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STRONG MIXING FOR THE PERIODIC LORENTZ GAS FLOW
WITH INFINITE HORIZON

FRANCOISE PENE AND DALIA TERHESIU

ABSTRACT. We establish strong mixing for the Z%-periodic, infinite horizon,
Lorentz gas flow for continuous observables with compact support. The es-
sential feature of this natural class of observables is that their support may
contain points with infinite free flights. Dealing with such a class of func-
tions is a serious challenge and there is no analogue of it in the finite horizon
case. The mixing result for the aforementioned class of functions is obtained
via new results: (1) mixing for continuous observables with compact support
consisting of configurations at a bounded time from the closest collision; (2) a
tightness-type result that allows us to control the configurations with long free
flights. To prove (1), we establish a mixing local limit theorem for the Sinai
billiard flow with infinite horizon, previously an open question. As far as we
know, our approach to the tightness result has no analogue in the literature.

1. INTRODUCTION AND MAIN RESULT

We are interested in mixing for the continuous time dynamics of the Z%-periodic
Lorentz gas (d € {1,2}). This model has been introduced by Lorentz in [20] to
model the diffusion of electrons in a low conductive metal. It describes the be-
haviour of a point particle moving at unit speed in the plane Dy := R? (when
d = 2) or on the tube Dy := R x T (when d = 1, writing as usual T := R/Z for the
one-dimensional torus) between a Z%-periodic locally finite configuration of convex
obstacles with disjoint closures and C3 boundary (with non-null curvature), with
elastic collisions on them (pre-collisional and post-collisional angles being equal).
We write g for the set of possible positions, that is the set of positions in Dy that
are not inside an obstacle. .

The set of configurations is the set M of couples of position and unit velocity
(q,7) € Qg xS, 1dent1fy1ng pre-collisional and post-collisional vectors at a collision
time (rigorously, M is the quotient of Q4 xS* by the equivalence relation identifying
pre- and post-collisional vectors). The Lorentz gas flow (®;); maps a configuration
(g, V) (corresponding to a couple position and velocity at time 0) to the configuration
®,(q,7) = (¢, ¥:) corresponding to the couple position and velocity at time ¢ of a
particle that was at time 0 at position ¢ with velocity . This flow (®;); preserves the
infinite Lebesgue measure 7 on €4 x S, normalized so that 7 ((22 N[0, 1[%) x S') =
1if d = 2 and so that v ((Q N ([0,1[xT)) xS') = 1 if d = 1. It is natural to

consider also the dynamics at collision times. The space M for this dynamics is the
set of configurations (g, v) € € M with q € 99y. The collision map T : M — M, that
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maps a configuration at a collision time to the configuration at the next collision
time, is referred to as the Lorentz gas map and preserves an infinite measure g
absolutely continuous with respect to the Lebesgue measure. Let us write Wt :
M = Dy for the map corresponding to the displacement up to time t:

V(g,7) e M, @,(q,7) = (q1,5) = Wi(q,?)=aq1—q.

If d =1 we set Wt’ : M — R for the first coordinate of Wt. Ifd =2, Wt takes its
values in R?, we then just set Wt' = Wt. In both cases, Wt' is the natural projection
of Wt on R4,

When every trajectory touches eventually at least one obstacle, we speak of
finite horizon Lorentz gas. In the finite horizon case, it follows from [6,[7] that
W, satisfies a standard central Limit Theorem meaning that (W//v/%); converges
strongly in distribution as t — 400, to a centered Gaussian random variable with
non-degenerate variance matrix given by an infinite sum.

When there exists at least a trajectory that never touches an obstacle, we speak
of infinite horizon Lorentz gas. In this article, we focus on the “fully dimensional”
infinite horizon case, meaning that there exist at least d non-parallel unbounded
trajectories touching no obstacle. In this case it follows from [34] by Szdsz and
Varjd (see Subsection 23] in particular Proposition for details) that?

!
(1.1) Wi

Vitlogt

where ¥ is a d-dimensional definite positive symmetric matrix which, furthermore,
is given by an explicit formula in terms of the configuration of obstacles (recalled
at the beginning of Section [6).

We are interested here in the question of strong mixing. We recall that an infinite
measure preserving system (X , T, i1) is said to be strongly mixing if there exist a
sequence a,, — oo and a class of integrable functions f, g so that

(12) a [ tgotdp~ [ fai [ gdn
M M M

as n — +oo. The sequence a,, gives the speed of convergence to 0 of fM f.goT™ dju.
The first such rate was obtained in [35] for a very restrictive class of intermittent
maps preserving an infinite measure. This was later generalized to larger classes of
such maps in [23] and [I7]. For other notions of mixing in the infinite measure set-
up (such as local-global and global-global) were introduced in [I9] (see also [I3}[15]
and references therein).

= N(0,%), ast— +oo,

In the set-up of the discrete time Lorentz gas (M, T, i), mixing in the sense
of (2 is well understood in both finite and infinite horizon cases and it is a direct
consequence of a mixing local limit theorem (MLLT) for the cell change (see e.g.
[277, Section 3]). For the finite horizon case, we refer to [33] for the key LLT (which
can be generalized in MLLT and thus provides mixing) and to [28] for expansions
of any order. In the much more difficult set-up of infinite horizon case, we refer

1In this article, the strong convergence in distribution means the convergence in distribu-
tion with respect to any probability measure absolutely continuous with respect to the Lebesgue
measure.

2The notation = N(0, C') means the strong convergence in distribution to a Gaussian random
variable of distribution N(0,C), that is centered with variance matrix C.
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to [34] for LLT (which, again, leads to MLLT and mixing) and to [29] for error
terms. There is a plethora of limit theorems known in the discrete time set-up with
finite horizon case. Some results are also known for the discrete time Lorentz gas
with infinite horizon case (in particular, [9,34] and more recently, [29]).

Mixing for continuous time Lorentz gas (/W , (®4)¢, V) is seriously more challeng-
ing. Even in the set-up of the finite horizon Lorentz gas flow, mixing in the sense
of (L2) was open until the work of [I2] and very recently, expansions of any order
have been obtained in [I5]. Strictly speaking, the work [12] focused on a mixing
local limit theorem (MLLT) for the Sinai billiard flow with finite horizon, but as
in [I5], mixing in the sense of (L) and MLLT are equivalent. For related, but
weaker, results on MLLT for group extensions of suspension flows with bounded
roof function, not applicable as such to Sinai billiards, we refer to [2].

Nothing is known about the mixing for the Lorentz gas flow with infinite horizon.
In this paper we address this open question and establish

Theorem 1.1. For any continuous compactly supported functions f,g : QqxS* — R,

fﬂfd;fﬂgd; ast — +oo
(2rtlogtdet(X))? ’

where X is the variance matriz appearing in (LII).

(1.3) /Mf.goq)tdﬁw

Theorem [l gives mixing for observables with support that may contain con-
figurations with infinite free flights. In the set-up of the Lorentz gas flow with
infinite horizon, this class of observables is the natural one. Theorem [[.I] can be
rephrased in terms of vague convergence (see comments after Corollary Z3]). The
main ingredients, which are new and important results on their own, used in the
proof of Theorem [[1] are

(1) Strong mixing for observables f, g with supports uniformly ‘close’ to a col-
lision time (Corollary 23] of Proposition [Z2)), i.e. the supports of f, g are
at a bounded time of the closest collision time (either in the past or in the
future). This mixing result is an easy consequence of a MLLT for the Sinai
billiard flow with infinite horizon. The present MLLT, Proposition and
its variant Theorem 2.6] are first main results and are established via two
joint local limit results for the Sinai billiard map on the cell change func-
tion and flight time together: (a) Joint MLLT, Lemma B4 (b) Joint Local
Large Deviation, Lemma

(2) A tightness type result, Theorem [B.1] that allows f, g to have any compact
support in M. In particular, the supports of f, g can contain configurations
of particles that will never hit an obstacle. The proof of Theorem [B.1]
provided in Section Al exploits a very delicate decomposition of the type of
possible free flights along with Joint MLLT with good error terms for the
Sinai billiard map (as in Lemma and Corollary B.3]), combined with a
series of subtle new estimates (including a large deviation estimate). We
emphasize that the Joint MLLT with error terms (not only the JMLLT
mentioned in the above item, and even with sharper error terms than the
one obtained in [29] in the non-joint MLLT) together with several other new
technical estimates are required ingredients for the proof of Theorem .1

We conclude the introductory section with a very brief summary of the various
results along with an outline of the paper.
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In Section Pl we introduce most of the required notations, and state MLLT's for
the Sinai billiard flow as in Proposition for the cell change function, and as in
Theorem for the flight function. In Section 2] we also record a consequence of
Proposition [2.2] namely Corollary 2.3 that proves mixing for continuous observables
with compact support consisting of configurations at a bounded time from the
closest collision; in short, this gives mixing for continuous observables supported on
a region on which the free flights (either in the past or in the future) are uniformly
bounded.

In Section [B] we state the joint limit results (Joint CLT, Joint MLLT with error
terms, Joint LLD) for the Sinai billiard map, for the couple formed by the cell
change function with the flight time. Using the statement of these key technical
ingredients, in Sections @ and [l we prove Theorem [2.6] and Theorem [[11

The proofs of the technical key results stated in Section [3] are included in Sec-
tions [6l [7 and in Appendix[Al While the joint LLD, Lemma B35 follows by slightly
modifying the proof of LLD for the cell change function obtained in [22], all the
other technical results obtained in this paper, namely, the Joint CLT and the Joint
MLLT with error terms stated in Section Bl are new and require serious new ideas
and work.

In Section [ we state and prove the tightness result Theorem 5.1l At the begin-
ning of Section [§, we use the statement of Theorem [5.1] to complete the proof of
Theorem [Tl The role and the novelty of Theorem [5.1] has been already summa-
rized in item (2) above. Finally, we mention that, in Section Bl as a byproduct of
certain technical lemmas we obtain a large deviation result, namely Proposition 5.2,
which is of independent interest.

Notation. We use “big O” and < notation interchangeably, writing b, = O(c,,) or
b, < ¢, if there are constants C' > 0, ng > 1 such that b, < Ce¢, for all n > ng.
As usual, b, = o(c,) means that there exists ¢, such that, for all n large enough,
b, = cpen and lim, oo, = 0 and b,, ~ ¢, means that b, = ¢, + o(c,,). Unless
otherwise specified, given x € R%, we let |z| be the usual Euclidean norm of x.
Throughout this article, when d = 1, we identify Z' (resp. R') with Z x {0} (resp.
R x {0}). In particular, for any (g, z) € Q; x R, the notation ¢+ z means ¢+ (z, 0).

2. MLLT FOR THE SINAI BILLIARD FLOW AND MIXING FOR THE Z%-EXTENSION
FLOW

2.1. Notations and previous results. Let d € {1,2}. The domain € of the Z%-
periodic Lorentz gas is given by Q4 := Dd\Uf=1 Ureze (Oi+L) where Oy, ..., 01 is a
non-empty finite family of convex open sets with C? boundary of non-null curvature
such that the obstacles O; + ¢ have pairwise disjoint closures. We recall that we
are interested in the fully dimensional infinite horizon and so assume throughout
that the interior of the billiard domain Q, contains at least d unbounded corridors
(made of unbounded parallel lines) the directions of which are not parallel to each
other.

Sinai billiard. Quotienting the system (M, (®;)¢) by Z¢ (for the position), we
obtain the Sinai billiard flow (M, (¢+):) (see [32]) which describes the evolution
of point particles moving at unit speed in Q := Q4/Z¢ = T?\ Uf:15i with
elastic reflection off 9Q (where O; is the image of O; by the canonical projec-
tion pg : Dy — T?). The flow (¢); preserves the probability measure v on
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M = (Q x S')/ = that is proportional to the Lebesgue measure, where = is the
equivalence relation identifying pre- and post-collisional vectors. The Poincaré map
of ¢; with Poincaré section 9Q x S! is the Sinai billiard map (M, T, i), where the
two-dimensional phase space M = {(¢,7) € M : ¢ € 9N} (position in I and unit
post-collisional velocity vector) is identified with 9Q x (—m/2,7/2) (we parametrise
here the post-collisional velocity vector by its angle with the normal to 92). This
map T sends a post-collisional vector to the post-collisional vector corresponding
to the next collision. This map preserves the probability measure p with density
cos ¢/(2|09]) at the point (g, ¢) € 0Q x [-F, F]. The flight time between consec-
utive collisions is the return time of (¢¢): to M and we denote it by 7: M — R,.
In this notation, we have the following identification

T(z) = (¢r)(2) = Pr(a)(2)-

We set 7, := Zz;é 7o T*, with the usual convention 7y := 0. For any z € M, we
set Ny(z) € Ny for the collisions number in the time interval (0, t] starting from the
configuration x. We observe that, for x € M, this quantity satisfies

(21) TNt(ac)(x) <t< TNt(gc)—&-l(x)'

Furthermore, for all z € M and all u € [0,7(x)) and any ¢ € [0,4+00), Ny(¢u(x)) =
Nijy(x). With these notations, the Sinai billiard flow (M, (¢4)+, V) is isomorphic

to the suspension flow (M\, (qgt)t, v), given by
M ={(z,u) € M x [0,+00) : 0 < u < 7(2)},
ds(w,w) = (TN (@), s +u =T, () (@),

v = (u x Leb)/u(r), where u(r) := /MTd,u,

via the isomorphism (z,u) € M — ¢u () € M (this map is injective, its image is
the set of configurations in M that do not belong to an infinite free flight).

Z4-extension and cell change function. We recall that the Z?-periodic Lorentz gas
map (M , i fi) can be represented by the Z?-extension of the Sinai billiard map
(M, T, u) by the cell change function x that can be defined as follows. For any ¢ €
7%, we call £-cell the set C; of configurations (¢,v) € M such that ¢ € UiI:1 (00;+1).
Because of the Z%-periodicity of the model, there exists & : M — Z%, called the cell
change function, such that

(2.2) T=(q,7) €C = T(x) € Coinpsta)m)-

Note that, for any Z € M, there exists a unique z = ((g,7),¢) € M x Z¢ such
thatfl 7 = (p(i(l)(q) + ¢,7), where pgo denotes the restriction of pg to Uil=1 00; (v
is the velocity of Z, setting ¢ for the position of Z, (g,¢) is such that ¢ = p4(q) and
T € Cy). Formula (Z2) can be rewritten under the form

(2.3) V((q,7),0) € M x Z, T(q,7) = (¢, 7) = T(pzpq) +1,7)

= (Pié((f) +0+ H(qaﬁ)ﬁ’) :

3Recall that, if d = 1, we identify Z! with Z x {0}, meaning that for any ¢’ € D; and any
£ € Z, the notation ¢’ + £ means ¢’ + (£,0).
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1624 FRANCOISE PENE AND DALIA TERHESIU

This gives the identification of (]\A/[/ T, fi) by the Z?-extension of (M,T,u) by & :
M — Z%. A direct and classical induction ensures that, for any ((q,?),£) € M x Z4
and any n € N,

(24) T"(0,9) = (6 7) = T"(0zs(@) + 69 = (pzd(@h) + 0+ kn(,7),7,)
where we set &y, := Z?:_ol koT7,

2.2. Mixing for the Lorentz gas seen as a suspension flow. We will use
crucially the fact established in the previous section that (Mv , (®4)t, V) can be rep-
resented as a suspension flow by (z,¢) — 7(x) over (]T/[/, T, Ji) which itself can be
represented as a Z? extension of (M,T,u) by x. Thus, we can represent M by
M x Z¢. In this part, we state a mixing local limit theorem for x,, and see how we
can use it to easily derive Theorem [[.1] in the case of functions f,g with support
at a bounded time from a collision, i.e. for functions that are compactly supported
in M x Z%. As detailed in Section Bl these functions form a much more restrictive
class than the ones of Theorem [[LIl To state these results, we shall introduce two
classes of sets F (resp. F ) that will correspond to the set of measurable sets of
configurations in M (resp. ﬂ) with previous collision in some fixed subset of M

(resp. some fixed cell of M), at some time in a fixed bounded time interval.

Definition 2.1. Let F be the class of measurable subsets A of M of the form
A= ¢1(Ap) = {pu(x), x € Ay, u € I} that are represented in M by Ay x I C M
(implying that I C [0,inf 4, 7)), with Ay C M a measurable set satisfying p(9A4o) =
0 and with I a bounded interval. _ .

Let F be the set of subsets of M corresponding to Ay x I x {{} C M x Z%, with
$1(Ag) € F and £ € Z%, that is sets of the form

{q)u(p;é(q) 10,7): (¢,7) € Agyu € 1} with ¢7(Ao) € F, € € 79
We state now a MLLT for ky, defined on M by
V(z,u) € /\//\l, Vt € [0,+00), KN, (Pu(T)) = KN, (6, (2))(T) = K N¢yu (@) ().

This observable xy, will be understood as the cell change during the time interval
(0,1].

Proposition 2.2. Let A, B € F and let K be a bounded subset of Dy with Leb(OK)
=0. Then
(2.5) VeeZh,  (tlogt)?v (AN {¢ € B, kn, = }) ~ G4 (0) v(A)(B),
as t — oo, where gq is the density of the d-dimensional Gaussian distribution
N(0,%) appearing in ([LI).

This result is contained in a more general MLLT stated in Proposition 1] (ap-
plied with w; = ¢, w = 0, K = {0}). An immediate consequence of Proposition [2.2]
is the following light version of Theorem [[.1] for compactly supported observables

in the ‘extended suspension’ M x Z%; in particular, the supports of these functions
only contain configurations that have hit or will hit an obstacle in a bounded time.

Corollary 2.3. Let n € N, setting

I
By, = {@iu((ﬁ—é,ﬁ)eﬂ:qe U@Oi, u € [0,n], ez, |4 < |n},

i=1

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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then, for any f,g : M = R that are p-a.e. continuous functions and supported
respectively in E_, and in E,,

[ fdv [gdv
(27t logt det(X))?

(2.6) /ﬂ figo®idv ~

ast — +00.

Proof. Let A, B be two sets belonging to F corresponding to respectively Ag x I X
{€o} and By x J x {4} in M x Z?. We observe that

V(AN®_4(B)) = v(¢r(Ao) N {¢r € ¢s(Bo), kin, = £y — lo})-
Thus, it follows from (23] that

(tlogt) 27 (AN @ _4(B)) ~ Ga(0)v(¢1(A0))(¢(A0)) = Ga(0)T(A)H(B).

