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A Appendix to Chapter 3

A.1 Proofs

A.1.1 Proofs for Section (3.3

Before giving the intended results, we note that we introduced mp as the averaged
Bregman divergence associated with y(z) = x — 1 — In(x). For the proof, it will be
useful to also define the Bregman divergence associated with v(z) = 2 —1—In(z) itself,

which is the so-called Itakura-Saito divergence. For f,g € M (2, R~y), it is given by

(f—l—lnf> dP.

Q

By definition, it holds that

ma(f,g) = %IS (f, f;g> ¥ %IS (g, f‘;g> .

Furthermore, for @ € C, we have ISp(q,p) = D(P]|Q). We now state some auxiliary
results before giving the proofs for Section

Lemma A.1. For z,y € Ry, we have
n(z) = In(y)| = g(m3(z,y)),
where g denotes the function
g(t) = 2t +21n (1 + (1 — exp (—2t))1/2) :

The function g is concave and satisfies g(t) > 2t.
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Proof. Let m = % Our goal is to determine the function g function such that

In(z) = In(y)| = g(m3(z,y)).

We first rewrite the right-hand side

Plugging this back in and replacing % by w leads to

in (w)| = g @m (“:)»

Then we solve the equation

which gives
w=2exp (2t) — 1 +2- (exp (4¢) — exp (2t)) 7

g(t)=In (2 exp (2t) — 1+ 2 - (exp (4t) — exp (2t))1/2>
=2t+1In (2 —exp(—2t)+2- (1 —exp (—2t))1/2)

=2t 42In (1 + (1 —exp (—zt))l/"') .
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The derivatives of g are

(1—exp(=2t)) 2 exp (=2t

gl)=2+2 1+ (1—exp(—2t)7"
2
T (1 exp(—2t)1?
g"(t) _ —€xXp (_t/z)

We see that ¢”(t) < 0 and conclude that g is concave. Finally, we have
g(t)=2t+2mn (1+ (1 —exp(-20))") > 21,

because 1 — exp (—2t) > 0. O

Lemma A.2. Let (fn)nen be a sequence of elements of M(Q,Rsq), then

In <J}:’:>’ dP = 0.

limsupmp(fim, fn) =0 1imsup/
Q

m,n—oo m,n—co

Proof. By Lemma we have for m,n € N,

1 fm
AL (f)’ ar

as well as
fn _ 2
In| = )| dP= [ g(m5(fu, fm)) dP
Q .fm Q
<g (/Q m'zy(fmfm) dP)
=g (m%‘ (fnvfm)) .
The result then follows by continuity of g. O

Lemma A.3. For Q1,Q2 € C such that P < Q; fori € {1,2}, we have

m%ﬂ(fh,(b) < D(P[[@1~C) JQFD(P”Qz ~ C)'
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Proof. Let Q denote the midpoint between @Q; and Q. Then we have

D(P[|@1 ~ C) + D(P[|Q2 ~ C)

2
_ SUpgec D(P||Q1 ~ Q) +supgee D(P[|Q2 ~ Q)
B 2
D(P ~ Q)+ D(P ~ O
> DI = QDRI =) _ iy,
O
Proof of Proposition[3.4 This follows as a direct corollary of Lemma [A2] O

We now deviate slightly from the order of the results in Section [3.3] and first state
the proof of Proposition [3.6] so that we can use its results in the proof of Theorem [3.5]

Proof of Proposition[3.6f The implications (3) — (2) — (1) are obvious, so we show
here only the implication (1) — (3). Assume that P’ is a measure such that —oco <
D(P||P’" ~ C) < co. Then there exists a sequence of measures @Q,, € C such that

D(P||P' ~ Q) — D(P||P" ~ C)

for n — oo. Without loss of generality we may assume that —oo < D(P||P’ ~~ Q) <

oo for all n. The result follows because
D(P||P" ~ C) = D(P||P" ~ Qn) + D(P||Qy, ~ C)

and all involved quantities are finite. O

Proof of Theorem . Let (Qn)nec denote a sequence in C such that
A D(P|Qn ~ €)= inf, D(P[|Q ~ C) =0,

where the last equality follows from Proposition Without loss of generality, we
may assume that D(P||Q, ~» C) < oo for all n, so that P <« @, for all n. It then
follows from Lemma [A73] that for m,n € N we have

D(P||Qm ~ C) + D(P||Qy ~ C)

M3 (Gm, qn) < 5 :

It follows that (g,)nen is a Cauchy sequence with respect to mp, so that (g,)nen

converges to some function ¢ in mp. The latter follows from the completeness of
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(M (€, (0,00)),mp), i.e. Proposition

Furthermore, suppose that (Q/,),cc is another sequence in C such that

lim D(P|Q, ~ C) = 0.

n— oo

Then, by the same reasoning as before, Q1,Q}, Q2, @5, Q3,Q%, ... is also a Cauchy
sequence that converges and since a Cauchy sequence can only converge to a single

element this implies the desired uniqueness. O

Proof of Theorem @ The equality

/ /
/m’édpz lim [ mZap
Q q n—0o0 Jo dn

follows from Theorem together with the fact that convergence of g, in mp

implies convergence of the logarithms in L (P). O

Proof of Theorem @ Let (Qn)nec denote a sequence in C such that
lim D(P||@Q, ~~C) =0.
n—oo

Without loss of generality, we may assume that D(P||Q, ~ C) < oo for all n and
that ¢, converges to ¢ P-almost surely. The latter is valid, because convergence in
mp implies convergence of the logarithms in L;(P) by Lemma which gives the
existence of an almost surely converging sub-sequence.

Let Q = (1 —t)Q, + tQ for fixed Q € C and fixed 0 < t < 1. Let Q,, , denote the

convex combination Qs = (1 — $,)Qn + $n@ and s, € [0,1]. By Theorem ,
we know that there exists some Q such that ¢, — ¢ in mp.

Since @, s € C by convexity, we have that D(P|Q,, ~ Qn,s) < D(P|Qn ~ C).
We also have

D(P”Qn ~ Qms) = SnD(PHQn ~ Q) +5,1Sp (57 Qms)
+ (1 - Sn)ISP (QHv%l,s)
> 5, D(P||Qn ~ Q) + 52 ISp(d, qn,s)-

Hence
52 D(P||Qpn ~ Q) + 5,1Sp(G, qn,s) < D(P||Q, ~ C).
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Division by s, gives

D(PQ ~C)

Sn

D(P||Qn ~ Q) +1Sp(d,n.s) <
Choosing s, = D(P||Q, ~+ C)"/2, this gives
D(P||Qn ~ Q) + ISp(q; qn,s) < 5.
Then we get
ISp(7.qn.s) < D(PIIQ ~ Qn) + 5,[*.

/( q +1nq’“5) dP < P(Q) + Q(Q) — Qn(Q) + s/,
Q \qn,s dn

el . —Snq
n
Writin, as L2—nd e see
n

In dn,s —In dn,s

q”,s_an
an B T
=In(l-s,)—In n,s — 5n
Adn,s
_ q
=In(l-s,)—In (1 — Sy >
dn,s
q
>In(l—s,)+ s,—.
qn,s

Hence

In(1 —s,) + (1 +s,) / qq dP < P(Q) + Q(Q) — Qn(Q) + s/,
Q Yn,s

As lim,, o 8, = 0, taking the limit inferior as n — oo on both sides gives

fiminf [~ dP < P(Q) + O(Q) — lim inf O, ().

n— oo Q qn,s n— 00

An application of Fatou’s lemma gives

/ ar dQ < P(Q) + Q(Q) — lim inf Q,,(Q).
Q

dQ n— 00

200



A | Appendix to Chapter |§|

Since Q = (1 — t)Q; + tQ we get the inequality

dP
/QdQ (1-1) Qi +1Q)
< P() +(1-1)Q ()+tQ( ) — lim inf Q. (42,

<H>/ Q

<P<Q> (- 0@ (9) + Q@ ) — lim inf Q, (€2).

Finally we let ¢ tend to one and obtain the desired result. O

Proof of Proposition[3.7 Let Q € C arbitrarily. Then there exists a sequence (w;),
in [0,1] with >~, w; = 1 such that @ = Y | w;Q;. It follows that

(e -a)- [n TG
max; w; y_, Qz
: /an 13,0

= In(n) + In(max w;) < In(n).
The proposition follows by taking the supremum over () on both sides. O

Proof of Proposition[3.8 Since Q* is the normalized maximum likelihood distribution

we have supg, sup,, In % < o0. In particular

sup DIPIQ" - Q) = sup / 9 4p

Qec g
< sup supIn @ (w) < 0.
QeC w dQ*

Proof of Proposition[3.10, We can write
D(P[|Qs ~ Q") = D(P||Q¢ ~» Q) + D(P[|Q ~ Q7).

By assumption all terms are finite so that minimising D(P]||Qg ~> Q*) over 6 must be
equivalent to minimising D(P||Qg ~~ Q) over 6. The same argument holds for step 5 in
Algorithm [1} The result then follows from (Brinday, [2018, Theorem 3.0.13). Whereas
the algorithm described there works by choosing 6, to minimize [, log((1—ax)qg,_, +
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aiqe) dP, the proof relies on (Li, 1999, Lemma 5.9), which indeed uses minimization
of D(P||(1 — ax)Qo,_, + axQs ~ Q) as described here. ]

Proof of Theorem[3.9 For any a € R we have

ho)+a 116 = fo0- (140 20, (A1)

Since ﬁgg — 0 for i — oo we have that fy (i) + a - f1 (i) > 0 for ¢ sufficiently large.

Therefore, we can apply Fatou’s lemma to the function and obtain

S foli)-qt (D) +a-> f)-q" (i)

=S (o) +a fi (@) a ()
_thlnf Jo (i) +a- f1 (i) - qn (7)
<11m1nfz fo(i)+a- fi(i))-qn(3)

= lim inf (Z fo (i) - qn (i) +a- Zfl (i) - qn (i)>

= liIgiIlf()\o—Fa'/\l) =X+a-A.

Hence
(Zfl ><A0—Zfo (i) . (A.2)

This inequality should hold for all ¢ € R, which is only possible if

Zfl (z)q* (7,) —/\1 :O
D f) g (i) = A

A.1.2 Proofs for Section |3.4

Proof of Proposition[3.123 Assume that Ey, Fa, Es,... is a sequence of e-variables

such that E P
/1 <E’> dP—>sup/ln<El) dP
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for n — co. Then E, ,, = (B + Ey) /2 are also e-variables and by convexity

Eonn E
1 = | dP In{— | dP
i () 4w = [0 (35) o7
which implies that m3 (Em, E,) — 0 for m,n — oco. By completeness E,, converges
to some e-variable E,. Using Lemma we see that m, (E,, Ex) — 0 implies that

/ln Em dP—)/ln P dP
Q E Q E
E FE
Slép/ﬂlﬂ(y) dP—/an(E/>dP'
E
su In{f— ) dP=0
Ep/ﬂ (EOO>

Therefore E is a strongest e-statistic.

so that

Hence

Assume that both Fy and Es are strongest e-variables. Then they are both stronger
than the average E = (F; + E,) /2. Hence

1 E E
< m? == = = <0.
Ofmv(El,Eg) 2/(ln(E1)+1n(E2)> dP <0

Therefore Fy = E5 P-almost surely. O

Proof of Theorem[3.13 Firstly, since E > 0 holds P-almost surely, we have that E is
stronger than any E’ € & with P(E' = 0) > 0.

Secondly, let £ € & be an e-statistic for which £ > 0 holds P-almost surely.
Furthermore, let @, be a sequence of measures in C such that D(P|Q, ~ C) — 0.
We can define a sequence of sub-probability measures R,, by R,(F) = | r EdQny,
which satisfies dBn/aQ,, = E. We see

EY ip_ [ (9@n
/an (E) dP_/Ql (dQ > dP + D(P|[Ry)

+ (P(Q) — Ra(Q))

dQ,
S /an ( dQ > ar
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The last expression goes to zero as n — oo, so we see that Eis stronger than F. [

Proof of Proposition[3.1] Using the fact that In(z) <z —1 for z > 0, we see

d
D - Q) = [ 2

dQ
< [ (e 1) ar

dpP
i@

dpP

where the last inequality follows from the fact that dP/dQ* is an e-statistic. O

Proof of Theorem[3.16. Without loss of generality, assume that [, '/¢dP =1+ € for
some € > 0. For the sake of brevity, we write cg := ||q’/qH}ig. We now define a

function g : [0,1] — R>¢ as
g(a):=D(P|(1-a)Q +aQ" ~C).

Notice that g(0) = ¢ and g(a) > 0, since (1 — @)@ + aQ’ € C. This function and its

derivatives will guide the rest of the proofs, and we now list some properties that we

will need:
o) e Lo — —q
/(o)1= qoole) = [ Gt ap (43)
so that
e _q _ .
g(O)—/Q<1 q>dP— , (A4)
1" _ d72 _ ql —q
(@) := a29(®) /Q ((1 - a)Q+aq’> ’ (A.5)
so that
"(0) = — q—/ i =1- €)+c
g (o)_/9<1 q) AP =1-2(1+¢)+a
and
0<g"(0) € =0 (O) (A.6)
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We now prove . We start with the case f = 1 and will use the result for g =1
to prove the case for § < 1. The proof for the case 8 > 1 comes later; it requires a
completely different proof.

Case § = 1. The general idea is simple: at o = 0 the function g(«) is equal to
6 and has derivative —e. Its second derivative is positive and bounded by constant
times ¢’(0) < ¢; for all & < 1/2. Thus, if € is larger then a certain threshold, g(«)
will become negative at some « < 1/2, but this is not possible since g is a description
gain and we would arrive at a contradiction. The details to follow simply amount to
calculating the threshold as a function of 4.

By Taylor’s theorem, we have for any « € [0,1/2] that

//(ao) 9

g(a) =g(0) + ¢’ (0)a+ max o

0<a°<a 2
< g(0) + ¢'(0)a +2¢"(0)o
<6 —ea + 202,

where we use the properties derived above. This final expression has a minimum in
a* = min{¢/4c,, 1/2}. By nonnegativity of g, we know that § — ea* + 2a*?c; > 0. This
gives € < (8¢16)"? in the case that a* = ¢/4c, < 1/2, and € < 26 + ¢; otherwise. In the
latter case, it holds that ¢; < €¢/2, so the bound can be loosened slightly to find the
simplification ¢ < 4. This concludes the proof for § = 1, which we now use to prove
Case g < 1.

Case 8 < 1. For any a > 0, it holds that

q q q
4P = 1ycn dP_|_/ =1/ o dP. A7
/Qq qq (e qq (el (A7)

We write ¢” := q’l{q//qga} and we will bound the first term on the right-hand side
of using the proof above with @’ replaced by Q”. Since Q" is not necessarily
an element of C, we need to verify nonnegativity, which follows because for each
a € (0,1), we have that D(P||(1 —a)Q+aQ” ~~ C) > D(P||(1-a)Q+aQ’ ~C) > 0.

