd
en definieert in een klassieke situatie een onwaarschijnlijk bereik als alles wat niet beschreven
wordt door de centrale limietstelling. We hebben stabiele grote afwijkingen beschouwd, die een
onwaarschijnlijk bereik definiëren als dat wat niet beschreven wordt door de stabiele limietstel-
ling – een generalisatie van de klassieke centrale limietstelling die stelt dat de verdelingen van
partiële sommen onder bepaalde voorwaarden convergeren naar een α-stabiele verdeling, waar
α ∈ (0, 2] de stabiliteitsparameter van de stabiele verdeling genoemd wordt en het vervallen
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naar nul van de uiteinden van de verdeling beheerst. Zie Figuur 1.6 voor twee voorbeelden van
α-stabiele verdelingen: de Cauchy-verdeling (in het geval α = 1) en de normaalverdeling (in
het geval α = 2). De volledige stelling voor stabiele grote afwijkingen van onafhankelijk en
identiek verdeelde stochasten is een samenstelling van de resultaten in [Hey67; Nag69; Nag79;
Roz89; Ber19], die we hebben samengevat in Stelling 1.8. In de afhankelijk stabiele situatie zijn
er maar een klein aantal resultaten betreft grote afwijkingen; zie bijvoorbeeld [Gan96; MW13;
Tak19] en de korte discussie hiervan in §4.2.

In Deel II waren we gëınteresseerd in grote afwijkingen in de context van α-stabiele verdelingen
wanneer de klassieke centrale limietstelling niet van toepassing was. In het bijzonder presen-
teerden we een nieuw resultaat, namelijk Stelling 4.11, in de studie van grote afwijkingen in de
context van α-stabiele stochastische variabelen met α ∈ (0, 1)∪ (1, 2] (met oneindige variantie)
in Hoofdstuk 4. Huidige resultaten in de literatuur die dit poogden te behandelen, sloegen
er of niet in het volledige bereik van grote afwijkingen te beschouwen, zoals in Stelling 1.8,
of hadden voorwaarden die bijzonder moeilijk te verifiëren waren voor dynamische systemen.
We verkregen Stelling 4.11 door eerst het geval van onafhankelijk en identiek verdeelde sto-
chasten in Stelling 1.8 opnieuw te bewijzen op een manier die beter aansloot bij dynamisch
gedefinieerde stochastische variabelen, en vervolgens dit bewijs en de aannames over de klasse
van dynamische systemen te gebruiken om het afhankelijke geval af te leiden. Stelling 1.8
geldt voor het merendeel van het bereik van grote afwijkingen en voor alle stabiliteitsparame-
ters α ∈ (0, 1) ∪ (1, 2], waarbij het zeer ingewikkelde geval α = 1 wordt vermeden, waarin de
verdelingen van de geschaalde en gecentreerde partiële sommen convergeren naar een Cauchy
verdeling. Dit lijkt het eerste resultaat te zijn over stabiele grote afwijkingen voor dynamische
systemen dat in de buurt komt van de algemeenheid van Stelling 1.8 met verifieerbare voor-
waarden. We pasten de resultaten toe op de klasse van Gibbs-Markov dynamische systemen,
waaronder de kettingbreukafbeelding (zie §1.3.1 en Figuur 1.3(c)), waardoor we Gevolg 4.3 kon-
den verkrijgen – een uitspraak over de grote afwijkingen van verschillende soorten gemiddelden
van cijfers in kettingbreuken, evenals andere dynamische systemen zoals AFU afbeeldingen; zie
§4.4.

De methode in het bewijs van Stelling 4.11 suggereerde voor het eerst een manier om foutmar-
ges te krijgen voor algemene stabiele grote afwijkingen. In Hoofdstuk 5 vonden we daardoor
foutmarges voor grote afwijkingen in de context van Hoofdstuk 4 in het specifieke geval van
α = 1, dat wil zeggen wanneer de verdelingen van de partiële sommen naar een Cauchy verdeling
convergeren. Dit geval was veel ingewikkelder om te behandelen vanwege het inherent patholo-
gische gedrag van de Cauchy verdeling, wat betekende dat de resultaten met de algemeenheid
van die in Hoofdstuk 4 zeer moeilijk te verkrijgen waren. In plaats daarvan gebruikten we de
methode uit Hoofdstuk 4 en beperkten we ons tot de onafhankelijk en identiek verdeelde con-
text om in Stelling 5.1 foutmarges te krijgen voor grote afwijkingen in de specifieke context van
Cauchy-verdeelde onafhankelijk en identiek verdeelde stochastische variabelen. Het resultaat
dat we verkregen geldt voor het merendeel van de theorie van grote afwijkingen zoals gegeven
in Stelling 1.8. We verkregen ook in Stelling 5.2 foutmarges over het volledige bereik door het
type afwijkingen enigszins aan te passen door een grote bovengrens op de partiële sommen op te
leggen; we noemen deze afwijkingen quasi-grote afwijkingen. Als toepassingen van de resultaten
verkregen in dit hoofdstuk geven we in Gevolg 5.3 en Gevolg 5.19 de foutmarges voor de stabiele
grote en quasi-grote afwijkingen en gaven we foutmarges voor de rekenkundige gemiddelden van
cijfers die voorkomen in Lüroth ontwikkelingen en enkele andere GLS ontwikkelingen.
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