This result extends directly to any finite union A, B C M of sets belonging to F ,
implying Krickeberg mixing as defined in [I§] for the family of sets (E,)p>1. It
follows from [I8, Section 2] (see also, [24, Section 9] for the Krickeberg argument
written for suspension flows) that (2.6]) holds true for any f, g supported in some
E, and p-almost everywhere continuous. To end the proof of Corollary 2.3 we
notice that, ® being invertible, if f is supported in E_,,, then fo®_,, is supported
on E,, and we finally conclude with the use the following formula

/f.gofl)tdﬁz/ fo®_,.god, ,dv,
M M

since (t — n)log(t —n) ~ tlogt. O

The mixing result in Corollary 23] can be rephrased in terms of the vague con-
vergence of the family of p; to u ® pu where u; is the measure on (/\//\l)2 defined by
(A x B') = w(A'N®_,B') for A, B’ € F (this is a consequence of the Portman-
teau theorem as in, for instance, [30]), and the same applies for Theorem [T

Remark 2.4. We remark that mixing of the type of Corollary 23] has been previ-
ously obtained in [36] for Z-extensions of Gibbs Markov semiflows with roof and
displacement functions in the domain of a non-standard CLT. The method of proof
in [36] is very different; in particular, it does not go via a MLLT for the base map.

2.3. MLLT for the infinite horizon Sinai flow. In this section we state the
MLLT for a natural cocycle of the Sinai billiard flow, which corresponds to the
displacement.

Free flight. Due to the Z%periodicity, the free flight VM- D4 which is defined
by

(27) Vg.0) €M, T(q.0)=@n) = V(gd)=i-q

goes to the quotient by Z?, i.e. there exists V : M — Dy such that

(2.8) V(g,9) =V (pa(q), ).

When d = 2, this quantity is related to the flight time 7 via the following identity
(2.9) ifd=2, 7=|V|.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1626 FRANCOISE PENE AND DALIA TERHESIU

Let us show that the free flight V' is cohomologous to the cell change . It follows
from 23), (7)) and Z8) that, for all x = (¢,7) € M, if T(q, ) = (¢/,¥), then

V(z) =V (pzb(a). )
(2.10) = pgo(d) + kg, 0) — pgo(q) = k() + Ho(T(x)) — Ho(x),

with Hy(q,?) = p;’é(q). Proceeding as for /V\V/t in Section[I] if d = 1 we set V' :
M — R for the first coordinate of V, and if d = 2, V takes its values in R2, we
then just set V/ = V. The following non-standard CLT was proved in [34] for V'

n—1
(2.11) a," d V'oT) = N(0,%),

§=0
where a, = y/nlogn and where ¥y € R¥*? is a positive-definite symmetric d-
dimensional matrix (see (63) and (©4])) for precise formulas). An important in-

gredient of [34] is that V lies in the domain of a non-standard CLT; that is, there
exists ¢ > 0 such that

(2.12) p(|V| > t) ~ct™2,
Displacement function W;. We have already defined in Section [ the displacement
function Wy : M — Dy and W/ : M — R? its projection on R% Due to the

Z%periodicity of our model, both displacement functions go the quotient by Z<,
i.e. there exists W; : M — Dy and W/ : M — R? such that

V(g 7) € M, Wi(q,7) = Wi(pa(),7) and W(g,7) = W{(pa(q), 7).

Observe that W; is a cocycle:

(213) Ve e M, Vi, s >0, Wt+s(x) = Ws(x) + Wt(¢s(x))
and that
(2.14) Vo = (¢q,0) € M, V(z)=Wr(z):=W;(g(x).

Thus the non-standard CLT for V’ stated in ([ZI1]) implies a non-standard CLT
for W, via the relation ([ZI4]) together with the classical scheme of lifting limit
theorems from the induced map to the original system (map or flow) [I6,21]. This
leads to the following result where we use the notation a; := /tlogt.

Proposition 2.5 (CLT [34]). Ast — 400, a; ‘W] = N(0,%) where & € R¥*4,
¥ = So/u(r)Y? with Xy as in II).

Let vg : M — S! be the velocity map which is given by v (g, ¥) = 7. Note that
t
(2.15) ifd=2, W,:= / vg © ¢ ds.
0

If d = 1, then W; is the equivalent class in Dy (that is, W; is the canonical projec-
tion) of the ergodic integral f(f Vo © ¢ ds.
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MLLT for the displacement function. Let us see that, due to (2.14]), the coboundary
equation (2I0) for V — k leads to a similar equation involving W. We consider the
function H; : M — Dy mapping x € M to the position of its representant in Dy
with previous collision in Cy, that is

(2:16) ¥((g, ), u) € M, Hi(0u(q.9) = p (2u (p2b(a). 7)) = p(@)+Walg, ),
where p : M = Qg4 is the natural projection. In other words, if d = 2, then
(2.17) Hi(¢u(g,v)) = Ho(q, 0) + Wu(q,9) = py(q) + ud;

ifd=1, Hi(¢.(q,v)) is the class ofp;é(q)—i—m'f in D;. Recall that we set Ny : M —
Ny for the collisions number in the time interval (0, ¢] (see in particular (Z1I)). The

above defined function H; satisfies the following important property:
(2.18)

V(= (q,9),u) € M, Wi(u(@)) = ko (o) (@) + Hi($1(6u())) = Hi(du ().

Indeed, setting N := Nyi, (), we notice that
(2.19)

b1 (b () = o (¢, 0), with v’ == u+t —7x5(x), (¢/,0) =TV () = dry (),
and (TN (z),u') is in M. Therefore, it follows from 213) and [2I4) that
Wi(du(x)) = Wisu(z) = Wu(2) = W (dry (2)) + Wry () — W(2)
= W (T (2)) + Wiy () = Wa(2)
= Wu (TN () + Vi (2) — Wa(z).
Finally, using (2I0) and 2I7), we obtain that
Wi(u(@)) = Wur (TN (2)) + ki (2) + Ho(T™ (z)) = Ho(w) = Wa(w)
= Hi(¢1(9u())) + kv (2) = Hi(du(2)),

as announced.

Recall that a; = /tlogt.

Theorem 2.6 (MLLT for W;). Let A, B € F and let K be a bounded subset of Dy
withré/eb((‘)[() = 0. Let w € RY and let w; € R? such that lim;_, o wi/a; = w.
The

afu(Aﬁ{@eB, Wy Ewt+K})

(2.20) ~ ga (w) s #((K +w; + Hi(x) — Hi(y)) N 27) dv(x) dv(y),

as t — oo, where gq is the density of the d-dimensional Gaussian distribution
N(0,%) appearing in Proposition and where Hy is the function that has been

defined in (216]).
The proof of Theorem is provided in Section [ and will appear as a conse-
quence of an analogous result (Proposition []) stated for sy, instead of W;.

4 Again, in this formula, if d = 1, the notation w4+ K means (w¢, 0)+ K and Z? means Z x {0}.
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3. STATEMENTS OF THE JOINT LLT WITH ERROR TERM AND THE JOINT LLD
FOR THE BILLIARD MAP

Let d € {0,1,2}. In this section we state the main technical results that will
be used in the proofs of Theorem (MLLT for the Sinai flow) and Theorem [I.1]
(mixing for the Lorentz gas), including those used in the proof of the key tightness-
type result Theorem [5.]] (stated in Section [B). We are interested in joint MLLT
and LLD for the pair

U=U0D:=(57): M- DygxR, with7:=7—pu(r), ifde{1,2}
or for
v=0":=7 ifd=0.
Note that [, U dp= 0. When d € {1,2}, our joint limit results are related to the
fact that the sum of (koT*, 7oT*);, satisfies a CLT with non-standard normalization
a;t. In particular, as clarified in the proof of Sublemma .1l the vector W is so
that p(|¥| > t) ~ ct=2. As usual, we write ¥,, = E;l:_ol U o TV and similarly for

Vi, Tn, Tn- We start with a non-degenerate CLT with non-standard scaling for \T!n

Lemma 3.1 (Joint CLT for the billiard map). a;l\fln = N(0,X441) asn — oo,
where Lgy1 € REUTDXHD) s positive-definite (see [6H) for an explicit formula,).

This result is proved in Section [0l by adapting the proof of the CLT for V,
established in [34] via [3], writing U, as a function of the two dimensional cell
change plus a Lipschitz function.

Let us state a MLLT for \/I\fn with a uniform error term. We write Agy; for the
Haar measure on Z? x R given by the product of the counting measure on Z% and
of the Lebesgue measure on R.

Lemma 3.2 (Joint MLLT for the billiard map). Let p > 2 and R > 0. We take a,
such that a2 = 2nlog(a,) ~ nlogn = a?. Assume G,H : M — R are two bounded
dynamically Hélder continuous functions and that h : Z¢ x R — R is integrable
with compactly supported Lipschitz Fourier transform h:TdxR — C. There ezists
ag > 0 (depending only on p and on the Hélder exponent of G and H) such that,
for all k, < n/4,

E, [G.h(\fln ~L).Ho T"]

+ @ (e_aok" G”Holder”H”Holder

+ay T2 (k|G o | H | e + ”HHLlH\Iijn-G”Ll(u))) ;

uniformly in L € Z¢ xR, in (n,k,) as above, and in h such that supp(ﬁ) C B(0,R)
and ||h|| Lipschitz < R, where gqy1 is the density for the (d+1)-dimensional Gaussian
in Lemma [3.1]

This result is proved in Section[ll The scheme of its proof follows the one of the
MLLT established in [29, Theorem 2.2] but there are at least two main differences.
First, here we need to obtain a Joint MLLT, which is different from [29, Theorem
2.2] which was a MLLT with error terms for the cell change function. The new
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ingredients needed to deal with the Joint MLLT (with error) are summarized in
Section [fl Second, the error term obtained in [29] is not sharp enough for the
present purposes. To establish Lemma [3.2], we need to be much more careful with
the error terms all throughout the proof and this requires entirely new estimates,
all obtained in Section [

A consequence of Lemma [3.2] is

Corollary 3.3. Under the assumptions of Lemma [B.2] then
E, [G.h(@n —L).Ho T"} — B, [GIE,[H|E,[h(T, — L)]
= O (e7 "% |G| Hotder | H|| Hotder
+ay 2 (k|G oo | H | o + | H 2 II\T’zkn-GIILl(m)) :
Proof. We observe that
E, {G.h(\fln _L).Ho T”] — E,[G]E,[H]E, [h(@n - L)]
=E,[(G —E,[G)).n(¥, — L).H o T"])]
+EL[GEu[h(, — L).(H = E,[H]) o T"])],

and we apply Lemma to the two terms of the right hand side of the above
equality, since ||War, [[z1(u) = O(ky), the function ¥ being integrable. O

The following MLLT for ¥,, will be shown (in Section [} from Lemma

Lemma 3.4. Let Ay, By C M be measurable sets such that u(0Ao) = u(0By) = 0.
Let K C Z4 x R be a bounded set with Agy1(0K) =0 (boundary in Z% x R). Then,
for any L > 0,

(3.1)

a1y (A0 T (Bo) 1 [T, (2) € 2+ KY) — g (—) u(A0)i(Bo) A (K)

n

converges to 0 uniformly in z € Z¢ xR : |z| < La,, as n — +o0.
The joint LLD we shall need is

Lemma 3.5 (Joint LLD for the billiard map). Let U C R+ be an open ball. Then

n log(2+ |2)
a1

(3.2) w(U, € 2+0U) <

uniformly inn > 1 and z € R4+,

The proof of this result, given in Section[A4] is a more or less obvious adaptation
of the proof of [22] with the additional complication that U, 7, are non-lattice
valued. As already mentioned in Section [I] this is the only result of the current
paper that does not require any novelty, but just a straightforward adaptation with
some care.

4. PROOF OF MLLT FOR THE SINAI FLOW (PROPOSITION AND
THEOREM [2.0])

In this section we assume d = 1 or d = 2. In this section, we complete the
proof of Theorem by stating and proving the following result (assuming, for the
moment, the statement of the results stated in Section [3]).
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Proposition 4.1. Let A, B € F. Let K be a bounded subset of R?, let w € R? and
w; € R? be such that limy_, o w¢/a; = w. Then

(4.1) al v(An{¢; € B, kn, € w; + K}) ~ Gg (w) v(A)v(B)#(K +w;) N ZY),

where gq is the density of the Gaussian limit of Proposition and with the fol-
lowing natural convention

V(z,u) € M, (kn,)(6u()) = K, () (2)-
Using Proposition [4.1] we complete
Proof of Theorem [2.8. We first recall that we need to show that
(4.2) alv(An{¢, € B, W; € w; + K}) ~ Gq (w) Z(A x B,wy),
where K is so that Leb(OK) = 0, where H; is as in ([216]) and where we set

Z(A X Bywy) := i #((K 4w + Hy(x) — Hi(y)) N Z%) dv(x) dv(y).

For any positive integer m, we partition A (resp. B) in a finite number of atoms
Agm € F and By, € F of diameter at most 1/m, and consider the sets

Kiimi={2€R":V(2,y) € A X Bjm, 2+ Hi(y) — Hi(z) € K}
and
={z€R?:3(2,y) € Ay X Bjm, 2+ Hi(y) — Hi(z) € K} .
Note that H; is Lipschitz continuous in (x,u) and bounded on A and B. It follows

from (2.I]) that
U(Am{(thB, WtEwt+K})
:V(Am{d)tEB IiNt+H10¢t—H1€wt+K)

(4.3) < D v (Ain N {1 € Bjms win, € wi+ K7H )

7.7771

and, analogously,
(4.4)
U(Aﬂ{¢t e B, W; Ewt+K}) ZZV me{(bt EBjm7 KN, ewt+szm})'
4,
By Proposition 1]
V( zmm{¢t ijmv KNy 6wt+szm})

(4.5) ~ a; “Ga(w)#((we + K5 ) 0 2V (Ai )V (Bjm)-
Furthermore,
(4.6)
#((we + K7 ) NZYV(Ai g )v(Bjm) < I(Aiim X B, wy)
(4.7) Z(Aiym X Bjm,wi) < #((we + Kb ) N2 (A n)v(Bjim).-

Let (z,y,2) € U, ; (Ain X Bjm x (240 (wy + (K ,, \ K;;,,)))). Then there ex-
ist x,x’ € A;,, and y,y’ € Bj,, such that z — w, + H1(y) — Hi(x) € K but
z —w; + Hi(y') — Hi(x') ¢ K. Recall that H; is Lipschitz. Thus the above
conditions means that z € Z¢ and that (x,y) is at distance smaller than 1/m of

Ewi—z = {(x,y) : Hi(y) — Hi(x) € wy — 2+ 0K}. This z should be one of the
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elements of Z¢ contained in the ball of radius sup 4 |Hi| + supg |Hi| + supseg |s|
around w;. But, for each such z, the measure of this neighbourhood of &,,_.
satisfies

Vo2 ()™ < sup v (H7 ((ut 9K)M™)
|u|<3sup sy p |Hil+sup,ck |5
< sup Leb (((u—l—@K))[l/m]) ,

|“‘<3S‘1PAUB ‘H1|+SUP§EK | ‘

which converges to 0 as m — 400 since Leb(0K) = 0. Since the number of possible
z is uniformly bounded, we have proved that

: d -

(48) m1_1>I£OO S]‘tlp ; #(('LUt + 2 ,J,m \ Kz s m)) NZ )V(Alym)y(BJ’m) =0.

The desired conclusion ([@2) follows from (@3), (£4), (@3], (@6), @) and EI).
O

4.1. Proof of Proposition [4.7l Recall that A = ¢;(A4g) and B = ¢;(By) with
Ao, Bo C M such that pu(0Ag) = p(0Bg) =0 and I, J C R two bounded intervals.
We start by proving the lemma for w; € Z% and K = {0}. We follow a decompo-
sition somewhat similar to [Il Proof of Lemma 4.3], see also [12], Proof of Theorem
3.1] and [2, Proof of Theorem 1], with the obvious difference that one needs to
figure out how to exploit the Joint LLT 3.4l and the Joint LLD

Writing x = ¢, (z) with (z,u) € M, we use the product structure of the measure
v and partition the set considering the different values taken by N;:

(4.9) v(ANn{¢, € B, kN, = wi}) = Z/Qn (t,u)

n>0

where
Qn(t,u) == p (AgNT "By N{kn = wy, Tn Eu+t—nu(r) — J})
=u (AO NT~"(By) N {\/I\ln € (wg, t —nu(r)) + {0} x Ju}) ,
with J, = u — J, recalling that T, = (Kn,Tn). For L large, we split the sum as
v(An{¢, € B, kN, = w }) = S1(t, L) + S2(t, L),

where

1
Sl(t,L) :_m /Qntu
n:n— t/u(‘r |[<Lay

1

S(tD=—= 3 [ @uttwau
KT win—tjn(r)|>La, /T

The main ingredient needed for the Proof of Proposition 1] is

Lemma 4.2.

(a) limp o0 limy oo afSl (t, L) = ga(w)v(A)v(B),
(b) limz,_, o limsup,_, ., adSa(t, L) = 0.