205



A.1 Proofs

Furthermore, it holds that

7 my 2
q
T = [ (L) ap
’ 2 /Q(Q)
N\ 1+8 N\ 1=
L(5)(5) e
o\ 4 q
Sal_Bclg

The results above therefore give
/ a dP < 1+ max{(8a'Pcz6)"/?,26}.
Q

For the second term on the right-hand side of (A.7)), we use a Markov-type bound, i.e.

q /a
1., adP</ ()1 o dP
/Q {4'/a>a) L g o ) W

<a - ca.
Putting this together gives
/Q ¢ dP <1+ max{(8a*Pcsd)"/?, 40} + a~
Since this holds for any a, we now pick it to minimize this bound. To this end, consider

d
£(8a175655)1/2 +aPeg

_ (1- ﬁ)(gcﬁ(S)I/Z =2 _ ﬂa*(1+ﬁ)

= C3.
9 B

Setting this to zero, we find

2

: pes'  \"
a = — .
(1—5)(28)72
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The proof is concluded by noting that

5 5 1/2 7? 2
*1— 12
73
+8

1/(/3+1)(26>B/(/3+1) (1 5

and

m‘m

. gt \T
=B B
a Cp = <(1 — ﬁ)(2(5)1/2> (&%}

— c;,/(/ﬂm <1 fﬁ) wr (25)‘*/(1%).

Case > 1. We now prove the result for 8 € (1, 00); the proof for f = oo follows
by a minor modification of . If € < 0 there is nothing to prove, so without loss
of generality we can write ¢ = 4 for some v > 0; we will bound . Whereas the
previous proof exploited the fact that the second derivative ¢’ («) was bounded above
in terms of § and hence ‘not too large’, the proof below uses the condition that cg
is finite to show first, (a), that g”(«) can also be bounded below in terms of (v, 4).
Therefore, if € exceeds a certain threshold, as & moves away from the a* at which g(«)
achieves its minimum in the direction of the furthest boundary point (i.e. if a* < /2,
we consider a 1 1, if o* > 1/2 we consider « | 0), g(a) will become larger than K¢ or §
respectively, and we arrive at a contradiction. (b) below gives the detailed calculation
of this threshold.

Proof of (a). Fix some 0 < & < 1 (we will derive a bound for any such & and
later optimize for &; for a sub-optimal yet easier derivation take & = 1/2). By Taylor’s
theorem, we have 0 < g(&) = § — ae + (1/2)a%g"” (a°) for some 0 < a° < &. Plugging
in € = 76 we find that

2

g"(a%) = —(ay —1)d.

Qz

This gives a lower bound on ¢’ (a®) for some a° in terms of (7,d). We now turn this
into a weaker lower bound on all a. First, using and then o° < & and then the
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above lower bound, we find

9'(0) > max (1- )" (0) > (1)’ (a")
> (1-6)%"(a) 2 2fa(7,5), (A8)

where f5(7,9) := ((1—a)/&)?(ay—1)d is a function that is linear in v and §. We have
now lower bounded ¢”’(0) in terms of 7,5. We next show that, under our condition
that cg < oo, this implies a (weaker) lower bound on g”(«) for all «.. For this, fix any
C >1. We have for all 0 < o < 1:

2
" > 1, q —q > dP
g(a)—/Q ¢'<Cq" <1ozq+aq
2
q —4q
> 1, dP
_/Q 7<Cq” (1—aq+a0q)
q 1
= 1/ -
/Q"SCQ < > (T+a(C-1))?

> =T (9”“” e (5 1)2 C“’)

2fa(7,0) = C"Feg), (A.9)

(=)

> 4

where in the fourth line we used the definition of ¢”(0), and in the fifth line we
used (A.8) and a Markov-type bound on the integral, i.e. we used that [,1,5cq4 -

(¢ /g —1)* dP is bounded by
I\ 2
: (q> P
q

2 ’ B—1

q /q

(¢ w2 ()

-/Q v q a\C
= 017665.

By differentiation we can determine the C' that maximizes the bound (A.9). This gives

C1 8 = fa(7,6)(4/cs(1+8)). and with this choice of C, (A.9) becomes

g"(@) > faly,8)F+D/G=0HA=Pp ) (A.10)

where h(B) = (4/(1 + ))?/B=1 . 2( —1)/(1+ B). We are now ready to continue to:
Proof of (b). Let a* € [0,1] be the point at which g(«) achieves its minimum. If
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a* < 1/2, a second-order Taylor approximation of g(1) around a* gives that

1
Ko>g(l)>-(1- a*)2 min ¢" ()
2 acla*,1]
1 _ _
> Sfaly,6) PPN n (),

so that after some manipulations
Faly, 6)1FD/E-0 < g2/ O7D ()71, (A.11)

with K/ = K. If a* > 1/2, we perform a completely analogous second-order Taylor
approximation of g(0) around a*, which will then give (A.11) again but with K’
replaced by 1. We thus always have (A.11) with K’ = max{K,1}. Unpacking f5 in

(A.11) and rearranging gives:

|
e
|
o)
e
Q

with

wf

B—1
_ 2/(148) SK'\ T8 s
V=c <h(ﬁ)) ”

We now pick the & that makes both terms on the right equal, so that the right-hand
side becomes equal to 2/a. This is the solution to the equation (&/(1—a))?V = 1 which
must clearly be obtained for some 0 < & < 1, so this & satisfies our assumptions.
Basic calculation gives
v<Zoa. (V1/2+1>
&

and unpacking V' we obtain
B
€e=~0 < c*-§TFF 4 26.

where

B—1
. 1/a+p) 8K\ 20ED
¢ =% (hw) ‘

Unpacking h(8) gives the desired result.
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A.2 RIPr Strict Sub-Probability Measure

In this appendix, we discuss a general way to construct a measure P and convex set
of distributions C such that the reverse information projection of P on C is a strict
sub-probability measure. For simplicity, we take @ = N and F = 2N, though the idea

should easily translate to more general settings.

Proposition A.4. Let g : N — Ry be a function, and let C denote the set of measures
{Q:>2,9(1)q(t) < v} for some v > 0. Then for any P that is not in C we have that
E (i) = 9/v is the optimal e-statistic.

Proof. The extreme points in C are the measure with total mass 0 and measures of the

form ﬁ&i, i.e. measures concentrated in single points. An e-statistic £ must satisfy
N E() =i () <1
- g(1)

or, equivalently, E (4) ﬁ < 1. Hence E < 9/v so the optimal e-statistic is 9/v. O

Let g : N — Ry be any function that satisfies

lim g(n) =0.

n—oo

Furthermore, let P denote a probability measure on the natural numbers such that

i
for some ¢ € Ryg. Fix v* € (0,1/¢) and let C,- denote the set of measures {Q :
> 9(i)q(i) < v*}. Note that we do not yet require all measures in C,~ to be prob-
ability measures so that the set C,~ is compact. It follows that there exists a unique
element of C,- that minimizes ), p(¢)In (p()/q(7)).

The optimal e-statistic is E,» = 9/v*, and we may define the measure Q,- by

= vp(i)/g(i),

and we can check that Q,- € C,~. Hence @, minimizes ), p(7) In (p(2)/q(7)).
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This is a strict sub-probability measure:
N (O]
g+ (i) =v —
2=y

=V cC

<1,

where we use that v* < 1/e.

The next step is to prove that the information projection does not change if we
restrict to the set of probability measures in C,-, which we denote by C,~. To this
end, note first that for v < v*, we have that >_ g (i) ¢, (i) < v*, so that for all v < v*
there exists n,, € N such that the probability measure defined by

@)+ (1= a.0) | 6 ()
J
is an element of C,-. Hence

D(PIC, ) <D [PQu+ | 1= a(j) | on,

JEN
_ Ao (i)
A Y e 0(3)) e, (1)
L )

+3 p(i)In (p(i? ) .

€N

The first term can be written as

ploa)tn (Z2L) — gy ) P (202 )

qv(ny) qv(ny) qv(nw)
(nw) (g (mw)
= q,,(n,,)g > ln< > )

Then notice that for v — v*, we must have that n, — oco. Using that c¢In (¢) — 0 for
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¢ — 0 we see the first term tends to 0 for v — v*. Similarly, the second term can be

written as

p(ny)
p(ny) In (qy(nu) +1— ZjeN ql/(j)>

B . B . p(n,)
= Ql/( V) +1 %q"(]) qu(n,,) +1-— Z]EN QV(j)

-In p(ny)
QV(nu>+1fzjeNQV(]’) .

We also have
b (nv )

G () +1 =237, q.(7)

for v — v* and using that cln (¢) — 0 for ¢ — 0 we get the second term tends to 0 for

Q. + <1 - un(i)> %)

< zi:p(i)ln ( pli) )

—0

v — v*. Therefore we see

D(P|C,-) < lim D (P
v—v*

g+ (7)
= inf Zp(z) In (p(z)) .
QEC,~ & q(i)
The inequality trivially also holds the other way around, so we find that

D(P|C,-) = o Zp(i) In (58) :

It follows that @,~ is a strict sub-probability measure, and at the same time it is the

reverse information projection of P onto C,«.

A.3 Convexity

One of the main assumptions made throughout the main text is that the set of measures
C is convex, i.e. closed under finite mixtures. However, one can also consider stronger
notions of convexity, such as o-convexity and Choquet-convexity. In this appendix,

we investigate whether considering different levels of convexity can change the reverse
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information projection.

Definition A.5. A set C’' of measures is said to be o-convex if Q1,Q2,Q3--- € C’
implies that > .° w;Q; € C' when w; > 0 and >, w; = 1. The o-convex hull of a

set of measures C, denoted by o-conv(C), is the smallest o-convex set containing C.

In order to avoid topological complications we will restrict the discussion of Choquet-
convexity to Polish spaces, i.e. spaces for which there exists a complete metric that
generates the topology. That is, assume that € is a Polish space equipped with the
Borel o-algebra. Let © be another Polish space and let {Qg : 8 € ©} denote a param-
eterized set of probability measures on {2 such that 6§ — fﬂ fdQy is Borel measurable
for any measurable function f : 2 — R. Then for any probability measure v on © the

Choquet-convex mizture p,, can be defined by

[ ran= [ ([ sau) a.

for any measurable function f: Q — R.

Definition A.6. A set C’ of measures is said to be Choquet-conver if it is closed
under Choquet convex mixtures. The Choquet-convex hull of a set of measures C is

the smallest Choquet-convex set that contains C.

So far, we have assumed that all of the measures in C are finite. However, a
countable or Choquet convex mixture of finite measures may not be finite. It follows
that our results on the existence of the RIPr might not be applicable to the o-convex
and Choquet-convex hull of C. We therefore assume for the remainder of this section
that all involved measures are sub-probability measures, in which case this problem
does not arise. With all of this in place, it is relatively straightforward to construct
examples where the RIPr of P on a convex set does not exist, whereas the RIPr of P

on its o-convex hull does exist.

Example A.1. Let P denote a geometric distribution on Ny and let C denote the set
of probability measures on Ny with finite support. Then D(P]|Q ~ C) = —oo for any
Q@ € C. Therefore the reverse information projection of P on C is not defined according
to the definitions given in Chapter [3] However, the o-convex hull of C consists of all
probability measures on Ny, which implies that the reverse information projection on

the o-convex hull is well-defined and equals P.

However, as the following results show, if the RIPr of P on C does exist, then it

must coincide with the RIPr of P on o-conv(C).
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Lemma A.7. Let P and Q be sub-probability measures and let Q1,Qs,... be a se-
quence of sub-probability measures such that D(P||Q ~ Q1) > —oo, and let wy, wa, . ..

be a sequence of positive numbers with sum 1. Then
D <PHQ - Ei—;wi'Qi> D P
D1 Wi

Proof. Firstly, note that

szwi'Qi>

i=1

forn — occ.

d2n+1 wiQ; _— dzz L wiQy
dQ - dQ

and

d Z wj Qz / dw, Ql
In —==1 ¥t qp > In dP
/Q d@ Ja d@

=D(P|Q ~ Q1) +Inwy
+ (Q1(2) - Q)

> —00.

Since Y"1, wiqi — >0, wig; pointwise, applying the monotone convergence the-

orem to the sequence

( dy i, wiQ I dlel)
neN

dQ dQ
gives that
/Q dzdbwzQz I dw1Q1 qpP
- / In Z o widi dlsgl dPp.
We get

/Ql dz:ldégwl@dp_}/ Zz 1wzQz P
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for n — oo. Finally, we see that

D i1 Wi Qi
( HQ 11':1 w; )

S [ dESQ s o @) - @)
Q d@
_ D(PIQ  Qu),

where Qoo 1= >0 w;Q; and we use that Iny """ |, w; — 0 and Q, () = Quo(2). To
see the latter, note that
0= [ B g

and 0 < >, ailw /E w; < 900(W)/w;, where the RHS integrates, so that the desired

convergence follows from the dominated convergence theorem. O

Theorem A.8. Let P be a finite measure and C a convez set of sub-probability mea-
sures such that D(P||Q ~ C) = 0. If Q1,Q2,... is a sequence of measures in C such
that D(P||Q., ~ C) — 0, then D(P||Q,, ~ o-conv(C)) — 0.

Proof. Fix Q* € C such that D(P||Q* ~ C) < e and let Q = > o0, w;Q; € o-conv(C)
arbitrarily. Let s € (0,1) and consider Q :=s-Q* + (1 —5)-Q = Yoo WiQi, where
Qo :=Q", wy =sand w; = (1—s)-w; fori =1,2,.... Note that D(P||Q* ~» Qo) =0,
so it follows from Lemma that

lim D (P HQ o D(P||Q* ~ Q).

n—oo

D im0 Wi > _
Z?:o w;

The left hand side is, by definition of Q*, bounded by ¢ since Y., DiQif5" @ € C,
so that we find D(P||Q* ~ Q) < e. Furthermore, by concavity of the log,

e D(P|Q"~ Q)
> s D(P||Q" ~ Qo) + (1 —5)- D(P|Q" ~ Q)
=(1-35)-D(P|Q" ~ Q).

Taking the limit of s — 0, we see D(P||Q* ~ Q) < e. Finally, the result follows by

taking the supremum over Q. O
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We conjecture that if C is a o-convex set of sub-probability measures and C’ is the
Choquet-convex hull of C then D(P||Q ~» C) = D(P||Q ~> C’) for any sub-probability
measures P and @ such that P,Q, and the sub-probability measures in C all have

densities with respect to a common o-finite measure.
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B.1 Application in Practice: k£ Separate I.I.D. Data

Streams

In the simplest practical applications, we observe one block at a time, i.e. at time n,
we have observed X1y, ..., X (), where each X;y = (Xi1,..., Xy ) is a block, i.e. a
vector with one outcome for each of the k groups. This is a rather restrictive setup, but
we can easily extend it to blocks of data in which each group has a different number
of outcomes. For example, if data comes in blocks with m; outcomes in group j, for
J=1.k Xo = X, Xt Xeots o Xiimas oo Xiky1y -+ Xikomy ) We
can re-organize this having k' = 2521 m; groups, having 1 outcome in each group,
and having an alternative in which the first m; entries of the outcome vector share
the same mean p) = ... = p;, = pi1; the next my entries share the same mean
Py 41 = - = My +m, = M2, and so on.

Even more generally though, we will be confronted with k separate i.i.d streams
and data in each stream may arrive at a different rate. We can still handle this case by
pre-determining a multiplicity my, ..., my for each stream. As data comes in, we fill
virtual ‘blocks’ with m; outcomes for group j, j = 1...k. Once a (number of) virtual
block(s) has been filled entirely, the analysis can be performed as usual, restricted
to the filled blocks. That is, if for some integer B we have observed Bm; outcomes
in stream j, for all j = 1...k, but for some j, we have not yet observed (B + 1)m;
outcomes, and we decide to stop the analysis and calculate the evidence against the
null, then we output the product of e-variables for the first B blocks and ignore any
additional data for the time being. Importantly, if we find out, while analyzing the
streams, that some streams are providing data at a much faster rate than others, we

may adapt myq, ..., m; dynamically: whenever a virtual block has been finished, we
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may decide on alternative multiplicities for the next block; see Turner et al.| (2024)) for

a detailed description for the case that k = 2.

B.2 Proofs for Section 4.2

In the proofs we freely use, without specific mention, basic facts about derivatives
of (log-) densities of exponential families. These can all be found in, for example,
Barndorff-Nielsen| (1978).

B.2.1 Proof of Proposition [4.6

Proof. Since Sgro(a) Was already shown to be an E-variable in Lemma the ‘if’
part of the statement holds. The ‘only-if’ part follows directly from Corollary 2 to
Theorem 1 in (Grinwald et all 2024), which states that there can be at most one
E-variable of the form p,(X*)/r(X") where r is a probability density for X*. O

B.2.2 Proof of Proposition 4.7

Proof. Define g(uo) := =Ep ., [SPSEUDO(M)] and B(p;) := A (A1) + AMpo) — A(g))-

m Hi Y
g ‘UO p(uo) [H £ )] HEYNPMU |:p ((Y)):|

i=1 pI’LO p,u,o
k
exp (A(ui)y — A (M)
H/ e o)y = ACGD) op Augry — A g
k

H/eXp (ki) + Mpo) = AMpg)) y — A (M) — A(Apo)) + A (Mug))) dp(y)

k
=T exp (ANu) = AN (i) = A (Mpo))) exp (B(ui)

i=1

~ / exp (A1) + Atio) — (1)) y — B(ui)) dp(y)

= H exp (A (Mpg)) — A (M) — A (Apo))) exp (B(pa)) - 1

i=1 i=1

k k
—exp (kA A = S A ) — kA (Apo)) + ZB(M)) ‘ (B.1)
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Taking first and second derivatives with respect to pg, we find

k
d%og(uo) = o) - % (; B(us) — kA (/\(Ho))> (B.2)

and
&2 d d (&
mg(ﬂo) = (duog(%)) " dino <; B(p;) — kA (MHO)))

2 (&
+ g(po) - dfu% <Z B(pi) — kA (/\(Ho))>

k
=9(ko) (Z(Mz‘ + po — Ho) — k‘uo> (B.3)

i=1

k
+ g(o) (Z VARP, g [X] — kVARP,, [X]>
i=1

k
=g(ko) (Z VARPM-%—MO—MS [X] - kVARp, [X]> = g(po) - f(o)-

where the second equality holds because of , (d/d\ (1)) A(A () = Ep,[X] and
(d?/dX(p)*)A(A()) = VARp, [X]. is continuous with respect to ug. Therefore, if
f(pg) > 0 holds, it means that there exists an interval M* C M with pf in the interior of
M* on which is strictly convex. Then there must exist a point uf, € M* satisfying
]Ep%) [SPSEUDO(M)] > EP<;L3> [Spsmmo(/v()] =1, i.e. Spspupo(m) 18 not an E-variable.
Conversely, f(1) < 0 means that there exists an interval M* C M with ) in the interior
of M*, on which is strictly concave. The result follows. O

B.2.3 Proof of Theorem (4.8

To prepare for the proof of Theorem let us first recall Young’s [1912] inequality:

Lemma B.1. [Young’s inequality] Let p, q be positive real numbers satisfying zl) +

. . P a
% = 1. Then if a,b are nonnegative real numbers, ab < “7 + %.

The proof of Theorem [4.8] follows exactly the same argument as the one used by
Turner et al.[(2024) to prove this statement in the special case that M is the Bernoulli

model.

Proof. We first show that Siro(imp) as defined in the theorem statement is an E-variable.
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For this, we set p§(X) = Py, (X). We have:

1
k

-

i=1

Pus (X1) Pux (Xk)
Exrop,,, [Seroam)] = Ex,~B,, [];%1(}(1)] o Exyap,, {;g(Xk) . (B.4)
We also have
1 Puy (X1) 1 Pux (Xk)
“Ey. ik “Ex Ppi\ k)
oo {PS(Xl) T R P6(Xk)
1 X X
:EEX’VP}LO 12#1( ) R iﬂk( ) =1. (B5)
% Z:lplti(X) % ;pm(X)

We need to show that (B.4)) < 1, for which we can use (B.5)). Stated more simply, it is
k k

sufficient to prove [] r; <1 with % ST r; <1, r; € RT. But this is easily established:
=1

[ i=1

IV
VR
= 51
|
=
B
-
v
Ey
<
T‘r\u
-
3
Eopl 1S

2 kg
rL+ 79\ F 1 1
("57) Wei=114 wo)

k=1 1 ._
k ’q "

where the first inequality holds because of Young’s inequality, by setting % =

k—1
,aP = Zklill - ,07 ;= ri in Lemma The other inequalities are established in the

e

same way. It follows that ﬁ ri% < 1 and further ﬁ r; < 1.

This shows that SGRO(H;lis a e-variable. It rerrzlgilns to show that Sgro(p) is indeed
the GRO e-variable relative to H(1ID); once we have shown this, it follows by Lemma
2 that it is the unique such e-variable and therefore by Lemma 1 that Py achieves the

minimum in Lemma 1. Since we already know that Sqgroaup) is an e-variable, the fact
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that it is the GRO e-variable relative to H(1ID) follows immediately from Corollary
2 of Theorem 1 in |Griinwald et al.| (2024)), which states that there can be at most one
e-variable of form p,,(X*)/r(X*) where r is a probability density. Since Scro(up) 18

such an e-variable, Lemma 1 gives that it must be the GRO e-variable. O

B.2.4 Proof of Proposition [4.11

Proof. The observed values of X1, Xs, ..., X} are denoted as 2* (:= x1,..., ;). With
Xp(zF=1 2) = 2 — Zf;ll xz; and C(z) as in 1l and p,.(z) (2) and p(z"~!) as in
[ET), we get:

k
_ Pu T
(@20 = 0

ex (2 (e~ AN )

/C e (kf i)y — A1) + M) Xe(yh1,2)) — A(A(ukm) dp(yh1)

i=1

k—1
exp (M) + (o) = M)

=1

/ exp (A(uk)z + kf(A(ui) - /\(Mk))yz) dp(y*=1)
C(z) i=1

exp (' () = M)

=1

/ e (kiuw - A(uk»yi) doy1)

i=1

B.3 Proofs for Section 4.3

B.3.1 Proof of Theorem (4.12

Proof. We prove the theorem using an elaborate Taylor expansion of F(§), defined
below, around § = 0. We first calculate the first four derivatives of F(d). Thus we

k
define and derive, with p; = p10 +a;6 and fy(0) = Y p,, (y) defined as in the theorem
i=1
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statement,
F(0) 5:EP<“0>+0(5 [IOg SPSEUDO(M) — log SGRO(IID)]

k k
1
=Ep, 10%1_[ (k > P (Xj)> — log Py (X*)

=Ep, Zlogfx Zlogpuo (X;)| —klogk

k
@
=Y Exep,, [log fx(6) — logp,,(X)] - klogk
Fy(6) F»(3)

® / 5)log £, (5)dp(y) + (— / _50) logpM(y)dp(y)) “Klogh, (B7)

where we define F7 () to be equal to the leftmost term in (B.7) and F5(J) to be equal
to the second, and (a) and (b) both hold provided that

forall j € {1,...,k}: Ex,~p,, [ log fx, (6) = log e (X;) |] < o0 (B.8)

is finite. In Appendix [B:6] we verify that this condition, as well as a plethora of related
finiteness-of-expectation-of-absolute-value conditions hold for all § sufficiently close to
0. Together these not just imply (a) and (b), but also (c) that we can freely exchange
integration over y and differentiation over § for all such § when computing the first k
derivatives of F}(d) and F5(d), for any finite k and (d) that all these derivatives are
finite for ¢ in a compact interval including 0 (since the details are straightforward but
quite tedious and long-winded we deferred these to Appendix . Thus, using (c),
we will freely differentiate under the integral sign in the remainder of the proof below,
and using (d), we will be able to conclude that the final result is finite.

For each derivative, we first compute the derivative of F;(J) and then that of F5(9).

/f Jdp(y /f )log £, (6)dp(y) =0,
F(6) = - / £1(6) 108 s (1)dp(y) = 0, s0 F'(0) = F/(0) + F4(0) =0,  (B.9)

where the above formulas hold since f,(0) = 0 for all z € X, which can be obtained
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by
dpm dﬂy
j=1 Ay
_dp 5 dy, _ dpu, (x) :
! o —2(0 Eo =0, B.10
f d/.lo g d5 d,Uo j;a.] ( )

where we used that all ;1; are equal to o at 6 = 0. We turn to the second derivatives:

/ 6 2
F6) = [ 56)nt) + [ (f;'w) s ,00) + 0] )dp@)
-/ <f;’<6> tog ,0) + L2 (f;)) )d v)

2
Ho)= [ <f;’(0) log £,(0) + 2 f;fg; )dmy),

= [ #0008 0, o) + | (A0 08 ) dply) (B.11)
- / ((0) 10g o () dp(y).

where [ f/(8)dp(y) = 0 because [ f,(d)dp(y) = k, in which k is a constant that does
not depend on 4. Then F}'(d) is given by

FY () = - / £7(6) 108 pys (9)dply) 3 FY(0) = - / £/(0) 108 pyy (9)dp(y), s0
F(0) =F/(0) + F(0) = 0. (B.12)

Now we compute the third derivative of F(4), denoted as F)(4).

//5/6 //5/5 6_/53
FO(5) = /<f(3 (6)log fy(5)+fy(J£y)(J;@;()+2fy( >fy<(;ﬁ§);2 (£5(9)) ) i)

F(0) = [ 1900108 £,0)dp(w) = [ 150 log i, ()dptw) + [ 159(0)10g kdp(y)
— [ 1011085, W)dot)
P (0) = - / £$9(6) log pp, (y)dp(y)
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P (0) =~ / F(0) log pyuy (1) dp(y), so FO(0) = FP(0) + F5¥ (0) = 0,
which holds since f;(0) =0 and [ f,(0)dp(y) = k.

The fourth derivative of F(§) can be computed as follows:

(3) /
V) = / (f;*)(é) log f,(9) + %”) dp(y)

(£200)5,(0) + (£/0)2) £,(0) = £7/6) (£3(6))
+ / 3. :
(£4(6))
- / 3 (£,(0)£5(0)" - £10) =2 (£,0)" - £,9)
(Fs(6)"

dp(y) ; (B.13)

" 2

7,(0)
= / £59(0)1og pyu, (y)dp(y) + log k - £90)dp(y) + /y . ?’(g’/((oo)))dp(y)
= [ 12 0gp, 0)dolo) + / N mdm ).
and F{*(5) can be computed by
B 0) =~ [ 4596)logm, (0)do(w). Fé“ =~ [ 420 logp, )dp(w). s

Based on the above derivatives, we can now do a fourth-order Taylor expansion of
F(6) around ¢ = 0, which gives:

1
IE:P‘L [10g SPSEUDO(M) — log SGR,O(IID)] :IF(ZL) (0)54 + 0(54)

IR O () P
_S/yex e 9 +o(8%),
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k 2
where £,(0) = S5 puy(y) = kpu(y) and f1/(0) = (;a) W) L=

2
dd?pu(y) | =0 [

B.3.2 Proof of Theorem (4.13

Proof. We obtain the result using an even more involved Taylor expansion than in the
previous theorem. As in that theorem, we will freely differentiate (with respect to 4)
under the integral sign — that this is allowed is again verified in Appendix [B.6]

Let p, o, C(2), p(x¥~1), P, etc. be as in the theorem statement. We have:

f(6) = EP,L [IOg SPSEUDO(M) — log SCOND]

X* X1z
By, [log o) g Pu (X T1Z)
D{po) (X ) Puo) (X | Z)
Ep. |log P (X) log b (X) + log Jegz) Pu (%) dp(a*~1)
=lLp, _— — _—
LT Powey (XF) Pluoy (XF) Jezy Puoy (%) dp(z* =)

=D (Pluoy+asiz) | Pluoyiiz)) -

We will prove the result by doing a Taylor expansion for f(6) around § = 0. It is
obvious that f(0) = 0 and the first derivative f/(0) = 0 since f(0) is the minimum
of f(6) over an open set, and f(§) is differentiable. We proceed to compute the
second derivative of f(J), using the notation g.(d) = p(.y)+as;z)(2) as in the theorem

statement, with g/ and g” denoting first and second derivatives.

! / z 6 / / z 5

70 = [0 =G o) + [ a20)nia(e) = [ oL0)1ox E o)
11 11 z 6 2 6 2

1) = [ a0y10 =)+ [ L i)

where in the first line, the second equality follows since the second term does not change
if we interchanging differentiation and integration and the fact that f g:(0)dz = 1is

constant in . We obtain

ro- [ (gg;ffo); dpi (=), (B.14)
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and, with z set to Xj(2*~1, 2) and recalling that g = (1) + @ and u; = po + a;6,

d -
000 = [ bty ras()dp(at )
C(2) do

k

dp j (.’b ) -
:/ Z H DPu; (xi)%dp(xk 1)
C(2) 51 i€{l,....k}\j

k

dpy, (5) dp; k—1
, T Ty ap) D) R g
/(z);pm, bttt (BLs oo Tj1, T, - - -, Th) d; do p(z"7)
k
dlogpy, (z;) _
= [ > patah) P gt )
(=) j=1 Hj
k
= Zpu( k) (L () — pid (1)) ajdp(x h Y
C(Z)]=1

where I(f1;) is the Fisher information. The final equality follows because, with A(y;)
denoting the canonical parameter corresponding to p;, we have dA(u;)/dp; = I(p;)
and dA(B)/dB) |s=r(u,)= t; see e.g. (Griinwald, 2007, Chapter 18). Now

0= S by (6*) (T(so)as — pioT () ()

=3

k
- /C Pl ) D () (B.15)

j—l

~I(1o) - /C P ij%dp (B.16)

k
where the second equality follows from Y a; = 0. Because X* i.i.d. ~ P,, under Py
j=1
and the integral in (B.15]) is over a set of exchangeable sequences, (For understanding
the statement, we can consider the simple case k = 2, X; and X5 can be exchangeable
because they are ‘symmetric’ for given C(z).) we must have that (B.15]) remains valid
if we re-order the a;’s in round-robin fashion, i.e. for all ¢ = 1..k, we have, with

Qi = Q(j4i—1) mod ks

92(0)=I(uo)-/c( Do) ( ija], dp(z"1).
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k

Summing these k& equations we get, using that > «; = 0, that kg, (0) = 0 so that
i=1

¢.(0) = 0. From (B.14)) we now see that

£7(0) = 0.

Now we compute the third derivative of f(§), denoted as f©)(4):

z

¢(5)9(0)9.(0) — (.(5))°
+f ( (00 ) dpiz)(2)

So since ¢.(0) = 0 we must also have

FP(0) =0

The fourth derivative of f(d) is now computed as follows:

(3) v,
() = / (gi)(é) log 38 b gz<5)>dﬂ[21(z)

9:(9)
(90 - 926) + (92(6))?) 9-(8) — 9(0) - (4(6))?
A (9-0) e ()

Then

1 2
f(4) (0) = / de[z] (Z) > 0.