The proof of Lemma [4.2] is provided in the paragraph below. Equipped with
the statement of Lemma we can complete
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Proof of Proposition 1l Note that 1) for w, € Z? and K = {0} follows di-
rectly from Lemma due to ([E0). It remains to go from this special case to
the general case. Let w; € R? and consider a bounded subset K of R?. Then
(w; + K)NZ4 contains at most (diam(K) -+ 1)? integers, we can label them w; ; for
i=1,...,(diam(K) + 1)? (ordering them e.g. by their first coordinate, and then
by their second, and completing if necessary by the successors of the last one for
this order). Then
#((we+K)NZT)
Yy (An{¢; € B, kn, €w; + K}) = al Z v(AN{¢: € B, kN, = wy;})

(s + K) N ZGa(w)r( A (B),

applying (A1) with K = {0} for each sequence (w ;);. Indeed, since K is a bounded
set, limy—s oo Wi /a; = w and limy_, 4 o a; = +00, we obtain that limy_, o wy i /ar =
w for all 4. O

4.2. Proof of Lemma We will use Lemmas [3.4] and

Proof of Lemma [E2(a). This will follow from Lemma 34 We consider the range
In —t/u(7)| < Lag. Since g+ = ¥t 2t ~ \/p(7T)w and since % is bounded, it
follows from Lemma B.4] that

gt D) L, (Vi ) A Bo) s (10} % )

~ g (Vi ) ),

n

uniformly in n such that |n —t/u(7)| < La;. Hence
1+g t—n
afSl (t, L) ~ Z ('u( (3) 9d+1 (w\/ u > (A)V(B)
n:n—t/u(t)|<La:

Approximating Riemann sums by Riemann integrals, the right hand side converges,
as t — 400, to

e TN
)t [ g (w7, 2) dzv(Ap(B)
—Lp(1)*/?
which itself converges to gq(w)v(A)v(B) as L — 400, as announced, since gq(w) =
d
™))% Jp garr(wy/p(7), 2) da. -

For the proof of Lemma EZ(b), note that Q,,(t,u) < Q,(t) where

én(t) = Slé[[),u (\f/n € (wg, t —nu(r)) + {0} x Ju) )

Lemma [2[(b) is an immediate consequence of Sublemmas B3] and [£4]
Sublemma 4.3. For any c € (0,1/u(7)),

lim limsup a¢ Z Qn(t) =0

L—o0
oo n>ct:La;<|n—t/pu(r)|
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Proof. In this range, n > t, so ad% = n_%(log n)~ o << . Thus, for any L
large enough, using Lemma B0 with |z|. = |t — nu(7)|, we obtaln that

(4.10) S G

n>ct:Lay<|n—t/u(T)|

t |log |t — np(7)|| t log(a:) 1
< > < < —
s _ 2 dt1 d’
Ay n>ct:La<|n—t/p(T)| 1+ |t n'u(T)‘ @y Lay Lat
since log u/u? has primitive —(1 + logu)/u and since a? = tlogt ~ 2tlog a;. O

Sublemma 4.4. For any c € (0,1/p(7)), limp o0 limsup,_, oo af >, ., Qn(t) = 0.
Proof. In this range, ¢ — nu(7) = t > n. Thus it follows from Lemma B3] that

Z@n <<Z Cz_ll-i-logt

n<ct n<ct
1+ logt 1
< 12 d+1
neetnz (logn) *
1+logt ti -
« 7 = - o < =% (logt)™ =" = o(a; ).
= (logt)™=

5. PROOF OF MIXING FOR THE LORENTZ GAS (THEOREM [L])

In this section we assume d = 1 or d = 2. Corollary 2:3|states mixing for functions
with compact support in the suspension M x Z2. To deal with the natural class of
functions (with compact support in the manifold) in Theorem [Tl we crucially rely
on the following tightness-type result, which is the most delicate part of this work.

Theorem 5.1. Let Ky > 0 be fized and let By be the set of x € M with position
at a distance at most Ko of the origin. For any positive integer Ry, let B, be the

set of configurations x € M belonging to By and with no collision during the time
interval [0, Ro). Then

lim limsup alD (Bgr, N ®_¢(By)) = 0.
Ro—+00 400
Before proceeding to the proof of Theorem Bl let us see how Theorem [
follows from Corollary 23] and Theorem [5.11

Proof of Theorem [Tl Assume that f and g are non-negative with support in By.
We will use Corollary 2Z3land the sets E1,, defined therein. Observe that Bo\E_,, C
B,. Let (fn)n (resp. (gn)n) be an increasing sequence of continuous functions
supported in F_s, (resp. FEs,) coinciding with f (resp. g) on E_, (resp. E,)
and converging pointwise to f (resp. g). Thus it will follow from Theorem Bl and
time-reversibility of ® that

lim limsup |af / [f.g0®; — frn.gn o P dV

n—+00 t s4oo M

(5.1) < lim_ limsup2||flloc gllocal® (B, N ®_y(Bo)) = 0.
n—+00 ¢ i
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Thus, for every n,

af/ﬂf.gofbt — 34(0) /ﬂfdﬁ/ﬂgdﬁ

a /Jf.g 0 By — fogn o By di
M

af /~ fr-gn o @ dv — g4(0) /~ fn dﬁ/wgn dﬁ‘
M M M

+94(0) /andﬁ/ﬂgndﬁ—/ﬂfdﬁ/ﬂgdﬁ

a /Jf.g 0 By — fogn o By di
M

+ 94(0) /andﬁ/ﬂgndﬁ—/ﬂfdﬁ/ﬂgdﬁ

where we used Corollary 2.3 applied to f,, g» in the last inequality. Since this holds
true for any n, we conclude by taking the limit as n — 400 thanks to (&1]) and to
the dominated convergence theorem. O

lim sup
t——+oo

< lim sup
t——+o0

+ lim sup

t——+oo

< lim sup
t——+o0

The rest of this section is devoted to the proof of Theorem Bl Recall that
K is fixed and that we have to estimate 7(Bgr, N ®_¢(By)). The strategy of our
proof is divided in two steps. In a first step (corresponding to Subsection [(5.2), we
explain how we can neglect “bad” configurations with first or last long free flights
(Lemma [54) or having a small number of collisions within the time interval [0, ¢]
(Lemmas 5.3l and [5.6]). In a second step (corresponding to Subsection E.3), we will
estimate the probability of the set of “good” configurations belonging to Br, N
®_,(By) by writing (as in the proof of Proposition 1] but with additional sums
and complications) this set as a union of sets, the measure of which corresponds to
the measure of a set that can be expressed in terms of the Sinai billiard map 7.

In the process of proving Theorem [5.I] we obtain the following large deviation
result (proved in Section [5.2]), which is interesting in its own right.

Proposition 5.2. For ¢y small enough,
p(Tleyt) > 1) Sv(Ny < eqt)/minT = O(logt/t).

The bound O(logt/t) is optimal because 7 is in the domain of non-standard CLT
with normalization /tlogt. This bound is in accord with the optimal result in the
i.i.d. scenario with y/tlogt normalization, see [Bl31].

5.1. Notations and recalls for the proof of Theorem [5.1l Before entering
deeper in the proof, let us introduce some needed notations. Recall that x stands
for the cell change (with values in Z%). Tt will be useful to consider % : M — Z? for
the cell-change for the Z2-periodic Lorentz gas; so that x = m4(k) where m = Id
and m; : R2 — R is the canonical projection on the ﬁAr§t coordinate. Note that,
when d = 2, K = k. We extend the definition of ¥ to M by setting (P, (g, 7)) =
(pa(q),7) for every x = (q,7) € M and every u € [0,7(z)). Let us write Ny(x)
for the number of collisions in the time interval (0, ¢] for a trajectory starting from

x € M. Recall that Hy is the bounded coboundary defined in (ZI0). Throughout
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the rest of this section we fix ¢; so that
(5.2) c1 € (0,1/(1000u(7))) and 2¢1||Holloo < 1/100.

We consider the constant ag appearing in Lemma[32l Up to decreasing if necessary
its value, it follows from e.g. [I0, Theorem 7.37, Remark 7.38] that there exists
C{ > 0 such that

(5.3)
V' € No, Cov (F((F o T™)mzn), 9((70 T™ Yo ) < Cllfollglloce™"

for any bounded measurable functions f,g. by noticing that f((k o T™);,>0) is
constant on stable curves and that g((FoT™ ),,/<_1) is constant on unstable curves
and as such, these functions are bounded by their infinite norms in the respective
spaces H~ and HT considered in [10].

We fix K > 0 so that

(5.4) Clje~aolK logt] < =100,
We recall that it is proved in [34] that
(5:5) uE = 2) = 0(|2] ),

and that the set ¢ of unit vectors of R? corresponding to the corridor directions in
D, (i.e. the direction of a line in R? touching no obstacle) is finite. Finally, recall
that by [34, Propositions 11-12, Lemma 16],

(5.6) YV >0,

i (F = 2,301 < Viog(lz] +2), 50, [floT9 > |2*/°) = 0 (|2172~%).
5.2. Control of “bad” configurations. Lemma [5.3] allows us to neglect trajec-
tories with no collision before time t.

Lemma 5.3. The following estimate holds true as t — +00,

v (BO N®_y(Bo) N {N, = 0}) = o(a;?).

Proof. When d = 2, the lemma is immediate: as soon as t > 4K, K/’t > 1, other-
wise, at time ¢, the trajectory cannot be 2K-close of its initial position, at time 0.

When d = 1, we can have th = 0 because of possible long free-flights in the verti-
cal direction that remain at a bounded distance. However, using the representation

of (M, (P4)+, V) as a suspension flow over a Z-extension,
v (BO N{N, = 0}) < (2K + Dw(N, = 0)

2Ky + 1
w(7)

+o0o
<</ (I+s+t)2ds<t ™t =o(a; '),
0

where we used (212) and (29). O

Lemma [5.4] ensures that we can neglect trajectories with long first or long last
free flight.

—+oo
/ u(r > s+t)ds
0
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Lemma 5.4. There exists a constant C' > 0 such that, for all Ry and t large
enough,

v (Bo N {|F| > aflog Ro}) < C'a; %/ log Ro.
Remark 5.5. Note that, since ®; preserves the measure v, we also have

U (®_¢ (Bo N {|&] > aflog Ro})) < C'a;?/log Ry.

Proof of Lemma 5.4l Using again the representation of (M, (®;);, V) as a suspen-
sion flow over a Z%extension, we note that

7 (Bo N {|F| > af'log Ro}) < (2Ko + 1)*v (|&| > a log Ry)
2
o 2Ko+1)
()

+oo
< / w(T > s)ds + aflog Rou(|&| > allog Ry))
a‘ti log Ro

Eu [Tl{|E|>af log RO}}

+oo
< / s 2ds + (allog Ro) ™! < a; %/ log Ry,
a‘ti log Ro

using (212). O
Lemma deals with the remaining range, namely n = N; < ¢yt with ¢; as
in (52).
Lemma 5.6. For all Ry > 0,
v (BO N®_,(Bo) N {N, < clt}) = o(a; %),
as t — +o0.

To prove Lemma [5.6] we will deal separately with the cases d = 1 and d = 2.
The main ingredients of the proofs below in these two cases come down to a very
delicate decomposition of the involved sum along with fine estimates via the use
of (&8 and of Lemma (joint LLD). The proof of Lemma [5:6 for d = 1 will use
the following intermediate results.

Sublemma 5.7. Recall that K satisfies (5.4). Then
7 (Bo N {Nyy100 < Klogt}) < (2Ko + 1)*0(Nyj1p0 < K logt) < (log )/t

Proof of the sublemma. Recall that By has diameter 2K,. The first inequality
comes from the fact that By contains at most (2K + 1)? copies of M. Let us
prove the second inequality. Observe that

1
V(Nt/loo < Klogt) = WEM [T'l{TLklogtJ+1Zt/100}:|

(5.7) <E, [T'lu,gig“g”{mTk>t/(1oo(1+K10gt)}]

< E[r.1(>/(10004 K log 1))}

+E {T'lugiﬁg” {r<t/(100(1+K logt)), ToT*>t/(100(1+K log t))}} :
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Now, proceeding as in the proof of Lemma [B.4] it follows from (ZI2)) that for all
t>2

+oo
EH {T.1{7> 100(Kfogt+l)}:| - /0 H (T.l{"'> IOO(Kltogt+l)} - Z) dz

t
_/m t p /+°° y
A P\ 7 T00(Klogt+ 1)) @ . plr>z)de

T00(K log t+1)
(5.9)
< (t/logt) ™1,
providing a control of the first term of the right hand side of (B.8]). For the second

term of the right hand side of (B.8), we distinguish the case of small (resp. big)
values of 7. Set m := (1 + 45)*. On the one hand,

(5.10)
m —2 m—2 3
E, TI{TStm}.Ingogu{ToTth/(loo(HKlogt))}] <t™logt(t/logt) = =t""=(logt),

where we used 7 < ™ and ,u(ULKlOgtJ{ oT* 22}) < Klogtu(r > 2) <

~2logt. On the other hand, since 7 — || is uniformly bounded by some con-
stant Ly,

E, [Tl{t"‘STSt/UOO(HKlog t))}'lukif"g” {ToTkzt/(mo(HKlogt))}]

< > (1] + Lo (% = =,
(5.11) zit™ —Lo<|z|<t/(100(1+K logt))+Lo
Sh= 1 Klogt, i o T > o —Lo)
O,
< S (el Lolel P ) =g
z€supp(R):|z|>t™—Lg

where we apply (5.8) with V = 7 (indeed, for ¢ large enough, K logt < V log(¢t™ —
Lo + 2)). Thus, the last bound of the sublemma follows from (&.8]), (&.9), (m)
and (BII) since m —2 = —42 < —1.

Lemma in the case d = 1 follows from the following result.
Sublemma 5.8.
v (BO N{N, < clt}) < (14 2K0)20(N; < ert) < (logt)/t.

Proof of the sublemma. Again the first inequality follows from the fact that By
contains at most (2K + 1)? copies of M. The main issue is to establish the last
upper bound. Since the flow ¢ preserves v, v(N; < c1t) = v(Nyo ¢_y/a < crt).
Furthermore, the fact that Ny o ¢_;/» < c1t means that there are at most cit
collisions in the time interval [—t/2;t/2], so at most c¢;t collisions in both time
intervals [~%/2;0] and [0;¢/2], which implies that both 7.,¢j and 7 —7_.;) are

5We use here again the classical formula E,[X] = 0+°°

measurable X : M — [0, 4+00).

w(X > z)dz valid for any positive
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larger than ¢/2, writing as usual 7_j := — Z;f:_k 7o T™ and 7, (¢ () := T ()
for all (z,u) € M. Therefore

(5.12)  v(Ny < eit) =v(Niod_yyo < cit) S v(Tiee) > /2,7 — T |ce) > 1/2).

In what follows we show that this quantity is o(a; *). By Lemma 54 v(1 > a?) <
a;? and by Sublemma B2, v/(7 k 10g4] > t/100) < (logt)/t and V(T — 7_ | K 10g¢) >
t/100) < (logt)/t (up to time reversibility of ®). This combined with (5.12]) ensures
that

(5.13) v(Ny < ext) < p+ O((logt) /1),
with
Py =V (’7’ < af,TLclﬂ > t/2,7’ = T—lest] > t/Q,TLKlogtJ
<t/100,7 — T_ | K 10g ¢ < t/100)

aj
= Z H (T > a’/’ Tleit] > t/QaT — T—|ert) > t/2aTLK10gtJ
a’=0

< t/100,7 — T_ | K 1ogs) < t/100)

aj
< > ([l > @ =20 Holloo, 7icrty > /2
a’=0

ST+ T lert] > /2, T K10gt) <1/100, T — T_ | Klogt] < t/lOO),
with the function Hy appearing in (ZI0) (since |V| = 7 when d = 2). Observe that
Tleat) © THB > 10y rogey o THEB Y = 7y — 7k 10g )

and that
—T_|eit] o~ K lost] —T_|ert|+|K logt] o~ i logt] — —T_|eit] TT—T+T_|Klogt]-

It follows that
p< Y (IRl > a = 20 Holl, ey o U5

> 49¢/100, [7_ o,y | 0 T~ LK Vo8t > 49t/100> .
Recall that, for all m € Z, |Km| > 7m — 2m||Ho|loo and that, due to (52,
2¢1||Holloo < 1/100. Thus,

af log Ro
p< Y (IRl > = 20| Hollo, (Rl ey o TH 0%

a’=0

> 48¢/100, =[] _ oy 0 T~ > 48t/100) .
Thus, using (5.3]) (twice) combined with (5.4]),

a?log R

(5:14) o< Y (> a’ = 2 Holloo) (1 (7l e,e) > 48/100))% + O(%))
a’=0
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By Lemma (with d = 0) and since 7 is p-integrable,
1 (|5l e > 48¢/100) < i (Teye) > 47t/100)
< uTleye) > 1) + u (47t/100 < 7| ¢py) < t7)

<

Eu [TLcltJ Z t log(k I_CltJ/J’(T))
T T2 Ui Uk (k- latu(n)?

t logt
<t 4 ) —_——
Vilogt 1+ k2

k>t(2/5mern(ry VI1OBELT

t logt  [logt
\/tlog t t
Combining this with (5I4) and (&I3]), we infer

af log Ro

v(Ny < et) < Z ((a’ + 1)*210Tgt + O(t1°°)> + O((logt)/t) = O(log t/t).

a’=0
O

We take the line below to quickly complete
Proof of Proposition 5.2 We observe that

(7_ >t) < I//\({(x,u) G'A/Z:TLCltJ(x) >t, USI’HII’IT})
e B min 7

_ P{(w,u) € M: Ny(a) < |eat], w < minT})

min 7
VN < lat]) _ vV < eat)
min 7 - min 7

and conclude due to Sublemma 5.8 O

We continue with
Proof of Lemma 5.6l When d = 1, the result follows from Sublemma [5.§] since
v (BO N®_,(Bo) N {N, < clt}) <v (BO N{N, < clt}> < (log#)/t = o(a;’ ).

Unfortunately this estimate is not enough when d = 2. We assume from now on
throughout this proof that d = 2. Recall that we have to prove that

v (Bo N®_,(Bo) N {N, < clt}) = o(a;?) = o((tlogt)™!) (assuming d = 2).

We start with some preliminary calculation that will allow us to argue that we can
neglect the configurations with more than one long free flight (of length larger than
t/(100(K logt)?)) among the K logt future and past collision times. Let us write

Dy i= {3k, € : k # 6;|k|, (| < Klogt, min(T o T, 70 T*) > t/(100(K logt)?)} ¢ M
and 5t for the corresponding event in M.

Sublemma 5.9. For all £ € (0, 55,

v (Bo N @,t/g(f)t)) < (2Ko + 1)*v(Dy) = o(tflfﬁ“) =o(a;?), ast— +oo.
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Proof of the sublemma. Again, as in the proofs of Sublemmas B.7and 5.8, the first
inequality follows from the fact that M is made of at most (2K, + 1)? copies of
M and that ¢ preserves the measure v. It remains to prove the last estimate.
Using the suspension flow representation and the Holder inequality applied for any
p < 2 < g such that % + % =1 and close enough to 2, we observe that

’/(Dt) <2 Z Eu[T-lmT’C>t/(100(K1ogt)2),ToTZ>t/(100(Klogt)2)]
—Klogt<k<t{<Klogt

Q-

<2 S Irllze ((r 0 T >/(100(K log )*), 7 0 T* > 1/(100(K log 1)) )

—Klogt<k<t{<Klogt

1
q

<2 > [ ( > n(Fo T =i, |%|oTe>|z'|%>

—Klogt<k, (<K log t:k#¢ i€ Supp(R):|i|>t/(100(K log t)2)

Finally applying (@0) with V' = 4K and t large enough so that 2K logt <
Vlog(2 + 100(Kt—logt)2)’ we conclude that, for ¢ large enough,

D)< (o | >
i>t/(100(K logt)2)

and this bound holds true for an arbitrary real number ¢ > 2. |

We are back to the proof of Lemma 5.6 assuming that d = 2. We will decompose
the quantity we have to estimate in p;; + p¢ 2, distinguishing the case where the
free flight at time ¢/2 is larger or smaller than ¢/4.