We now have all ingredients for a fourth-order Taylor expansion of f(§) around § = 0,

which gives:

1 (92’(0))2 4 4
EPM [IOg SPSEUDO(M) — log SG()ND} =3 4.(0) dP[Z} (2)-6"+o (5 )

which is what we had to prove. [

B.4 Proofs for Section 4.4

In this section, we prove all the statements in Table
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B.4.1 Bernoulli Family

We prove that for M equal to the Bernoulli family, we have Spspipom) = Saro(m) =
SGRO(IID) = Sconp-

k
Proof. We set p§ = % -

=1

K2

4§ k
Sero(un) = pﬂk(X ) = Tk k pl;(.X ) (B.17)
f (e 5me) 1 (25 (0-mr))

— pu(Xk)
k
[T ((45)% (1 = )t =29)

k

— kpp,(iX) = SPSEUDO(M) (BIS)

1 Pug (X5)

where the third equality holds since X; € {0,1}. So Spspupo(a) is an E-variable and
Spspupo(M) = Saro(m) according to Theorem Then the claim follows using
together with the fact that when Z = 0 or Z = 2, we have Sconxp = 1, while this is not
true for the other e-variables, so that Scoxp # Saro(M) = Spsevno(Mm) = Scro(un)- The
result then follows from . O

B.4.2 Poisson and Gaussian Family With Free Mean and Fixed

Variance

We prove that for M equal to the family of Gaussian distributions with free mean and

fixed variance o2

, we have SPSEUDO(M) = SGRO(M) = Scoxp > SGRO(IID)‘ The proof that
the same holds for M equal to the family of Poisson distributions is omitted, as it is

completely analogous.

Proof. Note that if we let Z := Zle X, then we have that Z ~ N(Zle i, kao?) if
Xk~ P,. Let u be given by (4.8) relative to fixed alternative P, as in the definition
of Spspupo(am) underneath lb Since kuy = Ele i, we have that Z has the same

distribution for X* ~ P(#S)' This can be used to write

pu (X* | 2) _ Pu (X)) Py (£) _ Pu (x*)
Pu

S‘ = = = :S M)~
O ey XE12) — ppuey (XF) pu(Z) prgy (XF) — 7Pororo
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Therefore, Spspupo(m) is also an e-variable, so we derive that Spspuno(am) = Saro(m)
by Theorem @ Furthermore, we have that the denominator of Sgro(p) is given by
a different distribution than D(uz)s SO that Scro(un) 7 Saro(M) = Seseubo(M) = Sconn-
The result then follows from .

O

B.4.3 The Families for Which Spseudo(m) Is Not an E-variable

Here, we prove that Spspipo(a) is not an e-variable for M equal to the family of beta
distributions with free § and fixed a. It then follows from that Spspunom) =
Saro(M)- also gives Sero(m) = Saro(un) and Saro(a) = Sconp- The same is
true for M equal to the family of geometric distributions and the family of Gaussian
distributions with free variance and fixed mean, as the proof that Spspuno(aq) is not an
e-variable is entirely analogous to the proof for the beta distributions given below. In
all of these cases, one easily shows by simulation that in general, Scroat) 7 Scro(un)
and SGRO(M) # Sconp, SO then SGR,O(M) - SGRO(IID) and SGR,O(M) > Sconp follow.

Proof. First, let Q). represent a beta distribution in its standard parameterization,

so that its density is given by

F(a+5) a—1

Ga,p(u) = Wu (1—wu)P~1, a, 8> 0;u € |0,1].

To simplify the proof, we assume o = 1 here. Then

q1,8(u) = F(l}(—;)m(l —u)f = 1 L — exp (ﬁlog(l —u) —log ;)

where the first equality holds since I'(1+ 8) = SI'(). Comparing this to (4.1)), we see
that 3 is the canonical parameter corresponding to the family {Q1 5 : 8 > 0}, and we

have

N =6, tla) =log(1—u). A(B) =log 3.

To prove the statement, according to Proposition [4.7] we just need to show, for any
[, - .., p that are not all equal to each other, that, with X = ¢(U) = log(1 — U) and

k
o = % > u; defined as in 1) we have
i=1

k

ZVARPM_ [X] — kvarp,. [X] > 0. (B.19)
o 0

=1
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B.5 Graphical Depiction of RIPr-Approximation

Straightforward calculation gives

d? 1 1. . 1
VARp, [X] = VAR, , [X] = 27, (log E) = 7 in particular VARP,. [X] = 7
(B.20)

where f3; corresponds to fi;, i.e. Eqg, , [(X)] = pi. We also have:

k k
Br, (0] =15 = £ Yo = 1 D Er, (X)) (B.21)

k
While Ep, [(X)] = d%i(log {%) = —é, therefore % = 1+ > 4. We obtain, together

with (B-20) and (B21), that

k By L 2
> varp, [(X)] = kvarp,. [(X)] =) —— —k|2> =] . (B.22)
P 0 « (Bi) k<~ p

Jensen’s inequality now gives that (B.22)) is strictly positive, whenever at least one of
the p; is not equal to pf, which is what we had to show. O]

B.5 Graphical Depiction of RIPr-Approximation

0.004 —

N - Zm 251‘1;9)’ 2 1.0100
— Pu, \H2= =

e 0.003 — pw, (the RIProf Py, ,,) % 1.0075
G u
500027 : 1.0050
© a
> w
© 0.001 % £1.0025
= Eai L‘

0.000 1.00001 : : - - -

0.0 0.5 1.0 1.5 2.0 2.5 0 20 40 60 80 100
X n

Figure B.1: Exponential distribution. On the right, n represents number of iterations with
Li’s algorithm, starting at iteration 2

We illustrate RIPr-approximation and convergence of Li’s algorithm with four dis-
tributions: exponential, beta with free 8 and fixed «, geometric and Gaussian with
free variance and fixed mean, each with one particular (randomly chosen) setting of
the parameters. The pictures on the left in Figure [B-I}-[B-4] give the probability den-

sity functions (for geometric distributions, discrete probability mass functions) after
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0.04 — Pu (11 =1/6) —_
o — Pu; (42=1/10) g
e_' 0.03 — Pw; (the RIPr of Py, ;) 5 1.04
it )
g B4
=0.02 g
S W 1.02
20.01 % s
0.00 1.001. - : : . :
0.0 0.2 0.4 0.6 0.8 1.0 0 20 40 60 80 100
X n

Figure B.2: beta with free 8 and fixed a. On the right, n represents number of iterations
with Li’s algorithm, starting at iteration 2

0.54 Q @ py (H1=5) _

E 0.4 o Py, (H2=2) s 1.031
o @ py; (the RIProf P, ,,) %
©03] ¢ )

g " : 1021
©0.2] o &

L3

k3 <1.014
0088 e, -

0.01 “"‘!i’f‘.-"l“-«&-‘!).s&‘t»-&&oo; 1.00

0 5 10 15 20 25 0 20 40 60 80 100
X n

Figure B.3: geometric distribution. On the right, n represents number of iterations with
Li’s algorithm, starting at iteration 3

n = 100 iterations of Li’s algorithm. The pictures on the right illustrate the speed of
convergence of Li’s algorithm. The pictures on the right do not show the first (or the
first two, for geometric and Gaussian with free variance) iteration(s), since the worst-
case expectation supMOEM[S’GRO( M) is invariably incomparably larger in these initial
steps. We empirically find that Li’s algorithm converges quite fast for computing the
true Sgro(m)- In each step of Li’s algorithm, we searched for the best mixture weight
a in P, over a uniformly spaced grid of 100 points in [0, 1], and for the novel com-
ponent P’ = P,/ ,» by searching for x in a grid of 100 equally spaced points inside the
parameter space M where the left- and right- endpoints of the grid were determined
by trial and error. While with this ad-hoc discretization strategy we obviously cannot
guarantee any formal approximation results, in practice it invariably worked well: in
all cases, we found that Lr(ljzgcl Ep,, . [Saro(a] < 1.005 after 15 iterations. For compar-
ison, we show the best approximation that can be obtained by brute-force combining

of just two components, for the same parameter values, in Table
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0.06 — Py, (1 =2) 1.06
— Py (2=6) = 7
E _— zwﬁ ‘:the RIPr of Py, ,,) %
o &
5 0.04 UL]D 1.041
e X
= <
[N

£0.02 W 1.02]
o S <

0.00{ - . i > - 1.001,

-20 -10 0 10 20
X

0 20

Figure B.4: Gaussian with free variance and fixed mean.

number of iterations with Li’s algorithm, starting at

iteration 3

40 60 80 100
n

On the right, n represents

Distributions (1, o) o (101, po2) su;;l Ex, XonPrug g [S]
Ho €
beta (. 75) 057 (0.12,0.16) 1.00071
geometric (5,2) 0.39 (2.52,4.21) 1.00035
Exponential (3,5) 053 (0.13,0.51) 1.00083
Gaussian with free variance
e o (2,6) 041 (5.82, 3.36) 1.00035

Table B.1: Analogue of Table for pi,pe corresponding to the parameters used in

Figures @-IEEI

B.6 Further Details

In this section, we verify that all conditions are met for the implicit use of Fubini’s

theorem and differentiation under the integral sign in the proofs of Theorem 2 and 3,

and that all derivatives of interest are bounded.

B.6.1 Theorem 2

In the chapter, notation is as follows:

My = po +(5aj

A(ftj) = nat. param. A corresponding to mean p = pu;

pﬂ(y) = AMy—AA(W)

k
fv(‘s) = Zpui (y)-
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As this will simplify the notation for the derivatives, we write g,(\) = e v=A40) g0
that

Z 9y(A(115)) and puq () = gy (A(10))- (B.23)

To stress dependence on §, we write y;(d) instead of y; in the following.

Step 1 We first establish the finiteness condition (B.8]). We note that

logzgy(A(uj(&)) < log(max g, (A(1;(9)))k)

= max log(gy(A(15(0)))) + log k
< max log(max{g, (A(1;(9))), 1}) +logk

< log(max{g, (A(1;(6))), 1}) +log k

< 37 M3 (8))y — log AN s (9)))] + log

and

k k
longy()\(,uj( = Z ) +logk
j=1 i=1

Mw i

log gy (A(1£5(9))) + log k

| =

1

<.
Il

A (0))y — A(A(1;(6))) + log k.

Il
| =
ANgks

1

<
I

Putting these together, we see that

|log f,(9)] <

k
max {Z A1 (8))y — AN (15(9)))] + log k, %Z A(A(p;(9)))) + log k }
< Z A (15(8))y = A(M(5(9)))] + log k, (B.24)
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and, more trivially,

| 1og g, (A(10))] < [A(10)y — A(A(po)] - (B.25)

We know that A(p;(d)) and A(A(p;(6))) are smooth, hence finite functions for p;(9)
in the interior of the mean-value parameter space M (see (Barndorff-Nielsenl (1978
Chapter 9, Theorem 9.1 and Eq. (2))). Since M is open and for all j = 1.k, 11;(0) =
to € M, it follows that |log f(y)(6) — log gy(A(o))| can be written as a smooth, in
particular finite function of |y| for all ¢ in a compact subset of R with 0 in its interior.
Since |y| < 1+ y? has finite expectation under all P, with p € M, finiteness of

follows by (B.23)).

Step 2 We now proceed to establish that we can differentiate with respect to § for
d in a compact subset of R with 0 in its interior. The proof will make use of (B.24])
and (B.25). We denote derivatives of functions f, and g, as

dS dS
) = T and f5(6) = £, (6).

We will argue that, for any s € N, the family {;—;fy(é) log fyy(8) — fy(0) log gy (A(0)) :
§ € A} is uniformly integrable for any compact A C R, so that we are allowed to
interchange differentiation and integration (see e.g. |Williams, 1991, Chapter A16).

Using standard results for exponential families, we have, for A in the interior of the

canonical parameter space,

gD = (y = p(N)gy(N)
9P (A) = =I(N)gy (V) + (y — u(X) gy (N),
where () denotes the mean-value parameter corresponding to A and I(\) the corre-

sponding Fisher information.

Continuing this using the fact that (d°/dA*)A(\) is continuous for all s, gives

97 () = gy(N) - hy s (V) with By s (A) = D by g (M (y = n(V)’ (B.26)
t=1
for some smooth functions Ay 4, hi2,s, - - - 5 B[s,s) Of A (we do not need to know precise
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definitions of these functions). Similarly

Z 9 (N 6)) - (A (9)))

where A\(p;(9)) = %)\(,uj(d)). We know that A (p;(6)) and further derivatives are
smooth functions for 41,(d) in the interior of the mean-value parameter space M (see
(Barndorff-Nielsen, 1978, Chapter 9, Theorem 9.1 and Eq. (2))). Since this space
is open and for all j = 1..k, p;(0) = po € M, it follows that X (p;(0)) are smooth
functions of § for § in a compact subset of R with 0 in its interior. Thus, analogously

to what we did above with ¢(*), we get that

8) = Zzgét)(/\(uj(ﬁ))) T s (1) (B.27)

for some smooth functions r; s, the details of which we do not need to know. In

particular this gives, with
p(s) fys (6)
Y fy(9)

that

= 29 AW (9))) - (s [y (A w3 (9))) - re,s (11 (6))1)
- 25 9y(A(15(9)))

<SS A5 (8))) - 710 (15(6).

jot=1

Inspecting the proof in the main text, we informally note that all terms without
logarithms in the first four derivatives of Fy(d) and F;(0) can be written as products
£, (8) b5 (8) ... -bS)(6) for the b we just bounded in terms of polynomials in |y|;
similarly, the terms involving logarithms can be bounded in terms of such polynomials
as well using and 7 suggesting that all terms inside all integrals can be
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such bounded. This is indeed the case: formalizing the reasoning, we see that
ds 2
[ (5108 16) - 1,6 10g9y()‘(uo))> dply) =
2
/ <fés)(10g £y(8) = log gy (A(po))) + £,(0 Zc Bl () - bgsw(a)) dp(y)

2
= / (f$) (log f,(8) — log gy (A(10))))* + (fyw) > cu bPI0) - bif“')(5>>
+ £, (0)£§7) (log £,,(8) = log gy (M(110))) Y _ co - B (8) - ... - b (8)dp(y).

By {) and QD and the bound on \bgf)\ given above, all the terms within

the integral can be bounded by polynomials in y (or |y|), so the integral is given
by linear functions of moments of p and P,. Therefore, using also that p is it-
self a probability measure and a member of the exponential family under consider-
ation (equal to P, with A(x) = 0), the integral can be uniformly bounded over ¢
in a compact subset of the mean-value parameter space. It follows that the fam-
ily {;—(;fy(é) log f,(6) — fy(8)log g, (A(o)) : 6 € A} is uniformly integrable (see e.g.
Williams), (1991, Chapter 13.3), so integration and differentiation may be interchanged
freely (see e.g.|Williams), 1991, Chapter A16). It also follows that the quantity on the

right-hand side in the theorem statement is bounded.