Estimate when the free flight at time ¢/2 is larger than ¢/4. In this part,
we study

(5.15) Py =D (BO N®_(Bo) N{N, < ext, 0 B, > t/4}) .

We will use the fact that we can neglect the trajectories such that 70 ®;/5 > a3
since, due to Lemma [5.4]

(5.16) U(BoN{ro®,5 >a}}) < (2Ko + 1)%v (T 0 ¢y > a}) < a; .
It follows from (B.I6) and from Sublemma [5.9] that
(5.17)

i1 =0 (BO N®_;(By) N {Nt < clt} Nd_. ({r € B,af} } \f)t» + o(a;?).

Let us study the event appearing in the above formula.
The fact that TOQ% > t/4 and that ®,/, ¢ D; implies that the K logt free flights

just before and just after the one occurring at time ¢/2 have all length smaller than
t/(100(K logt)?) and thus that
(5.18)

T|K logt) 0fofI>t/2 <t/(100(| K logt])) and \T_LKlogtJ |o®, /o <t/(100([ K logt])).
Recall that the configuration is in By N ®_;(By) and satisfies 70 ®; /5 > t/4. Since

N, < ¢1t and since we are in dimension 2, the free flight of length ¢/4 made at time
t/2 has to be canceled by the sum of the other (at most (|ci1t] — 1)) free flights
made during the time interval [0;¢]. So,

(5.19) |Tch1tJ|°(I)t/2>t/8 or (T[cltJ_T)oq)t/2>t/8-
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The combination of Conditions (5.I8) and (G.19) implies that at least one of the
two next conditions should hold true
17 Loty o THOBY 0.®, 15 > |7 014 )] 0 Py jo — |7 K 10gt) | © Prja > 11¢/100
or
Tleyt) 0 THIE 0 By 1y > (Tieye) = 7) 0 Pyjo — Tk 10ge) © T 0 Dyyjo > 11¢/100.

Note that the second condition above corresponds to the first one above one up to
composing by ®; and up to using time reversal. Therefore,
~ t. 3 =K logt] 11t —2
1 <20 (BoNqTo®: € ik s Tlepe) 0 TH %8 O‘I’t/2>m + o(a; ~)
11t

4
<2(2K, +1)%v (Toqs% € [Z;af} , Tlet) 0 THEE N 0 651y > ﬁ) +o(a;?)

using again the fact that By is made of at most (2K + 1)? copies of M. Now using
the ¢, /o-invariance of v, we obtain

(5.20)

t 11t
pia < 22Ky + 1) (r € [Z;af} , Tlert) o Tl logt] m) + o(a;?)

3

<o)+ > u (T > a', Tjypy 0 T 1081 > 11t/100>
a’'=t/4
ay
<ola;®)+ Y2 w(Inl > o' = 20| Holo, Il eyey 0 T2 > 10t/100)
a’'=t/4
ay
< o(at_Q) + Z (u (|&] > a’ — 2||Holloo) pt (|”|LC1tJ > 10t/100) + O(tiloo))
a’'=t/4
(5.21)
aj
< oa;?) + Z (a") 721 (|6 eye) > t/10).
a'=t/4

But, using Lemma (with d = 0) and the u-integrability of 7,

1 (5] ey > /10) < i (7)eye) > 9t/100)
< (Tleyey > ) 4 1 (9/100 < 7y < t7)

Eulreud] Z t log(k — [ert]u(r))

<
’ - 2
! k=9t/100 W 1+ (k LcltJ,LL(T))
3 logt
LD S
k>t(9/100—c1 u(T)) Vilogt1+k
- t  logt \/@
5.22 2 _ |
( ) < + NATTAR t
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This together with (5.21]) implies that
(5.23) pea = o(a; ).
Estimate when the free flight at time ¢/2 is smaller than ¢/4. Let

Pro =D <BO N®_(Bo) N{N, < ext, 0B, < t/4}> .

Using again the fact that By is made of at most (2K + 1)? copies of M and that
¢1/2 preserves v,

(5.24) pro < (2Ko + 1)*v(N; < cit, 7o Gij2 < t/4)
< (2Ko 4+ 1)°v (Nyjp < e1t, N_yjo < crt, 7 < t/4).

This together with Sublemma and time reversibility gives that

V(Ny < cit, T o dyjo < t/4)

<ola;?) +v (Nt/Z <ct,N_yyo <cit, 7

< t/4,min(T 10ge) = 717 K 10ge))| < /100)

<o(a;?) +2v (Nyjo < cit, N_yjo < c1t, T < /4, |- K10gt)| < /100) .
Since we also know that
T— LK logt]

[T lert)|
t t
= |T—\_Klogtj—\_cltj - T—\_Klogt” > ‘T—Lcltj _T| - |T—|_K10gtj _T| > 5 - Z - ﬁa
we obtain
(Nt < cit, 7o dyyg < t/4)
< o(a;?) +2v(Nyja < ety |- |eye)| 0 T 108 > 2417100, 7 < t/4).
Let
Aalﬁt/ = {7‘ > a — 4||H0||oov7—|_c1tj —a > 48t/100}
Using again the representation by a suspension flow and the correlation estimate
E3) combined with (&4,
v(N: < e1t, 70 ¢y < t/4) + 0(a;?)
[t/4]
<don (T > Ty — @ > /2, |7 o) 0 TTLEI8H > 2475/100)
a’=0
[t/4]
< > n(sl > ' = 2] Hollo, I8 1cyr) — o
a’=0
> 49t /100, [[K] _ oyy)| 0 T~ 1081 23t/100>
[t/4]
<37 (1 (Aar) (17 ety | > 22/100) + O(~1))

a’=0

1t/4] gt
< Z 1 (Aare) s

a’=0

where in the last line we have used (5.22]).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



MIXING FOR THE INFINITE HORIZON LORENTZ GAS FLOW 1643

The previous displayed estimate gives that

_ logt
I/(Nt < Clt,’]’ ] ¢t/2 < t/4) < O(O’t 2) + V(N48t/100+4||H0Hoo < Clt) T
= oa;?),
which together with (5.24) ensures that p; » = o(a; ), which combined with (5.23)
ends the proof of Lemma [5.6]lin the case d = 2. |

5.3. Control on “good” configurations. Due to Lemmas and [5.4] and to
Remark B35 it remains to study the D-measure of the set of configurations x €
Bpr, N ®_,(By), that have at least ¢;¢ collisions in the time interval [0,¢) and with
first and last free flights both smaller than aflog R. Lemma [5.10] provides the
domination of this measure by a sum. Let us write € for the set of unit direction
of corridors in Dy. We recall that this set is finite (see e.g. [34]).

Lemma 5.10. There exist a positive integer Ly, a positive real number Cy and a
compact set K' C Z% x R such that, for all integers Ry > Lo and all t > 0,
1 (BR0 N®_,(Bo) N {N; > e1t, || < allog R, |k o ®| < aflog R})

[t/ min | I_a;l log Ry | I_a‘ti log Ry

S CO Z Z Z Z N(A:z,b,n,t(wlanaK/))v

1171,117269: TLZ\_CltJ a=Rop—Lg b=0
where we set
Al (0,02, K') = { W € (~malaiy +biF2), t = npu(7) b= a) + K,
(5.25) [KoT ' >a,|[RoT"| >b}.

Proof. Let x € Br, N®_;(By) N {N, > e1t, 7| < allog R, |[o®y| < allog R}. We
will parametrise x by (z, —u, ) € M x (—o0, —Rg] xZ%, with u € [0, 7(T~!(x))). We

write x under the form ®_,, (z) with € M corresponding to the configuration of the
particle at the next (future) collision time. This configuration Z belongs to some cell
Cy with ¢ € Z¢ and thus T can be rewritten under the form (p;,é(q) + ¢, ¥) for some
z = (q,7) € M (as explained in Section [2Z1)). By construction u € [Ro, 7(T~!(z))).
We parametrise ®;(x) by ((T™(z), s),?') € M x 7, as follows. Recalling that N, is
the lap number introduced above (ZI), we write ®;(x) under the form ®,(7" (%))
with n = Ny(¢_,(x)) — 1 and s € [0,7(T™(z)). Due to our assumptions on x, we
know that Ni(¢_,(x)) > |e1t] + 1 so that n > |et]. Moreover, Ny <14t/ minT.
Thus

(5.26) lert] <nm <t/minT.

It follows from (29) and (ZI0) that 7 — || is uniformly bounded. Recall that
u < 7(T7Y(x)) and s < 7(T"(z)). We discretise u, s by setting

(5.27) a = max(0, [u] — |7 = [Flllec) < [R(T"}(x))| < af log Ro,
(5.28) b:=max(0, |s] — |7 — [F|[|ec) < |[R(T™(z))| < allog Ro.
With the previous notations,

(5.29) To(z) =t —nup(t) —u—s=t—nu(r) —a—b+ O(1),
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where O(1) is uniformly bounded (independently of x). Furthermore, there exist
two unit directions of corridors wh,ws € € that are “close” to be collinear to,
respectively, the first and last free flight, meaning that

(T (@) = [RT @)@y + O(1) and  R(I™(2) = [R(T" (x))|d + O(1),

with O(1) uniformly bounded (independently of x). This implies that ¢ = amg(w;)+
O(1) and ¢ = —bmy(wa) + O(1), where again O(1) is uniformly bounded (indepen-
dently of x). Thus, for a given (a,b, w7, ws), only a uniformly bounded number of
values of (£,¢") are possible. Second, this implies also that

(5.30) Kn + ma(awy + biie) = 0 — { + amy(w) + brg(wa) = O(1).
Recalling that U, = (kn, %), it follows from (5.27), (5:28), (5:29) and (5.30) that

we can find a compact set K’ independent of x such that, with previous notations,
S A;,b,n,t(lﬁh 7.172, K’).
The bounds on n, a, b come from respectively (0.20), (5:27) (and v > Ry) and (5.28).

The multiplicative constant Cy comes from the bounded number of possible values
of (£,¢',|u],|s]) once a and b are fixed. This ends the proof of the lemma. O

Since € is finite, it is enough to fix Wy, wWs and to prove that

|t/ min 7| |ad log Ry | [at log Ro |

(5.31) lim hmsupat Z Z Z M(A;’b,n,t(u_fhw%K/)):O-

Ro—+o00
¢ oo n=|c1t] a=Rg

The aimed result (5.31)) will be proved via the next technical lemma, the proof of
which uses a splitting of the summation over n, a, b in smaller ranges.

Lemma 5.11. There exists C' > 0 such that for all Ry

[t/ min 7]

2 H(AL o (1,02, K1) <C'a; "Ry T tola; ),
n=[c1t] a,b=0,...,[af log(Ro)]:max(a,b)>Ro

as t — +oo0.

Proof. Note that, by measure preserving and time reversal, (ko T~!, \T/n,% oT™)
has the same distribution as (—k o T™, (=Kpn, Tn), —k o T~1) and so

:u‘(Aiz,b,n,t(u_jlﬂ ,U_j27 K/)) = :u‘(Ag.,a,n,t(_wQa —1171, K//))

with K" = {(¢,7) € Z¢ x R : (—¢,r) € K'}, with the notation (5.25). Thus, up to
replacing (a, b, Wy, Ws, K') by (b, a, —wWs, —w, K"), it is enough to prove that there
exists C{/ such that, for all Ry,

[t/ min 7| Lat log(Ro)| a

(5'32) Z Z Z:U abnt wlvw?vK))

n=[c1t] a=Ryg b=0
2
< Cfa; Ry ™ 4 ola;?), ast— 4oo.

The main ingredients of the proof of this are Lemma together with its Corol-
lary 3.3 and an argument similar to the one used in the proof of Lemma To
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exploit Lemma [B.2] recall (5.25) and note that
(5:33)  pu(Aqp . (101, W2, K))
< EH |:1|E\0T”Zb1|E\OT*12a-h (\/I}n - (—Wd(alf)l + b’[f)g),t —b—a-— ’n,U,(T))):| 5

where h : Z% x R — (0,00) is the integrable function with compactly supported
a —COB(de/K ) for
Y1

some suitable K” > 0. Recall (53) and (G.4) and assume that n > 4| Klogt].
Let k, = k = |[Klogt]. Tt follows from (B33) and Corollary B3] that, for any
g0 € (0,5 — 3z) and any n = [c1t], ..., ¢/ minT,

) (AL (1,02, K7)) < ([ > a)p(|F] > 0)QL) ()
(535) +0O (t‘loo +logta; 2 (u(|R| > a)u(|F| > b)z e
)

)
L
(5.37) with éiolb(t) =E, [h (\f/n — (—mq(awy + bia), t —b—a — nu(T)))] .

Estimating the term in the right hand side of (5.34).
We claim that, adapting carefully the argument of Lemma 2]

Fourier transform given by h(yi,...,yav1) = K" "1y, | |y <k

=

(5.34

(5.36 +a, TP u(|R| > b) H‘T’zknl{mo:r—lga}

[t/ min T
(5.38) sup Y QW) (1) = 0(a ),
ab "
n=[cit]
which implies that
[t/ min 7| (0)
(5.39) > > uFE = a)ullF > b)QY) () = Ola; "Ry ).

n=[c1t] b>0,a>Rg

We prove the claim (B3]). Fix L > 0.
First, it follows from Lemma that

G0 a7 (g (TP 0 )] )

Qg
and so that
~(0 _ —mq(aw; + b _
Z sz,l,b(t) < ay d/ gd+1 <¥, y) dy + o(a; %)
n:lt—b—a—nu(7r)|<La¢p(T) R t
(5.40) < a; Y galloo + ola; ) < a;?,

with gg := [p ga1(,y) dy.
Second, if n > ¢1t and Lay < |[n—(t—b—a)/u(7)|, then, as soon as ¢ large enough,
it follows from Lemma [3.0] that, setting Vapn = (—mg(atWi + b)), t —b—a—npu(r)),

leol (1) < Z T k2,u (\If — Vapn = (0,0,k3) + (’)(1))

1 log(2+ |vapn + ksl)
5.41 .
(5.41) §+1kz:ez1+k2 (2 + [va,bn + k3])?
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But, on the one hand,

1 1og(2+ |vapn + ksl) log(4 + |va,p.nl) Z 1

1+ k% (2+ |Ua,b7n + ks3|)? (1+ |Ua,b7n‘)2 1+ k%

k3:|va,b,ntk3|>lva,b,nl/2 k3

log(4 + [va,bn )

5.42 < )
(5.42) (1 + |vapnl)?

and, on the other hand,
1 log(2 + |vapn + ksl)
1+ k3 (2+ |[vapn + k3l)?

k3:|va,b,n+ks|<|Va,b,nl/2

Z 1 log(2 + |ul)

Lt fu = vapnl® (24 [u])?

(5.43) <

w:u|<|va,b,nl|/2

1 log(2 1
s losehd)

[Va,b,n|? @+fu)? 7 |vapnl®

<
il <[va b0 |/2

It follows from (&A1), (542) and (43]) that

A (0) 10g(2 + |va,b,n|)
t —o | Traonl)
@t < ol
as Qn(t) in SublemmaE3l Therefore
~ (0
2 N0
n>cit:Lay<|n—(t—b—a)/u(7)|
b |log |npu(r) — (t —a = b)|
<7 > e bl
ay n:La<|n—(t—a—>b)/u(T)| 1+ |TL‘LL(T) (t a b)‘
t log(a) 1 —d
5.44 _
( ) < aéH_l Lat < —Lagl < a; °,

since logu/u? has primitive —(1 + logu)/u and since a? = tlogt ~ 2tloga;. The

claim (B3]) follows from (5.40) and (G.44]).

Estimating the terms in (38]). The first term leads to

|t/ min7| lallog Ro| a

(5.45) Z Z thloo < t7%a?(log Ry)? = o(a; ).

n= [Clt—‘ a:Ro b=0

It remains to estimate the contribution of the second part of (538]). Note that

IVCERIOSPEELEIES s PSRty
b=0

a>Ryp a>Ro b=0
< E a—2+250 — R61+2505
a>Ro

since g < % Since we also know that tlogt = a?, we obtain that

[t/ min 7| a

(5.46) Z Z Zlogta;d_2u(ﬁ > a)u(k > b)%_eo < at_dRa(k%“),
n=[c1t] a>Rg b=0

with 1 —2¢9 > 0.
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Estimating the term in (5.36). We claim that

(5.47) Z H‘szknl{\z\orlza}
aZRo

_2
o < R, * logt.

Since we also know that tlogt = a7 and that Y-, u(|k| > b) = E[k|] < oo, we
obtain that -
|t/ minT|

(548) > 3> ar Rl 2 6)||Fan, L grier150)

n=[c1t] a>Ro b>0

We now prove the claim (5.47). First, compute that

2
I © (a;dRo 40) '

2y —1
> H‘I’zknl{m\otf—lza} LS D D D VuEeT ! =d [R|oT" =V)
a>Ro =0 a>Rpa’>ab'>1

2k, a’

<Y S S VuE =d, 7o T =)
¢=1a'>Rpa=Rg b'>1
2ky,

<D0 Y dVulEl=d, Rl T =),
¢=1a'>Ro b'>1

where the sum over o', b’ is taken over the positive real numbers (non-necessarily
integer) such that the summand is non-null.

We claim that, uniformly in n and in £ =1,...,2k,,
_2
(5.49) SO dVu(|E| =d, 5o T =V) < Ry ™.
a’>Rob/'>1

The previous two displayed equations give the claim (B.47).
It remains to prove the claim (&49). We proceed via considering all relevant
cases of a’, .

Case 1 (Contribution of the a’, b’ such that v’ f<a <V ).