B.6.2 Theorem 3

. Pu( ) _ Pu(Xk|Z) :|
As in the proof of Theorem 3, let f(d) = Ep, log X log o (X2 |

To validate the proof in the main text we merely need to show that f(9) is finite,
and that we can interchange differentiation and expectation with respect to J in a
compact interval containing 6 = 0. Thus, we want to show that, for any s € N, we

have that

d® ds Pu(X") pu(X" | Z) >]
) =E 1 — I .
a5+ ) {dés < % o (XF) 8 (X 2)

0 (X*12)
KL divergences between members of exponentlal families (the fact that conditioning

. f e Pu(X*) Pu(X 12)
To show this, first note that both Ep, log (xk) and Ep, 1og | Z| are

on a sum of sufficient statistics results in a new, derived full exponential family is

shown by, for example, Brown| (1986))), which are finite as long as ¢ is in a sufficiently
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small interval containing 0 in its interior (since then p is in the interior of the mean-
value parameter space). This already shows that f(d) is finite, and it also allows us

to rewrite 3 .
) =B, flog L paX 1 %)

e ) B Jon 2 T s |
Furthermore, (Brown| 1986, Theorem 2.2) in combination with Theorem 9.1. and
Chapter 9, Eq.2. of Barndorff-Nielsen| (1978)) shows that for any full exponential
family, for any finite £ > 0, the k-th derivative of the KL divergence with respect to
its first argument, given in the mean-value parameterization, exists, is finite, and can
be obtained by differentiating under the integral sign, at any p in the interior of the
mean-value parameter space. We are therefore allowed to interchange expectation and
differentiation for such terms separately for all § in any compact interval containing

0. Thus, starting with the previous display, we can write

0= 5B pfif;)ﬂ - g5 [los pf(f;' >
s k s k
= Er, | g5 0w 1 Tty | B | g5 w2 T
s k s k (7
=5 55 o8 et |~ g o Ty w2 | =
k s k s . A
B, [ 5108 e k|~ [ o8 ey |+ B [ o e
s . A
=Er, e p]:i[](](;)] ’

where in the last line we use that all involved terms are finite. This is what we had to

show.
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C.1 Details for Section |5.4.4

We need to establish that Ep(u)—Egeo)(u) = Ego)(u)—zgeo)(u) is positive semidefinite
for all u € RY.
Thus, take any p* € R%. By 1’ we have that qff*o) = §Z°}30 and py- =

qLO*) = )(\e)’ﬁ* for some A°, B° and \*, B* that are related to each other via the normal

equations ([5.27). Based on the sufficient statistics (5.25), we can thus write, for
6 € {0,6°}, that
A®) O
S () =
(BOHT C®)

where A(®") is the variance of 3 Y;? according to distribution F(fj},o and C(?°) is the

d x d covariance matrix of the ¢;(Y™) according to this distribution and

B = (cov (Z Yfﬁ@””)) y--e, OOV (Z Yi?’td(yn)))

where the covariances are again under this distribution. Similarly, A(®) is the variance
of 3" Y2 according to distribution F (8), g~ and B©) 0O are defined accordingly.

Positive semidefiniteness of 25,0)(“*) - 25{’0) (pn*) is easily seen to be implie if we
can show that C(© — C(®°) ig positive definite and that

(A — A7)y — (BO — B(«9°))T(C(0) _ 0(9"))—1(3(0) — By >0. (C.1)

To show that C'(® —C(?°) is positive definite, note that C'(?°) (as is readily established,
for example, by twice differentiating log Zéeo)()\,ﬁ;u*) at A = 0,8 = 0) is simply

IFor an explicit derivation see https://math.stackexchange.com/questions/2280671/
definiteness-of-a-general-partitioned-matrix-mathbf-m-left-beginmatrix-bf.
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the standard covariance matrix in linear regression scaled by 1/0°2 i.e. c) =
0°2>" x;xI" which by the maximal rank assumption is positive definite. Similarly
CO) = 5*2 Y x;x7 so that, since by assumption 6° # 0 and using the normal equations
(5.27), we have that C(© —C®) = ¢C©®) for ¢ = 0*2 — ¢°2 > 0 is also positive definite.

It only remains to show . As again easily established (for example, by
twice differentiating log Z(geo)()\,,@;u*) at A = 0,8 = 0), we have that A" =
20°? (2(X° v§?) +no°?) and similarly we find A® = 20*? (2(3° v;?) + no*?) and
B = _o52 (>~ vPx; ;) and similarly B = _95*2 (>-viz; ;). By the normal

J J

equations 1] we find that B](O) - B](GD) = —2(0*? — 0°2) > vz, ;. After some

matrix multiplications (where we may use the cyclic property of the trace of a matrix
product) we get that (C.1)) is equivalent to

(A(O) _ A(e)o) _ 4(0_*2 _ 002) ZUZ_*Q > 0.
But this is easily verified: it is equivalent to

20+2 (2 (Z 1/;‘2) ot -2 (Z 1/2‘2))—2002 (2 (Z ,,;2) + o2 — 2 (Z V;Q)) >0

which in turn is equivalent to
2no*t — 2no°t + 4(2 vi? — Z v9%)o%? >0
which by the normal equations is equivalent to
o~ g9 1 2(0*2 — 5°%)0°2 > ()

but this must be the case since by the normal equations, o*? > ¢°2.
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D.1 Additional Simulations

D.1.1 Effect of Truncation on Power

Figure shows the same plot as Figure 1 in Chapter [ but without truncation for

the probabilities in the e-statistics, i.e. € = 0.

1500 -

=4
10004 » - LRT
lg 500 CRT
2]
@ 0- E-CRT-O
o
15 -+ E-CRT
@ 1500
o < R-MLE
£
1000 =
2| -+ R-MLE-P

500 -

dZ d4 d6 dB £0 Oé dd dﬁ Db 1b

Figure D.1: Sample sizes for different methods as in Figure 1 in Chapter @but withe =0
for the e-statistics.

D.1.2 Robustness With Respect to Misspecification

We test the robustness of the randomization based e-statistics with respect to mis-
specification of the conditional distribution of X in the same way as in the simulation
study of Berrett et al.| (2020)). All simulations in this section are under the null hy-

pothesis, i.e. § = 0. Rejection rates of the e-statistics are again computed with a
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maximal sample size of 2000 and with optional stopping, i.e. rejection if the level 1/«
is exceeded at least once, and with truncation level € = 0.05. For comparison, the
conditional randomization test is applied to a sample of fixed size, for sizes 200, 1000,
and 2000, and additionally with the unconditional absolute correlation |cor(X,Y)| as
test statistic, as in [Berrett et al.| (2020]), for sample sizes 200 and 2000.

First, instead of sampling X with conditional mean pz as defined in , we set

the mean to

wz — & Mgz (cubic misspecification),
pz +Epny (quadratic misspecification),
tanh(py) /€ (hyperbolic tangent),

which are the same misspecifications as in [Berrett et al.| (2020, Section 6.1.1). They
are illustrated in Figure for different values of &, the range of which has been
selected for each misspecification type in such a way that the relative misspecification
compared to the true mean approximately matches the one in the simulations by
Berrett et al.| (2020). When the parameter £ equals zero, understood as limit £ —
0 for the hyperbolic tangent, the model is correctly specified. Panel (a) of Figure
shows that both the CRT and the e-statistics are robust with respect to slight
misspecifications of the conditional mean. The CRT based on the likelihood is much
more robust than the other two tests, due to the fact that re-estimating the logistic
regression model with simulated X is invariant under affine transformations of X and
Z and hence able to correct much of the misspecification. The e-statistic based test
is less robust than this variant of the CRT, since it does not re-estimate the logistic
model with simulated X, but still substantially more robust than the CRT based on
unconditional correlation, which already with n = 200, as compared to n = 2000 for
the e-values, has rejection rates strongly exceeding the nominal level as & increases.

In panel (b) of Figure the rejection rates of the tests are shown when the
distribution of X, is estimated on an independent unlabeled data set, for different
sizes of this data set. The estimation of the conditional distribution is by linear
regression, with the maximum likelihood estimator for the conditional variance. Here
the e-statistics have rejection rates below the nominal level, even for unlabeled sample
size as small as 50. Also the CRT with logistic likelihood as test statistic has rejection
rate close to the nominal level.

Finally, in panel (c) of Figure the rejection rates are depicted for the case when
the same data is used both for estimating the distribution of X and for testing. The
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cubic quadratic tanh
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& — small (0.01/0.05/0.33 and 0.67/0.40/2.00) medium (0.02/0.10/0.67 and 0.67/0.80/4.00) large (0.03/0.15/1.00 and 2.00/1.20/6.00)

Figure D.2: Misspecification in the conditional mean of X given Z for the three different
functions from Section [D.1.2] Upper row of plots: X | Z generated as in [Berrett et al| (2020]
Section 6.1.1). Lower row: X | Z generated as in Section with ¢ = 4. The dashed line
shows the (height adjusted) density of the conditional expectation of X given Z. The values
for £ given in the legend refer to the misspecifications in the same order as the panel colums
(cubic/quadratic/tanh), with the first triple giving £ for X | Z as simulated by [Berrett et al.|
(2020) (upper three figures), and the second triple the values of £ applied when X | Z is
generated as in Section (lower three figures).

estimation is as described in the previous paragraph. For the CRT, the distribution
of X is estimated on the same data to which the test is applied, like in the simulation
study of [Berrett et al.| (2020). For the e-statistics, a slightly different approach is taken,

tailored to sequential settings. We start with a potentially small unlabeled sample,
and each time a new instance is observed, the estimate of the distribution of X is
updated with all the data available so far. Again, all tests except for the correlation

based CRT with sample size 2000 have rejection rate close to the nominal level.
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Figure D.3: (a) Rejection rates of e-values and conditional randomization test (with sample
sizes n = 200, 1000, 2000 and likelihood as test statistic, and n = 200, 2000 and correlation
as test statistic) at the level o = 0.05, under different misspecifications for the conditional
mean of X. (b) Rejection rates when the distribution of X is estimated on a separate sample,
for varying sample sizes. (c¢) Rejection rates when the same data is used both for estimating
the conditional distribution of X and applying the test, as described in the text.

D.2 Proofs of Main Results

D.2.1 Proof of Theorem (6.1

Proof. Let P € Hy arbitrarily. The proof relies on the simple insight that we can
separate the expectation with respect to (Y;,, Z,) from that with X,

Ep[ERN (X, Yn, Zn) | D1

hn(XmYna Zn) —1 —1
=Ep |E Y, Z,, D" D"
" [ " {f;{ ha(w, Yo Z2) dQz, () | " 7" }
g, [l 1 B0 )
fX hn(l', Ym Zn) dQZn (3?)
where in the last step we use that Px |y, z, = Px,|z, = Qz,- O
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D.2.2 Proof of Proposition |6.2

Proof. Define Xy = X,,. The random variables X, ..., Xys are exchangeable, so

n hn X'aYn»Zn .
EE:,J(DTL) = M E J ) ,j=0,..., M,
Zi:o h?L(XiaYTLaZ'IL)/(M“_ 1)

have the same expected value as E,?j (D) = EV,?T{;O(D,L). Since Zij\io Egjz(Dn)
M + 1, this implies Ep[ESY(D,) | D"~1] = 1.

oo

D.2.3 Proof of Theorem (6.3

Proof. Let f = fxv.z(x,y,z) be the density of (X,Y,Z) with respect to a measure

oxpxvonX x) xZ. Then the conditional density fy|x, z equals

fyixzylzz)= T, 7 ffsy; ()10( )

The density of )z must equal the conditional density fx|z, which is given by

Jy fx,s,2)do(s)
fxfy (r,s,2)do(s)du(r)’

50 thata with h(l’,y, Z) = fY|X,Z(y|xv Z)a

f(ry,2) _ s
J o 10Gee) = [ o s autr) = sty 2)

Hence the e-statistic with this choice of h is equal to

Ixiz(x|2) =

pot IyixzYi| X, Z;) Ixyv,z(Xi,Yi, Z;)
izl Z) vz | Z) fxiz2(Xa | Z) f2(Z:)°

fyix,z

(X, Y3, Z;) =

The denominator is the density of an element of H as in . Theorem 1 by |Griinwald
et al.| (2024) states that this e-statistic must therefore be the GRO e-statistic for a
single data point (X;,Y;, Z;) and the same argument can be applied to the product of
these e-statistics. Finally, a slight rewriting shows that the e-statistic corresponds to
the ratio of the joint conditional density of (X,Y’) given Z divided by the product of
its marginals. For all 7, the expected value of log Ef i, Z(Xi7 Y;, Z;) conditional on Z

is therefore equal to the conditional mutual information of X and Y given Z. O
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D.2.4 Proof of Proposition (6.4

Proof. Since the distribution @z is well-specified, we denote gy |z for the density

I gy|x,z dQz. Then the quantity of interest is given by

9Y|X,Z(?/ |z, 2)
E [lo E¢! T, ,z] =E {lo =
s (108 By x5 (7:9:7) re gviz(y | 2)

N . 9y X,z (y | 33,2) o f(x,y,z)
=LY ]2 +Ey [l S 1 1) Rl SO oY S S o Z)fz(Z)]
B ' gyixz(ylz2)  fyixzlyl=,2)

B If(X’Y 12) iy [log gY\Z( \ z) o8 fY|Z(y | z) ]

=1;(X;Y | Z) + B¢ [KL(fyzllg9v|2)] — Ef[KL(fy|x,zll9v|x,2)]-

The desired result follows from the nonnegativity of KL divergence. O

D.2.5 Proof of Theorem (6.6

Proof. Fix N € N and « € (0,1). Conditional on Y;, Z;, i = 1,..., N, the randomness
of the process S, = S,,(X™) = [, E‘,?i, n=1,..., N, solely stems from X1,..., Xy,
and we will write Y;, Z; with lower case letters y;, z; to reflect that all statements are

conditional on their values. So the e-value at time n writes as

E}(LJI _ hn(XvuynvZn | X"_l,y"_l,z”_l)
! fX h”(‘r’yVL?Zn | Xnil,ynilvznil) dQZ'n('T)

The condition h,, > 0 ensures that this e-value is well-defined. For n > N, set h,, = 1,
so that S, = Sy for n > N. If X has distribution QzN, then the process (S, )nen is

a nonnegative martingale with respect to the filtration F,, = (X, ..., X,), because
Xn— 1 ,n—1 _n—1 R
E[Snlxn 1 — / l‘ ynazn| Y ) # )A szn@j):l
IX Ty Yn, Zn |Xn Lyn- 1’Zn71)dQZn(x)

almost surely. Hence by Ville’s inequality, P (3n < N: S, > 1/a) < a. Let
A={z" € X": In < N s.t. Sp(z") > 1/a}.
Then, since QY (4) = PAn < N: S, > 1/a | YN =yN, ZN =2N),

A

PEn<N:S,>1/a| YN, ZN) < Q¥ (A)+drv(QYn.QYn) < at+drv(QYn. QYx).
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O

D.2.6 Proof of Proposition (6.7

Proof. The subgaussianity assumption (i) implies that
P (ju" (X, 2) = E[(X, 2)])| = n) < 2exp(—n*/(2[|ul*0?)) , n >0, u € RP*¢, (D.1)

and that E[||(X,Z)||*] < oo for all k € N. As a consequence of the latter and of
assumption (i)(a), Theorem 1 of Qian and Field (2002) implies that the MLE 6,
exists with asymptotic probability one and satisfies |6, — 0| = O(n~/2log(log(n))'/?)
almost surely.

We now study the properties of the function 6 +— log(pg(y | ,2)) for § € RPHY,
The derivative of log(pe(y | z,z)) with respect to 6; equals

d yxj —xpe(1l |z, 2) ifj <p
%bg(pe(y | z,2)) =
j YZj—p, —2j—ppo(1 | x,2) else.