> > aV (R = d, 7] o T* = )

b'>1 a’e[max(Ro,(b/)‘L/s);b/]

< Z b/Eu Z aI1|E\=a/1|E\oT4:b/

b'>Ro a’ €[(b")4/53/)
< S WPu(E = @) F o T = V),
b'>Rg

where in the last equation we used that

(5.50) Y. dlgRcay < e l{Ea )

a’€la_;ay]
Thus applying (&8) with V := 100/ag, we obtain
n((Rl = )2, [/l o T = ¥) < |72,
uniformly in £ < %{M, and it follows from (53) combined with (55) that

p(Rl = ()3, Rl o T = ¥') < u(|R| = (1)3)u(|&] o T = ') + C'e~0f < || 3~
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uniformly in £ > %{w. Therefore
(5:59) > au(El=d FeT =v) < X PR
a’ €[max (R, (b')4/5);0'] b'>Ro

(5.52) < 3 W < Ry
b’>Ro

Case 2 (Contribution of the a’, b such that (a’)3 < b < a’).

) S aWu(R| = d\ R e T = V)

b'>1 a/e[max(Ro,b’);(b’)%]

<Y Y au(E =d fFeT = V)

aIZROb/E[(a/)%;a/]
< 3 dPullr| = o, 7] 0 T > (a')%)
a’>Ro
_ 2
(5.53) < Y Pl < Y Jd] TS < Ry
a’>Ryo a’>Ry

using again (5.50) and (G.6]) again with V' = 100/a¢ when ¢ < V'log(2+]|a’) and (53)
otherwise.

Case 3 (Contribution of the a’, b’ such that o’ < (b')Y < ¥ for some v € (0,1) (e.g.

7=13))
o> aVu(E =d [F T =)
b'>1a’€[Ro;(b")7]
< > D dVulRl =d,[FleT =)
yord @ )]
< D WPVu(REl = Ro, [Ro T = V)
bszO%
(5.54) < 3 WY < ry T,
b eSupp(R)b 2R
using (&.5)).

Case 4 (Contribution of the a’,b" such that ¥ < (a’)? < o’ with v € (0,1) (e.g.
v =3)-
Yo Y dVu(El=d [RleT =b) < Y () |d|u(R] = o)
a’>Ro b €[1;(a’)V] a’>Ro
(5.55)
< > (a')]d’||a’) ™% < Ry 7.
a'eSupp(Fl):a’>Ro

The claim ([49) follows from (E52), (E53), (5.54) and (E55), ending the proof
of (547) and so of (B.48). Estimate (5.32) and so the lemma then follows from

G.39), B.39), ©.45), (G.46) and (E.48). m
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5.3.1. Concluding the proof of Theorem [BJl The conclusion follows from Lem-
mas [5.4] (and the comment thereafter), 5.0] B.10 and B1T1

6. PrROOF OF JOINT CLT (LEMMA [31])

Let d € {0,1,2}. In this section we show that arguments established in [3]
and [29] can be adapted to the study of U instead of k. The main idea comes down
to a basic observation, namely that T can be written as the sum of a vector in
74%1 that ‘behaves like’ s and of a bounded function. The mentioned vector in
71 is precisely (s, |k| — E,[|f]]) which, as &, is constant on good sets and has a
similar tail probability. In particular, the distribution of T is in the domain of a
non-standard CLT with normalization y/nlogn. The details are provided around
equation (G12]).

We will prove the convergence in distribution of (U, /v/nlogn), by establishing
the pointwise convergence of its characteristic function, with the use of Fourier
perturbed operator on the quotient tower constructed by Young in [37] (see [8])
as Szdsz and Varju did in [34] to establish the CLT and LLT for k. It follows
from ZI0) that 7 = |V| = |[k| + O(1), where & : M — Z? is the cell change in the
Z2-periodic Lorentz gas (see Subsection [B.1]).

We have already recalled several properties of K. Let us recall, in particular, the
precise tail of & (this is partially recalled in (51)). By [34] completed by [29], there
exist Ly > 0 and a finite set £ made of (L, w) € (Z%)? with w prime such that

(6.1) || >Ly = 3(L,w)e&, INeN"K=L+ Nw
and
(6.2) wE =L+ Nw)=cp N 3+ON?), as N — +oo,

with ¢y, > 0. This set £ parametrises the set of corridors mentioned in Section
(the set € therein corresponds to the set of unit vectors proportional to some w such
that there exists L € Z?2 such that (L,w) € £). Then, when d = 2, the variance
matrix 3¢ (for the Sinai billiard map) appearing in the Central Limit Theorem for
the displacement given by (ZI1) corresponds to the following quadratic form

(6.3) Hd=2, VeR, (Spht)i== 3 cnultw)’.
2 (L,w)e&
It is not degenerate since, when d = 2, we assume the existence of at least two non-
parallel corridors, and so of two non-parallel w, w’ such that there exists L, L' € Z?
such that (L,w), (L',w') € £.
When d = 1, setting m (w1, we) = wy, Yo is given by the formula

1
(6.4) Ifd=1, ¥g:= 3 Z craw(mi(w))?
(Lyw)e€

which is non-null since we assumed the existence of at least an unbounded line
touching no obstacle.
We recall that the variance matrix ¥ for the flow appearing in (1)) is given by

S = Yo/ /(7).
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The variance matrix Y441 of the limit of a,, 1\/I\ln will appear to be given by the
following pretty similar formula:

(6.5) Ve R (Sgat,t) ::% > cpwlts (ma(w), [w]))?,

(L,w)e€
with, as in Section [B.1],
Yw e Z?, m(w)=w and i (wy,ws) = wy,
and with the convention
Y(w,2) € Z* xR, (mo(w),|w|) =w and more generally (mo(w),z) = z.

Throughout this section, we fix some (arbitrary) ¢ € [1,2), and some b, > 2 so
that

(6.6) 1+1<1
. bty <t

This choice will determine the choice of the Banach space on the Young tower.

6.1. Expression of the characteristic functions via Fourier perturbed op-
erator. We observe that

W(z) — (y)| < d(x,y) + d(T(x), T(y)),

for any z,y in the same connected component of M \ (Sop UT~1(Sp)), where Sy is
the set of post-collisional vectors tangent to 9€2. We recall that the diameter of the
connected components of M \ Jy__,, T7%(Sy) is O(B}) for some B € (0,1).

As in [34], we consider the towers constructed by Young in [37] (see also [§]).
We recall some facts on Young towers and introduce some notations that we shall
use in the remainder of this paper. We let (A, fa,ua) be the hyperbolic tower,
which is an extension of (M, T, ) by 7 : A+ M (with 7(x,£) = T*(x)) and write
(Z, fx /LZ) for the quotient tower (obtained from A by quotienting out the stable
manifolds). The quotient tower is identified with A := {(z,¢) € A : x € Y}, where
Y is an unstable curve of a well chosen set Y C M, and write @ : A — A for
the projection corresponding to the holonomy along the stable curves of A. The

dynamical system (A, fa, ua) is given by

e The space A is the set of couples (z,¢) € Y x Ny such that £ < R(x), where
R is a return time to Y.

e The map fa is given by fa(x,¢) = (x,0+1)if £ < R(z)—1 and fa(z, R(x)—
1) = (TE@)(1),0).

e The probability measure pua is given by pua(A x {¢}) = pa(AN{R >
¢})/E,[R.1y], for any measurable set A C Y.

We assume that the greatest common divisor (g.c.d.) of R is 1, which can be done
because of total ergodicity@ of T'; this assumption is not essential, since one can also
deal directly with g.c.d.(R) # 1, but it helps simplifying the proofs and notation
throughout the remainder of this paper.

6The idea of using the total ergodicity of T’ for constructing a new tower with g.c.d.(R) = 1
was suggested in [37] Section 4] and used in [33] for ensuring aperiodicity of the version of x on

A. The details of such a tower construction are contained in [26, Appendix B].
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The partition P on A consists of a union of partitions of the different levels
which become finer and finer as one goes up in the tower. The partition P is used
to define a separation time s(-,-) on A:

s(a,y) = inf{n > =1: P(fA () # PRI ()}
The separation time s(z,y) satisfies the following property: 7(x) and 7(y) are in
the same connected component of M \ (Sp UT~1(Sp)) if s(z,y) > 0. In particular
if s(z,y) > 2n, then 7(fR(z)) and 7(fR(y)) are in the same connected component
of M\ Up__,, T7%(So). Since the atoms of the partition P are unions of stable
curves, this separation time has a direct correspondent 3(, -) on the quotient tower
A. Let P be the transfer operator of (Z, fx ug), i.e. P is defined on L'(ux) by

/HP(G)d/LK:/ HOfK.Gd,U,K.
A A

Let 8 € ( 1%,1) and close enough to 1. It follows from [37] and [§] that there
exists ¢’ > 0 such that, for all ¢ €]0,¢'[, P is quasicompact on the Banach space
B = B. corresponding to the set of functions of the form e** H, with H € By, where
w(z, ) = ¢ and where By is the Banach space of bounded functions H : A — C
that are Lipschitz continuous with respect to the ultrametric 35> (the space By
corresponds to the space B, when ¢ = 0). The space B is then endowed with the
norm || - ||z given by

(6.7) [H|s = [le™= H|5,-

Recall b, satisfies ([6.6). Choose e small enough so that e= € Lb4(ux) which implies
that B is continuously embedded in Lt (ux) since

(6.8) [H[ppa <[l zealle™ Hlloo < [[e™[[poa | H |5

(This particular choice of by will be used in the proof of Sublemma[6.2]) Since we
assume that g.c.d.(R) = 1, 1 is the only (dominating) eigenvalue of modulus 1 of
P, and it is simple and isolated in the spectrum of P. In particular, there exists
6 € (0,1) (depending on (3,¢)) such that

(6.9) |P" =B, []1xllz) = O0"), asn— +oc.
Let t € R+, Recall that via [4, eq. (6.2) verified in Corollary 9.4],
(6.10) \iow:ﬁof—l—xofA—X,

with ¥ = (%,7) : A — Z% x R, where 7 is the version of 7 = 7 — u(7) on A given
by
F::?ow-i—z(Towon—TOﬂ—ofgflofK)
n>1
and where y = (0, xo) with O the null element of Z¢ and with
X0 = Z(TOﬂ'OfZ—TOﬂ'OfZOf).
n>0
By [4, Proof of Lemma 8.3] (see also Appendix [B]) 7 is locally Lipschitz continuous
(on each atom of Young’s partition) with respect to the ultrametric £5¢) . and
X : A — {0}¢ x R is bounded and Lipschitz in the following sense:
k _ k
6 XA G) — (UK W)

sup sup .
k>1z,y:s(z,y)>2k B

< 0
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It follows from the coboundary equation (G.I0) that

E, el anq =E,, {6—< X) it W) o z<an,xofg>} .

Let K : A — Z? be the version of & on A, i.e. the function such that KoTw=Fom.
It follows from (ZI0) and (6.I0) that the function © : A — R4+ defined by

(6.12) 0:=T—T, with T := (nu(K),[K| - E,[K]),

is bounded and Lipschitz, and Y is constant on partition elements (as & = 74(K)
corresponding to the cell change). Since both ¥ and T have mean zero, E, [©] =0.

We define the Fourier-perturbed operators P, P e L(B) by Pov= P(e“t’@v), P
= P(e/tThy) for t € R¥!. By [34] (which exploits [8,37]), up to enlarging the
value of 6 € (0,1) appearing in ([6.9), there exist 5y € (0, 7], a continuous function
t — A € C and two families of operators (II;); and (U;); acting on B such that
t +— I, € L(B,L'(A)) is continuous and such that, for every t € [—f, Bo]?*! and
every positive integer n,

(6.13) Pl = XML+ U, PP =\, + U},
(6.14)  with sup (HU{LHB + ||[7ZL||B) =0 ("), asn— 4oo.
t€[—Bo,Bol?

Set k = ky, := (logn)? and Fj,,(z) := e/wTs@@)xofA®) Tt follows from (GI0)
that

Eu[e“t’%ﬂ =K., {e’“ﬁ’X°f2>ei<ﬁ’3">°f°fAez< t ’Xofwkq

~E,, [Fh_Le“aLv TR . ofﬁ].

We approximate Fj . (z) by its conditional expectation ﬁku(x) = Fr.(7(x)) on
the set {y € A : s(z,y) > 2k}, where s is the separation time on A as recalled
earlier in this section. Since e*{*¥) is bounded and Lipschitz on A and since e*{t:x)
is bounded and Lipschitz on A (in the sense of (G.I1]), it follows that

. Ty
]E#[ewt, an)} E,. [Fk— e @ U ki, © fA} +O(5k)

7 an Tan

=B, [Fo o P2 (Fo )] +0(5")

= N By [Frdly (PR (Fy )] +0(8° +07=),

t/an - o
as n — +oo. Furthermore ||[Fjullcc < 1 and P2’C (Fr_ + ) are uniformly (in

k,n) Lipschitz with respect to Young’s ultrametric 65( "), T hus by continuity of
t—1II, € ,(Z(B',Ll(A))7

B e ) = N (B [P | B [P 0))] +0(1).

as n — 400. Observe that, for every t € R4+1,

E/},K [Fk,ﬁ} _ E;J,A {ei<fn7§k0?+X0f2>} =1+ 0(1) as n — -|—oo7

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



MIXING FOR THE INFINITE HORIZON LORENTZ GAS FLOW 1653

due to the dominated convergence theorem (using the fact that limg_, 4 Uy, Jk=0
px-almost-surely). Analogously

Vte R R, [Pfj (Fk’,i))} —E,,

[ei(ﬁ’ﬁkof—xﬂfﬁ} =1+o0(1),
as n — +00.

Thus

(6.15) E, e 50) = A2 4 o(1).

an

An important observation that will allow us to adapt the results of [29] to the
present context is that

B B p (o0 - ) ) = B (09 1) ).

6.2. Regularity of the dominating eigenvalues and its spectral projector.
In this part, we prove that for ¢ € [1,2) chosen before (G.6l),

T — Mol paqug) = O(t) and Ay = 1 —log(1/[t])(t, Basat) + O(t?),

as t — 0. We do so, via the following several steps: we first establish in Sub-
lemma an equivalent of \; — 1, and we use it to establish in Sublemma
the announced estimate of |[Il; — Io[|s— La(uy) that we finally use to establish in
Sublemma the announced expansion of \;. N

To obtain such estimates, we will control the error between \; and A;, and
between II; and ﬁt. Here we crucially exploit that T and & satisfy similar properties.
This allows us to adapt some results obtained for x in [29/[34] with the use of [3].

We start by studying P, — P;. Observe that (e¥t®) —1). € £(B) is dominated
by ‘ €i(t:8) _ 1’ . This implies that ‘ P, — P, e O(|t]), and thus that

5= 00,

Bo

(6.16) HHt _ 1,

using the usual Cauchy integral expression for II; and ﬁt. In particular, the an-
nounced estimate on [[II; — Io[|p— La(uy) Will follow from the same estimate for
(1L — oll5— La(uz)-

Lemma B] follows immediately from (G.I5]), combined with the continuity of
t— I, € L(B— L'(pux)) and from Sublemma [6.11

Sublemma 6.1. Ast — 0, 1 — X\ ~ log(1/|¢|){t, Xat1t), where g1 is given
by @.5).

Proof of Sublemma [B.11. To study the expansion of ¢ — A, in both Sublemmas [6.1]

and [6.3] we consider the normalized eigenvectors vy, vy og respectively P, P; asso-
I,(1a) I, (1a)

N ANI m, and we will use

ciated with /\t,Xt given by v; = and v; =

the following expressions
A= Bus [Po(vr)] = By [ 0] and Xy = Bpg [P(0)] = Epy [0,
Therefore

(6.17) M= X =T (t) + I(t),
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with

I(t) :== /_e“t’@ (ve — o) dpxy = /_(1 - ei<t§>)(ﬂt — ) dpiy,
A A

and

L(t) = / (ei“’@ — N, dpx

A

As argued below, [1(t) and I(t) are O(|t|*). Regarding I, we first note that
(et¥) — 1)), ¢ £(B) is dominated by the Lipschitz norm of (e?¥) — ¥t:1)) =
eHbT) (e169) — 1), Tt follows from the definitions of vy, v; and (G.16) that

|lve = V|lgsy = O(t), ast—0.

Recall that B C Lb« with b, > 2 fixed satisfying (6.6). Further, note that by ([6.2),
Y and thus ¥ are in L7 for any ¢ < 2. By the choice of b,, b, > ¢/(q¢ — 1). Hence,

L (t)] < [t] /_@I [0 = vel dpg < [P Lol = vell | 2y <[t [0 = vells < £2.
A
Next, recalling the definition of © in (G.12)),

I(t) = /_6”“““”(6“’*e> — 1o dug =13 (t) + 13(¢)
A

with

<@(ﬂzzit/;éuxv®i&duK, and I§@)::/ﬁé“ﬁv@““@>—1——ﬁ®ﬁﬁdux.
A

A

Now, since © is bounded,
B < W [ 1O [l diix < (1 10]1)? [ [l diix < P
For I3, write

@m:n[;Wﬂ@%mq+ﬁ[a%ﬂ@@—ammz
A A

:n[@mq+#[@mﬁ—n@%wz+wm%
A A
=0+ 0(|t]*), ast—0,

where we have used that [ © dux = 0. Putting the above together, |I2(t)| < [t[2.
The bounds for I; and I together with (617 give that

(6.18) Ao=M+O(t]?), ast—o0.

It remains to show that 1 — Xt has the desired asymptotic, using the form of T
in (6I2). To this end we observe that

619) 1= X =Bl - B@)] = Eugl(l — €0)5) = 11(0) + (),
with
B = [0 =D duy and (o) = [ (1 )@ - To) dus.
A A
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We estimate I7(t). Recall equations (6., ([62) and that [z Y dux = 0. For any
L,w, N, write Wy (L,w) := (mq(L + Nw), |L + Nw| — E,[||]) and compute that

B = [0 e 1)) dug
_ ¥ Z( (W (L)) _1_7;<t,WN(L,w)>),u,({/ﬁ:L-i-N”LU})+O(|t‘2)

(L,w)eE N>1
1/
-y ¥ ( WEW (Low)) _ (¢, WN(va») (cLwN ™2+ O(NT)

(L,w)e€E N=1

+O [ [tP+1t > Jwl > NNTP

(Lw)e€ N>1/[t|

/1t
= 3 TZ (t, W (L, w))*N =%+ O(Jt]?).

(Lyw)e& N=
Since {t, Wiv(L,w))2N=* = N (t, (za(w), [u]))? + O(|t2N2),
CLw
L= =5 log(l/[t)(t, (ma(w), [w]) + O(|t]*)
(Law)e€

(6.20) = log(1/|t])(Sar1t,t) + O(|t|?).

For I)(t), we just need to explain that the argument of [34] via [3], which provides
the asymptotic of the eigenvalue associated to perturbation by x instead of T as
here, goes through. The required ingredients in the argument of [3l[34] are: (1) tail
of k and (2) the ‘double probability’ estimate (&.0]). Regarding (1), we already know
the tail of T: see equations (6] and ([G2)). Regarding (2), an analogue of (5.6,

we recall that we already know that this holds for k. Because of the expression of
T (via K), the arguments used in [34, Proofs of Propositions 11-12] ensure that

(6.21) px (Anyv) =O(N7379), as N — +o0,
where

Any = {T = Wx(L,w), Jj| < Vieg(n+2), [T o f/] > Wy (L,w)*}.
Equations (6.2) and (B2I) together with [3, Proof of Theorem 3.4] ensure that
(6.22) I5(t) = o (|t|*log(1/]t])), ast—0,
The conclusion from this together with (GI])), (619) and (620). O

In the remainder of this section, we prove a stronger version of Sublemma [6.1]
along with a strong continuity estimate on II;, that will be essential in the proofs
of Lemmas [3.2] and [B.4] carried out in Section [7l

Recall that ¢ € [1,2) has been fixed at the beginning of the present section.

Sublemma 6.2.

HHt B HOHB—)L‘I(HK) I - HO||B—>L‘1(MK) =0(t) ast—0.

"More precisely, see Estimate of \¢ (there) in the proof of [3, Proof of Theorem 3.4]. In
particular, see [3l Lemma 3.16 and 3.19].
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Proof. Due to (6I0)), it is enough to control HHt HOH . We claim that
B— L (px)

with the choice of b, (see ([6.0)) and € in the text before (G.8]), [29] Proposition 5.4]
applies to ensure that

(6.23) |1y (L — Io)||s—n, = O(t]), ast— 0.

Using (623]), we modify the proof of [29] Proposition 5.3] to conclude the proof of
the sublemma. Set mo(,{) := z, recall that w(xz,f) = ¢ and, using [29, Formula
(44)], we write (I, — IIo) (w)(z) = I i (2) + Iz (z) + I34(x) with

(
Io(z) == {(ez‘<t,mm><m<z>>> _ 1)ﬁ0(w)] 7
{

Iy () = [0 ot (D) (1, — Tlo) () (mo )]
I() = (1) = et 0@ (w) (o )]
First,
4 q
||I17t||%q(ux) — ]EHK |:((ez<t,Tw(-)(WO(-))> — 1)) j| ||w||qL1(HK)
< By [Ty (mo() 7] 0l
< |t‘q ZE’IJ« [1Y0{R>n}|Tn|q} ”quLl(uz)
n>0
(6.24) < 1Y py (R > )Y || oy 011y < [ 01,
n>0
taking p’ > 1 and ¢’ > 1 such that 1% + % =1 and ¢p’ < 2, and using the fact that
py(R > n) decreases exponentially fast. Second, it follows from (G.23)) that
~ o~ q
o < | = T @ ),
(6.25) < [y (I = o) (w) &, << ¢ ]|w]l’5-
Third, by Sublemma [G.I] there exists some a’ > 0 such that, for ¢ small enough,

~ g 1t12roe(1/t])
1> | >e® 2 , and so

q}
/qun\?log(l/m)

sl %o < [iviLw)|| (A= 117, | [w()er =5 2 w00
3tllpa(uy) = thoo t ux | |w(r)e

< (1t 1081/ | L )] )’ S (> et

(6.26) < (|t 1og(1/[t)lwlls)*
provided |¢| is small enough, using again that uy (R > n) decays exponentially fast

in n. The conclusion follows from ([6.24]), (6.25) and (6.20).

It remains to complete

Proof of the claim ([6.23]). Recall b, satisfies (6.6]) and that ¢ has been fixed in
the text before (6.8)); in particular, i + % < 1. There exists p € (2,by) so that

14,1 i p—1 p=1l 2 p—1
p—l—q<1. Inpart1cular,1<qp andson >q>1. Let’ye(l, p).Let

h € B. Note that h = vw, with w := e"*“h € By and with v := ¥ € Lbs constant
on partition elements.
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With these choices, h,v,p,b = by, satisfy the assumptions of [29] Proposition
5.4, Lemma C.2] which still holds true with the same proof in when replacing II;
therein by the present II; (this is equivalent to replacing & in [29] by the present
¥). Again, this adaptation is possible because W is constant on partition elements
and ¥ has a similar tail to that of % (again, see equations (6.1 and ([6.2))). (The
similar tail ensures, in particular, that W. is as integrable as %.) As a consequence,
[29, Proof of Lemma C.2] goes through with % replaced by ¥. Moreover, because of
the same properties of W, the proof of [29, Proposition 5.4] can be easily modified
to prove the claim ([G.23]).

The adaptation of [29, Proposition 5.4] implies that

11y (I = o) (R) |, < L1y ITo(R) I8, + [t (125 + lle™ =Rl €]l 12 ) -
By [29, Lemma C.2] with % replaced by ¥,

(I T ()1, < 1Bl + lle™ =R, el o ) -
We conclude that
Ity (IL = To) (B)llse << [¢] (I1Rlls + [le™=Rlls, eIl va) < [¢l1IR2] 54
since |le”*“h|| g, = ||h||5B- O
Sublemma 6.3. Ast— 0, 1 — X\, = log(1/|t]){t, Sas1t) + O(|t]?).

Proof. We keep the notations of the proof of Sublemma It follows from (G.I8)),
6I9) and ©20) that 1 — Ay = log(1/[t|){t, Sar1t) + I5(t) + O(|t|?). The proof
that |I5(t)| = O(Jt|?) follows exactly as in the proof of [29] Lemma 6.1] (replacing
everywhere &, Py, II;, vy, \¢ therein by T, ﬁt, ﬁtﬁt,xt and following the proof line
by line). This is due to the fact that Y satisfies the following properties (that are
also satisfied by K): T is constant on partition elements, equations ([6.2), ([6.22)
and (5.8) hold, and the estimate on II; stated in Sublemma B2 holds. O

7. PrROOFS OF JOINT MLLT (LEMMAS 3.2 AND [3:)

Let d € {0,1,2}. Compared to CLT, a specific property required to prove the
MLLT is the non-arithmeticity (or minimality), which is treated in Lemma [T

Lemma 7.1. For every proper closed subgroup I' of Z¢ xR and for every a € Z¢ xR,
u(\ff—l—g—gnga—i-I‘) > 0.

Proof. We adapt the proof of [I1, Lemma A.3] to d + 1-dimensional observable
\Tl, with a slightly different presentation. Assume there exists a proper subgroup
I of Z% x R, a measurable function g = (g1,...,94+1) : M — Z?* x R and a =
(ai,...,aq11) € Z% x R such that U+g—goT €a+T palmost surely.
e Let us prove that we can find a family (vy,...,v441) of generators of I' of
the form

v = (e, ) fori=1,...,d, wvgy1 = (0,4+1),

where e; is the i-th vector of the canonical basis of R% and where 0 is the
null element of Z¢. Let ay,...,aq € R be such that v; := (ej, ;) € I for
i =1,...,d. Such numbers exist since the projection of I' on the first d
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coordinates generates Z? (since it has been proved in [34] that s : M — Z4
is non-arithmetic).

Observe that I'N ({0} x R) is a discrete subgroup of {0} x R. Indeed
it is a closed subgroup, and it cannot be {0} x R otherwise I" would be
Z% x R, since then any element (af, ..., al, ) of Z% x R could be rewritten
(Z?Zl a’i.vi) + (ail+1 - Z?Zl a;ai) (0,1). Hence, I'n ({0} x R) is discrete
and has the form {0} X (ag417Z) for a non-negative real number ag1. Set
Va41 = (0,q41) € T

Let us prove that (vy,...,vq+1) generates the group I'. Let
a =(al,....ay,) €T CZ xR

Set w =a — Zle a;v; = (0, 8). By definition of 41, there exists m € Z

such that 8 = magy1. Thus o € Efill Zw;.

e Let us prove that there exist r,a € R and two measurable functions ¢’ :

M — Z and G : M — R such that ;(0 < G < min7) > 0 and

T—pu(r)=r+acd +G—-GoT.

It follows from the previous item that there exists a measurable function
c=(c1,...,cqr1) : M — Z4H1 such that

d+1
\I/—|—g—goT:a+Zci.vi w—a.s.,
i=1

by taking ¢; = k; +g;i —gioT —a; for i € {1,...,d} and

d
(7.1)  cayr = (T — (1) + gat1 — garr1 0T — aapr — Z%‘-Q‘) [0ar1lay. #0-

i=1
Thus
d+1
T — (7)) + gay1 — gar1 0T = aay1 + Z ;.C;.
i=1
Now we observe that Kk = —ko&oT and 7 = 7o oT with £ the involution

mapping (g, p) € I2x[-7; 5] to (¢, —¢), so the previous identity composed
with £ o T becomes

d+1

T— (1) + gay10§0T — gara OTOfoT:adH-FZOéi.CiOfOT
i1

Therefore, by taking the average of the two previous identities, we obtain

gar1080T —ggp10To0oT

T— 1)+ 5
d+1
9d+1_9d+10T7 ci+cioloT
D

But fori=1,...,d,
ci+cioéol =g, —giolT —giokoT +g;oTokoT
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. T
is a coboundary, and so, due to (7)), cgyq “E a8 (7 (1) —agq)
is also a coboundary. Thus we have proved the existence of two measurable

functions ¢’ : M — Z and G : M — R such that
ad+1.c’+G—GoT,z’.e.Tzr—l—agl;l.c’—I—G—GOT,

7 —pu(T) = agt1 +

with r := pu(7) + ag4+1. The condition (0 < G < min7) > 0 is obtained
up to adding a constant to G. The above identity would contradict the
non-arithmeticity of 7.

e We follow exactly the second part of the proof of [II, Lemma A.3].

Set o := %%, For 6 > 0, we consider the set Cj of points y = ¢;(z)
withz € M, 0 <t < 7(x)and |t — G(z)| < 0.

It follows from the previous item that the first return time ¢ to C{/ takes
its values in rN+aZ. Indeed if y = ¢,(z) € Cf witht = G(x) € (0;7(z)) and
¢s(y) = ou(T"(2)) € Cg, with u = t4s—7, (z) = G(T"(x)) € (0, 7(T"(x))),
then s = G(T"(x)) —t + T (x) = G(T"(x)) — G(2) + Tn(x) = nr + acl,.

We choose € > 0 so that r + ¢ € aQ. Let b be the smallest positive
element of aZ + (r+¢)Z, so that aZ + (r +¢)Z = bZ. Indeed, if r +¢ = a%
with p,q € Z, ¢ # 0, then aZ + (r + €)Z = %(qZ +pZ) = bZ, with

b= \algTd‘(p,q)_
q
The first return time to C) = {(z,G(z)),x € M,G(z) < 7(z) + €}

for the suspension flow ¢(*) over (M,T) with roof function 7 + ¢ is in
aZ+ (r+¢e)N C bZ. Indeed, if y = ¢¢(x) € C) with t = G(z) € (0;7(z) +¢)
and 67 (y) = ¢ (T"(x)) € C}, with u =t + 5 — 7,(z) — ne = G(T™(x)) €
(0, 7(T™(z)) +¢), then s = G(T™(x)) —t+ 7 (x) + ne = G(IT™(z)) — G(z) +
Tn(z) + ne = nr 4+ acl, + ne.

Thus, if 6 € (0,b/2), the return time of ¢(*) to C} (defined as C¥ but for
¢(5)) occurs only at time t at distance at most 20 of bZ, which contradicts
the mixing of ¢(2). As explained in [11, Lemma A.2], the proof of the mixing
of the suspension flow ¢(¢) follows the same line as the mixing of the billiard
flow established in [10, Sections 6.10-6.11] thanks to the temporal distance
(which remains unchanged if we replace 7 by 7 + ¢).

O

Proof of Lemma B2l Let p > 2, G, H, h as in the assumptions of Lemma To
prove the joint MLLT, we will use estimates established in Section [l We keep the
notations of this section with the couple (g, p,) being chosen so that ¢ € [1,2) such
that % + % =1 and by > p (this will imply that 7~ + % <1).

On A and A, we keep the convention u,, := Zz;é wo fX and w,, = Ez;é uo f%
forany u: A — R? and uw: A — R? .

For simplicity, we keep the notation G, H,¥ for the functions defined on A
(instead of M) corresponding to Gom, Hom, ¥ o respectively. Since the functions
G and H are bounded and dynamically Holder continuous on M, the functions G
and H are also bounded and dynamically Hélder on A in the following sense: up
to increasing the value of 8 € (0,1) in the Young Banach space B introduced in
Section [6l G and H satisfy the following property
(7.2)

s(r,y) > 2k = |GUK(@)=GAW)| <LaB*, |H(JX(@)—H(FAW)| < LuB".

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1660 FRANCOISE PENE AND DALIA TERHESIU

Recall that € in the definition of Young’s Banach space B (see text before (6.8)) is
so that B is continuously embedded in L% (px). Also, by Sublemma 6.2

1L — ol 5 La(ug) = O()-
With the above notations, we are led to the study of the following quantity:
B, [G.h(¥, — L)H o f2].

It follows from the Fourier inversion theorem that
(7.3)

~ n 1 —i T i U, n
EualG-h(¥, — L)H o fR] = 7(%)‘”1 /Tr e LR ()E,,, [Ge W) H o fR| dt,
X

with h(t) = Y yepa fi h {&:(62)) o,
° Step 1: Tran51t10n to the quotient
— Approximation.

Recall, from (B.10) that Wor = WoT+ yo fa — X, with ¥ = (%, 7) with
values in Z? x R uniformly locally Hélder on each partition element,
with x bounded and dynamically Hélder in the sense of (611]). Thus

kn+mn

. = k,”' n
]E;LA [Gez(t,‘lfn>Ho fZ} #A [GO fk i(t, W, of "o HXOf A —Xx0f A >HO on o fA]

_ EMA (efi(t,ﬁknof> (Ge*2<t7X>)
o fhn (it Tuom) ((Hei(t,x>) . fgneut,@noﬁ) o fﬁ) _

We approximate @(kn)(t) = =6k, o) (Ge~ i X))o fAn by Gk, (t)oT
with
Gt (£) O 1= By [e 7 0 Tun ) (G100 o fRns(.,.) > 2k,

and analogously e*(*:Vxn o) (HetX)) o f by H,)(—t) o 7.

— Control of the error in this approximation.
Since G and H and e**X) are uniformly bounded and dynamically
Hélder in the sense of (.2) and (€I1), it follows that

(7.4) |Gk ® = Gy 07| < CUGIltl + La) B
Therefore
[Eya[Goe ) H 0 fR] = Epg [Giay (8):7F ) Hp, (<) o £
< C'(1+ ) (IGlo 1 H oo + Latl| Gl + L[ Hloc) B

Therefore
(7.5) B, [G.h(¥, — L)H o f]
:W /deR e DR (B [G(kn)(t).e“t’a’L).H(kn)(—t) o fi| dt
(7.6) +0 (8 (IGllsol H loe + Lirl|Clloe + L | Hll0))

since [oq (1 + [t]).[2(t)| dt < co.
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e Step 2: Use of the transfer operator of fx.

Due to (7)), we are led to the study of the integral in ¢+ € R? of h(t)
multiplied by:

(7.7)  Eug [Gorny (). He, y(—t) 0 f%] =Euy [H) (=) P (G ()]
= Epug | Hopo (=0~ (P (G, (1))

We already know that ||H, y(=t)|Lr < ||H|Lr. Let m > 2. Let us prove
that there exists Cy > 0 such that, for every n > 3, t € R*! and z,5 € A

such that 5(z,y) > 0, the following inequality holds true
(7.8)

P (G (0)(@) = P (Gt () (3)] < Col1+18]) | P72

G (D) (@)] 57D

Indeed, we observe that
[P (G () (@) = P (Gt () )

< )

P (mkn)
=t Bk D) 0Tt G D (G, () Gt )]

eImkn (D(min) () it Yy, (D(min) (2))) (G iy (D) (D) (7))

where the sum is taken over the inverse branches ¢,y of fgk" and where
g satisfies

(7.9) 9 — e9W)| < L,e9® g5E0) if 5(7,7) > 1.
We conclude by noticing that
G ) () (D (b)) (Z)) = G k) ) (k) (7))

since m > 2 and that

mky,—1
ei<t§mkn(¢(mkn)(f))> _ ei<t7§mkn(¢(mkn)(g))>} < ‘t|L§ Z 55(970»17)4-1%/6”—]’
=0
(7.10) < [t LgBFE9H /(1= B),
and
)egmkn (Bmkn) (@) _ oImtn ((mbn) (@)
< eImin (D(mbn) (B)) | gImbn (B(min) (T)=FmEy (Bmrn) (F) _ 1
mky,—1
< eImbn (d’(m,kn)(j))Lg Z Bg(f@)erkn*jJrl
=0
3(z,y)+1
G iy @ B
(7.11) < eImin Pk VT, =5

due to (T9). This ends the proof of (7.8). Therefore
1225 (1G e,y Dlls < 1225 (|G 1) Dllsy = O (16 10) +
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and
1 (G (D)5 = O (L + [EDIP* (|G 1) D1 5)
= O ((1+ [tYIP* (P (IG k) ))l5)
(7.12) < O((1+ [)(ELIG]) + O™ Gll0))),
where we used ([6.9) at the last line.
e Step 3: Restriction to a neighbourhood of 0.

Let K > 0 be such that the support of § is contained in T¢ x [~ K, K].