Consequently, for any 6,6’ € RPT4,

[log(pe(y | ,2)) —log(pe (y | =, 2))| < [I(=, 2) |16 — ¢'][. (D.2)

This implies that

1| & J RN
E‘ > log(py, (Vi | Xi, Zi))— log(pa(Y | XmZi))‘ s > 165y = 01X, Z0) |
=1 =1

Lo 1/2 Lo 1/2
< <HZ||91‘1 —9||2> (nZKXmZi)Q) :
i=1 i=1
Since ||(X;, Z;)||?, i € N, are independent with expectation E[||(X, Z)||?] < oo, the law
of large number implies that Y i, [[(X;, Z:)[|>/n — E[||(X, 2)||?] < oo almost surely,
and Y1, [6;—1 — 0]|2/n — 0 since ||0,, — 0]| — 0 almost surely as n — oc. It remains

to show an analogous convergence result for the denominator in S$7. Define

ro—= fpe(yn | T, Zn) dQZ,,, (1')
" Spe, (Yal®,Z,)dQz, (2)

We want to show that liminf,, .. Y ., log(r;)/n > 0 almost surely. To this end,

247



D.2 Proofs of Main Results

write

i Jpo(Yo |, 2,)dQz, (x

" pr(Yn | 2, Z,)dQz, (x) + f(pénfl(yn | 2, Zy) —po (Yo | 2, Z,)) dQz, ()
S Jpo(Yn | 2, Z,)dQz, (x
“ pe(Ya |2, 2,)dQz, () + [Ips, \(Ya | 2,Zn) —po(Ya | 2, Z,)|dQz, (z)

Since log(1 + z) < z, we have log(1/(1 + z)) = —log(1 + z) > —x, for x > —1. So

Jlpo, YVl @ Zn) = [ po(Ya | @, Z0)| dQz, (2)

log(ry) >

() [ po(Yn | 2, 2,) dQz, (2)

The function 8 — py(y | z, 2z) is Lipschitz continuous, because for k =1,...,p+ g,
d |zklpo(1 | 2, 2)(1 —po(1 | x,2)) < |z ifk=1,...,p

ﬁpe(y | 2, 2)| =
b zbplpo(1 ] 2,2)(1 = po(1 ] 2,2)) < |24y else.

This implies that

N8nms =611 [ Nz, Z0) 4@z, (z)

log(ra) 2 J oY | 2,2,) dQ2z, (x)

To bound this from below, we now show that the denominator [ pg(Y,, | z, Z,) dQz, (z)
is small only with a small probability. Let &, = n=°/2 for § > 0. Define the events

An = {yrr_lgllpe(y | X, Zn) < mn} :
Let logit(p) = log(p/(1 — p)). Then,
min po(y | #,2) < k<= 107 (2,2)] 2 [logit ()],
and therefore, since |logit(p)| > |log(2p)| for p € (0,1/2],
A {107 (X, Zn)| = [og(26n)[} = {107 (X, Zy)| > dlog(n)},

The above derivations yield P(A,) < P(|07(X,, Z,)| > dlog(n)), and (D.1I) implies,
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with B = [|0]],

P(|07(X, Z)| = dlog(n)) < P (|67 (X, Z) — E[(X, Z)])

| > dlog(n)) — [0TE[(X, Z)]))
< 2exp(—8%log(n)?/(8 32 ),

for n large enough such that dlog(n)/2 > |#TE[(X, Z)]|. In a next step, we use this
to bound miny—¢1 [ pe(y | z, Z,) dQz, (z). First, note that for y € {0, 1},

/pG(y | Z‘,Zn) dQZn(x) - /pa(y ‘ x,Zn)l{pa(y ‘ x7Zn) Z 1- "fn}dQZn(x)
+/m@MZMMMM%%%d—Mh@%@

S QZn(pQ(y | Xn7Zn) Z 1- Hn) +1- Rn.

It follows that for n > 0, if [pe(y | z,Z,)dQz,(z) > 1 —n~", then Qz, (po(y |
Xn,Zn) =2 1= Kp) > kn —n~ 7. Recall that &, = n‘6/2 with § > 0 unspecified so
far. For n large enough such that n="/2 < 1/4, choosing 6 = n/2 implies k,, — n~" =
n="2(1/2 —n~"2) > n=1/2 /4. Consequently, for large n, by Markov’s inequality,

P(/m@|az»ahme1—nw)

< P (Qz,(oly | X, Zn) = 1= 1) 2 07"/ /4)
S 4nn/2E[QZn (pG(y ‘ Xn7 Zn) Z 1-— Kn)}
=4n"2P(po(y | Xn, Zn) > 1 — ky). (D.3)

But it has already been shown that
P(po(y | Xn, Zn) > 1=kn) = P(po(1=y | Xn, Zn) < £n) < 2exp(—6°log(n)?/(8B%0?))
for large n, which in gives an upper bound of

8exp (— log(n) (1 log(n)/(32B0%) — n/2)).

Since n?log(n)/(32B%0?%) — /2 — 0o as n — oo, it holds that n?log(n)/(32B%0?) —

1/2 > 1 for n large enough, and we can conclude

Z (m}]n /pg(y |2, Z,)dQz, (2) < n—“> < .
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Thus the Borel-Cantelli Lemma implies that min,—o1 [ pe(y | 2, Z,) dQz, (z) < n™"
holds for only finitely many n with probability one. Now

RS 1= 051 = 01 [ Iz, Z:) || dQz, («)

M s
Z = > ibia 6 / (2, Z;)|| dQz, (x)
=1

M 1, s
= N0, — OE[(Xs, Z0) | Z
- n;Z 161 — ONE[|(Xs, Z:)| | Zi]
" Lo vz 1/2
Z - (n Zi2"||9i—1 - 9|2> (n ZE[”(XiaZi)” | Zi]2> ;
=1 =1

(D.4)

& U8 — 61 1l 21 4Qu, ()
M= Zl{/’””’d%”g } T po(Y; | 7. Z2) dQ7, ()

is the sum of log(r;) over all almost surely finitely many i s.t. [ po(Y; | z, Z;) dQz, (x) <
1~". Since (X, Z;), i € N, are independent and identically distributed with

E[E[|(X, 2)]|12]%] < E[|(X, Z)|*] < o0

the law of large numbers implies
1O 1O
5ZE[II(XiaZi)H | Z;]? < EZIE[II(XZ-,ZZ-)HQ | Zi] = E[Il(X, 2)|%] < 00
i=1 1=1

almost surely as n — co. On the other hand, n27||6,_1 — 0||2 = O(n27~1log(log(n)))
almost surely, so that for < 1/2, we have n27||6,_, — ]2 — 0 almost surely as
n — oo. Finally, since M only takes finite values, also M/n — 0 for n — co. Hence
(D.4)) converges to 0 almost surely. It follows that

Yi | Xi, Z;)
liminf — | lo SCI —lo Po 2 >0
n—>oon<g g(pr9Y|l‘Z)sz() -
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almost surely. Since

Y| X4, Z;
Zlo (fpeng' |x|Z)dQ)Z( )) = I(X;Y | Z) >0, n— o,

almost surely, by the law of large numbers, this proves the theorem. O

D.3 Anytime-Valid E-Statistics

In this section, we discuss an alternative way to define anytime-valid tests using e-
statistics and show that, in the setting of Chapter [6 this method coincides with the
method discussed in Section [6.2.2] In Section [6.2.2] we mentioned that a sequence
of conditional e-statistics gives rise to a test martingale (S, (D™))nen, which satisfies
Ep[S,(D7)] < 1 for any stopping time 7 and P € Hy. Rather than taking the latter as
a consequence, [Koolen and Griinwald| (2022) take this as the definition of what they
call anytime-valid e-statistics. That is, they call a nonnegative process (E, (D"))nen
an anytime-valid e-statistic if Ep[F,(D7)] < 1 for any stopping time 7 and P € H,.
The same object is referred to as e-process in Ramdas et al.| (2022]), and it can be shown
that the class of anytime-valid e-statistics (or e-processes) is strictly larger than the
class of test martingales. A priori it is not obvious whether the GRO criterion, which
maximizes the expected growth rate without referring to any particular stopping time,
also yields powerful e-statistics when specific stopping rules 7 are applied. Therefore,
Koolen and Griinwald| (2022)) propose, for fixed alternative distribution #; = {P*}

and stopping time 7, to look for the anytime-valid e-statistic that maximizes
(En)nen — Ep«[log E,(D7)]. (D.5)

It turns out that there are settings in which the optimal anytime-valid e-statistic is
actually equal to the GRO test martingale. One of the settings in which this happens
is given in their Theorem 12. We present a slightly rephrased version of this theorem

here.

Theorem D.1 (Koolen and Grinwald| (2022)). Assume that the data is given by an
i.i.d. stream (D;);en and that the alternative is given by H1 = {P*}, where P* admits
a density p*. Suppose further that the GRO e-statistic is given by the likelihood ratio
p*/q, where q is the density of an element of Ho. Then the process (p*(D;)/q(Ds));cn
also maximizes for any stopping time 7.
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In the proof of our Theorem (see Section [D.2.3), we show that the GRO e-
variable is exactly of the form described in Theorem [D.I] It therefore follows that
the test martingale that we give in is actually also the optimal anytime-valid
e-statistic. We therefore chose to focus on the GRO property in Chapter [6]
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E.1 Proofs

E.1.1 Proof of Proposition |7.4

Proposition[74 For X"~! € X" ! and X,, € X, define F,(v,_1(X"" 1), X,,) =
Yo (V-1 (X" 1), X,,)), where, with a slight abuse of notation, we use (7,1 (X" 1), X,,)
to refer to the concatenation of ~, 1(X™™!) and X,,. We will show that F}, has the
claimed properties. First, we will show that the vectors (v, (X" '), X,) and X"
are in the same orbit, so that also v, ((7n—1(X""1), X,,)) = v.(X™). To this end, let
g € G,_1 denote the group element such that ¢’ X"~ =, _;(X"~!). Then it holds
that

{9(m-1(X"1), X) 1 g € Gn} ={g(¢’ X", Xp) : g € Gy}
={gm(9) X" : g€ G,}
={gX": g€ Gy},

where we used of Definition for the second equality and called X™ the con-
catenation of X”™! and X,,. This shows the first claim. For the second claim,
that F,( - ,X,) is one-to-one for each fixed X,,, we show that we can reconstruct
Yn—1(X"71) from X,, and 7, (X™).

Pick any gx, € Gy such that (gx, 7 (X™))n = X,. We furthermore know that
there exists some g € Gy, such that gX™ = ~,(X"™). Note that gx, g does nothing to
the final coordinate of X, so by item of Definition thereis a ¢;_; € Gp—1
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such that gx, gX™ =1(g}_1)X"™. Then we see

{6(gn-1)gxn 7 (X") : gn-1 € Gr-1} = {1(gn-1)9x»gX" : gn-1 € Gp-1}
= {(gn-1)1(g5-1) X" : gn—1 € Gn_1}
= {1(gn-1)X" : gn—1 € Gp_1}.

It follows from item [(ii)| of Definition[7.2that Gp,—1proj, _; (gx, Vn(X™)) = Gp_1 X",
It therefore follows that 7, _1(proj,,_;(g9x, ¥ (X™))) = yn_1(X"1). O

E.1.2 Proof of Theorem |7.8

Theorem [Z.8. The proof can be divided in two main steps: (1) to show that, condition-
ally on v, (X™), Ry, is uniformly distributed for each n and (2) to show that Ry, Rs, ...
are also independent. The second step is completely analogous to the proof of Theorem
3 by [Vovk| (2002)). For each n, define the o-algebra G, = (v (X™), Xnt1, Xnt2,---)-
Notice that G,, contains—among others—all G ,-invariant functions of X™ because v,
is a maximally invariant function of X"—any other G,-invariant function of X™ is
a function of ~,(X™). Let ¢’ € G, such that v,(X™) = ¢’X", then we have that
{9 € Gt A((9X™)ns 1 (X™))n < an} = {g € G+ A((g70 (X" )y Y0 (X)) < an}g'
Here, we define Bg = {bg : b € B} for a subset B C G,,. By the invariance of p,—it

is the Haar probability measure—, it follows that

tn({9 € Gr + A((9X™ ), 10 (X™))n < an})
= ptn({g € G+ A((g7 (X)), 1 (X)) 0 < an}).

An analogous identity can be derived for the second term in . We have a,, | G, Z
AU (X)) Y (X)) | G-

We will denote F(b) := pu({g € Gpn : A((g7n(X™)n, ¥u(X™))n < b}) and define
G(6) =sup{b e R: F(b) < 6}. If oy | Gy, is continuous, then F is the CDF of that
distribution, otherwise it is the CDF minus the probability of equality. In any case,
F is is increasing and right-continuous. For any ¢ € (0, 1), we have that F(G(J)) = ¢’

for some ¢’ < §, with equality if F' is continuous in G(6). Then we can write
P(R, <6|Gn)=P(R, <8 |Gn)+P(8 <R, <3]|Gn). (E.1)

For any 6 € (0, 1], we have that R,, = F(a,) + 0(F (o) — F(a,)) < ¢ if and only if
either F'(a,) < ¢’ or F(a;t) — F(aw,) = 0, which happens precisely when «a,, < G(0).
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We therefore see
P(R, <0 | Gn) =P(an, <G(8) | Gn) = F(G(5)) =4".

If F is continuous in G(d), then this shows that P(R, < ¢ | G,) = ¢, since ¢’ = ¢ in

that case. If F' is not continuous in G(d), then we have that
P(0' < R, <8|Gn) =P8 < Flay,) +0(F(a)t) — Flan)) <6 Gn).

Notice that &' < F(ay) + 0(F(ot) — F(a)) < 4§ if and only if a,, = G(d) and
0 <(6—08)/(F(a}) — F(awn)), so that we can write

@) ~ FIG0)) |
6— 46
F(CE)) — FG@)

B(§' < Rn <3| Gn) = Plan = G(8) | Ga)P (es S e gn)

= (F(G(d")T) = F(G(2")))
=54

Putting everything together, we see that P(R, < 0 | G,) = ¢. This shows the first
part, that R, has a conditional uniform distribution on [0, 1].

For the second part of the proof, we show that the sequence Ry, Rs,... is also an
independent sequence. We have that R,, is G,,_i-measurable because it is invariant
under transformations of the form X" — (¢X"7 1, X,,) for g € G,,_1 (see also [Vovk,
2004, Lemma 2). We proceed (implicitly) by induction:

P(R, <6n,...,R1 <61 Gn) =E[1{R,, <0p,...,R1 <61} | Gy
=E[E[1{R, <0pn,...,R1 <01} | Gn-1] | Gn]
=E[1{R, <0} E[1{pn-1 <0p-1,...,R1 <01} | Gn-1] | Gul
=E[1{R, <0} 6n_1- 01
— 6,0y,

It follows by the law of total expectation that
P(R, < 0n,...,R1 <81) =0y 01,

which shows that Ry, Ra,..., R, are independent and uniformly distributed on [0, 1]
for any n € N. This implies that the distribution of Rj, Ro,... coincides with U
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by Kolmogorov’s extension theorem (see e.g. Shiryaev, 2016, Theorem I1.3.3). This

shows the claim of the theorem. O

E.1.3 Proof of Proposition [7.9

The proof of Proposition [.9] follows directly from Lemma [EI] It states that, with
probability one, enough of the original data can be recovered using the smoothed ranks
and the orbit representative. We state Lemma prove Proposition and then
prove Lemma

Lemma E.1. Suppose, for each n € N, that A( - ,v,(X™)) is a one-to-one function
of Xn, then there exists a map D, : [0,1]" x X™ — [0,1]" x X™ s.t. for any Q € Hy,
Q(Dpn(R™, 4 (X™)) = (6™, X™)) = 1. Here, " = (0,)nen is the sequence given by
5?1 = 0n1{pn({g € Gn : A((9X" )0, Y (X™))n = an}) # 0}

Proposition[7.9. Consider, without loss of generality, the case that A(X",v,(X™)) =
X,. Because of the independence of R, and 7, under P and the assumption that the
dP(R" yn (X))
dQ* (R, yn(X™))

Using the sequence of functions (D,,)pen from Lemma and that the external

randomization is independent of X", the claim follows. O

marginal distribution of v, under @* and under P are equal, M,, =

Lemma[EJl As in the proof of Theorem [7.8] we will denote F(b) = u,({g € G, :
A((9X™)n, ¥ (X™))n < b}) and define G(0) = sup{b € R : F(b) < 6}. Furthermore,
we will write Py, |, (xn») for the distribution of c, given 7, (X™) and denote its support

by

[vn

supp(Pa, |y, (xn)) = {z € R | for all I open, if z € I then P, |, (x»)(I) > 0},

If b € int(supp(Pq,, |y, (xn))), then there exists an open interval B with b € B and
B C supp(Pq, |y, (xn))). For all ¢ € B with ¢ > b, we have that F(c) — F(b) =
Pe., |y, (xm)([b,¢)) > 0, since [b, c) contains an open neighborhood of an interior point
of the support. It follows that F(c) > F(b). In words, there are no points ¢ to the
right of b such that F(c) > F(b). Consequently, we have

G(F(b)) =sup{a € R: F(a) < F(b)} =b.