Using Sublemma [6.3] we consider by € (0;min(1, 5y)) (see (€I3), (GI4))
small enough so that there exists a’ > 0 such that, for all ¢ € [~bg, by]?+?!,

the following holds true

(7.13) P = AL + O(07), Ay = ettt log(1/[th+0O(t*)
(7.14) I = Euc[J1x = O(|t]) in L((B, | - I8) = L (1x)),
(7.15) 0 < e~ 2Za+1t-tlog(1/]t]) < | < e—a/|t|2log(1/\t\),

and that Vy > = > by', L(z/y)¢ < log(z)/log(y) < 2(y/x)° (using for
example Karamata’s representation of slowly varying functions). This last
condition will imply that, for every n large enough (so that a,, > by 1) and
for every u € [—boa,, boa,]?t!, the following inequalities hold true
1
(7.16) 3 min(|u|®, |u|7%) < log(a,/|u])/loga, < 2max(|u|®, |u|~%).
Lemma [Z] ensures that the spectral radius of P; is smaller than 1
for every t # 0. This implies that there exists 6y € (0,1) such that
SUPyy <1<k 1]l = O(07) (by upper semicontinuity of the spectral ra-
dius). Thus

(7.17)

[ R0 E g (Ho (-0 (PP G (00)
bo<|t|co <K

(7.18) < [[hllpr KO (08_%””H|LP sup |Pt3kn(G(kn)(t))”B> :
<bo

since L? is continuously included in the dual of the Young space B. Thus,
we can focus on [—bg, bg]?. It follows from (TI3) and (ZI4) that, in L9(px),

Ptnisk" (Pt3k” (Gr, (1))
= N (B[P (G ()] + O [P (Gia ()]

O (677 (L PP (G ()]s

and so
ORI DR (Bpg [ Hey (=P (P (G, (1))
[7b0 ,b[)]d+l

(7.20) By [Hp ()] N By [P (G, (1))

=0 (IIJLIIILpa;‘jl_2 sup ”PtSkn(G(kn)(t)HB) :

|t|<b0
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since

/[ bo o+ (IR =50 (1 J2])) dt
0,00
< / ‘t|e—a/n\t|210g(l/\t\) dt+ O (9%)
- [ b(] bo]d+1
< a—‘H/ e mlu/an* os(anl/1uD) gy, 1 O (9%)
- [ boan7b0an]d+1

—d— ﬂ
<qd 2/ jule™ skt alenl/uD gy 4 0 (%)
[~boan,boay,]dt?

< a;dfz/ \u|ef%|“‘2_g du+ O (0%)
[=boan,boa,]dt?

(7.21) =0 (a,"7?),
where we used (ZI6). Furthermore, it follows from the definition of Hy,
that

(7.22) Epig [Hop) (—8)] = By (4070 (00 0 k)

(7.23) = Eyus [H] + O(knt | HI|r),

Lau) < kn||‘i'||Lq(H) since ¢ < 2.
Moreover, due to (Z4)), for all t € [—bg; bo]?T!,

By [P (G ()] = Bps [(¢7 72070 G o fho] 4+ O(8™)
= B, [G]+ O (1G] + t¥ar, Gllzr ) -

Combining these last two estimates with (Z.19) via (Z21]), we infer that

/ DR (Bug [ ()PP (P (G (1))
[ b[) bO] d+1
B, [H]E,, [GIX ) dt

0 ( o l”Hllm sup [P (G ()l + ha| Gl 1 s

[t]< .
] 22 [P, Gl |

It follows from this last estimate combined with (ZH) and (Z7) that

]E;LA [G~h(@n — L).H o fZ]
7.24 L R
( ) _ a;dilEMA [H] EMA [G]/ e i0y, (t,L)h(t/a ))\n 3k, dt

t/an
[=boan,boa,]d+? /

(7.25) =0 (Bk"||G|Hozder~|H||Holder +a, 7 [HHHLP sup | P75 (G, (1) 18

[t|<bo

(7:26)  +kall Gl H o + 1 1 [k, Gllisn] ) -
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Thus, due to [ZI2)), the above formula (7.24)) is bounded by

o (max(ﬂ, o)kn ||GHHolder~HH||Holder
a7 [kl Gl | H o + 1 H g2 [P, Gla)]) -

It remains to estimate
/ o (b L>h(t/an))\" S dt.
[ boan7b0an]d+1

To this end, let us notice that, due to (ZI6)), for ¢ € [—a,,bo, a,bo]?,

(7.27)
AP gn y\=Bkn e (Basatit) (log(an/[tD)FOMIL/al) 0(ka max(|t2~*,[12+°)
t/an T Tt/ant/an_gk, "

— o Thoatan (Zat1tit) (1og an —log([t]))+O (max([t|* =%, [¢[**)n,)

= b (o) 0 (o SR e ey, )

with n, := @ + %" Therefore, since his Lipschitz continuous and writing

[ﬁ] Lip for its Lipschitz constant, it follows that

/ e—iugl(t,L}};(t/an))\ZL/GBkn dt

[_b()un7b0an]d+1

= [ e (7(0) + O(t/an) ) e Bt 0 rctunn BEED)
Rd+1

0 <<|E<o>| + %) nn>

~ o 1 1
Zh(O)/ e—zunl(tL)e—%(Edﬂt,t} (1 + \t|<2500n< >10g(| )
Rd+1 ( )

oo\ [ (log([t])
+0 (1|t|<boa max (1 e (Baritt) TE) "’) [t]* (log(]¢]))* )

(logn)?
_ o
0 <|h<o>nn v %) ,

where we used e = 1 + z + O(max(1, e*)z?). Thus

(7.28) / e LR (1 fa, )Xo d
[=boan,boan]d+t

L ~ hlLi
= gai1 (—) / hd g1+ O <|h(0)|17n + Hﬂ) 7
Qn Z4 xR Qn

o= 5 (Sag12.2)
(2m)ddet Sqqq
This ends the proof of Lemma |

with ga+1(z) ==

Proof of Lemma B4l Let Ag, By C M be measurable sets such that p(904y) =
w(0Bg) = 0. Let K C Z? x R be a bounded set with Ag;(0K) = 0 (bound-
ary in Z% x R) and let z € R and (2,), be a sequence of Z? x R such that
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lim,, 400 2n/an = z. Let us prove that
(7.29)

lim _at (Ao N T (Bo) N {0 (@) € 20+ K1) = gasa (2)(Ao)u( Bo)Aas (K).

n—-+oo

We will approximate Ay and By by AX and B respectively, where A, (resp.
A}) is the union of all connected components of M \ [ Ji"_, T ~#(Sp) contained
in (resp. intersecting) Ao with m,, — oo, analogously with B;* with respect to
By. Since the diameter of these connected components is smaller than CY" for
some C' > 0 and some ¥ € (0,1) and since pu(0Ag) = p(0By) = 0, we conclude that
w(AL\ A;) and p(B,f \ B,,) vanishes as n — +oo. Consider h as in Lemma

taking non-negative values. We set

M, (A, B) == ad'E,[14.1h(T,, — 2,) 17 ()]
and

M(A, B) :== u(A)p(B)ga+1 (z)/ hdAgi1.

ZA xR
Since h > 0, these two quantities are increasing in A and in B. Thus

M (A, Br) — M(Ay,, By,) < M (Ao, Bo) — M (Ao, Bo)
It then follows from Lemma (with k,, = logn) applied to 1 A+, 1p- since these
observables are dynamically Hélder and since a,, ~ a,, that, for all m > 1,
(A Br) = AL Bao ) [ gdhsss
X

n—-+oo

< lim inf M, (Ao, By) — M(Ag, Bo),
n——+0oo

from which we conclude that lim inf,,_, 4 o 9, (Ao, Bo)—M (Ao, Boy) > 0, we proceed
analogously with the lim sup exchanging exponents + and —, and we conclude that

(7.30) lim 9, (Ao, Bo) = M(Ao, Bo) = 0,

and extend this to the case of complex valued function g. Consider the function Hy
appearing in (2I0). Let § = 1/L > 0, where L is an integer such that L > 2||Hp||
and K C (=L + 2||Holloc, L — 2|[Ho||oo)® x (—2F, 2). Let us consider the family of
functions (gs¢ : R4 — C)y given by

(7.31) 95.0(x) = " hs(x),

with hg : (1‘1, . ..l‘d+1) — %
distribution). The Fourier transform of gs ¢ is

iS4 Kty

e i

t— _

D Ty
[k1l,.s|kal <L

The above convergence result (T30) with h = g5 for all § implies the conver-
gence in distribution of (m,), to m (since it ensures the convergence of char-

acteristic functions), where m,, has density — hs with re-
Qn AgNT—™(Bg)

spect to the image measure of a‘ffllAOmTanou by ¥,, — z,, and where m is the

1z, Jea)< (using the density of Polya’s

max (0,1 — |(ta41 +6)/d]).

E,[1 he (U —2n)]
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probability measure with density hs/gq+1(2z) with respect to gat+1(2)Ag+1. Thus,
since K C (—L, L)Y x (—2F, 2%), the previous distribution convergence implies that
limy, 4 oo [5 e dmy, = [ic 7= dm, ie.

altly (Ao, U, — 2, € K, T*"(Bo))

lim = = A1 (K),
notoe g E L[4 qr-n (o) s (Tn — 20)]
and so, using again (Z30) for the denominator,
attly (AO, U, — 2z, € K, T*”(BO)>
lim =A K).
n—+o0 ga+1(2)p(Ao)p(Bo) a+1(K)

This ends the proof of pointwise MLLT for U,, (Z29).

It remains to prove the uniformity in the convergence results. Assume that ([B.])
does not converge to 0 uniformly in 2z € Z¢ x R : |2| < Lay,, as n — +oo. Then,
there would exist a sequence (z,), in Z¢ x R such that |z,| < La,, a sequence of
integers m(n) and a real number i > 0 such that

Vn > N, }a;ﬁﬂu (Ao AT™(By) N {Ty, € 2 + K})

~aans (2 ) WA B A ()] > 0.

n

This ends the proof of Lemma [3.41 a

APPENDIX A. PROOF OF JOINT LLD (LEMMA [B.5])

In this appendix, we prove Lemma 3.5l The proof is very similar to that of [22]
except that the function ¥ is not constant on partition elements. For completeness,
we explain in this appendix which adaptations have to be done to [22] to prove our
joint LLD estimate stated in Lemma 3.5

We recall that optimal LLD for the cell change s (and so for the flight function
V, due to (2I0)) have been obtained in [22]. More precisely, by [22, Theorem 1.1
and Remark 1.2], for any h > 0, there exists C' > 0 so that u(V,, € B(z,h))) <
Cm2elz] for any n > 1 and o € RY. Here B(z, h) denotes an open ball in R? of

ad 1+|z[2?
radius h centered at z. Similarly, pu(k, = N) < C%% for all N € Z¢ and all
n>1.

The proof of LLD for  in [22] relies strongly on the fact that x goes to the
quotient Young tower and that % is constant on partition elements of the partition
P for the Young tower A (as recalled in Section [Gl); the statement on V' follows
immediately since, up to a bounded coboundary, V is the same as k. Due to (G10),
U o 7 can be written as ¥ o7 = (R, T) o7 plus a bounded coboundary. Thus, LLD
for ¥ will follow from LLD for ¥. The function 7, and thus ¥, is not constant on
partition elements. However, as argued below, the argument in [22] goes through
to provide LLD as in Lemma 35 for ¥ (and thus ¥).

Throughout this section, let d € {0,1,2} and U C R! be an open ball, as
in the statement of Lemma To avoid a clash of notation below, the z in the
statement of Lemma will be replaced by x. More precisely, here we shall prove
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that, for any bounded set U c R4+,

G n_ (log|z)
(A1) p(¥n €z +U) < a1+ |22

As recalled in [22] Remark 1.3], the LLD in the range |z| < a,, follows from the
involved LLT, while the range |x| > a,, requires serious work.

uniformly inn > 1, x € R+,

A.1. The range |z| < a,. It follows from the LLT estimate given in Lemma
that u(¥,, € B(x,h)) < a9 ! < 25T ‘fiﬂﬂl, where the first inequality holds true

uniformly in n > 1,z € R4 and where the second one holds true for n > 1 and
x € R? such that \x| < ay.

Indeed, t — \log s limit 400 as t — +o00, has derivative ¢t — 2l°gt—t_1 and so
2
it is increasing on [62 ,+oo[. Thus, for n large enough, if |z| < a,,, then % <
ai _ 2nlogn
[logan| — logn+loglogn®

A.2. The range n < log|z|. In this range we proceed similarly to [22] Lemma
3.1] obtain

Lemma A.1. For any e; > 0 and any g > 1, there exists Cy > 0 so that, for every
z € R and every n > 1 such that en < log |z|, p(¥, € z + U) < —<&

ndlz|*

Proof. There exists zp such that if |z| > xg, then |z| > 2(dlam( ) + e log |x]).

There exists a constant Cj such that u(\IJ cx+U)< q‘ e for all z, n such that

ein < loglz| < logxo. It remains to treat the case |z| > xy. One can observe
that the proof of [22, Lemma 3.1] only uses the fact that ||~ takes integer values,
that u(|n\oo =p) < p3asz — 400 and that p(|kles = p, |Kleo 0 T7 > ep3) <
p~3=15. These properties are also satisfied by (k,|7T]). Thus, for every q¢ > 1,

there exists C > 0 such that, for all y € R? and all n > 1 such that en < log |y\7

"

(B ([T])n) =9) < qC[ E and so

C/I 40//
w(¥, € x4+U) < > ﬁ < (n+1)(diam(U)+1)d+1nq|;|2,
yE(z+U+{0}4 X [—n;0])NZd+1
since y in the first sum above satisfies
1
ly| > |z| — diam(U) — n > |z| — diam(U) — log || > |z|/2.
€1
We conclude by taking e.g. Cy := max (C},8C), | (diam(U) + 1)). O

A.3. The range a, < |z| < ™ for a particular ;. This ¢ is to be fixed so
that it matches with the choice of €; in [22] Proposition 6.2]. As we shall explain
below, it does not play a role in the current argument, but see (A4)) for a particular
choice.

Since W o is equal to ¥ o7 plus a bounded coboundary, the desired LLD (A.I)
for ¥ will follow from LLD for V. So, in this range, we focus on LLD estimates
for U. As clarified in Appendix [Bl ¥ is uniformly Lipschitz on Young’s partition
elements.
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We work in the set-up of Section [l As in Section [6] for simplicity, we assume
thatd the g.c.d. of Ris 1.

Set § = bp/4 with by € (0, min(1, 8p)) (with By introduced before ([GI3)) and
such that there is a constant ¢ > 0 such tha

(A2) Wt eRY, |t|<by = |\|<e L with L(¢) :=log(|t| ") = | log |I.

Using (6.13]) and , we consider a function r : R™*! — C is C? with suppr C

[—bo, bo]4t! such tha

(A.3) W(T, €+ U) < / D () PP dE = Ay, + O(0™),
[—6,5]d+1

with

Ap = / eii<t’m>r(t))\?ﬂt1dt.
[—5,5]4+1

The desired LLD (A) in this range will follow from ([A3]) together with the fol-
lowing estimates on A; and II;. The following result corresponds to the hardest
estimate in the set-up of [22]. Let 0; = 0y, for j = 1,...,d + 1. For t,h € R4+
b > 0, set

_ 2
My (t,h) = [A|Ln{1 + Ln [t Le + |B| 7> F L7 8] L7},

Lemma A.2 (Analogue of [22] Lemma 4.1]). Let j € {1,...,d}. The mapst— X\
and t — 11 : By — L' are C* on [~by, bg]?t!.
Furthermore, there exist C > 0 and b > 0 such that for all t,h € [~bg, by]?T!,

|0 A4 — Oj M| < CMy(t, h), 101145 — O;1Lt||gysrr < CMyp(t, h).

In [22], we obtained the same formula for My (¢, k), while working with x € 71
instead ¥ € R¥*1). Given Lemma [A2]in the range a,, < |z| < 1" for

(A4) e1:=c¢/b

with b > 0 as in Lemma [A2 and ¢ > 0 as in (AZ2), the desired LLD for ¥
(as in (AJ) with ¥ instead of W) follows word for word as in [22, Section 6 via
Corollary 4.3] (written for ). Indeed, the proofs therein just use the statement of

Lemma [A2] [(A2) and the fact that a,, = /nlogn.

A.4. Proof of Lemmal[A.2l We follow the proofs of [22]. We focus on the changes
that are needed since W is not constant on the atoms of the Young partition. We
will indicate which part of proofs of [22] can be followed line by line. Throughout
this section let Q : L*(Y) — L'(Y) be the transfer operator corresponding to the

Gibbs-Markov map F : Y — Y (the base map of the quotient tower (A, fx)).
We recall that R is the return time of fx to Y, so that F(:) = fg(')(). The proof

8This assumption is not essential. One could, as in [22] work without, but in that case (GI3)
becomes slightly more complicated as there exists no longer a simple isolated eigenvalue at 1, but
finitely many eigenvalues of finite multiplicity.

9The existence of such a couple (bg, ¢) comes from Sublemma [6.1]

10The existence of such an r is guaranteed by a classical smoothing argument; see, for in-
stance, [25, Footnote 1].
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of 22, Lemma 4.1] of which Lemma[A-2]is an analogue (in the set-up of Lemma[3.5])

starts from the following renewal equation

(A.5)

P(z,t) =Y 2"Pl' = A(2,t)T(2,)B(z,t) + E(z,t),2 € C, |2] < 1,t € [~6g, 60]**,
n>0

where the operators X, T , §, E and dp > 0 are to be defined/specified in the sub-
sections to follow. In particular T will be given by

T(z6) = (1= Q=) ",

with

(A.6) @(z,t) =Q (zR(')e“tﬁR)-) = Z 2"Q (1{R:n}ei<t§">-) ,

n>1
where we write Up for the function defined by

R(y)—1

VyeY, Try) = Y. (k).
k=0

Following the approach in [22], the proof of Lemma [A.2] consists in using (A5) to
clarify that

Av = (go(t))_lv

where ¢ — go(t) is continuous, satisfies go(0) = 1 and is such that 1 is the dominat-
ing eigenvalue of Q(go(t),t) and that

o~ ~

I, = M A(go(t), ) To(t) B(go(t), 1),

where 7o(t) is such that H(z,t) := T(z,t) — (go(t) — z) " 7(t) is analytic in z. As
in [22], the regularity (in terms of M) of the derivatives of A (stated in Lemma [A:2)
will follow, via the use of the implicit function theorem, from the study of @(z7 t)
for z close to 1, and from the properties satisfied by ¥. The analogous property for
IT will follow from the properties satisfied by A = 1/gg and also from the study of
the derivatives in ¢ of E, f, g, E for z close to 1.

A.4.1. Renewal operators. Throughout, we write « for the partition corresponding
to the Gibbs Markov map (F,Y, a, uy). Also, let s'(y,y’) be the usual separation
time of points 3,3 € Y (see, for instance, [22, Section 2] for definition) and for
B € (0,1), let ds(y,y') :== B¥@¥). Let By(Y) be the Banach space of bounded
observables v : Y — R Lipschitz with respect to the metric dg. It follows from
the fact that R has exponential tail probability that ps(|¥|g > n) = O(n=2) as

w(|¥| > n) (see e.g. [29, Section 2] for this argument).

Proposition A.3. There exists O > 0 such that

R(a)—1

Vaca, Vyy e€a, Y [U(y,0) -y, 0| < Cqds(y,y).
=0
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Proof. Recall that U is-Lipschitz with respect to Young’s metric °(). Let us write
C% for its Lipschitz constant. Thus, for a € a and y, y' € a,

R(a)—1
Cry) —Tr@) < D [W(y,0) -y, 0)
=0
o Cgds(y.y)

< CL Rla)=t+3(yy') < 0 DT )

cor Y < Slile
since s'(y,y) <35(y,v') — R(a) + 1. O

Recall that

(A7) Qu)(y) =Y &(Wa)u(ya)

acx
where y, is the preimage of y under F' that belongs to a, and with £ = e9% with
gr(y) = kR(%) " 9(y, k) where g satisfies (Z9). Thus

(A8)  0<&(ya) = ") < Cugrla),  [€(ya) — EWh)| < Cpg=(a)ds(y.y),

for all y,y’ €Y, a € a, where we define gg as we have defined Wg considering the
function ¢ instead of V.

The next result extends [22, Proposition 5.1] which was stated, in the context
therein, for a function u constant on elements of a (for which the local Lipschitz
constant K, is null).

Proposition A.4. There exists C > 0 such that
1Q()llg,7) < Clllul + Kull L1 (uy)
for every uw € L(Y) such that K,, € L*(us) with

[u(y) — u(y')|

Va € w, Vx € a, K,(z):= sup 3 To)

Yy’ €a

In particular, for all v € B1(Y) (set of Lipschitz functions on Y ),
(A9)  [IQw)llg, ) < Cllluv] + Kuwll 1 (g < Clllul + Kull Lt (ug 01|, 7y

Proof of Proposition [A4. Let y,y’ € Y. For a € a, we write y,,y, € a for the
respective preimages of y,y’ under F. It follows from (A7) and from the first part

of (A8) that

1Q)l|e < Y ny(a) sup lul < fllul + Kull g,y »

aco

since, for all y,x € a € a, |u(y)| < |u(z)| + Ky ().
Next, let a € o and y, y/ € a, using the second part of (A.g)), we obtain

Q(u)(y) — V) <D p(a) [ulya) — u(y,)|
aco
< Z 5 (a BS (Ya,¥a)
acx
< Z py(a ﬂs (vy )+1
acx
which ends the proof. O
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For z € C with |2| < 1 and t € R?, the operator Q(z,t) formally defined in (A.0)
defines an operator on L'(uy) and can be decomposed in Q(z,t) = Y oo 2" Qt.n,
where we set

Qin =Q (1{R:n}ei<t§ﬁ>-) ,

The next result replaces [22, Proposition 5.2]. The conclusion is the same, but, in
our context, we have to deal with K, so we include entirely its proof.

Proposition A.5. There exists o9 > 0 such that when regarded as functions with
values in the set of continuous linear operators on B1(Y),
(a) z+— @(z,t) is analytic on By15,(0) for all t € RY;
(b) (2,t) = (95Q)(2,t) is C' on Bi4s,(0) x RY for k =0,1,2;
(¢) 2z (0;Q)(2,t) is C* on Bi1s,(0) uniformly in t € B1(0) for j=1,...,d.
Proof. 1t suffices to show that there exist @ > 0, C' > 0 such that
1Qunlls, 7 < CUH+ D™, 10,Qunls, 5y < CH + e,

forall t € R%, j = 1,...,d, n > 1. Since R is constant on partition elements, it
follows from Proposition [A.4] that

HQtan||L',(Bl(7)) < ||1{R:n}(1 + Kei,(t‘@R))HLl(M?) )
and that
18;Qt.n

o) = HZQ (1{’?:”}(@R)jei<t’%>)u

< Hl{R:n} (|TR| + K@R)jem@m)’

L(B1(Y))

LY (ps) '
But it follows from Proposition [A.3] that K i w, < Cglt] and that

(A.10) K gy, oem < O+ ] [T]).
Therefore
HQt,n”L([gl(?)) < (1+ M)ﬂ?(R =n),
and
‘|6th7ﬂ||L(Bl(7)) < (1 + |t‘) Hl{R:n}(l + |\I]R|)HL1(H7) .
We complete the proof by noticing that, since ¥ € L"(Y) for all » < 2 and R has
exponential tails, there exists a > 0 such that [|1{g—p} (1 + Ug)[1 < e O

For z € C with |z| < 1 and t € R?, define

Az t) : LNY) = LYA),  Alz,t)(v) = Y 2"Ara(v),

where Ay, (v)(y,€) = 1p=n} P*(v)(y, £) = 1{g=n}ei<t§"(?”0)>v(y).

Proposition A.6. There exists o > 0 such that when regarded as functions with
values in the set of continuous linear operators from L>=(Y) to L'(A),

(a) z — A(z,t) is analytic on Byys, t € R%;
(b) (z,t) = (0.A)(z,t) is C* on Biys,(0) x RY.
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Proof. The proof goes word for word as [22] Proof of Proposition 5.3] since it just
uses the Holder inequality combined with the fact that ||[1gs,¥Pr]l Li(y) decays
exponentially fast in n as n — 4o0. O

For z € C with |z| < 1 and t € R?, define
o0
B(z,t): L'(A) — LY(Y), Z 2" By (v

where
Bin(v) =15P(1p,v),  Dn={(y,R(y) —n):y €Y, R(y) > n}.

Proposition A.7. There exists o > 0 such that when regarded as functions with
values in the set of continuous linear operators from By to B1(Y),

(1) 2+ B(z,t) is analytic on Bys,(0) for all t € R%;
(2) (2,t) = (0.B)(z,t) is C* on Biys,(0) x RL.

The proof is analogous to the one of [22], Proposition 5.4], but, again, we have
to deal with the presence of K, in Proposition [A.4l So we detail this proof.

Proof of Proposition [A1. We observe that By ,v = Q(1{g>n}vi,n) where
Ve (y) i= €T GRW=m) () R(y) — ).

Since R is constant on partition elements, it follows from Proposition [A.4] that
(A.11)

1Ben(®)lls, 7y < [[Lgsny (el + Ko)
and
(A.12) 10 Ben(v)ll 5, 7 < [[Lrony (105000] + Ko,v,,) || 1
But on {R > n},
(A13) Ky, <+ [tCq)lvlls, and Ko, , < [¥[rKy, , + Cglvlleo,

where C is the constant appearing in Proposition [A.3] Indeed, for any a € o and
any v,y € a, writing [v]g, for the Lipschitz constant of v and using the fact that

5((y, R(a) —n), (v, R(a) = n)) = 3((F(y),0), (F(y'),0)) + n > s'(F(y), F(y)) + n
=5'(y,y) +n—12>5(y,y),

’Ll(u7) < (|t‘ + 1)||1{R>n}||L1(u7)

(by)

we observe that
e ETnWRW=m)) gy (y R(y) — n) — e EIn W RO =)y o/ R(y) — n)

< ([t1CgIvlloo + [0]5,) 85 Y7,
which ends the proof of the first part of (AI3]). The second comes from the stan-
dard bound of the Lipschitz constant of a product. It follows from (AT, (AI2)

and (A13)) that
1Bt (0)ll 5, 7y < (L4 [ED I r>nyl L1 (ug 0] 8
and
10, Buon(0) 7y < (L 1) [ Lo Tl oy 0
The result follows from the fact that ug-(R > n) decays exponentially fast in n as
n — 400 and from the fact that |¥|g is L2~ for any € > 0. O
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For z € C with |2| <1 and t € RY, define
E(z,t): By — L'(D), =3 2"Ea(v
n=1

where B, (v)(y,€) = Lypsny P () (y, £).

Proposition A.8. There exists o > 0 such that regarded as operators from By to
L'(Q),

(a) z— E(z, t) is analytic on Byys,(0) for all t € RY;

(b) (2,t) = E(2,t) is C° on By,s,(0) x RY;

Proof. The proof goes word for word as [22] Proof of Proposition 5.5] since it
just uses the Hélder inequality combined with the fact that [R1gsn| 115 decays
exponentially fast in n as n — 4o0.

A.4.2. Further estimates. The results contained in this subsection are the analogue
of 22, Proposition 5.6-5.9]. Since, we will have to deal with K, coming from (A.9),
some modifications are required in these proofs. We detail the parts corresponding
to these modifications and indicate which parts of the proofs of [22] remain the
same.

Proposition A.9. There exist C' > 0, §g > 0 and b > 0 such that
19,00zt + 1) = 0,0.Q(z )15, 7 < CIRILE{L+ [R5 F Ly (2] — 1)},
for allt,h € Bs,(0), all z € C with 1 <|z| <1+, and all j=1,...,d.
Proof. We observe that
9;0.Q(z,t + h)(v) — 9;0.Q(z,1)(v) = iQ (w Rz 10)) |,

with wy p, 1= (WR)je“t*aR> (e“h*aR> — 1). It follows from Propositions[A.4] and [A3]
that
0;0:Q(z, )|l 5, (7

<<Z”|Z|” 1l r=n (l‘I’R( HmTR) _ )|+Kwt,h,)

b
- L (py)

<<Zn|z| Htermny (Ra( ™™ 1)1+ (1+1t)Cp)+ bl (Tl +C))|

LY (py) '
Indeed, for all partition elements a and for all y,3’ € a,

lwen(y) — wen(y)]
‘(\IIR( ))je it TR(Y) _ (Tr(y));e it TRy ))‘
+ [Trly)| [ Tr) i TrG))

i Tr(y) _ 1‘

< (1 + ) [Tal3” @2 [T ) — 1| 4 b [Ta(y')| s ),
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due to (AI0) and Proposition [A3} this gives the required domination of Ky, ,.
Thus, we have proved that

10,0:Q(= 1) 2 s, 7y < [| ([T = 1)) + |1+ [Tr]) ) B2

L' (py)

(A.14) < (115 min(1pd [ @], )RR o+ 1)

(k57)
provided § is small enough since Ui € L2~ for all € € (0,2) and since pg(R > n)
decays exponentially fast in n as n — +o00. It remains to estimate the first term of
the right hand side of (AI4). For any z € Y, let us write ¢(z) for the supremum
of the upper integer part of |¥|r on the partition atom containing z. Then

(A.15) || [¥| & min(|h| |§|R,1)R2RHL1 < ||# min(|h| %, 1 RZRHL1

(by) — (1)

provided § is small enough. But

[ min(h] ¢, DR, < > T,

m,n=1
where
(A.16) Tmn = Hy (¥ = m, R = n)mnmin{|h|m, 1}|z|".
The rest of the proof then follows the same lines as [22], Proposition 5.6]. O

Remark A.10. Similarly to [22, Remark 5.7], a simplified version of the argument
used in the proof of Proposition (only for the derivative in j) gives

10;Q(z,t + h) = 9;Q(2, ), 7 < ClAILa{1 + b2 Ly (2] — 1)},
Proposition A.11. There exist C >0, § >0 and b > 0 such that
10;A(z, ¢+ h) = 05A(z, 1)l g, (71 () < CIRILR{L + A~ Ly (|2 = 1)},
orallt,h € Bs(0), all z€ C with 1 < |z| <146, and all j =1,....,d.
f (0), ; ji=1,
Proof. We have

(A=t Z gy € Ty () = e BT WO gy,

for £=0,...,R(y) — 1. Hence we can proceed as in the proof of Proposition [A.0]
except that there is one less factor of n (and so one less factor of Ly). g

Proposition A.12. There exist C >0, § > 0 and b > 0 such that
10,B(z,t 4+ 1) = 9;B(2, )15, 3y < CIAILA{L+ [BI7981L, (2] = 1)},
for allt,h € Bs(0), all z€ C with 1 < |z| <1406, and all j =1,...,d,
Proof. Let v € By. In the notation of Proposition [A.7]
(A17) 0;B(zt+h)(v) — ;B2 )(v) =i > 2"Q(L{r>n} (Ojvsnm — Ojvin))

n>1
with B
Ven(y) = I @ RO (g R(y) —n).
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Therefore
(A18) 8jvt+h,n — 8]'11,57”

= (E@ R(:) - n)ei<t§n(~,R(~>—n)>> (ez«h,@n(uR(')—n» _ 1) o(- R() —n).

j
It follows from Proposition [A.4] that

(A19) [ Q(L{r>n0Ve4nm — Ojven)|| g, )
< Hl{R>"} (|6jvt+h7n - ajvt,n)l + Kajvt+h,,n*3jvt,n) HLI
We proceed as in the proof of Proposition It follows from (AI8)) that

(uy)

(AQO) Hl{R>n} (ajvt+h7n - ajvtan)HLl(H?)

<h T, (- R(-) — i(h T (R()—n)) _ 1 ’ ..
< s Tal RO =) (e Mgy 11
Furthermore, due to Proposition [A3] for all @ € w and all y,y’ € a,
1(0064n,n — Ojve,) (Y) = (OjVtnn — Ojven) (YY)
< g H1R>” (1[0, R()—n)) (é’(h,@n(',R(-)*n))_l)‘ iy (1FCDI s,
1

+ ‘hws(y’y )CE H1R>n(ﬁn('v R() - n))j”p(#) ||UHOO
This combined with (AJ9) and (A20) ensures that
QL r>n05vt4n.n — 6jvt,n)HBl(7)

< 1oy (04 T, BE) = ) (HRF RO 1)

[vllB, + [Rlllv]loo
by)

L(
(A.21)
< [t grsmywmin((a [ o, I0lls, + [Il0] .
But
> = psmmin(Al WD 1,y = D sy (@=m, R=n)mmin{|hlm, 1}|2]",
n>1 m,n>1

which can be estimated as in the proof of Proposition [A;91 We conclude by com-
bining this estimate with (A7) and (A2]). O

The rest of the proofs of [22] (corresponding to Section 5.2 therein that provide
all the required spectral properties for Q(z,t)) go through unchanged.

APPENDIX B. SMOOTHNESS OF T AND Y

Recall that A C A. Using the fact that Tor = 7o fa on A, and that fx=7ofa
on A, 7 and xq defined in Section [6 can be rewritten as follows

F::?Oﬂ'—l—g (TOT”O?T—TOTniloTFOfOfA) on A
n>1

and

Xo ::ZXO,m with xon = (ToT"omr—70T"ommoT) on A.
n>0
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First, observe that, for every x € A, w(z) and n(7(x)) are in the same stable
manifold, thus d(T™ (7 (z)), T" (7 (7(x)))) < C1 57, and so

(B.1) Vo€ A, [xonl <2187
Analogously, for all z € A,
(B.2) (T (n(2))) = (T (m(7(fa(2)))))|

= |r(T" N (x(fa(2))) — T(T" (@ (7@(fa(2))))]
(B.3) < 20,677

This ensures that yo and 7 are well defined and we have proved the identity

Tom—Xo+Xo00 fa = ?owoﬁ—l—z (TOT"+1 orom—T1o0T" owoﬁofA) —ToT
n>0
since T o fao = fxoT.

For any z,y € A such that 3(x,y) = N > 2k, then TV (n(z)) and TV (7(y))
are in a same unstable manifold and the same holds true for TV~ (7(fa(z))) and
TN=Y(7(fa(y))). This implies that, for every n =0,..., N, d(T"(x(z)), T" (7 (y)))
< Cify " and d(T" N (a(@(fa(y))), T (m(7(fa(x)))) < C1By "', Therefore

7(x) =TW)| < |7(7(2)) = 7(7(y))|
+2 Z [ToT"omr —70T" P omoTo falleo
n>[5(z,y)/2]+1

[5(zy)/2]
+ Y (T (@) = (T (n(y)))
n=1

T (w7 (s @) — (T (R s )]
- [s(zy)/21
<2 ﬂf(way) +2 Z BIL ) Z Bf(m7y)_n_1
n=1

n>[s(z,y)/2]+1

3(x.y) -1
<28, 7 (1+416_1ﬂ1>.

Now, let us prove that xq satisfies

sup  sup Ixo(fA(2) = xo(FR(W))]

< 00.
k>1z,y:s(z,y)>2k B*

Observe that

(B.4) xoo fk = ZXO,nOJcﬁa and XO’nofg =70T"*or—ro0T"omomo fX.
n>0

Let 2,y € A be such that s(x,y) = N > 2k.
e for n > k/2, we observe that it follows from (B that
(B.5) X0 (fA(2)) = X0 (FRW))] < 2l x0.n I < 4C1BT

o forn =0,...,k/2, we observe that 7(z), 7(7(x)) are in a same stable mani-
fold, 7(y), 7(7(y)) are also in a same stable manifold, and that TV (7 (7 (z)),
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N(7(7(y)))) are in a same unstable manifold. Therefore
[r(T™ (w (@) = 7(T"H (r (7 (2))))| < 2C187HF,
(T (7w (y))) — 7(T"*(x (7(y))))| < 2C1 8777,
(T (x (7 (2)))) = 7(T"H (x(T(y)))| < 26187 "8 < 20,877
Thus
(B.6) |7 o T (n(x)) — 7 o T"F(n(y))| < 60187~

)
Furthermore @}, = 7(fX(z)), vy, = 7(fk(y)) € A and 3(z},y}) = N — k.
Thus TV =% (7 (7(fX (z)))) and TV =k (= (7(fX (v)))) are in the same unstable
manifold and so

(B.7)  [m(T"(n(T(fX(2)))) = T(T™ (w(T(fA(2)))| < 20187 ~F 7" < 201877
It follows from (B.4)) combined with (B), (B.6) and (B.7) that

k/2

k
Ixo(f&(2)) = xo(FRW)| < D 4GBy + 60185 < By
n>k/2 n=0
We conclude since 61% < 8.
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