In a similar fashion, we can conclude that the same identity holds whenever b €
supp(Pq,, |, (x»))\int(supp(Py,, |, (x=))). Notice furthermore that G(R,,) = G(F () +
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0, (F(a;f) — F(ay))) = G(F(ay,)) whenever 6, < 1, which happens with probabil-
ity one. Together with the fact that Py |, (xn)(supp(Pq, |y, (xn))) = 1, this gives
Po,jy(x)(G(Ry) = ap) = 1, so also P(G(R,) = an) = 1. If (F(G(R,)T) —
F(G(Rn))) = pn({g € G : (90™)n = an}) =0, set 0, = 0. If p1,({g € G : (90™)n
ap}) > 0, then it follows that P(0,, = (R, — F(G(R,)))/(F(G(R,)")— F(G(R,)))) =
1, so set 6, = (R, — F(G(Ry)))/(F(G(Rn)") — F(G(R,))). Since A(-,v,(X™)) is

one-to-one by assumption, its inverse maps a,, to X,. By Proposition @, there also

exists a map from X,, and 7, (X") to v,_1(X""1). At this point, we can repeat the
procedure above to recover X,,_1 from (R, _1,7,_1(X" 1)), from which we can then
recover v, _2(X""2), etc. Together, all of the maps involved give the function as in

the statement of the proposition. O

E.1.4 Proof of Theorem |7.10

Theorem [Z10. We first show (7.6). Assume that P is such that R™ L ~,(X") for all
n. Let @* denote the distribution under which the marginal of ~,,(X™) coincides with
that under P, and such that X™ | 4, (X™) 2 Uyn(X™) | v (X™), where U ~ p, is
uniform on G,, and independent from ~,,(X™). First note that

=1 dQ*
-G (U {Hﬁ(&) # o >}>
>1-> ({Hfi(R» # (fé( t)}) =1

In the last inequality, we used Lemma By assumption, we have P« @*, SO we
also have P (H;l fi(R;) = dQ* (XT)> = 1. We have shown that M, is a modification
of the likelihood ratio evaluated at X7. We now show that the latter is optimal.

dQ* D (X™) and let f(a) = Ex [In((1 - a)f; + aE7)]; a concave func-
tion. We will show that the derivative of f in 0 is negative, which implies that f

Denote ¢,, =
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attains its maximum in a = 0. This in turn implies our claim. Indeed,

where we use that differentiation and integration can be interchanged, because

gmax I (>
l—a «

so that the dominated convergence theorem is applicable. Finally, this gives that

Ex[ln [, f(R)] = Ex[InEl] > Ex[InE7]. The proof of (7.5) follows from the

same argument, but using ¢, = ddg* (R™). O

E. 0,

@ =| o

E.2 Linear Models and Isotropy Groups

The rotational symmetry described in Section is that of symmetry around the
origin, which we argued is equivalent to testing whether X; ~ A (0, o) for some o € R™T.
Of course, there are many applications where it is not reasonable to assume that the
data is zero-mean and it is more interesting to test whether the data is spherically
symmetric around some point other than the origin. One particular instance of such
noncentered sphericity is to test whether, for each n, the data can be written as
X" = ul, + €", where u € R, the error €” is spherically symmetric and 1,, is the n-
vector of all ones. If p is known, we can test for spherical symmetry of X™ —p1,, under
O(n) and the problem reduces to that of the previous section. It is still possible treat
the more realistic case where p is unknown because the null model is still symmetric
under a family of rotations. Notice the following: for any O, € O(n) it holds that
O, X™ = uO,1, + Ope™. Unless u = 0, it follows that X" £ 0, X™ every time
that O,1, = 1,. That is, the null distribution of X" is invariant under the isotropy
group of 1,, ie. G, = {0, € O(n) : 0,1, = 1,,}. Invariance under the action of
G, has previously appeared in the literature as centered spherical symmetry (Smith,

1981)). Through the lens of test martingales, testing sequentially for centered spherical
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symmetry is equivalent to testing whether the data was generated by any Gaussian.
This holds because any probability distribution on R* for which the marginal of the
first n coordinates is centered spherically symmetric for any n can be written as a
mixture of Gaussians (Smith| [1981} |[Eaton), 1989, Theorem 8.13).

Using some geometry, a test is readily obtained. Note that we can write X" =
Xi + X7, , where X7 = %ln is the projection of X™ onto the span of 1,,
and X7, the projection onto its orthogonal complement. We have that gX" =
X1, +9X",, forany g € G,. Consequently, the orbit of X™ under G,, is given by the
intersection of S"~1(||X™||) and the hyperplane H,,(X™) defined by H,(X") = {2/ €
R™: (2™, 1,) = (X™,1,,)}. There is a unique line that is perpendicular to H,(X™)
and passes through the origin 0, = (0,...,0); it intersects H,(X™) in the point
O, == WIH. For any '™ € S"~1(||X™||) N H,(X™), Pythagoras’ theorem gives
that ||z —0g, ||* = | X™||*~ |0, —0,]|?. In other words, S™~1(||X™|)NH,,(X™) forms
an (n — 2)-dimensional sphere of radius (|| X"||?> — ||0z, —0,]*)*/? around 0y, . If one
considers the projection of this sphere on the n-th coordinate, then the highest possible
value is given by || X ™|, and the lowest value therefore by w — (| x"- @)
The relative value of X,, is therefore given by X,, := X, — Q(nil")Jr%(HX"H - Q(nil"))
As a result, R, is the relative surface area of the (n — 2)-dimensional hyper-spherical
cap with co-latitude angle ¢ = 7 — cos (X, /(| X™||2 = |05, — 0,]2)!/2), so that
equation can again be used to determine R,,. With this construction, we recover
what [Vovk| (2023)) refers to as the “full Gaussian model”, which is an online compression
model that is defined in terms of the summary statistic o, = ((X™, 1,,), | X™]|)-

This model can be extended to the case in which there are covariates, i.e. X, =
(Y, Z%) for some Y, € R and Z¢ € R?. Denote Z,, for the matrix with row-vectors
Z% and, as is a standard assumption in regression, assume that Z,, is full rank for
every n. The model of interest is Y™ = Z,,3 + €" where 3 € R? and €" is spherically
symmetric for each n. Similar to the reasoning above, this model is invariant under
the intersection of the isotropy groups of the column vectors of Z,,, i.e. G, = {O, €
O(n) : OnZ, = Z,}. The orbit of X™ under G,, is given by the intersection of
S™=1(]|X™||) with the intersection of the d hyperplanes defined by the columns of Z,,,
so that for (Y™, Z,)) = Y™, computing R, is analogous. Interestingly, however, it
does not always hold that testing for invariance under G,, is equivalent to testing for
normality with mean Z,,3%. A sufficient condition for the equivalence to hold is that
lim,, 00 (Z!,Z,)~! = 0, which is essentially the condition that the parameter vector 3

can be consistently estimated by means of least squares (Eaton, 1989, Section 9.3).
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F Appendix to Chapter

F.1 Invariance and Sufficiency

The relationship between invariance and sufficiency has been thoroughly investigated
(Hall et al., 1965, 1995; [Berk, (1972; [Nogales and Oyolal |1996). Consider a G-invariant
hypothesis testing problem such that a sufficient statistic is available. If the action of
G on the original data space induces a free action on the sufficient statistic—that is, if
the sufficient statistic is equivariant—, there must be a maximally invariant function
of the sufficient statistic. With this structure in mind, the results presented thus
far suggest two approaches for solving the hypothesis testing problem. The first is
to reduce the data using the sufficient statistic, and to test the problem using the
maximally invariant function of the sufficient statistic. The second approach is to use
the maximally invariant function of the original data. These two approaches yield two
potentially different growth-optimal e-statistics, and one question arises naturally: are
both approaches equivalent? In this section we show that this is indeed the case, under
certain conditions.

We now introduce the setup formally. At the end of this section we revisit our
guiding example, the t-test, and show how the results of this section apply to it. Let
© be the parameter space, and let § = §(f) be a maximally invariant function of
for the action of G on ©. Let s, : X" — S, be a sufficient statistic for § € ©.
Consider again the hypothesis testing problem in the form presented in . Assume
further that G acts freely and continuously on the image space S,, of the sufficient
statistic S,, = $,(X™). Denote by (g,s) — gs the action of G on S,,. We assume
that s,, is equivariant, that is, s, is compatible with the action of G in the sense
that, for any X™ € X™ and any g € G, the identity ¢gs,(X™) = s,(¢gX™) holds. Let
My, = mx o(X™) and Mg, = ms (Sy) be two maximally invariant functions for the

actions of G on X™ and S,,, respectively. Because of their invariance, the distributions
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of My , and Ms , depend only on the maximally invariant parameter §. Hall et al.
(1965, Section II.3) proved that, under regularity conditions, if Sy, = sxn(X™)
is sufficient for # € ©, then the statistic Ms,, = ms,(s,(X™)) is sufficient for §.
In that case, we call Mg, invariantly sufficient. Here we state the version of their
result, attributed by [Hall et al.| (1965]) to C. Stein, that suits best our purposes (see

Remark [F.1)).

Theorem F.1 (C. Stein). If there exists a right Haar measure on the group G and
G is o-finite, the statistic Mg p, = ms n(sn(X™)) is invariantly sufficient, that is, it is

sufficient for the maximally invariant parameter 6.

With this theorem at hand, and the fact that the KL divergence does not decrease

by the application of sufficient transformations, we obtain the following proposition.

Proposition F.2. Let s, : X" — S, be sufficient statistic for 0 € ©. Assume that G
acts freely on S, and that s,(gX"™) = gsn(z™) for all X™ € X" and g € G. Let ms
be a mazimal invariant for the action of G on Sy, and let Ms.,, = msn(sn(X™)).
Then,

KL (Py0r Py ) = KL (Pysr, Pyl ).

Proof. The function Mg, = ms (s, (X™)) is invariant, and consequently its distribu-
tion only depends on the maximally invariant parameter §. Since My ,, is maximally
invariant for the action of G on X™, there is a function f such that Ms,, = f(Mx ).
By Stein’s theorem, Theorem Ms ., is sufficient for §. Consequently, f is a suffi-
cient transformation. Hence, from the invariance of the KL divergence under sufficient

transformations, the result follows. O

Via the factorization theorem of Fisher and Neyman, the likelihood ratio for the
maximal invariant My , coincides with that of the invariantly sufficient Ms,. As a
consequence, we obtain the answer to the motivating question of this section: per-
forming an invariance reduction on the original data and on the sufficient statistic are

equivalent.

Corollary F.3. Under the assumptions of Proposition if S = s, (X™),

¢ (ma(X™) _ gMor (msn(Sn))

pMrn(my (X)) pMen(msn(Sn))

Hence, if assumptions of Corollary[8.3 also hold, the likelihood ratio for the invariantly
sufficient statistic Ms p, is (relatively) GROW.
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Example F.1 (continues=ex:t-test). We have seen that a maximally invariant func-
tion of the data is My ,, = my (X") = (X1/|X1],..., X,/ |X1|) while the t-statistic
Ms ., = mgn(X™)  fin/6, is a maximally invariant function of the sufficient statistic
$n(X™) = (fin, 64). Stein’s theorem (Theorem shows that the t-statistic Mg, is
sufficient for the maximally invariant parameter 6 = p/o. Corollary shows that
the likelihood ratio for the t-statistic is relatively GROW.

Remark. In the present form, the assumptions in Theorem avoid issues that
may arise with almost-invariant functions (see Lehmann and Romano| 2005, Section
6.5). Almost-invariant functions are functions that are invariant under the action of
a group almost surely up to a null set that may depend on the group element in
question. Under the assumptions in Theorem every almost invariant function is
equivalent to an invariant one (Lehmann and Romanol 2005, Theorem 6.5.1). In turn,
the assumptions in Theorem [F.1] are implied by Assumption [8:I} so that the same is
true in the general setting of Chapter See also [Hall et al.| (1965, discussion in p.
581).

F.2 Detailed Comparison to Sun and Berger (2007)
and Liang and Barron (2004)

As the example in Section [8.5.1] illustrates, it is sometimes possible to represent the
same Ho and H; via (at least) two different groups, say G, and G,. Group G,
is combined with parameter of interest in some space A, and priors 1'[;75“ on A,
achieving relative to group G, for j = 0,1; group G} has parameter of in-
terest in A, and priors H;f‘s” achieving relative to group Gjp; yet the tuples
To = (G, Aq, {H;’S“ }i=o0,1) and Tp = (Gb, A, {H;‘s” }j=0,1) define the same hypothe-
ses Ho and H;. That is, the set of distributions {P}},ec, obtained by applying
Proposition with group G, (representing Ho defined relative to group G,) coin-
cides with the set of distributions {P;} geq, obtained by applying Proposition with
group G, (representing Ho defined relative to group Gy); and analogously for the set
of distributions {P}},ec, and the set of distributions {P}},cc,. In the example, G,
was GL(d) and the priors HS‘;“,HI&I were degenerate priors on 0 and v as in ,
respectively; Gy was the lower triangular group with a specific prior as indicated in
the example. In such a case with multiple representations of the same Hg and H;,
using the fact that the notion of "GROW" does not refer to the underlying group,
Corollary can be used to identify the GROW e-statistic as soon as the assump-
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tions of Proposition hold for at least one of the tuples 7, or 7,. Namely, if the
assumptions hold for just one of the two tuples, we use Corollary [8-8 with that tuple;
then T™ as defined in the corollary must be GROW, irrespective of whether T based
on the other tuple is the same (as it was in the example above) or different. If the
assumptions hold for both groups, then, using the fact that the GROW e-statistic is
essentially unique (see Theorem 1 of |(GHK]| for definition and proof), it follows that
T*(X™) as defined in Corollary must coincide for both tuples.

Superficially, this may seem to contradict|Sun and Berger| (2007)) who point out that
in some settings, the right Haar prior is not uniquely defined, and different choices for
right Haar prior give different posteriors. To resolve the paradox, note that, whereas
we always formulate two models H( and H1, Sun and Berger| (2007) start with a single
probabilistic model, say P, that can be written as in for some group G. Their
example shows that the same P can sometimes arise from two different groups, and
then it is not clear what group, and hence what Haar prior to pick, and their quantity
of interest, the Bayesian posterior, can depend on the choice.

In contrast, our quantity of interest, the GROW e-statistic T, is uniquely defined
as soon as there exists one group G with Hg and H; as in for which the as-
sumptions of Theorem [8.2] hold; or more generally, as soon as there exists one tuple
T = (G, A, {H;f‘s}j:o}l) for which the assumptions of Proposition hold, even if
there exist other such tuples.

To reconcile uniqueness of the GROW e-statistic 7,7 with nonuniqueness of the
Bayes posterior, note that the former is a ratio between Bayes marginals for different
models Hy and H; at the same sample size n. In contrast, the Bayes predictive
distribution based on a single model P is a ratio between Bayes marginals for the
same P at different sample sizes n and n — 1. The role of ‘same’ and ‘different’
being interchanged, it turns out that this Bayes predictive distribution can depend on
the group on which the right Haar prior for P is based. Since the Bayes predictive
distribution can be rewritten as a marginal over the Bayes posterior for P, it is then
not surprising that this Bayes posterior may also change if the underlying group is
changed.

The consideration of two families Hy and H; vs. a single P is also one of the main
differences between our setting and the one of [Liang and Barron| (2004), who provide
exact min-max procedures for predictive density estimation for general location and
scale families under Kullback-Leibler loss. Their results apply to any invariant proba-
bilistic model P as in where the invariance is with respect to location or scale (and

more generally, with respect to some other groups including the subset of the affine
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group that we consider in Section|8.4.2)). Consider then such a P and let p*» (m,,(X™))
be as in . As is well-known, provided that n’ is larger than some minimum value,
for all n > 1/, 1(Xprg1, - X | X1,. oo, X)) i= pMr (m (X)) /pM (M (X™)) de-
fines a conditional probability density for X, 1,..., X,; this is a consequence of the
formal-Bayes posterior corresponding to the right Haar prior becoming proper after n’
observations, a.s. under all P € P. For example, in the t-test setting, n’ = 1. |Liang
and Barron! (2004) show that the distribution corresponding to 7 minimizes the P™-
expected KL divergence to the conditional distribution P™ | X "/, in the worst case
over all P € P. Even though their optimal density r is defined in terms of the same
quantities as our optimal statistic T, it is, just as Berger and Sun| (2008]), considered
above, a ratio between likelihoods for the same model at different sample sizes, rather
than, as in our setting, between likelihoods for different models, both composite, at
the same sample sizes. Our setting requires a joint KL minimization over two families,
and therefore our proof techniques turn out quite different from their information- and

decision-theoretic ones.

F.3 Anytime-Valid Testing Under Optional Stopping

and Optional Continuation

Consider the setting of Section Let X = (X,)nen be a random process, where
each X, is an observation that takes values on a space X. Let (M,,)nen be a sequence
where, for each n, M,, = m,(X") is a maximally invariant function for the action of
G on X".

Suppose that data X7, Xs,... are gathered one by one. Here, a sequential test is
a sequence of zero-one-valued statistics & = (£,,)nen adapted to the natural filtration
generated by Xip, Xo,.... We consider the test defined by &, = 1 {TM" > 1/a} for
some value a. We note that Wald-style—Sequential Probability Ratio Tests—tests
are different because they would output "no decision" until a particular sample size n.
Afterwards, they would output 1 ("reject the null") or 0 ("there is no evidence to reject
the null") forever. In contrast, in the present setting §,, = 1 means "if you stop now, for
whatever reason, it is safe to reject the null". Below we prove the anytime validity of &.
Additionally, we show that, for certain stopping times 7 < oo, the optionally stopped
e-statistic 7™~ remains an e-statistic. This fact validates the use of the stopped T™M~
for optional continuation because we can multiply the e-statistics 7™~ across studies

while retaining type-I error control. This result is not new and we add it merely for
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completeness; it follows by standard arguments as Ramdas et al.[ (2023) or GHKL

Proposition F.4. Let T* = (T'™»),.cn, where, for each n, T™~ is the likelihood ratio
for the mazimally invariant function M, = m,(X™) for the action of G on X™. Let
&€ = (&n)nen be the sequential test given by &, =1 {TM" > 1/a}. Then, the following

two properties hold:

1. The sequential test & is anytime valid at level «, that is,

for any random time N, sup Py, {&ny =1} < .
00€O0

2. Suppose that T < 00 is a stopping time with respect to the filtration induced by
M = (M,)nen- Then the optionally stopped e-statistic T™7 is also an e-statistic,
that is,

sup Ej [TM7] < 1. (F.1)
ESSH

It is natural to ask whether also holds for stopping times that are adapted
to the full data (X™),en but not to the reduced (M, )nen. In our t-test example, this
could be a stopping time 7* such as “7* := 1 if |X;1| & [a,b]; 7* = 2 otherwise” for
some 0 < a < b. The answer is negative: after proving Proposition we show that,
for appropriate choice of a and b, this 7" is a counterexample. This means that such
nonadapted 7* cannot be safely used under optional continuation. However, using
such a stopping time has no repercussions for optional stopping, since the time N in
part 1 of the proposition above is not even required to be a stopping time—AN is not
restricted by the filtration induced by M and it is even allowed to depend on future

observations.

Proof of Proposition[F.] From Proposition we know that T* = (TMn),cy is a
nonnegative martingale with expected value equal to one. Let & = (&,), be the
sequential test given by &, = 1 {TM” >1/ a}. The anytime-validity at level a of &,
is a consequence of Ville’s inequality, and the fact that the distribution of each T~

does not depend on g. Indeed, these two, together, imply that

sup P, {TM» > 1/a for some n € N} < a.
geG
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This implies the first statement. Now, let 7 < co be a stopping time with respect to
the filtration induced by M. If the stopping time 7 is almost surely bounded, TM~
is an e-statistic by virtue of the optional stopping theorem. However, since T* is a
nonnegative martingale, Doob’s martingale convergence theorem implies the existence
of an almost sure limit 7% . Even when 7 might be infinite with positive probability,
Theorem 4.8.4 of Durrett| (2019) implies that T~ is still an e-statistic. O

F.3.1 Importance of the Filtration for Randomly Stopped E-
Statistics

Consider the t-test as in Example Fix some 0 < a < b, and define the stopping
time 7% := 1 if | X| € [a,b]. 7" = 2 otherwise. Then 7* is not adapted to (hence not
a stopping time relative to) (M,,), as defined in that example, since M; € {—1,1}
coarsens out all information in X; except its sign. Now let dg := 0 (so that Hy
represents the normal distributions with mean p = 0 and arbitrary variance). Let
T (X™) be equal to the GROW e-statistic 7~ (X™) as in (8.6); here we make
explicit its dependence on d;. For Hj, to simplify computations, we put a prior 1:[‘{
on A; := R. We take IT{ to be a normal distribution with mean 0 and variance .
We can now apply Corollary (with prior l:Ig putting mass 1 on § = §y = 0), which

gives that T), = to(X™) is an e-statistic, where

1= e (L)

coincides with a standard type of Bayes factor used in Bayesian statistics. By exchang-
ing the integrals in the numerator, this expression can be calculated analytically. The
Bayes factor T for &' = ; is found to be equal to 1 for all #; # 0, and the Bayes

factor for (z1,x2) is given by:

T — 21%2-5-1'(.%‘%-"-.%‘2)
27 K2 (wy — 22)2 + (2] +23)

Now we consider the function

f(@) :=Ex, n(01)[t2(z, X2)].

f(z) is continuous and even. We want to show that, with 7* as above, Ty« is not

an E-variable for some specific choices of a,b and x. Since, for any o > 0, the null
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contains the distribution under which the X; are i.i.d. N(0,0), the data may, under

the null, in particular be sampled from N (0, 1). It thus suffices to show that

Ex, xoon00) L] = Px,onon X1 € [a, 6]} + Ex, ono,1)[1x1 |€fa,p f(X1)] > 1.

From numerical integration we find that f(xz) > 1 on [a,b] and [—b, —a] if we take
k =200, a = 0.44 and b = 1.70. The above expectation is then approximately equal
to 1.19, which shows that, even though T, is an e-statistic at each n by Corollary

(it is even a GROW one), T« is not an e-statistic (its expectation is 0.19 too large),

providing the claimed counterexample.

F.4 Further Derivations, Computations and Proofs

In this appendix, we prove the technical lemmas whose proof was omitted from the
main text. In Section [F.4.1] we prove the lemmas used in the proof of Theorem [8:2]
In Section [F-4:2] we show the computations omitted from Section

F.4.1 Proof of Technical Lemmas [8.11} [8.12, and |8.13| for The-

orem (8.2

Proof of Lemma[8.11 Let {e;}; be a sequence of positive numbers decreasing to zero.
Let {K;}ien and {L;};en be two arbitrary sequences of compact symmetric subsets
that increase to cover G. Fix i € N. The set K;L; is compact and by our assumption
there exists a sequence {J;};en and such that p{J;}/p{J1K;L;} — 1 as Il — oco. Pick
I(i) to be such that p{Jy;)}/p{Ji(s)KiLi} > 1—¢;. The claim follows from a relabeling

of the sequences. O

Proof of Lemma[8.13 Let h € N. Then we can write

/ 1{g € NL} g,(hlm)dp(g) = / 1{g € NL} qu(g~"hlm)dp(g)

- / 1{ge (VL)"') a(ghlm)dA(g) = A(h™) / 1{ge (NL)"'h} qu(glm)dA(g)

=Ah"HQ{H € (NL)'h | M =m}
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The same computation can be carried out for p. Consequently
[1{g € NL} ay(blm)dpls) | Qu{H € (NL)"'h | M = m}
[1{g € NL} p,(hlm)dplg) " Pi{H € (NL)1h | M = m}

< —InPy{H € (NL)"'h | M =m}.

In

By our assumption that h € N, we have that (NL)~'h = L=*N~='h D L=! = L. This
implies that the last quantity of the previous display is smaller than —InP{H €
L | M =m}. The result follows. O

Proof of Lemma[8.13 The result follows from a rewriting and an application of Jensen’s

inequality. Indeed,

I mdntg) J ag(hlm) B3 T (g) /pg(h‘mdn(g\h,m)

Jag(hm)dti(g) ~ " g (h]m)dTi(g) g9 (hlm)

py(hlm) [y gg(hlm) -
<~ [m AT, m) = /1 Aol m).

as it was to be shown. O

F.4.2 Derivation and Computation for Section |8.4.1

We now provide Proposition [F.5] giving the derivation underlying Lemma [8.10] in
the main text about the likelihood ratio 7§, for dp = 0, followed by details about

numerical computation.

Proposition F.5. Let X ~ N(v,I), and let mS ~ W(m,I) be independent random
variables. Let LL' = S be the Cholesky decomposition of S, and let M = ﬁL‘lX.
If Py, is the probability distribution under which X ~ N(0,I), then, the likelihood

p"1>/,[m/ péV,fm ratio is given by

P (M)

T :e*%\lvl\Q/e<%TA_1M>de+LI(T)
0,m

where A € LT is the Cholesky factor AA" =1+ MM', and PL | is the probability
distribution on Lt such that TT" ~ W (m +1,1I).

Proof. Let ¥ = AA’ be the Cholesky decomposition of ¥. The density pfﬁ A of X with
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respect to the Lebesgue measure on R? is

1 1
b'e _ ity —1y _ AV
pfy,A(X) - (27T)d/2 det(A) etr ( 2(A X 7)(A X FY) ) )

where, for a square matrix A, we define etr(A) to be the exponential of the trace of
A. Let W =mS. Then, the density p,‘;VA of W with respect to the Lebesgue measure
on RUA—1)/2 jg

1
~ 2md/2T 4 (n/2) det(A)™

1
pKA(W) det(8)m=d=1/2¢tr <_2<AAI)_1W> .
Now, let W = TT’ be the Cholesky decomposition of W. We seek to compute the
distribution of the random lower lower triangular matrix 7'. To this end, the change of

P
pd—i+l

variables W — T is one-to-one, and has Jacobian determinant equal to 2% [T}_, ¢

Consequently, the density pa A(T) of T with respect to the Lebesgue measure is

2d 1 <
T (1) = ————— det(A™'T)™etr [ —= (A~ 'T)(AT) i
PalT) = garap ) 4HATT) etr( S (AT1T)( ))il:[lt“

g:l ti;-idT to be a left Haar measure on £, and consequently

We recognize dv(T) =[]

2d

PrA(D) = Gy det(A7T) et (—;(A_lT)(A_lT)’)

is the density of T with respect to dv(T'). After these rewritings, The density ﬁfAT (X,T)
of the pair (X,T) with respect to dX x dv(T) is given by

d e -1 m
o) = 22 D e (A Ty - - ) ix - )

with K = (27)%/22™/204(n/2). The change of variables (X,T) ~ (T~'X,T) has

Jacobian determinant equal to det(T). If M = T~1X, then, the density ]336’3 of
(M, T) with respect to dM x dv(T) is given by

—1 m—+1
%etr <;(A1T)(A1T)’ - %(A*TM —)(ATITM — 7)'> :

We now marginalize T to obtain the distribution of the maximal invariant M. Since
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the integral is with respect to the left Haar measure dv(7T'), we have that

/ P (M, T)du(T) = / T (M, AT (T) = / T (M, T)aw(T),
TeL+ TeL+ TeL+

and consequently,

d
P =% [ den(rym et (< TT - Sy - )T =) ) au()
’ K Jrec+
d
~ 2 2”7“2/ det(T)™ etr —fT(I—i—MM’)T’—ky(TM)’ du(T).
K T€£+ 2

The matrix I+ MM’ is positive definite and symmetric. It is then possible to perform
its Cholesky decomposition (I+MM’) = AA’. With this at hand, the previous display

can be written as

=5l

PAA(M) = det(T)™ etr (—;(TA)(TA)’ + 7(TM)’) dv(T).

K TeLt
We now perform the change of variable T+ T'A~1. To this end, notice that dv(A~1) =
duv(T) H‘i a7 and consequently

=1 "1

2t HIP T 2/ det(T)™letr [ — 27T 4 v(TA- MY ) du(T)
K det(A)ymtarz [ . 2 g

m d i
_ La(m)  Thiiged ez lnII? Pl [mm-lm}
T/ (%) det(A)m+d+2

p%(M) =

)

so that that at v = 0 the density p)’y (M) takes the form

_ T (mTH) H?:l a3}
- 2Ty () det(A)mre?

and consequently the likelihood ratio is

py%; — o 3InI? /ew,TA—lM)deH(T).
Po,a

)

O

Remark (Numerical computation). Computing the optimal e-statistic is feasible nu-
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merically. We are interested in computing

/ @TVAP,, 1 (T),

where T is a LT-valued random lower triangular matrix such that 77" ~ W (m+1,1),
and z,y € R?. Define, for i > j, the numbers a;j = x;y;. Then (x,Ty) = ij a;;Ti;.
By Bartlett’s decomposition, the entries of the matrix 7" are independent and T3 ~

X*((m+1) —i+1), and T;; ~ N(0,1) for i > j. Hence, our target quantity satisfies

/[e(z,Ty)]Pm+l(T) _ /ez,;zj aijTidem+1(T) — /Hea1,jT¢Jde+1(T).

i>j

On the one hand, for the off-diagonal elements satisfy, using the expression for the

moment generating function of a standard normal random variable,

T 1
El;L+1[ea”T”] = exp <2a12j> '

For the diagonal elements the situation is not as simple, but a numerical solution is
possible. Indeed, for a; >0, and k; = (m+1) —i+1

1 oy 1
EP [eviTi] = —— — / :z:%fl exp (m + aiiﬁ) dz
251 (5) b 3
ki 1 a2 V2a;T (R ki+1 3 a2
_ F1< n>+ ( 2 >1F1< 5 u),

“i\2r2 o T (&) 2 2 2

where 1F1(a,b, 2) is the Kummer confluent hypergeometric function. For a;; < 0,

1 o 1 T (k) )
i/2—1 _ - . I S VA B ()
oA (R (%> /0 x exp( 2:c+a“\/:73> dx SFmiT (&)U 55 3 )

5

and U is Kummer’s U function.
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